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Abstract In this paper we consider a fully nonlinear version of the Yamabe problem
on compact Riemannian manifold with boundary. Under various conditions we derive
local estimates for solutions and establish some existence results.
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1 Introduction

Let (M,g) be a smooth compact Riemannian manifold of dimension n > 3. The
Yamabe problem is to find metrics conformal to g with constant scalar curvature. The
problem has been solved through the work of Yamabe [50], Trudinger [42], Aubin
[2] and Schoen [38]. See [25] for a survey. The Yamabe and related problems have
attracted much attention in the last 30 years or so, see, e.g., [40], [3] and the refer-
ences therein. Analogues of the Yamabe problem on compact manifolds (M, g) with
boundary have been studied by Cherrier [9], Escobar [11-13], Han and Li [23,24],
Ambrosetti et al. [1] and others.

In recent years, fully nonlinear versions of the Yamabe problem have received
much attention since the work of Viaclovsky [48]. Let (M", g) be a smooth compact
Riemannian manifold of dimension n > 3. The Schouten tensor is defined as
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510 Q. Jin et al.

1 1
Ag = P (Ricg — ngg) ,
where Ric, and R, are the Ricci tensor and the scalar curvature of g respectively.
Let M(Ag) = (A (Ap),..., n(Ay)) denote the eigenvalues of Ag with respect to g.
One interesting problem is to find conformal metrics on (M, g) with a prescribed
symmetric function of the eigenvalues of the Schouten tensors.
To be more precise, let

ry:= [k:()\l,...,)\.n)GRn:Z}\i>o]
and
Tpi={A=G1....,00) €eR":2;>0for1l <i<n}.

‘We assume that

I' C R” is an open convex symmetric cone with vertex at the origin (1.1)
satisfying
r,crcry (1.2)
and assume that
f e Cc®(T) N C’T) is a symmetric function, f>0inT (1.3)
verifying some of the following properties which will be specified in each situation:
f is homogeneous of degree one on I, (1.4)
fi= 5—)]: >0 onT, (1.5)
and
fis concave on I'. (1.6)
Conditions (1.4), (1.5) and (1.6) imply that (see [45, Lemma 3.2])
T:=»fi))=cg>0, VAerl (1.7)
i

for some positive number ¢y > 0.
The fully nonlinear Yamabe problem on a closed manifold (M, g) is to find a metric
g conformal to g such that

F(Ap) :=f(M(Ag) =1 and A(Ap el  onM. (1.8)

When (f,T') = (o,i/ k, I'x), this problem is known as the o;-Yamabe problem in the
literature, where, for each 1 < k < n, oy is the k-th elementary symmetric function
defined by

ok(W) = D hijorhy foralld=(Ag,....0) €R"
i <<y
and
Iyi={AecR":0;(1) >0,1 <<k}
which is an open convex symmetric cone with vertex at the origin.
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Estimates and existence results for a fully nonlinear Yamabe problem 511

For problem (1.8) anumber of existence results have been available in the literature.
In [47] Viaclovsky established the existence result for (1.8) with (f,I") = (03", ) for
a class of manifolds. In [5,6], Chang et al. obtained the existence result on 4-manifolds
for (1.8) with (f,T") = (021/2, I',). For (f,T') = (o,i/k, I'y) with k = 3,4 on 4-manifolds
and with k = 2,3 on 3-manifolds that are not simply connected, the existence result
was established by Gursky and Viaclovsky in [21]. When (M, g) is locally conformally
flatand (f,T") = (,/%,T4) for 1 < k < n, Guan and Wang [18] and Li and Li [26] inde-
pendently proved the existence of solutions of (1.8). Li and Li [26,29] also established
a general result that (1.8) is still solvable if (M, g) is locally conformally flat and if
(f,T) satisfies (1.1)—(1.6) with f|r = 0. In [19] Guan and Wang proved local interior
C! and C? estimates for solutions of (1.8) with (f,T) = (a;/k,l“k), such estimates
were also studied in [20,26,41] and was extended to a general class of (f, ") in [7]. This
latter result, where concavity of f is assumed, can be deduced as a corollary of the
results in [26] and [32]. Local interior C! estimates for a general class of (f, "), without
the concavity assumption on f, are established in [33]. Using such local estimates and
the algebraic fact found in [17] that A(Ag) € 'y for k > 7 implies the positivity of the
Ricci tensor, Gursky and Viaclovsky [22] solved (1.8) on general manifolds if (f,T")
satisfies (1.1)-(1.6) with flsr = 0 and if I' C T’y for some k > 7. In [44], Trudinger
and Wang proved a Harnack inequality for the set of metrics g conformal to g with
L(Ag) € 'y for some k > 7 and gave a different proof of the existence result in [22].

For (f,T") = (01} / k, I'y) with k < 5 on general manifolds, Sheng et al. [41] established
the existence result under a variational structure condition which includes the case
k =2 and n > 4, while Ge and Wang [14] independently obtained a proof for k = 2
andn > 8.

In the rest of this paper we will assume that (M",g), n > 3, is a smooth compact
Riemannian manifold with nonempty smooth boundary d M. For a given constant
¢ € R, we are interested in finding a metric g conformal to g such that

’i(Ag) =f(A(Ap) =1, A(Ap) €T onM, (1.9)
s =¢C on IM,

where h denotes the mean curvature of M with respect to the outer normal (A
Euclidean ball has positive boundary mean curvature). Note that when (f,I") =
(o1,T'1), this is the Yamabe problem on a compact manifold with boundary. Therefore
(1.9) is a fully nonlinear version of the Yamabe problem with boundary.

This problem was proposed by Li and Li in [28,30] in which they considered the
corresponding blow-up problem of (1.9) and obtained some Liouville type theorems
and a Harnack type inequality. These results indicate positively that it should be
possible to establish some existence results for (1.9) under suitable conditions.

Writing § = e~?“g for some smooth function u on M. Using the transformation
laws for the Schouten tensor and mean curvature, (1.9) is equivalent to the fully
nonlinear elliptic equations

F(U) := fg(U)) =€, 2g(U) €T on M, (1.10)
Bu = ce™ —hy on dM '
with .
U=V%u+du®du— 5|Vu|§,g4“4g, (1.11)
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512 Q. Jin et al.

where Ag(U) denotes the eigenvalues of U with respect to g, v is the unit inward
normal vector field to M in (M, g) and V denotes the Levi-Civita connection with
respect to g.

Recall that the second fundamental form IT of M with respect to g is defined as

NX,Y) = —-g(Vxv,Y), foranyX,Y e T(dM),

where T'(d M) denotes the tangent bundle over M. A point x € dM is called an
umbilic point in (M, g) if

IIX,Y) =hg(x)gX,Y) forall X,Y e Ty(dM).

The boundary d.M is called umbilic if every point of 9 M is an umbilic point. The
notion of umbilic point is conformally invariant, i.e. a point is umbilic with respect to
g is still umbilic with respect to the metric g := e~2"g for any function u € C>(M) (see
[12)).

Our first existence result is for locally conformally flat manifolds with umbilic
boundary.

Theorem 1.1 Assume that (f,T) satisfies (1.1)-(1.6) with flsr = 0 and that (M, g) is
a smooth compact locally conformally flat Riemannian manifold with smooth umbilic
boundary dM. Suppose that .(Ag) € T on M and hg > 0 on dM. Then problem (1.10)
with ¢ = 0 has a solution u € C*°(M).

The existence of solutions of (1.8) with (f, I') satisfying (1.1)—(1.6) and f|sr = 0 has
been proved in [27,29] on compact locally conformally flat manifolds without bound-
ary. The proof of Theorem 1.1 is based on [27,29]. By making use of the double of a
compact manifold, the problem in Theorem 1.1 reduces to a corresponding problem
on compact locally conformally flat manifold without boundary. In order to establish
CY estimates, via the Harnack inequality obtained in [27], we need to assume hg >0
on oM.

Recall that the Yamabe problem on compact manifolds (M, g) with boundary 9. M
is to find a conformally related metric g of constant scalar curvature on M and constant
mean curvature on dM. By writing g = = g for some positive smooth function on
M, this problem is equivalent to finding a smooth positive solution u to the boundary
value problem

4n—1
A 2)Agu+Rgu:aun—2 on M,
Y, (1.12)
—_ _— = n—2
n—28v+ U = CU on oM,

where a and ¢ are constants. For any a > 0 and any c, the existence of a solution of
(1.12) has been proved in [23,24] under the assumption that (M, g) is of positive type
and satisfies one of the following assumptions:

(i) (M", g),n > 3,is locally conformally flat with umbilic boundary;
(i) »n > 5and dM is not umbilic.

For any a > 0, it was proved earlier in [12,13] that (1.12) is solvable for ¢ = 0 and for
at least one ¢4 (a) > 0 and one c_(a) < 0 under the same assumptions. Here we call a
manifold (M, g) of positive type if
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Estimates and existence results for a fully nonlinear Yamabe problem 513

, S (W‘P@ + C(”)Rg‘Pz) + 252 [ pq hge?
AMM) = min 5 >0
peH (M)\(0} T

where ¢(n) = 4&’_21).

An interesting question for (1.9) is to identify good conditions which guarantee the
existence of a solution. Theorem 1.1 is such an attempt, and it shows that 4, > 0 on
9.M is a sufficient condition. Unlike the Yamabe problem with boundary, we tend to
believe that the hypothesis “A; > 0 on 9 M” in Theorem 1.1 can not be replaced by
“AM) > 0.

Our next result concerns (1.10) with ¢ > 0. We consider more general equation

’F(U) = f(hg(U)) = poe™ 2, 1g(U) €T on M,

8 = hge " — hy on M, (1.13)

where gg € C*°(M) and hg € C*°(3d.M) are positive functions. This problem is equiv-
alent to finding a metric g conformal to g such that f(A(Az)) = ¢o on M and h; = hy
on d M.

Theorem 1.2 Assume that (f, ') satisfies (1.1)~(1.6) with f|3r = 0and I C Ty for some
k > 5. Let (M, g) be a smooth compact Riemannian manifold with smooth boundary
oM. Suppose that M(Ag) € T on M, hg > 0 on IM, OM is umbilic, and (M, g) is
locally conformally flat near 9 M. Then for any positive functions ¢y € C*°(M) and
ho € C*(dM) problem (1.13) has a solution u € C*°(M).

In [22,44] more general equations than (1.8) on general closed manifolds have been
solved when I' C I'y for some k > 4. By using the double of a manifold we adapt
the Harnack inequality of Trudinger and Wang [44] to our situation. This, together
with the C! and C? estimates in Sects. 24, allows us to obtain the existence result by
modifying the degree argument in [44].

In Sects. 2, 3 we establish under suitable conditions on (f,I") some local C! and C?
estimates for solutions of the following more general equation

[F(U) = fOge(U) = ¥(x,u), Ag(U) €T on Oy,

g—’: =n(x,u) — hg on O NIM, (1.14)

where Oy is an open set of M, U is defined by (1.11), ¥ € C*(O; x R) and 5 €
C%((01 N dM) x R). By extension we can always assume that n € C2(O; x R).

C! and C? estimates have been studied extensively on closed manifolds, see [7,
19,20,26,41] for local interior estimates and [47] for global estimates. Global esti-
mates have also been studied in [16] on compact manifolds under Dirichlet boundary
condition.

The first result on gradient estimates is the following.

Theorem 1.3 Assume that (f,T") satisfies (1.1)—(1.5), (1.7) and that (M, g) is a smooth
compact Riemannian manifold with smooth boundary dM. Let O be an open set of
M and let u € C3(Oy) be a solution of (1.14). If

a<u<b on0O (1.15)
for some constants a and b, then, for any open set O of M satisfying O C Oy,
[Vulg < C on Oy

for some positive constant C depending only on n, (f,T"), g, ¥, n, a, b, O1 and O;.
@ Springer
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Note that the gradient estimate given in Theorem 1.3 depends on the bound of |u|
on Oy. If we only know u > —Cj on Oy, the next result gives the gradient estimates
for solutions of the equation

[gu(U) i=fOg(U)) = e, Ag(U) el on Oy, (1.16)

5y = ce ™ —hg on O; NAM,

where O is an open set of M, if (f, ") further satisfies the condition (H,) introduced
in [26], see Definition 2.1 in Sect. 2.

Theorem 1.4 Assume that (f,T) satisfies (1.1)—(1.5), (1.7) and the condition (H1), and
that (M, g) is a smooth compact Riemannian manifold with smooth boundary M. Let
Oy be an open set of M and let u € C3(Oy) be a solution of (1.16). If

u>—-C on0 (1.17)
for some constant Cy, then, for any open set O, of M satisfying O, C O,
[Vulg < C on O (1.18)

for some positive constant C depending only on n, ¢, (f,T"), g, Co, O1 and O,.

Remark 1.1 The same result in Theorem 1.4 holds true for more general equation
than (1.16). In fact, if u € C3(0y) is a solution of (1.14) with ¥ (x, ) := o (x)e P* and
n(x,u) := no(x)e” 4" for some numbers p > 0, g > 0 and some functions Vg € Cc? (M),
no € C*(3M), and if u satisfies (1.17), then u satisfies (1.18) with the constant C
depending only on n, p, q, (f,I"), g, Co, Yo, no, O1 and O,. One can see this easily from
the proof of Theorem 1.4.

By assuming that dM is umbilic and that (M, g) is locally conformally flat near
dM, we derive in section 3 the following C? estimates for solutions of (1.14) under
suitable conditions on v and 7.

Theorem 1.5 Assume that (f,T) satisfies (1.1)—(1.6) and that (M, g) is a smooth com-
pact Riemannian manifold with smooth boundary d M. Suppose that dM is umbilic
and (M, g) is locally conformally flat near 9 M. Let O be an open set of M and let
u € CHOy) be a solution of (1.14). Assume that  and 1) satisfy one of the following
conditions:

(i) 7=0 3 =00n(0;NIM) x Rand € C3(O1 x R);
(ii) nis positive on (01 x IM) x R and  is any function on O x R.

If
lu| < Co on O (1.19)

for some constant Cy, then, for any open set O, of M satisfying O, C Oy,
|Vulg + |V2u|g <C on0
for some constant C depending only on n, Cy, g, (f,I), ¥, n, O1 and O».

Both Theorems 1.3 and 1.5 are used in the proof of Theorem 1.2. In Sect. 4 we estab-
lish C? estimates on general manifolds with umbilic boundary, without any locally
conformally flat assumption, for the following Monge-Ampére type problem
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Estimates and existence results for a fully nonlinear Yamabe problem 515

’det(g_l “U)y=e2™, ) (U)eTl, onOy, (120)

o — ot hg on O] NAM,
where U is defined by (1.11).

Theorem 1.6 Assume that (M,g) is a smooth compact Riemannian manifold with
smooth umbilic boundary d M. Let O1 be an open set of M and let u € C*Oy) be a
solution of (1.20) with ¢ > 0. If

lu| < Co on Oy (1.21)
for some constant Cy, then, for any open set O, of M satisfying O, C Oy,
IVulg +[V2ulg < C on O (1.22)

for some positive constant C depending only on n, ¢, g, Co, O1 and O;.

The Dirichlet problem for (1.8) has been studied in [16] for (f,T") = (o,i/k, I'y) and
the existence of solutions is established whenever there exists an admissible supersolu-
tion. A similar problem for (f,T") = (0,1 / ".T,) was studied in [36]. The Neumann prob-
lem for Hessian equations has been studied in [10,35,37,43,46], most of the works are
for Monge-Ampere equations. The results in [43] and [46] concern, respectively, gen-
eral Hessian equations on Euclidean balls and on general domains in dimension two.

We draw readers’ attention to some closely related independent work of Sophie

Chen in [8].

2 Gradient estimates

In this section we will prove Theorems 1.3 and 1.4 concerning gradient estimates for
solutions of (1.14) and (1.16). We use the distance function dg(x, 9. M) in (M, g) to the
boundary 9 M. Clearly there is a suitable small constant 8y > 0 such that dg(x, I M) is
smooth in {x € M : dg(x,d M) < 28p}. Moreover

d
—dg(x,0M) =1 on oM.
av

We will fix a positive constant C; such that

X, X) > —Cig(X,X) forX e TOM). (2.1)

It is well-known that we can always find a metric conformal to g with vanishing
mean curvature on d M. Since a conformal change of metrics does not affect our C!
and C? estimates, without loss of generality, in sections 2—4 we always assume that
hg =0 on M in the arguments.

Proof of Theorem 1.3 By shrinking O; if necessary, we can always choose a cut-off
function p € C§°(Oy) such that

0<p=<1 in0Oy, |Vplg=<Cyp inOy, p=1o0on0; (2.2)

and 5
aizo on O NaM if O} N IM £ 0, 2.3)

v

where C is a constant depending only on n, g, O1 and Os.
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516 Q. Jin et al.

Let
1 —A
y(@) = X(1+t—a) , telabl],

where the number A is large enough so that A > 8(1 + b — a). Then we choose a func-
tion ¢ € C*°(M) such that ¢(x) = dg(x, 9 M) when dg(x,dM) < g9, where 0 < g9 < &
is sufficiently small. Since u satisfies (1.15) and ¢ = 0 on .M, we may further assume
that ¢ is chosen in a way so that

Inuel < % and  |nuug| < % on M x [a,b]. (24)
We now consider the function
G:= %pe"’Wu — ﬁV(p@ on Oy,
where

a(x) = Box) +yu—nx,ue), B :=nx,u)

and B is a large number to be determined later. In order to derive the desired bound
on |Vulg over O, it suffices to show that G can be bounded in O; by some constant
C depending only on n, (f,I"), g, ¥, n, a, b, O1 and O,. Suppose the maximum of G
over Oy is attained at some point xo € O;. In the following we will always assume that
G(xp) > 1; otherwise we are done.

We first claim that xo must be an interior point of Oy, i.e. xg € O1\dM. To this end,
suppose xp € 3 M and choose an orthonormal frame field {ey,...,e,} around xo such
that e, = v on M. In the following for any smooth function ¢ we use ¢;, ¢;;, ... to
denote the covariant derivatives of ¢ of all orders. It is easy to see that on 9. M there
hold

on=1, ¢ =0 and ¢, =¢,y;=0 forl<l<n-1.

By using the boundary condition u,, = n(x,u) we thus have on 9. M that

1 1 n—1
up, — B, =0 and G= Epe}’(”)Wu - ,BVgolg, = E,oey(”) Zulz
I=1

Therefore, since p, = 0on O N IM,

n
Gu = pe""™ >~ = Ber) (i — Bust — Boin) + G
=1
n—1
= pey(”) zulunl + BG.
=1

By using again the boundary condition u, = n(x,u) on 3. M we have

n—1
tn1 = €1(utn) — du (Vesen) = /() — D _(Ve,en, ex)glik
k=1
n—1
=+ nut + ) T(eg. ).
k=1
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Consequently, by using (2.1), (1.15) and the fact G(xg) > 1 we can choose a large
number B such that

n—1 n—1
Gu(x0) = pe’™ D" T(ex, epugus + pe’ ™ > (n + nuur)us + BG
k=1 I=1
n—1
> (B —2C; = 2{nul) G+ pe’ ™ > nuuy
I=1

> 0.

However, by the maximality of G(x9) we have G, (x¢) < 0. We thus derive a contra-
diction.
Therefore xg € O1\dM. Choose normal coordinates around xg such that

1
(Uyj) = (ui/‘ + ujuj — §|Vu|§gij + (Ag)ii) (2.5)
is diagonal at xo. Then, by setting & = u; — By;, we have at x( that

0=Gi=pe* > (ui — Bigr — Bow) & + &G + %G (2.6)
]

and

G

PPij — 2pify %ifj + i
k _
0
+ pet D (wij = Biygr — By = Bigu = Bowy) &
l

0> (Gy = ((aij —a;ja))G +

+ pe” Z (wi; — Biwr — Ben) (wj — Bjoor — ﬂwlj))- (2.7)
/

Let FU := %(U). Since (Ujj) is diagonal at xo, we have FU = f;§; at xo; moreover
(F'y is positive definite by (1.5) (see e.g. [4]). It then follows from (2.7) that
0> e “FIG;
_ - ppi =207 _ pi
=e 0‘GZ:fi(ozi,- —al-z) +e “GZf,- "pz L —2e “GZﬁai;l
1 1 14
+ 0 D fi (Wi — Biior — 2Bigi — Beiin) &
il
+p D fi(wi — Bigr — Bow)’
il
1
> Splél? Zijfi(a,-i — o)~ 151 Zfiaipi - CTEEP +¢, 28)
where 7 := >, f; > co > 0 by (1.8) and

E=p Zfi (wiii — Biiwr — 2Bioi — Bouii) &1-
il
@ Springer
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Since G(xg) > 1, we have |Vu| < C|&]| for some universal constant C. Note that
Bi=ni+nuui and By = i + 20iuli + Nt + Ml

By using Ricci identity u; = u;i + Ryiutr, where Ryj; denotes the Riemann curvature
tensor of g, we have

€= p Y fuikl — pnu Y fiuioisr — CoTIEP.

il il
By the degree one homogeneity of f and (2.5) we have

—pnu ) fiiipi€r = —CpT &,
il
Therefore by using (1.14), (2.6) and the fact [Vp| < C,/p we have
€= p Y fuik — CpTIEP

il

1
p D fi (Uﬁ —uf + S Vulgi — (Ag»i) & — CpT &P
i !

> =2p > fuquig + pT ) upués — CoTIEP
il k.l
> =2p > fi (i — Bigr — Bopur) i

il

+pT D (i — By — Bow) & — CoT |&°
k.l

1
= £ ;ﬁuxpai + i) — 5 TIEP Zk: ur(pay + pr) — CoT &
1
> p|$|22ﬁu,~a,~ — EPT|5|2§uk0lk — CJ/pTIEP.
Plugging this estimate into (2.8) we have
1
0> o plel? D fileis — o) + ple > D fruies = 1517 3 e
i i i
1 2 3
~ 5Pl Tzkjukak — CJ/pTIEP.

Note that
ai = Boi + ' (1 = nu@)ui — nip — ngi)
and
aii = Boii +v" (1 = nue)u; — nip — ngi)*
+y ((1 — NuP)Uii — NuuPU; — 2Nilhi) — 2N llispi — Niip — 20igpi — nwﬁ) :
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Estimates and existence results for a fully nonlinear Yamabe problem 519

It follows that

1
0= 30kl 3 fud [{(r"= ") A= np? + 290 = nu0) = ¥ e}
1 1
+ 5 PIEPY' (L= nug) D fittii = 5 py ' TIEP VU’ (1 = nug) — CV/pTIEP.
i

Note that u; = U;; — ulz + %|Vu|2gl-i — (Ay)ii. Using the degree one homogeneity of f
we obtain

0> %,OIEIZ thulz {(V// - (V/)Z) (1- UM(P)Z + V/(l — Nup) — V/rhtu(ﬂ}

1
- Zpy’7|s|2|w|2(1 — nup) — CYpTIEP.

From the definition of y and (2.4) one can verify that
(V” - (J/)2) A=) + 7' A= nu9) = ¥ g =0 and y' < —c; <0.
Thus

0> c1pTIEP VU — C/pTIEP = c1pT|E|* — CYpTIEP.

This gives the desired estimate. O

Before giving the proof of Theorem 1.4, let us recall the condition (Hy) on (f,I")
introduced in [26].

Definition 2.1 We say (f, ') satisfies condition (Hy) for some a > 0 if there exists some
positive constants 1 and c| such that for any (A,§) € T x R”" satisfying

1
&i ()»i - §|§|2)
there holds

1 2
2 fi0) [ (Ai + 5167 - s?) + &7 (1gP - s?>} > el D).

fO) <o, [El=e! and <elsf  forl<i<n,

Some discussions have been given in [26] on the condition (H,) for (f,T"). Here are
two remarks.

Remark 2.1 (i) Itis easy to check that if f is homogeneous on T, then (f, T") satis-
fies the condition (H1) if and only if (f, ') satisfies the condition (H,,) for each
a > 0.
(ii) From the proof of [19, Lemma 2.4] and [20, Theorem 3], one can see that the
following two classes of (f, I') satisfy the condition (Hy):

(f,T) = (0,/",Tp) withl <k<n
and
(.1) = ((@x/on'/ . 1)

withO<l/<k<nand(n—k+1Dn—-14+1) >2(n+1).
@Springer
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Proof of Theorem 1.4 Consider the function
1 B —u 2
G:= Fpe ?|Vu — ce Vel; on Oy,

where ¢ and p are as in the proof of Theorem 1.3, and B is a fixed positive constant
satisfying

B > 2C; + 2|cle“0.

We need to show that G can be bounded by some constant C depending only on #, c,
(f,I), g, Co, O and O;. Suppose the maximum of G over O is attained at some point
X0 € O1. In the following we will always assume that G(xp) > 1.

Similar to the proof of Theorem 1.3 we have xy € O1\d M. As before we choose
normal coordinates around xo such that (Uj;) is diagonal at xo. Then, by setting
& = u; — ce "¢y, we have at xqg that

_ pi
0=G;=pe® D" (wy — ce™(pi — o)) & + BGoj + ;’G (29)
i

and

BG

PPij = 2pipj . Pipj + i
02 (Gi) = ((Boy ~ Boigy)G + -0 G — P

+ peb¥ Z (wij — ce™ (@uij — Quinj — @ijui — ruij + Qpuiuy)) &
/

+ 0e%0 D" (wy — ce™ (g — o)) (wy — ce™“(gy — @uup)) ) (2.10)
]

It then follows from (2.10) that

.. C
0>e BFiG; =1+11 - —TG. (2.11)
0

where

I:=p) f (um — ce” (i — 2qiui — ruii + wug)) &,
il

IT:=p > fi (i — ce™ (g — o))’
il

Similar to the estimate for £ in the proof of Theorem 1.3, we have by (2.9) that

C 3 C 3
I>p > fiyés— —7G2 > ——TG?2. (2.12)
ZZJ: ikt = 7

For the term /I, by using the elementary inequality

(a+b)* > ~d®> — b? foranya,b e R (2.13)

N =
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we have

1
1= 20 3 fitwi + (A = p D fi ((Agir + ce™ (@i = pue)”
il il

1
> 5p Zlﬁ(uﬁ + (Agn)? - CTG.
L,

Using (2.5) we then obtain
1 1, 2
= 5p 3 fi\ Ui+ 5| Vulzgi —uwi ) —CTG
il
1 1 2_ .2 ? 2 2_,2
_ Epii Ui+ 3IVul} —u? )+ (|Vu|g—ui) _ CTG. (2.14)
i
Let& = (&q,...,&,). By using the elementary inequality (2.13) once again, we have
1 2
> (U,-l- + 5 IVulg - u%) +u(IVuly — uf)
i
1
=52 [ Ui+ 5 |$|2 sz) + &7 (& ~ s?>]
i
1 2
-2 (iw ulg = 11 —uf + s?)
i
+>f, (u%(lw|§ - u%) — &2 - £D)).
i
It is easy to see that

1 1
‘Ewg — S lEP —uf +&| < CO+[Vulp) < Clé]

and

< C(1+|Vul) < ClgP.

wi (|\Vul; —up) — E7(5° — &

Consequently
1 2
Zfi [ (Uii + §|Vu|§ — ulz) + u?(|vu|§ - ”12)]
! Lo o2 ? 20112 _ £2 3
=520 (Uii+5|5| —s,-) +&2(1 — £1) | — CTIgP,

This together with (2.14) implies that

1 1 2 C 3
e Zf [ (U,»,- + 5|s|2 - s?) +EH(EPP — s?>] — ﬁTGz. (2.15)
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Combining (2.11), (2.12) and (2.15) yields
1 2 C_3 C
PZﬁ[(Uii + 517 - s?) +E (&P - s,?)] < FTGH+ TG (216)
In order to apply the (H,) condition on (f,T") with A; = Uj; and & = u; — ce “¢;, we

need to check
1
& (U,-l- - 5|s|2)

To see this, recall that (Uj;) is diagonal, one has
MU 1 2) U. 1 12
& (Ui — 5 €] —;sz i = 6l

1 1
=>4& (uﬂ + g — SVl + <Ag>ﬂ) — S&lEl
1

<elgl. (2.17)

By using (2.9) we have
> &y
l
Moreover, by direct calculation one can see that
1 2 Loep
D&\ i — 5| Vulgy ) - S&ilé]
l
Consequently we have
Cc C
— 16 = =15 < elgP

1
i\Ui—5 2) =<
5( il NG NG

if we further assume that G(x¢) > C? /5%. Therefore we may apply the (H, ) condition
on (f,I') to (2.16) to get

=

C
CIE)? < — &%
+ Iélfﬁlél

> & (wi — ce ™ (gii — i)
/

< C(1+ |Vuly) < Clg .

C 3 C C 3
apTlgl* = —TG + =7G = =T (G +G).
VP p p

Consequently G < C(G 3 + G) which implies G(xg) < C. O

3 (2 estimates: general equations

The aim of this section is to show Theorem 1.5. The gradient bound there is a direct
consequence of Theorem 1.3. In what follows we will concentrate on the derivation
of Hessian estimates by assuming C° and C! bounds.

We may assume O1NdM ¢ since otherwise the results follow from the well-known
local interior estimates (see [19,26]). Without loss of generality, we may also assume
that g is conformally flat on Oy, i.e. there exists a function ¢ € C*°(Oy) such that
ez‘pg is a flat metric on Oy. Since O1 N 3 M is umbilic in g, it is also umbilic in the flat
metric. Therefore O N dM is either a part of a hyperplane or a part of a sphere in R”.
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By shrinking O and using the conformal diffeomorphism in R” if necessary we may
assume that

Oy =B} :={x=(x1,...,xp) €R": x| < 4and x, > 0}
and
01 NIM =3B N{x, =0}

Observe that e*“+9)g is also a flat metric, By using the conformal invariance the
function v := u + ¢ satisfies the following equation

[F(V) =f((V) =¥ (x,v), A(V)eTl inBf,

v, = 7(x, v) on 3B} N {x, =0}, (3.1)

where &(x, v) = Y(x,v — w)e‘z‘p, n(x,v) = nx,v — @)e ¥, V denotes the matrix
function

1
Vi=D*v+dv®dv— §|Du|21,

I is the n x n identity matrix, D is the standard connection on R”, Dv and D2y denote
the gradient and Hessian of v respectively, and A(V) denote the eigenvalues of V.
Recall that we can assume hg = 0 on M. So ¢, = 0 on 8BI N {x,, = 0}. Therefore

when = 0 and %—"v’ = (0ondM xR, wehave ij = 0and ¢, = Oon (BBIﬂ{xn =0}) xR.
Thus, in order to show Theorem 1.5, it suffices to prove the following result.

Theorem 3.1 Assume that (f,T) satisfies (1.1)~(1.6) and that V, i satisfy one of the
following conditions:

(i) 7=0and ¥, =00n (BB‘J‘r N{x, =0} xRand ¥ € C3(Bj1r x R);
(ii) 7 is positive and  is any function.
Ifv e C4(BI) is a solution of (3.1) satisfying
vl <Co and |Dv|<Cy  inBf (32)
for some positive constant Cy, then
ID*v| < C inB} (33)
for some positive constant C depending only on n, Cy, (f,T), ¥ and 7.

Proof of Theorem 3.1 under condition (i) This case can be reduced to the local inte-
rior estimates. To this end, we define

v(x', xpn), when x,, > 0,

v(x',—x,), whenx, <0 (34)

v(x',x,) = [

and

.(/}((x/7xn)’t), When Xn Z Oa re R’

V&), 1) = [&((x/,—x,,),r), when x, <0, f€R.

Since v, (x',0) = 0 and ¥, ((x',0),f) = 0, it is easy to see & € C*(Bg) and ¥ €
C%1(B4 x R). Let

_ 1
V=D +dv @ di — E|Da|21.
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By direct calculation one can see that

VX', x,), when x,, > 0,

.
VO =1 oV, —oQ. whenxy <0,

where Q is the orthogonal matrix Q := diag[1,...,1, —1]. Therefore
FOV):=f(V)) =y ((x,v), A(V)el  inBy. (3.5)

It then follows from [15, Lemma 17.16] that o € C*%(By) for any « € (0,1). Now the
local interior estimates in [26] can be applied to obtain D3| < C in By for some
constant C depending only on n, Cy, (f,I") and . This in particular implies (3.3). O

Remark 3.1 Note that the function v defined by (3.4) satisfies (3.5) and has uniform
C? estimates. Since f is concave, by Evans-Krylov theory and Schauder theory we can
obtain uniform estimates on [|v|| ¢4« (g 1) for any @ € (0,1). Therefore, for a solution

u € C*(M) of (1.14) with ¢ and 5 satisfying (i) in Theorem 1.5, if (1.19) holds then
lullcie oy < €
for some constant C depending only on n, Co, «, (f,T"), ¥, O1 and O,.

Next we prove Theorem 3.1 under condition (ii). We will use {eq, ..., e} to denote
the standard orthonormal basis in R”, i.e. ¢; = (0,...,1,...,0), where 1 is in the
ith spot and 0 elsewhere. The following result gives the double tangential derivative
estimates without any restrictions on ¥ and 7.

Lemma 3.1 Assume that (f,T) satisfies (1.1)-(1.6). Ifv € C4(BI) is a solution of (3.1)
satisfying
vl <Co and |Dv|<Cy  inBf (3.6)

for some positive constant Cy, then there exists a positive constant Cy depending only
onn, Cy, (f,T"), ¥ and 7 such that

ver <Cy in BY (3.7)
for any vector t € spanfeq,...,e,_1} with |t| = 1.

Proof By rotation it suffices to establish (3.7) for T = e;. Let p € C5°(B4) be a radial

cut-off function such that 0 < p < 1in R"?, p = 1 in B3, and |Dp| < C,o% in By.
Consider the function

H = pePn (vn + v%) on B},

where B is a large positive constant to be determined later. Suppose the maximum
of H over BI is attained at some point xg, then either xo € B}lL N {x, > 0} or
X0 € B4 N {x, = 0}. In the following we will always assume that H(xp) > 1 and
v11(x0) > 1; otherwise we are done.

Let us first calculate H,, on B4 N {x,, = 0}. Since p is radially symmetric, we have
pn = 0 on x,, = 0. Thus, by using the boundary condition v,, = 77(x, v), it is easy to see
that

H,=p (vnn + 2v1v1, + Blun + v12))

e

= p ((B+ Ao + (B + flvw + 2007 + @iy + 2101 + 7 )
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If xo € B4 N {x, = 0}, then, using (3.6) and v (xg) > 1, we have Hy,(xp) > 0 by
choosing g large enough. But by the maximality of H(x¢) we have H,(xo) < 0. We
thus derive a contradiction. Therefore xg € BI N {x, > 0}.

Now at xg we have

0=H; = (& + ﬂém) H + peP¥ (v +2v1v1;), 1<i<n (3.8)
o

and

PPij —

= plp]H—,B25in5jnH— PiOjn T PjOin

0

0= (Hy = ( pH

+ peP (v + 2vy vy + 2U1iU1j))-

Let Fi .= 2)BTI/Z_(V) and 7 := Y, F. We know that (FY) is positive definite and
7> f{,...,1) > 0, Thus we have at xq that

0> e PnFiHy;
— e~ Pxn i P21~ ZPiPS _22’0 i g2e=Bx gFmn 2 pebxn prpin
o o
+ pFY (v114j + 2v1v1; + 2v1501))
C .
> —;TH + pFY (Ullij + 2U1v1,’]’ + 201,'1)1]') . (3.9)
By differentiating (3.1) twice and using the concavity of F we have

Fif(vijk + 2vivj — Zvlvlk&‘j) = Jfk + &ka’ l<k<n
)

and
Fij(vijll + 2ui1vj + 2vi v — (v + v121)5ij)
!
> Y11 + 291,01 + YooV + Yo

Therefore, by using (3.8) and (3.6),

y ; C
,OFUUZ']']] > —2pFY (vmvj + vj1 vjl) + ,OTZ (Ulvlll + vlzl) — ;TH
!

> dpvi Flvyvp — 2pTvq Z v — 2pF v vp
/

C
+0T D v — STH. (3.10)
i
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By using (3.1) and (3.6) we have
2pFivivy; = 2pv1Fij(Vi- — vy + 1|Dv|26,~)
ij j TS i)

= 2001 (Y1 + Yov1) — dpvi Floj v + 2,01)172 LRV
!

y C
> —4pvi Flvjvj + 2pv1’]’z vy — —7TH. (3.11)
] P
Combining (3.9)—(3.11) yields
C C C 1
0> —=TH+pT ) v} > ——TH+ pTv}; > ——TH + —TH".
o p o o o
Consequently, we have H(xp) < C, and the proof is complete. O

Lemma 3.2 Under the hypotheses of Theorem 3.1 with (ii) satisfied, there exists a
positive constant C depending only on n, Cy, (f,T"), ¥ and 1 such that

[V (X',0)] < C  whenever |x'| <2. (3.12)

Proof It is convenient to consider the function w := e”. By direct calculation and the
degree one homogeneity of F it follows from (3.1) that w satisfies

F(W) == fO.(W)) = ¥r(x,w), A(W)eTl inBj (3.13)
wy = 1n(x, w) on 8BI N {x, = 0}, )
where @(x, w) = w&(x, log w), 71(x,w) = wij(x,log w) and
W= D*w — i|Dw|21.
2w

Moreover, by using (3.2) one can see that there is a positive constant C, depending
only on Cy such that

1
ro C, and |[Dw|<C, inBj. (3.14)
2

We now introduce a linear elliptic differential operator £ on BI by

Lo =Flgy—w ' T> wig, V¢eC B,
/

where FI := aaTF[_/_(W) and 7 := Y, F’. Recall that (F7) is positive definite and
7> f(,...,1) > 0. By differentiating (3.13) with respect to x,, we obtain

.. 1 ~ ~
FY (Wijn —w w4 §W72Wn|DW|28ij) = Y + YuWn.
Thus
- » I 2
Lwn = Ym + Ywwy — EW wnT|Dw|".

By using (3.14) and the degree one homogeneity of f we have
1£A| < [AwFiwyl + CT < CT in Bf.
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Consequently
‘L (wn — fi(x, w))| <CT inBj. (3.15)

Next we consider the function w,,. Since A (W) € ' C I'1, we have Aw > 0 in BI.
Therefore from Lemma 3.1 it follows that

n—1
Wun = — D wi = —(n—1)Cy in Bf.
i=1

Since 7 is positive, we have 7 > 2ap on BB;‘|r N {x, = 0} for some uniform constant
oo > 0. Therefore

wn (X', x) + (n — 1)Cixy = wy(x',0) = 209 for (¥, x,) € BY.

Thus there exists a universal constant 0 < gy < 1 such that
W', x,) > ag >0 for (x',x,) € B;r N {x, < eo). (3.16)

In order to establish (3.12), it sufﬁces to show that |wy,,(0)| < C for some constant
C depending only on n, Cy, (f,I"), ¥ and 7. Consider the function

é = Ax, + Blx|* £+ (Wn — fix,w)) on 372[),
where A and B are sufficiently large positive constants to be chosen below. Clearly on

BB;"O N {x, = 0} we have ¢ > 0 since w;, — 7(x,w) = 0 there. Also, by using (3.14) we
may choose B large enough so that ¢ > 0 on 9B N {x,, > 0}. Thus

&0

¢ >0 ondBS (3.17)

o
With the number B chosen above, by using (3.14), (3.15) and (3.16) we have
Lo = —Aw W, T + BL(xI?) £ L (wn — 7(x,w))
< —AC T + CT
<0 (3.18)

in B, if we choose A large enough.

By the maximum principle, it follows from (3.17) and (3.18) that ¢ > Oin B;'B. Since
¢(0) = 0, we therefore have ¢, (0) > 0. consequently [w,,(0)| < C for some uniform
constant C. O

Proof of Theorem 3.1 under condition (ii) Consider the function
Ge,§) = () (vee () + (DV(0).6)?), Vxe B and § €S,

where p € C§°(B2) is a radial cut-off function such that0 < p <1inR", p =1 0n By,
and [Dp| < Cp? in Bs. Suppose the maximum of G over BJ x S" is attained at (&, £),
then either X € BJ N {x, > 0} or X € B> N {x, = 0}.

Ifx e B;r N {x, > 0}, then similar to the proof of [26, Theorem 1.20] one can show
that é(}'c,é) < C for some universal constant C. If x € B> N {x, = 0}, we may write
£ = ae, + Br, where T is a unit vector in spanfey,...,e,_1}, and « and 8 are two
numbers satisfying o> + g2 = 1. Then

Vgg = Olzvnn + ,Bzvrr + 20Bvp; .
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Since v, = 7j(x,v) on x, = 0, we have v,; = 7)r + 7y v, Which is bounded. Therefore it
follows from Lemmas 3.1 and 3.2 that Vg < C at x and hence G(x, &) < C.

The above argument shows that vz < Cin B;r for any unit vector £ € S". Since
Av > 0, we also have vz > —C in B} for any & € S". Therefore |[D*v| < Cin Bf. O

4 C? estimates: Monge—Ampere type equations

In this section we prove Theorem 1.6. The gradient bounds in (1.22) follows from
Theorem 1.3 directly. It remains only to prove the Hessian estimates. We first have
the following double normal derivative estimates.

Lemma 4.1 Under the hypotheses of Theorem 1.6, there holds
IVZu(,v)| < C ondO, N M
for some positive constant C depending only on n, ¢, g, Co, O1 and O;.

Proof Recall that we assume hgy = 0 on 9 M and that dg(x, 9 M) is smooth in My, :=
{x € M :dg(x,0M) < §p}. We may extend the unit inward normal vector field v to
a smooth vector field in My, still denoted it as v, by parallel translating along the
unit-speed geodesics perpendicular to 9 M. Clearly V,v = 0 in Ms,. Thus along any
such geodesic y starting from a point y (0) € O; N dM we have

d 2 2
g @) =vaw) = Viu(v,v) + du(Vyv) = Vou(v,v).

Since Ag(U) € I'y, we have
1
VZu,v) +u? - E|w|§ + Ag(v,v) > 0.

Therefore it follows from (1.21) that there is a uniform constant C; such that
% (uy(y(#))) = —Cp as long as y is in 0. Consequently

uy (y (1) = uy (7 (0)) — Crdg(y (8),0M) = ce ™D — Cdy(y (1), 3 M)

as along as y is in O1. Fix an open set O3 of M such that O, ¢ O3 and O3 C 0. Since
¢ > 0and u < Cy in Oy, there exist uniform constants 0 < §; < 8y and g > 0 such
that

u, > o9 in O3 N Ms,. 4.1)

Now we are going to introduce a linear elliptic differential operator £,, on M. Since
Lg(U) € Ty, we can define a tensor U ~1 on M, which in local frame has the represen-
tation U~! = {UY)}, where UY Uy = 6;{ and {Uj;} denotes the local representation of
U. We define

Ly = Ul — trg(U™)(Vu, Vip)g, ¥ ¥ € C2(M).
At the end of the proof we will show that for the local function u, — ce™ there holds
[ty — ce™)] = € (1+1rg(U™)) in My, N Oy (42)

for some uniform constant C.
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We now fix a point xo € O N aM and consider the function
¥ =A@ + Bn £ (u, —ce™),

where A and B are two large positive constants to be chosen below, ¢ (x) = dg(x, M),
andn = dg(x,xo)z. We can choose a uniform constant 0 < 8, < §; such that Os, (xo) =
{x € M :dg(x,x0) < 62} C O3 N Ms, and 7 is smooth in Os, (x¢) with

205, xon = €

for some uniform constant C independent of xj.

Let us do some calculation first on ¢. Choose a local orthonormal frame field
{e1,...,e,} around x¢ such that e, = v in Ms,. Then ¢, = 1 in Ms,. Since ¢ sat-
isfies the Hamilton—Jacobi equation |V¢| = 1 in Ms, we have ¢; = 0 in M, for
1 <i < n— 1. Thus it follows from (4.1) that

(Vu,Vo)g =u, > ap in O3 N Ms,. (4.3)
By direct calculation we can see that on .M there holds

o _n(eivej), 1 fl,lfn_la
Pij = 0, otherwise.

Since d.M is totally geodesic in (M, g), we have V2<p = 0 on d M. Therefore, one may
choose a uniform constant 0 < 83 < &, such that

1 .
V2<p < ang in Ms;,. (4.4)

Returning to the function . Since u, — ce™ = 0 on dM, we have ¥ > 0 on
dMN O, (xp). Since n > 6% on d0s, (xp) N (M\IM) and since u and |Vu| are bounded,
we also have ¥ > 0 on 900s, (xg) N (M\3dM) by choosing B large enough. Therefore

¥ >0 ondO0s;(xp). (4.5)
In the following we will show that
Ly <0 in O (xo) (4.6)

if A is chosen large enough. It is clear that £,(n) < C (1 + trg(Ufl)). This together
with (4.2) gives

Ly = ALy + BLyn £ Ly(u, —ce™)
< ALuyp +C (1 + trg(U‘l)) .
But from (4.3) and (4.4) it follows that
Lugp = Ulgyj — trg(U™1)(Vu, Vo),

1
antrg(U’l) —aptrg(U™h

IA

IA

1
—antrg(Ufl).
Therefore

1 .
Ly = =5 Awptr (U™ + € (14 trU™)  in On(x0).
@ Springer



530 Q. Jin et al.

Note that
tro(U™Y) > ndet(g - U177 = ndet(g™" - Uy~ = ne
g > 8- )i =ndet(g" - U)"n =ne™ > By >0

for some uniform constant Sy > 0. Thus
1
Ly < —EAaOtrg(Ufl) + Ctrg(U™h <0 in Og, (x0)

if we choose A large enough.

By the maximum principle it follows from (4.5) and (4.6) that ¢ > 0 in Og; (xo).
Since ¥ (x9) = 0, we therefore have v, (xg) > 0. Consequently [VZu(v,v)|(x9) < C for
some uniform constant C.

In order to complete the proof, we still need to prove claim (4.2). Fix a local ortho-
normal frame field {eq,...,e,} with e, = v. For the local function u, it is easy to
check

(Uy)ij — Unij = Ffizukj + Fﬁz”ki + bguk’
where
Ff} = (Veej.ex)g and bf§ =¢j(T}h) + Fﬁrfn - Ffirffw

they are all bounded functions. Recall the commutation formula u;j — wjjn = Rigjnli,
we therefore have

()ij — ijn = Thoukj + Fj]ﬁluki + (b{‘;‘ + Rikjn)uk
Noting that (1,); = uy, + F,’;uk, we thus have
Lu(ty) = (Uifui,-n - trg(U_])ulu/n) +2rk Uiy
+ (bf; + R,-k]-,,) Uijuk — trg(U’I)F;;uluk.
By taking logarithm on (1.20) and then taking covariant differentiation, we have
U (uijn + 2uintty — utingij + (Ag)ijn) = —2nity.
Consequently
Lutuy) = =2nuy + UT (20 fts = 2ttty = (Agijn )
+ (bf.; + Rik]-,,) Uil — trg(U=HTK tyuy.

Since (U") is positive definite, we have |U7| < Ctrg(U~1). Using the fact U" Uy, = &,
the relation between Ujj and u;; and the boundedness of |Vu|g, one can see that

U] + U] < € (14 trg(U))
Therefore
Lu)] = € (1+trgU™) in My, N Oy
By direct calculation we also have

Lu(e™) = —e " Ul + e Uluuj + e “trg(U™H)|Vuf?
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Hence
Lae™)] = € (14 trgU™) in My, N Oy,
Putting the above two estimates together, we therefore obtain (4.2). O

Theorem 1.6 now follows from the combination of Lemma 4.1 and the following
result which provides more information than what we really need to complete the
proof of Theorem 1.6.

Lemma 4.2 Assume that (f,T) satisfies (1.1)—(1.6) and that (M, g) is a smooth compact
Riemannian manifold with smooth umbilic boundary d M. Let Oy be an open set of M
and let u € C*(Oy) be a solution of (1.16). If

lul < Co and |Vulg < Co in O 4.7)

and
V2u(,v) < Cy on O;NIM (4.8)

for some constant Cy, then, for any open set O, of M satisfying O, C O1,
IVZulg < C inO,
for some constant C depending only on n, ¢, Cy, g, (f,I), O1 and O,.

Proof Consider the function w := ¢". Recall that we can assume 4z = 0 on 9 M, from
(1.16) it is easy to check that

F(W) :=fOeW) =w™l, (W) el in0y, 49)

—c on O; NIM, ’
where

1
W= VZiw — ﬁleég +wAg.

Moreover, it follows from (4.7) and (4.8) that

Ci'lsw=C and |[Vwlp<C; in0O; (4.10)
and

V2w(v,v) < C; onO; NIM (4.11)

for some positive constant C; depending only on Cy. Note that 3. M is totally geodesic
in (M, g). Thus Vv = 0 on dM for any t € T(dM). Since w,, = ¢ on I M, for any
t € T(dM) there holds

V2w, 1) = t(Wy) — dw(Vyv) = 0. (4.12)
Now let U(M) denote the unit tangent bundle over M and consider the function
Q) 1= pef*"OVPw(E.5), & € UM,

where m : TM — M is the canonical projection, 8 > 0 is a positive constant to
be chosen below, ¢ € C®(M) is a fixed function satisfying ¢(x) = dg(x,dM) in
My = {x € M :dg(x,0M) < o}, and p € C3°(Oy) is a cut-off functi_on satisfying
(2.2) and (2.3). Suppose the maximum of Q over U(M) is attained at & € Tz M for
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some X € Oy. In the following we will assume that V2w(E, &) > 1 since otherwise we
are done. We have to consider two cases: either x € O1 N dM or x € O1\dM.

Case1.x € O; NAM. We write € = av + 87, where 7 is a unit vector in Tz (3 M)
and o and § are two numbers satisfying o2 4 82 = 1. Then by using the maximality of
V2w(&,€) and (4.12) one can see that at ¥ there holds

Vzw(é,é) = oczvzw(v, V) + 82V2w(r, T) + 2048V2w(v, 7)
< (o +) V2w, E)
= V2w, ).
This implies that we can take & so that either & = v or & € T3 (0 M).

If & = v, then (4.11) implies that Q(§) < C for some uniform constant C. So we
may assume that & is a unit vector in 7% (dM). Choose a l_ocal_qrthonormal frame field
{e1,...,e,} around X so that e, =von 8M,'and wr_ite & = &'¢; at x. We then define
a vector field £ near x by § = &’e;, where £'(x) = &' for x near x. Note that §” = 0

near X. It is clear that & is a smooth local section of U(M). Thus Q := Q(&) has a local
maximum at x. This implies that

0, <0 atx. (4.13)

Set E = V2w(&,£). Then, since p, = 0 and ¢, = 1 on O; N I M, it follows from (4.13)
that
E,+BE<0 atx. (4.14)

Observe that
En = Va(E'8wij) = §'&Wijn + 26"Vt wij
= &E'E (Whij + RiignWi) + 26" V&l wy;.

As calculated in the proof of Lemma 4.1, with the same notations as there we have
forl <ijj<n-1

Ky

k k
Wnij = Wy)ij — Tiywij — Tjwii — by

k k k
= —Ijwk — anwki - bijwk'

we further have |VZw| < CE at x. Thus E, > —C3 — C4E for some uniform constants
Cs and Cy. This together with (4.14) implies that

(B—CyE < (C3 atx.

By the maximality of Q(£) we have w;; < CE at X for 1 <i < n. Since Aw > 0in M,

Therefore E < C if we choose B > C4. Consequently Q) <C.

Case 2. x € O1\oM. Choose normal coordinates x',...,x" around ¥ such that
08ij -
8ij = aij and ok =0 at x.

Moreover, such normal coordinates can be chosen so that {w;;} is diagonal at x and
wit = V2w(E, ).
Consider the local function Z := w1 /g11. By direct calculation we have

Z; =wiy;; and Z,'j = Wi1jj at x.
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It is clear that the function

0 :=pef?z
has a local maximum at x. Thus at X we have
0=0i=pef?wiy; + (ﬂwi + %) 0 (4.15)
and
0> (Qij)

PPij = 20ipj = Pi%j + P
2 Q-

= ((ﬂwz‘j — B20ip)0 + BO + peﬁ‘”Wnij) .

Let Fi := BBWZ (W) and T := trg(FY). Then using |Vp| < C,/p and the inequality

C-
w1 — winl < CIV?w| < Cwyy < ;Q,
we have c c
0> e PFiQ; > pFliwi; — —TQ = pFliwy — —T0. (4.16)
P o
By differentiating (4.9) twice and using the concavity of F we get

ij -1 —1 2 -2
Fl]Wijll — T(w Z wiwil +w Z wp — 2w Z wiwpwq
l l l

1 .
+w Wi V] — EW%IVWIZWH) + FU (WA +2w1Ajj +wAjin)
> —wwyy + 2w_3w%.
This together with commutation formula and (4.15) implies that

pFiwiiy = =CoTwyy + pw™'T D wiwpy + pw™ ' Tw,
!

%

—CpTwy + ,OW_lTZ wiwi + ,OW_lTW%l
!

C -
>——T70+ pw_lTW%l.
P

Thus, it follows from (4.16) that 0% < CO. Consequently Q(§) = O@x) < C. The
proof is complete. o

5 Some existence results

Let M be a smooth compact manifold with smooth boundary d M. We make use of
the double M of M which is obtained by gluing two copies of M along the boundary
dM. There is a canonical way to make M into a smooth compact manifold without
boundary [49]. Given a smooth Riemannian metric g on M, there is a standard metric
& on M induced from g. In general g is only continuous on M. However, if dM is
totally geodesic in (M, g), then g is C>! on M, see [12, Appendix] for instance.
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5.1 Proof of Theorem 1.1

We may assume that (M, g) is not conformally equivalent to the standard half sphere
S since otherwise the existence result is obvious.
First note that we may assume A(Ag) € I' on M and h; > 0 on dM in the fol-

lowing argument. To see this, consider the metric g, := (1 — 590)"472 g, where ¢ > 0
is a small number, and ¢ € C*°(M) is a function such that ¢(x) = dg(x,3M) when
dg(x,dM) < 8. Since A(Ag) € " on M, we can fix an ¢ > 0 small enough so that

A(Ag,) € I on M. Then noting that ¢ = 0, 8“’ =1and hy > 0 on 9M we have
2

2
g:ﬁ+hg>o on dM,

hgs

Since Ry > 0 on M and hg > 0 on 9 M, one can find a metric go conformal to g
such that Ry, > 0 on M and hg, = 0 on .M, see [23, Theorem 0.1] for instance. Write
g = e*Z‘ﬂgO for some function ¢ € C®(M). Let u € C>°(M) be a solution of (1.10)
with ¢ = 0 and let g := e~2“g. Then g = e~2"gp with v = u + ¢ and hz = 0 on IM.
Let M denote the double of M, and let gy and § denote the standard metrics on M
induced from 80 and g respectively. Since 3./\/1 is totally geodesic in both M, go) and

(M, %), 8 and g are in C%!(M). Moreover, g is still conformal to gy with g = e~ 2%

for some function 9 € C%1(M), and

f(Ag2iz ) =1, MAg2ig) €T on M.

&0
Since (M, go) is locally conformally flat, so is (./\7, 80). Note that Rz, > 0 on M and

(M, 8o) is not conformally equivalent to S". Therefore, it follows from the proof of
[27, Theorem 1] that

V| <C and v>-C on M

for some universal constant C. However, an upper bound for ¥ is not yet available

since we do not have A(Ag()) e I'. Since v = vand v = u + ¢ on M, we have

IVu| < Cy and u> —Cy on M (5.1)

for some universal constant Cy.

Returning to problem (1.10) with ¢ = 0. Suppose the minimum of u over M is
attained at some point xo € M. Since hy > 0 on dM, we have xo € M\dM. Thus
Vu = 0 and V2u > 0 at x. Since A(Ag) € T, we therefore have e~ > f((Ag)) > 0.
Consequently there is a uniform constant C such that

n/l\i/ln u<CcC. (52)
Combining (5.1) and (5.2) gives
—C<u=<C and |Vul<C on M.
Therefore it follows from Remark 3.1 that

||M||C4.01(M) < C

for some uniform constant C.
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Now we will use the degree theory argument to prove the existence. To this end,
asin [26], foreach 0 <7 < 1 let

fi) =f@r+ (A = Hor(h)e)
which is defined on
Fii={reR":th+A—-0oj(M)eeTl},
wheree = (1,1,...,1).
We now consider the problem

fitk(Ag,)) =1, A(Ag,) €Ty on M,
hg, =0 on M,

where g, = e ?“g for some smooth function u on M. From the above argument we
have already obtained [ul|c4e(rq) < C for some uniform constant independent of 7.
Now we set

o; = {u € CH (M) : M(Ag,) € T, lull crapgy < 2C,
) 9
3 < fi((Ag,)) <2 0n Mand = =0on 9.
vV

Define F; : Of — C2*(M) by Fi[u] := fi(A(Ag,)) — 1. It follows from [31] that
deg(F;, Of,0) is well-defined and is independent of ¢. But when ¢ = 0 the correspond-
ing problem is the Yamabe problem with boundary. Based on [39] it was shown in
[23] that deg(Fo, Of,0) = —1. Therefore deg(F1,07,0) = —1 # 0. The proof is thus
complete.

5.2 Proof of Theorem 1.2

The proof of Theorem 1.2 is based on some lemmas in the following.

Lemma 5.1 Let (f,T) satisfy (1.1)—(1.6) and let (M, g) be a smooth compact Riemann-
ian manifold with smooth boundary d M. Suppose d M is umbilic and (M, g) is locally
conformally flat near 9M. Let u € C*(M) be a solution of (1.14) with n being positive.
If lu| < Cy on M, then

|Vulg + |V2ulg < C on M
for some constant C depending only on n, Cy, g, ¥, n, and (f,T).

Proof This is the combination of Theorems 1.3 and 1.5. O

Lemma 5.2 Let (f,I") and (M, g) be as in Lemma 5.1 with A(Ag) € T on M and hg > 0
on dM. Then problem (1.14) with O = M, ¥ (x, z) = Yo(x)e™ and n(x,z) = no(x)eb?
has a unique solution, where a and b are positive constants, and Yy € C2(M) and
no € C2(OM) are positive functions.

Proof By perturbing g as in the proof of Theorem 1.1, we may assume that A(Ag) € I'
on M and hg > 0 on 3. M. From the maximum principle, it is easy to check that there is
a positive uniform constant C such that —C < u < C on M for any solution u of (1.14)
with ¥ (x,2) = Yo(x)e™ and n(x,z) = no(x)eP?. Therefore, it follows from Lemma
5.1 and the result of Lieberman and Trudinger [34] that we have uniform C2(M)
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estimates on u. Since a > 0, b > 0, ¥ and 5o are positive, the linearized problem is
uniquely solvable. Therefore, the method of continuity concludes the existence and
uniqueness. O

Next we will use the recent results of Trudinger and Wang in [44] to establish a
Harnack type inequality.

Lemma 5.3 Let (M,g) be a smooth compact Riemannian manifold with smooth
boundary dM. Suppose dM is umbilic and (M, g) is locally conformally flat near
oM. For k > 5, let [g];{F denote the set of C* metrics g conformal to g such that
AM(Ag) € Ty on M and hg > 0 on IM. If (M, g) is not conformally equivalent to the
standard half sphere S'}, then there is a positive constant C depending only on k and
(M, g) such that for any metric g :== xg € [g]f{r there holds

< Cmin y. 53
max x < Cmin x (5.3)

Proof Let [g]; denote the set of metrics g conformal to g such that A(Ag) € Ty on M
and iz > 0 on 9 M. We remark that it suffices to establish the Harnack inequality (5.3)
for g € [g]}. Indeed, for any metric g = xg € [g]:, as in the proof of Theorem 1.1 we
can find a function ¢ € C*°(M) with % < ¢ < 1on M such that pg = (px)g € [gl}-
Thus we have

1
—max y < max < Cmin < Cmin y,
5 ma X_M(QDX)_ M(wx)_ min x

which gives the desired inequality.

By a conformal deformation of g, without loss of generality, we may assume that
hg = 0 on 0 M. Since .M is umbilic, it must be totally geodesic in (M, g). Let M be
the double of M. For any metric g on M, there is a standard metric § on M induced
by g. In general § is only continuous on M. However, since 9. M is totally geodesic in
(M, g), it follows from [12, Appendix] that gis C>! on M.

For any metric g € [g]}, note that g g is conformal to g, we may write g = e 2V
for some function w € CO(M) which is C*° in M\BM. Let wy := Wiy and wy =
W|A7\(M\3M). Since iz > 0on I M, we have %%11 > Oand 63%22 > 0 on dM, where vy and
12 denote the inward unit normal vector fields to M in (M, g) and (/ﬂ\(M\BM) 9]
respectively. Thus we may smoothly extend wq and w; to a ne1ghborhood U of IM in
M so that w; < w and A(Ag )eTonUfori=1,2,where g,, :=e 2ng Therefore,
noting that our background metric g is C>! on M and W = max{wy,w>} on U, we
can apply [44, Lemma 3.7] to conclude that § = ¢ 27§ is k-admissible in the sense of
Trudinger and Wang (this will be simply called k-admissible in the sequel).

In the following we will follow the idea in [44] to give the proof of Lemma 5.3.
Suppose the Harnack inequality (5.3) does not hold. Then there is a sequence of
smooth metrics gj := e Mige [g]}, such that

max w; —min w; >j, j=1,2,....
T =

By subtracting a constant if necessary, we may assume max ¢ w; = 0. Then min ¢ w; —
—o0 as j — oo. Consider the function w; on M induced by wj through g; = e 2Wig,
From the above argument we know g; is k-admissible. Thus [44, Lemma 3.1] shows
that for it; := ¢"i there holds the Holder estimate
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|Ltj(X) - Ll](y)| < C/ajdl/«g
da(x,y)®

M
for some 0 < & <2 — %, where @ and C are independent of j. Note that 0 < #; < 1.
By Arzela—Ascoli theorem we may assume that it; — # uniformly on M for some

function & € C*(M) with 0 < & < 1. Since max g it = 1, we have it # 0. Define
w = logii, and let

o :ﬂ{xeﬁ/\l:ﬁz(x)<—ﬁ}

B<0

which is called the set of singularity points of . Since minaq itj — 0 as j — oo, we
know Sy, 7 #. Moreover, since each g; is k-admissible, as the limit gy, := e~ 205 is also
k-admissible on M.

Since g is smooth away from d.M and is locally conformally flat near 9. M, by the
k-admissibility of g, the argument in [44] shows that near any singularity point x( of
w there holds

w(x) = 2 log|x — xo| + o(1) 54)

in a normal neighborhood of xp; moreover, the singularity points are isolated. For
a fixed point y € M\S};, by using the Bishop volume comparison theorem and an
approximation argument it was shown in [44, Lemma 3.4] that the ratio

Vol;. (B84
— & L ITOWT ( ny’r[gW]) <wy 0<r<oo,
r

o) =
where By ;[g;;] denotes the geodesic ball in M of radius r with center at y, and w, is
the volume of the unit ball in R”. But by (5.4) it was shown in [44, Lemma 3.4] that
each singularity point of w contributes a factor w, to the ratio Q(r). Therefore Sy
must consists of a single point, say S;, = {xo}, and Q(r) = w,. Moreover, noting the
symmetry of w with respect to 9. M, we must have xo € I M.

Next we are going to show that W is C%! away from xo. Since & is smooth in
M\dM, the argument of [44, Lemma 3.5] can be applied directly to show that i €
CH(M\dM). However, since g is only C2! across 8 M, when we consider the regular-
ity at a point yg € dM\{xo}, we need to check carefully the proof of [44, Lemma 3.5]
when using the existence result on a Dirichlet problem in [16]. We may choose a neigh-
borhood O; of yg in M\{xo} on which § is conformally flat, i.e. § = e~27g, for some
function n € C%1(0y), where &g is the flat metric. Then g, = e~ 28y with & = W + .
Since gy is k-admissible, there is a sequence of k-admissible metrics g; := e 2igy
with ¥; smooth on O and 9; — ¥ uniformly on O; for some neighborhood O; of yg
satisfying O C Oj. Let {¢;} be a sequence of positive numbers such that ¢; \ 0 and

- - PO S
0<eg <oy (Ago (V&v}- +dv; ® dvj — §|V0Uj|280))
where Vj denotes the Levi—Civita connection of go. Consider the problem
ok ()»g() (Vés?); +dg; ® dg; — %|V0¢j|2§’0)) =g onOy,
(f)j = ﬁj on 00;.

It follows from [16] that such ¢; exists, [|¢; |l c2 O = < Cand {¢;} is monotone increasing.
Define ¢ :=lim;, « ¢j, then ¢ € Ch1(0,). As shown in [44, Lemma 3.5] ¢ = © on O;.
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Therefore w = o — n € C1(0,). Combining the above we obtain w € C'1(M\{xo}).
By the symmetry of w with respect to 9 M we have g—‘s’ = 0 on dM\{xp}. Moreover the
argument in [44, Lemma 3.5] gives Ry, = 0 a.e. on M, where R;, denotes the scalar

. . R on2p
curvature of g;,. Thus by the Yamabe equation we know 0 := e~ 2 " satisfies

[ —Agh+ A5 Ry =0 in M\{xo},

-0 on dM\ {xo}.

Note that g and R; are smooth on M, it follows from the regularity theory for uniformly
elliptic equation with Neumann boundary condition that 0 € C°°(M\{xg}). Thus w €
C®(M\{x0}). By symmetry we correspondingly have w € C® (M\(M\IM))\ {x0}).
Therefore w € C>1 (ﬂ\{xo}).

By the k-admissibility of g; and the result in [17] we know g; has nonnegative
Ricci curvature. The asymptotic formula (5.4) implies that (M\ {xo}, &) is a complete
manifold with Q(r) = w,. Hence (M\\{xo}, &#) is isometric to the Euclidean space.
Consequently (M, g) is conformally equivalent to S”. This contradicts the assumption
that (M, g) is not conformally equivalent to S'; . o

Proof of Theorem 1.2 Without loss of generality, we may assume that (M, g) is not
conformally equivalent to S’. As indicated in the proof of Theorem 1.1, we may
assume A(Ag) € T on M and sy > 0 on 9 M. We will adapt the idea in the proof of
[44, Theorem C] to complete the argument.

For a positive function v € C?(M) we will use the notation

n Vv® Vv 1 |V n—2

Viv] = -v? — Ag. 55
vl R R n—2 v 8T T2 "% (5:3)
Note that for the metric g, := vz g we have
2 n 2 9
Ag, = p— 2v_lV[v] on M and hg, =v "2 (_n — ﬁ + hgv) on I M.

Thus, if we can prove the existence of a positive function v € C2(M) such that

FOVID) = Feov?, A(V[v) €T on M,
v n—2 n=2 q (56)
Fri Thgv = —Thov on aM,
where p = %, q = ;%5, and A(V[v]) denote the eigenvalues of V[v] with respect to
g,thenu = —ﬁ log v is a solution of (1.13).

Since A(Ag) e I'on M, hg > 0on dM, p > 1 and g > 1,itis always possible to find
positive numbers o and gg such that

[f(MV[aoD) > 1200 (2 + &2)"* on M,

(5.7)
—hgatg < —ho(o} + €3)7/? on IM.

Let ¢ € (0, 0] be any number. We consider the auxiliary problem (P; ) as follows
FOVID) = 5521y (v? + £2)77, A(V) €T on M,
g—z — "T_zhgv = —”T_ztho (v + ez)q/z on dM,

where ¢ > 0 is a parameter.
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Claim 1. For any ¢y > 0 there exists a positive constant C independent of ¢ such
that any solution v of (P; ) witht > #p and 0 < ¢ < g satisfies v < C on M. Moreover,
for each 0 < & < g there exists 7 > 1 such that (P;,) has no solution for 7 > 7.

Indeed, suppose there exist two sequences {#;} and {s;} satisfying #; > 7o and 0 <
gj < eo and a solution v; of (P;;;) such that sup,, v; — oo. Then by Lemma 5.3 we
have m; := inf g v; — oo. Note that for the function v; := vj/m;

FOVIGD) = P togom ™! — oo on M,
av; _ ~ _ —
T = 152ht; < ="2rhom! ™ - —c0  on dM.

By Lemma 6.1 and compare with constant functions we have inf o 9; — oo. This is
a contradiction since inf o4 9; = 1. For the second assertion, let # > 1 and let v be a
solution of (P;,). Then

FOVIvD) = “FEiggeP on M,
o n2py < —"52thoe?  on IM.

By Lemma 6.1 again this implies that v > ¢of for some positive constant ¢y indepen-
dent of #. Thus (P; ) has no solution if # is large enough since v; is uniformly bounded
from above.

It is important to note that the constant C in Claim 1 does not depend on ¢. Unless
stated otherwise, constants appeared below allow e-dependence. From now on we
denote (P;,) simply by (7).

We now define the mapping 7; : C2(M) — C%(M) so that for any vy € CE(M),
T;(vq) is the solution of

FOVID) = 2g0 (o} + )77, (V) €T on M,
B 12hey = ="21h (v +2)*” on oM.

From Lemma 5.2 it follows that 7} is well-defined. Moreover 7;(vy) is a positive func-

tion. By a priori estimates one can see that 7; is a compact operator for each ¢ > 0.

Note that 7, = ¢T for t > 0, we may continuously extend 7, to ¢t = 0 by setting 7y = 0.
For the number o > 0 satisfying (5.7) we set

D= [v e C2(M) : Jv] < o onM].
Claim 2. There exists a large number Ry independent of 7 such that for any R > Ry
(I—T) ') Na@NBg) =0

for 0 < <1, where Bg := {9 € C*(M) : [l¢llc2(rq) < R}
To see this, let v € (I — T;)~1(0) N 9(® N Bg) for some 0 < ¢ < 1. This implies that
v is a solution of (P;) and 0 < v < «g on M. By using (5.7) we have

_ 2
FOVIvD) < 25200 (a2 + 2% < FO(VIaoD) on M,
B = 1w =~y (of +62)77 > 58— 22hag  on M.

Therefore Lemma 6.1 implies that 0 < v < «p. Consequently v € dBR, i.e.

@ Springer



540 Q. Jin et al.

However, note that the function 9 := ¢~1v satisfies

22006l < FOVITD) = 25200 (P12 + %) < G on M,
—Cp = B2y — 2 (P52 4 62) 7 < _n52pged on oM,

for some positive constants Cy and Cy. By Lemma 6.1 we have 1/C3 < v < C3 and
hence Lemma 5.1 gives [|0]| 2 ) < Ro for some number Ry independent of 7. Hence
vl c2(a1y < Ro- Thus, in view of (5.8), Claim 2 holds with this Ro.

From Claim 2 it follows that the Leray—-Schauder degree deg(/ — T;, ® N Bg,,0) is
well-defined for 0 < ¢ < 1 and is independent of . Since Ty = 0 we have

deg(l — T1,P N Bg,,0) = deg(I, ® N Bg,,0) = 1.

On the other hand, from Claim 1, Lemma 6.1, and Lemma 5.1 it follows that there
exists R > Ry such that |[vc2nq) < R’ for any solution v of (P;) with 1 <t < L.
Therefore deg( — Ty, Br', 0) is well-defined for ¢ € [1,¢] and is independent of ¢. Since
(P;) has no solution, we therefore have

deg(I — T1,Bg',0) = deg({ — T3, Br,0) = 0.

Let K = BR/\G> which is closed in C2(M). If 0 & (I — Ty)(K), then the excision
property of Leray—Schauder degree implies that

0=deg({ — T1,Bg,0) =deg(l — T1,® N Bg,0) =1

which is absurd. Therefore 77 has a fixed point v, in K, which is also a solution of
(P1). Moreover, the definition of ® implies that sup, ve > ap > 0. It then follows
from Claim 1, Lemma 5.3, Lemma 5.1, and the result in [34] that

1
cSv=C and Juelcapny =C

for some positive constant C independent of ¢, where o € (0,1). This implies that
there is a sequence ¢; “\ 0 such that v;; converges in C*(M) to a solution v of (5.6).
O

6 Appendix: a comparison principle

We include here a comparison principle which is repeatedly used in the proof of
Theorem 1.2. For a positive function v € Cc? (M) we still use the notation V[v] defined
by (5.5).

Lemma 6.1 Assume that (f,T") satisfies (1.3) and (1.5) and that (M,g) is a smooth
compact Riemannian manifold with smooth boundary M. Let a € C*(d M) and let
v,& € C2(M) be two positive functions satisfying

[f(A(V[v])) = fOVIED), MVIDA(VIED €T on M, )

(% —a)v < min{(% —a)é,O} on IM.

Then either v =& on M orv > & on M.
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Proof We first prove that v > & on M. Suppose it is not true then by using the posi-
tivity of v, we find a number g > 1 such that fv > & on M and Bv(X) = £(x) for some
X e M.If x € M\oM, then

Bv=¢, V(Bv)=VE and V>(Bv) >V  atx
and therefore
AVIBv]) < MVIED atx.
It follows, using (1.5) and g > 1, that
FOAWVIEED = FA(VIBvD) = fF(BAVIV]) > fF(A(Vv]) atX

which is a contradiction.
If x € 9 M, then

Bv=¢& and i(/31)—5)20 at x.
av

One the other hand, using hypothesis in the lemma, the fact 8 > 1, and the fact
(3‘% —a)v < 0on oM, we have

9 _ d - ad M
E_a (Bv) < a_a v < 5—61 & on .
Since (Bv — &)(x) = 0, we have %(ﬂv — &) < 0 at x. Therefore

a
3, BV — £)(x) =0.
Vv

Using the Hopf Lemma, and the strong maximum principle, we must have v —§& = 0.
This implies f(A(V[£])) > f(A(V[v])) on M as before. We get a contradiction again.
Therefore v > & on M. If v > & on M, we are done. Otherwise, there exists x € M
such that v(x) = &£(x). If x € dM then it follows from the boundary condition in (6.1)
that %(v — &) < 0 at x. The Hopf Lemma implies that this can not occur unless v = &
on M. If x € M\dM, the strong maximum principle implies v = & on M. The proof
is thus complete. o
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