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Computation of molecular Hartree—Fock Wigner intracules
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The computation of molecular Wigner intracules from Hartree—Fock wave functions using Gaussian
basis functions is described. The Wigner intracule is a new type of intracule that contains
information about both the relative position and momentum of the electrons. Two methods for
evaluating the required integrals are presented. The first approach uses quadrature while the second
requires summation of an infinite series. ZD03 American Institute of Physics.
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I. INTRODUCTION phase space but, due to Heisenberg’'s uncertainty principle,

such a function does not exist. However, a number of phase

The many dimensions of an electronic wave funCtionspace quantum distribution functions have been defified
make it difficul nalyze and interpr nd it is therefor o . o '
ake it difficult to analyze and interpret and it is therefo ®the best known of which is the Wigner distributtdn®®°

desirable to extract low-dimensional functions that can
readily provide qhemit_:al insight. The most familigr of thesew(r,,....r :p1,....Pn)
“reduced” functions is the one-electron density, where L
r)dr gives the probability of finding an electron at a given
g(()ir)n ingspace. TFr)1e one—e)I/ectron degnsity can be easil% visu- 7" f Pratay, - fnt a0 .0n)
alized and assists in the understanding and prediction of the N )
chemical behavior of moleculé€.However, many chemical XWH(r1 =01, Fn =G 01, 0)
phenomena, for example electron correlation, depend on the X @ A(PL it +Pn-Gnqq, - --dq,dory - --do,, (2.1
interaction between pairs of electrons. Such phenomena are
more readily studied using reduced functions that retain exwhich is a joint probability function for the coordinates
plicit two-electron information. The position intracul(u), ~ '1,---.fn and associated momenfs, ... ,p,. Springborg
measures the probability that two electrons will be found s@nd Dahl have reported Wigner distributions for atomic and
distanceu=|r,-r,| apart. Analogously, the momentum intra- Small molecular systems including H, He, Be, Ne, Ar, Zn,
cule, M(v), gives the probability that two electrons have and LiH*~®?These show that typically the Wigner distribu-
relative momentune = |p;-p,|.2 Over many years, a number tions are complicated with positive and negative regions.
of authors have reported work on both posifioif and Since the Wigner distribution is not everywhere positive it is
momenturﬁ3_53 intracules. Recenﬂy, the deve|0pment andOften termed a “quasiprobability" distribution function.

implementation of efficient algorithms within a modified ver- ~ We have formally defined the Wigner intracule as
sion of theQ-cHEM® software package have been described

for both positiod® and momenturt? intracules. Conse- W(u,v)= f Wy(1,P1,72,P2) 8(F 12— U) 8(P1p— V)
quently,P(u) andM (v) for large molecular systems can be

computed from Hartree—FodkiF) wave functiong?28:30:53 X dr, dr, dp; dp, dQ, dQ, (2.2)

P(u) andM (v) provide a representation of an electron )
distribution in either positioror momentum space but nei- WhereQ, andQ, are the angular parts af andv, §'is the

ther alone provides a complete description and it is desirablPirac delta fungtion and/; is the second-order reduced
to have acombinedposition and momentum description. Wigner functior?

This new function could potentially play an important role in 1
the study of electron correlation Recently’® we introduced Woy(r1,p1,r2,P2)= —% f po(ri+0Qe,ri—qy,rot0as,
a new phase space intracule called the Wigner intracule, m
W(u,v), which is related to the probability of two electrons r,—qy)e 2P d1P2-%)dq, dg,

being a distance apart and moving with a relative momen- 9
tumuv. The aim of the present paper is to describe the com- 2.3
putation of Wigner intracules for molecular systems. Firstand p, is the spinless reduced second-order density nfatrix
the Wigner intracule will be described followed by details of of the wave function. Substituting E@2.3) into Eq. (2.2)

an implementation withi@-cHEM. and using the identity,
IIl. WIGNER INTRACULE e 2P0+ P2 %) 5, v)dpy dp, dQY,
The natural starting point for deriving a combined posi- 4o
tion and momentum intracule would be a wave function in ~ =47"vjo(201v) (01 +d2) (2.4
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to integrate ovep,, p,, and(}, yields the simpler expres- However, whereas position integrals exhibit eightfold permu-
sion, tational symmetry,

02

No)p= Mp=(oNvu)p=(\
W(ulv):ﬁfpz(ququLu,Hu) (uvho)p=(vuoN)p=(ohvu)p=(Aouv)p

:(VM)\O')P:(,LLVO')\)p:()\U'VM)P

=(ohuv)p, (2.14

the momentum and Wigner integrals possess only fourfold
symmetry,

Xjo(qu)drdqd,, (2.9

where jo(x) is the zeroth-order spherical Bessel function.
For HF wave functions, the Wigner intracule becomes

n n N e N )
W(uw)=5| 3 X (dadatiotow (KIATI or w EV;W ;M w
“(OAVH)M or W

S S =(Nouv)v or w- (2.15

é % (Vats Vs a)w The loss of eightfold permutational symmetry for the inte-
grals required for the computation of nonspherically aver-
aged position intraculed,(u), has been noted by Thakkar
et al*® Once the integrals have been generat/¢ii,v) can
be evaluated through the simple contracti@®) with the
appropriate HF density matrix elements. The difficulty arises
in the evaluation of the Wigner integralg.11) and we now
describe two approaches to this.

nf nf

—g ; (VBB UEE W, (2.6)

wheren, andng are the number of alpha and beta electrons
respectively,n=n,+ng and ¢,(r) are molecular orbitals.
The molecular orbital integrals are defined by

2
('/fa'//b‘/’c‘/’d)W:%J' Y1) ghp(r + Q) e(r +q+u) IIl. THE [ssss] WIGNER INTEGRAL
In the present work, we are concerned only with the use
Xig(r+wjo(qu)drdgdQ,. (2.7  of Gaussian basis functions. Consequently, integrals involv-

ing basis functions of arbitrary angular momentum can be
generated through differentiation of thessg,, integral®

Given four unnormalized-functions on centeré, B, C, and
'/’a(r):; Cra®u(r), (2.8 p with exponentsa, B, y, and 8, respectively, thgsssgy

integral is

If the molecular orbitals are expanded within a basis set

the Wigner intracule becomes

2
v
sss§y==— exf — a|r—Al|2— B|r+qg—B|?
(U U)_lZ [PMVP}\O' PZO'P(;)\ PB P'B)\] [ SW szfff F[ | | Bl q |
MVNO

—y|r+gq+u—C|?>-8|r+u-D|?]

(LN, 2.9
(kA o)w (29 X io(qu)dr dgdQ, . 3.1)

whereP ,, etc. are the usual density matrix elements. More )
generally for arbitrary wavefunction®/(u,v) can be ex- If we introduce

pressed as
2= By (3.2
a+t 5 [;H— v’
W)= 3 Tuno(uAaw, (2.10
Ao - 1 1 1
wherel,,,, is the two particle density matrix.uv\ o)y =4\ at 5+ Bty 33
are the eight-dimensional Wigner integrals,
% e (34
<wm>w=ﬁj SN S,(r + ) dy(r+d+U) ato Byl
2a0 2By
X ¢, (r+u)jo(qu)drdgdQ,. (2.19) P=""75 A—D)+ﬁ+ (B=C), (3.5
These integrals are analogoti® the position and momen-
tum integrals = @At oD BBTYC (3.6)
a+o6 Bty ’
wm)p=f BN SN dr(F+U) by (r+u)dr dQ, as ., BY ,
R=——|A—-D|*+ ——|B—-C|?, 3.7
(2.12 at+ S Bty
v? (y+ O u+(B+y)q—(aA+ BB+ yC+ SD)
A =5 r r+ +u =
(uvho)y 2772f ¢, ¢, (r+a)ér(q+u) «tBtyEo , (3.8
X ¢(U)jo(qu)dr dgdu. (2.13 it is straightforward to show that
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2
v _ 2,2 _p.
[sss§W=2—ze (R+X“u )f e Pu
a

Wigner intracules

2035

TABLE I. Convergence of the HF/6-311G Wigner intracule for ethene using
the Lebedev quadratufatomic unitg.

, Grid W(L,1) W(1,4) W(4,1) W(4,4)
lg—(Q+ nu)|
Xexg— =7 6 1428210792 2.315903870 12.050144049  3.330809610
M 74 1.415070359 2.644503481  7.940815642  2.024274600
B » 194 1.415070336 2264503426  7.952388673  1.847231337
xXexd —(a+p+y+o)|r+V|7] 302 1.415070336 2.264503426  7.951761663  1.839467059
% o(qo)drdad® (3.9 500 1.415070336 2.264503426  7.952573144  1.849946553
0 u : 974  1.415070336 2.264503426  7.952532473  1.849439804
and integrating over andq gives 1454 1.415070336 2.264503426  7.952521929  1.849294392
2030 1.415070336 2.264503426  7.952520619  1.849395320
RNZUZe 4202 5204 1.415070336 2.264503426  7.952527680  1.849370626
WUZe (R+N“U+ pv)
[sS5dy,— - - Exact 1.415070336 2264503426  7.952527682  1.849370666
2(a+6)"4(B+y)
—P-u; .
Xf &P o(|Q+ ulv)dQ, . (310 V. IMPLEMENTATION USING QUADRATURE

One approach to evaluating the Wigner integrals is to
adopt the form of sssgyy given in Eqg.(3.10 and use the
guadrature to approximate the integral o¢gf. This is an
integral across the surface of a sphere, for which a variety of
quadrature schemes are available, for example Gauss—
Legendre and Lebedev. We have chosen the Lebedev
quadratur@®=®" which exactly integrates all spherical har-
monics,Y (6, ®), up to a certain degree. This method of
treating the Wigner integrals has been implemented within
Q-CHEM for integrals involvings and p basis functions and
we have employed gri@&with as many as 5294 points. (
=125).

Table | shows values oV(u,v) for ethene(HF/6-311G,
geometry:rc=1.336460 A, ry=1.091353 A, anddccy
=121.907128° and defaulp-cHem SCF convergence
criterig®) at different points on the intracule using various
grids. These results show that at the pditl) convergence
to ten significant figures is achieved using a 194-point grid.
However, at the point§4,1) and(4,4), the largest grid5294-
point) available gives convergence to nine and eight signifi-
cant figures, respectively. The source of this problem is the
e PYU factor in Eq. (3.10, which can be rewritten as
e~ Puces? tg show its angular dependence. As eitReor u
becomes large, the integrand can no longer be represented
accurately by spherical harmonics of low degree and hence

This integral can be evaluated using an Addition Theofem
440 of Ref. 64 yielding

Zﬂ_zuzvzef(mxzuhuzuz) ®
sssgyw= 2n+1
[sssgw (@t )74t )2 nzo ( )

P-Q
PQ
wherei(x) is a modified spherical Bessel functigp(x) is

a spherical Bessel function, aft,(x) is a Legendre poly-
nomial. It can be convenient to rearrange E3}11) to give

. (31D

><in(Pu)jn( qu)jn(Qv)Pn(

Zﬂ_zuzvze—(mxzuzw?uz) ®
sssgyw= 2n+1)u"p"
[ SW (a+ 5)3/2(B+ ,),)3/2 nZO ( ) v

in(Pu). Jn(QU) n P'Q
XWJn(WUU) Qv [(PQ) Pn(P_”-

(3.12

In Egs.(3.11) and(3.12), the[ sss9yy integral is expressed in
terms of an infinite series. In the special case #and Q
are collinear, this infinite series can be summed to give

_ 2,2, 2 2
77_2L|2U2e (R+N“U“+ uv9)

[sss§w= = = very large grids are required perform the quadrature. Since
(at0)”(B+7) the integrals that require larger grids can be identified
e” [PQ— yPu+i7Qu a priori, it is possmle to d_ewse a scheme that selects_ an
x| —f appropriate grid for each integral. This is currently being
Pu V27PQ explored.
e PUIPQ+ 7Pu+iyQu ) (313 V- IMPLEMENTATION USING SERIES EXPANSION
Pu V27PQ ' The large grids required to achieve converged results
where mean that using quadrature to produce a Wigner intracule

W(u,v) at a large number ofu,v) points can be a time-
consuming process. In the approach addfitétfor evaluat-
, ing the integrals required to generd®€u) and M(v), ex-
(3.14 pressions for integrals of higher angular momentum were
generated using a recursion relation and a set of fundamental
and erf is the error function. In the noncollinear case, wentegrals. However, the expression for the fundamental
have not yet been able to sum the series. However, this is n@Vigner integral Eq.(3.11 is much more complex than the
a major concern in practice because the differentitioi  analogous position or momentum integrals and depends on
Bessel functions and Legendre polynomials produces onlthe coordinates oA, B, C, andD in a number of terms. This
more Bessel functions and Legendre polynomials. results in a much larger set of higher-order fundamental in-

f{x+iy]= gexp(xz—yZ) erilx+ iy)i;erf(x_iY)
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tegrals that arise from differentiating, j, or P,. Conse- 27202y 26~ (RENUP+p2?) =

quently, differentiation of Eq(3.11) with respect to the co- [2]i;= R E (2n+1)
ordinates ofA, B, C, or D soon leads to cumbersome (a+0) (B +7) n=0
expressions. This is illustrated by considering a specific ex-

in(Pu)

ample, X (n+1) =5~ ~in-2(PW)|jn(7uv)
jn(Qu) P-Q
1 2a 2a X|(n+1) —Jjn_1(Qu) |P (—) (5.6
[PSSIu=ge |~ e (A, DL0] U (1), Qu IR
277_2u202e—(R+)\2u2+,u2v2) *
a Q a 1 o
_UaTéax[l]pL 5 PQ(25QX+P [2];i (@t 0% B+ )2 n§=:O (2n+1)
QP-Q) 26P (P Q) LG fn-1(PY)
-~ >[1] ] (5.1 X|(n+1)(n+2) (Pu)2 (2n+1) PU
P-Q
where +in-2(PU) |[jn(7uv)jn(Qu) P, PQ) (5.7
Integrals in whichP and/orQ are zero can more easily be
2 m2u2p2e~ (RTN2UZ+p2?) = evaluated through differentiation of E¢3.11) since this
[sssgw=[0]= (at 07 5+ 2 (2n+1) form leads to expressions for the integrals of higher angular
@ Bty n=0 momentum in which the limits aB and/orQ approach zero
P-Q are well defined. In these cases the infinite series truncates
Xin(Pwjna(nuv)jn(Qu)Py ( Q) (5.2 after at most five terms in thigo ppply instance. Again this
is illustrated with a specific example,
2y (RO ) = [pxssﬂw=i[ - 290 (A -D 0]+ 22 By,
[1]i= (at )74 B+ )2 > (2n+1) 2a( ato a0
n=0
o
in(Pu it 5P«
x| ()P (o) AL
- 2‘)“SQ )[1] ] (5.8
P S Pl :
X1n(Qu)Py ( 8) (5.3 at s
where
. 2m2u2p2e (R+N2u2+ p2v?)
Zﬂ_zuzvze—(mxzuh#zuz) 0 (P . y
[1],= TS BT nzo (2n+1) [0]= (@t )74 Bt )2 o(PWjo(Qu)joln U),(S ;
Kin(PU] () (n+ 1) 030 2rPutv%e (RO | Py
A nt7 Qu [1]i= (a+t 04 B+ )2 Pu Jo(Qu)jo(nuv),
)P (PQ) (5.4 %19
Q0P Rg ' . 2riuty’e RO AY P
L= 1%
j (at o) B+ )7 'O Qv Jo(7
2772 2 Ze (R+>\2u +u v) (PQ)Z (51])
1
o= o™ Q7 (PQ? 2 m2u2uPe- RN L (PU) 1(Qu)
- [1]P: (a+ 5)3/2(B+,y)3/2 Pu QU
X 2 n(2n+1)in(PU)jn(7uv)jn(Qu) X 3uvj (). (5.12
Q P-Q P-Q Evaluation of expression&.2)—(5.7) requires accurate de-
Q P/ i PQ (5.5 termination ofj,(x) for arbitrary n and x, andi,(x) for

arbitrary n and positivex. To evaluatej,(x) we have fol-

lowed the procedure described by Jablorf8Kkihis scheme
Expressions for integrals of higher angular momentum ar@ises three separate techniques, a series expansion, ascending
too long to reproduce here. However, they can be derived byecurrence, and descending recurrence, depending on the
further differentiation of Eq(5.1), which gives rise to further value of the argument. Modified spherical Bessel functions
fundamental integrals, for example, are evaluated using a series expansionxfarl0. For larger
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TABLE Il. Convergence of the HF/6-311G Wigner intracule for ethene |gr electron—electron interactions. For larger molecular
using the series expansigatomic unit3. systems, the peaks tend to merge into one. The ethene intra-
n W(L1) W(1.4) W(4.1) W(4.4) culc_a is QOm|nated by one pegk and fallslaway rapidly in the

u direction and more slowly in the direction.

0 0434783191 1.163162925 5563505283  1.206842534

2 1.397225005 2.263657056  7.906692389  1.680799415

4 1415070335 2264502081  7.952416400  1.790157095 V1. CONCLUSIONS
6

8

1415070336  2.264503427  7.952527375 1831258577 | .. " ation of molecular Wi .
1.415070336  2.264503426  7.952527682  1.843955779 n this paper, the computation ol molecular Wwigner in-

10 1.415070336 2.264503426 7.952527682 1.848012755 tracules for HF wave functions using Gaussian basis func-
12 1.415070336 2.264503426  7.952527682  1.849136612 tions has been described. Wigner intracules describe both the
14 1415070336  2.264503426  7.952527682  1.849347209 relative position and momentum of electrons and can play an

16 1415070336 2264503426 7952527682  1.84936941Limoorant role in the study of electron correlatfnNo
18 1415070336 2264503426  7.952527682  1.849370629 .\ o o . d be found for th
20 1415070336 2.264503426  7.952527682  1.849370666 oI'MPIE ClOSEd Torm expression could be found for the re-

30 1415070336  2.264503426  7.952527682  1.849370666 duired integrals and two numerical approaches to evaluating
the integrals have been described. The first approach em-
ploys Lebedev quadrature while the second expresses each
integral as an infinite series. These two approaches have been
X, exp(=x)iy(X) is determined using a procedure described inimplemented withinQ-cHEM for s and p basis functions.
detail elesewher&. Previous implementations to compute Very large quadrature grids are required to achieve con-
P(u)?® and M (v)®® follow Cioslowsk?? and locate the loop verged results, particularly Pu s large. Evaluating Wigner
overu or v points within the loop over shell-quartets. How- intracules using the approach based on an infinite series
ever, when computingV(u,v) for a system of only moderate Yields results that do converge rapidly. However, the greater
size, this arrangement requires large amounts of memory teimplicity of the quadrature scheme allows it to be extended
store all the integrals arising from eaal,¢) point. To over- much more readily to basis functions of higher angular mo-
come this, we have implemented an additional scheme imentum. We are currently exploring the summation of the
which theu andv loops are outside the shell-quartet loop. series to generate a simple closed form expression for the
Table Il shows the values &(u,v) for ethene. In these Wigner integrals.
calculations, the limits in the series expansion evaluation of
in(X) andj,(x) were set to 70. A similar pattern is observed ACKNOWLEDGMENTS
as when using quadrature. The poifisl) and (1,4) con-
verge rapidly, while the convergence of the poifdsl) and
(4,4) is slower. The origin of this slower convergence is
again largePu for which terms of highn make a significant
contribution to the integral. However, even in the case of th
(4,4) point, summation oh= 20 terms suffices to achieve ten
significant figures. Investigation of the convergence of other'R. G. Parr and W. YangDensity Functional Theory of Atoms and Mol-
points showed that typically all have converged with ,Sculesioxiord University Press, New York, 1989

. X °R. W. F. BaderAtoms in Molecules: A Quantum Thed®xford Univer-
=<20. For larger molecules, summation to higlmemay be sity Press, New York, 1990
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