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ABSTRACT
Stars form in highly magnetized, supersonic turbulent molecular clouds. Many of the tools
and models that we use to carry out star formation studies rely upon the assumption of cloud
isotropy. However, structures like high-density filaments in the presence of magnetic fields and
magnetosonic striations introduce anisotropies into the cloud. In this study, we use the two-
dimensional power spectrum to perform a systematic analysis of the anisotropies in the column
density for a range of Alfvén Mach numbers (MA = 0.1–10) and turbulent Mach numbers
(M = 2–20), with 20 high-resolution, three-dimensional turbulent magnetohydrodynamic
simulations. We find that for cases with a strong magnetic guide field, corresponding to
MA < 1, and M � 4, the anisotropy in the column density is dominated by thin striations
aligned with the magnetic field, while for M � 4 the anisotropy is significantly changed by
high-density filaments that form perpendicular to the magnetic guide field. Indeed, the strength
of the magnetic field controls the degree of anisotropy and whether or not any anisotropy is
present, but it is the turbulent motions controlled by M that determine which kind of anisotropy
dominates the morphology of a cloud.

Key words: MHD – turbulence – ISM: clouds – ISM: kinematics and dynamics – ISM: mag-
netic fields.

1 INTRODUCTION

Stars are born inside high-density regions of molecular H2 clouds
(MCs) that have undergone collapse. But cloud collapse is not
a straightforward process. MCs are anisotropic, fragmented and
undergo supersonic, turbulent motions with dynamically relevant
magnetic fields (Elmegreen & Falgarone 1996; Elmegreen & Scalo
2004; Lazarian & Cho 2004; Mac Low & Klessen 2004; McKee &
Ostriker 2007; Crutcher 2012; Federrath & Klessen 2012; Padoan
et al. 2014; Hennebelle & Inutsuka 2019). The supersonic turbulent
motions play a dual role in forming stars by both mixing the
H2 gas, which increases the critical density required for collapse
and by creating high-density structures where the cloud can cool
and form dense protostellar cores (Krumholz & McKee 2005;
Federrath & Klessen 2012; Federrath & Banerjee 2015). The role of
magnetic fields, however, is less understood. Certainly, the presence
of magnetic fields suppresses the density fluctuations caused by
the turbulent motions (e.g. Molina et al. 2012) and reduces the
star formation rate by a factor of a few (Padoan & Nordlund
2011; Federrath & Klessen 2012; Federrath 2015; Krumholz &
Federrath 2019). However, magnetic fields may also be responsible
for overcoming resistance to star formation, for example, by
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magnetic reconnection, ambipolar diffusion, or magnetic breaking.
The complex interplay of these physical processes is still not
fully understood (Mouschovias, Tassis & Kunz 2006; Lazarian,
Esquivel & Crutcher 2012; Hennebelle & Inutsuka 2019). Magnetic
fields may also play a role in feedback, for example, by driving
protostellar jets that inject mass, momentum, and energy into the
medium, possibly stirring turbulent motions (Frank et al. 2014;
Gerrard, Federrath & Kuruwita 2019; Krumholz & Federrath 2019;
Kuruwita & Federrath 2019). They also seem to play a role in
the orientation of filamentary structures and striations in the MCs
that may not directly influence the star forming potential of the
cloud, but certainly influences the global structure of the cloud
through the density PDF (Cox et al. 2016; Malinen et al. 2016;
Planck Collaboration XXXIV 2016a; Planck Collaboration XXXV
2016b; Tritsis & Tassis 2016; Soler et al. 2017; Tritsis et al.
2018; Soler 2019). High-density filamentary structures house the
local conditions necessary to overcome the turbulent motions, and
observations find protostars located at junctions (or hubs) between
intersecting filaments (André et al. 2010; Men’shchikov et al. 2010;
Schneider et al. 2013; Arzoumanian et al. 2018; Tokuda et al. 2018;
Roy et al. 2019; Trevino-Morales et al. 2019; Xu, Ji & Lazarian
2019). Indeed, high-density filaments may even play a role in setting
the stellar initial mass function (André et al. 2019). Striations, in
contrast to high-density filaments, most likely form through fast
magnetosonic waves, largely independent of the turbulent properties
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of the cloud (Tritsis & Tassis 2016; Tritsis et al. 2018), consisting
of thin channels of compressed gas that run coincident with the
magnetic field direction (Cox et al. 2016; Malinen et al. 2016;
Soler et al. 2017). In this study, we explore how both striations and
high-density filaments form and contribute to the anisotropy in the
column density.

1.1 Anisotropy in magnetohydrodynamic turbulence

Magnetic fields locally1 impart anisotropic behaviour on the veloc-
ity and density structures that are present in the turbulent clouds
(Goldreich & Sridhar 1995; Cho & Vishniac 2000; Cho & Lazarian
2003; Kowal, Lazarian & Beresnyak 2007; Burkhart et al. 2014).
This is because the magnetic field does not disappear at any length-
scale, and flows along the field lines do not feel the pressures and
tension from the Lorentz force. What this means is that, locally,
length-scales perpendicular and parallel to the magnetic field lines
become dynamically dissimilar in the cloud. Pioneering work from
Goldreich & Sridhar (1995) showed that the anisotropy in the energy
spectrum for an incompressible, turbulent magnetohydrodynamic
(MHD) fluid with equal energy contributions from the magnetic
and turbulent forces is

k‖
k⊥

∼ (L k⊥)−1/3, (1)

where k‖ and k⊥ are k-space scales parallel and perpendicular,
respectively, to the mean, local magnetic field, and L is the cloud
scale. The anisotropy is introduced from a critical balance between
the turnover time of turbulent eddies perpendicular to the magnetic
field, T⊥ ∼ �⊥/V�, where V� ∼ �

1/3
⊥ is the velocity scaling for eddies

perpendicular to the field lines, and the period of the Alfvén waves
travelling along the field lines, T� ∼ ��/VA, where VA ∼ |B|/√

ρ is
the Alfvén velocity, where |B| is the strength of the magnetic field
and ρ is the density. Putting this together,

�‖/VA ∼ �⊥/V� ∼ �⊥/�
1/3
⊥ ⇒ �‖ ∼ �

2/3
⊥ . (2)

Furthermore, this means that the anisotropy in the energy spectrum,
k‖ ∼ k⊥2/3, is a function of scale. The anisotropy grows slowly with
k⊥; i.e. for small length-scales in the turbulence, we expect stronger
anisotropies. This results in the turbulent eddies becoming stretched
along the magnetic field and small-scale eddies are stretched
more than large-scale eddies. The Goldreich & Sridhar (1995)
model has been numerically validated in the incompressible regime
(Cho & Vishniac 2000; Maron & Goldreich 2001; Cho, Lazarian &
Vishniac 2002) and extended for compressible turbulence in the
sub-Alfvénic regime (MA < 1, where MA = (cs M)/VA is the
Alfvén Mach number, M = VL/cs is the sonic Mach number,
where cs is the sound speed in the cloud and VL is the velocity
at cloud scale L), and in the super-Alfvénic regime (MA > 1;
Lazarian & Vishniac 1999; Cho & Lazarian 2003). However, the
scaling laws predicted in the Goldreich & Sridhar (1995) model are
still debated (see e.g. the discussion in Perez & Boldyrev 2007 and
spectral analysis in Boldyrev 2006) and will only be resolved when
high-resolution simulations can separate the relevant scaling ranges
without ambiguity.

The anisotropic behaviour of MHD turbulence is of great interest
(e.g. Bigot, Galtier & Politano 2008; Esquivel & Lazarian 2011;

1Locally in this context means at length-scales where the magnetic tension,
([∇ · B]B)/(4π), can be neglected, and that are comparable to turbulent eddy
scales (Burkhart et al. 2015 and references therein).

Burkhart et al. 2014; Verdini et al. 2015; Tritsis, Federrath, Schnei-
der & Tassis 2018; Hennebelle & Inutsuka 2019; Xu et al. 2019). It
is not only one of the key differences between MHD turbulence and
the Kolmogorov (1941) hydrodynamic (HD) turbulence, and leads
to many interesting astrophysical phenomena, but also because the
anisotropy can be used as a tool for measuring cloud kinematics and
may end up playing an important role in the creation of filaments
(Hennebelle & Inutsuka 2019; Xu et al. 2019). For example,
properties of anisotropic density structures, striations, have been
used to measure magnetic field strength in the cloud (Tritsis &
Tassis 2016; Tritsis et al. 2018); the velocity anisotropies (centroids
in PPV space) have been used to determine the Alfvénic regime that
the turbulence is in, first by Esquivel & Lazarian (2011) and then
extended by Burkhart et al. (2014). Xu et al. (2019) provides a model
for low-density filament orientation caused by anisotropies in the
density field of subsonic turbulence. In our study, we further explore
the anisotropic density structures induced by strong magnetic fields
and strong turbulence, systematically across a large parameter range
by comparing the three-dimensional (3D) simulation data with line-
of-sight (LOS) projections.

1.2 LOS projections

LOS position–position (PP) projection data, i.e. the column density,
�, can be obtained through molecular lines, dust emission, or dust
extinction observations of the MCs (Schneider et al. 2015). The
intrinsically 3D density structures appear significantly altered in
LOS projections. For example, both high and low densities are
truncated in the LOS projection (i.e. the variance of the density
distribution decreases; Brunt, Federrath & Price 2010b; Federrath &
Klessen 2013) and density variations on large scales are smoothed
less than on small scales (Beattie, Federrath & Klessen 2019a). Star
formation models and in general models of turbulence are however
constructed and tested upon the 3D density and velocity data.
Hence, reconstructing 3D kinematic or dynamical information from
2D projections is a highly non-trivial but important task (Larson
1981; Federrath et al. 2010; Brunt, Federrath & Price 2010a; Brunt
et al. 2010b; Beaumont et al. 2013; Ginsburg, Federrath & Darling
2013; Brunt & Federrath 2014; Kainulainen, Federrath & Henning
2014; Tritsis & Tassis 2018; Beattie, Federrath & Klessen 2019a).
There are a number of analytic models using relations in k-space
to extract meaningful PPP cloud observables, such as the density
dispersion and type of turbulent driving (Brunt et al. 2010a, b;
Brunt & Federrath 2014; who assumed cloud isotropy) empirical
methods used to determine the PPP fractal dimension and turbulent
Mach number of the clouds from the statistics of the column density
(Sanchez, Alfaro & Perez 2005; Beattie, Federrath & Klessen
2019a; Beattie et al. 2019b), and correlations in the (bi)spectrum
between PP and PPP data (Burkhart et al. 2009).

In this study, we explore the anisotropic behaviour using the
2D power spectrum of the column density in supersonic, sub-
Alfvénic, and super-Alfvénic MHD turbulent regimes with many
time-realizations in 20 high-resolution 3D MHD simulations. Our
study is organized into the following sections. In Section 2, we
discuss the 20 supersonic, turbulent MHD cloud models that we
use. In Section 3, we briefly discuss the structures that are present
in the column density maps for each of the simulations. Next, in
Section 4 we define the 2D power spectrum that we use to explore
the anisotropic structures in each of the column density maps and
show how the different regimes give rise to different types of
anisotropic behaviours. In Section 5, we calculate the k⊥ and k‖
cascades from the 2D power spectra. In Section 6, we quantify the
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670 J. R. Beattie and C. Federrath

average anisotropy in the power spectra and reveal the M and MA

dependence of the anisotropy. Finally, in Section 7, we summarize
the key results of the study.

2 MAGNETIZED, TURBULENT MOLECULAR
CLOUD MODELS

2.1 MHD model

In this study, we analyse the column densities of 20 high-resolution,
3D turbulent, ideal MHD simulations of quiescent (non-star-
forming), supersonic molecular clouds, with no self-gravitation and
isothermal equation of state (EOS). A comprehensive parameter
set, including mean-field, root-mean-squared (rms) and derived
components for each of the molecular cloud models is listed in
Table 1. We use a modified version of FLASH based on version 4.0.1
(Fryxell et al. 2000; Dubey et al. 2008) to solve the compressible,
ideal MHD equations:

∂ρ

∂t
+ ∇ · (ρv) = 0, (3)

ρ

(
∂

∂t
+ v · ∇

)
v = (B · ∇)B

4π
− ∇P∗ + ρF, (4)

∂B
∂t

= ∇ × (v × B), (5)

∇ · B = 0, (6)

where B = B0 + δB is the magnetic field, made from mean-field,
B0, and fluctuating, δB, components, ρ is the density field, v is the
velocity field, and P∗ = c2

s ρ + |B|2/(8π) is the pressure, which
is the sum of the thermal pressure c2

s ρ, where cs is the sound
speed (i.e. the isothermal EOS), which is normalized to cs = 1
in our simulations so all velocities are in units of M, and magnetic
pressure, |B|2/(8π). The reader should note that since we have an
isothermal EOS we need not include the energy equation in our
MHD model, since the isothermal system is completely closed,
even in the absence of the energy equation. We solve the MHD
equations in a 3D box with dimensions L × L × L, on a uniform
grid with resolution 5123, and with periodic boundary conditions.

2.2 Turbulent driving

The F in equation (4) is an Ornstein-Uhlenbeck (OU) process that
satisfies the stochastic differential equation,

dF̂(k, t) = F0(k)Pij (k) dW(t) − F̂(k, t)
dt

T
, (7)

where W(t) is a Wiener process that creates a random Gaussian
increment for the forcing field, F. The increment is then projected
on to the forcing field in k-space at k ∼ 2, i.e. ∼1/2 the box size,
using a projection tensor, Pij ,

Pij = ζ

(
δij + kikj

|k|2

)
+ (1 − ζ )

kikj

|k|2
, (8)

where δij is the Kronecker delta tensor. We control the contribution
from each of the driving modes through the ζ parameter, e.g.
ζ = 1 is for purely solenoidal driving in F, and ζ = 0 produces
purely compressive driving (see Federrath, Klessen & Schmidt
2008; Federrath, Klessen & Schmidt 2009; Federrath et al. 2010
for a detailed discussion of the driving). Here, we choose a natural
mixture of the two modes, ζ = 0.5 (Federrath et al. 2010). The T
in equation (7) is the autocorrelation time-scale of the OU process.

For example, if we only consider the second term in equation (7),

F̂(k, t) ∼ F0(k) exp{−t/T }, (9)

the autocorrelation time-scale defines the characteristic time that the
field has lost 1/e of its previous structure. The time-scale is equal to
T = L/(2cs M); hence, we use T to set the desired turbulent Mach
number of the cloud model. For the 20 simulations, we vary M
between 2 and 20, encompassing the range of observed M values
for molecular clouds (e.g. Schneider et al. 2013; Federrath et al.
2016; Orkisz et al. 2017).

2.3 Initial conditions and magnetic fields

The initial magnetic field B in equations (4)–(6) is set to a
uniform value with field lines threaded through the ẑ-direction
of the cloud. We set the mean-field component of B, i.e. B0 =
2cs

√
πρ0(M / MA0) = Bz, where MA0 is the mean-field Alfvén

Mach number. Hence, by setting M and B0, we can set the target
MA0. We explore the supersonic gas dynamics of the clouds in
the highly magnetized, sub-Alfvénic regime, MA0 ≈ 0.1 and 0.5,
and in the trans- and super-Alfvénic regimes, MA0 ≈ 1, 2, and 10.
These values allow us to explore the transition between the two
regimes, which is important to see how the anisotropic behaviour of
the column densities changes as the magnetic and thermal energies
contribute in different proportions to the cloud dynamics.

We run the simulations to 10 T , where T is eddy the turnover time,
equivalent to the autocorrelation time-scale discussed in Section 2.2.
We extract column density maps, �, from the volume density along
the ŷ direction every 0.1 T , between 5 T and 10 T , ensuring that
the turbulent cloud is in a fully developed, stationary statistical
regime (Federrath et al. 2009; Price & Federrath 2010). We however
perform the same analysis outlined in the forthcoming sections,
Sections 4 and 6, on different column density projection angles in
Appendix C. It also ensures that the initial conditions, ρ(x, y, z, t =
0) = ρ0 = 1, where ρ0 is the mean density of the cloud, v(t = 0) = 0
and B0(t = 0) = Bz ẑ, do not influence the statistics of the flow that
we analyse. Our simulations are dimensionalized so that ρ(x, y, z)
is in units of mean density, ρ0. The reason for this is so that our
results do not depend upon choice of ρ0 and are solely determined
by the M and MA0, i.e. we could scale ρ0 to any value as long as
we also scale |B|, cs, and T, the autocorrelation time, such that M
and MA stay the same. We extract column density maps, which are
in the same dimensionlized form as, ρ(x, y, z), every 0.1 T , which
results in a total of 51 realizations of the column density for each
of the simulations.

3 COLUMN DENSITY MAPS

Fig. 1 shows a single realization of the rich structure of the column
density at 5 T . From left to right in the plot, M increases from
2 to 20, and from top-to-bottom, MA increases from 0.1 to 10.
Hence, the strongest B-field and turbulence is in the top-right
corner, and the weakest in the bottom-left corner. In the strong
B-field, low-M models we find significant striations parallel to the
magnetic field. By contrast, in the strong B-field, high-M models,
high-density filamentary structures and low-density voids develop
perpendicular to the magnetic field. The parallel striations dominate
the morphology of the density field for the M = 2 simulation,
while the high-density filamentary structures dominate the column
density for the M ≥ 4 simulations. This suggests that there is an
interplay between MA0 and M on the mode of alignment for
filaments with the Bfield. The strong-field simulations are the most
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Table 1. Main simulation parameters and derived quantities.

Mean B-field components rms quantities Derived quantities
Simulation Grid MA0 |B0| M MA |B| [μG] |δB| [μG] 〈a〉k⊥
ID Res. (± 1σ ) (μG) (± 1σ ) (± 1σ ) (± 1σ ) (± 1σ ) (± 1σ )
(1) (2) (3) (4) (5) (6) (7) (8) (9)

M2Ma10 . . . 5123 9.0 ± 0.8 0.71 1.80 ± 0.08 2.4 ± 0.2 2.6 ± 0.1 2.0 ± 0.1 1.03 ± 0.11
M2Ma2 . . . . 5123 1.7 ± 0.1 3.54 1.66 ± 0.05 1.32 ± 0.07 4.5 ± 0.1 1.0 ± 0.1 0.88 ± 0.02
M2Ma1 . . . . 5123 0.98 ± 0.07 7.09 2.0 ± 0.1 0.94 ± 0.07 7.36 ± 0.02 0.27 ± 0.02 0.61 ± 0.06
M2Ma0.5 . 5123 0.54 ± 0.04 14.18 2.2 ± 0.2 0.54 ± 0.04 14.26 ± 0.01 0.08 ± 0.01 0.5 ± 0.1
M2Ma0.1 . 5123 0.133 ± 0.008 70.90 2.6 ± 0.2 0.131 ± 0.01 70.902 ± 0.001 0.002 ± 0.001 0.57 ± 0.07
M4Ma10 . . . 5123 9.2 ± 0.6 1.42 3.7 ± 0.1 2.8 ± 0.2 4.6 ± 0.1 3.2 ± 0.1 1.00 ± 0.03
M4Ma2 . . . . 5123 1.73 ± 0.07 7.09 3.5 ± 0.1 1.43 ± 0.06 8.6 ± 0.1 1.5 ± 0.1 0.94 ± 0.02
M4Ma1 . . . . 5123 0.95 ± 0.08 14.18 3.8 ± 0.3 0.98 ± 0.07 14.61 ± 0.06 0.43 ± 0.06 0.80 ± 0.08
M4Ma0.5 . 5123 0.54 ± 0.03 28.36 4.4 ± 0.2 0.54 ± 0.03 28.49 ± 0.03 0.13 ± 0.03 0.7 ± 0.1
M4Ma0.1 . 5123 0.13 ± 0.01 141.80 5.2 ± 0.4 0.13 ± 0.01 141.800 ± 0.002 0.000 ± 0.002 0.8 ± 0.1
M10Ma10 . 5123 9.2 ± 0.7 3.54 9.2 ± 0.4 3.1 ± 0.2 10.6 ± 0.4 7.1 ± 0.4 1.05 ± 0.01
M10Ma2 . . . 5123 1.8 ± 0.1 17.72 9.0 ± 0.4 1.5 ± 0.1 21.2 ± 0.4 3.5 ± 0.4 1.03 ± 0.03
M10Ma1 . . . 5123 0.93 ± 0.05 35.45 9.3 ± 0.5 0.91 ± 0.04 36.3 ± 0.1 0.9 ± 0.1 1.13 ± 0.09
M10Ma0.5 5123 0.52 ± 0.02 70.90 10.5 ± 0.4 0.52 ± 0.02 71.13 ± 0.06 0.23 ± 0.06 1.1 ± 0.2
M10Ma0.1 5123 0.125 ± 0.006 354.49 12 ± 1 0.126 ± 0.006 354.500 ± 0.002 0.010 ± 0.002 1.1 ± 0.3
M20Ma10 . 5123 9.3 ± 0.8 7.09 19 ± 1 3.4 ± 0.3 19.7 ± 0.7 12.6 ± 0.7 1.03 ± 0.01
M20Ma2 . . . 5123 1.8 ± 0.1 35.45 18 ± 1 1.58 ± 0.09 41.2 ± 0.4 5.8 ± 0.4 1.08 ± 0.03
M20Ma1 . . . 5123 0.93 ± 0.03 70.90 19 ± 1 0.92 ± 0.03 72.5 ± 0.3 1.6 ± 0.3 1.2 ± 0.12
M20Ma0.5 5123 0.53 ± 0.02 141.80 21 ± 1 0.52 ± 0.02 142.2 ± 0.1 0.4 ± 0.1 1.2 ± 0.2
M20Ma0.1 5123 0.119 ± 0.003 708.98 24 ± 1 0.119 ± 0.003 708.993 ± 0.003 0.013 ± 0.003 1.3 ± 0.3

Notes. For each simulation, we extract 51 realizations at 0.1 T intervals, where T is the turbulent turnover time, between 5 T and 10 T . All 1σ fluctuations
listed are from the time averaging over 5 T . Column (1): the simulation ID. Column (2): the native resolution of the 3D simulation grid. Column (3): the Alfvén
Mach number for the mean-B component, B0, MA0 = (2cs M √

πρ0)/|B0|, where ρ0 is the mean density, cs is the sound speed, and M is the turbulent
Mach number. Column (4): the strength of the mean magnetic field in direction ẑ, B0 = 2cs

√
πρ0(M / MA0)ẑ. Column (5): the rms turbulent Mach number.

Column (6): the rms Alfvén Mach number, MA = (2cs M √
πρ0)/|B|. Column (7): the rms magnetic field strength. Column (8): the turbulent magnetic field

component δB from the relation B = B0 + δB. Column (9): the average anisotropy over all k⊥length-scales in the zero-mean transformed column density,
�/�0 − 1, where �0 is the mean column density. k⊥ corresponds to wave vectors perpendicular to the magnetic field direction.

interesting for the purpose of exploring the anisotropic behaviour,
whereas the weak-field simulations, i.e. high-MA0, qualitatively
appear to be in an isotropic regime, where anisotropic structures
are present, but they are orientated randomly, contributing to no
systematic, preferred direction. To better understand and quantify
how the anisotropic structures in the sub-Alfvénic regime contribute
to the observed properties of the column density, we now explore
the 2D power spectrum.

4 THE 2D POWER SPECTRA

The power spectrum allows us to reveal order out of complicated
and stochastic structures that are mostly intangible in real space.
There are, however, also techniques for directly analysing real-space
structures, such as structure functions, topological (Appleby et al.
2018; Henderson et al. 2019), and fractal methods (Scalo 1990;
Elmegreen & Falgarone 1996; Stutzki et al. 1998; Kowal et al.
2007; Federrath et al. 2009; Roman-Duval et al. 2010; Donovan
Meyer et al. 2013; Konstandin et al. 2016; Beattie et al. 2019b).
The power spectrum has a special role in the study of turbulence,
since turbulence models rely heavily upon understanding flow
characteristics on different length-scales in real space, e.g. on the
driving scale, in the inertial (for incompressible flows) scaling range
(cascade) of turbulence, and on the dissipation scale (Kolmogorov
1941; Burgers 1948). The benefit of using the power spectrum
to describe these scales is that we can organize them into k
modes, symmetrical (in the isotropic case) about an origin, rather
than distributed through real space. However, before constructing
the power spectrum we first must consider the quantity that we

are taking the power spectra of, i.e. in this study, the column
density.

We transform the column density into a zero-mean field using the
transform,

ξ (x, y) = �(x, y)/�0 − 1, (10)

where �0 is the mean of the column density. Zero-mean fields
are useful for constructing a power spectrum of the field. This is
because one can use the power spectrum to measure moments of the
field (Brunt et al. 2010a, b; Konstandin et al. 2016), e.g. Parsevel’s
theorem applied to a stochastic field f is,∫

∀k

dk Pf = 〈f2〉, (11)

where 〈. . .〉 is the ensemble average operator. We can relate
Parsevel’s theorem to the first and second moments of the field
by adding and subtracting the square of the first moment, 〈f〉2,∫

∀k

dk Pf (k) = 〈f〉2 + 〈f2〉 − 〈f〉2 = μ2 + σ 2, (12)

where μ is the mean (first moment) and σ 2 is the variance. For a
zero-mean field, g, where μ = 0∫

∀k

dk Pg(k) = σ 2. (13)

Zero-mean fields are therefore of special interest, since the integral
of the power spectrum for a zero-mean field is exactly the variance
of the field. Brunt et al. (2010a) and Federrath et al. (2016) use
this property to reconstruct 3D volume-density distributions from
the 2D column density distribution [note however that Brunt et al.
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672 J. R. Beattie and C. Federrath

Figure 1. A single realization at t/T = 5 of the xz-projected column densities from the 20 simulations analysed in this study. The column density maps are
shown on a logarithmic scale and in units of the mean column density, log10(�/�0), with increasing M (shown in the top-left corner) from left to right and
decreasing MA0 (shown in the top-right corner) from top to bottom. The magnetic field is oriented along the z-axis (up the page). An animation of this figure,
revealing the dynamics, is available in the online version.
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(2010a) removes the mean in k-space rather than in real space].
All the power spectra that we construct in this study will be of the
zero-mean transformed column density, as defined in equation (10).

4.1 Construction of the power spectra

The zero-mean transformed column density, ξ (x, y), is a discrete
field with a finite number of resolution elements. Hence, we must
use the discrete Fourier transform, F[. . .], to map the density into
k-space,

ξ̂ (kxy) = F[ξ (�xy)] = 1

N2

N−1∑
x=0

N−1∑
y=0

ξ (�xy) exp

{
−i

�xy · kxy

N

}
,

(14)

where �xy is the real-space vector with coordinates (x, y), kxy is
the corresponding k-space vector, kxy = (kx, ky), N is the grid size
in one dimension (i.e. N = 512 for all simulations) and i ≡ √−1.
The 2D column-density power spectrum is the square of the Fourier
transform; hence,

Pξ (k) = ξ̂ · ξ̂ ∗ = P�/�0−1, (15)

where ξ̂ ∗ is the complex conjugate of ξ̂ . We show the time-averaged
(across all available turnover time realizations) 2D power spectra
of the zero-mean column density for each simulation in Fig. 2.
Shown in red are contours of equal power, plotted every half order
of magnitude in power.

For each of the closed contours, we fit an ellipse through five
degrees of freedom following the generalized eigensystem method
outlined in Fitzgibbon, Pilu & Fisher (1996). The five degrees of
freedom are translations in k‖ and k⊥, rotations of the ellipse in the
k‖–k⊥ plane, and the modulus of the major and minor principle axes
of the ellipse. The purpose of the fit is to approximate the power
spectrum with a morphology that captures the main anisotropic
features at each k⊥ scale. In particular, we want to know how the
power spectrum varies along k‖, compared with k⊥, at each of the
equipower contours. The elliptic fits lead to a canonical anisotropy
parameter,

a ≡ e‖
e⊥

, (16)

where e� is the principle axis of the ellipse along the k‖ direction
and e⊥ is the principle axis along the k⊥ direction. This means that
for a < 1, e� < e⊥; hence, the power spectrum is elongated along
the k⊥ axis. Likewise, a > 1 implies e� > e⊥, which corresponds to
elongation along the k‖ axis. For a = 1 (circle), the power spectrum
is isotropic. We note that a may depend upon the length-scale, i.e.
what is isotropic on large length-scales need not be isotropic on
small length-scales or vice versa. This means that a may change for
different ellipses, at different k⊥ scales in the same power spectra.
We show this by choosing to write a as a function of k⊥, a(k⊥),
consistent with the MHD theory outlined in Section 1.1.

In the following sections, we discuss the results from the elliptic
fits to the power spectra. In Section 4.2, we focus on the super-
Alfvénic simulations, and in Section 4.3, we discuss the sub-
Alfvénic simulations.

4.2 Super-Alfvénic regime

We start our analysis in the bottom eight panels of Fig. 2. In these
simulations, the magnetic field is weak, placing the turbulence
in the super-Alfvénic regime (MA0 > 1). Our elliptic fits to the

contours reveal that on all k-scales the power spectrum remains
almost entirely circular, i.e. the ratio between e� ∼ e⊥, and thus, a
∼ 1. Perfect rotational symmetry of the power spectrum indicates
isotropic statistics, reminiscent of hydrodynamic (non-magnetized)
turbulence. We can state this mathematically as

lim
MA0>1

a(k⊥) ∼ 1, (17)

which means that in the super-Alfvénic regime, the anisotropy factor
a ∼ 1 for all length-scales k⊥. This situation changes with increasing
magnetic guide field, introducing scale-dependent anisotropies, as
discussed in the next subsection.

4.3 Trans and sub-Alfvénic regime

Now, we move on to the trans (MA0 ∼ 1) and sub-Alfvénic
(MA0 < 1) turbulent regimes, corresponding to the top 12 panels
in Fig. 2. On quick inspection one can note two distinct shapes
emerging in these regimes. Ellipses stretched along the k⊥ axis (a
< 1) are present in the fits for the M � 4 simulations, and ellipses
stretched along the k‖ axis (a > 1) for the M � 4 simulations.
These are two distinct anisotropies that we will discuss in the next
two subsections in detail. We begin with the low-M simulations.

4.3.1 M � 4

For M � 4 (top-left corner of Fig. 2), the power spectrum is
elongated along the k⊥ axis. This means that length-scales along
the magnetic field carry more power on the same length-scales
perpendicular to the magnetic field, corresponding to an anisotropic
factor a < 1, as described in Section 4.2. We observe the same
kind of anisotropy at both large k, ∼kmax (small spatial scales) and
small k, ∼kmin (box-size spatial scales). This is especially obvious
in the M2Ma0.1 and M2Ma0.5 simulations, where the anisotropy
grows on smaller k scales (the 2D power spectrum becomes more
elongated on large spatial scales, corresponding to small k). We
state this concisely,

a(k⊥ ∼ kmin) < 1, (18)

at small k, but also at large k, hence

a(k⊥ > kmin) < 1, (19)

but the anisotropy is strongest at small k, hence,

a(k⊥ ∼ kmin) < a(k⊥ > kmin) < 1. (20)

Returning to Fig. 1 briefly, we can hypothesize that in real space
this corresponds to the density striations parallel to the B-field
dominating the morphology of the column density on L scales
(the box-size) and throughout all of the smaller scales local to B.
Striations are most likely formed through fast magnetosonic waves
moving perpendicular to the B-field (Tritsis & Tassis 2016; Tritsis
et al. 2018), which is why we see them dominating some of the sub-
Alfvénic density structures. The reason why these structures lead
to stronger anisotropies at small k is because they span coherently
across the entire box-length. Fig. D1 in the Appendix shows the 3D
density structures for the M1Ma0.1 and M20Ma0.1 simulations.
In 3D, the striations appear to be sheets of density that are sheared
along the field lines and then twisted tightly around them by the
turbulent eddies. We will explore these 3D structures in future
studies but for now we keep our focus on the column-density
structures.
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674 J. R. Beattie and C. Federrath

Figure 2. 2D power spectrum of the zero-mean column density defined in equation (10), averaged over 5 T . Each panel shows a different simulation, with
the sonic and Alfvén Mach number labelled at the top of each panel as in Fig. 1. The colour range is logarithmically scaled from red to yellow, with the range
shown at the bottom of each panel. Smoothed iso-surfaces of power are plotted every half order of magnitude, shown with red contours. The k⊥, k‖ origin
is shown with the black coordinate system at the centre of each of the power spectra. Ellipses are fit to the iso-surfaces, shown in blue, to approximate the
anisotropy parameter discussed in the main text.
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