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We consider a new approach for estimating non-Gaussian
undirected graphical models. Specifically, we model contin-
uous data from a class of multivariate skewed distributions,
whose conditional dependence structure depends on both
aprecisionmatrix anda shapevector. Toestimate thegraph,
we propose a novel estimation method based on nodewise
regression: we first fit a linear model, then fit a one compo-
nent projection pursuit regressionmodel to the residual ob-
tained fromthe linearmodel, andfinally threshold appropri-
ate quantities. Theoretically, we establish error bounds for
each nodewise regression and prove consistency of the es-
timated graph when the number of variables diverges with
the sample size. Simulation results demonstrate the supe-
rior finite sample performance of our new method to exist-
ingmethods for estimatingGaussianandnon-Gaussiangrap-
hical models. We finally demonstrate an application of the
proposedmethodonobservationsof physicochemical prop-
erties of wine.
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1 | INTRODUCTION6

In multivariate analysis, a graphical model is a popular and attractive representation of the re-7

lationship between random variables. More specifically, given a p-dimensional random vec-8
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tor Y = (Y1, . . . ,Yp )
>, the underlying Markov random field is specified by an undirected graph9

G (Lauritzen, 1996). This graph consists of a set of vertices V = {1, . . . , p} and an edge set10

E ⊂ V ×V that represents the conditional dependence structure among the random variables:11

A pair (j , k ) ∈ E if and only if Yj and Yk are conditionally dependent given all the remaining12

variables. Vertex k is said to be in the neighborhood Nj = {k : (j , k ) ∈ E } of vertex j if the13

pair (j , k ) belongs to the edge set. Undirected graphical models have applications in many ar-14

eas, ranging from establishing gene regulatory networks (Schäfer and Strimmer, 2005;Werhli15

et al., 2006), social network analysis (Jamali and Ester, 2010), to functional brain connectivity16

(Belilovsky et al., 2016; Monti et al., 2017) among many others. Knowledge of the conditional17

dependence structure can also be used to improve other inferential methods. For example, Yu18

and Liu (2016) incorporates graphical structure of the covariates to improve estimation of the19

coefficients in the linear model.20

Whenall the randomvariables are continuous, the problemof estimating undirected graph-21

ical models from data has largely focused on themultivariate Gaussian distribution. In this set-22

ting, the conditional dependence structure is completely characterised by the precisionmatrix,23

i.e the inverse of the covariance matrix. Specifically, a pair (j , k ) belongs to the edge set of the24

graph if and only if the corresponding element in the precisionmatrix is not equal to zero. As a25

result, estimating theGaussian graphicalmodel is equivalent to estimating its precisionmatrix,26

for which there are two main estimation approaches: maximum likelihood estimation based27

onmultivariateGaussian distribution, and nodewise regression, inwhich each componentYj is28

regressed upon Y−j = {Yk , k , j }. When the sample size n is greater than the number of vari-29

ables p , estimating the Gaussian graphical model usually involves testing the hypothesis that30

the element of the precision matrix is zero; see for example Drton and Perlman (2004). When31

p is large, regularization is usually imposed; examples include the graphical lasso in Friedman32

et al. (2008) and the nodewise lasso inMeinshausen et al. (2006).33

Despite the popularity of Gaussian graphical models, for many practical applications, the34

assumption of a multivariate Gaussian distribution is restrictive; many physical processes gen-35

erate data that are continuous but non-Gaussian, such as bacteria growth (Ghosh et al., 2016),36

cloud cover formation (Sengupta et al., 2016) amongmany others. Baba et al. (2004) points out37

that in the class of elliptical distributions, conditional independence is only possible for themul-38

tivariate Gaussian distribution, so it is generally thought to be difficult to relax the aforemen-39

tioned multivariate Gaussian assumption and still allow conditional independence. To over-40

come this challenge, Liu et al. (2009), Liu et al. (2012), and Xue et al. (2012) study the undi-41

rected graphical model for the Gaussian copula family (non-paranormal distributions), where42

a marginal transformation maps the non-Gaussian data to a latent multivariate Gaussian data43

and preserves the conditional independence structure. While the Gaussian copula family is44

richer than the multivariate Gaussian, this class of distribution is still restrictive because its45
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conditional dependence structure is assumed to be that of a latent multivariate Gaussian dis-46

tribution. Another approach taken by Fellinghauer et al. (2013) and Voorman et al. (2014) is to47

assume that data are generated from a multivariate distribution where any conditional distri-48

bution of one component given all the others p(Yj `Y−j ) depends on Y−j only through the condi-49

tional mean E (Yj `Y−j ). Hence, estimation of the graphical model can be done through variable50

selection for the conditional mean, using methods such as random forest (Fellinghauer et al.,51

2013) and additivemodels (Voorman et al., 2014). This assumption can be violated if the condi-52

tional variance depends onY−j , and neither Fellinghauer et al. (2013) norVoorman et al. (2014)53

points out a joint distribution of data other than the Gaussian and non-paranormal distribu-54

tions for which the above assumption holds. In another line of research, Lin et al. (2016), Yuan55

et al. (2016) and Yu et al. (2018) use a score matching method to study undirected graphical56

models for the multivariate exponential family distribution. Zhuang et al. (2016) generalizes57

the exponential family to a class of exponential trace models. Morrison et al. (2017) develops58

an algorithm for estimating graphical models for continuous non-Gaussian data using trans-59

port maps; however, the algorithm is greedy and typically requires very large sample size to60

recover the true graphical model evenwith a small number of variables.61

In this paper, we take a different approach by considering the problem of graphical model62

estimation for a class ofmultivariate skeweddistributions,where the conditional independence63

structure depends critically on the skewness of the distribution. In particular, we model data64

using the generalizedmultivariate skewnormal distributions (GMSN). A randomvectorY ∈ Òp65

is said to follow a p-variate GMSN distribution, denoted as Y ∼ GMSN(ξ, Σ,α,G ), if its joint66

density has the form67

f (Y) = 2φp (Y; ξ, Σ)G {
α>D−1(Y − ξ)

}
, (1)68

where φp (·; ξ, Σ) denotes the p-variate Gaussian density with mean vector ξ and covariance69

matrix Σ, D = diag(σ1/211 , . . . ,σ
1/2
pp ) is a diagonal matrix whose elements equal the square root70

of the diagonal elements of Σ, and G (·) is the distribution function of a univariate random71

variable that satisfies G (x ) = 1 − G (−x ). Starting from a p-variate Gaussian random vector72

U = (U1, . . . ,Up )
> ∼ Np (ξ, Σ), and a univariate random variable V whose distribution func-73

tion is G , we obtain the GMSN random vector with density (1) from the transformation Y =74

U1(α>D−1(U − ξ) < V ) − U1(α>D−1(U − ξ) > V ), where 1(·) denotes an indicator function. Un-75

like the copula family that is obtained from applyingmarginal transformations toU, the GMSN76

distribution is obtained from a transformation of all the components ofU simultaneously. IfG77

is the distribution function of a standard normal random variable, then (1) is the density of the78

multivariate skewnormal (MSN) distribution (Azzalini andDalla Valle, 1996; Azzalini andCapi-79

tanio, 1999), which have applications inmany areas; seeAzzalini (2013) and references therein80
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for a survey of applications. When α = 0, the GMSN distribution reduces to the multivariate81

Gaussian distribution with mean vector ξ and covariance matrix Σ. Figure 1 shows data from82

a bivariate Gaussian distribution, along with data from the generalized bivariate skew normal83

distribution with the same covariance matrix but different shape vectors and skewing func-84

tions.85

Compared to the multivariate Gaussian distribution and the Gaussian copula family, the86

GMSN distribution’s conditional dependence structure depends both on the precision matrix87

Ω = Σ−1 and on the shape vector α. This characteristic is also shared by the MSN distribu-88

tion and its variants, such as the extended multivariate skew normal distribution (EMSN). The89

graphical model for EMSN distribution is studied by Capitanio et al. (2003); although they dis-90

cussmaximum likelihoodestimation for graphicalmodel estimation, theydonot discuss asymp-91

totic properties nor provide theoretical results for the estimator. They further note that maxi-92

mumlikelihoodestimation forEMSN is computationally challenging,mostlybecause it involves93

all the parameters simultaneously. This is also true for the GMSN distribution; however, it94

turns out that for identifying the graphicalmodel, we can avoidmaximum likelihoodestimation.95

Zareifard et al. (2016) develop a Bayesianmethod to estimate graphicalmodel of themultivari-96

ate closed skew normal distribution, which is another generalization of MSN. Noting that the97

dependence of the graphical model on the shape vector makes estimation of graphs challeng-98

ing, they impose additional assumptions on the graph such that conditional dependence only99

depends on the precision matrix (the graph is decomposable). In this paper, we aim to inves-100

tigate estimation of the graphical model for GMSN without any further assumption and also101

avoids maximum likelihood estimation; our approach is based instead on nodewise regression,102

in which we estimate the graphical model by estimating appropriate quantities in the condi-103

tional expectation of GMSN.104

Wewill work under a setting where we assume that the graphical model is sparse. Such an105

assumption is often made when the number of variables p is large, that is, only a few among106

p(p − 1)/2 pairs (Yi ,Yj ) are conditionally dependent. Applying this condition to the GMSN dis-107

tribution translates to assuming that both the shape vector α and the precision matrix Ω are108

sparse. Such assumptions will be made precise in Section 4. Furthermore, we will assume109

throughout the paper that the number of observations n is greater than the number of vari-110

ables p . Theoretically, we prove important properties of the conditional distribution and con-111

ditional expectation of the GMSN distribution, which form the basis for our new nodewise ap-112

proach to estimate the graphical model from the data. We then establish a theoretical bound113

on the error for each nodewise regression, and provide a simple thresholding algorithm, which114

we show consistently estimates the true graphical model. Finally, simulation studies and a real115

data example demonstrate the performance of the newmethodology in estimating the GMSN116

graphical model compared to that of popular existing methods for estimating Gaussian and117
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F IGURE 1 Simulated data from the bivariate normal distribution withmean zero vector, variance one and
correlation 0.5 (leftmost) and data from several bivariate generalized skew normal distributions. In the first row, all
distributions have shape vectorα = (−10, 5)>, while in the second row, all distributions have shape vector
α = (10, 5)>. From the second to the fourth column, the skewing function is chosen to be the distribution function of
the standard normal, standard Cauchy, and equal mixture of two Cauchy distribution having location 2 and −2 and
same scale 0.5, respectively.

continuous non-Gaussian graphical models.118

The paper is organized as follows. Section 2 establishes properties of the GMSN distribu-119

tion, particularly properties related to the conditional expectation. Section 3 proposes a node-120

wise method for estimating the graphical model, and Section 4 discusses theoretical results121

for the new method when the true location vector ξ and scale matrix D are assumed to be122

known, and Section 5 discusses estimation of ξ and D. Section 6 presents a simulation study123

that demonstrates the superior performance of the new nodewise method. Section 7 illus-124

trates the application of our newmethod to a real dataset. Section 8 contains some concluding125

remarks. All detailed proofs are deferred to the Appendix.126

The following notations are used throughout the paper. For any matrix A, we use a(i ), aj ,127

and ai j to denote the i th row, the j th column, and the (i , j )−th element of A, respectively. We128

letA(−i ) andA−j denote the sub-matrix ofAwith row i th and column j th removed, respectively.129

Then the notations A(−i )
−j
and a(i )

−j
denote the sub-matrix of Awith both row i th and column j th130

removed and, the i th row ofAwith column j th removed, respectively.131
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2 | THE GENERALIZED MULTIVARIATE SKEW NORMAL DISTRIBUTION132

Consider the random vector Y = (Y1, . . . ,Yp )
> ∼ GMSN(ξ, Σ,α,G ) with joint density (1). Let133

Ω = Σ−1, with elements {ωj k }, j , k = 1, . . . , p . The vector ξ = (ξ1, . . . , ξp )
> and the matrix134

D = diag(σ1/211 , . . . ,σ
1/2
pp ) are referred to as the location and scale matrix of Y respectively, be-135

cause the random vector Z = D−1 (Y − ξ) ∼ GMSN(0, Σ̃,α,G ), where Σ̃ = D−1ΣD−1 is the136

correlation matrix associated with Σ. To simplify the notation, we let σj = σ1/2
j j
and refer to137

{σj , j = 1, . . . , p} as the scale parameters of Y. We also note that when α , 0, the vector ξ138

is the mean of the normal part U, but not the mean vector of Y; similarly, Σ is the covariance139

matrix ofU but not the covariancematrix ofY.140

The following theorem states the condition for any pair (Yj ,Yk ) to be conditionally indepen-141

dent given all the other components ofY.142

Theorem 1 Let Y = (Y1, . . . ,Yp )> ∼ GMSN(ξ, Σ,α,G ). Let Ω = Σ−1. Then the two componentsYj143

andYk are conditionally independent if and only ifωj k = ωk j = 0 and αjαk = 0.144

Theorem 1 implies that conditional dependence in the GMSN distribution depends on both145

the precisionmatrixΩ and the shape vectorα, but does not depend on the location ξ and scale146

matrix D. In other words, the graphical models for Y and Z are identical. The conditions in147

Theorem 1 are the same as those obtained by Azzalini and Capitanio (1999, Section 6.3) and148

Capitanio et al. (2003, Section 5.3) for conditional independence in theMSN and EMSN distri-149

bution, respectively. The novelty here is that in the GMSN distribution, these conditions for150

conditional independence are invariant to the skewing functionG .151

While we can estimate all the parameters (and hence its graphical model) of the GMSN dis-152

tribution by maximum likelihood, it is challenging due to a large number of parameters, espe-153

ciallywhen the skewing functionG is unknown and the number of dimensions p is large. Impor-154

tantly however, it is not necessary to estimate all theseparameters for recovering the graphical155

model of the GMSN distribution; in fact, we only need to determine which elements of Ω and156

which elements ofα are zero. This leads us to propose a graphical model estimation approach157

that do not rely onmaximum likelihood estimation; instead, we employ a nodewise regression158

approach and estimate appropriate quantities in the conditional expectations of GMSN to re-159

cover the true graphical model.160

To form a basis for the proposed estimation method, we establish some properties of the161

conditional distributions. Since the graphical models for Y and Z are identical, we discuss the162

properties regarding the conditional distributions for Z to simplify the notation.163

Theorem 2 Let Z ∼ GMSN(0, Σ̃,α,G ), where Σ̃ is a correlation matrix. Then for any skewing func-164

tionG ,165
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(a) Ifαj = 0, then the conditional distribution ofZ j givenZ−j is normalwithmeanZ>−jβj andvariance166

σ̃j j .−j = 1 − σ̃
(j )
−j

(
Σ̃
(−j )
−j

)−1
σ̃
(−j )
j
, whereβj =

(
Σ̃
(−j )
−j

)−1
σ̃
(−j )
j
.167

(b) In general, the conditional expectation of Z j given Z−j is168

E (Z j `Z−j ) = Z>−jβj + gj (Z>−j ζj ),169

with ζj = α−j + αjβj , and170

gj (Z>−j ζj ) = σ̃
1/2
j j .−j

E
{
Z̃ G

(
Z̃ αj σ̃

−1/2
j j .−j

+ Z>
−j ζj

)}

E
{
G

(
Z̃ αj σ̃

−1/2
j j .−j

+ Z>
−j
ζj

)} , Z̃ ∼ N (0, 1).171

(c) Consider the random variable gj (Z>−j ζj ). For any odd function h : Òp−1 → Ò, i.e h(x) = −h(−x),172

we have E {
h(Z−j )gj

(
Z>
−j ζj

)}
= 0. Specifically, we have173

E
{
Z−j gj

(
Z>
−j ζj

)}
= 0, and E {

(Z−jZ>−j )−1Z−j gj
(
Z>
−j ζj

)}
= 0.174

Part (a) of Theorem2 implies that, ifαj = 0, althoug Z j is notmarginally normal, the conditional175

distribution of Z j given Z−j is still normal. Also in this case, the function gj is zero, so the condi-176

tional expectation is linear. On theother hand,whenαj , 0, parts (b) and (c) of Theorem2 imply177

that the conditional expectation has the formof an extended partially linear single indexmodel178

(Xia et al., 1999), where the non-linear and linear part are orthogonal. In this case, the function179

gj does not generally have a closed form, unless the skewing functionG is the standard normal180

distribution function, see Azzalini and Capitanio (1999) for the closed form in that case.181

Theorem3 below combines Theorems 1 and 2, relating conditional independence between182

any two components ofY to the quantities in the conditional expectations. This result is the183

key to the estimationmethod proposed in the next section.184

Theorem 3 Let Y = (Y1, . . . ,Yp )
> ∼ GMSN(ξ, Σ,α,G ) and define quantities as in Theorem 2. Let185

β
(k )
j
and ζ(k )

j
denote the coefficients corresponding to Zk in βj and ζj , respectively. Consider the186

following statements:187

(1) Yj andYk are conditionally independent.188

(2) ωj k = 0 and αjαk = 0.189

(3a) β (j )
k
= β (k )

j
= 0.190

(3b) ζ(j )
k
ζ
(k )
j
= 0.191

(3c) At least one of gj and gk is a zero function.192
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Then we have:193

(i) (1)⇐⇒ (2).194

(ii) (2) =⇒ (3a), (3b), and (3c).195

(iii) (3a) and (3b) =⇒ (2).196

(iv) (3a) and (3c) =⇒ (2).197

Part (i) of Theorem3 implies that estimating the graphicalmodel for theGMSNdistribution198

requires us to identify the zero elements in both the precisionmatrixΩ and the shape vectorα.199

Similar to theGaussian graphical model, a zero element inΩ is equivalent to a zero component200

of the coefficient associated with the linear part of the conditional expectation. Next, as sug-201

gested by parts (iii) and (iv) of Theorem3, we have two choices to identifywhether the product202

of two corresponding elements in the shape vector is zero. The first choice, corresponding to203

(iii), is by identifying zero components of the coefficient associated with the non-linear part of204

the conditional expectation. The second choice, corresponding to (iv) is by identifyingwhether205

the entire non-linear part is a zero function. Our proposed method in Section 3 is based on206

the second choice, because the p−dimensional vector ζj is not identifiable from the data if the207

true function gj is zero, but it is comparably more straightforward to assess whether the true208

function gj is zero without relying on ζj .209

3 | NODEWISE REGRESSION FOR GRAPHICAL MODEL ESTIMATION210

We now turn to the problem of estimating the graphical model from an n × p data matrix Y,211

whose rows y(1), . . . , y(n) are independent random sample following GMSN(ξ, Σ,α,G ). We are212

interested in estimating the neighborhood of each vertex in the graph, and thus the underlying213

graphical model. In the next two sections, we will assume that the location ξ and scale matrix214

D are known, and work with the standardized vectors z(i ) = D−1(y(i ) − ξ), i = 1, . . . , n . Let Z be215

the n × p matrix whose i t h row is z(i ). Estimation of ξ and D will be discussed in Section 5. To216

avoid confusion, we note that for the remaining of the paper (excluding the appendix), we will217

use capital boldface letter to denote an appropriate matrix.218

BasedonTheorem3,wepropose the followingnodewisealgorithm forestimating thegraph-219

ical model of theGMSNdistribution. At the j th iteration, j = 1, . . . , p , we consider a regression220

with response vector the j th column z j and n × (p −1)matrixZ−j , which is thematrixZwith the221

j th column removed.222

Step 1: Estimatingβj223

SinceE �
Z−j gj (Z−j ζj )

	
= 0bypart (c) of Theorem2, the vectorβj canbeestimatedbyfitting224



NGHIEM ET AL. 9

a linearmodel without an intercept. In this paper, we use ordinary least squares to estimateβj .225

That is226

β̂j =
(
Z>
−jZ−j

)−1 Z>
−j zj . (2)227

It is important for the linearmodel tonot havean intercept, and thevariables shouldnot be cen-228

tered. If the intercept is included in the model or the variables are centered, the slope estima-229

tor estimatesβj +{Var(z(i )
−j
)
}−1 Cov {

z(i )
−j
, gj (z(i )−j ζj )

}, which is not equal toβj since the covariance230

term is not zero. On the other hand, if we fit the linear model without an intercept, the slope231

estimator will estimate βj + {
E (z(i )

−j
z(i )
−j
)
}−1

E
{
z(i )
−j
gj (Z>−j ζj )

}
= βj , since E {

z(i )
−j
gj (z(i )−j ζj )

}
= 0 by232

part (c) of Theorem 2. In Section 4.1, we show that the estimator β̂j is unbiased for βj and233

establish a bound on the `2 error of β̂j when p diverges with n .234

Step 2: Estimating the function gj235

By Theorem 3, any pair (Yj ,Yk ) or (Z j , Zk ) is conditionally independent when at least one236

of the two functions gj and gk is the zero function. Therefore, after estimating the coefficients237

of the linear term βj , we proceed to estimate the function gj and assess whether it is a zero238

function. Let rj = zj − Z−j β̂j denote the residual vector from the linear model fit in Step 1, and239

r
(i )
j
, i = 1, . . . , n denote the i th element of rj . We then fit a one-component projection pursuit240

regression model with parameters µj ,0 ∈ Ò, θj ∈ Òp−1, τj ∈ Ò and (unknown) smooth function241

vj as242

r
(i )
j
= µj ,0 + τjvj

(
z(i )
−j
θj

)
+ ε(i )

j
, (3)243

subject to244

‖θj ‖2 = 1, τj ≥ 0,
1

n

n∑
i=1

vj
(
z(i )
−j
θj

)
= 0,

1

n

n∑
i=1

v 2j

(
z(i )
−j
θj

)
= 1, E (ε(i )

j
) = 0. (4)245

The constraints in (4) are standard for fitting the projection pursuit regression model (Fried-246

man, 1984), ensuring that themodel (3) is estimable from the data. The intercept µj ,0 estimates247

the overall mean and the scale τj estimates the standard deviation of the function gj , while the248

functionvj estimates the centered and scaled version of gj . Sincewe are interested inwhether249

the function gj is zero everywhere or not, we focus on the properties of the estimated scalar τ̂j .250

In Section 4, we will show that τ̂j converges to the true standard deviation of the function gj ,251

and hence can be used to determine whether gj is a zero function or not.252

While there are multiple approaches to fit the model (3), see for example Friedman and253

Stuetzle (1981), Friedman et al. (1983) and Friedman (1984), we employ a similar approach to254
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Chen (1991) because it produces an estimator with a convergence rate that does not depend255

on the dimension p as n → ∞. Specifically, we estimate the parameters of the model (3) by256

minimizing257

n∑
i=1

{
r
(i )
j
− µj ,0 − τjvj

(
z(i )
−j
θj

)}2
258

subject to constraints (4). The interceptµj ,0 is estimatedby µ̂j ,0 = n−1 ∑n
i=1 r

(i )
j
, which is the aver-259

age of the residual vector. Next, let r̃j be the vector with elements r̃ (i )j = r (i )
j
− µ̂j ,0, i = 1, . . . , n .260

The optimization procedure then cycles through the following three steps until convergence.261

First, for given θj and a real function vj , we estimate τj by262

τ̂j =
1

n

������

n∑
i=1

r̃
(i )
j
vj

(
z(i )
−j
θj

) ������
≥ 0.263

Second, for a givenτj andθj , weestimate the functionvj byM j cubicB-spline functions {ψk }, k =264

1, . . . ,M j withknotsplacedat equidistantpoints in the interval [0, 1]. In otherwords,vj (Z−jθj ) ≈265 ∑M j

k=1 γkψk
�
Z−jθj

�whereγk ∈ Ò. LetAbe the n×M j matrixwhoseelements (i , k )equalψk (
z(i )
−j
θj

) .266

Then the vector γ = (γ1, . . . , γM j )
> is estimated by γ̂ = (A>A)−1A>r̃j , and hence the function vj267

is estimated by268

vj (z(i )−jθj ) =
∑M j

k=1 γ̂kψk
(
z(i )
−j
θj

)
[∑n

i=1

{∑M j

k=1 γ̂kψk
(
z(i )
−j
θj

)}2]1/2 .269

We choose the number of basis functionsM j using generalized cross-validation. Finally, given270

a non-constant function vj and a scalar τj , we estimate θj by the Gauss-Newton method. Let271

θ̂j ,0 be an initial estimate of θj . Thenwe have272

vj
(
z(i )
−j
θj

)
≈ vj

(
z(i )
−j
θ̂j ,0

)
+ v ′j

(
z(i )
−j
θ̂j ,0

)
z(i )
−j

(
θj − θ̂j ,0

)
.273

Hence, we estimate θj by solving274

θ̂j = argmin
θj

n∑
i=1

{
r̃
(i )
j
− vj

(
z(i )
−j
θ̂j ,0

)
+ v ′j

(
z(i )
−j
θ̂j ,0

)
z(i )
−j
θ̂j ,0 − v

′
j

(
z(i )
−j
θ̂j ,0

)
z(i )
−j
θj

}2
275

= argmin
θj




Q(κj − Z
>
−jθj )





2

2
, subject to �

θj
�
2 = 1,276

277



NGHIEM ET AL. 11

where Q is an n × n diagonal matrix whose diagonal elements are {
v ′j

(
z(i )
−j
θ̂j ,0

)}2, and κj is a278

n × 1 vectorwhose i th element equals {
r̃
(i )
j
− vj

(
z(i )
−j
θ̂j ,0

)
+ v ′j

(
z(i )
−j
θ̂j ,0

)
z(i )
−j
θ̂j ,0

}
/v ′j

(
z(i )
−j
θ̂j ,0

) . The279

above minimization problem is a weighted least squares problem, so the solution is the stan-280

dardized version of θ̂j = (Z>−jQZ−j )−1Z>−jQκj .281

Step 3: Neighborhood selection282

By repeating the two steps above, we obtain the estimates β̂j and τ̂j for all j = 1, . . . , p . To283

estimate the neighborhood of all the vertices in the graph, we subsequently form two p × p284

matrices B(1) and B(2). For any pair (j , k ) with k , j , the off-diagonal elements of B(1) and B(2)285

are defined as b (1)
j k
= max (

`β̂(k )
j
`, `β̂

(j )
k
`
) and b (2)

j k
= τ̂j τ̂k . The diagonal elements of both matrices286

are set to zero. With this definition, both B(1) and B(2) are symmetric. We then estimateYj and287

Yk to be conditionally independent if both b (1)j k and b (2)j k are small, i.ewhen the sum o j k =
(
b
(1)
j k

)2
+288 (

b
(2)
j k

)2
≤ T , withT being a positive threshold (we note that other norms, such as `b (1)

j k
` + `b (2)

j k
`,289

can be used as well). The estimated neighborhood for vertex j is then N̂j = {k : o j k > T }. In290

Section 4.2, we establish the theoretical choice ofT for neighborhood consistency.291

Empirically, we can select the threshold using a procedure similar to that developed by292

Mestres et al. (2018). In detail, we select the threshold that maximizes either the path con-293

nectivity or the Agglomerative Nesting (AGNES) risk function, which are computed as follows.294

Consider a grid of valuesT1 < . . . < TM containingM equidistant points between minj k �
o j k

�
295

and maxj ,k �
o j k

�. Note that when the threshold increases, the estimated graph is more sparse.296

RecallV = {1, . . . , p} is the set of vertices of the graph. For a value of thresholdTm in the grid,297

let Ĝ(Tm ) denote the corresponding estimated graphical model. For any pair (j , k ) with j , k ,298

let ĝj k (Tm ) be the smallest number of edges connectingVj toVk (also known as the geodesic299

distance betweenVj andVk ) in Ĝ(Tm ). If there is no path linkingVj andVk , we let ĝj k (Tm ) = ∞.300

Then themean geodesic distance of Ĝ(Tm ) is computed as301

H (Tm ) =
2

p(p − 1)

∑
j<k

ĝj k (Tm )I {ĝj k (Tm ) < ∞}.302

Next, we compute the first order differencesD(Tm ) = H (Tm ) − H (Tm−1), and the running aver-303

age D̄(Tm ) = m−1 ∑m
i=1 H (Tm ). The path connectivity risk function of the estimated graph Ĝ(Tm )304

is defined to be305

PC (
Ĝ(Tm )

)
=

�����
D(Tm )

D̄(Tm )

�����
,306

andwe choose the thresholdTm thatmaximizes this risk function. With this definition, the path307

connectivity risk ismaximizedat a strictly positive value, so the complete graph (corresponding308
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to PC = 0) is never selected.309

To compute the AGNES risk function, first, we cluster the vertices in the estimated graph-310

ical model through the Agglomerative Nesting algorithm. The AGNES risk function of the es-311

timated graph, is defined to be the agglomerative coefficient (AC) that measures the average312

geodesic distance between a vertex in the graph and its closest cluster of vertices. More de-313

tails about how to compute the AGNES risk function, including a subset selection procedure to314

reduce the computational cost, can be found inMestres et al. (2018, Section 3.3).315

The complete nodewise algorithm for estimating theGMSNgraphical model when the true316

location and scale are known is summarized in Algorithm 1.317

Algorithm 1 Estimating GMSN graphical model with known location ξ and scaleD
Form the standardized data z(i ) = D−1(y(i ) − ξ), i = 1, . . . , n .
for j = 1, . . . , p do
Fit the linear model without the intercept of zj on Z−j to obtain β̂j and rj .
Fit the projection pursuit regressionmodel (3) subject to constraints (4) to obtain τ̂j .

end for
FormmatrixB(1) with off-diagonal elements b (1)

j k
= max (���β̂

(k )
j

��� ,
���β̂
(j )
k

���
) .

FormmatrixB(2) with off-diagonal elements b (2)
j k
= τ̂j τ̂k , j , k = 1, . . . , p .

Compute o j k = (
`
(k )
j

)2
+

(
m
(k )
j

)2
, j , k = 1, . . . , p .

Consider a grid ofT = {T1, . . . ,TM } consisting of M equidistant point between minj ,k �
o j k

�

andmaxj ,k �
o j k

�
, j , k .

for each value ofTm in the grid do,
EstimateYj andYk to be conditionally independentwhen o j k ≤ Tm and conditionally
dependent otherwise.
Form the estimated graph Ĝ(Tm ).

end for
Finally, choose the optimal threshold T̂ and the associated graph that maximizes either the
path connectivity or AGNES risk function.

4 | THEORETICAL ANALYSES318

In this section, we establish theoretical results for the estimation procedure proposed in Sec-319

tion 3, assuming the location parameter ξ and scale matrix D are known. Without loss of gen-320

erality, we assume that the data are generated from a GMSN distribution with zero location321

and identity scale matrix. Furthermore, we assume n > p and allow the number of variables322
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p to grow with the sample size n with the rate defined later in Section 4.2We assume that the323

underlying graphical model is sparse (Meinshausen et al., 2006), meaning that only a few pairs324

(Yj ,Y
∗
k ) are conditionally dependent. Let Sα = {j : αj , 0} and sα = `Sα`. Theorem 3 im-325

plies that the sparsity of the graphical model is equivalent to the two following assumptions in326

Condition 1.327

Condition 1 (a) At least one off-diagonal element ofΩ is zero, and (b) 2 ≤ sα < p .328

Condition (1a) is analogous to the one imposed for covariance selection in the Gaussian329

graphicalmodel (Dempster, 1972). Note that it is aweak condition, sincewedo not impose any330

particular sparsity pattern on the precision matrix, such as restricting the maximum number331

of non-zero elements in each row of Ω. For condition (1b), the lower bound sα ≤ 2 makes332

the corresponding graph different from that of a Np (ξ, Σ) random vector, and the strict upper333

bound sα < p ensures not all the pairs are conditionally dependent. As a result, there are only334

sα functions among gj in the conditional mean functions, j = 1, . . . , p that are truly non-zero.335

Furthermore, we impose the following technical conditions:336

Condition 2 There exist positive constants C1 and C2 such that 0 < C1 ≤ λmin(Σ) = λp (Σ) <337

λp−1(Σ) ≤ . . . ≤ λmax(Σ) = λ1(Σ) ≤ C2 < ∞, where λd (Σ) denotes the d t h largest eigenvalue of Σ.338

Condition 3 For any j , the sequence of conditional expectationsE �
zi j `Z−j

�
, i = 1, 2 . . . , n is asymp-339

totically uniformly integrable.340

Condition 4 For j ∈ Sα, there exists a positive constantC3 such thatτ2j = Var
{
gj (z(i )−j ζj )

}
≥ C3 > 0341

for all i = 1, . . . , n .342

Condition2 implies that all theeigenvaluesofΣ(−j )
−j
areboundedaway fromzeroandbounded343

above by a sufficiently large constant. Condition 3 ensures the convergence of marginal mo-344

ments of the residuals obtained from the linear model. Finally, Condition 4 implies that the345

variance τ2j is zero if and only if the true function gj is a zero function346

Wefirst establish the theoretical results for each nodewise regression.347

4.1 | Error bound for each nodewise regression348

First, we give the bound on the error of the least squares estimator β̂j . Recall that the true349

conditional expectation on each node is a linear model when αj = 0, and is a special case of the350

extended partially linear single indexmodelwith zero productmoment between the linear and351

non-linear part when αj , 0. Hence, when αj = 0, we can expect the same rate of convergence352

as in the usual linear regression model. However, when αj , 0, the rate of convergence is353

expected to be slower due to the presence of the nonlinear part. Theorem 4 establishes the354

unbiasedness and the rate of convergence for the least squares estimator in both cases.355
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Theorem 4 Assume Condition 2 is satisfied. Then356

1. β̂j is a (marginally) unbiased estimator ofβj .357

2. β̂j satisfies358

E
(
‖β̂j − βj ‖

2
2

)
= O

(
n(p − 1)3

(n − p)2
+
p − 1

n − p

)
, when αj , 0,359

and360

E
(
‖β̂j − βj ‖

2
2

)
= O

(
p − 1

n − p

)
, when αj = 0.361

When αj = 0, the true conditional expectation is a linear model, so the least square estimator362

β̂j is conditionally unbiased for βj at any Z−j , and hence marginally unbiased. However, when363

αj , 0, since the true conditional expectation contains another non-linear part, the estimator364

β̂j is not conditionally unbiased at any Z−j , but it is marginally unbiased because Z−j follows a365

GMSN distribution. When p is fixed, the rate of convergence is the same as in the linear model366

O (n−1). However, when p is growing, the non-linear part slows down the rate of convergence.367

In fact, estimation consistency is only achieved when p3/n → 0, compared to the condition368

p = o(n) in the linear model.369

Wenextestablish the rateof convergence for τ̂j , theestimated scalar fromtheone-component370

projection pursuit regressionmodel in (3).371

Theorem 5 Assume p4/n → 0 andCondition 3 is satisfied. Let τj denote the true standard deviation372

of the function gj (z(i )−j ζj ). Then for all j = 1, . . . , p , there exists a positive constantC such that373

lim
n→∞

P
(
`τ̂j − τj ` ≥ Cn

−2/5
)
= 0.374

From Theorem 5, we see that the rate of convergence reflects the fact that we estimate the375

function gj nonparametrically without any additional assumption on gj . Requiring p4/n → 0376

ensures the conditional expectation of the residual E (rj `Z−j ) obtained from the linear model377

converges to gj (Z−j ζj ) in probability, which is needed for the asymptotic results of the projec-378

tion pursuit regression to hold (Chen, 1991).379

4.2 | Graphical model estimation380

With the estimates for each node, we now establish the following theorem on consistency of381

the estimated graphical model.382



NGHIEM ET AL. 15

Theorem 6 Assume p5/n → 0 and Conditions 1-4 are satisfied. For any positive sequence δ such383

that δ → 0, n−1δ−2sαp3 → 0 and n−1δ2p2 → 0, let T̂ = δ2 + C4p
4n−4/5, where C4 is a positive384

constant. Then385

P
�
o j k > T̂

�
→




1, for (j , k ) ∈ E
0, for (j , k ) < E .386

As a result, letting N̂j = {k : o j k > T̂ } be the estimated neighborhood for the node j in the graph, we387

have P (N̂j = Nj )→ 1 as n → ∞.388

The conditions for Theorem 6 ensure that we have consistency for all p nodewise regres-389

sions. Specifically, we require p4/n → 0 for the convergence of both β̂j and τ̂j to the true pa-390

rameterβj and τj respectively, so accounting for all the p regressions requires p5/n → 0.391

5 | ESTIMATION OF LOCATION AND SCALE PARAMETERS392

In this section, we address the issue of estimating the location ξ and the diagonal scale matrix393

D = diag(σ1, . . . ,σp ). A direct application of Huang et al. (2013, Theorem 2.1) states that the394

location and scale parameters of the GMSN distribution are preservedmarginally.395

Proposition 7 (Huang et al., 2013) Let Y = (Y1, . . . ,Yp )
> ∼ GMSN(ξ, Σ,α,G ) with joint density396

given in (1). Then each componentYj marginally follows a generalized univariate skew normal distri-397

bution with location ξj and scale parameter σj for j = 1, . . . , p (potentially with a skewing function398

different fromG and a shape parameter different from αj ).399

Proposition 7 implies that we can estimate each pair (ξj ,σj ) separately from Algorithm 1400

by applying themethods developed for estimating the location and scale parameter of univari-401

ate generalized skew normal distributions to each marginal data yj . Several such methods are402

available in the literature; see the Supporting Information for a brief review. In this article, we403

focus on using the following generalizedmethod of moment (GMM) to estimate (ξj ,σj ).404

Recall that Z j = (Yj − ξj )/σj , so that Z j follows a univariate generalized skew normal distri-405

bution with location 0 and scale parameter 1. By the invariance property of skew-symmetric406

distributions (Wang et al., 2004, Proposition 6), for any even function T : Ò → Ò, that is407

T (x ) = T (−x ), we have T (Z j ) d
= T (Ũ ), where Ũ is the standard normal random variable and408

d
= denotes equality in distribution. Specifically, we have `Z j ` ∼ χ1, where χ1 denotes the chi-409

distributionwith onedegreeof freedom (Azzalini et al., 2010, Section2.1). Therefore, for k > 0,410
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we obtain411

E
{�
Z j

�k }
=
2k /2Γ(k /2 + 1/2)

Γ(1/2)

∆
= ck , (5)412

where Γ(·) denotes the gamma function. Using (5)with k = 2 and replacing the left hand side by413

its sample counterpart, we obtain σ̂2j = n−1 ∑n
i=1(yi j − ξ̂j )

2. Next, let K ≥ 3 be a positive integer,414

and define νj k = n−1 ∑n
i=1 `yi j − ξj `/σj − ck , so each νj k = 0 is an unbiased estimating equation415

for (ξj ,σj ). Denoting νj = (νj 1, . . . , νj K )>, then the GMMestimator for (ξj ,σj ) is defined as416

(ξ̂j , σ̂j ) = argmin
ξj ,σj

ν>j W−1νj , subject to σ2j = 1

n

n∑
i=1

(yi j − ξj )
2 (6)417

whereW is a K × K covariance matrix with elementswkm = Cov(νj k , νj m ) = ck+m − ck cm . Sub-418

stituting the constraint to the objective function ν>j W−1νj makes it a univariate function of ξj .419

This GMMestimator is similar to the invariance-based estimating equation (IBEE)method pro-420

posedbyAzzalini et al. (2010),whichonly uses thefirst twoabsolutemoments of Z j (k ∈ {1, 2}),421

and the minimum distance characteristic function (MDCF) method of Potgieter and Genton422

(2013), which essentially uses all the evenmoments of Z j . Finally, we note that thesemoment-423

based estimators are analogous to the regular asymptotically linear estimator and semipara-424

metric efficient estimator ofMa et al. (2005).425

5.1 | Practical issues with currentmethods426

The GMMand other methods used to estimate the location and scale parameters possess two427

technical challenges. We illustrate the issues in the case Y follows a multivariate skew normal428

distribution with the joint density f (Y) = 2φp (Y; ξ, Σ)Φ �
α>D−1(Y − ξ)

	, and expect that the429

issues will also arise for amore general skewing functionG .430

First, whenY follows amultivariate skew normal distribution, each componentYj has a uni-431

variate skew normal distribution (Azzalini and Capitanio, 1999) with skewness given by the432

j th component of the vector δ = (1 +α>Σ̃α)−1/2Σ̃α, where Σ̃ is the correlation matrix corre-433

sponding to Σ. As demonstrated in Potgieter and Genton (2013), both the IBEE and MDCF434

estimators fail for any component that has skewness δj → 0, since the determinant of the435

covariancematrix of the estimators tends to infinity when n → ∞. In other words, thesemeth-436

ods fail on any marginal component that is close to the normal distribution. Nevertheless, if437

a marginal component is not too far from a normal distribution, we expect the sample mean438

ȳj = n
−1 ∑n

i=1 yi j and sample variance s2j = (n − 1)−1 ∑n
i=1(yi j − ȳj )

2 to be good estimators for ξj439

and σ2j , respectively. In the context of graphical model estimation, since we impose some spar-440
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sity assumptions onΩ andα, it is common formarginal distributions to exhibit a wide range of441

skewness, including many with very small skewness. Therefore, when estimating the location442

and scale parameter for eachmarginal component, it is important to compare the estimate ob-443

tained from the GMMmethods with the samplemean and standard deviation (ȳj , s j ).444

A second challenge arises even when δj 9 0 is that the criterion functions for the esti-445

mators usually have multiple local minima (Ma et al., 2005; Azzalini et al., 2010; Potgieter and446

Genton, 2013). This also holds true for our GMM approach defined in (6), and the global opti-447

mum is not always guaranteed to be the best estimate. Multiple criteria have been proposed448

for selecting the best local minimum, see the Supporting Information for details. Combining449

two challenges together implies that in practice, we need to select the final estimate for (ξj ,σj )450

from possibly more than two candidates, including (ȳj , s j ) and the local minima from (6), which451

is generally a challenging problem.452

6 | SIMULATION STUDY453

6.1 | Graph recovery454

We conduct several simulation studies to explore the performance of the proposed estima-455

tion method for estimating the graphical model of the GMSN distribution. Samples of sizes456

n ∈ {250, 1000} are generated from a p-variate generalized skew normal distribution, with457

p ∈ {40, 60}. Two skewing functions are considered, including the standard normal distribu-458

tion function, and the Cauchy distribution function. The precisionmatrixΩ = Σ−1 is generated459

following either a “hub”, “scale-free” or a “random” structure using the huge package (Jiang460

et al., 2019), and the number of variables vary over p ∈ {40, 60}. Note that to estimate the461

graphical model, we have to estimate p(p − 1)/2 parameters; i.e p = 40 corresponds to 780 and462

p = 60 corresponds to 1770 parameters, respectively. The shape vector α is structured such463

that its first p − sα components are non-zero, and we consider three scenarios for sα, namely464

sα ∈ {0.1p, 0.3p, 0.5p}. Note that the larger the value of sα, the greater the deviation from465

themultivariate Gaussian distribution. The first sα/2 non-zero components ofα are randomly466

generated from theU (1, 3) distribution, while the last sα/2 non-zero components ofα are ran-467

domly generated from theU (10, 20) distribution, so themarginal components possesses differ-468

ent levels of skewness. The above structure ofΩ andαmeans the true number of conditionally469

dependentpairs range from4%to33%of the total numberof pairs. Finally, each location ξj and470

scaleσj are independently generated from the uniformU (1, 5) distribution. In each setting, 500471

datasets are generated.472

Wecompare theability of ourproposedapproach to recover theunderlyinggraphicalmodel473

against some common methods for recovering the Gaussian graphical model, including node-474

wise linear models, the Graphical Lasso (GLasso) approach of Friedman et al. (2008), and the475
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nodewise lasso approach of (Meinshausen et al., 2006). We also consider two other methods476

already developed in the literature for estimating non-Gaussian graphical models, including477

the nonparanormal SKEPTIC approach of Liu et al. (2012) and the SPACEJAMmethod (SJ) of478

Voorman et al. (2014). These are computed using the huge (Jiang et al., 2019) and spacejam479

(Voorman, 2013) packages in R, respectively, both with default settings. Furthermore, we con-480

sider two versions of the newly proposed procedure. In the first version, we assume the true481

location ξ and scale matrix D are known, and in the second, we use the estimated location ξ̂482

and scale D̂. For the j th component, all the candidates for ξ̂j include the sample mean ȳj and483

the local minima obtained from the GMMapproach using K = 4; then, we select the candidate484

closest to the true ξj as the final estimate ξ̂j and compute σ̂j = n−1 ∑n
i=1(yi j − ξ̂j )

2, j = 1, . . . , p .485

Table 1 presents themean area under the receiver operating characteristic curve (AUC) for486

all the settings when Ω has a hub or random structure, and G is the standard normal distribu-487

tion function. By using the AUC, we marginalize over all the possible thresholds or regulariza-488

tion parameters, so the AUC is able to give us a general picture of the ability of each method489

to distinguish conditionally independent from conditionally dependent pairs. A higher AUC490

implies a better performance, with AUC = 1 indicating a perfect separation of conditionally in-491

dependent from conditionally dependent pairs. The AUC for the other settings shows similar492

trends and can be found in the Supporting Information.493

Table 1 demonstrates that all the estimation methods have worse performance when the494

shape vectorαhasmorenon-zero components, and that the SPACEJAMmethodhas theworst495

performance among all the considered methods. At sample size n = 250 and sα = 0.1p , both496

versions of the new estimation method have similar performance to the nodewise linear and497

nodewise lasso method; this may be attributed to the slow rate of convergence of the projec-498

tion pursuit regression. Nevertheless, when the sample size increases to n = 1000, the new499

estimation method generally outperforms all the other methods. The gain is more remark-500

able when the proportion of non-zero components in the shape vector increases, that is for501

sα ∈ {0.3p, 0.5p}. When the precision matrix Ω has a hub structure, there is little difference502

between the AUC of the new estimation method using true location and scale parameter and503

that using the estimates of these parameters. However, when Ω has a random and scale-free504

structure (the latter is shown in the Supporting Information), using the true location and scale505

gives a substantially higher AUC than using the estimated values.506

6.2 | Choice of threshold507

We next evaluate the performance of the path connectivity and the AGNES risk function for508

selecting the threshold in the new estimation procedure, with estimated location ξ̂ and scale509

matrix D̂. The performance metrics include the median true positive rate (TPR) and median510
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TABLE 1 Mean area under the curve (AUC) of different methods, including nodewise linear (NLinear), graphical
Lasso (GLasso), nodewise lasso (NLasso), SKEPTIC, spacejam (SJ), the newmethodwith true location and scale (ξ,D),
and the newmethodwith estimated location and scale (ξ̂, D̂) for recovering the graphical model from themultivariate
skew normal distribution where the true precisionmatrix has a hub and random structure. The best AUC in each
setting is highlighted.

n Ω p sα/p NLinear GLasso NLasso SKEPTIC SJ Newmethod
ξ,D ξ̂, D̂

250 hub 40 0.1 0.91 0.82 0.90 0.82 0.32 0.94 0.94

0.3 0.67 0.62 0.71 0.63 0.21 0.70 0.70
0.5 0.59 0.58 0.66 0.60 0.16 0.61 0.62

60 0.1 0.87 0.81 0.88 0.82 0.27 0.90 0.90

0.3 0.63 0.64 0.70 0.65 0.19 0.64 0.65
0.5 0.56 0.58 0.57 0.58 0.10 0.57 0.60

random 40 0.1 0.96 0.83 0.92 0.84 0.39 0.96 0.95
0.3 0.77 0.67 0.73 0.67 0.25 0.80 0.78
0.5 0.65 0.57 0.61 0.57 0.17 0.72 0.67

60 0.1 0.94 0.85 0.91 0.85 0.47 0.93 0.93
0.3 0.71 0.64 0.68 0.64 0.28 0.75 0.72
0.5 0.61 0.55 0.57 0.55 0.21 0.67 0.62

1000 hub 40 0.1 0.94 0.77 0.86 0.77 0.37 0.98 0.98

0.3 0.69 0.57 0.66 0.59 0.23 0.80 0.81

0.5 0.59 0.52 0.60 0.55 0.16 0.70 0.72

60 0.1 0.90 0.76 0.83 0.77 0.32 0.95 0.95

0.3 0.65 0.60 0.65 0.63 0.21 0.74 0.75

0.5 0.56 0.54 0.52 0.55 0.12 0.65 0.69

random 40 0.1 0.98 0.80 0.91 0.81 0.38 0.99 0.98
0.3 0.80 0.65 0.73 0.65 0.25 0.91 0.84
0.5 0.69 0.55 0.61 0.56 0.17 0.82 0.73

60 0.1 0.95 0.82 0.90 0.83 0.50 0.98 0.96
0.3 0.75 0.63 0.68 0.63 0.32 0.86 0.78
0.5 0.65 0.53 0.57 0.54 0.23 0.79 0.69
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false positive rate (FPR) across the 500 samples. Table 2 below demonstrates the performance511

when G is the standard normal distribution function and Ω has a scale-free structure. The re-512

sults for other settings are similar and reported in the Supporting Information.513

TABLE 2 Performance of the path connectivity and AGNES risk function in selecting the threshold for estimating
the graphical model of themultivariate skew normal distribution based on themedian true positive rate (TPR) and
false positive rate (FPR) whenΩ has a random structure. Interquartile ranges are included in parentheses.

p sα/p Metric n = 250 n = 1000

PC AGNES PC AGNES
40 0.1 TPR 0.90 0.36 0.96 0.41

FPR 0.22 0.07 0.16 0.00
0.3 TPR 0.64 0.24 0.71 0.23

FPR 0.23 0.08 0.18 0.00
0.5 TPR 0.46 0.17 0.54 0.12

FPR 0.22 0.08 0.20 0.00
60 0.1 TPR 0.82 0.41 0.93 0.35

FPR 0.20 0.11 0.19 0.01
0.3 TPR 0.50 0.26 0.63 0.18

FPR 0.20 0.11 0.20 0.01
0.5 TPR 0.36 0.19 0.48 0.10

FPR 0.22 0.12 0.22 0.01

Table 2 demonstrates that the performance of both risk functions improves when the sam-514

ple size increases from n = 250 to n = 1000 in all the considered settings. At n = 250, the path515

connectivity risk function leads to overfitting with both high true positive rate and false posi-516

tive rates. In contrast, the AGNES risk function leads to underfitting with a true positive rate517

smaller than one. At n = 1000, except in the case of n = 250 and sα/p = 0.1, the AGNES risk518

function performs better than the path connectivity risk function; while both criteria lead to519

true positive rate one (i.e identify all the true conditionally dependent pairs), the AGNES risk520

function has lower false positive rates, particularly when sα = 0.3p and sα = 0.5p .521

7 | REAL DATA ANALYSIS522

Asan illustrationof thenewapproach for estimatinggraphicalmodels,weapply thenewmethod-523

ology to a dataset consisting of p = 11 physicochemical properties of 1599 specimens of the524
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red variant of the Portuguese “Vinho Verde” wine. The data are presented and examined by525

Cortez et al. (2009) and are publicly available in the UCI Machine Learning Repository. We526

take the log of the highly skewed variables in the original data, including sulphates amount, to-527

tal sulfur dioxide, free sulfur dioxide, residual sugar, and chlorides. After transformation, we528

compute the robust Mahalanobis distance of each observation using the robustbase pack-529

age (Todorov and Filzmoser, 2009), and remove observations with Mahalanobis distances in530

the top 10%. After pre-processing, we have n = 1359 observations. Both theMardia multivari-531

ate Gaussian goodness-of-fit tests targeting skewness and kurtosis rejectmultivariate normal-532

ity (p-value ≈ 0). Furthermore, all the marginal components have absolute sample skewness533

ranging from 0.05 (for density) to 0.92 (for fixed acidity), and absolute sample kurtosis ranging534

from 0.06 (for volatile acidity) to 1.05 (for chlorides).535

As a baseline, we first treat the data as coming from themultivariate Gaussian distribution536

and apply the nodewise linear approach to estimate its graphical model. To compare against537

our more general framework, we then model these p = 11 chemical components using the538

GMSN distribution and estimate the associated graphical model. Denoting the data matrix as539

Y, each row y(i ) ∼ GMSN(ξ, Σ,α,G ), i = 1, . . . , n . Unlike the simulation study, we do not know540

the true location in the real data, so we use the following approach to estimate the location541

and scale parameters. We first conduct the Shapiro-Wilk normality test at significance level542

0.05/11 (to account for multiple testing) for all the 11 marginal components; it turns out that543

these tests rejects normality for all except for density and pH . Next, we compute the GMM544

estimator from Section 5 with K = 4 for 9 non-normal marginal components as indicated by545

the Shapiro-Wilk tests. For any component when multiple local minima of GMM appear, we546

use the model complexity criterion of Azzalini et al. (2010) to select the final estimate. For the547

two remaining components, i.e density and pH, we use the sample mean and standard devia-548

tion as the estimates for the location and scale parameters, respectively. Next, we form the549

standardized data Ẑwith row ẑ(i ) = D̂−1 (
y(i ) − ξ̂

)
, i = 1, . . . , n and applied the newly proposed550

method as outlined in Algorithm 1 to estimate the graphical model on the Ẑ data. For both the551

nodewise linear and new estimation methods, we choose the thresholds based on the AGNES552

risk function because the simulation study demonstrates that it has a lower false positive rate553

when n is large.554



22 NGHIEM ET AL.

fixed acidity

volatile acidity

citric acid

residual sugar

chlorides

free sulfur dioxide

total sulfur dioxide

density

pH

sulphates

alcohol

fixed acidity

volatile acidity

citric acid

residual sugar

chlorides

free sulfur dioxide

total sulfur dioxide

density

pH

sulphates

alcohol

F IGURE 2 Estimated graphical model for the wine dataset based on the linear nodewise (left) and the newly
proposedmethods (right). Red edges are common edges in the two estimated graphs. Blue edges are the edges that
only found in the estimated graph from the newly proposedmethods. The size of vertices in the graph is proportional
to the absolute value of the samplemarginal skewness.

Figure 2 shows the estimated graphicalmodels from the nodewise linear and newmethods.555

Out of 55 possible edges, the linear nodewise method found 10 edges, while the new method556

found 15 edges. Noticeably, all the edges found by the linear nodewise method are also found557

in the graphical model by the new method, but the new method found additional conditional558

dependence pairs on the nodes that have large absolute skewness, such as (residual sugar, sul-559

phates). Therefore, for this data application, the newmethod may be useful in identifying pos-560

sible conditional dependence structures beyond those of the Gaussian graphical model.561

8 | CONCLUDING REMARKS562

This paper presents steps towards developing methods for estimating graphical models for563

continuous, non-normally distributed data that cannot be transformed back to normality. Al-564

though it is desirable to study the graphicalmodel for amore general class ofmultivariate skew565

symmetric distribution, it is important to highlight that conditional independence is not always566

possible. For example, Baba et al. (2004) showed that conditional independence cannot occur567

in the class of elliptical distribution outside of theGaussian distribution. If we consider the gen-568

eralized multivariate skew-elliptical distribution of Genton and Loperfido (2005), whose den-569

sity has the form f (y∗) = 2f0(y∗; ξ, Σ)G �
α>D−1(y∗ − ξ)

	
,where f0 is the density of a p-variate570
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elliptical distribution, conditional independence can only occur in this family when the base571

distribution f0 is the density of multivariate Gaussian distribution (i.e, f0 = φp ). In this case, we572

come back to the density of the generalized multivariate skew normal distribution (1) studied573

in the paper. Future research needs to address the challenge of estimating location and scale574

parameters, especially for the components with medium skewness, and make the proposed575

nodewise method scalable in high dimensional settings. While it is intuitive to replace ordi-576

nary least squares by a penalized regression estimator, choosing appropriate tuning parame-577

ter is challenging because the true conditional expectation contains an additional non-linear578

part. Moreover, fitting a projection pursuit regression in high dimension is computationally ex-579

pensive, which would require new development in terms of both methodology and software580

implementation.581
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9 | APPENDIX: PROOFS678

9.1 | Proof of Theorem 1679

LetH denote the generalized precision matrixH with element h j k = ∂2 log(f )/(∂Yj ∂Yk ). Mor-680

rison et al. (2017) showed thatYj andYk are conditionally independent if and only if h j k = 0 at681

allY. Using this result, we have log f (Y) = logφp (Y; ξ, Σ) + log �
G (α>D−1(Y − ξ)

	
+ C , whereC682

is a constant that does not depend on Y. The first term is the log likelihood of the multivariate683

normal distribution, so684

∂2

∂Yj ∂Yk
φp (y∗; ξ, Σ) = ωj k .685

For the second term, we have686

∂

∂Yj
logG {

α>D−1(Y − ξ)
}
=
G ′

�
α>D−1(Y − ξ)

	

G
�
α>D−1(Y − ξ)

	 σ−1j αj ,687

and688

∂2

∂Yj ∂Yk
logG {

α>D−1(Y − ξ)
}
=




G ′′
�
α>D−1(Y − ξ)

	

G
�
α>D−1(y∗ − ξ)

	 −


G ′
�
α>D−1(Y − ξ)

	

G
�
α>D−1(Y − ξ)

	


2

σ−1j σ

−1
k αjαk .689

Since σj , 0 for all j = 1, . . . , p , the quantity h j k = 0 for all Y if and only if Ωj k = 0 and αjαk = 0,690

as claimed by the theorem.691

9.2 | Proof of Theorem 2692

Throughout the proof, we will use φ(x ; µ,σ2) to denote the pdf function of the univariate nor-693

mal random variable with mean µ and variance σ2, and φ(x ) the pdf of the standard normal694

distribution. Let π(Z j `Z−j ) = φ(Z j ;Z>−jβj , σ̃j j ,−j ) be the conditional density function of Z j given695

Z−j whenZ ∼ Np (0, Σ̃). Also, let π(Z−j ) = φ(Z−j ; 0, Σ̃(−j )−j ) denote themarginal distribution ofZ−j696
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in this case, First, we compute themarginal distribution of Z−j as697

f (Z−j ) = 2
∫
φp (z∗; 0, Σ)G (αj z j + Z>−jα−j ) dz j698

= 2π(Z−j )
∫
π(Z j `Z−j )G (αj z j + Z>−jα−j ) dz j699

= 2π(Z−j )
∫ (

σ̃−1/2
j j .−j

)
φ *

,

z j − Z>−jβj√
σ̃j j .−j

+
-
G (αj z j + Z>−jα−j ) dz j .700

701

Now, we apply the change of variable to z = σ̃−1/2
j j .−j

(
z j − Z>−jβj

) to obtain702

f (Z−j ) = 2π(Z−j )
∫
φ(z )G

{
zαj σ̃

−1/2
j j .−j

+ Z>
−j

�
αjβj +α−j

�}
dz (7)703

= 2π(Z−j )E
[
G

{
αj σ̃

−1/2
j j .−j

Z̃ + Z>
−j

�
αjβj +α−j

�}]
, Z̃ ∼ N (0, 1). (8)704

705

Wenow prove the three parts of the theorem separately.706

(a) Whenαj = 0, we have f (Z−j ) = π(Z−j )G (Z>−jα−j ), so the conditional distribution of Z j given707

Z−j is708

f (Z j `Z−j ) =
f (Z)
f (Z−j )

=
φp (Z; 0, Σ)G (Z>−jα−j )
π(Z−j )G (Z>−jα−j )

= N (Z j ; µj ,σj j ,−j ),709

with µj = Z>−jβj and variance σ̃j j .−j = 1 − σ̃(−j )
j

(
Σ̃
(−j )
−j

)−1
σ̃
(j )
−j
. This is similar to the casewhen710

Z is multivariate Gaussian.711

(b) Next, we compute the conditional expectation712

E (Z j `Z−j ) =
∫
Z j f (Z j `Z∗−j )dZ j =

1

f (Z−j )

∫
Z j f (Z j ,Z−j )dZ j713

=
π(Z−j )

∫
Z j π(z j `Z−j )G (αj Z j + Z>−jα−j )dZ j

π(Z−j )E
[
G

{
αj σ̃

−1/2
j j .−j

Z̃ + Z>
−j

�
αjβj +α−j

�}]714

=

∫
Z j π(Z j `Z−j )G (αj Z j + Z>−jα−j )dZ j

E
[
G

{
αj σ̃

−1/2
j j .−j

Z̃ + Z>
−j

�
αjβj +α−j

�}] . (9)715

716
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Consider the numerator of the last expression. We have717

∫
Z j π(Z j `Z−j )G (αj Z j + Z>−jα−j )dZ j =

∫
Z j σ̃

−1/2
j j .−j

φ *
,

Z j − Z>−jβj√
σ̃j j .−j

+
-
G (αj Z j + Z>−jα−j )dZ j718

=

∫
(z σ̃1/2

j j .−j
+ Z>

−jβj )φ(z )G
{
zαj σ̃

−1/2
j j .−j

+ Z>
−j

�
αjβj +α−j

�}
dz719

= Z>
−jβjE

{
G

{
Z̃ αj σ̃

−1/2
j j .−j

+ Z>
−j

�
αjβj +α−j

�}}
720

+ σ̃1/2
j j .−j

E
[
Z̃ G

{
Z̃ αj σ̃

−1/2
j j .−j

+ z>
−j

�
αjβj +α−j

�}]
, Z̃ ∼ N (0, 1).721

722

Substituting back into (9), we obtain E (Z j `z−j ) = Z>−jβj + gj (Z>−j ζj )with723

gj (Z>−j ζj ) = σ̃
1/2
j j .−j

E
{
Z̃ G

(
Zαj σ̃

−1/2
j j .−j

+ Z>
−j ζj

)}

E
{
G

(
Z̃ αj σ̃

−1/2
j j .−j

+ Z>
−j
ζj

)} . (10)724

and ζj = αjβj +α−j .725

(c) Wenext prove that E {
h(Z−j )gj (Z>−j ζj )

}
= 0 for any odd function h of Z−j . Indeed,726

E
{
h(Z−j )gj (Z>−j ζj )

}
=

∫
Òp−1

h(z∗
−j )gj

(
Z>
−j ζj

)
f (z−j )dz−j727

∝

∫
Òp−1

h(Z−j )π(Z−j )h̃(Z−j )dZ−j , (11)728

729

with h̃(z−j ) = E {
Z̃ G

(
Z̃ αj σ̃

−1/2
j j .−j

+ Z>
−j ζj

)}. Next we show that h̃(Z−j ) is an even function of730

z−j for any skewing functionG ; in other words h(Z−j ) = h̃(−Z−j ). Indeed,731

h̃(Z−j ) =
∫ ∞

−∞

zφ(z )
{
G

(
zαj σ̃

−1/2
j j .−j

+ Z>
−j ζj

)} dz (i )
=

∫ ∞

−∞

zφ(z )
{
1 −G

(
−zαj σ̃

−1/2
j j .−j
− Z>

−j ζj
)} dz732

= E (Z ) −

∫ ∞

−∞

zφ(z )G
(
−zαj σ̃

−1/2
j j .−j
− Z>

−j ζj
) dz (i i )

=

∫ ∞

−∞

uφ(u)G
(
uαj σ̃

−1/2
j j .−j
− Z>

−j ζj
) du733

= h̃(−Z−j ),734
735

where step (i ) follows from G (x ) = 1 − G (−x ) and step (i i ) follows from E (Z̃ ) = 0 and the736

change of variable u = −z . Finally, because h̃(z−j ) is an even function, then the integrand in737

(11) is an odd function, and the expectation E {
h(Z−j )gj

(
Z>
−j ζj

)}
= 0 as claimed.738
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9.3 | Proof of Theorem 3739

Without loss of generality, we assume Σ is a correlation matrix, i.e Σ = Σ̃ andD is the identity740

matrix of dimension p × p .741

(1)⇐⇒ (2): This is proved in Theorem 1.742

For theother relationships, first note that becauseΩ is the inverse ofΣ, thenwehaveΩ(j )
−j
=743

−σ̃−1j j .−j

(
Σ̃
(−j )
−j

)−1
σ̃
(j )
−j
, with σj j .−j a scalar defined in Theorem 2. Note that σ̃j j .−j , 0 in general.744

Henceβj ∝ Ω(j )
−j
, soD(k )

j
= 0 if and only if β (k )

j
= 0.745

(2) =⇒ (3a), (3b), and (3c): Consider the situationwhenωk j = 0 and αjαk = 0. By the above746

argument, we have β (k )
j

= β
(j )
k
= 0. Hence, ζ(k )

j
ζ
(j )
k
∝ (αk + αj β

(k )
j
)(αj + αk β

(j )
k
) = 0. Without loss747

of generality, assume αj = 0. In this situation, fj = E (Z̃ ) = 0, where Z̃ ∼ N (0, 1).748

(3a) and (3b) =⇒ (2): First, (3a) implies ωj k = ωk j = 0. Next, we have ζ(k )
j
ζ
(j )
k
∝ (αk +749

αj β
(k )
j
)(αj + αk β

(j )
k
) = αjαk , so ζ(k )j ζ

(j )
k
= 0 implies αjαk = 0.750

(3a) and (3c) =⇒ (2): Again, (3a) implies ωk j = ωj k = 0. Without loss of generality, assume751

the function fj = 0 for all z−j . This implies752

E
{
Z̃ G

(
Z̃ α j

√
σ̃j j .−j

)}
= 0. (12)753

By definition,754

E
{
Z̃ G

(
Z̃ αj

√
σ̃j j .−j

)}
= (2π)−1/2

∫ ∞

−∞

zG
(
zαj

√
σ̃j j .−j

)
e−z

2/2dz755

Writing a = αj√σ̃j j .−j , integration by part gives756

∫ ∞

−∞

zG (az ) e−z
2/2dz = −ae−z

2/2G (az )
����
∞

−∞
+ a

∫ ∞

−∞

e−z
2/2G ′(az )dz = a

∫ ∞

−∞

e−z
2/2G ′(az )dz .757

The last equality follows from the fact that e−z 2/2 → 0 when z → ±∞, and G (z ) → 0 when758

z → −∞ andG (z )→ 1when z → ∞. AlsoG ′(z ) is the pdf of a symmetric random variable, so it759

is an even function. Together, (12) implies αj = a = 0, so αjαk = 0, as claimed.760
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9.4 | Proof of Theorem 4761

1. Unbiasedness: By definition, we have762

E
{
β̂j

}
= E

{(
Z>
−jZ−j

)−1 Z>
−j zj

}
= E

[
E

{(
Z>
−jZ−j

)−1 Z>
−j zj

}����Z−j
]

= E
[(
Z>
−jZ−j

)−1 Z>
−jE (zj `Z−j )

]
= E

[(
Z>
−jZ−j

)−1 Z>
−j

�
Z−jβj + gj

�
Z−j ζj

��]

= βj + E
[(
Z>
−jZ−j

)−1 Z>
−j gj

�
Z−j ζj

�]
= βj .

763

The last equality follows from the fact that E
[(
Z>
−jZ−j

)−1 Z>
−j gj

�
Z−j ζj

�]
= 0 due to part (c)764

of Theorem 2.765

2. Error bound:766

E
{
‖β̂j − βj ‖

2
2

}
= E

{




(
Z>
−jZ−j

)−1 Z>
−j zj − βj






2

2

}
767

= E

[{(
Z>
−jZ−j

)−1 Z>
−j zj − βj

}> {(
Z>
−jZ−j

)−1 Z>
−j zj − βj

}]
768

= E
[
z>j Z−j

(
Z>
−jZ−j

)−2 Z>
−j zj − 2z>j Z−j

(
Z>
−jZ−j

)−1
βj

]
+ β>j βj . (13)769

770

For the second term, we have771

E
{
z>j Z−j

(
Z>
−jZ−j

)−1
βj

}
= E

[
E (z>j `Z−j )Z−j

(
Z>
−jZ−j

)−1
βj

]
772

= E
[{
β>j Z>−j + g>j

�
Z−j ζj

�}
Z−j

(
Z>
−jZ−j

)−1
βj

]
773

= β>j βj + E
[
g>j

�
Z−j ζj

�
Z−j

(
Z>
−jZ−j

)−1
βj

]
774

= β>j βj , (14)775
776

where the last inequality follows from part (c) of Theorem 2. The first term in (13) is more777

challenging. First, conditional on Z−j , we have778

E
{
z>j Z−j

(
Z>
−jZ−j

)−2 Z>
−j zj

����Z−j
}

779

= E
�
zj `Z−j

�> Z−j
(
Z>
−jZ−j

)−2 Z>
−jE

�
zj `Z−j

�
+ trace

{
Z−j

(
Z>
−jZ−j

)−2 Z>
−j Var(zj `Z−j )

}
780

= β>j βj + 2g
>
j

�
Z−j ζj

�
Z−j

(
Z>
−jZ−j

)−1
βj + g

>
j

�
Z−j ζj

�
Z−j

(
Z>
−jZ−j

)−2 Z>
−j gj

�
Z−j ζj

�
781

+ trace
{
Z−j

(
Z>
−jZ−j

)−2 Z>
−j Var(zj `Z−j )

}
782

= β>j βj + I1 + I2 + I3. (15)783
784
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Wenow split the proof into two cases.785

9.4.1 | When αj , 0786

In this case, the function gj is not a zero function. To simplify the notation, we letX = Z−j , so787

x(i ) and xi j denote its i th rowand (i , j )-th element respectively. Applyingpart (c) of Theorem788

2 again, we have789

E (I1) = 0. (16)790

Next, consider the term I2 and note that791

I2 = g
>
j

�
Xζj

�
X

�
X>X

�−2 X>gj
�
Xζj

�
= 




�
X>X

�−1 X>gj
�
Xζj

�



2

F
(17)792

≤





�
X>X

�−1



2

F

�
X>gj

�
Xζj

��2
2 . (18)793

794

Taking expectation with respect to X on both sides and applying the Cauchy-Schwartz in-795

equality, we have796

{E (I2)}
2
≤ E

{



�
X>X

�−1



4

F

}
E

{�
X>gj

�
Xζj

��4
2

}
= I21I22.797

Consider the term I21. By the invariance property, X>X follows a multivariateWishart dis-798

tribution with n degree of freedomWp (n, Σ
(−j )
−j
). As a result, the matrix �

X>X
	−1 follows799

an Inverse Wishart distribution, Inv-Wishart
(
n,

(
Σ
(−j )
−j

)−1) . To simplify notation, let B =800

�
X>X

�−1 with elements br q , r , q = 1, . . . , p − 1. Then, the Cauchy-Schwartz inequality gives801

�B�4F =
*.
,

∑
r ,q

b2r q
+/
-

2

≤ (p − 1)2
∑
r ,q

b4r q .802

Now, we bound each of the b4r q term. For any m × n matrix A , let vec(A) denote a mn-803

dimensional vector formedby stacking columnsofA together, anddenote r
⊗ A = A ⊗ . . . ⊗ A︸         ︷︷         ︸

r
,804

with ⊗ being theKronecker product. Note that for any square p×pmatrixA, thematrix r⊗ A805

has dimension p r × p r . When r = 0, then 0
⊗ A = 1. Applying the results ofvon Rosen (1988,806
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equation 4.2), we have for any r ∈ Î,807

vec
[
E

(
r+1
⊗ B

)]
=


(n − p̃ − 1)I2r+2 −

r−1∑
i=0

{P1(i ) + P2(i )}


−1

vec
[
E

(
r
⊗ B

)
⊗

(
Σ
(−j )
−j

)−1]
,808

where p̃ = p − 1, P1(i ) and P2(i ) are appropriately defined permutation matrices of dimen-809

sionsp2r+2 in vonRosen (1988, section4). Next, letV(r ) = (n−p̃−1)I2r+2−∑r−1
i=0 {P1(i ) + P2(i )}.810

For any r such that n − p̃ − 1 > 2r , the matrix Vr is diagonally dominant and hence non-811

singular, so its inverse exists. In this case, applying the Holder inequality, we obtain812







vec

[
E

(
r+1
⊗ B

)]




∞
≤

[
σmax

{
V(r )−1

}] 



vec
[
E

(
r
⊗ B

)
⊗

(
Σ
(−j )
−j

)−1]



∞
. (19)813

Note thatσmax �
V(r )−1

	
= 1/σmin (Vr ). BecauseP1(i ) andP2(i ) are permutationmatrices, all814

their singular values are 1, and so σmax �∑r−1
i=0 {P1(i ) + P2(i )}

�
= 2r , hence σmin(Vr ) = n − p̃ −815

1 − 2r . Therefore, we have816

σmax
{
V(r )−1

}
= O

{
(n − p̃)−1

}
= O

{
(n − p)−1

}
.817

Under the restricted eigenvalue condition (Condition 2) for Σ, all elements of (Σ(−j )
−j

)−1 are818

O (1). Therefore, using the recursive relation (19), we have819







vec

[
E

(
r+1
⊗ B

)]




∞
= O

�
(n − p)−r

	
.820

Applying theabove relationshipwith r = 4andnoting thatE (
b4r q

) is a componentof vec [
E

(
4
⊗ B

)]
,821

we have822

I21 = E
(
�B�4F

)
≤ (p − 1)2

∑
r ,q

E
(
b4r q

)
≤ O

{
(p − 1)4

(n − p)4

}
.823

Nowwe consider I22. We have824

�
X>gj

�
Xζj

��4
2 =

[trace {
X>gj

�
Xζj

�
g>j

�
Xζj

�
X

}]2
=



p−1∑
r=1




n∑
i=1

xi r gj
(
z(i )
−j
ζj

)


2

2

825

≤ (p − 1)

p−1∑
r=1




n∑
i=1

xi r gj
(
x(i )ζj

)


4

,826

827
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where the last inequality follows from the Cauchy-Schwartz inequality. Hence, we have828

E (I22) ≤ (p − 1)

p−1∑
r=1

E



n∑
i=1

xi r gj
(
x(i )ζj

)


4

.829

Furthermore, because the rowsofXare independent, then theexpectationE �
xi r g

�
x(i )ζj

�	
=830

0. As a result, for any r , we obtain831

E



n∑
i=1

xi r gj
(
z(i )
−j
ζj

)


4

=
n∑
i=1

E
{
xi r gj

(
z
(i )
−j
ζj

)}4
832

+
n∑
i=1

n∑
k=1

E
{
xi r gj

(
x(i )ζj

)}2
E

{
xk r gj

(
x(k )ζj

)}2
833

(i i )
= O (n) +O (n2) = O (n2),834

835

where step (i i ) follows from Lemma 2 in the Supporting Information. As a result, E (I22) ≤836

O
�
(p − 1)2n2

	, and together,837

E (I2) = O
*.
,

√
(p − 1)6n2

(n − p)4
+/
-
= O

(
n(p − 1)3

(n − p)2

)
. (20)838

Finally, we consider the term I3 = trace {
X

�
X>X

�−2 X> Var(zj `X)}. Because components839

of the vector zj are mutually independent, the covariance matrix Var(zj `X) is diagonal with840

elementsVar(z (i )
j
`z(i )
−j
), i = 1, . . . , n . Lemma2 in theSupporting Information shows that these841

elements areO (1), so collectively we have842

E (I3) = O (1)E
[trace {

X
�
X>X

�−2 X>
}]
= O (1)E

[trace {�
X>X

�−1}]
. (21)843

Again, �X>X�−1 follows an InverseWishart distribution Inv-Wishart
(
n,

(
Σ
(−j )
−j

)−1) , so844

E
[trace {�

X>X
�−1}]

= O

(
p − 1

n − p

)
.845

Substituting (14), (15), (16), (20) and (21) in (13), we have846

E
(


β̂j − βj





2

2

)
= O

(
n(p − 1)3

(n − p)2
+
p − 1

n − p

)
.847
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Note that if p is fixed, then the rate of convergence will be O (n−1). If p is growing, consis-848

tency will be achieved if p = o(n1/3).849

9.4.2 | When αj = 0850

If αj = 0, then the function gj = 0 everywhere. In this case, the term I2 = 0, so only the term851

I3matters. Hence, it is straightforward to see that852

E
(


β̂j − βj





2

2

)
= O

(
p − 1

n − p

)
.853

9.5 | Proof of Theorem 5854

In this proof, we letX = Z−j , and we remove the subscript j to further simply the notation.855

First, we prove that when p4/n → 0, the conditional expectation E (r`X) P
→ g (Xζ) compo-856

nentwise. We have r = z − Xβ̂ = z −Hz = (I −H)zwhereH = X
�
X>X

�−1 X. Therefore,857

E (r`X) = (I −H) {Xβ + g (Xζ)} = g (Xζ) −Hg (Xζ) .858

Next, we show that each element of the vector a = Hg (Xζ) goes to zero in probability. Consid-859

ering ai = x(i ) �
X>X

�−1 Xg (Xζ), wewill show that bothE (ai )→ 0 andE (a2i )→ 0withprobability860

tending to one. Using the Cauchy-Schwartz inequality and (20) with I2 = 



�
X>X

�−1 X>g (Xζ)



2

F
,861

we have862

E (ai ) ≤

√
E

(�
x(i )

�2
2

)
E

(



�
X>X

�−1 Xg (Xζ)



2

F

)
≤

√
O (p)O

(
np3

(n − p)2

)
= O

( √
np2

`n − p `

)
→ 0,863

and864

E (a2i ) ≤

√
E

(�
x(i )

�4
2

)
E

(



�
X>X

�−1 Xg (Xζ)



4

F

)
≤

√
O (p2)O

(
n2p6

(n − p)4

)
= O

(
np4

(n − p)2

)
→ 0.865

Therefore, when p4/n → 0, we have E �
r (i ) ` X

	 P
→ g

�
x(i )ζ

�
, i = 1, . . . , n . Note that both the866

left and right hand sides are functions of random variablesX. Taking expectation on both sides867

with respect toX, we obtain868

E
{
r (i )

}
= E

{
g

(
x(1)ζ

)}
+ o(1), i = 1, . . . , n (22)869
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by uniform integrability of E �
r (i ) ` X

	 by Condition 2 in the main paper. Next, recall that µ̂0 =870

n−1
∑n
k=1 r

(k ), so for each i = 1, . . . , n , we have871

µ̂0 − E
{
g

(
x(1)ζ

)}
= n−1

n∑
k=1

r (k ) − E
{
g

(
x(i )ζ

)}
872

=

n−1

n∑
k=1

r (k ) − E
{
r (1)

}
+

[
E

{
r (1)

}
− E

{
g

(
x(1)ζ

)}] (23)873

874

The second term in the square bracket of (23) is o(1) by (22). Note that r (1), . . . , r (n) have the875

same marginal distribution, and hence have the same expectation. Although they are corre-876

lated, the conditional variance-covariancematrix877

Var(r ` X) = (I −H)Var(y ` X)(I −H) = (I −H)O (1).878

Since all the elements of theHmatrix is o(1), we have879

max
i ,k

{Cov(r (i ), r (k )`X)} = o(1).880

Byuniform integrability, for any i and k , we then haveCov(r (i ), r (k )) = o(1).Hence for any ε > 0,881

we can apply the Chebyshev inequality to obtain882

P *
,

������
n−1

n∑
k=1

r (k ) − E
{
r (1)

}������
≤ ε+

-
≤
Var �∑n

k=1 r
(k )

�

n2ε2
=

∑n
i=1

∑n
k=1 Cov(r (i ), r (k ))
n2ε2

= o(1).883

Therefore, n−1 ∑n
k=1 r

(k ) − E
�
r (1)

	
= op (1). Substituting into (23), we get884

µ̂0 − E
{
g

(
x(1)ζ

)}
= op (1) + o(1) = op (1).885

Next, let ĝ (X ζ̂) = µ̂0 + τ̂v̂ (X> θ̂) be the estimated function from the one-component projec-886

tion pursuit. Using the result from Chen (1991, Theorem 1) and the fact that the function g is887

twice continuously differentiable, we then have888

lim
n→∞

P *
,
n−1

n∑
i=1

{
ĝ

(
x(i )ζ̂

)
− g

(
x(i )ζ

)}2
≥ Cn−4/5+

-
= 0 (24)889

for a constantC that does not depend on either n or p . By the reverse triangular inequality, we890
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then have891

n−1
n∑
i=1

{
ĝ

(
x(i )ζ̂

)
− g

(
x(i )ζ

)}2
= n−1

n∑
i=1

[
τ̂v̂

(
x(i )θ̂

)
−

{
g

(
x(i )ζ

)
− µ̂0

}]2
892

≥ n−1
�������

√√
n∑
i=1

τ̂2v̂ 2
(
x(i )θ̂

)
−

√√
n∑
i=1

�
g

�
x(i )ζ

�
− µ̂0

	2
�������

2

893

≥

�������
τ̂ −

√√
n−1

n∑
i=1

�
g (x(i )ζ) − E

�
g

�
x(1)ζ

�	
+ E

�
g

�
x(1)ζ

�	
− µ̂0

�2
�������

2

(25)894

895

where the second inequality follows from the fact that n−1 ∑n
i=1 v̂

2
(
x(i )θ̂

)
= 1. For the term896

inside the square root of the last expression, we have897

n−1
n∑
i=1

[
g (x(i )ζ) − E

{
g

(
x(1)ζ

)}
+ E

{
g

(
x(1)ζ

)}
− µ̂0

]2
898

≤ 2n−1
n∑
i=1

[
g (x(i )ζ) − E

{
g

(
x(1)ζ

)}]2
+ 2n−1

n∑
i=1

[
E

{
g

(
x(1)ζ

)}
− µ̂0

]2
899

= τ2 + op (1) + op (1) = τ
2
j + op (1), (26)900

901

where τ2 = Var �
g

�
x(1)ζ

�	. Hence, substituting (26) into (24) and (25), we obtain902

lim
n→∞

P
(
`τ̂ − τ `2 ≥ Cn−4/5

)
≤ lim
n→∞

P *
,
n−1

n∑
i=1

{
ĝ

(
x(i )θ̂

)
− g

(
x(i )ζ

)}2
≥ Cn−4/5+

-
= 0903

or in other words, lim
n→∞

P
��
τ̂j − τj

�
≥ Cn−2/5

�
= 0 as claimed.904

9.6 | Proof of Theorem 6905

First, consider the matrix B(1) with element b (1)
j k
= max (

`β̂(k )
j
`, `β̂

(j )
k
`
) . By theMarkov inequality,906

for any δ > 0, we have907

P
(
�β̂j − βj �∞ ≥ δ

)
≤
E

(
�β̂j − βj �

2
∞

)
δ2

≤
E

(
�β̂j − βj �

2
2

)
δ2

.908
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Therefore, by Theorem 4, we obtain909

P
(
�β̂j − βj �∞ ≥ δ

)
≤




C1p
3

nδ2
, αj , 0

C2p

nδ2
, αj = 0.

910

Hence, by the union bound,911

P

(
max
j ∈Sα

�β̂j − βj �∞ ≥ δ

)
≤

∑
j ∈Sα

P (�β̂j − βj �∞ ≥ δ) ≤
C1sαp

3

nδ2
, and912

913

P

(
max
j ∈S cα

�β̂j − βj �∞ ≥ δ

)
≤

∑
j ∈S cα

P (�β̂j − βj �∞ ≥ δ) ≤
C2(p − sα)p

nδ2
≤
C2p

2

nδ2
.914

Next, we consider the matrix B(2) with elements b (2)
j k
= τ̂j τ̂k , j , k = 1, . . . , p . By Theorem 5, as915

n → ∞, we have `τ̂j − τj ` < C3n−2/5 with probability tending to one for a sufficiently large con-916

stantC3, such that for any pair (j , k )with k , j , we have `τ̂j τ̂k − τj τk ` < C4n−2/5 with probability917

tending to one for a sufficiently large constantC4. Therefore, the union bound gives918

max
j ,k=1,...,p
k,j

`τ̂j τ̂k − τj τk ` ≤ C4p(p − 1)n
−2/5 ≤ C4p

2n−2/5919

with probability tending to one. Finally, since (j , k ) ∈ E corresponds to both β (k )
j
and τj τk being920

zero, thenwe obtain921

o j k =
(
b
(1)
j k

)2
+

(
b
(2)
j k

)2
≤ δ2 + C4p

4n−4/5922

If we choose δ and thresholdT as stated in the theorem, then with probability tending to one,923

o j k ≤ T if (j , k ) ∈ E . On the other hand, if (j , k ) < E , o j k > T with probability tending to one as924

claimed.925
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