GRADIENT ESTIMATES VIA TWO-POINT FUNCTIONS
FOR ELLIPTIC EQUATIONS ON MANIFOLDS

BEN ANDREWS AND CHANGWEI XIONG

ABSTRACT. We derive estimates relating the values at two points of a
solution of a quasilinear isotropic elliptic equation on a compact Rie-
mannian manifold, in terms of the distance between the points and the
height at one of them, and a lower bound for the Ricci curvature on
the manifold. These estimates imply sharp gradient estimates, amount-
ing to the statement that the largest possible value of the gradient for
given height occurs for a particular monotone solution of the correspond-
ing one-dimensional elliptic equation. We also discuss the problem on
Finsler manifolds with nonnegative weighted Ricci curvature. Particular
cases of our result include gradient estimates of Modica type.

1. INTRODUCTION

Let (M™, g) be a compact Riemannian manifold without boundary. As-
sume the Ricci curvature of M has lower bound Ric > (n—1)x. We consider
‘isotropic’ equations of the following form:

DiuDju DiuDju

T D

+ B(u, | Dul) (6;; — )| DiDju + q(u, |Dul) = 0.

(1)
We assume that Equation is nonsingular, i.e. the left hand side of is
continuous on R x TM x Sym?(T*M), and that o and 3 are nonnegative
functions. Our first main result is the following estimate:

Theorem 1. Let (M"™, g) be a compact Riemannian manifold with non-
negative Ricci curvature, and let u be a viscosity solution of Fquation .
Suppose ¢ : [a,b] — [inf u,supu] is a C? solution of

ale, @)¢" +ale, ') =0 on [a,b]; (2)
o(a) =infu; @(b) =supu; ¢ >0 onla,b. (3)

Moreover let 1) be the inverse of @, i.e. ¥(p(2)) = z. Then we have
Y(u(y)) — (u(z)) —d(z,y) <0, Yo,y € M. (4)
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By allowing y to approach x, we deduce the following gradient estimate:

Corollary 2. Under the assumptions of Theorem[1], |Du(z)| < ¢’ (1 (u(x)))
for allx € M.

By applying this result in special situations, we recover several previously
known results, known as Modica-type gradient estimates. These originate
from the work of Modica [24], who considered bounded solutions on R™ of
the equation

Au—Q'(u) =0, (5)
where @ is chosen (by adding a suitable constant) to be non-negative on the
range of u. The key gradient estimate of [24] is the following: |Du(z)|? <
2Q(u(x)) for all z. This was proved by differentiating Equation to de-
rive a maximum principle for the function P = §|Dul? — Q(u), and subse-
quent works have followed this method (sometimes called the ‘P-function
method’). We observe that this is a consequence of Corollary In this
case a = 1, and Equation is equivalent to the statement that P =

1(¢')* — Q(¢) is constant. We can define ¢ by solving this with P = 0,
and then we have ¢'(1)(2)) = \/2Q(z) for each z € [inf u, sup u], so that the
estimate of Corollary [2]is exactly Modica’s estimate.

Caffarelli, Garofalo and Segala [5] generalized Modica’s result to critical

points of energies of the form
1
E(u) = /M <2(I>(\Vgu|2) + Q(u)> dvg, (6)

where ® € C3(RT) with ®(0) = 0 and Q € C%*(R) (Modica’s result corre-
sponds to ¢(z) = z). The Euler-Lagrange equation for £ is given by
divy (¥ ([Vqul)Vgu) — @/ (u) = 0. (7)

Note that Equation (7)) is a special case of (), with a = 20"(2)z + &'(2)
and B = @'(z) where z = |Dul?. In [5] the following estimate was derived:
P <0, where

P = &'(|Vul?)|Vul* - %‘I’(IVU\Q) —Q(u) (8)

(again @ is chosen to be non-negative on the range of u). As before, this
estimate is a direct consequence of our Corollary In this case Equation

becomes
0= (22"((¢")*)(¢')* + 2'((¢)*)e" = Q'(¢).
Multiplying by ¢’ we obtain
1 !/
0= (PP - 32 - Q) =P

Defining ¢ by solving P = 0, we obtain a solution of and deduce the
claimed inequality from Corollary

Subsequent to [24] and [5], many other authors have considered related
problems in R", e.g. [6/7,912,14//15] and on Riemannian manifolds |11}13.22]
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23]. The results of [13] are most relevant to the present paper. The proofs
of most of the results mentioned above involve a P-function constructed
from the solution v and the first derivatives Du. The gradient estimates
amount to pointwise inequalities on the P-function, deduced by application
of the maximum principle to an equation resulting from differentiation of
the equation satisfied by u. However in this paper we use a different ap-
proach, deriving the two-point estimate of Theorem (1| and then deducing
the gradient estimate of Corollary [2 The proof is comparatively simple
and geometric compared to the calculations involved in the P-function ap-
proach. We refer the reader to the papers [2,3] and the recent survey [1]
which gives a discussion of the kinds of methods used in this paper, in a va-
riety of geometric contexts. A further advantage of this method is that our
argument does not involve differentiating the equation, and consequently
applies (using ideas from [20,21]) with minimal regularity requirements on
the solution u, corresponding to the viscosity solution requirement in Theo-
rem [I] Throughout the paper we use the terminology of viscosity solutions
from [8].

The simplicity of our method allows us to extend the proof to a more
general situation of manifolds with a negative lower Ricci curvature bound,
again by comparison with a suitable one-dimensional ‘warped product’ so-
lution:

Theorem 3. Let (M, g) be a compact Riemannian manifold (possibly with
boundary, in which case we assume the boundary is locally convex and impose
the Neumann boundary condition), and k < 0 such that Ric > (n — 1)kg.
Let M = N x [a,b] and g = ds®>+ p(s)%g" be such that Ric(0s,0s) = (n—1)k
and p' [ p is strictly increasing, and let u(x, s) = ¢(s) be a solution of on
M, where ¢ is an increasing C? diffeomorphism from [a,b] to [c,d]. Let 1
be the inverse function of . Let u be a viscosity solution of on M with
range contained in [c,d|. Then for all x andy in M we have

Y(uly)) — (u(z)) —d¥ (z,y) < 0.

As we explain in Section {4} the assumption that u is a solution of is
equivalent to a certain elliptic equation for ¢ which involves o and £ and
also the warping factor p.

Corollary 4. Under the assumptions of Theorem[3, |Du(z)| < ¢'(¢(u(z))
for allx € M.

It is an interesting question whether such a result holds also in this gen-
erality in the case k > 0. Our proof does not appear to apply in that
situation. However we discuss a different argument which works for general
% € R under somewhat more stringent assumptions, in Section [5.1

In addition we notice that the method of two-point functions also applies
for equations on Finsler manifolds with nonnegative weighted Ricci curva-
ture, where we only consider the equation corresponding to . We address
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this problem in Section [} In the final section, we discuss the resulting
gradient estimates of Modica type and related rigidity results.

The paper is built up as follows. In Section [2| we recall background ma-
terial including the definition of viscosity solutions, maximum principles for
semicontinuous functions on manifolds, and the first and second variation
formulas for the arclength of a curve. In Section [3] we give the proof of The-
orem [I] and Corollary 2l The more general result of Theorem [3]is proved in
Section[d Section [f] discusses a different argument which applies for general
lower bounds on the Ricci curvature. Section [6] is devoted to the setting of
compact Finsler manifolds with nonnegative weighted Ricci curvature. The
final section gives the pointwise gradient estimates of Modica type and some
rigidity results.

2. PRELIMINARIES

2.1. Definition of viscosity solutions on manifolds. Let M be a Rie-
mannian manifold. We use the following notations:

USC(M) ={u: M — R|u is upper semicontinuous},
LSC(M) ={u: M — R|u is lower semicontinuous}.

Next we introduce the semijets on manifolds.

Definition 2.1. For a function v € USC(M), the second order superjet of
u at a point xg € M is defined by

T*>Tu(z) == {(De(w), D?p(x0)) : ¢ € C*(M), such that u — ¢
attains a local maximum at g} .
For u € LSC(M), the second order subjet of u at zg € M is defined by
T u(wo) == =T (—u)(xo).
We also define the closures of J% " u(zo) and J% u(xg) by
T*Vu(xo) = {(p, X) € Ty M x Sym2(T;0M)]there is a sequence (xj,pj, X;)
such that (pj, X;) € > u(x;)
and (z;,u(z;),pj, Xj) = (2o, u(zo),p, X) as j — oco}.
T* u(we) = —T** (—u)(xo)-
Now we can define the viscosity solution for the general equation
F(z,u, Du, D*u) = 0 (9)
on M: Assume F € C(M x R x TM x Sym?(T*M)) is degenerate elliptic,

i.e.

F(x,r,p,X) < F(x,r,p,Y), whenever X <Y.

Definition 2.2. (1) A function v € USC(M) is a viscosity subsolution
of () if for all z € M and (p, X) € J*Vu(z),

F(z,u(z),p, X) > 0.
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(2) A function u € LSC(M) is a viscosity supersolution of (9] if for all
r €M and (p,X) € T> u(z),

F(z,u(z),p, X) <0.

(3) A viscosity solution of @ is a continuous function which is both a
viscosity subsolution and a viscosity supersolution of @

2.2. Maximum principle for semicontinuous functions.

Theorem 5 (Theorem 3.2 in [8]). Let M{",... M, be Riemannian mani-
folds, and Q; C M; open subsets. Let u; € USC(;) and ¢ € C?(Qq x -+ - x
Q). Suppose the function

w(x,...,zg) =ui(z1) + - +ugleg) — p(x1, ..., T8)
attains a mazimum at (L1,...,2) on Oy X -+ X Qg. Then for each A > 0

there exists X; € Sym2(T;iMi) such that

(D (21, - -, 31), Xi) € j2’+ui(:ﬁi) fori=1,...,k,
and the block diagonal matrix with entries X; satisfies

. X, - 0
SIS s s | <Ak AR
0 - X

where A = D?p(21,...,3%).

2.3. First and second variation formulae for arclength. Let g :
[0,]] = M be a geodesic in M parametrised by arc length. Suppose (g, s)
is any smooth variation of yo(s) with € € (—ep,£0). Then the first variation
formula for arclength is

0

e

L(v(e,) = (s, 7)) (10)

07
e=0

where v, is the unit tangent vector of vy and ~. = %’y is the variational
vector field.
Furthermore, the second variation formula is given by

82 l !
@ L(7<5a )) = /0 <‘V'73 (75_)’2 - R(73776776775)> ds + <’Ys, V75'75>‘07
(11)
where v means the normal part of the variational vector. Here and in the
sequel we use the convention on the Riemannian curvature tensor R such

that Ric(X,Y) = try(R(X,-,-,Y)) for X,Y € T, M.

e=0
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3. RIEMANNIAN MANIFOLDS WITH NONNEGATIVE RICCI CURVATURE

First we prove the following modulus of continuity estimate, which implies
Theorem [I] immediately.

Theorem 6. Let (M",g) be a compact Riemannian manifold with Ric > 0
and u be a viscosity solution of Equation . Suppose the barrier ¢ : [a,b] —
[inf u, sup u] satisfies

o >0, (12)
d (q(e,¢) +¢"ale,¢)
dz < ©'Bp,¢') ) <0 (13)

Moreover let 1) be the inverse of @, i.e. ¥(p(2)) = z. Then we have
Y(u(y)) — P(u(z)) —d(z,y) <0, Yo,y € M. (14)

By letting y approach x, we get the following gradient bound.

Corollary 7. Under the conditions of Theorem@ if moreover u € C1(M),
then for every x € M we have

[Vu(z)] < ¢'(d(u(x))). (15)

Now we show how Theorem |§| implies Theorem |1} Let ¢ satisfy and
in Theorem |1} Then for sufficiently small § > 0, we can solve

(s, ©5)e5 + (s, ps) = =0z - 5 - Bgs, ©5),
ps(a) = ¢(a), ¢sla) = ¢'(a),

to get @5 which satisfies and . So by Theorem |§| we have for
ps. Letting 6 — 07, we finish the proof of Theorem

Next we focus on proving Theorem [6] For that purpose we need a lemma
about the behaviour of semijets when composed with an increasing function.

Lemma 8. Let u be a continuous function. Let ¢ : R — R be a C? function
with ¢ > 0. Let 1 be the inverse of ¢, so that

p(¥(u(x))) = u().
(1) Suppose (p, X) € T>T(p ou)(xg). Then
(¢'p, " PO P+ ' X) € T u(w),

where all derivatives of ¢ are evaluated at 1 o u(xyp).

(2) Suppose (p, X) € J>~ (¥ ou)(wg). Then

(¢'p,¢"P @D+ ¢ X) € T* u(w),

where all derivatives of ¢ are evaluated at 1 o u(zp).
(3) The same holds if we replace the semijets by their closures.
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Proof. (1) Recall the definition of the superjet:
T*Vu(xg) = {(De(x0), D*¢(x0)) : ¢ € C*(M), such that u — ¢

attains a local maximum at xo}.

Assume (p, X) € J? " (pou)(xp). Let h be a C? function such that ¢ (u(z))—
h(z) has a local maximum at x¢ and (Dh, D*h)(zo) = (p, X). Since ¢ is
increasing, we know u(z) — ¢(h(z)) = (¢ (u(x))) — ¢(h(x)) has a local
maximum at xg. So it follows that

(¢'p, " P @+ ¢ X) € T* u(x).

(2) is similar. (3) follows by approximation. O

Proof of Theorem[6 The proof is by contradiction. Assume there exists
some £g > 0 such that

P(uly)) — Y(u(x)) — d(z,y) < eo,

for any z,y € M and with equality for some xg # yo.

Next we want to replace d(x,y) by a smooth function J(:c, y) on a neigh-
bourhood of (zg,y0). To construct this we let 79 be the unit speed length-
minimizing geodesic joining x¢ and yo, with length [ = L(v0). Let {e;(s)}7,
be parallel orthonormal vector fields along vy with e,(s) = vy(s) for each
s. Then in small neighbourhoods U,, about x¢ and U,, about yo, there are
mappings  — (ai(x),...,an(z)) and y — (b1(y),...,bn(y)) defined by

= expg, (D ai(@)ei(0), = expy, (D biy)eil)).
1 1

Then for some C? nonnegative function f : [0,1] — R to be determined, we
can define a smooth function d(z,y) in Uy, x Uy, to be the length of the
curve

expo (o (l s leai(f”)%; eils) + 3 21: bi(y) :’;((j)) e,-(s)) L se 0,1,

It is easy to see that d(z,y) < d(x,y) in Uy, X Uy, and with equality at
(z0,y0). Therefore we have

P(uly)) — (u(x)) — d(z,y) < <o,

for any (x,y) € Uy, x Uy, and with equality at (zo, o).
Thus we can apply the maximum principle to conclude that for each
A > 0, there exist X € Sym?(Tj M) and Y e Sym?(T;; M) such that

(Dyd(z0,40),Y) € T** (¥ o u)(yo),
(D$d~(x07 y0)7 _X) € j27+(_w o u)(x0)7
i.e. (—Dypd(z0,10), X) € T~ (¢ o u) (o),
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and

-X 0 5
(3F P)<menr

where M = D2d(zq, o).

Note that Dyd(zo,y0) = en(l) and Dxa?(xo,yo) = —epn(0). By Lemma
we have

(‘P/(Zyo)en(l), Sol(zyo)y + @ll(zyo)en(l) ®en(l)) € j2’+u(y0),
(gp’(zxo)en(O), gp’(sz)X + @ll(zzo)en(o) ®en(0)) € j2’_u(;p0)’

where z;, = ¢(u(xo)) and zy, = ¥ (u(yo)).

On the other hand, since u is both a subsolution and a supersolution of
(1), we have
tr(<p/(zy0)A2Y + ‘P”(Zyo)AWn(l) ® en(l)) + q(gp’(zyo), ¢(zy,)) 20

and

t7(0' (200) A1 X 4 0" (224) A1€n(0) @ €(0)) + q(¢ (220 )5 #(22,)) < 0,

where

B(p(2a), ¢ (220)) - 0 0
A = : : 5 :
0 o Ble(2ao), ¢’ (220)) 0
0 0 (p(2zy) ¢’ (220))
and
B (2y0), €' (2y0)) 0 0
Ay = : .. : :
0 o Ble(zy), €' (2y0)) 0
0 - 0 a(‘ﬂ(zyo)v SDI(ZZJO))

Therefore, first we have

0 < q(60(2y0), ' (20))+¢" (240 )00 (24 ) ' (210)) +40' (230 )t ((8 f> <_0X 3» ’

21)

where C'is an nxn matrix to be determined. Multiplying by EIENTICIEMIEIE)
0 yo /o Yo

gives

2
@ (2y0) B2 (2y0)s ¢’ (24

+5<so<zyi§,(2f<zyo>>”<<g ,Z) (_OX 3))

0< ) (a(p(2y0), 9 (200)) + " (250 P(290): €' (24)))
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Similarly, for the inequality at x¢ we get

/2(0)
@' (220) B(p(220) > ¢’ (22

ﬁ(w(zijf(zf(zmo))tr((%l 8) <_0X 3))

Combining them we obtain

f2()
@' B(w,¥") ©'B(w,¢")

+ﬁ<so<zy§,(2'<zyo>>”<<g f) <_6X v )
*mso(zi)f(:o)f(zxo))”((%l 8) (_OX 3))

0>

5 (@(e(20); ' (220)) + " (200 ) (0(22), ' (220)))

0<

(a0, @) + " ale, )

EZN)

(qe, @) + " a(¢)

Letting
LB (240), ¢ (240))
C = ‘o 7
LRB((20), ¢ (245))
0
then the matrix
W f2() (0 c>+ £2(0) (Al 0)
B(@(Zyo)awl(zyo)) C A 5(90(2500)7@/(2:50)) 0 0
F20) I 0 FOO) f(1) Iy 0
0 PO e, 0 0
| FO)F (1) s 0 P2 s 0
0 0 0 20y e o

is positive semidefinite.
So we can use

to get

_FA0)
©'B(p, ¥')

(qa(p, ") + ¢"ale, ¢")

ZIO

2
< M(q(% ©)+ ¢"alp,¢))

+tr(WM) + X tr(WM?).

ZyO
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Now we compute tr(W M) as follows.

n—1
= Z D*d((f(0)ei(0), f(Dei(1)), (f(0)es(0), f(Dei(D)))

a(p, ¢')
Blp,¢')
)

( D?d((f(0)en(0),0), (f(0)en(0),0))
alp, ¢’

210

D*d((0, f(Den(D); (0, f(Den(D)))-

* B, ¢")

Zyo

Note that
D2d((f(0)e(0), f(Dei(D)), (£(0)es(0), f(D)ei(1)))
2 ~
Z% d(expy, (t£(0)ei(0)), expy, (tF (D)ei(D)))
t=0
d2
:@ t=0

l
= [P = P RCenereren)lis

L(exp.,(s)(tf(s)ei(s))sepo,)

l
:ff"é—/o FUF" + FR(en, €5, 0, 00))ds,

which implies
n—1
ZD2J((f(0)6¢(0)7 fDei(D)), (£(0)ei(0), f(D)ei(l)))
=(n—1)ff ‘0 / f((n=1)f"+ fRic(en,en))ds

<(n-1ff ’0 /0 (n =1 f(f" + kf)ds.
Similarly we get

D*d((£(0)en(0),0), (£(0)en(0),0)) =
=

D*d((0, f(D)en(D)), (0, f(Den(1)))
In summary, we have
2 2
0% a8 )+ el Rt )+ ol

!
- nfff - /0 (= 1) f(f" + K f)ds + X tr(W M),
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Taking f(s) =1 and k = 0, and letting A\ — 0, we have

q(e, ")+ ¢"alp, o) |70

0= o' Bp,¢')

(16)

2z

Now taking Condition into account, since zy, = 2z, +d(x0, Yo)+€0 > Zz0»
we get a contradiction. Then we must have

Z(x,y) = P(uy)) — d(u(z)) — d(z,y) <0, (17)

which is the desired result.
O

4. MANIFOLDS WITH NEGATIVE LOWER RICCI CURVATURE BOUND

In this section we prove the following modulus of continuity estimate.

Theorem 9. Let (M"™,g) be a compact Riemannian manifold with Ricci
curvature Ric > (n— 1)k, k <0, and u a viscosity solution of Equation .
Suppose the barrier ¢ : [a,b] — [inf u, sup u| satisfies

¢' >0, (18)

/ 1 / /
4(,¢') + ¢"alp, ¢') +(n_1)%:0, (19)

o' B, ¢') ;

where p : [a,b] — R satisfies p”" + kp =0 and (%)’ > 0. Moreover let 1) be
the inverse of ¢, i.e. ¥(p(z)) = z. Then we have

Y(uy)) — P(u(z)) —d(z,y) <0, Yo,y € M. (20)
By letting y approach z, we get the following gradient bound.

Corollary 10. Under the conditions of Theorem@ if moreover u € C1(M),
then for every x € M we have

[Vu(z)] < ¢'(d(u(=))). (21)

Remark 11. In fact, Theorem [J is an equivalent statement of Theorem
First, in a warped product M = N x [a,b] with § = ds® + p(s)%¢g", the
requirement Ric(ds,0s) = (n — 1)k is equivalent to p” 4+ kp = 0. Second, by
the calculation in [1, Sec. 3|, u(x,s) = ¢(s) being a solution of (1)) means

(e, )" +q(p, ') + (n — 1)¢'B(e, w’)% = 0. (22)

Remark 12. Note that (%/)’ > 0 with p” 4+ kp = 0 implies k < —(p')%/p? and
so necessarily £ < 0. In addition, it is easy to see that p(z) = cosh(zg + 2)
satisfies our conditions; while p(z) = cos z does not, which means for k > 0
we need a different argument.
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Proof of Theorem[9. The proof is by contradiction. Define
Z(x,y) = P(u(y)) — Y(u(z)) — d(z,y). (23)

Assume otherwise

max Z(z,y) = Z(xo,y0) = €0 > 0. (24)
z,yeM

As derived in the last section, we have

2 £2(0)

< W(Q(WO )+ ¢ ale ¢)) y - W(Q(Wp )+ ale,¢))
l
+=Dff = |-G s
Take f(s) = p(s). And shows that
a(e, @) +¢"alp )| P(2)
Jiee) L T (25)
is strictly decreasing. So we have
f2(l) / /! / _ fQ(O) / 1 /
0< EEIR) (a(p, ") + " alp, ¢)) L P8 (a(p, ") + 9" alp, ¢'))
l l
Fa=0f7| = [ wp)ds
o Jo
o (dle, ) + ¢ ale, ¢) 3 p’> o
a ( @' B, ') =l /2 P
-0,
which is a contradiction. Then we must have
Z(z,y) = ¥(u(y)) — P(u(r)) — d(z,y) <0, (26)
which is the desired result. O

5. RIEMANNIAN MANIFOLDS WITH GENERAL LOWER RICCI BOUND

5.1. The result and an example. As observed in Remark the case
% > 0 may not be handled as in the last two sections. In other words, for this
case we may not prove that any solution ¢ to the one-dimensional equation
is a barrier. However, we find that for some family of the one-dimensional
solutions, the property of being barriers can be extended smoothly in the
family, and in fact this phenomenon holds for any x € R regardless of its
sign. More precisely, we prove the following result.

Theorem 13. Let (M™,g) be a compact Riemannian manifold with Ricci
curvature Ric > (n — 1)k, k € R. Assume in Equation the coefficients
a, B are C? functions, and q a continuous function. Let u be a C3 solution

Zxo

Zx(q +eo
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of Equation . Suppose there exists a family of functions ¢, from [a., b.]
to [inf u, sup u| which satisfies

alp, 0" )" +q(e, ¢')
©'Bp,¢')

~

A

+(n—-1)= =0,

|

¢ >0,

and depends smoothly on ¢ € (cy,+00). Here p is a positive C? function on
[ac, be] satisfying p” +kp = 0. Moreover, assume for ¢ > ¢, ¢ is uniformly
large. Then for any ¢ > ¢, we have

Ye(u(y)) — Ye(u(r)) — d(z,y) <0, Yo,y € M, (27)
where 1. is the inverse of @..
By letting y approach x, we get the following gradient bound.

Corollary 14. Under the conditions of Theorem for every x € M we
have

IVu(z)] < ¢e(¥e(u(@))), ¢ > cu. (28)
Here we give an example in which Theorem [13| applies.
Example 5.1. Let us consider the following equation:
divy (¥ (|V yul?)V yu) + glu) = 0, (29)

where q(u) = Q'(u) for some function Q, on a Riemannian manifold with
Ric > n — 1. Here ® satisfies some structure conditions in Subsection [6.5]
We also use the following notations:

K(s) = & (s)s — %@(s),
A(s) := 20" (s)s + @'(s).

Note that for this example, a(u, |Vu|) = A(|Vul?) and B(u, |Vu|) = &'(|Vul?).

Let ¢y, = supyclinfusupu)@(r) and suppose ug € [inf u,supu| is such that
Q(ug) = ¢y. Then the ODE appearing in Theorem becomes the following:
(Here ¢ > ¢, and p(z) = cos z.)

{A((sog)?)soz +qlpe) = (n— 1) tanz - @'((¢)?)¢l, (30)

(0) = uo, ¢'(0) = /K=t o (c—cu),

which has a unique solution . : [a,b] — [inf u,supu], where 0 € [a,b] C
(—7/2,7/2). Here K~ denotes the inverse function of K. Equivalently, o,
satisfies:

K@)+ Q) =ct [ (n-Dtanz #((0)P)ePde. (31
Since [ (n—1)tanz - ®'((¢')?)(¢')*dz > 0, we always have
pe(z) 2 VE o (c—Qpe) = VE Lo(c—e) > 0. (32)
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Moreover, when ¢ > ¢, ¢ is uniformly large. So by Theorem for the
corresponding inverse . (¢ > ¢, ), we have

Ye(u(y)) — Ye(u(x)) — d(z,y) <0, Va,y € M. (33)

5.2. The proof. In this subsection, we first give the outline of the proof
and then derive a computation lemma which is needed in the proof.

Proof of Theorem [13. Assume by contradiction that does not hold for
some ¢y > ¢,. Then for any ¢ > ¢y we can solve by perturbation
/

ale, ¢ )" +ale,¢') _ _n-1)2 — 802,
B, ¢) p P’ (34)
plac) = eelac), ¢'(ac) = pelac),
to get a function . 5, where §(c) > 0 is small, and depends on ¢ with
lime ¢, 6(c) = 0.

Denote D = {(x,z) : € M}. Then we consider a manifold M with
boundary which compactifies (M x M) \ D as follows: As a set, M is the
disjoint union of (M x M)\ D with the unit sphere bundle SM = {(x,v) €
TM : ||v]] = 1}. The manifold-with-boundary structure is defined by the
atlas generated by all charts for (M x M)\ D, together with the charts Y
from SM x (0,7) defined by taking a chart Y for SM, and setting f’(z, s) =
(exp(sY(2)), exp(—sY (2))).

In the following we write ¢ = ¢ 5) and ¥ = 1 5. for short. Let

Z(x,y) = p(uly) — Y(u(r)) — d(z,y). (35)
We define a function Z on M as follows: For (z,y) € (M x M)\ D, we define
> _ Z(‘Ta y)
For (z,v) € SM, we define
Z(wv) = Sd(lzm)Dvu(x) Y (37)

Then one can Ezheck thatA 7 is a continuous function on M. And when
c> ¢y, we have Z <0 on M.
Thus we can define

c1 :=inf{c > Co‘Z < 0on M for ¢ € (¢,4+00)}. (38)

By assumption we have ¢; > ¢p, which we shall prove leads to a contradic-
tion.

In fact for ¢ = ¢ there will be two cases.

Case 1: 0 = Z(xo,yo) for some x¢ # yo, i.e. Z(xg,y0) = 0.

Case 2: Z(x,y) < 0 for any z # y € M and Z(zg,v9) = 0 for some
(x0,v0) € SM.

We will rule out these two cases, so ¢; > ¢g is impossible.

For that purpose, we need the following computation lemma.
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Lemma 15. Let u be a C® solution of Equation . For x # y with
d(z,y) < inj(M), the injectivity radius of M, let v : [0,1]] — M be the
length-minimizing geodesic from x to y, choose Fermi coordinates along 7o
as before, and fir a C? function f : [0,]] — R. Then Z = Z(x,y) satisfies
the following equation

e )| ales)
£2:=10) Blp,¢') zyD(O’en),(o,en)ZJrf(O) Ble,¢')

2
+ > DY fheo(FOenfben Z

<n

2
Die,,.0),(n,00Z

Zx

_ e 2" +ale, ¢)
10 ¢'Ble,¢")

L
—(n=1)f(s)f'(s)

0 2 (0, 0" + q(p, ')
2 +50) @' Bp,¢)

Zz

o Jo
where the coefficients of DZ x DZ and DZ are C' functions.

With this lemma at hand, choose

F() = plz + Z + 5). (39)
Using the condition on Ricci curvature, we can derive

LZ+DZ+«DZ+P-DZ

> _f(l)za(% " +ale | £(0)? alp, )" +alp,¢')

e L, oBle. ) .,
o fale, )" +ale, ¢) B p’> 2
7 < P O B s
s, )" + qle, ') |
O ¢'B(p: ¢') otz (40)

Let us first consider Case 1. The same computation applies and so by the
maximum principle we have at (zg, o)
0>LZ+DZ«DZ+P-DZ
= —p? (a(% )" + qle, ¢) p’)

2y

o' Bp, ¢') =7

= 5(01)2‘2 =0(cq)l > 0.

Zx

This contradiction shows that Case 1 cannot occur.

+ [ (n=1ff"+ f?Ric(en))ds+ DZ xDZ + P - DZ,

—(n=1)f(s)f'(s)

l

0
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Next we consider Case 2: Z(x,y) < 0 for any = # y € M. In this case by
and the choice of ¢, 5., we have, for x # y close enough to each other,

LZ+DZ+«DZ+P-DZ

> 003l + FOP (<= 102 =005 ) |

2e+2Z
=d(c1))l + C(z,y)Z > C(x,y)Z,

where C(z,y) is some bounded function. That is, the inequality above holds
near the boundary of M. Now recall the boundary Hopf maximum princi-
ple from [17], applying to any C? function Z which has a strict maximum
boundary value zero and satisfies a/ Zij + bZ; +cZ > 0 with a¥ € C?,
bi € Ct, c € L™ and [a¥] > 0. Thus we derive for (x, vg)

Z(z,exp,(tv)) — Z(x, )

0> D) Z(z,z) = lim

t—0 t
o lulexp, (1)) — w(u@)) — d(a, exp, (1)
t—0 t
L D)~ 1
= ———Dyu(z) — 1,
¢’ (22)
which contradicts Z (o, vo) = ﬁDvou(mo)—l = 0. So Case 2 is also ruled
0

out. So ¢1 > ¢ is impossible, and we complete the proof of Theorem T3] O

Finally we give the proof of Lemma
The proof of Lemma[I5 Recall

Z(x,y) = P(uly)) — p(u(z)) — d(z,y). (41)

For any X € T, M and Y € T,,M, there exists a variation (e, s) of yo(s)

such that 7.(0) = X and 4.(I) = Y. Then the first derivative of Z in the
direction (X,Y) is

Dixy)Z =¥ (u(y)){(Vu(y), 1 (1)) — ¢’ (u(x)){(Vu(z),7:(0)) — (T(s),7(s)) |
= (¢ (W) Vu = 75, 72(5))[6-
Furthermore the second derivative of Z is

DixyyxZ = ¥" () (Vu, 7 (1))* + ¢/ (w) (Do, (Var), % (1) + (Vu, Dy (1))

= 9" (u)(Vu,72(0))* = ¢ (u) ((Dy, (Vtu), 7% (0)) + (Vu, Dy, 7(0)))

l
- /0 (IV% ()17 - R(’Vs,%,%,vs)) ds — (75, V7)o
Note that
P =1, (42)
1/}”'(80/)2 + wl . SO/I — O (43)
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We get
9 (p// 9 (‘0// 9
Dixyy.xy)Z = —qua%(l)) + (SO,)3<W,%:(0>>

+ DD, 7(0) ~ 2 DPur:(0),12(0)

AS)

l
- /0 (IW (v )l — R(%,%,%,%)) ds + D(D,.7.(0),Ds.7: ) Z-

Now we choose particular variations to obtain inequalities for particular
parts of the Hessian of Z:
(1). Vary y: Choose the variation

e s) = ols +7). (44)

S0 Y:(1) = en, 7:(0) = 0. Then we get

1 Un (Y
Do Z = (VU en) = 2@ 1, (45)
¥ 2
",,2
1
D? Z = _? Un(y) + —Unn
(07’3”)7(076%) (901)3 g0/ (y)
¢’ 2 1
= _?(1 + D(O,en)Z) + aunn(y) (46)
(2). Vary z: Choose the variation
l—s
’}/(5,8) :’YO(S+5T). (47)
S0 7:(1) = 0, 7:(0) = ep. Then similarly we get
1 Up (T
D)2 =~ 50— resen)0) = =22 11, (48)
", 2 1
2 _ ¥ u;, () 1 _ ¥ 2 1
D(en,O),(en,O)Z - (¢/)3 - aunn(m) - 7/(1 - D(en,O)Z) - aunn(x)

(49)
(3). Vary ~o along e;(s) for fixed i < n: Choose

(e, 5) = exp,y () (e f(5)ei(s))- (50)
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So v:(s) = f(s)e;i(s). Therefore
1
Disenswen? = {5V =7 f()ei(s)o

I, O
= ) - ),

/!

¢ ©
Dt 0)en,f e (FO)erf e Z = ~op! 2(Dui(y) + ! 2(0)u ()

iQu —2u
+ P Wiy) = £ O)uile)

l
_/O [(f/(s))Q _ fQ(S)R(e”?eiveigen)]dS.

Then after summation from i =1 to i =n — 1 we have

2 2
> DYosen fren (f0)en frenZ = ) P ) D ui (0) Y ui(
<n <n <n
+ f2 Zuu an(O)ZU”(IB)
<n <n

1
—m—mmv&%+AKWJVW+ﬁmmmw.

Now recall that at xg or yg Equation (|1)) is
(0, Vnn + B, ') > wii +ql) + DZ+DZ+P-DZ=0. (1)

<n
Therefore direct computation yields

—ﬂwﬁﬁﬂg (14 Dge,yZ)* + £(0)

@ @
> (Dio,swen2)” + o

Ry i<n

sD/
qlp) s a(p)
B, T Tae, o)

l
+/ ((n—1)ff”—|—f2Ric(en))ds—i—DZ*DZ+P-DZ.
0

/!

20(p, )"
o' Ble,¢') |,

> (D(r0)e,0)2)?

Zz j<n

0Z)°

(1- D

€n,

l

—(n=1)f(s)f'(s)

Zx 0

— f()?

Putting the terms involving D Z together, we complete the proof of Lemma
O

6. CASE FOR FINSLER MANIFOLDS WITH NONNEGATIVE WEIGHTED RICCI
CURVATURE

In this section we consider the problem on Finsler manifolds, although
only for Equation below of divergence form. We first briefly review the
fundamentals of Finsler geometry [4,28] and some developments from [25/[27].



GRADIENT ESTIMATES FOR ELLIPTIC EQUATIONS ON MANIFOLDS 19

Then we give the structure conditions for the equation and regularity of its
solutions. Finally we will discuss the modulus of continuity estimates in this
Finsler context.

6.1. Finsler manifolds. Let M be an n-dimensional connected smooth
manifold without boundary. Given a local coordinate {z'}!' ; on an open
set U C M, let {z", V7 ijl be the coordinate of TU, i.e.

.0
—_yi 2
V=V awj,VVETmM,az:EU. (52)
Definition 6.1 (Finsler structures). A function F': TM — [0, 00) is called
a Finsler structure if the following three conditions hold:

(1) (Regularity) F'is C* on T'M \ 0;

(2) (Positive 1-homogeneity) F(z,cV) = cF(z,V) for all (z,V) € TM
and all ¢ > 0;

(3) (Strong convexity) The matrix

0? 1
X = 7F2
is positive definite for all (z,V) € TM \ 0.

We call such a pair (M, F) a smooth Finsler manifold. If moreover a
measure m is given on M, we call the triple (M, F,m) a Finsler measure
space. Note that for every non-vanishing vector field V', g;;(z, V') induces a
Riemannian structure gy on M by the following formula

gv(X,Y) = gij(z, V)XYVI VXY € T, M. (54)

By the homogeneity of F, gy (V,V) = F?(x,V).
For z,y € M, the distance function from x to y is defined by

1
(e, y) = inf /0 F(y(8),4(t))dt, (55)

where the infimum is taken over all C'l-curves v : [0,1] — M such that
~v(0) = x and (1) = y. Note that generally d(x,y) # d(y,x) since F is only
positively homogeneous.

A C®-curve v : [0,1] — M is called a geodesic if it is locally minimizing
and has a constant speed (i.e. F(v(t),75(t)) is constant). For V € T,M,
if there exists a geodesic v : [0,1] — M with 4(0) = V, then we define
the exponential map by exp, (V) := v(1). We say that (M, F') is forward
complete if the exponential map is defined on whole TM. Then by Hopf-
Rinow theorem (see [4]), any pair of points can be connected by a minimal
geodesic.
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6.2. Chern connection and Ricci curvature. Let w7 : TM — M be
the projection. There exists a unique linear connection on 7*1'M, which
is called Chern connection. The Chern connection is determined by the
following structure equations:

(1) Torsion freeness:
DYY - DYX = [X,Y]; (56)
(2) Almost g-compatibility:
Z(gv(X,Y)) = gv(DZX,Y) + gv(X,DzY) +20v(D;V, X,Y),  (57)
for V€ TM\0,X,Y,Z € TM.

Here D}/(Y is the covariant derivative with respect to the reference vector V
and -
o 1 0°F*(x,V
Cv(X,Y,Z) = Cij(V)X'YIZF = 4W

is the Cartan tensor of (M, F). Note that DYY = DYY, ¢ > 0 (see e.g.
(2.5) in [27]), and Cy(V, X,Y) = 0 due to the homogeneity of F.

Given two linear independent vectors V,W € T, M \ 0, the flag curvature
is defined by

Xyizk  (58)

gv(RV (V. W)W, V)

KY(V,W) = : 59
V) = G VoV g (WoW) — g (VW2 )
where R" is the Riemannian curvature given by
RY(X,Y)Z := DX Dy Z — Dy DX Z — Dy y,Z. (60)
Then the Ricci curvature is defined by
n—1
Ric(V) =Y K" (V,e;), (61)
i=1
where {e1, - ,en_1, %} is the orthonormal basis of T, M with respect to

gv. (Note that Ric is 0-homogeneous.)
Next we recall the definition of the weighted Ricci curvature on Finsler
manifolds introduced by Ohta in [25].

Definition 6.2. Given a unit vector V- € T, M, let v : (—¢,¢) — M be the
geodesic with (0) = = and 4(0) = V. We decompose the measure dm as
dm = e*‘pvola, along 7, where vols is the volume form of g;. Define the
weighted Ricci curvature as

(1) Riea(V) = {f_%gvcit;gi:gy%om it (¥ 09)'(0) =0,
o~ (0)2

(2) Ricy(V) := Ric(V) + (¥ o~)"(0) — w for N € (n, ),

(3) Ricoo(V) := Ric(V') + (¥ o~)"(0).
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For ¢ > 0 and N € [n,o0], define Ricy(cV) := c?Ricy(V). (Note that Ricy
is 2-homogeneous.)

We say that Ricy > K for some K € R if Ricy(V) > KF(V)? for all
V € TM. 1t is proved by Ohta [25] that the bound Ricy(V) > KF(V)? is
equivalent to Lott-Villani and Sturm’s curvature-dimension condition, which
has many interesting applications (see [25L26]).

6.3. Gradient and Laplacian. Given a Finsler structure F' on a manifold
M, its dual Finsler structure F* on the cotangent bundle T*M is defined
by

) _ §Y) "
F*(z,6) = YGSTIE\)/I\O F(x,Y)’vg eT M. (62)

And the Legendre transformation £ : TM — T*M is given by

LY):= {g’”(y’ ) 11; i 8 (63)

It is easy to check that £ is a diffeomorphism from 7'M \ 0 onto 7*M \ 0 and
F(Y) = F*(L(Y)),YY € TM. Moreover, there holds the Cauchy-Schwarz
inequality
gv(Y,Z) < F(Y)F(Z), (64)

for VY # 0,7 € T M.

Now for a smooth function u : M — R, we define the gradient vector
Vu(z) as Vu(z) := L7 (du(z)) € TM. In a local coordinate system, we
can write it as

- ou 0 .
gzj(xavu)@@a if du(z) # 0,

0, otherwise,

Vu(z) = (65)

where ¢ (x, Vu) is the inverse of g;;(x, Vu). Also note that g% (z, Vu) =
g (z, du).
For a differentiable vector field V on M and x € My = {z|V(x) # 0},
we define VV € T M ® T, M by
VV(Y):=DyV € T,M, Y € T, M. (66)
Then the Hessian of u is given by V?u := V(Vu) on My, which can also
be seen as in T) M ® Ty M via
Viu(X,Y) = gvu(DY"Vu,Y). (67)

One can check that V2u(X,Y) is symmetric. See details in [27] or [30].
Now for a given positive C'*°-measure m on M, define the divergence of
a differentiable vector field V' with respect to m in the weak form by

/M & divyVdm = — /M do(V)dm (68)
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for V¢ € C2°(M). In a local coordinate system where dm = o(z)dz,

) _L@ o(x)V?
dme—J(m)aﬂ( (z)V") . (69)

Then the Finsler Laplacian of u € VVﬁ)C2 (M) is given by Aju = divg,(Vu).
Recall the relationship between A,,u and V2u is that (see e.g. [31, Lemma
3.3])

Apu = Z V2u(e;, e;) — S(Vu), on My,,. (70)
i=1
Here {e;}!' , is the gy,-orthonormal basis and S : TM — R is the S-
curvature [28] given by
d
S(V)=—| Won(), (71)
dt|—g
where 7 is a geodesic with /(0) = V and dm = e~ Yvol;. Note that S(cV) =
cS(V), for ¢ > 0.
On the other hand, for a given smooth non-vanishing vector field V', we
can define the weighted gradient vector and the weighted Laplacian on the
weighted Riemannian manifold (M, gy, m) by

ou 0O

v _ ij ou o
Viu(xz)=g (x’v)(?xj ek

(72)

and
AV u = divy, (VVu), (73)

respectively. It is worth mentioning that VV%u = Vu and AYV%u = A,,u on
Myy,.

6.4. The first and second variation formulas for arclength of geo-
desic. Let v : [0,]] = M be a unit speed geodesic in M. Suppose (g, s)
is any variation of yo(s) with € € (—ep,&0). Then the first variation formula
for arclength is (see e.g. [25])

0

el LOE) = 05,00 (74)

e=0

where 7, is the unit tangent vector of 49 and ~. = %7 is the variational
vector field.
Furthermore, the second variation formula is given by (see e.g. [25])

82

l
52 L('y(fr)):/ﬂ{g%(Dlj(’yeL),Dlj(%L))—gws(R”s(’ys,%)%,%)}ds

e=0
l
+ G, (D:)\/f:VEv 75)‘07

where ’yj means the normal part of the variational vector.
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6.5. Euler-Lagrange equation of energy functional, structure con-
ditions and notations. Let (M"™, F,m) be a compact Finsler measure
space without boundary. We consider the following energy functional

et = [ (5oFv0) - Q) ) am, (75)

where @ € C3(RT) with ®(0) = 0 and Q € C*(R). The Euler-Lagrange
equation for £ is given by

divy, (B (F*(Vu))Vu) + q(u) = 0, (76)

where g(u) = @Q'(u). We always assume @ satisfies the following structure
conditions: ®(0) = 0, and there exist p > 1, 7 > 0 and ¢1,c2 > 0 such that
for any VW € TM \ 0,

it + F(V))P2 < @(FAV)) < eor + F(V)P~2 (77)
and
(T + FV)P2FXW) < a(V)(W, W) < co(T + F(V))P2F2(W), (78)
where a(V) = 20" (F2(V))L(V) @ L(V) + &' (F2(V))gy.
Remark 16. If we choose

D(s) = ~s2, (79)

SR

we get the case of p-Finsler-Laplace operator, which is the model for our
structure conditions.

We also use the following notations:

K(s) 1= ®/(s)s — %@(5),
A(s) := 28" (s)s + ®'(s).

Note that K’(s) = £A(s). And taking in W =V, we have A(s) >
c1(r+52)P~2 > 0, for 5 > 0.

6.6. The regularity of the solutions to the equation. By Theorem 1
in [29] (see also [10] and [19]), any solution u of satisfies u € CL(M)
and

ullcreary < C(luloo, M). (80)
Furthermore, on any domain € such that infg F(Vu) > 0, Equation

is uniformly elliptic in €. Then Theorem 6.3 in [18, Chap.4] implies u €
C?(Q).
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6.7. Modulus of continuity estimate. We shall prove the following mod-
ulus of continuity estimate.

Theorem 17. Let (M™, F,m) be a compact Finsler measure space with
nonnegative weighted Ricci curvature Ricoo and u € WYP(M) a solution
of Equation . Suppose the barrier function ¢ : [a,b] — [inf u,sup u]
satisfies

¢ >0, (81)
d (A()*)e" +alp)
(Mo ) <o 2
Moreover let 1) be the inverse of ¢, i.e. ¥(p(s)) =s. Then we have
P(uy)) — P(u(z)) —d(z,y) <0, Va,y € M. (83)

Remark 18. In the result above, by simple perturbation, we can replace
Condition by the following equality

A((@))¢" +alp) = 0. (84)
By letting y approach x, we get the following gradient bound.

Corollary 19. Under the conditions of Theorem for every x € M we
have

F(Vu(z)) < ¢' (¥ (u(x))). (85)
Proof of Theorem [17. The proof is by contradiction. Define
Z(x,y) = P(uly)) — P(u(z)) — d(z,y). (86)
Assume otherwise
max Z(x,y) = Z(xo,yo) = €0 > 0. (87)
z,yeM

Obviously xg # yo and for any smooth unit speed curve v : [0,{] - M
Z(7) == P(u(y(1)) = ¥(u(x(0))) = L(y) < Z(7(0),7(1)) < €0,  (88)

with equality when v = 7, a length-minimising geodesic from zg to yo.
Let v(g, s) be any variation of vy(s). Then the first derivative condition
yields
!

0 =o' (w(y0))gvu(Vu(yo), 7= (1) = (w(20)) gvu(Vu(x0), ¥ (0)) =gy, (Vs: 7e) |-
Since the variation is arbitrary, we have

W' (u(yo)) Vulyo) = T(1),

¥ (u(zo)) Vu(zo) = T(0),

or equivalently
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where T is the unit tangent vector of the curve, z, = ¥(u(yo)) and z, =

Y (u(wo)).
Next we will obtain some information from the following second derivative
condition:

0> ¢/,(u)gVu(vua ’YE(Z))Q + ¢/(u) (ng(D,Z”Vu, V(1) + gvu(Vu, szu')/a(l)))
— " (W) gvu(Ve, 7(0))* = ¥/ (u) (9vu(D "V, 7(0)) + gvu(Vu, DY *7:(0)))

l
l
- / {g'ys (D%’: (’YEL)»Dzz (%L)) — G (R7* (Vs Ye)Ves Vs) Jds — G (Dgg%,%)]o,
0

where we have suppressed some notations.

Choose at xy an orthonormal basis {e1, -, e,—1,€, = T(0)} with respect
to g-,(0)- Then parallel transport along 7o to produce an orthonormal basis
{ei(s)} for each tangent space T, (s)M (So D7:e(s) = 0). Note that e, (s) =
T(s) for each s. Then we consider the following three variations.

(1) Vary yo. Choose the variation

(g, 8) =vo(s+ 6?) (89)
S0 7:(l) = e, and 7-(0) = 0. Then we get
0 > 9" (u)gvu(Vu, % (1) + ¢/ (u)gvu(D3" Vi, 12 (1))

= w"un(yo)z + wlunn (%0)

P/
_ unn(yO)/ ¥ (Zy) (90)
' (zy)
(2) Vary xp. Choose the variation
l—s
(e, s) =v(s+¢ 7 ) (91)

So (1) = 0 and -(0) = e,,. Then similarly we get

 Unn(20) — 9" (%)

0> 92
¢ (22) 62)

(3) Vary 7 along e;(s) for fixed i < n. Choose
7(57 S) = €XPry(s) (Eei(s))' (93)

So v:(s) = e;(s). Therefore

!
0> ' (u(yo) )uii(yo) — ¥' (u(xo))uii (o) +/0 Grs (R (s, €4)€i, vs)ds

uii(y(]) Uz’z’(ffo) /l
= - + [ gy, (R (s, €i)ei, vs)ds.
Peg) " ) Ty e )

Then after summation from ¢ =1 to ¢ = n — 1 and noting

Ricso(7ys) = Ric(ys) + (W o)’ >0, (94)
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we have
0> ZK”(ZZ)@O) Zi;ﬁ(zz)m) /0 (Won)ds
- L) Sa i) ooy 9
Now recall Equation is
0 = ®"(F?(Vu))2uijuu; + @ (F2(Vu))Apu + g(u) (96)
= & (F*(Vu))2uijuiu; + ' (F(Vu)) (Z s — > q(u) (97)

on My,. In particular, at xg or yo

(")) 2unn(¢)? + @'(( (Z wi; — @' (P o) ) +q(p) =0.  (98)
As a result we can solve

Zu” _ )IEZZITL);)‘ q(¢) T 4,0/(‘1’ o 'Y)/ (99)

<n

at xg or yo.

Plugging into and using and , finally we have

05 ME" +a@)| A" +ale)| (100)

- e'e((¢)?) ., e'O((¢)?) .,

Now taking into account, since zy = z, + d(xo,90) + €0 > 2z, we get a
contradiction. Then we must have

Z(z,y) = ¥(u(y)) — P(u(r)) — d(z,y) <0, (101)
which is the desired result. |

7. POINTWISE GRADIENT ESTIMATES AND RIGIDITY RESULTS FOR
FINSLER MANIFOLDS WITH NONNEGATIVE WEIGHTED RICCI
CURVATURE

In this section we continue the study on Finsler manifolds in Section [6]
More precisely, we derive the gradient estimates of Modica type and some
standard rigidity results.

Define

= sup  Q(r). (102)

ré&[inf u,sup u]

Then we shall prove the following gradient estimates of Modica type.
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Theorem 20. Let (M™, F,m) be a compact Finsler measure space with
nonnegative weighted Ricci curvature Rico, and u € WYP(M) a solution of
Equation . Then for all x € M, there holds

1
' (F?(Vu))F(Vu) — 5<I>(F?(vu)) < ey —Qu). (103)

Proof of Theorem [20. Fix any
c>cy = sup  Q(r). (104)

rée(inf u,sup u]

Then we can solve

K((¢')*) = ¢ = Q(p) (105)
to get a solution ¢, with ¢/ > 0 and its image being [inf u, sup u]. In fact,
Pe d
5 =50+ L4 (106)

infu \/If*1 © (C - Q(SO))
for . € [inf u,sup u]. Differentiating (105) we know ¢, solves

A((¢)?)¢" + a(p) = 0. (107)
Now noting Remark [I8] we can apply Corollary [I9] to get
K(F*(Vu)) + Q(u) < K((¢.)”) + Qlpc) = c. (108)
Finally since ¢ > ¢, is arbitrary we have
K(F*(Vu)) + Q(u) < cy. (109)

So we complete the proof of Theorem
O

Another application of our modulus of continuity estimate, Theorem [17],
is a rigidity result for u concerning ¢, as follows.

Theorem 21. Let u be as in Theorem [20. Suppose 7 = 0 in the structure
conditions and . Moreover, when p > 2, we assume at any ro with
Q(ro) = ¢y and Q' (r¢) = 0 there holds Q(r) = Q(ro)+O(|r—ro|P) asr — 9.
If there exists a point xg € M satisfying Q(u(xzg)) = ¢y and Q' (u(xg)) = 0,
then wu is constant.

Remark 22. Here we provide an example to illustrate some aspects of The-
orem Let p =2 and Q(u) = sinu. Then Theorem [21| indicates that the
image [inf u, sup u] of any non-constant solution u can not contain points in
{2km + T : k € N}, which gives a restriction on the solutions.

Proof of Theorem [21] Assume u is not a constant function. Then [inf u, sup u]
has nonempty interior. Without loss of generality we may assume wu(xg) >

inf u. Then using (106)) we get
u(xo) d(,D
infu /K ~To(c—Q(p))

Ye(u(zo)) — te(inf u) = . c>cy. (110)




28 BEN ANDREWS AND CHANGWEI XIONG

Next we claim
u(xo)
lim do = +o0. (111)
c—cl Jinfu \/Kil o (C - Q((,O))

+

u

So when c is close enough to ¢
continuity estimate

we get a contradiction to the modulus of

Ye(u(y)) — the(u(x)) < d(z,y) < 400, z,y€ M. (112)
To prove the claim, first we observe that
2 2
52 < —K(s),0 < e < e (113)
€0 p

In fact, define G(s) = 2K (s) — e0s2 with gy < %01. Then G(0) = 0 and
G'(s) = A(s) — f-:ogsg_l >0 (114)
by the assumption. Thus G(s) > 0, which is (113]).

Therefore, we obtain
VE o (e = Q(p)) < cleu — Q) = e(Q(u(x0)) — Q). (115)
Note that for 1 < p < 2, by Taylor expansion Q(r) — Q(ro) = O(|r —ro|?) =
O(|r — ro|P). For p > 2, by the assumption Q(r) — Q(ro) = O(|r — ro[P). In
either case, we can conclude
VE Lo (e, = Q(9)) < &ulwo) =), ¢ < u(xo),

which implies that

u(zo) do
infu \/Kil © (Cu - Q(QO))
So we obtain the desired claim and finish the proof of Theorem

Also we can give a characterization of ¢,,.
Theorem 23. Under the same assumption of Theorem[21], we have

¢y = max{Q(inf u), Q(supu)}. (117)
Moreover, if there exists a point xo € M satisfying Q(u(xo)) = cu, then
either u(xg) = inf u or u(xg) = supu.

Proof of Theorem [23 Without loss of generality, we assume that u is not
a constant. Assume ¢, > max{Q(infu), Q(supu)}. Then there exists ro €
(inf u, sup u) such that

sup  Q(r) = cu = Q(ro). (118)

rée[inf u,sup u]

So 7 is a local maximum point for @ and Q'(r¢) = 0.
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Meanwhile by the continuity of u, there exists a point yg such that u(yo) =
ro. Thus Q(u(yo)) = ¢y and Q' (u(yo)) = 0. So u is constant by Theorem 21]
which is a contradiction. Therefore we complete the proof.

O

REFERENCES

[1] Ben Andrews, Moduli of continuity, isoperimetric profiles, and multi-point estimates
in geometric heat equations, Surveys in Differential Geometry 19 (2014), 1-47.

[2] Ben Andrews and Julie Clutterbuck, Time-interior gradient estimates for quasilinear
parabolic equations, Indiana Univ. Math. J. 58 (2009), no. 1, 351-380.

[3] Ben Andrews and Julie Clutterbuck, Sharp modulus of continuity for parabolic equa-
tions on manifolds and lower bounds for the first eigenvalue, Anal. PDE 6 (2013),
no. 5, 1013-1024.

[4] D. Bao, S.-S. Chern and Z. Shen, An introduction to Riemann-Finsler geometry,
Springer-Verlag, New York (2000).

[5] L. Caffarelli, N. Garofalo and F. Segala, A gradient bound for entire solutions of
quasilinear equations and its consequences, Comm. Pure Appl. Math. 47 (1994), 1457—
1473.

[6] D. Castellaneta, A. Farina and E. Valdinoci, A pointwise gradient estimate for solu-
tions of singular and degenerate PDFEs in possibly unbounded domains with nonnega-
tive mean curvature, Commun. Pure Appl. Anal. 11 (2012), 1983-2003.

[7] M. Cozzi, A. Farina and E. Valdinoci, Gradient bounds and rigidity results for sin-
gular, degenerate, anisotropic partial differential equations, Comm. Math. Phys. 331
(2014), no. 1, 189-214.

[8] M. G. Crandall, H. Ishii and P. L. Lions, User’s guide to viscosity solutions of second
order partial differential equations, Bull. Amer. Math. Soc. 27 (1992), 1-67.

[9] D. Danielli and N. Garofalo, Properties of entire solutions of non-uniformly elliptic
equations arising in geometry and in phase transitions, Calc. Var. Partial Differential
Equations 15 (2002), no. 4, 451-491.

[10] E. Di Benedetto, C*** local regularity of weak solutions of degenerate elliptic equa-
tions, Nonlinear Anal. 7 (1983), 827-850.

[11] A. Farina, Y. Sire and E. Valdinoci, Stable solutions of elliptic equations on Riemann-
ian manifolds, J. Geom. Anal. 23 (2013), 1158-1172.

[12] A. Farina and E. Valdinoci, A pointwise gradient estimate in possibly unbounded
domains with nonnegative mean curvature, Adv. Math. 225 (2010), no. 5, 2808-2827.

[13] A. Farina and E. Valdinoci, A pointwise gradient bound for elliptic equations on
compact manifolds with nonnegative Ricci curvature, Discrete Contin. Dyn. Syst. 30
(2011), no. 4, 1139-1144.

[14] A. Farina and E. Valdinoci, Pointwise estimates and rigidity results for entire solu-
tions of nonlinear elliptic PDE’s, ESAIM Control Optim. Calc. Var. 19 (2013), no. 2,
616-627.

[15] A. Farina and E. Valdinoci, Gradient bounds for anisotropic partial differential equa-
tions, Calc. Var. Partial Differ. Equ. 49 (2014), no. 3-4, 923-936.

[16] D. Gilbarg and N. S. Trudinger, Elliptic partial differential equations of second order,
2nd ed., Springer-Verlag, Berlin, (1983).

[17] C. D. Hill, A sharp mazimum principle for degenerate elliptic-parabolic equations,
Indiana Univ. Math. J. 20 (1970), 213-229.

[18] O. A. Ladyzhenskaya and N. N. Uraltseva, Linear and Quasilinear Elliptic Equations,
Academic Press, New York, (1968).

[19] J. L. Lewis, Regularity of the derivatives of solutions to certain degenerate elliptic
equations, Indiana Univ. Math. J. 32 (1983), 849-858.



30

[20]
21]
[22]
23]
[24]
[25)
126]
[27]
28]
[29]
[30]

(31]

BEN ANDREWS AND CHANGWEI XIONG

X. Li, Moduli of continuity for viscosity solutions, Proc. Amer. Math. Soc. 144 (2016),
1717-1724.

X. Li and K. Wang, Moduli of continuity for viscosity solutions on manifolds, J.
Geom. Anal. 27 (2017), no. 1, 557-576.

L. Ma and I. Witt, Liouville theorem for the nonlinear Poisson equation on manifolds,
J. Math. Anal. Appl. 416 (2014), 800-804.

P. Mastrolia and M. Rigoli, Diffusion-type operators, Liouville theorems and gradient
estimates on complete manifolds, Nonlinear Anal. 72 (2010), 3767-3785.

L. Modica, A gradient bound and a Liouville theorem for nonlinear Poisson equations,
Comm. Pure Appl. Math. 38 (1985), 679-684.

S. Ohta, Finsler interpolation inequalities, Calc. Var. Partial Differential Equations
36 (2009), 211-249.

S. Ohta and K. Sturm, Heat flow on Finsler manifolds, Comm. Pure Appl. Math. 62
(2009), 1386-1433.

S. Ohta and K. Sturm, Bochner- Weitzenbick formula and Li- Yau estimates on Finsler
manifolds, Adv. Math. 252 (2014), 429-448.

Z. Shen, Lectures on Finsler geometry, World Scientific Publishing Co., Singapore
(2001).

P. Tolksdorf, Regularity for a more general class of quasilinear elliptic equations. J.
Diff. Equ. 51 (1984), 126-150.

G. Wang and C. Xia, A sharp lower bound for the first eigenvalue on Finsler mani-
folds, Ann. Inst. H. Poincaré Anal. Non Linéaire 30 (2013), 983-996.

B. Y. Wu and Y. L. Xin, Comparison theorems in Finsler geometry and their appli-
cations, Math. Ann. 337 (2007), 177-196.

MATHEMATICAL SCIENCES INSTITUTE, AUSTRALIAN NATIONAL UNIVERSITY, ACT
2601, AUSTRALIA
E-mail address: Ben.Andrews@anu.edu.au

MATHEMATICAL SCIENCES INSTITUTE, AUSTRALIAN NATIONAL UNIVERSITY, CAN-
BERRA ACT 2601, AUSTRALIA
E-mail address: changwei.xiong@anu.edu.au



	1. Introduction
	2. Preliminaries
	2.1. Definition of viscosity solutions on manifolds
	2.2. Maximum principle for semicontinuous functions
	2.3. First and second variation formulae for arclength

	3. Riemannian manifolds with nonnegative Ricci curvature
	4. Manifolds with negative lower Ricci curvature bound
	5. Riemannian manifolds with general lower Ricci bound
	5.1. The result and an example
	5.2. The proof

	6. Case for Finsler manifolds with nonnegative weighted Ricci curvature
	6.1. Finsler manifolds
	6.2. Chern connection and Ricci curvature
	6.3. Gradient and Laplacian
	6.4. The first and second variation formulas for arclength of geodesic
	6.5. Euler-Lagrange equation of energy functional, structure conditions and notations
	6.6. The regularity of the solutions to the equation
	6.7. Modulus of continuity estimate

	7. Pointwise gradient estimates and rigidity results for Finsler manifolds with nonnegative weighted Ricci curvature
	References

