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An 1nteraction-driven many-particle quantum heat engine

and its universal behavior

Yang-Yang Chen'?3, Gentaro Watanabe*>, Yi-Cong Yu?, Xi-Wen Guan*>®* and Adolfo del Campo”#°1%*

A quantum heat engine (QHE) based on the interaction driving of a many-particle working medium is introduced. The cycle
alternates isochoric heating and cooling strokes with both interaction-driven processes that are simultaneously isochoric and
isentropic. When the working substance is confined in a tight waveguide, the efficiency of the cycle becomes universal at low
temperatures and governed by the ratio of velocities of a Luttinger liquid. We demonstrate the performance of the engine with an
interacting Bose gas as a working medium and show that the average work per particle is maximum at criticality. We further discuss
a work outcoupling mechanism based on the dependence of the interaction strength on the external spin degrees of freedom.
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INTRODUCTION

Universality plays a crucial role in thermodynamics, as emphasized
by the description of engines, that transform heat and other
resources into work. The working substance can often be
described as an ideal gas and the control of interparticle
interactions or the equation of state is generally beyond reach.
As a result, the role of the working substance and the presence of
many-particle effects are secondary in paradigmatic cycles
(Carnot, Otto, etc.).!

In the quantum domain, this state of affairs should be revisited
as suggested by recent works on many-particle quantum
thermodynamics. The quantum statistics of the working substance
can substantially affect the performance of a quantum engine.”
The need to consider a many-particle thermodynamic cycle arises
naturally in an effort to scale-up thermodynamic devices*® and
has prompted the identification of optimal confining potentials’
as well as the design of superadiabatic protocols,®'" first
proposed in a single-particle setting.'>'* The realization of
superadiabatic strokes with ultracold atoms using a Fermi gas as
a working substance has been reported.'®""""* Intrinsically many-
particle effects in the working substance, such as the divergence
of energy fluctuations near a second-order phase transition'® and
many-body localization,'” can prove advantageous. Many-particle
thermodynamics can lead to a quantum-enhanced behavior,
whereby a single many-particle cycle can outperform an ensemble
of independent single-particle machines.®'®

Quantum technologies have also uncovered avenues to design
thermodynamic cycles. Traditionally, interactions between parti-
cles are generally considered to be “fixed by Nature” in condensed
matter. However, a variety of techniques makes possible to modify
interparticle interactions in different quantum platforms. A
paradigmatic example is the use of Feschbach and confinement-
induced resonances in ultracold atoms.' The engineering of
interparticle interactions is similarly at reach in digital quantum
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simulation in trapped ions, Rydberg atoms, and superconducting
qubits.?°

We introduce a thermodynamic cycle that exploits the many-
particle nature of the working substance and thus have no single-
particle counterpart. It consists of four isochoric strokes, alternat-
ing heating and cooling with a modulation of the interparticle
interactions. Using Luttinger liquid theory, the efficiency of the
cycle is shown to be universal in the low-temperature regime of a
one-dimensional (1D) working substance, i.e. solely depending on
the sound velocities at the states A and B (Fig. 1). The universal
efficiency of the cycle is also shown to characterize the regime of
strong interactions in the working substance, in which the
spectrum is approximately scale invariant. When an interacting
Bose gas is used as such, the average work output per particle is
maximum at criticality.

RESULTS

Interaction-driven thermodynamic cycle

Consider a quantum heat engine (QHE) with a working substance
consisting of a low-dimensional ultracold gas tightly confined in a
waveguide.?>?® Ultracold gases have previously been explored in
quantum cycles where work is done via expansion and compres-
sion processes, both in the non-interacting”?’ and interacting
regimes.>*®732 We propose the implementation of a quantum
cycle consisting of four isochoric strokes, in which heating and
cooling strokes are alternated with isentropic interaction-driven
processes. In the latter, work is done onto and by the working
substance by increasing and decreasing the interatomic interac-
tion strength, respectively. This work can be transferred to other
degrees of freedom as we shall discuss below. The working
substance consists of N particles with interparticle interactions
parameterized by the interaction strength c. Both the particle
number N and the system size L are kept constant throughout the
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Fig. 1 Interaction-driven quantum cycle. The working substance is
driven through four sequential isochoric strokes alternating heating
and cooling processes at different temperature T with isentropes in
which the interparticle interaction strength ¢ is ramped up and
down. The color coding indicates the mean energy across the T — ¢
plane. The dashed lines correspond to the thermal entropy
calculated from the thermodynamic Bethe ansatz equation of the
Lieb-Liniger gas.>'~>* The effective temperature assigned along the
isentropes results from scale invariance in the energy spectrum, that
holds for strong coupling and the Luttinger liquid region; see
Section “Universal efficiency at low temperature” and the Supple-
mentary Information Section |

cycle and any equilibrium point is parameterized by a point (c, T)
indexed by the temperature T and the interaction strength c.
Specifically the interaction-driven quantum cycle, shown in Fig. 1
for the 1D Lieb-Linger gas,?'? involves the following strokes:

(1) Interaction ramp-up isentrope (A — B): The working
substance is initially in the thermal state A parameterized by
(ca,Ta) and decoupled from any heat reservoir. Under unitary
evolution, the interaction strength is enhanced to the value ¢g and
the final state is non-thermal. (2) Hot isochore (B — C): Keeping cg
constant, the working substance is put in contact with the hot
reservoir at temperature T¢ and reaches the equilibrium state
(cg, Tc). (3) Interaction ramp-down isentrope (C — D): The working
substance is decoupled from the hot reservoir and performs work
adiabatically while the interaction strength decreases from cg to
ca, reaching a non-thermal state. (4) Cold isochore (D — A): The
working substance is put in contact with the cold reservoir with
temperature Tp keeping the interaction strength constant until it
reaches the thermal state (ca,Ta). The work extracted from the
heat engine is given by W= W;3; — W; =Q, — Qs while the
efficiency of the heat engine reads

nN=—=1-=-". (1)

Interacting Bose gas as a working substance

Consider as a working substance an ultracold interacting Bose gas
tightly confined in a waveguide,**** as realized in the labora-
tory.>7” The effective Hamiltonian for N particles is that of the
Lieb-Liniger model:*'2

~ N 2
Hu = _Zj:1axj + Z1<J<ZSN2C6(X”)’ 2)

where xj; = x; — x4, with 2m == 1. The spectral properties of the
Hamiltonian of Eq. 2 can be found using coordinate Bethe
ansatz.2'?? We consider a box-like trap®®*® where any energy
eigenvalue can be written as £ =37 in terms of the ordered
quasimomenta 0<k;<k;< - - - <ky. The latter are the (Bethe) roots
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{ki} of the coupled algebraic equations

ki — kj ki + kj
Lki = ml; — Zj# (arctanT + arctanT , (3)
determined by the sequence of quantum numbers {/;} with
i=1,2,---, N. As a function of ¢ and T, the 1D Bose gas

exhibits a rich phase diagram. We first consider the regime of
strong interactions and use a Taylor series expansion in 1/c. For a
given set of quantum numbers 7, = {lf">}, the corresponding
energy eigenvalue takes the form

T Ac =N ()2

DI @
where the interaction-dependent factor A. reads
4N—-1) 12(N-1)°

cL -

The spectrum of a strongly interacting Bose gas is thus
characterized by eigenvalues with scale-invariant behavior, i.e.,
€n(€)/en(c’) = Ac/AL. This scale invariance in the spectrum allows
us to assign an effective temperature along the isentropes; see
Supplementary Information Section I. In this regime, the work
output is thus set by W =Q; — Q4 = [1 — (A, /A, )]Q2 and the
efficiency
A,

n=1 e, (6)
becomes independent of temperature of the heat reservoirs, as
we show in Supplementary Information. Being the spectrum scale-
invariant, the efficiency can be expressed in terms of the scaling
factor.* This feature is as well shared by the well-known harmonic
Otto cycle.”” This is a consequence of the fact that both the cycles
involve the driving of an isolated quantum system with a scale-
invariant energy spectrum. However, the interaction-driven cycle
generally involves a change of density of states which can be
regarded as the change of the generalized exclusion statistics in
an ideal gas;*? also see Supplementary Information Sections Il and
lll. Moreover, the scale invariant character of the energy spectrum
in the strongly interacting regime is also present for multi-
component Bose and Fermi gases, preserving the universal
efficiency given by Eq. 6.

For weaker interactions, we resort to a numerically-exact
solution of Eqgs. 3 for finite particle number N. We enumerate all
the possible sets Z, of quantum numbers for low-energy states
and solve Eqgs. 3 numerically for given c. With the resulting quasi-
momenta {kn1,kn>,--- }, and the corresponding energy eigen-
values ¢, = Zikﬁ‘,, the probability that the Bose gas at
temperature T is found with energy ¢, is set by the Boltzmann
weights p, = e /T/3" e/T (with kg = 1). The equilibrium
energy of the states A and C is set by thermal averages of the form
(E) =>_,pnen that in turn yield the expressions for Q, and Q.
Here, a proper cutoff of the possible sets {Z,} can be determined
by p,/pc < 1, where pg is the probability for the working
substance to be in the ground state. The numerical results for the
efficiency n and output work W are shown in Fig. 2 as a function of
the interaction strength. For fixed values of Tc and Ta, the
maximum work is studied as a function of ¢y while keeping cg
constant (Fig. 2). The efficiency is well reproduced by Eq. 6 at
strong coupling, that captures the monotonic decay with
increasing interaction strength. The efficiency is found to be
essentially independent of the temperature in the strong
interaction regime, whereas the work output is governed by the
temperature and interaction strength.

en(c) =~

A=1-— )

Universal efficiency at low temperature

In the thermodynamic limit (where N and L — oo with n = N/L
being kept constant), the equilibrium state of the 1D Bose gas is

Published in partnership with The University of New South Wales



50 100 150
0.3 | | :
N — T\ =80
A — T, =100 -
L 0.2 e A
0.17 ) f
(b)
50 100 150
CA

Fig. 2 Work and efficiency as functions of the interaction strength
ca. a Dependence of the work output W on ¢, for different Ta. b The
efficiency n obtained by numerical calculation (solid lines), is
compared with the analytical result (black dashed line) in Eq. 6.
Here, N=5,L =1, Tc = 150, and ¢z = 200

determined by the Yang-Yang thermodynamics®*?***™* (see
“Methods”). At low energy, excitations are phonons and the
behavior is described by the Tomonaga-Luttinger liquid (TLL)

theory,”™* in which the free energy density reads
T2
F=& -1, @
6V,

where & is the energy density of the ground state, v is the sound
velocity which depends on particle density n and interaction c.
The entropy density s can be obtained as the derivative of free
energy, s = —0F /0T =nT/3vs. The expression for the heat
absorbed and released are respectively given by energy

differences

L
Q= 6VB(T2 T), 8)
Q= 6VA(T2 TA); 9)

where s; = 71T;/3vl and vi with v = v¢ and vA = vD denote the
entropy density and the sound velocity of the state i, respectively.
Using the fact that the strokes (1) and (3) are isentropes, it follows
that

TA T[) V.

AP 10
TB Tc V7 ( )

3

3

-

where Tg and Tp are the temperatures at states B and D,
respectively. As a result, the efficiency and work output are given
by

A
nTLL:1_V_E:1_£> (11)
S
nLTE K2
W = o < —f)(1 —?>, (12)

where k = Ta/Tc. Since Tp < Tg < Tc, we have 0 < k < & < 1. This
efficiency (11) is universal regardless the microscopic physics of
the working substance with a low-energy TLL description. The
work output for fixed Tx and T¢ is maximized at £ = &, as shown
in Supplementary Information Section IV,

€~ (2KV[1 — (k/2)3/3] . (13)
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As the TLL theory describes the universal low-energy behavior
of 1D many-body systems, Eqgs. 11-13 provide a universal
description of the efficiency and work of QHE with a 1D
interacting working substance at low temperatures, which are
applicable to any cycle in which work and heat exchange occurs in
different strokes. In particular, in the strongly interacting regime,
the sound velocity of 1D Bose gases is given by
vs = 2mn(1 —4nc™' +12n%c2)>* In this regime, the result 11
thus reduces to Eq. 6. On the other hand, in the weak interaction

regime, vs o~ 2ny/< — L (n)z 2% and thus the efficiency reaches the

asymptotic value

A
~1— /=, (14)
n P
indicating an enhancement of the performance with respect to
the strongly interacting case.

Quantum critical region

We next focus on the performance of an interaction-driven QHE
across the phase diagram of the 1D Bose gas and characterized
the role of quantum criticality.® The 1D Bose gas displays a rich
critical behavior as a function of the temperature T and chemical
potential p (Fig. 3). In the region of u/T <0, i.e. the mean
distance between atoms is much larger than the thermal wave
length Ay, = +/2m2/(mkgT), and the system behaves as a classical
gas (CG). A quantum critical region (QC) emerges between two
critical temperatures (see the white dashed lines in Fig. 3c)
fanning out from the critical point y. = 0. In this region, the
energy gap closes universally as A ~ |y — u |, in terms of the
correlation length and dynamic critical exponents v =1/2 and
z = 2. The TLL region characterized by a phononic spectrum is
found with y>0 and T below the right critical temperature.

For fixed cycle parameters (ca, cg, Ta, and T¢), we study the
performance of the engine across the QC region by changing n.
We numerically calculate the efficiency n and average work W /N
by using the TBA equation 16, and show that near the QC region
W/N has a maximum value; see Fig. 3. We set cx =1, cg =3,
Ta=1, and Tc =5 for the heat engine and let the density n
increase from 0.1 to 23. The red, green, and blue dashed lines in
Fig. 3 correspond to the densities n~0.3, 1.4, and 3.0,
respectively. In order to understand the maximum of W/N, we
also plot these three engine cycles (A — B — C — D — A) in the
phase diagram of specific heat in the T — u plane; see Fig. 3 (c).
The performance of the cycle is optimal at the critical region
(green dashed line). Specifically, when the stroke A — B is near the
TLL boundary and the stroke C — D is in the critical region, the
average work output per particle is maximized. In this scenario,
the two adiabatic processes (A — B and C — D) pass through
zones in which the change in the energy dispersion is maximized,
as shown in Fig. 3c. Qualitatively, the process A — B passes
though the region where the specific heat is maximum, whereas
the C — D evolves through the region with lowest specific heat. In
the adiabatic process, the particle number N and entropy S are all
fixed. Figure 3d shows the work for the different cycles, where the
work for each adiabatic process is given by W = [c““a' (0E/ac)dc.
Even if the process is not rigorously adiabatic,”’ this maximum
work output still holds, as further discussed in Supplementary
Information Section IV.

DISCUSSION

The modulation of the interaction strength c is associated with the
performance of work, that has recently been investigated for
different working substances.>*>* An experimentally-realizable
work outcoupling mechanism can be engineered when the
coupling strength depends on the configuration of other degrees
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Fig. 3 Performance across the phase diagram. a Efficiency n as a function of the density n. b Average work output W/N as a function of
density n. ¢ Phase diagram of a Bose gas given by a contour plot of the specific heat. The three different polygons delineate interaction-driven
thermodynamic cycles in different regimes of the phase diagram corresponding to the three dashed lines in the other panels. The equilibrium
states A and C are chosen with fixed ¢ and T for the different cycles. The efficiency saturates at 0.42 given by Eq. 14 in the TLL regime. (d) The
energy derivative oE /oc per particle as a function of the interaction strength c. The areas of these three polygons correspond to the works per

particle W/N for the three cycles in figure (c), respectively

of freedom. This is analogous to the standard Carnot or Otto
cycles where the working substance is confined, e.g., in a box-like
trap.*’ The latter is endowed with a dynamical degree of freedom
that is assumed to be slow (massive) so that in the spirit of the
Born-Oppenheimer approximation it can be replaced by a
parameter. Similarly, the modulation of the coupling strength in
an interaction-driven cycle can be associated with the coupling to
external degrees of freedom.

As an instance, consider the choice of an interacting SU(2) 1D
spinor Fermi gas in a tight waveguide as a working substance. The
Hamiltonian can be effectively mapped to the Lieb-Liniger model
(see ref. > and Supplementary Information Section V), with a
coupling strength ¢ = c((S;-S;)) that depends on the spinor
degrees of freedom,*>*® an approximation corroborated by the
exact solution in a broad range of parameters.>” Another example
relies on the use of confinement-induced resonances'**® that
govern the scattering properties of a quasi-1D working substance
in a waveguide. The transverse frequency w, of the latter directly
determines the interaction strength ¢, i.e, ¢ = ¢(w, ), and the role
of w, parallels that of the trap parameters in the conventional
Carnot and Otto cycles. The possibility of extracting work from
quench dynamics was recently studied.>*°

Finally, we note that an interaction-driven cycle can also be
used to describe QHEs in which the interaction-driven strokes
are substituted by processes involving the transmutation of
the particle quantum exchange statistics, e.g., a change of the
statistical parameter of the working substance. The Hamiltonian of
Eqg. 2 can be used to describe 1D anyons with pair-wise contact
interactions with coupling strength ¢ and statistical parameter 6
characterizing the exchange statistics, smoothly interpolating
between bosons and fermions.®"% The spectral properties of this
Lieb-Liniger anyons can be mapped to a bosonic Lieb-Liniger
model given by Eq. 2 with coupling strength ¢ = ¢/ cos(8/2).6"%
The modulation of ¢ can be achieved by the control of the particle
statistics, tuning 6 as proposed in ref. &

In summary, we have proposed an experimental realization of
an interaction-driven QHE that has no single-particle counterpart:
it alternates heating and cooling strokes with processes that are
both isochoric and isentropic and in which work is done onto or
by the working substance by changing in the interatomic
interaction strength. This cycle can be realized with a Bose gas
in a tight waveguide as a working substance. Using Luttinger
liquid theory, the engine efficiency has been shown to be
universal in the low temperature limit, and set by the ratio of the
sound velocities in the interaction-driven strokes. The optimal
work can be achieved by changing the ratio of the sound velocity,
e.g., by tuning the interaction strength. An analysis of the engine
performance across the phase diagram of the Bose gas indicates
that quantum criticality maximizes the efficiency of the cycle.
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Our proposal can be extended to Carnot-like interaction-driven
cycles in which work and heat are simultaneously exchanged in
each stroke. Exploiting effects beyond adiabatic limit may lead to
a quantum-enhanced performance.®'® The use of non-thermal
reservoirs®®® and quantum measurements®”%® constitutes
another interesting prospect. Our results identify confined Bose
gases as an ideal platform for the engineering of scalable many-
particle quantum thermodynamic devices.

METHODS

In the Yang-Yang thermodynamics of the 1D Bose gas, the pressure is
given by

p= %/ In <1 + e‘g(k)/T)dk7

where the “dressed energy” (k) is determined by thermodynamic Bethe
Anstatz (TBA) equation

T 2c
2y — —£(q)/T
k) =k —u 271/C2 TP (1 +e )dq‘

The particle density n and the entropy density s can be derived from the
thermodynamic relations

_op _op
”—ay 5—51

in terms of which the internal energy density reads & = —p + un + Ts.
Both interaction-driven strokes are considered to be adiabatic. As a result,
the heat absorbed during the hot isochore stroke (B — C) is given by
Q, = L[&(cg, Tc) — E(cg, Tg)], while the heat released during the cold
isochore (D — A) equals Q4 = L[E(ca, Tp) — E(ca, Ta)]. Here Tg and Tp can
be determined in terms of the isentropic strokes, in which s(ca,Ta) =
s(cs, Tg) and s(cg, Tc) = s(ca, Tp), Where T and T¢ are the temperature of
the cold and hot reservoir, respectively. The efficiency and work can then
be obtained by numerically solving the TBA equation. This article was
previously published as a preprint.®

(15)

(16)

(17)
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All data generated during this study are included in the supplementary
information files.
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