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Many-electron integrals over gaussian basis
functions.
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Abstract

Explicitly-correlated F12 methods are becoming the firgtiof for high-accuracy molec-
ular orbital calculations, and can often achieve chemicaligacy with relatively small gaus-
sian basis sets. In most calculations, the many three- amekefectron integrals that formally
appear in the theory are avoided through judicious use ofutisns of the identity (RI). How-
ever, in order not to jeopardize the intrinsic accuracy effli2 wave function, the associated
RI auxiliary basis set must be large. Here, inspired by thad-®ordon-Pople (HGP) and
PRISM algorithms for two-electron integrals, we presentalgorithm to compute directly
three-electron integrals over gaussian basis functiodsamry general class of three-electron
operators, without invoking Rl approximations. A generathodology to derive vertical,

transfer and horizontal recurrence relations is also ptede

*To whom correspondence should be addressed


http://arxiv.org/abs/1603.05742v1
pf.loos@anu.edu.au
peter.gill@anu.edu.au

1 Introduction

Many years ago, Kutzelniggshowed that introducing the interelectronic distange= Iri—ro
into a simple wave functiol for the helium atom, to yield
W= (1+

> )W0+x(r1,r2) (1)

wherex(ry,r2) is expanded in a determinantal basis, dramatically imgrake convergence of
second-order perturbation thedgrygoupled clustet and other variational calculatiodsThis ap-
proach, which gave birth to the so-called “R12 metho#i8®is a natural extension of pioneering
work by Hylleraas in the 192058

Kutzelnigg's idea was later generalized to more accurateekziion factorsfi = f(ry,).2-24

Nowadays, a popular choice fér» is a Slater-type gemin& (STG)
fi3 ° = exp(—Ar12), 2
which is sometimes expanded as a linear combination of gausge geminal®i® (GTG)
G~ Z o 5 C(Ak) = Z ckexp(—Akrf) 3)

for computational conveniencé:13:14

The resulting “F12 methods” achieve chemical accuracy riwgilsorganic molecules with rel-
atively small gaussian basis s¥t=2° and are quickly becoming the first-choice non-stochastic
method for high accurac}?:2° They are now appearing within state-of-the-art compositee-
dures?!

However, whereas a conventional (non-explicitly corediatcalculation usiny gaussian one-
electron basis functions leads to an energy expression @(ittf') relatively easy two-electron
integrals?2=3?the explicitly correlated wave function has an energy esgiom withO(N°®) three-

electron integrals an®(N®) four-electron integrals. These many-electron integredskaown in
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closed form in a few special casBsut, in general, they are computationally expensive and the
task of computingd(N®) or O(N®) of them appears overwhelming.

To render F12 methods computationally tractable and todatiw@se three- and four-electron
integrals without introducing unacceptable errors, Kinizgy and Kloppef proposed to insert the

resolution of the identityRI)
NRi

[~ % | Xu) (Xu| (4)
into the three- or four-electron operatdrs3*In this way, three- and four-electron integrals are ex-
panded in terms of one- and two-electron integrals that edoulnd efficiently using conventional
guantum chemistry software.

Of course, the approximatiof??) introduces chemically acceptable errors only if the aaryl
basis sef x, } is sufficiently large Kri > N). [J This realization has fueled much research and there
now exist very efficient Rl formulations based on highly apitied auxiliary basis sets (ABY
and complementary ABS (CABSY. However, to achieve millihartree accuracy, such bases must
be approximately complete up th &, 17 whereLocc is the highest angular momentum of basis
functions in the orbital basis set associated with the oecumolecular orbitals. Even if this
requirement can be reduced thog by density fitting?? it remains demanding in cases (e.g. for
transition metals) where high angular momenta are needi@ iorbital basis.

For two reasons, however, we believe that the RI tactic caavbaled. First, the number of
significant(i.e. greater than a threshold) three- and four-electréegials is very much smaller
thanO(N®) andO(N®), respectively. Second, the task of computing many-eladtritegrals over
gaussian basis functions is less formidable than manyveeli&or example, for three-electron
integrals, a reduction of the computational effort fra@N®) to O(N?) is already achievable by
exploiting robust density fitting techniqués.

Although there aré(N*) two-electron integrals, it is well known to quantum chemyigiro-

grammers that the number sfgnificanttwo-electron integrals in a large system is ofyN?)

LFor example, for the leflunomide moleculg€l3F;N,0, studied recently by Bachorz et aP the primary aug-
cc-pVTZ and auxiliary®2’ basis sets have 1081 and 2864 basis functions, respectively



if the two-electron operator is long-rarffe** andO(N) if it is short-range*46 Similar consid-
erations apply to many-electron integrals and one can shatthe number o$ignificantthree-
and four-electron integrals is on@(N3) andO(N*), respectively, even for long-range operators.
(For short-range operators, there are even fewer.) Thug ifan find good algorithms for iden-
tifying and computing the tiny fraction of many-electronegrals that are significant, large-scale
calculations using F12 methods will become feasible, withibe need for the RI approximation.

The present manuscript is the first of a series on many-eleattegrals. Here, we present an
algorithm to compute integrals over three-electron opesaising recurrence relations (RRs). The
second papé¥ in the series will discuss the construction of upper boumdbedfective screening
strategies and the thif8will describe optimized numerical methods for the efficigaheration of
[ssgsssintegrals. Our recursive approach applies to a generad ofasultiplicative three-electron
operators and thus generalizes existing schemes thairpenig to GTGs10:49-54

Section 2 contains basic definitions, classifications ofgkeglectron operators, and permuta-
tional symmetry considerations. In Set. 3, we propose asaeualgorithm for the computation
of three-electron integrals. Details of a general schemddaving three-electron integral RRs are

presented in the Appendix. Atomic units are used throughout

2 Three-€electronintegrals
A primitive gaussian-type orbital (PGTO)
92 (r) = (X_AX>ax(y—Ay)ay(Z—Az)aZe_““_A‘z (5)

is defined by its exponeut, its centeiA = (Ay, Ay, A;), its angular momentum vectar= (ay, ay, a,)
and its total angular momentuan= ay + ay + a;.

A contracted gaussian-type orbital (CGT@4 (r) is a linear combination dka PGTOs.



We are interested in the three-electron operator

f12013h23 = f(r12) g(ri3) h(r23), (6)

and we write the integral of six CGTOs over this as

(agapag|bibobs) = (ajapaz| f12013h23|b1b2b3)

:///w H(ry) Y2 (r2) Whe (rs) fraGishos Y (1) Y2 (ra) Y (rs)dradrodrs.

(7)

We will use square brackets if the integral is over PGTOs:

[a1apag|b1bobs] = [a1apas| f12013h23/b1b2bs]

—///¢ (r1) 952 (r2)953(r3) f12913h23¢b1 (r)ge (r2)¢533(r3)dr1dr2dr3,
(8)

and the fundamental integral (i.e. one in which all six PGa@ss-type) is therefore

[000|000] = 5152%///4’ (r1)9g2(r2)$53(r3) f12013hp3dr 1drodra, (9)

where the exponentd, centersZ; and prefactorsS of the gaussian product rule for the three
electrons are

G=a+B, (10)

A+ BiB;
A+ B 1D
S = exp|— a?flp. A —Bi[?]. (12)

For conciseness, we will adopt a notation in which missimfijces represent s-type gaussians. For



example[asag] is a shorthan araz . We will also use unbold indices, e.guarag|bibobs
leJayag] is a shorthand fof0a,ag|000]. We will al bold indi tp18,33|b1bobs)

to indicate a complete class of integrals from a shell-gexte

2.1 Three-electron operators

We are particularly interested in two types of three-etattoperators: “chain” operators of the
form f12013, and “cyclic” operators of the fornf12013h23. In both types, the most interesting
cases arise whér6-18

(

[ Coulomb operator

rio, anti-Coulomb operator
f12, 012, 2 =

exp(—Ari2), Slater-type geminal

exp(—Ar2,), gaussian-type geminal

and various combinations of these produce three-elecir@gtals of practical importance. We
note that, by virtue of the identity, = rl‘zl(rf + r% —2r1-rp), integrals involving the anti-Coulomb

operator can be reduced to linear combinations of integrads the Coulomb operator.

2.2 Permutational symmetry

For real basis functions, it is knownthat two-electron integrals have 8-fold permutational sym

metry, meaning that the integrals

(a1ap|b1by) (b1az|aiby) (biba|ajay) (a1bo|biay)

(agay|boby) (boaz|azby) (baby|azay) (agb1|boay)

are all equal. Three-electron integrals also exhibit peatanal symmetry and, for computational
efficiency, it is important that this be fully exploited. THegeneracy depends on the nature of the

three-electron operator and the five possible cases agd lisfTablé 1L.



Table 1: Permutational degeneracy for various operators.

Type Operator Degeneracy
Two-electron f12 8
Three-electron chain  f12013 8
f1of13 16
Three-electron cyclic f12013h23 8
f12f13h23 16
f12f13f23 48

3 Algorithm

In this Section, we present a recursive algorithm for geimega class of three-electron integrals
of arbitrary angular momentum from an initial set of fundautadintegrals. The algorithm applies
to any three-electron operator of the fofa»g13ho3 and generalizes the HGP-PRISM algorithm
following a OTTTCCCTTT pathway®:3! The algorithm is shown schematically in Fig. 1.

After selecting a significant shell-sextet, we create a geaeralized fundamental integrals
[O]™ (Step O). Next, we build angular momentum on certgi(Step T;) and on centeA, (Step
T,) using vertical RRs (VRRS). This choice is motivated by taet that, for chain operators, the
VRR for building momentum o\ is more expensive than that for building &3 andA3 (see
Appendix). Then, using transfer RRs (TRRs), we transfer emom ontoA; (Step ). The
primitive [a;apagz] integrals are then contracted (Step C) and horizontal RRRR@) are used to
shift angular momentum from the bra centérg A, andA; onto the ket centerB3, B, andBq
(Steps T, Ts and Tg). The number of terms in each of these RRs is summarized ile Bafor

cyclic and chain operators. We now describe each step iil.deta

3.1 Construct shell-pairs, -quartets and -sextets

Beginning with a list of shells, a list of significant shekips®? is constructed. By pairing these
shell-pairs, a list of significant shell-quartets is creaa@d then, by pairing the significant pairs
and quartets, a list of significant shell-sextets is crealduls process is critical for the efficiency

of the overall algorithm and depends on the use of tight ufyeemds for the target integrals.
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| Gaussian shells

l

(000000 ™

€€ (000000™

T1 | VRR
[00a5/000™ <5 (00ag/000)™
T2 | VRR
[0apaz|000 ——=  (Oapas|000
T3 | TRR

[alazag\ooq —_— <a1a2a3|000)

T4 | HRR
CCC
[a1a2a3|00b3] — <a1a2a3\00b3)
Ts | HRR

[a1a2a3|0b2b3] — <a1a2a3|0b2b3>

Ts | HRR

[a1a2a3|b1b2b3] & <a1a2a3\b1b2b3)

Figure 1: PRISM representatidhof a scheme for computing a three-electron integral class. |
this work, we consider the (orange) OTTTCCCTTT path.

Table 2: Number of RR terms for cyclic and chain operators.

Step RRtype Expression Operators
f12013h23  f12013
T1 VRR Eq. @?) 8 6
Ts VRR Eq. (??) 10 7
TS VRR Eq. (??) 12 12
T3 TRR Eq. ??) 6 6
Ta HRR Eq. £?) 2 2
Ts HRR Eq. £?) 2 2
Te HRR Eq. ??) 2 2




Such bounds are straightforward for two-electron inte§?af® but are much more complicated

for three-electron integrals and, for example, the popGkuwchy-Schwartz bound does not gener-

alize easily. However, it is possible to construct a bouncech type of three-electron operator,

depending on the short- or long-range charactdi9fg;3 and (if it is presenth,s. We will discuss

these in detail in Part 1l of this seriés.

Table 3: Laplace kernel5(s) for various two-electron operatofgri). nis an integerr” is the
gamma functionH, is a Hermite polynomial, erfc is the complementary errorction, and(a);

is a Pochhammer symbob® and 8 are the kth derivatives of the Dirac delta function and
Heaviside step function, respectiveR.

f(t’lz)

F(s)

ri,exp(—Aryo)
(rf,— R?)"exp(—A%r2,)

(rfz — R%)"-1/2exp(—A zrfz)

r20erfc(Arap)

2n—1

ri; —erfc(Ary)

r20erfc(Arso)?

2mr1/2 H A A2
(4s)0/2+1 n+l (251/2> EXp<_E)

expg—R%(s—A2)]6W(s—A?)

exp—R(s—A2)]6(s— A2)
[(—n+1/2)(s— A2)n1/2

2 0oy a2 \ P g(s- a2
F(—n—1/2)s“+1kZ0 k) \s—A2 k+1/2

n §<—n—1/2
> <k) Fknii 64

k=0

2\ n oK (s—242) & (—k); -
> (k)(?’/Z)k (A2 9K j; L(A%/9)]

msvs—A2 &

& (3/2);




3.2 Step O. Form fundamental integrals

Having chosen a significant shell-sextet, we replace theettwo-electron operators in its funda-

mental integral ??) by their Laplace representations

f(ri2) = /0 OOF(Si) exp(—sirp) dsi, (13a)
0ri0) = [ Glsr)exp(~sar%s) de, (13b)
h(ros) = /0 mH(Se> exp(—sgrss) dss. (13c)

Table[3 contains kernels(s) for a variety of important two-electron operatdr§,). From the
formulae in TabléI3, one can also easily deduce the Laplatelssfor related functions, such as

f(ri2)?, f(r12)/rio andd?f(rq2). Integrating over 4, r, andrs then yields

0-55% | °°/O °°/O " F(s1) G(s) H(s3) wo(s) ds: (14)
where "
_ s _N(@s
W°(S>‘[zlzzzsr><s>] exp{ D(sﬂ’ 13)

ands = (s1,%,S3). The numerator and denominator are

K K K
N(S) = K121 + K135 + K23S3 + (Z—f + 5—123 - f) (192 + 153+ 2S3), (16a)
1 1 1.1 1.1 L+8+8s
D(s)=1+ |+ —|S1+ |-+ |2+ |-+ | S5+ + 5153+ S3),
S {zl zz]si {zl 53]32 [zz ZJ Glls et astes)
(16b)
where
Kij = Yij - Yij (17)
is the squared length of the vector
Yij=2Zi—Z (18)
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between the ith and jth gaussian product centers.

For reasons that will become clear later, it is convenienttroduce the generalized fundamen-

tal integral
0" =555 [ [ [ Fls) Gls)Hisg)wn(s)ds (19)
where
m J M3 my
WinS) = 5 dmamer [5152+;1(§+8283] wo(s). (20)

and the auxiliary index vectan = (my, mp, mg, my).

To form an[ayazaz|bibobs] class with a cyclic operator, we require g™ with

0<m <aj+ayx+bi+by, (21a)
0<m <aj;+az+by+bs, (21b)
0<mg<ay+az+by+bs, (21c)
0<my<a+ay+azg+by+by+bs. (21d)

To form an[ajaxag|b1bybs] class with a chain operator, the rangesmaf mp andmy are as in[(21),
butmz = 0.

To construct affaalaa) class of two-electron integrals, one needs ddfg) [0](™ integrals®?
However, it follows from[(2IL) that, to construct @aagaaa) class of three-electron integrals, we
needO(a®) (for a chain operator) o®(a*) (for a cyclic operator]0]™ integrals. This highlights
the importance of computing thef@™ efficiently. If at least one of the two-electron operators
is a GTG, thel0]™ can be found in closed-for®¥.58 Otherwise, they can be reduced to one- or
two-dimensional integrals, which can then be evaluateddbypus numerical techniques. This step
can consume a significant fraction of the total computaiime¥’ and a comprehensive treatment
of suitable numerical methods merits a detailed discusstuoh we will present in Part Il of this

series?8

11



3.3 Step T1. Build momentum on center Aj

Given a set of0]™, integrals of higher angular momentum can be obtained sealy, following
Obara and Saik&®:2’ Whereas VRRs for two-electron integrals have been widelgtistl, VRRs
for three-electron integrals have not, except for GE&&-54

The T; step generatefgz]™ from [0]™ via the 8-term VRR (see the Appendix for a detailed

derivation)

[a]]™ = (Z3— As)[ag)'” + 2102V 13(as] 1 + L1daY 23(aa]™® + (1Y 13+ LY 23) [as]

+ oz {817 - 0talas)? - 6oleg] - (G + L)l ] (22)

where the superscript or — denotes an increment or decrement of one unit of cartesiginlan
momentum. (Thusa™ is analogous t@a+ 1; in the notation of Obara and Saika.) The value in the
curly superscript indicates which component of the auiliadex vectom is incremented.

For a chain operator, th8} terms disappear, yielding the 6-term RR

[a3]™ = (Za— A3)[ag)!% + L1 oY 13(as]'? + (L1 Y13+ {2V 23) [ag] )
+ Za—ng {[a?:]{o} — lez[ag]{Z} — (L + 52)[a§]{4}} . (23)

It is satisfying to note that, by settir@ = 0 in (??), we recover the Obara-Saika two-electron RR.

3.4 Step To. Build momentum on center A,

The T, step formgayas] from [ag]|™ via the 10-term RR

[af ag)™ = (Z2 — Az)[aas]'” + {143 12@as] ™Y — 2123 23l@as] ™ + (41 Y 12— {3Y 23) [apag] 4

g Ba]® Gl al - dslayal ¥ - (Gt gy ad )

+ % {Z 1[azaz | + [azaz ]{4}} : (24)
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For a chain operator, thi8} terms disappear, yielding the 7-term VRR

[y ag)™ = (Z2 — A2)[aag) (% + 1Y 12aas) ™t + (LY 12— aY 23)[apag) 4

+oz {18 - Glalayad Y - (Gt L)l ™ | + Flaas) W (25)

3.5 Step T3. Transfer momentum to center Aq

The T3 step generatdg; ayag] from [apas]. There are two possible ways to do this. The first, which
we call Step T, is to build angular momentum directly @&y using the 12-term VRR (Eq?9)).
However, this is computationally expensive and we choose/tid it. A second option exploits

the translational invariance

3
Z Oa; + O, ) [a1a0a3] = 0 (26)
j=1

to derive the 6-term TRR

[af apag] = 5 Z [a1 apag| + > Z [ala2 ag] + = 2 [alazag ]
s “lara; ag] — % [agapad] — BuA1=By) + BolA2 ~ Bo) + Bs(As — By) [a1apag),
e (1 (1
(27)

which transfers momentum between centers that host diffetectrons.

3.6 Step C. Contraction

At this stage, following the HGP algorith#® we contract théay apaz|000] to form the(ajazaz|000).
We can perform the contraction at this point because all®&tibsequent RRs are independent of
the contraction coefficients and exponents. More detaisiathis contraction step can be found

in Ref.|32.
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3.7 StepsT4to Tg. Shift momentum to ket centers

We shift momentum t®3, B, andB; from Az, A, andA4, respectively, using the 2-term HRRs

<a1a2a3|b§> = <a1a2a§|b3) + (A3 — Bg) <a1a2a3|b3> , (28)
(a1a2a3|b§r b3> = <a1a§ra3|b2b3) + (Az — Bg) (a1a2a3|b2b3> , (29)
<a1a2a3|bfb2b3> = <afa2a3|b1b2b3> + (Al — Bl) <a1a2a3|b1b2b3> . (30)

4 Concluding remarks

In this Article, we have presented a general algorithm tostroict three-electron integrals over
gaussian basis functions of arbitrary angular momentum ftsndamental (momentumless) inte-
grals. The algorithm is based on vertical, transfer andzootal RRs in the spirit of the Head-
Gordon-Pople algorithm. In Part Il of this series, we wilpogt detailed investigations of upper
bounds on these integrals. In Part Ill, we will discuss edfitimethods for computing the funda-
mental integrals. Our approach can be extended to foutrefemtegrals, and we will also report

results on this soon.

Acknowledgement

P.M.W.G. and P.F.L. thank the National Computational Istinacture (NCI) for supercomputer
time. P.M.W.G. thanks the Australian Research Council fmrding (Grants No. DP140104071
and DP160100246). P.F.L. thanks the Australian Researcimelldor a Discovery Early Career
Researcher Award (Grant No. DE130101441) and a Discoveijgétrgrant (DP140104071).

14



A Derivation of VRRs

In this Appendix, we follow the Ahlrichs approaghto derive a VRR for the construction {z#;]™
integrals.

Defining the scaled gradient operator

DAl =~ 5~ (31)
we can write the Boys relatiéa

2l (32)

which connects an integral of higher momentum to an intedgéalative with respect to a coordi-
nate ofAj.

In operator form, this can be written as
+ A A a . __
[a7] = MayDa, [0] + 5—[ay |- (33)

Substituting the chain rule expression

~ DAlsj_ 0 DA1K12 0 DA1K13 0

Da, = 201 0§ 201 0Kjp2 201 OKi3 59
into (??), using the identities
(igcé]lm _ SI:L[O]{O}7 (35)
IO —01223(0/ ™~ 1:22[0) (36)
12
(39[2] = ~018243[01 - 41g5[0)1, 37
13
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the commutator property

Ma, p = pMa, +a1p M, (38)

(wherepis linear inA; andp is its derivative) and the identities

Ba(Z1— A1) = 5. (39
- A 1
Da,Y12=Da,Y13= 20 (40)
one eventually obtains the 8-term RR for buildingAn
[af]™ = (21— A)[aa]'% — 2223Y 1o[an] Y — 2o85Y 15[a] P — (LY 12+ {aY 13)[aa] W
o {1811 — Godafar | — Godalay |12 — (Go+ 2a) ey} (41)
201

Equation £?), which builds omA3, can be derived similarly. However, for chain operators,RiR
that builds onA1 does not shed terms and it is therefore cheaper to buildsdhan onAj.

Equation @?) can be derived using the relation
[ 8g]™ = May[a5]™, (42)
and the 12-term VRR for building of1 in Step T; is

(@ apas]™ = MagMa,[a ™
= (21— A1) [aaaas) (% — 2o03Y 12]aranag) M
— {olsY 13fanazag] ' — (oY 12+ {aY 13)[anapag] Y
+ oz {laracas) ™ — Zatafay aao] ) — Loty aoa] ) — (o + Za) ey ] ¥ |

a
+ 52 {Zg[alag ag)!V + [a1a; ag] {4}} + % {Zz[alazag 112 4 [agagay ]{4}} . (43)
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