
False Vacuum Decay in

Two-Higgs-Doublet Models Plus a

Scalar or Pseudoscalar

Rickson Wielian

A thesis submitted for the degree of

Bachelor of Philosophy (Honours) - Science at

The Australian National University

October 2024



Declaration

This thesis is an account of research undertaken between February 2024 and October

2024 at the Research School of Physics, The Australian National University, Can-

berra, Australia. Except where acknowledged in the customary manner, the material

presented in this thesis is, to the best of my knowledge, original and has not been

submitted in whole or part for a degree in any university.

Rickson Wielian

24 October 2024

i



Acknowledgments

First, I would like to thank my supervisors Dr. Giorgio Busoni, Navneet Krishnan,

and Prof. Cedric Simenel. Thank you to Giorgio for suggesting this research topic—it

has been a wonderful experience for me learning and researching quantum field

theory and particle physics. Thank you also for supporting me throughout this year,

especially for your thorough feedback in editing this thesis. To Nav, thank you for

your patience in answering all the quantum field theory and particle physics questions

I’ve had throughout this year. Even though I am not strictly your responsibility,

you have helped me greatly with this research project. Thank you too, for all the

fun conversations we’ve had in the Physics building, they have helped make this

year lighter. To Cedric, thank you for taking me under your wing and organising

our weekly meetings—especially since I am sure you weren’t expecting to have to

supervise another honours student this year. Thank you for helping me stay on track

to finish this honours project in time, and for your writing advice which has surely

helped shape this thesis. Thank you to Patrick for your proofreading efforts and your

detailed feedback. They were really helpful in editing this thesis.

I would also like to thank for everyone who has supported me growing up. Thank

you to mother and father, who have raised me and supported me to try my own path.

Thank you to ama, for your love, your kindness and your support too. I literally could

not have survived without any of you. Thank you also to my middle school maths

teacher Mr. Melchor, for helping me regain interest in maths after 7th grade. I would

not be here studying Physics without you. And finally, thank you to my brother,

Darren. You have helped cheer me up in moments of stress.

Finally, thank you to all my past and present friends, including those who are no

longer in contact with me. All of you have helped me understand myself better, and

all of you have been there for me through significant periods of my life. I could not be

my present self, here, without any of you.

ii



Abstract

The Two-Higgs Doublet Model (2HDM) is one of the simplest extensions to the

Standard Model of particle physics. Despite its simplicity, the 2HDM has the potential

to resolve several outstanding problems in high-energy physics, such as baryogenesis,

and the generation of neutrino masses. Additionally, its scalar and pseudoscalar

extensions 2HDM+s/a are among the most promising simplified models for dark

matter. These extensions are theoretically consistent, sufficiently generic to encompass

a broad range of theoretical scenarios, and are rich with new physics. However, as

with any quantum field theory, the 2HDM(+s/a) models have vast parameter spaces

which can only be constrained through observations.

In this thesis, I constrain the 2HDM(+s/a) parameter spaces with the observation

that our universe’s vacuum has not decayed in the past 1010 years. The analysis is

split into two parts. First, I analyse the behaviour of leading order vacua appearing

at field values of |ϕ| < 104 GeV. I find that in the 2HDM, when the new 2HDM

masses mH, mH± , mA are set to be large (≳ 800 GeV), no second vacuum is generated

at either tree-level or one-loop order. Second, I examine radiatively-induced vacua

appearing at |ϕ| ≳ 105 GeV. To do this, I extend Fubini’s instanton solution to multiple

fields, and calculate the leading order contribution to the tunneling rate. I find

that when the 2HDM masses are degenerate, a large fraction of the low tan β ≲ 3

region is excluded by false vacuum decay. In addition, as opposed to flavour and

electroweak constraints, mass degeneracies generically serve to destabilise the vacuum.

Consequently, I expect false vacuum decay constraints to work together with flavour

and electroweak constraints to efficiently rule out the 2HDM parameter space. As for

the 2HDM+s/a models, I found that in addition to the constraints on the 2HDM, large

dark matter Yukawa couplings yχ ≳ 0.8 are excluded by false vacuum decay.

Thus, this thesis provides a comprehensive study of constraints on the 2HDM(+s/a)

through false vacuum decay, and lays a foundation for future research on radiatively-

induced false vacuum decay in theories with extended scalar sectors.

iii



Contents

Acknowledgments ii

Abstract iii

1 Introduction 1

1.1 The Standard Model and Beyond . . . . . . . . . . . . . . . . . . . . . . . 1

1.2 Thesis Outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

1.3 Notations and Conventions . . . . . . . . . . . . . . . . . . . . . . . . . . 5

2 Background Theory and Related Works 6

2.1 Statistical and Quantum Field Theory . . . . . . . . . . . . . . . . . . . . 6

2.1.1 Basic Principles and Correlation Functions . . . . . . . . . . . . . 6

2.1.2 Renormalisation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

2.1.3 Effective Potentials . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

2.1.4 Tunneling Rate Calculations . . . . . . . . . . . . . . . . . . . . . 16

2.1.5 Higgs Mechanism . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

2.2 Stability Bounds in the Standard Model . . . . . . . . . . . . . . . . . . . 21

2.3 The Two-Higgs-Doublet Model . . . . . . . . . . . . . . . . . . . . . . . . 25

3 Nearby Vacua in the Two-Higgs-Doublet Model 28

3.1 Input Variables for the 2HDM . . . . . . . . . . . . . . . . . . . . . . . . . 28

3.2 Summary of Existing Constraints . . . . . . . . . . . . . . . . . . . . . . . 30

3.2.1 Theoretical Constraints . . . . . . . . . . . . . . . . . . . . . . . . 31

3.2.2 Experimental Constraints . . . . . . . . . . . . . . . . . . . . . . . 32

3.3 Analytical Results at Tree-Level . . . . . . . . . . . . . . . . . . . . . . . . 33

3.3.1 Nondegenerate Masses . . . . . . . . . . . . . . . . . . . . . . . . 35

3.3.2 Large tan β Limit . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

3.4 Choice of Renormalisation Scale in the MS Scheme . . . . . . . . . . . . 37

3.5 One-Loop Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

iv



LIST OF FIGURES v

3.5.1 Comparison of Improved and Unimproved potentials . . . . . . 42

3.5.2 Absolute Stability Bounds . . . . . . . . . . . . . . . . . . . . . . . 44

4 Renormalisation-Induced Vacua and Metastability Constraints 48

4.1 Bounces in the Two-Higgs-Doublet Model . . . . . . . . . . . . . . . . . 48

4.2 Validity of the Single-Scale Improvement . . . . . . . . . . . . . . . . . . 54

4.3 Landau Pole Constraints . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

4.4 Stability Constraints Results . . . . . . . . . . . . . . . . . . . . . . . . . . 57

5 Generalisation to Scalar and Pseudoscalar Extensions 64

5.1 Input Variables in the 2HDM+s/a . . . . . . . . . . . . . . . . . . . . . . 64

5.2 Summary of Existing Constraints on the 2HDM+s/a . . . . . . . . . . . 67

5.3 Radial Bounces in the 2HDM+s/a . . . . . . . . . . . . . . . . . . . . . . 68

5.4 Results for the 2HDM+s/a . . . . . . . . . . . . . . . . . . . . . . . . . . 69

6 Discussions and Conclusion 77

6.1 Summary and Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

6.2 Future Work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79

A Appendix 81

A.1 Analytical Change of Variables for the 2HDM+s . . . . . . . . . . . . . . 81

List of Figures

2.1 Standard Model effective potential. . . . . . . . . . . . . . . . . . . . . . . 23

2.2 Vacuum stability bounds in the standard model. . . . . . . . . . . . . . . 24

3.1 Comparison of typical 2HDM tree-level and one-loop nonimproved and

improved potentials. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

3.2 Comparison of 2HDM effective potentials at tree-level, one loop calcu-

lated at µ0, and one-loop calculated at µ̄ in (3.22). . . . . . . . . . . . . . 42

3.3 Average relative corrections from the unimproved one-loop calculations

and the RG-improvement procedure. . . . . . . . . . . . . . . . . . . . . 44



LIST OF TABLES vi

3.4 Parameter scans of 2HDM summarising the one-loop absolute stability

results, as well as the tree-level stability results. . . . . . . . . . . . . . . 46

3.5 Same as figure 3.4 but with different λ1 . . . . . . . . . . . . . . . . . . . 47

4.1 Poincare section of the auxiliary Hamiltonian system. . . . . . . . . . . . 50

4.2 Comparison of minimal and nonminimal bounces. . . . . . . . . . . . . 52

4.3 The renormalisation scale ΛL at which the 2HDM encounters a Landau

pole. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

4.4 Stability bounds computed with tree-level inputs, and estimated one-

loop correction. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

4.5 Uncertainty estimates for the region excluded by instability ΓTX > 1. . . 59

4.6 Stability bounds in the tan β× cos(α− β) and λ1 × cos(α− β) planes

after one iteration of Newton’s method (4.13). . . . . . . . . . . . . . . . 60

4.7 Stability bounds in the mA−mH ×m±H −mH and tan(β)×mH∗,A planes

after one iteration of Newton’s method (4.13). . . . . . . . . . . . . . . . 62

4.8 Parameter scan of the renormalisation scale ΛI at which the vacuum

becomes non-metastable. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

5.1 Relative importance of different radial bounces in the 2HDM+s/a . . . 69

5.2 Effect of metastability constraints on the 2HDM+a parameter space. . . 71

5.3 Effect of metastability constraints on the 2HDM+s parameter space. . . 72

5.4 Correlation strengths of the effect of metastability constraints on each

pair of input variables. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74

5.5 Parameter scan in the 2HDM+a model. . . . . . . . . . . . . . . . . . . . 75

5.6 Parameter scan in the 2HDM+s model. . . . . . . . . . . . . . . . . . . . 76

List of Tables

2.1 Summary of the different types of Yukawa (Higgs-fermion) interaction

assignments in the 2HDM, which prevents flavour-changing neutral

currents (FCNCs) at leading order. The doublet Φi in each column

denotes the doublet which interacts with each fermion family. . . . . . 26



LIST OF TABLES vii

2.2 Summary of the different types of vacua which can occur in the 2HDM.

Empty cells indicates no constraint on the field. For the α and θ columns,

zeroes indicate that the corresponding parameter is fixed to zero. . . . 27

4.1 Summary of the different radial (straight-line) bounce solutions present

in the 2HDM. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

5.1 Summary of the different radial bounce solutions present in the 2HDM+s/a. 68



Chapter 1

Introduction

1.1 The Standard Model and Beyond

The Standard Model (SM) of particle physics is currently the most successful theory

of fundamental particles in high-energy physics. For example, measurements of

magnetic dipole moments of the electron and muon have agreed with SM predictions

to over 6 significant figures. Measurements of meson decay rates have also agreed

with Standard Model predictions to 4 significant figures [1, 2]. In addition, the SM

has even predicted the existence of whole new particles such as the charm [3] and top

[4, 5] quarks, as well as the W [6, 7], Z [8, 9], and Higgs [10, 11] bosons. However, even

with all these successes, the SM is not without fault. The most significant limitations

of the SM are:

1. The SM has no candidate for dark matter (DM). All the particles within the SM are

either too strongly interacting, or too light to be dark matter candidates [12].

2. The SM does not predict the observed baryon matter-antimatter asymmetry in the

universe. This is because the SM does not sufficiently violate a symmetry called

‘CP symmetry’ [13, 14], and the SM cannot support a strong first-order phase

transition with the measured Higgs boson mass [14, 15].

3. The SM has no mechanism to generate neutrino masses. Though we are sure from

neutrino oscillation observations that neutrinos must have nonzero masses [16].

These discrepancies between the SM and observations strongly suggest that the

Standard Model must be modified somehow. Given the previous successes of quantum

field theory (QFT), as well as field theory’s general effectiveness at describing low

energy phenomena (as will be discussed in 2), it is of course reasonable to modify the

SM within the framework of QFT. This led to the proposals of various ‘complete’ QFTs

which generalise the SM by adding new particles, such as the ‘Minimal Supersymmet-

ric Standard Model [17]’ and the ‘Little Higgs Model [18]’. However, these models

1



§1.1 The Standard Model and Beyond 2

suffer from introducing too many new particles and free parameters1. This means their

parameter spaces are too large to probe with current experimental capabilities [19].

As such, focus has recently shifted to so-called ‘simplified’ models, introducing only

a few new particles which we may directly probe through experiment. In addition,

various complete models may reduce to the same simplified model2, so simplified

models have the additional advantage of being able to describe a broader range of

theoretical scenarios [19]. The drawback is that simplified models will miss some

features of the more complete models; however, these features are expected to only

appear at higher energies. As such, they are less relevant to present and near-future

experiments.

My project focuses on a simplified model known as the ‘Two-Higgs-Doublet Model

(2HDM) Plus a Scalar or Pseudoscalar (+s/a)’. The 2HDM is well-motivated as it

may provide the foundation for more complete models which solve all three of the

problems with the SM listed above:

1. In the 1980s, Silveira and Zee showed that DM-SM interactions mediated by the

Higgs boson are naturally suppressed, as compared to interactions mediated

by the other bosons [20]. Models which exploit this fact are now known as

Higgs dark matter portal models. However, the parameter space for a single-

Higgs portal has mostly been excluded from collider measurements of Higgs

boson production and decay [21, 22], as well as from astrophysical signals

[22]. This motivated the investigation of the next-to-minimal scenario of a two-

Higgs dark matter portal. However, to consistently realise a dark matter portal

with two Higgs doublets requires the introduction of an extra scalar [23] or

pseudoscalar [24] particle. This is the motivation behind the 2HDM+s/a model

under consideration in this Honours project.

2. As we will see in chapter 2, the 2HDM supports extra sources of CP-symmetry

breaking. This means, depending on which region of 2HDM parameter space

experiments favour, it is possible the 2HDM will have enough CP-breaking to

explain the observed baryon matter-antimatter asymmetry.

3. The 2HDM also forms the basis of several models for neutrino mass generation.
1For example, the Minimal Supersymmetric Standard Model contains over 100 free parameters.
2As an example, the MSSM requires two Higgs doublets. So the MSSM reduces to the 2HDM.
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This includes the well-known scotogenic model [25] which may describe both

neutrino masses and dark matter, as well as models where small ‘Dirac’3 masses

are generated due to a symmetry [26].

It is important to note, however, that the 2HDM is not the unique model which can

solve these issues with the SM. Another example of a simplified dark matter model

is the ‘dark photon’ model, which posits that DM particles may interact with other

DM particles through a dark version of the electromagnetic force. The dark version of

the photon would then generically mix with the SM photon, providing a possibility

for DM-SM interactions through this dark photon [27]. In addition, CP-violation is

a rather generic feature of SM extensions. This is because CP-violation can roughly

be understood as a nonzero complex phase appearing in the model, which cannot be

removed by symmetry transformations. However, for spontaneous CP-violation or a

strong first-order phase transition to occur, extensions to the scalar sector of the SM

are required. Since the 2HDM is one of the simplest extensions to the Higgs sector of

the SM, it remains a well motivated candidate model for baryogenesis. Finally, the

currently most popular theory for neutrino mass generation is the ‘seesaw’ mechanism,

which proposes the existence of heavy right-handed neutrinos [28]. The heaviness of

these right-handed neutrinos simultaneously explains why we haven’t observed them,

as well as why observed neutrino masses are so small.

All in all, it remains that the 2HDM is one of the minimal modifications to the Stan-

dard Model which can potentially solve the problems with the SM enumerated above.

As such, it is important that we take it seriously and check it against experiments. In

particle physics phenomenology, we do this by excluding the regions in parameter

space which are ruled out by experiment. This is usually a daunting task since even

minimal modifications to the SM can introduce around ∼ 3 to 10 new free parameters

into the model. As we will see in section 3.1, the 2HDM is no exception, and introduces

6 new free parameters. This means that phenomenologists must essentially rule out

all of this 6 dimensional space, to effectively rule out the two-Higgs scenario. The

focus of this thesis is to rule out regions in parameter space, based on the fact that

we have not observed a process called ‘false vacuum decay’. As we will see more

explicitly in section 2.2, this strategy is very effective in the SM, as it produces the

3Dirac mass is a mass term which mix left and right handed fermions.
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most stringent theoretical lower bound on the Higgs boson mass [29], before the LHC

confirmed its existence in 2012 [10, 11]. So we expect that this strategy should be

similarly effective in the 2HDM. However, to the best of our knowledge there has not

been a comprehensive analysis of false vacuum decay in the 2HDM. Previous studies

have only focused on either false vacuum decay for the creation of baryons [30, 31], or

only focus on a specific case that is most analogous to the Standard Model [32]. In

particular, all these studies only focus on a subset of possible decay channels.

The main objective of this Honours project is thus to obtain a comprehensive

set of constraints on the 2HDM+s/a models due to false vacuum decay. As one

would expect, the constraints produced in this project will rule out a large portion of

parameter space, so that future efforts can be directed to only the regions allowed by

false vacuum decay. On the other hand, on the off-chance that experiments confirm a

2HDM that is marked unstable in this study, the results in this thesis imply that new

physics must appear at much lower energies (≲ 108 GeV) than previous theoretical

upper bounds (≲ 1016 GeV.) Thus, I expect that these constraints will inform future

phenomenological and experimental work on the 2HDM.

1.2 Thesis Outline

The structure of this thesis is as follows:

Chapter 2: Background Theory and Related Works. Here, I begin by introducing

quantum field theory, the notion of a vacuum, and the Callan-Coleman method for

calculating tunneling rates between vacua. I then review how this Callan-Coleman

method is applied to the Standard Model, and outline how the 2HDM differs from the

Standard Model.

Chapter 3: Nearby Vacua in the Two-Higgs-Doublet-Model. This chapter marks the

start of my own work. Here, I begin by reviewing how to translate the free parameters

in the 2HDM to more physically meaningful quantities. I then briefly review the

present state of theoretical and experimental bounds on the 2HDM. With these bounds

in mind, I show that the presence of nearby vacua are increasingly disfavoured by

experiments in the 2HDM.

Chapter 4: Renormalisation-Induced Vacua and Metastability Constraints. I finally
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apply the Callan-Coleman method to calculate tunneling rates in the 2HDM. The

generalisation from the single-field to the multi-field case comes with a few difficulties.

However, I show here that the difficulties miraculously do not matter, as the leading-

order solutions can be obtained exactly in much the same way as the single-field

case. Armed with these solutions, I performed the, to the best of our knowledge, first

comprehensive study of metastability in the 2HDM.

Chapter 5: Generalisation to Scalar and Pseudoscalar Extensions. I adapt the procedure

developed in the previous chapters to the 2HDM+s/a models. This chapter provides

an example of how easily the results of Chapter 4 generalises to other models.

I then conclude with a discussion of how the results in this thesis inform our

expectation of future experiments, and what the physical implications of various

potential experimental results would be. Then, I will summarise some of the many

possible future directions one can take with this research.

1.3 Notations and Conventions

• Units. Unless otherwise stated, I use c = h̄ = 1. This way, all quantities have

units of [energy]q for some rational number q. For reference, position and time

have units of [energy]−1. The standard unit of energy in this thesis will be GeV.

Where c and h̄ are made explicit, they are generally for pedagogical purposes, or

to keep track of terms in semiclassical expansions.

• n-loop and (next-to)n-leading order and NnLO. Throughout this thesis I will use all of

these terms interchangeably. In perturbative quantum field theory, leading-order

contributions are generally referred as ‘tree-level’ contributions, and (next-to)n-

leading order (NnLO) contributions are referred as ‘n-loop’ contributions4.

• Approximate order symbols. I use the symbols ≲ and ≳ throughout this thesis. The

statement a ≲ b should be understood as the statement a≪ b or a ∼ b.

• Coordinate planes. To resolve any potential ambiguities, coordinate planes are

named with the following template: ‘□×□’. As an example, the xy-plane is

now denoted the x× y plane.
4I have assumed that the tree-level contribution is nonzero, and thus ‘leading-order’. This is true for

this thesis but may not apply in other contexts.



Chapter 2

Background Theory and Related Works

2.1 Statistical and Quantum Field Theory

In this section I will begin by discussing the basics of field theory in sections 2.1.1

and 2.1.2. Most of this will initially be done within the perspective of statistical field

theory but the results can be bridged over to quantum field theory with ease. I will

then transition to purely discussing quantum field theory from the middle of section

2.1.3 onwards, where the statistical approach becomes less intuitively useful.

Note that this section involves a lot of equations. As such, the key equations which

will be relevant to future chapters are boxed. The unboxed equations contain mostly

steps in derivations, or definitions of symbols used in key equations.

2.1.1 Basic Principles and Correlation Functions

Fields are generically obtained as moving averages of physical quantities of underlying systems.

Intuitive examples of fields include the local magnetisation of a ferromagnet or the local density

of a fluid. Physical observables can then be obtained from these fields through correlation

functions. This intuition holds true for both quantum and statistical field theories.

While it is certainly possible to introduce field theory from purely the quantum

perspective, I believe it is more intuitive and pedagogical to begin with a statistical

approach, where the underlying physical systems are easier to picture. This does not

come at much cost, since statistical field theory (SFT) and QFT are intrinsically related.

Indeed, as we will see, there is a mathematical equivalence between the classical SFT

in d dimensions and the QFT in d− 1 spatial dimensions.

Let us begin with an example. We would like to describe first a ferromagnet. To

do that, we will model the ferromagnet as a 2D square lattice of spins Sij. In statistical

6
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mechanics, we describe such a lattice with a Hamiltonian like the following:

H = ∑
ij

B · Sij︸ ︷︷ ︸
onsite energy

+ ∑
i,j,k,l

f (i− k, j− l)Sij · Skl︸ ︷︷ ︸
2-body interactions

+ · · · . (2.1)

Here, B is the external magnetic field, f is the distance-dependent coupling between

the spins, and the dots signify that there might be higher order contributions to the

Hamiltonian. However, Hamiltonians like this are impossible to solve analytically

outside of toy model situations, like where only nearest-neighbour interactions are

allowed [33, 34]. It remains however that we know of phenomena like phase transitions

which persist even when these simplifying assumptions are broken. This is one of

the original motivations behind studying SFT: To obtain a framework that captures

phenomena which are independent of the minute details in the system.

To obtain a field theory, we define our field by taking an average of spins within

some radius R much larger than the lattice spacing a:

ϕ(x, y) =
1
N ∑

(x−ai)2+(y−aj)2≤R2

Sij. (2.2)

Here, N is the number of spins within the radius R.

The most general Hamiltonian to describe our system then becomes

H =
∫

d2x
[

Jϕ + Kϕ2 + Lϕ3 + · · ·
]

︸ ︷︷ ︸
onsite energy

+
[

A∂µϕ∂µϕ + B(∂µ∂µϕ)2 + · · ·
]

︸ ︷︷ ︸
local interactions

≡
∫

d2xH.

(2.3)

where the capital letters are constants to be chosen. Here, we have also defined

the Landau energy density functional H. To interpret the Hamiltonian above, the

first square bracket includes terms that are only dependent on the field at a certain

location. This should be understood to be the energy cost of the field to take on a

certain independent value. Derivative terms on the other hand compare field values at
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adjacent points, due to the finite difference

∂ϕ =
ϕ(x + ϵ)− ϕ(x− ϵ)

2ϵ
+ O(ϵ2)

∂nϕ =
1
ϵn

n−⌊n/2⌋

∑
k=−⌊n/2⌋

(
n

k + ⌊n/2⌋

)
ϕ(x + kϵ) + O(ϵ) (2.4)

Indeed if we take the finite difference parameter ϵ on the order of the lattice spacing

a, we see that in general then 2Nth derivative term approximately corresponds to

N-nearest neighbour interactions.

Equipped with a Hamiltonian, we follow the usual procedure in statistical mechan-

ics of writing down the partition function

Z = ∑
all microstates i

e−βHi = N
∫
Dϕ exp

(
−β

∫
d2xH

)
. (2.5)

Here we have defined
∫
Dϕ to be the sum over all possible field configurations

ϕ and N is a normalisation constant. We may now see the connection between SFT

and QFT. In quantum field theory, the energy density H is instead replaced by the

Lagrangian density L and the −β factor is instead replaced by 1
h̄ . In addition, a

spatial dimension must be substituted for a timelike dimension so we must perform

a ‘Wick rotation’ (x1, x2, · · · , xd) 7→ (it, x1, · · · , xd−1). This Wick rotation will give us

the factor of i appearing in (2.6). Performing these substitutions yields the Feynman

path integral formalism for a quantum field theory:

Z = N
∫
Dϕ exp

(
i
h̄

∫
d2xL

)
. (2.6)

As a result, the mathematical operations are the same in both QFT and SFT. It should

be noted that the equivalence between QFT and SFT makes the success of QFTs

intuitively clear: No matter what the underlying theory of everything could be, if we

zoom out from the details and average over a large enough region, we will obtain a

quantum field theory1. As we will see our intuition from classical statistical mechanics

can often be imported into quantum field theory this way.

Continuing with SFT, all physical observables are then obtained from the partition

1Up to topological considerations which aren’t important in this thesis.
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function as usual by means of log derivatives. For example, the total magnetisation

can be obtained via

⟨ϕ⟩ = 1
Z ∑ ϕe−βH = − 1

β

∂ ln Z
∂J

. (2.7)

In general, all observables in SFT (and similarly in QFT) are obtainable through n-point

correlation functions (or Green’s functions) which take the form

⟨ϕ(x1) · · · ϕ(xn)⟩ =
(−1)n

βnZ
δnZ[J]

δJ(x1)δ · · · J(xn)
, Z[J] =

∫
Dϕe−β

∫
ddx(H−J(x)·ϕ(x)). (2.8)

In SFT the interpretation of this is rather straightforward: The correlation functions

includes all the statistical correlations between spins of different distances, and encodes

the response of the spin density ϕ under local changes in the external field J. In QFT

the importance of these Green’s functions is a little more obfuscated. But, it can be

summarised by the Lehmann–Symanzik–Zimmermann (LSZ) reduction formula (2.9),

which connects scattering amplitudes to Green’s functions [35].

⟨p1 · · · pn| S |k1 · · · km⟩
[

n

∏
i=1

√
Zi

p2
i −m2 + iϵ

] [
m

∏
i=1

√
Zi

k2
i −m2 + iϵ

]

=
m

∏
i=1

∫
ddxeipixi

n

∏
i=1

∫
ddye−ikiyi⟨ϕ(x1) · · · ϕ(xn)ϕ(y1) · · · ϕ(ym)⟩. (2.9)

Here, d is the spacetime dimension2, pi are the outgoing particle momenta, ki are

ingoing particle momenta, S is the scattering matrix, and Z is an unimportant renor-

malisation factor. The important factors for the present discussion are highlighted in

blue. The LSZ reduction formula tells us that all observables from m→ n scattering

experiments are thus obtainable from the m + n-point correlation functions.

2.1.2 Renormalisation

The process of obtaining a field theory from an underlying system is many-to-one. Renormali-

sation is a process of connecting these different quantum field theories which describe the same

underlying system.

Let us now go back to our averaging technique to define the field ϕ. In principle,

2In the above examples, d = 2. Usually in particle physics, we set d = 4.
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we could have chosen a different averaging radius R̃ and that would give us a

different field ϕ̃. However, we must now also change the parameters of the theory

(J, K, L, A, B) 7→ ( J̃, K̃, L̃, Ã, B̃) so that the SFT Hamiltonian (2.3) best approximates

the lattice Hamiltonian (2.1) with our new averaging region. A straightforward

way of recovering a theory with larger averaging radius R̃ > R is to integrate out

the fluctuations operating on length scales in the intermediate region [R, R̃], and

reabsorb the integrated results into the free parameters J, K, L, · · · . This line of

reasoning will recover the Kadanoff-Wilson renormalisation group approach, which

systematically connects theories with different averaging radii [34]. However, this

Kadanoff-Wilson method is computationally intractable for QFTs as it breaks Lorentz

and gauge symmetries [36]. Care must then be taken to ensure that the final results

are Lorentz and gauge invariant. So, we will instead discuss a shortcut which will

make QFT calculations easier. Since these SFTs obtained from different averaging radii

describe the same underlying system, they should produce identical predictions3. This

means that the n-point correlation functions G(n) should not change between the two

theories:

G(n)({J, K, L, · · · }, ϕ, R) = G(n)({ J̃, K̃, L̃, · · · }, ϕ̃, R̃) (2.10)

If this relation were to hold for all R, then the derivative of G(n) with respect to R must

be zero. This, along with the multivariable chain rule, gives us the Callan-Symanzik

equation:

dG(n)

d ln µ
=

(
∂

∂ ln µ
+ ∑

i

dλi

d ln µ

∂

∂λi
+

d ln ϕ

d ln µ

∂

∂ ln ϕ

)
G(n) = 0 (2.11)

where in this case µ = a/R, λi are the parameters of the model (e.g. J, K, L · · · from

the spin example) and G(n) are the n-point correlation functions. The definition of µ

and the choice of logarithms is just convention. The connection between the Kadanoff-

Wilson approach and the Callan-Symanzik equation approach is subtle but they both

agree at length scales much greater than R≫ a [37], so that there are no theoretical

3At this stage, this is a small leap in logic, since in principle we may expect that the act of averaging
out the spins may produce a small nonzero R-dependent error. This subtlety will not be relevant for
our purposes.
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uncertainties.

For a quantum field theory the scale µ is instead the energy scale at which pa-

rameters are determined by experiment4. But the statement of the Callan-Symanzik

equation is fundamentally the same: There is a continuum of equivalent QFTs, with

different couplings λ(µ) and fields ϕ(µ), which produce the same predictions G(n).

And just like in SFT, in QFT, this Callan-Symanzik equation approach is accurate

as long as the experimental energy scales are much smaller than the cutoff scale Λ,

defined as the scale at which new physics emerge5 [37, 38].

Another point of note, is that in the standard model, and the 2HDM(+s/a), we

often take the cutoff scale Λ to be very large Λ ≫ µ. Using the Kadanoff-Wilson

approach we can show that the parameters evolve approximately as6 [34, 36]

λ(µ) ≈ λ(Λ)
( µ

Λ

)−[λ]
(2.12)

where [λ] is the energy dimension of the parameter. So for parameters λ with [λ] < 0,

the value of the parameter at lower energy λ(µ) is insensitive to what we set λ(Λ) to

be at higher energies. This means we may obtain an approximate low energy theory

by neglecting all parameters λ with [λ] < 0. Such theories, where parameters of

negative energy dimension are set to zero, are called perturbatively renormalisable

theories. In spacetime dimension 4, the only renormalisable derivative terms are of

the form ∂µϕ∂µϕ. This way, the QFT Lagrangian can often be split into the form

L = ∂µϕ∂µϕ−V(ϕ). Here, the derivative term can be interpreted as a kinetic energy

term, and the V term can be interpreted as a potential energy term. We will only

consider such renormalisable theories in this thesis.

Usually in the literature, the partial derivative of the parameters are called beta

functions β and the partial derivative of the fields are called the anomalous dimensions

γ. Explicitly,

βλi :=
dλi

d ln µ
, γϕ :=

d ln ϕ

d ln µ
. (2.13)

4As an example. A measurement of a 2→2 scattering amplitude with centre-of-mass energy 100 GeV
would fix one of the λi(µ) at a scale µ ≈ 100 GeV.

5This can be in the form of another QFT, a fundamental theory of quantum gravity, or etc.
6For simplicity, I assume that λ(Λ) is close to the ‘Gaussian fixed point’, which is often assumed

for perturbative QFTs. For a more complete treatment of the connection between Kadanoff-Wilson
renormalisation and perturbative renormalisability of QFTs, see [39].
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In practice, these β and γ functions are calculated by computing the G(n) through

perturbation theory, computing its explicit dependence on µ, and imposing (2.11)

order by order in perturbation theory. This then tells us how λi and ϕ depend on the

energy scale µ.

2.1.3 Effective Potentials

In the absence of outside sources, quantum and statistical systems naturally tend to minimise

their free energy. In this subsection, I outline the derivation for computing the NLO expression

(2.20) and (2.24) for the free energy. These formulas will be used all throughout this thesis.

In this honours project I am interested in calculating the most energetically favoured

field configurations in the 2HDM(+s/a). To build up the tools to do this, let us ask

the analogous question in SFT: What field configurations are energetically favoured at

finite temperature?

From statistical mechanics we know that the relevant quantity to answer such a

question is the Gibbs free energy. To construct it in field theory, we first write the

Helmholtz free energy −βF = ln Z and take the Legendre transform [34]

G = F−
∫

ddx ⟨ϕ(x)⟩J(x) = F−
∫

ddx ϕcl(x)J(x). (2.14)

Here, in the last equality we have made the definition ϕcl(x) = ⟨ϕ(x)⟩ as is commonly

done in the literature [36, 40]. The subscript here is an abbreviation of ‘classical’.

Though, please don’t take this ‘classical’ label too seriously. Now, taking the functional

derivative,

δG
δϕcl(x)

=
∫

ddy
δJ(y)

δϕcl(x)
δF

δJ(y)
− δJ(y)

δϕcl(x)
ϕcl(y)− J(x) = −J(x). (2.15)

where in the first equality we use the functional chain rule, and in the second equality

we use the fact that δF
δJ(x) = ϕcl(x) as we saw in (2.8) [36]. This equation (2.15) shows

that in the absence of external fields J = 0, the favoured field configurations ϕcl are

ones which make G[ϕcl] stationary.

Since G is an extensive7 quantity, it is often more convenient to take out the

7As defined in statistical mechanics. G scales proportionally to the system volume.
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extensive factor and define Veff =
1
Ld G where Ld is the volume of the sample, or in the

case of QFT, the extent of spacetime. This Veff is known as the effective potential.

To compute the effective potential perturbatively, it is convenient to use the back-

ground field method [36]. We expand the field around ϕcl to get ϕ = ϕcl + η. Neglect-

ing terms O(η3) that contribute at NNLO, the path integral then becomes

Z[J] =
∫
Dη exp

{
−β

(
[H[ϕcl] + Jϕcl] +

[
δH

δϕ(x)

∣∣∣∣
ϕcl

+ J

]
η(x) +

δ2H
δϕ(x)δϕ(y)

∣∣∣∣
ϕcl

η(x)η(y)

)}
(2.16)

For clarity, I have used a generalised Einstein summation convention where repeated

function arguments x and y are integrated over. The first derivative term vanishes if

we choose J so that ϕcl satisfies δH
δϕ

∣∣∣
ϕcl

+ J = 0, the classical equation of motion8. Then,

performing the gaussian path integral over η, we obtain

Z[J] =

[
β det

(
δ2H

δϕ(x)δϕ(y)

∣∣∣∣
ϕcl

)]−1/2

e−β(H(ϕcl)+Jϕcl) (2.17)

Going through the Legendre transformations then gives us

G =
∫

ddx

(
H+

1
2β

ln det

[
δ2H

δϕ(x)δϕ(y)

∣∣∣∣
ϕcl

])
+ constant (2.18)

Here, the constant is irrelevant to the physics, since only differences in the free

energy have any physical meaning. To translate to QFT language, we need to only

replace β → i/h̄ and H → L. Now splitting the QFT Lagrangian in the form

L = ∂µϕ∂µϕ−V(ϕ) we may obtain an expression for the QFT effective potential9 [36]:

Veff = V(ϕ)− i
2Ld ln det

[
∂2 +

∂2V
∂ϕ∂ϕ

]
= V(ϕ)− i

2

∫ ddk
(2π)d ln

[
−k2 +

∂2V
∂ϕ∂ϕ

]
. (2.19)

To go from the first line to the second line, we have used the fact that ln det = Tr ln

8This choice will not matter since G is independent of J.
9Since we are ultimately interested in the lowest energy field configurations, I will do what is

commonly done in the literature and assume ϕcl is constant in space. This is because any variations in
the field will come at a nonzero energy cost from the ∂µϕ∂µϕ term.
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is the sum of log of eigenvalues of the operator ∂2 + ∂2
ϕV. This operator is then

diagonalised by going to momentum space. This method can be repeated for any

types of fields and the integral in (2.19) can be analytically computed to yield the

Coleman-Weinberg formula for the one-loop (NLO) contribution to the effective

potential (2.20) [41].

V(1)
eff (ϕ, λ, µ) =

1
64π2 ∑

particles i
(−1)2si nim4

i (ϕ)

[
ln

(
m2

i (ϕ)

µ2

)
+ ci

]
+ Ω(µ). (2.20)

Here, si is the particle spin, ni denotes the multiplicity of the particle10 and ci is

a constant which depends on the particle and the renormalisation scheme. For

dimensional regularisation in the MS scheme, which is what we will use in this thesis,

the values are ci = 3/2 for scalars and fermions and ci = 5/6 for vector bosons [42].

The Ω(µ) term is due to the fact that the physics should be independent under constant

shifts of the Gibbs free energy, so in principle we are free to set this to whatever we

desire. However, for calculations it is convenient11 take Ω(µ) = −V(1)
eff (ϕ = 0, µ). Also

in this equation, mi are the eigenvalues of the Hessian

m2
i (ϕ) = Eigvali

(
∂2L

∂ϕ∂ϕ

)
(2.21)

Note that this way of solving for the effective potential generates logarithm factors

like ln(m2
i /µ2). The n-loop contribution reads as

V(n)
eff ∝ ∑

{ni}
Vn1,··· ,nk Ln1

1 Ln2
2 · · · L

nk
k , Li = ln(m2

i /µ2) (2.22)

where here ∑i ni ≤ n and Vn1,··· ,nk are the coefficients of the expansion. If at any field

point ϕ there is only one relevant energy scale m2
i ∼ M(ϕ)2 then we can always choose

µ = M(ϕ) to keep the logarithms small. This choice generates the renormalisation-

10In more precise terms it is the real dimension of the representation in which the particle lives, ex-
cluding Poincare symmetry. (Spin multiplicity is given by the dimension of the spin su(2) representation
as usual.)

11This is because we want the potential to satisfy the Callan-Symanzik equation dV
d ln µ = 0. The choice

Ω(µ) = −V(1)
eff (0, µ) is a particularly simple way to ensure this.



§2.1 Statistical and Quantum Field Theory 15

group (RG) improved effective potential

Veff,imp(ϕ) = V(λ(M), ϕ(M)) + V(1)
eff (ϕ(M), λ(M), M) (2.23)

where the λ(M) and ϕ(M) now depend on M through the β and γ functions (2.13).

For theories with a single field ϕ, the above approach works fine since by dimen-

sional analysis, we always expect all mi to be of order ϕ. So, we can always take

M = ϕ. However, in general theories with multiple fields, each field introduces an

independent energy scale. This could cause the masses mi to take on completely

different energy scales, so that a single choice M to make all the logarithms small

would not a priori exist.

Several methods have been proposed to obtain a consistent improvement of the

effective potential in these cases. One method is to introduce multiple renormalisation

scales µi, one for each parameter λi. However this results in a far more complicated

version of the Callan-Symanzik equation (2.11) which becomes intractable to solve for

realistic models [43]. Another method is to exploit the decoupling theorem, which

states that higher energy scales mi ≫ µ can be systematically integrated out to generate

an effective field theory at the scale µ. With the higher energy scales out of the way

we can then perform renormalisation group improvement as in equation (2.23) [44].

This technique, however, requires us to choose the energy scales at which decoupling

takes place in an ad-hoc manner using step functions. This would be complicated to

implement in the 2HDM(+s/a). Finally, it has recently been shown that if one pushes

the technique (2.23) to its limits, one can always find a choice of scale µ which would

automatically take into account the contributions from the largest logarithms in (2.22)

[42]. At the one-loop level (NLO), this choice is given by µ : V(1)
eff (ϕ(µ), λ(µ), µ) = 0.

This gives the improved effective potential

Veff,imp(ϕ) = V(λ(µ∗), ϕ(µ∗)) + O(λ3), V(1)
eff (ϕ(µ∗), λ(µ∗), µ∗) = 0 (2.24)

where O(λ3) denotes two-loop and higher contributions. As a single-scale method,

this form of the improved effective potential then automatically keeps logarithms small
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as long as there exists a scaleM such that all the logarithms are rendered small [42]

max
i

∣∣∣ln (mi

M

)∣∣∣≪ 4π (2.25)

Of course, when such a scale M does not exist, the approximation is invalidated.

Thus, when using this method, it is important to double check whether such a scale

M exists, before jumping to conclusions.

2.1.4 Tunneling Rate Calculations

It is possible that the universe has not had enough time in its life to settle down in the most

energetically favoured state. In this subsection, I describe how we can deal with this issue

quantitatively by outlining the derivation of the NLO tunneling rate formula (2.30) and (2.32)

in QFT.

The previous subsection dealt with the theory required to identify the field con-

figurations which would be energetically favoured. In quantum field theory these

configurations are called vacua12. However, even if we find that a lower energy vacuum

exists, compared to the vacuum required to reproduce experimental observations, it

does not mean our theory is invalid yet. It could be that the two vacua are far enough

separated, or that the energy cost to get from one vacuum to another is too large for

our universe to transition down to the lower vacuum. This subsection deals with these

problems quantitatively. We aim to calculate, or at least in some form approximate,

the transition rate from the higher energy vacuum to a lower energy vacuum.

One approach to calculate this rate is by the Callan-Coleman ‘bounce’ instanton

method, which was developed in [45, 46]. This method makes use of the fact that the

leading Wentzel-Kramers-Brillouin (WKB) tunneling rate Γ in d dimensional quantum

mechanics is identical to twice the abbreviated action13 of a classical particle [48].

Γ ∝ e−B, B = 2
∫

γ

√
2V(q) ds. (2.26)

Here the path γ must be taken as to minimise B, with the total energy of the particle

12In SFT, these would instead be called phases of matter.
13Loosely speaking, this is the action of a classical particle when the Hamiltonian is held constant

and shifted to zero. See Chapter 9, Section 45D of [47] for a more rigorous and insightful discussion.
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fixed at 0. The qi are spatial coordinates and the line element ds is given by the

standard metric ds2 = ∑i dq2
i . By Maupertuis’ principle in classical mechanics [47],

this path can be obtained by solving the classical equations of motion

d2q
dt2 = ∇V,

1
2

q̇2 −V(q) = 0.

Note that the classical particle moves in a potential −V which is the negative of the

quantum mechanical barrier. Callan and Coleman proceed analogously in the field

theory case, and obtain an equation of motion for the classical field ϕi [45, 46]

(
− ∂2

∂t2 +∇2
)

ϕi =
∂V
∂ϕi

(2.27)

Coleman proved that the bounce action B can only be minimised if ϕ is Lorentz-

invariant. In such case, the bounce PDE above can be reduce to an ODE in the radial

variable ρ2 = xµxµ = −t2 + x2 + y2 + z2:

∂2ϕi

∂ρ2 +
d− 1

ρ

∂ϕi

∂ρ
=

∂V
∂ϕi

. (2.28)

To find the bounce solution, this ODE needs to be solved with the boundary condition

ϕ′(0) = 0 and ϕ(∞) = ϕFV the field value at the higher vacuum [45]. The solution to

this equation ϕb can then be immediately plugged into the definition of the bounce

action for field theory to calculate the exponential contribution to the tunneling rate

[40]:

Γ ∝ exp
(
−2

∫ √
2U(ϕb) ds

)
, U(ϕ) :=

1
2
(∇ϕ)2 + V(ϕ). (2.29)

To obtain the next-order contribution in this approximation, Callan and Coleman

considered fluctuations ϕ = ϕb + η and integrated over Gaussian fluctuations much

like we did in deriving the effective potential (2.19)14. The final result is given by

14This calculation involves a lot of subtleties regarding zero and negative eigenvalues as well as
resumming ‘multibounce’ solutions to (2.28), and thus will be omitted from this thesis. Interested
readers are encouraged to check [46] and [49].
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[46, 50]

Γ
V

=
B2

4π

∣∣∣∣ Sdet′[−∂2 + V′′(ϕb)]

Sdet[−∂2 + V′′(ϕFV)]

∣∣∣∣−
1
2

e−B. (2.30)

Here, V = Ld−1 is the spatial volume, Sdet = det for bosons and Sdet = 1/ det2 for

fermions, and the prime in Sdet′ indicates that the zero eigenvalues are omitted.

In case there is only one energy scale M relevant to the problem, we can approxi-

mate the one-loop contribution to the decay rate via dimensional analysis. Both sides

of the equation has energy dimension 4. The only dimensionful parameter that can

appear in the RHS of (2.30) is M. As such, up to an O(1) dimensionless prefactor,

Γ
V
≈ M4e−B. (2.31)

The probability of decay is then given by integrating this rate over the observable

universe. This gives

Pdecay ≈ M4T4
Xe−B (2.32)

where TX = 1010 yr is the age of the universe.

Other approaches to calculate the tunneling rate exist. One example is the ‘effective

action’ approach, which computes the tunneling rate directly from the Gibbs free

energy 2.14. This is, however, impractical for perturbative calculations as successive

terms in the perturbation series are not suppressed, resulting in poor convergence

[40]. Another method, recently proposed, is the Andreassen-Farhi-Frost-Schwartz

(AFFS) direct path-integral approach in [51]. However, this approach seems to only

be advantageous in the development of tunneling theory and numerical lattice cal-

culations where the relevant correlation functions can be directly approximated. In

any case, this AFFS direct approach reproduces the first-order WKB approximation

result when expanded to next-to-leading order in quantum mechanics, so it should

reproduce (2.30) in QFT [51]. The Callan-Coleman formula (2.30) is thus the most

suitable technique to calculate decay rates through perturbation theory.

Finally, now equipped with knowledge of tunneling rates, I would like to define

some terminology which I will use throughout this thesis.

1. Absolutely stable. Our desired vacuum is absolutely stable if it is the true (global)
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minimum of the effective potential.

2. Metastable. Our desired vacuum is metastable if it is not absolutely stable and

if the tunneling rate Γ is not too large compared to the age of the universe TX.

That is, ΓTX ≲ 1.

3. Unstable. Our desired vacuum is unstable if it is both not absolutely stable and

not metastable.

2.1.5 Higgs Mechanism

The Higgs mechanism provides a gauge-invariant way to give fundamental particles mass.

Very roughly speaking, the way this works is as follows: The Higgs field is a field which takes

on a nonzero value everywhere. Then, as fundamental particles propagate, they interact with

this nonzero field. The energy from this interaction gives particles mass. This subsection

expands upon the above picture in detail.

Since my project involves a model that extends the Higgs sector of the standard

model, I will briefly introduce the Higgs mechanism here. There are two ingredients

needed for the Higgs mechanism to take place: First, we need a gauge (local) symmetry.

In the standard model, the Higgs mechanism acts on the electroweak gauge symmetry

group U(2) ∼= SU(2)L ×U(1)Y
15. This is done by letting the Higgs field Φ transform

nontrivially under the gauge transformation:

Φ 7→ ei θ0
2︸︷︷︸

U(1)Y

ei θiσi
2︸︷︷︸

SU(2)L

Φ. (2.33)

Here, θ0, · · · , θ3 parametrise the elements of the gauge groups, and σi are the pauli

matrices. This is what we mean by the Higgs Φ being a doublet16. The Higgs sector of

the Standard Model lagrangian then reads as [36]

LHiggs = (DµΦ)†DµΦ− (−µ2
hΦ†Φ + λΦ†ΦΦ†Φ). (2.34)

Here, we have the standard gauge covariant kinetic term (DµΦ)†DµΦ that any phys-

15The group U(n) can be thought of as the set of unitary n × n matrices, equipped with matrix
multiplication. SU(n) have the extra condition of matrices having determinant 1.

16More precisely, Φ is a doublet of the gauge group SU(2)L.
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ical field must have, and a potential term V(Φ) = −µ2
hΦ†Φ + λΦ†ΦΦ†Φ chosen

specifically to make the Higgs mechanism work. We may use the U(2) symmetry of

the lagrangian and perform transformations (2.33) so that at every point in space

Φ(x) =
1√
2

(
0

ϕ(x)

)
(2.35)

where ϕ here is now a real scalar field. Remembering that the zeroth order approxi-

mation to the effective potential is simply the potential appearing in the Lagrangian,

we can minimise this with respect to ϕ and find that V(ϕ) is minimised when

ϕ = v :=
µh√

λ
.

This v is known as the vacuum expectation value (vev) of the Higgs field and is the

second ingredient for the Higgs mechanism. To see how the Higgs vev gives the

bosons mass, we simply expand the kinetic term for the Φ field to get [36]

(DµΦ)†(DµΦ) = −v2

8

[
g2(A1

µ)
2 + g2(A2

µ)
2 + (−gA3

µ + g′Bµ)
2
]
+ . . . (2.36)

where I have ignored all the irrelevant terms for brevity. Here, Ai are the gauge fields17

associated to SU(2)L and B is the gauge field associated with U(1)Y. Also, g and g′ are

parameters in the standard model representing the strengths of the electroweak force.

This kinetic term thus expands to quadratic terms in the Lagrangian like − g2v2

8 (A1)2.

To roughly understand why this gives rise to mass, we can look at the toy lagrangian

LKG = 1
2 ∂µϕ∂µϕ− 1

2 m2ϕ2. By the Euler-Lagrange equations this gives the classical

equation of motion (∂µ∂µ +m2)ϕ = 0 which is the Klein-Gordon equation for a particle

with mass m. More generally, the squared masses of particles in QFT can be obtained

from the eigenvalues of the Hessian of the effective potential at the vacuum (i.e. m2
i (ϕ)

from (2.21) evaluated at the vev ϕ = v.) [36]18.

It should be noted that the discussion so far is a pedagogical simplification: In

reality, the field Φ cannot formally attain a nonzero vev due to Elitzur’s theorem

17Gauge fields are analogous to the electromagnetic potential Aµ = (ϕ/c, A)µ of classical electromag-
netism.

18Since we assumed ϕcl is constant, this only gives us an approximation of the particle masses.
Nevertheless, this approximation to the mass of particle i will be accurate as long as m2

i (v) ≲ v2 [40, 52].
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[53]. This means the common saying that the Higgs mechanism is the spontaneous

symmetry breaking of a gauge symmetry is strictly false. However, the procedure

introduced in this subsection is not irredeemably broken. It has been shown that the

Higgs mechanism actually arises in a gauge-invariant way, without any need of a

nonzero vev. Only when we restrict to a specific gauge19 does the Higgs mechanism

mimic spontaneous symmetry breaking, as seen in this subsection [54].

2.2 Stability Bounds in the Standard Model

In the standard model, the only potential term comes form the Higgs sector. In this section, I

outline how phenomenologists apply the background theory discussed in 2.1 to the SM Higgs

potential. We find that our universe’s vacuum in the standard model is metastable. So, when

testing beyond-standard-model theories, it is important to be careful so that we do not worsen

the situation and make the vacuum unstable. This is because such theories with an unstable

vacuum would be inconsistent with the fact that we have not observed a false vacuum decay.

In the standard model, the question of whether our vacuum is stable or metastable

has been investigated extensively [50, 55, 56]. There are two main reasons for this.

First, before the confirmation of the Higgs boson’s existence in 2012, vacuum stability

bounds provided the most stringent lower bounds on the Higgs mass. This means

that tunneling rate calculations helped guide collider experiments in identifying what

energies were required to likely produce the Higgs boson [57]. Second, even after

the measurement of the Higgs boson, the question of vacuum stability in the SM

still incites a lot of curiosity. This is because the measured values of the Higgs and

top quark masses seem to coincidentally place our universe near the critical point

where the two vacua are degenerate. That is, the standard model suggests that we

live very close to a phase transition. This has driven a lot of theorists to speculate on

whether this could give us insight into unknown physics [58]. Though, much of this is

speculation built on top of the assumption that the SM is valid at very high energies,

so it is best to take them with a grain of salt20.

The relevant potential in the standard model is the Higgs potential, which is shown

19As one would choose a gauge in electromagnetism.
20That is not to say that these investigations aren’t valuable. After all, there is a chance that this

coincidence is a hint of some deeper physics, and it does not hurt to be thorough.
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in (2.34). Once we exploit the residual gauge symmetry (2.35) this becomes a potential

in one scalar field

V(ϕ) = −1
2

µ2
hϕ2 +

1
4

λϕ4. (2.37)

Since there is only one field, we may obtain the one-loop RG-improved effective

potential using the naïve choice µ = ϕ so that

Veff,imp(ϕ) = −
1
2

µ2
h(ϕ)ϕ

2 +
1
4

λ(ϕ)ϕ4 ≈ 1
4

λ(ϕ)ϕ4. (2.38)

Here, as usual, µ and ϕ depend on its input parameter through the β functions, and the

approximation on the RHS is due to the fact that λ and µh can only vary considerably

at energy scales much larger than v. We will see this more explicitly in a moment.

Since our universe must lie in the vacuum at ϕ = v, for ϕ≫ v the condition that a

new, lower vacuum is generated in the effective potential is equivalent to the condition

that λ(ϕ) < 0 for some ϕ. The dependence of λ on µ for various choices of top mass

is shown in figure 2.1a. The standard model Higgs potential is also shown 2.1b for

a top mass of mt = 170 GeV. Crucially, we see that even when λ is only very slightly

negative |λ| ≪ 1, the potential quickly develops a minimum that is deeper than the

desired minimum at ϕ = 246 GeV, for the theory to match experimental observations.

However, as we have seen from the previous subsection, the potential developing

a deeper minimum does not immediately render our set of parameters broken. To

rigorously rule out a set of parameters we must calculate the tunneling rate from our

current desired vacuum to the deeper vacuum via equation (2.30). Then, we can only

rule the set of parameters out if ΓTX ≳ 1.

To calculate the tunneling rate in the standard model, we first find the leading

order bounce solution which satisfies (2.28) with d = 4 and V(ϕ) = λϕ4. Remarkably,

this ODE admits a family of exact solutions given by [50, 59, 60]

ϕb(ρ) =

√
2
|λ|

2ρ0

ρ2 + ρ2
0

=⇒ B =
8π2

3|λ| (2.39)

Here, ρ0 can be any real number. This degeneracy in ρ0 will be broken at one-loop
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Figure 2.1: (a) Running of the λ parameter in the standard model for a Higgs mass
of mh =115 GeV and various top quark masses. When λ(µ) hits the green region,
the potential develops a lower minimum. When λ(µ) goes below the red region the
tunneling rate becomes significant compared to the age of the universe ΓTX ≳ 1. This
subfigure is reproduced from [50] with permission from the publisher Elsevier. (b)
The Higgs improved effective potential (2.38), including the −1

2 µ2
hϕ2 term, with all

parameters set to be the same as figure (a), and top quark mass mt = 170 GeV. The
slog10 function is defined to be slog10(x) := sgn(x) log10(1 + |x|). We see that when
λ(ϕ) < 0 the potential becomes strongly negative, so the vacuum of our universe at

ϕ = 246 GeV is no longer the global minimum.

order where we will be required to take ρ0 ∼ 1/µ to keep logarithms small. At this

point, one might worry that this bounce is calculated using the zeroth order potential,

while the new deeper minimum is only generated after RG-improvement. However

this is not an issue as we can always flow our theory to a renormalisation scale µ such

that λ(µ) < 0. Since λ does not vary much while ϕ varies an order of magnitude

(see 2.1a), the bounce calculated at this energy is a good approximation to the true

bounce. In addition, the difference between using a leading-order bounce solution

and NLO bounce solution in the calculation of (2.30) is formally an NNLO correction

[50]. Another point of worry is that since we have chosen a renormalisation scale µ so

that λ(µ) < 0, the potential V(ϕ) = λϕ4 no longer has a barrier. However, this isn’t

an issue in QFT since the derivative term ∇2ϕ in (2.29) supplies a barrier even if V

doesn’t have a barrier [60].

With this bounce solution, the authors computed the tunneling rate using the

one-loop formula (2.30). The functional determinants in this formula is most easily

calculated using the Gelfand-Yaglom method:

det(−∂2 + W(ρ))

det(−∂2)
= lim

t→∞

det uW(ρ)

det u0(ρ)
(2.40)
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Figure 2.2: Vacuum stability bounds in the standard model. The right figure is a
zoom-in view into the black rectangular inset in the left figure. The red contours
represent the instability scales: The renormalisation scale µ at which λ(µ) < 0. The
grey regions in the right figure are the experimentally favoured regions from 2013
collider data at 1, 2, and 3 standard errors respectively. This figure is reproduced from

[58] under the Creative Commons license from the publisher Springer.

Here, uW(ρ) is the eigenfunction of the operator −∂2 + W with the lowest eigenvalue,

and the det appearing on the RHS is over residual (spin, etc) degrees of freedom. With

this method, and standard renormalisation techniques in quantum field theory, the

authors derived the one-loop correction to the bounce action as [50]

∆B = − ln

 B2

4π

∣∣∣∣ Sdet′[−∂2 + V′′(ϕb)]

Sdet[−∂2 + V′′(ϕFV)]

∣∣∣∣−
1
2


= −2

3
(5 + 6L) +

y2
t

6|λ| (13 + 12L) +
y4

t
6λ2 (5 + 6L)−

2g2 + g2
Z

12|λ| (7 + 6L)

−
2g4 + g4

Z
32λ2 (1 + 2L) + fh(λ)− ft

(
y2

t
|λ|

)
+ fg

(
g2

Z
|λ|

)
+ 2 fg

(
g2

|λ|

)
(2.41)

Here, L = ln(ρ0µeγ/2) with γ being the Euler-Mascheroni constant, gZ := g2 + g′2,

fh = 7
2 ln |λ| − 8± 1, and ft,g are numerically determined functions given in [50]. We

will not make use of this unruly expression in this thesis, but we will make note that

the one-loop correction to the bounce is of order O(y4
t /|λ|2). We also expect that

the one-loop correction to the bounce will only be relevant when the leading-order

tunneling time (2.32) is close to the age of the universe. With our solution (2.39), this
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gives approximately |λ| ∼ 0.05. In addition, typical values of the yukawa top coupling

are yt(µ) ∈ [0.5, 0.75]. Using these estimates, we can compute the relative magnitude

of the one-loop correction as

∆B
B
∼

(
y4

t
λ2

)
(

8π2

3|λ|

) =
3y4

t
8π2|λ| ≈ 10−1. (2.42)

We will use this to estimate the impact of one-loop calculations in obtaining metasta-

bility bounds for the 2HDM+s/a.

Using (2.41), the authors of [50] showed that metastability is experimentally

favoured in the standard model. This is shown in 2.2, which was taken from a

study after the confirmation of the Higgs boson [58]. As we can see, the measured

values of the Higgs and top masses live very closely to the metastability-instability

bound. This is a reflection of the fact that vacuum stability bounds are some of

the most stringent bounds we have on the standard model parameter space. This

motivates us to look at the vacuum stability bounds of beyond-SM theories, as we

need to constrain their parameter spaces to guide future experimental searches.

2.3 The Two-Higgs-Doublet Model

The Two-Higgs-Doublet Model postulates the existence of a second Higgs doublet. As a result,

the 2-Higgs potential is much more complicated than the 1-Higgs potential and can support

many new phenomena such as massive photons, and the creation of baryons in the early

universe. This section details these new possibilities, and explicitly states the scenarios we will

focus on in this thesis.

On top of the SM, the Two-Higgs-Doublet Model (2HDM) proposes the existence

of the second Higgs doublet field. The reasons for this have been explained in Chapter

1 so I will not repeat them here. The 2HDM potential we consider is given by

V(Φ1, Φ2) =m2
11|Φ1|2 + m2

22|Φ2|2 − (m2
12⟨Φ1|Φ2⟩+ h.c.) +

1
2

λ1|Φ1|4 +
1
2

λ2|Φ2|4

+ λ3|Φ1|2|Φ2|2 + λ4⟨Φ1|Φ2⟩⟨Φ2|Φ1⟩+
1
2
(λ5⟨Φ1|Φ2⟩2 + h.c.) (2.43)
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Here, |Φ|2 := ⟨Φ|Φ⟩ and the bra-ket notation represents the standard inner product

⟨Φ1|Φ2⟩ = Φ†
1Φ2. The parameters m2

ij can be negative and the square only indicates

that it has units of squared mass. Since we require the Lagrangian to be real, the

parameters m2
11, m2

22, λ1, · · · , λ4 are forced to be real. In the most general model m2
12

and λ5 are allowed to be complex. But while there is a lot of interesting phenomenology

that can be done in the complex parameters case [61], the 2HDM with real m12 and

λ5 is still well-motivated. This is commonly done in the literature (see [62, 63]) for

two main reasons. First, it is much easier to visualise the parameter space when these

parameters are real. Second, this is an assumption of explicit CP-symmetry in the

Lagrangian, which is well-motivated since experimentally, signatures of CP symmetry

breaking are small, with a relative scale of ∼ 10−3 [64]. I have thus chosen to focus on

the real parameters case as a first step in understanding the 2HDM parameter space.

In addition to the explicit CP-symmetry described above, we have imposed a Z2

symmetry given by L(Φ1, Φ2) = L(Φ1,−Φ2). This symmetry is then ‘softly’ broken

by reintroducing the m2
12 term21. This, along with a choice of one of the Yukawa22

assignments in table 2.1, prevents leading order contributions to flavour-changing-

neutral-current processes [65, 66]. These are processes which change the total flavour

while preserving electric charge (e.g. τ− → e− + γ), and they are highly suppressed

in experiment [67].

Type Top Family Bottom Family Tau Family
I Φ2 Φ2 Φ2

II Φ2 Φ1 Φ1

X Φ2 Φ2 Φ1

Y Φ2 Φ1 Φ2

Table 2.1: Summary of the different types of Yukawa (Higgs-fermion) interaction
assignments in the 2HDM, which prevents flavour-changing neutral currents (FCNCs)
at leading order. The doublet Φi in each column denotes the doublet which interacts

with each fermion family.

21Soft-breaking just means that we reintroduce symmetry-breaking terms which have positive energy
dimension. This is because, from (2.12), positive energy-dimension terms at µ are very sensitive to the
high energy physics at Λ. This way, we are still taking into account the possibility that the high-energy
theory at Λ is only very slightly Z2 asymmetric.

22These are interactions between the Higgs and fermions. These interactions give fermions mass in
much the same way the Higgs gives Gauge bosons mass.
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The 2HDM Higgs mechanism differs from the SM mechanism in one main way:

The U(2) symmetry no longer leaves only one field component nonzero as in (2.35) —

we are instead left with four:

Φ1 =
1√
2

(
α

v1eiθ

)
, Φ2 =

1√
2

(
0
v2

)
. (2.44)

Here, v1, v2, α and θ are real. As such, to find the vacua of this model, we would naïvely

need to investigate the effective potential in 4 fields. However, this is not always the

case. For the photon to be massless, we require (Φ1, Φ2) to transform trivially under

the electromagnetic charge U(1)Q gauge group given by (Φ1, Φ2) 7→ ei t
2+i σ3t

2 (Φ1, Φ2).

This is only possible if α = 0. In addition, the complex phase θ would be a new source

of CP-violation [68]. While these CP-violating vacua have interesting consequences for

matter-antimatter asymmetry, I will instead focus on the case θ = 0 in this thesis. The

general case of CP-violating vacua will be relegated to future work. This is because

my project was motivated by my supervisor’s work on dark matter models. So, while

relevant, matter-antimatter asymmetry is not our main interest. The SM-like vacuum

is given by Φ1 = (0, v1/
√

2), Φ2 = (0, v2/
√

2) [66].

The discussion in the previous paragraph tells us how we can classify vacua

by the implications they have on the theory. The results are summarised in Table

2.2. Remarkably, Ivanov showed that no minima of different types can coexist at

leading order [69], so that if one vacuum is neutral, all vacua are forced to be neutral.

Numerical studies have further showed that, at next-to-leading order, coexistence of

charge-breaking and neutral minima occur only at a rate of ∼ 5%. So their existence

can be immediately excluded at 95% confidence level [63]. This means that as a first

step, it is reasonable to only consider the effective potential in two fields Veff(v1, v2).

Conventional Name α θ Number of Massless Bosons
Neutral 0 0 1

Charge-breaking 0 0
CP-breaking 0 1

Table 2.2: Summary of the different types of vacua which can occur in the 2HDM.
Empty cells indicates no constraint on the field. For the α and θ columns, zeroes

indicate that the corresponding parameter is fixed to zero.



Chapter 3

Nearby Vacua in the

Two-Higgs-Doublet Model

In this chapter, I investigate the vacuum structure of the 2HDM within < 104 GeV of the

origin. This will include all leading-order vacua, but will not include vacua induced by RG-

running, which typically appear at the 1010 GeV scale. All calculations and proofs presented

(mainly from section 3.3 onward) are, unless otherwise stated through relevant citations, the

result of my own work.

I begin by reviewing how to translate the parameters appearing in the 2HDM

to physical observables in section 3.1. I will then review present constraints on the

2HDM in section 3.2. With these constraints in mind, I show in section 3.3 that the

presence of a lower vacuum at leading order is gradually disfavoured by experiments

in the 2HDM. In sections 3.4 and 3.5, I then show that the leading-order results still

hold at one-loop level.

3.1 Input Variables for the 2HDM

Most of the free parameters mij, λk appearing in the potential (2.43) do not have direct

interpretations in terms of measurable quantities. As a result, it would be inefficient to

scan over the whole 8-dimensional parameter space, when most of the points would

correspond to scenarios which would conflict with previous experiments. To make

our parameter scan more efficient, it is common practice within the field to calculate

tree-level approximations to observables, like particle masses, in terms of the potential

parameters mij, λk. Then we invert the analytical relations to write the potential in

terms of tree-level observables as input parameters. These calculations are routine and

appear frequently in papers on the 2HDM [70]. However, I will outline the procedure

here for completeness.

To calculate observables, like the masses of various particles, we first need to

28
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identify a minimum of the potential. To do this, we find the gradient of the potential

and impose that it must be zero at a specified location (v1, v2). This condition gives

the equations (3.1) below, which can be used to solve for m2
11 and m2

22 in terms of the

other variables.

m2
11v1 −m2

12v2 +
λ1v3

1
2

+
1
2
(λ3 + λ4 + λ5)v2

2v1 = 0

m2
22v2 −m2

12v1 +
λ2v3

2
2

+
1
2
(λ3 + λ4 + λ5)v2

1v2 = 0 (3.1)

It is customary to write (v1, v2) = (v cos(β), v sin(β)) since measurements of the W/Z

boson and top quark masses fix v = 246.21964(6)GeV when measured at low energies1

µ≪ v [71]. In addition, the angle β is physically significant as it controls the mixing

strength between the two Higgs doublets. The effects of this mixing manifests in

measurements of decays of the charged B meson to an antilepton and a neutrino

B+ → l+νl [66]. This way, we can directly calculate β from measured decay rates.

Once we have ensured that (v1, v2) is a stationary point of the potential, the leading

order particle masses are given by the Hessian of the potential at (v1, v2). Since

our minimum is neutral (see table 2.2), the Hessian matrix is block-diagonal with

2× 2 blocks. Parametrising each block in terms of Pauli matrices then gives us the

eigenvalues:
∂2V

∂ϕi∂ϕj
= aiσi =⇒ m2

± = a0 ±
√

a2
1 + a2

2 + a2
3.

Here, m± are the two masses calculated in each 2× 2 block, and I use the convention

that σ0 is the identity. Ignoring the masses fixed to zero by symmetry, this gives 4

particle masses. These include the standard model Higgs mh, the new neutral heavy

Higgs mH, the charged Higgs mH± , and the Higgs pseudoscalar mA. In addition to

these masses, it is common to take the angle α diagonalising the neutral Higgs 2× 2

matrix as another input parameter. This is because the angle α− β directly modifies

the coupling between the Higgs particles and the gauge bosons and fermions. For

example, the 2HDM rate for the Higgs production process ZZ → h is sin2(α − β)

times the SM rate. To agree with the Standard Model (and experiments), we thus

require cos(α− β)→ 0, which is commonly dubbed the alignment limit [66, 72].

1Here, µ is the renormalisation scale.
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So far, we have enough information to exchange 7 of the 8 initial parameters to

physical input parameters. One physical choice for the final input parameter is to keep

m2
12, as it can in principle be determined by h or H → γγ decay rates [70]. However,

this will make our change of variables badly behaved near β = π
2 , because in this

limit λ1 ∼ sec(β)3 → ∞ diverges rapidly. Since β→ π
2 is exactly the limit the 2HDM

recovers the standard model [66], it is desirable for our work that we keep the change

of variables well-behaved in this limit. I therefore keep λ1 as an input parameter

instead. The parameters appearing in the potential can then be calculated as

m2
12 = cot(β)

(
m2

h sin2((α− β) + β) + m2
H cos2((α− β) + β)− λ1v2 cos2(β)

)
λ2 =

csc2(β)
(
−m2

12 cot(β) + m2
h cos2((α− β) + β) + m2

H sin2((α− β) + β)
)

v2

λ3 = −
m2

12 csc(β) sec(β)

v2 +
csc(2β)

(
m2

H −m2
h
)

sin(2(α− β) + 2β)

v2 +
2m2

H±

v2

λ4 =
m2

12 csc(β) sec(β)

v2 +
m2

A − 2m2
H±

v2

λ5 =
m2

12 csc(β) sec(β)

v2 −
m2

A
v2

m2
11 = m2

12 tan(β)− 1
2

v2
(

λ1 cos2(β) + (λ3 + λ4 + λ5) sin2(β)
)

m2
22 = m2

12 cot(β)− 1
2

v2
(

λ2 sin2(β) + (λ3 + λ4 + λ5) cos2(β)
)

(3.2)

Since we are only keeping one unphysical parameter λ1 as an input, it is straightfor-

ward to convert between λ1 and m2
12 given all the other physical inputs, using the first

equation in (3.2). To summarise, the equations (3.2) perform the following change of

variables: (
m2

11 m2
22 m2

12 λ1
λ2 λ3 λ4 λ5

)
←
(

v β α− β λ1
mh mH mH± mA

)
.

3.2 Summary of Existing Constraints

With our physical input parameters in place, we would like to know what input

parameters are physically reasonable. To do this, I will briefly review the current

constraints placed on the 2HDM parameter space.
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3.2.1 Theoretical Constraints

First, we require that our theory is theoretically consistent. To do this, three theoretical

constraints are commonly used to rule out regions in parameter space [62, 63]: First,

perturbative unitarity (PU) requires that the scattering process calculated through

perturbation theory be unitary, so that the scattering amplitude calculations are

self-consistent. The bounded-from-below (BFB) condition simply requires that the

tree-level potential be bounded from below. This ensures that the theory has a well-

defined vacuum at tree-level, so that we may begin our perturbation theory. Finally,

perturbativity simply requires that all dimensionless quantities are sufficiently small

so that perturbation theory remains accurate. For the 2HDM these conditions are

given by [66]2

Perturbative unitarity:∣∣∣∣∣3(λ1 + λ2)

2
+

√
9
4
(λ1 − λ2)2 + (2λ2 + λ4)2

∣∣∣∣∣ ≤ 8π,∣∣∣∣λ1 + λ2

2
+

1
2

√
(λ1 − λ2)2 + 4λ2

4

∣∣∣∣ ≤ 8π,
∣∣∣∣λ1 + λ2

2
+

1
2

√
(λ1 − λ2)2 + 4λ2

5

∣∣∣∣ ≤ 8π,

|λ3 + 2λ4 − 3λ5| ≤ 8π, |λ3 − λ5| ≤ 8π, |λ3 + 2λ4 + 3λ5| ≤ 8π,

|λ3 + λ5| ≤ 8π, |λ3 + λ4| ≤ 8π, |λ3 − λ4| ≤ 8π. (3.3)

Bounded from below:

λ1 ≥ 0, λ2 ≥ 0, λ3 ≥ −
√
|λ1λ2|, − |λ5|+ λ3 + λ4 ≥ −

√
|λ1λ2|. (3.4)

Perturbativity:

|λi| ≤ 4π. (3.5)

In the literature, these constraints are often used as a first point of comparison

to other proposed constraints, or as a way to quickly rule out unreasonable sets of

parameters [62, 63, 73, 74]. Furthermore, as these are the only theoretical constraints

which often appear in the literature, they will provide a good point of comparison

2The derivation of these bounds are not my work.
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against our vacuum metastability constraints3.

3.2.2 Experimental Constraints

While experimental constraints are not as directly comparable to our vacuum metasta-

bility constraints as theoretical constraints, we must still take them into account if

we are to do any real phenomenology. I will briefly summarise the main constraints

which will guide our parameter scans.

1. First, I will often take all the new scalar masses4 mH∗,A to be degenerate. In the event

I break this degeneracy, I will often take either mH = mH± or mH± = mA. The

degenerate mass case mH = mH± = mA is often the starting point in 2HDM

analyses [62, 73] since mass differences between mH, mH± and mA causes the

quantity

∆ρ :=
MW

MZ cos θW
− 1

to differ from the standard model value of approximately 10−3 [73], where it is

strongly suppressed due to ‘custodial’ symmetry [75, 76]. Here, θW is a standard

model parameter called the Weinberg angle5. However, it is possible to evade

this constraint with nondegenerate masses as long as mH = mH± or mH+ = mA,

and the mass difference is not too large. In any case, we will also see later in 3.3.1

that large mass differences will quickly cause the theory to be nonperturbative,

so that the theoretical constraint (3.5) is anyway violated.

2. Second, I will mostly focus on regions where either tan β > 2 or mH∗/A ≳ 800 GeV

or both. A recent and comprehensive analysis of the experimental bounds on

the 2HDM, using all known experimental data, is provided in [77]. Notably,

for the type-II 2HDM, the scalar masses are forced to be mH∗,A > 1000 GeV

due to constraints on flavour physics6. However, this constraint is loosened

for the type-I 2HDM, where masses mH∗/A ≲ 600 GeV are allowed as long as

3While one could argue that we are using the experimental fact that our universe has not decayed in
1010 years, it is difficult to perform a direct experiment to test the vacuum stability of our universe. As
a result, vacuum metastability constraints are often regarded as theoretical constraints in the literature
(see for example [74]).

4Here and henceforth, H∗ denotes H and H±.
5It is the angle which diagonalises the quadratic form in (2.36).
6Flavour physics concerns processes which change the total flavour quantum number (electron

number, strangeness, etc). Examples include decays from one type of quark to another b→ sγ.
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tan β > 3. In any case, for both type-I and type-II models, flavour constraints

force tan β > 1, with a preference for tan β > 2± 0.3 at a 95% confidence level.

3.3 Analytical Results at Tree-Level

Now that we have reviewed the present state of experimental bounds on the 2HDM,

we are ready to analyse the question of vacuum stability in the 2HDM in earnest.

Barroso et al. have previously shown that at tree level our desired minimum (v1, v2)

is the global minimum if and only if [70]

D := m2
12(m

2
11 − k2m2

22)(tan β− k) > 0. (3.6)

Here, k := (λ1/λ2)
1/4 and tan β is assumed to be positive. This assumption is due to

the fact that the potential is symmetric under the reflection m2
12 → −m2

12, tan β →

− tan β. However, this work was done back in 2013 and the experimental situation

has changed considerably since the paper’s publication. In particular, Barroso et al.

scanned the parameter space where the new scalar masses mH∗/A are within the range

125− 900 GeV. However, in light of more recent experimental data, it has become

important to understand the regions of parameter space supporting higher masses

mH ≳ 1 TeV.

I will begin by discussing the case of degenerate scalar masses. Taking the limit

where mH = mH+ = mA ≫ v, mh, we have that

λ2,3,4,5 ∝
m2

H
v2 cos(α− β) + O(1)

However, to keep our theory perturbative, we require at least that all couplings are

not too large λi ≲ 4π. To do this, we power count7 with α− β ∼ π
2 + av2/m2

H so that

7We can think of ϵ := v/mH as a ‘small’ perturbation parameter, and perform perturbation theory as
usual. Here, I simply assign cos(α− β) ∝ ϵ2 so that λ2,3,4,5 ∼ O(1). Here and henceforth, these sets of
rules for organising the series expansions will be called ‘power counting rules’, which is a term adapted
from effective field theory.
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λ2,3,4,5 does not become too large. This way, to leading order,

m2
22 = m2

H cos2(β) + O(1)

m2
11 = m2

H sin2(β) + O(1)

m2
12 = m2

H sin(β) cos(β) + O(1)

λ1

λ2
=

λ1v2 tan2(β)

−2av2[cot(β) + tan(β)] + m2
h[tan2(β)− cot2(β)] + λ1v2 cot2(β)

+ O(v2/m2
H)

(3.7)

Then, substituting these approximations into our expression for D in (3.6), we get that

D = m2
12m2

22

(
m2

11
m2

22
− k2

)
(tan β− k)

= m4
H sin(β) cos3(β)(tan2 β− k2)(tan β− k) + O(m2

H). (3.8)

Now, noticing that

(tan2 β− κ2)(tan β− κ) = (tan β + κ)(tan β− κ)2 ≥ 0,

sgn(sin β cos β) = sgn(tan β) ≥ 0.

we finally see that in this approximation we always have D ≥ 0. That is, our desired

minimum is the global minimum of the tree-level potential. Upon consideration this is

not too surprising: The masses of the new scalars correspond to the second derivative

of the potential at the minimum. If this second derivative is large then it would be

much harder for the potential to curve back down and develop a second minimum.

However, our analytical proof so far has two flaws: First, I have not discussed what

happens when the masses are nondegenerate. Second, it is conceivable a priori that the

O(m2
H) contribution to D has a large numerical prefactor. These large prefactors would

only be possible if tan β is large. Then, a large negative term of the form − tan(β)m2
H

may render D negative. I will discuss both these cases next, and we will see that no

second minimum can develop in these cases either.
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3.3.1 Nondegenerate Masses

With the same power counting as above, when the masses are allowed to be nonde-

generate, the λ3,4,5 couplings become

λ3 =
4∆H±mH

v2 + O(1)

λ4 =
2mH(∆A − 2∆H±)

v2 + O(1)

λ5 = −2∆AmH

v2 + O(1) (3.9)

where here ∆□ := mH −m□. Thus, we see that the theory can only be perturbative

if the mass differences are of order ∆∗ ≲ v2/mH. For an indicative mH = 1 TeV this

means ∆□ should stay on the order of ≲ 100 GeV.

This way, even with mass nondegeneracies, the relations (3.7) are unchanged. This

means our conclusion that the desired minimum is always the global minimum in the

limit mH ≫ v is unchanged.

3.3.2 Large tan β Limit

Taking the limit of large tan β, without any other assumptions, we find that

m2
11 =

1
4

(
−

2 sin(2(α− β))
(
m2

h −m2
H
)

π − 2β
+ 3 cos(2(α− β))

(
m2

h −m2
H

)
+ m2

h + m2
H

)
+ O

(
β− π

2

)
. (3.10)

This means that to remove the singularity in our description near β = π
2 , we need

α− β = O(β− π
2 ) or α− β− π

2 = O(β− π
2 ). I consider only the second situation as the

first one is too far from the alignment limit cos(α− β)→ 0, so it would not be relevant

to experiments. To do this, I make the substitution β = π
2 + δ and α− β = π

2 + aδ and

organise the resulting perturbation series in δ. Note that for sufficiently large tan β, we

find m2
12 = −m2

Hδ + O(δ3). Since tan(β) > 0 =⇒ δ < 0, this gives m2
12 > 0 always.

Also, tan β− k > 0 since tan β≫ k. Hence,

m2
12(m

2
11 − k2m2

22)(tan β− k) < 0 =⇒ m2
11 < k2m2

22.
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Now since m2
22 = −m2

h/2 + O(δ2), we can safely assume that sgn(m2
22) < 0. This way,

m2
11 < 0 is a necessary condition for the desired vacuum to be unstable.

This result is not surprising: when tan β → ∞ we are in a situation largely

analogous to m12 → 0, in which case the potential takes the form

V = m2
11ϕ2

1 + m2
22ϕ2

2 + λ1ϕ4
1 + λ2ϕ4

2 + (λ3 + λ4 + λ5)ϕ
2
1ϕ2

2.

In this case, a second minimum can only be generated if m2
11 < 0. To show that there

is no second minimum, the strategy is to find the critical point where m2
11 = 0 and

show that for sufficiently large masses, λ3 is forced to be large. This would mean

we cannot simultaneously keep the theory perturbative while generating a second

minimum. Expanding m2
11 to second order in δ we have

m2
11 =

1
4

(
(2a + 3)

(
m2

H −m2
h

)
+ m2

h + m2
H

)
+

1
4

δ2
(

1
6

(
(2a + 3)

(
m2

H −m2
h

)
+ 3λ1v2

)
− 1

6
(2a + 3)3

(
m2

H −m2
h

)
− 9λ1v2

2

)
+ O(δ4)

(3.11)

Setting this equal to zero, we may solve for a by perturbation theory a = a(0) + a(1)δ +

a(2)δ2 and obtain

a(0) =
2m2

H −m2
h

m2
h −m2

H
, a(1) = 0, a(2) =

m4
h
(
m2

H − 6λ1v2)+ m2
h
(
m4

H + 12λ1m2
Hv2)− 6λ1m4

Hv2

3
(
m2

h −m2
H
)3 .

Using this solution, we find that with the same power counting

λ3 =
2m2

H±

v2 − λ1δ2 + O(δ4). (3.12)

This shows that in the large tan β limit, at the critical transition point where the

second minimum is created, λ3 grows as m2
H±/v2. For sufficiently large mH±/v we

will thus always be driven out of the perturbative regime. Putting in the maximal

values λ3 = λ1 = 4π and a fairly large δ = π
4 , I conclude that there can only be a

second minimum if mH± < 800 GeV.

Combining this result with the previous subsections, a second minimum cannot be

created when the new scalar masses mH∗/A are too large ≳ 800 GeV, irrespective of
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the value of tan β.

3.4 Choice of Renormalisation Scale in the MS Scheme

Before we compute the absolute stability bounds in the 2HDM at one-loop level, let

us first discuss an issue that generically occurs when we work in the MS scheme

and allow a mass hierarchy mh, v≪ mH: The one-loop corrections frequently become

nonperturbative.

This issue can be easily seen using a minimal toy model. Consider a theory of two

scalar fields ϕ1, ϕ2 with a potential given by V(ϕ1, ϕ2) =
1
2 M2ϕ2

1 + λ12ϕ2
1ϕ2

2 +
1
4 λ(ϕ2

2 −

v2)2. For the sake of the argument, we will assume the mass M is much larger than

the vev v and m12. Then, a typical one-loop contribution to the effective potential

reads like

V(1) =
1

64π2 m(ϕ)4
(

ln
(

m(ϕ)2

µ2

)
+

3
2

)
+ Ω(µ) (3.13)

where Ω(µ) = −V(ϕ = 0, µ) as usual and the leading m(ϕ)2 contribution is given by

m(ϕ)2 = M2 + 2λ12ϕ2
2.

For the Higgs mechanism to work we require a minimum at some nonzero point v1, v2.

For our toy potential this minimum occurs at ϕ1 = 0, ϕ2 = v. Keeping only leading

terms in M2/v2 to simplify our analysis gives

V(1)(0, v) =
1

64π2 (M2 + 2λ12v2)2
(

ln
(

M2 + 2λ12v2

µ2

)
+

3
2

)
+ Ω + O(v4). (3.14)

The important thing to note here is that the one loop contribution is large and is

an increasing function of v. Usually, in the literature, the renormalisation scale µ is

fixed at the vev v for convenience. For M = 103 GeV and v = 246 GeV, we would find

that the logarithm is of order ∼ 3. This itself is not an issue but combined with the

prefactor of (M2 + 2λ12v2)2, we find that the relative one-loop correction as compared



§3.4 Choice of Renormalisation Scale in the MS Scheme 38

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4

0

2×108

4×108

6×108

8×108

Field Value |ϕ|/v

P
ot
en
ti
al
V

(ϕ
1,
ϕ
2)

Single-Scale Improved Full

Single-Scale Improved t*(0)

Non-Improved

Tree

Figure 3.1: Comparison of typical 2HDM tree-level and one-loop nonimproved and

improved potentials with µ = v and mH/v = 3. Here, |ϕ| :=
√

ϕ2
1 + ϕ2

2 and ϕ2/ϕ1 =

tan β. The t(0)∗ approximation is described in [42] and is provided here only for
comparison. We see that the one-loop potentials all no longer have a minimum where

the tree-level potential has a minimum.

to the tree-level potential |V(0)(0, v)| ≈ λv4/4 is

V(1)(0, v)
|V(0)(0, v)|

≈ 1
4π2

2λ12M2 + λ12M2 ln
(

M2

v2

)
λv2 ≈ 2 > 1. (3.15)

Here, I have assumed that λ = λ12 = 1 for convenience. This means that the one-loop

contribution actually destroys the minimum at ϕ2 = v. This can be seen in the example

in figure 3.1, where I have plotted the potentials for the 2HDM. Here, I also plot the

improved effective potential as calculated numerically, as well as using the analytical

t(0)∗ approximation described in [42]. We see that no matter which method we use, due

to large one-loop corrections, the one-loop potentials all no longer have a minimum at

the desired point
√

ϕ2
1 + ϕ2

2 = v. That is: the improved effective potential is insufficient

to keep the one-loop corrections small, and our perturbation theory is completely

spoiled.

This issue has been observed in previous one-loop studies of the 2HDM potential

[30, 63]. A known way to address this issue is to move from the MS renormalisation

scheme in favour of a more physical renormalisation scheme where we fix the one-loop

vev v and one-loop scalar masses to the tree level values. To do this, we add to the
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potential a counterterm potential of the form

Vcounter = δm2
11|Φ1|2 + δm2

22|Φ2|2 − (δm2
12⟨Φ1|Φ2⟩+ h.c.) +

1
2

δλ1|Φ1|4 +
1
2

δλ2|Φ2|4

+ δλ3|Φ1|2|Φ2|2 + δλ4⟨Φ1|Φ2⟩⟨Φ2|Φ1⟩+
1
2
(δλ5⟨Φ1|Φ2⟩2 + h.c.) (3.16)

and choose the δmij, δλk so that

∇Vcounter = −∇V(1),
∂2Vcounter

∂ϕi∂ϕj
= −∂2V(1)

∂ϕi∂ϕj
. (3.17)

Basler et al. and Cline et al. showed that this is in general possible for the 2HDM

with general neutral or CP-breaking vacua [30, 78]. However, this method will be

inconvenient for our purposes. Indeed, barring some miracle, the counterterms would

in general be dependent on the masses mh, mH∗/A. This would make our scheme

mass-dependent, and mass-dependent schemes are inconvenient as the calculation

of β and γ functions become much more difficult. This was not an issue in Basler et

al.’s study [30] since they were focused on non-improved one-loop potentials. But

since I will be looking at the RG-improved potential, it is desirable to keep our scheme

mass-independent.

I thus aim to approximate (3.17) as well as possible within the MS scheme. To do

this, I first approximate the one-loop potential with the RG-improved potential, which

takes the form of the tree-level potential, but with parameters λ(µ(ϕ)) dependent on

the field ϕ itself. At the vev, this reads

V(v) + Vcounter(v) = V(0)(λ(µ0), v) + V(1)(λ(µ0), v) + Vcounter(v)

= V(0)(λ(µ(v)), ϕ(µ(v))) + Vcounter(v)
!
= V(0)(λ(µ0), v). (3.18)

Here, in the last line, I have made explicit the key assumption of this approach: To

approximately fulfill equation (3.17), I will choose the counterterms exactly so that at

the vev, we obtain the tree-level potential.

To see how this works in detail, let us look at our choice (3.18) more closely. Since

both the improved effective potential and the counterterm potential take the form of
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the tree-level potential but with only modified parameters (λ(µ(ϕ)) and δλ instead of

just λ,) the parameters will factor out. So, if we choose the counterterms δλ so that

the total contribution to the potential reads as

λ(µ0)︸ ︷︷ ︸
V(0)

+ [λ(µ(ϕ))− λ(µ0)]︸ ︷︷ ︸
V(1)

+ [λ(µ0)− λ(µ(v))]︸ ︷︷ ︸
Vcounter

, (3.19)

then, at ϕ = v, the V(1) and Vcounter contributions cancel exactly. Notice however, that

if we choose µ0 = µ(v), then the counterterm contribution becomes zero. This way we

automatically absorb the counterterms into our tree-level and one-loop contributions.

As a result, Vcounter = 0 and we stay within the M̄S scheme.

Of course, this will not lead to the exact fulfillment of (3.17). For a point close to

the vev v + η, we have

V(v + η) + Vcounter(v + η) = V(0)(λ(µ0), v) + η
dV(0)

dϕ
+ O(η2)

= V(0)(λ(µ0), v) + ηβλ
d ln µ

dϕ

dV(0)

dλ
+ O(η2) (3.20)

If d ln µ
dϕ is sufficiently small (≪ 4π), as I will later prove, we find that the potential is

modified from the tree-level value by something proportional to βλ. Now, as long as

the theory is perturbative, this βλ function must be small (of one-loop order), so we

expect that the one-loop minimum and one-loop masses are only shifted slightly.

There is still one theoretical ambiguity though. Since our initial choice µ0 is

arbitrary, µ(v) is also in some sense arbitrary. As such, we can repeat this procedure

indefinitely by first setting the initial renormalisation scale at µn−1 and defining

µn = µ(v). More precisely,

µn : V(1)(λ(µn), v(µn), µn) = 0 where λ(µn−1) = λ, v(µn−1) = v, (3.21)

Here, the λ, v appearing without arguments are the tree-level inputs, and the λ(µ), v(µ)

dependence on µ are given by the RGEs (2.13). The canonical choice of renormali-

sation scale which will best approximate (3.17) is thus given by µ̄ = lim
n→∞

µn. By the

contraction mapping theorem, this µ̄ is given by µ̄ : V(1)(λ, ϕ, µ̄) = 0. This equation

has previously been investigated in a different context in [42]. The solution is given by
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a straightforward algebraic manipulation to be

µ̄ = µ0 exp

(
V(1)(v, µ0)

2B(v)

)
, B =

1
64π2 ∑

i
mi(ϕ)

4. (3.22)

Let us now examine when this solution will keep the one-loop corrections small. As

usual, we will require the logarithms ln(m2
h,H∗,A/µ̄2) to be small. Since we customarily

choose µ0 = v and ln(m2
h,H∗,A/v2) ≪ 4π, this is equivalent to keeping ln(µ̄2/µ2

0) =

V(1)

B
small.

To do this, we simply note that V(1) and B are both of order M4. So, the only way
V(1)

2B
can become large is if V(1) contains large logarithms, or if B is near a root.

The first case is not too big of a problem: Logarithms can only be large for all

renormalisation scales µ at the vev if we have ln(m2
H/m2

h) ≳ 4π. This is avoided as

long as mH ≪ 60 TeV which we will always fulfill.

The second case is a hint of instability in our method: The condition B = 0 defines

a hypersurface in the space of parameters and fields (λ, ϕ). As such, as we scan the

parameter space, we will be almost guaranteed to encounter at lease one point where

B = 0. In this case, our approximation (3.22) breaks down completely. It turns out

though, by virtue of B = 0 being a lower dimensional surface, this instability occurs in

sufficient isolation that it will not impact our final conclusions. This will be discussed

more precisely in section 3.5 and chapter 4.

Finally, it is time to go back and justify that the correction term in (3.20) is truly

small. To do this, I will take a result from [42] which states that the expression in

(3.22) is actually identical to the leading order choice of renormalisation scale which

enters the RG-improved potential. That is, µ(ϕ) in (3.18) is to leading order given by

µ(ϕ) = µ̄ exp

(
V(1)(ϕ, µ̄)

2B(ϕ)

)
.

Then, the ∂ ln µ
∂ϕ term appearing in (3.20) is given by

∂ ln µ

∂ϕ
∼ V(1)′B−V(1)B′

2B2 .

Here, primes denote differentiation with respect to ϕ. Similar to our analysis of (3.22),
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Figure 3.2: Comparison of 2HDM effective potentials at tree-level, one loop calculated

at µ0, and one-loop calculated at µ̄ in (3.22). Here, |ϕ| :=
√

ϕ2
1 + ϕ2

2 and ϕ2/ϕ1 = tan β.
The parameters are chosen such that mH∗,A/v = 3 so that the vev is at |ϕ|/v = 1 in
the horizontal axis. We see that while the one-loop corrections at µ0 destroys the
minimum at |ϕ| = v, the one-loop corrections at µ̄ does not shift observables like the
vev and the mass (curvature of the potential at |ϕ| = v) much. As such, our choice µ̄

improves the convergence of the perturbation theory.

this can only be large if V(1) contains large logarithms or if B is near a root. As such,

there are no further conditions for the validity of our approximation (3.22).

Figure 3.2 shows an explicit comparison of the one-loop potential calculated

conventionally with µ0 = v, and calculated with our improved approximation µ̄. This

figure demonstrates how the one-loop corrections can be large at µ0, but small at µ̄, so

that the perturbation expansion V = ∑n V(n) is expected to converge faster with µ̄.

3.5 One-Loop Results

3.5.1 Comparison of Improved and Unimproved potentials

Before we compute the one-loop absolute stability bounds, let us first discuss one

more subtlety regarding the one-loop calculations. Both the nonimproved one-loop

correction V(1) and the RG-improved one-loop correction V(1)
imp are viable candidates

for the one-loop stability bounds calculations. Each of the two, a priori, come with

their own theoretical advantages and disadvantages, and it is not clear whether we
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should use one over the other:

1. The RG-improved correction keeps logarithms which may appear in the one-loop

corrections small. This means it is valid in a much larger domain than the

non-improved potential. Indeed this is the original motivation for obtaining the

RG-improved potential. At large field values
√

ϕ2
1 + ϕ2

2 ≫ v the unimproved

potential is unreliable while the RG-improved potential is still reliable to one-loop

order.

2. The RG-improvement effectively reorders the perturbation series to include all

the dominant logarithms into the one loop correction. Therefore, we selectively

mix higher-order corrections into our one-loop results. This means the RG-

improved potential is not strictly consistent in the conventional perturbation

theory. However, this is not an issue if the remaining terms in the RG-improved

perturbation series are negligibly small.

As we will see, however, this will not matter in the end since the difference between

the improved and unimproved potentials are almost always negligible in the region√
ϕ2

1 + ϕ2
2 ≲ 104 GeV. Indeed one of the requirements for RG-improved potential is

that, if µ(ϕ) ∼ µ̄, then V(1)
imp = V(1) +O(2-loop). The renormalisation group technique

we use has been proven to satisfy this requirement asymptotically [42].

However, these asymptotics do not guarantee that the non-improved and improved

potentials agree for all field values |ϕ| < 104 GeV. I will thus verify that the difference

between the RG-improved and unimproved potentials is small in the region of interest

|ϕ| =
√

ϕ2
1 + ϕ2

2 ≲ 104 GeV.

To do this, I sampled random input parameters and ensured that they satisfy

‘perturbative unitarity’ and ‘bounded-from-below’ constraints. This way, I obtained 13

input parameters which satisfy both PU and BFB constraints. Then, for each sampled

input parameter, I sampled approximately 50 points logarithmically spaced in the

radial coordinate |ϕ| and 6 points linearly spaced in the polar coordinate arctan(ϕ2/ϕ1).

The relative corrections from one-loop calculations and RG-improvement are then

calculated for each of these points. The results are summarised in figure 3.3.

In figure 3.3a, we see that the one-loop corrections are typically ≲ 10% when

|ϕ| ≲ 104 GeV. Figure 3.3b then shows that the improvement procedure is typically
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Figure 3.3: Average relative corrections from (a) the unimproved one-loop calculations
and (b) the RG-improvement procedure. The error bars indicate not the standard

deviations, but the interquartile ranges.

≲ 20% of the one-loop corrections when |ϕ| ≲ 104 GeV. Since we expect the two-loop

corrections to be roughly on the size of ≲ 10% of the one-loop corrections, we see that

the difference between the one-loop improved and unimproved potentials is negligible

to one-loop order, when |ϕ| ≲ 104 GeV. This means that we are free to choose either

the improved or unimproved potentials in the calculation of our stability bounds.

In the next subsection, I will use the full RG-improved effective potential to calculate

the absolute stability bounds. This is because I already have the RG-improved potential

implemented and there is little reason to not use it at this stage. However, the results of

this subsection show that this is not needed: Future work may use only the unimproved

potential when calculating absolute stability bounds for nearby vacua |ϕ| ≲ 104.

3.5.2 Absolute Stability Bounds

Now that we have discussed how to unambiguously calculate the one-loop effective

potential, it is time to finally obtain the stability bounds. I compute the bounds

numerically as follows:

1. Start with a set of input parameters v, mh,H∗,A, λ1, tan β, cos(α− β), and calculate

the parameters appearing in the 2HDM potential m2
ij, λk.

2. Set the initial renormalisation scale to µ̄ according to (3.22).

3. Calculate the one-loop shift in the vev. To do this, I start from the tree-level vev
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v0 = (v cos β, v sin β) and perform Newton-Raphson iterations8

vn+1 = vn −
(

∂2V
∂ϕ∂ϕ

)−1

∇V

until the estimated error ∥vn+1 − vn∥ is less than a relative tolerance of 10−4.

Call the result v

4. Globally minimise the one-loop effective potential in the two neutral scalar fields

ϕ1 and ϕ2. This is done using the NMinimize function in Mathematica 14.0. Call

the result w.

5. If the error ∥v−w∥ is less than a relative tolerance of 10−3, call the set of input

parameters absolutely stable. Else, it is either metastable or unstable.

6. Repeat from step 1 with a new set of inputs.

As stated earlier in this chapter, the parameters v and mh are fixed to 246 GeV

and 125 GeV respectively by experiments. I then scanned through the mH∗,A, tan β

and the cos(α− β), tan β planes to gain an understanding of how absolute stability

constrains the parameter space. These vacuum stability bounds are then compared

against (perturbative) unitary and bounded-from-below constraints, to see what

relative improvement my vacuum stability bounds give. The results are summarised

in figure 3.4 and they are in line with our tree-level analysis: At masses higher than

mH∗,A > 800 GeV, I find no set of input parameters which supports a lower vacuum,

while evading the PU, BFB, and perturbativity bounds9.

The one-loop results in figure 3.4 are not too surprising. Indeed as I have loosely

argued in section 3.3, when mH∗,A ≫ mh, v, the second derivatives are large and

positive. This way, the one-loop corrections are not big enough to generate a second

minimum. To see the effect of modifying the λ1 input parameter, I have also plotted

the mH∗,A, tan β parameter scans at λ1 = 0.5, 1.5 in figure 3.5. From these plots we see

that the behaviour of the absolute stability bounds is qualitatively in line with the

analytical arguments around (3.12). As λ1 increases, the critical value mH∗,A above

which we have no second minimum also increases.
8The FindMinimum function in Mathematica 14.0 does not return the correct local minimum. So I

wrote my own implementation.
9The ‘PU and BFB’ bound in figure 3.4 is usually stricter than just perturbativity.
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Figure 3.4: Parameter scans of 2HDM summarising the one-loop absolute stability
results, as well as the tree-level stability results. Our absolute stability constraints (red,
blue) are superimposed with other theoretical constraints (gray) commonly used in
the literature. Namely, perturbative unitarity (PU), bounded-from-below (BFB) and
perturbativity |λi| < 4π. Note that the white regions are absolutely stable and the
purple region is not absolutely stable at both tree-level and one-loop. The scattered
red points which do not agree with their surroundings are due to the numerical
instabilities described in section 3.4. (a) Parameter scan in the mH∗,A, tan β plane. The
other parameters are fixed at λ1 = 1, cos(α− β) = 0.1 to stay close to the alignment
limit. We see that for new scalar masses of mH∗,A ≳ 400 GeV there are no longer any
unstable points. This agrees with the results of section 3.3. (b) Parameter scan in the
cos(α− β), tan β plane. The other parameters are set to λ1 = 1, mH∗,A = 800 GeV. We
see that, in agreement with our analytical arguments 3.3, we find no parameters which

supports a lower vacuum.

Finally, while my results do not exclude any potentially interesting regions of

parameter space when mH∗,A > 1 TeV, they may have physical consequences on

baryogenesis10. Namely, one of the main ingredients for baryogenesis in the early

universe is a strongly first-order phase transition [14]. The 2HDM has thus been

extensively studied in the context of baryogensis as the 2HDM can modify the SM

electroweak phase transition to become strongly first order [30, 68].

However, to investigate cosmological phase transitions, we would need to study the

2HDM effective potential more thoroughly. This is because in the early universe, ther-

mal corrections to the effective potential become important. These thermal corrections,

10The creation of baryons.
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Figure 3.5: Same as figure 3.4 but with (a) λ1 = 0.5 and (b) λ1 = 1.5 respectively. The
qualitative behaviour is in agreement with the analytical results from equation (3.12):
As we increase λ1, the critical mass mH∗,A, above which there is no second minimum,
increases. We see that the one-loop results do not differ from the tree-level results in
any significant way. All disagreements seen in the above plots can be attributed to

numerical instabilities.

at one-loop order, take the form [30, 79]

V(1)
thermal =

1
2π2 ∑

i
(−1)2si niT4

∫ ∞

0
dx x2 ln

(
1 + (−1)2si+1e−

√
x2+m2

i /T2
)

. (3.23)

Here, mi are (2.21) but with thermal corrections included, ni and si are identical with

(2.20), and T is the temperature. So unless the one-loop thermal corrections are very

large11,
∥∥∥∥ ∂2V(1)

thermal
∂ϕ∂ϕ

∥∥∥∥
2
≳ m2

H∗,A, a second minimum cannot be generated outside the

tan β = ϕ2/ϕ1 direction. While this is not an issue for the standard one-step phase

transitions considered in ref. [30, 80], these phase transitions are anyway excluded

when mH± ≳ 700 GeV [80]. What my results in this thesis show is that multi-step

phase transitions, such as those considered in [81, 82, 83], are likely disfavoured in

the 2HDM with mH∗,A ≳ 800 GeV. As a result, the findings in this thesis, along with

ref. [80], suggest that strongly first-order phase transitions in the 2HDM may be

highly disfavoured when mH∗,A ≳ 800 GeV. However, due to time constraints, I will

not investigate thermal corrections to the effective potential further in this thesis. I

will thus leave it as an interesting potential direction for future work.

11In terms of the entry-wise (Frobenius) norm.



Chapter 4

Renormalisation-Induced Vacua and

Metastability Constraints

In this chapter, I investigate the vacuum structure of the 2HDM due to the renormalisation

scale dependence of the couplings λ(µ). These new vacua typically only appear at large field

values ≳ 105 GeV, as opposed to the leading-order vacua found in chapter 3. All calculations

and proofs presented are, unless otherwise stated through relevant citations, the result of my

own work.

4.1 Bounces in the Two-Higgs-Doublet Model

As discussed in subsection 2.1.4, to compute the tunneling rate requires us to solve the

bounce equation (2.28). In general, this would be a very complicated non-conservative

equation with no general analytical solutions. However, in this chapter, I focus

primarily on vacua induced by the RG-dependence of the couplings λ(µ). In ref.

[42], Chataignier et al. showed that, just like in the single-field case, when we take

the large-field limit |ϕ| =
√

ϕ2
1 + ϕ2

2 + · · ·+ ϕ2
n → ∞, the RG-scale of the improved

effective potential scales asymptotically like ln µ ∼ ln |ϕ| → ∞. I will make this

claim more precise for the 2HDM in section 4.2, where I examine the validity of the

RG-improvement technique for |ϕ| ≫ v. However, I will first make use of this fact to

simplify the multi-field bounce equation.

Since the β functions are in general small O
(

λ2

(4π)2

)
, λ(µ) can only differ signif-

icantly from λ(µ0) if | ln(µ/µ0)| ≫ 1. Taking µ ∼ |ϕ| and µ0 ∼ v as usual, we see

that unless we are in the large-field limit |ϕ| ≫ v, the RG-improved potential will not

substantially differ from the leading-order potential. Indeed, we have also seen this

numerically in figure 3.3, where the improved potential does not differ by more than

∼ 2% from the one-loop or tree-level potentials unless |ϕ| ≳ 105 GeV.

Taking advantage of these large fields, we may neglect any non-leading sub-quartic

48
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terms in the potential and write

Veff ≈ V{4}eff :=
1
2

λ1(µ)|Φ1|4 +
1
2

λ2(µ)|Φ2|4 + λ3(µ)|Φ1|2|Φ2|2 + λ4(µ)⟨Φ1|Φ2⟩⟨Φ2|Φ1⟩

+
1
2
(λ5(µ)⟨Φ1|Φ2⟩2 + h.c.). (4.1)

Here, the superscript {4} makes explicit that this is the quartic part of the 2HDM poten-

tial. Notably, V{4}eff is homogeneous with degree 4: V{4}eff (λΦ1, λΦ2) = λ4V{4}eff (Φ1, Φ2).

Just as in (2.44) and (2.35), we may write the two doublets in terms of the real fields ϕ∗

Φ1(x) =
(

ϕα(x)
ϕ1(x) + iϕi(x)

)
, Φ2(x) =

(
0

ϕ2(x)

)
. (4.2)

Then, the Lorentz-symmetric bounce equation (2.28) reads as

∂2ϕ

∂ρ2 +
3
ρ

∂ϕ

∂ρ
=

∂V{4}eff (ϕ)

∂ϕ
(4.3)

with ϕ = (ϕ1, ϕ2, ϕα, ϕi) and ρ2 = xµxµ. Inspired by Fubini’s success in solving the

single-field case [59, 60], I similarly make the change of variables ψ = ϕ/ρ and

t = ln ρ. This transforms our bounce equation into the auxiliary classical equation of

motion1

∂2ψ

∂t2 = ψ +
∂V{4}eff (ψ)

∂ψ
. (4.4)

We may interpret this equation as the motion of a single particle with coordinates ψ

subject to the following auxiliary Hamiltonian:

H =
1
2

π2 − 1
2

ψ2 −V{4}eff (ψ) (4.5)

where π is interpreted as the canonical conjugate momentum of ψ. Therefore, I

have reduced the calculation of the leading-order contribution to the QFT tunneling

rate with potential V{4}eff (ϕ), down to the trajectory of a classical particle subject to a

modified, flipped potential −1
2 ψ2 −V{4}eff (ψ). In the single-field case, this is the end

of the story: A Hamiltonian system in one spatial variable always admits an exact

1It should be noted that this procedure only works because V{4}eff is homogeneous with degree 4.
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Figure 4.1: Poincare section of the auxiliary Hamiltonian system (4.5) at π1 = 0,H = 1
with λ1 = λ2 = −1. (a) The Poincare section at the integrable point λ345 = 0. The
trajectories of the particle in phase space is constrained to a 2D torus, which intersects
with the 2D poincare section in the 3D isoenergy surface to produce regular 1D curves.
(b) The Poincare section at a near-integrable point λ345 = 0.09. Most of the trajectories
are no longer constrained to regular curves in the Poincare section, indicating that
there is no second conserved quantity. The mixing of the purple and orange trajectories

suggests the onset of chaos.

analytical solution. In the case of V{4}eff = λϕ4, the solution satisfying the bounce

boundary conditions below equation (2.28) is given in equation (2.39).

However, the multi-field case is not as easy. Indeed, our difficulty already appears

in the 2-field case, with2 ψα = ψi = 0. In which case, the potential takes the form

V{4}eff (ψ) = λ1ψ4
1 + λ2ψ4

2 + λ345ψ2
1ψ2

2, λ345 := λ3 + λ4 + λ5. (4.6)

When λ345 = 0 the potential separates into two independently solvable components,

and the system is again exactly solvable. However, as we move away from this point,

we see from figure 4.1b that the trajectories are no longer constrained to 2-dimensional

surfaces. This means that there is no second conserved quantity, and so, we are forced

to abandon a general analytical solution to the system (4.5).

But, we are lucky: the Hamiltonian system (4.5) is sufficiently nice so that exact

radial solutions survive. To see why, note that the potential is a sum of a spherically

symmetric component −1
2 ψ2 and a homogeneous component −V{4}eff . Writing the

2Note that this choice automatically satisfies 2 of the 4 equations in (4.4).
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fields in spherical coordinates (∥ψ∥, θ), if for some set of angles θ∗ we have that

dV{4}eff
dθ

∣∣∣∣∣
θ∗

= 0 (4.7)

then by homogeneity, this holds for all radii ∥ψ∥ ∈ R. By the classical equation

of motion θ̈ ∝ dV{4}eff
dθ , this means the homogeneous component −V{4}eff admits radial

solutions: ψ(t) ∝ ψ(t′) for all t, t′ ∈ R. This radial solution then survives in the

modified potential−1
2 ψ2−V{4}eff since the spherically symmetric component is constant

in θ.

Indeed, if we denote the critical set of angular variables θ∗, then we can define an

effective quartic parameter

λeff := V{4}eff (∥ψ∥ = 1, θ∗) =⇒ V{4}eff (ψ, θ∗) = λeffψ
4. (4.8)

Here, I have defined ψ = ∥ψ∥ for clarity. Since the trajectory is now constrained to

a radial line, we can solve for the motion of ψ the same way we would in the single

field case (2.39). This gives,

ϕ(ρ) =
ψ(ln ρ)

ρ
=

√
2
|λeff|

2ρ0

ρ2 + ρ2
0

=⇒ B =
8π2

3|λeff|
. (4.9)

This allows us to directly calculate the leading-order tunneling rate using equation

(2.32). However, before we continue, I would like to make a couple of remarks:

1. A bounce can only exist if there is a valid turning point for the particle ψturn :

−1
2 ψ2

turn − V{4}eff (ψturn) = 0. Furthermore, the condition (4.7) ensures that the

radial bounces traverse the steepest radial directions. So, it is sufficient to show

that −1
2 ψ2 − V{4}eff (ψ) = 0 at some point in field configuration space. Indeed

due to the homogeneity of V{4}eff (ψ), this is exactly equivalent to the condition

that V{4}eff (ψ) is not bounded-from-below (BFB). Since this is exactly the same

condition for the improved effective potential to develop a new lower minimum

(see figure 2.1 or [42]), this suggests that the radial bounces I have derived are

the physically significant solutions.

2. Of course, there are other solutions to the equations of motion given by (4.5).
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Figure 4.2: Comparison of minimal radial bounce derived in the main text (dashed)
with a nonminimal 2-bounce solution (continuous). The parameters of the potential
are chosen as λ1 = −0.8, λ2 = −0.6, λ345 = −2. (a) The bounce solutions visualised
in field configuration space. The background density plot shows the potential of the
auxiliary classical system (4.5). We see that the (continuous) 2-bounce solution visits
two different vacua before returning to ψ = 0 as required by the boundary condition.
The radial 1-bounce solution is also shown in dashed lines for comparison. (b) The
2-bounce (continuous) and 1-bounce (dashed) solutions plotted against time. This
shows that we need more time to complete the 2-bounce as compared to the 1-bounce.

Indeed, as hinted in the previous remark, there are even other solutions which

satisfy the bounce boundary conditions (below equation (2.28)). However, I argue

that these bounces contribute negligibly to the tunneling rate. Indeed, we may

visualise these extended bounce solutions in figure 4.2. Here, we see that the new

2-bounce requires the particle to move over a ∼ 50% longer distance, and over a

∼ 50% longer period of time. Hence, the 2-bounce will contribute with a much

larger bounce action as compared to the radial bounce B(2-bounce) ≫ B(1-bounce).

Since the tunneling rate contribution from each bounce is ∝ exp(−B), the 2-

bounce contribution to the tunneling rate will thus be exponentially suppressed

as compared to the radial 1-bounce contribution.

Having argued that the only physically significant solutions are the radial bounces,

we can specialise to the specific case of the 2HDM. The detailed derivation of the

λeff is long, tedious, and not very insightful, so I will omit it here. In any case the

general procedure has been outlined in equations (4.7) and (4.8). Defining the field
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space angles θ = (η, θ, ξ) as

ψ2 = ψ sin(η), ψa = ψ cos(η) cos(ξ),

ψ1 = ψ cos(η) cos(θ) sin(ξ), and ψi = ψ cos(η) sin(θ) sin(ξ). (4.10)

I summarise the radial bounces appearing in the 2HDM in table 4.1. Each solution

appearing in the λeff column of table 4.1 can be used to derive a BFB condition.

Specifically, the potential is BFB if and only if λeff > 0. However, it is generally more

efficient to obtain the BFB conditions using linear algebra shortcuts. One way to

do this is by writing V{4}eff as a quadratic form, and requiring the quadratic form be

co-positive, as is done in [84]. This is especially efficient in more complicated theories

like the 2HDM+s/a [23]. However, these shortcuts usually obfuscate the calculation of

λeff, so they aren’t as useful for our purposes3.

BFB Condition Angles λeff

λ1 > 0 η = 0 λ1
2

λ2 > 0 η = π
2

λ2
2

λ3 > −
√

λ1λ2 ξ = 0, η = arctan
(√

λ2−λ3
λ1−λ3

)
λ1λ2−λ2

3
2(λ1+λ2−2λ3)

λ3 + λ4 + λ5 > −
√

λ1λ2

θ = 0, ξ = π
2 λ1λ2−(λ3+λ4+λ5)

2

2(λ1+λ2−2(λ3+λ4+λ5))η = arctan
(√

λ2−λ3−λ4−λ5
λ1−λ3−λ4−λ5

)
λ3 + λ4 − λ5 > −

√
λ1λ2

θ = π
2 , ξ = π

2 λ1λ2−(λ3+λ4−λ5)
2

2(λ1+λ2−2(λ3+λ4−λ5))η = arctan
(√

λ2−λ3−λ4+λ5
λ1−λ3−λ4+λ5

)
Table 4.1: Summary of the different radial bounce solutions present in the 2HDM. The
angles in the second column satisfy equation (4.7). Each solution corresponds to the
violation of one of the BFB conditions given in (3.4). This violated BFB condition is
shown in the first column. The second column shows the direction in field configura-
tion space at which the bounce solution traverses. The angles are defined in (4.1). The
final column shows the analytical form of λeff which directly appears in our bounce

solution (4.9).

3It is possible to derive λeff using linear algebra methods but it is more complicated than performing
the procedure (4.8) for the 2HDM(+s/a) models. However, for future reference, I expect that linear
algebra methods are more efficient in models more complicated than the 2HDM+s/a, especially for
numerical calculations.
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4.2 Validity of the Single-Scale Improvement

Now that we have identified the relevant directions in field space for our tunneling

rate calculations, it is time to go back and verify that all our approximations are valid.

The single-scale improvement technique as introduced in 2.1.3 is valid as long as all

the field-dependent masses m2
i (ϕ) are of similar orders of magnitude. However, as we

will see, while this is sufficient, it is not always necessary.

In the approximation V ≈ V{4}, comparing the field-dependent masses is rather

simple. All the field dependent masses are eigenvalues of the Hessian, and since V{4}

is homogeneous with degree 4, we find that the Hessian and hence the eigenvalues

are also homogeneous with degree 2. As a result, the field dependent masses m2
i

become only functions of the parameters λi and the angles θ. Importantly, since the

potential V{4} does not contain any inverse powers of λi or sin θ or cos θ, the Hessian

and the eigenvalues must also not contain any inverse powers. This means, as long as

the theory is perturbative λi ≲ O(1), the field dependent masses are always of order

m2
i ≲ O(∥ϕ∥2). For example, looking at the direction η = π/2, corresponding to the

second row in table 4.1, the field dependent masses take the form

m2(ϕ) =

(
λ3

2
,

3λ2

2
,

λ3 + λ4 + λ5

2
,

λ2

2
,

λ3 + λ4 − λ5

2
,

λ2

2
,

λ3

2
,

λ2

2

)
× ∥ϕ∥2. (4.11)

If we take µ2 = λ2
2 ∥ϕ∥2, then as long as λ2 ∼ λ3 ∼ λ4 ∼ λ5, we have ln

(
m2(ϕ)/µ2) ≲

1 and the single-scale improvement method works.

But what happens if for example λ3 ≪ λ2? At first glance, one might think that

then | ln
(
m2

1(ϕ)/µ2) | = | ln(λ3/λ2)| ≫ 1 and the perturbation theory is spoiled4. But

this is not actually the case. Let us denote the component parallel to the radial bounce

ϕ∥ and the direction of the λ3
2 ϕ2
∥ eigenvector ϕ⊥. Then the potential in this direction

reads as

V{4} =
1
8

λ2ϕ4
∥ +

1
4

λ3ϕ2
∥ϕ

2
⊥ + . . . .

When λ3 ≪ λ2 ≲ 1, we approach the limit where the ϕ⊥ field decouples from the

ϕ∥ field, so we expect that the contributions from ϕ⊥ will be small. More concretely,

perturbation theory yields an asymptotic series in the perturbation parameter λ3. So

4Remember that the perturbation theory is spoiled when we have large logarithms.
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the difference between the nth-order effective potential and the effective potential at

all orders of λ3 scales as o(λn
3). So the perturbation theory is not spoiled after all.

Similarly, for λ2 ≪ λ3 ≲ 1 we are not in much trouble. This is because for

metastability constraints we are typically interested in |λ2| ≳ 0.01. So, | ln(λ3/λ2)| ≲

5 < 4π.

The above arguments generalise to all the rows appearing in table 4.1. As such, we

conclude that the single-scale-improved potential is suitable at the large-field limit.

4.3 Landau Pole Constraints

Frequently, in quantum field theory, the RGEs (2.11)-(2.13) are not very well-behaved.

As nonlinear systems of differential equations, almost all choices of initial conditions

frequently lead to unphysical poles in the solutions. Usually, this is not an issue. For

example, in quantum electrodynamics, the Landau pole occurs at an energy scale of

≫ 10200 GeV [36]. In the standard model, I calculated the Landau pole to occur at5

∼ 1040 GeV. In both of these cases the Landau pole occurs well beyond the Planck

scale Λpl ∼ 1018 to 1019 GeV where we expect standard quantum field theory to break

down, to make way for quantum gravity. As a result, we expect that the SM Landau

pole would have no implication on theory or experiment whatsoever.

However, this is not the case when the Landau pole occurs at lower energies. The

calculation of metastability constraints requires us to look at the 2HDM+s/a model at

higher energies. So we must take into account the existence of Landau poles to ensure

that our prediction is theoretically consistent. Indeed a Landau pole at a scale below

the Planck scale Λpl would mean that our QFT must break down before the Landau

pole6.This could be due to the existence of new fields which become important at

higher energies, or due to nonperturbative phenomena like colour confinement in

QCD [86]. In both cases, we require that physics beyond the Landau pole be described

by a new theory, beyond the model we are studying. In the former case, however, such

fields must appear at energies much lower Λnew than the Landau pole ΛL. This is

because new fields can only modify existing parameters at one-loop order through the
5using 2021 recommended values for measured observables [71] and 2-loop beta functions as

calculated using the Mathematica package SARAH [85]
6This is because perturbative QFT can only make meaningful predictions for perturbative couplings

λi < 4π.
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Figure 4.3: The renormalisation scale ΛL at which the 2HDM encounters a Landau
pole, with λ1 = 0.6, mH∗/A = 1000 GeV. Figure (b) shows the same data as figure
(a) but with 10× magnification in the cos(α− β) axis. We see that the requirement
that the Landau poles are sufficiently high energy constrains the 2HDM to values of

| cos(α− β)| ≲ 0.05.

β function. Roughly speaking,

λnew(Λ)− λ2HDM(Λ) =
∫ ln Λ

ln Λnew

δβ(ln µ) d ln µ (4.12)

where δβ is the difference in the beta function of the 2HDM and the new theory.

So, new fields must appear several orders of magnitude in energy before the

Landau pole, to have a nonnegligible effect. After all, if λ2HDM(Λ) is large, we need

the RHS of (4.12) to be large for λnew(Λ) to be perturbative.

With all this taken into account, I will by default exclude parameter points for

which ΛL < 1010 GeV. This way, if new particles are detected in future colliders at

∼ 104 GeV, they will have ample room to remove the Landau pole at7 ≳ 1010 GeV.

I plot the 2HDM Landau poles in figure 4.3. Here, we see that the condition ΛL >

1010 GeV typically constrains | cos(α− β)| ≲ 0.02 when λ1 ∼ 0.6 and mH ∼ 1000 GeV.

This is much stricter than the PU and BFB constraints (see for example fig 3.4), which

typically allow values up to | cos(α− β)| ∼ 0.2. As such, we conclude that the Landau

pole constraint ΛL > 1010 GeV excludes a large region of unphysical parameters.

7In any case, a Landau pole at energies too small ∼ 106 GeV would indicate that the β functions are
large, so the theory would be close to being nonperturbative. In such a case our one-loop approximations
would not be very precise anyway.
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4.4 Stability Constraints Results

We are almost ready to calculate the constraints false vacuum decay impose on the

2HDM. However, there is one more subtlety to address.

With the choice µ̄ given in equation 3.22, the one-loop minimum, and the Hessian

of the one-loop potential, do not coincide with their tree-level values. Of course, this

is unavoidable when working within a mass-independent renormalisation scheme like

MS, so we must deal with the consequences.

The typical order of the one-loop corrections to the vev and masses are 10%. In

addition, the vev typically gets negative one-loop corrections while the mass typically

gets positive one-loop corrections. It turns out that both of these corrections work

to destabilise the desired vacuum, and unfortunately this is sufficient to modify our

(meta)stability conclusions for a significant region of parameter space. An example

is shown in figure 4.4 where I plot the regions excluded by absolute stability and

metastability for the tree-level mh, v set to their experimental (all-orders) value, and

for mh, v shifted by 10%. We see that in figure 4.4a, only a small fraction of parameter

space in the bottom left is excluded. To contrast, figure 4.4b shows that most of the

parameter space is excluded by absolute and metastability constraints. This shows

that it is imperative we take the one-loop Higgs mass mh and vev v as inputs, rather

than their tree-level values. For the 2HDM, I do this as follows

1. Calculate the one-loop potential with tree-level inputs m(tree)
h = m(exp)

h ,v(tree) =

v(exp). Here, the superscript (exp) denotes the physical, experimentally-obtained

value for mh. The superscript (tree) denotes the tree-level approximation.

2. Calculate the one-loop mass and vev of the one-loop potential. This is done

using the Newton-Raphson method as described in section 3.5.2, and using the

default Eigenvalue function in Mathematica 14. Denote them m(one-loop)
h and

v(one-loop).

3. Obtain new estimates for the tree-level quantities m(new,tree)
h , v(new,tree) using an

iteration of Newton’s method:(
m(new,tree)

h −m(exp)
h

v(new,tree) − v(exp)

)
=

∂(m(tree)
h , v(tree))

∂(m(one-loop)
h , v(one-loop))

(
m(one-loop)

h −m(exp)
h

v(one-loop) − v(exp)

)
(4.13)
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(b) v(tree)=270 GeV, mh(tree)=113 GeV

Figure 4.4: Comparison of stability bounds computed with (a) tree-level inputs set
to experimental values, and (b) tree-level inputs set to be shifted by 10% of the
experimental values. We see that the metastability bounds are very sensitive to these
10% changes of tree-level inputs so one-loop effects become important. Here, and in
future plots, light cyan denotes non absolutely-stable but metastable vacua. Dark cyan

on the other hand denotes unstable vacua.

Here, the Jacobian matrix ∂(m(tree)
h ,v(tree))

∂(m(one-loop)
h ,v(one-loop))

can be obtained by computing the

one-loop masses and vevs at different tree-level inputs, and finding the plane of

best fit. Typically, I find that

∂(m(tree)
h , v(tree))

∂(m(one-loop)
h , v(one-loop))

=

(
1.29 −0.226
−0.551 1.49

)
±O(10%). (4.14)

Here, O(10%) is an abuse of notation to mean that each entry varies by approxi-

mately 10% when we vary the 2HDM parameters.

4. Compute the one-loop masses with the new inputs, and obtain the L2 norm of

relative error ϵ, as defined below.

ϵ :=

√√√√√(m(new,one-loop)
h −m(exp)

h

m(exp)
h

)2

+

(
v(new,one-loop) − v(exp)

v(exp)

)2

. (4.15)

I use this to verify that the metastability bounds are correct to one-loop order.

With the one-loop SM-like Higgs mass and vev set to their experimentally observed
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Figure 4.5: Uncertainty estimates for the region excluded by non-metastability ΓTX > 1.
(a) Contour plot of the smallest ∆B for which the parameter point is unstable. The light
yellow region requires ∆B > 100, and the dark blue region is unstable for ∆B < −100.
We see that for one-loop corrections of order ∼ 40, the metastability results are
largely unchanged. (b) Boundary of the region excluded by requiring metastability,
as calculated in the Type-I and Type-II 2HDMs. We see that the excluded regions are
identical in the two types. The analogous boundaries for Type-X and Type-Y are also

identical to the above plot, but I omit them here for clarity of presentation.

value, we can now obtain the promised metastability bounds for the 2HDM. In this

thesis, I chose to compute the tunneling times using the leading order expressions

(2.32) and (4.9) for two main reasons. First, it has previously been observed in the

Standard Model that the one-loop determinant factor is generally small enough to

not be important [40, 50]. Second, the calculation of these functional determinants

are lengthy and will require more time than I have in this Honours project. As a

result, their calculation will be relegated to future work. In any case, in figure 4.5a, I

estimate the impact of the one-loop functional determinants on my conclusions using

equation (2.42). We see that the region excluded by metastability is insensitive to

∆B ∼ ±10−1B = ±40, so we expect that one-loop corrections play a small role.

Similar to the SM [50], the leading order expressions (2.32) and (4.9) reduce the

condition of metastability to checking that for all µ,

λeff(µ) >
−6.58

101− ln(v/µ) + 0.25∆B
. (4.16)

Here, v = 246 GeV is the standard model vev as usual, and the µ dependence of λeff(µ)
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(a) Exclusion Regions at λ1=0.6, mH=1000GeV
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(b) Exclusion Regions at tan(β)=3, mH *,A=1000GeV

Figure 4.6: Stability bounds after one iteration of Newton’s method (4.13). All the
inconclusive regions with error ϵ > 0.03 are coloured black. (a) Parameter scan in
the tan β× cos(α− β) plane. The other parameters are set to λ1 = 0.6 and mH∗,A =
1000 GeV. We see here that metastability excludes most of the low tan β regions. (b)
Parameter scan of the λ1× cos(α− β) plane. The other parameters are set to tan(β) = 3
and mH∗,A = 1000 GeV. We see that the Landau pole constraint ΛL > 1010 GeV excludes

all the regions with λ1 > 1.

is calculated using one-loop8 beta functions as obtained from the Mathematica package

SARAH. It should be noted that while I used the beta functions of the type-I 2HDM,

the metastability constraints are actually insensitive to the Yukawa assignments. This

is because the Yukawa couplings of the bottom and tau particles ∼ 0.01 are much

smaller than the Yukawa coupling of the top quark ∼ 1. As such, the results here

apply equally well to the type-II, X, and Y models. This argument is validated by the

numerical scan in figure 4.5b, where we see the region excluded by tunneling rate

calculations is identical between the type-I and type-II 2HDMs9.

Computing the metastability bounds using equation (4.16) gives us the results in

figure 4.6. One thing to notice is that these result differ significantly from figure 4.4.

This validates the need to correct the tree-level inputs using our one-loop estimates.

After these corrections are taken into account, the vast majority of parameter space

satisfies ϵ < 0.03 (non-black regions). I chose the cutoff to be 3% for two main reasons:

8I chose to use the one-loop beta functions in this thesis for consistency with chapter 3. However,
one can use the two-loop beta functions directly in the calculations to obtain slightly more precise
results. However, to be consistent this will also require us to calculate the one-loop determinants (2.30).

9I have since noticed that the metastability bounds do differ when tan β ≳ 30. Since this does not
affect the conclusions drawn in this thesis, I address this in future work.



§4.4 Stability Constraints Results 61

First, we expect that two-loop corrections are of order 0.3 to 3% anyway, so there is no

point in being more precise. Second, the calculated stability bounds are robust against

3% shifts in the input parameters, so there is not much to gain in being more precise.

In figure 4.6a, we see that most of the low tan β region is unstable, unless cos(α− β)

is sufficiently positive. For the type-II 2HDM this is a new and severe constraint:

The 95% confidence interval on cos(α− β) due to flavour and collider constraints is

[−0.02, 0.0016] [77]. This means that the type-II 2HDM, with degenerate mH∗,A, now

strongly favours the tan β > 3 region. For the type-I 2HDM, at mH∗,A = 1000 GeV,

flavour and collider constraints place cos(α− β) ∈ [−0.1, 0.05] [77], so the situation is

quite similar. However the type-I 2HDM supports cos(α− β) > 0.05 at smaller masses

mH∗,A < 1000 GeV so we cannot rule out tan β < 3 immediately.

In figure 4.6b, we see mainly how the Landau pole constraint ΛL > 1010 GeV varies

with λ1. We see that for sufficiently low λ1 ≲ 0.5 the Landau pole constraint does not

vary much. This means that low values of λ1 are all equally viable. On the other hand,

larger values λ1 ≳ 0.8 are disfavoured by the existence of the low energy Landau pole.

Notice however that the stability bounds become more stringent for smaller λ1. This

means that the bounds in figure 4.6a hold for all λ1 ≲ 0.6 and thus can directly be

used to inform future experimental searches.

Finally, as we would like to understand the behaviour of the metastability con-

straints on the full parameter space, I also scanned the plane of mass splittings

mA −mH ×m±H −mH and the plane mH × tan(β). The results are shown in figure 4.7.

In figure 4.7a, we see that mass splittings quickly cause the 2HDM to violate

the other theoretical bounds (grey), or the Landau pole constraint (red). Since these

mass-degeneracies quickly lead to conflict with experiment, this result is theoretically

pleasing: Since we expect a priori that the successor to the standard model should not

have a Landau pole at low energies, we can exclude parameter points with highly

nondegenerate masses mH±/A −mH ≳ 100 GeV. As it turns out, recent experimental

constraints for the type-II 2HDM require that mass splittings be smaller than ap-

proximately mH±/A −mH ≲ 100 GeV [77]. This way, the Landau pole constraint in

4.7a naturally excludes a large portion of parameter space in conflict with present

experimental data.

It is also interesting to note that, in figure 4.7a, mass splittings consistently stabilise
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Figure 4.7: Stability bounds after one iteration of Newton’s method (4.13). All the
regions with error ϵ > 0.03 are coloured black. (a) Parameter scan in the mA −
mH ×m±H −mH plane. The other parameters are set to λ1 = 0.6 and mH = 1000 GeV,
cos(α − β) = 0 and tan β = 5. We see that mass splittings generally stabilise the
vacuum, but causes Landau poles to appear at low energy. (b) Parameter scan of the
tan(β)×mH∗,A plane. The other parameters are set to λ1 = 0.6, cos(α− β) = 0. The

red line becomes light blue (metastable but not absolutely stable) when ∆B = −30.

the vacuum. Indeed for tan β = 5, cos(α− β) = 0, the degenerate mass point is barely

unstable, but mass splittings of mH±/A −mH ≳ 10 GeV is enough to turn it absolutely

stable. Since these mass splittings modify flavour and electroweak observables [62, 77],

more precise measurements of these flavour and electroweak observables may be able

to rule out most of the tan β ≲ 3 region of 2HDM parameter space in the near future.

On the other hand, we see from figure 4.7b that higher scalar masses slightly

destabilise the vacuum. This is however, a very slight effect. Indeed, setting ∆B = −30

recovers the region outlined red in figure 4.7b. Thus, we see that the destabilising effect

of increasing mH∗,A is on the order of the one-loop functional determinant correction.

Finally, we would like to verify how seriously we can take the metastability

constraints presented in this chapter. Just like with the Landau pole, the instability

or metastability of our vacuum is due to the renormalisation scale dependence of the

parameters λ1,··· ,5(µ). So, in analogy with section 4.3, I will define the ‘instability scale’

ΛI to be the critical renormalisation scale at which the vacuum becomes unstable.

That is, ΛI is the lowest renormalisation scale for which (4.16) is satisfied.

If new physics were to appear before ΛI , then, it is entirely possible that a vacuum
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Figure 4.8: Parameter scan of the renormalisation scale ΛI at which λeff(ΛM) critically
satisfies (4.16). (a) Parameter scan in the tan β× cos(α− β) plane, with other parame-
ters identical to figure 4.6a. We see that most of the regions excluded by tunneling rate
calculations is excluded with ΛI < 1010 GeV. We also see that a significant portion of
parameter space is excluded at ΛI < 106 GeV. (b) Parameter scan in the tan β×mH∗,A
plane, with other parameters identical to figure 4.7b. The blue outline is identical to
the red outline in figure 4.7b. All the excluded regions seem to have ΛI ≲ 1012 GeV.

calculated to be metastable in the 2HDM is stabilised in the new theory. However,

this new physics should appear order of magnitudes before ΛI in energy. So, for a

reasonable estimate, we can assume that if ΛI < 108 GeV, then there is little hope for

new physics to stabilise the vacuum. Interestingly, we see in figure 4.8 that when the

vacuum becomes unstable it generally does so at scales ΛI ≲ 1010 GeV, with a majority

becoming unstable at ΛI ≲ 108 GeV. So, we expect that the results in this chapter are

reasonably robust against new physics.

Note that even if experiments somehow confirm a 2HDM with parameters marked

unstable in this study, then we can still learn something new: It would mean that

there must be new particles appearing at a scale Λ ≲ 108 GeV. In addition, the new

particles must as a whole give a positive contribution to λeff(ΛI), so that the vacuum

is stabilised. This would be a big improvement to the current theoretical upper bounds

for new physics, which are the GUT scale ΛGUT ∼ 1016 GeV and the Planck scale

Λpl ∼ 1018 GeV.

This concludes my study of metastability constraints in the 2HDM. In the next

chapter, I will generalise the techniques implemented in this chapter to the 2HDM+s/a

models, and obtain their metastability constraints.



Chapter 5

Generalisation to Scalar and

Pseudoscalar Extensions

In this chapter, I generalise the technique developed in chapter 4 to the 2HDM+s/a models. I

analyse the metastability constraints appearing in the 2HDM+s/a model and show that the

results of chapter 4 can be directly used to constrain the 2HDM+s/a parameter space. All

calculations and proofs presented are, unless otherwise stated through relevant citations, the

result of my own work.

5.1 Input Variables in the 2HDM+s/a

The potentials for the 2HDM+s/a models are given by [23, 24, 62]

V2HDM+s/a = V2HDM + Vs/a,

Va =
1
2

m2
a0

a2
0 +

1
3

µaa3
0 +

λ

4
a4

0 + µ12a(i⟨Φ1|Φ2⟩a0 + h.c.) + λ11a∥Φ1∥2a2
0 + λ22a∥Φ2∥2a2

0,

Vs =
1
2

m2
s0

s2
0 +

1
3

µss3
0 +

λ

4
s4

0 + µ12s(⟨Φ1|Φ2⟩s0 + h.c.) + λ11s∥Φ1∥2s2
0 + λ22s∥Φ2∥2s2

0.

(5.1)

Here, I’ve excluded the standard 2HDM potential for brevity and clarity, and a0 and s0

are the new (pseudo)scalar singlet fields. It should be noted that I have pre-imposed

the softly-broken Z2 symmetry on the Higgs doublets. The cubic terms µa, µs are

also often taken to be zero [23, 62] for simplicity due to two main reasons. First, this

term does not contribute anything new to the scalar mass spectrum, so it will be less

directly relevant to present experiments [23]. In addition, the RGEs for the 2HDM+s/a

always have solutions at µs, µa = 0, so one can impose symmetries on the model which

would simultaneously ensure µs, µa = 0 while keeping all the other parameters free1.

1One simple example is to let s or a to transform as s, a 7→ −s,−a under the 2HDM Z2 symmetry.

64
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Such symmetries would presumably come from a more complete model, which would

be out of the scope of this research project.

It should be noted however that in the scalar case, µs modifies the effective potential

in a nontrivial way. Roughly, if two minima of the 2HDM+s potential occur at s = ±vs,

then due to the 1
3 µss3

0 term, the two minima will have their s0 squared mass ∂2V
∂s2

0
differ

by ∼ 4µsvs. In addition, one minimum would be higher than the other, allowing for

tunneling from the higher minimum. Interestingly, such a mechanism has recently

been shown to allow for baryogenesis without beyond-SM CP violation [87]. However,

even in this case their choice of µs is very small µs ≪ v, mh so it is unlikely that setting

it to zero will have any major consequences on experimental observables. In addition,

we do not expect that µs ̸= 0 provides interesting absolute stability constraints since

we can always choose µs with the sign such that (v1, v2, vs) is a minimum.

The 2HDM+s/a models are some of the most promising simplified dark matter

models for collider searches [23, 88]. So, on top of the potential V2HDM+s/a, we would

also like to include the dark matter Yukawa couplings:

LYukawa,a = −iyχaχ̄γ5χ, LYukawa,s = −yχsχ̄χ. (5.2)

Here, χ is the fermionic dark matter candidate and γ5 := iγ0γ1γ2γ3 is the top element

of the Dirac algebra. The parameter yχ will be important to metastability as it will

have negative contributions to the running of the quartic couplings λi. However, this

term will be otherwise irrelevant to our effective potential.

Just as in the 2HDM, we would like to obtain a set of input variables for the

2HDM+a and the 2HDM+s. For the 2HDM+a, the situation is comparatively simpler.

Since the new pseudoscalar a can only mix with the 2HDM pseudoscalar A, we

introduce only one new mass ma and one new mixing angle θ between a and A. It has

previously been shown that by diagonalising the Hessian, [24]

µ12a =
(m2

a −m2
A) sin(2θ)

2v
, m2

A0
= m2

a sin2 θ + m2
A cos2 θ. (5.3)

Here, mA0 replaces the role of mA in the 2HDM change of variables (3.2). Since the

2HDM+a does not come with any other new particles, we cannot substitute any more

variables, and we are done. However, this simplicity comes at a cost: Since we are
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keeping λa, λ11a, λ22a as input parameters, it is considerably more difficult to interpret

our result in direct experimental terms. However, it has previously been noted that it

is frequently reasonable to take 2λ3 = λ11a = λ22a so that cubic H → aa and A→ ha

interactions are not too large [88]. Of course, we may also take θ, λ11a, λ22a ≪ 1 to

recover the standard 2HDM. Due to the vastness of the 2HDM+a parameter space, I

focus only on these two motivated scenarios in this thesis.

The case for the 2HDM+s is much more complicated, and to the best of our group’s

knowledge, no analytical change of variables to a satisfactory set of input variables

has previously appeared in the literature. The first challenge is thus to obtain a

reasonable change of variables so that our parameter scans can be kept efficient. First,

it is straightforward to solve for the minimum of the potential ∂V
∂ϕ = 0 and solve for

m11, m22, ms0 . The main challenge is that the new scalar s can mix with both h and H.

This means we would need to analytically diagonalise a 3×3 matrix while avoiding

double-counting from permutations of the eigenvalues. To achieve this, I found that it

is most efficient to solve2

M2 :=
∂2V

∂ϕ∂ϕ

∣∣∣∣
ϕ=(v1,v2,vs)

= Q · diag(mH, mh, ms) ·QT, Q := R12
γ R13

δ R23
θ . (5.4)

Here, Rij
ξ is the matrix rotating coordinates i and j with angle ξ. It is also understood

that ϕ = (ϕ1, ϕ2, s0) with ϕ1,2 defined in (4.2). This way, by equating the off-diagonal

components of this 3× 3 matrix equation, we can solve for λ11s, λ22s, m2
12 in terms of

the new mixing angles γ, δ, θ, the new scalar mass ms and the 2HDM input parameters.

The final three conditions can be obtained by instead solving M2Q = Q ·diag(mH, mh, ms)

with the equations appearing on the diagonal. I found that it is most efficient to solve

for the parameters λ3, λ2, λs this way.

With the above technique, I obtained an analytical, invertible change of variables

of the following kind3:


m2

11 m2
22 m2

12 λ1
λ2 λ3 λ4 λ5
m2

s0
λs µ12s λ11s

λ22s µs

←


v β γ λ1
mh mH mH± mA
vs ms µ12s δ
θ µs

 . (5.5)

2Note that our convention for the mixing angles differs from [62].
3The full expressions are provided in appendix A.1, as they are too long to include in the main text.
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As we will take µs = 0 in this thesis, the only new parameter not directly related to

experimental masses is µ12s. This parameter softly breaks the 2HDM Z2 symmetry4

and directly mixes all three scalars Φ1, Φ2, s at tree-level. So I expect that µ12s would

directly modify the decay rate of processes like H → hs.

Before we continue to discuss metastability constraints in the 2HDM+s/a model, I

would like to first discuss a subtlety which arises in the 2HDM+s. Since the new scalar

s attains a vev, and the µ12s term breaks the s 7→ −s symmetry, the vev at (v1, v2, vs)

is not always the true vacuum. Indeed, for µ12s ≪ vs, we find that (v1, v2, vs) and

(v1, v2,−vs) are two nondegenerate vacua. The potential difference between the two

vacua is approximately5 V(vs)−V(−vs) ≈ 2µ12svsv1v2. For this reason, to ensure that

the chosen vacuum at +vs is stable, I will take µ12s < 0 in this thesis.

5.2 Summary of Existing Constraints on the 2HDM+s/a

Just as in the 2HDM, the 2HDM+s/a models come with their own sets of PU and BFB

constraints. Their explicit analytical expressions can be found in [23, 62, 89], and I will

not reproduce them here as their full forms are rather long and uninsightful. However,

as usual, I will make use of them to rule out uninteresting regions of parameter space.

For example, due to the large mass difference ms ≪ mH, the s, H mixing angle δ must

be of order vvs
m2

H∗ ,A
to keep the coupling λ11s perturbative. As such, I will frequently

assume δ ∼ 10−2 in this thesis. In addition, for small mixing angles, λs ∼ m2
s

2v2
s
. So I

will frequently take vs ∼ ms to keep λs perturbative. Finally, for the 2HDM+a, the

mixing angle θ also enters into λ4 ∝ m2
Hθ2/v2. So for larger masses mH ∼ 1000 GeV

we must keep θ ≲ 0.2

On top of the above theoretical constraints, I will take ms,a ≳ 100 GeV to prevent

h→ aχ̄χ decays, where χ is the DM candidate. If this process is energetically allowed,

the decay rate would be on the order of Γ(h→ aχ̄χ) = O
(

m4
H∗ ,Ay2

χ

32π3mhv2

)
[90]. For a small

yχ ∼ 0.1 and a reasonable mH∗,A ∼ 1000 GeV, this would yield an estimated decay

rate of ∼ 1.3 GeV. However, the 125 GeV Higgs boson has a decay rate that has been

measured to agree with the SM to within ≲ 0.4 MeV [91], so the parameter space with

4If s 7→ s under this symmetry
5In reality, the value of the first two entries v1, v2 are not identical between the two vacua, but for

small µ12s, they will be approximately equal.
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ms,a ≲ 100 GeV is severely constrained.

The mixing angle θ is also severely constrained by experiment. However their

constraints vary wildly depending on the other parameter choices. For example, Bauer

et al. found that sin θ as large as 1√
2

can be allowed in the 2HDM+a. The review

paper [88] also finds that a large portion of parameter space with ma > 100 GeV is

still allowed by dark matter direct detection experiments even with sin θ = 0.7. As a

result, I will not make any assumptions on the values of the mixing angles θ, δ based

on experiment.

5.3 Radial Bounces in the 2HDM+s/a

The technique introduced in section 4.1 can be straightforwardly generalised to the

2HDM+s/a models. To do this, we denote ψs = ψ cos(ζ) and multiply all the 2HDM

fields in (4.1) by sin(ζ). Unfortunately, some of the resulting angles θ, ξ, η, ζ solving

equation (4.7) are very messy in the 2HDM+s/a, so I will omit them for brevity. In

any case, their values are not important for our metastability constraints, and we are

only interested in checking if the angles θ, ξ, η, ζ are all real6. Substituting these angles

back into our quartic potential yields the effective quartic couplings λeff in table 5.1.

λeff

λa

2λ1λa−λ2
11a

2λ1−4λ11a+4λa

2λ2λa−λ2
22a

2λ2−4λ22a+4λa

λ1(λ2
22a−2λ2λa)+λ2

11aλ2−2λ11aλ22aλ3+2λ2
3λa

2(−λ1(λ2−2λ22a+2λa)+λ2
11a+2λ11a(λ2−λ22a−λ3)−2λ2λa+λ2

22a−2λ22aλ3+λ2
3+4λ3λa)

λ1(λ2
22a−2λ2λa)+λ2

11aλ2−2λ11aλ22a(λ3+λ4+λ5)+2λa(λ3+λ4+λ5)
2

2(−λ1(λ2−2λ22a+2λa)+λ2
11a+2λ11a(λ2−λ22a−λ3−λ4−λ5)−2λ2λa+λ2

22a−2λ22aλ3−2λ22aλ4−2λ22aλ5+λ2
3+2λ3λ4+2λ3λ5+4λ3λa+λ2

4+2λ4λ5+4λ4λa+λ2
5+4λ5λa)

λ1(λ2
22a−2λ2λa)+λ2

11aλ2−2λ11aλ22a(λ3+λ4−λ5)+2λa(λ3+λ4−λ5)
2

2(−λ1(λ2−2λ22a+2λa)+λ2
11a+2λ11a(λ2−λ22a−λ3−λ4+λ5)−2λ2λa+λ2

22a−2λ22aλ3−2λ22aλ4+2λ22aλ5+λ2
3+2λ3λ4−2λ3λ5+4λ3λa+λ2

4−2λ4λ5+4λ4λa+λ2
5−4λ5λa)

Table 5.1: Summary of the different radial bounce solutions present in the 2HDM+a.
The case for the 2HDM+s is identical by replacing all the a labels with s labels. The

angles θ, ξ, η, ζ are omitted for brevity.

With these solutions, I performed a Monte Carlo sampling of the 2HDM+s/a

parameter space and excluded all points which do not satisfy PU, BFB, and ΛL >

6When an angle isn’t real, then the corresponding solution to (4.7) doesn’t exist. That is, the
corresponding bounce solution isn’t supported by the potential.
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Figure 5.1: Proportions of 2HDM+s/a parameter space satisfying PU, BFB, and
Landau pole ΛL > 1010 GeV constraints, which: (a) supports the radial bounce
solution in the corresponding row (b) has λeff(108 GeV) < 0. The aforementioned
rows are the rows of table 5.1. The parameters are taken from the following intervals,
distributed uniformly: tan β ∈ [0, 20], cos(α− β) ∈ [−0.02, 0.02], mH,H∗,A ∈ [600, 1500],
ma/s ∈ [100, 300], vs/a ∈ ms/a[1, 2], λ1, λ2, λa ∈ [0, 1], θ ∈ [−0.5, 0.5], δ ∈ [−0.01, 0.01],

µ12s ∈ [−200, 0], λ11a = λ22a = 2λ3, and yχ ∈ [0, 1].

1010 GeV Landau Pole constraints. Among the surviving points, the proportion of

points which ensures the existence of each solution in table 5.1 is shown in figure

5.1a. We see that the angles corresponding to rows 2 to 6 of table 5.1 are real in a

significant portion of parameter space (≳ 20%). This means we must take them all into

account when determining the metastability of our vacuum. Similarly, the proportion

of points which are not absolutely stable is shown in figure 5.1b. Overall, we see that

all rows have nonzero contributions to stability bounds with the exception of row 2.

So it seems important that we take all of these different ways the vacuum can become

metastable into account. However, given that the proportion of points with λeff < 0 in

rows 3 to 6 are small (≲ 5%), I claim that it is reasonable to only check λeff = λs/a for

a first approximation to the full metastability bounds. This may be useful for future

studies where metastability bounds are not the main focus.

However, for this thesis, I will take all rows of table 5.1 into account, as there is no

harm in doing so.

5.4 Results for the 2HDM+s/a

With all our preliminary work done, we may now calculate the metastability constraints

for the 2HDM+s/a. Given how many new parameters the 2HDM+s/a introduce, it is
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difficult to gain a comprehensive understanding of how metastability bounds constrain

the 12-dimensional parameter space. Thus, we first need a qualitative understanding

of how metastability bounds constrain the parameter space. To do this, I perform a

Monte Carlo scan and analyse the resulting data as follows:

1. Generate a random set of input parameters randomly from a uniform distri-

bution. This choice of distribution is arbitrary and chosen only for simplicity.

In the end, our heuristic results will not be strongly dependent on the choice

of distribution. The ranges of the 2HDM parameters are chosen as follows:

tan β ∈ [0, 20], cos(α − β), cos(γ − β) ∈ [−0.05, 0.05], mH∗,A ∈ [600, 1500]GeV,

λ1 ∈ [0, 1]. For the 2HDM+a, the new parameters are chosen as sin θ ∈ [−0.5, 0.5],

λa ∈ [0, 1] and λ11a, λ22a ∈ [0, 1]. For the 2HDM+s, the new parameters are cho-

sen as vs/ms ∈ [0.5, 2], sin θ ∈ [−1, 1], sin δ ∈ [−0.05, 0.05], µ12s ∈ [−200, 0]. The

new singlet mass and DM Yukawa coupling are chosen to be ms,a ∈ [100, 300]

and yχ ∈ [0, 1]. Where parameters are dimensionful I have chosen them to be of

the electroweak scale7 ∼ mh, v and where parameters are dimensionless I have

chosen them to be < 1 to prevent low-energy Landau poles.

With the above settings, I generated ∼ 160000 points for the 2HDM+a and

∼ 130000 points for the 2HDM+s satisfying PU and BFB constraints. Each run

took 1 to 2 hours to complete on an Intel Core i7-14650HX processor.

2. For each set of input parameters which satisfy the PU, BFB, and perturbativity

constraints, calculate the location of the Landau pole and calculate the lifetime

of the desired vacuum using 5.1. If they are allowed by metastability or Landau

pole constraints, label each point M and L respectively.

3. For each input parameter I, I organise the dataset into N = 20 uniform interval

bins {bi} spanning the entire scanning range of I. Within each bin bi, I calculate

the proportion pi of points satisfying M, given that it satisfies L. The uncertainty

can be estimated using the standard deviation of the sample mean
√

pi(1−pi)
N .

4. How pi varies with i will tell us how our input parameter I affects metastability

constraints on average. However it is not very efficient to plot these pi for all the
7This is because this is the approximate scale present colliders work in. In addition, this prevents

large dimensionless parameters coming from ratios like µ12s/v, which can cause the theory to be
nonperturbative.
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∼ 20 input variables we have across both 2HDM+s/a models. As such, to obtain

a qualitative metric for the nonuniformity of pi, I obtain the reduced chi-squared

deviation of the pi with respect to the mean ⟨p⟩ as follows

χ2
red = ∑

i

(pi − ⟨p⟩)2

pi(1− pi)

N
N − 1

. (5.6)

The χ2
red for the 2HDM+a are shown in figure 5.2a. Here, we see that the param-

eters most significantly impacted by metastability constraints are tan β, λa, and yχ.

The parameters cos(α− β), λ22a and θ are also significantly nonuniform, but they are

impacted less by metastability. Figure 5.2b shows the proportions pi for each of the 20

bins, and for each new significant parameter. We see that λ22a and θ only affect the

surviving proportion by ∼ 20% while λa and yχ show stronger trends. Most signifi-

cantly, we see that the ≳ 80% of the region yχ > 0.9 is excluded by the metastability

constraint. The small uncertainties also indicate that the number of points suriviving

the PU, BFB, and Landau pole constraints in this region are large. So, metastability

rules out a significant portion of parameter space this way.

Similarly, from figure 5.2b we see that ≳ 60% of the region λa > 0.6 is ruled out

by metastability. However, the uncertainties in these regions are much larger, which

means these regions correspond to a smaller portion of parameter space overall. As

such, these constraints are not as significant as the constraint on yχ.
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Figure 5.2: Effect of metastability constraints on the 2HDM+a parameter space. I
have defined tβ := tan β, and sθ = sin θ. (a) Nonuniformity χ2

red for each 2HDM+a
parameter. The red dashed line indicates a p-value of 1%. (b) Proportions pi surviving
metastability constraints given that the point survives the Landau pole constraint. I
only plot here the 2HDM+a parameters which are absent in the 2HDM, and have

nonuniformities χ2
red above the red dashed line in (a).
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Figure 5.3: Effect of metastability constraints on the 2HDM+s parameter space. I
have defined tβ := tan β, and sθ = sin θ. (a) Nonuniformity χ2

red for each 2HDM+s
parameter. The red dashed line indicates a p-value of 1%. (b) Proportions pi surviving
metastability constraints given that the point survives the Landau pole constraint. I
only plot here the 2HDM+s parameters which are absent in the 2HDM, and have

nonuniformities χ2
red above the red dashed line in (a).

Similar plots are shown for the 2HDM+s in figure 5.3. In contrast to the 2HDM+a,

most of the new 2HDM+s parameters with the exception of yχ have very low nonuni-

formities. This means that metastability bounds do not depend on most of the

parameters in the 2HDM+s. This is highlighted in figure 5.3b where I plot the new

2HDM+s parameters with the highest χ2
red values. With the exception of yχ, we see

that the surviving proportion pi only vary by ∼ 20% as ms and θ are swept in their

respective domains.

Now that we have identified the significant input parameters, we would like to

perform a 2D parameter scan of the 2HDM+s/a models, just as we did for the 2HDM

in Chapter 4. However, given that there are 6 to 7 input parameters with significant

nonuniformities χ2
red, we would have to scan 30 to 50 planes to identify the most

informative pair of input parameters. To sidestep this issue, I take the data from the

Monte Carlo scan and perform the following analysis:

1. For each pair of input parameters I and J, organise the data into N = 20× 20

uniform interval bins bij.

2. In each bin bij, estimate the probability pij of satisfying M given L. Due to the

difficulty of getting enough data points in certain regions of parameter space, I
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will use an estimate for pij given by

pij =
nij(M ∩ L) + α

nij(L) + 1
±

√
pij(1− pij)

N
, α =

pi + pj

2
.

Here, nij(□) is the number of parameter points in bin bij satisfying □, and pi and

pj are the probabilities in figures 5.2 and 5.3. This will reduce potential artifacts

appearing due to insufficient data nij(L)≪ 10, without affecting our results for

statistically significant sample sizes nij(L)≫ 1.

3. Calculate the correlation of the parameters I and J, treating pij as the (unnor-

malised) probability distribution. This can be done in several ways8, but I found

that the most robust method is one that takes into account the uncertainty of

pij. This is done by computing the reduced χ2 deviation of pij from a product

distribution as follows:

χ2
red =

( p̄ij −∑i′ j′ p̄i′ j p̄ij′)
2

(∆ p̄)2 , p̄ij =
pij

∑i′ j′ pi′ j′
. (5.7)

Here, p̄ is the normalised version of p and ∆ p̄ is the uncertainty of p divided by

the normalisation factor ∑i′ j′ pi′ j′ .

The results for both the 2HDM+s/a models are shown in figure 5.4. Here, we

see that for the 2HDM+a, it is most informative9 to scan over the planes yχ × λa,

θ × yχ, and cos(α− β)× yχ. I will scan over the first two pairs of variables, but not

cos(α− β)× yχ, for brevity. In any case we will have at this point multiple 2D scans

involving both cos(α− β) and yχ. For the 2HDM+s, figure 5.4b tells us that we should

scan over yχ × tan β and µ12s × δ. Just as in the 2HDM+a case, I will not scan over

yχ × vs
ms

and yχ × cos(α− β) for brevity. The reason that I ignore yχ × vs
ms

is because in

the limit θ = δ = µ12s = 0, we have vs
ms

= 1√
2λs

. So since we perform a λa × yχ scan in

the 2HDM+a, performing a λs × yχ scan in the 2HDM+s would be redundant10.

8For example, I have tried calculating Pearson’s correlation coefficient as well as Shannon’s mutual
information. Both result in false positives when any of the bins bij has an insufficient number of data
points (≲ 3).

9Note that I ignore the tan β× cos(α− β) plane since it produces a near-identical plot to figure 4.6a.
10This is because the one-loop RGEs of the 2HDM+s/a models are identical. Their differences only

come from the relations between the particle masses and the parameters appearing in the potential.
These are in turn different purely because the scalar attains a nonzero vev vs.
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Figure 5.4: Correlation strengths of the effect of metastability constraints on each
pair of input variables for the (a) 2HDM+a and (b) 2HDM+s models. The diagonal is
set to zero for convenience. Here, a bright cell (I, J) indicates that the behaviour of
metastability bounds is highly nontrivial in the pair of variables I and J, so it will be

informative to scan over I and J.

The 2D parameter scans for the 2HDM+a is shown in figure 5.5. We see from both

subfigures that large Yukawa couplings yχ ≳ 0.8 excludes all of the parameter space.

However, the critical Yukawa coupling y∗χ, above which the vacuum becomes unstable,

varies with the other parameters. From figure 5.5a we see that increasing λa has the

effect of stabilising the vacuum. However, we can only raise λa up to ∼ 0.6 to 0.7

before we inevitably encounter a low energy Landau pole. From figure 5.5b we see

that the dependence y∗χ on sin θ is very weak. Throughout the allowed interval for

sin θ, the critical y∗χ varies only by 1%. This, along with the observation that the other

parameters in figures 5.2 and 5.4 impact metastability constraints less on average,

suggest that most parameters do not impact metastability constraints. Indeed, we find

that the only new metastable regions are induced by large Yukawa couplings yχ ≳ 0.7.

This Yukawa coupling enters directly the one-loop beta function for λa:

βλa :=
dλa

d ln µ
=

1
8π2

(
9λ2

a + λ2
11a + λ2

22a + 4y2
χλa − 4y4

χ

)
. (5.8)

Since the coefficient of y4
χ is negative, a large yχ would cause λa to be negative at

large energies µ ≫ v. So we expect that the new metastability constraints in the

2HDM+a is due to the λa bounce in table 5.1. Crucially, the 2HDM+a parameters

do not significantly affect the tunneling rates as calculated from the 2HDM bounces.
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Figure 5.5: Parameter scans of stability bounds and Landau pole constraint in the
2HDM+a model. The white contours show the instability scale log10 (ΛI/GeV).
The 2HDM parameters are taken to be tan β = 5, cos(α − β) = −0.01, mH∗,A =
1000 GeV, λ1 = 0.6. (a) Parameter scan in the yχ × λa plane. We see that metastabil-
ity excludes large values of Yukawa couplings yχ > 0.6. However, larger values of
Yukawa couplings yχ ∼ 0.8 can still be allowed if λa is tuned between 0.4 and 0.6. (b)
Parameter scan in the yχ × sin(θ) plane. Larger values of sin θ marginally destabilises
the vacuum. However, this effect is very small and is equivalent to shifting yχ by

about 1%.

This shows that the bounds on the 2HDM we derived in chapter 4 apply well to the

2HDM+s/a models.

The parameter scans for the 2HDM+s model are shown in 5.6. The left subfigure

5.6a shows that lowering µ12s requires that δ also be lowered for the theory to evade

perturbativity and Landau pole constraints. More negative values of µ12s also seems to

cause absolutely stable vacua to become metastable. But the proportion of metastable

parameters seems to stay approximately fixed as µ12s is varied. This is in agreement

with the analysis in 5.3, where µ12s makes no statistically significant impact on

metastability constraints.

Note that for both models, the vacuum becomes unstable for larger Yukawa

couplings yχ. The role of the other 2HDM+s/a parameters are to minimally shift the

critical y∗χ above which the vacuum becomes unstable. Therefore, to leading order, my

results tell us that the dark matter Yukawa coupling yχ should not be too large yχ ≲ 0.8.

This is a novel constraint. A recent study by Arcadi et al. examined yχ as large as 10,
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Figure 5.6: Parameter scans of stability bounds and Landau pole constraint in the
2HDM+s model. The white contours show the instability scale log10 (ΛI/GeV). (a)
Parameter scan in the µ12s × δ plane. The 2HDM parameters are set to tan β =
5, cos(α− β) = −0.01, mH∗,A = 1000 GeV and λ1 = 0.6. We see that regions of more
negative µ12s prefers more negative values of δ. However, the proportion of parameter
space excluded by metastability stays constant, as hinted by 5.3a. (b) Parameter scan in
the yχ × tan(β) plane. The 2HDM parameters other than cos(α− β) are set the same
as (a). We see that higher values of tan β can help stabilise the vacuum when yχ ∼ 0.6.

and found points consistent with all considered constraints even at yχ ∼ 2 [24]. Several

other studies also perform parameter scans using a benchmark parameter of yχ = 1.

[22, 88, 92]. The results of this chapter shows that, going forward, scanning beyond

yχ = 1 is unnecessary as it is strongly disfavoured by metastability constraints. In

addition, given that metastability disfavours yχ ≳ 0.8, future work on the 2HDM+s/a

models should prefer smaller Yukawa couplings yχ ≲ 0.8 as benchmark parameters.

Finally, most of the unstable regions in figures 5.5 and 5.6 have ΛI < 108 GeV.

This means that it would be difficult for new physics to stabilise the vacuum, and so

we expect that the metastability bounds derived in this chapter should be relatively

robust against new physics. In any case, just as in the 2HDM, if experiments somehow

confirm a 2HDM+s/a model marked unstable in this chapter, then we immediately

know that new physics must appear below ΛI ≲ 106 GeV to quickly stabilise the

vacuum. In addition, the parameter space of these extended theories will be even

more severely constrained by false vacuum decay, so I expect that the results in this

thesis will be useful even then.



Chapter 6

Discussions and Conclusion

6.1 Summary and Discussion

In high-energy particle physics, simplified models have gained popularity due to their

relative simplicity, and their rich phenomenology [19]. In particular, the 2HDM+s/a

is one such promising simplified model, as it is a minimal SM extension which can

simultaneously accommodate baryogenesis [30, 31], neutrino mass generation [25, 26],

and a dark matter candidate [23, 90]. Unfortunately, just as with any quantum field

theory, the 2HDM+s/a contains several free variables which must be fixed to keep

the theory predictive. One goal of phenomenologists is thus to use whatever means

necessary, from collider experiments to astrophysical signals, to constrain the model’s

parameter space.

In this thesis, I constrained the 2HDM(+s/a) parameter space using the observation

that our universe has not decayed in the past 1010 years. I first analysed the behaviour

of nearby vacua in the 2HDM in chapter 3, where I found that for large new 2HDM

masses mH∗,A ≳ 800 GeV, the 2HDM only supports one vacuum. On one hand, this

shows that our vacuum is unconditionally stable, when considering only vacua within

105 GeV of our own. However, this also makes baryogenesis more difficult, as it

generally requires a first-order phase transition from a higher vacuum state [30]. So

it would be interesting to investigate more deeply the implications of high 2HDM

masses, mH∗,A ≳ 800 GeV, on baryogenesis.

Contrastingly, renormalisation-induced vacua excludes a large region of parameter

space with tan β < 3 when the new 2HDM masses are set to be degenerate mH =

mH± = mA. Note that this result complements constraints from electroweak and

flavour physics, as they generally require the new 2HDM masses to be near-degenerate

[77]. This way, I expect that the metastability constraints in this thesis will work

together with future flavour and electroweak constraints to rule out most of the 2HDM

parameter space with tan β < 3. For the 2HDM+s/a, I found that in addition to the

2HDM constraints, our metastability constraint also requires the dark matter Yukawa

77
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coupling yχ be small (≲ 0.8), regardless of the value of the other parameters. This

is a considerable improvement upon the bound yχ ≲ 2 in [24], and will help guide

future phenomenological and experimental studies of the 2HDM+s/a, as researchers

can now focus on the smaller region of parameter space yχ ≲ 0.8.

However, there remains work to be done to fill in the gaps in this thesis. For

example, throughout this thesis, I have only used the one-loop effective potential

approximation to the observed Higgs mass mh. While this is reasonably justified given

that mh < v [40, 52], it is not strictly correct to one-loop order. Given we have seen

how drastically mh impacts tunneling rates (see figure 4.4), it is imperative that full

one-loop corrections to mh be included in future work. Along this line, I have also

used in this thesis the choice µ̄ in (3.22). While simple, this hack comes at the cost of

introducing numerical instabilities near the roots ∂V(1)/∂ ln µ = 0. To further refine

the results of this thesis, it would be beneficial to find a global way of ensuring that

the one-loop corrections be small, while keeping the benefits of a mass-independent

renormalisation scheme. One possible solution is to adapt the counterterm potential of

Cline et al. [30, 78] into an iterative method. More precisely, at step k, we successively

define the parameters λ
(k)
i appearing in the potential as λ

(k)
i := λ

(k−1)
i + δλ

(k−1)
i . Here,

δλi are the counterterms defined by (3.17). I expect that this method will converge

as the correction δλ
(k−1)
i is formally at one-loop order. Finally, throughout this thesis

I have only used the one-loop RGEs in studying the behaviour of renormalisation-

induced vacua in the 2HDM. I do this mainly for consistency with chapter 3. However,

more accurate results can be obtained by simply substituting in n-loop beta functions

for λeff. Though, to be consistent, we would then also need to determine precisely

measured observables like the Higgs mass mh and the W/Z boson masses mW , mZ to

n-loop order.

Regardless, in this thesis, I have taken the first step in comprehensively investigating

the behaviour of metastability constraints in the 2HDM+s/a models. Chapters 4 and 5

in particular outline general methods which can be adapted to more refined studies of

metastability in the 2HDM+s/a. Thus, I expect that the contributions of this thesis are

also valuable for future studies of false vacuum decay in two-Higgs doublet models.
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6.2 Future Work

Beyond the gaps mentioned in the previous section, there are also a number of new

directions one can take from this point onward. As mentioned in the main text, I have

not considered in this thesis the subject of early-universe phase transitions. It would

be interesting to see to what extent the results of chapter 3 can be generalised to the

early universe, where we must take into account thermal corrections. Further along

the topic of baryogenesis, it would also be valuable to obtain metastability constraints

for the more general CP-violating 2HDM1. This will require a re-derivation of the λeff

with the CP-violating potential, but the general procedure outlined in this thesis will

still be effective.

Another potential project to work on would be to fully automate the calculation

of metastability constraints for general QFTs. Given that the Mathematica package

SARAH is able to compute the two-loop RGEs, the only work left is to find a general

procedure to solve for the straight line bounces (4.8), given a homogenous quartic

potential. I expect that this would be difficult, if not impossible, to do for theories

with a large number (> 5) of scalar fields, but in these cases, a numerical approach

would be straightforward to implement. I expect that fully automating metastability

constraints will allow for more high-energy physicists to adopt them as a quick way

to disfavour large regions of parameter space on theoretical grounds. This will in

turn make phenomenology more efficient, as phenomenologists can now refocus their

efforts on a smaller region of parameter space. In addition, automation would simplify

the study of how extensions to the QFT impact metastability constraints. Presently,

this is often done in the SM using effective field theory techniques (see for example

[93].) However, these fields tend to affect the decay rates only when ϕ ∼ Λ the new

physics scale. At this energy scale, effective field theory, as an expansion in ϕ/Λ

becomes inaccurate, so it would be beneficial to study instead extensions of the QFT.

Recently, there has also been renewed interest in the possibility of false vacuum

decay enhanced by primordial black holes [94, 95, 96, 97]. The basic idea is that

the quantum field theory calculations in this thesis are done in a flat, Minkowski

background. Since this approximation does not hold near black holes, we must

1These 2HDMs are frequently used in studies of baryogenesis, as CP-violation is an important
ingredient for baryogenesis. See for example [30].
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take the effects of curved spacetime into account. However, the possibility of this

black-hole-assisted tunneling is still debated with some researchers [96] arguing that

the enhancement is negligible, while some others [97] argue that these criticisms are

flawed and that the tunneling rate must be enhanced. Overall, if there is indeed

an enhancement on the tunneling rate, then much of the parameter space marked

metastable (light cyan in figures 4.6, 4.7, 5.5, and 5.6) in this thesis may become

unstable. We can then obtain new, more stringent metastability constraints with the

assumption of black-hole-assisted tunneling.



Appendix A

Appendix

A.1 Analytical Change of Variables for the 2HDM+s

For completeness, I list here the analytical change of variables I obtained for the

2HDM+s. As usual, c□ := cos(□), s□ := sin(□), and t□ := tan(□).

λs =
1

16v3
s

(
2vsc2δ

(
m2

h − 2m2
H + m2

s

)
+ vs

(
m2

s −m2
h

)
c2(δ−θ) −m2

hvsc2(δ+θ)

−2m2
hvsc2θ + m2

s vsc2(δ+θ) + 2m2
s vsc2θ + 8µ12sv2cβsβ + 12µsv2

s + 2m2
hvs + 4m2

Hvs + 2m2
s vs

)
(A.1)

m2
12 =

1
4

(
1
tβ

[
4c2

θ

(
s2

γ

(
m2

h −m2
s s2

δ

)
+ m2

s s2
δ

)
− 2m2

hc2γsδs2θtγ − 4m2
Hc2

δs2
γ + 2m2

s c2γsδs2θtγ

−2
(

m2
h −m2

s

)
sδs2θtγ − 4m2

hs2
γs2

δs2
θ + 4m2

hs2
δs2

θ − 4m2
Hs2

δ + 4m2
H + 4m2

s s2
γs2

θ − 3λ1v2
]

−
λ1v2c3β

sβ
+ 4µ12svs

)
(A.2)

λ11s = −
cδ

(
cγsδ

(
−m2

s c2
θ −m2

hs2
θ + m2

H
)
+ cθ

(
m2

h −m2
s
)

sγsθ

)
+ µ12svsβ

vvscβ
(A.3)

λ22s =
cδ

(
sγsδ

(
m2

s c2
θ + m2

hs2
θ −m2

H
)
+ cγcθ

(
m2

h −m2
s
)

sθ

)
− µ12svcβ

vvssβ
(A.4)

λ2 =
1

32v2s4
β

[
−m2

hc2(β−δ−θ) −m2
hc2(β+δ−θ) −m2

hc2(β−δ+θ) −m2
hc2(β+δ+θ) + 2m2

hc2(β−δ)

+2m2
hc2(β+δ) − 2m2

hc2(β−θ) − 2m2
hc2(β+θ) −m2

hc2(γ−δ−θ) −m2
hc2(γ+δ−θ) −m2

hc2(γ−δ+θ)

−m2
hc2(γ+δ+θ) + 2m2

hc2(γ−δ) + 2m2
hc2(γ+δ) + 6m2

hc2(γ−θ) + 6m2
hc2(γ+θ) + 4m2

hc2γ

−4c2β

(
3m2

h + 2m2
H + 3m2

s − 4λ1v2
)
− 4m2

Hc2(β−δ) − 4m2
Hc2(β+δ) − 4m2

Hc2(γ−δ)

−4m2
Hc2(γ+δ) − 8m2

Hc2γ + m2
s c2(β−δ−θ) + m2

s c2(β+δ−θ) + m2
s c2(β−δ+θ) + m2

s c2(β+δ+θ)

+2m2
s c2(β−δ) + 2m2

s c2(β+δ) + 2m2
s c2(β−θ) + 2m2

s c2(β+θ) + m2
s c2(γ−δ−θ) + m2

s c2(γ+δ−θ)

81



§A.1 Analytical Change of Variables for the 2HDM+s 82

+m2
s c2(γ−δ+θ) + m2

s c2(γ+δ+θ) + 2m2
s c2(γ−δ) + 2m2

s c2(γ+δ) − 6m2
s c2(γ−θ) − 6m2

s c2(γ+θ)

+4m2
s c2γ + 4λ1v2c4β − 4m2

hs2γ−δ−2θ + 4m2
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s s2γ+δ+2θ + 12λ1v2
]

(A.5)
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m2
11 = −

sβ

(
cβ

(
v2s2

β(λ3 + λ4 + λ5) + λ11sv2
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(
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Note that some of the input variables are dependent on previous input variables.

However, there are no dependency loops so the above equations provide an explicit

change of variables.
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