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Abstract
The rotated delta, which is argued to be a theoretically better-grounded distance

measure, has failed to receive any empirical support for its superiority. This study

revisits the rotated delta—which is more commonly known as the Mahalanobis

distance in other areas—with two different covariance matrices that are estimated

from training data. The first covariance matrix represents the between-author vari-

ability, and the second the within-author variability. A series of likelihood ratio-

based authorship verification experiments was carried out with some different

distance measures. The experiments made use of the documents arranged from a

large database of text messages that allowed for a total of 2,160 same-author and

4,663,440 different-author comparisons. The Mahalanobis distance with the

between-author covariance matrix performed far worse compared to the other

distance measures, whereas the Mahalanobis distance with the within-author co-

variance matrix performed better than the other measures. However, superior

performance relative to the cosine distance is subject to word lengths and/or the

order of the feature vector. The result of follow-up experiments further illustrated

that the covariance matrix representing the within-author variability needs to be

trained using a good amount of data to perform better than the cosine distance: the

higher the order of the vector, the more data are required for training. The quan-

titative results also infer that the two sources of variabilities—notably within- and

between-author variabilities—are independent of each other to the extent that the

latter cannot accurately approximate the former.
.................................................................................................................................................................................

1 Introduction

In any task involving identification, classification or

verification of objects and/or items, the essential

part is an assessment of how similar or different the

objects or items are. For this purpose, various distance

measures have been devised and tested in stylometric

studies, particularly those concerning the authorship of

text source (Burrows, 2002; Hoover, 2004a; Argamon,

2008; Smith and Aldridge, 2011; Ishihara, 2021).

The most well-known measure in stylometric stud-

ies is undoubtedly Burrows’s (2002) Delta; its
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effectiveness and robustness have been demonstrated

for a variety of texts from different genres and lan-

guages, and Burrows’s Delta has been successfully and

widely endorsed in relevant studies (Hoover, 2004b;

Rybicki and Eder, 2011; AbdulRazzaq and Mustafa,

2014; Þorgeirsson, 2018). At the same time, since

Burrows (2002), several variations have been pro-

posed to better deal with the unique characteristics

of linguistic texts (e.g. the dependency of features

and the high dimensionality of feature vectors),

expecting to result in superior identification and dis-

crimination performance (Hoover, 2004b; Argamon,

2008; Smith and Aldridge, 2011; Eder, 2015). While

pointing out some inappropriate assumptions inex-

plicitly posited by Burrows’s Delta,1 Argamon (2008)

proposed the rotated delta (a non-axis parallel quad-

ratic delta) as a theoretically suitable derivate. The

rotated delta considers the different degrees of de-

pendency between words in their frequencies for

measuring a distance, and it is expected to have a su-

perior performance (see Section 2 for a mathematical

exposition of the suitability of the rotated delta).

However, Argamon’s argument for the rotated delta

was not empirically supported (Jannidis et al., 2015;

Evert et al., 2017), unexpectedly unveiling a consider-

ably poor performance for authorship attribution

experiments in comparison to other distance meas-

ures. That is, the theoretical correctness of the rotated

delta failed to be substantiated by experiments; other

distance measures outperformed the rotated delta.

This study revisits the rotated delta, which is based

on Mahalanobis distance—or, as it is also called in

statistical pattern recognition, a ‘hyper-quadratic dis-

tance’ (McLachlan, 2004).

For example, in authorship verification, a pair of

documents (e.g. A and B, each of which may be rep-

resented as a vector consisting of the measurements of

stylometric features) are assessed to answer the ques-

tion of whether A and B were written by the same

author or by different authors. Naturally speaking,

the more similar they are, the more likely they are,

ceteris paribus, to have been written by the same au-

thor. If each individual has their own unique writing

style, the more distinctive it is between individual

authors, the more accurately the authorship analysis

(including identification and verification) can be per-

formed. As such, the variability between authors (or

inter-author variability) plays a key role in authorship

analysis. However, there is another variable, which is

equally important to the between-author variability

but nonetheless often overlooked, particularly

within-author variability (or intra-author variability).

Variations in the writing style of (mainly literary)

authors—for example, within the same text or across

different texts over time—have been studied in com-

putational stylistics as an approach to gain a better

understanding of authorship and textual style

(McKenna and Antonia, 1996; Craig, 1999a, 1999b;

Stewart, 2003; Hoover and Corns, 2004). It is widely

assumed that change in an author’s writing style is

inevitable over time (Stamou, 2007; Juola, 2008;

Hoover, 2017), and this within-author variability

makes authorship analysis more challenging

(Hoover, 2003, 2017). That said, many studies also

show that such within-author variations are compat-

ible with that author’s overall distinctiveness from

other authors (Burrows, 1987a; McKenna and

Antonia, 1996; Hoover, 2003). The crucial point is

to accurately model the within-author variability be-

cause the individual author model that is trained by

multiple texts enhances the accuracy of authorship

analysis (Burrows, 2002; Hoover, 2004b, 2017).

If within-author variability is constant, the bigger

the between-author variability, the better the results of

the authorship analysis. Likewise, if the between-

author variability is constant, the smaller the within-

author variability, the higher the accuracy with which

authorship analysis can be carried out. As such, the

between- and within-author variabilities interact with

each other for authorship analysis, but it is not clear

for writing styles to what extent relationships that exist

among individuals are the same or different to those

that exist within individuals. In other words, it is not

certain as to what extent and how within- and

between-author variabilities are interrelated so that,

for example, one could be estimated from the other.

In the Mahalanobis distance (or rotated delta), an

accurate estimate of the covariance matrix—which is

the representation of the within-author variability as

to, for example, how words are used and how they are

interrelated—determines the accuracy of the system.

In particular, when only one text is available for a

given author, the covariance matrix of that author

needs to be estimated from training data, with the

unavoidable assumption of within-author variability

being homogeneous across authors. In this case, there
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are at least two possible approaches to obtaining the

covariance matrix depending on the underlying

assumptions with respect to the relationship between

between- and within-author variability.

In this study, we compare the performance of the

likelihood ratio-based authorship verification systems

built on different distance measures, including

Burrows’s Delta, the cosine distance, and the

Mahalanobis distance. For general introductions to

the concept of the likelihood ratio, refer to Pawitan

(2001) and Robertson et al. (2016). Refer also to

Ishihara (2017, 2021) for the application of the likeli-

hood ratio to authorship verification. For the

Mahalanobis distance, two different types of covari-

ance matrices were trialled based on two different

assumptions. One is that the within- and between-

author variabilities share a large extent of similarities;

thus, the former can be well approximated on the basis

of the latter. The other is that the within-author

variability is substantially different from the

between-author variability; thus, the former cannot

be approximated on the basis of the latter.

It may seem logical to think that the within- and

between-variabilities would not be related; thus, the se-

cond assumption is not valid. However, this point will

be specifically touched on in Section 2.1, where it is

argued that the second assumption could be valid de-

pending on features. Nonetheless, the current study will

provide insights into these two assumptions for linguis-

tic text data. The two assumptions will be described in

Section 2.2, and the advantage of the first assumption in

statistical modelling over the second will be discussed.

The current study is built on Ishihara (2021), using

the same database for experiments and the same ap-

proach for calculating likelihood ratios. Like other pre-

vious studies, Ishihara (2021) demonstrated the efficacy

of cosine distance over other distance measures, includ-

ing Burrows’s Delta and Euclidian distance, to estimate

forensic likelihood ratios for linguistic text evidence.

For the sake of comparison, the results of cosine dis-

tance and Burrows’s Delta were used as baseline cases in

the current study for assessing the performance of the

Mahalanobis distance. However, the database prepared

by Ishihara (2021) was used differently to fit the pur-

pose of the current study (see Section 3.1 for the dif-

ferent use of the database). Hence, the likelihood ratios

were recalculated for the cosine distance and Burrows’s

Delta in this study.

Using a large existing database of electronically

generated text messages, in Ishihara (2021), three pairs

of documents (differing in word length: 700, 1,400,

and 2,100 words) were arranged from texts composed

by 2,160 authors, resulting in 2,160 same-author and

4,663,440 different-author comparisons. For estimat-

ing likelihood ratios, the measured properties (relative

frequencies of words) of the documents in compari-

son (i.e. each document is modelled with a bag-of-

words approach; see Section 3.3 for details) are first

compared in terms of how similar or different they

are, and the degree of similarity or difference is quan-

tified by the target distance measures as a score. In a

subsequent process, the score is converted to a likeli-

hood ratio based on models built by training data. The

entire database (2,160 same-author and 4,663,440

different-author comparisons) is used as training

data for the conversion models, as well as to test the

accuracy of the system. The accuracy of the system

with the different distance measures is then assessed

by means of the equal error rate (EER).

This article is structured as follows. Following

Argamon (2008), Section 2 recapitulates the charac-

teristics of Burrows’s Delta, thus, clarifying why the

rotated delta is considered to be theoretically appro-

priate for textual data. The superior performance of

the cosine distance is also accounted for by referring to

Evert et al. (2017). The Mahalanobis distance, on

which the rotated delta is based, is introduced after

emphasizing the importance of the within-author

variance as well as the between-author variance.

Section 3 next describes the experimental procedure,

including a detailed explanation of the database, the

text pre-processing, the bag-of-words model with

word frequencies, the approach for estimating likeli-

hood ratios, and the assessment metric. The results of

the experiments are described and discussed in

Section 4. A summary of the results then concludes

the article (see Section 5).

2 Details of Different Distance
Measures

Argamon (2008) provides mathematical insight into

Burrows’s Delta (DB), explaining the probabilistic in-

terpretation of the geometric distance while pointing

Mahalanobis distance with an adapted within-author covariance matrix
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out the discrepancies between the statistical assump-

tions and the nature of textual data—particularly in

terms of the distributions of word frequencies and the

dependency between them. Evident from Equation

(1), Burrows’s Delta is the sum of the absolute dis-

tance of each dimension (i) of the z-scored vectors

(z(A) and z(B)) that represent two documents (A

and B) in comparison, and the sum is averaged by

the number of dimensions (n):

DB A;Bð Þ ¼ 1

n

Xn

i¼1

jzðAiÞ � zðBiÞj (1)

The z-score is obtained by subtracting out the

mean frequency (li) of word i and dividing it by the

standard deviation (ri). Thus, Equation (1) can be

reformulated as Equation (2):

DBðA; BÞ ¼
1

n

Xn

i¼1

���zðAiÞ � zðBiÞ
���

¼ 1

n

Xn

i¼1

���Ai � li

ri

� Bi � li

ri

���
¼ 1

n

Xn

i¼1

���Ai � Bi

ri

���
(2)

If the author of document B has multiple docu-

ments that are represented as multivariate vectors, and

vector Bi is the mean of the documents, the distribu-

tion of the word frequencies of the documents is

assumed to have a multivariate Laplace distribution.

That is, measuring the geometric distance between

two documents represented by the z-scores of the

multivariate features (e.g. word frequencies) is the

same as calculating the likelihood of one document

against the model of the other document, which is

based on a Laplace distribution. Use of the z-score

normalization, which adjusts the weight of each value

by the standard deviation (r) of the samples, assumes

a Gaussian distribution of the data. This contradicts

the assumption of Burrows’s Delta regarding the data

distribution, which is a Laplace distribution. As for

word-frequency distributions, Jannidis et al. (2015)

reported that patterns of incidence, in this context,

are better modelled by a Gaussian distribution than

a Laplace distribution, at least for frequently occurring

words. This observation can be confirmed with the

data in this study. The distributions of the word fre-

quencies given in Fig. 1 (the second, fourth, and sixth

most frequent words in the entire database)—which

were collected from 4,320 documents, each of them

consisting of approximately 2,100 words—are better

approximated by a Gaussian model than a Laplace

model. However, it is important to point out that

the distributions of less frequent words start showing

more skewed distributions. This is due to the fact that

word frequencies are based on discrete data (i.e. oc-

currence counts), which are considered to follow a

binomial or Poisson type distribution (Sichel, 1975).

Multiple discrepancies arise when Burrows’s Delta

is applied for textual data comparison. The

Fig. 1 Histograms of the frequencies of (a) ‘the’, (b) ‘and’ and (c) ‘i’, calculated from 4,320 documents of 2,100 words; all

approximations have Gaussian and Laplace distributions
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assumptions made by Burrows’s Delta and the z-score

normalization for the distribution of data are differ-

ent; the former assumes a Laplace distribution and the

latter a normal distribution. However, when it comes

to linguistic text data, many of the typical features

used are discrete (e.g. word frequencies), being likely

to exhibit a negatively skewed distribution—neither a

Laplace nor a normal distribution.

To rectify this inappropriate assumption of a

Laplace distribution in Burrows’s Delta, Argamon

proposed the quadratic delta (DQ) based on

Euclidean distance, which assumes a Gaussian distri-

bution of data (see Equation (3)):

DQ A; Bð Þ ¼
Xn

i¼1

1

r2
i

zðAiÞ � zðBiÞð Þ2: (3)

In addition to Argamon’s proposals, some other

distance measures have been put forward as possible

improvements of Burrows’s Delta (Hoover, 2004a;

Smith and Aldridge, 2011; Eder, 2015). Among

them, the cosine distance (or cosine similarity

measure) is an important one, as it has been dem-

onstrated to work better than Burrows’s Delta

(Jannidis et al., 2015; Evert et al., 2017). Smith

and Aldridge (2011) also reported a substantial im-

provement in correctly identifying the authors of

poems when the cosine measure is adapted to their

authorship attribution tests. The cosine distance is

represented using a dot product and magnitude as

in Equation (4):

DC A;Bð Þ ¼ cos hð Þ ¼ A � B
Aj jj j Bj jj j ¼

Pn
i

AiBiffiffiffiffiffiffiffiffiffiffiffiPn
i

A2
i

s ffiffiffiffiffiffiffiffiffiffiffiPn
i

B2
i

s :

(4)

The cosine distance is commonly used in informa-

tion retrieval and text mining (Chowdhury, 2010) in

which the angular similarity measure has been proven

to reliably work with text data that are modelled with

large word vectors (Frigui and Nasraoui, 2004).

Mathematically speaking, the cosine distance between

two vectors is proportional to the squared Euclidean

distance between the vectors that are normalized by

the L2 norm, expressed as Aj jj j2 ¼ Bj jj j2 ¼ 1. Thus,

the squared Euclidean distance between the vectors is

expressed as in Equation (5):

D2
EðA;BÞ ¼ kA� Bk2

¼ ðA� BÞT ðA� BÞ
¼ kAk2 þ kBk2 � 2AT B

¼ 2� 2AT B

¼ 2ð1� cos ðA;BÞÞ

(5)

As such, the squared Euclidean distance between

two vectors ( A� Bj jj j2) is a monotonic function of

the angle of the vectors (2ð1� cos A;Bð ÞÞ). Evert

et al. (2017) reported in their study that the experi-

mental result based on the quadratic delta (DQ) meas-

ured from the normalized vectors by the L2 norm is

virtually identical to the experimental result of the

cosine distance (DC). Based on the substantial im-

provement resulted from the normalized feature vec-

tor by the L2 norm (i.e. the transformation of the

feature vectors to a uniform length of 1), Evert et al.

(2017, p. ii14) concluded that ‘the difference in direc-

tion rather than in length of the vectors is decisive for

authorship attribution’.

Argamon (2008) pointed out another discrepancy

between the statistical assumptions of Burrows’s Delta

and the nature of textual data. Burrows’s Delta

assumes the independence of words regarding their

frequencies, but that assumption does not stand up

to scrutiny (Argamon, 2008; Evert et al., 2017).

Different degrees of dependency between words can

be well observed in Fig. 2, where two-dimensional

plots of some paired word frequencies of the present

study are given. All of the words used in Fig. 2 belong

to the top ten most frequent words in the database.

The correlation coefficients were calculated from the

variance–covariance matrices included in Fig. 2. The

correlation between the words given in Panel A is the

weakest (r ¼ –0.02502), and the correlation given in

Panel C is the strongest (r ¼ 0.44547) out of the three;

Panel B is in-between (r ¼ –0.21605).

Argamon (2008) proposed the rotated delta (DR),

which is a non-axis parallel quadratic delta, to

Mahalanobis distance with an adapted within-author covariance matrix
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appropriately deal with this dependence on word fre-

quency. DR is expressed in Equation (6):

DRðA; BÞ ¼ ðA� BÞT S�1ðA� BÞ

¼
Xn

i¼1

Xn

j¼1

ðAj � BjÞðS�1ÞijðAi � BiÞ (6)

Here, S denotes the covariance matrix, and (S�1)ij

denotes the i, the jth element of the (S�1) covariance

matrix. The rotated delta is based on Mahalanobis

distance. The basic idea is to rotate the distribution

of word frequencies by a covariance matrix into a

space where they are maximally independent before

measuring the Euclidean distance. The rotated delta

also assumes a Gaussian distribution.

The theoretical superiority of the rotated delta

arises from the very form of the Mahalanobis distance.

That is, the covariance term—which is absent from

the formulations of the other distance measures con-

sidered in this research—allows one to account for

cross-dependencies either on a within- or on a

between-author basis. A fortiori, one would expect

the Mahalanobis distance to provide more flexibility

in applying different weightings and to perform rela-

tively better. However, the outcome of the experi-

ments carried out by Jannidis et al. (2015) and Evert

et al. (2017) failed to substantiate the theoretical cor-

rectness of the rotated delta in that it constantly per-

formed worst in comparison to other distance

measures, with the cosine distance being the best per-

former. This study will revisit the rotated delta or the

Mahalanobis distance, with particular focus on the

selection of the covariance matrix (S) and its under-

lying assumptions.

2.1 Variability
In any task relating to classification, discrimination,

and identification, two kinds of variabilities need to be

taken into consideration to ensure accurate perform-

ance: between-source and within-source variabilities.

In the context of authorship analysis, these are

between-author (or inter-author) variability and

within-author (or intra-author) variability

(McMenamin, 2002). The former variable (between-

author variability) is straightforward to understand,

and is linguistically related to the concept of idiolect.

As a result of this, McMenamin (2002, p. 53) stated

that ‘no two individuals use and perceive language in

exactly the same way, so there will always be at least

small differences in the grammar each person has

internalized to speak, write and respond to other

speakers and writers’.

Even within the same individual, small changes in

emotion, social context (e.g. writing formally or in-

formally) and physiologic state (e.g. health), or the use

of different communication platforms (e.g. email and

Twitter), can cause significant variability in writing

styles. Due to this, the same person would not write

Fig. 2 Scatter plots of the word frequencies of the paired words (a=[‘and’, ‘a’]; b=[‘,’, ‘to’]; c=[‘i’, ‘it’]) with 50% and 95%

confidence levels. The ellipse centre is marked with a grey dot. A variance–covariance matrix is also included in the panels
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in exactly the same way, even when they are asked to

write on the same topic on more than one occasion.

Despite the fact that the two sources of variability

are equally important to any authorship analysis task,

to the best of our knowledge, the extent and nature of

within-author variability in writing styles has been

studied far less than the extent and nature of

between-author variability. It is neither clear in what

way(s) between-author and within-author variabil-

ities are related. Fundamentally, the within-author

variability must be lower in magnitude than the

between-author variability to make authorship ana-

lysis feasible. Judging by the success of authorship

analysis, this assumption must be empirically correct

(Rocha et al., 2017; Kestemont et al., 2018; Stamatatos

et al., 2018; Altamimi et al., 2019).

In the area of speaker recognition including both

humans and machines (which is probably the field

that comes closest to authorship analysis), some stud-

ies demonstrate that voice spaces for individual speak-

ers are structured similarly to population voice spaces

(Kreiman et al., 2017; Lee et al., 2019). From the view-

point of statistical modelling, this implies that within-

speaker variability can be well approximated based on

information from between-speaker variability. In a

state-of-the-art automatic speaker recognition system,

in fact, each speaker model is built by adapting the

background model (i.e. speaker-independent model)

(Reynolds et al., 2000, p. 25), which is based on large

between-speaker data (Hansen and Hasan, 2015).

2.2 Mahalanobis distance and adapted
covariance matrix
When an unsourced document is compared with a set

of documents written by a specific author (e.g. Author

Q) to observe the extent to which the former is similar

to or different from the styles of Author Q, a

Mahalanobis distance can be calculated as a measure

of similarity/difference between the unsourced docu-

ment and the mean vector of the documents written

by that author with the covariance matrix obtained

from the set of documents. That is, if multiple docu-

ments are available for an author, it is possible to dir-

ectly obtain a covariance matrix, which is unique to

that author; the more documents, the better it can

capture within-author variance. However, when one

document (A) is compared against another one (B)

(i.e. in the case of a one-to-one comparison), it is

impossible to directly calculate the covariance of the

author (e.g. the author of document B). In this case, it

is unavoidable to adapt a covariance matrix from

training data, with the inevitable assumption that

within-author variability is constant across different

authors.

Any databases that can be used for authorship

studies (e.g. authorship attribution, verification,

and classification) need to have at least two docu-

ments from the same authors to successfully imple-

ment and test same-author comparisons; only then

will it be possible to assess whether the system can

correctly identify that the documents are, indeed,

written by the same author. This study deals with

the case in which only two documents are available

from each author. Thus, suppose the training data

are word frequencies calculated from two docu-

ments (n¼ 2) that were contributed from each of

m authors; on this assumption, there are altogether

N (¼n�m) documents in the training data. Each

document is represented by ath order of the feature

vector. Denote the training data as matrix

xij ; i 2 f1; . . . ;mg; j 2 f1; . . . ; ng.
In the case of a one-to-one comparison, there are

two possible ways of obtaining a covariance matrix

from training data, depending on different underlying

assumptions. The first covariance matrix (SB) can be

obtained from the training data (xij) in the manner

expressed in Equation (7):

SB ¼

Pm
i¼1

ðx i � xÞðx i � xÞT

m� 1
; (7)

where

x i ¼
1

n

Xn

j¼1

xij

That is, the SB is the covariance matrix of the

pooled mean feature vectors of the documents belong-

ing to the same authors in the database. This essen-

tially quantifies the between-author variability based

on the assumption that the within-author variability

can be well approximated by adapting the between-

author variability.

Mahalanobis distance with an adapted within-author covariance matrix
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The second covariance matrix SW is estimated from

the training data (xij) (Equation (8)):

Sw ¼

Pm
i¼1

Pn
j¼1

ðxij � x iÞðxij � x iÞT

N �m
(8)

Here, the SW is the covariance matrix, estimated as

the overall mean of the pooled covariance matrices

from each author. This essentially quantifies the

within-author variability based on the assumption

that it is substantially different from the between-

author variability; thus, the former cannot be esti-

mated using the latter.

On theoretical grounds, the second assumption

should be easier to make explicit than the first one.

However, statistically speaking, the first assumption is

more advantageous than the second one because the

covariance matrix (SB) can be estimated from a good

amount of data (represented by m), whereas the co-

variance matrix (SW) is only the overall mean of the

individual author’s variance; this is based only on a

minimal amount of data (n¼ 2). Another point of

relevance is the relationship between the between-

author and within-author variabilities. To what extent

are they similar to each other? If they share a good

degree of similarity, the first assumption may bring

about a better result than the second one.

This study carries out a series of likelihood ratio-

based authorship verification tests using Burrows’s

Delta, the cosine distance and the Mahalanobis dis-

tance to empirically investigate the theoretical appro-

priateness of the Mahalanobis distance (or the rotated

delta). Two different covariance matrices, expressed

by Equations (7) and (8), were tested with the

Mahalanobis distance. That is, the following four

types of distance measures were compared for their

performance:

† Burrows’s Delta
† Cosine distance
† Mahalanobis distance with the adapted between-

author covariance matrix
† Mahalanobis distance with the adapted within-

author covariance matrix.

The word length of a document is a factor that has

some bearing on the performance of the authorship

verification system; longer document lengths are nat-

urally better. To investigate this point with respect to

the different distance measures, documents with dif-

ferent word lengths (approximately 700, 1,400, and

2,100 words) were prepared from 2,160 authors of

the database in this study. A pair of documents

(n ¼ 2) is available for each of the 2,160 authors

(m ¼ 2,160) for each of the document lengths. The

efficacy of the distance measures was assessed as a

function of word length. See Section 3.1 for details

of the database.

A bag-of-words model was employed to represent

each document with word frequencies based on the

most frequent words selected from the entire database.

The number of most frequent words was varied in the

bag-of-words model to examine how it affects the

performance of the distance measures. See Section

3.3 for details of the feature vectors.

3 Experiments

3.1 Database and comparison
A series of authorship verification experiments was

carried out using the likelihood ratio as a discriminant

function. This was done using the same database pre-

pared by Ishihara (2021) in which same-author and

different-author documents were drawn from a part of

the Amazon Product Data Authorship Verification

Corpus2 (Halvani et al., 2017). This is itself based on

the existing Amazon Product Data Corpus3 (He and

McAuley, 2016). The Amazon Product Data Corpus is

a compilation of product reviews (e.g. ratings, text,

and helpfulness votes) and metadata (e.g. descriptions,

category information, price, brand, and image fea-

tures) from Amazon, including 142.8 million review

texts, collected from May 1996 to July 2014. For the

purpose of authorship verification studies, only

reviewers’ identification and their associated review

texts (altogether 21,534 review texts) were extracted

from a total of 3,228 reviewers and subsequently stored

as the Amazon Product Data Authorship Verification

Corpus. Many of the reviewers contributed six or

more reviews on different topics. Sizes of review texts

were equalized to around 4kB, which corresponds to

lengths of approximately 700 words each.

From the Amazon Product Data Authorship

Verification Corpus, those reviewers (n¼ 2,160)
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who composed six or more reviews were singled out.

The first six reviews of each, all written on different

topics, were used in Ishihara (2021). Authorship veri-

fication considers two competing hypotheses based on

the comparison of pairs of documents; they are known

as the same-author and different-author hypotheses.

To simulate pairs of comparisons under each of the

hypotheses, the six reviews were first separated into

two groups: the first three reviews and the last three

reviews. Three documents that differed in word length

(around 700, 1,400, and 2,100 words) were generated

based on the three review texts of each group by con-

catenation (shown in Fig. 3).

Evident in Fig. 3, the first review text of each group

was used as is (i.e. as a document of 700 words). The

first and second review texts were concatenated into a

document of 1,400 words, and then all three review

texts were combined into a document totalling 2,100

words. Documents of different word length were pre-

pared to test the correlation between the amount of

data (the word length of a document) and the per-

formance of the system.

Hence, each of the 2,160 reviewers (¼authors)

included in the experiment had three sets of docu-

ments differing in word length (either 700, 1,400, or

2,100 words). The database contained 4,320 review

documents in total for each of the three word lengths.

Two documents for each word length belonging to

each of the 2,160 authors allowed us to generate

2,160 same-author comparisons and 4,663,440

(¼2160C2�2) different-author comparisons for each

word length.

In Ishihara (2021), the database of 2,160 authors

was partitioned into the test, background, and devel-

opment databases, each of which consists of 720

authors; this partitioning of the database is a standard

approach to avoid the overestimation of forensic like-

lihood ratios. However, the same partitioning was not

performed in the current study. That is, the same-

author and different-author comparisons generated

from the entire database were used both as data for

training a score-to-likelihood ratio conversion model

and for testing the performance of the authorship

verification system (see Section 3.4 for details of the

conversion model and testing scheme). The use of the

entire database without partitioning was necessary to

investigate how much data is required to reliably es-

timate the within-author covariance matrix (see

Section 4.2 for details).

3.2 Tokenization
The documents stored in the database were tokenized

into word tokens with the tokens() function in the

quanteda library (Benoit et al., 2018) of R Statistical

Package. The tokens() function was used in the default

setting. All characters were changed to lower case, and

Fig. 3 Concatenation of different review texts for generating documents of different word lengths. Adapted from Ishihara

(2021)

Mahalanobis distance with an adapted within-author covariance matrix
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no stemming algorithm was applied. Further, punc-

tuation marks were not removed and, as such, were

counted as single word tokens.

3.3 Bag-of-words model with most
frequent words
A bag-of-words model is a simple representation of

text data that is widely used in natural language proc-

essing and related tasks. In this model, a text is repre-

sented as a set of words with the frequencies of their

occurrences. It has been well reported that the bag-of-

words model is an effective approach for authorship

analysis tasks (Diederich et al., 2003; Rocha et al.,

2017).

The 500 most frequent words appearing in the en-

tire dataset were selected as components of the bag-of-

words model for documents of 1,400 and 2,100 words,

but 420 of the most frequent words for documents of

700 words. Then, the word frequencies of the model

were calculated for each document. The total number

of word tokens appearing in the entire dataset was

1,0749,013.

Deciding whether to number (NMFW) the most

frequent words in the bag-of-words model was based

on arbitrary criteria (Burrows, 1987b; Stamatatos,

2006; Koppel et al., 2007). However, an optimal selec-

tion may depend on the amount of data, the type of

language, and the genre of the text data (e.g. Twitter,

email, web content)—all of which must be empirically

decided. In the experiments, the size of the bag-of-

words vector was incremented from NMFW ¼ 20 to

NMFW ¼ 420, or 500 by 20, to observe how the per-

formance of the system fluctuates according to the

order of the feature vector.

The word frequencies of the bag-of-words vector

were normalized over the entire database in such a

way that the mean of the frequencies was 0 for each

word and their standard deviation was 1; this is also

known as the z-score normalization. The bag-of-

words vector of normalized word frequencies is essen-

tial (Burrows, 2002; Evert et al., 2017) to equalize the

amount of information across the words included in

the vector for authorship analysis; otherwise the in-

formation encoded in the top-ranked words substan-

tially and unevenly influences the outcomes of

authorship analysis experiments, as word frequencies

follow the distribution described by Zipf’s (1932) law.

Note that the z-score normalization is irrelevant to the

Mahalanobis distances; that is, the result is the same

regardless of whether normalization is applied or not.

3.4 Authorship verification based on
likelihood ratios
In the likelihood ratio approach employed in the

authorship verification experiments of this study,

the similarity or difference between the two docu-

ments in comparison was assessed against two

hypotheses, referred to as the same-author (Hsa) and

the different-author (Hda) hypotheses. For that, each

document was modelled as a feature vector of word

frequencies, and the similarity or difference between

the documents was quantified through the target dis-

tance measures introduced in Section 2. The measured

similarity or difference is technically called a score.4

The likelihood of the score under either hypothesis

was estimated from the probabilistic distribution of

the same-author or the different-author scores. Thus,

the likelihood ratio can be defined as in Equation (9),

where f denotes a probability density function, x

a y are the vectors of word frequencies

(w
j
i ; i 2 1 � � �Nf g; j 2 fx; yg) of the documents to

be compared (x ¼ wx
1 ;w

x
2 � � �wx

Nf g and

y ¼ fwy
1 ;w

y
2 � � �w

y
Ng), and D(x, y) is a distance func-

tion generating a score:

likelihood ratio ¼ f ðDðx; yÞjHsaÞ
f ðDðx; yÞjHdaÞ

¼ f ðDð wx
1 ;w

x
2 � � �wx

Nf g; fwy
1 ;w

y
2 � � �w

y
NgÞjHsaÞ

f ðDð wx
1 ;w

x
2 � � �wx

Nf g; fwy
1 ;w

y
2 � � �w

y
NgÞjHdaÞ

(9)

The probability density functions under Hsa and

Hda need to be trained from a dataset of scores. As

briefly mentioned in Section 3.1, the dataset of scores

under Hsa consists of the scores obtained from the

same-author comparisons (2,160 comparisons in

total), and the dataset of scores under Hda consists

of scores from the different-author comparisons

(4,663,440 comparisons) that can be generated from

the database. This process is called a score-to-likeli-

hood ratio conversion or calibration,5 and this type of

likelihood ratio estimation is known as a score-based

likelihood ratio approach (Hepler et al., 2012; Bolck

et al., 2015; Garton et al., 2020).
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Figure 4 illustrates the process of the score-to-

likelihood ratio conversion with an example. Suppose

that two documents are being compared, which are

modelled as vectors by means of a distance (e.g. cosine

distance) as a score. Further suppose that the calculated

score is 10. For assessing the likelihood of this score

value of 10 under the two hypotheses (Hsa vs. Hda),

the within-author and the between-author variabilities,

which are represented by the grey and black curves,

respectively, were modelled with the same-author and

different-author scores collected from the training

database. Gaussian distribution is used for the models.

According to the models, the likelihood of a score

of 10 under Hsa is 0.12579 and that of the same score

value under Hda is 0.00793, with the likelihood ratio

between them being 15.85330 (�0.12579/0.00793).

Setting a likelihood ratio of 1 as the threshold enables

its use as a discriminatory function; a likelihood ratio

higher than 1 denotes that the two documents in com-

parison are written by the same author, and a likeli-

hood ratio lower than 1 denotes that the two

documents are written by different authors. As such,

a likelihood ratio of 15.85330626 calculated for the

example given in Fig. 4 suggests that the documents

under comparison are written by the same author. If

the system is completely free from errors and perfectly

calibrated, a likelihood ratio value being greater than 1

should be returned by the system for the comparisons

of same-author documents, and mutatis mutandis, a

likelihood ratio value being smaller than 1 for the

comparisons of different-author documents.

As briefly mentioned, the same-author and

different-author scores that are required for training a

score-to-likelihood ratio conversion were obtained

from 2,160 same-author and 4,663,440 different-

author comparisons created from the entire database.

The same two-author comparisons were also used as

test data to investigate the discriminating accuracy of

the system with the different distance measures (i.e. to

determine how well the system can discriminate same-

authored documents from different-authored docu-

ments). Ideally, the training data and testing data are

separated, particularly if the database is small. However,

judging from the size of the database, the effect on the

experimental results arising from a non-partitioned

database is relatively insignificant, if not negligible.

3.4.1 Distribution models

In the example score-to-likelihood ratio conversion

given in Fig. 4, the distributions of same-author

Fig. 4 Schematic illustration of a score-to-likelihood ratio conversion: x-axis¼score; y-axis¼PDF; grey curve¼the model

under Hsa (same-author model); black curve¼the model under Hda (different-author model); PDF¼probability

distribution function. Adapted from Ishihara (2021)
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(Hsa) and different-author (Hda) scores were modelled

by a normal distribution. However, besides the nor-

mal distribution, three other models are used in this

paper. They are the Weibull, log-normal and gamma

distributions. This is because an initial observation of

the distributional shapes of the same-author and

different-author scores revealed that they do not al-

ways conform to normality, and that they often ex-

hibit skewed distributions. The three functions are

further used because they provide a better fit with

the skewed distributions of the scores. The Weibull,

gamma, and log-normal densities are similar in shape

for the same coefficient of variation, but their differ-

ences become most significant in their tail behaviour

(Tijms, 2003). Out of the three, the log-normal has the

longest tail and the Weibull the shortest; thus, the log-

normal model shows the most leptokurtic distribu-

tion. The best-fit model is selected by means of the

Akaike (1974) information criterion for each experi-

ment, separately for the same-source and different-

source score distributions.

3.5 Evaluation of performance: equal
error rate
The EER was used as a performance measure to show

the discriminating power of the likelihood ratio-based

authorship verification system. EER indicates the

operating point at which the miss and false alarm rates

are equal. The miss rate shows how many of the same-

author comparisons the system failed to correctly as-

sess as being from the same authors. The false alarm

rate shows how many of the different-author compar-

isons the system failed to correctly assess as being from

the different authors. The lower the EER is, the better.

The EER is graphically identifiable when the same-

author and different-author likelihood ratios are plot-

ted as a Tippett plot (Evett and Buckleton, 1996). An

example Tippett plot is given in Fig. 5, in which the

same-author likelihood ratios are accumulatively

plotted from the smallest to the highest (rising from

the left) while the different-author likelihood ratios

are from the highest to the smallest (rising from the

right). The unit of the x-axis is the logarithm with base

10. The intersection of the two curves, which is indi-

cated by the horizontal dashed line, is the point at

which the miss and false alarm rates are equal (i.e.

the EER). For the example given in Fig. 5, the EER

is 14.34272%. The eer() function of the davidavdav/

ROC library7 was used to calculate the EER.

As explained in Section 3.1, the entire database was

used both for training a score-to-likelihood ratio con-

version model and for testing the performance of the

authorship verification systems with different distance

measures. Although the database is large (thus, it

would be less problematic), there is a possibility of

overestimating likelihood ratios due to the use of the

non-partitioned database. To confirm that the effect

arising from the use of the entire database is insignifi-

cant, the likelihood ratios of some experiments were

recalculated with a cross-validation approach. The

EER values of the likelihood ratios with and without

the cross-validated approach are given in Appendix I

for comparison. In short, the EER values are virtually

the same; the average difference is 0.07989%.

A tangible area to which the findings of the current

study are applicable is the area of forensic science. As

such, the derived likelihood ratios were also evaluated

using the log-likelihood ratio cost (CLLR) (Brümmer

Fig. 5 Example Tippett plot in which the EER is identified as

the intersection of the curves for the same-author (black)

and different-author (grey) likelihood ratios. The dashed

horizontal line that aligns with the intersection is the EER

(14.34272%). The Tippett plot was generated for the

likelihood ratios derived from Mahalanobis distance with

within-author covariance for the documents of 1,400 words

with 140 features
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and du Preez, 2006), which is the standard metric used

in forensic science for assessing the quality of likeli-

hood ratios. For details on the assessment based on the

CLLR, see Appendix II.

4 Results and Discussion

4.1 Overall performance
A series of experiments was carried out under a com-

bination of conditions: for each experiment, we

required (1) four distance measures for scores

(Burrows’s Delta, cosine, and Mahalanobis with two

different covariance matrices), (2) different dimen-

sions of the feature vector (NMFW), and (3) different

document lengths (700, 1,400, and 2,100 words). The

EER values of the experiments were separately plotted

for the four distance measures in Fig. 6 as a function of

the NMFW. The different panels of Fig. 6 denote the

different document lengths.

Conforming to the results of previous studies

(Evert et al., 2017; Jannidis et al., 2015; Ishihara,

2021), the cosine distance consistently performed bet-

ter than Burrows’s Delta regardless of the word length

and number of most frequent words. As for the

Mahalanobis distance, the selection of the covariance

matrix determines its performance. The performance

of the Mahalanobis distance with the between-author

covariance matrix considerably underperformed the

other distance measures, and this result echoes that

of Evert et al. (2017) and Jannidis et al. (2015).

However, exactly how the covariance matrix was

adapted in their studies is not clear. Contrary to the

between-author covariance matrix, the Mahalanobis

distance with the within-author covariance matrix

performed far better, but this outcome relative to

the cosine distance is bound by word length and the

order of the vector.

With a good amount of data (e.g. 1,400 and 2,100

words), the Mahalanobis distance with the within-

author covariance matrix also performed better than

the cosine distance, irrespective of the number of

most frequent words. With documents consisting

of 700 words, the cosine distance showed better dis-

criminability up to the NMFW�220, after which the

Mahalanobis distance with the within-author covari-

ance matrix began performing better as the perform-

ance continued to improve with the increase in NMFW.

Each distance measure exhibited unique trends in

performance as a function of the number of the most

frequent words. The Mahalanobis distance with the

between-author covariance matrix hit the perform-

ance ceiling with a very low NMFW (20), after which

performance deteriorated at an alarming rate. With

Burrows’s Delta and the cosine distance, the perform-

ance of the system improved as the number of the

NMFW increased until a given NMFW point (it is indi-

cated by a large symbol in Fig. 6); then, the perform-

ance gradually deteriorated as the NMFW increased

further. The NMFW at which the best performance

was achieved was higher for the cosine distance than

for Burrows’s Delta. As far as the current data are

concerned, the Mahalanobis distance with the

within-author covariance matrix did not display any

saturation in performance, even with the maximum

NMFW. The observation that the best-performing

NMFW is higher for the cosine distance than for

Burrows’s Delta, and that it is even higher for the

Mahalanobis distance with the within-author covari-

ance matrix than the cosine distance, indicates that

better-performing distance measures make better use

of the individuating information encoded in higher-

order components of the feature vectors.

The substantial difference in performance between

the between-author covariance matrix and the within-

author covariance matrix demonstrated for the

Mahalanobis distance in Fig. 6 is symptomatic of an

important characteristic of textual data. That is, it can

be inferred that the within-author and the between-

author variabilities in word frequencies are different

to the extent that the former cannot be estimated from

the latter even with a large amount of between-author

data. The extent of the relationship between the two

sources of variability may be due to extrinsic reasons,

such as the difference in the genre of text and its spe-

cific choice of words. However, this point warrants

further research. Most importantly, the findings pre-

sented here empirically substantiate Argamon’s

(2008) argument that the rotated delta is theoretically

better founded. The key point is that the covariance

matrix not only needs to be selected based on the ap-

propriate underlying assumption, but also needs to be

trained by a good amount of data.

The current study was fortunately able to exploit a

large amount of data being available from the database

(i.e. texts collected from as many as 2,160 different

Mahalanobis distance with an adapted within-author covariance matrix
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Fig. 6 EER values (y-axis) are plotted as a function of the number of NMFW (x-axis) separately for Burrows’s Delta, cosine,

and Mahalanobis with within-author covariance and with between-author covariance matrix: (a) 700 words; (b) 1,400

words; and (c) 2,100 words. Large symbols¼best EER values
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authors). It is very likely that the superior perform-

ance of the Mahalanobis distance with the within-

author covariance matrix is attributable to the sheer

scale of data, which enabled an accurate estimate of

within-author variability. Thus, it is prudent to inves-

tigate how the discriminability accuracy of the system

will fluctuate as a function of the amount of data

available for obtaining the within-author covariance

matrix.

4.2 Amount of data for estimating the
within-author covariance matrix
It goes without saying that availability of a larger

dataset allows for more accurate estimates of the

within-author covariance matrix. This consequently

contributes to superior discrimination performance

of the system with the Mahalanobis distance. In this

section, the experiments that were conducted with the

within-author covariance matrix for the system built

on the Mahalanobis distance were repeated by chang-

ing the amount of data available for estimating the

within-author covariance matrix. It is also expected

that the amount of data required for the accurate es-

timate of this matrix depends on the size of NMFW, as

more features require more data for the model to be

accurately built (Silverman, 1986).

As such, a series of experiments was carried out for

each NMFW of 100, 200, 300, 400, and 500 by increas-

ing the number of samples that are used for estimating

the within-author covariance matrix. For this, a given

portion of the database was systematically selected and

thereafter increased by 80 samples. The portion was

chosen from the beginning of the database for one

experiment, and the same experiment was repeated

with the portion starting from the end of the database.

That is, there were two experiments for the same ex-

perimental setting. As expressed by Equation (8), the

within-author covariance matrix is the mean of the

pooled covariance matrices from each of the max-

imum of 2,160 authors in the database. As such, the

maximum number of samples was 2,160.

In this way of carrying out experiments, the sam-

ples used for estimating the covariance matrix are in-

dependent only up to 1,080 samples, after which more

samples start to overlap for the estimate of the covari-

ance as the sample increases; thus, the result is iden-

tical with a sample number of 2,160. Nevertheless, it

should be possible to obtain a ballpark figure of how

the quantity of samples for estimating the within-

author variability is relevant to the performance of

the system. The initial portion of the database used

to start the experiments was altered according to the

number of NMFW: 160, 240, 320, 480, and 560 samples,

respectively. Documents of 2,100 words were used in

the experiments.

The mean EER values were plotted as a function of

the number of samples in Fig. 7; this was done separ-

ately for the different NMFW values (100, 200, 300, 400,

500). Note that although the mean EER values of two

experiments are used in the plot, the EER values of the

two experiments are very similar to each other, even

for sample numbers up to 1,080.

Figure 7 exhibits a clear descending trend in EER as

the amount of data for an estimate of the covariance

matrix increases. Figure 7 also shows how the degree

of the descending trend differs—albeit systematical-

ly—across the different numbers for NMFW. As antici-

pated, it is clear that the amount of data is a key factor

for determining the performance of the system devel-

oped on the Mahalanobis distance with the within-

author covariance matrix. When the number of the

features in the vector is small (e.g. NMFW ¼ 100), the

performance of the system starts settling down with

less data—yet, it also continues to improve at a small

but steady rate with more samples. Taking the best

performance of the system with the cosine distance

as the reference (EER ¼ 9.25925%), the higher the

order of the vector, the more samples the system

requires to achieve a better performance than the ref-

erence performance. Describing this from the view-

point of performance deterioration, it can be observed

from Fig. 7 that the more features that are included in

the vector, the more sensitive the system is to insuffi-

ciency of data; that is, the performance of the system

deteriorates in a greater magnitude for larger NMFW as

the amount of available samples decreases. As a result,

the system with the NMFW of 500 (which performs the

best with 2,160 samples) significantly underperforms

in comparison to the system with the NMFW of 100,

when only a limited amount of data is available for the

covariance matrix. This is a typical example of the

phenomenon known as the ‘curse of dimensionality’

(Bellman, 1961, p. 97). As is well known, one factor

that strongly influences the performance of pattern

classifiers is the intrinsic dimensionality of the data

Mahalanobis distance with an adapted within-author covariance matrix
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(i.e. the ratio of the number of training samples to the

feature-set dimensionality). In other words, a suffi-

ciently large training-sample size relative to the size

of the feature vectors is advisable to prevent subopti-

mal performance (Foley, 1972). Overall, the results

presented in Fig. 7 show that, for the optimal outcome

of the system built on the Mahalanobis distance with

the adapted within-author covariance matrix, the

NMFW needs to be chosen according to the amount

of available data for estimating the covariance matrix.

5 Conclusions

Since Burrows (2002), several distance measures have

been developed and tested as possible improvements

of Burrows’s Delta for authorship analysis (Hoover,

2004b; Argamon, 2008; Eder, 2015; Smith and

Aldridge, 2011). In particular, Argamon (2008)

argued that the rotated delta was a theoretically

better-founded distance measure reflecting the nature

of textual data; thus, it was expected to perform better

than other distance measures. However, Argamon’s

argument in this regard failed to be empirically war-

ranted, in that, against expectation, the rotated delta

considerably underperformed against other distance

measures, including the original Burrows’s Delta

(Jannidis et al., 2015; Evert et al., 2017). The present

study revisited the rotated delta, which is based on the

Mahalanobis distance, paying special attention to the

estimation of the covariance matrix.

The results of a series of likelihood ratio-based

authorship verification experiments using a large

number of documents differing in word length

(2,160 same-author and 4,663,440 different-author

comparisons in total) demonstrated that the

Mahalanobis distance works better than the cosine

distance if the covariance matrix representing the

within-author variability (not the between-author

variability) is estimated using a good amount of train-

ing data. The results also showed that superior per-

formance relative to the cosine distance is bound by

word length and/or the order of the vector. The result

of a follow-up experiment also showed that ample

data are essential for making accurate estimates of

the within-author covariance matrix, and to ensure

that the Mahalanobis distance performs better than

the cosine distance. Further shown, the higher the

order of the vector, the more data are required for

training for comparable results.

In conclusion, the current study empirically veri-

fied Argamon’s argument for the rotated delta, but

also portrayed the disposition of the Mahalanobis dis-

tance for authorship analysis; as such, the covariance

matrix representing the within-author variability (not

the between-author variability) needs to be both

adapted and trained by a good amount of data. The

quantitative results of the current study also infer that

Fig. 7 Mean EER values are plotted against the number of samples separately for the different NMFW (100, 200, 300, 400, and

500). The EER values of the best-performing systems with the cosine and Mahalanobis distances are included as a reference
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the two sources of variabilities—notably within- and

between-author variabilities—are independent of

each other to the extent that the latter cannot accur-

ately approximate the former. However, this inference

should warrant attention for further research to con-

firm the relationship between them.
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Appendix I

The EER was also calculated for the likelihood

ratios estimated with a leave-one-out cross-valid-

ation method. In the cross-validation method, for

calculating a likelihood ratio for each comparison,

the documents attributable to the authors of the

comparison were not included to train the score-

to-likelihood ratio conversion model. That is,

when you are estimating, for example, a likelihood

ratio of the comparison between Author A and

Author B, the documents attributable to Authors

A and B are not included for training the score-to-

likelihood ratio conversion model. The likelihood

ratios were calculated only for the documents of

1,400 words with the feature numbers (NMFW) of

160, 320, and 480. This is because of the substan-

tially demanding nature of cross-validation com-

putations. The EER values with the cross-

validation are presented in Table A1 together

with the EER values without the cross-validation;

i.e. the EER values given in Section 4.1.

Appendix II

In authorship verification, which is the target of

the current study, likelihood ratio is commonly

used as a discriminatory function to categorical-

ly determine whether a pair of texts were written

by the same author or different authors. In such a

case, EER, which assesses the accuracy of cat-

egorical decisions, is an appropriate metric. In

forensic science, however, the likelihood ratio is

used to quantify the strength of evidence, and the

magnitude of likelihood ratio (not only whether

the likelihood ratio correctly supports a hypoth-

esis) needs to be taken into consideration for

Table A1. EER values obtained with and without cross-validation (Cross-valid.) calculation for Burrows’s Delta, cosine,

and Mahalanobis with within-author covariance and with between-author covariance matrix

Burrows’s Delta Cosine

NMFW 160 320 480 NMFW 160 320 480

Cross-valid. EER EER EER Cross-valid. EER EER EER

No 18.76753 20.60185 22.21909 No 15.04629 14.90810 15.28045

Yes 18.69727 20.55555 22.02333 Yes 14.93745 14.93410 15.30822

Mahalanobis with between-author covariance Mahalanobis with within-author covariance

NMFW 160 320 480 NMFW 160 320 480

Cross-valid. EER EER EER Cross-valid. EER EER EER

No 33.97633 44.12037 46.50027 No 14.07407 12.03703 8.39727

Yes 33.87448 44.02777 46.66349 Yes 14.02777 11.97487 8.37962

It is clear from the comparisons between the EERs with and without cross-validation that the performance is virtually the same with or

without a cross-validation. The values are for the documents of 1,400 words when the number of features (NMFW) are 160, 320, and 480:

Yes¼with cross-validation; No¼without cross-validation.
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Fig. A1 Log-likelihood ratio cost (CLLR) values (y-axis) are plotted as a function of the number of NMFW (x-axis)

separately for Burrows’s Delta, cosine, and Mahalanobis with within-author covariance and with between-author

covariance matrix: (a) 700 words; (b) 1,400 words; and (c) 2,100 words. Large symbols¼best CLLR values
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assessment. The log-likelihood ratio cost

(CLLR) (Brümmer and du Preez, 2006) is a com-

monly used metric for assessing likelihood ratio-

based forensic source detection systems. The

mathematical explication of CLLR is beyond

the scope of the present study; those who are

interested, refer to Appendix C.2 of Morrison

et al. (2021) and Section 2.4 of Morrison

(2011). In brief, the CLLR assesses each likeli-

hood ratio value, and assigns a penalty or cost.

The likelihood ratio that supports a contrary-to-

fact hypothesis attracts a large cost; the stronger

the support for a contrary-to-fact hypothesis is,

the greater the cost. The closer to 0, the better. If

an CLLR is smaller than 1, it means that the sys-

tem provides some useful information to the

trier of fact.
Having the application of the current study in

forensic science in mind, the CLLR values were

calculated for the experiments, and they are sep-

arately plotted for the four distance measures in

Fig. A1 as a function of the NMFW. The different

panels of Fig. A1 denote the different document

lengths.

The CLLR values observable from Fig. A1 dis-

play very similar trends with the EER values ob-

servable from Fig. 6c. For all the experiments with

different feature numbers and document lengths,

the likelihood ratios derived with Burrows’s Delta,

cosine and Mahalanobis with within-author co-

variance were assessed with CLLR < 1. That is,

the systems with these distance measures provide

useful information. Only the Mahalanobis dis-

tance with between-author covariance failed to

achieve CLLR < 1 for the document length of

700 words with 300 or more features, in which

case the system must be discarded for casework.
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Notes
1 Before Burrows (2002), authorship attribution relied on

multivariate statistical comparisons, which were super-

ior in comparing a very small number of documents.

However, such a multivariate statistical approach is

not flexible in comparing a large number of documents

and ranking them according to the similarity to the tar-

get document. Burrows’s Delta was originally devised as

a simple measure capable of identifying the most likely

candidate from a large group of potential candidates.

Considering also the fact that a text is usually represented

by a large number of features (i.e. the dimension of a

feature vector is inevitably high), it appears that the

emergence of Burrows’s Delta or the wide use of distance

measures in authorship attribution is necessary; never-

theless, it is not clear whether Burrows was aware of the

discrepancy between the statistical assumption of

Burrows’s Delta and the distributional nature of textual

data described in this study.

2 See http://bit.ly/1OjFRhJ.

3 See http://jmcauley.ucsd.edu/data/amazon/.

4 This way of estimating likelihood ratios from similarity

scores is called the ‘similarity-only-score-based’ method

(Morrison and Enzinger, 2018; Ishihara, 2021). The use

of similarity-only-score-based methods has been

criticized by some researchers (Morrison and Enzinger,
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2018; Neumann and Ausdemore, 2020) for estimating

forensic likelihood ratios (i.e. the strength of evidence) in

forensic science as the score only assesses how similar a

pair of objects is without considering the typicality of

them. However, the current study is not a forensic study

and uses the likelihood ratio as a discriminatory func-

tion, not as the strength of evidence.

5 Several statistical models and algorithms can be used for

calibration, including the one based on kernel density

estimation (Ali et al., 2015), logistic regression

(Morrison et al., 2018), or pool adjacent violators

(Brümmer and du Preez, 2006). To the best of our know-

ledge, the model used in the current study, which is based

on the distribution of training scores, is a common cali-

bration method for converting similarity-only scores to

likelihood ratios (Bolck et al., 2015; Leegwater et al.,

2017; Ishihara, 2021). The efficacy of the particular

method used in the current study was demonstrated in

Ishihara (2021) for linguistic textual data.

6 Precisely speaking, a likelihood ratio of, for example,

15.85330, tells us that the degree of similarity/difference

(expressed by the score) observed in the two documents

would be around 16 times more likely observed if the two

documents had been written by the same author than by

different authors.

7 See https://rdrr.io/github/davidavdav/ROC/.
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