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Abstract

The goal of this work is to construct and use continuous fractal functions to find a numerical
solution of partial differential equations in one dimension. We focus on univariate, R—valued,
continuous fractal functions defined on interval [0, 1]. These fractal functions provide more
flexibility for approximation and interpolation. They are used as interpolation functions in
the concept of hierarchical basis in the finite element method. Based on a continuous Read-
Bajraktarevic operator defined on a space of bounded continuous functions, a fractal bubble is
initially constructed on the interval [0, 1]. Further, linear nodal basis functions defined on the
interval [0, 1] are expressed as fixed points of an iterated function system. Consequently, they
are established as continuous fractal functions. Thus, a hierarchical fractal basis is constructed
on the interval [0, 1], consisting of three shape functions: two linear nodal basis functions and a
hierarchical element namely, the fractal bubble. The nodal basis functions ensure the continuity
at connecting nodes while the fractal bubble yields an additional degree of freedom without
increasing the numbers of nodes in a mesh.

Subsequently, a finite element mesh is constructed by discretizing the interval [0, 1] in 27
elements. The hierarchical fractal basis on a finite element mesh is then obtained by translating
and dilating the three hierarchical basis functions. This basis defined on the finite element
mesh spans the space of fractal functions and is used as a finite element space. This space has
a direct sum hierarchical decomposition into a space of piecewise linear nodal basis functions
and a space of piecewise fractal functions which are zero at the nodes. Subsequently, to set
up element matrices in a finite element model, the fractal functions are integrated explicitly
using the self-similarity property. However, a trapezoidal rule is used for numerical integration

of fractal functions where the explicit integration of fractal functions is unattainable. As an



illustration, a numerical solution to the Poisson equation with homogeneous Dirichlet boundary
conditions is found. A numerical error is computed in L? norm. Bound of an interpolation error
in L2 norm and H' seminorm is established theoretically. A python code is used for generating
the fractal bubble from an iterated function system and for the computational purpose to find

an approximate solution to the Poisson equation in one dimension.
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Introduction

Partial differential equations play an important role in modelling diverse physical phenomena.
For many of these equations, only an approximate solution can be determined. The partial
differential equations are classified as elliptic, parabolic and hyperbolic. In this work, we aim to
find numerical solution of second order elliptic partial differential equation with homogeneous
boundary conditions using fractals.

The finite element method is the most popular numerical method used to find an approximate
solution of partial differential equations. It uses interpolation functions to find the approximate
solution. A nodal or Lagrange basis is a traditional choice for interpolation functions. How-
ever, different types of functions namely, polynomial functions, splines, wavelets have been
extensively used for interpolation in the finite element method.

The novel algorithms have been developed to establish the viability of wavelet bases to the
solution of partial differential equations [1, 2, 3, 4, 5]. G. Donovan, J. Geronimo, D. Hardin
and P. Massopust used fractal interpolation functions to construct compactly supported, con-
tinuous, orthogonal wavelet basis spanning L?(IR) [6]. These fractal wavelets were used by A.
Kudrila, T. Sun, P. Grama and J. Ko to derive a class of finite elements for the finite element
approximation schemes [7]. Likewise, S De Marchi and M Morandi Cecchi have derived fractal
interpolation functions for a class of finite elements [8]. Moreover, DE. Dutkay and Palle E. T.
Jorgensen have constructed wavelet bases in separable Hilbert spaces built on affine fractals
and Hausdorff measure [9]. J. Bohnstengel and M. Kessebohmer have constructed wavelets
and generalised Fourier bases on fractal sets constructed via iterated function systems (IFS)
[10]. Recently, L F. Contreras Hernandez and J. Galvis have presented the finite difference

and the finite element methods to compute solutions of partial differential equations posed on



fractals [11].

Further, the hierarchical concept for the finite element shape functions was introduced as a
convenient tool for mixed order interpolation. The hierarchical elements are equally simple
to implement as "standard" fixed order elements in the finite element approximations. The
hierarchical finite element approximations with polynomial functions [12, 13, 14], B-splines
[15, 16], T- splines [17], wavelets [18, 19] have already been analyzed previously and the list
is non-exhaustive. But the utilization of fractal functions in the hierarchical finite element
approximation is not been investigated.

The fractal functions were originally introduced in [20] as continuous functions interpolating
a set of data. These fractal functions display some sort of self-similarity under magnification
and have an integral dimension. Their complicated mathematical structure, specifically their
recursive construction has led to applications in several domains namely, structural mechan-
ics, physics and chemistry, applied wavelet theory, signal processing and decoding, economics,
among others. One of the main areas in mathematics where fractals are heavily used is for
interpolation and smooth approximation [21, 22, 23].

This thesis focuses on the mathematical foundations of continuous fractal functions and their
utilization as interpolation functions in the hierarchical finite element method. A space of
continuous fractal functions is used as as a finite element space. The utilization of fractal
functions for interpolation in the hierarchical finite element approximations begins with the
construction of a hierarchical fractal basis. The fractal functions used in the hierarchical frac-
tal basis are continuous fractal functions. They are associated with iterated function systems.
Iterated function systems provide a natural framework for a specific type of contractive op-
erators called Read-Bajraktarevic operators. These continuous Read-Bajraktarevic operators
generate continuous fractal functions as their fixed points. Some of the advantages of this

approach over approaches based on the linear basis as discussed in [24] are:

1. Partial differential equations are solved on very general grids defined by iterated function

systems using fractal sets.

2. The theory is based on the theory of fractals and IFS which is well established.
This thesis establishes answers for the following questions:

Xi



1. How can continuous fractal functions be used to approximate a solution of the boundary
value problem, expressed as follows.
d*u

— 5 =f(x), xeQ (1)

Subject to homogeneous boundary conditions:

u(x) =0, xed (2)

where u(x) is defined on the domain Q and its boundary 0%.
2. What are the error estimates in the proposed method?
3. What is the computational efficiency of the proposed method?

To conclude this introduction, we give a brief outline of chapters in this thesis. Chapter
| focuses on the basic theory of functional analysis which forms the foundation of the finite
element method. Chapter Il deals with the fundamentals of finite element analysis. Chapter IlI
discusses the fundamentals of the iterated function system and the construction of continuous
fractal function on interval [0, 1]. Chapter IV introduces continuous fractal functions in the
hierarchical finite element method. Chapter V illustrates the application of fractal functions
to find a numerical solution to the Poisson equation with homogeneous Dirichlet boundary
conditions.

Overall, current study is viewed as an attempt to stimulate the continuous fractal functions
and their properties to use them for interpolation in the concept of hierarchical finite element

method to find numerical solution of second order elliptic partial differential equations.
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Chapter 1

Preliminaries

This chapter deals with some basic concepts of functional analysis to establish a foundation
for the finite element method. Most of the results stated in this chapter are without proof
and sourced from [25, 26, 27, 28, 29, 30, 31] where a detailed discussion is available. This

chapter is a background and does not contribute to original work.

1.1 Functional spaces and generalized derivatives

This section is devoted to reviewing some suitable function spaces that are used in the varia-

tional formulation of partial differential equations.

1.1.1 Banach space

Definition 1 (Normed linear space). [29]. A normed vector space X is a linear space equipped

with a norm||.|| : X — R that satisfies the following properties.
1. ||x|]| >0 and ||x|| =0 x=0
2. ||ax|| = |af||x||, forany a € R
3 Ax+yll <lixIF+llyll-

Definition 2 (Cauchy sequence). [29]. A sequence {x*} in a normed space is called Cauchy



sequence if for each € > 0 there exists a number N such that
X =x|<e forallki>N.

Definition 3 (Complete normed linear space). [29]. A normed linear space X is called com-

plete if every Cauchy sequence x* C X converges to a limit x € X. That is, there exists

x € X with
lim ka — XH =0.
k— 00
Equivalently,
x = lim x*.
k—o00

Definition 4 (Banach space). [29]. A normed linear space (X,||.||) is called a Banach space

if it is complete with respect to the metric induced by the norm]||.]|.

Example 1. The space of continuous functions from a domain 2 — R equipped with the

supremum norm

1flle = sup{f(x) : x € 2}
is a Banach space.

Definition 5. [29]. Amap T : X — Y is called linear if

T(ax+By) =aTx+ BTy, forallx,y € X, «,B€R.

Theorem 1. [31] A linear mapping T : X — Y is continuous if there exist a constant M > 0
such that

| Tx|| < M||x]||, forall x € X.

Definition 6. [31] Let X and Y be normed spaces with the norms||.|| and||.||, respectively.
The space X is continuously embedded into Y if X C Y and there exists a constant ¢ > 0
such that

IxIly < cllx||x, forallxeX.



Theorem 2. [31] Let X and Y be two normed spaces with norms||.|, and||.||, respectively.
A mapping T : U — V is continuous at x € X if for every sequence {x*} C X converging to
X, one has

lim Tx* = Tx.
k—o00

That is,

lim ka — XHX =0 = lim HTxk — TXHY = 0.

k—00 k—00

A mapping is continuous if it is continuous at every point x in X.

1.1.2 Hilbert space

Definition 7 (Inner product space). [27]. An inner product space X is a vector space equipped

with an inner product, (.,.) : X x X — R that satisfies the following properties:
1. (u,v) = (v,u).
2. (au+ pv,w) =a(u,w)+ B(v,w) for any o, € R.
3 (uyu)>0and (u,u) =0 u=0.
Definition 8 ( Hilbert space). [27]. A Hilbert space X is a complete inner product space.

A norm induced by an inner product is defined as
lull =/ (v, u).

Example 2. [25] The best-known Hilbert space of functions on Q is L* , the space of square

integrable functions v : Q — R with the norm

Vi@ =/ [ vix)2a

Example 3. [25] The space Hy(Q) of square-integrable functions u : Q — R with square-

integrable derivatives which are zero on the boundary ~v is a Hilbert space with inner product

(U V) i) = /QVqudx.

3



An important fact about a Hilbert space is Cauchy-Schwarz inequality.

Theorem 3 (Cauchy-Schwarz inequality). [27]. For a Hilbert space X and any u,v € X,

[(u, Vx| <llullxlIvx -

Triangle inequality is an immediate consequence of the Cauchy—Schwarz inequality.

Corollary 1. [27] Let u,v € X. Then

lu+ v <lull +][v]-

Definition 9 (Linear functional on a Hilbert space). [27]. Given a Hilbert space X, a linear

functional j on X is a function j : X — R that satisfies

jlau+ Bv) = aj(u) + Bj(v).

Definition 10 (Dual of a Hilbert space). [25]. The dual of a Hilbert space X* is the space
of all bounded linear functionals on X. This has a natural norm induced by the norm on the

underlying space

x- = sup |j(u)].

|ullx=1

in
In fact, X* itself is a Hilbert space.

Theorem 4 (Riesz representation theorem). [27]. Let j : X — R be a linear functional on a

Hilbert space X. Then there exists a unique g € X such that

(g,x) =j(x), forall x € X.

Moreover, one has||j|

X* :Hng-



1.1.3 Lebesgue space

The Lebesgue spaces, denoted by L,(£2) are fundamental function spaces that appear through-
out the analysis. We restrict our attention to real-valued functions f on a given domain

that are Lebesgue measurable.

Definition 11 (Lebesgue p-norm (for p finite)). [25]. Let Q be an open set in R", n € N.

For1 < p < oo, L, norm is defined as follows.

11l ey = (/ny(x)v’dx)" Cforl<p< oo

Definition 12 (Lebesgue p-norm (for p infinite)). [25]. For p = oo, L, norm is defined as

follows.

1]l e () = ess sup|f(x)].
xeQ
Definition 13 (Lebesgue spaces). [25]. For 1 < p < oo, Lebesgue spaces denoted by LP(Q)
are defined as follows.
LP(Q2) = {f measurable :||f|,,q) < oo}
Theorem 5. [25] For p € [1, 0], all Lebesgue spaces are Banach spaces. For p = 2, L,(Q)

is a Hilbert space.

Theorem 6 (Holder's inequality). [25]. Let p,q € [1, 00| such that

1 1
S4o=1
P q

Iff el,(QQ) and g € Ly(Q2) then f g € L1(2) and

||fg||L1(Q) < ||f||Lp(Q)||g||Lq(Q) :

The elements of such a pair are called Holder conjugates.

Theorem 7 (Inclusion of Lebesgue spaces). [25]. Let Q2 be bounded and 1 < p < q < co. If

5



fely(Q) then f € L,(Q).

1.1.4 Sobolev space

Sobolev spaces are fundamental spaces in the study of partial differential equations and their
numerical approximations. Sobolev spaces are vector spaces and are obtained by extending
Lebesgue spaces L,(£2). These spaces provide a theoretical framework to analyze partial dif-
ferential equations. In particular, weak formulation of partial differential equation is examined
in Sobolev space. They are important because solutions of partial differential equations, when

they exist, belong to a Sobolev space.

Definition 14 (Compact support). [25]. A function ¢ € C(Q2) has compact support iff

supp(¢p) = closure {x € Q: ¢(x) # 0}.

is compact and is a subset of an interior of the domain ).
In particular, the function ¢ vanishes on the boundary ~.

Definition 15 (Bump function). [25]. A bump function is an infinitely differentiable function

that has compact support in the domain €. A set of bump functions is denoted by C5°(£2).

Definition 16 (Locally integrable function). [25]. Given a domain Q, a set of locally integrable
functions is defined by,
Ll

loc

(Q) = {f : f € L'(K) for all compact K C interior Q}.

To define higher derivatives, we introduce multi-index notation.

Definition 17 (Multi index notation). [25]. Consider a multi-dimensional function u(x) =
u(xy, X, ..., x,) and a corresponding multi index notation that simplifies expressions for partial
derivatives. If « = (aq, ag, ..., @), ; > 0 is an integer vector in R" then partial derivative of

u(x) is represented by
olely
Dou(x) = ——1
40 = g o

6



where |a| = (a1 + s + ... + ), o; > 0.

This is called as multi index notation.

Definition 18 (Weak derivative). [25]. Let Q C R" and f,g € L},.(). Then a weak

loc

derivative of f is defined to be a function g such that, g = D*f satisfying

/QfDagz)dx:(—n‘al/Qg(pdx, for all ¢ € CX(9Q).

It follows that if partial derivative of f up to order || exists in a usual sense then integration

by parts implies an expression for weak derivative and the two derivatives coincide.
Example 4. [25] Any strongly differentiable function has a weak derivative.

Example 5. [25] Let Q = (—1,1) and f(x) = |x|. Then the weak derivative of f(x) denoted
by f'(x) is given by

-1, ifl<x<0
f'(x) = (1.1)

1, if0<x<1.

Theorem 8. [25]. The weak derivatives are unique up to a set of measure zero.

Definition 19. [25]. Let | be non-negative integer. Let f € L}, (). Suppose that the weak

loc

derivatives Df exist for all |o| < I. For p € [1, 00), define Sobolev norm as

1/p

||f||WF£(Q) - Z ||Daf||fp(ﬂ)

laf</

and in case for p = oo,

Hvav;o(Q) = Ofg}”Da’rHLw(Q) :

Definition 20 (Sobolev space). [25]. For 1 < p < oo, the Sobolev space is defined as

W(Q) = {f € Lioe(Q) :[Iflly; < 00}

loc

The Sobolev seminorm is introduced as follows.



Definition 21. [25]. Sobolev seminorm of the function f is defined as follows.

For p € [1, 00),

|f|W;(Q) =

1/p
> D“f’Z,,(m]

=/

and in the case p = oo

‘ﬂWA(Q) = Of;}I(HDafHLOO(Q) :

\

It follows that HfHW;i(Q) > flwy@)-
Theorem 9. [25]. The Sobolev space W)(SQ) is a Banach space.
Definition 22 (Hilbert space H'(Q2)). [25].

For p = 2, the spaces WA(Q) are Hilbert spaces with respect to inner product

(u,v) :/ > D*uD®v.
“ Jal<1
These spaces are denoted by H'(Q2) = WJ(Q2) . Thus, for integer | > 0,

H'(Q) = {v € Ly(Q), D*v € Ly(Q) for all |a| < I}.

Remark. 1. H[(Q) is a closed subspace of the Sobolev space H'(Q) incorporating boundary

conditions.

2. For | =1, the space H' is equipped with the scalar product
(u, V) = (u, V)2 + (U, V)2
and with the associated norm,

201
|2

2
lullyn = lull?> +]



Chapter 2

Fundamentals of the finite element

method.

This chapter describes the fundamentals of the finite element method which provides a frame-
work for further explorations. This chapter is a background and does not contribute to original
work. The references [32, 33, 13, 34, 35, 25, 26, 27, 36, 37, 38, 12, 39, 40] have been used
to source information discussed here. We restrict our attention to the case of second-order

linear elliptic partial differential equations in 1-dimension.

2.1 A two-point boundary value problem

Partial differential equation with suitable boundary conditions forms a two-point boundary

value problem usually represented by a single equation
Lu=f

where L is a linear partial differential operator acting on certain class of functions u which
satisfy boundary conditions. Partial differential equations are classified as elliptic, parabolic
and hyperbolic equations. For example, the wave equation is hyperbolic equation and the heat
equation is parabolic equation. A typical example of elliptic partial differential equation is the

Poisson equation/Laplace equation.



The Poisson equation and boundary conditions arise from a steady state problem in which a
solution varies only with spatial coordinates but not with time. It has applications in the areas
of theory of heat conduction, electrodynamics, fluid dynamics among others.
Consider 2" order Poisson’s equation where an unknown function u(x) defined on the domain
Q is characterized by equation

d?u

——— =f(x), x€n.

2 =)
The Laplace equation is obtained by letting f(x) = 0 in the above equation. The unique
solution of the Poisson equation is investigated usually with an associated boundary conditions.
Thus, the Poisson equation with Dirichlet boundary conditions is stated below:

d?u

subject to homogeneous boundary conditions:
u(x)=0, xe€dQ (2.2)

where u(x) is defined on the domain € and its boundary 0.

Definition 23 (Strong solution of partial differential equation). [25] The exact or strong
solution of partial differential equation is a solution that satisfies partial differential equation

and specified boundary conditions.

Example 6. The strong solution of the Poisson equation with f(x) = 1 defined on [0, 1] is

u(x) = X_2x2. It follows that the function u(x) is continuously differentiable. Moreover, it

satisfies equation (2.1) and boundary conditions (2.2).

For complicated functions f and complex domains €2, it is usually not possible to find
strong solutions to (2.1). Hence, numerical techniques are used to find approximations of
the strong solution. Here we use the Galerkin approximation for numerical simulation which
replaces the boundary value problem with a system of equations for finitely many parameters.

The system of equations needs to be solved further to get an approximate solution.

10



2.2 Abstract formulation

2.2.1 Abstract formulation

This section deals with the mathematical theory of the finite element method from a broader
approach. The general theory of second-order elliptic partial differential equation is also intro-
duced which allows dealing with a large class of problems with the same analytical technique.
The existence and uniqueness results for an abstract variational problem are presented in this

section.

Definition 24 (Bi-linear form). [27]. A bi-linear form on a vector space V over a field F is a

function a: V x V. — F that is linear in each argument such that

= a(vy + vo, w) = a(vi, w) + a(ve, w), forallvi,vo,w €V
» a(v,wy + wy) = a(v,wy) + a(v,wy), forall v,w;, wy € V
» (cv,w)=ca(v,w), forallv,weV,ceF

= a(v,cew) =ca(v,w), forallv,we V, ceF.

Example 7. An inner product a(u, v) : H} x H} — R defined as
a(u,v) = (Vu,Vv) = / VuVvdx, forallve Hy(Q)
Q

is a bi-linear form.

Definition 25 (Continuous bi-linear form). [38]. A bi-linear form a : V x V — F s called

continuous if there exists a constant M < oo such that
la(u, v)| < M||ull\, ||v]],,, foralluveV.

Definition 26 (V-elliptic bi-linear form). [38]. A bi-linear form a : V x V. — F is called

V-elliptic if there exists a constant a > 0 such that

a(u,u) > allul]},, forallue V.

11



The following fundamental result guarantees existence and uniqueness of the solution of

variational problem stated below: Find v € V such that
a(u,v) = b(v), forallveV, (2.3)

where V is a Hilbert space, b € V' and a(., .) is continuous, coercive bi-linear form.

Lemma 1 (Lax-Milgram lemma). [38] Let V' be a Hilbert space, a(.,.) be a continuous V-
elliptic bi-linear form of V and b € V'. There exist exactly one u € V such that a(u,v) =

b(v), forallveV .
Proof. Please refer [38] for detailed proof. O

Definition 27 ( Functional (J)). [38] Let V be an infinite dimensional Hilbert space of
functions defined over Q. Let a(v, w) be a continuous, symmetric and positive definite bi-
linear form defined on V x V. Let b(v) be a continuous linear functional on V. Then J defined
by
1
J(v) = §a(v, v) — b(v), forveV

is a continuous quadratic functional on V.
Usually, J represents energy of some physical system. The problem of solving a(u, v) —
b(v) for all v € V consists in finding an element v € V such that

J(u) = min J(v), where J(v) = ;a(v, v) — b(v), forveV.

vev

The symmetry and positive definiteness of a bi-linear form a(u, v) are required for charac-

terization and uniqueness of wu.

Theorem 10 (Characterization and uniqueness). [38]. Let a(u,v) be a positive definite,
symmetric bi-linear form defined on V' and let b(v) be a linear functional defined on V. Then
u € V is a solution of the variational problem
1
J(u) = Hél\r/l J(v), where J(v) = ia(v, v) — b(v), forveV (2.4)

12



if and only if u is a solution of the variational equation
a(u,v) =b(v), forallvelV. (2.5)

The solution u if exists, is unique.
Proof. Please refer [38] for detailed proof. O

Example 8. For a model problem (2.1) with boundary conditions (2.2), choose a space
V = H}(Q) and H = Ly(Q). The quadratic functional J is then

-5 (Zx Zx> JFO vt dx, - for all v € H}(Q).

Since the bi-linear form is symmetric, a weak solution of the model problem (2.1) with boundary

conditions (2.2) is also a solution of the variational problem,

J(u) = min J(v), where J(v) = ;a(v, v) —b(v), forvelV.

veV

Definition 28 (Energy norm). [27] Let||.|| ¢ be an associated energy norm defined by

Ivlle = a(v,v)"2.

Definition 29 (Equivalent norm). [25] The two norms are said to be equivalent on V if there

exist two constants C; and C, such that
Gllvll, <[lvll, < Glvl; -

Let||.||,, be a norm defined on a Hilbert space V. Then, the equivalence of energy norm

and V- norm are necessary for the existence of the minimizer u € V of J.

Theorem 11 (Existence). [38] If energy norm is equivalent to the V- norm, then there exists

a minimizer u € V of J.

13



2.2.2 Ritz-Galerkin approximation schemes

Ritz- Galerkin approximation is a technique for approximately solving variational problems such
as in equation (2.5). Instead of seeking a solution in infinite dimensional space V/, the solution

of equation (2.5) is found over a finite dimensional subspace V}, C V.

Definition 30 (Ritz-Galerkin Approximation). [27]. Given V), C V, Ritz-Galerkin approxima-
tion of equation (2.5) is

find up € V), such that, a(up, vi) = b(vy) for all v, € V.

As subspace V), is finite dimensional, it is closed subspace of V' and therefore a Hilbert
space endowed with the same scalar product (.,.) as V. Consequently, bi-linear form a(.,.)

has the same properties on V}, as on V. Therefore an equation

1
J(up) = min J(v,) where J(v,) = §a(vh, vi) — b(vp), for vy, € V, (2.6)

VhEV}

has a unique solution u, € V}, and a unique minimiser uj is characterised by Galerkin equation
a(uh, Vh) = b(Vh>, vy € V. (27)

Thus, Ritz introduced the finite dimensional approximation u, € V), to u which minimizes the
functional J in V}, such that

J(Uh) < J(Vh) Vv, € V.

A minimiser always exists in V}, as the sub-space V), is finite dimensional.

2.2.3 The error estimate for the Ritz-Galerkin approximation schemes

Let u be a solution to the variational problem a(u,v) = b(v), forall v € V and uj, be a

solution to an approximation problem a(up, v) = b(v) for all v € V,, .

Theorem 12 (Galerkin orthogonality). [27] The approximation uy, satisfies Galerkin orthogo-
nality

a(u—up,v) =0, forallv eV,

14



Proof. Please refer [27] for detailed proof. O

Theorem 13. [27] Assume that up, is minimiser of J in V), defined in (2.6) and energy norm

is equivalent to the norm in V' with

Glvily <lvllg < Glvlly, forallve v

and some positive constants, C; and C,. Then

» uy, is the best approximation to u in the energy norm. That is

lu—upllg <|lu—wn|lg forall vy € V.

» The approximation is order optimal in V' and

ult;est

G
u— upl| < —Hu—
Jlu—wl < &

Proof. Galerkin's Orthogonality states that the error u — uy, is orthogonal to V/, in the energy

norm with the scalar product a(.,.). Therefore for all v, € V},
lu = vallg =llu — up + up — vall

=lu— upllE +||un — val|2
2
> ||u— upl| -

Therefore uy, is the best approximation of u in V}, with respect to the energy norm. Thus, one
has

1
o= unlle < Zllu = unlle

1
< 7”” o ubest
> Cl h E
G
< 7Hu . ubest
> C1 h
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[]

Thus, the best approximation is just the orthogonal projection of u into Vj,. With respect

to V-norm, the best approximation satisfies

best
Up

Hu— y <|lu—=wal|,,, forall v, € V.

Cea's lemma is a key to the error analysis of the finite element method for elliptic bound-
ary value problems. According to Cea's Lemma, an accuracy of numerical solution depends
essentially on the function space V), used to approximate the solution u well. It shows that

the closer u is to V}, the smaller is the discretization error.

Theorem 14 (Cea’s lemma). [27] Ifa(.,.) is V-elliptic with a(v, v) > a||v||* and bounded with
a(u,v) < Cllulll|v|| and up, be a solution to the Galerkin approximation problem a(up, v) =

b(v) for all v € V, then

Ju=wlly < < inf lu— v
u—u — inf [ju — v
hlv = o VEV, v
where C is continuity constant and « is coercivity constant of a(.,.) on V.
Proof. Please refer [27] for detailed proof. O

Remark. » Cea’s theorem shows that the discrete solution uy, is quasi-optimal since its
error coincides with the best possible approximation up to a factor in the sense that the

error ||u — upl|\, is proportional to the best it can be using the subspace V.

» In the symmetric case, we can prove that,
lu = unlle = minjju — vl

Hence,
1

1 .
Ju—wnlly < el = wnle = = mipllu — vl

< /S minflu— vl < € minllu - v]
<\ mipll = vily = 2 minflu = vily -
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» The energy norm and H' norm are equivalent. Therefore, it follows that

C .
= unll < it lla = Vil

It is more useful to estimate the error in a weaker norm. This requires a duality argument.
A bound of an Error in the L2 norm is obtained using 'Nitsche trick’. To this end, let V C H
be a Hilbert space with norm ||.||; such that the embedding V — H be continuous, that is

there is a constant ¢ > 0 such that
vy < cllvll,, forallveV.
It follows that the order of error in the H- norm is at least as good as in the V- norm. i.e
[ = unllyy < cllu—unlly -

An improved error bound is given by Aubin-Nitsche trick.

Lemma 2 (Aubin-Nitsche trick). [27] Let a be bounded such that |a(v, w)| < v||v||||w]|, for

v,w € V, and H D V be a Hilbert space with norm||.||,, such that |v||,, < c|lv||, for all
v € V. If uy, satisfies the Galerkin equation a(up, vy) = b(vy,), for v, € V}, for some V), C V
then

u—uplly < vllu—upl|ysup inf —~
|| ||H || ||VgEHVh€Vh ||g||H

where ¢4 is the weak solution of dual problem

a(w, pg) = (g, w)y, forallwe V.

Proof.
|lu— up||y = sup (U= tn g)n ... (Dual characterization of the norm)
gei llglly
= sup 3l = tn, &) ... (definition of ¢,)
gei gy
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a(u— up, g — Vi)

= sup inf ... (Galerkin orthogonality)
geH WEVh gl
o 1% =l
< v|lu — up||, sup inf ————% ... (by boundedness of a).
geH eV ||glly

2.3 The variational formulation of elliptic partial differ-
ential equation

The variational formulation of partial differential equation allows us to adopt an alternative
solution approach, namely the finite element method to construct an approximate solution. To
apply the abstract theory derived in the previous section to the Poisson equation with Dirichlet
boundary conditions, choose space V = H}(Q) and H = L,(Q). The Sobolev space, L, space,

and their norms are closely connected by the following theorem.

Theorem 15 (Poincare-Friedrichs). [38]. Assume that the domain Q is bounded. The Sobolev

space H; () is continuously embedded in Ly(Q), that is, there exists C > 0 such that

dv
HVHLZ(Q) <C o , forallv e Hé(Q).

L2(Q)

Example 9. For the model problem (2.1) with boundary conditions (2.2), choose the space
V = H}(Q) and H = L,(Q).

Multiplying given partial differential equation by a test function v(x) € H}(Q),

Ty wdx = [ Fxvixd
e VXl = | f(x)v(x)dx
Integrating by parts,
du dv
A a&dx =5 f(x)v(x)dx. (2.8)
That is,
a(u,v) = b(v), forall v(x) € Hy(Q) (2.9)
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where, a(u, v) = (%, %) = [ %% dx, b(v) = (f,v) = Jo f(x)v(x)dx and f € L,.
The equation (2.9) is called variational or weak form of the problem. In this form, problem

leads to the Galerkin approximation process.

Definition 31 (Weak Solution). [25]. A weak solution of given partial differential equation is

a function, u(x) € H3 () which satisfies
a(u, v) = b(v), for all v(x) € H3(Q).

Example 10. [25]. Every classical solution is always a weak solution since integrating by parts
gives

du dv
Qaadx —/Qf(x)v(x)dx.

Let C2(2) be the space of all twice continuously differentiable functions, defined on Q
satisfying boundary conditions and let u € CZ(Q) be a classical solution which satisfies (2.1)
and (2.2). Using integration by parts, the variational problem defines the solution of the

Poisson equation.

Theorem 16. [25]. Let u € CZ(2). Then, u solves the variational problem (2.9) if and only

if
S i
almost everywhere in €2.
Proof. Suppose that
2
—Z,XLQI = f(x)

almost everywhere in Q.

Multiplying by v(x) € Hj(2) and integrating over ,

/Q_Zigv(x)dx:/ﬂf(x)v(x)dx.
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Since v(x) € H}(Q), v(Ou) = 0, integrating by parts gives

J (ii) @i) dx = | F()v(x)dx.

Therefore,

a(u, v) = b(v), forall v(x) € Hy ().

Conversely, let u € CZ(€Q) and suppose that u solves the variational problem.
a(u,v) = b(v), forall v(x) € Hy(Q).

That is

) (ii) (it) dx = | Fv(x)d

Integration by parts gives

[ (52 oo [ e

It follows that the weak solution satisfies

/Q <_ZZL2] - f(X)> v(x)dx = 0,

for all v(x) € H}(Q).
As H3 () is dense in Ly(RQ), it follows that this characterization holds for all v € Ly(f2). Since,

(_% € Ly(Q), choose v = (_ﬁ — f(x))

dx?

Consequently, (—@ - f(x)) =0in L2(2) . Hence,

dx?
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almost everywhere in Q. O

Thus, if the weak solutions are regular enough and if f € Ly(Q2) then the weak variational
problem or minimization problem in H;(2) have the same solution as the Dirichlet problem.
Consequently, numerical techniques to solve the variational problem provide approximations of

the solutions of the Poisson problem.

2.4 The finite element method

This section deals with a general framework of the finite element method. The finite element
method is a computational technique for obtaining an approximate solutions to partial differ-
ential equations that arise in scientific and engineering applications. It is a technique in which
given domain is represented as a collection of simple non-overlapping domains called finite el-
ements and solution of a partial differential equation is approximated by a simpler polynomial
function on each element.

The definition of the finite elements was first formalized by Ciarlet [1976] and it remains the

standard formulation. The formal definition of the finite elements can be stated as follows.

Definition 32 (Ciarlet 1976). [36]. A finite element element is a triplet (T,%, P) with the

following properties.

1. T C R" be a bounded closed set with nonempty interior and a Lipschitz continuous

boundary OT (the element domain).

2. Y be a finite dimensional subspace of functions on T (the space of shape functions).

The set Y is said to be the set of degrees of freedom of the finite element.

3. P is finite dimensional subspace of real valued functions over T such that " is P —
unisolvent. That is, if > = {¢;}., and a;,0 < i < N are any scalars, then there exists

a unique function p € P such that ¢;(p) = «;, 1<i<N.

The finite element method is based on a variational formulation involving a subspace and
special subspace of finite elements. The spaces over which variational problems are associated

with boundary value problems are called finite element spaces.
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A general framework constructing finite element method is discussed further.

2.4.1 Discretization of domain

The process of dividing the domain 2 of the solution v into small subdomains €, is called
discretization of the domain. The sub-domains €, are called finite elements. If all finite
elements are congruent, then the partition is called regular. The discretization of the domain

into finite elements

» represents geometry of the domain.

= approximates solution over each element of the mesh to better represent the solution
over the entire domain. Moreover, an approximation of a solution over an element of

the mesh is simpler than its approximation over the entire domain.
For instance, let Q = [0, 1], be the domain of a given problem.

Definition 33 (Mesh). [34] A mesh of Q = [0, 1] is an indexed collection of intervals with

non-zero measure {I; = [x;, x;41] for 0 < i < n} forming a partition of Q. That is,

Q=ULgliand I? NV I7 =10, fori#j.

The intervals I; are called elements of the mesh.

The simplest way to construct a mesh is to divide interval [0, 1] into n subintervals such
that,

OD=x <X <X <..<x,=1

The points {xg, x1, ..., x,} are called vertices of the mesh. The mesh may have variable step
size, h; = x;31 —x; 0 < i< n.Set h=maxy<;<, h;. Figure (2.1) represents the mesh of the

interval [0, 1] into 10 equidistant elements.

2.4.2 Derivation of approximation functions over each element

We restrict our discussion of interpolation functions to 1-dimension. The interpolation function

is a function that interpolates the solution between discrete values obtained at mesh nodes.
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Figure 2.1: Discretization of the interval [0, 1] into subintervals.

Therefore, appropriate functions must be used. The interpolation functions are generally
assumed and are required to approximate quantities between the nodes. The continuity of
these functions and their derivatives, called regularity plays important role in approximation
theory. The regular function when restricted to a small enough domain is assumed to be simple,
close to constant, or some lower degree polynomial. Thus, in the finite element method, the

solution u is approximated by some uj, which is a polynomial in every finite element.
Piecewise polynomial approximation

For an integer k > 0, let Py be a space of polynomials in one variable, with real coefficients
and of degree at most k.

P, Lagrange finite element

Consider a vector space of continuous, piecewise linear functions
P! = {vy € C°(Q);Vi € {0,1,...n}; vy |,,€ P, }.

This space is used to approximate one dimensional PDE and hence called as approximation
space in one dimension. The functions {¢1, ¢2, ..., ¢, } are defined elementwise as follows. For

ie{0,1,..n},

1
hi—1

gi(x) = { = hil(x —x;), if x € l; (2.10)

(X — X,'_1), if x € li_4

= 0, otherwise

with obvious modifications if i = 0 or n.

Definition 34 (Nodal basis). [34]. The set {¢;} is called nodal basis for P and {uy(x;)} are

the nodal values of the function uy,.
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These functions are called as hat functions in reference to their shape. The nodal basis

functions satisfy the following conditions.

» inter-element compatibility condition: The nodal basis functions are such that continuity

is achieved at each point on the interface between adjacent elements.

» Completeness condition: The nodal basis functions include complete linear polynomials

such that constant derivatives may be obtained in each element.

» Interpolation condition: The nodal basis functions satisfy Kronecker delta property. That
is, forall i =0,1, ... n,
1, ifi=y
¢i(xj) = (2.11)
=0, if i #J.

» Local support condition: The nodal basis functions are compactly supported.

» Partition of unity condition: Let,¢1, ¢o, ..., ¢, be nnodal basis functions. Then ¢; +

G+ o+ b = 1.

Proposition 1. [34]. The set {¢1, ¢, ..., ¢n} is a basis for PI'. Consequently, the space of

functions P} is finite dimensional.

Proof. Please refer [34] for detailed proof. O
Lemma 3. [34]. P} C H'(Q).

Proof. Please refer [34] for detailed proof. O

Thus, the function uy, € P{’ can be represented in terms of basis functions as follows.

n

up =Y Ukdu, (2.12)

k=0

where the coefficients uy = up(xx) if x4 is the kth vertex. The coefficients u, are uniquely
determined by its value at the nodal points x, for k =1,2, ..., n.
Similarly, for k > 1, the space of piecewise polynomials in one variable, with real coefficients

and of degree at most k denoted by P} can also be used as an approximation space. The
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interpolation technique described for P; Lagrange finite element can be generalized to higher

degree polynomials.

Hierarchical Approximations

The hierarchical approximations are classified as h—version and p—version hierarchical approx-

imations.

= h—version hierarchical approximations:
The hierarchical approximations for h—version are constructed by introducing the addi-
tional shape function, maintaining constant polynomial order and reducing the size of
the finite element mesh. Let, / > 0 and let V; be the finite element space associated
with the uniform finite element mesh M;. The space V; is generated by the piecewise lin-
ear basis functions and an additional shape function, called a hierarchical element which
is defined over every finite element of the mesh M;. Thus, the finite element space is
V; has direct sum hierarchical decomposition V; = U; @ W;. Therefore, for v € V; we
have the unique decomposition v; = u; + w; where u; € U; and w; € W;. Figure (2.2)

represents graph of the linear hierarchical elements over the mesh.
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04 04
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(c) Number of intervals = 4 (d) Number of intervals = 8

Figure 2.2: Hierarchical linear elements over the mesh.
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The uniform bisection refinement of the mesh M; produces another finer mesh M;, ;.
The set of functions gbf’l constructed on the mesh M;,; constitutes the basis for a finer
space Vi, such that any basis function ¢ can be expressed as a linear combination of
basis functions ¢! of Viyi. Thus,

Si(x) = e (%)

k

where a,"! are constants and ¢}"!(x) are basis functions of the finer space V;,;. Con-
sequently, the nesting relation V; C Vi, holds. The coarsest space in the hierarchy is

Vo with progressively finer spaces Vi, Vs, ... such that

VocVic...cV,cC ...

p—version hierarchical approximations:

The hierarchical approximations for p—version are constructed by adding high degree
corrections to lower degree members of the series. A major drawback of the standard
interpolation functions is that when element refinement is carried out, new shape func-
tions have to be generated, and hence all calculations have to be repeated. Therefore, it
is advantageous to use an additional function with the standard interpolation functions
without increasing the number of nodes in the mesh. The additional shape functions
represent simply additive refinements of a higher-order. These shape functions are called

hierarchical as their contribution to the approximation will be of diminishing importance.

The hierarchical bases give rise to a hierarchy of finite element spaces namely, V;, Vi, Vs ...

. This hierarchy is represented by hierarchical nestedness relation,

VoCcViCV,C...C V.

Definition 35 (Hierarchical modal basis). [27]. A family {By}«>o where By is a set of

polynomials, is said to be a hierarchical modal basis if, for all k > 0

1. By is a basis for P,.
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2. Bk C Bk+1.

Example 11. [27]. The simplest example of hierarchical modal basis is B, = {1, x, x?, x3, ..., x*}.

For instance, in case of linear nodal basis functions, a quadratic function is used to form
a hierarchical basis over an element. This quadratic function is required to be:

— a quadratic polynomial,

— compactly supported, and

— continuous.
Thus, the hierarchical basis has three functions per element. Two of them are linear

functions and one is a hierarchical quadratic element. Figure (2.3) represents graph of

the quadratic hierarchical elements over the mesh. Thus, the finite element space is V;
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Figure 2.3: Hierarchical quadratic elements over the mesh.

has direct sum hierarchical decomposition V; = U; @ W;. Therefore, for v € V;, we have
the unique decomposition v; = u; + w; where u; € U; and w; € W;. The basis of U; are
nodal basis functions and the basis for W; consists of all the nodal basis functions for the
continuous piecewise polynomial of degree 2 except those associated with mesh vertices.

Thus, W; consists of the span of the quadratic functions associated with edge midpoints
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in the mesh. This is called a hierarchical basis for piecewise quadratic polynomial space.
The three basis functions span the space of quadratic polynomials.
Let (b,Jr% be defined in terms of local element coordinate £ , as a quadratic function of

the form

¢i+% =ag+ o &+ ad?

with the coefficients «yg, o1, a9 be chosen such that, gb,+%(§) =0foré&=-—1,1.

Thus, an approximate solution wu;, over the typical element Q. = [x;, x;11] is expressed as

follows.

up(x) = uidi(x) + U101 (x) + Au,+%¢,-+%(x), for x € Q. (2.13)

where, ¢; and ¢;,1 are nodal basis functions and (;5,-+% is hierarchical element.

The parameter Au,-+% used in equation (2.13) is the magnitude of the departure from
linearity of the approximation up(x) at the element center since ¢;+%(X;+%) = 1. The value of
uat x;, 1 is given by the following expression:

) Ui + Ui

Subsequently, the finite element solution over the entire domain has the form

n

up(x) =D uii(x) + > Du 16,1 (x).
i=1

i=0

2.4.3 The finite element model

Let uj, be defined by equation (2.12) be an approximate solution of the given boundary value
problem in terms of standard shape functions where u; = up(x;) are to be determined.

The weak form of differential equation is stated below:

a(uh,gb,-) = f(¢,) for i = O, 1, Lo n.
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Thus,

a(gbj, gb;)Uj = f(¢,) for i = 0, 1, e n.

j=0

The above system can be expressed in the matrix form as AU = F where stiffness matrix
Alis A = a(i,j)nr1xnt1 Where a(i, j) = a(¢;, ¢i) = [ ¢i¢; and load vector F = f(¢;) =
(f,¢;), fori=0,1,..., n. To calculate the stiffness matrix and the source vector over the en-
tire domain, the coefficient matrix and the source vector for an element are calculated. Since
the interpolation functions are compactly supported, there are only two non-zero interpolation
functions over each element. Let K and F; be the coefficient matrix and the source vector
respectively for the typical element /;. The element /; is located between the nodes x; and
Xii1. Let ¢; and ¢;,1 be non-zero interpolation functions. Then the entries of the coefficient
matrix on the interval [; are calculated as follows:

K, Kiy a(oi, i) aloi, div1) iy digidx [, @iy dx

Ky Ka a(pit1, ¢i) a(pit1, div1) f/,- f-+1gz5,-/dx f/,- §+1gb§+1dx
The entries of the source vector on the interval /; are calculated as follows.

Ji  ¢idx
Ji f @i dx

The assembly of the finite element matrices is carried out by imposing inter-element con-
tinuity of the variables. The natural boundary conditions imposed on the problem reduce the
assembled set of equations equal to the number of unknowns. Thus, the assembled coefficient

matrix A is represented as follows.

KL KL 0 0 0|

Ky Kp+Kh o Kb o - 0 0

A 0 Ky Ky + Ky oo 0 0
0 0 0 o KT KL KD,
0 0 0 e Ky, K3,
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The assembled source matrix is represented as follows.

f + £

fy + f7

=+ 1

f'2n

However, there is a disadvantage in using the standard shape functions. The resulting
element matrices are completely different as the shape functions for each order of approxima-
tion are completely different. Thus, each level of approximation results in a completely new
element matrix and an equation set has to be re-evaluated if shape functions of a higher degree
are used. On the contrary, in case of hierarchical basis functions, since the shape functions of
higher degree are used without increasing the number of nodes, the element matrices produced
in the in the previous stage of the approximation reoccur and need not be recomputed. For
instance, the linear nodal basis functions and a quadratic polynomial forms hierarchical basis.
Let up, represented by equation (2.12) be an approximate solution in terms of hierarchical basis.
Let, Q. = [x;, x;41] and let {¢;, di11, ¢;+%} be hierarchical basis functions. Then, the element
matrix corresponding to linear nodal basis functions reoccur and the entries corresponding to
quadratic function are added to the element matrix.

K1i1 K1i2 K1i3 a(¢i, o) a(oj, ¢i+%) a(oi, diy1)
Let, K = 2’.1 KziQ K2i3 - a<¢i+%v i) a(¢i+%' ¢i+§) a(¢i+%v Gis1)
G Ki Kis a(¢it1, i) a(Piv1, ¢ 1) a(Pit, Pin1)
f/, Pipidx f/, o :._%dx f/ ¢i9i1d
K= I 1¢,dX I ;+1¢;+1dx N ,+1dX
f/ Laitdx ) +1¢/ 1dX i +1¢,+1
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The entries of the source vector on the interval /; are calculated as follows.

f/,- f @i dx

f/, f dit1 dx

The linear nodal basis functions ensure the inter-element continuity of the shape functions.

Thus, the assembled coefficient matrix is represented in the following form.

Kl K, K 0 0 0 0 0
Ky, K — Ki 0 0 0 0 0
Ky Ks K+ Kh Kb o Kig2 0 0 0
0 0 K2, K2, K3 0 0 0
A=10 0 K2, K3, K3+ K 0 0 0
0 0 0 0 0 o Kyt KD KL, KD
0 0 0 0 0 K3, K% Kp
0 0 0 0 0 K#, K2 K

i+
f‘2n
f,;),n
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Moreover, if the shape functions are orthogonal then the system matrix shows a heavy
diagonal structure which makes better conditioning of the equation system to be solved.

Thus, the linear system of equations has a following matrix form.

AU = F

where A is called the stiffness matrix and A = a(i,j) with a(i,j) = a(¢;, ¢;) and the load
vector F = (f, ¢;). The unknown vector U can be obtained by solving the linear algebraic

system AU = F.

Error Analysis

An error estimate denotes a quantity that approximates an actual unknown error. The error

estimates in the finite element method can be classified into two major categories, namely:
= " A Priori" error estimates
= "A Posteriori" error estimates

These two types of error estimates serve very different purposes. Priori estimates are obtained
before the solution is known. The main feature of the priori estimates is that it tells us the
order of convergence of a given finite element method. The goal of these estimates is to
give us a reasonable measure of the efficiency of a given method by telling us how fast the
error decreases as we decrease the mesh size. The posteriori error estimates give quantitative
information about an accuracy of the solution. These estimates use a computed solution uj, to
give us an estimate of the form, ||u — up||, < €, where € is simply a number. These estimates
give us a much better idea of actual error in the finite element computation than priori error
estimates since posteriori error estimates are obtained after the solution is known. These error
estimates are computable since they are expressed in terms of the finite element solution.
Secondly, in adaptive mesh refinement, the posteriori error estimator is used to indicate where
the error is particularly high and more mesh intervals are then placed in those locations. A
new finite element solution is computed and the process is repeated until a satisfactory error

tolerance is reached.
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Interpolation error estimate in Sobolev space

Definition 36 (Interpolant). [34]. Given v € Cy([0, 1]), the interpolant mv € P} of v is the
unique, continuous, and piecewise linear function that takes the same value as v at all the

mesh vertices.

Let u be an exact solution and mu denotes its linear interpolant. Then the estimates of

interpolation error are stated in the following theorem.

Theorem 17. [34]. Let h be the mesh size of the element. Then for all u € H'(Q), there

exists a constant C independent of h such that
Ju—7ull ) < Chlu— Tulm (o). (2.14)
Moreover, if u € H*(Q) then

lu = 7ul| > + Chllu — 7ul| < 2(Ch)?| (2.15)

u//
12

Proof. Let u be an exact solution and wu be its linear interpolant. Let e = u — wu be an
error. Let /; be it element of the mesh composed of [x;, xj41].

Recalling the definitions of the two norms, it is sufficient to prove the estimate piecewise.
That is,

”U — WUHLQ[X,',X,'_H] S (Ch)‘ulHl[XinH-l]

as the stated result represented by equation (2.14) follows by summing over i.
Since u(x;) = mu(x;) and u(x;41) = mu(x;41) it follows that e(x;) = e(x;+1) = 0. Thus, for

any x € [x;, x;+1] one has

It follows that

e(x)[2 < /Xf\e'<r>|2dt= /je’(t) 12t
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— /X|1\2dx/x|e'(t)|2dt

— (x — %) /):|e’(t)|2dt

Xi+1

<(x— x,-)/X €' (£)2dt

i

/112

=(x—x)l|e

L2[x;,xi41]

Integrating wrt x on the interval [x;, x;.1] one has

e/

[ el e =

i

2 Xi+1
/ (x — x;)dx.
L2[x;,xi+1] Jx:

]

h2

2 L | PV 2
||e||L2[X"'X"+1} 2 L2[x;,%i41]
/
”eHLZ[Xi,XiH] S ﬁ € L2[x;,xi41]
Thus,
/
||e||L2[Xiin+1] < Chlle L2[x;,xi41] (2:16)
That is,
||u - Uh||L2[x;,xi+1] < Ch|u - uh|H1[Xiin+1]'
Next, let u € H*(Q).
It is sufficient to prove that
e < —|le” .
LQ[X,',X;Jrl] - \/5 L2[Xfof+l]

Since e(x;) = e(x;11) = 0, by Rolle’'s mean value theorem, there exists at least one £ € [x;, Xj41]

such that €'(§) = 0. Thus, one has
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:/E " (£)1[2(t)dt

= X12dt/xe” t)|*dt
e [7le"(2)

<(x—9 [ e 0P
= (x= 9]¢t ;{x,-,x,-m |

Integrating wrt x on the interval [x;, x;1+1] one has

2 Xi+1

e// (X)

/ e ()P = (x — £)d.

L2[xi,xi11] Jx;

2 h? 2
' = Dex) -
L2[xj,xi41] 2 L2[xj.xi41]
e < e’ .
L2[x;,xi+1] — \/5 L2[x;,xj41]
Thus,
! < Chl|le” . (2.17)
L2[x;,xi41] L2[x;,xj41]
From equations (2.16) and (2.17) it follows that
/ 2 1
He(X)HLQ[XirXiH] + Chjle L2[x;,xj+1] = (Ch) € L2[x;,xi41]
H

Further, let u be an exact solution and 7*u denotes its interpolant of order k. Then for

higher-order interpolants, the following estimates of the interpolation error hold.

Theorem 18. [34]. Let u € H*"'(Q) then the interpolation error is of optimal order. In

perticular, for all h and for all H*+1(Q)

Hu — ﬂ-kuHOQ + chlu — ¥ul1.q < ch* Mg 0.
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Quadrature and finite arithmetic error

This error is due to the numerical evaluation of integrals and numerical computation on

computers. In most linear problems, these errors are expected to be very small.
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Chapter 3

Fundamentals of an iterated function
system and construction of fractal

functions

This chapter deals with the fundamentals of an iterated function system and the construction of
continuous fractal functions which provide a framework for further explorations. The references
[20, 21, 31, 41, 24, 42, 43, 44, 45, 46, 47, 22, 48, 23, 49, 32, 50, 6, 8] have been used to
source information discussed here. In this chapter, a specific family of fractal functions is
constructed and a member of this family is used in hierarchical basis in the finite element
method. A validation of mathematical theory which underpins the use of this member as a

hierarchical element in the hierarchical basis contributes to original work.

3.1 Iterated function system

lterated function systems (IFS) are used to generate a broad class of fractal functions. This

section describes the mathematical aspects of iterated function systems.
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3.1.1 Fundamentals of iterated function system

Let (X, d) be a metric space, H(X) be a space of non-empty compact subsets and dy; denotes

a Hausdorff metric on H(X) defined as

dn(A, B) = max{sup inf d(x, y),sup inf d(x, y)}
xeA YEB x€B YEA

where A and B are compact subsets of (X, d).

Definition 37 (lterated function system). See [20]. An iterated function system (IFS) is a
triplet (X,d,w, : n=1,2,..., N) where (X, d) is a complete metric space and {w, : X —

X,n=1,2,...,N} is a collection of N continuous functions.

Definition 38 (Contractivity factor). See [20]. Let {w,: X — X, n=1,2,..., N} be a set
of contraction mappings with contractivity factors s,, forn € 1,2,..., N. Then contractivity

factor of an IFS is s = max{s,, forne€ 1,2,...,N} and 0 <s < 1.

Definition 39 (Hyperbolic iterated function system). See [20]. A hyperbolic iterated system
consists of a complete metric space (X, d) together with a finite set of contraction mappings
on X with respective contractivity factors s, forn=1,2,... N.

Thus, if there exists a constant s = max {s, : n=1,2,... N} and 0 < s < 1 such that
d(wp(x), wa(y)) <sd(x,y), forn=1{1,2,..., N}

then IFS is called a hyperbolic iterated function system.
Definition 40 (Hutchinson operator). [20]. An IFS induces a set valued operator W :
H(X) — H(X) on (H(X), dy) defined as

W(A) = U,w,(A), for A€ H(X)

where w,(A) = {w,(x) : x € A}. The operator W is called as Hutchinson operator.

The significant property of Hutchinson operator is stated in the following theorem:
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Theorem 19. See [20]. Let {X;w,:n=1,2,..., N} be hyperbolic iterated function system

with contractivity factor s. Then the operator W : H(X) — H(X) defined by

W(A) = Uw,(A), for all A€ H(X)

is a contractive mapping on a complete metric space (H(X), dy)with contractivity factor s.
That is,

dy(W(B), W(C)) <sdy(B, C), forall B,C € H(X).
Proof. We will prove the result for n = 2. The argument then follows by mathematical
induction. Let, B, C € H(X)

dy(W(B), W(C)) = dn(wi(B) U wy(B), wi(C) U wa(C))

< du(wi(B), wi(C)) V du(wa(B), wy(C))
< SldH(B, C) V SQdH(B, C) < SdH(B, C)
where s = max{s, s, }. O

Definition 41 (Fixed point). [20]. Any set G € H(X) such that W(G) = G is called the

fixed point of an iterated function system.

Definition 42 (Fractal set). [20]. A fractal set is a fixed point of Hutchinson operator of an

IFS.

The next theorem shows generation of fractal sets using a hyperbolic iterated function

system.

Theorem 20. [20]. Let hyperbolic iterated function system {X;w, : n = 1,2,..., N} be

given. For any set B € H(X), there exists a unique fixed set A € H(X) such that

A= W(A) = Upw,(A)
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and

A= lim W°"(B) for any B € H(X).

m—00

The unique fixed set A € H(X) is called the attractor of the hyperbolic IFS. Here, the limit is

taken in Hausdorff metric

W™(A)) =F A <= h(A W"(Ay)) =30.

3.1.2 IFS associated with fractal function

The fractal functions are attractors of the special class of iterated function systems. The
construction of the hyperbolic iterated function system associated with fractal functions is
stated below. See [31], [43].

Let B(/) be a Banach space of bounded real valued functions f : | = [xp, xy] — R endowed
with the supremum norm

|f(x)|l, = sup|f(x)| for all f(x) € B(I).

x€el

Let xo < X1 < xo < ... < xn be real numbers and | =[x, xy] C R be a closed interval.

Set I, = [X,—1,X,) and Iy = [xy_1, Xn].

Let L, : [0, Xn) — [Xa—1,Xn), for n € 1,2,..., N — 1 be a contractive homeomorphism such
that

Lo(x0) = Xn—1,  La(Xy) = Xn;

and Ly @ [xo, xn] = [xnv—1, xn],

ILn(x1) = La()| < 131 — X2

for all x;, xo € [ and for 0 < [ < 1.

Let, K =1 x R and F, : K — R be contractive in the second argument satisfying

Fn(X0, Y0) = Y1), Fa(Xn, yn) = Yn
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and

|Fa(c, di) — Fo(c, db)| < qldy — db]

forall c €/, and di,d> € R and for some 0 < g < 1.

Define functions w, : K — K forn€ 1,2, ..., N by

Wa(x,y) = (La(x), Fa(x, y)).

Then {K,w,:n€1,2,..., N} is an iterated function system associated with fractal function.

3.1.3 The Read-Bajraktarevic operator (RB operator)

See [31]. Fractal functions are fixed points of specific contractive operators called Read-
Bajraktarevic operators (RB Operators).

Let X be a closed connected subset of R? and X = | x R. Further, assume that W(x, y) =
{wn(x,y) = (Lo(x), Fa(x,y)) : n=1,2,..., N} be a collection of functions on X, where each
L, : I — |, is contractive homeomorphism and each F, : | x R — R is contractive in its
second argument. Let f € B(/) and let G be its graph. If G is a fixed point of associated set

valued mapping W then
W(G) = U;Iyzlwn(G>

=UN {wa(x, f(x):xel}
= U,’Yzl{wn(L,,(X), F.(x,y)) :x€l} =G.

The above equation suggests that there exists an operator T : B(/) — B(I) with a property
that,
(TF)(x) = Fo(L, Y (x), fo (L} (x)) forn=1,2,..., N and x € [X,_1, Xn)-

n n

Analogously,
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Definition 43. [Read - Bajraktarevic operator(RB operator)] See [31]. An operator T :
B(1) — B(l) defined by the equation

(TF(x) = > FalLy  (x) F (L () X1 ) (3.1)

n=1

is called 'Read -Bajraktarevic operator'(RB operator).

3.2 Fractal function

The fractal functions are the functions whose graphs are fractal sets and are generated by
certain classes of iterated function systems. The graphs of these functions usually have non-
integral dimensions. Hence, these functions are referred to as fractal functions. These func-
tions display some sort of self-similarity under magnification.

This section is focused on the construction of a specific class of fractal functions generated

by iterated function system and their properties.

3.2.1 Construction of fractal function on [xy, xy]

See [31]. The fractal functions are described naturally in terms of hyperbolic IFS using the
Read-Bajraktarevic operator. Let, | = [xo, xy] and {xgp, x1, ..., xn} be partition of a closed
interval | satisfying xo < x; < ... < xn. Let, I, = [X,_1,%,) fori = 1,2,...,N — 1 and
In = [Xn—1, Xn].

The general construction of fractal functions based on the Read -Bajraktarevic operator is

described in the following theorem:

Theorem 21. See [31]. Suppose that L, : | — I, is contractive homeomorphism and each F,, :
| Xx R — R is contractive in its second argument with Lipschitz constants o,,n=1,2..., N.
Furthermore, assume that f € B(/).

Define a Read -Bajraktarevic operator T : B(l) — B(l) by,

T(F)(x) =D Fa(L; (%), F o (L (X)) Xy M =1,2,.c. N X € [Xp_1, Xn).

n=1
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Then if

o=max{o,:n=1,2,...,N} <1

the operator T is contractive on B(I) and its unique fixed point satisfies

Proof. Let f € B(l). It follows that T(f) € B(/) and T is well defined.

Next, to prove that the operator T is contractive, let f, g € B(/). Then,

IT(F)(x) = T(g)(X)[loc = max|oy|

F(L,'(x) — &(L, ()

o0

<lo| If — gl where || < 1.

Consequently, T is contractive on B(/). Let fy(x) be linear function. Then the repeated
application of the operator T generates a sequence fy, f; = T(fy), o = T(f),..., fn, = T(f,_1)
of bounded functions on /. By contraction mapping theorem, there exists unique f* € B(/)

such that T(f*) = f*. O

The function f* is a fractal function. The graph of f* is made up of a finite number of

copies of itself.

Definition 44 (Fractal function). See [31]. A function f* € B(l) which is a fixed point of

the Read-Bajraktarevic operator and which satisfies equation,

Fr(x) = 32 FalLy (%), £ o (L, (X)X Latx) (3.2)

is called fractal function of class B(l).

3.2.2 Continuity of fractal function

Generally, fractal functions denoted by equation (3.2) are not continuous. For a fractal function

to be continuous, additional conditions need to be imposed on the function F, of the IFS
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represented by the equation, w,(x,y) = (L,(x), Fa(x,y)).

A condition for continuity of the fractal function is stated below:

Condition for continuity of the fractal function

The function F, : | — R is to be continuous and must satisfy the following equation.

Foi1(x0,y0) = Falxn, yn), forn=0,1,2,...,(N—1). (3.3)

Theorem 22. See [31]. Let B.(l) C B(l) be a Banach space of continuous real valued
functions f : | = [xo, xy] C R — R such that f(x)) = yo and f(x,) = y, endowed with

supremum norm. If T : B.(I) — B.(l) is an operator defined by equation (3.1) such that

Foi1(x0, f(x0)) = Fa(xn, f(xn)), forn=0,1,...,N—1

then T is the contractive operator and its associated fractal function f* is continuous.

Proof. Since F,: [ x R — R is continuous, that is

Foi1(x0, f(x0)) = Fa(xn, f(xn)), forn=0,1,...,N—1

the Read -Bajraktarevic operator T(f) is well defined.

Let f(x),g(x) € Bc(I). Then

IT(F)(x) = T(g)(X)lloe = max|on|

F(L,'(x) — &(L," ()|

(0.9]

<lo||If — gll,, where |o| < 1.

Therefore, the operator T is a contractive on B.(/). Let fy(x) be linear function. Then the
repeated application of the operator T generates a sequence fy, i = T(fy), b = T(f), ..., f, =
T (f,_1) of bounded, continuous functions on /. The contraction mapping theorem implies that
the Read -Bajraktarevic operator T has a unique fixed-point f* € B.(/).

Hence, the fractal function f* € B.(/) and is continuous. O
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An important class of fractal function is obtained by letting,

L,(x)=anx+b, forn=12 .. N.

Fo(x,y) = Ap(x) + 05y, forn=1,2,...,N.

With

Fn(XOv)/O) = y(nfl)r Fn(XN,)/N) = Yn

By choosing the function A,(x), the overall approximate shape of f(x) can be fixed.

If o, =0, then f(x) = A\, (x) for x € I,. Consequently, A,(x) is called a condensation function.
If 0, # 0 and o, — 0 then the graph of f(x) over I, condenses on that of \,(x).

Let, A\,(x) € Py(1),where Py(/) is a space of real polynomials of degree at most d on /, and

|sa| < 1 are free parameters. The associated operator T is then given by,

T()(x) = F(Apo LN (x),0nf o (LY(x)) n=1,2,...,N XE [Xp_1,Xp).

3.2.3 Construction of fractal function on [0, 1]

See [41]. We focus on univariate R—valued fractal functions defined on subset [0, 1] of R. To
discuss the existence, construction and properties of fractal functions f : [0,1] — R whose
graphs are attractors of IFS {L;(x), Fi(x, y)} we proceed as follows.

Let / =[0,1],h =[0,3), b =[35,1].

Define the functions, L; : [0,1) — /;, and Ly : [0, 1] — £ as,

It follows that for i =1, 2;

€ (0,1).

DN | —

ILi(x) — Li(y)| < clx—y|, forallx,y€[0,1],c=

45



Consequently, L; and L? are contractive homeomorphisms.

Define a continuous maps F; : [0,1] x R — R for i = 1, 2 as follows.

Fi(x,y) = oy + ax + by

Fo(x,y) = oy +aix + b (3.5)

where, ag, ai, by, by € R and o € [0, 1).

It follows that

|Fi(x,y1) — Fi(x,y2)| < oly1 — yo| forall y;,y» € R and i =1, 2.

Consequently, the functions F;(x, y) are uniformly Lipschitz in the second argument.
To construct continuous fractal functions, we impose the following condition on maps
Fi(x,y) fori=1,2.
Fi(1,f(1)) = F2(0, £(0)).

Thus, the constants ag, a;, by, by are chosen such that:

F1(0, o) = yo,
F2(1,Y1) =y
Fi(1,f(1)) = F(0,1(0)) = yi- (3.6)

Theorem 23. See [41]. The fractal function corresponding to the IFS {L;(x), Fi(x, y)} defined

by equations (3.4) and (3.5) satisfying equation (3.6) is continuous.

Proof. Let B.[0,1] be a Banach space of bounded and continuous functions f such that

f(0) = yo, f(1) = y1 and with the norm

Iflloe = sup [£(x)].

x€[0,1]
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Thus,

B0,1]={f:[0,1] = R | 3c € R such that Vx € [0,1], |f(x)| <,

f € C°0,1] with £(0) = yp, f(1) = y1 }.
Define an operator T : B.[0, 1] — B.[0, 1] by
T(F)() = Fi(L (0, F(LT 0Dy + FalL3 (0, F(L (X)X
From equations (3.4) and (3.5), it follows that
T(f)(x) = (0 (2x) + a0(2x) + bo)xpo,1) + (0F(2x = 1) + a1 (2x — 1) + by)x 1

Let, Qo = 230, ﬁo = b(), a1 = 281, 51 = b1 — ai.

Thus, the operator T has the following form.
T(f)(X) = (O'f(2X) + QX + 60))([0%) + (O'f(ZX — 1) + a1 X + ﬁl)X[%l] (37)

where o € (0, 1).
It follows that T(f) is continuous on [0, 5) and [3, 1].

Moreover, from L7'(17) =1, L;l({r) = 0 and from equations in (3.5) it implies that

T )= AL 1AL (G ) =ALF1) =y,
1T 1 1 1 17
T ) = Rl ) A5G ) = R0 F(0) =y
Thus,
T ) =T ).

Therefore, T(f) is continuous at x = 3. Hence, T(f) is continuous on [0, 1]. Moreover, T ()
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is bounded on [0, 1] since
T(£)(0) = F((L;(0), F(L7(0))) = F1(0, 50) = yo.

T(F)(1) = A((L (1), f(Ly 1 (1) = F(Ly1) = w1

Thus, T(f) is continuous on the interval [0, 1] and bounded at the end points of the interval
[0, 1]. Therefore, T(f) is bounded over the interval [0, 1]. Consequently, T takes B.[0, 1] into
itself and is well defined map on B.[0, 1].

Choose o € [0, 3). We show that T is contraction mapping on metric space B0, 1].

To this end, let f, g € B.[0, 1] then

IT(f) = T(g)ll = sup {|T(f)(x) — T(g)(X)[}

x€[0,1]

=0 sw {1(F(2x) = 8(2x)xy) + (Fx = 1) = g2~ D)xiy)

<o sup |(f(2x) — g(2x))x[0’1)\ +o sup [(f(2x —1) — g(2x — 1))X[%,1]|

2

x€[0,1] x€[3.1]
= o[ sup {|f(x) —g(x)|} + sup {[f(x) — g(x)[}]
x€[0,1) x€[0,1]
and thus,
| Tf — Tgll < c sup {[f(x) —g(x)|}
x€[0,1]
where,

¢ = max{o,0} = 0.

Therefore, if o € [0, 3), the operator T : B.[0, 1] — B[0, 1] is a contraction with contractivity
factor c = o < 3.

Let fy(x) be a linear function. Then the repeated application of the operator T generates
a sequence fy, i = T(fy), b = T(f),...,f, = T(f,—1) of bounded, continuous functions

on [0, 1]. The contraction mapping theorem implies that T possesses unique fixed point in
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B.[0, 1]. Thus, there exists f* € B.[0, 1] such that,
T(f*)(x) = f*(x), forall x€]0,1].

Moreover,

f*(X()) =Y and f*(Xl) = W¥.

The function f* is identified as a continuous fractal function and the whole image can be
interpreted as the attractor of an IFS with condensation, where the condensation set is the
graph of initial function fy(x) € B.[0, 1].

As T(f*)(x) = f*(x), one has,

(F)(x) = (aF7(2x) + aox + Bo)x(,1) + (0F"(2x = 1) + cax + Br)x(3 -

Definition 45. Let F be a set of continuous fractal functions f : [0, 1] — R satisfying
f(x) = (of(2x) + aox + Po)x(o,1) + (0 (2x — 1) + arx + Bi)xq1 4y, (3.8)
for some «y, By, a1, f1 € R and
f(0) =y and f(1) = y;.

We now construct some of the elements of F as follows.

1. Let g = f thenfor ag=0,80=1—0,07 =0, =1—0

o(x) = (09(2x) + (1 — 0))xp,2) + (09(2x — 1) + (1 — 0)))([%'1], for x € [0,1]. (3.9)

1
2

Let ¢(x) = 1 then ¢(2x) = ¢(2x — 1) = 1.
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Substituting in equation (3.9), one has

1, ifxel0,1]
o(x) = (3.10)
0, ifxelo,1].

In particular, ¢(0) = ¢(1) = 1. From equation (3.10) it follows that ¢(x) € F.

. Similarly, let A= f then forag=1—20,5=0,a1 =1—20,01 =0

A(x) = (o A(2x) + (1 —2 O’)X)X[OV%) +(oA2x—1)+(1—-20)x+ O')X[%’l], if x €10,1].

(3.11)
Let A(x) = x then A(2x) = 2x and A\(2x — 1) = 2x — 1.
Substituting in equation (3.11),
x, if x €0,1]
A(x) = (3.12)
0, if x¢]10,1].

In particular, A(0) =0, \(1) = 1.

From equation (3.12) it follows that A(x) € F.

. Let A=fthenforay=20—-1,6p=1—0,01 =20—-1,51=1—-20

A(x) = (oA(2x) + (20— 1)x+(1=0))xp,1)+ (OA2x = 1)+ (20— 1)x+(1—20))x1 )

(3.13)
Let A(x) =1 — x then A(2x) =1 —2x and A(2x — 1) = 2 — 2x.
Substituting in the equation (3.13), one has
1—x, ifxel0,1].
A(x) = (3.14)

0, if x ¢ [0, 1].

In particular, A(0) =1, A(1) = 0.

From equation (3.14) it follows that A(x) € F.
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4. For V = f choosing ag = 2, 5y = 0, a1 = —2, f1 = 2 leads to recursion:

In this case,
= V(0) =0oW(0). Thus, ¥(0) =0.
= VU(1)=0oW(1). Thus, ¥(1) =0.
() =1
- V(3 =lim_,
= V(1) = lim)Hi

Thus, W(3) = W(2") = Wi~

Therefore, W(x) is continuous at x =

)= 1.

1
3

+ \U(X) = lim o+ \U(% + 6) =1.

- V(x) =limeyo- V(i —¢) =1

(3.15)

Figure (3.1) represents the graph of fractal function W(x) for different values of o €
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Figure 3.1: Graph of the continuous fractal function W(x) for o € [0,
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(d) o =0.49
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Proposition 2. The fractal function V(x) represented by equation (3.15) defines a

function V(x) = 1 — |2x — 1| and a quadratic function ¥ = 4x(1 — x).
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Proof. To find the fixed points of the Read-Bajraktarevic operator denoted by equation
(3.15) we proceed as follows.
Put 0 = 0 in equation (3.15). It follows that

V(x) = (2X>X[O’ )+ (2 — 2X)X[%’1}.

[SIE

That is,

2x, if x €0, 1)
V(x) = (3.16)
2(1 —x), if x € [3,1].

Thus,a fixed point of Read-Bajraktarevic operator represented by equation (3.15) for
o = 0 is a function

V(x)=1-—|2x — 1], if x € [0,1].
Similarly, let o = ; and W(x) = 4x(1 — x) then one has

W(2x) = 4[2x(1 — 2x)] and W(2(1 — x)) = 4[(2(1 — x))(1 — (2(1 — x))].

From equation (3.15), It follows that

V(0 = (45 [2x(1— 20] + 26) 0y + 411201~ 0)(1 — (21— )] + 21 Xy
Thus,

V(x) =4x(1— X)X[Oé) +4x(1 — X)X[%Yl].
That is,

W) = 4x(1 —x), if x € [0, 3) (317)

Ax(1—x), if x € [3,1].

Hence, W(x) = 4x(1 — x) is a fixed point of Read-Bajraktarevic operator represented by

equation (3.15) for o = 1.

Consequently, the equation (3.15) defines a function W(x) = 1—|2x—1]| and a quadratic

52



function ¥ = 4x(1 — x). O

Figure (3.2) represents the graph of fixed points of the Read-Bajraktarevic operator

represented by equation (3.15) for 0 = 0 and o = 1.
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Figure 3.2: Graph of the fixed points of Read-Bajraktarevic operator represented by equation
(3.15)

3.2.4 Properties of class F

The properties of the class F are stated below:

1. F C B.]0,1] is a linear space.
2. The values of the function f(x) at boundaries of the interval [0, 1] are as follows.

= £(0) = of(0) + By. Thus, £(0) = yp = 2.

s f(1)=0f(1) 4+ ay + 1 Thus, f(1) =y =t
3. F cC L?0,1].
Lemma 4. The operator T defined by equation (3.7) is contractive in L?[0,1] if o €
[0, 3). Moreover, f(x) € L]0, 1].

1
12

Proof. Let f € F. It follows that f is a fixed point of the operator T. Thatis Tf = f.
Therefore, if f € L2]0, 1] it follows that Tf € L?[0, 1].
Consequently, T is well defined and T maps L?[0, 1] to L]0, 1].

To show that T is contractive in L2[0, 1], let f, g € L%[0,1]. Then

| TF — Tgl|?, = /0§|0 (F(2x) — g(2x))|? dx + /11|a (F(2x — 1) — g(2x — 1)) dx
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< [1oPIfG) = g0+ [ 1o?1£(x) — g(x) o
=20 [ 1£(x) — g o = 20°f — g

Thus,
ITF — Tall;> < 20°If — gll;--

Since o € [0, 2) it follows that 02 € [0, 1) and

1
4

ol

1
202€[O,§)<1

Thus, T is contractive in L]0, 1].

Let the initial function fy(x) be linear. Let fy(x) = ax+b. It follows that fy(x) € L?[0, 1].
Thus, a sequence of iterates { T"f, : n =0, 1,2, ... } is obtained in L?[0, 1] by repeated
application of contraction mapping T on initial function fy(x). Therefore,

f(x) = lim f,(x) where f,(x) = Tf,_1(x).

n—oo

Since L2[0, 1] is a Banach space, by contraction mapping theorem, a unique fixed point
of the operator T is an element of L?[0, 1].

Thus, f(x) € L?[0,1]. O

. The elements of the class F are weakly differentiable on the interval [0, 1]. Let the initial
function fy(x) € B.[0, 1] be linear.

Let T : B.[0,1] — B[0,1] be an operator defined by equation (3.7). The repeated
application of contraction mapping T on initial function fy(x) generates a sequence of
iterates { T°"f, : n =10, 1,2, ... }. Thus, the n" iterate of f,(x) denoted by f,(x) is given

by

fo(x) = T(fo1)(x) = (0f_1(2%) + cpx + BO)X[O,%) +(ofio1(2x—=1)+agx + Bl)x[%'u.
(3.18)
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It follows that f(x) = lim, e f,(x) where f,(x) = Tf,_1(x).

Proposition 3. The function f € F represented by equation (3.8) is weakly differen-

tiable.

Proof. We first prove that the weak derivative of functions f,(x) exist for all n =
{0,1,2,...} by mathematical induction.

Let, n=1.

Let the initial function fy(x) be linear. Therefore, fy(x) is continuous. Let % (0) =
yo, fo(1) = yi. It follows that the classical derivative of fy(x) exists. Thus, fy(x) is
weakly differentiable and weak derivative coincides with the classical derivative. Denote
weak derivative of fy(x) by f;(x).

The first iterate of fy(x) denoted by f,(x) is given by

fi(x) = T(fH)(x) = (ofo(2x) + aox + Fo)xp,1)

+ (Ufb(QX — 1) + o x + BI)X[%H (319)

The transformation T is a continuous operator. Hence, it maps a continuous function
onto a continuous function. Thus, the continuity of fy implies that the function f; is
continuous.

Let v(x) € C°[0, 1] be a function such that v(0) = 0 and v(1) = 0. To find the weak
derivative of the function f;(x) we proceed as follows.

Consider

[NIE

/01 fi(x)v'(x) dx = /0 (ofo(2x) + cox + Bo) V' (x) dx

+ 1(01‘0(2x — 1) + agx + B1)V/(x)dx.

N|=
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Integrating by parts,

=

= [(o(2x) + aox + a)v()]§ — [

+ [(ofo(2x — 1) + cayx + B1)v(x)]

)4
o)+ aax+ )y v (5 )1 [

|
o

(2 ofy(2x — 1) 4+ aq)v(x)dx.

[(ofy(2x) + apx + 5o)o v(0)]

m\»—t

(206 (2x) + ap)v(x)dx + [(ofo(2x — 1) + agx + B1)1 v(1)]

[(afo(2x—1)—|—alx+61)év<;>] /l(Zaf’(Zx—l)—i—al) (x)dx.

2

_ 1

Since the function f; is continuous at x = 5 from equation (3.19) one has

[(ofo(2x) + cox + fo)ls = [(0f(2x — 1) + cnx + Bi)]1.-

t\.’)\»—A

Hence,

[(rh(2x) + aox + o)y v (;>] — [(oh(2x— 1) + ax+ By v <;>]

Additionally, v(0) = v(1) = 0. Thus,

/01 fi(x)v'(x) dx

1

/5(2 ofy(2x) + ag)v(x)dx — [ (20f5(2x — 1) + aq)v(x)dx

— /01 g1 (x)v(x)dx

Therefore, there exists a function g;(x) such that

o

1 1
/ fi(x)v'(x)dx = —/ g1 (x)v(x)dx.
0 0
Consequently, g1(x) is a weak derivative of f;(x) and is represented by equation

g1(x) = () = (207(2%) + a)xp ) + (206(2x — 1) + )y
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Suppose that the weak derivative of f,_;(x) exists and is denoted by f/_,(x). To prove
that the weak derivative of f,(x) exists, let v(x) € C°[0, 1] be a function such that
v(0) =0 and v(1) = 0.

To find the weak derivative of the function f,(x) we proceed as follows.

D=

/01 fo(x)V'(x) dx = /0 (0fa_1(2x) + apx + Bo)v'(x) dx

+ 1(U’fn—1(2>< — 1) 4+ anx + f1)v/(x)dx.

D=

Integrating by parts,

Ol
[NIE

= [(0fo—1(2x) + apx + Bo)v(x)|g — /0 (20f]_1(2x) + ag)v(x)dx

1

+ [(ofi-1(2x — 1) + anx + (1) v(x)] (20f_1(2x — 1) + ;) v(x)dx

ol
|
w\»—‘\

1

= [(ofa—1(2x) + aox + (o)1 v (2)] — [(ofa—1(2x) + apx + Bo)o v(0)]

_ /05(2 of] 1(2x) + ap)v(x)dx + [(of,_1(2x — 1) + ayx + B1)1 v(1)]

—[(ofp—1(2x — 1) + anx + Bi)iv <;>] _ /11(2 ofl 1(2x — 1) + aq)v(x)dx.

Since the function f,_; is continuous at x = % from equation (3.18) one has

[(0f_1(2x) + apx + Bo)]1 = [(6fr_1(2x — 1) + a1 x + 51)]

1 1.
2 2

Hence

1

(064(20 + aox-+ v (3 )1 = (ohoaCx = 1)+ avxct sy v (3 )1

Additionally, v(0) = v(1) = 0.
Thus,

1(2 ofl 1(2x — 1)+ a1)v(x)dx

[N

/01 fa(x)V'(x) dx = —/0 (20f_(2x) + ap)v(x)dx —

o
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=— /01 g (x)v(x)dx.

Therefore, there exists a function g»(x) such that
1 1
/ f(x)V' (x)dx = —/ g2 (x)v(x)dx.
0 0
Consequently, g»(x) is a weak derivative of f,(x). It is denoted by f/(x) and is given by
fr(x) = (20f,_1(2x) + OCO)X[O,%) +(20fy_(2x = 1)+ al)X[%,ﬂ- (3.20)

By mathematical induction, the weak derivatives of functions f,(x) exist for all n. More-
over, the weak derivatives f, € BJ0, 1] for all n. Further, the above equation (3.20)

suggests that, there exists an operator T’ : B[0, 1] — B0, 1] such that
(T'f)(x) = (20f(2x) + ao)Xp,1) + (20F(2x — 1) + ar)xp1 - (3.21)
Thus,

(T'f-)(x) = (20f, 1 (2%) + a0)x,1) + 2of 1 2x — 1) +ar)xpr . (3.22)

1
L
From equations (3.20) and (3.22), It follows that

fo(x) = (Tha-1)'(x) = (T'f,_1)(x). (3.23)

n

For f,g € B0, 1],

HT'f - T’g‘ = sup [20f(2x) —20g(2x)| + sup |20f(2x — 1) —20g(2x — 1)
x€[0,1) x€(3.1]
< [20] sup |f(x) — g(x)| + [20] sup [f(x) - g(x)].
x€[0,1) x€[0,1]
Thus,
|7 = 78] < 120lliF — g
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with contractivity factor = max{2c,20} = 20.
Since 0 € [0,3), 20 € [0,1), T’ is contractive on B[0,1]. The space of bounded
functions BJ0, 1] when endowed with supremum norm is a Banach space. Then by

Banach fixed point theorem, T’ admits a unique fixed point. Thus,
T'f'(x) = f'(x).

Hence,
f'(x) = (20f'(x) + a0)Xp,1) + (2 of'(2x — 1) + a1)X1 -
It follows that a sequence of iterates f, = T'f,_, converges to f' as n — oo.

Consequently, the fractal function f(x) is weakly differentiable. The weak derivative of

f denoted by f’ is represented as:
f'(x) = (20f'(x) + a0)Xp,1) + (2 of (2x — 1) + a1)X(1 - (3.24)

]

Corollary 2. The fractal function V(x) denoted by equation (3.15) is weakly differen-

tiable. More precisely, the weak derivative of the function W(x) is:

Proof. The fractal function W(x) denoted by equation (3.15) is an element of F. Hence,
by proposition (3), W(x) is weakly differentiable and the weak derivative is represented

by (3.25). O
. The weak derivative of the function f denoted by f’ is Riemann integrable.
Proposition 4. See [41]. The set of points of discontinuities for the function f' denoted
by equation (3.24) is a Lebesgue null set. In particular, f' is Riemann integrable.
Proof. Let g = f'.

Since, the fractal function g is obtained by the application of Banach fixed point theorem
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on the Read-Bajraktarevic operator T’ represented by equation (3.21), g = lim, o0 &n,
where g, = T'g,—1 and gy = fj. The function f; is assumed to be linear and represented
by fy = ax + b. Hence, gy = f; is a constant function gy = a on interval [0, 1]. The
function gg = T'gy has discontinuity at x = % function go = T'g; has discontinu-
ities at x = i, % %. Thus, the nt" pre-fractal function g, has exactly 2" — 1 points of
discontinuities in [0, 1]. Let A, be a set of discontinuities of g,, then |A,| = 2" — 1.
Further, A = U | A, so that |A| < Ny. Therefore, A is countable. Next, we prove that
g is continuous at x € /\A. Let x € /\A. and choose an € > 0. Since g; are Lipschitz
functions with Lipschitz constants Q; for i = 1,2 and Q= max{Q; : i = 1, 2}, from the

fixed-point equation for g(L;(x)) = og(x) + gi(x) it follows that

we(Li(1)) = sup |g(Li(x)) — &(Li(y))]

x,y€l

= suplo(g(x) — g(y)) + qi(x) — q:(y)|

x,y€l

< awg(l) + Q1|

where |/] is the length of interval /. Let S = {1,2} and let S be a set of all infinite

sequences o’ = 010505 ... of elements in S. Then (S, ds) referred to as code space, is

a compact metric space, with the metric ds defined by ds(o’,w) = 2k where k is the

least index for which o), # wy. For any finite code ¢’ | k = o/}, ... o, we have
wg(LU/|k(/)) = wg(LUi o Laé ©...0 La’k)

<lolwg(Loy o ...oLyr) + QU255 .0, + 53050, + 2 + 55
< |olwg(Loy 0 o0 Lyy) + Q|(3" + 5872 + ..+ 5" %a + 57)
S |O_|wg(Loé 0...0 LU;() + Qak—1|l|

which on recursion yields

ak

wg(LJ/\k(/)) + Q|/|]a—s|
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Consider the contractive IFS {/, L;, i = 1,2} with attractor /. The limit lim,_, L,/ ©
Ly, o...0 L, is a single point independent of a € / and the coding map 7 : 5% =1
m(0') = lim Ly oLy 0. 0Ly (a)

k—o0

is continuous and surjective. Therefore there exists o’ € S such that
x=m(0") =gy Loy, (1).

For any k € N, there exists a compact interval /, such that
x€l,cni=1%L1; (1)

Set J = Ly, ,) where o’ [['= L oL} o..o0 L;il. Thus,

O Ok—1

ak

we(l) = (Lol ) < log(1) + QU=

Since g is bounded on /, |J| < 1 and a¥ — 0 as k — oo, we can choose k to be

large enough so that each summand in the above inequality is less than 5. Therefore,
wg(lk) < €. Since € is arbitrary, we deduce that w,(x) = 0, and hence g is continuous
at x € I/A. A real-valued bounded function f is Riemann integrable if and only if set of
points of discontinuities for f has Lebesgue measure zero. Therefore, the fractal function

g = f’ is Riemann integrable. It follows that g = f’ is Lebesgue integrable. m

Corollary 3. The weak derivative of the function W denoted by V' is Riemann integrable.
Proof. The result follows from the proposition (4). O

. F C H'Y0,1].

Proposition 5. The fractal function f € F represented by equation (3.8) is an element

of the Sobolev space H'|0, 1].
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Proof. We will first show that the operator T defined by equation (3.7) maps the Sobolev
space H'[0, 1] onto itself.

To this end, let f € H'[0, 1] and let f(0) = yp and f(1) = y;.

The operator T defined by equation (3.7) maps continuous functions onto continuous
functions. Hence the function g = Tf is continuous and weakly differentiable. Thus,

g'(x)=(Tf) = (20f'(2x) + O‘O)X[o,%) + (20 (2x — 1) + 1) X1 4y

1
L
Next, consider

/Olg’2(x)dx:/Ol(Tf)’Q(x)dx:/02(20f’(2x)+a0)2dx+ {(20F (25— 1) +an)2dx

3
% 1
— /0 402" (2x) 4+ doagf'(2x) 4+ o2 dx + / 402 (2x — 1) + doay f'(2x — 1) + a2dx

2 2
oy +

1 1
:/ 402f’2(x)dx+2(a0—|—a1)/ f'(x)dx +
0 0
af + af
2

1
= 402/0 F%(x)dx + 2(ag + a1) (v — yo) + < 0.

1
..(since f € H[0, 1] implies that ' € L?[0, 1] and / 7 (x)dx < 00.)
0

Thus,
1
/ (TF)*(x)dx < .
0

(TF) € L*0,1].

We conclude that, Tf € H[0, 1].
Thus, if f € H0,1] then, Tf € H'[0,1] and the operator T : H'[0,1] — H'[0,1] is
well defined.

Next, we prove that the operator T is contractive in H'[0, 1]. That is

I Tf — Tgll;n < c|lf —gllin
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where ¢ < 1. Using the definition of Sobolev norm

2
I TF — Tellsn = TF — Tell7- + | (TF) = (TeY|,

Therefore, consider

77— Tellt = [ 1(TF)0x) — (Te)(x) e

1 1
< / 0F(2%) — 0g(2x)|2dx + / of(2x — 1) — og(2x — 1)[2dx
=0 / |f(x x)|?dx ... (By changing limits of integration)

=o’||If — gl
Next, consider

H(Tf)’

/|Tf (Tg)|2dx

< /5]20f'(2x) — 20g"(2x)[?dx + / 20 (2x — 1) — 208" (2x — 1)[2dx

= 40? / |f(x) x)|?dx ... (By changing limits of integration)

2

= 402 )
L2

f/_g/

Thus from equation (3.26), one has

1 1
ITF — Tg|?s < 02/0 (%) —g(><)!2dx+402/O /() — ' (x)["dx

ITF = Telip = o*lIf — gl7 + 402 (F) — (g

< 40°||f — gllf> + 40°|(F) — (g

= 10%(|f — gl +||(F) = (&)

It follows that

| Tf — Tgll}n < c|lf —gllin
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where ¢ = max{c?, 40?} = 402

Therefore, the operator T is contractive on H'[0, 1].

Assuming initial function fy(x) linear, the iterates of the function f;(x) obtained by
repeated application of the operator T are elements of H'[0, 1]. Since T is contractive
on H'[0, 1], by Banach fixed point theorem, it's fixed point f(x) € H![0,1]. Thus, we

conclude that, the fractal function f is an element of Sobolev space. m

Corollary 4. The function V(x) denoted by equation (3.15) is an element of the Sobolev

space, H'[0, 1].

Proof. The function W(x) denoted by equation (3.15) is an element of F. Hence, by

proposition (5), W(x) is an element of the Sobolev space, H'[0, 1]. O

Proposition 6. The following results hold:

L
/ W (x) dx = 0 (3.27)

2
/0 W2 (x) dx = 1_4402 (3.28)

3
/0 " W(x) dx = [2(11_@] . (3.29)

4

Lo, 240

/0 W2(x) dx = [6(1 —0)2(1+0)]' (3.30)

5.
/O1 XV e = o _20__)(3' 5 (3.31)

6.

L, B o(2—o0) o 7

/0 V) b = T = ) 1—2) T 16(1—o)(1—2)  48(1—2) (332)



Proof- 1.

N|=

/Ol\ll’(x)dx /0(20\|!(2x)+2)dx+ (20w (2% — 1) — 2)dx

[SI

1
= 20/ W' (x)dx.
0

Therefore,

(1—20) /01 W' (x)dx = 0,

Since o € [0, 1), (1 —20) > 0 it follows that

/01 V' (x)dx = 0.

2.
1o, 1 1
/ W (x) dx :/ (20W(2x) + 2)%dx + | (200 (2x — 1) — 2)2dx
0 :
1 1
“(40°W (2x)dx + 80V (2x) + 4)dx + [ (4o (2x — 1) — 8oW'(2x — 1) + 4)dx
2
1
- / (20°W72 (x)dx + 40V (x) + 4)dx + / 2020 (x)dx — 4oW'(x) + 4)dx.
0 0
1 2
- 40—2/ W2 (x)dx + 4.
0
Therefore,

(1— 40?) /01 W2 (x)dx = 4.

Since o € [0, 3) one has (1 — 46?) > 0.

Hence,

Lo, 4
/0¢ (X>dx_1—402'

N

/01 W(x) dx = /O (oW(2%) + 2x)dx + [ (0W(2x — 1) — 2x + 2)dx

1
2

dx
_/ (cW(x +x—+/ (oW (x x+1)+2)2
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Thus,
(1—0)/01\I1(x)dx:
1 1
/0 V(x)dx = l2<1 — 0>]
4,
/ V2 (x) dx = /1 (oW(2x) + 2x)%dx + 11(U\U(2x —1) — 2x + 2)%dx
= /; o?W?(2x) + 4oxV(2x) + 4x?)dx + L ( W?(2x — 1)
— 4o (1 — x)V(2x — 1) + 4(1 — x)?)dXx.
Therefore,
(1— o) /01 W2(x)dx — /01 oW (x)dx + /01 W) (1 — x)dx + ;
(1—07) /01 V2 (x)dx = /01 oW (x)dx + ;
1 o 1
(1—0)/0 V(x)dx = 20— o) +§.
Thus,

/Ole(X>dX:[6 2+o ]

(1—-0)2(1+0)

N

/le\ll( )dx—/ (ox W(2x) + 2x7)dx + 1(Ux\ll(2x—1)—2x2—|—2x)dx

_/A«W w+/ w+Fﬁr—Fﬁr+pT

3 3 |1
2

ol

1
0 2

1 1

=/, %X\U(x)dx+%/o \Il(x)dx—l—i
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Therefore,

o, (! o 1 1 o 1 2—o0
( _5)/0 XVl dx = 4[2(1—0)] T TR0 "1 81-0
Thus
1 2—o0
/OXW(X)dX_8(1—0)<1—)

1 1 1
/ x*W(x) dx = / (ox?W(2x) +2x¥)dx + [ (oxW(2x — 1) — 2x® + 2x?)dx
0 0

N

4 2 471 371
—/—x\ll dx—l—/ (x+1 x) dx + 2 B + el
4 0 4 |, 3 |1
1
4/xw )x + 2 /x\u Yx + 2 / dx+ 3;+172
Therefore,

o, 1, o 2—o0
(1_1)/0 W=7 {8(1—0)(1—‘;)

_ o(2—o0) N o n 7

21 —-0o)(1-2)1—-9) 16(1—-0)(1—-9F) 48(1—-9)

B 02 —90 + 14
S 96(1—a)(1-§)(1—9)

Thus,
e __ (e=2)(e=T)
o A veode= 96(1 —o)(1—9)(1—3)

3.2.5 Extension of the fractal function over R

See [43].

Let, | = [xo, xn].
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A class of fractal functions is obtained by defining L; : | — [; for i = 1,2 as

L,‘(X) = ajx + b,', for i = 0, 1, N—-1

and F;: I xR —>Rfori=1,2 as

Fi(x,y) =i+ oy, fori=0,1,...N — 1.

where 7; is a real polynomial with a degree at most 1 on /.
Further, a;, b; € R and o € [0,1). The associated Read-Bajraktarevic operator is then given
by

N—1

T(f)=> o L'+ ofol (3.33)

i=0
The fractal functions are obtained as the fixed points of Read-Bajraktarevic operator rep-
resented by equation (3.33). These fractal functions are compactly supported on /. The
extension of the fractal function f on R denoted by f can be defined by setting it to be
identically zero for x € R\/.

Let [ : R — R be defined by

i o Ll-_l, on L;(I)
r pr—

=0, onR\/.

The elements f in B(R) then satisfy fixed point equation of the following form.

X—b,'
).

1
F=T+> f(
i=0

a;

Equations of this type are called as inhomogeneous refinement equations since f is expressed

in terms of refined version f(*=2) of itself.

aj
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3.2.6 Extension of the fractal function V(x) over R

Let B(R) be a Banach space of bounded functions f : R — R endowed with the norm

1]l = suplf(x)].
xeR

Thus,
B(R) ={f :R — R:3C € R such that |f(x)| < C}.

Let, B.(R) denotes the set of bounded functions f : R — R such that the function f restricted

to the interval [0, 1], denoted by f |j1], is continuous and is 0 outside the interval [0, 1]. Thus,

B.(R)={f:R — R |3C € R such that |f(x)| < C,

f o€ C[0,1] and F(x) =0 if x & [0,1]}. (3.34)

It follows that B.(R) is a linear subspace of B(R) endowed with the norm inherited from
B(R). Thus, B.(R) is a normed linear subspace of a Banach space B(R). Define an operator
T : B.(R) — B.(R) as,

) = T(f), ifxel01] 5

0, if x ¢10,1].
where the operator T : B.[0, 1] — B.[0, 1] denoted by equation ( 3.7) is continuous.

Proposition 7. Let the operator T : B.(R) — B.(R) be defined by equation (3.35). Then

the fixed point of the operator T is an element of B.(R).

Proof. First, we prove that T maps B.(R) onto itself.

To this end, let f € B.(R).

By definition of B.(R) , f |jpy€ C[0,1] and f =0 if x ¢ [0, 1].

Since T : B.[0, 1] — B.[0, 1] maps smooth functions onto smooth functions, T (f) |1 is also
a smooth function and T(f) = 0 if x ¢ [0, 1]. Therefore, T(f) € B.(R) and T maps B.(R)
onto itself.

A sequence of iterates {T"f :n=0,1,2,... } is obtained by repeated application of contraction
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mapping T on the initial function fy(x) € B.(R). Thus, the sequence {T"f,: n=10,1,2, ...}
is a sequence of functions in B.(R).

Moreover, since B.(R) C B(R), the sequence {T"f : n = 0,1,2,...} lies in Banach space
B(R). We conclude that the sequence of iterates {T"f : n = 0,1,2, ...} converges to the
function £* € B(R).

Thus, f* = lim, .o, T"f, and is a bounded function. Further, f* = 0 for x ¢ [0, 1].

Since T : B.[0,1] — B0, 1] maps continuous functions onto continuous functions, every
element TKf, for all k has a property that f |[0.1] is continuous. It follows that, Tr* li0.1] is
continuous. Thus, f* is bounded and continuous on [0, 1].

Hence, f* € B.[0, 1]. That is, the fixed point of the operator T isin B0, 1]. O

Extension of the fractal function V(x) over R

Let / =[0,1], h = [0,3), b = [, 1]. A continuous fractal function ¥ € F is obtained by

1
2

defining L; : [ — [;, for i = 1,2 as,

Ly(x) = (3.36)

and F;: I xR —-Rfori=1,2 as

Fi(x,y) =0y +x

Fo(x,y) =0y —x+ L. (3.37)
The associated Read-Bajraktarevic operator represented by the following equation

T(V)(x) = (aW(2x) + 2x)x(0,1) + (0W(2x — 1) = 2x + 2)x(1 4 (3.38)

1
2

is continuous. The fractal function W(x) is fixed point of the Read-Bajraktarevic operator
T (V). It follows that the fractal function W(x) is compactly supported on [0, 1]. It can be

extended on R by defining it to be identically zero for x € R\[0, 1]. Let I : R — R be defined
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M(x)=q92—-2x, on [5.1]

0, on R\[0,1].

Let U be an extension of fractal function on R.

The elements W in B.(R) then satisfy fixed point equation of the form:
~ 1 ~
V(ix)=T+> W(2x—i)
i=0

Thus, V is expressed in terms of inhomogeneous refinement equations.
Lemma 5. The fractal function W : R — R is continuous over R.

Proof. By definition, the function v |[0,1] is continuous. Therefore, it is sufficient to prove

that the function W(x) is continuous at points x = 0 and x = 1. To this end, consider

= U(0h) = limy_,o+ W(x) = lim o+ V(0 +¢€) = 0.

Since W(0) = W(0~) = W(0*) the function W(x) is continuous at x = 0.

Similarly,

= U(1T) =0
= V(1) = lim,,;- W(x) = lim_,o- W(1 —¢€) = 0.

Since W(1) = WU(17) = W(1T) the function W(x) is continuous at x = 1.

Hence, the function VU : R — R is continuous over RR.

71



3.3 Construction of continuous fractal function on the
compact subintervals of [0, 1]

Let, n € NU{0}.

Let the interval [0, 1] be partitioned into 2" disjoint subintervals [x;, x; 1], for i = {0, 1, ..., 2"—
1}.

Let /; = [x;, x;i+1] and x; = ih where h= 5; = x;41 —

The functions W, , are obtained by translating and dilating the fractal function W(x) over 2"

subintervals.

Let W, , be functions defined on [, Z£1] such that

WV, ,(x) =W(2"x — i), for x € [0,1] and for i = {0, 1, ..., 2" — 1}. (3.39)

Figure (3.3) represents the graph of function V¥; , for o € (0, %)

10 Y mn A f\
[\ [ 5\ 10 M fﬂf'l

s f l% |J I J I| .l ll‘
[ l\ | 08 ' \ [

06 | ! ||
| \ | || || m

| |

04 1 1 04 i 1
[ [ [ [ ]

02 | | [ ‘| 02 | |

w0 . L] . . ‘ |

0.‘0 D.IZ 0.‘4

06 08 10 00 02 04 06 08 10

o =0.25 ) o =0.35
10 IJ ,\ Lo
08 | |] 08 l
0.6 | 06 |
0.4 ‘ 0.4 {
0z I 02
0.0 | 0.0
10
(c) o=045 (d) o=0.49

Figure 3.3: graph of the smooth function V; , for o € (0, %)
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3.3.1 Properties of the function V, ,

1. From the definition of W; , , it follows that the fractal functions W; , are continuous over

the interval [5;, 2] for i = {0, 1,...,2" — 1}. Furthermore, the compact support of the

fractal function V; , is [2%7 ’;1].

2. The values of the function V; , at boundaries are:
= W (5) = V(27 — i) () = W(0) = 0.

= V() = V(2 —i)(57) = W(1) = 0.

2!‘1

3. The function W; , defined by equations (3.39) is an elements of L?[, Z£1].

Proposition 8. V; , € [*[, 2] foralli=0,1,..,2" — 1.

Proof. From the definition of W; , it follows that the function V;, is compactly sup-

ported on the interval [5, 1.
Consider,
it1 i+1
2n 2n .
/, V7 (x)dx = / W2(2"x — i)dx.
By changing limits of integration,
S e 11
T2 (x)dx = / WA(2"x — i) = [ SWR(x)dx
i ' i 0 n

2n 2n
Since W(x) € L2[0,1] one has [, W?(x)dx < oc. Therefore,

i+1

/2,, V7 (x)dx < oo.

i

Hence, V,; , € L2[2’—',,, ";1}. m

4. The function V; , is weakly differentiable.
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Corollary 5. The function V; , defined by equation (3.39) is weakly differentiable and

the weak derivative is as follows.

W (x) = 2"W'(2"x — i), fori={0,1,..,2" —1}. (3.40)

Proof. From a definition of the function V; ,, it follows that the function V; , is contin-

uous and hence weakly differentiable on the interval [, Z£1].

Moreover, it is compactly supported on the interval [, S5,

Let, v(x) € C[£, L

] be a function such that v(Z) = 0 and v(Z) = 0. To find

weak derivative of the function W; ,(x), we proceed as follows.

I'Jrnl i+n1
/;2 ;L (x)V/(x) dx = /;2 V(2"x — i) V'(x) dx
i+1 i2+n1
=[V(2"'x — ) v(x)]? — [~ 2"V (2"x — i)v(x) dx
2n QL,,
i;_nl
=0- g(x)v(x)dx

Thus, there exists a function g(x) such that,

it1

/;;nl U, L(x)V(x) dx = — /:n g(x)v(x)dx.

2n 2n

Therefore, g(x) is the weak derivative of the fractal function V; ,(x).
Thus,the weak derivatives of the function V; ,(x) is

g(x) =Vj (x) =2"V'(2"x — i), fori ={0,1,...,2" — 1}. O
. The function W; , is an element of the Sobolev space.

Corollary 6. The function V; , defined by equation (3.39) is an element of the Sobolev

space H'[ %, 2.

Proof. We will prove that W = € [*[L, L],
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Consider,

l'+nl l;—nl
_2 \Ili-’nz(x)dx = / {2V (2"x — i) }2dx
o el
i1
=220 [ 7 (27 — i)dx.

i

an

By changing limits of integration,
11
= 22”/ — V" (x) dx.
0o 2"

From equation (3.28),

i1 ) 4
/ __on
L Wi (x)dx =2 (1 — 402> < 0.

on

Therefore, V! (x) € L2[£, tHL].

on1 9n

Thus, V; ,(x) € HY[, L.

2nr1 9n
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3.4 Python code

import numpy as np

import
n = 20
X:

matplotlib.pylab as plt

np.linspace (0,1,2**n+1, endpoint=True)

print ("x=",x)

z= np.zeros (2x*n+1)

psi

= np.zeros (2x*n+1)

w= np.zeros (2**n+1)

psi[-1] = psi[0]= O
psi[2x*(n-1)]1=1
z[0]=1

wl-11=1

print ("psi=",psi)

sigma = 0.35

print ("Sigma=",sigma)

plt.
plt.

plt.

i in range(n+1):
psi2 = psil[::2]
psil[:2**x(n-1) +1]
psi[2*x(n-1) :]
plot (x,psi)
grid ()

show ()

Listing 3.1: Python code to generate fractal function using iterated function system.

sigma*psi2 + 2*x[:2*%x(n-1)+1]

sigma*psi?2

2%x [2*x*x(n-1) :] + 2
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Chapter 4

Fractals in the finite element method

A proper selection of basis functions for the finite element space is critical for practical im-
plementation of the finite element method. A hierarchical basis of the finite element space
consists of nodal basis functions and hierarchical elements defined over the finite element
mesh. Generally, polynomial functions of higher degree are used in the hierarchical basis of
the finite element method. Utilization of continuous fractal functions in the hierarchical basis
in the finite element method has not been investigated earlier. In this chapter, the mathe-
matical theory which validates the utilization of space of continuous fractal functions as the
finite element space and it's practical implementation have been investigated. This chapter

contributes to original work.

4.1 Ritz Galerkin approximation

Given a Hilbert space V/, a bi-linear form a: V x V — R and a continuous linear functional
b:V — R, an elliptic partial differential equation can be expressed in the variational problem
as follows.
Find u € V satisfying

a(u,v) =b(v) forallveV (4.1)

where V is an infinite dimensional space.

Let V = H! be an infinite dimensional space and V}, be a closed finite dimensional subspace
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of V. The Galerkin approach consists in choosing a finite dimensional subspace Vi, ¢ V and

looking for u, € V4, such that
a(up, viy) = b(vy), for all v, € V. (4.2)

Thus, instead of seeking a solution in the infinite dimensional space V, we look for an approx-
imation in a finite dimensional space V. The finite dimensional space Vi, can be constructed
in many ways. For instance, the finite dimensional space V., can be chosen to be a space
of polynomial functions, splines, wavelets, fractal interpolation functions among others. We
introduce a space of piecewise continuous fractal functions as the finite dimensional space V/,
in the Galerkin approximation. It is constructed by providing a mesh with piecewise continu-
ous fractal functions generated by iterated function systems. To this end, continuous fractal
functions are initially generated on the interval [0, 1]. These functions are then translated and
dilated over every element of the mesh. Consequently, V., is constructed as the finite dimen-
sional space of piecewise continuous fractal functions. Thus, the finite dimensional subspace

Vi), is defined as follows.
Vo ={f € CI0, 1] | f limin)€ F} (4.3)

where F is the class of continuous fractal functions. The elements of class F are fixed points
of iterated function systems and are expressed as follows:

Let f(x) € F then
f(x) = (of(2x) + apx + 50))([0,%) + (of(2x — 1) + a1x + ﬁl)X[%,u (4.4)

where g, a1, fo, /1 € R and o € [0, %)
Let P, be a space of the polynomial functions of degree at most 2. Then the finite dimensional

subspace V' is defined as follows.

Voy ={veCl0,1]]|v

[X,‘,X,'_;,_l}e P2} (45)
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Proposition 9.

P, C F.

Consequently,

Vi v,

Proof. Let, v € P,. It is apparent that v is a polynomial function of degree at most 2.
Let v = ax? + bx + ¢ where a, b, c € R.

For f = v, one has f(x) = ax®> + bx + c.

It follows that

f(2x) = a(2x)? + b(2x) + ¢ = 4ax* + 2bx + ¢ and

f2x—1)=a(2x —1)*+ b(2x — 1) + ¢ = 4ax® + (—4a+2b)x + (a — b+ ¢).

By choosing o = %, oy = g, Bo = 346, ap=a+ 2 5 b= e a+b the equation (4.4) leads to,

2 4

1 —b b - b
+ 1 ([(Zlax2 + (—4a+2b)x + 34+C1 + <a+ 2) X+ 3C4‘?+> X[L1)-

1 b 3
f(x) = <4(45;x2 +2bx+c)+ =x+ C) X[o,1)

Solving right hand side,

f(x)= ax2+%+£+éx—|—§ X
2 42 4 )0

+ (lax2 +(—a+ é)x + (a—b—i—c)] + (a + b) x+ 3c—a+b> X2y (4.6)

3)
2 4

Therefore,

f(x) = (ax® + bx + C)X[O’%) + (ax* + bx + C)X[%’l]_

Hence,

f(x) = ax* + bx + ¢, for x € [0, 1].

Thus, v can be expressed as a fixed point of an iterated function system by choosing appropriate
values of o, ag, aq, By, 1 € R and v is continuous.

Hence, v € F.
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We conclude that Py, C F.

Let v; € Vi then v} |jgx,,)€ P C F.
Therefore, vj; |1 x. 1€ F.
Consequently, v; € V.

and; Vi C V). O

From proposition (9), it is apparent that the space of piecewise continuous fractal func-
tions, V4, is larger than the space of piecewise polynomials of second degree V4, . Hence,
approximation is expected to be more accurate in the space V.

Let / = [0,1] and v;, vo € V. The inner product of v; and v, denoted by (vi, v5) is defined

as follows.

(vi, vp) = /V1V2dX
I

and

a(vy, vp) = /Iv{ vy dx.

It follows from the definition of a(.,.) that it is continuous, bi-linear and coercive.

4.1.1 Error estimates in the Galerkin approximation

The error e is defined as a difference between exact solution u and approximate solution uj, .

Thus, e = u — u.

The Galerkin orthogonality

Theorem 24 (The Galerkin orthogonality). Let u and uy, be solutions of equations (4.1) and

(4.2) respectively. Then
a(u—up,vy) =0, forall v, € V.

The Galerkin orthogonality states that the error u — uy, is orthogonal to V.
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Best approximation property

Let V., be Galerkin approximation space and let u, € Vi, be a solution of (4.2). Then the

following inequality holds.

Corollary 7. Let u, be the finite element solution obtained by Lagrange P, elements and uj,

be the finite element solution of equation (4.2) obtained by fractal functions. Then,
lu—wlle <[u—ul, (47)

Proof. The error in Galerkin approximation is optimal in an energy norm. Therefore, for any

lu = upllg = min {[Ju — vy[| e (4.8)
2!1

Since u, € Vi € Vi, choosing v, = ug in equation (4.8).
Consequently,

— unlle < Ju =g
|u— upllg <|ju—ug £
Thus, up is the best approximation to v in the energy norm. O

The Galerkin approximation u, € Vi, to u € V is quasi-optimal. Thus, uj is the best

approximation to u using the subspace V.

Corollary 8. Let a(.,.) be V-elliptic with a(v,v) > a||v||* and bounded with a(u,v) <
Cllull||v]]. Let u be a solution of variational problem denoted by equation (4.1). Let uy
be a fractal solution and u, be a solution obtained by Lagrange P, elements to Galerkin

approximation problem denoted by equation (4.2) then

C
|lu— upll, < — min |ju— uqHV

(07 quV;,,
where C is a continuity constant and « is the coercivity constant of a(.,.) on V.

Proof. Ceas Lemma states that, if a(.,.) is V-elliptic with a(v,v) > «a|v||* and bounded

with a(u, v) < Cl|ul|||v]| and up be a solution to Galerkin approximation problem a(up, v;) =
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b(vp) for all v, € Vj, then

C
_ < = _
lu—unlly < = mf [lu—wvally .

Choosing the infinite dimensional space V = H', V,, = V/, and v, = u, in Ceas Lemma one

has

u— uqH : (4.9)

c .
|u— upl|,, < — min L

Q' uge Vzh,,

4.2 Discretization of the domain

To construct an approximation, the interval /| = [0, 1] is divided into 2" non-overlapping
domains called finite elements. We assume that the vertices are equidistant.
Let,

O=x) < Xx3 < ...<Xxon=1.

Set, h= Xi+1 — Xj, for i = 0, 1, L2 —1.

The mesh of | = [0, 1] is an indexed collection of 2” disjoint subintervals with non-zero measure

{I; = [xi, xi11] =[5, 5], for i =0,1....2" — 1} forming a partition of /. That is,

I=U" and 1PN P =0 fori# .

The subintervals /; are elements of the mesh and denote the mesh by 7, = {/;}* ;' where
h = 2—1,, refers to the refinement of the domain /. Thus, the vertices and elements uniquely

define the finite element mesh.
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4.3 Fractal functions as interpolation functions in the fi-
nite element method

The interpolation functions interpolate the solution between the discrete values obtained at
the mesh nodes. We propose the use of continuous fractal functions for interpolation in the
finite element method. To this end, we introduce a fractal bubble as a hierarchical element
in the hierarchical basis. We emphasize that nodal basis functions {\(x) = x, A(x) =1 — x}
can be expressed as fixed points of iterated function systems and are elements of class F.
Consequently, they are continuous fractal functions. Thus, we establish hierarchical basis on
interval [0, 1] consisting of three functions namely, two linear nodal basis functions A\(x), A(x)
and a continuous fractal function W(x) denoted by equation (3.15) as hierarchical element.
The continuous fractal function W(x) provides additional degree of freedom without increasing
the numbers of nodes in the mesh.

Thus, the hierarchical basis on the interval [0,1] is a set of continuous fractal functions
{A\(x), A(x), V(x)}. Figure (4.1) indicates the graph of the fractal basis functions defined over

an interval [0, 1] for different values of o € [0, 1).
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Figure 4.1: Fractal basis functions on the interval [0, 1] for different values of o € [0, %)
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4.3.1 Hierarchical basis functions

Let the interval [0, 1] be divided into 2" disjoint subintervals [x;, x;41], for i =0, 1,...,2" — 1.
The functions A; ,, W; ,, \; , are obtained by translating and dilating the functions A, W, \ over

2" subintervals. Thus,

Nin(x)=N2"x—1), fori=0,1,...2" — 1.

U, (x) =WV(2"x—1i), fori=0,1,...2" — 1.
Ain(x) = A2"x — i), fori=0,1,...2" — 1.

Thus, the hierarchical basis functions over the finish element mesh are A; ,, V; ,, A; , for

1=0,1,..,2"-1.

4.3.2 Derivation of element equations

To derive element equations, a typical element is isolated from the mesh and its finite element

model is developed. Let I; = [x;, xj41] = [, L

o7 St] be i element of the mesh.

Then, h = x;11 — x; = zi The fractal basis functions corresponding to the element /; of the

domain / = [0, 1] are expressed as:

Ol (x) = Nip(x) = AN2"x — i) = ((i+1) —2"x). (4.10)
o W2 x — 21) 4 (27 x — 2i), if x €[4, 22

1 .
U\U(Q”'HX —2i—1)+2— (2”+1X —2i), ifxe ['42—?, /;1}.

(4.11)

b = Nin(x) = A2"x — i) = (2"x — i). (4.12)

From equations (4.10),(4.11), (4.12) it follows that for i = {0, 1,...,2" — 1}
1. The nodal basis functions }, @} satisfy the Kronecker delta property at nodes x; and
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Xiy1- ThUS,
= i) =1 and  ¢i(xi1) = 0.
= o5(x) =0 and  @i(x4) = 1.
However, the hierarchical element gpé is constructed such that
Ph(xi) = Py(xir1) = 0 and @h(x;, 1) = 1.
2. 0l (x) + h(x) =1, forall x € [x;, x;11].
The nodal basis functions )}, @} satisfy the partition of unity condition at all points

X € [xi, x;+1). Moreover, the fractal basis functions ¢!, }, @} satisfy the partition of

unity condition only at nodes x = x; and x = x;.;. That is
P1(x) + @5 (x) + @(x) = 1 for x = x; and x = X1

3. The compact support of the basis functions ¢}, ¢, ¢} is the interval [, L]

Let u} be the finite element solution over the element /;. Then one has
uh = Uiy + Dug 1) + Uiy (4.13)

where u; = uf(x;), uiy1 = uj(x;41) and Au; 1 is the magnitude of departure from linearity of
the approximation uj(x) at the element center, since gb,ur%(x,-%) = 1. Thus, Au; 1 represents

simply additive refinements. The following lemma provides a formula to find value of uh(x,-+%).

Lemma 6. Let uj, denoted by equation (4.13) be the finite element solution over subinterval

l; = [xi, Xi+1] in terms of fractal basis functions. The value of up(x) at x = x;,. 1 is given by

u; + uj
up(x;11) = Tﬂ + A, (4.14)

Proof. Consider the interval [x;, x;.1] with element size h = x; ;1 —x;. Let Xy 1 be the midpoint

of [x;, xi11].

85



Then

Xi + Xiy1
Xitd 9
and
h h
Xi+% :X;+§ = Xj41 — 5

The finite element solution over subinterval [x;, x; + 1] is expressed as follows.
uh = Uiy + Dty 195 + Uil (4.15)
To find value of uj, at x = x;, 1, substitute x = x;, 1 in the equation (4.13). Thus,

uj (X u,tpl( ) + UI+1902( 1) + Aui+%gpg(xi+%)

Xl+1 — Xi n .

= u; ) Ujt1 h + Ay 1\IJ(2 (X,Jr%)—l)
h
2
h

_'_
1
_ ( )+u,+1( )—i—Au RY 2"(’;2)—,'

Ui Uiy 1
Since ¥ (%) =1, one has

VS

Global interpolation functions

To develop the finite element model over the entire domain, elements of the domain are

connected in a sequence. The node x; is shared by the two intervals ;_; = [x;_1, x;] and
l; = [xi, xiz1], for i=0,1,...,2"—1. Consequently, the interpolation function corresponding to
node x; defined over the element /;_;is \;_ , = j:xﬁ and over the element [; is A; , = )’:L%

The nodal basis functions ensure the inter-element continuity of the interpolation functions at

connecting nodes.

The hierarchical basis over the entire domain consists of nodal basis functions and fractal
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functions defined on every element of the domain as follows.

= Nodal basis functions:
¢O,n(X) = /\ngn =1-2"x for x € /0. (416)
Fori=1,2,..2" -2

Aicin=2"x—(i—1), forxel_,
Gin(x) = (4.17)
Nop=(i+1)—2"x, for x € I;.

Gonn(X) = A1, =2"x—(2"—1) for x € hn_;. (4.18)

= Hierarchical element:

Pii1,(x) =V;n(x) =W(2"x —i), forxelandfori=01..2"-1 " (4.19)

4.3.3 Construction of the finite element space

We seek an approximate solution as a linear combination of fractal functions. Hence, we

propose to use the space of piecewise continuous fractal functions generated by

{QSO,nv QS%,n! ¢1,n1 ¢%,nv ey ¢2”,n}

defined on the interval [0, 1] as an approximation space. From the definition of the functions
¢infori =1,2,..2" — 1, it follows that they satisfy inter-element continuity property at
connecting nodes and hence are continuous on the interval [0, 1]. Therefore this subspace of
piecewise continuous fractal functions is an admissible set of functions for H; elliptic problems.

This space of fractal functions, denoted by Vi, is defined as follows.

Definition 46. [ The space V]

VQ’L = Span {¢0,nv ¢%,nv ¢1,nv (b%,nv s ¢2",n}-

87



Proposition 10. The set {¢g,n, qb%’n, 1.0y (b%n, ..., Gan o} is a basis for Vif,. Consequently, the

space Vi, is finite dimensional.

Proof. Let {co, cLc Con} € R2"'+1

Assuming that the continuous function

2" 2"—1

u=23 cidint D Ciy1ivin
i=0 i=0
vanishes identically on [0, 1],
2"
u(x;) = Zciqbi,n(Xj) + C,-+%¢,-+%’n(xj) for 0 <j <2
i=0

Using the Kronecker delta property for 0 < /,j < 27, since
Gin(xj) =0if i #j and gb,-%’n(xj) =0foralli,j,c=0for0<i<2"

Further for x; = x; + 3, ¢;,1 = 0 for all i.
2

51
Therefore, we conclude that the set {géo,,,,gé%,n,(él,,,, qﬁgvn, <.y (an »} is linearly independent.

Moreover, for all u, € Vi on, it follows that

on

up =Y Up(Xi)Pin + Uh(Xi+%,n)¢i+l'

4 2
i=0

. n n_ . . .
since on each element /;, u, and % up(x;) i n+ 70" Up(Xjy1)0i 1 , are affine and coincide
2 2"

at two points, namely, x; and x; ;. Thus,
dim Vi, = 2" 4 1.

Consequently, the space V/; is finite dimensional. O

Proposition 11. V), Cc H'[0, 1].
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Proof. Let u, € V. It follows that u, € L2[0, 1].
2n 2"—1
up =D un(xi)din + Y Un(Xi11)Piit
i=0 i=0
Thus up, can be expressed in terms of the local basis functions as:

2"—1

up = Z Uil\i n + Uip1 Ain + U,-+%Wi,n-
i=0

The weak derivative of uy, is:

2n—1
’ —Uuj U,'_;,_l 1 ,
Z,.:O h " h " h

To prove uj, € H'[0, 1] we will prove that uj, € L?[0, 1].

To this end, consider

1 2 2n_1 xiv1 (—u; Uit 1 / 2
/Ouh(x)dx:Z/X —t— +E\U,-vn(x) dx

i=0 7%

Xit1 —u, u, 1 2 —ui u
- Z [ w0+ 2 Y g

2"—1

B —u; u,+1 , uj U/+1 /
=3 h h2/w hdt+h/ )W () hdt.

i=0

Since f; W/(x)dx = 0 and [} W (x)dx = (174?"’) one has

_anjll( . _ )2_‘_1 L <
I A A N FREE) ) By

Therefore u) € L2[0,1] and uj, € H*[0, 1] Thus, Vi, C H[0, 1].

]

In order to increase an accuracy of the finite element solution, we define an extension pro-

cess which requires the construction of a sequence of subspaces V4. The hierarchic extensions

are such that V4, C V... This sequence of sub-spaces is constructed by reducing mesh size

h or increasing the number of elements in the mesh. The hierarchical extensions assure that

the error decreases monotonically.
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Proposition 12. The spaces V), are nested. That is,
Vlh C V2h C V2hn C V2hn+1 C

Proof. From equations (4.16) - (4.19), it is apparent that the interpolation functions over the
domain are defined in terms of A; ,(x), V; ,(x), Ain(x), for i = {0,1,...,2"}. However, the
functions A; ,(x), W; h(x), Ain(x), for i = {0,1,...,2"} can be expressed as a linear combina-
tion of A py1(x), Wini1(x), Ains1(x) € Vi1 as follows.

For i={0,1,...,(2" = 1)},

1 1
Nin= 5 [A2ini1 + 2Ngi i) + §A2i+1,n+1

oW ni1 + Ainta
v, = (4.20)

oWViiy ne1 + N1

1 1
Ain = 5)\2i,n+1 + 3 [2A2i41.n+1 + Nait1,n41]

Therefore, one has the following identities.

= Nodal basis functions:

1

1
5 [Ao.nt1 + 200 nt1] + §A1,n+1

¢0,n(x) = /\O,n =

1 1
=3 (D101 + 200mm] X0t + SPLn Xy, 2] (4.21)

on+1

Fori=1,2,..2"1 1

Aictn = 3A2(i—1)nt1 + 3 [2A2i-1,011 + Naic1,041
Gin(x) =
Nin =3 [Xoins1 + 2N np1] + 2Noig1 g1
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Aicin = %¢2i71,n+1X[ TS i % 2097 n1 + P2i—1,n41] X[l it2

d),’ n(X) — on+1 '2in+1] on+1'9on+1

— (. . o 1. o
Nin =3 [oivinrn + 20001 ] X )+ 5@oisinmiX iy a2

(4.22)

1 1
Or.n(x) = Aororn = GAortiognin + 5 [2hartipnen + Aoty
1

1
- §¢2"+1—1,n+1X[2"+iI2 2"+i;1} + 5 [2¢2"+1,n+1 + ¢2"+1—1,n+1:| X[2"+171 2"+1] (423)
2n Toan -

on+1 'on+1

= Hierarchical element:

CbH_l’n(X) = ‘Ui,n(X) = (O‘Qb,'.:,_l’n_;,_l + ¢i+1,n+1)X ;i
? 2 [2n+1'2nﬁ}
+ (U¢;'+§,n+1 +¢i+1,n+1)X i+3 g (4.24)
2 [2n+1’2n+1}

The above identities imply that the functions ¢;,, and ¢;,1 , for i = {0,1,...,2"} can be

expressed as a linear combination of ¢; ,.; and ¢,-+%'n+1 respectively for i = {0, 1,...,2""1}.

Consequently,

V2hn C VQ/:hLl.

Thus, for all n € NU {0} it is apparent that

VicVvp..cVhcVvh,c... O

Hierarchical decomposition of the finite element space

The finite element space V. has a direct sum hierarchical decomposition

Vi, = U@ w

where U is a space of piecewise linear nodal basis functions and W is a space of piecewise

fractal functions which are zero at nodes. Thus for v, € VJ, there is a unique decomposition,
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vi = u@®w where u € U and w € V. A basis for U is a usual nodal basis of piecewise
linear polynomials. A basis of W consists of all fractal functions which are associated with the
midpoints of the elements in the mesh. This is the hierarchical basis for the space of fractal

functions. Thus, the space
U= {¢i, | fori=0,1,..2"}.

and

W:{qb,ur%'n | fori=0,1,..2" -1}

where the functions ¢; , and ¢ are represented by equations (4.16) - (4.19). Figure (4.2)

1
1+§,n

represents the hierarchical fractal element over the finite element mesh for o = 0.35.

0.8 0.8

0.6 0.6

04 04

0z 02

0.0 0.0

| [

08 08 II 1 ‘I \l
|| |
0.6 06 | | [ |

z:: Il / anis

00 - 00

Figure 4.2: Hierarchical fractal element for o = 0.35 over the finite element mesh.

Remark. 1. Foro = i, the fractal functions ¢i+%,n fori =0,1,...2" — 1 are quadratic
functions. Therefore, W consists of span of quadratic functions associated with the
midpoints of each element. This is the hierarchical basis for a piecewise quadratic

polynomial space.

2. For o = 0, the fractal functions ng,-Jr%,n fori =0,1,...2" — 1 are linear functions.
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In this case, the space U is the space of continuous piecewise linear functions associated
with a coarser mesh, while W consists of a span of fine grid nodal basis functions

associated with the nodes which are not in the coarser mesh.

Let u, € Vj be an approximate solution of equation (4.2). Then the approximate solution

over the entire domain in terms of fractal basis functions is expressed as follows.

2n 2"—1

() = 3 0di(X) + X Aty (0 (4.25)

i=0

where u; denotes the value of uj, at the global node i and ¢; ,(x) are the interpolation function
associated with the node /. That is, u; = uy(x;) and v 1 = up(x;11) and Aui+% represent the

additive refinements. The value of uy(x) at x = X;;.1 is calculated from Au;, 1 using formula

Ui + uj
up(X; 1) = — Ly Auiy.

2

4.4 Interpolation error estimates

The interpolation error estimates describe behavior of errors depending on the mesh size h
and an order of approximation p. For a function u € C°(0, 1), let 7u be its fractal interpolant.
This fractal interpolant is a unique continuous fractal function that takes the same value as u
at all the mesh vertices. Consequently, u(x;) = mu(x;) for all mesh vertices x;.

The interpolation error is a difference u — 7u such that u(x;) = wu(x;) for all mesh vertices
x;. The interpolation error is controlled elementwise before being controlled globally on the
interval [0, 1]. This motivates an introduction of local interpolant over each element. Thus,

the fractal interpolant over each element [x;, x;11] is as stated below:
T = U,'/\,",,(X) -+ uiJrl)\i’n(X) + AUH%\IJ,-,,,(X) (426)
That is

mu=u((14+17)—2"%) + v 1(2"x — i) + Aui+%lll(2"x — ).
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The derivative of fractal interpolant is expressed as follows.
(mu)’ = —ui2" + u12" + Auy 127 (2"x — ).

The function ¢/(2"x — i) is also a fractal function. This fractal function is discontinuous
at the end points of the interval [x;, x;11] and at every dyadic point in the interval [x;, x;11].
Therefore, the traditional techniques used to find the bounds for the interpolation error theo-
retically are not applicable. Hence, to find the bounds for interpolation error theoretically, we
use the triangle inequality property of the norm. To this end, consider a quadratic interpolant
ug of u. Then u(x;) = ug(x;) and u(xi11) = ug(Xit1).

Using the triangle inequality property of the norm, one has
|lu— mul| :Hu — Ug+ ug — 7TUH < Hu - uqH +Huq - 7TUH .

Thus, to find bounds for interpolation error in L2 norm and in H' seminorm, bounds on

ug —mu| ., |u— ug|lm, |ug — mulm are calculated as follows.

1

Hu—uq L2 2’

4.4.1 Bound on |u — uqHL2 and |u — ug|p :

Let an infinite dimensional space V = H! be approximated by quadratic elements of order
less than or equal to 2. Then, the following theorem provides the interpolation bound for the

quadratic element.

Theorem 25 (Interpolation error with Langrange quadratic element). Let the function space
V' be constructed with Lagrange finite elements of order at most 2 on a uniform mesh with
mesh size h. Let 7' : H*([0,1]) — V& be an interpolation operator associated with Vi, and

let u € H3([0,1]). Then there exists a constant C < oo independent of h such that
|U — 7T,U|H1([0’1]) S (Ch)2|u|H3([OY1]). (427)

Moreover,

HU - 7T/U ] + Ch |u - 7TIU|H1([0’1]) S 2(Ch)3’u|/_/3([0,1]). (428)

£2[0,1
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Proof. Recalling the definitions of the two norms, it is sufficient to prove the estimate piece-
wise. That is,

’U - 7Tlu|f"'l[Xi,Xi-H] S (Ch)Q‘u‘Hg[XivXH-ﬂ

as the stated result represented by equation ( 4.27 ) follows by summing over i.
Let e = u — w'u be an error. Let, 7'u be a quadratic interpolant.
Then,

u(x;)) = 7'u(x;) and u(xiy1) = T u(xi1).

It is apparent that

e(x;)) = e(xi4+1) = 0.

Thus, for any x € [x;, Xj41]

Therefore,

(P < [lel(e)de = [ le'(e) 17t
. X\1\2dx/x|e'(t)]2dt
= (x—x) [ |e(t)Pdt

< (=) [l (e

/112

€

= (x—x) sl

Integrating with respect to x on the interval [x;, x;11],

e/

Xi41 9 2 Xi+1
/ le|“dx < / (x — x;)dx.
Xi L2[xi.xit1] Jx;

/112

2
”e”LQ[X,-,X,'+1] < ? € L2[x;,xi41]
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Thus,

! } 4.2
€ L2[x;,Xi41] ( 9)

< h
lellzpsnin < 5
Since e(x;) = e(x;+1) = 0 by Rolle’s mean value theorem, there exists at least one £ € [x;, X;41]

such that €'(§) = 0. Thus,
¢(x) = €(x) — €(£) = /5 ¢'(t)dt

€00 < [Tl (P (t)e

— /X|e”(t)1|2(t)dt
'3

:/X|1|2dt/X|e”(t)|2dt
3 13

= (=) [ It e

i

//2

L2[x;,%41]

=(x—9¢)|e
Integrating with respect to x on the interval [x;, x;11] ,

2 Xi+1

/ e ()2 < e” (x — )dx.
Xi L2[xi xi1] Jx;
/|2 )
L2[xixi1] = 2 L2[xj,xi41]
Thus,
e < i‘ e” (4.30)
L2[xxip1] — /2 L2[xixip1] -

The construction of quadratic interpolant on the interval [x;, x;11] requires three nodes

Xi+Xit1
—5 -

namely, Xiy Xig 1, X1 1 where Xiyl =

Thus,

u(x;) =m'ulx) u(xya) =7ulx1)  ulxi) =7"ulxi).

Consequently,
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By Rolle’s mean value theorem there exists ¢; € (x;, x,-+%) such that

! = 3 =0 4.31
e'(a) — ( )

¢(c) = " 0. (4.32)

Thus, €'(c) = €(a) = 0.

Therefore, by Rolle’s mean value theorem, there exists ¢ € (¢, &) C (X, X;4+1) such that

e'(c) — €'(a)

1/
C) =
e’(c) p—

—0. (4.33)

Thus,
&'(x) = e"(x) — e"(c) = / " e (t)dt.

(0 < [Tle" (et
= [ le1(e)de

:/X|1|2dt/x|e’”(t)]2dt

<(x—c) /Xi+1|em(t)|2dt

" 2

e

= (X—C)‘

L2, xi41]

Putting €” = " and integrating wrt x on the interval [x;, x;.;| one has
g g g +

X; 2 Xi
/ +1|e//(X>|2dX S‘ J" / +1 (X B S)dx
i L2[xixip1] Jxg
alk < 7‘ |2
L2[X,',X,'+1] - 2 LQ[X,',X,'+1] '
Thus,
e’ < i\ u” . (4.34)
L2[xxip1] = /2 L2[x,xi41]
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From equations (4.29), (4.30) and (4.34) one has

’u - 7r/u|H1[Xi,Xi+1] < (Ch)Q‘u‘H3[XirXi+1]

and

< (Ch)3|U’H3[x,-.x,-+1]'

Hu —TTu <
L2[x;,xj41]

Thus,

+Ch |u — W’u’Hl[Xl.’X,.H] < 2(Ch)3|U|H3[x,-,x,-+1}-

H u—r7u
L2[x;, X 41]

O

Corollary 9. Let u, = 4x(1 — x) be a quadratic interpolant on a uniform mesh of size h and

ueH? [0, 1]. Then, there exists a constant C < oo independent of h such that,
|U — uq|H1[0,1} S Ch2|LI|H3[0'1]. (435)

Moreover,

Hu — U + Chlu— uglmpy < 2Ch*|ulpsp ). (4.36)

£2[0,1]

Proof. Let, 7'u = uy = 4x(1 — x) ba a quadratic interpolant on a uniform size h.
Then, the results in equations (4.35) and (4.36) are obtained by substituting 7'u = u, in the

identities (4.27) and (4.28). O

4.4.2 Bound on Huq — 7ruHL2 and |ug — u|m

To find bound on Huq —Tu

, let ug(x) = 4x(1 — x) be the quadratic interpolant on the

L2

interval [0, 1]. The exact representation of u, on the interval [0, 1] is

vy = V() = TVq(2x) +2x, if x €0, 3) (437)

— Ly (2x — 1) +2—2x, ifx e [,1].
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The exact representation of 1, on the interval [x;, x;41] is
Ug = U,'/\,",,(X) + U,'_H)\,",,(X) + Au,-%\llq,.vn (X) (438)
where
Vo, (x) = Wg(2'x — ).

That is

mu = uN2"x — i) + Ui M2"% — i) + A 1 Wg(2"x — ).

Since ug and 7u are interpolants of the exact solution u, one has
u(x;) = ug(x;)) = mu(x;) and u(xit1) = Uqg(Xit1) = Tu(Xit1)-

Lemma 7.

Proof. Using the identity, ug(x) = 4x — 4x?,
one has

U = ug(x;) = 4x; — 4x7.
Uiy = Ug(Xip1) = 4Xip1 — 4Xi2+1-

Therefore,
Ui+ Ui Ax —AX7 + Axi — 4x7

2 2

Xi + Xig1 4X,-2 + X7y + 2XiXi41
2 2

=4

+ 4x; X1

2, 2
IO Y i 2S 2XiXi 11
I+§ 4

+ 4xixi 11

2
= 4x,-+% - 8x,.+% + 4AX;X; 11

h h

2
_ — Ax2 24
= U1 — A A —4 A
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Thus,
up+ Ui AU 4 —
2 *2 '
Since
Ui + Uiy
it follows that

Lemma 8. 1.

2.
/01 \Ilg(x)dx = 185
3.
1 5—20
/o Vo) Wx)dx = [12(1 —o)(1-29)

Proof. 1. From equation (3.30), it follows that

/o1 Vb dx = [6(1 —20;?1 + o—)]

2. Substituting o = 1 in equation (3.30)

/01 W2 (x)dx = —.
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1

/ () W(x) o = 1% (i\llq(Zx) -2 (0W(2x) + 2%)

(iwq(zx S 1) 42— 20)(0W(2x — 1) + 2 — 2x) dx

[SIE

_ /O%(qu(zx)w(zx) + L (200 (2x0d + 012 W(2) + )

+ 1 (Z\Ifq(2x—1)\ll(2x—1)—|—i(2—2X)\Ilq(2x—1)dx+a(2—2x) W (2x—1)+4(1—x)*)dx.

1
2

Substituting 2x = t in the first integral and 2x — 1 =t in the second integral

/ W dx_/1 g\Uq(t)W(t)dt—F/ll(t) dt+/ d”(g) <213>
+/8 dt—l—/ (1— )W dt+/ (1-t)v dt+<§><213).

Therefore,

<1—)/w dx—7+8/kll dt+/

L1 o 1
312 22(1—o0)

9 i o
12 4(1-o0)
~ 5—20
S 12(1 - o)
Thus,
1 5—20
v V(x)d
/0 ) Wlx)dx [12(1 —o)(1- )]
m
The following proposition provides the bound on Huq — |, -
Proposition 13.
ok g
g — o = €2 (4.42)
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where,

o |8 5— 20 240
- Jw {6(1—0)(1—‘1)} i l6<1—0>2<1+a>]'

(4.43)

Proof. Using exact representations of u, and mu in the interval [x;, x;4+1] one has

Ug — U = Aui+%(\llq(2”x — i) =WV (2"x —i))

Therefore,
2 it n : n : 2
Huq Ul P /X (Aujy 1 (Wq(2"x — 1) = W(2"x — 1)) dx
_ / Xi+1(Aui+%)2(l|Jq(2”x — i) — W(2% — i))%dx
1
= ()? [ (Wq(t) = W(1)* hae
0
1 1 1
_ h5/ \uf,(t)dt—z/ v (1) \Uq(t)dt—i—/ V(1)) dt
0 0 0
8 d—20 2+o0
15 |6(l-0)(1-9) 6(1 —0)%(1+o0)
Therefore,

8 5— 20 240

Huq a WUHLQ[X:%X/H] = {15 a [6(1 — U)(l - Z)] i [6(1 — 0')2(1 + U)

Thus,

5
Huq—ﬂuH ) = C™ h2.
L [X,',X,'+1]

where

o |8 5—20 240
= Jw [6(1—@(1—1)} e

Summing over 2" intervals,

Ug — TU =
H q L£2[0,1]
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Remark. = Foro =1, C** = 0. From equation (4.42) it follows that

Huq T U0 T

» foro=0, C*= \/%. From equation (4.42) it follows that

[1 s
mu LQ[O,H = %h2

Jua

Bound on |uy — mu|y:
To find the bound on |u, — mu|y: we prove the following results:

Lemma 9. 1.

/ W ()W (x)dx = 1 : - (4.45)
2
/ W (x)dx = : _4402 (4.46)
3,
/0 WP (x)d = 136 (4.47)
Proof. 1.
/0' ()W (x)dx = /0 : <1w;(2x) + 2) (20W'(2x) +2) dx
+/ ( W (2x — 1) — 2) (200 (2x — 1) — 2) dx
_ /0 (W, (25)W/(2x) + W) (2x) + 4oV (2x) + 4) dx
+ /11 (oW (2x = W' (2x = 1) = W} (2x — 1) — 4oV (2x — 1) + 4) dx
= o'/ \Ul dX + 4
Thus,



/O1 W)W (x)dx = = f ~.

2. From equation (3.28) it follows that

1 4
W (x)dx = ———.
/0 (x)dx 1 — 402

3. Substituting o = L in [ U (x)dx =

4
1 1452 we get,

1—

. 16
/O\Uq(x)dx:3.

The following proposition provides the bound on |u, — wu|y:.

Proposition 14.

3
|ug — mulp = c* h2.

16 4 4
N P e .
¢ ${3 1—0+1—402}

Proof. Using exact representations of u, and 7u in the interval [x;, x;41], one has

where

Ug — TU = Au,-+%(\llq(2"x — i) = WV(2"x —1)).
Therefore,

_ /Xi+1(Aui+%(\llq(2”x ) — W2 — i) dx

i

2
Ug — 7Tu|H1[X/,Xi+1]

_ /Xixi+1 (Au,- ;)2(2’1\'}/ (an _ ,) _ 2"\|l’(2”X — i))2dX
(hZ)

[ i) - v ha

_h3/ v (t) dt—2/ SNAC dt+/ v (

16 4 4
=ml=_9 )
{3 1—0‘+1—40'2}
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(4.49)

) dt (4.50)



Therefore,

16 4 4 3
uq_W”|H1[XnXi+1] - §_21—0'+ 1 — 402 he.

Thus,
C* h3.

’uq - 7TU|H1[X/,X,'+1] =

Summing over 2" intervals

C* hs.

u —7TLI‘ =
H q H1[0,1]

where

Remark. = Foro=1, C*=0.

_ * 2
» Foro =0, C =5

4.4.3 Bound for ||u — 7u||;» and |u — Tu|y :
The following theorem provides bounds for an interpolation error in the H' norm.

Theorem 26. Let the function space V)i be constructed with the piecewise continuous fractal
functions with the uniform mesh size h. Let u € H3(I) and let = : H'(I) — V., be interpolation

operator associated with V/,. Then there exists a constant C < oo independent of u and h

such that

lu = wull 2y < (ChY?|ulsqry + C™* h3 (4.51)
where

s 8 5 —20 240
C"= | —— + .

15 6(1—o0)(1— %) 6(1—0)%(1+0)
Moreover,

u— 7ulm ) < (Ch)?|ulpsry + C* h? (4.52)
where,




Proof. Let u(x) be an exact solution, ug(x) = 4x(1 — x) be a quadratic interpolant and 7u
be a fractal interpolant on the interval [0, 1]. Using triangle inequality property of norms, one

has

lu—mul| 2 :Hu— g + g — U ,

SHU— Ug||,, —i—Huq —Tu

12’

From equations (4.36) and (4.42), it follows that
< (ChY?|ulisy + C™ B3,

Similarly,

|U—7TU’H1(/) = ’U — Ug -+ Uqg —7TU’H1(/)
S |U — Uq‘Hl([) + |Uq — 7TU|H1([).

From equations (4.35) and (4.48), it follows that
< (Ch)2|ulmsqry + C* 3.

O

Remark. 1. For o =  values of constants C* and C** calculated from equations (4.49)

and (4.43) respectively are zero.
C*=0 and C™ =0.
Therefore, from equations (4.51) and (4.52), It follows that
lu = mull 2y < (ChY*|ulaiy

and

u— 7TU|H1(,) < (Ch)2’U|H3(/).
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2. For o = 0 values of constants C* and C** calculated from equations (4.49) and (4.43)

respectively are as follows.

2 1
C'=— and C*" = —.
V3 V30

Therefore, from equations (4.51) and (4.52), It follows that

=

2
2

lu = mull 2y < (ChY*|ulaiy

fh
V30

and
2

iy 3
V3

|U - 7TLI|H1(/) < (Ch)2|U|H3(/) +

3. The fractal function (wu)' is a weak derivative of the fractal function wu. This fractal

" is discontinuous at every dyadic point in the interval [x;, x;+1] and at its

function (mu)
end points. Therefore, the usual methods of numerical integration can not be used to
calculate the error in H' seminorm. Hence, it is necessary to note that the bounds for
an interpolation error in H* seminorm can not be calculated practically in the numerical
experiments. Further investigations are required to calculate the error in H' seminorm.

However, the bounds of interpolation error in H' seminorm are established theoretically.

Please refer theorem 26.

4.5 Finite Element Model

Let up, represented by equation (4.25) be an approximate solution of a given boundary value
problem where u; = up(x;) are to be determined.

A weak form of partial differential equation is stated below:

1
oty 61n) = F(Gin) for i = 0,5.1,° on
2 3
Thus,
2 , 1.3 _,
Za(gbj,n, QS,‘yn)Uj = f(gb,-,n) fOI’ | = 0, 5, 1, g, .20,

Jj=0
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The above system can be expressed in the matrix form as, AU = F where the stiffness matrix
A s,
A = a(i,j)@rr141)x(20e141); Where a(i,j) = a(@j.n Gin) = [ & 1070
and the load vector F = f(¢;,) = (f, ¢in) = [ f &in, for i =0,1,...,2"1 To calculate the
stiffness matrix and the source vector over the entire domain, the coefficient matrix and the
source vector for an element are calculated. Let K’ and F' be the coefficient matrix and the
source vector respectively for the typical element /;. The element /; is located between the
nodes x; and x;,1. Since interpolation functions are compactly supported, there are three non-
zero interpolation functions over each element. The equations (4.10), (4.11), (4.12) represent
non-zero interpolation functions on the interval /;. The entries of the coefficient matrix on the
interval /; are calculated as follows.

Kii Kix Kis| |alel#h) alelvh) alel ¢h)
Let, K' = | K}, Ki, Kiy| = |a(¢h, @) a(eh, @)

1

)
) a(eh ¢h)
Ki Kip Ky a(h, o) aleh, h)

a(h, k)
el eildx [, @il dx [, ik dx
Thus, K' = | [, oi'ohdx [, ob'ob’dx [, bk dx

S ey odx [, ob'pidx [, @b ok dx

The entries in the coefficient matrix are calculated as follows.

1.
. . o xiv1 [ ] 1
Kl: I'I:/I/I/d:/ **d
11 = alel 1) ] P11 ax . h h X
S 1
- 22"/, dx = 22— — ",
P 2n
2.
i i i ir i i 1o
Kiy = a(py, ¢5) = Koy = a(pa, 1) = // P1'py dx = / Ewi,n(x)dx

i+1
on

1
= 22" (2"x — i)dx = 2" [ ¥/(x)dx = 0.
0

i
on
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i P i i i ikt (1 —1
Kiz = a(py, ¢3) = K3, = alps, 1) = [@1/¢3/dx = /X (h) (h) dx
i+1

_ _g2n /,2" dx = —92m.

!

2n

4,
. . . . . Xji+1
Kiy = algh oh) = [ @'eax = [ W (x)ax
o 2 o, 4
= [ 7 22" (2"x — i)dx = 2"/ V" (x)dx = 2" :
o 0 1 — 402
5.
i i i P i i i+l
Koz = a(ipy, p3) = Ksp = a(ips, 05) = // 802/903,dx = /X \Ui-’n(x)(—l)dx
I;nl 1 1 1
— [T _omy(27x — fydx = —2”/ W' (x)dx = 0.
_a 0
6.

i i i i X (=1 (1
Kss = a(ps, ¢3) = /ﬁ@s@sldX = /X (h) (h) dx

l

i+1

om 1
:22"/_ dx = 22— — on,
P 2"
Thus, the element matrix is:
2n 0 —2n 1 0 -1
=10 2w () 0 =20 () o
—2n 0 21 —1 0 1
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The entries of the source vector on the interval /; are calculated as follows.

[ i i [ i T
[, £l dx J 2" F(x)N;a(x)dx S F)((T+1) —2"x)dx
! 2N on
. i+1 i+1
Fi= 1], febdx| = [ FO)Wa(x)dx| = | [2" F(x)W(2"x — i)dx
27 7
Ji, o dx fE"l f(x)Ain(x)dx fE"l f(x)(2"x — i)dx

The fractal functions are integrated explicitly using the self-similarity property. We use the
trapezoidal rule for the numerical integration of the fractal function [48] where the explicit

integration of fractal functions is unattainable.

4.5.1 Assembly of element matrices

The assembly of the finite element matrices is carried out by imposing inter-element continuity
of the variables and boundary conditions.

Thus, the assembled coefficient matrix is as follows:

KoK, K, 0 0 0 0o 0
Ky K KY 0 0 0 0 0
K??l K3[<)2 K??s + K111 Ki K113 0 0 0
0 0 Ky Kby Kk 0 0 0
A=10 0 K3, Kiy K+ K3 0 0 0
0 0 0 0 0 o KT KT KET KET
0 0 0 0 0o - K" Ky Ky
0 0 0 0 0 K3 KZ™ KE
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The assembled source matrix is as follows:

f:20
fy + £
f21
F=1 f+f

n+1 ont+1_ 1
f.22n+1 +1

%2n+1+1

Dirichlet boundary conditions are then imposed on these two matrices to reduce the assembled
set of equations equal to the number of unknowns. After imposing Dirichlet boundary condi-
tions, the dimensions of system matrices A, U, F are (2"t1 — 1) x (2"*1 — 1), (2" —1) x 1
and (2" — 1) x 1 respectively. We use the Gaussian elimination method to solve the linear

system of equations AU = F for the unknown vector U. Thus,

Au

(S

u
Au
U = Us

Nl

Ugn_q

Ay s

Since Dirichlet boundary conditions are imposed, it follows that

up=up(0) =0 and wyn = up(1) =0.
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The approximate solution uy, is obtained using the formula

2"—1 2n—1
U(X) ~ Uh(X) = Z ui¢i,n(X) + Z Aui—&-%qsi-&-%,n (453)
i=0 i=0

where u; denotes the value of uy, at the global node i . Thatis, u; = up(x;) and ujy1 = up(Xit1).
Further, the functions ¢; ,(x) are interpolation functions associated with the node i.

The value of uj(x) at x = x;, 1 is calculated from Au;, 1 using formula
2 2

Ui + Uipq
“h(Xi+§) -9 + AUi+§-
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Chapter 5

Solution of Poisson’s equation with

Dirichlet boundary condition

This chapter demonstrates illustrations of the finite element method with the hierarchical
fractal basis. This chapter contributes to original work. We restrict our discussion to a second-

order elliptic partial differential equation with Dirichlet boundary conditions in 1-dimension.

5.1 Model problem

The Poisson equation with Dirichlet boundary conditions in 1-dimension represented by the

following equation:

d*u
—@ = f, for x - (0, 1) (51)
subject to Dirichlet boundary conditions,
u(0)=0 u(l)=0. (5.2)

The Poisson equation is reformulated in the variational formulation as follows.

d?u

dx2
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Multiplying the equation 5.1 by a test function v(x) € H;(0, 1),

/01 —i{;j(x)v(x) dx = /01 f(x)v(x) dx

Integrating by parts,

du 1 L du dv

(vl + | aadx:/o F(x)v(x) dx

Since, v(0) =0 and v(1) = 0, one has

1 dudv 1

o dx dx = ; f(x)v(x) dx
a(u,v) =f(v) (5.3)
where,
a(u,v) = 01 Zi;li dx
and

We use the finite dimensional subspace of continuous fractal functions VJ, as the approxima-
tion space in the Ritz Galerkin approximation. To illustrate the use of fractal functions for
approximation in the finite element method, we choose functions f(x) in (5.1) and solve the

Poisson equation with Dirichlet boundary conditions represented by equations (5.2).

5.2 Illustrations

5.2.1 Solution to the Poisson equation —% = 1 with Dirichlet bound-
ary conditions

Assume that
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in the Poisson equation (5.1).Then the Poisson equation is stated as below:

d?u

—ﬁ = 1, for X € (O, 1)
X

subject to homogeneous Dirichlet boundary conditions,

Let n = 2 and an interval (0, 1) is discretized into 2" = 22 = 4 equal subintervals.
To determine matrix of the system, we find element matrices and assemble them. The coeffi-
cient matrix over each element is represented by matrix equation (4.5).

Substituting o = 0.25,
1 0 -1
Ki=410 053333 0
-1 0 1

The global stiffness matrix A after imposing boundary conditions is as follows:

_21.333 0 0 0 0 0 0 |
0 8 0 -4 0 0 0
0 0 21.333 0 0 0 0
A= 0 -4 0 8 0 —4 0
0 0 0 0 21333 0 0
0 0 0 -4 0 8 0
0 0 0 0 0 0 21.333

To find the entries of the source vector, the self-similarity property of the fractal functions is
used to evaluate the integrals of the fractal function.

The entries of the source vector over the subinterval /; are calculated as follows.
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i Xiy] — X St X1 — X 1 h
/_ f(x)”ridx = / ZH = h/ xdx = —.
o Xit1 — X o h 0 2
2.
i;—nl i;—nl i;—nl
/4 FOOWa(x)dx = [ W, 0(x)dx = / W(27x — i)dx.
2n 2n 2n
1 1 h
:h/ Uixdx = h|— | = ||,
v~ o) = 3]
3,
= X — X; T X — X; 1 h
) —dx = e = b [xx = 2
/2’n (X)X,'_H — X X 2# h X 0 xax 2

Therefore, the source vector (F) over the subinterval /; is as follows:

_fi;'nl f(X) Xi+1—X dX_ [ ﬁ
ZL" Xit1—Xj 2
it1
Fi= |17 fOwiatode| = | 3]
i1
n X—Xj h
_f; f(x)ixiﬂ_xi dx_ 2

The entries in the assembled source matrix after imposing boundary conditions are as follows:

s i ||0-09375
5+3 h 0.25
2(1h—0') 2(1h_0) 0.09375
F=l2+2l=] h | =] 025
2(1:;) 2(17",0) 0.09375
3+3 h 0.25
i |ats] [0.09375)
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The system of linear equations after imposing boundary conditions is as follows:

_21.333 0 0 0 0 0 0 _ _Au%— _0.09375_
0 8 0 —4 0 0 0 u 0.25
0 0 21333 O 0 0 0 Au% 0.09375
0 —4 0 8 0 —4 0 u | = 1| 0.25
0 0 0 0 21333 O 0 AUg 0.09375
0 0 0 —4 0 8 0 us 0.25
0 0 0 0 0 0 21.333 Au% 0.09375

The solution (U) of above system of equations is obtained by the Gaussian elimination method.

0.00439453

AU;
2
i 0.09375
Au% 0.00439453
Au% 0.00439453
us 0.09375
Au% 0.00439453

where u; denotes the value of uj, at a global node i. That is, u; = up(x;) for i =0, 1,2, 3 and
Au,-% for i =0, 1,2, 3 denote the additive increments.

Therefore, the value of u, at x = X1 for i =1, 2,3 is calculated from Au,-Jr% using formula

up + Uiy
un(Xjy 1) = 5 T Augy.

Thus,
uh(x%) = 0.05126953 u;,(x%) =0.11376953

up(x3) = 011376953 up(x7) = 005126953
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and _

Up =

0

0.05126953
0.09375
0.11376953
0.125
0.11376953
0.09375
0.05126953

0

Further, the exact solution (u) is obtained using formula u = 3

x2
2

Table (5.1) compares the values of the approximate solution (u,) and the exact solution (u)

for o = 0.25.
Exact solution(u) | Approximate Solution(up)
0 0
0.0546875 0.05126953
0.09375 0.09375
0.1171875 0.11376953
0.125 0.125
0.1171875 0.11376953
0.09375 0.09375
0.0546875 0.05126953
0 0

Table 5.1: Values of the approximate solution (u,) and the exact solution (u) for o = 0.25.

Error Estimates:

Error in the L2 norm: The error in the L2 norm for different values of o over the finite

element mesh having 2" elements for n = 1,2,...10 is listed in table (5.2) and represented

graphically in figure (5.1).
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on

o=0

o =0.25

o =0.35

o =0.45

7.81250000000000E-03

5.69428895980986E-03

6.13624761873523E-03

1.00132211538461E-02

2.07160189800746E-03

1.64001816925590E-03

1.70482629883934E-03

3.54851959875516E-03

5.25044266787268E-04

4.23173568173015E-04

4.38526766830438E-04

8.89829912091995E-04

16

1.31703769696291E-04

1.06611767525420E-04

1.10509845744672E-04

2.22716041209761E-04

32

3.29535532821468E-05

2.67040200421178E-05

2.76903114100869E-05

5.57042624711434E-05

64

8.24011309577248E-06

6.67919630795449E-06

6.92714805730644E-06

1.39286152115573E-05

128

2.06013605850696E-06

1.66999851612620E-06

1.73212696912371E-06

3.48241980966117E-06

256

5.15040750499890E-07

4.17512094078282E-07

4.33057680814105E-07

8.70633442045876E-07

512

1.28760607702904E-07

1.04378803367222E-07

1.08266448678938E-07

2.17661465682749E-07

1024

3.21901792463067E-08

2.60947438852053E-08

2.70667786150476E-08

5.44157244496846E-08

Figure 5.1: Rate of convergence in L? norm for different values of o € [0, 3).

Table 5.2: Error in the L? norm for different values of o € [0, 3).

1
2

Error in L2 norm in log scale{base2)
~
i

Error in L2 norm in leg scale{base2)

2 ral

28 28 21

2*nin log scale(base2?)

(a) 0 =0.25

is observed that:

when the number of elements is doubled, the error in the L? norm decreased approxi-

2 2 2

27nin log scale(base2)

(b) 0 =0.35

22

Error in L2 norm in log scale{base2)

z 2

20 2 21

2*nin log scale(base2)

(c) o =0.45

mately by a factor of four.

the error in L2 norm is minimum for ¢ =

1
4

= (.25 since for o = i the fractal function

V(x) is a quadratic function 4x(1 — x) and is C*—smooth.
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5.2.2 Solution to the Poisson equation —% = x with Dirichlet bound-

ary conditions

Assume that

f(x) = x

in the Poisson equation represented by equation (5.1). Then the Poisson equation is stated
as below:
d?u

—EZX, forXG (0, 1),

subject to boundary conditions,

Let n = 2. We discretize the interval (0, 1) in 2" = 22 = 4 subintervals.
To determine the matrix of the system, we find element matrices and assemble them.

For 0 = 0.35, the coefficient matrix over each element is as follows:

1 0 -1
Ki=4|0 7.8431372549019605 0
-1 0 1

The global stiffness matrix after imposing boundary conditions is as follows:

_31.37254902 0 0 0 0 0 0 _
0 8 0 —4 0 0 0
0 0 31.37254902 0 0 0 0
A= 0 —4 0 8 0 —4 0
0 0 0 0 31.37254902 0 0
0 0 0 —4 0 8 0
0 0 0 0 0 0 31.37254902
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To find the entries of the source vector, the self-similarity property of the fractal functions is
used to evaluate the integrals of the fractal function. The entries of the source vector over

the subinterval /; are calculated as follows.

2n f X,‘+1 — X d . 2n X,'+1 — X d
,- (x)i x= [ X T X.
57 Xit+1 — Xi 57

2

To find value of the integral, let

Xi41 — X

Then, dx = —hdt and x = x; .1 — ht.

Therefore,
I';»nl . _ 1
/, F(x) LT X gy — / t (xii1 — ht) hdt
n Xiy1 — X 0
1 1 i+ 1) R
:/ x,-Hhtdt—/ h2t2dt:(l+2)—
0 0 3
CRBi+1)
=—="
2.
I;—nl l';-nl
/ FOOVin(x)dx = [ = xW; ,(x)dx
2n 2n

i+1

= /27” xW(2"x — i)dx.
b

To find value of the integral, let 2"x — i = t.
Then, x = &' = h(t + i) and dx = hdt.

Therefore,
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2 2+4i)—o(l1+21i)
8(1—0o)(1—9)
3.
i1 Cx L
/,2 f(x)udx:/,2 T .
3n Xit1 — Xi 57 h
To find value of the integral, let
X — Xi _t
=t
Then, dx = hdt and x = x; + ht.
Therefore,
S X — X; 1
/_ f(x)idx:/ (ht+x)thdt
5n Xit1 = Xi 0
1 1 i h? h?
:/ x,-htdt+/ Wedt="" 4
0 0 2 3
R 3i+2)
= : )

Therefore, the source vector (F) over the subinterval /; is as follows:

- - 2(3;
f i2n f(X) Xj4+1—X f iQn X Xji+1—X dX h (3I+1)
o7 Xi+1—Xi an Xi+1—Xj 6
i+1 i+1 . .
L on ) _ on ) — 2 | (244i)—o(1421)
Fi = f%n f()W;(x)dx| = fQL x WV, (x)dx h [8(1_0)(1_3
i+1 ) i+1 o Py
f I_2” f(X) X=Xi ly i2n X X=Xy h=(3i42)
b Xit1—Xi o Xi+1—Xi i 6 ]

The entries in the assembled source matrix after imposing boundary conditions are as follows:

2 [@ran—oa+2i) B2 [(2+4i)—c(142)) ]
8= (1-3) | 8(-0)(1-3) |
h2(3i42) |, h(3i+1) h2(2i+1)
5 T 2
p2 [@ran—o(+20)] p2 [@ran-o(+20)]
80— (1-3) | | 8(1-0)(1-3) |
F — | h*(3i+2) R2(3i+1) | — h%(2i+1)
5 T 6 2
p2 | @ran—c(+2i) B2 (244 i) —o(1421) |
8(1-0)(1-3) s(1-0)(1-%) |
h%(3i+2) h%(3i+1) h%(2i+1)
R 2
2 | @+an—o(+2i) p2 | @ran—o(+2i)
8(1-0)(1-3) 8(1-0)(1-%
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The system of linear equations after imposing boundary conditions is as follows:

_31.3725 0 0 0 0 0 0 | —Au;_ _0.26442308_
0 8 0 —4 0 0 0 u 0.125
0 0 313725 0 0 0 0 Au% 0.3125
0 —4 0 8 0 —4 0 up | = 0.1875
0 0 0 0 313725 O 0 AUg 0.36057692
0 0 0 —4 0 8 0 us 0.25
0 0 0 0 0 0 31.3725 Au% 0.40865385

The solution (U) of the above system of equations is obtained by the Gaussian elimination

method. _ ; _ i
Auy 0.00842849
u 0.0625

Aus 0.00996094

U=1| uw | =] 0.09375
Aus 0.01149339

Us 0.078125
Auz 0.01302584

where u; denotes the value of uj, at a global node i. That is, u; = up(x;) for i =0, 1,2, 3 and
Aui+% for i =0, 1,2, 3 denote the additive increments.

Therefore, the value of u, at x = X1 for i =1, 2,3 is calculated from Au,-Jr% using formula

Ui+ Uiy
Un(Xjy 1) = 5 T Augy.

Thus,
uh(x%) = 0.03967849 uh(x%) = (0.08808594

up(x3) = 0.09743089  up(x7) = 0.05208834
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and
0

0.03967849
0.0625
0.08808594

up = | 0.09375
0.09743089
0.078125
0.05208834
0

Further, the exact solution is obtained using formula

X2

X
u=_-— —.
2 2

Table (5.3) compares the values of the approximate solution (u) and the exact solution (u)

for o = 0.35.
Exact solution (u) | Approximate Solution (uj)
0 0
0.0205078125 0.03967849
0.0390625 0.0625
0.0537109375 0.08808594
0.0625 0.09375
0.0634765625 0.09743089
0.0546875 0.078125
0.0341796875 0.05208834
0 0

Table 5.3: Values of the approximate solution uj, and the exact solution u for o = 0.35.
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Error Estimates:

Error in the L?> norm: The error in the L2 norm for different values of o over the finite

element mesh having 2" elements for n = 1, 2,

graphically in figure (5.2).

... 10 is listed in table (5.4) and represented

’ 2" oc=0.0 o=0.25 o =0.35 ‘ o =045
2 1.91366386154935E-02 | 1.91366386154935E-02 | 1.79082505117203E-02 | 1.64858422073342E-02
4 1.09618868753142E-02 | 1.09618868753142E-02 | 1.06024161471505E-02 | 9.97417425379824E-03
8 5.64962718037409E-03 | 5.64962718037409E-03 | 5.55601303077984E-03 | 5.37702890258271E-03
16 2.84575393306746E-03 | 2.84575393306746E-03 | 2.82201242102854E-03 | 2.77503150967745E-03
32 1.42549014957353E-03 | 1.42549014957353E-03 | 1.41951993126662E-03 | 1.40752197989843E-03
64 7.13071587733554E-04 | 7.13071587733554E-04 | 7.11575124644722E-04 | 7.08545586974459E-04
128 3.56576603778381E-04 | 3.56576603778381E-04 | 3.56202026927898E-04 | 3.55440979084511E-04
256 1.78293402998426E-04 | 1.78293402998426E-04 | 1.78199702857006E-04 | 1.78008988664750E-04
512 8.91473391356376E-05 | 8.91473391356376E-05 | 8.91239072154556E-05 | 8.90761724913701E-05
1024 | 4.45737492604231E-05 | 4.45737492604231E-05 | 4.45678904264053E-05 | 4.45559497453401E-05

Figure 5.2: Rate of convergence in L% norm for different values of o € [0,

Table 5.4: Error in the L? norm for different values of o € [0, 1).

2

Error in L2 norm in log scale(base?)

Errer in L2 nerm in log scale(base2)

re ra

20 29 219

27nin log scale(base2)

(a) 0 =10.25

z 2 ra

2"nin log scale(base2)

(b) o =0.35

Error in L2 nerm in log scale{base2)
~
&

2z 2*

20

27nin log scale(base2)

(c) 0 =0.45

2)-

It is observed that

= when the number of elements is doubled, the Error in the L? norm decreased approxi-
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mately by a factor of two.

= the error in L2 norm depends on the scaling factor o. It decreases as ¢ is increased from

oc=0to o =0.45.

5.2.3 Solution to the Poisson equation —% = ¢e* with Dirichlet

boundary conditions

Assume that

f(x)=¢

in the Poisson equation represented by equation (5.1). Then the Poisson equation is stated

as below:
d?u

e = e, forxe(0,1)

subject to homogeneous Dirichlet boundary conditions,

Let n = 2. We discretize the interval (0,1) in 22 = 4 subintervals.
To determine matrix of the system, we find element matrices and assemble them. For o = 0.45,

the coefficient matrix over each element is as follows:

1 0 -1
Ki=410 053333 0
-1 0 1

126



The global stiffness matrix after imposing boundary conditions is as follows:

84.2105 0 0 0 0 0 0

0 8 0 —4 0 0 0
0 0 84.2105 0 0 0 0
A= 0 —4 0 8 0 —4 0
0 0 0 0 84.2105 0 0

0 0 0 —4 0 8 0

0 0 0 0 0 0 84.2105

The explicit integral of the fractal function is unattainable hence to find the entries of the
source vector, the self-similarity property of the fractal function and the trapezoidal rule for
the numerical integration are used to evaluate the integrals of fractal functions. The entries
of the source vector over the subinterval [; are calculated as follows.

For f(x) = e*,

i+1

i+1
21 Xit1 — X 2m Xit1 — X
/, f(x)”ridx = / PR s dx.
57 Xit1 — Xi 5 h

2

To find value of the integral, let == = t.

Then, dx = —hdt and x = x;.1 — ht.

Therefore,
5 Xiy1 — X 1

/ )T ——dx = / t ei+17M) h gt
£ 0

57 Xit1 — Xi

1 ) e—ht e—ht ! ) 1 e—h
= et h/ e Mtdt=elthp |t —— — =l = e,
0

—h h? h h
0
2.
S X — X Sox—x
Pl — Xj 2n — X
T f(x)—————dx = / e~ dx.
5m Xit1 — Xi 57 h

To find the value of the integral, let

127



Then, dx = hdt and x = x; + ht.

Therefore,
e X — X; 1
/, f(x)i'dx:/ eht+3) ¢ fy it
3n Xit1 — X; 0
ih by ih te eM 1 ih | h e" 1
=e h/oetdt:eh P _Foze e_?+ﬁ
I';-nl [;—nl I;I—nl
/ )W p(x)dx = / 7w (x)dx = / 7 X W(2x — i)dx.

2n on b

To find value of the integral, let 2"x — i = t. Then, x = &' = h(t + i) and dx = hdt.

Therefore,

i+1

7 1 . . 1
/,2 f(x)w,,,,(x)dx:/ P D (¢) hdt = he”’/ et W(t) dt.

o 0 0

Using definition of W(t), one has

1
1

_ e"”/§ e [0 W(2t) 4 2t] hdt + e"’/ e" [oW(2t — 1) + (2 - 2t)] hdt
0 2

nl [t 3 . !
= he {/ ehtalU(Qt)dt—i—/ eht2tdt—i—/1 e oW (2t — 1)dt+/1 e™ (2 — 2t) dt] .
0 0 5 5

1
Using the trapezoidal rule of numerical integration for [ e"to W(2t)dt and fél et oW (2t—

1)dt, one has,

1 1 1 !
~F v v ] v g v
+1 eg_Qeg_i_g l ih_eg_2eg
P h o hl Tk h
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Since V(1) =1and V(1) =W(3) =0+ 1, it follows that,
2 4 4 2

i+1
n . ].
2 eV, (x)dx = e h% (eg +e¥ +ev + e78h> (a + 2) + (eg + e%h)
am
e — —_—
h h  h

i+1 i+1

7 F(x) 2= dx [T e I dx

Xit1 =X o7 Xi41 =X

F)V; (x)dx| = | [ eV, ,(x)dx

T

g

i

F,': f?
J

+
—
:!—.
-

3|

¥
3|

M
3|

i

+

1 i+1

" f(x) =Edx [ eX X=idx

Xj41—X; SA Xi4+1—Xj

Y

3|

2

eli+1)h H _ L;h _ e—h}
. , h
Fi=|e"hg {(eg +e¥ te¥ +e¥) (o+1) +(ef + eih)} + e [4,;*2 +2 4 Q;h]

ih[h e |1
e{e h+h]

The entries in the assembled source matrix after imposing boundary conditions are as follows:

. [ ] / 5
ehhg|(ef+e¥ +e¥ +e¥) (o+ 1)+ (el e +eh|=het + 242

“h
. r - ) r h —
e’hh% (eg—i-e%h—{—e%h—ke%) <a+%>+(eg+e%) +e/h f4he2 +%+Lzh
F= il [eh _ eT;h + H + eli+)h H _ e%h o e*”] _ _
eihhg[(eg—i—es”+e8”—|—eg>(a+§)+(eﬂ+e‘?)]+e:h 74he§+%+2%
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The system of linear equations after imposing boundary conditions is as follows:

_84.2105 0 0 0 0 0 0 | —Au;_
0 8 0 —4 0 0 0 u
0 0 84.2105 0 0 0 0 AU%
0 —4 0 8 0 —4 0 U
0 0 0 0 84.2105 O 0 AUg
0 0 0 —4 0 8 0 us
0 0 0 0 0 0 84.2105 Au%

0.81834826
0.36469585

1.05077997
0.46827875| -

1.34922819
0.60128181
1.73244329

The solution of above system of equations is obtained by the Gaussian elimination. Therefore,

the matrix _ i _ :
Auy 0.00971789

i 0.16449543

Aus 0.01247801
U=| u | =1]0.23781689] -

Aus 0.01602208

us 0.19406867

Auz 0.02057276

where u; denotes the value of uj, at a global node i. That is, u; = up(x;) for i =0, 1,2, 3 and

Au,-+% for i =0, 1,2, 3 denote the additive increments.

Therefore, the value of u, at x = Xy 1 for i =1, 2,3 is calculated from Au,-Jr% using formula

Ui + Uiy
Uh(XH-%) = 9 + AUi+%-

Thus,

up(x1) = 0.0919656  uj(x;) = 0.21363417

up(x3) = 0.23196487  up(xz) = 0.1176071
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and
0

0.0919656
0.16449543
0.21363417
Up = 10.23781689| -
0.23196487
0.19406867
0.1176071
0

Further the exact solution (u) is obtained using formula v = (1 — &*) + (e — 1) * x).
The following table (5.5) compares the values of the approximate solution (u,) and the exact

solution (u) for o = 0.45.

Exact solution (u) Approximate Solution (up)

0 0
0.08163677549055431 0.0919656
0.14554504042701988 0.16449543
0.1893642710539407 0.21363417
0.21041964352939435 0.23781689
0.2056801853546808 0.23196487
0.17171135473160914 0.19406867
0.10462130593456642 0.1176071

0 0

Table 5.5: Values of the approximate solution uj, and the exact solution u for o = 0.45.

Error Estimates:

Error in the > norm: The error in the L? norm for different values of o over the finite
element mesh having 2" elements for n = 1,2,...10 is listed in table (5.6) and represented

graphically in figure (5.3).
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’ 2" c=0.0 o =0.25 o =0.35 o =045
2 3.48871613434091E-02 | 3.45689164035987E-02 | 3.05398711084345E-02 | 2.97443162780337E-02
4 1.93009821781688E-02 | 1.92094696752423E-02 | 1.79227325363631E-02 | 1.61273148178102E-02
8 8.81243781061457E-03 | 9.73096798428947E-03 | 9.38838646262191E-03 | 8.81243781061457E-03
16 4.86391858787689E-03 | 4.85796022791724E-03 | 4.77030953958756E-03 | 4.61380969902463E-03
32 2.42393602008081E-03 | 2.42244293914433E-03 | 2.40031250451123E-03 | 2.35979637588661E-03
64 1.20939038460854E-03 | 1.20901684996735E-03 | 1.20345894977332E-03 | 1.19316576812038E-03
128 | 6.03980039935934E-04 | 6.03886633962749E-04 | 6.02494114387850E-04 | 5.99900878516157E-04
256 | 3.01802432630233E-04 | 3.01779079018707E-04 | 3.01430575757695E-04 | 3.00779809439733E-04
512 1.50853221609713E-04 | 1.50847382983955E-04 | 1.50760210944353E-04 | 1.50597214367949E-04
1024 | 7.54144931551141E-05 | 7.54130334734484E-05 | 7.53912347133224E-05 | 7.53504475794685E-05

Table 5.6: Error in the L? norm for different values of o € [0, ).

1
2

Error in L2 norm in log scale(base2)
Error in L2 norm in log scaleibase2)

22 2 56 28 210 22 24 20 28 o1
27nin log scale{base2) 27nin log scale(base2)

(a) o = 0.25 (b) o = 0.35

Error in L2 norm in log scale(base2)

7-12

22 b » 2 210
27nin log scale(base2)

(c) 0 =0.45

Figure 5.3: Rate of convergence in L? norm for different values of o € [0, %)

It is observed that

= when the number of elements are doubled, the error in the L2 norm decreased by a factor

of two.

= the error in L2 norm depends on the scaling factor o. It decreases as ¢ is increased from

o =0to o =0.45.
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5.2.4 Solution to the differential equation —% + u = cos(mwx) with

Dirichlet boundary conditions

The differential equation is stated as below:

d?u
) + u = cos(mx), forx e (0,1) (5.4)

Subject to boundary conditions,

The differential equation represented by equation (5.4) is reformulated in the variational
formulation as follows.

Multiplying the equation (5.4) by a test function v(x) € H3(0, 1),

/01 l_iig(x) + u(x)] v(x) dx = /01 cos(mx)v(x) dx.

Integrating by parts,

1 1
— [Z,)LZV(X)L JA Z)L: Z: dx +/ ./o cos(mx)v(x) dx.

Since, v(0) =0 and v(1) = 0, one has

01 jij: dx + l u(x) v(x)dx = /: cos(mx)v(x) dx.
a(u,v) + (u.v) =f(v) (5.5)
where,
a(u,v) = 01 ZZ:Z; dx,
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and

We use the finite dimensional subspace of continuous fractal functions V. as approximation
space in the Ritz Galerkin approximation. Let n = 2 and the interval (0, 1) is discretized into
2" = 22 = 4 equal subintervals. To determine matrix of the system, we find element matrices
and assemble them. The coefficient matrix over each element is calculated below.

For 0 = 0.25, the matrix A is as follows:

1 0 -1
A=a(uv)=4|0 053333 0

-1 0 1
The matrix A” is as follows:
h h(2—o0) h
6 8(1—0)(1-3) 3
— _ h(2—0) h(240) h(2—c
A (u, v) 8(1-0)(1-3) 6(1-0)2(1t0) 8(1-0)(1-9)
h h(2—0) h
3 8(1-0)(1-3) 6

0.08333333333333333  0.06380208333333334 0.041666666666666664
= 1 0.06380208333333334 0.13333333333333333  0.06380208333333334
0.041666666666666664 0.06380208333333334 0.08333333333333333

The element matrix Kj; is obtained by adding the two element metrices A and A'. Thus, the

element matrix is as follows:

1.08333333  0.06380208 —0.95833333
Kij=A+ A =1 0.06380208 5.46666667 0.06380208
—0.95833333 0.06380208  1.08333333
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The global stiffness matrix A after imposing boundary conditions is as follows:

_21.8666 0.2552 0. 0. 0. 0. 0. |
0.2552  8.6666 0.2552 —3.8333 0. 0. 0.
0. 0.2552 21.8666 0.2552 0. 0. 0.
A= 0 —3.8333 0.2552 8.6666 0.2552 —3.8333 0.
0. 0. 0. 0.2552 21.8666 0.2552 0.
0 0. 0. —3.8333 0.2552  8.6666  0.2552
0 0. 0. 0. 0. 0.2552  21.8666

To find the entries of the source vector, the self-similarity property of the fractal functions is
used to evaluate the integrals of the fractal function.

The entries of the source vector over the subinterval /; are calculated as follows.

1.
i+1 S i1
/'2 f(X)de = /'2 ((L+ 1) —2"x) cos(m x) dx
. 2*n Xi+1 — Ln
1
! sm [Th(x + 1)] cos[mh(x + i)
_h/o (]_—X)COS[?Th( { h ]—[W )
_cos[mh(1+i)]  sin(mwhi) N cos(mhi)
72h s wh
2.
i;»nl i2+n1 1
Let, | = / f(x)V; o(x)dx = / cos(m x)W(2"x—i)dx = h/ cos[m h(x+i)|W(x)dx.
n o 0

Using the self similarity property of fractals, one has,

1

= {/02 cos[m h(x + i)][oW(2x) + 2x]dx + /11 cos[m h(x + i)][oW(2x — 1) + (2 — QX)]dX}
— ho /05 cos|m h(x + )] W(2x)dx + h /j(gx) cos|m h(x + i)]dx

+ ha/ll coslr h(x + ] W(2x — Ddx + h [ (2x — 2) cos|r h(x + i)]dx.

1
2 2
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The integrals fO% cos|m h(x+1)] W(2x)dx and fél cos|[m h(x+1i)] W(2x—1)dx are evaluated

using the trapezoidal rule of numerical integration. Thus,

v st 7 (o) {con sl 4] o con ]
+ cos [w h(i + i)] |

Similarly,

ho [ coslr hxeti)] W(2x—1)d = ”8“ <a 4 ;) {cos [w Z + /)1 + cos [w bz + /)1 }

2

+ cos [W h(?1 + I)‘| :

The integrals [ (2x) cos[m h(x + i)]dx and fél(Qx — 2) cos|[m h(x + i)]dx are evaluated

using integration by parts. Thus,

1 1 2 1 2
h/ (2x) cos[m h(x+i)]dx = ;sin [71’ h(§ + /)] + g cos [77 h(§ + I)] ——hcos(ﬂ hi).

M\»—‘

Similarly,

h‘/;(2x — 2) cos[m h(x + i)]dx = ~Lsin [7? h(; + I)] + 2 cos [ﬂ' h(; + 1)1

T w2 h

2
— €08 [mh(1+1)].

Adding four integrals,

,_ h8a <U+ ;) {cos [w h(; + i)] + cos [7? h(: + i)] + cos [7? h(g + i)] + cos [7? h(; + i)]}
+ ’;” {cos lw h(i + i)] + cos lw h(fl )1 } + W;lhcos ln h(; + i)} - 7T§hcos(7r hi)

2
_ 7hcos[7r h(1+1i)]. (5.6)
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i+l ) i;rn1
/_2n f(x)udx = / (2"x — i) cos(m x) dx
o Xi+1 — Xi o
1 : h . h . 1
= h/ x cos[mh(x +i)]dx = h{x sin[m h(x +i)] | cos[m h(x + /)]
0 Th 2 h2 ;
sinfm h(1+1)]  cos[mth(1+1i)] cos(mhi)
= -+ —
w2 h w2 h

™

Therefore, the source vector (F) over the subinterval /; is

as follows:

[ i )
on Xi41—X
fﬁ f(X) Xit1—Xi
it1
F,' = fjn f(X)\U,"n(X)dX
Y
2n X—X;
_f;,, f(x) Xip1—Xi X_
_cos[T;l;(l}—i-i)] i sin(;rhi) + coi(;rhhi)
= /
sin[m h(141)] + cos[m h(1+i)]  cos(mhi)
w2 h w2 h

T

w2 h

where,
| = h; (U + ;) {cos [7? h(l + i)] + cos [w h(: + i)] + cos [7? h(z - i)] + cos [w h(s + /)] }
+ A os [ﬂ h(; + i)] - 7T22hcos(7r hi)

- ”8” {cos [w h(fl + i)] + cos [w h(i + i)] }
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The entries in the assembled source matrix after imposing boundary conditions are as follows:

/
_cos[7;h2(f}+i)] B sin(:rrhi) " coir(;rhhi) |y sinfrh(4)] cos[7; Z(f}-ﬁ-i)] B co.jr(;r : i
/
F— _cos[7;h2(’}+i)] B sin(;rrhi) " co;(;rhhi) . sinlx i71T(1+i)] n cos[7;r g(ﬁi)} B cosﬁ(;r : i
/
_cos[trf;(l}ﬂ)] B sin(77rrhi) " co;(;rhhi) . sinlr I71T(1+i)] " cos[7; g(ﬁ;)] B cosﬂ(;r : i
/

where,

/

Lisinw h(1+ i)] — sin(m hi)}
/

%{sin[ﬂ h(1+1i)] —sin(mhi)}
/

L{sin[r h (1 +i)] — sin(w hi)}
/

0.06184282
—0.09323081
—0.14930179
—0.22507908
—0.06184282

0.09323081

0.14930179

| = /’80 <0 - ;) {cos [w h(é + i)] + cos [7? h(: + i)] + cos [7? h(g + i)] + cos lw h(; + /)] }
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The system of linear equations after imposing boundary conditions is as follows:

_21.8666 0.2552 0. 0. 0. 0. 0. _ _Au%_ - 0.06184282 |
0.2552 8.6666 0.2552 —3.8333 0. 0. 0 U —0.09323081
0. 0.2552 21.8666 0.2552 0. 0. 0. Au% —0.14930179
0. —3.8333 0.2552  8.6666 0.2552 —3.8333 0 up | = [—0.22507908 | -
0. 0. 0. 0.2552 21.8666 0.2552 0 AUg —0.06184282
0. 0. 0. —3.8333 0.2552 8.6666  0.2552 us 0.09323081
0. 0. 0. 0. 0. 0.2552  21.8666 Au% 0.14930179

The solution (U) of above system of equations is obtained by the Gaussian elimination method.

Auy 0.00317115
u —0.02938641
Aug —0.0059911
U= | u | =|-0.04230551
Aus —0.00223998
Us —0.00809253
Aug 0.0069222

where u; denotes the value of uj, at a global node i. That is, u; = up(x;) for i =0, 1,2, 3 and
Au,-% for i =0, 1,2, 3 denote the additive increments.

Therefore, the value of u, at x = X1 for i =1, 2,3 is calculated from Au,-Jr% using formula

up + Uiy
un(Xjy 1) = 5 T Augy.

Thus,
uh(x%) = —0.01152206 u;,(x%) = —0.04183706

up(x3) = —0.02743899  up(x7) = 0.00287601
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and
0

—0.01152206
—0.02938641
—0.04183706
Up = | —0.04230551
—0.02743899
—0.00809253
0.00287601
0

Further, the exact solution (u) is obtained using formula

! ¢ + e(e™) + cos(7 x)
= — X .
1+72| 1—e 1—e m

u

Table (5.7) compares the values of the approximate solution (us) and the exact solution (u)

for o = 0.25.
Exact solution (u) Approximate Solution (uj)

0 0
0.01722748933063872 -0.01152206
0.020454743191404234 -0.02938641
0.013080412974840881 -0.041837 06
1.5847369974441745e-17 -0.04230551
-0.01308041297484087 -0.02743899
-0.020454743191404223 -0.00809253
-0.01722748933063872 0.00287601

0 0

Table 5.7: Values of the approximate solution (us) and the exact solution (u) for o = 0.25.
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Error Estimates:

1. Error in the L?> norm: The error in the L2 norm for different values of o over the

finite element mesh having 2" elements for n = 1,2, ... 10 is listed in table (5.8) and

represented graphically in figure (5.4).

EN

oc=0 ‘ o =0.25 ‘ o =0.35 o =0.45
2 5.01198017052233E-02 | 4.99927781406081E-02 | 4.83688236215456E-02 | 4.57354457814678E-02
4 3.32978855370582E-02 | 3.33157350752760E-02 | 3.30139658766016E-02 | 3.24769855363458E-02
8 2.55541794153381E-02 | 2.55636495456151E-02 | 2.55087452689421E-02 | 2.54047271193684E-02
16 2.06313881126920E-02 | 2.06339740885714E-02 | 2.06244758773473E-02 | 2.06058966009064E-02
32 1.75892082406128E-02 | 1.75897759734864E-02 | 1.75882451611767E-02 | 1.75851971232521E-02
64 1.60306574659007E-02 | 1.60307699863851E-02 | 1.60305625796286E-02 | 1.60301409741419E-02
128 1.53385451659065E-02 | 1.53385636577680E-02 | 1.53385411413071E-02 | 1.53384943655201E-02
256 1.50592654600481E-02 | 1.50592677870355E-02 | 1.50592656791484E-02 | 1.50592613482241E-02
512 1.49582745250002E-02 | 1.49582747545823E-02 | 1.49582745603341E-02 | 1.49582741961595E-02
1024 | 1.49257199302213E-02 | 1.49257199489166E-02 | 1.49257199297617E-02 | 1.49257199000758E-02

Figure 5.4: Rate of convergence in L? norm for different values of o € [0,

Table 5.8: Error in the L? norm for different values of o € [0,

2):

Errer in L2 norm in log scale{base2)

Errer in L2 norm in log scale{base2)

-0

2 2

2 2

27nin log scale(base2)

(a) 0 =10.25

It is observed that:

2 2 28

27nin log scale(base2)

(b) o =0.35

Error in L2 norm in leg scale{base?)

22 2

24

2*nin log scale(base2)

(c) 0 =0.45

24 21

2)-

= when the number of elements doubled, the error in the L? norm decreased.
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= the error in L2 norm for o = 0 is less than the error for ¢ = 0.25. Moreover, the
error in L2 norm for o = 0.35, 0.45 is lower than the error in L? norm for o = 0.25

and o = 0. The error in L2 norm decreases further as o — 0.49.

22 = 4 subintervals and for

2. Ratio of error in L! norm to error in L™ norm: For 2" =

different values of o € [0, %) error in L' norm, error in L> norm and the ratio of error

in L' norm to error in L* norm is listed in the tables (5.9), (5.10), (5.11) respectively.

Subinterval oc=0 ‘ o =0.25 ‘ o =0.35 ‘ o =045
1 3.57386202638598E-03 | 3.59369315733383E-03 | 3.69266351318484E-03 | 3.87373623380698E-03
2 1.30874388070286E-02 | 1.30948285395444E-02 | 1.29383435070841E-02 | 1.26357865976112E-02
3 7.07481502051572E-03 | 7.08301094676120E-03 | 7.03495586395339E-03 | 6.94044428010211E-03
4 4.07733040367598E-03 | 4.05821399741908E-03 | 3.85375415271279E-03 | 3.46983089075259E-03

Table 5.9: Error in L' norm for different values of o € [0, 2).

1
2

Subinterval

c=0

oc=0.25

o =0.35

‘ o =045

2.85908962110878E-02

2.87495452586710E-02

2.95413081054787E-02

3.09898898704558E-02

5.48351473864320E-02

5.49174730689235E-02

5.36189159238213E-02

5.10911617932100E-02

5.48351473864320E-02

5.49174730689235E-02

5.36189159238213E-02

5.10911617932100E-02

SN

5.48351473864320E-02

5.49174730689235E-02

5.36189159238213E-02

5.10911617932100E-02

Table 5.10: Error in L* norm for different values of o € [0,

).

N[ —=

Subinterval

oc=0

oc=0.25

o =20.35

‘ o =045

1.25000000000000E-01

1.25000000000000E-01

1.25000000000000E-01

1.25000000000000E-01

2 2.38668799680602E-01 | 2.38445576749496E-01 | 2.41301848128861E-01 | 2.47318443232005E-01
3 1.29019713773328E-01 | 1.28975543683005E-01 | 1.31202873887795E-01 | 1.35844322902528E-01
4 7.43561492584744E-02 | 7.38965901130569E-02 | 7.18730337291411E-02 | 6.79145035847223E-02

Table 5.11: Ratio of error in L' norm and error in L norm for different values of o € [0,

[N
~—

It is observed that the ratio of error in L' norm to error in L norm is maximum in
the second subinterval for o = 0, 0.25, 0.35, 0.45. Further investigations are required to

determine viability of this ratio to perform adaptive mesh refinement.

5.3 Python code
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10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

#Program to find the approximate solution of the Poisson equation with f

(x)=1 and b.c u(0)=u(1)=0

import numpy as np
from scipy import *
import matplotlib.pyplot as plt

import math

n=10

#Solution by finite element method.

k=(2*%*x(n+1))+1

x=np.linspace(0.0,1,k,endpoint=True) #Division of interval [0,1] into

equidistant points

h=(1.0/(2**n)) #Length of each subinterval

sigma = 0.35

print ("h=",h)

A=np.zeros ((k,k)) #Initially, Stiffness Matrix is set to zero matrix.

B=np.zeros((k,1)) # Applied load vector (matrix on RHS) is set to zero

vector.

#Finding element matrices

aell= (4/(1-(4*(sigma**2))))

Ael=[[1,-1,0],[-1,1,0],[0,0,aell]] #element matrix

print ("\nElement Matrix=\n",Ael)

#Finding global stiffness matrix A

D=np.zeros ((k))

U=np.zeros ((k-1))

143



33

34

35

36

37

38

39

40

41

42

43

44

45

46

47

48

49

50

51

52

53

54

55

56

57

58

59

60

61

62

63

#Finding tridiagonal entries of the stiffness matrix.
D[:2%*n]=D[:2**n]+((1/h)=*Ael [0][0])
D[1:]1=D[1:]+((1/h)*Ael[1][1])
D[2**n+1:]1=((1/h)*Ael [2][2])

U[:2*x*n]=((1/h)*Ael [0] [1])

A=np.diag(U,-1)+np.diag(D,0)+np.diag(U,1) #Forming tridiagonal matrix

without imposing boundary conditions.

print ("\nThe stiffness matrix A without imposing boundary conditions=\n"

»A)

#imposing boundary condition

Afo][0]=1
Afo][11=0
A[1]1([0]=0

A[2**n] [2**n]=1
A[2%*n-1] [2**n]=0

A[2%*n] [2*%*n-1]1=0

print ("\nThe global stiffness matrix with boundary conditions is..... A=\

n" ,A)

#Finding element matrices F.

f=1 # RHS of pde f(x)=1

#print ("f=",f)

#calculating values of RHS of the system AU=B by integrating fractal

functions explicitly.

B[0]l=h/2 #first element of the matrix B
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64

65

66

67

68

69

70

71

72

73

74

75

76

7

78

79

80

81

82

83

84

85

86

87

88

89

90

91

92

93

94

95

96

97

B[2**n]=h/2 #last element of the matrix B

for i in range (0,2%*n+1):

B[il=h #entries of matrix B

B[2**n+1:]1=(h/(2*(1-sigma)))

B[0]=0 #imposing boundary condition

B[2**n]=0 #imposing boundary condition

print ("\nThe global force matrix with boundary conditions is

)

F=B

Y = np.linalg.solve(A,F)

#Gauss elimination method to solve the system of equations

#Elimination

for j in range(0,k):

for i in range(j+1,k):

if A[i,jl!=0:

r=A[i,j1/A[],]]
Ali,j+1:k]=A[i,j+1:k]-r*A[j,j+1:k]

B[il=B[il-r*B[j]

#back Substitution

for j in range(k-1,-1,-1):

B[j]1=(B[jl-np.dot(A[j,j+1:k-1]1,B[j+1:k-11))/A[],]]

print ("\nThe approximate value of the function u at each node=B \n ",B)

Yapp=np.zeros (k)

Ym=np.zeros (2**n)
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98

99

100

101

102

103

104

105

106

107

108

109

110

111

112

113

114

115

116

117

118

119

120

121

130

131

132

Ye = Y[2x*n+1:]

Ya=Y[:2*x*n+1]

print (’Ye=’,Ye)

print (’Ya=’,Ya)

for i in range (0,2%*n):
Ym[il=((Ya[i]l+Ya[i+1])/2)+Ye[il]

print ("Ym=",Ym)

j=0
for i in range(0,k-1,2):
Yapp[i]l=Y[j]
Yapp[i+1]1=Ym[j]

33+

print ("Yapp=",Yapp)

plt.plot(x,Yapp,color="red’, marker=’0’)
Xexact=np.linspace(0.0,1,k,endpoint=True)

Yexact=[ (x/2)-(x*x2/2) for x in Xexact] #Exact solution is,

print ("\n Yexact=",Yexact)

print ("\n The graph of exact solution:\n")

plt.plot(Xexact,Yexact,color=’b1ue’,marker=”)

plt.show ()

#.1.finding error in L2 norm

> e=np.zeros (k,dtype="g’)

esq=np.zeros (k,dtype=’g’)

el= np.zeros(k,dtype="g’)
L2error=0

suml=0

for i in range(0,k):
e[il=np.abs(Yexact[i]-Yapp[il)
esqlil=e[il*e[i] #error square
suml=suml+esq[i]
L2error=suml/(k-1)

L=math.sqrt(L2error) #L2 error
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133

134

135

136

137

138

139

140

141

142

143

144

145

146

147

148

149

151

152

153

154

155

156

157

158

159

160

161

162

163

164

165

166

print ("Error in L2 norm =",L)

#3. error in max norm.

print ("Error in max norm=", max(e))

# values of psi fractal bubble at dyadic points.

r=k+(2**x(n+1))

x1=np.linspace(0.0,1,r,endpoint=True)

psi = np.zeros(r)

psil[-1] = psil[0]l= O
psi[2**x(n+1)]=1

nl=n+1

for i in range(O,nl):

psi2 = psil[::2]
psil:2*%x(n+1)+1] = sigmaxpsi2
psi[2**(n+1):] = sigmax*psi2 -
print ("psi=",psi)

print ("psi2=",psi2)

+ 2%x1 [:2%*(n+1) +1]

2%x1 [2*x*x(n+1) :] + 2

#Calculations for L2-norm of the error

#.1. Finding values of y at different dyadic points of the interval [xi,

xi+1]
Yrem=np.zeros (2**(n+1))
Yfem=np.zeros (r)
j=0
p=0

for i in range (0,2**x(n+1) ,2):

Yrem[i]l=(((3*Yal[jl)+Yal[j+1])/4)+(Yel[pl*psi[(2*%i)+1])

Yrem[i+1]1=(((3*Yal[j+11)+Yal[jl)/4)+(Yelpl*psi[(2*i)+3])

j=j+1
p=p+1

print ("Yrem=",Yrem)
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167 1=0

168 for i in range(0,r-1,2):

160 Yfem[i]=Yapp [1]

170 Yfem[i+1]=Yrem[1]

171 1=1+1

172 print ("Yfem=",Yfem)

173

174 #2.finding error in L2 norm

175 e=np.zeros (r,dtype=’g’)

176 esq=np.zeros (r,dtype="g’)

177 el= np.zeros(r,dtype="g’)

178 L2error=0

179 sum1=0

10 Yex=[(x/2) -(x**x2/2) for x in x1]
181 for i in range(0,r):

12 e [i]=np.abs(Yfem[i]-Yex[i])

183 print ("Yex[i],Yfem[i]",Yex[i],Yfem[i])
184 print ("e[i]l=",e[i])

185 esq[il=e[i]l*e[i] #error square
186 suml=suml+esql[i]

187 L2error=suml/(r-1)

188 L=np.sqrt(L2error) #L2 error

180 print ("Error in L2 norm, max norm =",L,max(e))

Listing 5.1: Solution to the Poisson equation with Dirichlet boundary conditions using fractal

functions.
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Chapter 6

Conclusion and future work

6.1 Conclusion

In this thesis, the space of continuous fractal functions was utilized successfully as the finite
element space in the finite element method. To this end, univariate, R - valued, continuous
fractal functions were constructed and used as hierarchical basis for interpolation in the finite
element method. This hierarchical fractal basis consisted of three interpolation functions: two
linear nodal basis functions and a fractal bubble.

The numerical illustrations demonstrated that the approximate solution and hence the in-
terpolation error in L? norm were controlled by the smoothness of the fractal bubble. The

smoothness of the fractal bubble was determined by the vertical scaling factor o of the fractal

bubble.
For ¢ = 0, the fractal bubble was a linear function and was C! smooth. Whereas for
o = } = 0.25, the fractal bubble was a quadratic function 4x(1 — x) and was C? smooth.

Additionally, for 0 < o < 0.49 and o # 0,0.25, the fractal bubble was C° smooth.

For the Poisson equation with f(x) = 1 and with Dirichlet boundary conditions u(0) = u(1) =

0, the error in Ly norm was minimum when o = i = 0.25. This was as expected since the

fractal bubble for o = ; = 0.25 was C? smooth.
Further, for the Poisson equation with f(x) = x and f(x) = €* and with Dirichlet boundary

conditions u(0) = wu(1) = 0, the error in L* norm error was expected to be minimum for

1

o=7=025. However, the error in L% norm for & = 0.35, 0.45 was lower than the error in L2
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norm for o = 0.25. Thus, for 0 < o < 0.45, the error in L? norm was minimum for o = 0.45
and decreased further as o — 0.49.
Likewise, for a differential equation,

d?u

d
_ﬁer—i:cos(ﬂx), 0<x<1

with Dirichlet boundary conditions u(0) = u(1) = 0, the interpolation error in L? norm was

found to be decreasing as o — 0.49.

Thus, for the Poisson equation with f(x) = x and f(x) = e€* and for a differential equation,
d*u

d
_w—kd—i:cos(ﬁx), 0<x<1

with Dirichlet boundary conditions, C° smooth fractal bubble can yield better approximation
than C? smooth fractal bubble in the hierarchical finite element method.

The viability of utilization of C® smooth fractal bubble in the hierarchical finite element method
follows from the fact that for o € [0, %) the interpolation error decreased with an increase in
the number of finite elements.

The numerical demonstrations have also substantiated the bounds for an interpolation error
in L2 norm theoretically. Additionally, the bounds for an interpolation error in H' seminorm
were established theoretically. However, the experimental orders of convergence can not be
verified with the theoretical bounds of error in H' seminorm. Hence, further investigations are
required to compute an exact error and the bounds for an interpolation error in H' seminorm.
Finally, we conclude that the space of continuous fractal functions, being a larger space can

provide better approximation in the hierarchical finite element method.

6.2 Future Work

As a next step, it would be of interest to investigate the utilization of fractal functions to find
the numerical solution of elliptic partial differential equations in two and three dimensions.

For example, a tensor product of two continuous fractal functions defined on an interval [0, 1]
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may be used as a fractal bubble in two dimensions. The hierarchical fractal basis in two
dimensions may then be constructed using standard shape functions in two dimensions and
the fractal bubble. The discontinuous Galerkin method may be used if the fractal functions
in two dimensions do not follow interelement continuity condition. Likewise, the hierarchical

fractal basis can be constructed in three dimensions in the finite element approximations.
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