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ABSTRACT

We explore the existence of quasisymmetric magnetic fields in asymmetric toroidal domains. These vector fields can be identified with a class
of magnetohydrodynamic equilibria in the presence of pressure anisotropy. First, using Clebsch potentials, we derive a system of two coupled
nonlinear first order partial differential equations expressing a family of quasisymmetric magnetic fields in bounded domains. In regions
where flux surfaces and surfaces of constant field strength are not tangential, this system can be further reduced to a single degenerate
nonlinear second order partial differential equation with externally assigned initial data. Subclasses of solutions are then constructed by
specifying as input the form the flux function, which enforces boundary shape and nested flux surfaces. In particular, we exhibit smooth
quasisymmetric vector fields, which correspond to local solutions of anisotropic magnetohydrodynamics in asymmetric toroidal domains
such that tangential boundary conditions are fulfilled on a portion of the bounding surface. These solutions are local because they lack
periodicity in the toroidal angle. The problems of boundary shape and locality are also discussed. We find that magnetic fields with
Euclidean isometries can be fitted into asymmetric domains and that the mathematical difficulty encountered in the derivation of global
quasisymmetric magnetic fields lies in the topological obstruction toward global extension affecting local solutions of the governing
nonlinear first order partial differential equations.

VC 2021 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (http://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0065633

I. INTRODUCTION

In the context of ideal magnetohydrodynamics with isotropic
pressure, plasma equilibria are described by balance between Lorentz
force and pressure gradient,

r� Bð Þ � B ¼ rP; r � B ¼ 0 in X; (1a)

B � n ¼ 0 on @X: (1b)

In the notation above, B is the magnetic field, P is the pressure,
X � R3 is a smooth bounded domain, and n is the unit outward nor-
mal to the bounding surface @X. As a system of nonlinear first order
partial differential equations for the Cartesian components Bx, By, Bz
and the pressure P, Eq. (1) is twice elliptic and twice hyperbolic, in the
sense that it can be regarded as the combination of two elliptic equa-
tions and two hyperbolic equations (see Refs. 1 and 2 or Appendix on
this point). Such mixed behavior makes (1) one of the hardest equa-
tions in mathematical physics. Indeed, while in the presence of a

continuous Euclidean symmetry, the hyperbolic part can be removed
to obtain an elliptic nonlinear second order partial differential equa-
tion (the Grad–Shafranov equation3–5) for the flux function (level sets
of the flux function define flux surfaces, i.e., surfaces through which
the magnetic flux is zero), the existence of regular solutions of (1)
without such isometries remains an unsolved problem in the theory of
partial differential equations.2

In the following, we shall always use the word symmetry to refer
to continuous transformations of three dimensional Euclidean space
that preserve the Euclidean distance between points. These continuous
transformations are Euclidean isometries and consist of a superposi-
tion of translations and rotations. Asymmetry will then imply the
absence of such Euclidean isometries. Furthermore, a certain equilib-
rium will be deemed symmetric as long as the magnetic field is, with-
out any requirements on other fields or boundary shape. It should be
noted that a symmetric solution ðB;PÞ of (1) does not necessarily
imply a symmetric boundary @X. For an example of symmetric
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magnetic field satisfying (1) within an asymmetric bounded domain,
see Ref. 6. A symmetric solution always implies a symmetric boundary
when the boundary corresponds to an isobaric (flux) surface.
According to a conjecture due to H. Grad, well-behaved solutions of
(1) with non-constant pressure in X and constant pressure on @X
should possess a high degree of symmetry.7 Here, the reasoning is the
following. First, the boundary condition for the pressure P effectively
forces the magnetic field B and the current r� B to lie on toroidal
surfaces (in this regard see also Arnold’s structure theorem8). In par-
ticular, note that the level sets of the pressure (which also assign the
bounding surface in a standard isotropic equilibrium) cannot be
spherical due to the Poincar�e–Hopf theorem (of which the hairy ball
theorem9 is a special case). Indeed, a consequence of this theorem is
that there is no continuous nonvanishing tangent vector field to a
sphere, a fact that is incompatible with rP ¼ ðr� BÞ � B 6¼ 0
(which implies B 6¼ 0; r� B 6¼ 0; B � rP ¼ 0, and r� B � rP
¼ 0). Then, for both B andr� B to lie consistently on toroidal surfa-
ces, they must be periodic in the toroidal and poloidal angles. This
requirement cannot be easily satisfied in the absence of axial symme-
try, which would guarantee periodicity of solutions in the toroidal
direction. Indeed, the shape of an asymmetric torus is, in general,
inconsistent with the integral curves generated by the characteristic
system of ordinary differential equations associated with isotropic
force balance, and solutions fail to be periodic. A workaround for this
problem consists in expanding the class of admissible solutions so that
controlled discontinuities are allowed. In this construction, the domain
X is partitioned into a given number of subdomains. Within each sub-
domain, a constant pressure is assumed, and the corresponding mag-
netic field is a Beltrami field (an eigenstate of the curl operator, see
Refs. 10–12 for the existence of such solutions), while pressure jumps
occur at the boundaries among subdomains. This approach has
proven effective for the modeling of three-dimensional magnetohy-
drodynamic equilibria aimed at stellarator design.13–15 (Stellarators are
candidate magnetic confinement devices for nuclear fusion applica-
tions that do not exhibit boundary symmetry.)

Compared to an axially symmetric tokamak, a stellarator offers
the advantage that the field line twist required to trap charged particles
is mainly sustained through asymmetric coils instead of plasma cur-
rents, thus enabling steady state operation of the machine (although
one could still have currents in stellarators that contribute to the twist).
The lack of symmetry comes at the price of deteriorated confinement
and complicated coil designs to provide a quasisymmetric confining
magnetic field,16 i.e., a magnetic field B whose strength B ¼

ffiffiffiffiffiffiffiffiffiffi
B � B
p

is
independent of a direction u in space, u � rB ¼ 0 (see below for a rig-
orous definition of quasisymmetric vector field). Quasisymmetry is
desirable because it gives rise to an approximate invariance (we use the
word invariance instead of symmetry to avoid confusion with
Euclidean symmetries) of the guiding center Hamiltonian, which
depends on the magnetic field only through the field strength B,17 and,
thus, to a conserved momentum at first order in the guiding center
ordering. The conserved quantity is expected to enhance particle con-
finement along the magnetic field. The type of quasisymmetry
described above is called weak quasisymmetry,18,19 and it will be the
one discussed in the paper. One speaks of strong quasisymmetry if it
corresponds to an exact invariance of the guiding center Hamiltonian.
We refer the reader to Refs. 20–22 for further details on the notion of
quasisymmetry. For completeness, it should also be noted that beyond

quasisymmetric configurations more general classes of confinement
devices called omnigeneous have been proposed with the property
that radial particle drifts vanish on average.17,23

A quasisymmetric magnetic field is mathematically characterized
by the property that there exists a solenoidal vector field u such that
both B and the field strength B are Lie-invariant along u, i.e.,

LuB ¼ 0; LuB ¼ 0; LudV ¼ 0; (2)

where dV¼ dxdydz denotes the volume element in R3 and L is the
Lie derivative. The Lie-derivative of a tensor field along a vector field u
at a point x quantifies the difference (in an infinitesimal sense)
between the tensor field at x and the value that the tensor field would
have if it were advected along the flow of u.24 When the Lie derivative
of a tensor vanishes, the tensor is constant along u. The existence of
invariant tensors is a special property of the flow of u and, thus, a form
of symmetry.

For a vector field B, a scalar field B, and a volume element dV,
the action of the Lie derivative is given in local Cartesian coordinates,
respectively, by

LuB ¼ u � rB� B � ru; LuB ¼ u � rB; LudV ¼ r � uð ÞdV :
(3)

Notice that r � u measures the relative change of the volume element
along u; it is in this sense that a solenoidal vector field is volume pre-
serving. A symmetric magnetic field is also quasisymmetric. In this
case, u ¼ aþ b� x is the generator of continuous Euclidean isome-
tries, with a; b 2 R3 constant vectors and x the position vector in
R3.5 Note that (1a) can also be expressed through the Lie derivative as
Lr�BB ¼ 0 and LBdV ¼ 0. The quasisymmetry condition (2) is writ-
ten in vector notation as18

B� u ¼ rf; u � rB ¼ 0; r � u ¼ 0: (4)

Here, f is some scalar function. Furthermore, in going from (2) to (4),
we used the vector identity r� ðB� uÞ ¼ Br � u� ur � B
þu � rB� B � ru, the vanishing ofr � B andr � u, and the fact that
if a field is curl free, r� ðB� uÞ ¼ 0, and the first homology is triv-
ial, then it can be identified with the gradient of a function, B� u
¼ rf (locally this is always true due to the Poincar�e lemma).
Nonetheless, in stellarator applications, it is customary to identify f
with the flux function W taking constant values on the bounding sur-
face, so that both the magnetic field B and the quasisymmetry u lie on
flux surfaces, and the conserved momentum is well approximated
by the flux function, at least in the limit of small parallel velocity (see
Ref. 18 for the expression of the conserved momentum).

Unfortunately, the analysis of Ref. 25 suggests that fulfilling (1)
and (4) simultaneously with a constant pressure at the bounding sur-
face in an asymmetric configuration should not be possible (see also
Refs. 26–29). In fact, at present no quasisymmetric solutions of system
(1) are known to exist. Nevertheless, design and optimization of stella-
rators with approximately quasisymmetric or omnigeneous magnetic
fields represent active areas of research.30 Furthermore, experimental
devices have been built, including the Helically Symmetric eXperiment
(HSX),31 which aims at a quasihelical magnetic field, and Wendelstein
7-X,32 which targets omnigenity. A possible strategy to overcome the
difficulty in achieving exact quasisymmetric configurations within
the framework of ideal isotropic magnetohydrodynamics is to modify
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the force balance equation [the first equation in (1a)] by introducing
pressure anisotropy. In this regard, it has been suggested that pressure
anisotropy could remove the problem of overdetermination encoun-
tered in the isotropic setting.33,34 In the anisotropic case, anisotropic
magnetohydrodynamic equilibria are described by the boundary value
problem

r� Bð Þ � B ¼ r �P; r � B ¼ 0 in X;
B � n ¼ 0 on @X;

(5)

where in Cartesian coordinates ðx1; x2; x3Þ ¼ ðx; y; zÞ, the twice
contravariant symmetric (here, symmetric does not refer to con-
tinuous Euclidean isometries but to the property that the trans-
pose tensor equals the tensor itself) pressure tensor P has
components

Pij ¼ P?dij þ
Pk � P?ð Þ

B2
BiBj; i; j ¼ 1; 2; 3: (6)

The functions P? and Pk are pressure fields associated with the per-
pendicular and parallel directions to the magnetic field B. Indeed, set-
ting bi ¼ Bi=B, i¼ 1, 2, 3, one has

r �P ¼ b� rP? � bð Þ þ b � rPk
� �

bþ Pk � P?ð Þr � bbð Þ: (7)

Hence, wheneverr � ðbbÞ ¼ 0 (e.g., a straight magnetic field) the gra-
dient of P? generates the pressure force in the direction perpendicular
to B, while the gradient of Pk generates the pressure force in the direc-
tion parallel to B. Isotropic magnetohydrodynamic equilibria can be
recovered when P? ¼ Pk ¼ P, with P the scalar pressure. We also
remark that the form of the pressure tensor (6) is rooted in kinetic the-
ory: The pressure fields P? and Pk represent the averaged squared
deviations of the charged particle velocities in the guiding center
approximation across and along the magnetic field with respect to the
mean perpendicular and parallel flows.7,35–37

Our aim in this paper is to study the boundary value problem
(5) with the quasisymmetry condition (4) for the magnetic field. To
the best of our knowledge, exception made for symmetric solutions,
the existence of quasisymmetric solutions of this system is not
known at present. By using a simplifying assumption on the values
of P? and Pk, we will construct examples of regular quasisymmetric
magnetic fields, i.e., asymmetric solutions B of system (4), (5) in a
neighborhood U � X within an asymmetric toroidal volume X
such that @U \ @X 6¼1. We remark that for the time being we
shall not be concerned with the feasibility of the obtained equilibria
in the laboratory or their stability, but simply focus on their
existence.

The present paper is organized as follows. In Sec. II, general
considerations on the geometrical implications of quasisymmetry
are given. In particular, Eq. (4) is written in terms of a set of
Clebsch potentials.38 This form will be useful to build explicit solu-
tions. In Sec. III, we discuss the representation of asymmetric tori
in terms of special sets of coordinates. In Sec. IV, we derive regular
symmetric equilibria that solve system (5) within asymmetric toroi-
dal domains. In Sec. V, we construct regular quasisymmetric solu-
tions of system (5) in a neighborhood U � X of an asymmetric
toroidal volume X that satisfy tangential boundary conditions on a
portion of the boundary @U \ @X 6¼1. Concluding remarks are
given in Sec. VI.

II. GENERAL REMARKS ON QUASISYMMETRY

Consider Cartesian coordinates ðx1; x2; x3Þ ¼ ðx; y; zÞ in X. It is
convenient to write the pressure fields P? and Pk as follows:

P? ¼ P �
1
2
rB2; Pk ¼ P þ

1
2
rB2: (8)

Here, the functions P and r can be interpreted as a reference pressure
field and a deviation (anisotropy) term, respectively. The Cartesian
components of the pressure tensor become

Pij ¼ P � 1
2
rB2

� �
dij þ rBiBj; i; j ¼ 1; 2; 3: (9)

In the following, we denote with ei, i¼ 1, 2, 3, the tangent vector in
the xi direction. Then, usingr � B ¼ 0, one can verify the identity

r �P ¼ @iP
ij

� �
ej ¼ r P � 1

2
rB2

� �
þ B � r rBð Þ: (10)

Hence, force balance now takes the form

1� rð Þ r � Bð Þ � B ¼ rP � 1
2
B2rrþ B � rrð ÞB: (11)

In the presence of symmetry, it is known that system (11) can be
reduced to a well-posed Grad–Shafranov type equation under appro-
priate ellipticity conditions, among which the requirement
1� r > 0.7,37,39 In this context, the anisotropy r is usually assumed
to be a function of the magnetic flux W and the field strength B.
Isotropic equilibria correspond to the case P ¼ P and r¼ 0. More
generally, solutions with constant r 6¼ 1 are qualitatively equivalent to
isotropic configurations with P ¼ P=ð1� rÞ. Next, let P0 2 R be a
constant. Force balance equation (11) can be trivially satisfied by set-
ting r¼ 1 and P ¼ P0=2 so that

P? ¼
1
2

P0 � B2
� �

; Pk ¼
1
2

P0 þ B2
� �

: (12)

With this choice, the Lorentz force ðr� BÞ � B is decoupled from
the force balance equation, and the quasisymmetry problem can be
considered on its own. Indeed, finding a solution of (5) under the qua-
sisymmetry condition (4) now amounts to solving the boundary value
problem

r � B ¼ 0; B� u ¼ rf; u � rB ¼ 0; r � u ¼ 0 in X;

B � n ¼ 0 on @X:

(13)

Notice that these are just the equations satisfied by a quasisymmetric
vector field tangential to @X. We remark that, however, the equilibria
resulting from (12) are expected to be unstable to firehose instabil-
ities.39 Furthermore, observe that in this construction, the pressure
fields P? and Pk are not constrained at the boundary. Instead, they are
functions of the magnetic energy density. If one further demands that,
for example, P? ¼ 0 on @X, this results in an additional boundary
condition for the magnetic field strength, B2 ¼ P0 on @X. We will
briefly return to this point later on, although the present study will be
mainly focused on the case in which the pressure fields are not con-
strained at the bounding surface. We also remark that, if the quasisym-
metry condition (4) is not imposed, any solenoidal magnetic field
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satisfying tangential boundary conditions represents a solution of
anisotropic magnetohydrodynamics (5) as long as the pressure fields
are chosen as in Eq. (12).

It is useful to briefly discuss the physical consistency of Eq. (12).
First, observe that both P? and Pk can be made non-negative by taking
a sufficiently large constant P0. Now suppose that the curvature
jb � rbj is a small quantity and rewrite the force balance equation
ðr� BÞ � B ¼ r �P in the following form:

� 1
2

b� rB2 � bð Þ þ B2b � rb

¼ b� rP? � bð Þ þ Pk � P?ð Þb � rb

þ b � rPk þ Pk � P?ð Þ r � bð Þ
� �

b: (14)

Collecting terms of the same order and assuming that they exactly bal-
ance each other, one obtains the equations

B2 ¼ Pk � P?; (15a)

b� r P? þ
B2

2

� �
� b

	 

¼ 0; (15b)

b � rPk þ Pk � P?ð Þ r � bð Þ ¼ 0: (15c)

By eliminating Pk, these equations reduce to

b� r P? þ
B2

2

� �
� b

	 

¼ 0; (16a)

b � r P? þ
B2

2

� �
¼ 0; (16b)

which imply Eq. (12) as desired. A similar ordering argument would
apply for the case in which the curvature is large compared to the
other terms in (14).

Now consider system (13). We must distinguish two cases.

1. The vector fields B and u are linearly dependent. Then, rf ¼ 0,
and the magnetic field B is self-quasisymmetric. Indeed, system
(13) reduces to the magnetic differential equation

r � B ¼ 0; B � rB ¼ 0 in X;
B � n ¼ 0 on @X:

(17)

Note that self-quasisymmetry implies that field strength does not
change along field lines. Hence, guiding center motion is not
accelerated in the direction of the magnetic field (there are no
bouncing particles), and the conserved momentum is the
momentum parallel to B. We remark that, in the context of iso-
tropic ideal magnetohydrodynamics, equilibria such that B �
rB ¼ 0 are known as isodynamic fields.40 Isodynamic configu-
rations are free of neoclassical transport, but in a symmetric set-
ting with closed flux surfaces, they also exhibit a vanishing field
on any curved magnetic axis.41 Due to the regularity of the
boundary @X, the unit outward normal n can be expressed as

n ¼ rW
jrWj ; (18)

where W is a single-valued function corresponding to the usual
flux function. For the magnetic field B to possess nested flux sur-
faces, we demand that

B � rW ¼ 0 in X; (19)

or, denoting with H a possibly multivalued (angle) variable,

B ¼ rW�rH in X: (20)

Restricted to a sufficiently small open (simply connected) set
U � X, the variable H can always be chosen as a single-valued
function (Lie–Darboux theorem42). In the following, we shall
refer to functions associated with the representation of vector
fields, such as W and H, as Clebsch potentials. It should be noted
that when the Clebsh representation (20) holds globally on X,
the vector potential A associated with the magnetic field
B ¼ r� A is A ¼ WrHþrg for some possibly multivalued
function g. The total magnetic helicity is then H ¼

Ð
XA � BdV

¼
Ð
Xrg � ðrW � rHÞdV ¼

Ð
Xr � ðWrH � rgÞdV ¼

Ð
@XW

ðrH � rgÞ � ndS. In particular, if the domain X is a solid torus
(or any manifold with a connected boundary) and since Wj@X
¼ We is constant on the boundary by construction, the total
magnetic helicity, H ¼ We

Ð
@XðrH�rgÞ � ndS ¼ We

Ð
Xr � ðrH

�rgÞdV ¼ 0, vanishes regardless of the gauge. The possibility of
generating non-zero helicity using Clebsch potentials solely
depends on the (first) homology of the domain with respect to
that of the boundary and has to be examined on a case by case
basis. Alternatively, a relative helicity formula can be used to
compare vector potentials.45 Using (20), system (17) reduces to a
single nonlinear first-order partial differential equation for the
variable H,

jrW�rHj2 ¼ E W;Hð Þ in X; (21)

where E ¼ EðW;HÞ is some non-negative single-valued function
of the variables W and H. Observe that in Eq. (21), W is given as
an input to the problem. Such pre-assignment of the flux func-
tion will be used to construct solutions, although it is not neces-
sary in general. Hence, both the bounding surface @X and the
foliation of the torus in the volume X are fixed. Assume a non-
vanishing magnetic field, E 6¼ 0. Then, by defining the function

H0 ¼
ð

dHffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E W;Hð Þ

p ; (22)

Eq. (21) can be written as

jrW�rH0j2 ¼ 1 in X: (23)

Notice that Eq. (23) resembles the eikonal equation of geometric
optics, jrH0j ¼ 1=f with f a positive function.43 Indeed, it is
equivalent to

jrH0j2 ¼ 1

jrWj2
þ rW � rH0ð Þ2

jrWj2
in X: (24)

In general, the solution of a first-order partial differential equa-
tion, such as (24), involves the integration of the associated char-
acteristic system of ordinary differential equations. Even if such
solution is obtained, it usually has a local nature. Therefore, the
existence of a global self-quasisymmetric magnetic field in X is
contingent upon the possibility of extending and/or patching
local solutions consistently within X. For a given set of flux
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surfaces W, the characteristic surfaces of Eq. (24) can be exam-
ined by writing the equation in the form FðH0x;H0y;H0zÞ ¼ 0
where the lower index denotes partial differentiation and by
determining solutions K of the characteristic equation

@F
@H0x

@K
@x
þ @F
@H0y

@K
@y
þ @F
@H0z

@K
@z
¼ 0: (25)

One finds that surfaces K ¼ W are characteristic, and therefore,
their properties depend on the choice of the flux function. We
also remark that, if one does not enforce boundary conditions,
constructing self-quasisymmetric fields becomes a simpler task.
For example, denoting with ðr;/; zÞ cylindrical coordinates, the
vector field

B ¼ f r;
z
r
� /

� �
rr �r z

r
� /

� �
; (26)

with f an arbitrary function of r and z=r � /, satisfies
r � B ¼ 0; B � rB ¼ 0, and it does not possess continuous
Euclidean symmetries in general because the equation LuB ¼ 0
with u ¼ aþ b� x does not have solutions such that u 6¼ 0. In
particular, the quantity z=r � / does not correspond to an
Euclidean helical symmetry due to the radial dependence. In
addition, the vector field (26) is tangential to cylindrical surfaces
[see the example of Fig. 1, which corresponds to the choice

f ¼ e�r sin ðz=r � /Þ]. Finally, note that in order to validate the
asymmetry of a solution in most cases it is easier to verify the
violation of the condition LuB2 ¼ u � rB2 ¼ 0 for u ¼ aþ b
� x. Indeed, choosing a curvilinear coordinate system ðy1; y2; y3Þ
such that u ¼ e3 and denoting with Bk and gk‘; k; ‘ ¼ 1; 2; 3, the
components of magnetic field and the Euclidean metric tensor
with respect to the new coordinates, it follows that u � rB2H0

¼ 2gk‘Bk@B‘=@y3 since by hypothesis, u is an Euclidean isometry
such that @gk‘=@y3 ¼ 0; k; ‘ ¼ 1; 2; 3. On the other hand,

LuB ¼ Le3ðBieiÞ ¼ ðLe3B
iÞei þ Bi

Le3ei ¼
@Bi

@y3
ei þ Bi e3; ei½ �; (27)

by the Leibniz rule. The commutator Leiej ¼ ½ei; ej� between
basis vectors is always zero since second partial derivatives are

symmetric (Clairaut’s theorem), L½ei;ej �f ¼
@2f
@yi@yj �

@2f
@yj@yi ¼ 0 for

any function f ðy1; y2; y3Þ. This implies LuB ¼ ð@Bi=@y3Þei, and
therefore, LuB cannot vanish as long as LuB2 is different from
zero. Nevertheless, if LuB2 ¼ 0, one still needs to compute LuB
to determine whether the magnetic field is symmetric or not.

2. The vector fields B and u are linearly independent, implying that
rf 6¼ 0. From the second equation in (13), one sees that both B
and u must be orthogonal to rf. However, notice that on the
boundary, rf is not necessarily aligned with the unit outward
normal n. Hence, in general, f should not be identified with the

FIG. 1. (a) Plot of the self-quasisymmetric
magnetic field B ¼ e�r sin ðz=r � /Þrr
�rðz=r � /Þ on a level set of r. (b) Plot
of the current field r� B. (c) Plot of the
magnetic field strength B2. Notice that B2

does not change along B [compare with
(a)]. (d) Plot of the current field strength
jr � Bj2.
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flux function W taking constant values on @X. Nonetheless, as
mentioned in the introduction, configurations with f ¼ W are
desirable in stellarator applications. Denoting with # and q two
possibly multivalued (angle) variables and recalling that B and u
are solenoidal vector fields, the space of solutions of system (13)
can be restricted to

B ¼ rf�r#; u ¼ rf�rq: (28)

Since B � rW ¼ 0 in X, from (28), one has

W ¼ W f; #ð Þ: (29)

For a given flux function W ¼ WðxÞ, we assume that Eq. (29)
can be inverted to obtain

f ¼ f #; xð Þ: (30)

Then, upon substituting Eqs. (28) and (30) into Eq. (13), system
(13) reduces to the following coupled nonlinear first order partial
differential equations for the Clebsch potentials # and q,

rf�r# � rq ¼ 1; jrf�r#j2 ¼ F f;qð Þ in X; (31)

where F is some (unknown) non-negative single-valued function
of the Clebsch potentials fð#; xÞ and q. Notice that, since Eq.
(31) is a first-order system, the main hurdle toward finding an
integral is again represented by the possibility of extending a
local solution to the whole X. If Clebsch potentials # and q can
be determined so that (31) is satisfied, the corresponding vector
fields (28) define a quasisymmetric solution of anisotropic mag-
netohydrodynamics. Finally, observe that system (31) can be fur-
ther reduced to a single nonlinear second-order partial
differential equation in regions V � X where rf�rB 6¼ 0.
Indeed, the condition u � rB ¼ 0 then implies that q ¼ qðf;B2Þ
with B2 ¼ jrf�r#j2. Therefore, the remaining equation
B� u ¼ rf can be written as

rf�r# � rjrf�r#j2 ¼ 1
@q
@B2

in V : (32)

For a given q ¼ qðf;B2Þ, a quasisymmetric solution in V can,
thus, be obtained by solving the equation above for the unknown
variable #. Observe that Eq. (32) can be studied by setting the
right-hand side to 1 provided that a function k ¼ kðf;B2Þ satis-
fying kðk2 þ B2 @k2

@B2Þ @q@B2 ¼ 1 can be found. Indeed, if a solution
B ¼ rf�r# of the equation with the right-hand side set to
unity is obtained, then the vector field B0 ¼ krf�r# solves
(32). We remark that Eq. (32) is degenerate because it is invari-
ant under the transformation #! #þ n, with n ¼ nðfÞ an arbi-
trary function of f. Unfortunately, Eq. (32) cannot hold in the
whole X (that is we never have V ¼ X). To see this, consider
again system (13) and suppose that rf�rB 6¼ 0 in X. Since
both B and u lie on surfaces of constant f, the conditions r �
u ¼ 0 and u � rB ¼ 0 imply that the quasisymmetry must
satisfy

u ¼ x f;Bð Þrf�rB; (33)

where x ¼ xðf;BÞ is some function of f and B. Using the prop-
erty B � rf ¼ 0, the equation B� u ¼ rf, therefore, reduces to

xB � rB ¼ 1: (34)

Due to the regularity of the magnetic field and its derivatives, we
must have x 6¼ 0 for (34) to hold. Using r � B ¼ 0 and B � n ¼ 0
on @X, the equation above implies that

0 ¼
ð

X
r � BBð ÞdV ¼

ð
X

dV
x
: (35)

For the quasisymmetry u to be a continuous function, the frac-
tion 1=x must be continuous. Hence, Eq. (35) can be satisfied
only if there exists at least one point x� 2 X such that
1=xðx�Þ ¼ 0, implying juðx�Þj ¼ 1. This contradicts the regu-
larity of u. Therefore, a global regular quasisymmetric configura-
tion cannot exist in the case rf�rB 6¼ 0. In other words, if a
global regular quasisymmetric configuration exists, there must
be regions/points where rf�rB ¼ 0. Evidently, the property
q ¼ qðf;B2Þ breaks down at those points where rf�rB ¼ 0,
and Eq. (32) does not hold there. When f ¼ W is the flux func-
tion, the fact that rW�rB ¼ 0 somewhere is a known prop-
erty of omnigeneous fields (see for example, Ref. 23) It is also
worth noticing that from the perspective of confinement, the
only physically significant component of u is u � B=B. Hence, in
principle one may allow configurations such that juj is divergent
but the projection u � B=B is not.

III. HARMONIC ORTHOGONAL COORDINATES AND
ASYMMETRIC TORI

In this section, we are concerned with the representation of
asymmetric tori through special sets of coordinates. Such representa-
tion will be used in Secs. IV and V to construct examples of symmetric
and quasisymmetric anisotropic magnetohydrodynamic equilibria in
asymmetric tori. Let ðr;/; zÞ denote cylindrical coordinates. First,
consider an axially symmetric torus with circular cross section. Such
surface is defined as a level set of the function

Wax ¼
1
2

r � r0ð Þ2 þ z2
h i

; (36)

where r0 is a positive real constant representing the major radius of the
torus (the distance from the origin to the center of the torus). The axial
symmetry is described by the vector field u ¼ @/ ¼ r2r/. Indeed,
L@/Wax ¼ 0. The axially symmetric torus (36) can be thought as a spe-
cial case of a more general family of toroidal surfaces in R3, which
correspond to level sets of the function

WT ¼
1
2

l� l0ð Þ2 þ E z � hð Þ2
h i

: (37)

Here, l ¼ lðx; yÞ is a single-valued function in the ðx; yÞ plane mea-
suring the distance from the origin in R2 and l0 is a positive real con-
stant corresponding to the major radius of the torus. (More generally
l0 can be a single-valued function, although this case is not considered
here.) The more the level sets of l differ from circles, the more the
torus WT departs from axial symmetry in the ðx; yÞ plane. Similarly,
the single-valued function h ¼ hðxÞ expresses the deviation of the
toroidal axis from the ðx; yÞ plane, while the positive function E
¼ EðxÞ represents the departure of cross sections from circles. In par-
ticular, tori with non-circular cross sections can be represented by
appropriate choice of l, h, and E. For example, a torus with elliptic
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cross section can be obtained by setting l ¼ r and h¼ 0, and by taking
E to be a positive constant different from unity. Also notice that with-
out loss of generality one can set E ¼ 1 in Eq. (37), although depend-
ing on the sought toroidal surface, this may result in more
complicated expressions for h. The choice E ¼ 1 will be used in the
remaining part of the paper. Figure 2 shows an axially symmetric torus
(36) and three asymmetric tori (37) obtained from different choices of
l and h. The asymmetry of the tori (b), (c), and (d) in Fig. 2 can be
verified by observing that these surfaces are not Lie-invariant with
respect to the generator of continuous Euclidean isometries, that is the
equation LuWT ¼ 0 with u ¼ aþ b� x, does not have solution for
any nontrivial choice of the constant vectors a; b 2 R3.

If quasisymmetry is not imposed, solutions of (5) in asymmetric
tori (37) can be easily obtained by enforcing (12) and setting

B ¼ rWT �rU; (38)

with U an arbitrary function whose gradient field is linearly indepen-
dent of rWT. In this case, a sufficient condition for the perpendicular
pressure P? ¼ ðP0 � B2Þ=2 to be constant on @X (which corresponds
to a level set of WT by construction) is that U is chosen by requiring
thatrWT �rP? ¼ 0, or, substituting the expression for P?,

jrWT �rUj2 ¼ E WTð Þ in X; (39)

where E ¼ EðWTÞ is a non-negative function of WT. Of course, if P?
is constant on @X, so is Pk due to (12). Regarding the solvability of
(39), considerations analogous to those pertaining to Eq. (21) apply.
Furthermore, by comparison with Eq. (21), it is clear that a magnetic
field fulfilling (39) is also self-quasisymmetric since B � rB ¼ 0 [recall
Eq. (17)]. Solutions of (39) can be obtained easily in axially symmetric
tori (36). Indeed, first observe that the vector fields

B ¼ kr/; (40)

with k ¼ kðr; zÞ, are self-quasisymmetric because they satisfy (17)
when X is an axially symmetric torus (36). Then, Eq. (39) holds pro-
vided that k2 ¼ r2EðWaxÞ. Of course, the self-quasisymmetry of (40)
corresponds to the usual rotational symmetry because L@/ B ¼ 0.
However, the construction leading to (40) can be generalized to a cer-
tain class of asymmetric tori and, in particular, to derive symmetric
solutions in asymmetric toroidal domains. To see this, notice that the
orthogonal coordinates ðlog r;/; zÞ represent a special case of a larger
family of orthogonal harmonic coordinates ðx1; x2; x3Þ ¼ ðl; �; zÞ
satisfying the following properties in X:

FIG. 2. (a) Axially symmetric torus Wax
¼ 0:1 with r0 ¼ 1. (b) Asymmetric torus
WT ¼ 0:1 with l ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x4 þ y4

p
; l0 ¼ 1,

and h¼ 0. (c) Asymmetric torus WT
¼ 0:1 with l ¼ r ; l0 ¼ 1, and h
¼ r sin2ð3/Þ. (d) Asymmetric torus
WT ¼ 0:1 with l ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x4 þ y4

p
; l0 ¼ 1,

and h ¼ r sin2ð3/Þ.
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rxi � rxj / dij; Dxi ¼ 0; jrx1j ¼ jrx2j;
jrx3j ¼ 1; i; j ¼ 1; 2; 3:

(41)

Here, the point r¼ 0 is not included in the coordinates domain to
avoid singularities. Since these coordinates share the same geometric
properties of cylindrical coordinates, they simplify vector calculus and
provide a starting point to attempt a generalization of symmetric
configurations to an asymmetric setting. For these reasons, they will
be used in the analysis of quasisymmetric magnetic fields of Secs. IV
and V. Nonetheless, it should be noted that other choices of coordi-
nates are possible as well.

The coordinates l and � can be constructed as follows. Let C1

and C2 denote two smooth non-intersecting Jordan (simple and
closed) curves in R2. Let R1 and R2 be the areas enclosed by C1

and C2, respectively. Assume that R2 � R1 and define C ¼ C1 [ C2

and R ¼ R1 � �R2, where the bar denotes the closure of a set. Then,
the coordinate l ¼ lðx; yÞ is obtained as solution of the following
Dirichlet boundary value problem for the Laplace equation,

Dl ¼ 0 in R; l ¼ c1 on C1; l ¼ c2 on C2;

c1; c2 2 R; c1 6¼ c2:
(42)

Observe that l can be thought of as a measure of the distance from
the origin in R2. Next, the coordinate � ¼ �ðx; yÞ is chosen as the
harmonic conjugate of l. [Two functions lðx; yÞ and �ðx; yÞ are har-
monic conjugates if they satisfy the Cauchy–Riemann equations
@l=@x ¼ @�=@y and @l=@y ¼ �@�=@x.] In particular, denoting
with ~n the unit outward normal to the boundary C, the coordinate � is
a multivalued (angle) variable whose gradientr� is a harmonic vector
field in R, i.e.,

D� ¼ 0 in R; r� � ~n ¼ 0 on C: (43)

Finally, Eq. (41) is satisfied by the coordinates ðx1; x2; x3Þ ¼ ðl; �; zÞ
in virtue of the Cauchy–Riemann equations mentioned above.

As an example, suppose that C1 and C2 are the boundaries of
the horizontal sections of two confocal elliptic cylinders centered at
the origin in R3. Then, the orthogonal harmonic coordinates
ðl; �; zÞ correspond to the so-called elliptic cylindrical coordinates,
which are related to the Cartesian coordinates ðx; y; zÞ by the
transformation

x ¼ a cosh l cos �; y ¼ a sinh l sin �; (44)

where a is a positive real constant such that the foci of the elliptic sec-
tions of the cylinders are located at x ¼ ða; 0; zÞ and x ¼ ð�a; 0; zÞ.
Introducing the quantity

d ¼ 1

a2jrlj2
¼ 1

a2jr�j2
¼ sin2� þ sinh2l

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

a2
� 1

� �2

þ 4y2

a2

s
; (45)

one can derive the following expressions for the quadrant x; y � 0,

l ¼ arcsinh
1ffiffiffi
2
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�1þ x2 þ y2

a2
þ d

r" #
; (46a)

� ¼ arcsin
1ffiffiffi
2
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2 þ y2

a2
þ d

r" #
; (46b)

and also

rl ¼ sinhl cos �rx þ coshl sin �ry
a sin2� þ sinh2l
� � ¼

sinhl
coshl

xrx þ coshl
sinhl

yry

a2 sin2� þ sinh2l
� � ;

(47a)

r� ¼ sinhl cos �ry � coshl sin �rx
a sin2� þ sinh2l
� � ¼

sinhl
coshl

xry � coshl
sinhl

yrx

a2 sin2� þ sinh2l
� � :

(47b)

In the other quadrants, the coordinate � can be defined so that
� 2 ½0; 2pÞ when moving around a l contour, such as C1 or C2. In
particular, p� � for x< 0 and y � 0; 2p� � for x � 0 and y< 0,
and pþ � for x; y < 0 with � given by (46b). In Fig. 3, level sets of
cylindrical coordinates log r; / and elliptic cylindrical coordinates l, �
as defined in (46) are shown together with the respective gradient fields.
By substituting (46a) into the expression (37), one obtains elliptic
toroidal surfaces. In Secs. IV and V, we will see how to embed symmet-
ric and quasisymmetric magnetic fields within such domains.

IV. SYMMETRIC AND SELF-QUASISYMMETRIC
MAGNETIC FIELDS IN ASYMMETRIC TORI

Let X denote the volume enclosed by the elliptic torus

Wel ¼
1
2

l� l0ð Þ2 þ z2
h i

; (48)

with l given by (46a). Observe that level sets of Wel consist of tori that
have no twist in the cross section. Again, the surface Wel does not pos-
sess continuous Euclidean symmetries because the equation LuWel

¼ 0 with u ¼ aþ b� x does not have nontrivial solutions u 6¼ 0. In
particular, note that horizontal cuts of Wel are ellipsoidal. As discussed
in the previous section, in the absence of quasisymmetry and bound-
ary conditions on the pressure fields, anisotropic magnetohydrody-
namic equilibria within X can be obtained by enforcing (12) and by
setting B ¼ rWel �rU with U an arbitrary function whose gradient
field is linearly independent of rWel. Observing that rWel � r� ¼ 0,
a family of solutions with a more familiar form is

B ¼ rWel �r� þ kr�; (49)

with k ¼ kðl; zÞ. Next, we seek for a translationally symmetric solu-
tion such that the direction of symmetry is u ¼ rz. For simplicity,
assume that B ¼ kr�. Evidently, r � B ¼ r � u ¼ 0. Hence, Eq. (13)
is satisfied provided that

kr� �rz ¼ rf;
@

@z
k2jr�j2 ¼ 0: (50)

Since by constructionr� �rz ¼ rl and @jr�j=@z ¼ 0, these con-
ditions are identically satisfied for any k ¼ kðlÞ. Then, f ¼

Ð
kdl.

This example shows that a symmetric solution can be fitted within an
asymmetric domain. In Fig. 4(a), plot of a symmetric magnetic field
constructed as described above is given.
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FIG. 3. (a) Contours of / and gradient
field r/. (b) Contours of log r and gradi-
ent field r log r . (c) Contours of � as
defined in (46b) and gradient field r�.
For each contour �0 in the upper half
plane, the specular contour 2p� �0 is
shown in the lower half. (d) Contours of l
as defined in (46a) and gradient field rl.
In these plots, a¼ 2.

FIG. 4. (a) Plot of the magnetic field B ¼
�e�lr� with translational symmetry
u ¼ rz over the surface Wel ¼ 0:1.
Here, l and � are elliptic cylindrical coor-
dinates as given in (46). This magnetic
field is a symmetric solution of anisotropic
magnetohydrodynamics (13) with pres-
sure fields (12) in an asymmetric domain
whose boundary is a level set of Wel. (b)
Plot of the corresponding current
r� B ¼ e�ljrlj2rz. In these plots,
l0 ¼ 1 and a¼ 2.
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Let us now consider the existence of self-quasisymmetric mag-
netic fields (17) within X such that the perpendicular pressure P? is
constant on the boundary. Such solution can be obtained by solving
(39) with WT ¼ Wel for the Clebsch potential U. Assuming that
B 6¼ 0, it is convenient to introduce the quantity U0 ¼ U=

ffiffiffiffiffiffiffiffiffiffiffiffiffi
EðWelÞ

p
so

that the equation to be solved becomes

jrWel �rU0j2 ¼ 1 in X: (51)

Substituting the expression forWel, one arrives at the following nonlin-
ear first-order partial differential equation

@U0

@�

� �2

z2 þ
l� l0ð Þ2

a2d

	 

þ z

@U0

@l
� l� l0ð Þ

@U0

@z

	 
2
¼ a2d in X:

(52)

To further simplify the equation, it is convenient to introduce the
change of variables ðl; zÞ ! ðq; hÞ defined by

l� l0 ¼ q cos h; z ¼ q sin h: (53)

Note that q2 ¼ 2Wel. Then, Eq. (52) reads as

@U0

@�

� �2

q2 sin2hþ cos2h
a2d

� �
þ @U0

@h

� �2

¼ a2d in X; (54)

where d ¼ sin2� þ sinh2ðl0 þ q cos hÞ. For given q, (54) is a nonlin-
ear first-order partial differential equation with two independent varia-
bles quadratic in the derivatives on a flux surface Wel. Indeed, it has
the form

F p; q; �; hð Þ ¼ fp2 þ q2 � g ¼ 0; (55)

where

p ¼ @U
0

@�
; q ¼ @U

0

@h
; f ¼ q2 sin2hþ cos2h

a2d

� �
; g ¼ a2d: (56)

A local solution of (54) can be found by considering the Cauchy prob-
lem for the characteristic system of ordinary differential equations
associated with (54) (see, e.g., Ref. 44) To this end, denote with n a
parameter and assign initial conditions as below:

� ¼ �0 nð Þ; h¼ h0 nð Þ; U0 ¼ U00 nð Þ; p¼ p0 nð Þ; q¼ q0 nð Þ; (57)

where the functions �0, h0, U00, p0, and q0 are determined so that the
following non-degeneracy, compatibility, and transversality conditions
are fulfilled:

@F
@p

� �2

þ @F
@q

� �2

6¼ 0; (58a)

d�0
dn

� �2

þ dh0
dn

� �2

6¼ 0; (58b)

F p0; q0; �0; h0ð Þ ¼ 0; (58c)

dU00
dn
¼ p0

d�0
dn
þ q0

dh0
dn

; (58d)

@F
@p

dh0
dn
� @F
@q

d�0
dn
6¼ 0: (58e)

The non-degeneracy conditions (58a) and (58b) ensure that the equa-
tion F¼ 0 is nontrivial (it contains first order derivatives of the

unknown) and that the initial data are not restricted to a single point.
The compatibility conditions (58c) and (58d) guarantee that the initial
data are consistent with the equation F¼ 0 and with the requirement
that U0 ¼ U0ð�; hÞ. Finally, the transversality condition (58e) is needed
to avoid characteristic curves on the flux surface so that solutions of the
characteristic system of ordinary differential equations leave the curve
where initial data are assigned. Equation (58a) is identically satisfied as
long as f and p, and/or q are different from zero. Indeed,

@F
@p

� �2

þ @F
@q

� �2

¼ 4f 2p2 þ 4q2 6¼ 0: (59)

Equation (58c) can be solved for q0. We have

q20 ¼ g0 � f0p
2
0: (60)

Here, g0 ¼ gð�0; h0Þ and f0 ¼ f ð�0; h0Þ. The other Eqs. (58b), (58d),
and (58e) can be satisfied, for example, by demanding that
�0 ¼ n; h0 ¼ ch 2 R, and p0 ¼ 0. In this case (58b), (58d), and (58e)
become

d�0
dn

� �2

þ dh0
dn

� �2

¼ 1 6¼ 0; (61a)

dU00
dn
¼ p0

d�0
dn
þ q0

dh0
dn
¼ 0; (61b)

@F
@p

dh0
dn
� @F
@q

d�0
dn
¼ �2q0 6¼ 0: (61c)

Hence, a set of consistent initial conditions is

�0 ¼ n; h0 ¼ ch; U00 ¼ cU0 ; p0 ¼ 0; q0 ¼
ffiffiffiffi
g0
p

: (62)

with cU0 2 R. This choice implies that the value of U0 is prescribed on
the toroidal curve �0 ¼ n, and the solution of the characteristic equa-
tions will extend in the poloidal direction h. Other consistent choices
of initial data are possible. For example, one can assign initial data on
a poloidal curve as �0 ¼ c�; h0 ¼ n; U00 ¼ cU0 ; p0 ¼

ffiffiffiffiffiffiffiffiffiffi
g0=f0

p
, and

q0 ¼ 0 with c� 2 R. Then, solving the characteristic
Lagrange–Charpit system44

d�
@F
@p

¼ dh
@F
@q

¼ dU0

p
@F
@p
þ q

@F
@q

¼ � dp
@F
@�

¼ � dq
@F
@h

¼ ds; (63)

one obtains a parametric solution � ¼ �ðn; sÞ; hðn; sÞ, and U0ðn; sÞ in
a neighborhood of the line defined by the initial conditions (62). This
result implies that, for a given function EðWelÞ > 0, a self-
quasisymmetric solution B ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
EðWelÞ

p
rWel �rU0 of anisotropic

magnetohydrodynamics with constant perpendicular pressure on the
boundary can be constructed in a neighborhood U � X such that the
boundary condition B � n ¼ 0 is satisfied on @U \ @X 6¼1 (note
that boundary conditions are satisfied by construction, the limitation
on the size of U coming from the locality of the solution U0 on each
flux surface). As shown by the example above, in the context of aniso-
tropic magnetohydrodynamics, the existence of quasisymmetric solu-
tions ultimately translates into the global consistency of locally
obtained solutions, i.e., whether the solution defined in U can be pro-
longed to cover the whole X. In particular, if a set of flux surfaces is
assigned, it fails to accommodate a global quasisymmetric solution
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because the characteristic curves are not compatible with periodic
solutions. This behavior is intrinsic, and it unavoidably leads to the
study of the properties of characteristic curves. We, therefore, con-
jecture that rigorous results concerning the existence of quasisym-
metric vector fields cannot be obtained unless the issues of global
extension of solutions and existence of periodic solutions of first-
order nonlinear partial differential equations are carefully
addressed. Finally, we observe that the results discussed in the pre-
sent section apply to asymmetric tori generated through general
orthogonal harmonic coordinates, i.e., they are not restricted to
elliptic geometry.

V. QUASISYMMETRIC MAGNETIC FIELDS IN
ASYMMETRIC TORI

The purpose of the present section is to offer constructive exam-
ples of quasisymmetric magnetic fields. We will see that these vector
fields can be interpreted as local solutions of anisotropic magnetohy-
drodynamics (13) in an asymmetric torus with perpendicular and par-
allel pressure fields given by (12). In particular, these solutions hold in
a neighborhood U � X with @U \ @X 6¼1, they do not have con-
tinuous Euclidean symmetries, no boundary conditions are imposed
on the pressure fields, and B� u ¼ rf 6¼ 0. (The fields are not self-
quasisymmetric.) To achieve this goal, we solve equation (31) in a
neighborhood U of a toroidal domain X whose boundary @X corre-
sponds to a level set of a function WT.

First, we prescribe the toroidal domain X. Instead of breaking
axial symmetry by modifying the distance function r with a new vari-
able l, it is convenient to deform the torus by introducing a non-zero
h in WT of (37). To simplify calculations, we postulate that
h ¼ hðr;/Þ. [This assumption implies that the reference axis with
respect to which the vertical distance of a point on a flux surface is
measured is located at z ¼ hðr;/Þ, and that this reference axis is the
same for all z.] We, thus, have

WT ¼
1
2

r � r0ð Þ2 þ z � hð Þ2
h i

: (64)

If level sets of WT define toroidal surfaces, we may regard x1 ¼ r � r0
and x2 ¼ z � h as generalized radial and vertical coordinates. Let x3

be a third generalized toroidal coordinate. Then, the magnetic field
B ¼ rWT �rH can be written as

B ¼ @W
@x1

@H
@x2
� @W
@x2

@H
@x1

� �
rx1 �rx2 þ @H

@x3
rWT �rx3: (65)

In the following, we look for a toroidal quasisymmetric magnetic field
and assume that @H=@x3 ¼ 0. Then, Eq. (65) becomes

B ¼ f r; z � hð Þrr �r z � hð Þ: (66)

Here, f is a function of r and z–h to be determined together with h by
imposing the quasisymmetry condition. Observe that this magnetic
field reduces to the axially symmetric magnetic field �f ðr; zÞrr/
when h¼ 0. Next, notice that B � rWT ¼ 0 implying B � n ¼ 0 on
@X. The magnetic field also satisfies r � B ¼ 0. Hence, the remaining
equations in (13) are

B� u ¼ dg
df
rf; u � rB ¼ 0; r � u ¼ 0 in X: (67)

In the equation above, we have replaced f with a function of f,
g ¼ gðfÞ, for later convenience. Assuming the Clebsch representation
u ¼ rf�rq with f ¼ z � h, from (67), we, thus, arrive at (31),
which now reads as a system of equations that must be solved for the
Clebsch potential q and the displacement h,

rr �r z � hð Þ � rq ¼ 1; (68a)

r z � hð Þ � rq � r 1
r2

@h
@/

� �2
" #

¼ 0: (68b)

Observe that in deriving (68a) and (68b), we set dg=df ¼ f and elimi-
nated the dependence of f on r. Next, define the quantity

g ¼ 1
r
@h
@/

: (69)

Then, assuming that rðz � hÞ and rðr�1@h=@/Þ2 are linearly inde-
pendent, Eq. (68b) implies that

q ¼ q z � h; gð Þ: (70)

Substituting (70) into (68a), we arrive at

@q
@g
rr �r z � hð Þ � rg ¼ 1; (71)

which, after some manipulations, becomes

� @q
@g

1
r2
@2h

@/2 ¼ 1: (72)

Since h does not depend on z, the equation above implies that q
¼ q1 þ q2 for some functions q1 ¼ q1ðgÞ and q2 ¼ q2ðz � hÞ.
However, by construction u ¼ rðz � hÞ � rq, implying that q2 does
not contribute to the representation of u. We can, therefore, simply
put q ¼ qðgÞ. Then, for given qðgÞ, Eq. (72) must be solved for h.
Now recall that @h=@/ ¼ rg. Therefore, Eq. (71) is equivalent to

@q
@/
¼ �r: (73)

Assuming that the function q ¼ qðgÞ can be inverted with inverse
q�1 and integrating with respect to / gives

@h
@/
¼ rq�1 a� r/ð Þ; (74)

where a ¼ aðrÞ is an arbitrary integration factor. Once q�1 is
assigned, a further integration with respect to / gives the desired solu-
tion. However, due to the radial dependence of a� r/, the quantity
@h=@/ is not periodic in /. Therefore, the components of the corre-
sponding quasisymmetric magnetic field (66) and the flux function
(64) become multivalued functions, and the obtained quasisymmetric
solution is well-defined only locally. In particular, the solution is
defined in some region U � X, and the irregularities of the bounding
surface @X arising from the multivalued nature of WT can be removed
by repairing (smoothing) the flux function WT outside U. To see this,
set qðgÞ ¼ k�1g, with k> 0 a real constant, and choose f
¼ sin ðz � hÞ. Then, we have
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@h
@/
¼ kr a� r/ð Þ; h ¼ kr/ a� 1

2
r/

� �
þ b; (75)

with b ¼ bðrÞ an arbitrary integration factor, and also

B ¼ �sin z � b� kr/ a� 1
2
r/

� �	 

rr/þ k a� r/ð Þrz½ �; (76a)

u ¼ r
@a
@r
� /

� �
r/þrr þ @

@r
k
a2

2
þ b

� �
rz: (76b)

For the component of the magnetic field to be single-valued, one must
determine a and b so that

Bj/¼0 ¼ Bj/¼2p; (77)

which implies

z � b ¼ z � b� 2pkr a� prð Þ þ 2pm; m 2 Z; (78a)

ka ¼ k a� 2prð Þ: (78b)

However, excluding the case k¼ 0, which corresponds to axial symme-
try, these conditions cannot be satisfied. Hence, the local nature of the
solution.

As an example of local quasisymmetric configuration, consider
the case a ¼ b ¼ 0. Then, one can verify the quasisymmetry of the
derived solution as below:

B ¼ �sin z þ 1
2
kr2/2

� �
rr/� kr/rzð Þ; (79a)

r � B ¼ 0; (79b)

B2 ¼ sin2 z þ 1
2
kr2/2

� �
1þ k2r2/2
� �

; (79c)

u ¼ rr � r/r/; (79d)

r � u ¼ 0; (79e)

B� u ¼ �r cos z þ 1
2
kr2/2

� �
; (79f)

u � rB2 ¼ 0; (79g)

B � rWT ¼ 0: (79h)

We also remark that this solution does not have continuous Euclidean
symmetries because the equation LuB ¼ 0 with u ¼ aþ b� x
does not have solutions with a; b 6¼ 0, and that, it is discontinuous

FIG. 5. (a) Plot of the quasisymmetric
magnetic field B of (79a) on a level set of
(64). (b) Plot of the current r� B. (c)
Plot of the quasisymmetry u. (d) Plot of
the field strength B2. Observe that B,
r� B, u, and WT exhibit a discontinuity
at / ¼ 0 due to the multivalued nature of
/. In these plots, k¼ 0.18.
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(non-periodic) at / ¼ 0. A plot of the obtained magnetic field and
related quantities is given in Fig. 5.

The quasisymmetric magnetic field of Eq. (79) is such that the
quasisymmetry u is not tangential to flux surfaces WT since
u � rWT 6¼ 0. However, in the design of a stellarator, it is customary
to demand that u lies on flux surfaces to ensure that the conserved
momentum associated with guiding center motion is well approxi-
mated by the flux function. This requirement amounts to identifying f
with the flux function WT in quasisymmetry equation (4). Such config-
uration can be achieved by repeating the procedure discussed above
while enforcing the Clebsch representations

B ¼ f WTð Þrr �r z � hð Þ; u ¼ rWT �rq; (80)

where f is an arbitrary function ofWT. In this case, system (31) reduces
to

rr �r z � hð Þ � rq ¼ 1; (81a)

rWT �rq � r 1
r2

@h
@/

� �2
" #

¼ 0: (81b)

Here, we set dg=df ¼ dg=dWT ¼ f . Again, defining g ¼ r�1@h=@/
and requiring that q ¼ qðgÞ, one arrives at Eq. (72) with solution (74).

For example, if q ¼ k�1g and a ¼ b ¼ 0, one obtains the family of
quasisymmetry magnetic fields

B ¼ �f rr/� kr/rzð Þ; (82a)

r � B ¼ 0; (82b)

B2 ¼ f 2 1þ k2r2/2
� �

; (82c)

u ¼ � r � r0ð Þrz þ z þ 1
2
kr2/2

� �
rr � r/r/ð Þ; (82d)

r � u ¼ 0; (82e)

B� u ¼ frWT ¼ rg; (82f)

u � rB2 ¼ 0; (82g)

B � rWT ¼ 0; (82h)

u � rWT ¼ 0: (82i)

Observe that both B and u are tangential to flux surfaces. A plot of this
solution for f ¼ �sin ðWTÞ is given in Fig. 6.

The construction of quasisymmetric magnetic fields presented
above can be generalized to the case of surfaces defined through har-
monic orthogonal coordinates ðl; �; zÞ. Setting h ¼ hðl; �Þ, the rele-
vant Clebsch parameterization is

FIG. 6. (a) Plot of the quasisymmetric
magnetic field B of (82) for
f ¼ �sin ðWTÞ on a level set of (64). (b)
Plot of the current r� B. (c) Plot of the
quasisymmetry u. (d) Plot of the field
strength B2. Observe that B, r� B, u,
and WT exhibit a discontinuity at / ¼ 0
due to the multivalued nature of /. In
these plots, k¼ 0.18.
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WT ¼
1
2

l� l0ð Þ2 þ z � hð Þ2
h i

;

B ¼ f WTð Þrl�r z � hð Þ; u ¼ rWT �rq:
(83)

Then, putting dg=dWT ¼ f , quasisymmetry equation (31) now read

rWT �rq � r jrlj2 1þ jrlj2 @h
@�

� �2
" #( )

¼ 0; (84a)

rl�r z � hð Þ � rq ¼ 1: (84b)

Again, requiring that q ¼ qðgÞ with

g ¼ jrlj2 1þ jrlj2 @h
@�

� �2
" #

; (85)

we arrive at one equation, which determines the displacement h:

� dq
dg
@g
@�
jrlj2 ¼ 1: (86)

For a given q, the corresponding solution h of the equation above
assigns a family of quasisymmetric magnetic fields parametrized by
the function f as defined in equation (83). Nonetheless, as in the previ-
ous cases, the globality of the solution is not guaranteed.

VI. CONCLUDING REMARKS

In this work, we studied the existence of quasisymmetric mag-
netic fields in asymmetric toroidal domains through particular con-
structive examples. If the perpendicular and parallel pressure fields are
chosen as in Eq. (12), this problem is equivalent to finding quasisym-
metric magnetohydrodynamic equilibria within the framework of
anisotropic magentohydrodynamics. In particular, constructing a qua-
sisymmetric configuration amounts to solving system (13) for the vec-
tor fields B and u. This system can be written in terms of two coupled
nonlinear first-order partial differential equations (31), or a single non-
linear second-order partial differential equation (32).

In the approach developed in the present study, the flux function
was given as input to the derived equations in order to enforce the
toroidal shape of the boundary and the existence of nested flux surfa-
ces. By using harmonic orthogonal coordinates, we first devised a
method to obtain symmetric solutions of (31) in asymmetric toroidal
domains. Then, we obtained regular local self-quasisymmetric config-
urations by fixing the level sets of the flux function to elliptic tori, and
by reducing the self-quasisymmetry equation (23) to a nonlinear first-
order partial differential equation with two independent variables on
each flux surface. Finally, we constructed regular local quasisymmetric
magnetic fields in asymmetric tori by adjusting the shape of flux surfa-
ces to satisfy the quasisymmetry condition (31), which was reduced to
a single equation for the displacement h. These solutions are local in
the sense that they solve (31) in a region U � X and satisfy boundary
conditions on a portion of the boundary, @U \ @X 6¼1. In particu-
lar, they are not periodic in the toroidal angle /.

The obtained results highlight two aspects that characterize qua-
sisymmetric vector fields. On the one hand, the symmetry of the
boundary should be treated separately from the symmetry of the solu-
tion, since we have shown that a symmetric magnetic field can be fitted
within an asymmetric domain. On the other hand, due to the first-
order nature of the governing equations, the mathematical challenge
posed by quasisymmetry can be ascribed to the local nature of the sol-
utions obtained by integrating the characteristic system of ordinary

differential equations. In particular, for a given set of flux surfaces, a
global quasisymmetric configuration can be achieved only if character-
istic curves are compatible with periodic solutions in the toroidal and
poloidal angles. A possible strategy to obtain periodic solutions is to
allow additional freedom in the shape of flux surfaces by considering
more general displacements l0 and h, and to generalize the ansatz (83)
on the Clebsch form of the magnetic field. This work also suggests that
the analysis of existence and regularity of periodic solutions to qua-
dratic first order partial differential equations may provide the condi-
tions on the shape of flux surfaces that allow global quasisymmetry.
Finally, we note that the possibility that the obstruction encountered
in the derivation of global solutions is intrinsic to three-dimensional
equilibria cannot be ruled out, in the sense that the absence of
Euclidean isometry may prevent the existence of such fields.
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APPENDIX: CHARACTERISTIC SURFACES OF
ISOTROPIC IDEAL MAGNETOHYDRODYNAMIC
EQUILIBRIA

In this appendix, we review the derivation of the characteristic
surfaces associated with isotropic ideal magnetohydrodynamic
equilibria (1a). If such surfaces do not exist, a first-order system of
partial differential equations is elliptic and the value of the solution
u on any given surface S always determines the normal derivative of
u on S through the governing differential operator L. When charac-
teristic surfaces are present, this property is broken, and hyperbolic-
ity is introduced into the equations. First, observe that the
nonlinear first-order system (1a) can be written in the form

Lu ¼
X3
i¼1

Ai @u
@xi
¼ 0; (A1)

where u ¼ Bx;By;Bz;Pf g denotes the unknown variables and the
Aiðx; uÞ, i¼ 1, 2, 3, are 4� 4 matrices with expressions

A1¼

0 �By �Bz �1
0 Bx 0 0

0 0 Bx 0

1 0 0 0

2
66664

3
77775; A2¼

By 0 0 0

�Bx 0 �Bz �1
0 0 By 0

0 1 0 0

2
66664

3
77775;

A3¼

Bz 0 0 0

0 Bz 0 0

�Bx �By 0 �1
0 0 1 0

2
66664

3
77775: (A2)
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The characteristic surfaces S associated with (1a) are determined as
solutions of the characteristic equation

det
X3
i¼1

Ai @S
@xi

 !
¼ rSð Þ2 rS � Bð Þ2 ¼ 0: (A3)

The quadratic term ðrSÞ2 corresponds to a trivial characteristic
surface rS ¼ 0 with double multiplicity, implying that system (1a)
has a twice elliptic component. On the other hand, the term
ðrS � BÞ2 results in the nontrivial characteristic surface rS � B ¼ 0.
The multiplicity of this surface is again two, and system (1a), there-
fore, qualifies as twice elliptic and twice hyperbolic. Finally, notice
that the characteristic surface rS � B ¼ 0 depends on the unknown
B, a fact that is related to the mathematical difficulty encountered
in developing a general theory for the existence of solutions of the
tangential boundary value problem (1).
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