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Abstract

In an era of abundant signals, the ability to obtain desired signals while re-
jecting undesired ones has become increasingly crucial. Often, the desired
signals are mixed with interference or contaminated by noise. Signal en-
hancement techniques play a vital role in performing tasks such as signal
separation, extraction, and suppression. This thesis addresses critical chal-
lenges in signal enhancement tasks by harnessing the power of machine
learning techniques.

Firstly, we propose a novel independence criterion called the Finite Ba-
sis Independence Criterion (FBIC). This criterion estimates the Hirschfeld-
Gebelein-Rényi maximum correlation coefficient between tested variables
and is based on mapping functions from a subspace of finite basis. FBIC
detects dependence between variables in linear time and outperforms more
computationally expensive kernel-based counterparts. Extensive testing
in Independent Component Analysis benchmarks demonstrates its poten-
tial for various signal separation applications.

Secondly, we conduct a comprehensive robustness analysis of a popu-
lar signal enhancement approach: fixed beamforming based on first-order
linear Differential Microphone Arrays (DMAs). We demonstrate that both
bounded and unbounded phase errors of microphones can affect the main-
lobe orientation of the beamformer. Analytically derived white noise gain
thresholds indicate when mainlobe misorientation occurs. Through rig-
orous mathematical derivations, we prove that a higher number of mi-
crophones and increased spacing between microphones contribute to the
robustness of the beamformer. This work provides practical guidelines for
designing robust first-order linear DMAs.



Thirdly, we propose a neural network model to optimize both the ge-
ometry and spatial filter of linear DMAs. The model consists of two feed
forward neural networks and is trained end-to-end. The signals enhanced
by this model exhibit superior quality compared to those obtained from
conventional DMA approaches. Furthermore, the model offers flexibility
in controlling the tradeoff between different performance metrics, allow-
ing for customized optimization.

Lastly, we extend the neural network model to a general framework
that allows optimization of microphone arrays of any geometry, along
with their spatial filters. This model employs ResNets and augmented La-
grangian techniques to achieve state-of-the-art frequency-invariant fixed
beamforming performance. We showcase our performance in linear, cir-
cular, and concentric circular microphone arrays. Moreover, our findings
challenge the conventional belief that concentric circular arrays require
multiple rings, as we demonstrate that good performance can be achieved
with only one ring.

Overall, this thesis contributes novel techniques and insights to the
field of signal enhancement, leveraging machine learning approaches to
address key challenges. The proposed criteria, guidelines and models
have the potential to advance various signal separation applications and
enhance the overall quality of processed signals.
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Chapter 1

Introduction

This chapter first provides an introductory overview of the research prob-
lem that we aim to address. Next, we discuss the motivations behind
our research findings, presenting the driving factors that have guided our
work. Finally, we outline the contributions made, highlight our publi-
cations, and provide a clear organizational structure for the thesis. This
opening chapter sets the stage for the subsequent chapters, laying a strong
foundation for the exploration and presentation of our research journey.

1.1 Problem Statement

A signal can be perceived as a time-dependent function [137] that conveys
valuable information pertaining to various systems or phenomena. Natu-
ral signals are omnipresent in our surroundings, allowing us to perceive
them through different senses. We hear signals in the form of acoustic
waves, see signals through light waves, and feel signals in the guise of
thermal radiation. Additionally, signals can be artificially generated us-
ing electrical quantities, enabling us to record, transmit, and analyze them
using digital signal processing techniques.

In the era of information, the ability to identify and gather the desired
information has become significantly imperative. However, information
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seldom arrives in a pure state, making the acquisition of relevant data
highly dependent on signal enhancement techniques. These techniques
involve the separation and extraction of pertinent signals while suppress-
ing irrelevant ones. Certain signal enhancement tasks tap into the innate
capabilities of humans. For instance, individuals possess exceptional ap-
titude in discerning the target speaker amidst a cacophony of simultane-
ous speeches and noises, a scenario commonly referred to as the ”cocktail
party problem” [25]. The endeavor to impart similar signal enhancement
abilities to machines is an actively pursued research area.

Blind Source Separation (BSS) is a powerful signal separation tech-
nique that enables the extraction of original independent source signals
when only the mixed observed signals are available [111]. The term “blind”
emphasizes the lack of prior knowledge regarding both the input signals
and the mixing system [93]. Over the past two decades, BSS has gained
widespread recognition and utilization due to its profound theoretical un-
derpinnings and practical applicability.

Numerous methodologies have been proposed to tackle BSS problems,
including notable approaches like Independent Component Analysis (ICA)
and Non-negative Matrix Factorization (NMF) [123, 110]. Among these
methods, ICA stands out as one of the earliest and most widely adopted
techniques [123]. The fundamental premise underlying ICA is the as-
sumption of statistical independence among the original sources [30]. From
a probabilistic standpoint, the concept of statistical independence among
signals suggests that the joint probability density function of the signal
mixture can be decomposed into the product of the marginal probability
density functions pertaining to each individual source signal. By unveil-
ing the latent components within the observed signal mixtures, ICA effec-
tively reconstructs the original source signals, offering a powerful means
of signal separation and recovery.

Various ICA methods utilize different contrast functions to quantify
the statistical independence of output components [175]. These functions
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can be constructed using measurements on statistical quantities such as
non-Gaussianity, mutual information, and cross-cumulants [75, 5, 18]. Re-
cently, there has been a growing interest in utilizing measurements in the
Reproducing Kernel Hilbert Space (RKHS), which has demonstrated su-
perior performance in detecting statistical dependence [3, 55]. In their
work, Bach and Jordan proposed a kernel method to search for mapping
functions in the RKHS that can achieve maximal correlation between ob-
served signals, known as Kernel ICA. This approach exhibits robustness
to source densities, near-Gaussianity, and outliers [3]. Furthermore, the
Hilbert Schmidt Independence Criterion (HSIC) introduced by [55] has
shown the most promising performance among kernel-based methods to
date. HSIC, based on an integral probability metric, searches for RKHS
functions that maximize the norm of the cross-covariance operator. It
demonstrates robustness under challenging environments and sensitivity
to small deviations from independence.

In scenarios where additional information about the target signals is
available, such as sensor locations and the direction of the source signal,
beamforming techniques can be effectively employed for signal enhance-
ment. Unlike signal separation methods, beamforming excels at attenu-
ating signals originating from unwanted directions while enhancing the
signal-to-noise ratio of the desired signals. This is accomplished by cre-
ating a beam-like reception pattern in the desired direction through the
application of spatial filters that adjust the phases and weights of the re-
ceived signals [160]. As a result, beamforming techniques find widespread
applications in signal enhancement fields such as sonar, radar, and an-
tenna array processing [10].

Speech signal enhancement tasks commonly leverage the benefits of
beamforming techniques through the utilization of microphone arrays.
By employing beamforming, it becomes possible to enhance speech qual-
ity and intelligibility by mitigating interference signals, reverberation, and
noise. In scenarios where the acoustic environment remains stationary or

3



prioritizing robustness is crucial, fixed beamforming techniques prove to
be particularly advantageous for microphone arrays. These techniques
employ fixed spatial filters that are independent of the input data, en-
abling consistent and reliable performance.

Frequency-invariant fixed beamforming has gained significant atten-
tion from researchers in addressing artifacts caused by distorted frequency
responses, particularly in broadband speech signals. Over the past two
decades, Differential Microphone Arrays (DMAs) have emerged as a pop-
ular choice for fixed beamforming due to their ability to provide a rela-
tive frequency-invariant approach for processing speech signals [9]. More-
over, DMAs exhibit compact apertures as they approximate the differen-
tial acoustic pressure field, making them highly feasible for implementa-
tion. In comparison to conventional fixed beamformers such as Delay-
and-Sum (DS) and superdirective beamformers [10], DMAs offer more
balanced Directivity Factors (DFs) and White Noise Gains (WNGs).

The order of DMAs corresponds to the order of the differential acous-
tic pressure field. Traditional DMAs employ a direct derivative definition,
achieved by subtractively combining microphone outputs, which neces-
sitates N + 1 microphones to construct an N th-order DMA [40]. How-
ever, this approach lacks flexibility when designing beampatterns of vary-
ing orders. To address this limitation, [6] proposes utilizing the short-
time Fourier Transform (STFT) domain to design DMAs in each subband.
This technique enables the approximation of target beampatterns using
MacLaurin’s series or Jacobi-Anger expansion [178]. Nonetheless, the pres-
ence of unavoidable approximation errors can impact the performance of
the approximated beampattern. Alternatively, in [10], the authors sug-
gest employing null-constrained linear systems to derive spatial filters for
DMAs. This approach draws inspiration from the observation that the
order of DMAs corresponds to the number of nulls in the beampattern.

Several geometry settings of DMAs have been thoroughly investigated
in prior research. These include the uniform linear array [69], non-uniform
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linear array [131], uniform circular array [7], and uniform concentric cir-
cular array [165]. Among these configurations, non-uniform linear arrays
have been found to better accommodate the frequency-invariant require-
ment of speech signals for linear DMAs [79]. On the other hand, for circu-
lar and concentric circular DMAs, null-constrained methods have demon-
strated superior performance by effectively mitigating deep null problems
[165].

In recent years, machine learning has experienced remarkable advance-
ments across various domains, leveraging its ability to automatically learn
optimal parameters for problem-solving purposes [48]. Various learning
paradigms, including supervised learning, unsupervised learning, and re-
inforcement learning, have been extensively investigated, unleashing the
potential of machine learning techniques. Considering the vital role of
parameter estimation in signal enhancement tasks, it is only natural to ex-
plore and exploit machine learning methods in this field. However, the
application of machine learning in blind source separation (BSS) and fixed
beamforming has been somewhat limited thus far. Despite its potential,
machine learning remains relatively underutilized in these specific areas,
leaving ample room for exploration and further advancements.

This thesis aims to address the under-utilization of prevalent machine
learning techniques in the realm of signal enhancement, with a particu-
lar focus on BSS and fixed beamforming tasks. By bridging this gap and
harnessing the untapped potential of machine learning in BSS and fixed
beamforming, we can potentially achieve breakthroughs and introduce
various applications in signal enhancement .

1.2 Motivations

In this section, we will delve into the limitations of existing research and
outline the motivations behind our own investigation across four key ar-
eas: independence criteria, robustness analysis of first-order LDMAs, fixed
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beamforming on linear arrays, and fixed beamforming with flexible geom-
etry.

1.2.1 Independence Criteria

The existing measures of independence for signal separation exhibit cer-
tain limitations. Take HSIC, for instance, which, despite its advantages, is
accompanied by certain trade-offs. The computation of independence us-
ing HSIC is significantly slowed down due to its quadratic computational
time. Moreover, when dealing with input signal sample sizes exceeding
6000, the utilization of HSIC for statistical independence calculation be-
comes impractical [81]. This drawback becomes particularly critical in the
context of the current era of big data. Furthermore, it has been observed
that HSIC lacks guaranteed stability, being sensitive to initial conditions.
In ICA experiments, if the initial demixing matrix is not appropriately es-
timated, HSIC may encounter issues such as converging to local optima
and exhibiting poor performance [148].

To overcome the computational inefficiency of HSIC, an alternative cri-
terion called the Finite Set Independence Criterion (FSIC) has been devel-
oped as a subsequent solution [81]. Rather than constructing a Gram ma-
trix that involves pairwise computations between every single pair of sig-
nal observations, FSIC selects a finite set of test locations to compare with
the input signals. Empirical evidence has demonstrated that a small set
of test locations is sufficient to achieve adequate testing power [81]. This
characteristic allows FSIC to operate in linear time, making it a more effi-
cient algorithm. By focusing on the key regions captured by the selected
test locations, which indicate the differences between two input signals,
the estimation of the covariance matrix becomes more efficient and accu-
rate.

To identify key regions and optimize kernel parameters, FSIC neces-
sitates the division of data into training and test sets. Only the training
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set is utilized for parameter tuning to prevent overfitting, while the test
set is solely employed for independence measurement. However, this ap-
proach presents two inherent challenges. Firstly, the training stage of FSIC
inhibits its suitability as an online algorithm. Secondly, the task of data
splitting itself can be problematic. For instance, if the data distribution
lacks stationarity, there is a high likelihood that the training set will fail
to accurately reflect the true properties of the test set. These drawbacks
render the integration of FSIC into contemporary machine learning algo-
rithms for signal separation laborious and impractical.

1.2.2 Robustness Analysis of First-Order Linear DMAs

Linear DMAs commonly encounter challenges such as white noise ampli-
fication and microphone mismatches [34, 177, 37, 16]. By investigating the
robustness of first-order DMAs, we can develop a deeper understanding
of how higher-order linear DMAs exhibit robustness. Additionally, the
principles derived from this robustness analysis can be utilized to inform
the design of robust first-order linear DMAs.

In [24], a comprehensive robustness analysis is conducted on linear
DMAs approximated by Maclaurin Series, focusing specifically on the phe-
nomenon of Mainlobe Orientation Reversal (MOR). The authors confirm
that microphone gain errors in first-order linear DMAs do not lead to the
MOR phenomenon. To analyze the effect of microphone phase errors, they
introduce a crucial parameter χ in Equation (26) of their work:

χ =
−3

2M − 1

[
ψ1(ω)−

2
∑M

m=2(m− 1)ψm(ω)

M(M − 1)

]
, (1.1)

where M represents the total number of microphones in the array, and
ψm(ω) denotes the phase error associated with the mth microphone at an-
gular frequency ω. Through mathematical derivations, the authors demon-
strate that MOR occurs when χ < 0. However, it is important to note that
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their subsequent analysis implicitly assumes a strong condition regard-
ing the microphone phase errors ψm(ω), namely that these phase errors
are nearly identical. This assumption is illustrated in their Equation (48),
where ∆ψ is employed to replace individual ψm(ω) values.

The strong assumption of nearly identical microphone phase errors, as
presented in [24], is not practical as it does not reflect real-life conditions.
In practical scenarios, phase errors commonly vary across different micro-
phones. Therefore, the conclusion drawn in [24] regarding microphone
phase errors cannot be generalized to real-world situations.

1.2.3 Fixed Beamforming on Linear Array

Speech signals are broadband, ranging from a few hundred to a few thou-
sand Hertz ([31]. Uniform linear arrays are suboptimal for processing
such broadband signals due to the challenges they pose in avoiding spatial
aliasing and white noise amplification. Uniformly large spacing in linear
arrays leads to spatial aliasing, while uniformly small spacing makes the
arrays susceptible to white noise [6, 9, 170]. To address this dilemma, re-
searchers have explored various non-uniform linear array designs.

One approach for designing non-uniform linear arrays involves uti-
lizing convex optimization techniques [95]. To reformulate the array op-
timization as a convex problem, discrete potential microphone positions
must be selected in advance. Choosing the optimal microphone positions
from the pre-selected positions becomes a mixed-integer problem. Un-
fortunately, this problem is NP-hard, which means that its computational
complexity exponentially increases with the number of microphone po-
sition candidates. Consequently, achieving the global optimal solution
through this method is infeasible.

Another approach to non-uniform linear array optimization utilizes
Particle Swarm Optimization (PSO) [131]. However, this approach has a
significant drawback in that it fails to satisfy the distortionless constraint.
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As a result, undesirable artifacts can occur across frequency bands, com-
promising the quality of received signals. Furthermore, this approach re-
lies on DMAs that are not robust at low frequency bins.

1.2.4 Fixed Beamforming with Flexible Geometry

Fixed beamforming has been extensively investigated across various ge-
ometry settings, encompassing linear arrays [69], circular arrays [7], and
concentric circular arrays [165], among others. Each geometry exhibits its
own set of advantages and disadvantages. For instance, linear arrays offer
excellent directionality towards the end-fire direction but lack flexibility in
steering. While each geometry has been individually examined, a unified
framework that enables consistent study of all geometry settings from a
neural network perspective is yet to be established.

Prior fixed beamformers primarily rely on DMAs, which strike a fa-
vorable balance between DFs and WNGs compared to DS or superdi-
rective beamformers [9]. Nevertheless, the issue of white noise ampli-
fication at low frequencies remains a fundamental challenge for DMAs
that has not been adequately addressed. Additionally, many of the tar-
get beampatterns of DMAs are either derived from empirical experience
or optimized with respect to a single performance metric. For instance,
the hypercardioid beampattern exhibits optimal DFs but suffers from low
WNGs. Moreover, the null-constrained approach of DMAs also exhibits
drawbacks, as the key parameters, such as null directions, are manually
selected by human experts. These issues collectively impede the perfor-
mance of fixed beamformers from achieving a globally optimal perspec-
tive.

Circular DMAs are particularly susceptible to deep null problems, wherein
array performance experiences severe degradation at specific frequencies.
In [67], the authors attribute deep nulls to zero values of the Bessel func-
tion when employing the Jacobi-Anger expansion for beampattern ap-
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proximation. However, similar deep null problems have been observed
in the DMA approach based on MacLaurin series and null-constraints. To
alleviate these deep nulls, [165] suggests increasing the number of rings in
circular DMAs.

1.3 Contributions, Publications and Thesis Or-

ganization

This section serves to provide a concise summary of our research contri-
butions and highlights the publications we have produced throughout the
course of my PhD journey. Furthermore, we outline the organization of the
thesis and establish the connections between the thesis chapters and our
published works. By presenting this overview, readers can gain a clear un-
derstanding of our research endeavors and the cohesive structure of our
thesis in relation to our publications.

1.3.1 Contributions

In this thesis, our primary focus is to address crucial challenges in signal
enhancement through the application of both machine learning and sig-
nal processing techniques. Signal enhancement encompasses the tasks of
signal separation, extraction, and suppression. Firstly, we present a linear-
time independence criterion that serves as a valuable guide for ICA algo-
rithms and other signal separation applications. Secondly, we look into a
comprehensive analysis of the robustness of first-order linear DMAs, ad-
dressing misunderstandings that exist within the research community. To
this end, we establish new WNG thresholds that facilitate effective fixed
beamforming. Thirdly, we propose a neural network-based model specifi-
cally designed to optimize linear microphone arrays, achieving improved
enhancement of target signals while effectively suppressing unwanted in-
terference and noise. Finally, we extend our neural network model to a
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general framework capable of accommodating arrays with diverse geo-
metric configurations, allowing for enhanced signal processing in arrays
of any given geometry.

1.3.2 Publication list

The publications listed below are completed as part of my PhD research.
They are either peer-reviewed or going to be peer-reviewed:

1. ”A linear-time independence criterion based on a finite basis ap-
proximation.” International Conference on Artificial Intelligence and
Statistics (AISTATS). PMLR, 2020.

2. ”Phase Error Analysis for First-Order Linear Differential Microphone
Arrays.” 2022 International Workshop on Acoustic Signal Enhance-
ment (IWAENC). IEEE, 2022.

3. ”Neural Optimization Of Geometry And Fixed Beamformer For Lin-
ear Microphone Arrays.” 2023 IEEE International Conference on Acous-
tics, Speech and Signal Processing (ICASSP). IEEE, 2023.

4. ”Neural Optimization of Fixed Beamformers with Flexible Geomet-
ric Constraints”. To be submitted to an IEEE transaction.

1.3.3 Thesis Organization

This thesis consists of seven chapters in total. A summary of the six fol-
lowing chapters are given below.

Chapter 2: Background

This chapter introduces essential background knowledge and literature
review that are pertinent to our research contributions. The research back-
ground of three key areas is elaborated upon, namely: independence cri-
teria, artificial neural network, and microphone array fixed beamforming.
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Furthermore, this chapter presents relevant mathematical derivations to
enhance readers’ understanding.

Chapter 3: Linear Time Finite Basis Independence Criterion

This chapter is based on the peer-reviewed publication titled ”A linear-
time independence criterion based on a finite basis approximation”. It
proposes a linear-time independence criterion that is an upper bound of
the maximum correlation coefficient. Through extensive testing on clas-
sic ICA benchmarks, our proposed independence criterion demonstrates
exceptional performance, surpassing kernel methods like HSIC and FSIC,
thus establishing a new state-of-the-art standard.

Chapter 4: Robustness Analysis of First-Order Linear Differential Mi-
crophone Arrays

This chapter is grounded in the peer-reviewed publication titled ”Phase
Error Analysis for First-Order Linear Differential Microphone Arrays”. It
presents a thorough analysis of both bounded and unbounded phase er-
rors in first-order linear DMAs. In particular, we establish WNG thresh-
olds that effectively prevent mainlobe misorientation of the beamformer
beampattern. Furthermore, through rigorous analytical proofs, we demon-
strate that increasing the number of microphones and the spacing between
them can enhance the robustness of first-order linear DMAs. This work il-
luminates the path for designing robust first-order LDMAs.

Chapter 5: Neural Optimization of Non-Uniform Linear Arrays

This chapter is founded on the peer-reviewed publication titled ”Neu-
ral Optimization Of Geometry And Fixed Beamformer For Linear Micro-
phone Arrays.” It introduces a novel neural network model that enables
the joint optimization of both the array geometry and the spatial filter of
a fixed beamformer. This end-to-end model consists of two feedforward
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neural networks. Through extensive experiments, we have demonstrated
that our model surpasses previous DMA-based approaches, achieving su-
perior overall scores and performance.

Chapter 6: Geometrically Optimized Neural Fixed Beamformers

This chapter builds upon the manuscript titled ”Neural Optimization of
Fixed Beamformers with Flexible Geometric Constraints” and serves as
an extension of the previous chapter. It establishes a unified neural net-
work framework for fixed beamformers with arbitrary geometric config-
urations. Specifically, the chapter delves into three distinct geometric set-
tings: linear, circular, and concentric circular arrays. The proposed neu-
ral network model leverages ResNets and incorporates augmented La-
grangian in the loss function, enabling geometry optimization beyond tra-
ditional linear arrays. Through experimental analysis, we demonstrate
that our model constructs frequency-invariant fixed beamformers that sig-
nificantly outperform previous DMA-based frequency-invariant counter-
parts. Notably, we uncover that a concentric circular array can achieve
impressive performance even with a single ring. Lastly, we showcase how
our model achieves global optima in a straightforward arbitrary discal ge-
ometric setting.

Chapter 7: Conclusions and Future Research

This concluding chapter provides a comprehensive summary of our re-
search spanning from Chapter three to Chapter Six, encapsulating the key
findings and contributions of this thesis. Additionally, we outline poten-
tial future research directions that stem from our research endeavors, offer-
ing valuable insights into areas for further exploration and advancement.
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Chapter 2

Background

In this chapter, we present the essential background that underlies our re-
search contributions in Chapters Three to Six. Specifically, we will discuss
the independence criteria, artificial neural networks, and microphone ar-
ray fixed beamforming, which are critical for understanding our work.
Moreover, we provide mathematical derivations that are related to the
context of our research at the end of this chapter.

2.1 Independence Criteria

The measurement of statistical dependence between random variables has
played a pivotal role in the fields of statistics and machine learning. In-
dependence criteria have diverse applications, including but not limited
to hypothesis testing [55], feature extraction [33], blind source separation
[172], disentanglement [22], fairness measurement [52], and backpropagation-
free neural network training [109]. This section will provide an overview
of several popular categories of independence criteria, along with their
advantages and drawbacks. Specifically, we will discuss independence
criteria based on maximal correlation, mutual information and integral
probability metric.
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2.1.1 Maximal Correlation

The Pearson correlation coefficient, introduced by Pearson in his paper ti-
tled ”Contributions to the Mathematical Theory of Evolution” [132], is a
statistical measure that quantifies the strength of the linear relationship
between two random variables. It is calculated by dividing the covariance
of the two variables by the product of their standard deviations, thus mea-
suring the normalized covariance between the two variables. However,
it is important to note that the Pearson correlation only captures linear
relationships and cannot reflect more complex relationships between vari-
ables. Additionally, it is important to exercise caution in interpreting the
results of Pearson correlations as correlation does not necessarily imply
causation, and there may be other variables at play. The Pearson correla-
tion coefficient ranges from -1 to 1, where -1 indicates a perfect negative
correlation, 1 indicates a perfect positive correlation, and 0 indicates no
linear correlation. Despite these limitations, the Pearson correlation has
been widely used in many disciplines due to its simplicity and ease of
interpretation.

The Hirschfeld-Gebelein-Rényi (HGR) maximum correlation coefficient,
also known as the maximal correlation ρmax, was proposed to address the
limitations of the Pearson correlation coefficient in capturing nonlinear re-
lationships between variables [63, 44, 139]. The maximal correlation is one
of the earliest criteria for independence and satisfies the seven postulates
specified by Renyi [139]. The fourth postulate states that ρmax[α, β] = 0

if and only if the tested random variables α and β are independent. By
definition and the sixth postulate of Renyi, the maximal correlation is
the supremum of the possible Pearson correlation coefficients between
the mapped random variables, where the mapping functions are Borel-
measurable and square-integrable. In other words, the maximal corre-
lation measures the maximum possible correlation that can be achieved
between the mapped random variables, where the mapping functions are
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flexible and allow for nonlinear relationships. This is expressed as

ρmax[α, β] = ρmax[f1(α), f2(β)], (2.1)

where f1 and f2 are the mapping functions.

In [14], the authors proposed the Alternating Conditional Expectations
(ACE) algorithm as a non-parametric approach to estimate the maximal
correlation between two variables. This algorithm assumes little about the
data distribution and function space, and optimizes the mapping func-
tions in an iterative manner. Another approach to estimating the maximal
correlation is to use Reproducing Kernel Hilbert Space (RKHS) as the func-
tion space [3]. This method is related to the ACE algorithm in that both
seek to compute the largest generalized eigenvalue. The RKHS approach
uses kernel functions to map the input variables into a high-dimensional
feature space, where the maximal correlation can be computed using ma-
trix eigenvalue decomposition.

2.1.2 Mutual Information

Mutual information is a fundamental concept in information theory that
quantifies the amount of uncertainty reduction of one random variable
given the observation of the other random variable. It measures the mu-
tual statistical dependence between two random variables. While mutual
information does not satisfy all of the postulates specified by Renyi, it
has become a popular independence criterion due to its appealing inter-
pretability and strong theoretical foundation, resulting from its calcula-
tion in entropy. Additionally, mutual information can be defined as the
Kullback-Leibler (KL) divergence between the joint distribution of two
random variables and the product of their marginal distributions.

Conventionally, mutual information can be estimated by binning the
data and construct histograms. However, binning is sensitive to the choice
of origin and bin width, which can lead to poor performance. One way to
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address the histogram sensitivity issue is by using Kernel Density Estima-
tors (KDE) [119], which estimates probability densities in a non-parametric
manner. Compared to the conventional binning approach, KDE offers
three advantages. Firstly, KDE has a better rate of convergence to the un-
derlying probability density. Secondly, KDE is not sensitive to the choice
of origin. Lastly, KDE can apply non-rectangular windows. The estimated
probability density of a random variable y can be expressed as

p̂(y) =
1

n

n∑
i=1

K(u), (2.2)

where

u =
(y − yi)

TS−1(y − yi)

h2
, (2.3)

K(u) is the kernel function, y has dimensionality d, n is the sample size, yi
is an observation of y, h is the kernel bandwidth and S is the covariance
matrix of yi. In practice, K(u) is the multivariate Gaussian kernel:

K(u) =
1

(2π)d/2hddet(S)1/2
exp(−u/2). (2.4)

The value of h is given by

h =

{
4

d+ 2

}1/(d+4)

n−1/(d+4). (2.5)

Another estimator of mutual information is based on estimating en-
tropy from k-nearest neighbour distances [97]. This method offers the ad-
vantages of being data efficient and adaptive. For one-dimensional vari-
able X , the distance-based entropy estimator is given by:

H(X) ≈ 1

N − 1

N−1∑
i=1

log(xi+1 − xi) + ψ(1)− ψ(N), (2.6)

where xi+1 ≥ xi, N is the sample size and ψ(x) is the digamma function
defined as ψ(x) = Γ(x)−1dΓ(x)/dx. For X with higher dimensions, the
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entropy estimator is:

Ĥ(X) = −ψ(k) + ψ(N) + log cd +
d

N

N∑
i=1

log ϵ(i), (2.7)

where d is the dimension of X , cd = πd/2/Γ(1 + d/2)/2d for L2 norm and
ϵ(i) is twice the distance between xi and its kth nearest neighbour.

The Maximal Information Coefficient (MIC) proposed in [140] is an ex-
tension to the vanilla mutual information. It searches for a grid-like par-
titioning between two random variables that yields the maximal possible
mutual information, which is then normalized to have a range between
0 and 1. A characteristic matrix corresponding to the partitioned boxes
is constructed, where each entry of the matrix is the maximal normalized
mutual information of the respective box. The MIC is defined as the max-
imum entry in the characteristic matrix. This approach claims to have
the best equitability among various independence criteria. An equitable
independence criterion assigns similar scores to equally noisy datasets,
regardless of underlying functional types. However, this definition of eq-
uitability has been questioned to be satisfied only by trivial dependence
measures [91]. To address this concern, a new MIC estimator was pro-
posed and the interpretation of equitability is clarified [141, 142].

Mutual information estimation in machine learning applications often
employs total correlation, a measure that generalizes mutual information
for more than two random variables [166]. In [87], total correlation is es-
timated using a discriminator on the basis of the density-ratio trick [125],
while [22] estimates it directly from the sample entropy without an auxil-
iary neural network.

Estimating mutual information from a finite sample is a challenging
task, as noted by previous research [3]. One prominent example is the ICA
algorithm that relies on minimizing mutual information [5], which has
been surpassed in performance by various other algorithms [55]. Given
these limitations, in our work documented in [172], we chose not to com-
pare our approach with mutual information-based methods.
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2.1.3 Integral Probability Metric

Integral probability metric is a metric between two probability distribu-
tions P and Q. [122, 150]. It is mathematically defined as:

γ[P,Q] := sup
f∈F

(Ex[f(x)]− Ey[f(y)]), (2.8)

where x and y are two random variables with probability distributions P
and Q respectively, F is a class of real-valued bounded measurable func-
tions. If γ[P,Q] = 0, P and Q are identical probability distributions.

Different choices of F lead to different independence criteria. In [33],
the authors select F = {f : f(x, y) := ei(α

T x+βT y), i =
√
−1, (α, β) ∈

Rdx×Rdy}, where α and β are parameters of the joint characteristic function
of x and y. This approach leverages the fact that characteristic functions
can be interpreted as the Fourier transform of probability density func-
tions, and so there exists a bijection between characteristic functions and
probability density functions. Independence between x and y is indicated
by the equivalence between the joint characteristic function of x and y and
the product of their marginal characteristic functions.

Another popular option for F is the unit ball in an RKHS [54]. The in-
tegral probability metric in this context is known as the Maximum Mean
Discrepancy (MMD). The Hilbert-Schmidt Independence Criterion (HSIC)
is formulated as HSIC(x, y) = MMD(pxy, pxpy)[55], where pxy denotes the
joint probability density function of x and y, while px and py represent
their respective marginal probability density functions. Motivated by the
observation that the witness function f ought to be sparse in terms of ex-
tracting features between x and y, the Sobolev Independence Criterion ex-
tends HSIC by imposing gradient penalties to ensure sparsity and stability
[121]. In our work documented in [172], we compare our approach with
two RKHS-based methods from [148] and [81].
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2.2 Artificial Neural Network

Artificial Intelligence (AI) aims to empower machines with human-like
thinking power and intelligent capacity. Recently, Artificial Neural Net-
works (ANNs) have become the predominant tools for building AI sys-
tems owing to the advancement of GPU power and data availability. ANNs
are inspired by the biological structure and mechanism of human brains,
and consist of layers of connected neurons [48]. In contrast to traditional
approaches, ANNs can learn a myriad of parameters in a data-driven
manner and generalize them to unseen scenarios. It is well known that
ANNs exhibit the universal approximation property [32]. When the search
space for globally optimal solutions is high-dimensional or non-analytic,
ANNs can obtain competitive solutions that may be difficult or impossi-
ble to obtain through traditional numerical methods. They have demon-
strated impressive performance in tasks such as speech separation and en-
hancement [164, 179]. This section provides an overview of ANNs, includ-
ing their commonly used structures and training algorithms. It serves as a
foundation for understanding the role of ANNs in modern AI systems and
their potential in signal enhancement. Additionally, this section explores
relevant examples of ANNs in the context of signal enhancement. Specifi-
cally, in Chapter 6 of our work, we apply ResNet. Furthermore, Neural
Ordinary Differential Equations, Multichannel Variational Autoencoder
(MVAE), Multi-Resolution Convolutional Auto-Encoder (MRCAE), beta
VAE, and FactorVAE exhibit promising potential for utilization in signal
enhancement tasks such as source separation and disentanglement. Chap-
ter 7 will provide a more detailed discussion of future endeavors concern-
ing multi-channel speech separation and disentanglement.

2.2.1 Common Structures of ANNs

An artificial neuron is an elementary structure of ANNs [113]. It mimics a
brain neuron by multiplying the inputs with learnable weights. The multi-
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plied results are summed up. Often a bias term is summed as an additional
term. The weighted sum is sent to an activation function to generate the
output. This process can be expressed as

Y = fNN(
∑
i

ui · wi + b), (2.9)

where Y is the output, fNN is the activation function, ui is one element of
the inputs and wi is the corresponding learnable weight, b is the learnable
bias term.

A perceptron is a specific type of artificial neuron that performs bi-
nary classification [143]. Its activation function, a Heavyside step function,
yields an output of 1 for positive arguments and 0 otherwise. The simplest
type of feedforward neural network is a single-layer perceptron, where in-
puts propagate forward without loops or cycles. However, it is limited to
learning linearly separable patterns [146]. In contrast, a Multi-Layer Per-
ceptron (MLP) is capable of solving nonlinear problems by having at least
one hidden layer between the input and output layers. While the term
MLP can strictly refer to multiple layers of perceptrons for binary classi-
fication tasks, in this thesis, we adopt the loosely defined MLP to refer to
any multi-layer feedforward ANNs. An illustration of an MLP is demon-
strated in Fig. 2.1.

If inputs propagate in a circular manner, Recurrent Neural Networks
(RNNs) are utilized [144]. RNNs exhibit time-dependent characteristics
and can process variable-length inputs. The temporal dynamics of RNNs
make them suitable for processing time series data or inputs with arbi-
trary lengths [116]. A powerful variant of RNNs is called Long Short Term
Memory (LSTM) networks [64]. It adds self-loops to memory cells with
gate units. This makes LSTMs capable of extracting long-term dependen-
cies and mitigates the vanishing gradient problem [64].

Convolutional Neural Networks (CNNs) have gained popularity for
their ability to process spatial patterns in data, making them particularly
suitable for computer vision tasks [103]. This is achieved through the use
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Figure 2.1: An illustration of an MLP with 3 hidden layers.

of convolutional kernels that are translation-equivariant. Each convolu-
tional kernel functions as a learnable filter that convolves the input data
by sliding along its dimensions. This approach allows for the parameters
of the filter to be shared across different sliding locations, effectively reduc-
ing the number of parameters without compromising the performance of
CNNs. The ”convolution” operation in this context involves element-wise
multiplication and addition. By utilizing multiple layers of convolutional
kernels and pooling, features can be effectively extracted from low to high
levels in the data.

Enumerating all the structures of ANNs would be an impossible mis-
sion due to the vast number of variations available. In addition to the
structures discussed above, other commonly used ANN structures include
Variational Autoencoders (VAEs) [90], Generative Adversarial Networks
(GANs) [49], Diffusion networks [149], and many more. While these mod-
els are not directly related to the work presented in this thesis, interested
readers are encouraged to refer to their original publications for further
details.
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2.2.2 ResNet

ResNets are a specific type of ANNs that excel in handling deep layers.
Typically, deep neural networks can suffer from performance degradation.
To address this issue, ResNets use shortcut connections between layers,
which perform identity mapping and skip one or more layers. By estab-
lishing a direct path from the input to the output, gradients can flow from
the last layer to the first layer without encountering any obstacles. This
approach is motivated by the observation that deeper neural networks
tend to have higher training error [153], indicating that they have diffi-
culties approximating identity mappings. When identity mappings are
near-optimal solutions, the explicitly added shortcut connections can sim-
plify the learning tasks of deep neural networks.

Vanilla ResNets [59] allow shortcut connections to be applied to convo-
lutional layers via element-wise addition between feature maps. When the
dimensionality of the input and the output is not the same, a linear pro-
jection of the input through a 1× 1 convolution is performed to match the
dimensions. In addition, the authors of [59] propose the use of convolu-
tional bottleneck blocks to increase computational efficiency. A bottleneck
block comprises three layers: one 3× 3 convolutional layer is sandwiched
between two 1× 1 convolutional layers.

2.2.3 Neural Ordinary Differential Equations

ResNet-like machine learning models [59] are structured as ht+1 = ht +

fθ(ht), where ht and ht+1 represent two consecutive hidden states, t ∈ N
and fθ denotes a neural network parameterized by θ. This structure can be
viewed as a discrete approximation of the ordinary differential equation
dh(t)
dt

= f(h(t)).

Drawing inspiration from ResNet-like models, the pioneering work of
[23] seamlessly integrated ordinary differential equations with neural net-
works. Neural Ordinary Differential Equations (Neural ODEs) are defined
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as:

z(t1) = z(t0) +

∫ t1

t0

fθ(z(t))dt, (2.10)

where z(t1) and z(t0) are the final and initial hidden states, and t represents
continuous time. Unlike the notation convention in [23], we find it more
suitable to exclude t from the bracket of fθ, as t is not actually involved
in the computation of fθ, but rather used only during the ODE solver’s
integration process. It is worth noting that θ remains constant in vanilla
Neural ODEs. In other words, θ does not change with respect to t. The
invariance of θ with respect to t suggests that Neural ODEs can have a
more efficient parameterization than conventional neural networks.

The continuous property of differential equations confers to Neural
ODEs a greater degree of control than conventional neural networks [50].
Firstly, the number of outputs from Equation 2.10 is flexible and deter-
mined by the number of timestamps in t owing to the ODE solver. Because
t can be arbitrary, the number of outputs can be altered without modify-
ing the model architecture. Secondly, the outputs from Equation 2.10 can
have varying degrees of resolution. As we have complete control over
the resolution of timestamps in t, we also have complete control over the
resolution of the outputs. We can access an output value at any desired
timestamp. Lastly, by integrating backwards, we can obtain outputs prior
to the initial states. This property of Neural ODEs allows us to ’predict’
the past.

After θ has been learned, Neural ODEs are determined solely by the
initial state, which means that they do not take full advantage of upcoming
information. In contrast, Neural Controlled Differential Equations (Neural
CDEs) can incorporate input data directly into the hidden dynamics by
utilizing Riemann–Stieltjes integral [86]. Neural CDEs are defined by:

z(t1) = z(t0) +

∫ t1

t0

fθ(z(t))dXt, (2.11)

where X can be a natural cubic spline that approximates the underlying
process of input data.
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2.2.4 Multichannel Variational Autoencoder (MVAE)

DNN based multi-channel audio source separation algorithms often es-
timate the source spectrograms with forward computations. They can
take full advantage of the strong representation power of DNNs to model
power spectra of source signals. The MVAE method proposed in [82] also
guarantees the convergence of the source separation of the algorithm. It
has a consistent objective for both VAE training and source separation.

The problem formulation of MVAE follows the line of determined BSS.
It considers scenarios where the number of source signals and microphones
are equal to I . Denote the Short Time Fourier Transform (STFT) coeffi-
cients of the signals of the i-th microphone and the j-th source signal as
xi(f, n) and sj(f, n), where f and n are the frequency and time indices.
Their vector forms are:

x(f, n) = [x1(f, n), ..., xI(f, n)]
T ∈ CI , (2.12)

s(f, n) = [s1(f, n), ..., sI(f, n)]
T ∈ CI , (2.13)

where (·)T means transpose. A separation system can now be expressed as

s(f, n) = WH(f)x(f, n), (2.14)

W(f) = [w1(f), ...,wI(f)], (2.15)

where WH(f) is the separation matrix and (·)H is Hermitian transpose.
The goal of BSS algorithms is to estimate the separation matrix merely
from the observed x(f, n).

A Local Gaussian Model (LGM) is assumed for sj(f, n). It follows a
zero-mean complex Gaussian distribution with variance vj(f, n) = E[|sj(f, n)|2]

sj(f, n) ∼ NC(sj(f, n)|0, vj(f, n)). (2.16)

Assume all source signals are independent, we have

s(f, n) ∼ NC(s(f, n)|0,V(f, n)), (2.17)
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where V(f, n)) is a diagonal matrix with diagonal entries v1(f, n), ..., vI(f, n).
MVAE employs a Conditional VAE (CVAE) [89] as the neural network

model. It takes an auxiliary variable c as an additional input. Define S̃ =

{s(f, n)}f,n as the complex power spectra of a source signal and c as the
class label. Define θ and ϕ as hyperparameters in the decoder and encoder.
The objective function of MVAE is

J (ϕ, θ) = E(S̃,c)∼pD(S̃,c)

[
Ez∼q(z|S̃,c)[log p(S̃|z, c)]− KL[q(z|S̃, c)||p(z)]

]
,

(2.18)
where E(S̃,c)∼pD(S̃,c)[·] is the sample mean over the training data {S̃m, cm}mm=1.

The MVAE model [82] is compared against a Independent Low-Rank
Matrix Analysis [92] (ILRMA) model. The evaluation metrics are the signal-
to-distortion ratio (SDR), signal-to-interference ratio (SIR) and signal-to-
artifact ratio (SAR) [161]. The MVAE model significantly outperform the
ILRMA model in these metrics.

It is noteworthy that the MVAE model does not perform well when
there is long reverberation. This also suggests that there is a lot of room
to improve before we can design a multi-channel audio source separation
algorithm that is applicable in real life.

2.2.5 Multi-Resolution Convolutional Autoencoder (MR-

CAE)

Unlike MVAE, the MRCAE model does not need spectrograms to perform
multi-channel audio source separation [51]. To reconstruct time-domain
signals from the spectrogram may not be a straightforward task. The ne-
glect of phase information can often lead to poor perceptual quality of
the reconstructed signals. MRCAE is an end-to-end model that takes raw
time-domain signals as its input and automatically extracts suitable fea-
tures.

MRCAE is a multi-resolution fully convolutional denoising auto-encoder
neural network. The encoder part contains convolutional layers and the
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decoder part consists of transpose convolutional layers [38]. This is be-
cause the encoder extracts multi-resolution acoustic features and the de-
coder estimates the original sources from these extracted features.

Each layer in MRCAE is composed of sets of filters. Filters in the same
set have the same size. Filter size varies in different sets. Large filters
capture global information, whereas small filters extract local information.
Large filters are like calculating STFT over long windows, and small filters
are like calculating STFT over short windows. Together in the same layer
they produce features with different time-frequency resolutions.

The total number of filters in the output layer equals the number of
target sources multiplied by the number of channels for each source. This
guarantees that the output layer generates feature maps equal to the num-
ber of target sources, where each source has its multiple channel compo-
nents.

Let y(t, c) be the input signal for channel c and sl(t, c) be the target
source l for channel c. Here t denotes time. The cost function for MRCAE
is D =

∑
t,c,l

|zl(t, c) − sl(t, c)|, where zl(t, c) is the actual output of the last

layer of the MRCAE for source l and channel c. No pre-processing or post-
processing is performed other than normalizing the input signals to have
zero mean and unit variance. The experimental results show that MRCAE
can do a promising job on multi-channel music source separation.

Since stereo-recorded music signals are not as complicated as real-life
speech signals in reverberant and noisy environments, we need to inves-
tigate further to determine how much of the MRCAE technique can be
transferred to multi-channel speech separation in a practical setting.

2.2.6 Beta VAE

β-VAE is a deep generative autoencoder model that can automatically dis-
cover disentangled representations in an unsupervised manner [62]. Its
model is an augmentation of the original VAE framework [90]. Let x be
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input signals and z be generative latent factors. Let ϕ and θ be parameters
defining the encoder and decoder part of the VAE framework. The Evi-
dence Lower Bound (ELBO) is the maximization objective of the original
VAE:

L(θ, ϕ;x, z) = Eqϕ(z|x)[logpθ(x|z)]−DKL(qϕ(z|x)||p(z)), (2.19)

where qϕ(z|x) is the posterior distribution configured by the encoder, pθ(x|z)
is the likelihood distribution configured by the decoder and p(z) is the
prior distribution of the latent factors. The expectation term in the ELBO
can be intuitively considered as the reconstruction loss. It tries to make
the decoded signals more correlated to the latent factors. The DKL term
denotes the Kullback–Leibler (KL) divergence between two distributions
[100]. It can be interpreted as encouraging the posterior distribution to be
close to the prior distribution.

β-VAE introduces a hyperparameter β to balance the independence
constraints and the reconstruction accuracy. After applying KKT condi-
tions [83, 99], the ELBO objective can be transformed into a Lagrangian
and β plays the role of a Lagrange multiplier according to the comple-
mentary slackness KKT condition. The new objective function in β-VAE
can be expressed as:

L(θ, ϕ;x, z, β) = Eqϕ(z|x)[logpθ(x|z)]− βDKL(qϕ(z|x)||p(z)). (2.20)

When β = 1, β-VAE becomes exactly the original VAE. The authors of
β-VAE suggest that it is crucial to set β > 1 to put greater independence
pressure on the learnt posterior. When the pressure is combined with max-
imizing the log likelihood of the input signal x, the model is encouraged to
learn the most efficient representation with a unit Gaussian prior. With the
help of some ground truth factors as conditions, higher values of β leads to
a disentangled representation in the latent space. However, a trade-off be-
tween reconstruction quality and disentanglement quality can occur. The
right balance has to be controlled by β.
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A new quantitative disentanglement metric is also proposed in β-VAE.
By using some ground truth factors v and labels y ∼ Unif[1...K], syn-
thetic data can be simulated. A linear classifier with a low VC-dimension
is trained to predict p(y|zdiff), where zdiff is the mean absolute pairwise dif-
ference between the averages of posterior distributions. The latent factors
from posterior distributions are sampled by fixing one ground truth factor
and vary other factors randomly. The index k of the fixed factor would cor-
respond to the label y. A perfect disentanglement would yield zeros in the
dimension of the fixed factor so that the linear classifier would match that
dimension of zeros to the desired label y. The error rate of the classifier
becomes the metric.

2.2.7 FactorVAE

One disadvantage of β-VAE is that it has to sacrifice reconstruction quality
to achieve good disentanglement. To mitigate this issue, FactorVAE [87]
augments the original VAE with a penalty term encouraging factorized
distributions in the latent space. This penalty term is the KL divergence
between the marginal posterior distribution qϕ(z) and the product of its
underlying factors qϕ(zj)’s. The objective of FactorVAE can be thus ex-
pressed as:

Eqϕ(z|x)[logpθ(x|z)]−DKL(qϕ(z|x)||p(z))− γDKL(qϕ(z)||q̄(z)), (2.21)

where q̄(z) =
∏d

j=1 qϕ(zj). The new term DKL(qϕ(z)||q̄(z)) is also known as
Total Correlation (TC), which is a multi-variate dependence measurement
[166]. By minimizing the TC between qϕ(z) and q̄(z), FactorVAE directly
encourages independence in each dimension j of the latent distribution
qϕ(z).

It may be observed that both qϕ(z) and q̄(z) are intractable as they con-
sist of many component mixtures. An alternative is to sample qϕ(z) by
sampling from qϕ(z|x(i)) with a randomly selected data batch x(i). To sam-
ple q̄(z), we can first sample a batch from qϕ(z) and then perform an inde-
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pendent random permutation across the batch in each dimension. This is
a standard trick to make all dimensions independent [2].

The calculation of the TC term requires the density-ratio trick [125]. A
discriminator D is trained to approximate the density ratio in the TC term.
The output D(z) of D is the probability that the input is from qϕ(z) rather
than from q̄(z). We have the calculation as follows:

TC(z) = DKL(qϕ(z)||q̄(z))

= Eqϕ(z)

[
log

qϕ(z)

q̄(z)

]

≈ Eqϕ(z)

[
log

D(z)

1−D(z)

]
. (2.22)

A new disentanglement metric is proposed in FactorVAE, which is the
error rate of a majority-vote classifier. The data for the classifier is con-
structed as follows. Firstly, fixing one ground truth factor k. Latent repre-
sentations are generated by varying other factors randomly. Take the em-
pirical variance of the normalized latent representations in each dimen-
sion. The dimension with the lowest variance should correspond to the
fixed factor k. For perfectly disentangled representations, the lowest vari-
ance should be 0. In the end, the classifier is used to predict the target fixed
factor from given variances by selecting the dimension with the minimum
variance. The classifier necessitates no hyperparameters and it does not
have a failure mode.

2.2.8 Training of ANNs

ANNs are trained by adjusting the learnable weights of neurons. The
training process is categorized into three major paradigms: supervised,
unsupervised, and reinforcement learning. In supervised learning, ANNs
are iteratively trained to minimize the loss function, which measures the
discrepancy between predicted outputs and their corresponding labeled
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outputs. On the other hand, unsupervised learning trains ANNs without
any labeled data, by using a loss function that guides the network to dis-
cover the underlying structure in the input data. Reinforcement learning
trains ANNs to learn how to take actions in an environment that maxi-
mizes the reward, by adjusting the weights of the network based on the
feedback signals received from the environment. These three categories
of training paradigms provide a comprehensive framework for training
ANNs to perform a wide range of tasks in various domains.

In all three major training paradigms of ANNs, the most commonly
used training algorithm is backpropagation, first introduced by Rumelhart
et al. in 1986 [144]. Backpropagation consists of two phases: the forward
phase and the backward phase. During the forward phase, input data is
propagated through the ANNs to generate outputs, which are then evalu-
ated according to the loss function. In the backward phase, the gradients
of the loss function with respect to the learnable weights of the ANNs
are computed. By utilizing the chain rule of differentiation, the error is
propagated from the last layer to the first layer. To adjust the learnable
weights, Stochastic Gradient Descent (SGD) [144] is often utilized. How-
ever, variants of SGD such as Adam [88] and RMSprop [53] are also com-
monly utilized to circumvent the problem of local optima and speed up
the convergence rate. These optimization algorithms have been shown to
be highly effective in training ANNs for a wide range of applications.

While other training algorithms of ANNs, such as those taking advan-
tage of the information bottleneck principle [109] or the forward gradients
[138] to become more biologically plausible , also exist, they are outside
the scope of this thesis.

Regularization techniques are essential in the training of ANNs to pre-
vent overfitting, where ANNs may fit noise rather than underlying data
patterns. These techniques are generally applied by reducing the num-
ber of parameters or imposing constraints on the parameters. For exam-
ple, dropout [152] randomly drops some of the neurons in ANNs during
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training, forcing the remaining neurons to be more robust and representa-
tive. In each iteration of training, a different subset of neurons is dropped,
which effectively alleviates overfitting. Another example of regulariza-
tion is L2 regularization [98], which adds a penalty term proportional to
the L2-norm of the learnable weights in the loss function. By encouraging
weights with smaller L2 norms, overfitting is less likely to happen. Differ-
ent regularization techniques can be combined to accommodate specific
ANNs.

2.3 Microphone Array Fixed Beamforming

Beamforming is a spatial filtering technique commonly used in sensor ar-
rays [160]. As the name suggests, beamforming forms a main beam in
the target direction to enhance signals of interest while attenuating inter-
fering and noisy signals from other directions. Beamforming has a wide
range of applications in fields such as radar, sonar, and speech processing
[10]. By selectively focusing on the desired signal source, beamforming
can improve the signal-to-noise ratio and enhance the overall signal qual-
ity. With its versatility and effectiveness, beamforming continues to be an
active area of research and development in various fields.

Fixed beamforming is a type of beamforming that utilizes spatial filters
that are fixed and independent of the input data, making no assumption
of the source and noise signals [8]. Fixed beamformers are not affected by
changes in the acoustic environment around them, making them a popular
choice in speech processing applications when the environment is station-
ary. Combined with microphone arrays, fixed beamformers can enhance
the desired speech signals while suppressing interfering noise and rever-
beration. This section provides an overview of different fixed beamform-
ing techniques, including delay-and-sum, maximum directivity, and dif-
ferential beamforming. Each of these techniques has its own strengths and
weaknesses, and the choice of technique depends on the specific applica-
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tion and the desired performance criteria. By gaining an understanding of
the advantages and limitations associated with these fixed beamforming
techniques, readers will be better equipped to comprehend our work in
Chapters four to six.

2.3.1 Notations

The examples illustrated in this section are based on uniform linear arrays
unless specified otherwise. Let δ be the distance between two adjacent mi-
crophones. θd denotes the angle between the source signal and the array.
The steering vector is defined as

d(f, cos θd) = [1, e−ȷ2πfτ0 cos θd , · · · , e−ȷ(M−1)2πfτ0 cos θd ], (2.23)

where ȷ =
√
−1 is the imaginary unit, f is the temporal frequency, c is the

speed of sound in the air, τ0 = δ/c is the delay between two successive
microphones at angle 0.

h(f) denotes the complex beamforming weight vector. We can further
define the White Noise Gain (WNG), which measures the robustness of a
microphone array:

W [h(f)] =
|hH(f)d(f, cos θd)|2

hH(f)h(f)
. (2.24)

Directivity Factor (DF) is a metric measuring the directional enhancement
capacity of a microphone array, which is defined as:

D[h(f)] =
|hH(f)d(f, cos θd)|2

hH(f)Γ0,π(f)h(f)
, (2.25)

where Γ0,π(f) =
1
2

∫ π
0
d(f, cos θd)d

H(f, cos θd) sin θdθ, [Γ0,π(f)]ij = sinc[2πf(j−
i)τ0] and [Γ0,π(f)]mm = 1, m = 1, 2, · · · ,M where there are M microphones
in the array.

The theoretical maximum WNG can be derived. By using the Cauchy-
Schwarz inequality, we obtain

|hH(f)d(f, θd)|2 ≤ hH(f)h(f)× dH(f, θd)d(f, θd) =MhH(f)h(f). (2.26)
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This means that Wmax(f, cos θd) =M .

The theoretical maximum DF can also be derived by using the Cauchy-
Schwarz inequality, and is

|hH(f)d(f, cos θd)|2

= |hH(f)Γ
1/2
0,π (f)Γ

−1/2
0,π (f)d(f, cos θd)|2

≤ hH(f)Γ
1/2
0,π (f)Γ

1/2
0,π (f)h(f)× dH(f, cos θd)Γ

−1/2
0,π (f)Γ

−1/2
0,π (f)d(f, cos θd)

= hH(f)Γ0,π(f)h(f)× dH(f, cos θd)Γ
−1
0,π(f)d(f, cos θd). (2.27)

This suggests

Dmax(f, cos θd) = dH(f, cos θd)Γ
−1
0,π(f)d(f, cos θd) (2.28)

= tr[Γ−1
0,π(f)d(f, cos θd)d

H(f, cos θd)] (2.29)

≤M tr[Γ−1
0,π(f)]. (2.30)

2.3.2 Delay-and-Sum

The Delay-and-Sum (DS) beamformer is the most popular fixed beam-
former [10]. It delays the output from each microphone by a proper amount
of time to achieve signal synchronization from the desired look direction.
The delayed outputs are weighted and summed to generate the final out-
put. Mathematically, the DS beamformer is derived by maximizing WNG:

min
h(f)

hH(f)h(f)

s.t. hH(f)d(f, cos θd) = 1. (2.31)

Thus, the optimal filter hDS for the DS beamformer can be obtained:

hDS(f, cos θd) =
d(f, cos θd)

dH(f, cos θd)d(f, cos θd)

=
d(f, cos θd)

M
. (2.32)
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We can calculate the cosine of the angle between the steering vector and
the optimal WNG filter:

cos[d(f, cos θd),hDS(f)] =
dH(f, cos θd)hDS(f) + hH

DS(f)d(f, cos θd)

2||d(f, cos θd)||2||hDS(f)||2

=
1 + 1

2
√
M
√

1
M

= 1. (2.33)

The DF value of the DS beamformer can be analytically obtained by
using Dmax(f, cos θd):

D[hDS(f, cos θd)]

= Dmax(f, cos θd)× cos2[Γ
1/2
0,π (f)d(f, cos θd),Γ

−1/2
0,π (f)d(f, cos θd)]

= Dmax(f, cos θd)×
(dH(f, cos θd)d(f, cos θd))

2

dH(f, cos θd)Γ0,π(f)d(f, cos θd)dH(f, cos θd)Γ
−1
0,π(f)d(f, cos θd)

= dH(f, cos θd)Γ
−1
0,π(f)d(f, cos θd)×

M2

dH(f, cos θd)Γ0,π(f)d(f, cos θd)dH(f, cos θd)Γ
−1
0,π(f)d(f, cos θd)

=
M2

dH(f, cos θd)Γ0,π(f)d(f, cos θd)
. (2.34)

36



The value of cos2[Γ1/2
0,π (f)d(f, cos θd),Γ

−1/2
0,π (f)d(f, cos θd)] has a lower bound:

cos2[Γ
1/2
0,π (f)d(f, cos θd),Γ

−1/2
0,π (f)d(f, cos θd)]

=
(dH(f, cos θd)d(f, cos θd))

2

dH(f, cos θd)Γ0,π(f)d(f, cos θd)dH(f, cos θd)Γ
−1
0,π(f)d(f, cos θd)

=
M2

tr[Γ0,π(f)d(f, cos θd)dH(f, cos θd)]tr[Γ−1
0,π(f)d(f, cos θd)d

H(f, cos θd)]

≥ M2

λ1(Γ0,π(f))tr[d(f, cos θd)dH(f, cos θd)]λ1(Γ
−1
0,π(f))tr[d(f, cos θd)dH(f, cos θd)]

=
M2

λ1(Γ0,π(f)) ·M · λ1(Γ−1
0,π(f)) ·M

=
1

λ1(Γ0,π(f))
1

λM (Γ0,π(f))

=
λM(Γ0,π(f))

λ1(Γ0,π(f))
, (2.35)

where λ1(Γ0,π(f)) and λM(Γ0,π(f)) are the largest and smallest eigenvalue
of Γ0,π(f). The beampattern of this DS beamformer is

|B[hDS(f, cos θd), cos θ]|2

=
1

M2
|dH(f, cos θ)d(f, cos θd)|2

=
1

M2
(||d(f, cos θ)||22||d(f, cos θd)||22 cos2[d(f, cos θ),d(f, cos θd)])

= cos2[d(f, cos θ),d(f, cos θd)]. (2.36)

The Kantorovich inequality implies that if A is an n × n positive definite
matrix, then the cosine of the angle θ between n× 1 real vectors x and Ax

has a minimum value. Let λ1 and λn be the smallest and largest eigenvalue
of A, the minimum value of cos θ is 2

√
λ1λn

λ1+λn
. In the DS beamformer, we can

set x = Γ
−1/2
0,π (f)d(f, cos θd) and A = Γ0,π(f).

DS beamformers have two major drawbacks that limit their effective-
ness. Firstly, their beampattern is not frequency-invariant and the beamwidth
is inversely proportional to the frequency. This leads to non-uniform at-
tenuation of noise, resulting in disturbing artifacts in the output signal.
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Secondly, the directivity factors of DS beamformers are low at low fre-
quencies, making them less effective in suppressing noise and interfer-
ence at these frequencies. These limitations can significantly impact the
quality of the output signal, especially in environments with significant
low-frequency noise and interference. Thus, while DS beamformers are a
simple and widely-used fixed beamforming technique, they may not be
suitable for all applications, and alternative techniques should be consid-
ered for improved performance in challenging environments.

2.3.3 Maximum Directivity Factor

In contrast to the DS beamformer, we can derive fixed beamformers that
maximize directivity factor with the formulation:

min
h(f)

hH(f)Γ0,π(f)h(f)

s.t. hH(f)d(f, cos θ) = 1. (2.37)

The Lagrangian of Equation 2.37 is

L(h(f), ν) = hH(f)Γ0,π(f)h(f) + ν(hH(f)d(f, cos θ)− 1). (2.38)

The derivative of this Lagrangian regarding h(f) is

∇h(f)L(h(f), ν) = 2Γ0,π(f)h(f) + νd(f, cos θ). (2.39)

Set this to 0, we get

h(f) = −1

2
νΓ−1

0,π(f)d(f, cos θ). (2.40)

Substituting (2.40) into (2.38), we get the Lagrange dual

g(ν) = inf
h(f)

L(h(f), ν) = −1

4
ν2dH(f, cos θ)Γ−1

0,π(f)d(f, cos θ)− ν. (2.41)

The maximum of g(ν) is achieved when

ν =
−2

dH(f, cos θ)Γ−1
0,π(f)d(f, cos θ)

. (2.42)
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Substituting (2.42) back to (2.40), we get

hmDF(f) =
Γ−1
0,π(f)d(f, cos θ)

dH(f, cos θ)Γ−1
0,π(f)d(f, cos θ)

. (2.43)

To make maximum DF beamforming more robust, we can maximize
DF with a constraint on WNG [10]. This translates to the problem

min
h(f)

hH(f)[Γ0,π(f) + ϵIM ]h(f)

s.t. hH(f)d(f, cos θ) = 1. (2.44)

Solving this problem is similar to solving (2.37). We have

h∗(f) =
[Γ−1

0,π(f) + ϵIM ]d(f, cos θ)

dH(f, cos θ)[Γ−1
0,π(f) + ϵIM ]d(f, cos θ)

. (2.45)

We can rewrite (2.45) as

hR,α(f) =
Γ−1
α (f)d(f, cos θ)

dH(f, cos θ)Γ−1
α (f)d(f, cos θ)

, (2.46)

where

Γα(f) = [1− α(f)]Γ0,π(f) + α(f)IM , (2.47)

with α(f) being a real number and 0 ≤ α(f) ≤ 1. The inverse approxima-
tion [133] is

(A+ ϵB)−1 ≈ A−1 − ϵA−1BA−1, (2.48)

where ϵ is small compared to A and B. Applying (2.48) to (2.47), we get

Γ−1
α (f) ≈ [(1− α(f))Γ0,π(f)]

−1 − ϵ[(1− α(f))Γ0,π(f)]
−1IM [(1− α(f))Γ0,π(f)]

−1

= (1− α(f))−2Γ−1
0,π(f)[(1− α(f))Γ0,π(f)− α(f)IM ]Γ−1

0,π(f)

= (1− α(f))−2Γ−1
0,π(f)Γα−(f)Γ−1

0,π(f), (2.49)
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for 0 ≤ α(f) ≤ 0.5, and

Γ−1
α (f) ≈ (α(f)IM)−1 − (1− α(f))(α(f)IM)−1Γ0,π(f)(α(f)IM)−1

= −α(f)−2[(1− α(f))Γ0,π(f)− α(f)IM ]

= −α(f)−2Γα−(f), (2.50)

for 0.5 < α(f) ≤ 1, where

Γα−(f) = (1− α(f))Γ0,π(f)− α(f)IM . (2.51)

The superdirective beamformer is a special case of the maximum DF
beamformer where the look direction is θd = 0. The spatial filter for the
superdirective beamformer is:

hSD(f) =
Γ−1
0,π(f)d(f, cos θd)

dH(f, cos θd)Γ
−1
0,π(f)d(f, cos θ)

. (2.52)

The WNG of a superdirective (SD) beamformer can be expressed as

W [hSD(f, cos θd)] = Wmax cos
2[d(f, cos θd),Γ

−1
0,π(f)d(f, cos θd)], (2.53)

where

cos2[d(f, cos θd),Γ
−1
0,π(f)d(f, cos θd)]

=
dH(f, cos θd)Γ

−1
0,π(f)d(f, cos θd)d

H(f, cos θd)Γ
−1
0,π(f)d(f, cos θd)

dH(f, cos θd)d(f, cos θd)dH(f, cos θd)Γ
−2
0,π(f)d(f, cos θd)

= T.

(2.54)

One upper bound of cos2[d(f, cos θd),Γ−1
0,π(f)d(f, cos θd)] can be calculated
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as

T =
tr[Γ−1

0,π(f)d(f, cos θd)d
H(f, cos θd)]tr[Γ−1

0,π(f)d(f, cos θd)d
H(f, cos θd)]

M tr[Γ−2
0,π(f)d(f, cos θd)d

H(f, cos θd)]

(2.55)

≤
tr[Γ−1

0,π(f)]M tr[Γ−1
0,π(f)]M

M tr[Γ−2
0,π(f)d(f, cos θd)d

H(f, cos θd)]
(2.56)

=
M [tr[Γ−1

0,π(f)]
2

tr[Γ−2
0,π(f)d(f, cos θd)d

H(f, cos θd)]
(2.57)

≤
M [tr[Γ−1

0,π(f)]
2

λM [Γ−2
0,π(f)]tr[d(f, cos θd)dH(f, cos θd)]

(2.58)

=
[tr[Γ−1

0,π(f)]
2

λM [Γ−2
0,π(f)]

(2.59)

=
[tr[Γ−1

0,π(f)]
2

[λM [Γ−1
0,π(f)]]

2
, (2.60)

Alternatively, another upper bound can be derived from (2.55).

T ≤
λ1[Γ

−1
0,π(f)]Mλ1[Γ

−1
0,π(f)]M

M tr[Γ−2
0,π(f)d(f, cos θd)d

H(f, cos θd)]
(2.61)

=
[λ1[Γ

−1
0,π(f)]

2

[λM [Γ−1
0,π(f)]]

2
. (2.62)

Similarly, a lower bound can also be derived from (2.55).

T ≥
λM [Γ−1

0,π(f)]MλM [Γ−1
0,π(f)]M

M tr[Γ−2
0,π(f)d(f, cos θd)d

H(f, cos θd)]
(2.63)

≥
M [λM [Γ−1

0,π(f)]
2

[λ1[Γ
−1
0,π(f)]]

2tr[d(f, cos θd)dH(f, cos θd)]
(2.64)

=
[λM [Γ−1

0,π(f)]
2

[λ1[Γ
−1
0,π(f)]]

2
. (2.65)

2.3.4 Differential Beamforming

Differential beamforming is a fixed beamforming technique that uses dif-
ferential microphone arrays with small spacing between successive micro-
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phones to measure the differential acoustic pressure field of different or-
ders. This approach has become increasingly popular in fixed beamform-
ing because it can form frequency-invariant beam patterns and achieve
large directional gains with small apertures. In practice, the nth-order
acoustic pressure differential can be approximated by a polynomial of de-
gree n. Define ω = 2πf . The beampattern of an N th-order DMA at angle θ
is:

B][h(ω), θ] =
M∑
m=1

Hm(ω)e
ȷ(m−1)ωτ0 cos θ (2.66)

≈
M∑
m=1

Hm(ω)
N∑
n=0

1

n!
[ȷ(m− 1)ωτ0 cos θ]

n (2.67)

≈
N∑
n=0

cosn θ[
(ȷωτ0)

n

n!

M∑
m=1

(m− 1)nHm(ω)] (2.68)

≈
N∑
n=0

aN,n cos
n θ = BN(θ), (2.69)

where Hm(ω) represents the complex weight of the mth microphone, aN,n
is the coefficient of cosn θ.

The differential beamforming filters approximated by series expansion
can suffer from deep null problems [71]. To mitigate this issue, an alterna-
tive approach for constructing Differential Microphone Arrays (DMAs) is
by using null-constraints [10]. In the simplest case, a linear array with two
microphones are employed to construct a first-order DMA [10]. The two
constraints are

dH(f, 1)h(f) = 1 (2.70)

dH(f, α1,1)h(f) = 0, (2.71)

where α1,1 = cos θ1,1 is given by design (a null at the angle θ1,1) with −1 ≤
α1,1 ≤ 1. Equations (2.70) and (2.71) can be rewritten as[

1 eȷ2πfτ0

1 eȷ2πfτ0α1,1

]
h(f) =

[
1

0

]
. (2.72)
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By solving this equation, we can get

h(f) =

[
1 eȷ2πfτ0

1 eȷ2πfτ0α1,1

]−1 [
1

0

]
(2.73)

=
1

eȷ2πfτ0α1,1 − eȷ2πfτ0

[
eȷ2πfτ0α1,1 −eȷ2πfτ0

−1 1

][
1

0

]
(2.74)

=
1

eȷ2πfτ0α1,1 − eȷ2πfτ0

[
eȷ2πfτ0α1,1

−1

]
(2.75)

=
e−ȷ2πfτ0α1,1

1− eȷ2πfτ0(1−α1,1)

[
eȷ2πfτ0α1,1

−1

]
(2.76)

=
1

1− eȷ2πfτ0(1−α1,1)

[
1

−e−ȷ2πfτ0α1,1

]
(2.77)

The WNG value is

W [h(f)] =
1

h(f)Hh(f)
(2.78)

=
1

2
|1− eȷ2πfτ0(1−α1,1)|2 (2.79)

=
1

2
|1− cos(2πfτ0(1− α1,1))− ȷ sin(2πfτ0(1− α1,1))|2 (2.80)

=
1

2
[(1− cos(2πfτ0(1− α1,1)))

2 + sin2(2πfτ0(1− α1,1))] (2.81)

=
1

2
[2− 2 cos(2πfτ0(1− α1,1))] (2.82)

= 1− cos(2πfτ0(1− α1,1)). (2.83)

Since −1 ≤ α1,1 ≤ 1, we can observe that the maximum WNG is achieved
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when α1,1 is furthest from 1, which is −1. The DF value is

D[h(f)] =
1

h(f)HΓ(f)h(f)
(2.84)

=
|1− eȷ2πfτ0(1−α1,1)|2

1− sinc(2πfτ0)eȷ2πfτ0α1,1 − sinc(2πfτ0)e−ȷ2πfτ0α1,1 + 1
(2.85)

=
1
2
|1− eȷ2πfτ0(1−α1,1)|2

1− sinc(2πfτ0) cos(2πfτ0α1,1)
(2.86)

=
1− cos(2πfτ0(1− α1,1))

1− sinc(2πfτ0) cos(2πfτ0α1,1)
. (2.87)

To design a second-order uniform linear DMA [10], define

V (f) =

 dH(f, 1)

dH(f, α2,1)

dH(f, α2,2)

 (2.88)

=

1 v1(f) v21(f)

1 v2(f) v22(f)

1 v3(f) v23(f)

 . (2.89)

V(f) is a Vandermonde matrix where v1(f) = eȷ2πfτ0 , v2(f) = eȷ2πfτ0α2,1 ,
v3(f) = eȷ2πfτ0α2,2 . V −1(f) can be decomposed into U(f)L(f), where

U(f) =

1 −v1(f) v1(f)v2(f)

0 1 −[v1(f) + v2(f)]

0 0 1

 (2.90)

and

L(f) =


1 0 0
1

v1−v2
1

v2−v1 0
1

(v1−v2)(v1−v3)
1

(v2−v1)(v2−v3)
1

(v3−v1)(v3−v2)

 . (2.91)

The general second-order design can be written as

V (f)h(f) =

 1

β2,1

β2,2

 . (2.92)
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Therefore, the solution is

h(f) = V −1(f)

 1

β2,1

β2,2

 . (2.93)

For a third-order uniform linear DMA with three distinct nulls [10], the
formula is

V (f)h(f) =


1

0

0

0

 , (2.94)

where V (f) is 4 × 4. It is obvious that by knowing the first column of
V −1(f), we can solve h(f). The elements lij of L(f) are

lij =


0, i < j

1, i = j = 1∏i
p=1,p ̸=j

1
vj−vp , otherwise

. (2.95)

Hence, the first column of L(f) is


1
1

v1−v2
1

(v1−v2)(v1−v3)
1

(v1−v2)(v1−v3)(v1−v4)

. The elements uij

of U(f) are

uij =


1, j = i

0, j = 1

ui−1,j−1 − ui,j−1vj−1, otherwise

, (2.96)

where u0j = 0. Hence, we have

U(f) =


1 −v1 v1v2 −v1v2v3
0 1 −(v1 + v2) v1v2 + v1v3 + v2v3

0 0 1 −(v1 + v2 + v3)

0 0 0 1

 . (2.97)
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By knowing U(f) and the first column of L(f), we get

V −1(f)[:, 1] =


v2v3v4

(v2−v1)(v3−v1)(v4−v1)

− v2v3+v3v4+v2v4
(v2−v1)(v3−v1)(v4−v1)

v2+v3+v4
(v2−v1)(v3−v1)(v4−v1)

− 1
(v2−v1)(v3−v1)(v4−v1)

 (2.98)

The null-constrained approach can also be applied to a Concentric Cir-
cular Microphone Array (CCMA) composed of P rings[165]. The pth ring
has a radius of rp and consists of Mp omnidirectional microphones. The
angular position of the mth array element on the pth ring is

ψp,m = ψp,1 +
2π(m− 1)

Mp

. (2.99)

The pth ring’s steering vector is

dp(ω, θ) = [eȷωp cos(θ−ψp,1) ... eȷωp cos(θ−ψp,Mp )]T, (2.100)

with ωp = ωrp/c. The steering vector of the whole microphone array is of
length M , where M =

∑P
p=1Mp. It is represented by

d(ω, θ) = [dT
1(ω, θ) d

T
2(ω, θ) · · · dT

p(ω, θ)]
T. (2.101)

Assume that the N th-order differential beamformer with the main beam
pointing to θs has N distinct nulls: θs < θ1 < · · · < θN ≤ θs + π. We can
now define

D(ω) =



dH(ω, θs)

dH(ω, θs +∆θ1)

dH(ω, θs −∆θ1)
...

dH(ω, θs +∆θN)

dH(ω, θs −∆θN).


(2.102)

We use i2N+1 to denote a vector of length (2N + 1), whose first element is
1 and all other components are 0. The general solution for the Maximum
White Noise Gain (MWNG) CCMA differential beamformer is:

hMWNG(ω) = DH(ω)[D(ω)DH(ω)]−1i2N+1. (2.103)
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2.4 Mathematical Derivations

In this section, I provide detailed mathematical derivations. These deriva-
tions serve to elucidate commonly encountered terms in the literature on
signal enhancement.

2.4.1 Minimum Norm Solution

Problem formulation:

min xTx (2.104)

s.t. Ax = b (2.105)

Perpendicularity Perspective

Define S = {x ∈ RN : Ax = b} and S ′ = {y ∈ RN : Ay = 0}. Let x(0) be
an arbitrary element of S, which satisfies Ax(0) = b and S = S ′ + x(0). The
minimum norm optimization can be interpreted as ”finding the element
of S closest to 0” or “finding the element of S ′ closest to −x(0)”. This can
be illustrated in the Figure 2.2 below. We can observe that the vector from
0 to the optimal element x∗ is perpendicular to S ′, i.e., x∗ · y = 0.

Since Ay = 0, y belongs to the null space of A. Then x∗ · y = 0 implies
that x∗ is orthogonal to the null space of A. It is known that the null space
and the row space of a matrix are orthogonal complements. Therefore, x∗

must belong to the row space of A. We can set x∗ = ATw for some w.
Substituting this into Ax = b, we get AATw = b. Solving for w, we get
w = (AAT)−1b. Thus, x∗ = ATw = AT(AAT)−1b.

When we look at S instead of S ′, we can see that another perpendicular
relationship happens between x∗ and x− x∗. We have

||x2|| = ||x∗ + x− x∗||2 = ||x∗||2 + ||x− x∗||2 ≥ ||x∗||2. (2.106)

This equation proves that x∗ gives the minimum norm.
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Figure 2.2: Two interpretations of the minimum norm problem

Convex Optimization Perspective

The Lagrangian of the minimum norm problem is

L(x, ν) = xTx+ νT(Ax− b). (2.107)

Since ∇xL(x, ν) = 2x + ATν, we get x∗ = −(1/2)ATν when ∇xL(x, ν) = 0.
The Lagrange dual is

g(ν) = inf
x
L(x, ν) = −(1/4)νTAATν − bTν. (2.108)

The maximum of g(ν) is achieved when ν∗ = −2(AAT)−1b. Substituting
this back into x∗ = −(1/2)ATν, we get x∗ = AT(AAT)−1b.

2.4.2 Verify Positive Semidefinite Matrix

A matrix A is positive semidefinite if and only if it can be written as A =

RTR for some possibly rectangular matrix R.
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Proof.

xTAx = xTRTRx = (Rx)T (Rx) = ||Rx||2 (2.109)

If columns of R are independent, then A is positive definite.

2.4.3 Trace of Matrix Product

For positive semidefinite matrices A, B, tr(AB) ≤ tr(A)tr(B).

Proof.

tr(AB) = tr(A1/2B1/2B1/2A1/2)

= ||A1/2B1/2||2F
≤ ||A1/2||2F ||B1/2||2F
= tr(A)tr(B) (2.110)

2.4.4 Trace Inequality

Let K and S be n × n matrices. If K is positive semidefinite and S is
symmetric, then

λmin(S)tr(K) ≤ tr(KS) ≤ λmax(S)tr(K). (2.111)

Proof. Let D = U ′SU , where D is a diagonal matrix formed by the eigen-
values of S and U is an orthogonal matrix whose columns are normalized
eigenvectors. We have

U ′KSU = (U ′KU)(U ′SU). (2.112)

Then

tr(KS) = tr(U ′KSU) = tr(U ′KUD). (2.113)
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Since U ′KU ≥ 0 and D is diagonal formed by eigenvalues of S, it follows
that

λmin(S)tr(U ′KU) ≤ tr(KS) ≤ λmax(S)tr(U ′KU), (2.114)

λmin(S)tr(K) ≤ tr(KS) ≤ λmax(S)tr(K) (2.115)

2.4.5 Condition Number for Inversion

The norm of a matrix measures the maximum stretching a matrix does to
any vector in a given vector norm. It is defined by

||A|| = max
x ̸=0

||Ax||
||x||

. (2.116)

The matrix norm corresponding to vector 1-norm is maximum absolute
column sum

||A||1 = max
j

n∑
i=1

|aij|. (2.117)

The matrix norm corresponding to vector ∞-norm is maximum absolute
row sum

||A||∞ = max
i

n∑
j=1

|aij|. (2.118)

The condition number of a matrix A is defined by

cond(A) = ||A|| · ||A−1||. (2.119)

If cond(A) is infinity, then A is singular. If cond(A) is a finite large num-
ber, thenA is close to singular. The condition number can be interpreted as
the ratio of of the maximum relative stretching to the maximum relative
shrinking that matrix does to any non zero vectors. When A is positive
definite and symmetric, the condition number with 2-norm can be simpli-
fied to the ratio of the largest eigenvalue of A to the smallest eigenvalue of
A.
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Chapter 3

Linear Time Finite Basis
Independence Criterion

Detection of statistical dependence between random variables is an essen-
tial component in many machine learning algorithms. We propose a novel
independence criterion for two random variables with linear-time com-
plexity. We establish that our independence criterion is an upper bound of
the Hirschfeld-Gebelein-Rényi maximum correlation coefficient between
tested variables. A finite set of basis functions is employed to approximate
the mapping functions that can achieve the maximal correlation. Using
classic benchmark experiments based on independent component analy-
sis, we demonstrate that our independence criterion performs comparably
with the state-of-the-art quadratic-time kernel dependence measures like
the Hilbert-Schmidt Independence Criterion, while being more efficient
in computation. The experimental results also show that our indepen-
dence criterion outperforms another contemporary linear-time kernel de-
pendence measure, the Finite Set Independence Criterion. The potential
application of our criterion in deep neural networks is validated experi-
mentally.
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3.1 Introduction

Measures of dependence between random variables have been extensively
studied in statistics and in science. Statistical quantities such as non-Gaussi-
anity, cross-cumulants and mutual information have been used for de-
pendence detection in Independent Component Analysis (ICA) [75, 5, 18].
Among them, mutual information is the most popular dependence mea-
sure. It measures the Kullback-Leibler divergence between the joint proba-
bility distribution of two random variables and the product of their marginal
distributions.

Mutual information can be difficult to measure and optimize with a fi-
nite sample [3]. Alternative measurements in a Reproducing Kernel Hilbert
Space (RKHS) have shown superior performance in detecting statistical
dependence [3, 55, 57]. [3] developed a kernel method to search for map-
ping functions in an RKHS that can achieve the maximal correlation, also
known as the Hirschfeld-Gebelein-Rényi (HGR) maximum correlation co-
efficient [63, 44, 139], between observed signals. This Kernel ICA approach
is robust to near-Gaussianity and outliers. The Hilbert Schmidt Indepen-
dence Criterion (HSIC) proposed by [55] exhibits the best performance to
date. It searches for RKHS functions that can maximize the norm of the
cross-covariance operator. It is robust under challenging environments
and alert to small deviations from independence.

The advantage of HSIC comes at a price. Its quadratic computational
time slows down the calculation. Additionally, for input signals with a
large sample size, it is infeasible to use HSIC to compute the statistical
independence [81]. This disadvantage cannot be overlooked in an era of
big data. It is also observed that the stability of HSIC is not guaranteed
as it is sensitive to the initial conditions. In ICA experiments, when the
initial demixing matrix is not properly guessed, HSIC can suffer from local
optima and perform poorly [148].

To address the high computational expense of HSIC, the Finite Set In-
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dependence Criterion (FSIC) was developed [81]. Instead of constructing
a Gram matrix that requires a computation between every single pair of
signal observations, FSIC selects a finite set of test locations to be com-
pared with input signals. Empirically it has been shown that a small set
of test locations is sufficient to provide test power [81]. This makes FSIC a
linear-time algorithm. By focusing on the key regions captured by test lo-
cations that signify differences between two input signals, the estimation
of the covariance matrix can be made more efficient and accurate.

In order to search for key regions and tune parameters for kernels, FSIC
splits the data into training and test sets. Only the training set is exploited
for the parameter tuning to avoid overfitting. The test set alone is used for
independence measurement. This approach has two problems. Firstly, the
training stage prevents FSIC from being an online algorithm. Secondly,
the data splitting can be problematic. For example, if the data distribution
is not stationary, it is quite likely that the training set will not reflect the
true properties of the test set. These disadvantages make it cumbersome
to integrate FSIC effectively into machine learning algorithms like ICA.

Comparing different dependence measures in a fair manner is not a
trivial task. Given a finite sample, no test of independence is reliable [57].
The universal limit on dependence tests affirms that the lower Type I error
a dependence test has, the higher Type II error it can suffer from [57]. In
practical applications, one good benchmark to evaluate dependence mea-
sures is linear instantaneous ICA [55]. In linear ICA, the aim is to extract
original independent source signals when the only available information
is a set of linearly mixed signal mixtures [111]. Performing the signal
separation in ICA algorithms depends on good measurement of depen-
dence. The linear instantaneous mixing creates a signal mixture that can
be demixed up to an indeterminacy of scale and permutation [29]. Thus,
evaluating the estimated demixing matrix from the ICA algorithm against
the ground truth mixing matrix can indicate the optimization efficacy of
the dependence measure employed. The ICA benchmark experiments put
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forward by [3] have become a standard practice for evaluating many de-
pendence measures [75, 18, 5, 102, 19, 3, 56, 148, 134].

We propose a new dependence measure called the Finite Basis Inde-
pendence Criterion (FBIC). It is a linear-time independence measure de-
rived from the fact that the mapping functions attaining the maximal cor-
relation can be approximated in a subspace built by finite basis functions.
It follows the spirit of the HGR maximum correlation coefficient. Our ex-
perimental results have shown that FBIC can perform similarly to HSIC
and FSIC on various data distributions. FBIC is a direct application of
Property (F) in [139]: the maximal correlation between two random vari-
ables is invariant with respect to all one-to-one Borel measurable transfor-
mations.

Recently, [120] suggested that the strong one-to-one invariance assump-
tion of dependence measures should be replaced by similarity invariance
and weak continuity. This relaxation of invariance is claimed to be in-
strumental for distribution robustness [120]. They have shown that cer-
tain pathological random variables artificially constructed may confuse
the maximal correlation measurement. However, detailed examination of
pros and cons between different invariance assumptions of dependence
measures has not been tested experimentally, and is outside of the scope
of this chapter.

Our contributions include:

• We develop a new framework for an upper bound of independence
criterion on the basis of the HGR maximum correlation coefficient.

• We establish the effectiveness of four sets of basis functions, includ-
ing three sets of RBFs and one set of polynomial functions, both the-
oretically and experimentally.

• We demonstrate the superior performance of FBIC on dependence
detection in a comprehensive ICA benchmark, which shows the va-
lidity of applying FBIC in machine learning loss functions through

54



gradient descent.

The remainder of the chapter is organized as follows. Section 3.2 intro-
duces an evolution from HSIC to FSIC. Section 3.3 describes the details of
the proposed FBIC algorithm. Section 3.4 explains the experiment design.
Section 3.5 provides the conclusion and outlines future work.

3.2 Background

3.2.1 RKHS-based Independence Measures

A Hilbert space H is a complete inner product space. An RKHS is a Hilbert
space where point evaluation is a continuous linear functional. Thus, by
the Riesz representation theorem [115] which states that any functional
mapping H into R can be represented by an inner product, an RKHS has
the Reproducing Property that f(x) = ⟨f, ϕ(x)⟩H, where f : X → R is a
functional in the RKHS, x belongs to X and ϕ(x) is a feature map from
X to H. The feature map takes the canonical form ϕ(x) = k(x, ·), where
k(x1, x2) : X×X → R is a positive definite kernel. In other words, the inner
product of two feature map can be evaluated by a kernel: ⟨ϕ(x), ϕ(y)⟩H =

k(x, y).
Let x and y be random variables defined on a topological space X , with

respective Borel probability measures p and q. Let T be a class of functions
f : X → R. The Maximum Mean Discrepancy (MMD) is defined as [54]:

MMD(T , p, q) := sup
f∈T

(Ex[f(x)]− Ey[f(y)]), (3.1)

where Ex[f(x)] and Ey[f(y)] denote expectations with respect to p and q.
The MMD can be considered as an integral probability metric [122].

Let (X , d) be a metric space. We have p = q if and only if Ex[f(x)] =

Ey[f(y)] for all f ∈ C(X ), where C(X ) is the space of bounded continuous
functions on X .
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In real life, it is not practical to work with a rich function class like
C(X ). The MMD requires a function class that is rich enough to identify
p = q uniquely, yet restrictive enough so that the MMD can be estimated
by finite samples. It turns out that the unit ball in an RKHS H can satisfy
both conditions.

Define the mean embedding of p in an RKHS as µp ∈ H such that Exf =

⟨f, µp⟩H. The formula for the MMD in Equation 3.1 can be rewritten as:

MMD2(T , p, q)

=

[
sup

∥f∥H≤1

(Ex[f(x)]− Ey[f(y)])

]2
(3.2)

=

[
sup

∥f∥H≤1

⟨µp − µq, f⟩H

]2
(3.3)

=
∥∥µp − µq

∥∥2
H (3.4)

= ⟨µp, µp⟩H + ⟨µq, µq⟩H − 2⟨µp, µq⟩H (3.5)

= Ex,x′⟨ϕ(x), ϕ(x′)⟩H + Ey,y′⟨ϕ(y), ϕ(y′)⟩H
− 2Ex,y⟨ϕ(x), ϕ(y)⟩H. (3.6)

Let X := {x1, · · · , xm} and Y := {y1, · · · , yn} be observations inde-
pendently and identically drawn from p and q. By using the empirical
estimates of the feature space based on X and Y , we obtain

MMD2(T , X, Y ) =

[
1

m2

m∑
i,j=1

k(xi, xj)−
2

mn

m,n∑
i,j=1

k(xi, yj) +
1

n2

n∑
i,j=1

k(yi, yj)

]
.

(3.7)

Empirical HSIC

Let Z ⊆ X × Y be samples independently drawn from Pxy. Let us use
shorthand notations kij = k(xi, xj) and lij = l(yi, yj). Gram matrices K
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and L can be defined by Kij = kij and Lij = lij . The empirical HSIC is
given by:

ĤSIC(Z,F ,G)

:=
1

n2

n∑
i=1

n∑
j=1

kijlij +
1

n4

(
n∑
i=1

n∑
j=1

kij

)(
n∑
i=1

n∑
j=1

lij

)

− 2

n3

n∑
i=1

n∑
j=1

n∑
q=1

kijliq

=
1

n2
tr(KL) +

1

n4
(1TnK1n)(1

T
nL1n)−

2

n3
1TnKL1n

=
1

n2
tr(KHLH), (3.8)

where 1n is an n× n matrix of ones and H := I − 1
n
1n1

T
n .

3.2.2 From HSIC to FSIC

Due to their high performance, kernel-based independence measurements
like HSIC and FSIC have been studied extensively in recent years [3, 55,
57, 81, 148]. They satisfy the framework introduced by [139], stating that
the maximal correlation (or cross-covariance) results from sufficiently rich
function classes is zero if and only if the random variables tested are inde-
pendent. These methods are related to a test statistic comparing distribu-
tions called Maximum Mean Discrepancy (MMD) [54]. By using the unit
ball of an RKHS, the MMD between distributions can be detected.

HSIC is a robust kernel-based independence measurement as it utilizes
the sum of the squared singular values in the cross-covariance operator
instead of only the largest singular value like the Constrained Covariance
(COCO) approach [57]. The summed up quantity is called the squared
Hilbert-Schmidt norm, which is the RKHS counterpart of the squared Frobe-
nius norm.

Let F and G be two RKHSs with corresponding positive definite ker-
nels k : X × X → R and l : Y × Y → R, respectively. For all x ∈ X
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and y ∈ Y , the Reproducing Property gives us k(x, x′) = ⟨ϕ(x), ϕ(x′)⟩ and
l(y, y′) = ⟨ψ(y), ψ(y′)⟩, where ϕ : X → F and ψ : Y → G are feature maps.
The mean embeddings of the probability distributions of x in F and of y
in G are defined as µx and µy respectively:

⟨µx, f⟩F := Ex[⟨ϕ(x), f⟩F ] = Ex[f(x)],

⟨µy, g⟩G := Ey[⟨ψ(y), g⟩G] = Ey[g(y)],
(3.9)

where f ∈ F and g ∈ G. Given a ∈ F and b ∈ G, the tensor product
operator a⊗ b : G → F is defined as

(a⊗ b)g := a⟨b, g⟩G for all g ∈ G. (3.10)

Note that this reduces to a ⊗ b = abT for finite-dimensional vector
spaces. It follows that the cross-covariance operator Cxy : G → F is de-
fined as

Cxy := Ex,y[(ϕ(x)− µx)⊗ (ψ(y)− µy)]

= Ex,y[ϕ(x)⊗ ψ(y)]− µx ⊗ µy. (3.11)

The derivation of the cross-covariance operator Cxy can be further ex-
plained in the following:

⟨f, Cxyg⟩F = ⟨Cxy, f ⊗ g⟩HS (3.12)

= Ex,y⟨(ϕ(x)− µx)⊗ (ψ(y)− µy), f ⊗ g⟩HS (3.13)

= Ex,y[⟨f, ϕ(x)− µx⟩⟨g, ψ(y)− µy⟩]

= Ex,y[(⟨f, ϕ(x)⟩ − ⟨f, µx⟩)(⟨g, ψ(y)⟩ − ⟨g, µy⟩)]

= Ex,y[(f(x)− Ex[f(x)])(g(y)− Ey[g(y)])]

= Ex,y[f(x)g(y)]− Ex[f(x)]Ey[g(y)]

= Ex,y⟨ϕ(x)⊗ ψ(y), f ⊗ g⟩ − ⟨µx ⊗ µy, f ⊗ g⟩ (3.14)

= Ex,y⟨ϕ(x)⊗ ψ(y), f ⊗ g⟩ − Ex,y⟨µx ⊗ µy, f ⊗ g⟩

= Ex,y⟨ϕ(x)⊗ ψ(y)− µx ⊗ µy, f ⊗ g⟩, (3.15)
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where (3.12) follows Equation (3) in [55], (3.13) and (3.14) follows Lemma 7
in [17]. The rest of the steps can be obtained from algebraic manipulations.

Denote Ex,y[ϕ(x) ⊗ ψ(y)] by C̃xy and the joint distribution over X × Y
by Pxy. Let C : G → F be a linear operator. The Hilbert-Schmidt norm of
C is defined as:

∥C∥HS :=

√∑
i,j

⟨Cvj, ui⟩2H, (3.16)

where ui and vj are orthonormal bases of F and G respectively.

A linear operator C : G → F is called a Hilbert-Schmidt operator if
its Hilbert-Schmidt norm exists. The set of Hilbert-Schmidt operators is a
separable Hilbert space with inner product

⟨C,D⟩HS =
∑
i,j

⟨Cvj, ui⟩H⟨Dvj, ui⟩H. (3.17)

We can now define HSIC as the squared Hilbert-Schmidt norm of the
associated cross-covariance operator Cxy:

HSIC(Pxy,F ,G) :=
∥∥Cxy∥∥2HS

=
∥∥∥C̃xy − µx ⊗ µy

∥∥∥2
HS

= ⟨C̃xy, C̃xy⟩HS + ⟨µx ⊗ µy, µx ⊗ µy⟩HS − 2⟨C̃xy, µx ⊗ µy⟩HS

= Ex,yEx′,y′ [k(x, x
′)l(y, y′)] + ExEyEx′Ey′ [k(x, x

′)l(y, y′)]

− 2Ex,yEx′Ey′ [k(x, x
′)l(y, y′)]. (3.18)

Denote the marginal distributions over X and Y by Px and Py respec-
tively. Let T be the unit ball in an RKHS associated with a kernel v :

F × G → R. HSIC associated with Cxy is equivalent to the squared MMD
between the joint distribution Pxy and the product of its marginal distri-
butions PxPy [17]:

MMD2(T , Pxy, PxPy) = HSIC(Pxy,F ,G). (3.19)
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The equivalence between MMD and HSIC can be shown below from
the derivations adapted from Lemma 9 in [17]. Define a kernel v in the
tensor product space F × G as v((x, y)(x′, y′)) = k(x, x′)l(y, y′). The RKHS
associated with v is Hv. We have:

MMD2(T , Pxy, PxPy) =
∥∥µPxy − µPxPy

∥∥2
Hv

=
∥∥Ex,yv((x, y), ·)− ExEyv((x, y), ·)

∥∥2
Hv

=
∥∥Ex,yk(x, ·)l(y, ·)− ExEyk(x, ·)l(y, ·)

∥∥2
Hv

=
∥∥Ex,yk(x, ·)l(y, ·)− Exk(x, ·)Eyl(y, ·)

∥∥2
Hv

= ⟨Ex,yk(x, ·)l(y, ·),Ex′,y′k(x
′, ·)l(y′, ·)⟩Hv

+ ⟨Exk(x, ·)Eyl(y, ·),Ex′k(x
′, ·)Ey′l(y

′, ·)⟩Hv

− 2⟨Ex,yk(x, ·)l(y, ·),Ex′k(x
′, ·)Ey′l(y

′, ·)⟩Hv

= Ex,yEx′,y′ [k(x, x
′)l(y, y′)] + ExEyEx′Ey′ [k(x, x

′)l(y, y′)]

− 2Ex,yEx′Ey′ [k(x, x
′)l(y, y′)]

= HSIC(Pxy,F ,G).

FSIC is related to MMD in the sense that it also measures a differ-
ence between mean embeddings in RKHSs. However, the maximum dis-
tance aspect is not required in FSIC. Define the empirical measure ν :=
1
J

∑J
i=1 δ(vi,wi) over J test locations VJ := {(vi, wi)}Ji=1 ⊂ X × Y , where

δt denotes the Dirac measure centered on t. Let µxy, µx and µy represent
mean embeddings of Pxy, Px and Py. Define random variables X ∈ X and
Y ∈ Y . Using L2(X ×Y , ν) to measure the distance between µxy and µxµy,
FSIC is defined by:

FSIC2[X, Y ] :=
∥∥µxy − µxµy

∥∥2
L2(X×Y,ν) (3.20)

=

∫
X

∫
Y
(µxy(x, y)− µx(x)µy(y))

2dν(x, y) (3.21)

=
1

J

J∑
i=1

u(vi, wi)
2,where (3.22)
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u(v, w) := µxy(v, w)− µx(v)µy(w) (3.23)

= Ex,y[k(x, v)l(y, w)]− Ex[k(x, v)]Ey[l(y, w)] (3.24)

= covxy[k(x, v), l(y, w)]. (3.25)

FSIC is a good measure for independence testing purpose, but it is not
easy to employ it in machine learning algorithms like ICA due to the train-
ing data requirement for the test location optimization.

Assumptions of FSIC

A positive definite kernel k : X × X → R is said to be analytic on its
domain X ×X if for all v ∈ X , f(x) := k(x,v) is an analytic function on X
[28]. P denotes the set of all Borel probability measures on a topological
space (M, A). For a set L ⊂ P , γ(P,Q) is a metric for any P,Q ∈ L . A
bounded measurable positive definite kernel k is defined as characteristic
if γ(P,Q) = 0 ⇔ P = Q [151].

FSIC is a novel approach to measure independence in a linear time
manner. It evaluates a random metric between two probability distribu-
tions at a finite number of points [81, 28]. This is possible when FSIC
satisfies the assumption that the kernels k : X × X → R and l : Y ×
Y → R are bounded by Bk and Bl respectively, and the product kernel
g((x,y), (x′,y′)) := k(x,x′)l(y,y′) is characteristic and analytic on (X ×
Y)× (X × Y) [151].

Empirical FSIC

Let X := {x1, ..., xn} and Y := {y1, ..., yn} be observations independently
and identically drawn from Px and Py. The empirical estimate of FSIC can
be written as:

F̂SIC
2
(X, Y ) =

1

J

J∑
i=1

û(vi, wi)
2,where (3.26)
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û(v, w) := µ̂xy(v, w)− µ̂xµy(v, w) (3.27)

=
1

n

n∑
i=1

k(xi, v)l(yi, w)−
1

n2

n∑
i=1

k(xi, v)
n∑
j=1

l(yi, w). (3.28)

3.3 FBIC

Define nondegenerate univariate random variables X and Y whose ob-
servations x = (x1, ..., xm)

T and y = (y1, ..., ym)
T can represent signals of

interest. Without loss of generality, we can scale observed signals x and y

such that they are within the closed domain interval [0, 1]. Let L2[0, 1] be
the square-integrable function space such that for f(t) ∈ L2[0, 1]

∥∥f(t)∥∥
2
=
(∫ 1

0

|f(t)|2dt
)1/2

<∞, (3.29)

where t is a real value defined on the closed domain interval [0, 1]. Let
C[0, 1] be the function space of real-valued continuous functions defined
on the closed interval [0, 1]. We now define a function space T = L2[0, 1] ∩
C[0, 1], which is an equivalence class of functions that are both square-
integrable and continuous almost everywhere on the closed domain inter-
val [0, 1]. A finite dimensional subspace V ⊆ T can be built upon a set of
basis functions B = {pi : [0, 1] → R}, where i ∈ {1, 2, ..., N} and N is a
finite positive integer.

It has been shown in [3] that the maximal correlation can be used to
measure independence between tested variables. The maximal correlation
between x and y is:

ρmax[x, y] = sup
f1,f2∈T

(
ρ[f1(x), f2(y)]

)
= sup

f1,f2∈T

cov(f1(x), f2(y))

σ(f1(x))σ(f2(y))
, (3.30)

where ρ[·, ·] denotes the Pearson Correlation, and σ(·) denotes the standard
deviation.

We use the function space T for possible mapping functions employed
in the maximal correlation. This is because the Pearson Correlation re-
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quires the chosen functions to be square-integrable. The continuous prop-
erty implies that the chosen functions are Borel-measurable. Define f ∗

1 and
f ∗
2 such that ρmax[x, y] = ρ[f ∗

1 (x), f
∗
2 (y)]. We want to use the best approxi-

mations q1 and q2 of f ∗
1 and f ∗

2 in V that minimize the difference between
ρ[f ∗

1 (x), f
∗
2 (y)] and ρ[q1(x), q2(y)]. From the definition of V , we can write

q1(x) =
∑N

i=1 aipi(x) and q2(y) =
∑N

j=1 bjpj(y). The standard deviation can
be scaled by a multiplication factor and it will be divided for normaliza-
tion in Pearson Correlation in the end. To simplify the notation and leave
out the standard deviation, we can rescale all mapping functions in T to
have unit standard deviation when applied to test variables.

3.3.1 Definition of FBIC

We propose that the Finite Basis Independence Criterion (FBIC) can imply
independence by measuring the pair-wise correlations between the basis
function mappings from tested variables. This can be expressed with a set
of basis functions {pi} from B:

FBIC(B, X, Y ) =
N∑
i=1

N∑
j=1

∣∣∣∣∣ρij[x, y]
∣∣∣∣∣

=
N∑
i=1

N∑
j=1

∣∣∣∣∣E[(pi(x)− E[pi(x)])(pj(y)− E[pj(y)])]

∣∣∣∣∣. (3.31)

Let Qx and Qy be the probability density functions of x and y respec-
tively. Let X := {x1, ..., xm} and Y := {y1, ..., ym} be observations indepen-
dently and identically drawn from Qx and Qy. The empirical FBIC is:

F̂BIC(B, X, Y ) =
N∑
i=1

N∑
j=1

∣∣∣∣∣ 1m
m∑
k=1

[(pi(xk)

− 1

m

m∑
s=1

pi(xs))(pj(yk)−
1

m

m∑
t=1

pj(yt))]

∣∣∣∣∣. (3.32)
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3.3.2 Basis Functions in FBIC

The choice of basis function sets is crucial for the good performance of
the FBIC. Our first category of basis functions are inspired by the RBF
neural networks, which have the universal approximation capacity [168].
A RBF K(·) is a radially symmetric function such that∥x∥p =∥y∥p implies
K(x) = K(y) [130]. Here we use a general norm notation∥·∥p to include
more than the Euclidean norm for the construction of RBFs.

A finite set of RBFs can approximate any function in T arbitrarily well.
This can be corroborated by the Theorem 1 of [130], which states that
for functions that are integrable, bounded, continuous almost everywhere
and has non-zero integral, a finite sum of these functions with coefficients
is dense in p-integrable function spaces for every p ∈ [1,∞). RBFs that we
choose should satisfy these properties and are, hence dense in T , a subset
of the square-integrable function space.

Three sets of RBFs are tested in this chapter. They are Gaussian RBFs,
Laplacian RBFs and Inverse Multiquadratic RBFs. They are listed below:

Gaussian: K(x) = e−ϵ(x−c)
2

Laplacian: K(x) = e−ϵ|x−c|

Inverse Multiquadratic: K(x) = 1√
1+ϵ(x−c)2

.

(3.33)

We define ϵ ∈ (0,∞) as the shape parameter and c ∈ [0, 1] as the dis-
placement parameter for the RBFs in Equation 3.33. The smaller the ϵ, the
flatter the shape of RBFs [118]. RBFs of the same category share the same
shape parameter. The displacement parameters are equally distanced grid
points. For example, when there are 10 RBFs in a set, c = {0, 0.1, 0.2, · · · , 0.9}.

Another category of basis functions is the Shifted Legendre Polynomi-
als. They are orthogonal polynomials that can play the role of orthogonal
basis functions. This is a natural choice for a finite set of basis functions as
orthogonality is numerically effective for function approximation [136].

Let Pn(x) be a polynomial of degree n. Legendre Polynomials satisfy
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the condition that ∫ 1

−1

Pm(x)Pn(x)dx = 0, if n ̸= m. (3.34)

P0(x) is generally set to 1 for standardization. Shifted Legendre Polyno-
mials are defined as P̃n(x) = Pn(2x− 1). They satisfy the condition that∫ 1

0

P̃m(x)P̃n(x)dx = 0, if n ̸= m. (3.35)

Shifted Legendre Polynomials are preferred as they are orthogonal on the
interval [0, 1], which corresponds to our function space T . For one set of
Shifted Legendre Polynomial basis functions, they are distinguished by
different polynomial degrees n.

The Weierstrass’s theorem states that a continuous function on a closed
interval can be approximated arbitrarily well by polynomials [77]. There-
fore, Shifted Legendre Polynomials can be regarded as the orthogonal ba-
sis for the construction of any continuous function on a closed interval
[94]. Since any polynomial can be decomposed into Shifted Legendre
Polynomials and there exists some good polynomial approximation for
any function in T , this suggests that Shifted Legendre Polynomials can
approximate any function in T arbitrarily well given a sufficient number
of degrees.

3.3.3 Justifications for FBIC

Theorem 1. Given a sufficient set of basis functions, FBIC gives an upper bound
to the maximal correlation between tested variables with an arbitrarily small pos-
itive error bound ∆.

Proof. Define γij = âib̂j . Let âi and b̂j be scaled coefficients ai and bj from
the definitions of q1 and q2. âi and b̂j are within [−1, 1]. The coefficients can
be scaled as the Pearson Correlation is scale invariant. From the definition
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of FBIC in Equation 3.31, we can derive an inequality as follows:

FBIC[B, X, Y ] =
N∑
i=1

N∑
j=1

∣∣∣∣∣E[(pi(x)− E[pi(x)])(pj(y)− E[pj(y)])]

∣∣∣∣∣
=

N∑
i=1

N∑
j=1

∣∣∣∣∣E[pi(x)pj(y)]− E[pi(x)]E[pj(y)]

∣∣∣∣∣
≥

N∑
i=1

N∑
j=1

|γij|

∣∣∣∣∣E[pi(x)pj(y)]− E[pi(x)]E[pj(y)]

∣∣∣∣∣ (3.36)

≥

∣∣∣∣∣
N∑
i=1

N∑
j=1

γij(E[pi(x)pj(y)]− E[pi(x)]E[pj(y)])

∣∣∣∣∣ (3.37)

=

∣∣∣∣∣ρ[q1(x), q2(y)]
∣∣∣∣∣. (3.38)

Equation 3.36 is obtained by multiplying each term with |γij|. Equation
3.38 follows from definitions of q1, q2 and the Pearson Correlation. The
sufficiency of the set of basis functions is indicated by ||ρ[q1(x), q2(y)]| −
ρ[f ∗

1 (x), f
∗
2 (y)]| = ∆, where ∆ is arbitrarily close to zero. This shows

FBIC[B, X, Y ] + ∆ ≥ ρmax[x, y]. By the universal approximation property
of RBFs and polynomials, we can obtain a sufficient set of basis functions
by increasing the number of basis functions.

Theorem 2. Given a sufficient set of basis functions, FBIC between tested vari-
ables is arbitrarily close to zero if and only if X |= Y .

Proof. The sufficient condition of this theorem is trivial as independent
variables always have 0 correlation no matter what basis functions are
used for mapping. The positive error bound ∆ reaches zero for indepen-
dent variables. The necessary condition can be proved by using the up-
per bound property in Theorem 1. Since the maximal correlation is non-
negative, it is arbitrarily close to zero if its upper bound is arbitrarily close
to 0.
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Additionally, we can use properties of the Laplace transform to prove
the validity of FBIC with Gaussian RBFs. Define a Borel probability mea-
sure µ : X × Y → R+, where

∫∫
µ(x, y)dxdy = 1. We use K(x) = e−ϵ(x−c)

2

for the Gaussian RBFs. DefineKs(x) = e−ϵ(x−s)
2
= e−ϵ(x

2−2xs+s2) andKt(y) =

e−ϵ(y−t)
2
= e−ϵ(y

2−2yt+t2), where s and t are displacement parameters and
s, t ∈ [0, 1]. Now we can establish a theorem that FBIC with Gaussian RBFs
will equate the Borel probability measure of the joint probability distribu-
tion of x and y to the product of the marginal probability distributions of
x and y if and only if x and y and independent.

Theorem 3. ∀s, t
∫∫

Ks(x)Kt(y)µ(x, y)dxdy =
∫∫

Ks(x)µ(x, y)dxdy∫∫
Kt(y)µ(x, y)dxdy, if and only if µ(x, y) =

∫
µ(x, s)ds

∫
µ(y, t)dt.

Proof. Let η(x, y) = µ(x, y)−
∫
µ(x, s)ds

∫
µ(y, t)dt. We need to show

∀s, t
∫∫

Ks(x)Kt(y)η(x, y)dxdy = 0 ⇐⇒ x |= y. The necessary condition is
trivial to prove as independent variables have the property that µ(x, y) =∫
µ(x, s)ds

∫
µ(y, t)dt. The sufficient condition is proved as follows. As-

sume ∀s, t
∫∫

Ks(x)Kt(y)η(x, y)dxdy = 0. We have ∀s, t
∫∫

eϵ(2xs+2yt))

e−ϵ(x
2+y2)η(x, y)dxdy = 0. Let η1(x, y) = e−ϵ(x

2+y2)η(x, y). This gives us
∀s, t

∫∫
eϵ(2xs+2yt)η1(x, y)dxdy = 0. We can observe that this is exactly the

Laplace transform of η1(x, y) so that it satisfies the condition that
∀s, t [L(η1)](−2ϵs,−2ϵt) = 0 ⇐⇒ η1(x, y) = 0.

3.3.4 Computational Complexity

The computational complexity of FBIC is linear with respect to the num-
ber of data points. The computation of the Pearson Correlation is O(n),
where n is the sample size. The dimensionality of tested variables is 2.
Let the number of basis functions be k. We can express the computational
complexity of FBIC as:

O(FBIC) = O(k2n) ≈ O(n). (3.39)
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3.3.5 FBIC vs FSIC

FBIC and FSIC differ in some significant aspects:

• FBIC is inspired by the HGR maximum correlation coefficient, whereas
FSIC takes advantage of constrained covariance on the basis of MMD.

• FBIC can use many different RBFs and even orthogonal polynomials,
whereas FSIC depends on characteristic kernels [151] like Gaussian
kernels.

• FBIC has evenly spaced RBFs, whereas FSIC employs randomly spaced
kernels.

Yet FBIC and FSIC are related when we examine their mathematical
foundations. The HGR maximum correlation coefficient and the MMD
criterion have possibly different function classes, optimize for different di-
rections (one for maximal similarity, the other for maximal difference) and
measure different statistical quantities. Nonetheless, the functions utilized
in the MMD criterion are Borel-measurable with constrained variance in
the Reproducing Kernel Hilbert Spaces. This implies that the class of func-
tions for the MMD criterion is a subset of Borel-measurable functions that
can be used for the HGR maximum correlation coefficient. Different op-
timization directions are more like a difference of optimization flavours
leading to the same result: yielding zero if and only if the tested variables
are independent. Both criteria measure covariance, though one is normal-
ized (i.e., correlation) and the other is not normalized in the RKHSs.

Neither the HGR maximum correlation coefficient nor the MMD crite-
rion is superior to the other in theory. Different independence criteria are
preferable under different circumstances. In circumstances where training
before using is not feasible, FBIC is preferable to FSIC. We will show how
FBIC compares with FSIC in Section 3.4.
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3.4 Experimental Studies

We use the classic ICA benchmark experiments put forward by [3]. The
perfect demixing matrix V is known in advance and the optimized demix-
ing matrix W can be evaluated by the Amari distance [1]:

d(V,W ) =
1

2m(m− 1)

m∑
i=1

(∑m
j=1 |aij|

maxj|aij|
− 1

)

+
1

2m(m− 1)

m∑
j=1

(∑m
i=1 |aij|

maxi|aij|
− 1

)
, (3.40)

where aij = (V −1W )ij . This distance is ranged between 0 and 1. It is
invariant to permutation and scaling. When V = W , the Amari distance
between them is zero. In our experiments, the smaller the distance, the
better the result.

We submitted our experiments to a grid computing computer cluster
controlled by Sun Grid Engine [45] to run them in parallel. The CPU model
was Intel(R) Core(TM) i7-8700 with 3.20GHz. There were 6 cores on each
computer.

3.4.1 Simulated Data

To test the applicability of FBIC in different scenarios, source signals gener-
ated from a comprehensive set of probability density functions were used
for ICA experiments. Both supergaussian and subgaussian distributions
were covered. Mode and symmetry variation were also considered. All
probability density functions had zero mean and unit variance. The de-
tails of each probability density function are demonstrated in Table 3.3.

In our experiment, two probability density functions were randomly
chosen from the set. Signal samples S ∈ RJ×M were generated according
to their probability density functions independently, where J is the num-
ber of sources and M is the sample length. They were then mixed by a
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random mixing matrix A ∈ RJ×J with a bounded condition number be-
tween 1 and 2, which gave the observed signals X = AS. The goal of the
ICA experiment is to estimate the demixing matrixW while only knowing
that the original unmixed signals are statistically independent and they are
linearly mixed.

As the source signals were generated randomly from random distribu-
tions, it was a difficult task to perform ICA algorithms on these signals.
Unlike experiments on speech or image processing, we cannot take ad-
vantage of extra pattern information to separate the mixture of random
signals. The successful performance of ICA algorithms in this dataset re-
lied heavily on the performance measure used, which made this bench-
mark dataset desirable for evaluating different dependence measures.

Since the aim of our ICA experiments is to compare different indepen-
dence criteria, it is unnecessary to test the robustness of different ICA al-
gorithms when outliers are present in the observed mixture. In scenarios
where noisy outliers occur, it is more appropriate to apply an outlier re-
moval process before applying independence criterion. We evaluate dif-
ferent independence criteria through their performance on dependence
detection only.

3.4.2 Preprocessing

We firstly prewhitened the observed signals to reduce the search space of
the optimization process. Prewhitening is a popular BSS technique that
eliminates the linear dependency between tested signals. It transformed
the observed signals X to have unit covariance matrix. By multiplying
a whitening matrix Z, we obtained the transformed signals X̃ = ZX such
that X̃X̃T = I. The whitening matrix Z can be obtained by first performing
a singular value decomposition to the mixing matrix and get A = UDQT

[47]. U and Q are orthonormal matrices and D is a diagonal matrix con-
taining singular values. The whitening matrix can be thus defined as
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Figure 3.1: The two-layer neural network utilized for FBIC-based ICA
tasks. The input layer has sigmoid activation. The output layer has iden-
tity activation.

Z = D−1/2UT .

To make a fair comparison with the HSIC-based ICA experiments, we
used the Jade algorithm [18] to initialize the first guess of the demixing
matrix. This was also the initialization set up in the HSIC-based ICA algo-
rithm [148].

3.4.3 Neural Network settings

A simple neural network as shown in Fig. 3.1 was utilized to optimize the
demixing matrix. It consisted of two layers only: one input layer and one
output layer. In practice, each neuron in the input layer was activated by
a standard sigmoid function S(x) = 1

1+exp(−x) , where x is the input signal
for the neuron. The output layer had the identity activation function.

The number of neurons in the input layer and output layer was equal
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to the number of original sources. The input signals were observed mixed
signals. The output signals were supposed to be demixed signals with-
out considering the scale or order. The weight matrix connecting the two
layers thus played the role of the demixing matrix.

The cost function was L = F + O, which was the sum of FBIC mea-
surement between output signals and the orthogonality regularizer of the
demixing matrix. The orthogonality regularizer was calculated by O =

sum(|ATA|) − trace(ATA), where sum(·) returned the total of all the en-
tries in the matrix given. The role of O was to ensure the demixing matrix
would not introduce any linear dependency after prewhitening. An addi-
tional Pearson Correlation between tested variables x and y after sigmoid
activation, ρ[S(x),S(y)], was added to the cost function to aid the opti-
mization.

The Adam optimizer was used to perform the gradient descent. The
learning rate was set to 0.0001. The maximum epoch was 100000. If the
training loss did not decrease after 1000 epochs, the training of the neural
network would have an early stopping.

3.4.4 Parameter Choices for RBFs

The parameters of FBIC RBFs were selected by grid search. They were
fixed regardless of the number of channels or the length of samples. For
Gaussian RBFs, we used shape parameter 200 and the step parameter was
increased by 0.1 stepwise from 0 to 0.9. For Laplace RBFs, we used shape
parameter 20 and the step parameter was increased by 0.05 stepwise from
0 to 0.95. For Inverse Multiquadratic RBFs, we used shape parameter 900
and the step parameter was increased by 0.1 stepwise from 0 to 0.9. The
results from the search of step size parameter is illustrated in Table 3.1.
The results from the search of shape parameter is reported in Table 3.2.

The Shifted Legendre Polynomials did not require shape or step pa-
rameters. We used polynomial degrees from 2 to 20. Degree 0 and 1 were
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Table 3.1: Average Amari distances of FBIC with different step parameters
for RBFs. The tested data has 2 sources. The sample length is 250. The
shape parameters are 200, 20, and 900 for Gaussian, Laplacian and IMQ
RBFs respectively.

Step
Basis

Gaussian Laplacian IMQ

0.1 6.15 7.28 7.20
0.05 8.30 6.43 9.68

Table 3.2: Average Amari distances of FBIC with different shape param-
eters for RBFs. The step parameter is 0.1. The tested data has 2 sources.
The sample length is 250. Flat shape parameter is 1 for all basis functions.
Sharp shape parameters are 200, 20, and 900 for Gaussian, Laplacian and
IMQ RBFs respectively.

Shape
Basis

Gaussian Laplacian IMQ

1 16.10 9.88 15.68
200;20;900 6.15 7.28 7.20

not chosen because they were either constant or identity mapping, which
would not contribute much to reveal the nonlinear correlation between
tested variables.

In FBIC, the quality of approximation does not always scale positively
with the number of basis functions. [81] observed a similar phenomenon
in FSIC as well. When there are not enough basis functions, increasing the
number of basis functions will naturally improve the quality of approxi-
mation. However, too many redundant basis functions do not contribute
to a better quality of approximation. It makes the upper bound of the
maximal correlation coefficient from FBIC unnecessarily high. The exper-
imental details are provided below.
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Probability Density Functions for Signal Generation

Table 3.3: The probability density functions used for signal generation.
The kurtosis of each probability density function is also presented. Degree
of Freedom is denoted by DOF.

Probability Density Function Kurtosis

Student, 3 DOF ∞
Double exponential 3.00

Uniform -1.20
Student, 5 DOF 6.00

Exponential 6.00
2 double exponential 1.11

Symmetric 2 Gaussians, multimodal -1.68
Symmetric 2 Gaussians, transmodal -0.74
Symmetric 2 Gaussians, unimodal -0.50

Asymmetric 2 Gaussians, multimodal -0.53
Asymmetric 2 Gaussians, transmodal -0.67
Asymmetric 2 Gaussians, unimodal -0.47
Symmetric 4 Gaussians, multimodal -0.82
Symmetric 4 Gaussians, transmodal -0.62
Symmetric 4 Gaussians, unimodal -0.80

Asymmetric 4 Gaussians, multimodal -0.77
Asymmetric 4 Gaussians, transmodal -0.29
Asymmetric 4 Gaussians, unimodal -0.67

Number of Basis Functions

To illustrate how the number of basis functions can affect the quality of ap-
proximation, 100 experiments were performed on two-channel mixtures
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Table 3.4: Average Amari distances (mean) and standard deviation (std)
of FBIC with different number of Gaussian RBFs. The tested data has 2
sources. The sample length is 250. The shape parameter is 200.

Statistics
Number of Basis

5 10 15 20

mean 8.76 6.15 6.15 8.30
std 10.42 7.31 6.04 7.22

of randomly selected distributions. Mixtures had length 250. We fixed
Gaussian RBFs with shape parameter 200 and varied the number of basis
functions only. We set the number of basis functions to be 5, 10, 15 and
20. The Amari distances resulting from the selected number of basis func-
tions were 8.77, 6.20, 5.92 and 8.34 respectively. When the number of basis
functions increased from 5 to 10 then to 15, the quality of approximation
indicated by the Amari distance improved alongside. However, when the
number of basis functions further increased to 20, the quality of approxi-
mation started to degrade. The results are reported in Table 3.4.

RBFs vs Shifted Legendre Polynomial Basis Functions

Legendre polynomials have a fixed region of support whereas RBFs uti-
lized in FBIC have infinite support. Initially we thought that the approx-
imation quality of Legendre polynomials would be better than those of
RBFs when applied to variables with finite support. However, the ex-
perimental results for data generated from uniform distributions favored
RBFs. Therefore, pinpointing the scenario in which Legendre polynomials
in FBIC can work best remains an open problem.
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3.4.5 Multi-Channel Extension of FBIC

By the definition of the maximal correlation, it is natural to apply FBIC to
two random variables. For dependence detection amongst multiple ran-
dom variables, a simple extension of FBIC is to calculate all the pairwise
FBIC scores between variables and sum them up. Although limiting FBIC
to pairwise correlation is suboptimal as multivariate dependence may not
be detected, we still found favorable results for multi-channel ICA exper-
iments as is shown in Table 3.5.

3.4.6 Results and Discussions

Table 3.5: The Amari distance of demixed signals from n sources based on
different independence measures. The sample length is m. Rep. repre-
sents the number of experiment replications. The Gaussian RBFs in FBIC
are denoted by g. The Laplace RBFs in FBIC are denoted by l. The Inverse
Multiquadratic RBFs are denoted by imq. The Shifted Legendre Polyno-
mials are denoted by lp.

n m Rep. FBICg FBICl FBICimq FBIClp FKICA NFSIC FICA Jade

2 250 1000 5.8 5.7 6.4 6.6 6.3 6.5 12.3 9.1
2 1000 1000 2.4 2.1 2.7 2.5 2.8 2.5 6.2 4.3
4 1000 100 3.4 3.1 3.7 3.8 3.3 3.5 6.7 5.1
4 4000 100 1.7 1.5 1.8 1.8 1.5 4.6 3.2 2.7

As HSIC exhibited superior performance over other dependence mea-
sures in the classic ICA benchmark dataset [55, 148], we compared the per-
formance of FBIC mainly with FastKICA [148], a fast HSIC-based Kernel
ICA based on the incomplete Cholesky decomposition. Its kernel width
was set to 0.5 as suggested by the original authors. Its maximum itera-
tion number was set to 20 and the convergence threshold was set to 1e-6.
Results from FastICA [75] and Jade [18] algorithms were also included.
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In Table 3.5, we use FKICA to denote FastKICA and FICA to denote Fas-
tICA. To compare FBIC and FSIC directly, we implemented a novel ICA
algorithm based on Normalized FSIC, which is denoted NFSIC in the ta-
ble.

NFSIC is a novel FSIC-based ICA algorithm implemented to compare
with its FBIC counterpart. The neural network used for the demixing ma-
trix estimation shared the same architecture with that of the FBIC-based
algorithm. The difference was that the neural network cost function was

replaced with the N̂FSIC2 statistic proposed in [81]. As there was no train-
ing stage in our ICA experiments, test locations for NFSIC were randomly
chosen from Gaussian distributions with mean and variance correspond-
ing to the signal samples. The number of test locations were set to 10,
50 or 100. For 2-channel signal mixtures with sample length 250, the best
results were achieved when there were 50 test locations. For 2-channel sig-
nal mixtures with sample length 1000 and 4-channel signal mixtures with
sample length 1000, the best results were achieved when there were 100
test locations. For 4-channel signal mixtures with sample length 4000, the
best results were achieved when there were 10 test locations.

From Table 3.5 we can observe that FBIC with Laplacian RBFs per-
formed the best in all the experiments. This is consistent with the finding
that the Laplacian kernel in HSIC performed better than the Gaussian ker-
nel [55]. FBIC with other basis functions was also better than FKICA in
two-channel experiments. For four-channel experiments, the performance
of FBIC with Laplace RBFs was no worse than FKICA, while the perfor-
mance of FBIC with other basis functions were acceptable. FBIC with In-
verse Multiquadratic RBFs and Shifted Legendre Polynomials performed
less well than Laplace and Gaussian RBFs. In all experiments, the perfor-
mance of both FBIC-based and HSIC-based algorithms surpass those of
FICA and Jade by a large margin. The FSIC-based algorithm performed
well in all but the four-channel experiments with long sequences. This can
be explained by the absence of optimization of test locations. The devia-
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tion between random and optimal test locations becomes larger when the
signals are longer.

A smaller step parameter increment was beneficial for FBIC with Lapla-
cian RBFs, but FBIC with other RBFs did not benefit from this. One expla-
nation is that the shape parameter we selected for other RBFs may not
be well suited to more fine-grained approximation. Another possibility is
that the sharp peak of Laplace RBFs makes them more suited to a smaller
step size. More experiments may shed light on the relationship between
the targeted distributions and the best FBIC parameter settings.

We also discovered that all the shape parameters selected for the three
sets of RBFs were relatively large. This indicates that sharper RBFs are
more suitable for approximating best mapping functions f ∗

1 (·) and f ∗
2 (·) of

the HGR maximum correlation coefficient. The justification is that f ∗
1 (·)

and f ∗
2 (·) tend to be functions that magnify areas where two probability

density functions of the tested variables differ the most. The magnification
can be accomplished by assigning a sharp peak to the mapping function
around the area to be magnified. The sharper RBFs therefore are better
candidates for f ∗

1 (·) and f ∗
2 (·) approximation.

Parameter selection has always been a challenge for using RBFs or ker-
nels. In HSIC, scale parameters for kernels have to be decided. In FSIC,
scale parameters as well as test locations require careful tuning. Regard-
ing FBIC, it is also vital to select the right shape parameters for RBFs. Since
FBIC with Shifted Legendre Polynomials could perform well without tun-
ing parameters, it can be used as a FBIC baseline. The FBIC algorithms
using RBFs should perform at least as well as the FBIC baseline.

To ascertain the complexity advantage of FBIC, we undertook a com-
parative analysis of the computational efficiency between FBIC and HSI-
CICA. Our approach involved configuring HSICICA with identical neural
network settings as FBIC, with the sole distinction being the substitution
of the loss function with the HSIC value. This alignment ensured that both
algorithms operated within the same neural network framework, utilizing
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an identical gradient descent optimization mechanism, thereby promot-
ing a fair comparison of computational times. Simulations were executed
on signal mixtures of length 1000, originating from two random sources.
Each algorithm underwent 100 trials, conducted on a Linux workstation
equipped with 20-core CPUs featuring a 12th Gen Intel(R) Core(TM) i7-
12700 model. The recorded wall time for FBIC was 7621 seconds, while
HSICICA registered a significantly higher wall time of 84559 seconds. No-
tably, the wall time of HSICICA exceeded that of FBIC by more than 10
times in the context of identical ICA tasks. This contrast underscores the
pronounced advantage of the linear computational complexity exhibited
by FBIC.

3.5 Conclusions

In this chapter, we address the signal separation aspect of signal enhance-
ment by investigating independence criterion. We have proposed the Fi-
nite Basis Independence Criterion, a linear-time independence measure-
ment that can be optimized through gradient descent. By approximat-
ing the best mapping function with a finite set of basis functions, FBIC
establishes an upper bound to the Hirschfeld-Gebelein-Rényi maximum
correlation coefficient. The ICA algorithm based on FBIC outperforms
the analogous ICA algorithm based on the state-of-the-art kernel inde-
pendence measurements HSIC and FSIC in two-channel experiments. For
four-channel experiments, FBIC-based ICA can still perform competitively
against FKICA when the Laplace RBFs are utilized, though only pairwise
correlations are calculated.
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Chapter 4

Robustness Analysis of
First-Order Linear Differential
Microphone Arrays

In the previous chapter, we focus on signal enhancement tasks involving
signal separation. In transition, the present chapter redirects our attention
towards another pivotal avenue of signal enhancement: fixed beamform-
ing. Our exploration commences with an in-depth analysis of the robust-
ness of first-order microphone arrays in the context of fixed beamforming.
First-order Linear Differential Microphone Arrays (LDMAs) are sensitive
to sensor imperfections such as phase errors. This chapter analyses the
impacts of both bounded and unbounded phase errors on first-order LD-
MAs. We propose a tolerance threshold that allows bounded phase errors
to take various values. Moreover, White Noise Gain (WNG) thresholds
for preventing mainlobe misorientation are obtained. Our work provides
guidance for the design of robust first-order LDMAs.
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4.1 Introduction

Microphone arrays are indispensable components of many hands-free com-
munication systems and speech recognition systems in adverse environ-
ments [39, 61, 129, 101, 80]. Recently, LDMAs have attracted a significant
amount of interest, since they possess several advantages over traditional
methods. Firstly, they can construct relatively frequency-invariant beam-
patterns, and hence are appropriate for speech signal processing. Sec-
ondly, they facilitate large Directivity Factors (DFs) with small and com-
pact apertures [6, 9].

It is well known that LDMAs, especially those of high order, suffer
from white noise amplification and struggle to have high WNG values
[34, 177]. As a result, LDMAs are sensitive to sensor imperfections that
degrade robustness and reduce WNG values [37, 16]. First-order LDMAs
are commonly used to mitigate the influence of sensor imperfections.

Many works have investigated how sensor imperfections affect first-
order LDMAs [157, 156, 24]. In [157], DF and Front-to-Back Ratio (FBR)
lower bounds are optimised with respect to sensor imperfections, but WNG
optimisation is lacking. Recent works [156, 24] show that sensor phase
errors have a critical influence on the mainlobe orientation of first-order
LDMAs pointing towards the endfire direction. However, the tolerance
of phase errors claimed in [156, 24] does not reflect practical scenarios by
assuming that all microphones have nearly identical values of bounded
phase errors, which are close to 0. Moreover, there is a necessity to in-
vestigate unbounded phase errors, i.e., errors that can be arbitrarily large.
Although they have been overlooked so far, unbounded phase errors natu-
rally arise in scenarios like wireless acoustic sensor networks where device
synchronisation is challenging [4, 42, 27, 43].

In this work, we propose a tolerance threshold for bounded phase er-
rors without the assumption that microphones should have similar phase
errors. We also derive WNG thresholds for preventing mainlobe misori-
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entation due to bounded and unbounded phase errors.

4.2 Background

4.2.1 Signal Model

Consider a uniform linear array of M omnidirectional microphones with
inter-microphone spacing δ. The steering vector of this array is defined as
[160]

d(ω, cos θ) = [1 e−ȷωτ0 cos θ · · · e−ȷ(M−1)ωτ0 cos θ]T , (4.1)

where ω = 2πf is the angular frequency and f is the temporal frequency, θ
is the direction of arrival of the source signal from the array axis, ȷ is

√
−1,

c is the speed of sound in air and τ0 = δ/c.

Beampattern characterizes the input-output behaviour of microphone
arrays in beamforming [8]. It is defined as

BM(ω, θ) = [d(ω, cos θ)]Hh(ω) (4.2)

=
M∑
m=1

Hm(ω)e
ȷ(m−1)ωτ0 cos θ (4.3)

where h(ω) = [H1(ω), H2(ω), · · · , HM(ω)]T is composed of the filter coeffi-
cients. With distortionless constraint, BM [ω, θ] has the property that

BM(ω, θ)

= 1, θ = θd

< 1, θ ̸= θd
, (4.4)

where θd is the desired look direction of the beamformer.
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4.2.2 Metrics of First-Order LDMA

By approximating the exponential term in (4.3) with Taylor series, we ob-
tain BM,1(θ), the beampattern of the first-order LDMA with angle θ:

BM,1(θ) ≈
M∑
m=1

Hm(ω)
1∑

n=0

1

n!
[ȷ(m− 1)ωτ0 cos θ]

n (4.5)

=
M∑
m=1

Hm(ω) + ȷωτ0 cos θ
M∑
m=1

(m− 1)Hm(ω) (4.6)

= a1,0 + a1,1 cos θ. (4.7)

where a1,0 and a1,1 are the real coefficients of BM,1(θ).
From (4.6) and (4.7), we can obtain the values for Hm(ω) by following

the least-norm principle described in section 2.4.1:

Hm(ω) =
6(m− 1)a1,1

ȷωτ0M(M − 1)(2M − 1)
, m = 2, 3, · · · ,M, (4.8)

and

H1(ω) = a1,0 −
M∑
m=2

Hm(ω) = a1,0 −
3a1,1

jωτ0(2M − 1)
. (4.9)

The mainlobe orientation θmain is defined as

|BM,1(θmain)|2 = max
θ

|BM,1(θ)|2. (4.10)

Generally, θmain = θd and |BM,1(θmain)|2 = 1.
One common metric to measure the robustness of microphone arrays

is by using WNG [46], which is defined as

WNG[h(ω)] =
|BM,1(θd)|2

[h(ω)]Hh(ω)
. (4.11)

Another commonly used metric is DF:

DF[h(ω)] =
|BM,1(θd)|2

1
2

∫ π
0
|BM,1(θ)|2 sin θdθ

. (4.12)
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We assume that the source signal is from the endfire direction, i.e., θd =
0◦. This implies that (4.7) can be rewritten as a1,0+a1,1 = 1. We also assume
δ ≪ λ, which means the spacing between microphones should be much
smaller than the wavelength. We consider the source signal to be far-field.
Reverberation is not included in this work.

4.3 Analysis of Gain Errors

In this section, we investigate whether gain errors have impacts on the
mainlobe orientation of first-order LDMA. The steering vector with gain
errors can be expressed as

d(g)(ω, cos θ) = [η1(ω) η2(ω)e
−ȷωτ0 cos θ · · ·

ηM(ω)e−ȷ(M−1)ωτ0 cos θ]T , (4.13)

where ηm(ω) is the actual gain applied to the mth microphone at the fre-
quency of ω. If the mth microphone has no gain error at the frequency of
ω, ηm(ω) = 1. We assume |ηm(ω) − 1| ≤ ϵg, where ϵg is the non-negative
gain error bound.

From (4.13), we can derive the beampattern of the first-order LDMA
with gain errors as

B(g)
M,1(θ) = [d(g)(ω, cos θ)]Hh(ω) (4.14)

= η1(ω)H1(ω) +
M∑
m=2

ηm(ω)Hm(ω)e
ȷ(m−1)ωτ0 cos θ (4.15)

≈ a1,0η1(ω) +
6a1,1 cos θ

∑M
m=2(m− 1)2ηm(ω)

M(M − 1)(2M − 1)

− 3a1,1
ȷωτ0(2M − 1)

[
η1(ω)−

2
∑M

m=2(m− 1)ηm(ω)

M(M − 1)

]
(4.16)

The beampattern coefficients distorted by phase errors can be derived
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from (4.16), and are

a
(g)
1,0 = a1,0η1(ω)−

3a1,1
ȷωτ0(2M − 1)[

η1(ω)−
2
∑M

m=2(m− 1)ηm(ω)

M(M − 1)

]
, (4.17)

and

a
(g)
1,1 =

6a1,1
∑M

m=2(m− 1)2ηm(ω)

M(M − 1)(2M − 1)
. (4.18)

By taking the derivative of |B(g)
M,1(θ)|2 with respect to θ, we obtain

d|B(g)
M,1(θ)|2

dθ
= 2B(g)

M,1(θ)[
dB(g)

M,1(θ)

dθ
]H (4.19)

= −2 sin θa
(g)
1,1B

(g)
M,1(θ). (4.20)

(4.20) shows that
d|B(g)

M,1(θ)|
2

dθ
has extrema when sin θ = 0 or when B(g)

M,1(θ) =

0. It is obvious that B(g)
M,1(θ) = 0 implies minima. Since θmain is related to the

maxima, we only need to consider sin θ = 0 for mainlobe misorientation.
In other words, if |B(g)

M,1(0
◦)|2 ≥ |B(g)

M,1(180
◦)|2, the mainlobe misorientation

is avoided. We have

|B(g)
M,1(0

◦)|2 − |B(g)
M,1(180

◦)|2

= 2(a
(g)
1,0[a

(g)
1,1]

H + a
(g)
1,1[a

(g)
1,0]

H) (4.21)

=
24a1,0a1,1η1(ω)

M(M − 1)(2M − 1)

M∑
m=2

(m− 1)2ηm(ω). (4.22)

As (4.22) is always non-negative, gain errors will not cause mainlobe mis-
orientation in first-order LDMAs with designed endfire mainlobe. This
conclusion is not affected by the array aperture, number of microphones
or the beampattern coefficients of LDMAs.
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4.4 Analysis of Phase Errors

The steering vector with phase errors can be expressed as

d(p)(ω, cos θ) = [e−ȷψ1(ω) e−ȷωτ0 cos θ−ȷψ2(ω) · · ·

e−ȷ(M−1)ωτ0 cos θ−ȷψM (ω)]T , (4.23)

where ψm(ω) is the phase error of the mth microphone at the frequency of
ω.

Bounded phase errors generally appear in Analogue-to-Digital Con-
verters (ADCs) used for microphone arrays. They are analysed in detail in
Section 4.4.1. Large phase errors that are unbounded do occur in scenarios
like wireless acoustic sensor networks. They are discussed in Section 4.4.2.

4.4.1 Analysis of Bounded Phase Errors

We assume |ψm(ω)| ≤ ϵp, where ϵp is the non-negative phase error bound
close to 0. From (4.23), we can utilize Taylor approximation to derive the
beampattern of the first-order LDMA with phase errors as

B(p)
M,1(θ) = [d(p)(ω, cos θ)]Hh(ω) (4.24)

= H1(ω)e
ȷψ1(ω) +

M∑
m=2

Hm(ω)e
ȷ(m−1)ωτ0 cos θ+ȷψm(ω) (4.25)

≈ H1(ω)(1 + ȷψ1(ω)) +
M∑
m=2

Hm(ω)(1 + ȷ(m− 1)ωτ0 cos θ+

ȷψm(ω)) (4.26)

≈ a1,0 + a1,1 cos θ + ȷa1,0ψ1(ω)−
3a1,1

ωτ0(2M − 1)

×

[
ψ1(ω)−

2
∑M

m=2(m− 1)ψm(ω)

M(M − 1)

]
. (4.27)
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From (4.27), the beampattern coefficients distorted by phase errors are

a
(p)
1,0 = a1,0 + ȷa1,0ψ1(ω)−

3a1,1
ωτ0(2M − 1)

×

[
ψ1(ω)−

2
∑M

m=2(m− 1)ψm(ω)

M(M − 1)

]
, (4.28)

and a
(p)
1,1 = a1,1. To investigate whether phase errors will affect θmain, we

take the derivative of |B(p)
M,1(θ)|2 with respect to θ:

d|B(p)
M,1(θ)|2

dθ
= −2a

(p)
1,1 sin θB

(p)
M,1(θ). (4.29)

This shows that
d|B(p)

M,1(θ)|
2

dθ
has extrema when sin θ = 0 or B(p)

M,1(θ) = 0. It is
obvious that B(p)

M,1(θ) = 0 implies minima. Since θmain is related to the max-
ima, we only need to consider sin θ = 0, where θ = 0◦ or 180◦. If θmain = 0◦,
phase errors have no effect on θmain. Otherwise, mainlobe misorientation
happens, i.e., θmain ̸= θd.

Mainlobe misorientation can severely degrade the performance of LD-
MAs [24]. By definition, the condition to avoid mainlobe misorientation
caused by phase errors is |B(p)

M,1(0
◦)|2 ≥ |B(p)

M,1(180
◦)|2. We first examine

|B(p)
M,1(0

◦)|2 − |B(p)
M,1(180

◦)|2

= 4a1,1

(
a1,0 +

−6ΦT

ωτ0M(M − 1)(2M − 1)
a1,1

)
, (4.30)

where

ΦT =
M∑
m=2

(m− 1)(ψ1(ω)− ψm(ω)). (4.31)

To satisfy |B(p)
M,1(0

◦)|2 − |B(p)
M,1(180

◦)|2 ≥ 0, we get ΦT ≤ ζ , where ζ is the
tolerance threshold for phase errors:

ζ =
M(M − 1)(2M − 1)ωτ0a1,0

6(1− a1,0)
. (4.32)
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(4.32) clearly shows that phase errors can cause mainlobe misorienta-
tion when ΦT > ζ . To keep the mainlobe orientation at 0◦, ΦT should be no
larger than ζ . By examining the numerator elements of ζ , we can find four
robustness boosting factors. Firstly, M suggests that more microphones
can boost the robustness of first-order LDMAs. Secondly, ω = 2πf sug-
gests that first-order LDMAs are more robust at higher frequency bands.
Thirdly, τ0 = δ/c0 suggests that larger microphone spacing helps with ar-
ray robustness. Lastly, a1,0 suggests the choice of beampattern coefficients
plays a role in array robustness.

In particular, we can observe from (4.32) that the larger a1,0 is , the
larger ζ is. As a1,0 is the largest in cardioid amongst all classical designs, it
implies that cardioid is the most robust design of first-order LDMAs.

Because |ψm(ω)| ≤ ϵp, the maximum of (ψ1(ω) − ψm(ω)) is 2ϵp. Substi-
tuting (ψ1(ω) − ψm(ω)) = 2ϵp into (4.31), we derive ΦTmax = M(M − 1)ϵp.
To have ΦTmax ≤ ζ , we derive

ϵp ≤
(2M − 1)ωτ0a1,0

6(1− a1,0)
. (4.33)

(4.31) suggests that the phase delay of the first microphone, i.e. , the
microphone closest to the source signal, plays a crucial role in determining
the value of ΦT .

Based on (4.11), we can further derive the WNG formula with the pres-
ence of phase errors as

WNG[h(ω)] =
|B(p)

M,1(θd)|2

[h(ω)]Hh(ω)
. (4.34)

The value of |B(p)
M,1(θd)|2, from (4.27) and (4.31), is:

|B(p)
M,1(θd)|

2 =

[
a1,0 + a1,1 cos θd −

a1,1
ωτ0

×

6ΦT

M(M − 1)(2M − 1)

]2
+ [a1,0ψ1(ω)]

2. (4.35)
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Applying ΦT ≤ ζ and θd = 0◦ from (4.34), we obtain

WNG[h(ω)] ≥
a21,1 + a21,0ψ1(ω)

2

[h(ω)]Hh(ω)
. (4.36)

By letting ψ1(ω) = ϵp, we can get

WNGT [h(ω)] =
a21,1 + a21,0ϵ

2
p

[h(ω)]Hh(ω)
. (4.37)

(4.37) offers a practical robustness threshold of first-order LDMAs. As long
as the tested WNG value of a first-order LDMA is higher than WNGT [h(ω)],
it will not suffer from mainlobe misorientation in the presence of ϵp-bounded
phase errors.
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4.4.2 Analysis of Unbounded Phase Errors

For unbounded phase errors p′, we can rewrite (4.24) without approximat-
ing phase delay terms, which becomes

B(p′)
M,1(θ)

= (a1,0 −
3a1,1

ȷωτ0(2M − 1)
)eȷψ1 +

∑M
m=2 6(m− 1)a1,1

ȷωτ0M(M − 1)(2M − 1)

× [1 + ȷ(m− 1)ωτ0 cos θ]e
ȷψm (4.38)

= a1,0e
ȷψ1 − 3a1,1e

ȷψ1

ȷωτ0(2M − 1)
+

3a1,1
ωτ0(2M − 1)

[
2
∑M

m=2(m− 1)eȷψm

ȷM(M − 1)
+

2
∑M

m=2(m− 1)2ωτ0 cos θe
ȷψm

M(M − 1)
] (4.39)

= a1,0e
ȷψ1 +

3a1,1
ωτ0(2M − 1)

[
2
∑M

m=2(m− 1)eȷψm

ȷM(M − 1)
+ ȷeȷψ1 ]

+
6a1,1

∑M
m=2(m− 1)2eȷψm cos θ

M(M − 1)(2M − 1)
(4.40)

= a1,0 cosψ1 +
3a1,1

ωτ0(2M − 1)
[
2
∑M

m=2(m− 1) sinψm
M(M − 1)

− sinψ1]

+
6a1,1

∑M
m=2(m− 1)2 cosψm cos θ

M(M − 1)(2M − 1)
+ ȷa1,0 sinψ1

+
3a1,1

ωτ0(2M − 1)
[
2
∑M

m=2(m− 1) cosψm
ȷM(M − 1)

+ ȷ cosψ1]

+
ȷ6a1,1

∑M
m=2(m− 1)2 sinψm cos θ

M(M − 1)(2M − 1)
. (4.41)

By combining (4.29) and (4.40), we obtain the derivative of |B(p′)
M,1(θ)|2 with

respect to θ:

d|B(p′)
M,1(θ)|2

dθ
=

−12a1,1
∑M

m=2(m− 1)2eȷψm

M(M − 1)(2M − 1)
B(p′)
M,1(θ) sin θ. (4.42)

Similar to the analysis of (4.29), from (4.42) we observe that we only need
to consider |B(p′)

M,1(0
◦)|2 ≥ |B(p′)

M,1(180
◦)|2 to avoid mainlobe misorientation.
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The difference D = |B(p′)
M,1(0

◦)|2 − |B(p′)
M,1(180

◦)|2 can be derived from (4.40):

D =
24a1,0a1,1

∑M
m=2(m− 1)2 cos(ψ1 − ψm)

M(M − 1)(2M − 1)
−

72a21,1
∑M

m=2(m− 1)2 sin(ψ1 − ψm)

ωτ0M(M − 1)(2M − 1)2
−

144a21,1
∑M

m1=2

∑M
m2=2(m1 − 1)(m2 − 1)2 sin(ψm2 − ψm1)

ωτ0M2(M − 1)2(2M − 1)2
. (4.43)

Unbounded phase errors can also cause mainlobe misorientation if D < 0.
We can expand |B(p′)

M,1(0
◦)|2, which is

|B(p′)
M,1(0

◦)|2

= Re{B(p′)
M,1(0

◦)}2 + Img{B(p′)
M,1(0

◦)}2

= a21,0 +
9a21,1

ω2τ 20 (2M − 1)2
+

12a1,0a1,1
∑M

m=2(m− 1) sin(ψm − ψ1)

ωτ0M(M − 1)(2M − 1)

+
36a21,1

∑M
m1=2

∑M
m2=2(m1 − 1)(m2 − 1) cos(ψm1 − ψm2)

ω2τ 20M
2(M − 1)2(2M − 1)2

−
36a21,1

∑M
m=2(m− 1) cos(ψm − ψ1)

ω2τ 20M(M − 1)(2M − 1)2

+
36a21,1

∑M
m1=2

∑M
m2=2(m1 − 1)2(m2 − 1)2 cos(ψm1 − ψm2)

M2(M − 1)2(2M − 1)2

+
1

2
(|B(p′)

M,1(0
◦)|2 − |B(p′)

M,1(180
◦)|2). (4.44)

In (4.44), phase delays are not bounded by ϵp. We assume that phase delays
can take extremely large values equivalent to hundreds of milliseconds.
This happens when the time clocks are not synchronized.

Denote |B(p′)
M,1(0

◦)|2max as the maximal value of |B(p′)
M,1(0

◦)|2 whenψm varies.
Define ψT = ψm′ − ψ1 to be the theoretical phase difference that yields
|B(p′)

M,1(0
◦)|2max, where m′ = 2, 3, · · · ,M . To obtain |B(p′)

M,1(0
◦)|2max, we can as-

sume that ψm1 = ψm2 as the maximum value of a cosine function is reached
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at value 0. Next, we can derive the maximum value of

12a1,0a1,1
∑M

m=2(m− 1) sin(ψm − ψ1)

ωτ0M(M − 1)(2M − 1)
−

36a21,1
∑M

m=2(m− 1) cos(ψm − ψ1)

ω2τ 20M(M − 1)(2M − 1)2
,

(4.45)

with respect to (ψm − ψ1).
By differentiating (4.45) with respect to (ψm − ψ1), we derive

ψT = nπ − tan−1

[
a1,0ωτ0(2M − 1)

3a1,1

]
. (4.46)

It follows that |B(p′)
M,1(0

◦)|2max is deduced as

|B(p′)
M,1(0

◦)|2max

= a21,0 +
18a21,1

ω2τ 20 (2M − 1)2
+

6a1,0a1,1 sin(ψT )

ωτ0(2M − 1)

−
18a21,1 cos(ψT )

ω2τ 20 (2M − 1)2
+ a21,1 +

1

2
D (4.47)

≥ a21,0 +
18a21,1(1− cos(ψT ))

ω2τ 20 (2M − 1)2
+

6a1,0a1,1 sin(ψT )

ωτ0(2M − 1)

+ a21,1 = |B(p′)
M,1(0

◦)|2T ′ , (4.48)

where (4.48) is obtained by applying D ≥ 0 to (4.47). Consequently, the
maximal WNG threshold for unbounded phase errors is

WNGT ′ [h(ω)] =
|B(p′)

M,1(0
◦)|2T ′

[h(ω)]Hh(ω)
. (4.49)

With unbounded phase errors, (4.48) and (4.49) indicate that more micro-
phones enhance the robustness of LDMAs.

4.5 Experimental Results

Without loss of generality, we use the first microphone in LDMAs as the
reference for phase errors. Therefore, ψ1 is 0 throughout our experiments.
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We configure a baseline setup of first-order LDMAs, which sets f = 1 kHz,
M = 3 and δ = 0.01 m.

The beampatterns with and without bounded phase errors for the base-
line settings are demonstrated in Fig. 4.1. The blue solid lines represent
beampatterns without phase errors. The ΦT values adopted are listed in
Table 4.1, where ’C’, ’H’ and ’S’ represent cardioid, hypercardioid and su-
percardioid respectively. In Fig. 4.2, vertical lines are ζ values computed
by using (4.32). ΦT values on the left of corresponding ζ lines do not cause
mainlobe misorientation. From Fig. 4.1 and 4.2, we can observe that when-
ever ΦT < ζ , the mainlobe orientation stays at 0◦.

From Fig. 4.2, we can also observe that cardioid has the largest tol-
erance threshold ζ and its WNG values are always larger than the other
two beampatterns given the same ΦT values. Negative ΦT values indicate
that the phase differences between microphones have not disturbed the
original order of microphones for receiving signals. In other words, the
effect of having negative ΦT values is equivalent to enlarging the inter-
microphone spacing. Therefore, the WNG values increase when the ΦT

values become more negative. It is interesting to note that the DF values
of cardioid and supercardioid increase slightly for small positive ΦT val-
ues. This can be corroborated by the beampattern shapes in Fig. 4.1(i)
and 4.1(iii). We can see that the beampatterns drawn in green dash-dotted
lines have narrower mainlobes than the beampatterns drawn in blue solid
lines. The DF rebounce in Fig. 4.2(ii) can be also explained by the corre-
sponding beampatterns in Fig. 4.1(ii). The beampattern drawn in a green
dash-dotted line has more directivity than the beampattern drawn in a
pink dotted line at 180◦. This suggests that the beampattern drawn in a
green dash-dotted line has less directivity than the beampattern drawn in
a pink dotted line at 0◦.

Fig. 4.3 shows that unbounded phase errors can also cause mainlobe
misorientation. Deploying more microphones can increase the WNG thresh-
old WNGT ′ , which enhances the robustness of first-order LDMAs. No-
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tably, the phase error bound ∆ψ in [24] is 0.154 for cardioid, which can be
refuted by ψr and ψg in Fig. 4.3. This demonstrates mainlobe misorienta-
tion can be avoided even when some phase errors are larger than ∆ψ.

Table 4.1: ΦT values used in Fig. 4.1.

Red
Dashed
Line

Green
Dash-
dotted
Line

Pink Dot-
ted Line

C -0.5 0.5 1.5
H -0.5 1.2 1.5
S -0.5 0.3 1.5

4.6 Conclusion

Within the context of fixed beamforming, this chapter examined the effects
of phase errors on first-order LDMAs. We derived the tolerance threshold
of bounded phase errors and WNG thresholds of both bounded and un-
bounded phase errors. In practice, the mainlobe misorientation due to
bounded phase errors can be detected by using the tolerance threshold.
When the tolerance threshold is exceeded, we know that mainlobe misori-
entation happens. Our WNG thresholds of both bounded and unbounded
phase errors can serve as design criteria for the robustness of first-order
LDMAs. If the WNG values are above the WNG thresholds, mainlobe
misorientation of first-order LDMAs is guaranteed not to happen.

95



(i) Cardioid (ii) Hypercardioid

(iii) Supercardioid

Figure 4.1: Beampatterns of baseline settings with bounded phase errors.
ΦT values used in the figure can be found in Table 4.1.
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(i) WNG vs ΦT (ii) DF vs ΦT

Figure 4.2: WNG and DF plots of baseline settings with bounded phase
errors. Red dashed line: cardioid. Green dash-dotted line: hypercardioid.
Pink dotted line: supercardioid.

(i) Beampatterns (ii) WNGT ′ vs M

Figure 4.3: Cardioid beampatterns of baseline settings with unbounded
phase errors. ψr = [0 12 0.2], ψg = [0 − 10 0.5], ψp = [0 − 0.1 − 7].
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Chapter 5

Neural Optimization of
Non-Uniform Linear Arrays

Inspired by the robustness analysis presented in the preceding chapter
concerning fixed beamforming, our objective is to formulate a novel linear
array for fixed beamforming that excels in both robustness and directivity.
Fixed beamforming based on uniform linear microphone arrays often suf-
fers from non-optimal performance for broadband signals. This chapter
addresses the issue by jointly optimizing the array geometry and spatial
filters through a neural network based model. The model, composed of
two feed forward neural networks, is optimized in an end-to-end manner.
It satisfies the distortionless constraint in the look direction. Experimental
results show that the proposed model outperforms the previous state-of-
the-art fixed beamformer with overall better scores. Moreover, the pro-
posed model can control the tradeoff between Directivity Factor (DF) and
White Noise Gain (WNG) in a flexible way.

5.1 Introduction

Broadband beamformers are widely applied in many areas such as radar,
sonar, microphone arrays and radio astronomy [160, 159, 104, 127, 108].
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Conventionally, sensors with uniform spacing are deployed in broadband
beamformers. However, they have limitations in processing broadband
signals. For example, uniformly spaced microphone arrays with limited
array aperture and microphones may not function well in all the frequency
bands ranging from a few hundred to a few thousand Hertz [31]. Spatial
aliasing can happen if the inter-microphone spacing is larger than half of
the wavelength for high frequency bands. Meanwhile, a compactly ar-
ranged microphone array can be sensitive to white noise and microphone
imperfections for low frequency bands [6, 9, 170]. Therefore, uniform ar-
rays often do not yield optimal performance for broadband signals.

Much research has shown that non-uniform arrays have superior per-
formance than their uniform counterparts [145, 147, 174]. The dilemma
of spacing for both high and low frequency bands can be mitigated with
non-uniform arrangement of microphones. In [31], a robust superdirec-
tive broadside beamformer was proposed through both stochastic and an-
alytic optimization. This beamformer optimized array filters along with
the non-uniform geometry. Its optimization objectives are either maxi-
mum directivity or frequency invariance. In [95], the array geometry opti-
mization is reformulated from mixed-integer programming to convex op-
timization by relaxing some of the constraints and pre-selecting a set of
potential microphone positions. The optimal microphone positions can be
chosen from the pre-selected positions. However, mixed-integer problems
are NP-hard. As a result, the computational complexity of the algorithm in
[95] grows exponentially. It requires careful adjustment between solution
optimality and computational feasibility.

Fixed beamformers have been employed for broadband beamforming
as they are data independent and can be used in different acoustic envi-
ronments. During the last decade, fixed beamformers like Differential Mi-
crophone Arrays (DMAs) have been popular in broadband beamforming
due to their relative frequency-independent behaviour and high directiv-
ity gain [6]. Compared with other fixed beamformers such as Delay-and-
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Sum (DS) and superdirective beamformers, DMAs have more balanced
DF and WNG values. They are inspired by the spatial derivative of the
acoustic pressure field [40] and thus have compact apertures.

DMAs of different geometries have been investigated, such as linear
[6, 41], circular [114, 67] and concentric circular [66, 70]. Recently, DMA
beamformers based on Particle Swarm Optimization (PSO) techniques [84]
have successfully optimized the geometry for linear microphone arrays
[131, 79]. We can observe that it is common to have microphone spacing
larger than 1 cm even among DMAs. The DMA beamformer proposed
in [79] focuses on frequency-invariant beampatterns by combining subar-
rays. In [131], a proposed DMA beamformer exhibited a better DF and
WNG tradeoff than traditional approaches. However, the distortionless
constraint is not guaranteed in its look direction. This can cause power
distortion across different frequency bins, which undermines the quality
of the broadband signal perceived. The white noise amplification phe-
nomenon in low frequency bins also persists in these PSO-based DMA
beamformers.

To address the above-mentioned issues in broadband beamforming,
we propose a novel model called Neural Optimization of Non-Uniform
Linear Array (NONULA) for fixed beamformers. The placement of micro-
phones are not constrained to pre-defined locations. Maximum array size
and minimum inter-microphone spacing are considered. Our contribu-
tions include: (i) To the best of our knowledge, NONULA is the first model
that optimizes linear array geometry with neural networks. (ii) NONULA
is the first end-to-end neural network-based model for simultaneous ar-
ray geometry and filter optimization. (iii) NONULA can obtain overall
better DF and WNG performance than previous models. (iv) NONULA
facilitates designers with a choice of balance between DF and WNG in a
flexible manner.

The rest of the chapter is organized into five more sections. In Section
5.2, the employed signal model of beamforming is explained. In Section
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5.3, various performance measures utilized in our study are presented. In
Section 5.4, we first describe the existing PSO models that can optimize
geometry for linear microphone arrays. Then we propose the NONULA
model in details. Simulation results of previous models and our proposed
NONULA model are discussed in Section 5.5. Section 5.6 summarizes the
characteristics of the proposed NONULA model.

5.2 Signal Model

We consider a non-uniform linear array comprised of M omnidirectional
microphones. δk denotes the distance from the kth microphone to the first
microphone and δ1 = 0. The steering vector can be expressed as [160]

d(ω, cos θ) = [1 e−ȷωτ2 cos θ · · · e−ȷωτM cos θ]T , (5.1)

where ȷ =
√
−1, ω = 2πf , τk = δk/c, θ is the azimuth angle of the source

signal, f is the temporal frequency and c is 340 m/s. We assume the source
signal is from the endfire direction at θ = 0.

Under anechoic conditions with far field assumption, the received sig-
nal vector y(ω) by the microphone array is expressed as

y(ω) = [Y1(ω) Y2(ω) · · · YM(ω)]T

= d(ω, cos θℓ)X(ω) + v(ω), (5.2)

where Yk(ω) is the signal received at the kth microphone, θℓ represents the
look direction, X(ω) is the source signal and v(ω) is the noise vector.

To estimate X(ω) from the observed y(ω), a complex linear filter h(ω)
is applied in beamforming. We have

X̂(ω) = hH(ω)y(ω)

= hH(ω)d(ω, cos θℓ)X(ω) + hH(ω)v(ω), (5.3)
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where X̂(ω) is the estimate of X(ω) from beamforming. The distortionless
constraint requires that

hH(ω)d(ω, cos θℓ) = 1 ∀ω (5.4)

5.3 Performance Measures

Beampattern quantifies the input-output behaviour of a microphone array
given a source signal from the direction θ [8]. It is defined as

B[h(ω), θ] = hH(ω)d(ω, cos θ). (5.5)

The robustness of a microphone array to sensor imperfections such as sen-
sor noise and positional errors can be quantified by White Noise Gain
(WNG) [46]. It is expressed as

WNG[h(ω)] =
|B[h(ω), θℓ]|2

hH(ω)h(ω)
. (5.6)

Another performance measure commonly used together with WNG is Di-
rectivity Factor (DF). It evaluates the directivity of a microphone array in
the presence of isotropic noise field. The formula of DF is

DF[h(ω)] =
|B[h(ω), θℓ]|2

hH(ω)Γ0,π(ω)h(ω)
, (5.7)

where Γ0,π(ω) is a M ×M matrix. The elements in Γ0,π(ω) are given by

[Γ0,π(ω)]ij = sinc[ω(δi − δj)/c], (5.8)

where sinc(x) = sinx/x.
When multiple measures are employed simultaneously for a physical

system, naturally multi-objective optimization scenarios arise. To compare
the performance of different beamforming techniques in a multi-objective
manner, we can adopt a weighted sum approach with respect to both
WNG and DF [26]:

Js(ω) = DF[h(ω)] + WNG[h(ω)] · rw, (5.9)
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where Js(ω) is the multi-objective score for ω and rw is the weighting coef-
ficient for WNG.

5.4 Models For Geometry Optimization

5.4.1 PSO Models

The ideal beampattern of an N th-order DMA is:

BN(θ) =
N∑
n=0

aN,n cos
n θ, (5.10)

where N is the order of derivative and aN,n is the nth coefficient of the
beampattern.

Conventionally, a null-constrained approach is an effective way to de-
sign DMA beampatterns [6]. An N th-order DMA can have N distinct null
directions, where the DMA beampattern is 0 in those directions. The ma-
trix D(ω) can be constructed with null constraints:

D(ω) =


dH(ω, cos θℓ)

dH(ω, cos θ1)
...

dH(ω, cos θN),

 (5.11)

where θ1, · · · , θN are N distinct null directions. This yields

D(ω)h(ω) = i, (5.12)

where i = [1 0 · · · 0]T is a binary vector of lengthN+1 that has zero entries
everywhere except for the first entry.

Given M > N +1, a minimum-norm solution of (5.12) can be obtained:

hMN(ω) = DH(ω)[D(ω)DH(ω)]−1i, (5.13)
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which maximizes WNG for DMA. This is also called the Maximum WNG
(MWNG) differential beamformer [20].

To optimize the geometry of DMA, PSO techniques [131, 79] have been
used to decide the geometry vector δ = [δ1 · · · δM ]. In [131], two tradeoff
parameters δw and δd are also employed to further refine the filters h(ω):

h(ω) = Γ−1
w (ω)DH(ω)[D(ω)Γ−1

w (ω)DH(ω) + δdI]
−1i, (5.14)

where Γw(ω) = [Γ0,π(ω) + δwI]. However, δd breaks the distortionless con-
straint when it is not zero.

The PSO algorithm in [131] starts with randomly initializing many can-
didate solutions for δ, δw and δd. They together form particles. A fitness
function F is defined to evaluate and compare particles. In each iteration,
the best particle, i.e., the best candidate solution, is picked from all the
particles. Its information is utilized to guide the update of other particles.
This update process repeats in every iteration until the specified number
of iteration is reached. One of our baselines is a modified implementation
of this PSO algorithm.

5.4.2 NONULA

The NONULA model proposed by us consists of two feed forward neural
networks: SpacingNet and FilterNet. Fig. 5.1 demonstrates the workflow
of NONULA. Denote inter-microphone spacing as η = [η1 η2 · · · ηM−1],
where ηk = δk+1 − δk. Initially, the spacing input ηinit is fed into Spac-
ingNet. The output of SpacingNet is then used to calculate the steering
vector d(ω, cos θℓ). Subsequently, both d(ω, cos θℓ) and the filter input are
fed into FilterNet. If the termination condition is not met, SpacingNet and
FilterNet will repeatedly optimize the spacing and filter output. In this
process, the spacing and filter input will remain the same to make the con-
vergence of optimization easier. The weights of SpacingNet and FilterNet
and d(ω, cos θℓ) are updated in each iteration.
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SpacingNet and FilterNet both have 5 layers: the input layer, three hid-
den layers and the output layer. SpacingNet uses ReLu as the activation
function in hidden layers, whereas FilterNet uses complex ReLu [155, 112].
ReLu is the default activation function in many neural networks by virtue
of easy training and good performance. Complex ReLu [155] is necessary
for facilitating the complex representation in the filter. The size of input
and output layers isM−1 for SpacingNet andM for FilterNet. SpacingNet
also has the softmax activation in the final layer. Multiplying softmax out-
puts by the total array length allocates spacing between microphones.

Denote the minimum spacing by ηmin and the maximum array aperture
by Lmax. Denote the optimized spacing and filter output of SpacingNet
and FilterNet by s and H respectively. To satisfy the constraint of ηmin and
Lmax, we allocate L = Lmax − ηmin × (M − 1) as the maximum spacing
allocation. The actual spacing is η = s + ηmin · 1, where 1 is a vector of
1’s having the same length as s. To satisfy the distortionless constraint,
H is obtained after dividing hH(ω)d(ω, cos θℓ) in every frequency bin for
normalization.

The loss function J of NONULA is the mean of negative multi-objective
score plus the penalty of under-achieved DF and WNG factors across all
the frequency bins of interest:

J =
1

Nω

∑
ω

[
− Js(ω) + (σr(DFtgt(ω)− DF[h(ω)])+

(σr(WNGtgt(ω)− WNG[h(ω)])
]
, (5.15)

where Nω is the number of frequency bins, σr(·) represents the ReLu acti-
vation function, DFtgt(ω) and WNGtgt(ω) are the target DF and WNG for
frequency ω. The NONULA model is trained by minimizing (5.15) with
gradient descent.
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Figure 5.1: Workflow diagram of NONULA

5.5 Experimental Results

We use two baseline models in our experiments. The first one is a PSO-
based endfire non-uniform linear array [131]. To have a fair compari-
son, we implemented this model without distortion in the look direction
[117]. Henceforward we refer to this implementation as ‘PSO DMA’. The
other baseline models is the uniform DMA [20]. In particular, the uniform
DMA is derived from (5.13) and it employs the second-order supercar-
dioid beampattern. The two null directions of are 106◦ and 153◦. The uni-
form DMA filters are also utilized as the initial filter input for NONULA.
The initial spacing input is the uniform spacing given L. ηmin is set to 1 cm.

To compare NONULA’s scores with PSO DMA, we conduct two se-
ries of experiments. DFtgt(ω) is set to 13 dB to encourage NONULA to
outperform the uniform DMA. When rw = 1, we set WNGtgt(ω) to 0 dB.
This allows NONULA to focus on both WNG and DF. When rw = 0.5,
we set WNGtgt(ω) to −10 dB so that NONULA can have a DF-focused de-
sign. NONULA and PSO DMA are optimized with the same settings in
frequency bands from 100 Hz to 8 kHz.

A detailed comparison between NONULA and PSO DMA is presented
in Tables 5.1 and 5.2. There are five choices for array length L: 13, 18, 23, 28
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Table 5.1: Mean scores of NONULA and PSO DMA when rw = 1

L
M

8 10 12

NN PSO NN PSO NN PSO
13 16.51 12.50 17.46 13.45 18.21 14.25
18 16.68 13.44 18.63 14.98 19.50 16.25
23 16.77 13.95 18.60 15.89 20.14 17.18
28 17.01 14.25 18.77 16.15 20.26 17.81
33 16.87 14.44 18.88 16.67 20.30 18.11

Table 5.2: Mean scores of NONULA and PSO DMA when rw = 0.5

L
M

8 10 12

NN PSO NN PSO NN PSO
13 12.60 11.31 13.12 11.86 13.49 12.30
18 12.83 11.65 14.33 12.95 14.89 13.70
23 12.81 11.96 14.26 13.28 15.40 14.28
28 12.94 11.99 14.43 13.47 15.60 14.63
33 13.03 12.18 14.41 13.66 15.70 14.82

and 33 cm. There are also three choices for the number of microphones M :
8, 10 and 12. The table entries are scores calculated from (5.9) and averaged
across frequency bins. Each column in tables is split into two sub-columns.
The left sub-column shows the mean scores for NONULA, whereas the
right sub-column for PSO DMA. We can observe that the mean scores of
NONULA are always higher than its corresponding mean scores of the
PSO DMA. In the table, NONULA is abbreviated as NN and PSO DMA is
abbreviated as PSO.

The optimized array geometry from NONULA and PSO DMA with
two different settings are illustrated in Fig. 5.2 and 5.4. In Fig. 5.2, the ge-
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ometry optimized by NONULA has a more complicated layout, whereas
the geometry designed by PSO DMA forms only three sub-arrays. This
could be due to the fact that neural networks have more power for opti-
mization. With fewer microphones and smaller array length, the complex-
ity levels of geometry from NONULA and PSO DMA are similar in Fig.
5.4. Notably, the subarrays in both NONULA and PSO DMA have inter-
nal spacing around 0.02 m. This corresponds with the half wavelength λ of
the highest frequency we are interested in, which is λ = 340/(8000 × 2) =

0.02125 m. By having the spacing of sub-arrays less than λ, the whole
microphone array can effectively avoid spatial aliasing in high frequency
bins. Moreover, forming nested arrays with subarrays helps handle broad-
band signals in both high and low frequency bins.

To have a better understanding of how NONULA’s behaviour changes
frequency-wise with respect to other techniques, in Fig. 5.3 and 5.5 we
present the performance of DF and WNG. We observe that NONULA has
the best overall DF values while maintaining a good level of WNG. For
the DF-focused design in Fig. 5.5, NONULA has a tradeoff between DF
and WNG and achieves better DF performance. This characteristic is de-
sirable when customized performance is required. PSO DMA cannot en-
hance its WNG values in low frequency bins to the desired level, whereas
NONULA never goes below -10 dB. The uniform DMA also suffers from
low WNG values in low frequency bins and it is unstable at some fre-
quency bins.

Since both NONULA and PSO DMA perform multi-objective optimiza-
tion, we plot Pareto fronts in Fig. 5.6 to better visualize their performance.
We use the negative scores as the training loss without penalties. Both
NONULA and PSO DMA are retrained at the Mel scale, which better re-
flects perceptual distance in human hearing. The Pareto front consists of
the set of non-dominated DF and WNG pairs. Each pair represents mean
DF and WNG values of all frequency bins with a fixed WNG weight rw.
Different pairs are obtained by varying rw from 0.1 to 1. Fig. 5.6 shows

109



Figure 5.2: Optimized array geometry of NONULA (top) and PSO DMA
(bottom), when rw = 1, M = 12 and L = 0.33.

that the NONULA Pareto front is above the PSO DMA one. This indi-
cates that a better solution always exists in NONULA when fixing one DF
or WNG value from PSO DMA. Moreover, the NONULA curve spans a
larger range. This illustrates that NONULA is more flexible in the trade-
off between DF and WNG. The performance of PSO DMA is limited to a
small range of values.

To demonstrate the effectiveness of NONULA at look directions other
than the end-fire direction, we performed an additional simulation for the
look direction at π/2. The parameters are rw = 1, M = 12 and L = 0.33.
When the look direction θ = π/2, it follows that cos θ = 0 and the steering
vector becomes a constant vector of 1’s. There is no surprise that the opti-
mized geometry is almost identical to the initial given geometry, which is
a uniform linear array. The array geometry is illustrated in Fig. 5.7. The
WNG and DF performance of this array is plotted in Fig. 5.8.

5.6 Conclusion

This chapter proposed a neural network based model that could optimize
both linear array geometry and fixed beamforming in an end-to-end fash-
ion. Compared with DMA-based techniques, our approach exhibited su-
perior robustness in the low frequency region. The proposed model out-
performed PSO DMA consistently in various settings with overall better
scores while offered a more flexible tradeoff between DF and WNG. This
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Figure 5.3: Performance of NONULA compared with other techniques
when rw = 1, M = 12 and L = 0.33.

Figure 5.4: Optimized array geometry of NONULA (top) and PSO DMA
(bottom), when rw = 0.5, M = 8 and L = 0.18.

shows that neural networks are more powerful tools for linear microphone
array optimization.
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Figure 5.5: Performance of NONULA compared with other techniques
when rw = 0.5, M = 8 and L = 0.18. NONULA has a tradeoff between DF
and WNG to achieve better DF when it is DF-focused.
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Figure 5.6: Pareto fronts of NONULA and PSO DMA when M = 12 and
L = 0.33. Each pair of DFs and WNGs is averaged across frequency bins.
Models are trained at the Mel scale.

Figure 5.7: Optimized array geometry of NONULA when rw = 1, M = 12

and L = 0.33. The look direction is π/2.
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Figure 5.8: Performance of NONULA when rw = 1, M = 12, L = 0.33 and
θ = π/2.
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Chapter 6

Geometrically Optimized Neural
Fixed Beamformers

This chapter presents a novel approach to optimizing fixed beamformers
in speech signal processing using neural networks with flexible geomet-
ric constraints. While various microphone array geometries have been
investigated, a unified neural network framework for optimizing fixed
beamformers with different geometric settings is still lacking. Addition-
ally, there is a lack of geometry optimization for non-linear microphone
arrays. To address these issues, we propose a unified signal model appli-
cable to all geometric settings and employ two heterogeneous neural net-
works to simultaneously optimize both the geometry and spatial filter of
fixed beamformers. Our approach incorporates an augmented Lagrangian
in the loss function to facilitate the optimization process. Experimental
results show that our approach outperforms conventional approaches in
terms of Directivity Factors (DFs) and white Noise Gain (WNGs). We also
discovered a new geometric setting in the concentric circular array and
validated the effectiveness of our model on an arbitrary disc setting.
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6.1 Introduction

Microphone arrays are indispensable in various hands-free communica-
tion systems and far-field speech recognition systems, especially in chal-
lenging environments. Devices that are equipped with microphone arrays
hold great potential for applications such as speaker separation, speaker
localization, speech dereverberation, and speech enhancement. Beam-
forming, as a critical component of microphone arrays, has garnered sig-
nificant attention. It acts as a spatial filtering process, enhancing the target
signal from the desired direction while suppressing interference from un-
desired directions [160]. Generally, beamforming algorithms can be clas-
sified into two categories: adaptive beamformers and fixed beamformers
[159]. Fixed beamformers, in comparison to adaptive beamformers, tend
to be more robust as they do not involve a data adaptation procedure. Fur-
thermore, fixed beamformers serve as an integral part of the generalized
sidelobe canceller (GSC) structure, which provides an efficient real-time
implementation for the widely used adaptive beamformer known as the
Minimum Variance Distortionless Response (MVDR) [58, 65].

In the realm of fixed beamforming, there has been growing interest
in the application of differential beamforming or Differential Microphone
Arrays (DMAs) due to their distinct advantages over certain traditional
beamformers [6, 20, 9, 15]. Firstly, DMAs generate a relatively frequency-
invariant beampattern, making them well-suited to broadband speech pro-
cessing. Secondly, DMAs have the potential to achieve high DFs despite
small and compact apertures. Lastly, by incorporating appropriate op-
timization constraints [6] or predefined target beampatterns [67], DMAs
can achieve a more balanced combination of DFs and WNGs compared
to other fixed beamformers like Delay-and-Sum and superdirective beam-
formers.

Various DMA geometries have been studied, including uniform linear
arrays [20, 13], non-uniform linear arrays [176, 78], uniform circular ar-
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rays [7], and uniform concentric circular arrays [165]. When it comes to
a microphone array with a fixed geometry, designing DMAs typically in-
volves striking a balance between WNGs and DFs [68]. Robust DMAs,
known for achieving maximum WNG with the minimum-norm solution,
tend to have a lower DF. On the other hand, Maximum Directivity (MDF)
differential beamformers can attain a high DF at the expense of WNG. To
address this trade-off, a parameterized DMA has been proposed in [69],
where DF and WNG are compromised based on a parameter. Breaking
this compromise, it is possible to improve WNG without sacrificing DF
by employing more microphone elements than what is required for the
order robust DMAs [128, 67] or by leveraging the acoustic properties of
directional sensors [72, 73, 74, 106]. Similarly, DF can be enhanced with-
out sacrificing WNG through the use of acoustic vector sensors [107, 105].
However, such improvements come at the financial cost in practice. Incor-
porating more microphones not only increases the cost of the microphones
themselves but also leads to a more complex hardware architecture. Addi-
tionally, implementing directional sensors in products necessitates sound
transparency, resulting in a much more intricate industrial design com-
pared to omnidirectional sensors.

As mentioned above, the majority of recent DMAs have been devel-
oped based on specific given geometries, without considering the opti-
mization of geometry itself. To the best of our knowledge, the optimiza-
tion of geometry design for DMA beamformers has only been explored
for linear microphone arrays using techniques such as particle swarm op-
timization (PSO) [131, 79] or convex optimization processes [96]. In the
PSO-based approach proposed in [131], DMA beamformers demonstrated
a superior tradeoff between DF and WNG compared to traditional meth-
ods. However, the distortionless constraint in the desired direction is not
guaranteed, leading to power distortion across different frequency bins
and deteriorating the quality of perceived broadband signals. Addition-
ally, these PSO-based DMA beamformers suffer from white noise ampli-
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fication in low-frequency bins. To address these limitations, a neural op-
timization method for fixed beamformers on linear arrays was proposed
utilizing machine learning techniques [171]. This approach exhibits im-
proved overall WNG and DF compared to PSO-based DMA beamformers.
However, it is important to note that this method is limited to linear arrays
and does not provide separate improvements for WNG and DF individu-
ally.

Building upon the work presented in [171], we propose a novel neural
network-based method that enables the joint optimization of array geom-
etry and fixed beamformers. This method caters to a range of flexible ge-
ometries, including linear arrays, circular arrays, and concentric circular
arrays. The key innovation lies in incorporating the ResNet structure and
the augmented Lagrangian approach within the loss function to facilitate
the optimization process. ResNets are well-known for their proven global
convergence property [35, 36]. Inspired by this, we reformulate the con-
strained optimization problem associated with the performance of fixed
beamformers within a neural network framework. Our framework fo-
cuses on enhancing the effectiveness of the optimization process by lever-
aging the power of nonlinear mappings between the inputs and outputs
of neural networks. These mappings capture the optimization of geomet-
ric states and spatial filters, enabling us to achieve superior performance
in the beamforming process.

Our contributions can be summarized as follows: (i) We establish a
unified neural network framework for optimizing 3D geometry along-
side fixed beamformers. (ii) We introduce Geometrically Optimized Neu-
ral Fixed Beamformers (GONFBs), which optimize beampatterns of fixed
beamformers and array geometries using gradient descent. (iii) We effec-
tively apply the augmented Lagrangian method in the loss function and
demonstrate its convergence property within neural network models. Fur-
thermore, we compare the fixed beamformers designed by GONFBs to ex-
isting DMA-based fixed beamformers on different types of arrays. Exper-
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imental results show that our approach exhibit significant improvements
in both WNG and DF compared to current DMA-based methods.

The remaining sections of this chapter are organized as follows: Sec-
tion 6.2 presents a detailed description of our signal model and problem
formulation. In Section 6.3, we outline the performance measures utilized
in this study. Section 6.4 contextualizes DMA beamformers within our re-
search framework. Building upon this, Section 6.5 introduces our neural
network model, which optimizes both array geometry and spatial filters
of fixed beamformers. Section 6.6 provides a comprehensive discussion on
our experimental settings and the corresponding results. Lastly, in Section
6.7, we draw meaningful conclusions based on our findings.

6.2 Signal Model and Problem Formulation

The microphone array for a fixed beamformer practically can form any
geometry in a 3D space. To accommodate the flexible geometry of real-
world microphone arrays, we propose to unify the coordinate system for
fixed beamformers, as shown in Fig. 6.1. Three axes x, y and z represent
three orthogonal spatial dimensions. In Fig. 6.1, the microphone array is
located on the xy-plane arbitrarily. Mk represents the kth microphone, the
coordinates of which are Pk = [xk, yk, zk]

T . The direction of the plane wave
can be represented by a unit vector

a = [− sin θ cosϕ − sin θ sinϕ − cos θ]T , (6.1)

where θ is the elevation angle and ϕ is the azimuth angle of the plane wave.
By utilizing the geometric definition of the dot product, we can derive the
distance lτk as:

lτk = PT
k · a

= −(xk sin θ cosϕ+ yk sin θ sinϕ+ zk cos θ). (6.2)
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Let c = 340 m/s be the speed of sound in air. The time difference of arrival
between the origin o and microphone Mk is τk = lτk/c. Thus, the steering
vector [160, 158] can be defined as

d(ω, a) = [e−ȷωP
T
1 ·a/c · · · e−ȷωPT

S ·a/c]T

= [e−ȷωτ1 · · · e−ȷωτS ]T , (6.3)

where ȷ =
√
−1, ω = 2πf and f is the temporal frequency.

Figure 6.1: An illustration of the unified coordinate system in a 3D space.
The elevation angle and the azimuth angle of the impinging plane wave
are denoted by θ and ϕ respectively. The plane wave travels an extra dis-
tance lτk to reach microphone Mk after arriving at the origin o.

We define X(ω) as the far field source signal and v(ω) as the noise vec-
tor. Under anechoic conditions, the received signal vector y(ω) is given
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by

y(ω) = [Y1(ω) Y2(ω) · · · YS(ω)]T

= d(ω, a)X(ω) + v(ω), (6.4)

where Yk(ω) is the signal received at the kth microphone, v(ω) is the noise
vector and S is the total number of microphones.

By applying a beamforming filter h(ω) to y(ω), X̂(ω) can be estimated:

X̂(ω) = hH(ω)y(ω)

= hH(ω)d(ω, a)X(ω) + hH(ω)v(ω). (6.5)

In this way, a beamformer tries to recover X(ω) from estimating X̂(ω). The
filter h(ω) should satisfy the distortionless constraint, which is

hH(ω)d(ω, a) = 1 ∀ω. (6.6)

The definition of the steering vector in Eq. 6.3 is a general description
of the spatial information of a microphone array in any geometry. It can
be further specified in each particular geometry. For example, for a linear
array as illustrated in Fig. 6.2, the unit vector a and the coordinates Pk can
both be simplified. Since the azimuth angle cannot be perceived by the
linear array due to its one-dimensional geometry, a can be redefined as

aL = [− sin θ − sin θ − cos θ]T . (6.7)

Similarly, Pk can be redefined as PL,k = [0, 0, zk]
T . Define qk = −zk such

that qk is the non-negative distance between the reference microphone and
the k th microphone, we have PL,k = [0, 0,−qk]T . Consequently, the dis-
tance lL,τk is:

lL,τk = PT
L,k · aL

= qk · cos θ. (6.8)
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This leads to the commonly used steering vector formula for linear arrays
[6, 79]:

dL(ω) = [1 e−ȷωq2 cos θ/c · · · e−ȷωqS cos θ/c]T , (6.9)

where aL is omitted for the simplicity of the equation.

Figure 6.2: An illustration of a linear array in a 3D space . The origin is at
the first microphone receiving signals.

A Uniform Circular Microphone Array (UCMA) as shown in Fig. 6.3
is often employed due to its good steering capability [67]. We use the x-
y plane to compare with the state-of-the-art frequency-invariant UCMA
approach. The radius of the circle is r. The angular position of the kth
microphone MC,k measured anti-clockwise from the y axis is ψk. Pk can be
redefined as PC,k = r[cosψk, sinψk, 0]

T . Thus, the directional vector of the
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plane wave aC is

aC = [− cosϕ − sinϕ 0]T . (6.10)

The distance lC,τk can now be calculated:

lC,τk = PT
C,k · aC

= −r(cosϕ cosψk + sinϕ sinψk)

= −r cos(ϕ− ψk). (6.11)

The steering vector of a circular array is

dC(ω) = [eȷω cos(ϕ−ψ1)r/c · · · eȷω cos(ϕ−ψS)r/c]T . (6.12)

Figure 6.3: An illustration of a UCMA with 4 microphones. The z axis is
not considered in this figure.

The geometry of a Uniform Concentric Circular Microphone Array (UC-
CMA) composed of multiple UCMAs, is shown in Fig. 6.4. The radius of
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the ith ring is ri. The angular position of the kth microphone on the ith
ring is ψi,k. Pk can be redefined as PCC,i,k = ri[cosψi,k, sinψi,k, 0]

T . The di-
rectional vector of the plane wave aCC is the same as (6.10). We derive the
distance lCC,τi,k :

lCC,τi,k = PT
CC,i,k · aCC

= −ri(cosϕ cosψi,k + sinϕ sinψi,k)

= −ri cos(ϕ− ψi,k). (6.13)

The steering vector of the ith ring is

dCC,i(ω) = [eȷω cos(ϕ−ψi,1)ri/c · · · eȷω cos(ϕ−ψi,Si
)ri/c]T , (6.14)

where Si is the total number of microphones on the ith ring. The steering
vector of the whole UCCMA is

dCC(ω) = [dTCC,1(ω), · · · ,dTCC,I(ω)], (6.15)

where I is the number of rings in the UCCMA.
For an array that is arbitrarily located on a disc, the coordinates of its

kth microphone is denoted as PAD,k = rk[cosψk, sinψk, 0]
T . Following the

derivation process of (6.12) and (6.14), we can also derive dAD(ω):

dAD(ω) = [eȷω cos(ϕ−ψ1)r1/c · · · eȷω cos(ϕ−ψS)rS/c]T . (6.16)

6.3 Performance Measures

Beampattern characterizes the response of a microphone array as a func-
tion of the filter and the direction of incident sound waves [8]. It yields
a graphical representation of the spatial sensitivity of the array to signals
arriving from different directions. It is defined as

B[h(ω), a] = hH(ω)d(ω, a). (6.17)
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Figure 6.4: An illustration of a UCCMA with 2 rings and 4 microphones
on each ring.

The robustness of a microphone array is indicated by White Noise Gain
(WNG) [46]. The higher the WNG is, the more resilient the microphone
arrays are against self-noise and microphone mismatches. The formula of
WNG is

WNG[h(ω)] =
|B[h(ω), aℓ]|2

hH(ω)h(ω)
, (6.18)

where aℓ is the desired look direction of the array.

The directionality of a microphone array is measured by Directivity
Factor (DF). It is a ratio of the output power in the direction of interest to
the total output power. High DF suggests that the array can focus on a
particular direction while suppressing the energy from other directions. It
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is defined as

DF[h(ω)] =
|B[h(ω), aℓ]|2

hH(ω)Γ0,π(ω)h(ω)
, (6.19)

where Γ0,π(ω) is a square matrix of size S. The elements in Γ0,π(ω) are
given by

[Γ0,π(ω)]ij = sinc[ω||Pi −Pj||2/c], (6.20)

where sinc(x) = sin x/x.

6.4 DMA Beamformers

DMAs are well known for their relative frequency-invariant beampatterns.
On an x-y plane, the beampattern of an N th order DMA can be simplified
to [6]:

BN(ϕ) =
N∑
n=0

aN,n cos
n ϕ, (6.21)

whereN is the order of DMA and aN,n is the nth coefficient of the beampat-
tern. Some ”ideal” beampatterns have been summarized for DMAs of dif-
ferent orders, like hypercardioid and supercardioid. However, an ”ideal”
beampattern is only optimal with respect to one performance measure.
For example, hypercardioid maximizes DF but has poor WNG. Further-
more, the choice for the order of DMA is another issue. A higher order
DMA is better at suppressing noise, but less robust.

One popular technique of expressing exponential terms in DMA beam-
patterns is utilising the Jacobi-Anger expansion [67]. In a uniform circular
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DMA, we have:

eȷω cos(ϕ−ψk) =
∞∑

n=−∞

ȷnJn(ω)e
−ȷn(ϕ−ψk) (6.22)

=
∞∑

n=−∞

ȷnJn(ω)e
ȷn(ϕ−ψk) (6.23)

= J0(ω) + 2
∞∑
n=1

ȷnJn(ω) cos[n(ϕ− ψk)], (6.24)

where ω = ωr/c and Jn(ω) is the n-th order Bessel function of the first
kind. The approximated beampatterns exhibit least-square errors in rela-
tion to the “ideal” beampatterns. Nonetheless, the occurrence of zeros of
the Bessel function gives rise to the issue of deep nulls, which significantly
undermines the performance of the beamformer at specific frequencies.

An alternative way of designing DMA beamformers is by using the
null-constrained approach [6]. This is inspired by the observation that an
N th-order DMA can have N distinct null directions. On an x-y plane, a
matrix D(ω) can be constructed as:

D(ω) =


dH(ω, ϕℓ)

dH(ω, ϕ1)
...

dH(ω, ϕN)

 , (6.25)

where ϕℓ is the look direction and ϕ1, · · · , ϕN are N distinct null direc-
tions. Thus, h(ω) can be derived by solving

D(ω)h(ω) = i, (6.26)

where i = [1 0 · · · 0]T is a one-hot vector of length N + 1. In this null-
constrained approach, it is crucial to decide the number and the value of
null directions. Yet there is no good mechanism of selecting parameters
for null directions other than manually picking some.

127



The limitations of DMA beamformers in selecting optimal parameters,
such as the order of DMA and null directions, impede their ability to pro-
vide optimal solutions for beamforming tasks. In contrast, machine learn-
ing models, such as neural networks, excel at optimizing parameters and
searching for near-optimal solutions when a globally optimal solution can-
not be achieved analytically. As a result, there is a need for a neural net-
work model that can enhance the performance of beamformers.

6.5 Neural Network Model

Deep neural networks are known for their universal representation power
when combined with nonlinear activation functions [173]. Previous re-
search efforts have demonstrated the excellent convergence characteristics
of neural network architectures such as ResNet in the pursuit of global
optima [35, 36]. Consequently, employing a ResNet-like neural network
model for the optimization of fixed beamformers should be no exception
when seeking near-optimal solutions. Empirical validation of the ResNet-
like neural network architecture can be found in the next section.

We propose a model called Geometrically Optimized Neural Fixed Beam-
formers (GONFBs). The full model consists of two heterogeneous neu-
ral networks, GNet and FNet. GNet is a fully connected feed-forward
neural network, and FNet has an architecture resembling ResNet. The
model is trained in a cascaded manner, as shown in Fig. 6.5. GNet takes
initial geometry inputs, i.e., the initial coordinates of microphones P =

[P1, · · · ,PS]
T , and produces optimized microphone coordinates Popt. The

steering vector d(ω, aℓ) can be calculated by utilizing Popt and the direc-
tion of signals aℓ. Subsequently, FNet takes d(ω, aℓ) and the initial filter
h(ω) to produce the optimized filter hopt(ω). This process is iterated un-
til the termination condition is met. During each iteration, the weights of
GNet and FNet are updated by gradient descent in an unsupervised man-
ner. The inputs P, h(ω) and aℓ remain the same to make the training of
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neural networks easier.

Figure 6.5: Workflow diagram of GONFB.

FNet composes an input linear layer, an output linear layer and multi-
ple ResBlocks in between as shown in Fig. 6.8. All layers in FNet handle
complex data by enabling independent processing of the real and imagi-
nary parts of the input [112]. Specifically, the imaginary parts of the input
are treated as though they were real. A linear layer multiplies the input
with a weight matrix. The input linear layer allows for the transforma-
tion of the input into a new latent representation that captures important
features of the data. The output linear layer extracts the latent representa-
tion into hopt(ω) with desired dimensions. A ResBlock is a building block
inspired from ResNet [59], as shown in Fig. 6.7. We employ the residual
learning mechanism in ResBlocks, which adds an identity mapping be-
tween the input and output, to ease the training of deep neural networks.
The GELU function is expressed as [60]

GELU(u) = uΦ(u) = u · 1
2
[1 + erf(u/

√
2)], (6.27)

where u is the input of the function, Φ(u) is the standard Gaussian cumu-
lative distribution function which can be algebraically represented by a
manipulation of the error function

erf(u) =
2√
π

∫ u

0

e−t
2

dt. (6.28)
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Figure 6.6: A plot of the GELU function with inputs from -4 to 3.

A plot of GELU is shown in Fig. 6.6. The GELU function scales inputs
by their value instead of gating inputs by their signs. This has shown
superior performance than the ReLU and ELU functions in computer vi-
sion, natural language processing, and speech tasks [60]. The hyperbolic
tangent (tanh) function is a commonly used activation function in neural
networks. Its range is between −1 to 1 and it helps prevent saturation
of neurons. The normalization layer is incorporated to facilitate the op-
timization process by centering the input data and scaling it to have unit
variance. Specifically, the normalization layer transforms the input by sub-
tracting its mean and dividing it by its standard deviation, resulting in a
zero mean and unit variance representation. Finally, to enforce the distor-
tionless constraint, we divide hopt(ω) by the product hHopt(ω)d(ω, aℓ).

GNet has three layers in total: an input linear layer, a hidden layer
and an output linear layer. In our experiments, it turns out that the op-
timization of geometry requires significantly fewer parameters than the
optimization of array filters. This is because geometry has limited com-
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Figure 6.7: The diagram of a ResBlock.

Figure 6.8: The diagram of FNet.

plexity on an x-y plane. The nonlinear activation functions adopted in the
input linear layer and the hidden layer are Rectified Linear Units (ReLU)
[124]. They are widely used in neural networks due to their simplicity and
effectiveness. A ReLU function is expressed as:

ReLU(u) = max(0, u), (6.29)

where positive inputs are intact and negative inputs are converted to 0.
Different activation functions are used for various geometry scenarios

after the output linear layer in GNet. For a linear array, a softmax function
is applied, defined as:

σ(u)i =
eui∑S−1
j=1 e

uj

, (6.30)
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where σ(·) is the softmax function, u is the input latent embedding vector
and ui is its ith element. The softmax function has the desirable property
that the sum of its elements is equal to 1. This property enables us to assign
spacing between microphones based on the proportion of each element
in the output vector. In other words, each element’s value in the softmax
function represents its relative position along the length of the linear array.
A sigmoid function, defined as

SIG(u) =
1

1 + e−u
, (6.31)

is used for a UCCMA instead. As the sigmoid function’s range is between
0 and 1, it can represent the proportion of an attribute by using its output,
provided that the maximum value of the attribute is known. For instance,
in a UCCMA, the angular position of the first microphone on a ring is at
most 2π

S
, where S microphones are uniformly spaced. The angular position

of the first microphone corresponds to a proportion of 2π
S

. The optimiza-
tion of the radius of rings is another geometry parameter in a UCCMA,
where the proportion of the maximum radius for different rings can also
be optimized, given the maximum length of the radius is known.

6.5.1 Loss Function

For the convenience of presentation, we denote WNG[h(ω)] by fi(X ) and
DF[h(ω)] by gi(X ), where i is the index of the frequency bin corresponding
to ω. Assuming that the distortionless constraint is satisfied, we can for-
mulate the optimization problem of our frequency-invariant beamformer
as

min
1

F

F∑
i=1

fi(X )

s.t. αi ≤ gi(X ) ≤ βi, i = 1, · · · , F, (6.32)

where F is the number of frequency bins, αi and βi are two-sided con-
straints of gi(X ) with αi < βi.
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The augmented Lagrangian method is a powerful numerical optimiza-
tion technique combining the Lagrangian function and a quadratic penalty
function[135, 167]. It incorporates constraints and the objective into a sin-
gle function, which is suitable to be a loss function of a neural network.
It is more smooth and less ill-conditioned than using the penalty function
directly [167]. We first write (6.32) in an equivalent form:

min
1

F

F∑
i=1

fi(X )

s.t. αi ≤ gi(X )− ui ≤ βi, ui = 0, i = 1, · · · , F, (6.33)

Subsequently, (6.33) can be converted to L[12]

minL =
1

F

F∑
i=1

fi(X ) +
F∑
i=1

pi[gi(X ), µik, c
i
k], i = 1, · · · , F. (6.34)

where L is the loss function of our neural network framework, µik is the
ith Lagrangian multiplier in its kth iteration (see the iteration update rule
in (6.38)), cik is the ith penalty coefficient in its kth iteration and

pi[gi(X ), µik, c
i
k] = min

αi≤gi(X )−ui≤βi
{µikui +

1

2
cik|ui|2}. (6.35)

Analytically, we can obtain the optimal solution for (6.35)

uik =


gi(X )− βi if µik + cik[gi(X )− βi] > 0,

gi(X )− αi if µik + cik[gi(X )− αi] < 0,

−µik/cik otherwise.

(6.36)

Thus, (6.35) now becomes

pi[gi(X ), µik, c
i
k] =

µik[gi(X )− βi] +
1
2
cik|gi(X )− βi|2 if µik + cik[gi(X )− βi] > 0,

µik[gi(X )− αi] +
1
2
cik|gi(X )− αi|2 if µik + cik[gi(X )− αi] < 0,

−(µik)
2/2cik otherwise.

(6.37)
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The update rule for µik in the next iteration is

µik+1 =


µik + cik[gi(X )− βi] if µik + cik[gi(X )− βi] > 0,

µik + cik[gi(X )− αi] if µik + cik[gi(X )− αi] < 0,

0 otherwise.

(6.38)

The update rule for cik in the next iteration is

cik+1 =

max(c̃, 2cik) ifgi(X ) > βi or gi(X ) < αi

cik otherwise,
(6.39)

where c̃ is the maximum value for cik.

6.6 Experiments

We conducted experiments on arrays with four different geometry scenar-
ios: linear, circular, concentric circular and arbitrary discal. For the first
three scenarios, we compared our approach with state-of-the-art frequency-
invariant beamformers. Additionally, we demonstrated that our approach
could obtain nearly global optimal solutions without any pre-specified ge-
ometry constraints for the arbitrary discal array.

6.6.1 Neural Network Training Details

The Adam optimizer [88] is used in all geometry scenarios. The learning
rate is 0.00001. Early termination is applied if the loss decreases in the
next evaluation. The gradient norm is clipped and the maximum gradi-
ent norm is 5. The parameters of the augmented Lagrangian in the first
iteration are µi0 = 0 and ci0 = 5.

6.6.2 Linear Array

The linear array to be optimized has 16 microphones. The minimum spac-
ing between microphones is set to 0.4 cm. The length of the array is 15
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cm. The initial filter is obtained by applying a null-constrained method
[6], with two nulls at 106◦ and 153◦. The initial geometry is a uniform lin-
ear array. The FNet has 10 hidden layers. Each layer has 180 neurons. The
loss is evaluated every 40000 epochs. Parameters of the augmented La-
grangian are updated in every 10000 epochs. The target DF value is 8.24

dB. With a tolerance of 0.1 dB, αi = 8.14 and βi = 8.34. The frequency
range is from 300 Hz to 8000 Hz. The look direction of the array is endfire.

The optimized geometry of the linear array is shown in Fig. 6.9. Three
subarrays are formed to handle broadband signal processing in GONFB.
The phenomenon that dense subarrays are in the middle of the array has
been observed by another frequency-invariant linear array approach [85].
This middle subarray helps process higher frequency signals. In addition,
our approach placed two smaller dense subarrays at both ends of the lin-
ear array. This novel design could potentially deal with lower frequency
signals as well as optimizing WNGs. Similarly, three subarrays are also
observed in the DMA approach, but the individual subarrays are not as
dense. This could explain the inferior performance of DMAs as shown in
Fig. 6.10, as more compact subarrays can better process high-frequency
signals.

We compare the performance of our linear array with the DMA-based
frequency-invariant nonuniform linear array described in [79], as shown
in Fig. 6.10. We can observe that our approach has superior performance
than the DMA-based approach in both DF and WNG values. This demon-
strates that GONFB has found a more effective linear array geometry to-
gether with its filter.

6.6.3 Circular Array

The circular array to be optimized has 5 microphones. The radius of array
is 1.5 cm. The initial filter is obtained in the same way as the linear array.
The array geometry is fixed to a uniform circular array as shown in Fig.
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Figure 6.9: Optimized linear array geometry of GONFB (top) and DMA
(bottom), when M = 16 and L = 0.15.

Figure 6.10: Performance of GONFB vs the DMA-based approach in a lin-
ear array.

6.11. Thus, we only train the FNet in this scenario. The FNet has 10 hidden
layers. Each layer has 90 neurons. The loss is evaluated every 100000
epochs. Parameters of the augmented Lagrangian are updated in every
40000 epochs. The target DF value is 7.4 dB. αi is set to the corresponding
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DF value of [67]. βi = 7.4 + |7.4 − αi|. The frequency range is from 100

Hz to 4000 Hz, as the compared DMA-based approach [67] can only be
frequency-invariant below 4000 Hz. The direction of the incoming signal
is 0◦.

Figure 6.11: A uniform circular array geometry with M = 5 and r = 0.015.
The look direction is 0◦.

The performance comparison of our circular array with [67] is shown
in Fig. 6.12. With the same geometry, our approach still exhibits superior
performance in DF values, while our WNG values are either close to or
slightly better than the WNGs in [67]. This shows that GONFB can not
only provide better array geometry, but also optimizes the filter in a more
flexible and effective manner.

6.6.4 Validation of ResBlocks Design

In ResBlocks, the benefits of identity mappings, also known as skip con-
nections, are unknown in our beamforming tasks. As only FNet has Res-
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Figure 6.12: Performance of GONFB vs the DMA-based approach in a cir-
cular array.

Blocks, UCMAs can serve as good testing scenarios where GNet is not
involved. We performed experiments on a UCMA with 5 microphones to
verify whether skip connections have positive effects on the optimization
of beamforming filters. We used 15 hidden layers in FNet. Each layer had
40 neurons. The rest of the parameter settings followed the last subsection.

We ran experiments without skip connections for 10 times with dif-
ferent random seeds. The best performance without skip connections is
picked and plotted against the performance with skip connections. As
shown in Fig. 6.13, skip connections can improve DF and WNG perfor-
mance slightly. Moreover, we observe that FNet without skip connections
can sometimes fail to deliver good DF performance at certain frequencies.
One of such experimental results is plotted in Fig. 6.14. Therefore, we
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Figure 6.13: Performance of GONFB with and without skip connections in
a circular array with 5 microphones. The best performance without skip
connections from 10 experiments is hand-picked in this plot.

conclude that skip connections in ResBlocks have positive effects on the
beamforming performance. Skip connections also make the optimization
process more robust.

6.6.5 Concentric Circular Array

The concentric circular array to be optimized has 13 microphones in total.
The initial geometry of the array consists of two rings. Each ring has 6
uniformly located microphones. One additional microphone is fixed at
the centre of the array. The minimum radius of the inner ring is 1 cm
and the maximum radius of the outer ring is 3 cm. The initial filter is

139



Figure 6.14: Performance of GONFB with and without skip connections
in a circular array with 5 microphones. This plot shows one experiment
where GONFB without skip connections fails to deliver good DF perfor-
mance at certain frequency.

obtained by applying the null-constrained approach, with null directions
at 102◦ and 174◦. Before training, the angles of the starting microphones
on the inner and outer rings are 30◦ and 0◦ respectively. In the GNet, the
radius of each ring and the angular position of the first microphone on
each ring are optimized. The FNet has 10 hidden layers. Each layer has
90 neurons. The loss is evaluated every 80000 epochs. Parameters of the
augmented Lagrangian are updated in every 10000 epochs. The target DF
value is 8.67 dB. αi is set to the corresponding DF value of [67]. βi =

8.67 + |8.67 − αi|. The frequency range is from 100 Hz to 8000 Hz. The
direction of the incoming signal is 30◦.
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The optimized geometry of the concentric circular array is shown in
Fig. 6.16. Contrary to the research finding in [165], our approach prefers
to use only one ring instead of two rings. In other words, placing 12 micro-
phones all in one ring can perform better than dividing microphones into
two rings. The superior performance of two rings in [165] may be affected
by the fact that the authors use 6 additional microphones in two rings.

We compare the performance of our UCCMA with the DMA-CCMA-II
approach based on series expansions in [165], which is frequency-invariant.
The performance plot can be seen in Fig. 6.15. Below 3 kHz, our approach
has superior WNG values while maintaining comparable DF values. Con-
versely, beyond the 3 kHz mark, our approach excels in DF values while
maintaining similar WNG values. This observation serves as an illustra-
tive example of the inherent tradeoff between WNG and DF values. Fur-
thermore, Fig. 6.15 demonstrates the efficacy GONFB in different geome-
try scenarios.

6.6.6 Arbitrary Discal Array

To explore the behaviour of GONFB in optimizing an arbitrary micro-
phone array on a disc, we consider two straightforward scenarios: max-
imizing only WNG or maximizing only DF with two microphones. The
minimum spacing between microphones is set to 0.5 cm. The radius of the
disc is 3 cm. The initial filter is randomly sampled from a uniform distri-
bution. The initial locations of the two microphones are at the intersections
between the rim of the disc and the x-axis. The FNet has 10 hidden layers.
Each layer has 90 neurons. The loss is evaluated every 80000 epochs. The
frequency bin is 1000 Hz. As this is a not broadband scenario, we do not
use the augmented Lagrangian in the loss function. Instead, the loss func-
tion maximizes (6.18) or (6.19). Additionally, a penalty term is appended
in the loss function to ensure the minimum distance between the two mi-
crophones is not violated. The direction of the incoming signal is 30◦.
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Figure 6.15: Performance of GONFB vs the DMA-based approach in a con-
centric circular array.

Two microphones will always form a linear array on a disc. The maxi-
mum WNG of a distortionless linear array is the number of microphones
[10]. GONFB successfully finds the global optimum and obtains a WNG
value of 2. As (6.18) does not require geometry information to maximize,
the geometry shown in Fig. 6.17 is degenerate. In simpler terms, numer-
ous viable geometric arrangements for a linear array on a disc can achieve
the maximum WNG, provided the filter requirement is satisfied. The filter
for the maximum WNG can be analytically derived as

h(ω) = dAD(ω)/S. (6.40)

The maximum DF of a distortionless linear array can also be analyti-
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Figure 6.16: Optimized geometry for a uniform concentric circular array.
12 microphones in one ring and 1 additional microphone in the centre.

cally derived as [10]

DF[h(ω)]max = 2
1− sinc(ωτ0) cos(ωτ0 cosϕ)

1− sinc2(ωτ0)
, (6.41)

where τ0 is the distance l0 between two microphones divided by c. (6.41)
indicates that ϕ should be 0 and l0 should be as small as possible. From
Fig. 6.18, we can see that the array aligns with the direction of the in-
coming signal. The distance between microphones is optimized to be the
minimum distance. The DF value of the optimized array is numerically
identical to the theoretical maximum DF value derived from (6.41). This
means GONFB has also found the global optimum in this scenario.
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Figure 6.17: Geometry of two microphones when maximizing only WNG.

6.7 Conclusions

This chapter presented a novel and comprehensive framework for the neu-
ral optimization of fixed beamformers with varying geometries. The pro-
posed neural network model, GONFB, successfully optimized both the
array geometry and spatial filters of fixed beamformers. By leveraging the
ResNet structure and incorporating an augmented Lagrangian-based loss
function, GONFB surpassed DMA-based counterparts in linear, circular,
and concentric circular arrays.

Our experimental results demonstrated that fixed beamformers designed
by GONFB consistently exhibited superior DFs and WNGs across different
frequency bins, while maintaining a desirable frequency-invariant prop-
erty. Remarkably, we discovered that GONFB could effectively design
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Figure 6.18: Optimized Geometry of two microphones when maximizing
only DF.

CCMAs using only two rings. Furthermore, we explored the capabilities
of GONFB in an arbitrary discal geometric setting, achieving globally op-
timal solutions. These findings highlight the versatility and robustness of
GONFB in various array configurations.

Overall, this unified framework and the GONFB model presented in
this chapter offer significant advancements in the field of neural optimiza-
tion for fixed beamformers. The results demonstrate their potential for
practical applications and further research in array signal processing.
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Chapter 7

Conclusions and Future Research

This chapter provides an overview of the contributions presented in this
thesis. It outlines the key findings and advancements made throughout
the research. The chapter concludes by presenting a list of possible av-
enues for further exploration that can emerge from the valuable insights
gained through this research.

7.1 Conclusions

In this section, we provide a comprehensive summary of the major contri-
butions presented in this thesis. Firstly, we introduce a novel linear-time
independence criterion in Chapter 3, known as FBIC. FBIC serves as an
estimation of the Hirschfeld-Gebelein-Rényi maximum correlation coeffi-
cient and proves to be highly effective in guiding an ICA algorithm for
signal separation. Notably, compared to kernel-based independence crite-
ria, FBIC exhibits superior computational efficiency without compromis-
ing effectiveness.

Secondly, we conduct an in-depth analysis of the impact of phase er-
rors on the robustness of first-order linear DMAs in Chapter 4. Through
this analysis, we mathematically derive the WNG thresholds that prevent
misorientation of the mainlobe in arrays. These WNG thresholds provide
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valuable insights, indicating that deploying a greater number of micro-
phones with larger spacing significantly enhances the robustness of the
microphone array.

Thirdly, in Chapter 5, we propose an innovative fixed beamformer
model based on neural networks, specifically designed to optimize the
geometry of a linear microphone array. Moreover, we extend this model
to encompass general geometric configurations by leveraging ResNets and
augmented Lagrangian techniques in Chapter 6. The proposed model sur-
passes the performance of previous DMA-based approaches by a consid-
erable margin, showcasing its efficacy in practical applications. This sug-
gests that fixed beamformers with automatically designed beampatterns
and array geometries using neural networks offer distinct advantages over
their counterparts designed based on human expertise.

Collectively, these contributions significantly advance the signal en-
hancement field by introducing the FBIC for ICA, analyzing the impact
of phase errors on DMAs, and developing a state-of-the-art fixed beam-
former model based on neural networks. The findings and methodologies
presented in this thesis contribute to the broader understanding of signal
separation, extraction and suppression, with implications for various do-
mains and applications. We firmly believe that our contributions will have
a lasting impact and pave the way for the next generation of applications
in BSS and fixed beamforming tasks.

7.2 Future Work

In this section, we discuss three possible directions for future works below.
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7.2.1 Multi-channel Speech Separation Guided by Indepen-

dence Criteria

In recent years, deep learning approaches, specifically Deep Neural Net-
works (DNNs), have emerged as the prevailing method for addressing
multichannel audio source separation [110, 163, 162]. These approaches
treat the task of multichannel audio source separation as a supervised
learning problem, where acoustic features are acquired through training
data [163]. One approach to accomplish this is through Ideal Binary Mask
(IBM) classification, which translates the estimation of masks for each time-
frequency unit into a binary classification problem [21]. Another approach
involves estimating the target magnitude spectrogram instead of masks
[169]. Many neural network models have been proposed to tackle au-
dio source separation, such as Wave-U-Net [154], Multichannel Variational
Autoencoder (MVAE) [82], and Multi-Resolution Convolutional Auto-Encoder
(MRCAE) neural networks [51]. However, supervised learning approaches
suffer from the mismatch between the training data and the real environ-
ment in which they are deployed. In contrast, unsupervised learning ap-
proaches are not reliant on the training data for their performance [126].
The FBIC proposed in this thesis has the potential to be employed in simi-
lar unsupervised multichannel speech separation algorithms, utilizing the
independence criterion as a metric to separate speeches from different
speakers.

7.2.2 Disentanglement

Signal separation techniques play a crucial role not only in the separa-
tion of audio sources but also in understanding data representation in
machine learning. Disentangling explanatory factors can greatly benefit
from employing signal separation techniques such as Blind Source Sepa-
ration (BSS). In their work, Bengio et al. [11] emphasized the significance
of disentangling underlying explanatory factors from directly observed

149



input signals for the success of Artificial Intelligence (AI). These factors,
when effectively utilized, can enhance the performance of machine learn-
ing models and facilitate generalization by leveraging shared subsets of
explanatory factors across different tasks. Mutual information has been
the most commonly used metric for achieving disentanglement. However,
it is worth exploring whether the proposed FBIC method can outperform
mutual information in disentanglement tasks, given its superior perfor-
mance exhibited in ICA tasks.

7.2.3 Fixed Beamforming with Rectangular Arrays

Having established a comprehensive neural network framework GONFB
for optimizing microphone arrays with arbitrary geometries, it is logi-
cal to extend the application of this framework to other existing geomet-
ric configurations, including rectangular arrays. Rectangular arrays have
been demonstrated to be beneficial for direction-of-arrival estimation tasks
[180]. In order to evaluate the performance of the fixed beamformer gen-
erated by our model, a comparison can be made with the beamformer
obtained using the Kronecker-product (KP) [76]. The KP approach en-
ables the decomposition of a global beamformer into independent sub-
beamformers, which can be individually optimized. Furthermore, GONFB
can be applied to more practical scenarios, such as designing an optimal
microphone array for a smart phone with a predetermined shape.

150



Bibliography

[1] AMARI, S.-I., CICHOCKI, A., AND YANG, H. H. A new learning al-
gorithm for blind signal separation. In Advances in neural information
processing systems (1996), pp. 757–763.

[2] ARCONES, M. A., AND GINE, E. On the bootstrap of u and v statis-
tics. The Annals of Statistics (1992), 655–674.

[3] BACH, F. R., AND JORDAN, M. I. Kernel independent component
analysis. Journal of machine learning research 3, Jul (2002), 1–48.

[4] BAHARI, M. H., BERTRAND, A., AND MOONEN, M. Blind sampling
rate offset estimation for wireless acoustic sensor networks through
weighted least-squares coherence drift estimation. IEEE/ACM Trans-
actions on Audio, Speech, and Language Processing 25, 3 (2017), 674–686.

[5] BELL, A. J., AND SEJNOWSKI, T. J. An information-maximization
approach to blind separation and blind deconvolution. Neural com-
putation 7, 6 (1995), 1129–1159.

[6] BENESTY, J., AND CHEN, J. Study and design of differential microphone
arrays, vol. 6. Springer Science & Business Media, 2012.

[7] BENESTY, J., CHEN, J., AND COHEN, I. Design of circular differential
microphone arrays, vol. 12. Springer, 2015.

[8] BENESTY, J., CHEN, J., AND HUANG, Y. Microphone array signal pro-
cessing, vol. 1. Springer Science & Business Media, 2008.

151



[9] BENESTY, J., CHEN, J., AND PAN, C. Fundamentals of differential
beamforming. Springer, 2016.

[10] BENESTY, J., COHEN, I., AND CHEN, J. Fundamentals of signal en-
hancement and array signal processing. John Wiley & Sons, 2017.

[11] BENGIO, Y., COURVILLE, A., AND VINCENT, P. Representation
learning: A review and new perspectives. IEEE transactions on pat-
tern analysis and machine intelligence 35, 8 (2013), 1798–1828.

[12] BERTSEKAS, D. P., ET AL. Constrained optimization and lagrange mul-
tiplier methods. Belmont: Athena Scientific,, 1996.

[13] BORRA, F., BERNARDINI, A., ANTONACCI, F., AND SARTI, A. Uni-
form linear arrays of first-order steerable differential microphones.
IEEE/ACM Transactions on Audio, Speech, and Language Processing 27,
12 (2019), 1906–1918.

[14] BREIMAN, L., AND FRIEDMAN, J. H. Estimating optimal transfor-
mations for multiple regression and correlation. Journal of the Amer-
ican statistical Association 80, 391 (1985), 580–598.

[15] BUCHRIS, Y., COHEN, I., AND BENESTY, J. First-order differen-
tial microphone arrays from a time-domain broadband perspective.
In 2016 IEEE International Workshop on Acoustic Signal Enhancement
(IWAENC) (2016), IEEE, pp. 1–5.

[16] BUCK, M. Aspects of first-order differential microphone arrays
in the presence of sensor imperfections. European transactions on
telecommunications 13, 2 (2002), 115–122.

[17] BUENO LARRAZ, B. Independence measures. Master’s thesis, Uni-
versidad Autónoma de Madrid, Escuela Politécnica Superior, Spain,
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SCHÖLKOPF, B., AND LANCKRIET, G. R. On the empirical
estimation of integral probability metrics. Electron. J. Statist (2012).

[151] SRIPERUMBUDUR, B. K., GRETTON, A., FUKUMIZU, K.,
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surement in blind audio source separation. IEEE transactions on au-
dio, speech, and language processing 14, 4 (2006), 1462–1469.

[162] VINCENT, E., VIRTANEN, T., AND GANNOT, S. Audio source separa-
tion and speech enhancement. John Wiley & Sons, 2018.

169



[163] WANG, D., AND CHEN, J. Supervised speech separation based
on deep learning: An overview. IEEE/ACM Transactions on Audio,
Speech, and Language Processing 26, 10 (2018), 1702–1726.

[164] WANG, S., KONG, X., PENG, X., MOVASSAGH, H., PRAKASH,
V., AND LU, Y. Dasformer: Deep alternating spectrogram trans-
former for multi/single-channel speech separation. arXiv preprint
arXiv:2302.10657 (2023).

[165] WANG, X., HUANG, G., COHEN, I., BENESTY, J., AND CHEN,
J. Robust steerable differential beamformers with null constraints
for concentric circular microphone arrays. In ICASSP 2021-2021
IEEE International Conference on Acoustics, Speech and Signal Process-
ing (ICASSP) (2021), IEEE, pp. 4465–4469.

[166] WATANABE, S. Information theoretical analysis of multivariate cor-
relation. IBM Journal of research and development 4, 1 (1960), 66–82.

[167] WRIGHT, S., NOCEDAL, J., ET AL. Numerical optimization. Springer
Science 35, 67-68 (1999), 7.

[168] WU, Y., WANG, H., ZHANG, B., AND DU, K.-L. Using radial ba-
sis function networks for function approximation and classification.
ISRN Applied Mathematics 2012 (2012).

[169] XU, Y., DU, J., DAI, L.-R., AND LEE, C.-H. A regression approach
to speech enhancement based on deep neural networks. IEEE/ACM
Transactions on Audio, Speech, and Language Processing 23, 1 (2015),
7–19.

[170] YAN, L., HUANG, W., KLEIJN, W. B., AND ABHAYAPALA, T. D.
Phase error analysis for first-order linear differential microphone ar-
rays. In 2022 17th International Workshop on Acoustic Signal Enhance-
ment (IWAENC) (2022), IEEE.

170



[171] YAN, L., HUANG, W., KLEIJN, W. B., AND ABHAYAPALA, T. D.
Neural optimization of geometry and fixed beamformer for linear
microphone arrays. In ICASSP 2023-2023 IEEE International Confer-
ence on Acoustics, Speech and Signal Processing (ICASSP) (2023), IEEE,
pp. 1–5.

[172] YAN, L., KLEIJN, W. B., AND ABHAYAPALA, T. A linear-time inde-
pendence criterion based on a finite basis approximation. In Interna-
tional Conference on Artificial Intelligence and Statistics (2020), PMLR,
pp. 202–212.

[173] YAROTSKY, D. Error bounds for approximations with deep relu net-
works. Neural Networks 94 (2017), 103–114.

[174] YU, J., AND DONOHUE, K. D. Performance for randomly described
arrays. In 2011 IEEE Workshop on Applications of Signal Processing to
Audio and Acoustics (WASPAA) (2011), IEEE, pp. 269–272.

[175] ZARZOSO, V., COMON, P., AND PHLYPO, R. A contrast function for
independent component analysis without permutation ambiguity.
IEEE transactions on neural networks 21, 5 (2010), 863–868.

[176] ZHANG, H., CHEN, J., AND BENESTY, J. Study of nonuniform lin-
ear differential microphone arrays with the minimum-norm filter.
Applied Acoustics 98 (2015), 62–69.

[177] ZHAO, L., BENESTY, J., AND CHEN, J. Design of robust differen-
tial microphone arrays. IEEE/ACM Transactions on Audio, Speech, and
Language Processing 22, 10 (2014), 1455–1466.

[178] ZHAO, L., BENESTY, J., AND CHEN, J. Design of robust differential
microphone arrays with the jacobi–anger expansion. Applied Acous-
tics 110 (2016), 194–206.

171



[179] ZHAO, S., AND MA, B. D2former: A fully complex dual-path dual-
decoder conformer network using joint complex masking and com-
plex spectral mapping for monaural speech enhancement. arXiv
preprint arXiv:2302.11832 (2023).

[180] ZOLTOWSKI, M. D., HAARDT, M., AND MATHEWS, C. P. Closed-
form 2-d angle estimation with rectangular arrays in element space
or beamspace via unitary esprit. IEEE Transactions on Signal Process-
ing 44, 2 (1996), 316–328.

172


