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Abstract Single exponential decay exp(−t/τ) relation-
ships, which define the molecular weight distribution
(MWD) of a polymer as a function of the polymer’s
relaxation time spectrum (RTS), have been derived
by Wu (Polym Eng Sci 28:538–543, 1988) and Thimm
et al. (J Rheol 43:1663–1672, 1999). Experimental vali-
dation studies with monodisperse polymers, with quite
precisely known MWDs, have been used to test their
reliability. It has been established that neither for-
mula is always able to accurately recover the MWDs
of monodisperse polymers from their experimentally
determined RTS. In this paper, different and more
general relationships, based on theoretical results of
Anderssen and Loy (Bull Aust Math Soc 65:449–460,
2002a) for decays of the form exp(−θ(t)/τ), where the
derivative of θ(t) is a completely monotone function,
are derived, analyzed, and applied. It is shown how to
transform these general relationships to equivalent sin-
gle exponential decay relationships for which Laplace
transform solutions are derived. In order to illustrate
the interrelationship between an RTS and its corre-
sponding MWD, an explicit analytic solution is given.
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The paper concludes with a discussion of the rheologi-
cal implications for the BSW model.
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Introduction

From an inverse-problems perspective, the relaxation
spectra of a given polymer, derived numerically from
the stress–strain dynamics of shear and/or elongation
experiments, can be viewed as an indirect measure-
ment of the molecular weight distribution (MWD) of
that polymer. Independent analytic formulas have
been derived that define the MWD of a polymer
as a function of its relaxation time spectrum (RTS).
Here, such formulas will be referred to as “relaxation
time spectrum–molecular weight distribution” (RTS–
MWD) relationships. Two specific relationships are
widely used to recover approximations to the MWD
of a polymer from approximate “estimates” of its RTS.
One is due to Wu (1988). It appears to have been the
first such relationship to have been derived. A gener-
alization and popular alternative is that due to Thimm
et al. (1999).

Various experimental validation studies with mono-
disperse polymers, with quite precisely known MWDs,
have been performed (Maier et al. 1998; Thimm et al.
2000; Friedrich et al. 2008). For a single monodisperse
polymer, with its MWD a very close approximation
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to a Dirac delta function with known molecular mass
m0, the application of neither the Wu nor the Thimm
formula is able to accurately reproduce good approxi-
mations to the delta function. The approximate MWDs
that are obtained tend to be too broad, especially in the
direction of the lower molecular weights. In addition,
depending on the assumed form for the function that
relates relaxation times to molecular weights, the ap-
proximate MWDs might not be centered close to m0.
Interestingly, for quite broad MWDs, these formulas
give approximations with much closer agreement.

A possible explanation relates to the derivations
used by Wu (1988) and Thimm et al. (1999) in the
formulation of their relationships. In Wu (1988), his
basic equation (Eq. 1 below) is derived by assuming
that monodisperse components form polydisperse
blends through discrete binary chain contacts. A
proof that this basic equation has the solution (Eq. 5
below) that he gives is derived in Section Rheological
background. Though the Thimm et al. (1999) result is
based on an interesting and useful identity, it involves a
time dependence that is removed by assuming that the
result holds for all time and, in particular, for time zero.
Interestingly, both appear to be useful rules of thumb
for industrial decision-making purposes (Cocchini and
Nobile 2003; Nobile and Cocchini 2000, 2001).

It is the above-mentioned validation experiments
that have led to the conclusion that a more rigorous
RTS–MWD relationship is required, and one which
yields a much better recovery of the delta function of
a monodisperse polymer with the bias to lower mole-
cular weights eliminated. Anderssen and Loy (2002a)
have theoretically derived a quite general RTS–MWD
relationship that is independent of time but limits the
mixing rule reptation parameter to be a rational frac-
tion. Here, in this paper, the applicability and utility of
this result is investigated from a practical rheological
perspective.

In particular, it is shown how to transform
RTS–MWD relationships, which involve decays like
exp(−θ(t)/τ(m)), where the derivative of θ(t) is a com-
pletely monotone function, to single exponential de-
cay exp(−t/τ(m)) relationships. This is a more general
framework than considered by previous authors and
allows for more general decay behavior, which is a pos-
sibility that has been overlooked until it was suggested
by Anderssen and Loy (2002a). It is then shown how
the single exponential relationships can be solved using
Laplace transforms. A simple explicit and illustrative
solution is also derived using the Laplace transform
relationships. It allows the relationship between the
RTS and the corresponding MWD to be explored
analytically.

The paper has been organized in the following man-
ner. Section Rheological background contains a brief
discussion about the background to the problem, the
derivations of Wu (1988) and Thimm et al. (1999), and
the generalization of models for the relaxation modu-
lus. A brief review of the Anderssen and Loy (2002a)
results, adapted for the determination of an MWD from
RTS data, is given in Section The general RTS–MWD
relationship. A general strategy for solving the quite
general RTS–MWD relationship given in Section The
general RTS–MWD relationship is also discussed there.
The special cases of single and double reptation are the
focus of Section Laplace transform and convolutional
RTS–MWD relationships, where a Laplace transform
and convolutional solution are derived for double
reptation. The simplest form of the double reptation
RTS–MWD relationship is examined in some detail in
Section Application: the double reptation RTS–MWD
relationship, and the utility of the resulting explicit
formula is examined there. The paper concludes with a
discussion of the rheological implications for the BSW
model in Section Rheological implications illustrated
with the BSW model.

Rheological background

The RTS H(τ ) is defined to be H(τ ) = Hcomp(τ )/G0
N ,

where Hcomp denotes the spectrum derived compu-
tationally from experimental data (Ferry 1980) and
G0

N denotes the plateau modulus. The normalization
∫ ∞

0 (H(τ )/τ)dτ = 1 is thereby guaranteed.
The molecular weight counterpart of H(τ ) is given

by h(m) = H(τ (m)), where τ(m) denotes the assumed
“relaxation time τ”–“molecular weight m” function.

Fig. 1 A comparison of the measured MWD for the polymer
PS644 (circles) with the MWD (dashed line) derived from Eq. 4
for the modified BSW spectrum with β = 5 (solid line) of Eq. 43,
which was fitted to the relaxation time spectrum data derived
experimentally from the measured MWD
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The known poor correspondence between the mea-
sured and computed MWDs is illustrated in Fig. 1. As
detailed in Section Rheological implications illustrated
with the BSW model, a modified BSW model has been
fitted to the relaxation spectrum determined for the
measured MWD (circles). Though the plot of h(m)

(solid line), derived from the fitted BSW model, and the
corresponding MWD w(m) (dashed line) have similar
qualitative structures, this computed MWD has noth-
ing like the peaked structure of the measured MWD
(circles) (details about how the h(m) and w(m) of Fig. 1
have been constructed are given in Section Rheological
implications illustrated with the BSW model).

It is likely that such qualitative visual correspon-
dences have been the stimulus for the derivation of
the different RTS–MWD relationships that have been
published in the rheological literature. In addition, they
represent indirect validation for the apparent useful-
ness of such relationships in rheological applications.

However, as explained below and in the literature
(e.g., Nobile and Cocchini 2008), the goal is to obtain,
from the h(m) for known (measured) MWDs, predic-
tions of w(m) that agree closely with the known MWDs.
Here, in this paper, new RTS–MWD relationships are
derived that are more appropriate theoretically and
rheologically than the ones published previously.

The Wu (1988) relationship

By assuming that each component in a blend of N
monodisperse species contributes to the relaxation
modulus of the resulting polydisperse blend through
binary chain contacts, and then going to a continuous
limit, Wu (1988) derived the following RTS–MWD
integral relationship [which uses a slightly different
notation from that of Wu (1988)]:

h(m) = 2w(m)

∫ ∞

m

w(m̄)

m̄
dm̄, (1)

where h(m) denotes the RTS as a function of the
molecular weight m and w(m) the volume-fraction dif-
ferential MWD function. Because of the binary chain
assumption, Eq. 1 and its solution can be viewed as
RTS–MWD approximate encapsulations of the double
reptation process.

Wu (1988), however, did not give a proof of his
solution. It is easily proved in the following manner. On
introducing the substitution

R(m) =
∫ ∞

m

w(m̄)

m̄
dm̄ (2)

Eq. 1 becomes

h(m)

m
= −2

dR(m)

dm
R(m) = −d[R(m)]2

dm
, (3)

which solves to yield the solution given by Wu (1988)

w(m) = h(m)

2

[∫ ∞

m

h(m̄)

m̄
dm̄

]−1/2

. (4)

Taking into account that it is generally assumed that
the relaxation time τ , as a function of m, takes the
form τ(m) = kmα , Wu’s RTS–MWD relationship Eq. 4
becomes

w(m) = α1/2 H(τ )

2

[∫ ∞

τ

H(τ̄ )

τ̄
dτ̄

]−1/2

,

H(τ ) = h(m(τ )). (5)

Note The MWD w(m) of Fig. 1 has been determined
using Eq. 4 with h(m) derived from the BSW model
as discussed in Section Rheological implications illus-
trated with the BSW model.

The Thimm et al. (1999) relationship

In the formulation of their RTS–MWD relationships,
Thimm et al. (1999) utilize the following identity

−
∫ ∞

a

d
dx

[∫ ∞

x
f (x̄)dx̄

]γ

dx =
[∫ ∞

a
f (x̄)dx̄

]γ

= γ

∫ ∞

a
f (x)

[∫ ∞

x
f (x̄)dx̄

]γ−1

dx (6)

With it, assuming that τ(m) = kmα , they derived a num-
ber of quite general results for an arbitrary reptation
parameter β (their Eq. 12)

h(m) = βw(m)

α

[∫ ∞

m

w(m̄)

m̄
dm̄

]β−1

, (7)

and (their Eq. 8)

w(m) =
(

α1/β

β

)

h(m)

[∫ ∞

m

h(m̄)

m̄
dm̄

]1/β−1

. (8)

The similarity between Eq. 5 and the double reptation
version of Eq. 8, when β = 2, has led to the assumption
that Eq. 8 represents a generalization of and useful
alternative to Eq. 5.

The derivation of Eqs. 7 and 8 is potentially problem-
atic for the following reasons. In Eq. 8, one is working
with powers of completely monotone functions that are
not necessarily completely monotone (Anderssen and
Loy 2002a). In the derivation of both Eqs. 7 and 8,
given in Thimm et al. (1999), one obtains a relationship
that involves a time dependency, which is removed by
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assuming that it holds in general and in particular for
t = 0. A similar expedient has been utilized implicitly
by Wu (1988) by proposing a discrete binary model for
the RTS independent of its relationship to the relax-
ation modulus.

Modelling the relaxation modulus G(t)

In the rheological literature (Ferry 1980), the relax-
ation modulus G(t) is usually modelled, using a RTS
representation, as

G(t) =
∫ ∞

0
F(t, τ )

HF(τ )

τ
dτ, (9)

where the choice of the kernel F(t, τ ) must be such
that G(t) is guaranteed to be a completely monotone
function; namely, that G(t) satisfies

(−1)n dnG(t)
dtn

≥ 0, for all n.

The dependence of the RTS on the choice of F(t, τ ) is
made explicit by writing it as HF(τ ). Popular choices
for the kernel F(t, τ ) include:

1. The Maxwell-mode model with F(t,τ)= FMax(t,τ)=
exp(−t/τ). In the literature, it is the HMax(τ ) that is
normally referred to as the RTS.

2. The BSW model (Baumgartel et al. 1990) corre-
sponds to the following special choices for F(t, τ )

and HF(τ ) (Nobile and Cocchini 2008, Eq. 10)

F(t, τ ) = FBSW(t, τ ) = exp(−t/τ),

HF(τ ) = HBSW(τ ) = G0
Nn

τ n+1

λn
, τ < λ,

zero elsewhere,

where n and λ are parameters. In fact, it is a partic-
ular case of the Maxwell mode model of 1.

3. The contour length fluctuation (CLF) model
(Doi 1981).

4. Thimm et al. (1999) and Nobile and Cocchini
(2008), as well as others, have discussed the use of
more general models for G(t). They are less general
than the form proposed and analyzed in the sequel
in that F(t, τ ) is always assumed to take the form
exp(−t/τ(m))F̄(τ ) where F̄(τ ) is a function only
of τ . As explained by Nobile and Cocchini (2008),
their hBSW(τ ) has this specialized structure, as does
the Rouse model of van Ruymbecke et al. (2002).

All these models for G(t) contain a term of the
form exp(−t/τ(·)), where τ(·) is independent of t. It is
the presence of this term that guarantees the complete
monotonicity of the relaxation modulus corresponding

to these models. However, as pointed out by Anderssen
and Loy (2002a), a more general class of completely
monotone functions are generated by the kernels

F(t, τ ) = Fθ (t, τ ) = exp(−θ(t)/τ) (10)

where the function θ(t) satisfies the conditions θ(0) = 0
and dθ(t)/dt completely monotone. In physics, and to a
lesser extent in rheology (Macdonald 2000; Husain and
Anderssen 2005),

FSE(t, τ ) = exp(−tα/τ)

is an important example where θ(t) = tα , 0 < α < 1,
as it is the generator for the stretched exponen-
tial (Kohlrausch, Williams–Watts) function exp(−tα)

(Anderssen et al. 2004). In the sequel, the generaliza-
tion Eq. 10 for G(t) will play a key role.

The importance of these more general kernels is that
they allow for a more complex fading memory than the
simple exponential Maxwell model. The advantage of
a more general fading memory is the greater flexibility
it gives to approximating the experimentally observed
reality of polymer dynamics. As highlighted in Eq. 9,
the modelling of G(t) is performed as a trade-off be-
tween the choice of F(t, τ ) and HF(τ ). Consequently,
for a given G(t), by making different choices for F(t, τ )

and then determining the related HF(τ ), a variety of
explanations can be constructed for the same polymer
dynamics. In the past, there has been a tendency to
assume that F(t, τ ) has the simple exponential structure
of the Maxwell model and that the experimentally ob-
served polymer dynamics can be explained exclusively
in terms of the structure of the related RTS HF(t, τ ).
The BSW and CLF models, and the generalization pro-
posed here, allow for the dynamics to be explained in
terms of a fading memory representative of the polymer
being studied, with the form of the possible choices for
the related RTS being constrained accordingly.

The general RTS–MWD relationship

On the basis of the discussion in Section Modelling
the relaxation modulus G(t), it follows that models for
the relaxation modulus should allow for the possibility
that different choices can be made for the θ(t) function,
in the kernel function of Eq. 10, as the nature of the
polymer dynamics changes. This is consistent with the
view that, along the length of an individual polymer
chain, different dynamics will be occurring depending
on the chemical and topological structure of the chain
(Milner and McLeish 1998; Garcia-Franco and Mead
1999). In addition, it is assumed that these different
dynamics contribute additively to the structure of G(t).
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This is the rationale adopted by (Anderssen and Loy
2002a, b), which we now review using a less general and
more appropriate rheological structure and format.

1. Assume that the relaxation modulus G(t) can be
modelled as a weighted sum of components Gr(t),
r = 1, 2, · · · , corresponding to the various levels
r of reptation occurring simultaneously in the dy-
namics of a given polymer,

ḠM(t) =
M∑

r=1

WrGr(t), Wr ≥ 0,

M∑

r=1

Wr = 1, M < ∞. (11)

2. Model the relaxation modulus for each component
Gr(t) using the generalized RTS Hr(τ ) representa-
tion of Eq. 10 (as outlined in Section Modelling the
relaxation modulus G(t))

Gr(t) =
∫ ∞

0
exp(−gr(t)/τ)

Hr(τ )

τ
dτ,

Hr(τ ) ≥ 0, t ≥ 0, (12)

with gr(0) = 0 and dgr(t)/dt completely monotone.
3. Assume that the following general mixing rules

hold for the relaxation modulii Gr(t)

Gr(t) =
[∫ ∞

0
kr(m) exp(− fr(t)/τr(m))w(m)dm

]r

,

kr(m) ≥ 0, τr(m) ≥ 0, w(m) ≥ 0, (13)

with fr(0) = 0 and dfr(t)/dt completely monotone.
Here, kr(m) plays the role of a scaling factor. Nor-
mally (traditionally), it takes the form 1/m to give
a logarithmic dependence, but this is not necessar-
ily the most appropriate choice. This is a matter
that requires further investigation. Except for some
short comments below, it is a matter outside the
scope of the current paper.

4. Utilize the basic properties of completely mono-
tone functions.

Using the above assumptions, Anderssen and Loy
(2002a) established, on equivalencing these two differ-
ent relationships for Gr(t) and ensuring that the com-
plete monotonicity of this equivalencing held in its most
general form, that the most general form for G(t) is the
summation given in Eq. 11 along with the conditions
∫ ∞

0
exp(−gr(t)/τr(m))

hr(m)τ ′
r(m)

τr(m)
dm

=
[∫ ∞

0
kr(m) exp(− fr(t)/τr(m))w(m)dm

]r

, (14)

where hr(m) = H(τr(m))/G0
N and τ ′

r(m) = dτr(m)/dm.

Note Because, following Wu (1988) and Thimm et al.
(1999), the goal has been to equate the two different
models for Gr(t) in order to derive an RTS–MWD
relationship, it is necessary to ensure that the MWD
representation for Gr(t) is also a completely monotone
function. This is guaranteed by imposing the conditions
on fr(t) given in (3) and by requiring that r be an integer.
As explained in Anderssen and Loy (2002a), in general,
r cannot be a real number that is not a rational number.

Note In Anderssen and Loy (2002a, b), it was assumed
that the MWD in the mixing rules could depend on r.
This allows for the possibility that only some compo-
nents of the MWD are related to a specific Gr(t). Here,
it is assumed that each mixing rule corresponding to
each Gr(t) sees the same MWD w(m), with the other
terms in the integrand of the mixing rule identifying the
nature of the dynamics involved.

Note In the above deliberations, it is assumed that r
is an integer. More generally, it could be a rational
fraction; e.g., r = rn/rd, where rn and rd are integers.
In such a situation, one would raise the left- and right-
hand sides to the power of rd thereby obtaining a
relationship with the left- and right-hand sides raised
to integer powers. The deliberations given below then
apply naturally to this more general situation.

As a consequence of the above deliberations, one
obtains the following conclusions:

(a) A mixing rule can have a fading memory gr(t)
different from the fading memory fr(t) for its RTS
counterpart. Currently, the extent to which this
might occur appears to be an open question since,
currently in the rheological literature, it is usu-
ally assumed that gr(t) = fr(t) = t. A rationale for
there being a difference is that one is associated
with a mass relaxation process while the other is
associated with a time-dependent relaxation.

(b) In the recovery of the MWD w(m) from a mea-
sured relaxation modulus G(t), the initial step
must be the decomposition of G(t) into its dif-
ferent components. As explained in Thimm et al.
(2000), this must be based on the rheological con-
text in which the G(t) has been measured.

The general strategy for MWD recovery
from the general RTS–MWD relationship

As it stands, Eq. 14 can only be solved analytically
for w(m) for very special choices of gr(t), hr(m), τ(m),
kr(m), and fr(t), which will not necessarily be represen-
tative of realistic rheological situations. However, using
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Bernstein’s theorem (Bernstein 1928; Widder 1972),
which states that any completely monotone function
can be rewritten as the Laplace transform of a pos-
itive measure, quite general choices for gr(t), hr(m),
τ(m), kr(m), and fr(t) can be accommodated. On the
basis of Bernstein’s theorem (Widder 1972, Theorem
XIII.4.1a), the integrals on each side of Eq. 14 can be
rewritten as
∫ ∞

0
exp(−gr(t)/τr(m))

hr(m)τ ′
r(m)

τr(m)
dm

=
∫ ∞

0
exp(−ts)�r(s)ds,

and
∫ ∞

0
kr(m) exp(− fr(t)/τr(m))w(m)dm

=
∫ ∞

0
exp(−ts)	r(s)ds.

for suitable functions �r(s) and 	r(s). A step some-
what analogous to this is made by Nobile and Cocchini
(2008) in their Eq. 8, but the connection to complete
monotonicity is not made.

On combining these two results, Eq. 14 can be rewrit-
ten as
∫ ∞

0
exp(−ts)�r(s)ds =

[∫ ∞

0
exp(−ts)	r(s)ds

]r

, (15)

This relationship shows that the solution of the RTS–
MWD equivalence (Eq. 14) reduces to solving a
Laplace transform identity. For example, knowing only
either �r(s) or 	r(s), the Laplace transform relation-
ship Eq. 15 can be used to recover the other.

As explained in Widder (1972), Theorem XIII.5.2,
these two distributions can be reconstructed, using the
definition of complete monotonicity, from indepen-
dently derived values of the derivatives of the left- and
right-hand side of Eq. 15.

Introducing the substitution s = 1/τr(m) on the
right hand sides of the two equations before Eq. 15 then
yields
∫ ∞

0
exp(−gr(t)/τr(m))

hr(m)τ ′
r(m)

τr(m)
dm

=
∫ ∞

0
exp(−t/τr(m))�̄r(m)

τ ′
r(m)

(τr(m))2
dm,

and
∫ ∞

0
kr(m) exp(− fr(t)/τr(m))w(m)dm

=
∫ ∞

0
exp(−t/τr(m))	̄r(m)

τ ′
r(m)

(τr(m))2
dm.

Introducing the substitutions

�̄r(m) = h̄r(m)τ ′
r(m)

τr(m)
, 	̄r(m) = kr(m)w̄(m),

into these last two equations then yields

∫ ∞

0
exp(−gr(t)/τr(m))

hr(m)τ ′
r(m)

τr(m)
dm

=
∫ ∞

0
exp(−t/τr(m))

h̄r(m)(τ ′
r(m))2

(τr(m))3
dm, (16)

and
∫ ∞

0
kr(m) exp(− fr(t)/τr(m))w(m)dm

=
∫ ∞

0
kr(m) exp(−t/τr(m))w̄(m)

τ ′
r(m)

(τr(m))2
dm. (17)

The importance of the above choices for �̄r(m) and
	̄r(m) is that they ensure that the following counterpart
of Eq. 15 is identical to that arising from Eq. 14 when
gr(t) = fr(t) = t

∫ ∞

0
exp(−t/τr(m))

h̄r(m)τ ′
r(m)

τr(m)
dm

=
[∫ ∞

0
exp(−t/τr(m))kr(m)w̄(m)dm

]r

. (18)

It is these three relationships, Eqs. 16, 17, and 18, which
will play the key role in the subsequent deliberations.
In the situation where gr(t) = fr(t) = t, it follows that
h̄r(m) = hr(m) and w̄(m) = w(m) and the core Eq. 18
recover this particular situation.

On the basis of these three equations, the solution
of Eq. 14 to recover w(m) from measurements of hr(m)

separates naturally into the follow three steps.

Step 1. Determining h̄r(m)

On setting p = 1/τr(m) and writing m = φr(p) for its
inverse, Eq. 16 becomes

∫ ∞

0
exp(−gr(t)/τr(m))

hr(m)τ ′
r(m)

τr(m)
dm

=
∫ ∞

0
exp(−t/τr(m))

h̄r(m)(τ ′
r(m))2

(τr(m))3
dm

=
∫ ∞

o
exp(−tp)pτr(φr(p))ĥr(p)dp

= L
(

pτr(φr(p))ĥr(p)
)

, (19)
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where ĥr(p) = h̄r(φr(p)) and L denotes the Laplace
transform operator

L[ f (p)](s) =
∫ ∞

0
exp(−sp) f (p)dp.

If it is assumed that gr(t), hr(m), and τr(m) are known,
then the left-hand side of Eq. 19 defines the value of the
Laplace transform on the right-hand side. On taking the
inverse Laplace of this equation, the value of ĥr(p) can
thereby be determined. The value required of h̄r(m) is
then recovered as ĥr(1/τr(m)).

On the other hand, if it is assumed that hr(m), h̄r(m),
and τr(m) are known (by measuring hr(m) for a polymer
with a known MWD w(m) and assuming that fr(t) is
known), then Eq. 19 can be solved to determine gr(t).

Note The importance of step 1 is that it establishes
how, for any choice of gr(t), such as the stretched expo-
nential function exp(−tα), 0 < α < 1, the corresponding
relaxation modulus Gr(t) of Eq. 12 and the RTS–MWD
relationship Eq. 14 can be transformed to yield the
canonical Eq. 18. The clear advantage of this approach
is that, once one has a program that solves Eq. 18, the
solution of Eq. 14 for different choices for gr(t) reduces
to solving the appropriate form of Eq. 19 to determine
the equivalent form for Eq. 18.

Step 2. The solution of the core Eq. 18

Using the same substitution as in step 1, Eq. 18 can be
rewritten as

∫ ∞

0
exp(−tp)

ĥr(p)

p
dp=

[∫ ∞

0

k̂r(p)

p2τ̂ ′
r(p)

exp(−tp)ŵ(p)dp

]r

,

(20)

where ĥr(p) = h̄r(φr(p)), k̂r(p) = kr(φr(p)), τ̂ ′
r(p) =

τ ′
r(φr(p)), and ŵ(p) = w̄(φr(p)). This is the crucial step

that leads to the construction of an exact solution be-
cause both the above integrals can be interpreted as
Laplace transforms. Using as the above definition of the
Laplace transform, the following equivalent expression
for Eq. 21 is immediate

L
(

ĥr(p)

p

)

=
[

L
(

k̂r(p)

p2τ̂ ′
r(p)

ŵ(p)

)]r

. (21)

For given ŵ(p), the corresponding value of ĥr(p) is
given by

ĥr(p) = pL−1

{[

L
(

k̂r(p)

p2τ̂ ′
r(p)

ŵ(p)

)]r}

(22)

while, for given ĥr(p), the corresponding value of ŵ(p)

is given by

ŵ(p) = p2τ̂ ′
r(p)

k̂r(p)
L−1

⎛

⎝

[

L
(

ĥr(p)

p

)]1/r
⎞

⎠ , (23)

where L−1 denotes the inverse Laplace transform.

Note This highlights the advantage of transforming
back to the canonical form of Eq. 18, as the above
analysis shows how its solution can be written down
in terms of Laplace transforms. In some situations, the
Laplace transform relationships Eqs. 22 and 23 can be
solved analytically, as shown in Section Application:
the double reptation RTS–MWD relationship. More
often, it will be necessary to solve them numerically.

Step 3. The determination of w(m).

Using the same substitution as in step 1, the linking of
the right-hand side of Eq. 14 to that of Eq. 15 can be
accomplished in the following manner:
∫ ∞

0
kr(m) exp(− fr(t)/τr(m))w(m)dm

=
∫ ∞

0
kr(m) exp(−t/τr(m))w̄(m)dm

= L
(

k̂r(p)

p2τ̂ ′
r(p)

ŵ(p)

)

, (24)

where ŵ(p) = w̄(φr(p)).
If it is assumed now that kr(m), τr(m), and ŵ(m) are

known, then the right-hand side of this last equation can
be evaluated. For a given function fr(m), the required
value of w(m) is then recovered by solving the resulting
first kind Fredholm integral equation. This then defines
the procedure that must be followed for each r compo-
nent that is hypothesized to be in the model GM(t) of
G(t) when the full generality of Eq. 17 applies. In the
sequel, because of their rheological importance, atten-
tion will mainly focus on single and double reptation.

Laplace transform and convolutional
RTS–MWD relationships

Henceforth, it will be assumed that fr(t) = gr(t) = t for
all chosen values of r. As explained in Section The
general strategy for MWD recovery from the general
RTS–MWD relationship, though the general formula-
tion is given by Eq. 14, the first step is to transform it to
the core Eq. 18 and solve that equation. In this way,
the resulting analysis is simpler and more illustrative
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than for the general methodology outlined in Section
The general RTS–MWD relationship. With respect to
the above assumption, the relationship Eq. 18 takes the
following form:
∫ ∞

0
exp(−t/τr(m))

hr(m)τ ′
r(m)

τr(m)
dm

=
[∫ ∞

0
exp(−t/τr(m))kr(m)w(m)dm

]r

. (25)

Single reptation

When single reptation is the only dynamic occurring,
it follows from Eq. 11 that N = r = 1 and W1 = 1, for
which Eq. 25 yields
∫ ∞

0
exp(−t/τ1(m))

[
h1(m)τ ′

1(m)

τ1(m)
− k1(m)

× exp(−t/τ1(m))w(m)
]

dm = 0. (26)

Using the argument given in Anderssen and Loy
(2002a), this last equation solves to yield

w1(m) = h1(m)τ ′
1(m)

k1(m)τ1(m)
. (27)

Note In fact, it follows from the deliberations in
Anderssen and Loy (2002a) that, when r = 1, Eq. 14 has
a unique solution for given choices for f1 and g1 and, in
addition, Eq. 27 defines that solution when f1 = g1.

With k1(m) = 1/m and τ1(m) = kmα , this last rela-
tionship becomes

w1(m) = αh1(m), (28)

which implies that w1(m), up to a multiplicative con-
stant that gives the correct units, simply corresponds to
a molecular weight scaling of the RTS H1(τ ), associated
with the measured G1(t), to generate h1(m). This result
was given in Thimm et al. (1999) and corresponds to
setting β = 1 in Eqs. 7 and 8 above. The elementary
nature of this result is a direct consequence of the
assumptions that r = 1, and f1(t) = g1(t).

However, experimental results show that this is too
simple a relationship because it fails to perform the suf-
ficiently strong sharpening of H1(τ ) required to recover
w1(m) as a delta function when G1(t) corresponds to
the measured relaxation modulus of a monodisperse
polymer. Consequently, either single reptation in the
above form is too simple a model for MWD recov-
ery, or it holds, but the classical assumption f1(t) =
g1(t) = t does not. This represents a possible role
for the Kohlrausch functions exp(−tα), 0 < α < 1. As

explained in Anderssen and Loy (2002a), depending on
the nature of f1(t) and g1(t), Eq. 14 can have a unique
solution.

Double reptation

When double reptation is the only dynamics, it follows
from Eq. 11 that N = 2, W1 = 0, and W2 = 1, for which
Eq. 25 yields

∫ ∞

0
exp(−t/τ2(m))

h2(m)τ ′
2(m)

τ2(m)
dm

=
[∫ ∞

0
k2(m) exp(−t/τ2(m))w2(m)dm

]2

. (29)

Now, however, the logic that allowed one to go from
Eq. 26 to Eq. 27 cannot be applied. It is therefore nec-
essary, as in step 2 of Section The general RTS–MWD
relationship, to transform Eq. 29 to its equivalent
Laplace transform counterpart; namely,

∫ ∞

0
exp(−tp)

ĥ2(p)

p
dp=

[∫ ∞

0

k̂2(p)

p2τ̂ ′
2(p)

exp(−tp)ŵ(p)dp

]2

,

(30)

where ĥ2(p) = h2(φr(p)), k̂2(p) = k2(φ2(p)), τ̂ ′
2(p) =

τ ′
2(φ2(p)), and ŵ(p) = w(φr(p)).

The utilization of this result can be performed in two
different ways.

The Laplace transform solution

Equation 30 can be written

L
(

ĥr(p)

p

)

=
[

L
(

k̂r(p)

p2τ̂ ′
r(p)

ŵ(p)

)]2

. (31)

For given ŵ(p), the corresponding value of ĥ2(p) is
given by

ĥ2(p) = pL−1

⎧
⎨

⎩

[

L
(

k̂2(p)

p2τ̂ ′
2(p)

ŵ(p)

)]2
⎫
⎬

⎭
(32)

while, for given ĥ2(p), the corresponding value of ŵ(p)

is given by

ŵ(p) = p2τ̂ ′
2(p)

k̂2(p)
L−1

[

L
(

ĥ2(p)

p

)]1/2

. (33)
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The Laplace convolution theorem solution

Applying the Laplace convolution theorem to the right-
hand side of Eq. 30 gives

∫ ∞

0
exp(−tp)

ĥ2(p)

p
dp

=
[∫ ∞

0
exp(−tp)

×
∫ p

0
F(q, p−q)ŵ2(q)ŵ2(p−q)dq

]

dp, (34)

where

F(q, p − q) = k̂2(q)k̂2(p − q)

q2(p − q)2τ̂ ′
2(q)τ̂ ′

2(p − q)
. (35)

The uniqueness of the Laplace transform then yields

ĥ2(p)

p
=

∫ p

0
F(q, p − q)ŵ2(q)ŵ2(p − q)dq. (36)

The importance and interesting aspect of this rela-
tionship is the explicit characterization it gives of the
polymer dynamics occurring in double reptation. It
shows how the RTS depends on the convolution of the
(transformed) MWD (of the polymer molecules) with
the convolution under the influence of a kernel function
that characterizes how the relaxation times depend on
the molecular weights. In addition, the convolutional
process naturally allows for all possible cross-linking
to occur between the various polymer molecules that
make up their MWD.

Application: the double reptation
RTS–MWD relationship

The Laplace transform solution of Eq. 30 can now be
utilized to give an analytic illustration of the relation-
ship between the RTS and MWD peaks. Let the RTS
H(τ ) be given by

H(τ ) = 1

(2n)!
(

1

τ

)2n

exp(−β/τ), (37)

where it is assumed that GN
0 = 1, and the normalization

condition
∫ ∞

0

H(τ )

τ
dτ = 1,

which yields the constraint

β = (2n)−(1/(2n)).

Assuming that double reptation is the only polymer
dynamics active, it follows, for the appropriate choice
for τ = τ2(m), that

h2(m) = H(τ2(m)) = 1

(2n)!
(

1

τ2(m)

)2n

exp(−β/τ2(m)).

(38)

Thus, on performing the substitution p = 1/τ2(m), this
last equation becomes

ĥ2(p) = 1

(2n)! p2n exp(−βp). (39)

From Eq. 33, using the fact that

L
[

p2n−1

(2n − 1)! exp(−βp)

]

=
(

1

s + α

)2n

,

it follows, after standard algebraic manipulations, that

ŵ2(p) = τ̂ ′
2(p)

k̂2(p)

1√
2n

pn+1

(n − 1)! exp(−βp), (40)

and, hence,

w2(m) = τ ′
2(m)

k2(m)

1√
2n

exp(−β/τ2(m))

(n − 1)!(τ2(m))n+1
. (41)

Alternatively, if one starts with w2(m) in the form
Eq. 41, then the corresponding H(τ ) is given by Eq. 37.

Both h2(m) and w2(m) are unimodal peaks and,
therefore, represent an appropriate framework in
which to explore the interdependence between h2(m)

and w2(m) when the MWD has a unimodal structure,
which is often the situation in polymer rheology.

Substitution of τ2(m) = kmα in the above relation-
ships yields

h2(m) = 1

(2n)!(kmα)2n
exp (−β/(kmα))

and, assuming that k2(m) = 1/m,

w2(m) = α√
2n(n − 1)!(kmα)n

exp (−β/(kmα)).

Consequently, the unimodal h2(m) peaks at m =
[β/(2kn)]1/α , which is always to the left of the peak of
the unimodal w2(m) at m = [β/(kn)]1/α . This could be
an artifact of the above choice of model, in which it is
assumed that k2(m) = 1/m, but it could also be saying
something deep about the interdependence of h2(m)

and w2(m) in situations where something like the above
assumptions apply.



160 Rheol Acta (2009) 48:151–162

Fig. 2 Graphical comparisons of h2(m) (solid line) with the cor-
responding w2(m) of Eq. 42, for various choices of the parameters
[k = 1, n = 3, α = 3.4, δ = −0.5 (dots), 0.5 (dashes on right), 4
(dashes on left)] illustrating the interdependence between these
two functions

Interestingly, and quite importantly, a small change
in the way that k2(m) is modelled can cause a ma-
jor change in the interrelationship between h2(m) and
w2(m). It is a direct illustration of the fact that the
inherent improperly posedness is there at the analytic
level. For example, on choosing k2(m) = 1/m1−δα for
some δ > 0, one obtains

w2(m) = αkδ

√
2n(n − 1)!(kmα)n+δ

exp (−β/(kmα)), (42)

which peaks at m = (β/((n + δ)k)1/α . Consequently, for
δ > n, w2(m) will peak to the left of h2(m).

Graphical comparisons of h2(m) with the corre-
sponding w2(m) yield a clear illustration of how the
RTS peak is a modification and relocation of the
MWD peak, which is consistent with experimental
observations of their interdependence. This is illus-
trated in Fig. 2, where the normalization condition β =
(2n)−1/(2n) has been applied, along with appropriate
scaling so that the peaks of h2(m) and w2(m) all have
the same height. They show clearly that, even for these
simple analytic models, there can be great variability in
the shape and positioning of w(m) relative to the ob-
served shape and positioning of h2(m), and vice versa.

It raises the interesting question of whether, for ex-
perimentally measured h2(m) for given monodisperse
w2(m), the position of the peak of w2(m) is consistently
on one side or the other of the peak of h2(m), or
whether it tends to change from one side to the other
depending on the type of polymer being examined.
Consequently, one obtains direct confirmation of the
need for rigorous solutions, for RTS–MWD relation-
ships, along the lines outlined in this paper.

Rheological implications illustrated
with the BSW model

The motivation behind the need to put the mathe-
matical modelling of RTS–MWD relationships on a
rigorous mathematical footing has been given in Sec-
tions Introduction and Rheological background. The
recent paper of Nobile and Cocchini (2008) represents
addition validation for this point of view. Here, in this
section, the aim is to give a brief overview of the practi-
cal rheological situation. Because of its popularity, the
BSW model Baumgartel et al. (1990) has been chosen
as the model for the relaxation spectrum H(τ ).

It is known that the BSW model of the relaxation
spectrum H(τ ) (Baumgartel et al. 1990) and related
models (Friedrich et al. 2008) yield good approxima-
tions to the measured dynamic modulii G′(ω) and
G′′(ω) of long, linear, and flexible polymers. Here, this
will be illustrated for the PS664 polystyrene, which
has a molecular weight of Mw = 634,700 g/mol and a
polydispersity index of Mw/Mn = 1.07. Values of the
dynamic modulii for this polymer are plotted in Fig. 3,
where the circles and boxes correspond to the measured
values of G′(ω) and G′′(ω), respectively, while the solid
and dashed lines correspond to the values of G′(ω) and
G′′(ω) generated by specific choices for the parameters
in the modified BSW model

HBSW(τ ) = neGc
xne

(1 + xβ)1+ne/β
, x = τ/τc, (43)

where x corresponds to the ratio of the relaxation time
τ and a characteristic relaxation time τc; Gc a charac-
teristic (plateau) modulus; ne, as for the simple BSW

Fig. 3 Dynamic modulii G′ (blue dots) and G′′ (red boxes) for the
polymer PS644 together with the predictions for the generalized
BSW spectrum [dashed line for β = 20 (which corresponds effec-
tively to the original BSW behavior with a discontinuous cut-off)
and solid line for β = 5]
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Fig. 4 The BSW spectrum, corresponding to Eq. 43, with ne =
0.11, Gc = 360,000 Pa, τc = 1 s, and β = 100, 20, 5, 2 (from left
to right)

model, the slope of log(G′′(log ω)) in the entanglement
region; and β the parameter describing the cut-off in
relaxation times greater than τc. The original BSW
model is recovered as β → ∞.

The values of G′(ω) and G′′(ω), generated when ne =
0.11, Gc = 360,000 Pa, τc = 360 in Eq. 43, are plotted
for β = 5 and β = 20 in Fig. 3. The very good agree-
ment between them and the data confirm the excellent
predictive power of the modified BSW spectrum for
long, linear, and flexible polymers. However, a closer
comparison of the plots for G′(ω) and G′′(ω), when
β = 5 and β = 20, indicates that the β = 5 results give
a better fit to the data in the terminal zone. Conse-
quently, it was deemed not necessary to examine the
situation for values of β higher than 20.

The role of β is illustrated in Fig. 4. It corresponds to
the slope of the modified BSW model for x > 1. With
β = 20, the modified model is already very close to the
original BSW model, while, for β = 100, the modified

Fig. 5 A comparison of the MWD for the polymer PS644 (cir-
cles) with the MWD derived from Eq. 4 for the BSW spectrum
with β = 20 (solid line) and the corresponding relaxation time
spectrum as a function of the molecular weight m (dashed line)

model reproduces the original BSW model to graphical
accuracy.

Interestingly, even though there is a clear difference
in Fig. 4 between the plots of HBSW(τ ) when β = 5 and
β = 20, the corresponding differences between G′(ω)

and G′′(ω) are quite minor. This is an illustration of
the underlying improperly posedness, where only small
changes in G′(ω) and G′′(ω) can correspond to large
changes in the relaxations spectrum and, thereby, the
reason why the recovery of estimates of H(τ ) from
measurements of G′(ω) and G′′(ω) is a challenging
problem.

The independently measured MWD for PS664 is
shown as the plot of circles in Fig. 5 as first published
in Maier et al. (1998).

The resulting MWD, obtained by substituting the
above BSW model with β = 20 into the formula pro-
posed by Wu (1988) (Eq. 4 in the main text), is plotted
in Fig. 5 along with this BSW model. Here, the relax-
ation time dependence on the molecular weight m was
assumed to take the standard form τ(m) = k(m/mu)

with the Maier et al. (1998) values of k = 6.92 ×
10−20s, mu = 1g/mol, α = 3.67. A comparison of the
independently measured MWD (the circles) with the
MWD reconstructed by using the mentioned BSW
model indicates that the resulting reconstructed MWD
yields an unacceptable approximation to the measured
MWD.

The same comparison is shown in Fig. 1 for the above
BSW model with β = 5, which gives a better fit to the
measured dynamic modulii. The reconstructed MWD
now yields a better approximation to the measured
MWD. Though there has only been a small change
in the BSW model substituted into Eq. 4, the corre-
sponding change in reconstructed MWD has been quite
large. This illustrates another aspect of the improperly
posedness associated with the recovery of an MWD
from rheological measurements. A comparison of the
recovered MWD in Fig. 1 with that in Fig. 5 implies that
the cut-off in the original BSW model is too sharp in not
allowing for the relaxation times to smoothly (as well as
quickly) approach zero.

Different reasons can be given as to why the recovery
of the MWD through the use of the modified BSW
model (with β = 5) and the formula of Wu (1988)
fail to give a realistic approximation to the indepen-
dently measured MWD. They must not only include
shortcomings in the modified BSW model, in terms
of the way it approximates the internal relaxations in
the linear chains, but also the shortcomings, discussed
above, in the current formulas being used to perform
the reconstruction of the MWD from measurements of
the dynamic modulii.
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