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Abstract

Algorithms that estimate the navigation states and local environment of a robotic ve-
hicle are core enabling technologies for autonomous systems. The first work that ex-
ploited symmetry and equivariance for state estimation in robotics was published in
2000-2005 and had immediate impact as an enabling technology for attitude estimation in
the growth of the commercial aerial robotics industry. Recently, the discovery of a novel
symmetry structure has allowed equivariant observer theory to be applied to Simulta-
neous Localisation and Mapping (SLAM), the archetypical spatial awareness problem in
robotics. Beyond classical SLAM, however, it has remained unclear how to extend the
equivariant observer theory to Visual Spatial Awareness (VSA); the general problem of
using the rich visual information obtained from a camera, potentially in combination
with other sensors, to model the physical relationship between a mobile robot and its en-
vironment. VSA will be one of the enabling technologies across a wide range of emerging
autonomous systems applications including autonomous vehicles, aerial vehicles, virtual
reality, and augmented reality. Essentially, any future autonomous system that operates
in an unstructured dynamic environment alongside humans will need high-performance,
robust VSA solutions. This thesis brings together the new field of equivariant systems
theory with the application domain of visual spatial awareness, and contributes equally
to the development of general theory motivated by the application domain and the de-
velopment of real world algorithms based on the theory.

Existing equivariant observer designs suffer from key limitations. Constructive equiv-
ariant observers are specific to their application and difficult to generalise outside of the
specific class of left- or right-invariant systems, while the invariant extended Kalman fil-
ter can only be applied to the subclass of group-affine systems defined with Lie group
state space. To overcome these issues, this thesis proposes the Equivariant Filter (EqF), a
general linearisation-based observer design that can be applied to any system exhibiting
a Lie group symmetry. I show that it is possible to obtain a second-order (rather than
first-order) approximation of the system measurement function when output is compati-
ble with the chosen system symmetry. Observers based on this framework have demon-
strably lower linearisation error, better performance, and better robustness than state-of-
the-art stochastic filters.

To address the Visual SLAM (VSLAM) and Visual Inertial Odometry (VIO) problems,
I develop new Lie groups, which are the first symmetries for which the measurements of
VSLAM and VIO are equivariant. I use the new VSLAM symmetry to develop a novel
constructive observer design for VSLAM with almost-globally asymptotically stabilis-
able error dynamics. For the VIO problem, I combine the newly proposed EqF with the
new VIO symmetry and generate open-source code that exhibits better than state-of-the-
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art performance on standard robotics datasets and at a speed between two and six of
comparable algorithms.

Through the introduction of the EqF and new symmetries for VSLAM and VIO, this
thesis presents a clear advance in the theory of equivariant observers and a powerful new
approach to filter design for VSA problems.
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Chapter 1

Introduction

1.1 Motivation

State estimation is the problem of combining knowledge of the dynamics and measure-
ments of a system to derive information about the states of that system. The design
of estimators or observers for state estimation is a fundamental problem in control the-
ory. The successful and safe operation of a system often depends on accurate estimates
of that system’s states. Many systems encountered in robotics, avionics, mechatronics,
and computer vision exhibit symmetries, and observers for such systems that leverage
these symmetries frequently outperform those that do not [22; 23; 24; 25; 26; 27; 28; 29;
30; 31; 32; 33; 34; 35; 36; 37; 38; 39]. Some examples include the attitude dynamics of
quadrotors [40; 41; 24; 25; 28; 29; 31; 42; 35], the kinematics of wheeled robotic vehicles
[27; 43; 32; 44; 34; 11], and the estimation of homographies between planar surfaces ob-
served by a camera [30; 33; 36]. 15-20 years ago, the early success of equivariant observers
for attitude estimation of flying robots equipped with inertial measurements units (IMUs)
[24; 26] resulted in a wider interest in understanding the symmetries of a diverse range of
robotic systems [26; 29; 30; 32]. Many of these powerful observer designs can be viewed
as products of two core guiding philosophies: respect geometry and exploit symmetry.
Working in the language of differentiable manifolds instead of local coordinate repre-
sentations avoids singularities and ambiguities, and often allows the convergence of an
observer’s error dynamics to be characterised globally. Taking advantage of the symme-
tries of a system can lead to desirable outcomes in observer design including autonomous
or synchronous error dynamics and improved linearisations of the system. These princi-
ples have guided the research presented here, and they are core to the development and
application of equivariant observer theory in this thesis.

Equivariant Observers

Objective 1. Develop a new approach to equivariant observer theory based on
understanding system symmetries as actions of Lie groups on homogeneous spaces,
and create a novel observer design for general equivariant systems.

1



2 Introduction

Formally, a symmetry of a system is a Lie group with a group action on the state space
manifold of that system. For many systems encountered in robotics, there is a particu-
lar symmetry with which the dynamics or measurements of the system are compatible;
that is, they are either equivariant or invariant with respect to the action of the symmetry.
Equivariance, derived from ‘equi-’ and ‘variance’ meaning ‘same’ and ‘change’, occurs
when applying a function after transformation by the system symmetry changes the re-
sult in such a way that the symmetry could also be applied directly to the result of the
function instead. Invariance, derived from ‘in-’ and ‘variance’ meaning ‘no’ and ‘change’,
occurs instead when the result of a function is unaffected by applying the system sym-
metry before the function. Concretely, consider a Lie group action ϕ : G× M → M , and
two functions h1 : M → N 1, h2 : M → N 2. Then h1 is invariant and h2 is equivariant if
there exists a Lie group action ρ : G× N 2 → N 2 such that the following diagrams

M
ϕX //

h1 !!

ϕXY

%%
M

ϕY //

h1
��

M

h1}}
N 1

M
ϕX //

h2
��

ϕXY

%%
M

ϕY //

h2
��

M

h2
��

N 2
ρX //

ρXY
99N 2

ρY // N 2

Invariance Equivariance

commute for all X,Y ∈ G.

I refer to any system with a Lie group symmetry that is compatible with its dynam-
ics as an equivariant system [45], and any state estimation algorithm for such a system
that uses the symmetry as an equivariant observer. Current state-of-the-art equivariant
observer design methodologies depend on strong assumptions around the state and dy-
namics of an equivariant system. Constructive observer designs require the system dy-
namics to be left- or right-invariant [46], or at most invariant with a bias term [47]. In-
variant Extended Kalman Filter (IEKF) designs instead require the system dynamics to
be ‘group affine’, a weaker condition than invariance, but restrict the state space of the
system to be a Lie group [48]. However, there are many equivariant systems for which
the state space is not a Lie group, and many for which the dynamics are neither invari-
ant nor group affine. The approach taken in this thesis to analysing equivariant systems
is distinct from much of the prior literature: rather than modelling the state space of a
system with a particular Lie group structure, the system symmetry is developed as a Lie
group that acts transitively on the system state space. This distinction between system
and symmetry is central to the development of a new theory of equivariant observers
that applies not just to systems that can be modelled as Lie group systems with group
affine dynamics, but to any system for which a symmetry can be identified.
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Visual Spatial Awareness

Objective 2. Extend the recent advances in equivariant observers for classical
SLAM and create new symmetries compatible with the geometry and measurements
of visual spatial awareness problems.

Visual Spatial Awareness (VSA) is the general problem of using the rich visual informa-
tion obtained from a camera, often in combination with data from complementary sen-
sors, to model a robot’s local environment and estimate a robot’s navigation states (e.g.
position, attitude, velocity, etc.) with respect to that model. Among problems in spatial
awareness, VSA is of particular interest as cameras are ubiquitous, low-cost, lightweight,
and small, and each frame provides a large amount of information. A reliable solution
to VSA is crucial to many robotic systems and tasks including GPS-denied navigation,
virtual and augmented reality (VR/AR), autonomous cars, robotic exploration, and safe
human-robot interaction. In the wealth of literature dedicated to this problem, two broad
categories of solutions have emerged. Filter-based solutions to VSA require less computa-
tional resources than optimisation-based solutions, but optimisation-based solutions tend
to be more accurate [49]. The reduced accuracy of filter-based algorithms is unavoidable,
as they rely on linearisations of the system that continuously introduce error into the fil-
ter. Optimisation-based algorithms instead repeatedly re-linearise the system to improve
accuracy, but do so at the expense of increased computational cost.

Recently, equivariant observers have been applied to Simultaneous Localisation and
Mapping (SLAM): one of the classic problems in VSA. This was made possible by the dis-
covery of a novel Lie group by Barrau and Bonnabel [50], who exploited this symmetry to
apply an IEKF to the classical SLAM problem. In classical SLAM, the robot’s environment
is modelled as a collection of landmark points, and the positions of landmarks with re-
spect to the robot can be measured directly. This is in contrast to the more modern visual
SLAM (VSLAM), where a monocular camera measures only the bearings of landmarks
with respect to the robot. The equivariant observers applied to VSA using this SLAM
symmetry [51; 52; 53; 54; 55] have been shown to be consistent filters; a theoretical ad-
vantage over filter-based VSA solutions. However, the impact on practical performance
of this symmetry for VSA problems is not clear. One issue with these approaches to VSA
is that only the full position measurements of classical SLAM are equivariant under the
action of the SLAM symmetry proposed in [50], while the bearing measurements charac-
teristic of VSA do not exhibit any such compatibility. The emphasis on compatibility of
the output function rather than the system dynamics is a novel feature of the work pre-
sented here, and leads to clear improvements in performance over other state-of-the-art
VSA solutions. This thesis seeks to extend the ideas of equivariant classical SLAM and
find new symmetries that are compatible with the visual outputs of VSA.
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1.2 Thesis Contributions

The key contributions of this thesis are as follows.

• VSLAM Group: A new Lie group is proposed and it is shown to have compati-
ble symmetry actions on the state and output spaces of visual SLAM. This is the
first Lie group symmetry for VSLAM for which the visual measurement function is
equivariant (Section 4.3).

• Constructive VSLAM Observer: Using the equivariance of the visual measure-
ments under the new VSLAM symmetry, a symmetric output error is defined. The
dynamics of this error are then studied to develop a novel constructive observer de-
sign with almost globally asymptotically stabilisable error dynamics (Section 4.4).

• Equivariant Filter: The Equivariant Filter (EqF) is proposed as a filter design for
general equivariant systems on homogeneous spaces. The EqF uses symmetry of a
system to define a global equivariant error, and does not suffer from the limitations
of local coordinates or embeddings common to other non-linear observer designs
for systems on manifolds (Section 5.5). In an example problem of bearing estima-
tion on the sphere, the EqF is shown to outperform an extended Kalman Filter (EKF)
(Section 5.6).

• Equivariant Output Approximation: It is shown that, in the presence of an equiv-
ariant output function, the output approximation used by the EqF can be improved
to eliminate second-order errors (Section 5.4). This has a clear effect on the perfor-
mance of the EqF in the example bearing estimation problem (Section 5.6) and in
the real-world application to visual inertial odometry (VIO) (Section 6.6).

• VI-SLAM Symmetry: Combining the insights from the VSLAM group with a sym-
metry for inertial measurements units (IMUs), a new symmetry is developed for
visual inertial SLAM (VI-SLAM). This symmetry is compatible with the reference
frame invariance of VI-SLAM, leads to invariance of IMU error dynamics, and pro-
vides equivariance of the visual measurements (Section 6.4).

• EqVIO: The EqF is applied with the VI-SLAM symmetry to develop a full system
for VIO called EqVIO. EqVIO is shown to achieve state-of-the-art accuracy on pop-
ular VIO datasets at far higher speeds than comparable algorithms (Section 6.6).
The code for EqVIO is open-source and available online1.

1.3 Thesis Outline

Beyond this introductory chapter, this thesis contains the following chapters.

1https://github.com/pvangoor/eqvio

https://github.com/pvangoor/eqvio
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• Chapter 2 reviews the literature on the topics of equivariant observer theory and
visual spatial awareness, and the recent works at their intersection.

• Chapter 3 provides preliminary notations and mathematics that are used through-
out the remainder of the thesis. This includes definitions and detailed descriptions
of important Lie groups and their Lie algebras including SO(3), SE(3), SOT(3),
SE2(3).

• Chapter 4 develops the VSLAM Lie group and shows that the visual measure-
ments of landmarks are equivariant under its action. It also details a construc-
tive observer design for the VSLAM problem based on this symmetry with almost-
globally asymptotically stabilisable error dynamics. The performance of this ob-
server is verified both in simulation and in practice using real-world experimental
data. This chapter is largely drawn from work published in [5; 6; 1].

• Chapter 5 introduces the Equivariant Filter (EqF). A clear description of relevant
equivariant systems theory provides the framework in which the EqF observer dy-
namics and error system are defined. It is shown that equivariant measurements
can be leveraged to eliminate second-order errors from the output approximation
used in the EqF, and the consequences for performance of the EqF are shown by
simulations of an example problem. This chapter is largely drawn from work pub-
lished in [7; 2].

• Chapter 6 proposes EqVIO: a system for visual inertial odometry (VIO) that applies
an EqF with a novel symmetry for visual inertial SLAM (VI-SLAM). EqVIO exhibits
far higher speeds than comparable algorithms while achieving similar or better ac-
curacy on popular datasets. This chapter is largely drawn from work published in
[8; 3].

• Chapter 7 concludes the thesis. It provides remarks on the key outcomes of the
thesis as a whole, and suggests some broad directions for future research.
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Chapter 2

Literature Review

The literature review that follows is divided into three key sections. The first section dis-
cusses the literature of equivariant observer theory. Early equivariant observers emerged
for a number of key applications, including attitude estimation, where exploiting Lie
group symmetries led to performance gains over the existing state-of-the-art solutions
[56; 57; 28; 29; 58; 42; 26; 32; 33]. This motivated substantial research effort into develop-
ing generic observer architectures for systems with Lie group symmetries, with many so-
lutions demonstrating high performance both in simulation and real-world experiments
[59; 37; 46; 60; 47; 39; 61; 4]. The second section describes some of the key literature in the
development of simultaneous localisation and mapping (SLAM), and, in particular, in the
development of the related problem of visual inertial odometry (VIO). Early solutions to
SLAM tended to be based on the extended Kalman filter (EKF) or variants thereof, and
substantial research efforts were dedicated to solving some of the issues associated with
the linearisations used therein [62; 63; 64; 65; 66]. Around 2010, the SLAM community de-
veloped novel optimisation-based solutions that exploited the sparsity of the problem to
achieve real-time performance, and a number of powerful practical systems were devel-
oped [17; 67; 68; 69; 70; 18; 71]. However, for the problem of VIO specifically, filter-based
solutions have remained competitive due to their relatively low processing time and com-
putational resource requirements [72; 73; 74; 75; 76; 77]. In the third and final section, the
previous sections are unified and the recent literature on applications of equivariant ob-
servers to visual spatial awareness problems is discussed. The novel SEn(3) Lie group
has been used by a number of authors to develop exciting novel solutions to SLAM and
VIO using equivariant observers, but these incur significant linearisation errors due to
the incompatibility of the symmetry with visual measurements [50; 78; 51; 52; 55; 79; 80].
This thesis proposes a novel symmetry of visual measurements, develops a new equiv-
ariant observer architecture, and combines these to yield a new state-of-the-art solution
for visual spatial awareness.

7
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2.1 Equivariant Observer Theory

2.1.1 Applications of Equivariant Observers

An equivariant observer is a state estimation algorithms that exploits Lie group symmetries
of a given system. The importance of Lie groups in control theory was first recognised in
the 1970s [56; 81; 82], where the study of systems with symmetry was concerned particu-
larly with their control. The problem of state estimation for systems with Lie group sym-
metries was first considered in the 1990s, when Salcudean created a non-linear observer
for the angular velocity of a rigid body by using the quaternion representation of atti-
tude in a mechanical energy approach to observer design [83]. Later work by Baerveldt
and Klang [40] applied a complementary filter framework to estimating the attitude of a
helicopter. They Formulated the estimation problem in terms of the incline angle of the
helicopter as a linear space, and achieved highly accurate results between -30 and 30 de-
grees. In a similar vein, [22] used a high gain observer for attitude estimation of walking
robots when angles are assumed to be kept between -30 and 30 degrees by a controller.

In the 2000s, there was an increase in the number of works examining Lie group sym-
metries for observer design. Aghannan and Rouchon [57] studied non-linear observers
for a wide class of non-linear dynamic systems by exploiting the invariance properties of
Lagrangian systems. Driven by the emergence of MEMS1 gyroscopes and accelerometers,
much of the research from this period was dedicated to finding new and more robust ob-
server designs for attitude estimation. In [84], an approach based on mechanical energy
is used to design a non-linear observer that estimates the attitude of a rigid body in the
presence of constant gyroscope bias. Markley [41] examined the effect of attitude error
representation in the popular multiplicative extended Kalman filter (MEKF). Mahony
et al. [24] constructed a complementary filter directly on the special orthogonal group
SO(3) for attitude estimation for the situation where attitude can be measured at low
frequency. Hamel and Mahony then extended this work in [25], where they formulated
a different SO(3) complementary filter by considering error in the inertial measurements
directly. Additionally, they showed that gyroscope bias can be fully estimated from a
single bearing measurement, and that the attitude converges to a stabiliser set consistent
with that single measurement. In parallel, Bonnabel et al. [85] proposed the left invariant
extended Kalman filter (L-IEKF) for attitude estimation, and developed a general theory
for extended Kalman filters for invariant systems on Lie groups. Following on from [25],
Mahony et al. [28] designed a complementary filter on SO(3) using output measurement
error, and show the effectiveness of the filter in real-world experiments. Similarly, Madg-
wick et al. [29] designed an attitude filter for 9-DoF IMU (MARG) systems, provided
practical implementation using unit quaternions, and showed convincing experimental
results. Grip et al. [31] extended [28] to consider attitude estimation with time-varying
reference vectors and biased gyroscope and vector measurements. To unify many of the
previous complementary filter designs for attitude, Trumpf et al. [58] also extended the

1Microelectromechanical Systems
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complementary filter from [28] to consider time-varying reference vectors in a generic
framework, and classified the filter’s convergence properties for a wide range of sensing
modes. More recently, Izadi and Sanyal [42] proposed a novel approach to the attitude
estimation problem based on the principles of Lie group variational integrators, which
have highly stable energy properties [86]. Another novel approach is presented in [35],
where a hybrid observer design approach is used to develop an observer for biased at-
titude kinematics on SO(3). Finally, in recent work by Ng et al. [9], second order atti-
tude kinematics are analysed through the introduction of a tangent group structure for
TSO(3).

Encouraged by the success of equivariant observers for attitude estimation, many au-
thors looked to extend these advances to other systems with Lie group symmetries. As
early as 2003, Rehbinder and Ghosh [23] developed a non-linear pose observer from vi-
sual and inertial sensors by separating the attitude and position estimation problems and
analysing the system’s symmetry and observability. Later, Bonnabel et al. [26] proposed
an observer for velocity aided inertial navigation that preserved and respected the sys-
tem symmetry. They additionally provided a brief development on the general theory
for invariant observers. In [27], Cheviron et al. formulated an observer for robotic vehicle
kinematics using the special Euclidean group SE(3) in the complementary filter frame-
work of [24]. Similarly, Vasconcelos et al. [43] proposed an observer on SE(3) for rigid
body pose from landmark measurements, proved almost-global asymptotic and local
exponential stability, and considered the problem of biased velocity measurements. An-
other approach to observer design on SE(3) is provided in [32], where the error dynamics
of the observer were analysed in exponential coordinates and shown to be convergent on
the entire domain where the Lie group logarithm is well-defined. Long et al. [44] showed
that the exponential coordinates of SE(2) provide an accurate representation the ‘banana’
distributions often encountered in the propagation of uncertain kinematics of wheeled
robotic vehicles. Hua et al. [34] improved on the SE(3) observer proposed in [27] by
considering measurements with homogeneous coordinates in the real-projective space
RP(3). Very recently, Ng et al. [11] proposed a tangent group structure for TSE(3) and
developed an observer for second-order pose kinematics using this symmetry. In parallel
to the work on SE(3) for estimation of robotic vehicles, some authors also considered the
problem of estimating homographies between images of planar scenes using the special
linear group SL(3). Hamel et al. [30] approached homography estimation in the comple-
mentary framework of [37]. Grabe et al. [33] examined the problem of camera motion
estimation when a majority of image features are coplanar. Finally Hua et al. [36] built on
[30] to develop an observer for homography estimation and demonstrated its robustness
to fast motion and image occlusions in real-world experiments. Inspired by the success
of equivariant observers in attitude estimation, the understanding and exploitation of
Lie group symmetries in other systems has led to high-performance observer designs
for a diverse range of robotic systems, including those defined on SE(n) and SL(3) in
particular.
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2.1.2 Equivariant Observer Architectures

The success of observers with Lie group symmetries in a range of robotics problems
[41; 28; 85; 27; 30] inspired the development of a general theory of equivariant observers.
Bonnabel [85] proposed the left-invariant extended Kalman filter ((L-)IEKF) for systems
on Lie groups with left-invariant dynamics. He showed that the error dynamics are inde-
pendent from the observer state and demonstrated an application of the architecture to
attitude estimation. In [59], Bonnabel et al. develop a general architecture for designing
symmetry-preserving observers and provided three examples of its application. Sepa-
rately, Lageman et al. [37] proposed a general design method for gradient-like observers
for systems on Lie groups with invariant dynamics. They extended the concept of syn-
chrony to systems on Lie groups, and showed the proposed observers exhibit almost-
global convergence properties. This was followed by Mahony et al. [46], who introduced
the concept of a lift of the system kinematics to a symmetry Lie group, and developed an
observer architecture with autonomous error dynamics and powerful convergence guar-
antees for left- and right-invariant systems. In parallel, Bourmaud et al. [87] extended the
discrete EKF to systems on Lie groups by modelling probabilities as concentrated Gaus-
sian distributions (CGDs) on Lie groups. Chirikjian and Kobilarov [88], also using CGDs
on Lie groups, described a way to model the probabilities associated with nonlinear mea-
surements on Lie groups to the second order by avoiding the assumption of a linearised
measurement function. Following their earlier work [87], Bourmaud et al. [60] used a
similar approach to develop a continuous-discrete EKF for systems on Lie groups with
continuous-time dynamics and discrete-time measurements. This continuous-discrete
EKF on Lie groups generalises the earlier work on the IEKF [85] by removing the re-
quirement that the Lie group system be invariant to left or right translation. Bourmaud
et al. [38] then extended [87; 60] to propose an iterated EKF on Lie groups with outlier
rejection based on a statistical test on the Lie group, and demonstrated its effectiveness
in examples involving the Lie groups SE(3),SL(3),SIM(3). In [47], Koshravian et al. ex-
tended the developments of [37; 46] to consider systems on Lie groups with biased inputs,
and provided convergence guarantees for systems on Lie groups with faithful matrix rep-
resentations. Saccon et al. [89] derived an abstract second-order minimum energy filter
for systems on Lie groups, and showed how to obtain explicit formulas for the filter
equations in the case of a system on a matrix Lie group.

Recently, Barrau and Bonnabel [48; 39] built on the earlier works [85; 59] to generalise
the IEKF from invariant systems on Lie groups to the broader class of group affine sys-
tems. They showed that for group affine systems, as was the case for invariant systems,
the error dynamics of the IEKF are independent of the observer state and linear in the
logarithmic coordinates of the Lie group. They also discussed the relationship between
discrete-time group affine systems and the automorphism group of a Lie group in [90],
and proposed a theory of invariant Luenberger observers by drawing analogues to lin-
ear systems theory. Zhang et al. [61] proposed an invariant particle filter for systems on
Riemannian manifolds and systems on matrix Lie groups using a Stratonovich stochas-
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Figure 2.1: The general architecture used in equivariant observer design [4].

tic differential equation. Adapting the IEKF framework, Lavoie et al. [91] proposed the
invariant H∞ filter and demonstrated its performance in an example on the Lie group
SE2(3). Joshi et al. [92] took a different approach to equivariant observer design by ex-
amining general manifolds with Lie group actions. They separated the observer design
problem into one of estimation on the orbit of the group action and on the remaining quo-
tient manifold, and showed two example of the approach for practical problems. In [12],
Ng et al. examined the symmetry of the tangent group TG to design observers for second
order kinematics on general Lie groups. Mahony and Trumpf [93] proposed an equiv-
ariant filter design for systems on Lie groups and described the relationships between
invariant, group affine, and equivariant systems. The block diagram shown in Figure 2.1
shows the basic structure common to equivariant observer architectures; a lifted system
on a Lie group is used to define an global equivariant error on the system state that needs
only to be driven to a known constant origin configuration [4]. Collectively, the work in
general observer design for equivariant systems has seen significant advances in the last
decade, and has had impact in both the nonlinear observer and robotics communities.

2.2 Visual Spatial Awareness

2.2.1 Filter-based Simultaneous Localisation and Mapping

The Simultaneous Localisation and Mapping (SLAM) problem, as pictured in Figure 2.2,
has been considered an important technology for mobile robotics since the 90s [16; 94].
Early work by Thrun et al. [95] provided a description of SLAM as a maximum likelihood
problem, but recognised that the particular form was impractical for implementation of
real-time solutions at the time. A key step in the SLAM literature was the work by Dis-
sanayake et al. [62], who used an Extended Kalman Filter (EKF) to reduce SLAM to a
local probability maximisation problem, and showed some of the filter’s convergence
properties. In [96; 64; 97], Montemerlo et al. developed an approach to SLAM based on
Rao-Blackwellized particle filtering called FAST SLAM. By reducing the number of parti-
cles in the filter, FAST SLAM was able to achieve faster speeds than EKF-based systems.
Additionally, particle filters proved to be more robust to non-Gaussian noise. Thrun et
al. formulated their solution to SLAM in [98] by applying an Extended Information Fil-
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Figure 2.2: A diagramatic representation of the fundamental problem of SLAM [16].

ter (EIF). The EIF is the dual of the EKF; whereas the EKF stores a matrix representing
uncertainty in the state, the EIF stores the inverse of this matrix representing confidence
in the state. In this reformulation, the update step of the EIF has a linear computational
complexity, but computational complexity of the prediction step becomes quadratic. Fi-
nally, Eustice et al. [99] developed an exactly sparse delayed-state filter for the SLAM
problem where all historical poses were included in a filter with an exactly sparse co-
variance matrix. This formulation relied on a view-based representation of SLAM, where
measurements from the robot’s sensors do not model the environment explicitly, instead
providing relative pose information. As a result, the filter’s storage requirements are lin-
ear in the number of measurements, although its accuracy is demonstrated to be similar
to a comparable EKF on a real-world dataset.

In addition to the question of how to solve the SLAM problem from a mathemati-
cal perspective, many authors looked at practical problems concerning the implemen-
tation of SLAM in real-world system. The data association problem is the problem of
correctly identifying correspondences between measurements, and Neira et al. [63] pro-
vided an early solution to this by using the predicted locations and estimated uncertain-
ties of landmarks from an EKF to set up and solve a maximum likelihood problem. The
computational cost of SLAM was another barrier to real-world implementation, and was
addressed in work by Guivant et al. [100], who developed approximations that allowed
the EKF to perform only local updates most of the time. These methods resulted in a
sub-optimal but nonetheless competitive solution for SLAM, and were popular due their
significant reductions to the computational cost of EKF systems. Tardos et al. [101] fur-
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ther reduced the computational cost for real-world SLAM systems by using an EKF for
local submaps of the global environment, and then joining these maps in a graph optimi-
sation scheme. Later work by the authors [102] showed through simulation experiments
that the traditional formulation of EKF was inconsistent; that is, the EKF grew overcon-
fident of its state estimate over time. They proposed a reformulation of the EKF state
into robo-centric coordinates, and showed that by combining this with the submaps con-
cept introduced in [101] greatly reduced the inconsistency issues. Estrada et al. [103]
then showed that the submap joining problem could be solved in linear time to achieve
a near-optimal solution. However, Bailey et al. [65] continued experiments around the
consistency of filter-based SLAM solutions, and showed that even advanced variants of
the EKF such as the iterated EKF and the Unscented Kalman Filter did not completely
solve the problem. Combining many of the previous ideas developed by the community,
a paper by Davison et al. [104] introduced MonoSLAM, a full SLAM system that worked
in real-time from only images taken by a camera without any prior information about the
camera motion. A key idea that enabled the performance of the system was the use of an
active prediction step: stored image features were only compared to new image features
in the area where the new features were expected to be. Finally, Paz et al. [66] developed
a divide and conquer approach to EKF SLAM, resulting in local quadratic complexity,
but global linear complexity, without needing to make approximations other than the
linearisations common to EKF.

2.2.2 Optimisation-based Simultaneous Localisation and Mapping

Figure 2.3: The graph optimisation formulation for SLAM is shown with lines between landmarks
and robot poses representing measurements that impose a cost on the solution [17].

While very early papers, such as [105], proposed solving SLAM as a graph optimi-
sation problem, filter-based SLAM was the main solution for SLAM until the mid 2000s.
Thrun et al. [106] and Dellaert and Kaess [17] created some of the first computationally
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feasible solutions to SLAM as a graph optimisation problem, by exploiting the sparse
nature of the SLAM problem. In [106], the graph SLAM problem was formalised, and
a solution based on non-linear optimisation using a sparse information matrix was pro-
posed. In [17], the relationship between graph optimisation and matrix optimisation for
SLAM was also explored, and through clever re-ordering of matrix rows and columns,
the computational cost of the optimisation process was greatly reduced. In this same
paper, Dellart et al. also showed that the optimisation-based SLAM solution can be com-
puted faster than an EKF solution. Subsequent work by the same authors showed how
QR matrix factorisation and periodic variable reordering can be used to further reduce
computational time [107]. In [68], Sibley et al. demonstrated that the speed of conver-
gence and the accuracy of the solution to optimisation-based SLAM can be increased by
dynamically choosing the frame of reference in which the optimisation is carried out. A
general framework for sparse graph optimisation problems was developed in [108] by
Kummerle et al. , with direct application to the SLAM problem. A paper by Kaess et
al. [69] built on the previous results from [107] by developing a Bayes tree data structure
for SLAM, which allowed computation of the optimisation solution to be sped up even
further. Finally, in a key paper by Strasdat et al. [109], filter-based and optimisation-based
SLAM were compared in a comprehensive set of experiments for the case of monocular
and stereo camera sensor systems, and it was shown that optimisation-based SLAM out-
performs filter-based SLAM in speed and accuracy in both of these scenarios.

Figure 2.4: An example of the results obtained from ORB-SLAM when run on a dataset of a car
driving through some interconnected streets [18].

The advances made in the theory of optimisation-based SLAM lead to new imple-
mentations of real-world SLAM systems with improved performance from the tradi-
tional filter-based SLAM. Klein et al. [67] developed PTAM: an implementation of the
optimisation-based SLAM that separates global mapping and local tracking into sepa-
rate problem threads, resulting in high speed processing. In [70], Engel et al. developed
LSD-SLAM: an approach to monocular SLAM that does not use image features but in-
stead works by performing optimisations directly over image data. This allowed for a
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more detailed estimation of the environment than traditional SLAM methods; however,
it was unable to perform the loop closures that typically ensured consistency of the map
produced by SLAM systems. A key work by Mur-Artal et al. [18] developed ORB-SLAM,
a full system for SLAM in the case of a monocular camera sensor system. ORB-SLAM
relies on the optimisation-based SLAM system developed in [108], and employs a wide
range of heuristics to ensure the Gaussian noise assumptions of the optimisation remain
valid. The authors also provide a large set of benchmarking experiments to compare
the performance of ORB-SLAM to LSD-SLAM and PTAM. A second version called ORB-
SLAM2 was developed in [71], and incorporates solutions for stereo and RGBD camera
systems. Engel et al. [110] developed Direct Sparse Odometry (DSO), a system that extends
the ideas of LSD-SLAM and includes loop closures. A key feature of DSO is that, due
to the high accuracy of the local trajectory from LSD-SLAM, the loop closure system re-
quires only a sparse set of features to achieve high accuracy, and can thus achieve low
computational time by reducing the number of landmarks that need to be stored. In
[111], Usenko et al. developed a novel visual-inertial SLAM system by using a local VIO
system to yield non-linear factors that marginalise the relevant information for inclusion
in an optimisation-SLAM framework. Rosinol et al. [112] developed Kimera: an open-
source c++ framework for visual-inertial SLAM that combines modules for VIO, global
mapping, dense mesh reconstruction, and metric-semantic reconstruction. ORB-SLAM3
[113] adds a capability for visual-inertial SLAM system and a novel multiple map system
to ORB-SLAM2. Finally, Zhang et al. [114] builds on the non-parametric sensor registra-
tion framework developed by Clark et al. [115] to propose a continuous visual odometry
solution that takes advantages of both geometric and semantic information in a unified
manner.

2.2.3 Visual (Inertial) Odometry

Visual Odometry (VO) is a variant of VSA where the only available sensor is a (typically
monocular) camera, and the core objective is the estimation of a robot’s trajectory, with
less importance placed on accurately mapping the local environment. Visual Inertial
Odometry (VIO) is the related problem where gyroscope and accelerometer measure-
ments from an Inertial Measurement Unit (IMU) are available in addition to the cam-
era images. One of the first systems to focus on the problem of trajectory estimation
from stereo or monocular vision data as distinct from general SLAM was proposed in
[116; 117], and used a RANSAC scheme to optimise the estimated pose between image
frames. PTAM [67] is another early work that emphasised the distinction between the
tasks of local tracking and global mapping. MonoSLAM [104] solved the single camera
SLAM problem using an Extended Kalman Filter. The system also removed landmarks
from the state when they are heuristically determined to be unreliable, resulting in re-
duced computational cost and improved reliability of the retained feature set. The Multi-
State Constrained Kalman Filter (MSCKF) [72] approached the VIO problem by applying
an fixed-lag EKF to the problem, and, notably, eliminating the estimation of landmark
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positions from the filter process. This modification resulted in a high speed algorithm
for VIO with only linear complexity in the number of landmarks considered. Howard
[118] developed one of the first systems to focus primarily on visual odometry over the
mapping problem for a stereo camera. The proposed system achieved real-time perfor-
mance by changing the focus from rejecting outliers to instead detecting inliers. In [119],
Konolige et al. considered a system equipped with a stereo camera and an IMU, and em-
ployed bundle adjustment in a to solve the VIO problem. They improved their results by
using specialised image features, and discussed the challenge of using traditional image
features in self-similar outdoor environments. Since 2015, the VIO problem specifically
has seen substantial interest in the robotics community. Bloesch et al. [73; 19] developed
ROVIO: a VIO algorithm that mixes monocular cameras and IMU measurements in an
iterated EKF framework. In contrast to the majority of filter-based VSA systems, ROVIO
used a ‘direct’ error formulation; rather than obtaining feature coordinates from an im-
age, the image pixel values were considered directly in the system model of the EKF. An
example screenshot taken from ROVIO is shown in Figure 2.5 and shows the deformed
patches being tracked by the algorithm. In parallel, Leutenegger et al. [74] developed
OKVIS, which solves monocular or stereo VIO by using non-linear optimisation on a
sliding window of ‘keyframes’. Semi-direct Visual Odometry (SVO) [75] used a sparse
set of image patches in a frame-to-frame optimisation framework to greatly reduce the
presence of outliers and to solve VO at high speeds that remain state-of-the-art. Recently,
Qin et al. [76] combined a range of modern SLAM techniques to develop VINS-MONO,
which performs tightly coupled keyframe optimisation-based VIO with efficient loop clo-
sure, and achieves competitive accuracy on popular datasets. Delmerico and Scaramuzza
[49] benchmarked a range of state-of-the-art VIO systems. They showed that, generally,
the VIO systems optimised for speed and CPU usage suffered from relatively low ac-
curacy, and that many of the popular systems tend to fail on challenging datasets or on
limited hardware. OpenVINS [77] is another recent VIO system, which mixes the MSCKF
[72] with a traditional EKF and achieves state-of-the-art performance. The key contribu-
tion of OpenVINS was to provide a well-documented open platform for filter-based VIO
research. The wide range of VO and VIO systems developed in the last decade shows the
enduring interest of the robotics community in VSA.

2.3 Equivariant Filters for Visual Spatial Awareness

Equivariant observers have seen great success in state estimation for robotic systems, and
visual spatial awareness remains a challenging problem. This has led several authors to
investigate the application of equivariant observers to VSA problems. The earliest work
in this area was by Barrau and Bonnabel [50], who proposed a novel class of Lie groups,
SEn(m), and showed that this is a symmetry compatible with the classical SLAM prob-
lem. They further showed that this symmetry is compatible with the reference frame in-
variance of SLAM, and that the resulting IEKF consequently overcomes the well-known



§2.3 Equivariant Filters for Visual Spatial Awareness 17

Figure 2.5: A screenshot taken from ROVIO showing information about the patch features being
tracked on the current image frame [19].

consistency issues of EKF SLAM [102; 65]. In parallel, Mahony et al. [78] developed the
same Lie group under a different name, SLAMn(3), and proposed a complementary fil-
ter for SLAM with almost-global convergence properties. Another contribution of this
work was to develop the SLAM manifold, where each element of the space is an equiv-
alence class containing every possible choice of reference frame for the SLAM state. Wu
et al. [51] combined the novel geometry proposed in [50] with the MSCKF concept of [72]
to propose an invariant MSCKF for VIO, which is shown to be a consistent filter unlike
the original MSCKF. Zlotnik and Forbes [120] extended [78] to consider biased velocity
inputs using the framework proposed in [47]. Two other approaches to visual SLAM by
the nonlinear observer community appear in [121] and [122]. Bjorne and Brekke [121]
determined the attitude of the robot using an attitude and heading reference system, and
then solved visual SLAM as a linear systems problem. Hamel and Samson [122] assume
the attitude of the robot is fixed or known, and then use a Riccati observer to solve visual
SLAM after providing a rigorous analysis of observability. In [54; 55], Heo et al. applied an
invariant MSCKF to the problem of VIO with both point and line landmarks, achieving
results comparable to other MSCKF algorithms on simulated and real-world datasets.
Brossard et al. [53] derived an invariant unscented Kalman filter (IUKF) for monocular
SLAM using the Lie group proposed in [50], and outperformed other invariant fitlers for
VIO. The same authors [52] then proposed an IUKF for the stereo VIO problem using
the MSCKF design method [72], and provide some results on popular robotics datasets.
Recently, Hashim [79] proposed a nonlinear observer for classical SLAM based on the
SEn(3) symmetry, and was able to guarantee the error to respect a chosen prescribed
performance function. Song et al. [80] adapted the concept of the SEn(3) symmetry to a
symmetry for object SLAM, and showed the consistency of the resulting IEKF.
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The majority of equivariant observers for VSA are designed around the SEn(3) sym-
metry first developed for classical SLAM [50; 78]. Recent works have successfully applied
invariant filters to VIO and stereo VIO in this symmetry, but have required linearisation
of the visual measurements, which are not equivariant with respect to SEn(3). Therefore,
while this approach has been shown to yield advantages in terms of filter consistency, the
impact on filter performance is not yet definitive.



Chapter 3

Preliminaries and Notation

3.1 Smooth Manifolds

For a smooth manifold M , let TξM denote the tangent space of M at ξ, let TM denote the
tangent bundle, and let X(M ) denote the space of vector fields over M . Given a vector
field f ∈ X(M ), f(ξ) ∈ TξM denotes the value of f at ξ ∈ M .

Given a differentiable function between smooth manifolds h : M → N , the linear
map

Dξ|ξ′h(ξ) : Tξ′M → Th(ξ′)N ,

v 7→ Dξ|ξ′h(ξ)[v],

denotes the differential of h with respect to the argument ξ evaluated at ξ′. The map

Dh : TM → TN ,

(ξ′, v) 7→ (h(ξ′),Dξ|ξ′h(ξ)[v]),

denotes the differential of h where the base point is implicit in the argument. That is,
given v ∈ Tξ′M for some ξ′ ∈ M , and a function h : M → N , we write

Dh[v] := Dξ|ξ′h(ξ)[v] ∈ Th(ξ′)N .

In general, we denote the composition of two maps h1 and h2 by h1◦h2, with h1◦h2(ξ) :=
h1(h2(ξ)). For linear mapsH1, H2 we choose to denote the composition byH1·H2 orH1H2

to emphasise the linearity and the link to matrix multiplication. We apply this notation
frequently in the context of the chain rule,

Dξ|ξ′(h1 ◦ h2)(ξ)[v] = Dη|h2(ξ′)h1(η) ·Dξ|ξ′h2(ξ)[v],
D(h1 ◦ h2)[v] = Dh1Dh2[v].

Denote the n-sphere as

Sn := {x ∈ Rn | |x| = 1}.

19
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The 1-sphere S1 is simply the circle, and forms a Lie group under addition of angles. For
any n, the projection onto the sphere πSn : Rn \ {0} → Sn is defined to be

πSn(x) :=
x

|x| . (3.1)

3.2 Lie Groups

A general Lie group is denoted G and has Lie algebra g. A Lie group G is a smooth
manifold equipped with a group structure so that the product and inverse operations
are smooth. The identity element is written id ∈ G. For any X ∈ G, the left and right
translations by X are denoted LX and RX respectively, and are defined by

LX(Y ) := XY, RX(Y ) := Y X

whereXY denotes the group product betweenX and Y . The adjoint map Ad : G×g → g

is defined by

AdX U = DLX ·DRX−1 [U ]

for everyX ∈ G and U ∈ g. For anyX ∈ G, AdX is linear and invertible, and (AdX)
−1 =

AdX−1 . Moreover, for any X,Y ∈ G, one has that

AdX AdY = AdXY .

The Lie algebra g is a vector space equipped with an antisymmetric bilinear operator
called the Lie bracket [·, ·] : g× g → g. The adjoint operator ad : g× g → g is defined by

adU V = DX|id(AdX V )[U ],

and satisfies adU V = [U, V ]. Let g be G-dimensional. Then one can choose linear isomor-
phisms ‘wedge’ ·∧ : RG → g and ‘vee’ ·∨ : g → RG so that (x∧)∨ = x and (U∨)∧ = U for
all x ∈ RG and U ∈ g. Using such maps, any linear map A : g → g may be written as a
matrix A∨ ∈ RG×G defined by A∨x = (Ax∧)∨. In particular, the adjoint maps AdX and
adU have G×G matrix representations written Ad∨X and ad∨U , respectively.

A product Lie group is formed from the combination of multiple existing Lie groups.
If G1, ...,Gn are Lie groups, then the product Lie group is

G1 × · · · ×Gn := {(X1, ..., Xn) | Xi ∈ Gi}, (3.2)
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with multiplication, identity, and inverse given by

(X1, ..., Xn)(Y1, ..., Yn) := (X1Y1, ..., XnYn),

idG1×···×Gn := (idG1 , ..., idGn),

(X1, ..., Xn)
−1 := (X−1

1 , ..., X−1
n ).

A right action of a Lie-group G on a manifold M is a smooth map ϕ : G × M → M

that satisfies,

ϕ(Y, ϕ(X, ξ)) = ϕ(XY, ξ), (3.3)

ϕ(id, ξ) = ξ, (3.4)

for any X,Y ∈ G and any ξ ∈ M . For a fixed X ∈ G, the partial map ϕX : M → M is
defined by ϕX(ξ) := ϕ(X, ξ). Likewise, for a fixed ξ ∈ M , the partial map ϕξ : G → M is
defined by ϕξ(X) := ϕ(X, ξ). The stabiliser subgroup of ϕ at a point ξ ∈ M is denoted

stabϕ(ξ) := {S ∈ G ϕ(S, ξ) = ξ} .

An action ϕ is called transitive if, for any ξ, ξ′ ∈ M , there exists X ∈ G such that ϕ(X, ξ) =
ξ′. We will choose all symmetries in this thesis to be right actions, noting that any left
action can be transformed to a right action by considering the inverse parameterization of
the group [45]. This choice reflects many widely accepted system models in the robotics
community, where right-handed symmetries are naturally associated with the body-fixed
sensor suites typical for mobile robot applications.

A homogeneous space M is a manifold with a smooth and transitive symmetry action
ϕ : G × M → M , where G is a Lie group. Let m denote the dimension of M . For
any element ξ̊ ∈ M one may always choose an m-dimensional subspace m ⊂ g such
that DE|idϕ(E, ξ̊) is a linear isomorphism m → Tξ̊M . Let ·∧ : Rm → m ⊂ g be a linear
isomorphism that identifies m with Rm, and let its inverse be ·∨ : m → Rm. Then, at least
in a local neighbourhood U ξ̊ of ξ̊, the map ϑ : U ξ̊ ⊂ M → Rm, defined by the unique
element ϑ(ξ) ∈ Rm such that ϕ(exp(ϑ(ξ)∧), ξ̊) = ξ, is well defined and smooth. The map
ϑ : U ξ̊ → Rm is called a normal coordinate chart of the homogeneous space (about ξ̊)
[123]. Note that normal coordinates are not unique since the choice of subspace m and its
identification with Rm are arbitrary.

Proposition 3.2.1. Any right action ϕ : G × M → M induces a right action on vector fields
over M , denoted Φ : G× X(M ) → X(M ), and defined by

Φ(X, f) := DϕX · f ◦ ϕ−1
X ,

for any f ∈ X(M ) and X ∈ G. For a fixed X ∈ G, ΦX is a linear map on X(M ).
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Proof. To see that Φ is a group action, let X,Y ∈ G and f ∈ X(M ). Then,

Φ(Y,Φ(X, f)) = DϕYDϕXf ◦ ϕ−1
X ◦ ϕ−1

Y ,

= DϕXY f ◦ ϕY −1X−1 ,

= Φ(XY, f).

To prove linearity let c1, c2 ∈ R and let f1, f2 ∈ X(M ), then

Φ(X, c1f1 + c2f2)(ξ)

= DϕX(c1f1 + c2f2)(ϕ
−1
X (ξ)),

= c1DϕX(f1)(ϕ
−1
X (ξ)) + c2DϕX(f2)(ϕ

−1
X (ξ)),

= c1Φ(X, f1)(ξ) + c2Φ(X, f2)(ξ),

where the second-last line follows from the linearity of the differential DϕX .

3.2.1 Special Orthogonal Group SO(3)

The special orthogonal group is a matrix Lie group denoted by SO(3) with matrix Lie
algebra so(3). The group and algebra are defined by

SO(3) := {R ∈ R3×3 | R⊤R = I3, det(R) = 1},
so(3) := {W ∈ R3×3 |W⊤ = −W}.

For any column vector Ω = (Ω1,Ω2,Ω3) ∈ R3, the corresponding skew-symmetric matrix
is denoted

Ω× :=

 0 −Ω3 Ω2

Ω3 0 −Ω1

−Ω2 Ω1 0

 ∈ so(3).

This matrix has the property that, for any v ∈ R3, Ω×v = Ω× v where Ω× v is the vector
(cross) product between Ω and v. For any unit vector y ∈ S2 ⊂ R3 and any vector v ∈ R3,

y×y×v = yy⊤v − v. (3.5)

Let the Lie algebra wedge operator be given by Ω∧ := Ω×. Then the adjoint maps have
matrix forms

Ad∨R = R, ad∨Ω× = Ω×,

for any R ∈ SO(3) and Ω× ∈ so(3).
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3.2.2 Scaled Orthogonal Transformations SOT(3)

The scaled orthogonal transformations is a matrix Lie group denoted by SOT(3) with
matrix Lie algebra sot(3). It is the direct product of the special orthogonal group SO(3)

and the multiplicative positive real numbers MR = {a ∈ R | a > 0}. The group and
algebra are defined by

SOT(3) := {aR | R ∈ SO(3), a > 0},
sot(3) := {sI3 +W |W ∈ so(3), s ∈ R}.

For a matrix Q ∈ SOT(3), the notation aQ ∈ MR and RQ ∈ SO(3) represent the scaling
and rotation components of Q, respectively. Likewise, for a matrix U ∈ sot(3), the nota-
tion Ω×

W ∈ so(3), with ΩW ∈ R3, and sW ∈ R represent the angular and scale velocity
components of W , respectively.

Let the Lie algebra wedge operator be given by(
Ω

s

)∧

:= Ω× + sI3,

where Ω ∈ R3 and s ∈ R. Then the adjoint maps have matrix forms

Ad∨Q =

(
RQ 03×1

01×3 1

)
, ad∨W =

(
Ω×
W 03×1

01×3 0

)
,

for any Q ∈ SOT(3) and W ∈ sot(3).

3.2.3 Special Euclidean Group SE(3)

The special Euclidean matrix Lie group is denoted SE(3) with Lie algebra se(3). For a
matrix P ∈ SE(3), the notation RP ∈ SO(3) and xP ∈ R3 represent the rotation and
translation components of P , respectively; that is

P =

(
RP xP

0 1

)
∈ SE(3).

Likewise, for a matrix U ∈ se(3), the notation Ω×
U ∈ so(3), with ΩU ∈ R3, and VU ∈ R3

represent the angular and linear velocity components of U , respectively; i.e.

U =

(
Ω×
U VU

0 0

)
∈ se(3).
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Let the Lie algebra wedge operator be given by(
Ω

V

)∧

:=

(
Ω× V

01×3 0

)

where Ω, V ∈ R3. Then the adjoint maps have matrix forms

Ad∨P =

(
RP 03×3

x×PRP RP

)
, ad∨U =

(
Ω×
U 03×3

V ×
U Ω×

U

)
,

for any P ∈ SE(3) and U ∈ se(3).

3.2.4 Extended Special Euclidean Group SE2(3)

The Extended Special Euclidean group is a matrix Lie group is denoted SE2(3) with Lie
algebra se2(3). For a matrix P ∈ SE2(3), the notation RP ∈ SO(3) and xP , vP ∈ R3

represent the rotation and two translation components of X , respectively; that is

P =

(
RP xP vP

02×3 I2

)
∈ SE2(3).

Likewise, for a matrix U ∈ se2(3), the notation Ω×
U ∈ so(3), with ΩU ∈ R3, and VU , AU ∈

R3 represent the angular and two linear velocity components of U , respectively; i.e.

U =

(
Ω×
U VU AU

02×3 02×2

)
∈ se2(3).

Let the Lie algebra wedge operator be given by

Ω

V

A


∧

:=

(
Ω× V A

02×3 02×2

)

where Ω, V, A ∈ R3. Then the adjoint maps have matrix forms

Ad∨P =

 RP 03×3 03×3

x×PRP RP 03×3

v×PRP 03×3 RP

 , ad∨U =

Ω×
U 03×3 03×3

V ×
U Ω×

U 03×3

A×
U 03×3 Ω×

U

 ,

for any P ∈ SE2(3) and U ∈ se2(3).
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3.3 Almost semi-globally asymptotically stabilising controls and
corrections

The concept of semi-global asymptotic stabilisability was introduced in [124] to model
the dependence of gain on the basin of attraction in feedback stabilisation of a dynamical
system. In the context of an observer analysis, this definition can be transferred to stabil-
isability of the error dynamics by correction. However, the classical concept introduced
by Teel and Praly does not capture topological constraints associated with stability anal-
ysis on manifolds. For a large class of manifolds, including Lie-groups with SO(3) as a
subgroup, these topological constraints prevent the existence of globally smooth asymp-
totically stable error dynamics [125]. On such spaces, smooth error dynamics will always
admit an exception set χ of unstable or hyperbolic critical points that cannot be part of
the basin of attraction of the desired equilibrium.

We consider a system-observer pair, where the observer has the internal model prin-
ciple, coupled through a correction function ∆(x̂, y) depending on the observer state and
system output. We assume that there is a well defined error function e : G × M → M

where G is the observer state space and M is the system state space. The error dynamics
evolve on the manifold M depending on the system and observer state evolution as well
as any exogenous inputs such as velocities.

Definition 3.3.1. An equilibrium e⋆ of the error dynamics of a system-observer pair, on a mani-
fold M , is almost globally stable if its basin of attraction is the complement of an exception set
χ ⊂ M of measure zero.

An equilibrium e⋆ of the error dynamics of a system-observer pair, on a manifold M , is said to
be almost semi-globally stabilisable if, for each compact set K ⊂ M in the complement of an
exception set χ ⊂ M of measure zero, there exists a choice of correction ∆(x̂, y) such that e⋆ is an
asymptotically stable equilibrium of the error dynamics with basin of attraction containing K.



26 Preliminaries and Notation



Chapter 4

Symmetry of Visual Simultaneous
Localisation and Mapping

4.1 Chapter Introduction

Figure 4.1: The Disco Parrot UAV used to gather video data to test the proposed observer.

Simultaneous Localisation and Mapping (SLAM) has been an established problem in
mobile robotics for at least the last 30 years [126]. Visual SLAM (VSLAM) refers to the
special case where the only exteroceptive sensors available are cameras, and is frequently
used to refer to the challenging situation where only a single monocular camera is avail-
able. The inherent non-linearity of the VSLAM problem remains challenging [127] and
state-of-the-art solutions suffer from high computational complexity and poor scalability
[126; 109]. Due to the low cost and low weight, as well as the ubiquity of single camera
systems, the VSLAM problem remains an active research topic [126; 49].

In this chapter we present a novel non-linear equivariant observer for the VSLAM
problem. The approach uses the SLAM manifold state-space proposed in [78] along with
a novel symmetry Lie-group, SLAMV

n(3), introduced by van Goor et al. [5]. We provide
equivariant group actions on the state and output spaces leading to the definition of the

27
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lifted system, a lifted observer and more importantly an intrinsic error that is globally de-
fined. We propose a Lyapunov function expressed in the intrinsic error coordinates and
use this to construct an observer for the visual SLAM problem posed on the symmetry
group SLAMV

n(3). This is in contrast to the majority of state-of-the-art algorithms which
depend on local error coordinates and local linearisation [127]. The recent IEKF results
[52] exploit a global symmetry of the state-space, however, the symmetry used is not com-
patible with visual bearings and the resulting algorithm still depends on local linearisa-
tion of the measurement function. In our proposed algorithm, separate constant gains for
landmark bearing and depth estimates are used, making the design algebraically simple
and leading to low computational cost. We show that the error dynamics are almost semi-
globally asymptotically stabilisable (Def. 3.3). The resulting algorithm has low computation
and memory requirements, making it ideally suited to embedded systems applications
in consumer electronics.

This chapter consists of five sections alongside the introduction and conclusion. In
Section 4.2, we formulate the kinematics, state-space and output of the VSLAM system,
and in Section 4.3 we introduce the Lie group SLAMV

n(3) and its actions on the state
and output spaces. In Section 4.4 we derive a non-linear observer on the Lie group, and
in Sections 4.5 and 4.6 we provide the results of a simulation and a real-world experi-
ment carried out using a Disco Parrot UAV (Figure 4.1). The principal contribution of
the chapter is theoretical and the experimental sections support this by illustrating the
properties of the algorithm and demonstrating that it functions on real-world data. We
do not aspire to provide a comprehensive benchmark of performance against state-of-
the-art SLAM systems in the present chapter.

4.2 Problem Formulation

Fix an arbitrary reference frame {0}. Let P ∈ SE(3) and pi ∈ R3, i = 1, ..., n represent the
robot pose and landmark coordinates, respectively, defined with respect to {0}. The raw
coordinates of the SLAM problem are written (P, p1, ..., pn) ∈ SE(3)×R3 × · · · ×R3. The
notation (P, pi) ≡ (P, p1, ..., pn) is used for simplicity in the sequel.

The physical measurements in a monocular VSLAM system are the bearings (3D di-
rections) of landmarks perceived by the robot. We assume from now on that the observed
landmarks and the robot are not collocated to ensure that the bearing measurements are
well defined. Interestingly, this assumption has a substantive impact on the nature of the
global symmetries that can be admitted. We make this assumption explicit, defining the
VSLAM total space T V

n (3) to be

T V
n (3) =

{
(P, pi) ∈ SE(3)× R3 × · · · × R3 | pi ̸= xP , i = 1, ..., n

}
. (4.1)

We assume that the trajectory of the robot remains in T V
n (3) for all time.

Given two configurations (P, pi), (P ′, p′i) ∈ T V
n (3), then (P, pi) ≃ (P ′, p′i) if there exists

S ∈ SE(3) such that (P, pi) = (S−1P ′, R⊤
S (p

′
i − xS)). That is, two sets of coordinates in
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the total space T V
n (3) are considered equivalent when they are related by a rigid body

transformation of the reference frame {0}. It is straightforward to show the relation ≃ is
an equivalence relation on T V

n (3) and

⌊P, pi⌋ :=
{
(S−1P,R⊤

S (pi − xS)) S ∈ SE(3)
}
.

is the associated equivalence class. The VSLAM manifold is the set

M̊n(3) = {⌊P, pi⌋ | (P, pi) ∈ T V
n (3)} ,

with quotient manifold structure. This is the open subset of the SLAM manifold Mn(3)

considered in [78] without those equivalence classes where a landmark is co-located with
the robot. Two configurations are equivalent on the SLAM manifold, (P 1, p1i ) ≃ (P 2, p2i ),
if and only if the ego-centric coordinates of the landmarks are equal, R⊤

P 1(p
1
i − xP 1) =

R⊤
P 2(p

2
i − xP 2) for all i.

4.2.1 System Dynamics

Assume that the robot is moving in a static environment. Define a velocity input vector
space V = se(3) to contain the rigid-body velocity U ∈ se(3) of the robot. The kinematics
of the VSLAM system are given by the system function f : T V

n (3)× V → TT V
n (3),

d

dt
(P, pi) = f((P, pi), U),

:= (PU, 0). (4.2)

4.2.2 Visual Measurements

The camera measurements are modelled as elements of the sphere S2. Each individual
bearing is given by an output function hi : T V

n (3) → S2,

hi(P, pi) :=
R⊤
P (pi − xP )

∥pi − xP ∥
, (4.3)

The output functions are well defined on M̊n(3) since

hi(S−1P,R⊤
S (pi − xS)) =

(R⊤
SRP )

⊤(R⊤
S (pi − xS)−R⊤

S (xP − xS))

∥R⊤
S (pi − xS)−R⊤

S (xP − xS)∥
,

=
R⊤
P (pi − xP )

∥pi − xP ∥
. (4.4)

The full output space of the VSLAM system is defined as a product of n spheres,

N V
n(3) := S2 × · · · × S2,



30 Symmetry of Visual Simultaneous Localisation and Mapping

with a combined output function h : T V
n (3) → N V

n(3)

h(P, pi) :=

(
R⊤
P (p1 − xP )

∥p1 − xP ∥
, . . . ,

R⊤
P (pn − xP )

∥pn − xP ∥

)
. (4.5)

4.3 Symmetry of Visual SLAM

Define a Lie group

SLAMV
n(3) = SE(3)× SOT(3)n,

with product Lie group structure. The superscript ‘V’ stands for ‘visual’. This Lie group
was first proposed in van Goor et al. [5]. The associated Lie algebra is denoted vslamn(3).
We write elements of SLAMV

n(3) as (A,Qi) ≡ (A,Q1, ..., Qn) ∈ SLAMV
n(3). The group

product, identity and inverse are given by

(A1, (Q1)i) · (A2, (Q2)i) = (A1A2, (Q1Q2)i),

id = (I4, (I4)i), (A,Qi)
−1 = (A−1, Q−1

i ).

4.3.1 State symmetry

Lemma 4.3.1. The mapping Υ : SLAMV
n(3)× T V

n (3) → T V
n (3) defined by

Υ((A,Qi), (P, pi)) := (PA, a−1
Qi
RPAR

⊤
Qi
R⊤
P (pi − xP ) + xPA), (4.6)

is a transitive right group action of SLAMV
n(3) on T V

n (3).

Proof. Trivially, Υ((I4, I4i), (P, pi)) = (P, pi) for any (P, pi) ∈ T V
n (3). Let (A1, (Q1)i), (A2, (Q2)i) ∈

SLAMV
n(3) and (P, pi) ∈ T V

n (3) be arbitrary. Then

Υ((A1, (Q1)i),Υ((A2, (Q2)i), (P, pi)))

= (PA2A1, (a
−1
1 a−1

2 RPA2A1R
⊤
Q1
R⊤
Q2
R⊤
P (p− xP )) + xPA2A1)i),

= Υ((A2A1, (Q2Q1)i), (P, pi)),

= Υ((A2, (Q2)i) · (A1, (Q1)i), (P, pi)).

Thus Υ is a group action. To see that Υ is transitive, let (P, pi), (P ′, p′i) ∈ T V
n (3) be arbi-

trary. Choose (A,Qi) ∈ SLAMV
n(3) to satisfy

A = P−1P ′, aQi =
∥pi − xP ∥
∥p′i − xP ′∥ , RQi

R⊤
P ′(p′i − xP ′)

∥p′i − xP ′∥ =
R⊤
P (pi − xP )

∥pi − xP ∥
.

Then Υ((A,Qi), (P, pi)) = (P ′, p′i).

The action Υ of SLAMV
n(3) on T V

n (3) is shown in Figure 4.2. Given (A,Qi) ∈ SLAMV
n(3)

and (P, pi) ∈ T V
n (3), the action transforms the robot pose P by right-translation by A. The
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landmark points are transformed by considering their body-fixed coordinates; applying
a rotation R⊤

Qi
and scaling a−1

Qi
; transforming them along with the robot pose; and finally

writing the result in inertial coordinates.

Figure 4.2: The action Υ of the VSLAM group on the state space for some given (A,Qi) ∈
SLAMV

n(3) and (P, pi) ∈ T V
n (3). The pose P is mapped to PA. The body fixed frame land-

mark points R⊤
P (pi − xP ) are rotated by R⊤

Qi
and scaled by a−1

Qi
in the body-fixed frame before

transforming with the robot pose to a new point p′i which is then rewritten in the inertial frame.

4.3.2 Output symmetry

There is an action ρ of the SLAMV
n(3) group on the output space such that the measure-

ment function h defined in (4.5) is equivariant with respect to Υ and ρ. The following
lemmas define this action ρ and show the equivariance of h for the proposed SLAMV

n(3)

geometry. The authors know of no output action that makes bearing outputs equivariant
with respect to prior geometries proposed for SLAM [50; 78]. The equivariance structure
enables the development of a globally-defined intrinsic error.

Proposition 4.3.2. The mapping ρ : SLAMV
n(3)× N V

n(3) → N V
n(3) defined by

ρ((A,Qi), yi) = R⊤
Qi
yi, (4.7)

is a right group action of SLAMV
n(3) on N V

n(3).

Proof. The proof is straightforward.

Lemma 4.3.3. The output h : T V
n (3) → N V

n(3) (4.5) is equivariant with respect to actions Υ

(4.6) and ρ (4.7). That is, for any X ∈ SLAMV
n(3) and any ξ ∈ T V

n (3),

h(Υ(X, ξ)) = ρ(X,h(ξ)).
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Proof. Let X = (A,Qi) and ξ = (P, pi) be arbitrary. Then

h(Υ(X, ξ)) = h
(
PA, a−1

Qi
RPAR

⊤
Qi
R⊤
P (pi − xP ) + xPA

)
,

=
R⊤
PA(a

−1
Qi
RPAR

⊤
Qi
R⊤
P (pi − xP ) + xPA − xPA)

∥a−1
Qi
RPAR⊤

Qi
R⊤
P (pi − xP ) + xPA − xPA∥

,

=
R⊤
Qi
R⊤
P (pi − xP )

∥pi − xP ∥
,

= ρ(X,h(ξ)).

4.3.3 Lift of the dynamics

In order to consider the system on the SLAMV
n(3) group, the kinematics from the total

space must be lifted onto the group. A lift is a map Λ : T V
n (3)× V → vslamn(3) such that

DΥ(P,pi)(id) [Λ((P, pi), U)] = f((P, pi), U) (4.8)

where f((P, pi), U) is given by (4.2).

Lemma 4.3.4. The function Λ : T V
n (3)× V → vslamn(3), defined by

Λ((P, pi), U) := (U, (ΛR(U,R
⊤
P (pi − xP )),Λa(U,R

⊤
P (pi − xP )))), (4.9)

where ΛR : se(3)× (R3 \ {0}) → so(3) and Λa : se(3)× (R3 \ {0}) → R+ are given by

ΛR (U, q) :=

(
ΩU +

q × VU
|q|2

)×
, Λa (U, q) :=

q⊤VU
|q|2 ,

is a lift in the sense of (4.8) of the kinematics (4.2) onto vslamn(3) with respect to the group action
(4.6).

Proof. Given (P, pi) ∈ T V
n (3), let qi := R⊤

P (pi − xP ), W×
i := ΛR(U, qi), and wi := Λa(U, qi).

Then

DΥ(P,pi)(id) [Λ((P, pi), U)] = DΥ(P,pi)(id)
[
(U, (W×

i , wi))
]
= (PU, vi) (4.10)

where vi is

vi =
d

ds

∣∣∣∣
s=0

[
(1 + swi)

−1RP (I4+sU)(I3 + sW×
i )⊤qi + xP (I4+sU)

]
.
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Computing this derivative and evaluating at s = 0 one obtains

vi = −wiRP qi +RPΩ
×
Uqi +RP (W

×
i )⊤qi +RPVU ,

= −q
⊤
i VU
|qi|2

RP qi +RPΩ
×
Uqi +RPVU

−RP

(
ΩU +

qi × VU
|qi|2

)×
qi, (4.11)

= −RP
qiq

⊤
i

|qi|2
VU +RPVU +RP

qiq
⊤
i

|qi|2
VU −RPVU , (4.12)

= 0,

where (4.11) follows from substituting for wi and Wi with the full expressions for Λa and
ΛR, and (4.12) follows from cancelling the ΩU term and using the relationship (3.5) as
well as rearranging the first term. The result follows from substituting directly into (4.10)
and recalling (4.2).

4.4 Observer design

Figure 4.3 shows a schematic overview of the proposed observer. The key features of
equivariant observer design are the distinction between the observer state X̂ ∈ SLAMV

n(3)

and the estimated state (P̂, p̂i) ∈ T V
n (3), and the design of the correction term around the

output error (di) = ρ(X̂−1, yi) rather than the raw measurements (yi) ∈ N V
n(3).

Figure 4.3: An overview of the observer system. Note the distinction between the observer state
X̂ and the estimated state (P̂, p̂i), and that the correction term ∆ is based on the output error (di)
rather than the raw measurement (yi).

4.4.1 Lifted System Dynamics

Let ξ = (P, pi) ∈ T V
n (3) denote the true state of the VSLAM system. The kinematics of

ξ are given by (4.2). Choose an arbitrary origin configuration ξ̊ = (P̊, p̊i) ∈ T V
n (3). The
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lifted system is (Lemma 4.3.4)

d

dt
X = XΛ(Υ(X, ξ̊), U), (4.13)

= (AU, (RQΛR, aQΛa)i),

for X = (A,Qi) ∈ SLAMV
n(3). If Υ(X(0), ξ̊) = ξ(0) then trajectories of the lifted system

kinematics project to trajectories of the VSLAM kinematics (4.2) [46]. That is, recalling
(4.6)

(P (t), pi(t)) = Υ(X(t), ξ̊),

= (P̊A, a−1
Qi
RP̊AR

⊤
Qi
R⊤
P̊
(p̊i − xP̊ ) + xP̊A),

for all t ≥ 0, where we have dropped the time dependence of A and Qi from the notation
to improve readability.

4.4.2 Landmark Observer

Let X = (A,Qi) be a trajectory of the lifted system (4.13) associated with a trajectory
ξ = (P, pi) of the true system satisfying (4.2) for measured input signal U = (Ω×

U , VU ). Let
yi := hi(ξ) (4.3) denote the output.

Fix an arbitrary origin configuration ξ̊ = (P̊, p̊i) ∈ T V
n (3). The observer state is X̂ =

(Â, Q̂i) ∈ SLAMV
n(3), with kinematics given by

d

dt
X̂ := X̂Λ(Υ(X̂, ξ̊), U)−∆X̂X̂, X̂(0) = id, (4.14)

where Λ is the lift defined by (4.9) and ∆X̂ = (∆, (Γ, γ)i) ∈ vslamn(3) is a correction
term that is chosen later. The state estimate is given by ξ̂ = (P̂, p̂i) = Υ(X̂, ξ̊) (4.6). Let
ẙi := hi(ξ̊) denote the origin output, and let di denote the output error [46], defined as

di = ρ(X̂−1, yi) = ρ(XX̂−1, ẙi). (4.15)

Define the true range ri = ∥pi − xP ∥ and estimated range r̂i = ∥p̂i − xP̂ ∥ for each i. The
range error is

r̃i =
r̂i
ri
, (4.16)

for each i.
Define the twice differentiable barrier function βϵc : (ϵ,∞) → [0,∞) to be

βϵc(c) :=


(c−c)2

(c−ϵ)2(c−ϵ) , ϵ < c < c

0, c ≥ c
, (4.17)

for parameters 0 < ϵ < c.
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The landmark correction terms Γi and γi for ∆X̂ are defined to be

Γi :=

(
d⊤i RQ̂i

VU

r̂i(1 + d⊤i ẙi)
− ki

(1 + d⊤i ẙi)
2

)
(d×i ẙi)

× +
1

r̂

(
(ẙi − di)

×RQ̂i
VU

)×
,

γi :=
αi
r̂2i

(
(1− d⊤i ẙi)d

⊤
i RQ̂i

VU − ẙ⊤i (di ×RQ̂i
VU )

×di

)
+

1

r̂i
(ẙi − di)

⊤RQ̂i
VU +

αi
r̂i
βϵc(r̂i), (4.18)

where ki and αi are constant positive scalars. The robot pose correction term ∆ ∈ SE(3)

can be chosen to be any continuous function of the observer state and measurements
(cf. §4.4.3).

Theorem 4.4.1. Consider the observer X̂ ∈ SLAMV
n(3) with kinematics (4.14). Assume that

U is bounded, and that y×i y
×
i VU is persistently exciting, in the sense that there exist T > 0 and

µ > 0 such that

1

T

∫ t+T

t
∥y×i y×i VU∥dτ ≥ µ, (4.19)

for each i and all t > 0. Assume that there exist bounds 0 < r < r ∈ R such that

r ≤ ||pi − xP || ≤ r

for all time.

Then the landmark correction terms (4.18) define an almost semi-globally asymptotically sta-
bilising (Def. 3.3) correction term for the error dynamics of di, r̃i (4.15,4.16) around the equilib-
rium (ẙi, 1) with exception set

χ = {(d, r̃)i ∈ (S2 × R+)
n | di = −ẙi for some i ∈ [1, . . . , n]}. (4.20)

Moreover, as (di, r̃i) → (ẙi, 1), the estimated state ξ̂ → ξ converges to the true state up to the
SLAM manifold equivalence.

Proof. The outline of the proof is as follows. We begin by choosing the parameters of the
correction terms to depend on the initial conditions. Next, it is shown that the observer
equations are well-defined for all time. We introduce storage functions in (4.24) and pro-
ceed to show that they are non-increasing over time in (4.25). Then we apply Barbalat’s
lemma along with persistence of excitation to show that the storage functions converge to
zero over time, leading to (4.26) and (4.27). Finally, we show that convergence of the er-
ror dynamics is equivalent to convergence of the true and estimated states on the SLAM
manifold.

Let K be a compact set in the complement of χ (4.20). Then there exists r̃m > 0 such
that (di, r̃i) ∈ K implies that r̃i ≥ r̃m. Choose k0 = 1

2 r̃
m and assume that (di(0), r̃i(0)) ∈
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K. Then

r̃i(0) ≥ k0, r̂i(0) ≥ k0ri(0) ≥ k0r > 0,

for each i. Choose c = r and ϵ = min(k0,
1
2)r. Then r̂i(0) > ϵ > 0 for every i. By

continuity of the solutions there exist Ti > 0 such that r̂i(t) > ϵ and 1 + d⊤i ẙi > 0, and
hence βϵr(r̂i) and Γi are well-defined, for t ∈ [0, Ti). (We will show later that Ti can be
chosen arbitrarily large, and that r̂i(t) > ϵ and 1 + d⊤i ẙi > 0 hold for all time.)

By definition, ri = a−1
Qi
r̊i, and r̂i = a−1

Q̂i
r̊i. Differentiating these with respect to time

yields

ṙi = −V ⊤
U yi,

= −d⊤i RQ̂i
VU ,

˙̂ri = −V ⊤
U ŷi + r̂iγi,

= −V ⊤
U yi + αiβ

ϵ
r(r̂i) +

αi
r̂i

(
(1− d⊤i ẙi)d

⊤
i RQ̂i

VU − ẙ⊤i (di ×RQ̂i
VU )

×di

)
, (4.21)

where ŷi = hi(ξ̂) is the estimated measurement. Since βϵr (4.17) is a barrier function
ensuring that r̂i(t) > ϵ (βϵr(r̂i) → ∞ as r̂i ↘ ϵ) and the remaining terms in (4.21) are
bounded, it follows that r̂i is well defined ∀t ∈ [0, Ti).

Differentiating the output error di yields

ḋi =
d

dt
ρ(XX̂−1, ẙ)i =

d

dt
RQ̂i

R⊤
Qi
ẙi,

=
(
RQ̂i

ΛR(U,R
⊤
P̂
(p̂i − xP̂ ))− ΓiRQ̂i

)
R⊤
Qi
ẙi −RQ̂i

ΛR(U,R
⊤
P (pi − xP ))R

⊤
Qi
ẙi.

Observe that R⊤
P̂
(p̂i − xP̂ ) = r̂iŷi and R⊤

P (pi − xP ) = riyi. Using this, the derivative of di
is simplified to

ḋi = AdRQ̂i
(ΛR(U, r̂iŷi)− ΛR(U, riyi)) di − Γidi,

= AdRQ̂i

(
ŷi × VU
r̂i

− yi × VU
ri

)×
di − Γidi,

=

(
ẙi

×RQ̂i
VU

r̂i
−
d×i RQ̂i

VU

ri

)×

di − Γidi, (4.22)

where the last step is obtained by using various identities involving the skew symmetric
operator.

Recalling (4.22) and using identities involving the skew symmetric operator and pro-
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jector, the derivative of 1− ẙ⊤i di is

d

dt

(
1− ẙ⊤i di

)
= −ẙ⊤i ḋi,

= −ẙ⊤i

(
ẙi

×RQ̂i
VU

r̂i
−
d×i RQ̂i

VU

ri

)×

di + ẙ⊤i Γidi,

= −ẙ⊤i

(
d×RQ̂i

VU

r̂i
−
d×i RQ̂i

VU

ri

)×

di +

(
d⊤i RQ̂i

VU

r̂i(1 + d⊤i ẙi)
− ki

(1 + d⊤i ẙi)
2

)
ẙ⊤i (d

×
i ẙi)

×di,

= (r−1
i − r̂i

−1)ẙ⊤i

(
d×RQ̂i

VU

)×
di +

(
d⊤i RQ̂i

VU

r̂i(1 + d⊤i ẙi)
− ki

(1 + d⊤i ẙi)
2

)
ẙi

⊤Πdi ẙi,

= (r−1
i − r̂i

−1)ẙ⊤i

(
d×RQ̂i

VU

)×
di +

(
d⊤i RQ̂i

VU

r̂i
− ki

1 + d⊤i ẙi

)
(1− d⊤i ẙi). (4.23)

Observe that ki
1−d⊤i ẙi
1+d⊤i ẙi

→ ∞ as 1− d⊤i ẙi ↗ 2. Since all other terms in (4.23) are bounded,

it follows that 1− d⊤i ẙi < 2− ν for some small ν > 0, and hence 1 + d⊤i ẙi > ν > 0 and Γi

is well-defined and bounded for all t ∈ [0, Ti).

We show by contradiction that the domain of definition [0, Ti) can be extended ar-
bitrarily. Suppose, for some i, that T ′

i is the largest value such that Γi and βϵr(r̂i) are
well-defined. Then Γi and βϵr(r̂i) are both bounded on [0, T ′

i ) by the arguments above,
and continuous. It follows that their limits as t → T ′

i exist and are finite. But then, by
continuity of solutions, Γi and βϵr(r̂i) can be extended to [0, T ′

i + t∆) for some sufficiently
small t∆ > 0. This contradicts the assumption that T ′

i is the maximum value for which
Γi and βϵr(r̂i) are well-defined on [0, T ′

i ), and therefore no such maximum value can exist.
Hence Γi and βϵr(r̂i) are well-defined on [0,∞), and so are the observer dynamics.

For each i, define the storage function

li(di, r̃i; ri) :=
ri
2
∥ẙi − di∥2 +

r2i
2αi

(1− r̃i)
2

= ri(1− ẙ⊤i di) +
1

2αi
(ri − r̂i)

2, (4.24)

in the variables (di, r̃i) where the second line follows from ∥di∥ = ∥ẙi∥ = 1 and sub-
stituting for r̃i. Note that li depends on the time varying range ri as a parameter. By
assumption, ri ≥ r > 0 and the storage functions li are positive definite.
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The derivative of li may now be computed as follows:

l̇i = ṙi(1− ẙ⊤i di) + ri
d

dt
(1− ẙ⊤i di) +

1

αi
(ri − r̂i)(ṙi − ˙̂ri),

= −(1− ẙ⊤i di)d
⊤
i RQ̂i

VU + ri(r
−1
i − r̂i

−1)ẙ⊤i

(
d×RQ̂i

VU

)×
di

+ ri

(
d⊤i RQ̂i

VU

r̂i
− ki

1 + d⊤i ẙi

)
(1− d⊤i ẙi) + (r̂i − ri)β

ϵ
r(r̂i)

+ (r̂i − ri)r̂
−1
i (1− d⊤i ẙi)d

⊤
i RQ̂i

VU − (r̂i − ri)r̂
−1
i ẙ⊤i (di ×RQ̂i

VU )
×di,

= ri(r
−1
i − r̂i

−1)ẙ⊤i

(
d×RQ̂i

VU

)×
di − kiri

1− d⊤i ẙi

1 + d⊤i ẙi
+ (r̂i − ri)β

ϵ
r(r̂i)

− (r̂i − ri)r̂
−1
i ẙ⊤i (di ×RQ̂i

VU )
×di,

= −kiri
1− d⊤i ẙi

1 + d⊤i ẙi
+ (r̂i − ri)β

ϵ
r(r̂i). (4.25)

The second term is negative semi-definite, since it is zero when r̂i ≥ r (4.17), and oth-
erwise r̂i < r ≤ ri and r̂i − ri ≤ 0. It follows that l̇i(t) ≤ 0, and li(t) ≤ li(0) for all
t.

Barbalat’s Lemma [128, Lemma 4.2] is used to prove l̇i → 0. To show that l̇i is uni-
formly continuous, it is sufficient to show that l̈i is bounded. Recall that ri is bounded
above and below by assumption, and that r̂i(t) > ϵ for all time. Computing the second
derivative of li, one has

l̈i = −kiṙi
1− ẙi

⊤di

1 + ẙi
⊤di

− 2riẙi
⊤ḋi

(1 + ẙi
⊤di)2

+ (r̂i − ri)
∂βϵr
∂r̂i

˙̂ri.

It suffices to show that the component terms are all bounded. In the first and second
terms, 1/(1 + ẙi

⊤di) is bounded from the above discussion. The components riẙi⊤ḋi and
ṙi(1− ẙi

⊤di) are also bounded due to the boundedness of r̂i, ri, and the assumption that
U is bounded. As for the third term, the component ˙̂ri is bounded since the velocity input
VU is bounded and r̂i is lower bounded. This means that both βϵr(r̂i) and its derivative
with respect to r̂i are bounded. Therefore, l̇i is uniformly continuous, and by Barbalat’s
lemma, l̇i → 0. This implies that di → ẙi, since both terms that appear in l̇i (4.25) are
non-positive .

It remains to show r̃i → 1 (or equivalently r̂i → ri). Applying Barbalat’s Lemma
to di(t) and exploiting the same bounding arguments as before, it is straightforward to
verify that ḋi → 0. It is also easily verified that Γi → 0 as di → ẙi.
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From (4.22), ḋi may be written as

ḋi =

(
ẙi

×RQ̂i
VU

r̂i
−
d×i RQ̂i

VU

ri

)×

di − Γidi,

=
d×i d

×
i RQ̂i

VU

ri
−
d×i ẙi

×RQ̂i
VU

r̂i
− Γidi,

= (r−1
i − r̂−1

i )d×i d
×
i RQ̂i

VU +
d×i (di − ẙi)

×RQ̂i
VU

r̂i
− Γidi,

= (r−1
i − r̂−1

i )RQ̂i
y×i y

×
i VU +

d×i (di − ẙi)
×RQ̂i

VU

r̂i
− Γidi.

Clearly, r̂−1
i d×i (di − ẙi)

×RQ̂i
VU → 0 as di → ẙi. Hence

ḋ→ (r−1
i − r̂−1

i )
(
RQ̂i

yi
×yi

×VU

)
, (4.26)

as di → ẙi. Therefore, (r̂i − ri)
1
r̂iri

∥yi×yi×VU∥ → 0. Recall that ri ≤ r. The estimated
range r̂i is also bounded above by a constant r̂i depending on the initial value of li(0).
Since |ri − r̂i| < (rr̂i)|r−1

i − r̂−1
i |, it follows from (4.26) that

(ri − r̂i)∥yi×yi×VU∥ → 0. (4.27)

Each li must converge to a positive constant c0i ≤ li(0) as l̇i → 0. Therefore, (4.24) ensures

that (r̂i − ri) → ±
√
2αic0i . Integrating (4.27) over a period of time T , and using the fact

that (ri − r̂i) is converging to a constant, it follows that

(ri − r̂i)

∫ t+T

t
∥yi×yi×VU∥dτ → 0.

Using the persistence of excitation assumption (4.19), it must be that r̂i → ri.

Recall the exception set χ (4.20). It is straightforward to verify that this set has mea-
sure zero. Since the initial choice of compact set K in the complement of χ was arbitrary,
then the equilibrium (ẙi, 1) of (di, r̃i) is almost semi-globally asymptotically stabilisable
by the proposed correction terms (Def. 3.3).

Observe that, at the equilibrium,

ŷi = ρ(X̂, ẙi) = ρ(X̂, di) = yi,

r̂i = r̃iri = ri.

Using this, the ego-centric coordinates of the SLAM configuration and their estimates
satisfy

R⊤
P (pi − xP ) = riyi = r̂iŷi = R⊤

P̂
(p̂i − xP̂ ),
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and thus
pi = (RP̂P−1)

⊤(p̂i − xP̂P−1).

Therefore, at the equilibrium point, each pi is related to each p̂i by the same rigid body
transformation S = P̂P−1. Moreover, it is clear that P = S−1P̂ . Hence, the two con-
figurations on T V

n (3) are equivalent on the SLAM manifold, ξ ≃ ξ̂. This completes the
proof.

4.4.3 Total Space Representative

In Theorem 4.4.1 the convergence result is independent of the choice of correction term
∆. This is due to the ego-centric nature of the group action considered and the invariance
properties of the SLAM manifold, which cause the inertial frame of a SLAM system to be
unobservable. In essence, choosing ∆ will influence the element S ∈ SE(3) that relates
the reference and estimated states, but does not influence the convergence of the SLAM
error. Nevertheless, it is clear that as the error converges, it is desirable that the S(t) that
relates the reference and established states converges to a constant, essentially capturing
the “inertial map” property that is desired in visual odometry. It is a key contribution
of this chapter to observe that imposing this constraint is a separate requirement from
the underlying SLAM solution, that is, we must introduce an additional criterion that
captures this property and then use this to design the correction term ∆.

The criterion that we propose to minimize is the weighted mean velocity of the land-
mark points

n∑
i=1

κi∥ ˙̂pi∥2

For a static environment, the true landmark points are not moving. For the observer esti-
mate these points may be moving, due to residue velocity associated with the landmark
error correction, but also importantly, due to the correction term ∆ that is moving the
entire SLAM configuration. The motion due to ∆ will be strongly correlated, while it is
expected that the residue velocity due to the correction terms will be uncorrelated and
for large constellations of points average to zero. Choosing ∆ to minimize this additional
criteria can be thought of as minimizing instantaneous map drift.

Proposition 4.4.2. Let the origin configuration ξ̊ = (P̊, p̊) ∈ T V
n (3), the observer state X̂ =

(Â, Q̂i) ∈ SLAMV
n(3), and the correction term ∆X̂ = (∆, (Γ, γ)i) be defined as in the statement

of Theorem 4.4.1. Let ξ̂ = (P̂, p̂i) = Υ(X̂, ξ̊) ∈ T V
n (3) be the estimated state on the total space,

and let q̂i = R⊤
P̂
(p̂i − xP̂ ) for each i. Then the solution to

∆ = argmin
∆∈se(3)

{
n∑
i=1

κi∥ ˙̂pi∥2
}
, (4.28)
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where κi are positive scalars, is given by

∆ = AdÂ(Ω
×
∆, V∆), (4.29)

where Ω∆ and V∆ are determined by(
Ω∆

V∆

)
= −

(
n∑
i=1

κi

(
q̂×i q̂

×
i q̂×i

−q̂×i I3

))−1

(4.30) n∑
i=1

κi

 q̂×i AdR⊤
Q̂i

(Γi)q̂i

γiq̂i +AdR⊤
Q̂i

(Γi)q̂i

 , (4.31)

so long as the inverse in (4.30) remains well-defined.

Proof. First, observe that

q̂i = R⊤
P̂
(p̂i − xP̂ ),

= R⊤
P̂
(a−1

Q̂i
RP̂R

⊤
Q̂i
R⊤
P̊
(p̊i − xP̊ ) + xP̂ − xP̂ ),

= a−1

Q̂i
R⊤
Q̂i
R⊤
P̊
(p̊i − xP̊ ).

Equation (4.28) presents a weighted least squares problem, and to solve it we analyse the
component expressions κi ˙̂pi. The time derivative of each p̂i needs to be computed. Recall
that the velocity lift Λ is defined precisely so that ˙̂pi = 0 when the correction terms are set
to zero. Since differentiation is a linear operation, this means that

˙̂pi =
d

dt

(
RP̊ Âa

−1

Q̂i
R⊤
Q̂i
R⊤
P̊
(p̊i − xP̊ ) + xP̊ Â

)
= −RP̊ ÂΩ×

∆a
−1

Q̂i
R⊤
Q̂i
R⊤
P̊
(p̊i − xP̊ )−RP̊ ÂV∆

+ γiRP̊ Âa
−1

Q̂i
R⊤
Q̂i
R⊤
P̊
(p̊i − xP̊ ) +RP̊ Âa

−1

Q̂i
R⊤
Q̂i
ΓiR

⊤
P̊
(p̊i − xP̊ ),

= −RP̊ ÂΩ×
∆q̂i −RP̊ ÂV∆ + γiRP̊ Âq̂i +RP̊ ÂAdR⊤

Q̂i

(Γi)q̂i,

∥ ˙̂pi∥ = ∥ − Ω×
∆q̂i − V∆ + γiq̂i +AdR⊤

Q̂i

(Γi)q̂i∥,

=

∥∥∥∥∥(−q̂×i I3

)(Ω∆

V∆

)
−
(
γiq̂i +AdR⊤

Q̂i

(Γi)q̂i
)∥∥∥∥∥ .

Therefore, by the theory of Weighted Least Squares, (4.30) is exactly the solution to (4.28),
as required.

Proposition 4.4.2 provides a clear way to choose a correction term based on the static
landmark assumption, and allows for scalars κi to be chosen to weight the optimisa-
tion. The computational and memory costs of the correction terms scale linearly with
the number of landmarks as opposed to alternative observer designs [126; 109] which
scale quadratically. The correction term ∆ may be chosen in another way, such as by
finding the solution of an optimisation problem involving previous measurements and
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inputs. However, regardless of the choice of ∆ the stability of the observer on the SLAM
manifold is guaranteed according to Theorem 4.4.1.

4.5 Simulation Results

To verify the landmark observer design in Theorem 4.4.1 and the robot correction term
in Proposition 4.4.2, we conducted a simulation of a flying vehicle equipped with a
monocular camera, observing 5 stationary landmarks as it moves in a circular trajec-
tory with a constant body-fixed velocity U = (Ω×

U , VU ), where ΩU = (0, 0, 0.5)rad/s
and VU = (1.5, 0, 0)m/s. For simplicity, it is assumed that the camera frame coincides
with the body-fixed frame of the vehicle. The initial position of the vehicle was set to
(3, 3, 5)m with its rotational axes aligned with the inertial frame {0}. The positions of
the landmarks were initialised to random positions (p1i , p

2
i , 0) on the ground plane with

p1i , p
2
i ∼ N(0, 52)m.

The origin position P̊ of the robot is set to the identity I4, and the origin landmark
positions p̊i are set to 10yi(0), where yi(0) are the measured bearings to the true landmark
positions at time 0. That is, the estimated points are initialised with correct bearings and
an arbitrary depth of 10 m. The observer is defined on VSLAM5(3) with kinematics
given by (4.14), landmark correction terms (Γi, γi) given by (4.18), where ki = 5 and
αi = 500, and robot correction term ∆ given as in Proposition 4.4.2 with κi = 1. At the
end of the simulation, the estimated system state is aligned with the true system state
by matching the true and estimated robot poses. Figure 4.4 shows the trajectories of
estimated landmark positions and robot position over time, as well as the true landmark
positions and the true robot trajectory, and Figure 4.5 shows the evolution of each of the
landmarks’ associated storage functions, as defined in (4.24).

This simulation provides a simple demonstration of performance of the proposed ob-
server and illustrates typical trajectories of the landmark estimates during a repeating
motion such as the circle. The estimated landmark positions can be seen to converge
to the true landmark positions in a natural manner. The choice to initialise landmarks
as having a bearing matching the initial measurement is a natural one for practical im-
plementation of the algorithm, although Theorem 4.4.1 provides that almost any initial
conditions will converge. This almost semi-global convergence is a key property of the
observer presented here that is not available in many of the state-of-the-art solutions.

4.6 Experimental Results

To demonstrate the observer described in Theorem 4.4.1 in a real-world scenario, we
gathered video, GPS, and IMU data from a Disco Parrot fixed-wing UAV flying out-
doors. Image features were identified using OpenCV’s goodFeaturesToTrack, and subse-
quently tracked using OpenCV’s calcOpticalFlowPyrLK. These image features were then
corrected for camera intrinsics and converted to spherical bearing coordinates before be-
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Figure 4.4: The simulated trajectories of observer landmark estimates from initial positions with
correct bearings but fixed depth of 10m. The observer landmark trajectories are shown in a range
of colours matching those used in Figure 4.5, and the true landmark positions are shown in red.
The observer robot trajectory is shown in blue, and the true robot trajectory is shown in black.
The (◦) and (⋆) markers, respectively, denote the start and end of the trajectories of all the objects
shown.

ing used as landmark inputs to the observer. Landmarks are added to the system state
after being observed for two frames so that their depths can be initialised from optical
flow. When a landmark is no longer visible, it is removed from the observer state.

Initially, the input velocities U = (ΩU , VU ) to the system were estimated by combin-
ing the GPS signal (to obtain scale information) with egomotion estimated using the IMU
and optical flow from the video stream, as outlined in [129]. Once sufficiently many land-
marks are initialised, the optical flow vectors of each of the landmarks were combined
with the existing landmark estimates to compute the input velocity U = (ΩU , VU ). The
observer was implemented using Euler integration with gain parameters set to ki = 5.0

and αi = 0.5 for each i. The video recorded had a frame rate of 30 fps, leading to the
Euler integration step being set to dt = 0.033 s. GPS data was recorded at 25 Hz in order
to compare with the observer’s estimated trajectory. The observer trajectory was aligned
to the GPS trajectory using the Umeyama method [130]. Figure 4.6 shows the aligned
trajectories according to the observer and according to the GPS in the x and y directions,
where the z direction refers to the plane’s altitude. Figure 4.7 shows the final positions of
all landmark points in addition to the observer- and GPS-estimated trajectories. Figure
4.8 shows a frame taken from the video stream used in the experiment, with lines to rep-
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Figure 4.5: The evolution of the storage functions of each of the landmarks in the system shown
in Figure 4.4. The colours match the colours of the landmark trajectories in Figure 4.4. The initial
convergence of the landmarks is quick as the bearings converge, and then slows as the depths
gradually converge.

resent the optical flow tracking overlaid. A video showcasing the feature tracking system
is available online1. The quality of the trajectory and map provided in Figure 4.7 show
the robustness of the observer to noisy bearing measurements in practice.

4.7 Chapter Conclusion

This chapter presents an observer design posed on a symmetry group for the VSLAM
problem. The SLAM manifold introduced in [78] and the symmetry group discussed in
[5] are reintroduced and exploited in the observer design. The observer is formulated
on output errors, and provides a clear way to change the gains for bearing and depth of
landmarks separately. The almost semi-global convergence of the proposed observer im-
proves on the properties of state-of-the-art Extended Kalman Filter systems, which suffer
from linearisation errors. While research into the development of non-linear observers
for the SLAM problem is only recent, the observer for VSLAM presented in this chapter
demonstrates some of the key advantages the approach can offer.

1https://www.youtube.com/watch?v=QzIxh2eM1_s

https://www.youtube.com/watch?v=QzIxh2eM1_s
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Figure 4.6: The x and y positions of the UAV according to the aligned Observer (blue) and GPS
(red).
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Figure 4.7: The full trajectory of the UAV according to the aligned Observer (blue) and GPS (red),
and the final positions of all of the landmarks, coloured with the colour of the pixel where they
were first observed.
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Figure 4.8: A single frame of the video stream used in the experiment. Red circles represent
the image features being tracked, and yellow lines represent the vector of motion of the image
features between the current frame and the previous frame.



Chapter 5

Equivariant Filter

5.1 Chapter Introduction

The importance of Lie group symmetries in analysing nonlinear control systems has been
recognised since the 1970s [56; 81; 82]. In this chapter, we propose the Equivariant Fil-
ter (EqF): a novel filter design for equivariant kinematic systems posed on homogeneous
spaces. The filter is derived by exploiting the Lie group symmetry of the kinematic sys-
tem to derive global error coordinates. The EqF observer dynamics are defined on the
symmetry Lie group; however, the correction is computed using a Riccati equation as-
sociated with linearised error kinematics about a fixed origin on the homogeneous state
space. The proposed architecture fully exploits the symmetry properties of the system
without requiring that the system model is posed explicitly on the Lie group and applies
to any system with just the basic equivariance property. In contrast, the existing state-
of-the-art observer/filter design methodologies for systems with symmetry depend on
assuming properties of the system; invariance for the constructive designs [46] or the
more general group affine structure that is only defined for systems with Lie group state
space for the IEKF designs [48]. Interestingly, the proposed EqF specialises to the IEKF
[48] when the system considered is posed directly on a Lie group and displays the spe-
cific group affine structure required for the IEKF derivation. Barrau et al. [48] showed
that the IEKF admits an exact linearisation of the deterministic part of the state equation
of the error dynamics, a property that the EqF shares on compatible systems, leading to
significant performance gains versus an EKF derived without regard for the symmetry.
In addition, the EqF is designed to accommodate symmetries that are compatible with
the configuration output. When such a symmetry is used, we propose a novel approxi-
mation of the output equation that eliminates second-order error in the output linearisa-
tion. Implementing the equivariant filter design methodology with this approximation
leads to improved performance and we term the resulting observer the EqF⋆. The EqF
methodology extends existing filter design methodologies for invariant systems by both
applying to a broad class of systems on homogeneous spaces (rather than only systems
with Lie group state space) and exploiting equivariance of the configuration output to
further enhance filter performance compared to state-of-the-art.

We demonstrate the potential of the EqF and EqF⋆ using a simple example of single-

47
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bearing estimation; that is, the problem of determining the bearing of a fixed direction
(with state space the sphere S2) in an inertial frame with respect to a rotating frame with
known angular velocity. There are no global coordinates on the sphere and application
of the EKF requires consideration of local or embedded coordinates. Moreover, the state
space is not a Lie group, precluding the direct application of filter design methods that
require a Lie group state space. We simulate a classical EKF, the EqF and the EqF⋆ on this
system. The simulation results demonstrate the known advantage [48] of exploiting sym-
metry versus (even a careful) EKF design in local coordinates and goes on to demonstrate
a significant performance advantage for the EqF⋆ over the standard EqF. The interested
reader can also find a more tutorial exposition of equivariant observer design with a dis-
cussion of the equivariant filter in the preprint [4].

In §5.2, the design of an EKF for the example of single-bearing estimation is detailed
to motivate the developments in the sequel. General systems on homogeneous spaces
are defined and discussed in §5.3. In §5.4, the notion of a lifted system is used to develop
the dynamics of a global state error by exploiting the Lie symmetry. We also discuss the
linearisation of the error dynamics and show that the existence of an equivariant output
leads to a better (lower error) linearisation of the output map. In §5.5, the EqF equations
are presented and we provide some insight into tuning the filter in practice. The exam-
ple problem of single-bearing estimation is revisited in §5.6. We show simulation results
to demonstrate the performance of the EqF and EqF⋆ compared to an EKF. In §5.7, we
provide concluding remarks. In Appendix A, we provide a step-by-step design method-
ology for implementing an EqF, and in Appendix B we show how the EqF specialises
to the invariant extended Kalman filter for a specific subclass of systems on Lie groups.
Open source code1 is publicly available for the implementation of the EqF for general
systems based on numerical differentiation.

5.2 Motivating Example

In this section we present the problem of single bearing estimation. This example has
been chosen to be as simple as possible algebraically while presenting a problem where
the equivariant filter approach is of interest. Consider a robot equipped with a gyro-
scope that measures its angular velocity Ω ∈ R3 and a magnetometer that measures the
magnetic field in the robot’s body-fixed frame η ∈ S2. The noise free dynamics of η are

η̇ = fΩ(η) := −Ω×η. (5.1)

1https://github.com/STR-ANU/auto_eqf

https://github.com/STR-ANU/auto_eqf
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where Ω× ∈ R3×3 is the matrix

Ω× :=

 0 −Ω3 Ω2

Ω3 0 −Ω1

−Ω2 Ω1 0

 .

The noise free measurement model considered is a 3-axis magnetometer

y = h(η) = cmη ∈ R3, (5.2)

where cm is the (known) magnetic field strength. The system is nonlinear due to the
manifold structure of the sphere S2 comprising both its state and its measurement.

Since the system is nonlinear, a nonlinear filter design is required and the extended
Kalman filter is the industry standard choice. To provide context for the main contribu-
tion of the chapter we provide a sketch of the derivation of a classical EKF on the sphere
for direction estimation. In Section 5.6 we will provide simulation results that compare
the classical EKF for this problem to the proposed EqF that is the main contribution of
the chapter.

EKF for direction estimation: The EKF requires a system to be written in Euclidean
coordinates and one must either choose local coordinates for the sphere or embed the
sphere in R3 and introduce a state constraint in the filter design [131]. The sphere S2

has many possible choices of local coordinates, some of which cover the space almost
globally. However, all choices introduce significant nonlinearities in the system dynam-
ics leading to loss of filter performance. To avoid this, and provide a state-of-the-art
EKF implementation, we instead choose to implement the EKF by embedding the sys-
tem dynamics (5.1) and measurement (5.2) from the sphere into R3 and incorporating a
nonlinear state constraint as in [131]. That is, the extended noise free system in R3 is

η̇ = −Ω×η,

h(η) = cm
η

|η| ,

g(η) = ∥η∥2 = 1, (5.3)

where g is the nonlinear state constraint, and can be treated as an additional measure-
ment. This approach is particularly attractive for direction estimation on the sphere since
the embedded dynamics (5.1) on R3 are linear time-varying. Let η̂ ∈ R3 be the EKF state
estimate and define the state error and innovation η̃ := η − η̂ ∈ R3 and ỹ := h(η)− h(η̂),
respectively. The output linearisation is given by

ỹ = cm

(
I3 −

η̂η̂⊤

η̂⊤η̂

)
η̃ +O(|η̃|2), (5.4)
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noting that η̂ ∈ R3. The constraint innovation z̃ = g(η)− g(η̂) has linearisation

z̃ = −2η̂⊤η̃ +O(|η̃|2). (5.5)

The linearised constraint must be assigned a nonzero virtual covariance to avoid the filter
from becoming singular, and this choice is a design parameter without stochastic justifi-
cation.

The proposed EKF described above delivers the best performance for a classical EKF
design for the direction estimation problem that the authors are aware of. However, it
is clear that applying a classical EKF to this problem is not straightforward. The practi-
tioner must choose between local and embedded coordinates. The former are not globally
well-defined and introduce linearisation errors. The latter require the introduction and
linearisation of state constraints. The resulting algorithms are not intrinsic in any sense,
depending on a whole sequence of design decisions, and although the performance of
the filters is accepted, a question always remains about whether a different choice of co-
ordinates, or an embedding with a different state constraint could have improved the
results.

5.3 Problem Description

Let M be a smooth m-dimensional manifold termed the state space. An affine (kinematic)
system on M may be written

ξ̇ = f0(ξ) +
∑
i

fi(ξ)ui,

for some vector fields f0, f1, ..., fl ∈ X(M ) and scalar input signals u1, ..., ul ∈ R. Such a
system is represented by an affine system function [4]

f : L → X(M ),

u 7→ fu ∈ X(M ), (5.6)

where fu(ξ) := f0(ξ) +
∑

i fi(ξ)ui and L is a real vector space termed the input space with
u = (u1, ..., ul) ∈ L the components of u. We refer to f0 as the drift term of the system and
fi as the input vector fields. Trajectories ξ(t) ∈ M on a time interval [0,∞) of the system
considered are solutions of the ordinary differential equation

ξ̇ = fu(t)(ξ), ξ(0) ∈ M , (5.7)

with initial condition ξ(0) and measured input signal u(t) ∈ L. We will assume u(t) is suf-
ficiently smooth to ensure unique well defined solutions for all time. The configuration
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output [45] for a kinematic system is a function

h : M → N ⊂ Rn, (5.8)

where N is a smooth manifold termed the output space, embedded in Rn.

5.3.1 Systems on Homogeneous Spaces

Let G be a Lie group with Lie algebra g, and suppose that M is a homogeneous space of
G; that is, there exists a smooth, transitive, right group action of G on M ,

ϕ : G× M → M . (5.9)

A lift [45] for the system function (5.7) is a map Λ : M × L → g satisfying

DX |idϕξ(X) [Λ(ξ, u)] = fu(ξ), (5.10)

for every ξ ∈ M and u ∈ L. Any kinematic system (5.7) defined on a homogeneous
space admits a lift Λ : M × L → g satisfying (5.10) [46; 45]. In the particular case where
DX |idϕξ(X) is invertible (ϕ is a free group action [132]), the lift is unique [45].

5.3.2 Equivariant Systems

Equivariance of a system is a powerful structural property that can be formulated for any
system on a homogeneous space. There are many established examples of equivariant
systems [28; 59; 133; 42; 47; 48; 134; 1] where exploiting the equivariant structure has led
to high performance observers and filters.

A kinematic system (5.7) is termed equivariant if there exists a smooth right group
action ψ : G× L → L such that

DϕXfu(ξ) = fψX(u)(ϕX(ξ)),

for all u ∈ L, ξ ∈ M and X ∈ G. In this case, one has

fψX(u)(ξ) = fψX(u)(ϕX(ϕ
−1
X (ξ))),

= DϕXfu(ϕ
−1
X (ξ)),

= ΦXfu(ξ). (5.11)

That is, fψX(u) = ΦXfu as vector fields on M , or equivalently, the diagram

L
ψX

//

f
��

L

f
��

X(M )
ΦX

// X(M )
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commutes for every X ∈ G.
Suppose the system (5.7) is equivariant with state symmetry ϕ : G × M → M and

input symmetry ψ : G× L → L. A lift Λ for the system is equivariant if

Λ(ϕ(X, ξ), ψ(X,u)) = AdX−1 Λ(ξ, u), (5.12)

for all X ∈ G, ξ ∈ M , and u ∈ L, or equivalently, the diagram

g
AdX−1

// g

M × L
ϕX×ψX

//

Λ

OO

M × L

Λ

OO

commutes for every X ∈ G.

Remark 5.3.1. On a matrix Lie group where the group action is right translation, the lift is just
Λ(X,u) = X−1Ẋ = X−1fu(X) ∈ g. However, for a general system on a homogeneous space
there may be many choices of equivariant lift. In such a case, an equivariant lift can be found by
expanding the conditions (5.10) and (5.12) for the particular system, and searching for a solution
for Λ [45].

The system (5.6) has equivariant output if there exists an action ρ : G × N → N satis-
fying

ρ(X,h(ξ)) = h(ϕ(X, ξ)), (5.13)

for all X ∈ G and ξ, or equivalently, the diagram

M
ϕX
//

h
��

M

h
��

N ρX
// N

commutes for every X ∈ G.

5.4 Equivariant Error System

The filter design proposed in this chapter can be applied to any equivariant system where
an equivariant lift can be found. In [45] the authors showed that any system on a homo-
geneous space can be extended to an equivariant system, and for any equivariant system
an equivariant lift can always be constructed although the resulting construction may be
infinite dimensional in the input space. Thus, in principle, the proposed EqF design ap-
plies to all systems on homogeneous spaces, although the authors note that the primary
systems of interest are those which are equivariant directly, or for which the extension
terminates in a finite dimensional input space.
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5.4.1 Observer Architecture

Consider an equivariant kinematic system (5.7) with state symmetry ϕ : G × M → M

and input symmetry ψ : G × L → L. Let Λ : M × L → g be an equivariant lift for this
system. Given a fixed but arbitrary ξ̊ ∈ M and a known input signal u(t) ∈ L, the lifted
system [45] is defined by the ODE

Ẋ = DLXΛ(ϕ(X, ξ̊), u), ϕ(X(0), ξ̊) = ξ(0), (5.14)

where X(t) ∈ G. The trajectory of the lifted system projects down to the original system
trajectory [45] by

ϕ(X(t), ξ̊) ≡ ξ(t). (5.15)

Define the observer state to be an element of the group X̂ ∈ G, and use the lifted system
as the internal model for the observer dynamics

˙̂
X = DLX̂Λ(ϕ(X̂, ξ̊), u) + DRX̂∆, X̂(0) = id, (5.16)

where the correction term ∆ remains to be chosen [45; 4].
The state estimate of the observer is given by the projection

ξ̂ = ϕ(X̂(t), ξ̊).

Thus, the state of the observer is posed on the symmetry group rather than the state
space of the system kinematics. The correction term ∆ will be chosen by applying a
Riccati observer to global error dynamics linearised about the fixed origin ξ̊.

5.4.2 Global Error Dynamics

Let ξ ∈ M be the true state of the system. Choose an arbitrary fixed origin ξ̊ ∈ M and let
X̂ ∈ G be a state observer with dynamics given by (5.16). Define the global state error

e := ϕ(X̂−1, ξ). (5.17)

Note that ϕ(X̂, ξ̊) = ξ if and only if e = ξ̊. Therefore, the goal of the filter design will be
to drive e→ ξ̊. Define the origin velocity

ů := ψ(X̂−1, u). (5.18)

Note that the origin velocity ů(t) can always be constructed since both X̂(t) and u(t) are
available to the observer. The action ψ(X̂−1, u) is the equivariant system generalisation
of the well known adjoint action AdX̂ U that transforms between left and right invariant
algebra elements for invariant vector fields on a Lie group. In the error dynamics (5.19)
derived below, the action ψX̂−1 transforms the measured system input into the correct



54 Equivariant Filter

representation for the error dynamics around the chosen origin ξ̊.

Lemma 5.4.1. Let the global state error e be defined as in (5.17) and the origin velocity ů be
defined as in (5.18). The dynamics of e are given by

ė = Dϕe

(
Λ(e, ů)− Λ(ξ̊, ů)−∆

)
, (5.19)

and depend only on e, ů and the correction ∆.

Proof. Let X(t) be a solution to the lifted system (5.14) satisfying ϕ(X(0), ξ̊) = ξ(0). Then
ξ ≡ ϕ(X, ξ̊), and

e = ϕ(X̂−1, ξ) = ϕ(XX̂−1, ξ̊) = ϕ(E, ξ̊), (5.20)

where E := XX̂−1. Computing the dynamics of E, one has

Ė = DRX̂−1DLXΛ(ϕ(X, ξ̊), u)−DLXDLX̂−1DRX̂−1

(
DLX̂Λ(ϕ(X̂, ξ̊), u) + DRX̂∆

)
,

= DLE AdX̂

(
Λ(ϕ(X, ξ̊), u)− Λ(ϕ(X̂, ξ̊), u)

)
−DLE∆,

= DLE

(
Λ(ϕ(E, ξ̊), ψ(X̂−1, u))− Λ(ξ̊, ψ(X̂−1, u))

)
−DLE∆, (5.21)

where the last line follows from the equivariance of the lift. Recalling (5.18), the dynamics
of e follow from (5.20) and (5.21),

ė = Dϕξ̊Ė,

= Dϕϕ(E,ξ̊)DLE−1Ė,

= Dϕe

(
Λ(ϕ(E, ξ̊), ů)− Λ(ξ̊, ů)−∆

)
,

= Dϕe

(
Λ(e, ů)− Λ(ξ̊, ů)−∆

)
,

as required.

5.4.3 Linearisation

Error Dynamics

Let e ∈ M denote the global state error (5.17), and let ů ∈ L denote the origin velocity
(5.18). Fix a local coordinate chart ϑ : U ξ̊ → Rm where U ξ̊ ⊂ M is a neighbourhood of the
fixed origin ξ̊, and ϑ(ξ̊) = 0. Let ε be the local coordinates of the state error,

ε = ϑ(e). (5.22)

The EqF correction is designed by linearising the pre-observer error dynamics of ε at zero,
that is the dynamics (5.19) with the correction term ∆ ≡ 0 set to zero.
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Lemma 5.4.2. Let ϑ be local coordinates on M in an open neighbourhood U ξ̊ ⊂ M around ξ̊.
Assume e(t) ∈ U ξ̊ for all time. The linearised pre-observer (∆ ≡ 0) dynamics of e(t) about ε = 0

are

ε̇ = Åtε+O(|ε|2), (5.23)

Åt := De|ξ̊ϑ(e) ·DE |idϕξ̊(E) ·De|ξ̊Λ(e, ů) ·Dε|0ϑ−1(ε). (5.24)

Proof. The nonlinear pre-observer dynamics of the global state error (5.19) in local coor-
dinates ε = ϑ(e) are

ε̇ = Dϑ ·Dϕϑ−1(ε)(Λ(ϑ
−1(ε), ů)− Λ(ξ̊, ů)). (5.25)

Clearly, Λ(ϑ−1(0), ů) = Λ(ξ̊, ů) since ϑ−1(0) = ξ̊. Hence, linearising ε̇ about ε = 0 yields

Dϑ ·Dϕϑ−1(ε)(Λ(ϑ
−1(ε), ů)− Λ(ξ̊, ů))

= Dϑ ·Dϕϑ−1(0)(Λ(ϑ
−1(0), ů)− Λ(ξ̊, ů))

+ Dε|0
(
Dϑ ·Dϕϑ−1(ε)(Λ(ϑ

−1(ε), ů)− Λ(ξ̊, ů)
)
[ε] +O(|ε|2), (5.26)

= Dε|0
(
Dϑ ·Dϕϑ−1(ε)

)
[ε] ·

(
Λ(ϑ−1(0), ů)− Λ(ξ̊, ů)

)
+Dϑ ·Dϕϑ−1(0) ·Dε|0

(
Λ(ϑ−1(ε), ů)− Λ(ξ̊, ů)

)
[ε] +O(|ε|2), (5.27)

= Dϑ ·Dϕξ̊ ·De|ξ̊Λ(e, ů) ·Dϑ−1[ε] +O(|ε|2), (5.28)

= Åtε+O(|ε|2).

Here (5.26) is the first order Taylor expansion in local coordinates about ε = 0. Equation
(5.27) follows since Λ(ϑ−1(0), ů)−Λ(ξ̊, ů) = 0 and by expanding the first-order term using
the product rule. Equation (5.28) is the result of applying Λ(ϑ−1(0), ů) − Λ(ξ̊, ů) = 0 to
eliminate the first term, while noting that Dε|0Λ(ξ̊, ů) ≡ 0 and applying the chain rule to
simplify the second term in (5.27). The final line follows from (5.24).

The primary role of the error dynamics linearisation is in the covariance propaga-
tion instantiated in the Ricatti equation (5.37) where the covariance is propagated along
the pre-observer trajectories [4]. Barrau and Bonnabel [48] showed that, if the manifold
M = G, the origin is chosen ξ̊ = id, the local coordinates are chosen ϑ(e) := log(e), and
the system dynamics are ‘group affine’ (cf. Appendix B), then the pre-observer dynamics
are exact, ε̇ = Åtε. This exact linearisation of the pre-observer error dynamics removes
the O(|ε|2) linearisation error and significantly improves the performance of the filter
by reducing linearisation error in the Ricatti equation. Even without the group affine
property, the equivariant structure of the error dynamics provides significant advantages
over the standard EKF. The error dynamics are linearised at a single point ξ̊ and using
a single coordinate chart ϑ, which can be designed intentionally to minimise the O(|ε|2)
linearisation error. As we show in Lemma 5.4.3, it is also possible to exploit the equiv-
ariant system structure to reduce linearisation error in the output approximation, further
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improving the filter performance.

System Output

Consider the state error e (5.17), and let ξ ∈ M and X̂ ∈ G denote the true system state
and observer state respectively. Let ε ∈ Rm represent local coordinates for e as in (5.22).
The output y = h(ξ) can be written

h(ξ) = h(ϕ(X̂, e)) = h(ϕX̂(ϑ
−1(ε))). (5.29)

Note that substituting ε = 0 gives

h(ϕX̂(ϑ
−1(0))) = h(ϕX̂(ξ̊)) = h(ξ̂).

In common with error state Kalman filters, the output y = y(ε) is considered as a function
of the error (5.29) while the predicted output ŷ = h(ξ̂) is considered an independent
signal. Define the output residual

ỹ = y(ε)− ŷ. (5.30)

Linearising ỹ as a function of ε ∈ Rm around ε = 0 yields

ỹ = Ctε+O(|ε|2), (5.31)

Ct := Dξ|ξ̂h(ξ) ·De|ξ̊ϕX̂(e) ·Dε|0ϑ−1(ε). (5.32)

The matrix Ct ∈ Rn×m, the Jacobian of (5.29), is termed the standard output matrix.

Equivariant Output Linearisation

When the system has output equivariance, the linearisation of the output function can
be improved to obtain O(|ε|3) error. A filter’s ability to incorporate information from
measurements correctly is fundamental to its robustness and transient performance. As
shown in the simulation results in §5.6, the equivariant output linearisation presented
below greatly improves the EqF performance both with and without the presence of noise
in the measurement signals.

Lemma 5.4.3. Suppose the local coordinates ϑ : U ξ̊ ⊂ M → Rm are normal coordinates of the
Lie group about ξ̊. Then

ỹ = C⋆t ε+O(|ε|3), (5.33)

C⋆t ε =
1

2

(
DE|idρ(E, y) + DE|idρ(E, ŷ)

)
AdX̂−1 ε

∧, (5.34)

where ·∧ : Rm → m ⊂ g is the identification of m with Rm used in defining ϑ.
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Proof. By construction ϑ−1(ε) = ϕξ̊(exp(ε
∧)) = e. Recalling (5.29) and (5.30) one has

ỹ(ε) = h(ϕ(X̂, ϕ(exp(ε∧), ξ̊)))− h(ϕ(X̂, ξ̊)).

Clearly, ỹ(0) = 0. Using the equivariance of h, one has

h(ϕ(X̂, ϕ(exp(ε∧), ξ̊))) = h(ϕ(exp(ε∧)X̂, ξ̊)),

= h(ϕ(X̂X̂−1 exp(ε∧)X̂, ξ̊)),

= h(ϕ(exp(AdX̂−1(ε
∧)), ϕX̂(ξ̊))),

= ρ(exp(AdX̂−1(ε
∧)), h(ξ̂)).

Setting ŷ = h(ξ̂) and differentiating ỹ at ε = 0 in a direction γ ∈ Rm yields

Dx|0ỹ(x)[γ] = DE|idρŷ(E)AdX̂−1 γ
∧.

Although this formula allows for an arbitrary γ ∈ Rm, the linearisation is computed for
γ = ε.

The fact that the linearisation is computed in the same direction ε as the coordinates of
the error can be exploited along with equivariance to obtain a second linearisation point.
In particular, we will compute the differential of y at ε = ϑ(e) in direction ε. Note that
ϕξ̊(exp(ε

∧)) = ϕ(X̂−1, ξ), and therefore ϕξ̊(exp(ε
∧)X̂) = ξ. Then

Dx|εỹ(x)[ε] =
d

dt

∣∣∣∣
t=0

h(ϕ(exp((1 + t)ε∧)X̂, ξ̊)),

=
d

dt

∣∣∣∣
t=0

h(ϕ(exp(ε∧) exp(tε∧)X̂, ξ̊)),

=
d

dt

∣∣∣∣
t=0

h(ϕ(exp(ε∧)X̂X̂−1 exp(tε∧)X̂, ξ̊)),

=
d

dt

∣∣∣∣
t=0

h(ϕ(X̂−1 exp(tε∧)X̂, ξ)),

=
d

dt

∣∣∣∣
t=0

ρ(exp(tAdX̂−1 ε
∧), h(ξ)),

= DE|idρ(E, y)AdX̂−1 ε
∧.

Although the differential is posed at the unknown error state ε, it is evaluated using only
the known measurement data y.

Consider the Taylor expansion of the differential Dx|εỹ(x) with respect to ε around
ε = 0:

Dx|εỹ(x)[·] = Dx|0ỹ(x)[·] + D2
x|0ỹ(x)[ε, ·] +O(|ε|2),
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and hence

D2
x|0ỹ(x)[ε, ε] = Dx|εỹ(x)[ε]−Dx|0ỹ(x)[ε] +O(|ε|3).

The result (5.34) follows from taking the Taylor expansion of ỹ with respect to ε and
substituting

ỹ(ε) = ỹ(0) + Dx|0ỹ(x)[ε] +
1

2
D2
x|0ỹ(x)[ε, ε] +O(|ε|3),

=
1

2
(Dx|εỹ(x)[ε] + Dx|0ỹ(x)[ε]) +O(|ε|3),

=
1

2
(DE|idρ(E, y) + DE|idρ(E, ŷ))AdX̂−1 ε

∧ +O(|ε|3).

5.5 Equivariant Filter (EqF)

Consider a kinematic system (5.6) with a state symmetry ϕ : G × M → M . Assume the
system is equivariant with input symmetry ψ : G × L → L and has an equivariant lift
Λ : M ×L → g. Let ξ ∈ M denote the true state of the system, with trajectory determined
by the measured input u ∈ L. Denote the configuration output y = h(ξ).

We construct the Equivariant Filter (EqF) as follows. Let X̂ ∈ G denote the observer
state. Pick an arbitrary fixed origin ξ̊ ∈ M . For a general output map, set Ct to be the
standard output matrix defined in (5.31). If the system has output equivariance then set
Ct = C⋆t to be the equivariant output matrix as defined in (5.34). In this case the resulting
algorithm is termed the EqF⋆. Let Åt denote the state matrix as defined in (5.24). Choose
an initial value for the Riccati term Σ0 ∈ S+(m), where S+(m) is the set of positive-
definite symmetric m × m matrices, and pick a state gain matrix Mt ∈ S+(m) and an
output gain matrix Nt ∈ S+(n). Choose a right inverse DE |idϕξ̊(E)† of DE |idϕξ̊(E); that
is, DE |idϕξ̊(E) ·DE |idϕξ̊(E)† = id.

The proposed equivariant filter is given by the solution of

˙̂
X = DLX̂Λ(ϕ(X̂, ξ̊), u) + DRX̂∆, X̂(0) = id, (5.35)

∆ = DE |idϕξ̊(E)†Dϑ−1ΣC⊤
t N

−1
t (y − h(ϕ(X̂, ξ̊))), (5.36)

Σ̇ = ÅtΣ+ ΣÅt
⊤
+Mt − ΣC⊤

t N
−1
t CtΣ, Σ(0) = Σ0. (5.37)

If the pair (Åt, Ct) is uniformly observable in the sense of Proposition 1 of [135], then
Σ(t) is bounded above and below, and the Riccati equation (5.37) is well-defined for all
time [136].

Provided that the error trajectory ε(t) remains well-defined for all time t ≥ 0, [137,
Theorem 1.1.1] provides sufficient conditions for the convergence of ε→ 0. In particular,
if the error system is uniformly observable, the second derivative of the error dynamics
is bounded, and the initial error is sufficiently small, then the error ε and the Lyapunov
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function

L (t) := ε⊤Σ−1ε, (5.38)

converge exponentially to zero as t→ ∞ [137].

Remark 5.5.1. Recent work by the authors [133; 89; 4] showed that the Ricatti equation (5.37)
can be augmented by a curvature modification that compensates for the reset process, where the
linearisation point is continually translated to track the observer state, in the extended Kalman
filter derivation [4]. Several works have shown that, during the transient at least, an appropri-
ate curvature modification term can improve filter performance [138; 4]. Curvature is directly
connected to parallel transport on a manifold and is an additional structure that can be chosen
independently from the homogeneous space structure. One possible choice is to define the normal
coordinates to be flat, that is, parallel transport on the manifold is just translation in local coor-
dinates. The Ricatti equation (5.37) corresponds to this choice. Such a choice has the advantage
of simplicity; however, the associated affine connection will usually have non-zero torsion. The
relative benefit or consequence of choosing different geometries, with different curvatures, along
with symmetry or torsion of the associated connections remains an open question in equivariant
systems theory.

5.5.1 EqF Gain Tuning

The choice of gain matrices Σ0, Mt and Nt can greatly influence the performance of the
EqF. In the context of a Kalman-Bucy filter, Σ0 reflects the uncertainty in the initial state
estimate, and Mt and Nt are optimally chosen to be the intensities (covariances) of zero-
mean Gaussian noise terms added to the filter dynamics and output, respectively. Similar
choices can be made for the EqF. The initial value of the Riccati term Σ0 can be chosen
to reflect the uncertainty in the initial state estimate as expressed in the chosen local co-
ordinates. Suppose the measured velocity dum = du + dµu and the measured output
dym = dy + dνy, where dµu ∼ W(0,Mm

t ) and dνy ∼ W(0, Nm
t ) are Wiener processes.

Then, re-linearising the pre-observer error dynamics (5.19) with ∆ ≡ 0 and output (5.29)
yields

dε = Åtεdt+Btdµu, (5.39)

dỹ = Ctεdt+ dνy, (5.40)

where the input matrixBt is obtained by linearising the pre-observer error dynamics with
respect to a perturbation of the measured input,

Bt := De|ξ̊ϑ(e) ·DE |idϕξ̊(E) ·AdX̂ ·Du|umΛ(ξ̂, u), (5.41)

= De|ξ̊ϑ(e) ·DE |idϕξ̊(E) ·Dw |̊umΛ(ξ̊, w) · ψX̂−1 .
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Based on this formulation, the EqF gain matrices can be chosen by

Mt =Mε +BtM
m
t B

⊤
t , (5.42)

Nt = Nε +Nm
t . (5.43)

The matrices Mε ∈ S+(m) and Nε ∈ S+(n) are optimally set to zero in the case of a linear
system, but can otherwise be used by the practitioner to model the error introduced to
the dynamics and output by linearisation.

5.6 Example Revisited: Single Bearing Estimation

5.6.1 Equivariant System

Here we describe the design preliminaries for the EqF and EqF⋆ for the single bearing
estimation problem following Algorithm 1 as described in Appendix A.

State Symmetry

Consider the Lie group of 3D rotations

SO(3) = {R ∈ R3×3 | R⊤R = I3, det(R) = 1}.

This group has a right action on the sphere ϕ : SO(3)× S2 → S2 given by

ϕ(R, η) := R⊤η. (5.44)

System Equivariance

Define the map ψ : SO(3)× R3 → R3 to be

ψ(R,Ω) := R⊤Ω. (5.45)

Then the system is equivariant with respect to the state action ϕ and input action ψ. To
see this, let Ω ∈ R3, η ∈ S2, and R ∈ SO(3) be arbitrary, and compute

Φ(R, fΩ)(η) = DϕR(−Ω×Rη),

= −R⊤Ω×Rη,

= −(R⊤Ω)×η,

= fψ(R,Ω)(η).
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Equivariant Lift

The Lie algebra so(3) of SO(3) can be written as the subspace of skew-symmetric matri-
ces,

so(3) := {ω ∈ R3×3 | ω⊤ = −ω}.

Define the candidate lift function Λ : S2 × R3 → so(3) by

Λ(η,Ω) := Ω× (5.46)

To check that it is indeed a lift, evaluate the lift condition (5.10).

DR|idϕη(R) [Λ(η,Ω)] = DR|idϕη(R)
[
Ω×] ,

= (Ω×)⊤η,

= −Ω×η,

= fΩ(η),

as required. Next, check the equivariance of Λ as in (5.12).

Λ(ϕ(R, η), ψ(R,Ω)) = Λ(R⊤η,R⊤Ω),

= (R⊤Ω)×,

= R⊤Ω×R,

= AdR−1 Λ(η,Ω),

as required.

Output Equivariance

The action ρ : SO(3)× R3 → R3 given by

ρ(R, y) = R⊤y, (5.47)

ensures the system (5.2) has output equivariance since

ρ(R, h(η)) = R⊤(cmη) = cmR
⊤η = h(ϕ(R, η)).

Origin and State Error

Fix the origin element η̊ = e1 ∈ S2, and let R̂ ∈ SO(3) denote the observer state. The
global state error is given by

e = ϕ(R̂−1, η) = R̂η
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where η ∈ S2 is the true state of the system.

Since the system exhibits output equivariance, we choose to use normal coordinates.
Explicitly, define

m := {v∧ ∈ R3×3 | v ∈ R2} ⊂ so(3),

(v2, v3)
∧ := (0, v2, v3)

×,

where the indices (v2, v3) ∈ R2 are chosen to correspond to the associated indices for the
embedding into so(3). Then the normal coordinates for S2 about e1 are given by

ϑ(e) := −atan2(|e1 × e|, e⊤1 e)
(
02×1 I2

) e1 × e

|e1 × e| , (5.48)

ϑ−1(ε) := ϕ(exp(ε∧), e1).

In this system, DE |idϕe1(E) is not invertible,

DE|idϕe1(E)[ω×] =
d

dt

∣∣∣∣
t=0

ϕ(exp(tω×), e1),

= −ω×e1,

= e×1 ω.

We propose the following right inverse (required in (5.36)),

DE |idϕe1(E)†[u] := (u3,−u2)∧ ∈ m,

where u = (0, u2, u3)
⊤ ∈ Te1S

2 is an arbitrary tangent vector in the embedded coordi-
nates for S2 at e1. To see that this indeed defines a right-inverse, compute

DE|idϕe1(E)DE |idϕe1(E)†[u] = e×1

(
0 u3 −u2

)⊤
,

=
(
0 u2 u3

)⊤
,

= u.

EqF Matrices

The EqF matrices are obtained by specialising the general matrix formulas to the specific
example. The state matrix Åt (5.23), the input matrixBt (5.41), the standard output matrix
Ct (5.32), and the equivariant output matrix Ct = C⋆t (5.34) are given by

Åt = 02×2, Bt =
(
02×1 I2

)
R̂,

Ct = ŷ×R̂⊤

(
01×2

I2

)
, C⋆t =

1

2

(
y× + ŷ×

)
R̂⊤

(
01×2

I2

)
.

These expressions can be compared to the EKF matrices (5.1) and (5.4) derived in §5.2.



§5.6 Example Revisited: Single Bearing Estimation 63

5.6.2 EqF Implementation

We implement the EqF equations (5.35-(5.37)) as detailed in Algorithm 2, §A.

The observer dynamics are given by specialising (5.35),

d

dt
R̂ = DLR̂Λ(ϕ(R̂, e1),Ω) + DRR̂∆,

˙̂
R = R̂Ω× +∆R̂,

where the correction term ∆ is computed according to (5.36).

5.6.3 Simulation Results

To verify the observer design for this example, we performed a simulation of a robot
rotating with an angular velocity Ω(t) = (0.1 cos(2t), 0.2 sin(t), 0) rad/s, where t is the
simulation time in seconds. The initial state, the measured angular velocity, and the
measured output were chosen by

η(0) =
e1 + µ0
|e1 + µ0|

, µ0 ∼ N(0, 0.52I3),

Ωm = Ω+ µu, µu ∼ N(0, 0.012I3),

ym = η + νy, νy ∼ N(0, 0.052I3), (5.49)

respectively. The state η(t) was then computed by integrating

d

dt
η(t) = fΩ(t)(η(t)) = −Ω(t)×η(t).

The EqF gain matrices were chosen according to the procedure outlined in §5.5.1.

We also implemented an extended Kalman filter (EKF) as described in §5.2 to compare
its performance to that of the EqF. The system (5.1,5.2), the EqF equations (5.35-5.37), and
the EKF were all implemented in python3 and integrated for 5.0 s using Euler integration
with a time step of 0.01 s. Both the EqF and EKF were given the initial estimate η̂(0) = e1.

In order to verify the local exponential convergence of the proposed filters in the
absence of noise, we performed a simulation with the gyroscope and magnetometer noise
set to zero, that is, µu = 0, νy = 0. Figure 5.1 shows the absolute angle between the
estimated direction and true direction and the Lyapunov value (5.38) for each filter. The
results demonstrate the performance of each filter under ideal conditions where the only
error is due to the difference between the initial state η(0) and the initial estimate e1. It
is clear to see that the EqF is locally exponentially convergent, and that the EqF⋆ exhibits
faster initial convergence.

We also performed 500 monte carlo simulations with noise added to the velocity, mea-
surement, and initial conditions, generated according to (5.49). Figure 5.2 shows the dis-
tribution of the absolute angle between the estimated direction and true direction for each
filter, as well as the Lyapunov value (5.38) for each of the filters.
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Figure 5.1: The angle error and Lyapunov value (5.38) for each of the filters without noise added
to any of the gyroscope or magnetometer measurements. The EqF⋆ (red solid line) shows faster
initial convergence than both the EqF (green dot-dashed line) and the EKF (blue dashed line).
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Figure 5.2: The median angle error and Lyapunov value (5.38) for each of the filters over 500
trials with noise generated for each trial independently. The EqF⋆ (red solid line) outperforms
both the EqF (green dot-dashed line) and the EKF (blue dashed line) in terms of both angle error
and Lyapunov value. The coloured areas show the 25th and 75th percentile for each filter’s angle
error and Lyapunov value.

Figure 5.3 shows the error introduced by different linearisations of the output. Each
point η ∈ S2 other than −e1 has been mapped to R2 using spherical coordinates, and each
heatmap shows, for a given filter, the absolute difference between the true measurement
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residual ỹ = η − h(e1) and the linearised measurement residual Ctϑ(η) for each filter.
Note, in case of the EKF, ϑ(η) := η−e1. The EqF and EKF show comparable performance,
with the EKF having slightly higher error near e1 and the EqF having slightly higher error
further away from e1. The output linearisation used by the EqF⋆ is superior to the other
filters, both near e1 as well as far from it, as expected from Lemma 5.4.3.
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Figure 5.3: The error of linearising the output residual ỹ for each the EKF, EqF, and EqF⋆. The
EKF and EqF are similar in terms of overall quality, with the EqF performing better near the
linearisation point, and the EKF performing better further away. The EqF⋆ shows clearly superior
performance to both the EKF and EqF as expected from Lemma 5.4.3.

The example system shown is of interest for several reasons. First, the system is de-
fined on a homogeneous space of a Lie group rather than on a Lie group itself, necessi-
tating the development of a lifted system to apply equivariant observer design methods.
This also precludes the application of the popular IEKF [48] as it is exclusively defined
for group affine systems on Lie groups and not on the more general class of equivariant
systems on homogeneous spaces. Second, the system has a symmetry compatible with
the output function, enabling the use of Lemma 5.4.3 to improve the output linearisation.
Figure 5.3 shows that the improved output linearisation results in a significant reduc-
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tion in linearisation error over the whole space, and Figures 5.1 and 5.2 show clearly the
positive effect of this improvement on filter performance.

Overall, the simulations demonstrate clearly that the EqF⋆ outperforms the EqF, which
in turn outperforms the EKF. The relative margin of improvement may appear small;
however, it must be understood in the context of a problem chosen for simplicity and the
implementation of an EKF that was designed carefully to exploit the specific structure
available; specifically using embedding coordinates in order to obtain linear time varying
state dynamics (5.1). Conversely, the EqF and EqF⋆ were derived following the standard
methodology outlined in Appendix A. For more complex problems, where there is no
longer structure that can be exploited to design a clever EKF, the relative performance
gap is expected to increase.

5.7 Chapter Conclusion

The Equivariant Filter (EqF) proposed in this chapter is a nonlinear observer that exploits
symmetry properties of equivariant kinematic systems posed on homogeneous spaces.
The key contributions of this chapter are

• Proposing a general filter design for equivariant systems with linearised dynamics
about a fixed origin point rather than the time-varying state estimate.

• Demonstrating how output equivariance leads to an approximation of the out-
put map for the EqF that has third order linearisation error (rather than the usual
quadratic linearisation error), improving filter robustness and transient performance.

• Providing a simple example of the EqF application and simulation results where
the EqF clearly outperforms the traditional EKF.

It is important to note that the example in the present chapter is chosen to be as simple
as possible. It may appear that the mathematical overhead of the EqF is not warranted.
Recent works [13; 1; 8] provide other examples where the EqF is the only symmetry based
filter that can be applied.

The appendices provide details on how to derive and implement the EqF, and the
conditions under which the EqF specialises to the invariant extended Kalman filter.



Chapter 6

EqVIO: An Equivariant Filter for
Visual Inertial Odometry

6.1 Chapter Introduction

Visual Inertial Odometry (VIO) is the problem of determining the trajectory of a robot
from a combination of a camera and an inertial measurement unit (IMU), and this prob-
lem is of enduring interest to the robotics community due to the ubiquity of systems
where such sensors are available, including smartphones, VR/AR headsets, racing drones,
and more. State-of-the-art solutions for VIO are based on either the extended Kalman fil-
ter (EKF) or sliding-window optimisation. EKF-based solutions, such as ROVIO [19],
OpenVINS [77], and MSCKF [72], are generally less accurate than optimisation-based
methods but have lower compute and memory requirements and tend to be used in
highly dynamic embedded systems applications such as VR headsets, smartphone ap-
plications, aerial vehicles, etc. On the other hand, optimisation-based methods, such as
VINS-mono [76] and OKVIS [74], tend to be more accurate than EKF-based methods but
require significant compute and memory resources making them appropriate in applica-
tions such as automotive, larger robotic systems, etc. The main cause of loss of accuracy
for EKF methods relative to optimisation-based methods is associated with the accumula-
tion of linearisation errors. Recent advances in the theory of equivariant systems [39; 45]
have shown that exploiting the Lie group symmetries of a system can lead to improved
filter designs such as the invariant EKF (IEKF) and the Equivariant Filter (EqF) [2] that
minimize linearisation error.

In this chapter, we develop a novel Lie group for the VIO problem, and exploit this
symmetry in the implementation of an equivariance-based VIO algorithm we term EqVIO.
Unlike EKF designs, the EqF back-end of our proposed system has out-of-the-box con-
sistency properties, exact linearisation of the bias-free IMU error dynamics, and a better
(higher-order) linearisation of the visual measurement function. The advantages of these
properties are made clear in the experimental results, where EqVIO outperforms state-
of-the-art EKF- and optimisation-based algorithms in terms of both the accuracy of the
estimated trajectory and the speed of processing each frame.

The key contributions of this chapter are as follows.

67
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• A novel Lie group, the VI-SLAM group, is developed for the VIO problem. This Lie
group symmetry is compatible with the reference frame invariance of VIO. Addi-
tionally, in contrast to the symmetries explored in prior literature [52], the visual
measurement function of VIO is equivariant with respect to the VI-SLAM group.

• The advantages of the VI-SLAM group are clearly demonstrated. Its SE2(3) com-
ponent is shown to eliminate linearisation error in the bias-free IMU error dy-
namics. The novel landmark symmetry, based on SOT(3) components, eliminates
second-order approximation error of the visual measurement function by exploit-
ing equivariance. It also improves on and explains the well-known advantages of
the inverse-depth parametrisation of landmarks that is core to modern filter perfor-
mance in VIO algorithms.

• A novel VIO algorithm, EqVIO, is proposed that combines a simple feature-tracking
front-end and basic outlier rejection with an equivariant filter implementation. EqVIO
is shown to outperform state-of-the-art VIO algorithms in both speed and accu-
racy on both the popular EuRoC [20] and the challenging UZH FPV [21] datasets.
Our implementation of EqVIO is open source and publicly available under a GNU
GPLv3 licence1.

6.2 Related Work

This section discusses some literature that is specifically relevant to this chapter.

6.2.1 Visual Inertial Odometry

Although most VIO solutions rely on constructing a map of the robot’s local environment,
the accuracy of this map is not considered important in evaluating system performance,
in contrast to traditional Simultaneous Localisation and Mapping (SLAM). Some of the
first systems to focus on the problem of trajectory estimation from stereo or monocular
vision data, as distinct from general SLAM, were proposed in [116; 117; 67; 104]. An
important milestone in the development of VIO systems is the Multi-State Constrained
Kalman Filter (MSCKF) [72], which approached the problem by applying a fixed-lag EKF,
and, notably, eliminating the estimation of landmark positions from the filter process.
This modification resulted in a high speed algorithm for VIO with only linear complex-
ity in the number of landmarks considered. In [119], Konolige et al. considered a system
equipped with a stereo camera and an IMU, and employed bundle adjustment to solve
the VIO problem. They improved their results by using specialised image features, and
discussed the challenge of using traditional image features in self-similar outdoor envi-
ronments.

Since 2015, the monocular VIO problem specifically has seen substantial interest in the
robotics community. Bloesch et al. [19] developed ROVIO: a VIO algorithm that mixes an

1https://github.com/pvangoor/eqvio

https://github.com/pvangoor/eqvio
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arbitrary number of cameras with IMU measurements in an iterated EKF framework. In
contrast to the majority of EKF-based VIO systems, ROVIO used a ‘direct’ error formu-
lation; that is, rather than obtaining feature coordinates from an image, the image pixel
values were considered directly in the system model of the EKF. In parallel, Leutenegger
et al. [74] developed OKVIS, which solves monocular and stereo VIO by using non-linear
optimisation on a sliding window of ‘keyframes’. Semi-direct Visual Odometry (SVO)
[75] used a sparse set of image patches in frame-to-frame optimisation to greatly reduce
the presence of outliers and to solve VO at very high speeds. While SVO is not strictly
a VIO solution, as it does not use an IMU, Delmerico and Scaramuzza [49] propose two
methods to combine the output from SVO with an IMU in a filtering or smoothing frame-
work. Recently, Qin et al. [76] combined a range of modern SLAM techniques to develop
VINS-MONO, which performs tightly coupled keyframe optimisation-based VIO with
efficient loop closure, and achieves competitive accuracy on popular datasets. Delmerico
and Scaramuzza [49] benchmarked a range of state-of-the-art VIO systems. They showed
that, generally, the VIO systems optimised for speed and CPU usage suffered from rel-
atively low accuracy, and that many of the popular systems tend to fail on challenging
datasets or on limited hardware. OpenVINS [77] is another recent VIO system, which
mixes the MSCKF [72] with a traditional EKF and achieves state-of-the-art performance.
The primary contribution of OpenVINS was to provide a well-documented open plat-
form for EKF-based VIO research.

In summary, the literature on VIO is split between EKF-based and optimisation-based
algorithms. EKF-based algorithms are preferred for their efficiency when computational
resources are constrained, but suffer from linearisation error that accumulates and de-
grades performance over time.

6.2.2 Equivariant Observers for VIO

Equivariant observers are state estimators that exploit available Lie group symmetries
of a given problem. Two key examples include the invariant EKF (IEKF) [39] and the
Equivariant Filter (EqF) [2]. The success of equivariant observers in other robotics prob-
lems has led several authors to investigate their application to inertial navigation, SLAM,
and VIO. In [139], Barrau and Bonnabel proposed the extended Special Euclidean group
SE2(3), and show that it can be used to obtain an exact linearisation of IMU error dynam-
ics when the biases are known. This represents a clear improvement over the common
representation of IMU states in the SLAM and VIO literature, which uses an on-manifold
EKF [140] to obtain a minimal representation of rotation error between quaternions that
is analogous to the well-known multiplicative EKF (MEKF) [41].

In the earliest work examining symmetry properties of the SLAM problem, Barrau
and Bonnabel [50] proposed a novel class of Lie groups, SEn(m), and showed that this is
a symmetry suitable for the classical SLAM problem. They further showed that this sym-
metry is compatible with the reference frame invariance of SLAM, and that the resulting
IEKF consequently overcomes the well-known consistency issues of EKF-based SLAM
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[65]. In [141], Zhang et al. performed an observability analysis of the IEKF for SLAM,
and compared its performance to a range of other EKFs for SLAM in simulation. Wu et
al. [51] then combined SEn(m) with the MSCKF concept of [72] to propose an invariant
MSCKF for VIO, which they showed to be a consistent filter unlike the original MSCKF.
Brossard et al. [53] derived an invariant unscented Kalman filter (IUKF) for monocular
SLAM using the Lie group proposed in [50], and outperformed other invariant filters for
VIO. A number of other works [54; 55; 52] have also explored applying variants of the
IEKF to VIO in an MSCKF framework.

Recently, van Goor et al. [1] developed a novel Lie group for visual SLAM under
which the visual measurements of landmarks are equivariant, unlike in the previously
explored SEm(n) symmetry. The IEKF cannot be directly applied using this symmetry
as the Lie group is of a higher dimension than the underlying state space. This issue is
overcome by the recent EqF [2], which additionally provides a framework for exploiting
the equivariance of a system output function to reduce linearisation error. To the best of
our knowledge, there has been no equivariant observer applied to VIO with a symmetry
that is compatible with visual measurements prior to this chapter and our recent work
[8].

6.2.3 Parametrisations of VIO Landmarks

The representation of the robot pose and environment map are known to have a sig-
nificant impact on the accuracy of EKF-based SLAM and VIO approaches. In [102],
Castellanos et al. identified the inconsistency of the EKF for SLAM when using a straight-
forward inertial-frame representation of landmarks. They proposed to use a Euclidean
body-fixed representation of landmarks instead, and showed that this improved the con-
sistency of the EKF. Another key work in understanding the impact of landmark repre-
sentations in EKF SLAM is by Civera et al. [142], who proposed the earliest version of
the inverse-depth parametrisation of landmarks. The key advantage in this representa-
tion is that it is able to represent a large uncertainty in the distance of a landmark from
the robot’s initial position using a Gaussian distribution. A more recent version of the
inverse-depth parametrisation is presented by Bloesch et al. [19], who adapted the on-
manifold EKF approach developed in [140] to obtain a minimal representation of unit
vectors on the sphere. While the existing inverse-depth parametrisations have been em-
pirically shown to improve performance over the Euclidean parametrisation, the cause
of this improvement is not well characterised. The discovery of symmetries for visual
measurements [1] motivates the development of a new compatible parametrisation.

6.3 Problem Description

Choose an arbitrary inertial reference frame {0}, and consider a robot equipped with an
IMU and a camera, both of which are rigidly attached to the robot’s body. Label the
camera frame {C}, and identify the IMU frame {I} with the body-fixed frame of the
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robot {B}. The states of the Visual-Inertial SLAM (VI-SLAM) problem are modelled as
follows.

• PB := (RB, xB) ∈ SE(3) is the pose of the IMU {B} with respect to the inertial frame
{0},

• vB ∈ R3 is the linear velocity of the IMU expressed in the inertial frame {0},

• bB = (bΩB , b
a
B ) ∈ R6 is the IMU bias (where bΩB and baB are the gyroscope and ac-

celerometer biases, respectively),

• T = (RT , xT ) ∈ SE(3) is the pose of the camera {C} with respect to the body-fixed
frame {B}

• pi ∈ R3 are the coordinates of landmark i in the inertial frame {0}.

Figure 6.1 shows a diagram of the full VI-SLAM configuration.

Figure 6.1: A diagram showing the states of visual-inertial SLAM. Note that the IMU biases are
excluded here.

Let M I := SE(3) × R3 denote the navigation state space and define the navigation state
ξB := (PB, vB) ∈ M I. We frequently use the notation ξ := (ξB, bB, T, pi) as shorthand for the
full VI-SLAM state. To ensure that the visual measurements are always well defined we
assume that the system trajectory considered never passes through an exception set,

E := {(ξB, bB, T, pi) ∈ M I × SE(3) × (R3)n | (PBT )
−1pi = 0 for any i},

corresponding to all situations where the camera centre coincides with a landmark point.
To formalise this, we define the visual inertial SLAM (VI-SLAM) total space

T VI
n (3) := M I × SE(3)× (R3)n −E

and consider the visual inertial SLAM problem on T VI
n (3). Note that T VI

n (3) is an open
subset of a smooth manifold and as such is itself a smooth manifold.
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Remark 6.3.1. It is possible to identify elements of the navigation state space M I with the Lie
group SE2(3). However, this prescribes a group structure to M I that is not intrinsic. This
distinction between the manifold state space and the Lie group symmetry is an important concept
in equivariant systems theory [93]. In Section 6.4.1, the MEKF and an EqF for IMU dynamics are
compared, and these filters may be viewed as applying different Lie groups to the navigation state
space; SO(3) × R3 × R3 for the MEKF and SE2(3) for the EqF. The difference in performance
shows the importance of distinguishing between state space and symmetry.

6.3.1 VI-SLAM Dynamics

Let the acceleration due to gravity in the inertial frame {0} be ge3, where g ≈ 9.81 m/s2

and e3 ∈ S2 is the standard direction of gravity in the inertial frame. Let the measured
angular velocity and linear acceleration obtained from the IMU be (Ω, a) ∈ L := R3 ×R3,
where L is the input space. Then the VI-SLAM dynamics f : L → X(T VI

n (3)) are

ξ̇ = f(Ω,a)(ξ); ṘB = RB(Ω− bΩB )
×, (6.1)

ẋB = vB,

v̇B = RB(a− baB ) + ge3,

ḃΩB = 0,

ḃaB = 0,

Ṫ = 0,

ṗi = 0.

6.3.2 VI-SLAM Measurements

The camera measurements are modelled as n bearing measurements of the landmarks
pi in the camera frame {C} on the manifold N V

n(3) := (S2)n where the superscript “V”
stands for visual measurements. The measurement function h : T VI

n (3) → N V
n(3) is given

by

h(ξ) :=
(
h1(ξ), ...hn(ξ)

)
, (6.2)

hk(ξB, bB, T, pi) := πS2
(
(PBT )

−1(pk)
)
,

where πS2 is defined as in (3.1). Modelling the bearing measurements directly on the
sphere rather than the image plane enables the proposed system to model a wide variety
of monocular cameras. Consideration of different camera models is omitted from this
chapter but is included in the EqVIO software package.
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6.3.3 Invariance of Visual Inertial SLAM

Let e3 be the standard gravity direction and define the semi-direct product group

S1 ⋉e3 R3 := {(θ, x) θ ∈ S1, x ∈ R3},

with group product, identity and inverse

(θ1, x1) · (θ2, x2) = (θ1 + θ2, x1 +Re3(θ
1)x2),

idS1⋉e3R3 = (0, 03×1),

(θ, x)−1 = (−θ,−Re3(−θ)x),

where Re3(θ) ∈ SO(3) is the anti-clockwise rotation of an angle θ about the axis e3. Then
S1 ⋉e3 R3 is isomorphic to the subgroup

SEe3(3) := {(R, x) ∈ SE(3) Re3 = e3} ⊂ SE(3).

Define α : SEe3 × T VI
n (3) → T VI

n (3) by

α(S, (ξB, bB, T, pi)) := (S−1PB, R
⊤
S vB, bB, T, S

−1(pi)). (6.3)

Then α is a right group action of SEe3(3) on T VI
n (3). For a given S ∈ SEe3(3), the action

α(S, ·) represents a change of inertial reference frame from {0} to {1} where S is the pose
of {1} with respect to {0}. Moreover, any change of reference S ∈ SEe3(3) leaves the
direction of gravity e3 unchanged.

Proposition 6.3.2. The dynamics (6.1) and measurements (6.2) of VI-SLAM are invariant with
respect to α; that is,

f(Ω,a)(α(S, (ξB, bB, T, pi))) = dαSf(Ω,a)(ξB, bB, T, pi),

h(α(S, (ξB, bB, T, pi))) = h(ξB, bB, T, pi),

for any S ∈ SEe3(3).

6.4 Symmetry of VI-SLAM

The VI-SLAM symmetry action proposed in this chapter combines the symmetry for IMU
dynamics developed in [139] with the VSLAM symmetry developed in [1]. Before dis-
cussing the full symmetry group, we discuss the separate symmetries and how they lead
to lower linearisation error in the filter development given in the sequel. This section of
the chapter is written in a more tutorial style to provide the reader with intuition under-
lying the proposed algorithm.

The advantage of the extended Euclidean symmetry (SE2(3)) used for the naviga-
tion states lies in providing a locally linear coordinate representation of the ideal IMU
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dynamics. That is, for ideal IMU dynamics, then using this representation leads to zero
linearisation error during the propagation step of the filter, assuming appropriate Gaus-
sian noise models in local coordinates of course. This property is lost once the bias states
and calibration states are added, however, the resulting update still has considerably
lower linearisation error in these coordinates than classical formulations. Section 6.4.1 is
based on prior work by Barrau et al. [139].

The advantage of the scaled orthogonal transform (SOT(3)) symmetry used for the
landmark states lies in providing a framework in which the measurement linearisation
error can be minimized. To make this point clear we analyse the common landmark
parametrisations used in the literature and study the linearisation error. This provides
a clear theoretical justification for the inverse depth parametrisation that is state-of-the-
art in VIO algorithms and goes on to demonstrate that the SOT(3) symmetry leads to
lower measurement linearisation error again. The material in Section 6.4.2 is novel to this
chapter.

6.4.1 Symmetry of IMU Dynamics

Let f I : L → X(M I) denote the IMU dynamics considered in (6.1) without bias; that is,

d

dt
(R, x, v) = f(Ω,a)(R, x, v), (6.4)

= (RΩ×, vB, RBa+ ge3, ). (6.5)

Filter designs such as the EKF, on-manifold EKF [140], MEKF [72] and EqF [2] model the
evolution of the probability distribution of the system state, given an initial distribution.
In each of these filters, the filter’s error coordinates are taken to be normally distributed,
and the dynamics of these error coordinates are linearised to propagate the estimated
distribution.

Traditional EKF designs model the robot’s attitude through embedded coordinates as
a unit quaternion q ∈ H ≃ R4. This leads to the (over-parametrised) error coordinates,

εEKF(ξ̂B, ξB) :=

 qB − q̂B

xB − xξ̂B

vB − xξ̂B

 .

In the MEKF and the typical on-manifold EKF, the error coordinates are instead defined
using the logarithm of SO(3),

εMEKF(ξ̂B, ξB) :=


logSO(3)(RBR

⊤
ξ̂B
)∨

xB − xξ̂B

vB − xξ̂B

 .

Note that, unlike the EKF, the MEKF has a minimal (9-dimensional) representation of
filter error.
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In an EqF design, the filter state is part of a Lie group rather than the state space M I

[2]. Consider the Lie group SE2(3) with right group action φ : SE2(3)× M I → M I given
by

φ(A, ξB) := (RBRA, xB +RBxA, vB +RBvA), (6.6)

where A = (RA, xA, vA) ∈ SE2(3). In this case, SE2(3) and M I are isomorphic as smooth
manifolds, but the distinction is important for systems on general homogeneous spaces,
such as the full VI-SLAM system, where the Lie group may be of a higher dimension than
the state space. Choose the origin configuration ξ̊B = (I3, 0, 0) ∈ M I, and define a local
coordinate chart ϑB(ξB) := log∨SE2(3)

(RB, xB, vB) ∈ R9. Then the EqF error coordinates are

εEqF(Â, ξB) := ϑI(φ(Â−1, ξB)), (6.7)

= logSE2(3)

RBR
⊤
Â

xB −RR⊤
Â
xÂ vB −RR⊤

Â
vÂ

0 1 0

0 0 1


∨

,

where Â = (RÂ, xÂ, vÂ) ∈ SE2(3) is the filter state.

Each of these filters model their error coordinates as being drawn from a normal dis-
tribution with zero mean and covariance Σ, ε ∼ N(0,Σ), where Σ is the filter’s Riccati
matrix. The reported probability distribution of these filters is not guaranteed to match
the true distribution of the state in general, as the propagation of the covariance depends
on the linearisation of the error dynamics. For the EqF, however, this linearisation is de-
pendent on the chosen symmetry group G, rather than on a chosen set of coordinates
as in the EKF. In some special cases, the system dynamics are group affine with respect
to the symmetry group G, and this results in an exactly linear propagation of the error
coordinates [39].

Barrau and Bonnabel [139] showed that the bias-free IMU dynamics are group affine
with respect to the action (6.6) of SE2(3). As a result, using the Lie group SE2(3), the
propagation of bias-free IMU dynamics in the EqF has no linearisation error in normal
coordinates. Hence, as long as the initial distribution of the error coordinates is Gaussian,
the probability distribution estimated by the EqF will match the true distribution of the
state exactly. This is demonstrated in the following example.

Let the initial value of the true state ξB(0) = expSE2(3)(η
∧
0 ), where η0 ∈ R9 is drawn

from the distribution N(0,Σ0) with

Σ0 =

0.22I3 0 0

0 0.012I3 0

0 0 0.012I3

 .

Initialise each of the filters with this data, and let the angular velocity be Ω = (0, 0, 0.1) rad/s
and the linear acceleration be a = (0.1, 0.0, 0.0) m/s2.
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Figure 6.2: The true distribution of IMU positions at increments of 5 s obtained from integrating
the dynamics (6.5) compared with the estimated distributions from the EKF, MEKF, and EqF.

Figure 6.2 shows the true and estimated distributions of the IMU position after inte-
grating in 5 s increments. At each time, the true distribution of the system is shown by
sampling 2000 particles according to the initial distribution of the state and integrating
them independently. The estimated distributions are obtained by integrating the filter
equations in 5 s increments, before sampling 2000 points in the error coordinates and
mapping them to the estimated state using the filter’s observer state. The figure clearly
shows the advantages of applying an appropriate symmetry to the propagation of IMU
uncertainty, as the distribution reported by the EqF matches the true distribution far more
closely than that of the EKF or MEKF.

An EKF is not an optimal estimator, unlike the linear Kalman filter, due to the accu-
mulation of linearisation errors over time. By exploiting symmetry properties as above,
the linearisation error in each step of the EKF can be reduced or even eliminated com-
pletely. This leads to improved filter designs that closely reflect the stochastics of the
underlying system and provide more accurate state estimates.
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6.4.2 Symmetry of Visual Landmarks

Consider the simplified system of a single landmark q ∈ R3 \ {0} in the camera-fixed
frame. If the camera-fixed angular and linear velocity are ΩC , vC ∈ R3, respectively, then
the dynamics of the landmark are

q̇ = fV
(ΩC ,vC)(q) := −ΩC × q − vC . (6.8)

The visual measurement of the landmark is

hV(q) =
q

|q| (6.9)

A parametrisation of the landmark is a diffeomorphism ς : U ⊂ R3 → M V ⊂ Rk,
where U is an open subset of R3 and M V is a smooth 3-dimensional submanifold of Rk

for some k ≥ 3.

The Euclidean parametrisation was commonly used in early works on visual SLAM
[65] and is defined by

ςEuc(q) := q, ς−1
Euc(z) := z. (6.10)

The inverse-depth parametrisation, and variants thereof, are used more frequently in re-
cent literature [142; 19; 77]. An archetypical example is given by

ςID(q) :=

(
q/|q|
1/|q|

)
, ς−1

ID (z) :=
(
I3 03×1

) z

z4
. (6.11)

We introduce a new parametrisation for landmarks with visual measurements by ex-
ploiting the SOT(3) symmetry actions developed in [1]. The polar parametrisation is a
novel parametrisation for visual landmarks, defined by

ςSOT(3)(q) :=

(
− arccos(

e⊤3 q
|q| )

e3×q
|e3×q|

− log( q|q|)

)
,

ς−1
SOT(3)(z) := expSOT(3)(z

∧
sot(3))

−1e3. (6.12)

This parametrisation provides normal coordinates for R3 about e3 with respect to the
right action of SOT(3) defined in Lemma 6.4.1.

Lemma 6.4.1. Let φV : SOT(3)×R3 \{0} → R3 \{0} and ρV : SOT(3)×S2 → S2 be defined
by

φV(Q, q) := c−1
Q R⊤

Qq,

ρV(Q, y) := R⊤
Qy. (6.13)

Then φV and ρV are transitive right group actions, and the visual measurement function (6.9) is
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equivariant with respect to these actions; that is,

hV(φV(Q, q)) = ρV(Q, hV(q)),

for all Q ∈ SOT(3) and q ∈ R3 \ {0}.

Let q̂ ∈ R3 \ {0} be the estimated landmark position and q ∈ R3 \ {0} be the true
landmark position. Then the parametrised state error is

ε := ς(q)− ς(q̂),

for a particular parametrisation ς . The true state can be identified in terms of the esti-
mated state and the parametrised state error,

q = ς−1(ε+ ς(q̂)).

Linearising the dynamics (6.8) and measurement (6.9) in terms of ε about ε = 0 yields

fV
(Ω,v)(q) = fV

(Ω,v) ◦ ς−1(ε+ ς(q̂)) (6.14)

= fV
(Ω,v)(q̂) + Dq|q̂fV

(Ω,v)(q) ·Ds|ς(q̂)ς(s)[ε] + µf (q),

hV(q) = hV ◦ ς−1(ε+ ς(q̂)) (6.15)

= hV(q̂) + Dp|q̂hV(q) ·Ds|ς(q̂)ς(s)[ε] + µh(q),

where µf (q) and µh(q) are the dynamics and measurement linearisation errors, respec-
tively, and capture all higher order terms. In general, both µf (q) and µh(q) are O(|ε|2),
but there are important exceptions. First, the dynamics (6.8) are exactly linear in the
Euclidean parametrisation (6.10), and hence µfEuc(q) ≡ 0. Second, the equivariant output
approximation proposed in [2] is available when using the polar parametrisation as these
are the normal coordinates associated with the action φV (6.13). Specifically, applying [2,
Lemma V.3] to this example yields

C⋆t ε =
1

2
(DE |idρV(E, y) + DE |idρV(E, e3))ε

∧
sot(3),

=
1

2

d

dt
|t=0(ρ

V(e
tε∧

sot(3) , y) + ρV(e
tε∧

sot(3) , e3)),

=
1

2

d

dt
|t=0(−R

e
tε∧

sot(3)
y −R

e
tε∧

sot(3)
e3),

=
1

2
(−Ω×

ε y − Ω×
ε e3),

=
1

2
(y + e3)

×Ωε,

and therefore,

C⋆t =
(
1
2(y + e3)

× 03×1.
)
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Figure 6.3: The norm of linearisation error (6.14) of the landmark dynamics (6.8) for the Euclidean
(6.10), inverse-depth (6.11), and polar (6.12) parametrisations over the domain defined in (6.16).
The Euclidean parametrisation has zero dynamics linearisation error since the dynamics are ex-
actly linear in these coordinates.

This provides an alternative measurement approximation that reduces the output lineari-
sation error to µhSOT(3)(q) = O(|ε|3) by exploiting equivariance and using the available
true measurement value y = h(q).

To see the effects of different parametrisations on the linearisation errors, let q̂ =

(0, 0, 5) and consider the domain

U = {(z tan(θ), 0, z) ∈ R3 | z ∈ (0.1, 10), θ ∈ (−π
6
,
π

6
)}. (6.16)

Let ΩC = (0.0, 0.2, 0.0) and vC = (0.0, 0.0, 0.1). This linear and angular velocity is
typical of a camera moving forward and turning about the vertical axis of the image.

Figures 6.3 and 6.4 show the dynamics and output linearisation errors µf (q) and
µh(q), respectively, for each of the parametrisation (6.10,6.11,6.12) Figure 6.4 also shows
the equivariant output approximation [2] in the polar parametrisation. As expected, the
Euclidean parametrisation yields no dynamics linearisation error over any part of the
domain. Meanwhile, the inverse-depth and polar parametrisations have non-zero dy-
namics linearisation errors that increase toward the edges of the domain, with the polar
parametrisation having a lower maximum linearisation error. On the other hand, for the
output linearisation there is a clear advantage to using the inverse-depth or polar over
the Euclidean parametrisation. Finally, while the ordinary performance of the inverse-
depth and polar parametrisations is similar, the polar parametrisation is able to use the
equivariant output approximation which greatly reduces its output linearisation error
everywhere in U .
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Figure 6.4: The norm of linearisation error (6.15) of the visual landmark measurement (6.9) for the
Euclidean (6.10), inverse-depth (6.11), and polar (6.12) parametrisations over the domain defined
in (6.16). The bottom-right subplot shows the linearisation error obtained when applying the
equivariant output approximation [1] in the polar parametrisation.

6.4.3 Composite Symmetry for VI-SLAM

Define the VI-SLAM Group to be

SLAMVI
n (3) := SE2(3)× SOT(3)n. (6.17)

This is a product Lie group in the sense of (3.2). This group captures the symmetries that
are fundamental to the VIO system: SE2(3) for the IMU dynamics and SOT(3)n for n
landmarks with visual measurements. In a practical implementation, however, it is also
necessary to consider the extrinsic calibration parameters and IMU biases, for which an
SE(3) and an R6 symmetry can be used, respectively. To this end, define the extended
direct product group

G := SE2(3)× R6 × SE(3)× SOT(3)n,

≃ SLAMVI
n (3)× R6 × SE(3). (6.18)

We denote a typical element as X = (A, β,B,Q1, ..., Qn) ∈ G, and frequently use the
shorthand (A, β,B,Qi).
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Lemma 6.4.2. The map ϕ : G× T VI
n (3) → T VI

n (3) defined by

ϕ((A, β,B,Qi), (ξB, bB, T, pi))

:= (φB(A, ξB), bB + β, P−1
A TB,PBTBQ

−1
i T−1P−1

B (pi)), (6.19)

where φB is defined as in (6.6), is a transitive right group action.

Lemma 6.4.3. The group action ϕ (6.19) is compatible with the VI-SLAM invariance α (6.3);
that is,

ϕ(X,α(S, ξ)) = α(S, ϕ(X, ξ)),

for all ξ ∈ T VI
n (3), S ∈ SEe3(3) ,and X ∈ G.

Lemma 6.4.4. The map ρ : G× N V
n(3) → N V

n(3) defined by

ρ((A, β,B,Qi), (yi)) := (R⊤
Qi
yi), (6.20)

is a right group action. Additionally, the measurement function (6.2) is equivariant with respect
to the actions ϕ (6.19) and ρ; that is,

h(ϕ(X, ξ)) = ρ(X,h(ξ)),

for all X ∈ G and ξ ∈ T VI
n (3).

Overall, the structure presented provides a complete symmetry of the VIO dynamics
and measurement. This is summarised by the diagram

T VI
n (3)

αS //

ϕX
��

h
++

T VI
n (3)

h //

ϕX
��

N V
n(3)

ρX
��

T VI
n (3)

αS //

h

33T VI
n (3)

h // N V
n(3)

which commutes for any X ∈ G and S ∈ SEe3(3).

6.5 Equivariant Filter for VIO

While the performance of an EKF for VIO depends largely on what coordinates are cho-
sen, the performance of an EqF depends instead on the symmetry used. The VI-SLAM
symmetry yields a few key advantages:

The EqF equipped with the VI-SLAM symmetry is a consistent estimator for VIO. In
Lemma 6.5.1, Lemma 6.4.2 is used to lift the system dynamics from the state space mani-
fold to the chosen symmetry group G, and the resulting lift Λ is shown to be invariant to
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the reference frame transformation α (6.3). Then, since both the group action ϕ (6.19) and
the lift Λ (6.21) are compatible with α (6.3) (c.f. Lemmas 6.4.3, 6.5.1), the proposed EqF
naturally also respects the invariance. Specifically, if the Riccati matrix Σ of the EqF is
treated as a covariance, then the Fisher information Σ−1 is non-increasing along the un-
observable directions spanned by the differential of α, and therefore the EqF is consistent
by [143, Theorem 2].

The EqF uses a higher order (more precise) output approximation than that available
to the EKF. The system output function is shown to be equivariant in Lemma 6.4.4, and
the local coordinates ϑ chosen in Section 6.5.2 are normal with respect to the group action
ϕ (6.19). Therefore, the equivariant output approximation C⋆t is available [2, Lemma V.3],
and, unlike the usual first-order approximation of the output function provided by an
EKF, it has no second order error terms. That is,

y − h(ξ̂) = C⋆t ε+O(|ε|3),

where y is the true measurement, ξ̂ is the EqF state estimate, and ε is the local error
coordinates of the EqF.

6.5.1 Lifted Dynamics and Consistency

The existence of a transitive action by the VI-SLAM group on the VI-SLAM manifold
guarantees the existence of a lift for the system dynamics (6.1) in the sense of [45]. Al-
though [45] provides a constructive algorithm to build lifts, in practice it is easiest to
guess the lift and then prove it satisfies the required conditions.

Lemma 6.5.1. The map Λ : T VI
n (3)× (R3 × R3) → g, given by

Λ((ξB, b, T, pi), (Ω, a)) (6.21)

:=

(
(Ω, R⊤

B v, a)
∧
se2(3)

, 0, (ΩC , vC)
∧
se(3),

(
ΩC +

q×i vC
∥qi∥2

,
q⊤i vC
∥qi∥2

)
i

)
,

qi := (PT )−1(pi), (ΩC , vC)
∧
se(3) := AdT−1(Ω, R⊤

B v)
∧
se(3),

is a lift [45] of the system dynamics (6.1). That is,

DE |idϕ(ξB,b,T,pi)(E)Λ((ξB, b, T, pi), (Ω, a)) = f(Ω,a)(ξB, b, T, pi) (6.22)

Moreover, Λ is invariant with respect to the action α (6.3); i.e.

Λ(α(S, (ξB, b, T, pi)), (Ω, a)) = Λ((ξB, b, T, pi), (Ω, a)),

for all S ∈ SEe3(3).

Proof. The proof that Λ satisfies the lift condition (6.22) closely follows the proof of [1,
Lemma 4.4], and the invariance of Λ to α is straightforward. Both have been omitted to
save space.
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6.5.2 Origin Choice and Local Coordinates

Let ξ̊ = (ξ̊B, b̊B, T̊, p̊i) ∈ T VI
n (3) denote the chosen, fixed origin configuration, with p̊i :=

P̊BT̊e3 for every i. For generality, we leave the remaining terms ξ̊, b̊B, T̊ arbitrary.

Define the map ϑ : U B̊ ⊂ T VI
n (3) → R21+3n by

ϑ(ξB, b, T, pi) :=



logSE2(3)(R̊
⊤
B RB, R̊

⊤
B (xB − x̊B), R̊

⊤
B (vB − v̊B))

∨

bB − b̊B

logSE(3)((P̊BT̊ )
−1(PBT ))

∨

ςSOT(3)((PBTB)
−1(p1))

...

ςSOT(3)((PBTB)
−1(pn))


, (6.23)

to be the coordinate chart for T VI
n (3) about ξ̊, where U ξ̊ is a large neighbourhood of ξ̊ and

ςSOT(3) is the polar parametrisation (6.12). Then ϑ provides normal coordinates for T VI
n (3)

about ξ̊ with respect to the action ϕ.

6.5.3 EqF Dynamics

Denote the true state of the system ξ = (ξB, b, T, pi) ∈ T VI
n (3), let the input signals be

(Ω, a) ∈ R3 × R3, and denote the measurements as y = h(ξ).

Let X̂ = (Â, β̂, B̂, Q̂i) ∈ G be the observer state and Σ ∈ S+(21 + 3n) be the Riccati
matrix, where S+(k) denotes the set of positive definite k × k matrices. Define Åt, Bt, C⋆t
to be the state, input, and equivariant output matrices of the EqF as defined in [2], respec-
tively, and let DE |idϕξ̊(E)† be a fixed right-inverse of DE |idϕξ̊(E). Then the EqF dynamics
[2] are defined to be

˙̂
X = X̂Λ(ϕ(X̂, ξ̊), (Ω, a))−∆X̂, (6.24)

∆ = DE |idϕξ̊(E)† ·Dξ|ξ̊ϑ(ξ)−1ΣC⋆t
⊤N−1

t (y − h(ξ̂)),

Σ̇ = ÅtΣ+ ΣÅ⊤
t +Mε +BtM

m
t B

⊤
t − ΣC⋆t

⊤N−1
t C⋆t Σ,

where ∆ ∈ g is the EqF correction term, and

• Σ(0) = Σ0 ∈ S+(21 + 3n) is the initial Riccati gain,

• Mε ∈ S+(21 + 3n) is the state gain,

• Mm
t ∈ S+(6) is the input gain,

• Nt ∈ S+(2n) is the output gain,

following their descriptions in [2].
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Figure 6.5: An overview of EqVIO as a system. The key components can be split into the front-
end (GIFT) and the back-end (EqF).

At any time, the EqF state estimate is given by

ξ̂ = (ξ̂B, b̂, T̂, p̂i) := ϕ(X̂, ξ̊). (6.25)

6.6 Experimental Results

The EqF equations (6.24) are discretised (cf. § 6.6.1) and implemented in c++17 using the
Eigen matrix library [144]. Visual measurements of landmarks are obtained using GIFT
[1; 145] to identify and track image features. We refer to the resulting system as EqVIO.
The four key steps in EqVIO are

• Features: The number of features tracked is kept to a fixed limit that can be set
by the user. When the number of features that are successfully being tracked falls
below a chosen threshold, new image features are identified.

• Preprocessing: If a feature is unable to be tracked or is identified as an outlier, the
corresponding landmark is removed from the state. If any new features have been
identified, they are added to the state.

• Propagation: Upon receiving an IMU signal, the EqF state and Ricatti equation are
integrated without the correction terms.

• Update: After augmenting the state and removing outliers, the EqF state and Ricatti
equation are integrated exclusively with the correction terms.

Figure 6.5 provides an overview of the system components and how each of the steps
are linked.

6.6.1 Discretisation of EqF Equations

Implementation of the continuous-time EqF equations (6.24) requires them to be discre-
tised in time. Additionally, the implementation has to respect the fact that input and out-
put measurements are not necessarily synchronous, leading to two separate steps similar
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to a discrete-time extended Kalman filter. A principled formulation of a discrete-time
EqF is developed in [146], but this topic is beyond the scope of this thesis.

Discretisation of Propagation

Upon receiving an IMU input signal, the state of the EqF is propagated by discretising
the relevant terms of (6.24). Consider the filter propagation equations

˙̂
X = X̂Λ(ϕ(X̂, ξ̊), (Ω, a)),

Σ̇ = ÅtΣ+ ΣÅ⊤
t +Mε +BtM

m
t B

⊤
t .

The first equation may be evaluated approximately as follows. Given an initial condition
X̂(t), an input signal (Ω, a), and a period of time τ > 0 over which to integrate, the
approximated solution X̂(t+ τ) is implemented as

X̂(t+ τ) = X̂(t) · (AΛ, βΛ, BΛ, QΛ
1 , ..., Q

Λ
n);

PAΛ = expSE(3)

(
τ

(
(Ω− b̂ΩB )

× R̂⊤
B v̂B +

τ
2 ((a− b̂aB )− R̂⊤

B g)

01×3 1

))
,

vAΛ = τ((a− b̂aB )− R̂⊤
B g),

βΛ = 0,

BΛ = T̂−1PAΛ T̂,

RQΛ
i
= Rot

(
πS2((B

Λ)−1q̂i), πS2(q̂i)
)
,

cQΛ
i
=

|q̂i|
|(BΛ)−1q̂i|

,

q̂i := (P̂ T̂ )−1p̂i,

where all state-dependent quantities on the right-hand side are as given at time t, and
Rot : S2 × S2 → SO(3) yields a rotation matrix taking the first argument to the second;
that is, Rot(η1, η2)η1 = η2.

The approximate Riccati matrix solution Σ(t+ τ) is given by

Σ(t+ τ) = exp(τÅt)Σ(t) exp(τÅt)
⊤ + τ(Mε +BtM

m
t B

⊤
t ),

where Åt and Bt are computed based on the state and measurement at time t. An im-
portant advantage of this approximation is that it preserves positive-definiteness of the
Riccati matrix.

Discretisation of Update

When an image is received by the system, features are tracked from the previous image.
The tracked features are then used to update the EqF state with the new information.
Let y = (y1, ..., yn) ∈ (S2)n denote the feature measurements obtained from the image
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Table 6.1: Popular VIO algorithms used to compare with the performance of EqVIO.
Algorithm Ref. back-end front-end

EqVIO * EqF GFTT + LKT
ROVIO [19] iterated EKF image patches

OpenVINS [77] MSCKF + EKF FAST + LKT
VINS-mono [76] sliding-window GFTT + LKT + ORB

MSCKF [72] MSCKF FAST + LKT
OKVIS [74] sliding-window GFTT + BRISK

received at time t. Let X̂(t−) and Σ(t−) denote the observer state at the time immedi-
ately prior to receiving the image. Then the updated observer states X̂(t) and Σ(t) are
approximated by

X̂(t) = expG(∆)X̂(t−),

∆ = DE |idϕξ̊(E)†Dξ|ξ̊ϑ(ξ)−1K(y(t)− h(ξ̂(t−))),

Σ(t) = (I −KC⋆t−)Σ(t
−),

K := Σ(t−)C⋆t−
⊤N−1

t .

Unlike the propagation discretisation, the update step is not obtained by approximating
an integral. Instead, it is treated as an instantaneous correction using the new infor-
mation. The form above is similar to the equations of the standard EKF, except for the
important difference in how the update step ∆ is applied to the observer state X̂ .

6.6.2 Performance Comparisons

We compared the performance of EqVIO to other VIO systems on two popular public
datasets: EuRoC [20] and UZH FPV [21]. Table 6.1 lists the algorithms considered along
with information about the back-end and front-end systems used, including GFFT [147],
LKT [148], FAST [149], ORB [150], and BRISK [151].

Where stated, the algorithm performance results have been obtained from the recent
benchmark study by Delmerico and Scaramuzza [49]. Otherwise, the algorithms were
compiled using the suggested default configuration and run on an Ubuntu 20.04 desktop
computer equipped with an AMD Ryzen 7 3700X 8-Core processor and 16 GB memory.
The tuning parameters of the algorithms were changed between the EuRoC and UZH
FPV datasets, but kept constant across all sequences in those datasets. Additional system
capabilities are including loop closure and map reuse were disabled where relevant to
ensure a fair comparison between algorithms.

Table 6.2 lists the root mean square error (RMSE) of the position estimates of each
of the systems in Table 6.1 on the EuRoC dataset. EqVIO achieves the best performance
in many of the sequences, and also achieves the best mean performance. Additionally,
Table 6.3 lists the processing time taken per frame for each of the algorithms tested on the
authors’ desktop. On average, EqVIO is faster than the next fastest algorithm by a factor
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of 2.1 on the EuRoC dataset.

Table 6.2: RMSE of position estimates in metres on the EuRoC [20] dataset for each of the systems
in Table 6.1.

Algorithm Eq
V

IO

RO
V

IO

O
pe

nV
IN

S

V
IN

S-
M

on
o

M
SC

K
F

O
K

V
IS

Source * [49] * * [49] [49]
MH_01 0.14 0.21 0.09 0.24 0.42 0.16
MH_02 0.14 0.25 0.24 0.21 0.45 0.22
MH_03 0.10 0.25 0.16 0.15 0.23 0.24
MH_04 0.19 0.49 0.31 0.23 0.37 0.34
MH_05 0.26 0.52 0.39 0.28 0.48 0.47
V1_01 0.07 0.10 0.08 0.07 0.34 0.09
V1_02 0.13 0.10 0.09 0.28 0.20 0.20
V1_03 0.22 0.14 0.06 0.16 0.67 0.24
V2_01 0.06 0.20 0.08 0.07 0.10 0.13
V2_02 0.16 0.14 0.07 0.16 0.16 0.16
V2_03 0.18 0.14 0.15 0.22 1.13 0.29
Mean 0.15 0.23 0.16 0.19 0.41 0.23

Table 6.4 lists the RMSE of the position estimates for a subset of the systems in Ta-
ble 6.1 on some sequences from the UZH FPV dataset. To ensure a fair comparison, the
sequences considered here are those for which OpenVINS has publicly listed tuning pa-
rameters at the time of writing. The default tuning parameters were used for ROVIO,
and its performance could perhaps be improved with tuning specific to the challenging
dataset. The tuning parameters for VINS-Mono were taken from those used in VINS-
Stereo (https://github.com/rising-turtle/VINS-Stereo) but with the second camera dis-
abled. As in the EuRoC dataset, EqVIO achieves the best performance in many of the
sequences and the best mean performance. Additionally, from Table 6.5 it is clear that
EqVIO is also significantly faster than any of the other algorithms considered. On aver-
age, EqVIO is faster than the next fastest algorithm by a factor of 6.0 on the UZH FPV
dataset. EqVIO achieved an average processing speed of 338 Hz over all the sequences,
and a maximum processing speed of 400 Hz on indoor_45_13.

6.6.3 Example Performance Details

In addition to the experiments comparing EqVIO’s performance with other state-of-the-
art algorithms, we collected data to evaluate and verify the system’s performance. We
provide examples of these additional results on the EuRoC sequence V2_01.

Figure 6.6 shows the time taken to process every frame of the sequence as a flame-
graph, and Figure 6.7 shows histograms of the time taken for each key step of the system.
These figures show that the time taken by EqVIO is significantly increased when new
features need to be identified rather than only tracked. Nonetheless, the peak time taken

https://github.com/rising-turtle/VINS-Stereo
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Table 6.3: Average time taken to process each frame in ms on the EuRoC [20] dataset for some of
the systems in Table 6.1.

Algorithm Eq
V

IO

RO
V

IO

O
pe

nV
IN

S

V
IN

S-
M

on
o

Source * * * *
MH_01 5.41 13.42 10.27 36.61
MH_02 5.16 15.51 10.84 34.86
MH_03 6.00 16.10 11.92 34.35
MH_04 6.08 19.27 11.40 34.18
MH_05 5.44 19.38 11.46 35.87
V1_01 6.10 19.91 13.45 33.92
V1_02 4.97 21.74 12.70 26.31
V1_03 5.75 18.02 11.07 24.84
V2_01 6.01 35.99 12.01 42.78
V2_02 5.37 19.94 11.59 28.10
V2_03 5.78 20.70 10.52 22.99
Mean 5.64 20.00 11.57 32.26

for any frame is still comparable to the average processing time of the other algorithms
listed in Table 6.3.

The absolute position and the attitude about the direction of gravity are unobserv-
able due to the reference frame invariance described in Proposition 6.3.2. However, the
velocity and direction of gravity with respect to the body-fixed frame are observable, and
thus expected to remain free of drift for all time. Figure 6.8 shows the estimated and
true values of the body-fixed gravity and linear velocity R⊤

B vB over time. Clearly the EqF
maintains a highly accurate estimate of both the body-fixed gravity direction and velocity
over the whole trajectory, and, as expected, no drift is present.

6.6.4 Number of Landmarks

In the experiments carried out on the EuRoC and UZH FPV datasets, EqVIO was re-
stricted to use a maximum of 40 landmarks at any given time. This is a design choice
based on trading off the desired accuracy and processing time performance. Figure 6.9
shows how the position RMSE and processing time of EqVIO change for varying num-
bers of landmarks. EqVIO was run over the entire EuRoC dataset with a single set of
parameters, except that the maximum number of landmarks allowed was changed from
4 to 100 in increments of 2 for each trial. The processing time per frame and position
RMSE were averaged over the whole dataset for each trial. Due to the similarities be-
tween the EqF and an EKF, the processing time indeed appears to increase quadratically
with the number of landmarks considered. In contrast, the position RMSE decreases as
the number of landmarks increases, although this trend is less consistent. The experiment
shows that the number of landmarks used in EqVIO may be increased to yield improved
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Figure 6.6: A flame graph showing the time taken to process each frame of the EuRoC sequence
V2_01.
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Figure 6.7: Histograms of the time taken to process each frame by each section of EqVIO in the
EuRoC sequence V2_01.
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Table 6.4: RMSE of position estimates in metres on the UZH FPV [21] dataset for some of the
systems in Table 6.1.

Algorithm Eq
V

IO

RO
V

IO
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pe

nV
IN

S

V
IN

S-
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on
o

Source * * * *
indoor_45_12 0.63 x 0.63 0.62
indoor_45_13 0.43 1.66 0.50 0.82
indoor_45_14 1.79 3.36 1.76 1.85
indoor_45_2 0.40 x 0.33 0.69
indoor_45_4 0.28 x 0.35 1.15

indoor_forward_10 0.32 1.22 0.36 0.61
indoor_forward_5 0.23 2.46 0.22 0.32
indoor_forward_6 0.58 0.90 0.53 0.62
indoor_forward_7 0.34 1.07 0.43 0.56
indoor_forward_9 0.64 x 0.82 0.76

Mean 0.56 1.78 0.59 0.76

accuracy at the cost of increased processing time. This trade-off is useful in allowing a
practitioner to tune the proposed system according to their requirements.

6.7 Chapter Conclusion

This chapter presents and develops EqVIO: a novel system for visual inertial odometry
based on the recently proposed equivariant filter. A new Lie group, the VI-SLAM group,
is developed for the VIO problem. It is shown that this symmetry is compatible with the
well-known reference frame invariance of VIO, and that therefore the resulting EqF is
a naturally consistent estimator. The VI-SLAM group incorporates the extended special
Euclidean group SE2(3) proposed in [139], leading to exact linearisation of the error dy-
namics associated with the navigation states. The VI-SLAM group also takes advantages
of the SOT(3) symmetry of visual landmarks to enable the EqF to use the higher-order
equivariant output approximation [2]. EqVIO is the system that combines an EqF based
on the VI-SLAM group with a feature tracking front-end. In experimental results on two
popular VIO datasets [20; 21], we show that EqVIO outperforms other state-of-the-art al-
gorithms in terms of both speed of computation and accuracy of trajectory estimation. In
summary, this chapter shows the compatibility of the novel VI-SLAM Lie group with the
VIO problem, and that the resulting equivariance-based VIO system significantly outper-
forms alternative solutions.



§6.7 Chapter Conclusion 91

−9.4

−9.2

−9.0

gr
av

it
y

x
(m

/
s/

s)

Gravity Direction

−0.50

−0.25

0.00

0.25

0.50

ve
lo

ci
ty

x
(m

/
s)

Body-Fixed Velocity

−1.5

−1.0

−0.5

0.0

0.5

1.0

gr
av

it
y

y
(m

/
s/

s)

−0.50

−0.25

0.00

0.25

0.50

ve
lo

ci
ty

y
(m

/
s)

220 240 260 280 300 320

Time (s)
+1.4133930000× 109

2.0

2.5

3.0

3.5

4.0

g
ra

v
it

y
z

(m
/
s/

s)

True
Est.

220 240 260 280 300 320

Time (s)
+1.4133930000× 109

−0.25

0.00

0.25

0.50

0.75

ve
lo

ci
ty

z
(m

/
s)

True
Est.

Figure 6.8: Comparison of estimated and true values of body-fixed velocity and gravity in the
EuRoC sequence V2_01.
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Table 6.5: Average time taken to process each frame in ms on the UZH FPV [21] dataset for some
of the systems in Table 6.1.

Algorithm Eq
V

IO

RO
V

IO

O
pe

nV
IN

S

V
IN

S-
M

on
o

Source * * * *
indoor_45_12 2.79 21.20 17.47 79.37
indoor_45_13 2.50 28.18 18.29 54.61
indoor_45_14 3.19 23.85 18.53 43.16
indoor_45_2 3.30 32.21 18.06 53.02
indoor_45_4 2.65 24.48 18.06 58.34

indoor_forward_10 2.67 41.86 16.27 66.43
indoor_forward_5 3.10 32.77 17.35 91.71
indoor_forward_6 3.62 43.71 17.00 45.64
indoor_forward_7 2.75 30.36 17.03 59.24
indoor_forward_9 3.02 24.34 16.20 74.21

Mean 2.96 30.30 17.43 64.02

6.8 Proofs

Proof of Proposition 6.3.2. Let S ∈ SEe3(3), ξ = (ξB, bB, T, pi) ∈ T VI
n (3), and (Ω, a) ∈ L be

arbitrary. Then compute

f(Ω,a)(α(S, (ξB, bB, T, pi)))

= f(Ω,a)((S
−1PB, R

⊤
S vB, bB), T, S

−1(pi)),

= ((R⊤
SRB)(Ω− bΩB )

×, (R⊤
S vB), (R

⊤
SRB)(a− baB ) + ge3,

0, 0, 0),

= (R⊤
S (RB(Ω− bΩB )

×), R⊤
S vB, R

⊤
S (RB(a− baB ) + ge3),

0, 0, 0, ),

= dαSfΩ,a(ξB, bB, T, pi),

where the second-last line follows from R⊤
S e3 = e3. This shows that, indeed, f is invari-

ant with respect to the action α. To show the invariance of h, it is sufficient to show the
invariance of the component functions hk defined in (6.2). One has that

hk(α(S, (ξB, bB, T, pi)))

= hk(((S−1PB, R
⊤
S vB, b

Ω
B , b

a
B ), T, S

−1(pi))),

= πS2
(
(S−1PBT )

−1(S−1(pi))
)
,

= πS2
(
(PBT )

−1SS−1(pk)
)
,

= πS2
(
(PBT )

−1(pk)
)
,

= hk(ξB, bB, T, pi)).
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This completes the proof.

Proof of Lemma 6.4.1. It is straightforward to see that φV and ρV are indeed right group
actions. To see the equivariance of hV, let Q ∈ SOT(3) and q ∈ R3 \ {0} be arbitrary.
Then,

hV(φV(Q, q)) = hV(c−1
Q R⊤

Qq),

=
c−1
Q R⊤

Qq

|c−1
Q R⊤

Qq|
,

= c−1
Q R⊤

Q

q

c−1
Q |R⊤

Qq|
,

= R⊤
Q

q

|q| ,

= ρV(Q, hV(q)),

as required.

Proof of Lemma 6.4.2. Let ξ = (ξB, bB, T, pi) ∈ T VI
n (3) and X1 = (A1, β1, B1, Q1,i), X2 =

(A2, β2, B2, Q2,i) ∈ G be arbitrary. Then,

ϕ(X2, ϕ(X1, ξ))

= ϕ(X2, (φ
B(A1, ξB), bB + β1, P

−1
A1
TB1,

PBTB1Q
−1
1,iT

−1P−1
B (pi))),

= (φB(A2, φ
B(A1, ξB)), bB + β1 + β2, P

−1
A2

(P−1
A1
TB1)B2,

PBPA1P
−1
A1
TB1B2Q

−1
2,i (P

−1
A1
TB1)

−1(PBPA1)
−1

(PBTB1Q
−1
1,iT

−1P−1
B (pi))),

= (φB(A1A2, ξB), bB + (β1 + β2), (PA1PA2)
−1T (B1B2),

PBTB1B2Q
−1
2,iB

−1
1 T−1PA1P

−1
A1
P−1

B

PBTB1Q
−1
1,iT

−1P−1
B (pi)),

= (φB(A1A2, ξB), bB + (β1 + β2), (PA1PA2)
−1T (B1B2),

PBTB1B2Q
−1
2,iQ

−1
1,iT

−1P−1
B (pi)),

= ϕ(X1X2, ξ).

This shows that the compatibility condition (3.3) is satisfied. For the identify condition
(3.4), compute

ϕ(idG, ξ)

= ϕ((I5, 0, I4, (I4)), (ξB, bB, T, pi)),

= (φB(I5, ξB), bB + 0, I4TI4, PBTI4I
−1
4 T−1P−1

B (pi)),

= (ξB, bB, pi).
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Then, indeed, ϕ is a group action. Finally, to see that ϕ is transitive, let ξ1, ξ2 ∈ T VI
n (3) be

arbitrary, and let X = (A, β,B,Qi) ∈ G such that

PA = (P 1
B )

−1P 2
B ,

vA = (R1
B)

⊤(v1B − v2B ),

β = b2B − b1B ,

B = (P 1
B T

1)−1(P 2
B T

2),

Qi((P
2

B T
2)−1p2i ) = (P 1

B T
1)−1p2i .

Then it is straightforward to see that ϕ(X, ξ1) = ξ2. This completes the proof.

Proof of Lemma 6.4.3. Let ξ = (ξB, bB, T, pi) ∈ T VI
n (3), S ∈ SEe3(3) and X = (A, β,B,Qi) ∈

G be arbitrary. Then,

ϕ((A, β,B,Qi), α(S, (ξB, bB, T, pi))

= ϕ((A, β,B,Qi), (S
−1PB, R

⊤
S vB, bB, T, S

−1(pi))),

= (S−1PBPA, R
⊤
S vB +R⊤

SRBvA, bB + β,A−1TB,

S−1PBTBQ
−1
i (S−1PB)

−1S−1(pi)),

= (S−1(PBPA), R
⊤
S (vB +RBvA), bB + β,A−1TB,

S−1PBTBQ
−1
i P−1

B (pi)),

= α(S, (PBPA, vB +RBvA, bB + β,A−1TB,

PBTBQ
−1
i P−1

B (pi))),

= α(S, ϕ(X, ξ)),

as required.

Proof of Lemma 6.4.4. It is trivial to see that ρ is a group action. To show the equivariance
of h, one examines the component measurement functions hk. Let X = (A, β,B,Qi) ∈ G

and ξ = (ξB, bB, T, pi) ∈ T VI
n (3). Then one has

hk(ϕ((A, β,B,Qi), (ξB, bB, T, pi)))

= hk(φB(A, ξB), bB + β, P−1
A TB,PBTBQ

−1
i T−1P−1

B (pi)),

= πS2((PBPA)
−1(PBTBQ

−1
k T−1P−1

B (pk))),

= πS2((PBPAP
−1
A TB)−1(PBTBQ

−1
k T−1P−1

B (pk))),

= πS2(Q
−1
k T−1P−1

B (pk)),

=
c−1
Qk
R⊤
Qk
T−1P−1

B (pk)

|c−1
Qk
R⊤
Qk
T−1P−1

B (pk)|
,

= R⊤
Qk

T−1P−1
B (pk)

|T−1P−1
B (pk)|

,

= R⊤
Qk
hk(ξB, bB, T, pi).
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It follows that

h(ϕ((A, β,B,Qi), (ξB, bB, T, pi)))

= (h1(ϕ((A, β,B,Qi), (ξB, bB, T, pi))), ...,

hn(ϕ((A, β,B,Qi), (ξB, bB, T, pi)))),

= (R⊤
Q1
h1(ξB, bB, T, p1), ..., R

⊤
Qn
hn(ξB, bB, T, pn)),

= ρ((A, β,B,Qi), h(ξB, bB, T, pi)),

as required.
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Chapter 7

Conclusion

To conclude this thesis, the key results are summarised and discussed below. Some di-
rections of future work are outlined in Section 7.2.

7.1 Summary and Contributions

Recent advances in the theory of equivariant systems has led to the rise of powerful
observer architectures that exploit system symmetries to outperform traditional filter de-
signs in a range of practical problems. Current state-of-the-art equivariant observer ar-
chitectures suffer from key limitations. General constructive observer designs are limited
to systems with invariant dynamics, but allow for biases and delayed measurements. The
linearisation-based IEKF is limited to systems on Lie groups with group-affine dynam-
ics. The discovery of a novel symmetry group for SLAM has inspired research into the
application of the IEKF to visual spatial awareness problems, but has not yielded results
that compete with state-of-the-art VSA systems. This thesis extends the theory of equiv-
ariant systems by proposing new symmetries for visual spatial awareness problems and
by developing a new filter design for any system for which a symmetry can be identified.
The specific contributions of each technical chapter are as follows.

7.1.1 Symmetry of Visual Simultaneous Localisation and Mapping

This chapter proposed the VSLAM group and showed it to be compatible with the mea-
surements of visual SLAM. The SLAM group [50; 78] is a symmetry of the VSLAM prob-
lem for which the dynamics are left-invariant, but the outputs are not equivariant. On the
other hand, the dynamics of VSLAM are not invariant under the VSLAM group, but the
outputs are equivariant. The general importance of equivariant outputs becomes clear in
Chapter 5, where it is shown how this property can be exploited to obtain a higher-order
approximation of the output function and improve filter performance.

A symmetric output error was defined by exploiting the equivariance of the mea-
surement function. A novel observer for VSLAM was then defined by examining the
dynamics of this error, and finding correction terms that drive this error to a constant
value. As a result of this design procedure, the resulting observer could be shown to
have almost globally asymptotically stabilisable error dynamics. This is a powerful re-
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sult that contrasts with many of the existing observers for visual SLAM which offer only
local convergence guarantees.

7.1.2 Equivariant Filter

This chapter introduced the Equivariant Filter (EqF). The EqF is a novel equivariant ob-
server architecture that can be applied to any system on a homogeneous space, and ex-
ploits the symmetries of the system. The EqF design relies on the symmetry of a system
to define a global equivariant error that can be examined using a local coordinate chart
near a fixed origin configuration. This avoids the need for embedding of the system state
or finding a set of changing local coordinate charts, which are required by other general
observer designs for systems on manifolds. The EqF was shown to outperform an EKF
for a state estimation problem on the sphere.

This chapter also showed how an equivariant output function can be exploited in
an EqF design to reduce linearisation error. Specifically, it showed that the second-order
error of the output approximation can be eliminated by exploiting knowledge of the mea-
surement value and the compatibility of symmetry actions on the state and output spaces.
This technique yielded a clear improvement in performance of the EqF for the example
problem of bearing estimation on the sphere. The EqF differs qualitatively from previ-
ous linearisation-based equivariant observers (e.g. IEKF) in that the system state and
its symmetry are strongly distinguished from one another. This separation of symmetry
and system allows the EqF to be applied to a wider range of systems, and means that a
user may choose the symmetry best suited to their system’s characteristics when multiple
options are available.

7.1.3 EqVIO: The Equivariant Filter for Visual Inertial Odometry

In this chapter, the VSLAM symmetry of Chapter 4 was extended with the SE2(3) sym-
metry for IMU dynamics [50] to create a new visual inertial (VI-)SLAM Lie group. The
VI-SLAM group was shown to exhibit compatibility with the VIO problem in a number
of ways.

• The reference frame invariance of VIO is compatible with the VI-SLAM group.

• The IMU error dynamics are invariant under the VI-SLAM group.

• The visual measurements of landmarks are equivariant with respect to the VI-
SLAM group.

No previous symmetries that have been applied to VIO have provided equivariance of
the visual measurements of landmarks. Exploiting this output equivariance led to a sig-
nificant reduction in linearisation error of landmark measurement approximation. This
reduction in linearisation error of the visual measurements is key in the performance ad-
vantage of the EqF over the IEKF-based systems for VIO that depend on the classical
SLAM symmetry.
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EqVIO was the name given to the VIO system that combines a modern feature track-
ing front-end with an EqF back-end that uses the VI-SLAM symmetry. This system out-
performs existing state-of-the-art VIO algorithms in terms of both speed and accuracy on
both the EuRoC and UZH FPV datasets. Finally, the c++ implementation of EqVIO was
made publicly available under a GNU GPLv3 license1.

7.2 Future Work

A number of possible directions for future work are laid out in the following sections.

7.2.1 New Symmetries

The discovery of SE2(3) for IMU dynamics and SLAMn(3) for SLAM enabled the ap-
plication of equivariant observers to previously intractable problems. One key contribu-
tion of this thesis was the development of new symmetries for VSLAM and VIO. There
are many state estimation problems, however, for which there are still no compatible
Lie groups known. Examples include problems involving biased IMU dynamics, multi-
camera vision systems, soft robotics, and more. This means it is not currently possible
to obtain the full benefit of applying equivariant observers to these systems. Discover-
ing symmetries for such systems is thus an exciting direction for further research that
would enable wider application of the techniques discussed in this thesis. While anal-
ysis of system dynamics was emphasised in prior works on equivariant systems theory,
such as the study of invariant and group affine systems, the work presented in thesis in-
stead emphasised the analysis of system measurements. This change of focus may lead
to the discovery of new alternative symmetries for previously studied systems, with the
potential to improve filter performance.

7.2.2 Problems in Visual Spatial Awareness

Chapter 6 addresses the VSA problem of VIO, where the visual sensor is a standard
monocular camera. However, there are many other problems under the VSA umbrella,
primarily distinguished by the available sensors. It is relatively straightforward to extend
the EqVIO system to stereo and multiview camera systems by considering the additional
measurements as non-equivariant outputs. Event cameras are bio-inspired sensors that,
rather than capturing static frames at a fixed rate, capture changes in the light intensity
at each pixel dynamically. Finding a way to integrate event camera measurements in a
high-speed implementation like EqVIO could provide a powerful new event-based VIO
system that does not lose feature tracking even in rapid motions. Another possible ex-
tension to the work in this thesis is to do away with image features and consider the full
image instead as in the dense SLAM literature [70; 110]. The recent works by Clark et
al. [115] and Zhang et al. [114] apply Lie group symmetries to point-cloud registration

1https://github.com/pvangoor/eqvio

https://github.com/pvangoor/eqvio
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for dense SLAM with RGBD cameras, and provide an interesting direction for potential
future research. Finding a way to utilise dense measurements in an equivariant observer
framework could lead to new breakthroughs in both dense SLAM research and equivari-
ant systems theory.

7.2.3 Exploiting Symmetry Properties

In Chapter 5, it was shown that one can take advantage of equivariant output functions
to obtain higher order output approximations. This adds to a growing body of litera-
ture showing the advantages of equivariant observers over generic nonlinear observer
designs. An obvious question, then, is what other advantages the use of symmetry in
observer design may yield. In a recent paper [4], Mahony et al. discussed the introduc-
tion of a curvature term in the Riccati equation of the EqF, and showed that its inclusion
yielded some performance advantages in an example simulation. An interesting avenue
for further research is therefore to identify the theoretical impact modifications such as
the equivariant output approximation and the curvature term have on the performance
of equivariant observers.



Appendix A

Equivariant Filter Implementation

The following algorithms are used to design the EqF for a given system.

Algorithm 1 EqF Design Preliminaries

1. Find a Lie group G and state action ϕ : G× M → M .

2. Check that the system is equivariant and compute the input symmetry ψ : G×L →
L.

3. Construct an equivariant lift Λ : M × L → g.

4. Check if there exists an action ρ : G×N → N such that the configuration output is
equivariant.

5. Choose an origin ξ̊ ∈ M , choose a local coordinate chart ϑ about ξ̊, and fix a right-
inverse DX |idϕξ̊(X)† of DX |idϕξ̊(X).

6. Initialise the observer state X̂(0) = id and the Riccati term Σ(0) = Σ0 ∈ S+(m).

While the filter is presented in continuous time, in practice the equations must be im-
plemented through numerical integration. Given input and output measurements u ∈ L
and y = h(ξ) ∈ N at a given time, the steps in Algorithm 2 are executed. For the majority

Algorithm 2 EqF Design Implementation

1. Compute the origin velocity ů = ψX̂−1(u) and use this to obtain the state matrix Åt
(5.24) (cf. Lemma A.0.1).

2. Compute the standard output matrix Ct (5.32) or (preferably) the equivariant out-
put matrix C⋆t (5.34).

3. Choose state and output gain matrices Mt ∈ S+(m) and Nt ∈ S+(n).

4. Update the observer state X̂(t) and Riccati state Σ(t) by numerically approximating
equations (5.35-5.37).

of applications, Euler integration or a higher order Runge-Kutta method is appropriate.
Itazi and Sanyal [42] showed the effectiveness of Lie group variational integrators [86]
for discretising an observer for invariant attitude dynamics, and a similar approach may
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also be applied to discretising the EqF for certain systems.
In some cases it may be difficult to compute an explicit algebraic expression for the

velocity action ψ. The following Lemma provides a way to implement the EqF without
the need to derive ψ.

Lemma A.0.1. The linearised state matrix Åt defined in (5.24) can be written

Åt = De|ξ̊ϑ(e)Dξ|ξ̂ϕX̂−1(ξ) ·DE |idϕξ̂(E)

·Dξ|ϕX̂(ξ̊)Λ(ξ, u) ·De|ξ̊ϕX̂(e) ·Dε|0ϑ−1(ε). (A.1)

Proof. Recall the equivariant lift condition (5.12). It follows that

DE |idϕξ̊(E) ·De|ξ̊Λ(e, ů)
= DE |idϕξ̊(E) ·De|ξ̊ AdX̂ Λ(ϕX̂(e), u),

= DE |idϕξ̊(E)AdX̂ ·De|ξ̊Λ(ϕX̂(e), u),
= DE |idϕξ̊(E)AdX̂ ·Dξ|ϕX̂(ξ̊)Λ(ξ, u) ·De|ξ̊ϕX̂(e),

= Dξ|ξ̂ϕX̂−1(ξ) ·DE |idϕξ̂(E) ·Dξ|ϕX̂(ξ̊)Λ(ξ, u)

·De|ξ̊ϕX̂(e).

Then the expression (A.1) follows from the definition of Åt in (5.24). Unlike (5.24), the
expression (A.1) depends only the measured signal u ∈ L and not on the origin velocity
ů = ψX̂−1(u) ∈ L.

While the definitions of Åt in (5.24) and (A.1) are equivalent, they present different
challenges in practical implementation of the filter equations. Using the definition (5.24)
requires an explicit algebraic expression for the velocity action ψ, which may be challeng-
ing to compute. On the other hand, (A.1) is independent of the algebraic expression of ψ,
but requires the differentials Dξ|ξ̂ϕX̂−1(ξ) and Dξ|ϕX̂(ξ̊)Λ(ξ, u) to be recomputed at differ-

ent state elements ξ̂ ∈ M for each iteration. The expression (A.1) is particularly useful in
situations where the equivariant velocity extension of a system is infinite [45].



Appendix B

EqF Specialisation to IEKF

The EqF specialises to an invariant extended Kalman filter (IEKF) [48] for a certain sub-
class of equivariant systems; specifically those with group affine dynamics on a Lie group,
where the origin is chosen to be the identity, and where the local coordinates are chosen
to be the exponential map in the EqF implementation.

Consider a system function f : L → X(G ) where G is the torsor of an m-dimensional
matrix Lie group G ⊂ GL(d). Right translation R : G×G → G , defined by RX(B) = BX

is a smooth, transitive right action of G on G . Suppose the system is equivariant with
respect to R and some velocity action ψ, that is,

DRXfu(P ) = fψX(u)(PX),

for all P ∈ G , X ∈ G and u ∈ L. Define the lift Λ : G × L → g to be

Λ(P, u) = P−1fu(P ),

where P−1 is understood as a matrix inverse.

Let P ∈ G denote the true state of the system. Choose the origin element, P̊ = Id, to
be the identity matrix and let X̂ ∈ G denote the state of the observer, with dynamics

d

dt
X̂ := X̂Λ(RX̂(P̊ ), u) + ∆X̂,

= X̂Λ(X̂, u) + ∆X̂,

= X̂X̂−1fu(X̂) + ∆X̂,

= fu(X̂) + ∆X̂.

In [48], Barrau et al. showed (see also [45, Remark 7.1]) that if the system f is “group
affine”, then the dynamics of the error E := PX̂−1 depend only on u and not the origin
velocity ů,

Ė = fu(E)− Efu(Id)− E∆.

Let ϑ : UId → Rm be the normal coordinates for G about Id so that ε = ϑ(E) = log(E)∨.

103



104 EqF Specialisation to IEKF

The pre-observer (∆ ≡ 0) dynamics of ε about ε = 0 are exactly

ε̇ = Åtε,

Åtε =
(
DE |InΛ(E, u)[ε∧]

)∨
.

Let the output space N be the Euclidean space Rn, and let the configuration output
h : G → Rn be any map, that is, h is not necessarily equivariant. Then the EqF (5.35-5.37)
with standard output matrix specialises to the invariant extended Kalman filter (IEKF)
proposed in [48].

In [48], the pre-observer dynamics of ε are shown to be exactly linear as a consequence
of the novel ‘group affine’ property. In this case the IEKF is locally asymptotically stable
with a constant convergence radius [48].
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