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Abstract

In this paper, we study multi-agent systems with decentralized resource allocations. Agents have local demand and resource
supply, and are interconnected through a network designed to support sharing of the local resource; and the network has no
external resource supply. It is known from classical welfare economics theory that by pricing the flow of resource, balance
between the demand and supply is possible. Agents decide on the consumed resource, and perhaps further the traded resource
as well, to maximize their payoffs considering both the utility of the consumption, and the income from the trading. When
the network supply and demand are balanced, a competitive equilibrium is achieved if all agents maximize their individual
payoffs, and a social welfare equilibrium is achieved if the total agent utilities are maximized. First, we consider multi-agent
systems with static local allocations, and prove from duality theory that under general convexity assumptions, the competitive
equilibrium and the social welfare equilibrium exist and agree. Compared to similar results in the literature based on KKT
arguments, duality theory provides a direct way for connecting the two notions and for a more general (e.g. nonsmooth)
class of utility functions. Next, we show that the agent utility functions can be prescribed in a family of socially admissible
functions, under which the resource price at the competitive equilibrium is kept below a threshold. Finally, we extend the
study to dynamical multi-agent systems where agents are associated with dynamical states from linear processes, and prove
that the dynamic the competitive equilibrium and social welfare equilibrium continue to exist and coincide with each other.
In addition, we also present a recursive representation of the competitive equilibriums using dynamic programming, and a
receding horizon approach for smoothing the dynamic pricing as a dynamic competitive equilibrium social shaping method.
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1 Introduction

Next generation technologies are leveraging the inter-
net of things (IoT) to support critical infrastructure
systems including energy distribution and automotive
transportation, and are being organized as intercon-
nected multi-agent systems [7]. Such systems involve
data collection, resource allocation, and control coordi-
nation between geographically distributed subsystems.

? Some preliminary results of this paper were submitted for
possible presentation at The 60th IEEE Conference on Deci-
sion and Control in Dec 2021 [1]. This work was supported by
the Australian Research Council under grant DP190102158.

Email addresses: yijun.chen@sydney.edu.au (Yijun
Chen), sk.islam@anu.edu.au (Razibul Islam),
elizabeth.ratnam@anu.edu.au (Elizabeth L. Ratnam),
ian.petersen@anu.edu.au (Ian R. Petersen),
guodong.shi@sydney.edu.au (Guodong Shi).

Each subsystem, termed an ‘agent’, is an intelligent
functioning unit with its own decisions, objectives and
preferences, and remarkably, network-level goals such
as consensus, formation, and optimality can be achieved
by agents interacting with others over a network e.g.,
[2–6]. The underlying network for multi-agent systems
can be physical such as transmission lines in a power
grid, non-physical such as wireless communication chan-
nels, or a combination of the two. The key promise of
organizing subsystems into networked multi-agent sys-
tems is a radical improvement in scalability, efficiency,
and sustainability through shared inputs and outputs,
and coordinated decisions and controls.

One important problem for multi-agent system opera-
tion is efficient resource allocation, where demand and
supply must be balanced for efficient and secure oper-
ations at the system level. In a typical resource allo-
cation problem, agents have local demand and internal
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and external resource suppliers, interconnected through
a network that allows for transmission of the resource.
In light of classical welfare economics theory [11, 12],
careful pricing of the transmission flow potentially bal-
ances the demand against the supply across the en-
tire system. Agents decide on the resource consumed,
and perhaps further the resource traded, to maximize
their payoffs considering both the utility from produc-
tion/consumption, and income from the trading. When
network supply and demand is balanced, a competitive
equilibrium is achieved if all agents maximize their indi-
vidual payoffs; a social welfare equilibrium is achieved if
the total agent utilities are maximized [10].

The concept of resource allocation via a competitive
equilibrium has been widely applied in the smart grid
literature, where consumers and suppliers of electrical
energy make trading decisions over an energy market to
achieve a competitive equilibrium [14–20]. The dynamics
of power networks can even be coupled with the market
pricing dynamics [21–25], where energy price becomes an
effective controller for quasi steady-state grid frequency
stability. We refer to [13] for a comprehensive survey
on transactive energy systems. Moreover, in climate-
economy frameworks, a market approach was also pro-
posed as a principled way for mitigating global carbon
emissions while balancing regional interests [27,28]. The
price for carbon emissions is calculated under the com-
petitive equilibrium of the carbon market, becoming a
benchmark for the social cost of carbon [29]. We refer to
[30] for an excellent introduction to the dynamic inte-
gration of climate and economy models from a feedback
system perspective.

Despite the aforementioned successes in coordinating
multi-agent systems via market pricing in critical engi-
neering and societal problems, the resilience of the pric-
ing mechanism is potentially a serious challenge even for
theoretically optimal equilibrium conditions. In fact, it is
well known in welfare economics that an efficient market
equilibrium may imply Pareto optimality, while individ-
ual equity and fairness of the agents may be discarded
entirely [31]. In the context of power grids, market-driven
prices have exceeded affordable thresholds for an individ-
ual household. Specifically, in February 2021, Texas en-
countered extreme cold weather conditions resulting in
a power outage disaster throughout the state, with cus-
tomers on rolling blackouts. In Texas, competitive pric-
ing did not curtail non-critical loads to balance the grid
under the power shortage conditions [32]. Residential
customers in Texas paying wholesale electricity prices
during the power shortage event reported electricity bill
shock with their bills exceeding previous invoices by a
factor of over one hundred. Moreover, in the context of
climate change mitigation, it was only possible for the
Paris agreement to be reached in 2016 after a decade-
long negotiation, as the estimated social cost of carbon
was perceived as unfair among different nations [33].
It follows that competitive equilibriums for multi-agent

systems are in need of social shaping at the network level:
only equilibriums within a prescribed range of fairness
can be accepted; only individual agent utility functions
within a prescribed range of social responsibilities can
be admissible. More importantly, the two directions of
social shaping should be consistent: socially admissible
agent utility functions should always lead to socially ac-
ceptable equilibriums.

In this paper, multi-agent systems with decentralized re-
source allocations are entirely self-sustained, i.e. there
is no external resource supply. First, we consider multi-
agent systems with static local allocations, and we prove
that under general convexity assumptions, the competi-
tive equilibrium and the social welfare equilibrium exist
and agree. Our proof is based on duality theory, as op-
posed to the commonly attributed KKT arguments (e.g.
[18]) that support similar results. Here duality theory
provides a more direct way of connecting the compet-
itive equilibrium to the social welfare equilibrium, and
supports a more general (e.g. nonsmooth) class of util-
ity functions. Next, we investigate the case when the
pricing under a competitive equilibrium is associated
with an upper bound for social acceptance. By means
of constructive analysis, we show that the agent utility
function is prescribed by a family of socially admissible
quadratic functions, under which the pricing at the com-
petitive equilibrium is always below a threshold. Finally,
we extend the study to dynamical multi-agent systems
where agents are associated with dynamical states from
linear processes, and prove that the dynamic competitive
equilibrium and the social welfare equilibrium continue
to exist and coincide in an optimal control context. We
also present a recursive way of representing and comput-
ing the competitive equilibriums in view of the dynamic
programming principle. In order to shape the dynamic
pricing in the sense that the pricing trajectory would be
stationary, we propose a receding horizon approach for
smoothing the dynamic pricing.

Some preliminary results of the work were submitted for
possible presentation at the IEEE Conference on Deci-
sion and Control in 2021[1]. The remainder of the paper
is organized as follows. In Section 2, we introduce the
multi-agent system with static decisions. In Section 3,
we formulate social shaping of competitive equilibriums.
In Section 4, we formulate dynamic pricing for resource
allocation of multi-agent systems with an underlying dy-
namical process. Some concluding remarks are presented
in Section 5.

2 Static Multi-Agent Systems

In this section, we study multi-agent systems with static
resource allocation and load decisions.
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2.1 Competitive Equilibrium for Static Multi-Agent
Systems

We consider a multi-agent system (MAS) with n agents.
The agents are indexed in V = {1, . . . , n}. We consider
a basic MAS setup with static agent decisions on load
allocations.

MAS with Static Agent Load Decisions (MAS-
SALD). Each agent i holds a local resource of ai units,
and makes a (static) decision to allocate xi ∈ R≥0 units
of load for itself. The utility function related to agent i
allocating xi amount of load is fi(xi) : R≥0 7→ R. Conse-
quently, agent i would incur an ai−xi amount of surplus
(ai > xi), or a shortcoming (ai < xi). We assume that
there is a connected network among the n agents so that
they can balance the surplus and shortcomings through
a pricing mechanism. To be precise, each unit of resource
moved across the network is priced at λ ∈ R. Therefore,
agent i will yield (ai − xi)λ in income or expenditure.

Denoting x = (x1 . . . xn)> ∈ (R≥0)n as the network
resource allocation profile, we introduce the following
definitions.

Definition 1 A pair of price-allocation decisions (λ∗,
x∗) is a competitive equilibrium for the MAS-SALD if
the following conditions hold:

(i) each agent i maximizes her combined payoff at x∗i ,
i.e., x∗i is an optimizer for the following constrained op-
timization problem:

max
xi

fi(xi) + λ∗(ai − xi)

s.t. xi ∈ R≥0.
(1)

(ii) the total demand and supply are balanced across the
network:

n∑
i=1

x∗i =

n∑
i=1

ai. (2)

Definition 2 A resource allocation profile x? is a social
welfare equilibrium for the MAS-SALD if it is a solution
to the following optimization problem:

max
x

n∑
i=1

fi(xi)

s.t.

n∑
i=1

xi =

n∑
i=1

ai,

xi ∈ R≥0; i ∈ V.

(3)

We present the following result which establishes the
equivalence between a competitive equilibrium and a so-

cial welfare equilibrium. The result is based only on a
concavity assumption for the utility functions fi.

Theorem 1 Consider the MAS-SALD. Suppose each
fi(·) is concave over the domain R≥0. Then the social
welfare equilibrium(s) and the competitive equilibrium(s)
coincide. To be precise, the following statements hold.

(i) If (λ∗, x∗) is a competitive equilibrium, then x∗ is a
social welfare equilibrium.

(ii) If x? is a social welfare equilibrium, then there exists
λ∗ ∈ R such that (λ∗, x?) is a competitive equilibrium.

Proof. (i) Let (λ∗, x∗) be a competitive equilibrium. The
proof proceeds by contradiction. Suppose that x∗ is not a
social welfare equilibrium. Then there must exist x̄∗ such
that

∑n
i=1 x̄

∗
i =

∑n
i=1 x

∗
i =

∑n
i=1 ai, and

∑n
i=1 fi(x

∗
i ) <∑n

i=1 fi(x̄
∗
i ). Consequently, there holds

n∑
i=1

(
fi(x

∗
i ) + λ∗(ai − x∗i )

)
<

n∑
i=1

(
fi(x̄

∗
i ) + λ∗(ai − x̄∗i )

)
.

(4)

This implies that there is at least one m ∈ V such that

fm(x∗m) + λ∗(am − x∗m) < fm(x̄∗m) + λ∗(am − x̄∗m),

which contradicts the fact that (λ∗, x∗) is a competitive
equilibrium.

(ii) We propose a proof using duality. To be consistent
with the literature on duality theory for continuous op-
timization, we denote gi = −fi, and rewrite (3) as

min
x

n∑
i=1

gi(xi)

s.t.

n∑
i=1

xi =

n∑
i=1

ai;xi ∈ R≥0, i ∈ V.

(5)

Let x? be a social welfare equilibrium 1 . Then from its
definition there holds

∑n
i=1 x

?
i =

∑n
i=1 ai. Since (5) is a

convex optimization problem with a linear equality con-
straint, strong duality holds [9] and we denote the op-
timal primal and dual costs of (5) as p∗ and d∗, respec-
tively.

The Lagrangian function of (5) is

L(x, λ) =

n∑
i=1

gi(xi)+λ
( n∑
i=1

xi−
n∑
i=1

ai

)
: (R≥0)n×R 7→ R.

1 Note that x? must be finite as the feasible set of x is
compact.
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Then we introduce

L∗(λ) = min
x∈(R≥0)n

L(x, λ).

If λ∗ is dual optimal (i.e., λ∗ ∈ arg maxλ∈R L
∗(λ)), there

holds from strong duality [9] that

d∗ = L∗(λ∗) = min
x∈(R≥0)n

L(x, λ∗) (6)

≤ L(x?, λ∗) (7)

=

n∑
i=1

gi(x
?
i ) (8)

= p∗. (9)

This implies the inequality from the above equation ac-
tually holds at equality:

x? ∈ arg min
x∈(R≥0)n

L(x, λ∗). (10)

Note that L(x, λ∗) =
∑n
i=1

(
gi(xi)+λ∗(xi−ai)

)
implies

x?i ∈ arg max
xi∈R≥0

(
fi(xi) + λ∗(ai − xi)

)
. (11)

Thus, we have proved that (λ∗,x?i ) is a competitive equi-
librium. �

Clearly, in this basic multi-agent system setup, the price
λ∗ associated with a competitive equilibrium could take
negative values. From an economic point of view, the re-
source at every agent must either be consumed or traded,
and in cases of an oversupply of resource a negative price
for load balancing would occur. From an optimization
point of view, the price λ∗ is the Lagrangian multiplier
associated with an equality constraint for a constrained
optimization problem, which can take positive or nega-
tive values. Proposition 1 indicates that as long as one
agent is associated with a non-decreasing utility func-
tion, oversupply will not happen.

Proposition 1 Consider the MAS-SALD. Suppose
each fi(·) is concave over the domain R≥0. Let (λ∗, x∗) be
a competitive equilibrium. Then λ∗ ≥ 0 if there exists at
least one agent m ∈ V such that fm(·) is non-decreasing.

Proof. Let fm(·) be non-decreasing. Assume λ∗ < 0.
Then fm(xm)+λ∗(am−xm

)
is a strictly increasing func-

tion with respect to xm. Therefore, there can not be
a finite x∗m such that x∗m ∈ arg maxxm∈R≥0

(
fm(xm) +

λ∗(am − xm)
)
, contradicting the definition of the com-

petitive equilibrium. �

2.2 MAS with Trading Decisions

In our standing multi-agent system model, agent i
only decides on its allocated load xi with the sur-
plus/shortcoming ai−xi returned to the network. Next

we relax the network restriction, and introduce the
following extended MAS.

MAS with Static Agent Load and Trading Deci-
sions (MAS-SALTD) Here we extend the MAS-SALD.
Each agent i further makes a decision on the traded
amount of resource, denoted ei. Specifically, ei is physi-
cally constrained by xi and ai in the following way:

(i) if xi < ai, then agent i can sell, in which case ei ≥ 0
and ei ≤ ai − xi;

(ii) if xi ≥ ai, then agent i can only buy, in which case
ei ≤ 0 and ei = ai − xi.

Let λ∗ continue to represent the price for a unit of shared
resource. Denote e = (e1 . . . en)> as the vector repre-
senting the traded resource profile across the network.

Definition 3 A triplet of price-allocation-trade profile
(λ∗, x∗, e∗) is a competitive equilibrium for the MAS-
SALTD if the following conditions hold:

(i) Each agent i maximizes her combined payoff at (x∗,
e∗) while meeting the physical constraint, i.e., (x∗i , e∗i ) is
an optimizer for the following constrained optimization
problem:

max
xi,ei

fi(xi) + λ∗ei

s.t. xi + ei ≤ ai,
xi ∈ R≥0, ei ∈ R.

(12)

(ii) The total demand and supply are balanced across the
network:

n∑
i=1

e∗i = 0. (13)

Definition 4 A pair of resource allocation-trade pro-
file (x?, e?) is a social welfare equilibrium for the MAS-
SALTD if it is an optimizer to the following optimization
problem:

max
x,e

n∑
i=1

fi(xi) (14)

s.t.

n∑
i=1

ei = 0, (15)

xi + ei ≤ ai; i ∈ V, (16)

xi ∈ R≥0, ei ∈ R; i ∈ V. (17)

Theorem 2 Consider the MAS-SALTD. Suppose each
fi(·) is concave over the domain R≥0. Then the social
welfare equilibrium(s) and the competitive equilibrium(s)
continue to coincide under the shared load decisions for
the agents. To be precise, the following statements hold.
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(i) If (λ∗,x∗, e∗) is a competitive equilibrium, then
(x∗, e∗) is a social welfare equilibrium.

(ii) If (x?, e?) is a social welfare equilibrium, then there
exists λ∗ ∈ R such that (λ∗,x?, e?) is a competitive equi-
librium.

Proof. (i) The proof follows the same analysis as the
proof of Theorem 1(i), where the desired connection is
in place with the definitions of the optimization goals,
respectively, for the competitive equilibrium and the so-
cial welfare equilibrium.

(ii) The key idea of the proof continues to be based on
strong duality applied to the definition of the social wel-
fare equilibrium, as the proof of Theorem 1. However,
now the social welfare equilibrium contains additional
inequality constraints; that is xi + ei ≤ ai, for all i ∈ V.
Inevitably, such constraints will lead to auxiliary dual
variables, in addition to the dual variable related to the
equality constraint

∑
ei = 0 if we simply repeat the

proof of Theorem 1. In order to highlight the role of the
dual variable corresponding to the equality constraint,
and establish it as the price in the competitive equilib-
rium, we need a refined treatment. To this end, we define
a set Xi for all i ∈ V in terms of the inequality constraint
in (16) as Xi = {(xi, ei)|xi + ei ≤ ai;xi ∈ R≥0; ei ∈ R}.
Clearly, Xi is a polyhedral set (see Chapter 3.4.2, Dual-
ity Theory in [8]). Denoting again fi = −gi, the problem
(14)-(17) can be written as:

min

n∑
i=1

gi(xi)

s.t. (xi, ei) ∈ Xi, i ∈ V
n∑
i=1

ei = 0.

(18)

Let τ be the Lagrange multiplier associated with con-
straint

∑n
i=1 ei = 0. Subsequently, we can define the

dual function where the primal variables are in a poly-
hedral set as ([8], section 5.1.6):

L∗(τ) =

n∑
i=1

L∗i (τ), (19)

where

L∗i (τ) = inf
(xi,ei)∈Xi

(
gi(xi) + τei

)
, i ∈ V. (20)

Let (x?, e?) be a social welfare equilibrium and τ∗ be the
dual optimal i.e. τ∗ ∈ arg max

τ∈R
L∗(τ). Since the problem

(18) is feasible and its optimal value is finite, strong

duality holds ([8], Proposition 5.2.1). This means that

n∑
i=1

gi(x
?
i ) = L∗(τ∗) (21)

=

n∑
i=1

(
inf

(xi,ei)∈Xi

(
gi(xi) + τ∗ei

))
(22)

≤
n∑
i=1

gi(x
?
i ) + τ∗

n∑
i=1

e?i (23)

≤
n∑
i=1

gi(x
?
i ). (24)

Equation (21) states that the duality gap is zero, (22)
comes from the definition of the dual function, (23) fol-
lows since the minimization of

∑n
i=1 gi(xi) + τ∗

∑n
i=1 ei

over (xi, ei) ∈ Xi is always less than or equal to the
value at

∑n
i=1 gi(x

?
i ) + τ∗

∑n
i=1 e

?
i , (24) follows from∑n

i=1 e
?
i = 0. We conclude that the two inequalities

hold with equality which implies (x?, e?) minimizes∑n
i=1 gi(xi) + τ∗

∑n
i=1 ei over (xi, ei) ∈ Xi. Therefore,

there holds

(x?, e?) ∈ arg min
(xi,ei)∈Xi,

i∈V

n∑
i=1

gi(xi) + τ∗
n∑
i=1

ei. (25)

Since (25) is separable in all i ∈ V, an equivalent formu-
lation is

(x?i , e
?
i ) ∈ arg min

(xi,ei)∈Xi

gi(xi) + τ∗ei, i ∈ V. (26)

Let us define the equilibrium price λ∗ as λ∗ = −τ∗.
It follows from (26) that (x?i , e

?
i ) is the solution of the

following optimization problem:

max fi(xi) + λ∗ei
s.t. xi + ei ≤ ai

xi ∈ R≥0, ei ∈ R.
(27)

Hence, we conclude that the triplet (λ∗,x?, e?) is a com-
petitive equilibrium. �

In the presence of agent trading decisions, the price
λ∗ under any competitive equilibrium must be non-
negative, as shown in Proposition 2.

Proposition 2 Consider the MAS-SALTD. Suppose
each fi(·) is concave over the domain R≥0. Let (λ∗,x∗, e∗)
be a competitive equilibrium under the agent trading
decisions. Then there always holds that λ∗ ≥ 0.

Proof. Assume λ∗ < 0. Then fi(xi) + λ∗ei is a
strictly decreasing function with respect to ei. Since
ei is unbounded below and upper bounded by ei ≤
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ai − xi, there can not be a finite e∗i such that
e∗i ∈ arg maxei∈R

(
fi(xi) + λ∗ei

)
, contradicting the def-

inition of the competitive equilibrium. This completes
the proof. �

2.3 Numerical Examples

Example 1. Consider a multi-agent system with
four agents who have local resource (a1, a2, a3, a4) =
(13, 14, 4, 7). Each agent i is associated with a util-
ity function fi which is represented by fi(xi) =
min(kixi, βi) with (k1, k2, k3, k4) = (21, 20, 23, 32) and
(β1, β2, β3, β4) = (135, 600, 130, 150).

(i) Let the multi-agent system be MAS-SALD. The
social welfare equilibrium can be computed by nu-
merically solving the optimization problem (3) as
x? = (6.429, 21.23, 5.652, 4.688)>, and the corre-
sponding optimal dual variable is also obtained
as λ∗ = 20. Letting λ∗ = 20, we then compute
a competitive equilibrium that satisfies (1)-(2) as
x∗ = (6.429, 21.23, 5.652, 4.688)>. In particular, we ob-
tain x∗1 = 6.429, x∗3 = 5.652, and x∗4 = 4.688 by solving
(1), and further establish x∗2 = 21.232 from (2). Clearly
there holds x? = x∗, which is consistent with Theorem
1.

(ii) Let the multi-agent system be MAS-SALTD. We
compute the social welfare equilibrium (x?, e?) by solv-
ing the optimization problem (14)-(17) as

x? = (6.429, 21.23, 5.652, 4.688)>,

e? = (6.571,−7.23,−1.652, 2.313)>.

The optimal dual variable τ∗ corresponding to the equity
constraint (15) can be obtained as τ∗ = −20. We take
λ∗ = −τ∗ = 20 and establish a competitive equilibrium
that satisfies (12)-(13) as

x∗ = (6.429, 21.23, 5.652, 4.688)>,

e∗ = (6.571,−7.23,−1.652, 2.313)>.

In particular, we compute (x∗1, e
∗
1) = (6.429, 6.571),

(x∗3, e
∗
3) = (5.652,−1.652) and (x∗4, e

∗
4) = (4.688, 2.313)

by solving (12), and further obtain (x∗2, e
∗
2) = (21.23,−7.23)

from (13). Again there holds (x?, e?) = (x∗, e∗), which
validates Theorem 2. �

Example 2. Consider a multi-agent system with four
agents. The utility function for agent i is in the quadratic
form fi = − 1

2bix
2
i + kixi for i = 1, 2, 3, 4. We consider

two pairs of system parameters

b = (2, 5, 3, 4)> k = (21, 17, 23, 13)>; (PM.1)

b
′

= (2, 5, 3, 4)> k
′

= (25, 22, 24, 14)>. (PM.2)

Let the network resource capacity C =
∑4
i=1 ai take val-

ues in an interval (0, 40). We sample the interval (0, 40)
uniformly with a step-size 0.8 to obtain 50 different val-
ues for C. For each C, we compute the optimal prices of
the system under MAS-SALD and MAS-SALTD.

For MAS-SALD, the optimal dual variables λ
∗(PM.1)
SALD and

λ
∗(PM.2)
SALD are computed for 50 times corresponding to

each value ofC by solving (3), respectively, under the pa-
rameter setting (PM.1) and (PM.2). For MAS-SALTD,

the optimal dual variables τ
∗(PM.1)
SALTD and τ

∗(PM.2)
SALTD related

to the equity constraint (15) are also computed for 50
times corresponding to each value of C by solving (14)-
(17), respectively, under the parameter setting (PM.1)

and (PM.2), and then we take λ
∗(PM.1)
SALTD = −τ∗(PM.1)

SALTD and

λ
∗(PM.2)
SALTD = −τ∗(PM.2)

SALTD . In Fig. 1, we plot the 50 points of
optimal prices versus C, to obtain an approximate tra-
jectory of the optimal price as a function of C.

From Fig. 1 we observe that the optimal price λ∗SALD in
MAS-SALD can indeed take negative values; while the
optimal price λ∗SALTD in MAS-SALTD is always non-
negative. These observations are consistent with Propo-
sition 1 and Proposition 2. Moreover, for both MAS-
SALD and MAS-SALTD, we observe in Fig. 1 that the
optimal prices λ∗SALD, λ

∗
SALTD are decreasing as the net-

work resource capacity C increases. �

Figure 1. The curves of the optimal prices as functions of
the network resource capacity in Example 2.

3 Social Shaping for Competitive Equilibrium

Consistent with classical welfare economics theory, a
competitive equilibrium, despite being a social welfare
equilibrium as well, indicates nothing about fairness
or sustainability. If the optimal pricing λ∗ is too high,
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agents would opt out of the system, instead of partici-
pating in the self-sustained multi-agent system. When
members leave the system, the achievable payoff for the
remaining agents would go down. Therefore, the agents
share a social responsibility in shaping their utility func-
tions so that λ∗ is within a socially acceptable range.

3.1 Shaping the Competitive Equilibrium

Here we present an approach to achieve a socially accept-
able competitive equilibrium, by synthesizing a class of
utility functions from which agents can select. We make
the following assumption.

Assumption 1. Each fi is represented by fi(xi) =
− 1

2bix
2
i + kixi, where bi ∈ R>0 and ki ∈ R≥0. A util-

ity function fi is socially admissible if there hold ki ∈
[kmin, kmax] and bi ∈ [bmin, bmax].

Let λ† > 0 represent the highest pricing for λ∗ that
agents can accept, and we term such a competitive equi-
librium λ∗ ≤ λ† a socially resilient equilibrium. Let
a = (a1 . . . an)> represent the network resource alloca-
tion profile, and let C :=

∑n
i=1 ai represent the net-

work resource capacity. Assuming C and a are given net-
work characteristics, we consider the following problem
of shaping the competitive equilibrium.

Problem. (Social Competitive Equilibrium Shaping)
Consider the MAS-SALD. Find the range for kmin, kmax,
bmin, bmax under which there always exists a competitive
equilibrium that leads to 0 ≤ λ∗ ≤ λ†, for all socially
admissible utility functions.

3.2 Socially Admissible Utility Functions

Denote k = (k1, . . . , kn) and b = (b1, . . . , bn)>. For two
vectors l = (l1, . . . , ln) and l′ = (l′1, . . . , l

′
n), we write

l � l′ if there holds li ≤ l′i for all i ∈ V. In other words,
� defines a partial order for all vectors in Rn.

Define

S∗ :=
{(
kmin, kmax, bmin, bmax

)
∈ R4
≥0 :

nkmin

bmax
≥ C;

− nkmin

bmax
+
nkmax

bmin
≤ C;− nλ†

bmax
+
nkmax

bmin
≤ C

}
.

(28)

We present the following theorem.

Theorem 3 Consider the MAS-SALD. Let Assumption
1 hold. The following statements hold.

(i) The competitive equilibrium is unique, and therefore,
there exists a well-defined mapping, denoted by F(·, ·),

that maps (k,b) to λ∗ := F(k,b) where λ∗ belongs to the
competitive equilibrium.

(ii) The competitive equilibrium is always socially re-
silient (ie λ∗ ≤ λ†) for all socially admissible utility func-
tions as long as (kmin, kmax, bmin, bmax

)
∈ S∗.

(iii) Let (kmin, kmax, bmin, bmax

)
∈ S∗ be given. The map-

ping F(·, ·) is monotone under the partial order � over k
in the sense that

F(k,b) ≤ F(k′,b)

for all socially admissible k � k′.

Proof. (i) Under Assumption 1, all fi are strictly concave.
Thus, the optimization problem (3) is strictly convex,
leading to a unique optimal solution. According to Theo-
rem 1, in a competitive equilibrium (λ∗,x∗), x∗ must be
the unique primal optimal solution for (3). While from
the definition of equilibrium, λ∗ is by definition the op-
timal dual variable for (3), which is also unique.

(ii) Let (λ∗,x∗) be a competitive equilibrium. Then
based on the definition of competitive equilibrium, there
holds x∗i is the optimal solution to

max
xi∈R≥0

−1

2
bix

2
i + kixi + λ∗(ai − xi), i = 1, 2, · · · , n.

This implies that under the condition λ∗ ≤ ki, there
holds

x∗i =
ki − λ∗

bi
. (29)

We substitute the above form of x∗i into the constraint∑n
i=1 xi = C to obtain

( n∑
i=1

1

bi

)
λ∗ =

n∑
i=1

ki
bi
− C. (30)

We thus confirm that

0 ≤ λ∗ =
( n∑
i=1

ki
bi
− C

)
/
( n∑
i=1

1

bi

)
≤
(nkmax

bmin
− C

)
/
( n

bmax

)
(31)

if there holds
nkmin

bmax
≥ C.

From (31) we also know

−nkmin

bmax
+
nkmax

bmin
≤ C (32)
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guarantees λ∗ ≤ ki. Collecting all conditions for
(kmin, kmax, bmin, bmax

)
, we obtain that λ∗ ≤ λ† for all

socially admissible utility functions with

(kmin, kmax, bmin, bmax

)
∈ S∗.

(iii) We have established that if (kmin, kmax, bmin, bmax

)
∈

S∗, then

λ∗ = F(k,b) =
( n∑
i=1

ki
bi
− C

)
/
( n∑
i=1

1

bi

)
. (33)

It is straightforward to verify that

F(k,b) ≤ F(k′,b)

for all socially admissible k � k′. �

3.3 Numerical Examples

Example 3. Consider a MAS-SALD with three agents
and network capacity C = 18. Each agent’s utility func-
tion is set as the quadratic form fi = − 1

2bix
2
i + kixi

for i = 1, 2, 3. The system’s highest pricing for λ∗ that
agents can accept socially is assumed to be λ† = 39.Take
bmin = 4, bmax = 6, kmin = 40, and kmax = 50. We can
verify such a configuration of (bmin, bmax, kmin, kmax) is
a point in S∗ defined in (28).

(i) Let b be fixed to be b = (4, 5, 6)>. Take k3 ∈ {44, 48}.
We sample the space for (k1, k2) ∈ [40, 50]2 and com-
pute the optimal pricing λ∗ by solving the optimal dual
variable of (3). Then we plot the contour maps for the
optimal price as a function of k1 and k2 in the first row
of Fig. 2.

(ii) Let k be fixed to be k = (44, 46, 48)>. Take b3 ∈
{4.8, 5.2}. We sample the space for (b1, b2) ∈ [4, 6]2 and
compute the optimal pricing λ∗ by solving the optimal
dual variable of (3). Then we plot the contour maps for
the optimal price as a function of b1 and b2 in the second
row of Fig. 2.

In Fig. 2 we observe that the maximum value for the price
λ∗ is 20, which is lower than λ† = 39. This illustrates
all socially admissible utility functions for parameters in
the set S∗ lead to socially acceptable prices, providing a
validation for Theorem 3(ii). From the first row of Fig. 2,
the optimal price is monotone under the partial order
� with respect to k, which is consistent with Theorem
3(iii). �

4 Dynamic Multi-Agent Systems

Figure 2. Contour maps for the optimal prices in Example 3.

4.1 MAS with Dynamic Agent Load/Trading Decisions

Here we consider the load balancing problem for dynam-
ical multi-agent systems.

MAS with Dynamic Agent Load/Trading Deci-
sions (MAS-DALTD). Each agent i ∈ V is associated
with a dynamical state yi(t) ∈ Rm, described by

yi(t+ 1) = Aiyi(t) + Biui(t), t ∈ T, (34)

where ui(t) ∈ Rd is the control input, and Ai and Bi are
real matrices with proper dimensions. The time steps
are indexed in T = {0, . . . , T − 1}. Associated with t ∈
T, agent i incurs a utility function fi(yi(t),ui(t)); the
terminal utility for agent i is Φi(yi(T )). Upon taking the
control action ui(t), the required resource is defined by
the function hi(ui(t)). Each agent can produce an ai(t)
units of resource at time t, and also makes a trading
decision ei(t) units of resource over the network at time
t. Similarly,

(i) if hi(ui(t)) < ai(t), then agent i can sell, in which case
ei(t) ≥ 0 and ei(t) ≤ ai(t)− hi(ui(t));

(ii) if hi(ui(t)) ≥ ai(t), then agent i will buy, in which
case ei(t) ≤ 0 and ei(t) = ai(t)− hi(ui(t)).

We denote λ = (λ0 . . . λT−1)> as the pricing vector
through the time horizon, where λt is the unit price for
traded energy at step t. Consequently, the payoff of agent
i throughout [0, T ] is described by

T−1∑
t=0

(
fi(yi(t),ui(t)) + λtei(t)

)
+ Φi(yi(T )).

We denote y(t) = (y1(t)> . . .yn(t)>)>, u(t) =
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(u1(t)> . . .un(t)>)>, and e(t) = (e1(t)> . . . en(t)>)>.
We further define Y = (y(0)> . . .y(T )>)>, U =
(u(0)> . . .u(T −1)>)> and E = (e(0)> . . . e(T −1)>)>.
Also introduce Ui = (ui(0)> . . .ui(T − 1)>)>, Ei =
(ei(0)> . . . ei(T − 1)>)> and ai = (ai(0)> . . . ai(T −
1)>)>.

Definition 5 Let y(0) = y0 ∈ Rmn be given. A triple of
price-control-trading profiles (λ∗,U∗,E∗) is a dynamic
competitive equilibrium if the following conditions hold:

(i) each agent i maximizes its combined payoff under U∗i
and E∗i :

max
Ui,Ei

T−1∑
t=0

(
fi(yi(t),ui(t)) + λ∗t ei(t)

)
+ Φi(yi(T ))

s.t. yi(t+ 1) = Aiyi(t) + Biui(t), t ∈ T,

ei(t) ≤ ai(t)− hi(ui(t)), t ∈ T;
(35)

(ii) the total demand and supply are balanced across the
network for all time, i.e., there holds

n∑
i=1

ei(t) = 0, t ∈ T. (36)

Definition 6 Let y(0) = y0 ∈ Rmn be given. A pair
of control-trading profiles (U?,E?) is a dynamic social
welfare equilibrium if it is a solution to the following
optimal control problem:

max
U,E

n∑
i=1

( T−1∑
t=0

fi(yi(t),ui(t)) + Φi(yi(T ))
)

(37)

s.t. yi(t+ 1) = Aiyi(t) + Biui(t), t ∈ T, i ∈ V,
(38)

ei(t) ≤ ai(t)− hi(ui(t)), t ∈ T, i ∈ V, (39)
n∑
i=1

ei(t) = 0, t ∈ T. (40)

4.2 Dynamic Competitive Equilibrium

We impose the following assumption.

Assumption 2. (i) the Φi are concave functions for i ∈
V; (ii) the fi are concave functions for i ∈ V; (iii) the hi
are nonnegative convex functions for i ∈ V, and hi(z) <
b defines a bounded open set of z in Rd for b > 0; (iv)∑n
i=1 ai(t) > 0 for all t ∈ T.

We present the following result which establishes a simi-
lar connection between the competitive equilibrium and
social welfare equilibrium under this dynamic setting.

Theorem 4 Consider the MAS-DALTD with y(0) =
y0 ∈ Rmn be given. Let Assumption 2 hold. The dynamic
social welfare equilibrium(s) and the dynamic competi-
tive equilibrium(s) coincide and the following statements
hold.

(i) If (λ∗,U∗,E∗) is a dynamic competitive equilibrium,
then (U∗,E∗) is a dynamic social welfare equilibrium.

(ii) If (U?,E?) is a dynamic social welfare equilibrium,
then there exists λ∗ ∈ RT such that (λ∗,U?,E?) is a
competitive equilibrium.

Proof: (i) The proof of sufficiency follows from a simi-
lar analysis as in the proof of Theorem 1. The transition
from competitive equilibrium to social welfare equilib-
rium under this dynamical setting continues to be a di-
rect consequence of the formulations of the two under-
lying optimization problems.

(ii) First of all, the dynamics yi(t + 1) = Aiyi(t) +
Biui(t) with given y(0) ensures that any yi(t) for
t = 1, . . . , T is a linear combination of y(0) and
ui(0), . . . ,ui(t − 1). Therefore, we can always write for
any i ∈ V that

yi(t) = pi,ty0 + qi,tUi, t = 0, . . . , T (41)

with pi,t and qi,t being matrices with proper dimensions.
As a result, we have

fi(yi(t),ui(t)) = fi(pty0 + qtUi,ui(t)) := f̃i,t(Ui).
(42)

In view of Assumption 2, and the fact that the composi-
tion of a concave function and an affine function contin-
ues to be concave, we conclude that gi,t(·) is a concave
function. Similarly,

Φ(yi(t)) = Φ(pi,Ty0 + qi,TUi) := Φi(Ui)

where Φi(·) is a concave function.

The optimization problem (37)-(40) can be equivalently
rewritten as the following convex programming:

min
U,E

−
n∑
i=1

( T−1∑
t=0

f̃i,t(Ui) + Φi(Ui)
)

s.t. hi(ui(t)) + ei(t) ≤ ai(t), t = 0, . . . , T − 1, i ∈ V
n∑
i=1

ei(t) = 0, t = 0, . . . , T − 1.

(43)
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Similarly, (35) can be equivalently written as convex pro-
gramming

min
Ui,Ei

−
T−1∑
t=0

(
f̃i,t(Ui) + λ∗t ei(t)

)
+ Φi(Ui)

s.t. ei(t) ≤ ai(t)− hi(ui(t)), t = 0, . . . , T − 1.

(44)

Next, with Assumption 2.(iii)-(iv), we can verify that
Slater’s condition holds for (43) and (44), which guar-
antees strong duality in both problems [9]. Also, noting

n∑
i=1

hi(ui(t)) ≤
n∑
i=1

ai(t) (45)

and the assumption that hi(z) < b defines a bounded
open set of z in Rm for b > 0, ui(t) takes values in a
compact set for all i and t. Moreover, since hi(ui(t)) ≥ 0
holds for all i and for all t, there holds ei(t) ≤ ai(t).
The constraint

∑n
i=1 ei(t) = 0 further ensures ei(t) ≥

−
∑n
i=1 ai(t) for all i and t. Thus ei(t) also takes values

in a compact set for all i and t. The convex programming
problem (43) leads to finite primal solution.

The Lagrangian dual function of (43) can be written as

L(U,E,λ,µ) = −
n∑
i=1

( T−1∑
t=0

f̃i,t(Ui) + Φi(Ui)
)

+

T−1∑
t=0

n∑
i=1

λtei(t)

+

T−1∑
t=0

n∑
i=1

µi,t
(
hi(ui(t)) + ei(t)− ai(t)

)
=

n∑
i=1

Li(Ui,Ei,λ,µi) (46)

where

Li(Ui,Ei,λ,µi) = −
T−1∑
t=0

f̃i,t(Ui) + Φi(Ui) +

T−1∑
t=0

λtei(t)

+

T−1∑
t=0

µi,t
(
hi(ui(t)) + ei(t)− ai(t)

)
.

(47)

Here µi,t ≥ 0 since they correspond to the inequal-
ity constraints. We have used the conventional notation
µi = (µi,0, . . . , µi,T−1)> and µ = (µ>1 , . . . ,µ

>
n )>.

Finally, letting an optimal dual solution of (43) be
(λ∗,µ∗), there holds from strong duality

(U?,E?) ∈ arg min L(U,E,λ∗,µ∗) (48)

if (U?,E?) is a dynamic social welfare equilibrium. This
implies from (46) that

(U?
i ,E

?
i ) ∈ arg min Li(U,E,λ

∗,µ∗). (49)

Now, µ∗ is obtained by solving

max
λ,µ

min
U,E

L(U,E,λ,µ) = max
λ,µ

min
U,E

n∑
i=1

Li(Ui,Ei,λ,µi)

(50)

where the maximization and minimization are taken in
their respective domains for λ,µ,U,E. As a result, there
must hold

µ∗i ∈ arg max
µi

min
Ui,Ei

Li(Ui,Ei,λ
∗,µi). (51)

It is worth emphasizing that Li(Ui,Ei,λ
∗,µi) is, pre-

cisely, the Lagrangian of (44). Therefore, (51) ensures
that µ∗i is an optimal dual solution of (44), and then
from strong duality (49) ensures that (U?,E?) is an op-
timal primal solution of (44). In other words, we have
proven (λ∗,U?,E?) is a competitive equilibrium.

The proof of the theorem is now complete. �

Example 4. Consider a MAS-DALTD with three agents
who have initial states

y1(0) =

[
1

4

]
,y2(0) =

[
2

5

]
,y3(0) =

[
3

3

]
,

and local resource

a1 = [50 · · · 50], a2 = [50 · · · 50], a3 = [30 · · · 30].

The dynamical state yi(t) ∈ R2 of agent i is described by

yi(t+ 1) = Aiyi(t) + Biui(t), t ∈ T,

where

A1 =

[
−3
5 0

0 −7
10

]
,A2 =

[
−1
2 0

0 −1
5

]
,A3 =

[
−2
5 0

0 −4
5

]
,

B1 =

[
2 0

0 7

]
,B2 =

[
4 0

0 6

]
,B3 =

[
9 0

0 3

]
.

The utility function of agent i is in the quadratic form

fi = y>i (t)Riyi(t)+Wiyi(t)+u>i (t)Qiui(t)+Kiui(t),
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where

R1 =

[
−5 0

0 −8

]
,R2 =

[
−3 0

0 −7

]
,R3 =

[
−2 0

0 −1

]
,

Q1 =

[
−5 0

0 −4

]
,Q2 =

[
−1 0

0 −6

]
,Q3 =

[
−3 0

0 −2

]
,

W1 =
[
200 300

]
,W2 =

[
200 400

]
,W3 =

[
450 300

]
,

K1 =
[
50 60

]
,K2 =

[
50 20

]
,K3 =

[
80 20

]
.

The terminal utility of agent i is also set as the quadratic
form Φi(yi(T )) = y>i (T )Riyi(T ) + Wiyi(T ). Upon
taking ui(t), the required resource is determined by
hi(ui(t)) = u>i (t)Hiui(t), where

H1 =

[
5 0

0 8

]
,H2 =

[
3 0

0 7

]
,H3 =

[
2 0

0 1

]
.

Figure 3. The dynamic optimal price versus time steps in
Example 4.

Let the time horizon take the value of T = 30. We com-
pute the dynamic social welfare equilibrium (U?,E?) by
solving the optimization problem (37)-(40) and the op-
timal dual variables −λ∗ corresponding to (40). Given
λ∗, we further compute the dynamic competitive equilib-
rium (U∗,E∗) by solving (35). In Fig. 4, we plot the dy-
namic social welfare equilibrium and the dynamic com-
petitive equilibrium. In Fig. 4 we observe that the dy-
namic social welfare equilibrium and the dynamic com-
petitive equilibrium agree, which is consistent with The-
orem 4. The dynamic optimal price for traded resource
versus time steps is also shown in Fig. 3, where the price
experiences oscillations both at the beginning and in the
end of the time horizon, and holds a steady value in be-
tween. �

4.3 Recursive Computation of Social Welfare Equilib-
rium

One of the most widely used methods in optimal control
problems is dynamic programming [8]. Here we inves-
tigate the possibility of using a dynamic programming
approach to represent and compute the social welfare
equilibriums described in (37)-(40) as optimal feedback
decisions.

Denote

Et := {e(t) :

n∑
i=1

ei(t) = 0; ei(t) ≤ ai(t),∀i ∈ V } (52)

and

Ut := {u(t) : ei(t) ≤ ai(t)− hi(ui(t),∀i ∈ V }. (53)

Also define

ft(y(t),u(t)) = −
n∑
i=1

fi(yi(t),ui(t))

and

Φ(y(T )) = −
n∑
i=1

Φi(yi(T )).

Definition 7 Consider the MAS-DALTD with y(0) =
y0. Let y(t) ∈ Yt,u(t) ∈ Ut, and e(t) ∈ Et. We
say that (u(t), e(t)) follows the feedback policy π =
(π0, · · · ,πT−1) if there holds

(u(t), e(t)) = πt(y(t)),

for all t ∈ T.

Further introduce the cost-to-go function associated
with any feedback policy π by

V π(k,yk) :=

T−1∑
t=k

ft(y(t),u(t)) + Φ(yT ) (54)

with (u(t), e(t)) = πt(y(t)), for all t = k, · · · , T − 1,
y(k) = yk, and

y(s+ 1) = Ay(s) + Bu(s), s = k, · · · , T − 1. (55)

Here A and B are block diagonal matrices

diag(A0, · · · ,An) and diag(B0, · · · ,Bn)

respectively.
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Figure 4. The dynamic social welfare equilibrium and competitive equilibrium in Example 4.

It is clear that the cost-to-go function must satisfy the
boundary condition that

V π(T,y(T )) = Φ(yT ). (56)

Theorem 5 Consider the MAS-DALTD with y(0) =
y0. Let (U?,E?) be a dynamic social welfare equilib-
rium from (37)-(40). Then there exists π? such that
(u?(t), e?(t)) = π?t (y(t)), for all t ∈ T, and the cost-to-go
function V π?

satisfies the following recurrance equation

V π?

(k,yk)

= min
u(k)∈Uk;
e(k)∈Ek

[
fk(y(k),u(k)) + V π?

(k + 1,yk+1)
]
. (57)

Proof: First of all, the optimization problem (37)-(40)
can be rewritten as:

min
U,E

T−1∑
t=0

ft(y(t),u(t)) + Φ(yT ) (58)

s.t. y(t+ 1) = Ay(t) + Bu(t), t ∈ T (59)

e(t) ∈ Et, t ∈ T (60)

u(t) ∈ Ut, t ∈ T. (61)

Given the form of cost-to-go function (54) and the
boundary condition of the terminal cost (56), we next
have

V π(T − 1,yT−1) = fT−1(yT−1,u(T − 1)) + V π(T,yT )
(62)

where V π(T −1,yT−1) is a one-step process with initial
state yT−1. The value of V π(T − 1,yT−1) depends only

on yT−1 and u(T − 1), since yT is related to yT−1 and
u(T−1) through the system dynamics (59). The optimal
cost is then

V π?

(T − 1,yT−1)

, min
u(T−1)∈UT−1;
e(T−1)∈ET−1

[
fT−1(yT−1,u(T − 1)) + V π(T,yT )

]
.

(63)

where the optimal choice of (u(T − 1), e(T − 1)) only
depends on yT−1. The cost over the last two intervals is
given by

V π(T − 2,yT−2)

= fT−2(yT−2,u(T − 2)) + V π(T − 1,yT−1) (64)

where V π(T −2,yT−2) is a two-step process with initial
state yT−2. The optimal policy during these two steps
is found from

V π?

(T − 2,yT−2) , min
u(T−2)∈UT−2;
e(T−2)∈ET−2

[
V π(T − 1,yT−1)

+ fT−2(yT−2,u(T − 2))
]
. (65)

The optimality principle states that for this two-step
process, whatever the initial state yT−2, initial control
action and trading decison (u(T − 2), e(T − 2)), the re-
maining (u(T − 1), e(T − 1)) must be optimal with re-
spect to yT−1 resulted by applying (u(T − 2), e(T − 2))
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to the system; that is,

V π?

(T − 2,yT−2) , min
u(T−2)∈UT−2;
e(T−2)∈ET−2

[
V π?

(T − 1,yT−1)

+ fT−2(yT−2,u(T − 2))
]
. (66)

Applying the same analysis recursively, we obtain

V π?

(k,yk) = min
u(k)∈Uk;
e(k)∈Ek

[
fk(yk,u(k))+V π?

(k+1,yk+1)
]
.

(67)

Now let (U?,E?) be a dynamic social welfare equilib-
rium. Since the dynamics of y(t) is Markovian, the open-
loop optimal solution (U?,E?) of (37)-(40) coincides
with the feedback optimal policies π?.

The proof of the theorem is now complete. �

4.4 Social Smoothing via Receding Horizon Pricing

From Example 4, it is evident that dynamic multi-agent
systems operating under competitive equilibriums for a
fixed horizon may encounter significant pricing oscilla-
tions, especially at the beginning and towards the end of
the time period. In practice, this means users are experi-
encing market shocks, which is not desirable from a social
point of view. Therefore, for dynamic multi-agent sys-
tems, socially resilient competitive equilibriums should
have pricing trajectories that are as smooth as possible.
In addition, computing the dynamic competitive equi-
libriums over a long period of time is also a challenging
task, and may even be infeasible for large-scale multi-
agent systems.

The receding-horizon approach [35, 36] is a proven
method for delivering robust and computationally effi-
cient controllers for dynamical systems, with successful
applications in a wide range of areas ranging from
emergency vehicle scheduling[37] to dynamic hedging
of options [38]. The control input trajectories derived
from a receding-horizon approach may even be good
approximations of the optimal control solution under
suitable conditions [39]. With this view, we next propose
a receding horizon pricing procedure for the considered
dynamic multi-agent systems.

Consider the MAS-DALTD with y(0) = y0. We fix a
prediction horizon N and denote K = {0, 1, . . . , N − 1}.
The receding horizon approach approximates the solu-
tion to the optimization problem of (37)-(40) as follows.
Assume a full measurement of the estimate of the state
yi(t), i ∈ V, is available at each time step t, t ∈ T. We

then propose a new optimization problem over the hori-
zon [t, t+N ] at each time step t, t ∈ T:

min
Ut→t+N|t
Et→t+N|t

Φ(yt+N |t) +

N−1∑
k=0

fk(yt+k|t,ut+k|t) (68)

s.t. yi,t+k+1|t = Aiyi,t+k|t + Biui,t+k|t, k ∈ K; i ∈ V,
(69)

ei,t+k|t ≤ ai,t+k|t − hi(ui,t+k|t), k ∈ K; i ∈ V,
(70)

n∑
i=1

ei,t+k|t = 0, k ∈ K, (71)

where Ut→t+N |t = {ut|t, . . . ,ut+N−1|t}, Et→t+N |t =
{et|t, . . . , et+N−1|t}. Here yi,t+k|t is the state of agent i
at time step t + k predicted at time step t. Similarly,
ui,t+k|t and ei,t+k|t are the control action and trading de-
cision of agent i at time step t+k predicted at time step t
obtained by starting from the current state yi,t|t = yi(t)
and applying to (69).

Let U∗t→t+N |t = {u∗t|t, . . . ,u
∗
t+N−1|t}, E∗t→t+N |t =

{e∗t|t, . . . , e
∗
t+N−1|t} be the optimal solution of (68)-(71)

and λ∗t→t+N |t = {λ∗t|t, . . . , λ
∗
t+N−1|t} be the optimal

dual variables for constraints (71). The first element
of U∗t→t+N |t, E∗t→t+N |t and λ∗t→t+N |t is applied to the

MAS-DALTD at time step t:

u(t) = u∗t|t(x(t)), (72)

e(t) = e∗t|t(x(t)), (73)

λ(t) = λ∗t|t(x(t)). (74)

Based on the new state yi,t+1|t+1 = yi(t+ 1), i ∈ V, the
optimization problem (68)-(71) is solved repeatedly at
time step t + 1 and it yields a receding horizon control
and pricing. The procedure of receding horizon control
and pricing is summarized in Algorithm 1:

Algorithm 1 Receding horizon control and pricing

while t < T do
measure the state x(t) at time step t;
obtain U∗t→t+N |t,E

∗
t→t+N |t,λ

∗
t→t+N |t by solv-

ing (68)-(71);
apply the first element

u∗t|t(x(t)), e∗t|t(x(t)), λ∗t|t(x(t)) to MAS-DALTD;

Note that Algorithm 1 still applies, even if the new op-
timization problem proposed in a receding horizon fash-
ion over the horizon [t, t + N ] exceeds the entire time
horizon [0, T ] when t ≥ T −N.

Example 5. Consider a MAS-DALTD with the same
setting in Example 4. Let the entire time horizon take
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the value of 200. We fix a prediction horizon as N =
40. First, we follow the procedure in Example 4 and
compute the dynamic optimal pricing over the entire
time horizon. Then we apply Algorithm 1 to obtain the
receding horizon pricing. The resulting trajectories of
the two pricing approaches are shown in Figure 5.

From Fig. 5, it is clear that the dynamic optimal pricing
and receding horizon pricing coincide over most of the
time horizon, which shows that receding horizon pricing
is a good approximation of the optimal pricing planned
for the entire time horizon. We also note that the reced-
ing horizon pricing does not experience the large oscilla-
tions found in dynamic optimal pricing during the end
periods of the time horizon. �

5 Conclusions

We studied multi-agent systems with decentralized re-
source allocation without external resource supply. For
multi-agent systems with static local allocations, we
showed that under general convexity assumptions, the
competitive equilibrium and the social welfare equilib-
rium exist and agree using a duality analysis. We also
studied the problem of social shaping for competitive
equilibriums, where the pricing under a competitive
equilibrium is associated with an upper bound. We pre-
sented an explicit family of socially admissible utility
functions under which the pricing is always socially ac-
ceptable. Finally, a dynamical multi-agent system was
studied and generalized in an optimal control context.
For future works, efficient numerical algorithms for
the computation of class of socially admissible utility
functions would be an interesting direction.
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[39] L. Grüne, “Approximation properties of receding horizon
optimal control,” Jahresbericht der Deutschen Mathematiker-
Vereinigung, vol. 118, no. 1, pp. 3–37, 2016.

15


	Introduction
	Static Multi-Agent Systems
	Competitive Equilibrium for Static Multi-Agent Systems
	MAS with Trading Decisions
	Numerical Examples

	Social Shaping for Competitive Equilibrium
	Shaping the Competitive Equilibrium
	Socially Admissible Utility Functions
	Numerical Examples

	Dynamic Multi-Agent Systems
	MAS with Dynamic Agent Load/Trading Decisions
	Dynamic Competitive Equilibrium
	Recursive Computation of Social Welfare Equilibrium
	Social Smoothing via Receding Horizon Pricing

	Conclusions
	References

