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Early generation variety trials are very important in plant and tree breeding programs. Typically
many entries are tested, often with very little resources available. Unreplicated trials using control
plots are popular and it is common to repeat the trials at a number of locations. An alternative is to
use p-rep designs, where a proportion of the test entries are replicated at each location; this can
obviate the need for control plots. a-Designs are commonly used for replicated variety trials and we
show how these can be adapted to produce efficient p-rep designs.
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1 Introduction

Federer (1961) proposed augmented designs for trials were entries cannot be replicated, but controls
are available for local error control. The basic approach is to choose some replicated blocked design
for the controls and then to augment the blocks with unreplicated entries. Using a classical in-
complete block analysis of variance, the controls then allow for an estimate of error and compu-
tation of adjusted means correcting for incomplete block effects. Extensions have been proposed for
blocking in rows and columns (Federer et al., 1975; Federer, 2002; Williams and John, 2003). This
kind of design has the desirable feature that entries need not be replicated, but suffers from the fact
that a considerable proportion of plots may need to be devoted to controls.

An attractive alternative to the use of controls is to replicate a certain proportion of the entries of
interest for local error control. Recently, Smith et al. (2006) and Cullis et al. (2006) have proposed
such designs, which they denoted as partially replicated (p-rep) designs. These designs are parti-
cularly useful when trials are repeated across locations. When there are l locations, one can replicate
1/l-th of entries at a location such that each entry is tested with two replicates in one of the
l locations.

This paper considers a combination of both approaches. The key idea is to use Federer’s aug-
mented designs, replacing the controls with partially replicated entries. Thus, for each location
one identifies the subset of entries to be partially replicated on two plots each and determines a
resolvable incomplete block design with two replicates for this subset. The blocks of this design are
then augmented by the unreplicated entries.

For example, a breeder collaborating with the second author (Andres Gordillo, AgReliant
Genetics, personal communication) routinely performs trials evaluating the testcross performance
of doubled haploid lines derived from different biparental breeding crosses of maize within a
heterotic group, where the test crosses are made with testers from an opposite heterotic group. The
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number of entries per trial typically ranges between 100 and 150, and the trials are conducted at six
locations. So far, the trial design used at a location has been an unreplicated design with between 8.3
and 12.5% of plots allocated to check varieties. In order to save resources and improve its efficiency,
this breeder is now trying augmented p-rep designs for six locations with block size eight.

The main challenge in finding good augmented p-rep designs is how best to do the augmentation.
Care needs to be taken that the number of pairwise concurrences, i.e. the number of times two
entries concur (appear in the same block), remains as balanced as possible across pairs of entries.
We show how a-designs (John and Williams, 1995) can be adapted to produce p-rep designs where
at each location there is a two-replicate resolvable block design for a proportion of the entries and
overall pairs of entries concur no more than once.

2 Methods to construct augmented p-rep designs

2.1 Construction using a-designs

It will be assumed that a trial is to be replicated across several locations. The following notation will
be used:

v5No. of entries.
l5No. of locations.
m5Block size of the resolvable incomplete block design for the replicated entries.
s5Number of blocks per replicate at a location.
k 5The final size of incomplete blocks (including replicated entries).

Suppose we have an a-design with v5 k
0

s entries and r5 2l replicates where k
0

5 lm. This can be
generated from a k

0

� r a-array (John and Williams, 1995). The k
0

rows of the a-array generate k
0

s
subsets of the entries and at each location, m subsets will be duplicated.

Without loss of generality, we can assume that the first two columns of the a-array apply to
location 1, the next two for location 2 and so on. Furthermore, we will assume that the first m rows
of the a-array correspond to the subsets of entries to be duplicated at location 1, the next m for
location 2 and so on. By fixing these m� 2 rectangles down the diagonal direction of the a-array, we
can now drop out half of the remaining k –m elements from each column of the a-array. This leaves
an array with missing elements, which we call a partial a-array or p-a-array; we use this to generate
a p-rep design with block size

k ¼ ðl11Þm=2 ð1Þ

in a manner similar to the generation of a-designs (John and Williams, 1995).
Example 1. Consider an a-design for r5 4 replicates and v5 20 entries in incomplete blocks of

size k
0

5 4, i.e. s5 5. A reduced a-array (John and Williams, 1995, Section 4.4.2) is

(2)

This array generates the unrandomized a-design (John and Williams, 1995, Section 4.4.1) given in
Table 1.

We associate replicates 1 and 2 with location 1 and replicates 3 and 4 with location 2. Then to
duplicate entries 1–10 at location 1 and entries 11–20 at location 2 we fix the elements of (2) enclosed
in boxes. We then remove one element from the remaining two elements in each column of (2), e.g.
the numbers in bold, to give the p-rep design in Table 2.
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2.2 Choosing p-a-arrays

If possible we want to ensure that entries appear together within incomplete blocks at most once.
Designs with pairwise concurrences of zero or one are called (0,1)-designs. It is conjectured that for
fixed basic parameters, i.e. r, s, k

0

and m, designs that maximize the average efficiency factor, E of the
design will come from the class of (0,1)-designs (John and Williams, 1982). A necessary, though not
sufficient, condition for the existence of an a(0,1)-design is that k

0

rs (John and Williams, 1995,
Section 4.5). In the construction of p-rep designs, if we start with an a(0,1)-design, then any
resulting p-rep design will necessarily be a (0,1)-design. When k

0

rs the software package
CycDesigN (Whitaker et al., 2009) will usually generate an a(0,1)-design which can be used to
obtain a suitable p-rep design.

When k
0

4s the best we can do is start with an a(0,1,2)-design. Then more care is required when
removing elements from an a-array in order to achieve a p-rep (0,1)-design. An effective way of
proceeding is by calculating differences on the elements of the a-array as discussed by John and

Table 1 Unrandomized a-design for 20 entries in blocks of size 4.

Rep 1
1 2 3 4 5
6 7 8 9 10

11 12 13 14 15
16 17 18 19 20

Rep 2
1 2 3 4 5
7 8 9 10 6

13 14 15 11 12
19 20 16 17 18

Rep 3
1 2 3 4 5
8 9 10 6 7

15 11 12 13 14
17 18 19 20 16

Rep 4
1 2 3 4 5
9 10 6 7 8

12 13 14 15 11
20 16 17 18 19

Table 2 Unrandomized p-rep design for 20 entries in blocks of size 3.

Location 1
1 2 3 4 5 1 2 3 4 5
6 7 8 9 10 7 8 9 10 6

11 12 13 14 15 19 20 16 17 18

Location 2
1 2 3 4 5 9 10 6 7 8

15 11 12 13 14 12 13 14 15 11
17 18 19 20 16 20 16 17 18 19
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Williams (1995, Section 4.4.3). Essentially if a set of row (or column) differences (modulo s) contain
repeated elements then this results in pairwise concurrences of two in the design and we want to
eliminate these. The method is best described using an example.

Example 2. Consider the parameters k
0

5 4, s5 3, r5 4 and m5 2 leading to a design with v5 12
entries. From CycDesigN, we obtain the following a-array (written in a reduced form):

(3)

Since k
0

4s, this will generate an a(0,1,2)-design. As with (2), we will assume (without loss of
generality) the 2� 2 boxed elements down the diagonal are fixed and are the components of the
a-array that generate the two-replicate designs at each of the two locations. Taking differences with
columns (modulo 3) we have.

Whenever there is a number repeated in a column of the above difference table, this means that
there are pairs of entries that concur in blocks twice, i.e. there is a 2 in the concurrence matrix of the
starting a(0,1,2)-design. But by targeted deletion of elements in the a-array, it is usually possible to
eliminate repeat elements in the columns of the difference table and hence concurrences of two in the
resulting p-rep design. For example deleting the elements in bold in the a-array (3) will remove the
bolded elements in the difference array and so the p-rep design will be a (0,1)-design. Note that there
is no need to consider differences between columns 1 and 2 since we have assumed that the first two
columns relate to location 1; hence the only thing to ensure there is that elements are deleted evenly
over the non-boxed rows of the a-array. Similarly for columns 3 and 4.

The process of operating on differences within an a-array in order to generate a p-rep (0,1) design
can be easily automated. Note that for equal block sizes k there are some combinations of m and l
for which p-rep designs cannot be constructed as seen from Table 3. This is because from (1) either

Column 3�1 Column 4�1 Column 3�2 Column 4�2

0 0 0 0

1 0 2 1
1 2 1 2
2 1 1 0

Table 3 Augmented block size k for different values of l and m.

l k

m5 2 m5 3 m5 4 m5 5

2 3 � 6 �

3 4 6 8 10
4 5 � 10 �

5 6 9 12 15
6 7 � 14 �

7 8 12 16 20
8 9 � 18 �
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m has to be even or l needs to be odd. There is, however, no need for incomplete block sizes to be the
same in a p-rep design; block sizes differing by one plot are very common in variety trial design
(John and Williams, 1995, Section 4.9) and the same flexibility is possible with the construction of p-
rep designs.

2.3 Criteria of design optimality

We propose to assess efficiency E based on a linear model with main effects for blocks and entries

yij ¼ m1ti1bj1eij ; ð4Þ

where yij is the response of the i-th entry ( i5 1,2,y,v ) in the j-th block ( j5 1,2,y,2sl ) and error
terms eij are uncorrelated random variables each with mean zero and variance s2. The overall
efficiency factor is defined as

E ¼ ðv� 1Þ=
Xv�1

i¼1

e�1i

where ei (i5 1,y,v) are the canonical efficiency factors (John and Williams, 1995, p.31).
Notice that blocks in our design are split among several locations. Model (4) with main effects

only ignores entry–location interaction, which constitutes a simplification. If location is a random
factor, entry–location interaction is a random effect. If all entries were unreplicated for all entries in
all locations, the interaction variance would be completely confounded with error, so the approach
would be exact. With partial replication, the approach constitutes an approximation. A more
appropriate efficiency assessment would specify an a priori estimate of the ratio of error and
interaction variance and employ a model with effects for entries, locations, blocks within locations,
and interaction, taking all effects except interaction and error fixed. Here, we consider the case
where efficiency is based on a model with just main effects for blocks and entries. This has several
advantages: (i) there is no need to specify a priori values of variance components; (ii) there is no
need to specify a variance–covariance model for interaction (which might be complex; see Denis
et al., 1997, and Piepho, 1997, 1998); (iii) a computer search is much less demanding.

A further argument for setting interaction to zero at the design stage is as follows. When inter-
action is large relative to trial error variance then the design per location becomes less important
because standard errors of pairwise differences are dominated by the interaction variance, and
BLUE of entry means are essentially equivalent to simple means of adjusted means per trial.
Conversely, the design matters most when the interaction variance is small relative to the error
variance. Thus, we are optimizing the design for the worst-case scenario as regard the design
problem, which occurs when the interaction variance is negligible relative to the error variance. Of
course, when it comes to analysis of an experiment, we would add the interaction back and analyze
accordingly. Also, at the analysis stage, small interaction would constitute the best-case scenario.

Choice of a suitable p-rep design can be conducted as a two-stage process. First, an optimal or
near-optimal a-array is obtained for the desired parameters using, say CycDesigN. For k

0

4s this
will be an a(0,1,2)-array. In the second stage elements are dropped from the a-array in a way that
maximizes E for the final p-rep design. The optimization process can be carried out using updating
techniques on the information matrix of the design as described by John and Whitaker (2000),
because our design is binary. This second stage will be incorporated into the next version of
CycDesigN.

As discussed, the m� 2 rectangles down the diagonal direction of the a-array generate the re-
solvable two-replicate designs at each location. It is important to ensure that these designs are
connected (John and Williams, 1995, Section 1.8). A simple criterion for connectedness is that if an
m� 2 generating array is written in a reduced form, say
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0 0
0 a

1

0 a
2

0 ..
.

0 am�1

then at least one element ai should be co-prime with s, or co-prime with another element
aj (i, j5 1,2,y,m�1). It is usually possible to ensure that the two-replicate designs at each location
are connected since one can re-order rows and/or columns of an a-array to achieve this; such re-
ordering does not change the properties of the resulting a-design.

2.4 Construction using a2-designs for m even

John et al. (2002) introduced a2-designs, which are an extension of a-designs (John and Williams,
1995). An a2-design for v5 k�s� entries can be constructed from a k�� l array of 2-ples, where k�

and s� can be factored into components k�5 k1k2 and s�5 s1s2. In this section we assume that m is
an even number and k�5ml/2, where m and l are as defined earlier. The factorization required for
our purpose is k1 5ml/2, k2 5 1, s1 5 2 and s2 5 s. Details of the construction of a2-designs from an
a2-array are given by John et al. (2002). Here we will simply give an example.

Example 3. For k�5 3, s5 7, m5 2 and l5 3 the a2-array

13 06 16
16 00 01
00 05 16

ð5Þ

generates the (unrandomized) resolvable design in Table 4 for 42 entries in three replicates, each
with 14 incomplete blocks of size 3.

As with a-designs, the a2-array (5) can be used to assess the number of pairwise concurrences in
the generated design. An a2-array generates an a2(0,1)-design if the set of column differences,
modulo (s1,s2) in (5) are all different. For example, the difference between the first elements of
columns 1 and 2 in (5) is 0,6 – 1,3 5 1,3 modulo (2,7).

We now discuss how to augment the design in Table 4 so that it can be used as a p-rep design for
three locations. The a2-property of the design means that it is a simple matter to create a resolvable

Table 4 Unrandomized a2-design for 42 entries in blocks of size 3.

Rep 1
11 12 13 14 8 9 10 4 5 6 7 1 2 3
28 22 23 24 25 26 27 21 15 16 17 18 19 20
29 30 31 32 33 34 35 36 37 38 39 40 41 42

Rep 2
7 1 2 3 4 5 6 14 8 9 10 11 12 13

15 16 17 18 19 20 21 22 23 24 25 26 27 28
34 35 29 30 31 32 33 41 42 36 37 38 39 40

Rep 3
14 8 9 10 11 12 13 7 1 2 3 4 5 6
16 17 18 19 20 21 15 23 24 25 26 27 28 22
42 36 37 38 39 40 41 35 29 30 31 32 33 34

24 E. Williams et al.: Augmented p-rep designs

r 2010 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.biometrical-journal.com



two-replicate design at each location for subsets of entries. For example the design in Table 5 is a
possible (unrandomized) p-rep design.

This design can be generated by the augmented a2-array

1302 06 16
16 0012 01
00 05 1600

where we have augmented the diagonal elements of (5) with a new set of 2-ples. This new set has
been chosen so that:

(i) The first element of the 2-ple is different to the first element of the existing 2-ple.
(ii) The a2-array using the new set of diagonal elements generates an efficient a2(0,1)-design.
(iii) The resulting two-replicate design at each location is an efficient resolvable design for 2s

entries in blocks of size 2.

This method extends naturally to other even values of m, although it is unlikely that we would
want to use values of m greater than 4. The method, as presented, also requires s to be odd since it is
straightforward to show that the component two-replicate designs at each location will be dis-
connected when s is even. Connected designs for s even can, however, be generated by choosing
more than one set of 2-ples for each diagonal element of the a2-array.

3 Discussion

As with Federer’s augmented designs, analysis of augmented p-rep designs can be done by a
classical incomplete block model per location. This could be complemented by a spatial add-on
component (Piepho et al., 2008; Piepho and Williams, 2010). Our design approach ignores such
spatial error components, mainly because it is usually difficult to predict if addition of such com-
ponents will be needed, and if so, what choice should be made among various modeling options.
When such information is available, however, one may optimize the allocation of entries to plots
accordingly (Williams et al., 2006; Cullis et al., 2006; Butler et al., 2008). In the same vein, our

Table 5 Unrandomized p-rep design for 42 entries in blocks of size 4.

Location 1
3 4 5 6 7 1 2 10 11 12 13 14 8 9

11 12 13 14 8 9 10 4 5 6 7 1 2 3
28 22 23 24 25 26 27 21 15 16 17 18 19 20
29 30 31 32 33 34 35 36 37 38 39 40 41 42

Location 2
7 1 2 3 4 5 6 14 8 9 10 11 12 13

24 25 26 27 28 22 23 17 18 19 20 21 15 16
15 16 17 18 19 20 21 22 23 24 25 26 27 28
34 35 29 30 31 32 33 41 42 36 37 38 39 40

Location 3
14 8 9 10 11 12 13 7 1 2 3 4 5 6
16 17 18 19 20 21 15 23 24 25 26 27 28 22
29 30 31 32 33 34 35 36 37 38 39 40 41 42
42 36 37 38 39 40 41 35 29 30 31 32 33 34
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approach assumes a constant error term across environments. If heterogeneity is expected, and prior
information is available, one might consider a weighted analysis (Möhring and Piepho, 2009).

A very simple alternative way to generate an augmented p-rep design across locations is to
generate a two-replicate resolvable incomplete block design, such as an a-design, for replicated
entries at each location and then augment these successively in a one-by-one fashion with un-
replicated entries. It turns out, however, that by a naı̈ve one-by-one augmentation it is almost
unavoidable that concurrences greater than one occur. This will be the case even if the augmen-
tation is monitored so as to minimize the number of pairwise concurrences. Application of nu-
merical search strategies such as simulated annealing to explore different possible paths for one-by-
one augmentation could be tried, but we expect such strategies to be much more computationally
demanding than our proposed methods.

The construction method in this paper can easily be extended to allow for an unequal number of
repeated entries at each location. For example suppose mj is the block size of the repeated entries at
location j, Then for the method in Section 2.4

k� ¼
Xl

j¼1

mj=2

with final block sizes of kj ¼ k� þmj/2 ( j5 1,2,y, l ). Similar results exist for the method in Section
2.1 but some locations will have block sizes differing by one plot, which is usually not a problem
(John and Williams, 1995, Section 4.9).
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