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Abstract

The connection between quadratic estimates and the existence of a bounded holo-
morphic functional calculus of an operator provides a framework for applying har-
monic analysis to the theory of differential operators. This is a generalization of the
connection between Littlewood—Paley—Stein estimates and the functional calculus
provided by the Fourier transform. We use the former approach in this thesis to
study first-order differential operators on Riemannian manifolds. The theory devel-
oped is local in the sense that it does not depend on the spectrum of the operator
in a neighbourhood of the origin. When we apply harmonic analysis to obtain esti-
mates, the local theory only requires that we do so up to a finite scale. This allows
us to consider manifolds with exponential volume growth in situations where the
global theory requires polynomial volume growth.

A holomorphic functional calculus is constructed for operators on a reflexive
Banach space that are bisectorial except possibly in a neighbourhood of the origin.
We prove that this functional calculus is bounded if and only if certain local quadratic
estimates hold. For operators with spectrum in a neighbourhood of the origin,
the results are weaker than those for bisectorial operators. For operators with a
spectral gap in a neighbourhood of the origin, the results are stronger. In each
case, however, local quadratic estimates are a more appropriate tool than standard
quadratic estimates for establishing that the functional calculus is bounded.

This theory allows us to define local Hardy spaces of differential forms that are
adapted to a class of first-order differential operators on a complete Riemannian
manifold with at most exponential volume growth. The local geometric Riesz trans-
form associated with the Hodge—Dirac operator is bounded on these spaces provided
that a certain condition on the exponential growth of the manifold is satisfied. A
characterisation of these spaces in terms of local molecules is also obtained. These
results can be viewed as the localisation of those for the Hardy spaces of differential
forms introduced by Auscher, McIntosh and Russ.

Finally, we introduce a class of first-order differential operators that act on the
trivial bundle over a complete Riemannian manifold with at most exponential volume
growth and on which a local Poincaré inequality holds. A local quadratic estimate is
established for certain perturbations of these operators. As an application, we solve
the Kato square root problem for divergence form operators on complete Riemannian
manifolds with Ricci curvature bounded below that are embedded in Euclidean space
with a uniformly bounded second fundamental form. This is based on the framework
for Dirac type operators that was introduced by Axelsson, Keith and McIntosh.

vil






Contents

__Introduction 1

[2_ TLocal Quadratic Estimated 9
.1  Notation and Preliminaried . . . . . . . . . o oo 9
.2 Operators of Tyvpe S&IJ ......................... 11

.21 Tocal Quadratic Estimated . . . . . . . . .. . ... ... ... 15

I3 TLocal Hardy Spaced 31
Bl Localisation . . . . ... ... 31
B.2  Tocal Tent Spaces P(X x (Q. 11 . . . . . . . . . . 36
3.3 Some New Function Spaces T%(Xi ................... 45
B.4 _Exponential Off-Diagonal Estimated . . . . . . . . . . ... ... ... 51
B.5  The Main Estimatd . . . . . . .. ... ... 56
B.6  Local Hardyv Spaces A2 (AT*MY . . . . . . oo 64

B.6.1 _Molecular Characterisatiod . . . . . . . . . .. ... .. .... 72

B.7 Embedding b2 (AT*M) in TP(AT*MY . . . . ... ... .. 82
4 Dirac_ Tvne Oneratord 89
W1 _Dirac Type Qperatord . . . . . . . . ... ... 89
.2 Application to Divereence Form Ouperatord . . . . . . . . . . . . . .. 93
K3  Christ’s Dvadic Cubes and Carleson Measured . . . . . . . . . . ... 99

K4 The Main Local Quadratic Estimatd . . . . . .. ... ... ..... 104
[Bibliographyl 119

X






Chapter 1

Introduction

A functional calculus associates a linear operator T' on a Banach space X and a
space of functions F with a mapping from F into the space of linear operators on X
that is canonical in a certain sense. It is usual to denote this mapping by f +— f(7T)
for all f in F. In applications, such as those discussed below, it is often desirable
to know that f(7') is bounded and that its operator norm is controlled by some
property of f in F. This is the important notion of a bounded functional calculus.

The Dunford-Riesz—Taylor functional calculus is defined for closed operators T’
with nonempty resolvent sets and the space of functions H(€2) that are holomorphic
on a domain €2 in C that contains a neighbourhood of the spectrum of T'. We post-
pone the definition of this functional calculus until the beginning of Chapter 2l The
idea of McIntosh in [53] was to instead design a functional calculus suited to opera-
tors of type S,. These are closed operators satisfying certain resolvent bounds and
having spectrum contained in the bisector S, centered at the origin in the complex
plane of angle w in (0,7/2). The advantage of the resulting functional calculus is
that it is defined for functions that need not be holomorphic in a neighbourhood of
the origin nor the point at infinity.

It is shown in [53] that the McIntosh functional calculus for an injective opera-
tor T' of type S, on a Hilbert space H is bounded if and only if quadratic estimates
of the form
dt

| e+ ey g, 5l

0

hold for all u € H. Establishing these types of quadratic estimates in order to have
a bounded holomorphic functional calculus has been used with great effect in many
applications. Most notable is the proof of the Kato Conjecture by Auscher, Hofmann,
Lacey, McIntosh and Tchamitchian in [41], 6] and it’s many extensions, including that
by Axelsson, Keith and McIntosh in [IT] and that by Hyténen, McIntosh and Portal
in [43].

More generally, given an operator T' of type S, and a domain €2 that touches the
spectrum of T nontangentially at a point, the functional calculus on the space of
functions that are holomorphic in {2 depends on quadratic estimates approaching the
point of contact. Indeed, the lower and upper limits in the quadratic estimates above
correspond to the spectral points at infinity and at the origin, respectively. The case

of several points of contact has also been considered by Franks and McIntosh in [34].



2 CHAPTER 1. INTRODUCTION

In Chapter B, we replicate the construction by McIntosh in [b3] for operators
on a Banach space X that satisfy resolvent bounds and have spectrum contained
in either the set S,ur or the set S,\p U {0}, as depicted in Figure [Tl This also
builds on work by Cowling, Doust, McIntosh and Yagi in [31]. For operators of type
S.uR, the functional calculus that we construct is defined for functions that must
be holomorphic in a neighbourhood of the origin but need not be holomorphic in a
neighbourhood of the point at infinity. For operators of type S.\ g, our functional
calculus is defined for functions that need not even be defined in a neighbourhood
of the origin. As a result, the functional calculus in both cases only depends on
quadratic estimates near the spectral point at infinity. We refer to these as local
quadratic estimates, since they are of the form

1
[ er s ey g S Tl S

0
for all v in a suitable subspace of X'. This also builds on work by Albrecht, Duong
and McIntosh in [2].

The advantage of only having to establish local quadratic estimates is that tech-
niques from harmonic analysis that usually require at most polynomial volume
growth can then be applied on metric measure spaces with exponential volume
growth. The theory of type S,\r operators is a special case of the theory of type S,
operators and the results are stronger. In particular, self-adjoint operators with a
spectral gap at the origin are of type S, g, where R > 0 is equal to the spectral
gap. Our results show that the existence of a bounded functional calculus for such
operators requires only local quadratic estimates.

\/ Squ SW\R
U(T) w O'(T) w
R/\ R

C C

FIGURE 1.1: The sets S,ur and S,\g for w € (0,7/2) and R > 0.
The shaded areas depict the spectrums of an operator of type S,ur
and an operator of type S,\g. In both cases, the origin may be in the
spectrum.

The theory of type S,ur operators, which is a weak version of the theory in [53],
is also more suited to certain applications. For example, consider the operator
—id/dz on the Sobolev space W12(R). The connection between singular convolution
operators and the functional calculus of —id/dx is well-understood. In particular,
local Hilbert transforms h are defined for a > 0 as the Fourier multiplier

(hu) (&) = i€(|€* + a)~*u(©).



These correspond to the operator h(—id/dz) under our new functional calculus,
where h(z) = 2(2? + a)~'/? is holomorphic at the origin but not at the point at
infinity.

Local Hilbert and Riesz transforms motivate the definition of local Hardy spaces.
The local Hardy space h'(R") introduced by Goldberg in [36] is an intermediate
space H'(R™) C h'(R") Cc L'(R"). The Hardy space H'(R") is suited to quasi-
homogenous multipliers, and indeed the boundedness of the Riesz transforms defined
forj=1,...,n by

(Ryu)(€) = ig; | a(e)

is built into its definition. The local Hardy space h!'(R"), however, is suited to smooth
quasi-homogenous multipliers, and the boundedness of local Riesz transforms such
as those defined for a > 0 and j =1,...,n by

(rju) (&) = i&(1€)* + a)~/2a(E)

is built into its definition.

In Chapter B, we define local Hardy spaces of differential forms hf,(AT*M) that
are adapted to a class of first-order differential operators D that are of type S ur
and satisfy local quadratic estimates on a Riemannian manifold M with exponential
volume growth. This is an extension of the work by Auscher, McIntosh and Russ
in [9] to construct Hardy spaces of differential forms HP(AT*M) for the Hodge—
Dirac operator D on Riemannian manifolds with polynomial volume growth. To
be precise, let M denote a complete Riemannian manifold with geodesic distance p
and Riemannian measure py. We adopt the convention that such a manifold M is
smooth and connected. Let L?(AT*M) denote the Hilbert space of square-integrable
differential forms on M. Let d and d* denote the exterior derivative and its adjoint
on L*(AT*M). The HodgeDirac operator is D = d+d* and the Hodge-Laplacian is
A = D?. The geometric Riesz transform DA~™'/2 is bounded on L?(AT*M) because
D is self-adjoint. This led the authors of [9] to construct Hardy spaces of differential
forms HY(AT*M), or simply HY,, for all p € [1,00]. Amongst other things, they
show that the geometric Riesz transform is bounded on H?, and that H}, has a
molecular characterisation.

The atomic characterisation of H'(R™), due to Coifman [28] and Latter [49)],
was used by Coifman and Weiss in [30] to define a Hardy space of functions on a
space of homogeneous type. A requirement in the definition of Hardy space atoms
a is that they satisfy the moment condition [a = 0. The approach taken in [9]
is instead based on the connection between the tent spaces TP(R7H") and HP(R").
This connection was first recognised by Coifman, Meyer and Stein who showed
in Section 9B of [27] that HP(R™) is isomorphic to a complemented subspace of
TP(R) for all p € [1,00]. More precisely, there exist two bounded operators
P: HP(R") — TP(RY) and 7 : TP(RT) — HP(R") such that Pr is a projection
and HP(R"™) is isomorphic to Pr(T?(R’)).

The definition of the tent space T(R'}*!) and its atoms, which are not required
to satisfy a moment condition, admit natural generalisations to differential forms.
Also, both P and 7 are convolution-type operators, which can be interpreted as
functions of —iV := (—id/0x1,...,—i0/0z,). The idea in [9] was to define HY, in
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terms of the tent space of differential forms T?(AT*M x (0,00)) and operators Q
and &, which are adapted to D in the same way that P and 7 are adapted to —iV.
The main requirement for the construction was that operators such as the projection
QS be bounded on TP(AT*M x (0,00)). The authors of [d] prove this by using off-
diagonal estimates for the resolvents of D to establish uniform bounds on tent space
atoms.

We adapt the definition of H}, to define local Hardy spaces of differential forms
R (ANT*M), or simply Y, for all p € [1,00]. We first consider a general locally
doubling metric measure space X, and define a local tent space t#(X x (0,1]) and
a new function space L%, (X), both of which have an atomic characterisation when
p = 1 and admit a natural generalisation to differential forms. Classically, it can be
shown that the local Hardy space h?(R™) is isomorphic to a complemented subspace
of t?(R™ x (0,1]) & L% (R™). Whilst square function characterisations for A (R™) are
certainly known, this characterisation appears to be new.

The atomic characterisation of h'(R™), due to Goldberg in [36], consists of two
types of atoms. The first kind are supported on balls of radius less than one and
satisfy a moment condition, whilst the second kind are supported on balls with
radius larger than one but are not required to satisfy a moment condition. In our
new characterisation, we can associate the first kind of atoms with elements of
t'(R™ x (0, 1]) and the second kind with elements of L%, (R").

The definition of H, in [9] is limited to Riemannian manifolds that are doubling,
which we define below using the following notation. Given z € M and r > 0, let
B(z,r) denote the open geodesic ball in M with centre x and radius r, and let
V(z,r) denote the Riemannian measure pu(B(x,7)).

Definition 1.1.1. A complete Riemannian manifold M is doubling if there exists
A > 1 such that

0<V(z,2r) < AV(z,r) < o0 (D)

forallz € X and r > 0.

The doubling condition is equivalent to the requirement that there exist A > 1
and x > 0 such that

0 <V(z,ar) <A™V (z,r) < 00

for all z € X, r > 0 and o > 1. This condition is imposed to define HY, because
the Hardy space norm incorporates global geometry. The nature of the local Hardy
space, however, allows us to define A, on manifolds that are only locally doubling.
Specifically, we define h¥, on the following class of manifolds.

Definition 1.1.2. A complete Riemannian manifold M is exponentially locally dou-
bling if there exist A > 1 and k, A\ > 0 such that

0 < V(z,ar) < Ao V"V (7)) < 0o (Exn)

for all x € M, r > 0 and @ > 1. The constants x and A are referred to as the
polynomial and exponential growth parameters, respectively.



The class of doubling Riemannian manifolds includes R™ with the Euclidean dis-
tance and the standard Lebesgue measure, as well as Lie groups with polynomial
volume growth; other examples are listed in [9]. The class of exponentially locally
doubling Riemannian manifolds is larger and includes hyperbolic space (see Section
3.H.3 of [35]), Lie groups with exponential volume growth (see Section 1.4 of [33])
and thus all Lie groups. More generally, by Gromov’s variant of the Bishop compar-
ison theorem (see [T6], 37]), all Riemannian manifolds with Ricci curvature bounded
from below are exponentially locally doubling. This includes Riemannian manifolds
with bounded geometry, noncompact symmetric spaces and Damek—Ricci spaces.

Taylor recently defined local Hardy spaces of functions on Riemannian manifolds
with bounded geometry in [67]. Hardy spaces of functions have also been considered
on some nondoubling metric measure spaces by Carbonaro, Mauceri and Meda in
[18, 19, 20] and by Mauceri, Meda and Vallarino in [51l, 52]. The theory developed in
those papers applies to R” with the Euclidean distance and the Gaussian measure,
as well as to Riemannian manifolds on which the Ricci curvature is bounded from
below and the Laplace—Beltrami operator has a spectral gap.

The Hardy spaces H?, in [9] are defined using the holomorphic functional cal-
culus of D in L?*(AT*M). In particular, the authors consider the class H*(S9)
of functions that are bounded and holomorphic on the open bisector S§ of angle
0 € (0,7/2) centered at the origin in the complex plane. This is because the func-
tion sgn(Re(z)) = 2/v/22 maps to the geometric Riesz transform DA~/2 under the
H®>(S§) functional calculus. The local Hardy spaces, however, are suited to the local
geometric Riesz transforms D(A+al)~'/? for a > 0, so we consider the smaller class
H>(Sg,) of functions that are bounded and holomorphic on S . = Sg U D?, where
D¢ is the open disc of radius r > 0 centered at the origin in the complex plane.

The space hh has a characterisation in terms of local molecules, which are defined
in Section B.6.l This is the first main result of Chapter Bl

Theorem 1.1.3. Let kK, A > 0 and suppose that M is a complete Riemannian man-
ifold satisfying (). If N € N, N > k/2 and ¢ > X, then hp, = th’mol(Mq).

The following is the principal result of Chapter Bl

Theorem 1.1.4. Let kK, A > 0 and suppose that M is a complete Riemannian man-
ifold satisfying ([Exo)). Let 0 € (0,7/2) and r > 0 such that rsin® > \/2. Then for
all f € H*(S3,), the operator f(D) on L* has a bounded extension such that

1F (D)l < 1 ool s,
for all w € b, and p € [1, c0].
There is then the following corollary for the local geometric Riesz transforms.

Corollary 1.1.5. Let x,A > 0 and suppose that M is a complete Riemannian
manifold satisfying (E.))). If @ > X*/4, then the local geometric Riesz transform
D(A + al)~/? has a bounded extension to A%, for all p € [1, o).

The theory in Chapter Bl is actually developed for a large class of first-order dif-
ferential operators D, which we introduce in Section B4l Theorems and [CTA4
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follow from the more general results in Theorems and by setting
D = D, where D will always denote the Hodge—Dirac operator. Although the space
h4(AT*M) is defined so that it can be identified with L*(AT*M), the proof of the
embedding b (AT*M) C LP(AT*M) for all p € [1,2) in Section B requires the ad-
ditional assumption that D is a self-adjoint, elliptic differential operator with finite
propagation speed and that inf,cp V(z,1) > 0. The following is then a corollary of
the more general results in Theorem and Corollary B'7.7

Corollary 1.1.6. Let x,A > 0 and suppose that M is a complete Riemannian
manifold satisfying and that inf,cps V(x,1) > 0. If @ > \?/4, then the local
geometric Riesz transform D(A 4 al)~'/? has a bounded extension such that

ID(A +al) 2 ull, < flull,
for all w € hY, and p € [1,2].

Taylor proved in [66] that on a Riemannian manifold with bounded geometry,
where A denotes the Hodge-Laplacian on functions, a necessary condition for the
operator f(1/Ag) to be bounded on L? for all p € (1,00) is that f be holomorphic
and satisfy inhomogeneous Mihlin boundary conditions on an open strip of width
W > A/2 in the complex plane, where A > 0 is such that holds. This result
was improved by Mauceri, Meda and Vallarino in [b0]. The need for f to be holomor-
phic on a strip was originally noted by Clerc and Stein in the setting of noncompact
symmetric spaces in [25], and that work was extended by Stanton and Tomas in [62],
by Cheeger, Gromov and Taylor in [23] and by Anker and Lohoué in [3]. In Chap-
ter B, we do not assume bounded geometry. Theorem [LT.4] represents the beginning
of the development of an approach to this theory based on first-order operators.
Moreover, given that rsin @ is the width of the largest open strip contained in Sj .,
Taylor’s result suggests that the bound rsin > /2 in Theorem [LT4 may be the
best possible.

Let us now briefly recall the Kato square root problem on R"™. Given a strictly
accretive matrix valued function A on R™ with bounded measurable coefficients, the
Kato square root problem is to determine the domain of the square root /div(AV)
of the divergence form operator div(AV). The original questions posed by Kato
can be found in [46l A7 and are discussed further in [54]. The problem was solved
completely in the case n = 1 by Coifman, McIntosh and Meyer in [26], in the case
n = 2 by Hofmann and McIntosh in 2] and finally for all n € N by Auscher,
Hofmann, Lacey, McIntosh and Tchamitchian in [6]. The reader is referred to the
references within those works for the full list of attributes that lead to those results,
since it is not possible to include them all here.

In [§], prior to the solution of the Kato problem in all dimensions, Auscher,
McIntosh and Nahmod reduced the one dimensional problem to proving quadratic
estimates for a related first-order elliptic system. Subsequently, Axelsson, Keith and
MeclIntosh in [TT] developed a general framework for proving quadratic estimates for
perturbations of Dirac type operators on R™. In this unifying approach, the solu-
tion of the Kato problem in all dimensions, as well as many results in the Calderén
program such as the boundedness of the Cauchy singular integral operator on Lip-
schitz curves, follow as immediate corollaries. Their results also have applications



to compact Riemannian manifolds, and it is these applications that we extend to
certain noncompact manifolds in this thesis.

In Chapter ll, we introduce a class of first-order differential operators that act on
the trivial bundle over a complete Riemannian manifold. This is based on the frame-
work that was introduced in [IT], although it resembles more closely the subsequent
development by the same authors in [I0)]. The main result is a local quadratic esti-
mate for certain L> perturbations of these operators. The statement of the result
requires some technical preliminaries and we postpone it until Theorem As
an application, we solve the Kato square root problem for divergence form operators
on complete Riemannian manifolds M with Ricci curvature bounded below that
are embedded in R™ with a uniformly bounded second fundamental form. These
manifolds are not required to be compact.

To state the result, we require the following setup, which will be made more
precise in Section EEJl Let T'M denote the tangent bundle over M and let T, M
denote the tangent space at each x € M. Let L*(T'M) denote the Hilbert space of
square-integrable vector fields on M and let W2(M) denote the Sobolev space of
functions on M. The gradient and divergence on M are closed operators

grad : L*(M) — L*(TM)
div : L*(TM) — L*(M)

with domain D(grad) = W'?(M) and — div being formally adjoint to grad. Let I
denote the identity operator on L?*(M) and following [10] define the operator

I . 2 — 2 2
S = [grad} :D(S) C LA(M) — L*(M) & L*(T M)

with domain D(S) = W'?(M) and adjoint
S*=[I —div]:D(S*) C L*(M) & L*(TM) — L*(M).

We also require the following notation. For all Banach spaces X and Y, let
L(X,Y) denote the Banach algebra of bounded linear operators from X into Y, and
let L(X) = L(X,Y). Now let Z(T'M,C), Z(C,TM) and .£(T'M) denote the vector
bundles over M whose fibers at each x € M are given by L(T,,M,C), L(C,T,M) and
L(T, M), respectively. Also, let Z>(TM,C), £>(C,TM) and £*(T M) denote
the spaces of L sections of the respective bundles.

Given Ay € L>®(M) as well as Ay € L*°(TM,C), Ay € L>°(C,TM) and
Ay € L=(TM), define the operator A : L*(M) & L*(TM) — L*(M) & L*(TM) by

= [ Gl

for all u = (ug,u;) € L*(M) @ L*(TM) and z € M, where (-), denotes the value
of a function or section at x. Furthermore, given a € L*>°(M), suppose that there
exists k1, ko > 0 such that the following accretivity conditions are satisfied:

Re(aw, u)r2orary > /-ﬂlHuH%Q(M) for all w € L*(M);

. N (1.1.1)
Re(ASu, Su) r2nerzrany > Kallulljneg, forall we WHE(M).
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The divergence form operator Ly : D(L4) — L*(M) is then defined by
Lau = aS*"ASu = —adiv(Ay; gradu) — adiv(Ajgu) + aAg; grad u + aAgou (1.1.2)

for all u € D(Ly) = {u € WY*(M) : ASu € D(S*)}. The following result is then
proved as a corollary of Theorem in Section 2

Theorem 1.1.7. Letn € N and suppose that M is a complete Riemannian manifold
with Ricci curvature bounded below that is embedded in R™ with a uniformly bounded
second fundamental form. If a and A satisfy the accretivity conditions (L), then
the divergence form operator La defined by (LLZ) has a square root \/La with
domain D(/La) = WY3(M) and

IV Laull2any = [[ullwzon
for all w € W12(M).

The following notational conventions are adopted throughout the thesis. For all
x,y € R, we write x < y to mean that there exists a constant ¢ > 1, which may
only depend on constants specified in the relevant preceding hypotheses, such that
x < cy. To emphasize that the constant ¢ depends on a specific parameter p, we
write x <, y. Also, we write x =~ y to mean that + < y < 2. For all normed
spaces X and Y, we write X C Y to mean both the set theoretical inclusion and the
topological inclusion, whereby ||z||y < ||z]|x for all z € X. Finally, we write X =Y
to mean that X and Y are equal as sets and that they have equivalent norms.



Chapter 2

Local Quadratic Estimates and
Functional Calculi

We begin this chapter by fixing notation and recalling the Dunford—Riesz—Taylor
functional calculus. The holomorphic functional calculus for operators of type S,y r
is constructed in Section Local quadratic estimates are defined in Section 22T
and the equivalence with bounded holomorphic functional calculi is proved in Sec-
tion The analogous results for operators of type S,\r are in Section

2.1 Notation and Preliminaries

Throughout this chapter, let X denote a nontrivial complex reflexive Banach space
with norm |- ||x. An operator T on X is a linear mapping T : D(T') — X, where the
domain D(T) is a subspace of X. The range R(T') = {Tu : w € D(T')} and the null-
space N(T') = {u € D(T) : Tu = 0}. Let D(T") and R(T") denote the closure of these
subspaces in X. An operator T is closed if the graph G(T') = {(u,Tu) : uw € D(T)}
is a closed subspace of X x X', and bounded if the operator norm

1T} = sup{[|T'ullx : w € D(T) and Jullx <1}

is finite. To minimise notation, we also denote the norm on X by || - || when there is
no danger of confusion. The unital algebra of bounded operators on X is denoted
by L(X), where the unit is the identity operator I on X. The resolvent set p(T)
is the set of all z € C for which the operator zI — T has a bounded inverse with
domain equal to X. The resolvent Rr(z) is the operator on X" defined by

Re(2) = (2] — T)!

for all z € p(T). The spectrum o(T') is the complement of the resolvent set in the
extended complex plane C,, = C U {o0}.

Given an open set Q) C C, let H(£2) denote the algebra of holomorphic functions
on €. Note that a function f is holomorphic in a neighbourhood of the point at
infinity if f(1/z) is holomorphic in a neighbourhood of the origin. The following
functional calculus is usually attributed to N. Dunford, F. Riesz and A. E. Taylor.
The precise formulation below is from [65].

9
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Definition 2.1.1 (Dunford-Riesz—Taylor H(f2) functional calculus). Let T be a
closed operator on X with nonempty resolvent set. If () is a proper open subset of
Cw that contains o(7T") U{occ} and f € H(Q2), then define f(T) € L(X) by

f(Mu=f u+—/f VRr(2)u dz (2.1.1)
for all uw € X, where f(o0) = lim,_,, f(2) and 7 is the boundary of an unbounded

Cauchy domain that is oriented clockwise and envelopes o(7') in 2.

If T is a bounded operator on X then Q in Deﬁnition E-T T need not contain the
point at infinity, in which case f(T)u = 5 f f(2)Rr(z)u dz. A comprehensive list
of attributes and references to the hterature on thls topic can be found at the end
of Chapter VII in [32]. The following theorem, which is set as an exercise in [2], is
a consequence of Runge’s Theorem.

Theorem 2.1.2. The mapping given by ZII)) is the unique algebra homomorphism
from H(Q) into L(X) with following properties:

1. If 1(2) =1 for all z € Q, then 1(T) =1 on X;
2. If X e p(T)\ Q and f(z) = (X —2)7! for all 2 € Q, then f(T) = Rpr()\);

3. If (fn)n is a sequence in H(QY) that converges uniformly on compact subsets of
Q to f e H), then f,(T) converges to f(T) in L(X).

We now introduce the following setup. Given 0 < p < 6 < 7/2, define the closed
and open bisectors in the complex plane as follows:

S,={z€C:|argz| <por|r—argz| < u};
={ze€C\{0}:|argz| <Bor|r—argz| <6}

Given r > 0, define the closed and open discs as follows:

D, ={zeC:|z|<r}

={zeC:|z| <r}.
These are combined together as follows:
Spur = S U Dy; Sp\r =S, \ Dy;
SgUr:SgUD?; Sg\r:Sg\DT'

Note that Dy = {0} and D§ = () so that S, = S = Sy and S50 = S5, = 5§
Let 57, denote either Sg . or Sg .. A function on 57, is called nondegenerate if it
is not identically zero on either component of Sg .

Let H*(Sg,) denote the algebra of bounded holomorphic functions on Sg,.
Given f € H™(Sg,) and t € (0,1], define f* € H>(Sg,) and f; € H>(S7, )
as follows:

f*(2) = f(z) forall ze So.r5
fi(2) = f(tz) forall z € Sp, .
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Given «, § > 0, define the following sets:
U2(S5,) = {v € H*(S5,) : [¢(2)| S min(|2*, |2]7%)};
©7(S3,) = {¢ € H®(S5,) : [6(2)| < |27}

Let Wa(S5,) = Usso Va(58,), W9(S5,) = Uaso Va(58,): U(S5,) = Upso ¥7(55,)
and @(Sg,r) - U,B>0 @ﬁ(seo,r)

2.2 Operators of Type S, ur
We construct holomorphic functional calculi for the following class of operators,

where X’ denotes a nontrivial complex reflexive Banach space.

Definition 2.2.1. Let w € [0,7/2) and R > 0. An operator T" on X is of type S,ur
if o(T) C S,ur, and for each 6 € (w,7/2) and r > R, there exists Cpy, > 0 such

that o
R < oUr
1R < 7

for all z € C\ Spuy-

The condition that an operator T is of type S, is precisely the condition that
T is of type S, (or w-sectorial). The theory of type S, operators is well-understood
and can be found in, for instance, [2, B8, 47, B3].

The following important lemma allows us to obtain stronger results in reflexive
Banach spaces. The proof below is derived from the proof of Theorem 3.8 in [31].

Lemma 2.2.2. Let w € [0,7/2) and R > 0. Let T be an operator of type S,ur
on X. If r > R, then
D(T)={ueX: lim({I+LT) " 'u=u}=2X.

n—oo

Proof. If w € X and lim,_.oo(f + =T)"'u = u, then u € D(T) simply because
R((I + %T)_l) = D(T) for all n € N.

To prove the converse, first suppose that v € D(7'). The resolvent bounds in
Definition 22Tl imply that

I+ 51) u—ull = 155 + 51) " Tull = [|Rr(irn)Tul| < (1/rn)[|Tull

for all n > 1, which implies that lim, .. (I + =7)'u = u. Now suppose that

u € D(T). For each € > 0, there exists v € D(T') and N € N such that ||u —v| <€
and

I+ ED) u—ul| <||(T+ET) u—o)|+ 1[I+ E5T) v — vl + |lv — u
S (ro||Re(irn)|| + D)|lu — ol + (1/rn) | Tv||
<e

for all n > N, as required.
The proof that D(T") = X uses the fact that X is reflexive and follows exactly as
in the proof of Theorem 3.8 in [31]. O
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For the remainder of this section, fix w € [0,7/2) and R > 0, and let T be an
operator of type S, g on X. An operator of type S, r has a nonempty resolvent
set, which of course implies that it is closed, so the Dunford-Riesz—Taylor H({2)
functional calculus applies. Following the ideas in [53], however, we introduce the
following preliminary functional calculus.

Definition 2.2.3 (©(Sf_,) functional calculus). Given 6 € (w,7/2), r > R and
6 € O(S5,,), define ¢(T) € L(X) by

o(T)u = = o(2)Rr(z)u dz := lim L/ o(2)Rr(z)u dz
(+952,)ND,

27T’L 4082 p—00 277'7,
our T

(2.2.1)

for all u € X, where 6 € (w,6), 7 € (R,r) and +05% . denotes the boundary of S7
oriented clockwise.

The exceptional feature of (221]) is that the contour of integration is allowed
to touch the spectrum of T at infinity. This is made possible by the decay of
¢ and the resolvent bounds in Definition 22l A standard calculation using the
resolvent equation shows that the mapping ©(Sg ) — L(&X) given by ZZI) is
an algebra homomorphism. There is also no ambiguity in our notation, since if
(2 is an open set in C,, that contains Sy, U {oo}, then the operators defined by
ETT) and (ZZI) coincide for functions in ©(Sg,,.) N H(€2). This is because ¢ in
©(S55,,) N H() is holomorphic in a neighbourhood of infinity, so the O-class decay
implies that ¢(oo) = 0. Cauchy’s Theorem, the resolvent bounds and the ©-class
decay then allow us to modify the contour of integration in [ZZZTl) to that in ZIT)).
In particular, if A € C\Spy, and f(2) = (A—z)"! for all z € Sy, then f(T) = Ry(N).

The proofs of the next two results are based on proofs for operators of type S,
that were communicated to the author by Alan Mclntosh in a graduate course. The
first is a convergence lemma for the ©(S§ ) functional calculus.

Proposition 2.2.4. Let 0§ € (w,7/2) and r > R. If (¢,), is a sequence in O(Sg )
and there exists ¢,d > 0 and ¢ € ©(Sg,,,.) such that the following hold:

1. sup,, |¢n(2)] < |z for all 2z € Sy ,;

2. ¢, converges to ¢ uniformly on compacts subsets of Sj, .,
then ¢,,(T") converges to ¢(7T) in L(X).
Proof. Fix 0 € (w,0) and 7 € (R,r). Let v denote the boundary of Sy  oriented
clockwise. Given ry > 7, divide v into 79 = 7N D,, and oo =y N (C\ D,,), so

onTyu= o= o ([ 4 [ ) 0 = oD Rrtdz = 1 1

for all u € X. Given € > 0, choose rq > 7 such that

o d o d
I21S [ outa o@D Al B 1o < eul

o || ||
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forallm € Nand u € X. Now, since ¢,, converges to ¢ uniformly on compact subsets
of S ., there exists N € N such that

dz| o d|z
IS [ 1o ol + [ o) = ot Hlhul < el
for all n > N and u € X. The result follows. O

The next lemma allows us to derive an H>°(Sg,,.) functional calculus from the
©(54,,) functional calculus.

Lemma 2.2.5. Let 0 € (w,7/2) and r > R. If (¢,), is a sequence in ©(Sg ) and
there exists f € H>(Sg,,) such that the following hold:

L. sup,, [|¢nlle < 003

2. sup, [6a(T)] < oo

3. ¢, converges to f uniformly on compacts subsets of Sg .,

then lim, ¢,(T)u exists in X for all w € X. Moreover, if f € O(Sg,,), then
lim,, ¢,(T)u = f(T)u for all u € X.

Proof. Let ¢,(2) = (1+12)"'¢,(2) and ¢(2) = (1+12)"' f(z) forall z € S5, There
exists ¢ > 0 such that the sequence (¢n)n in O(SY,) satisfies sup,, |¢n(2)| < |z~

for all z € S ., and converges to ¢ € ©(5§,,,) uniformly on compact subsets of Sj ..
Proposition [ZZ4] then implies that

lim [6,(T)u — $(T)ul| = 0 (22.2)

for all u € X.
If u € D(T), then u = (I 4+ :T)~'v for some v € X, so we have

Gu(T)u = ¢, (T)(I + iT) v = ¢, (T)v

and ([Z2Z2) implies that lim, ¢, (T)u = ¢(T)v. Note that the second equality above
holds because (14 £z)~*is in ©(Sg,,).

If w e X, then u € D(T') by Lemma EZ2Z2 For each € > 0, there exists v € D(T)
such that ||u — v|| < ¢, and it follows from what was just proved that (¢,(T)v),, is
a Cauchy sequence in X'. Therefore, there exists N € N such that

160 (Tt — (T ul| < (|Pn(T)(u = V)| + |¢n(T)v — i (T)0]| + ([ (T) (v — w)|
S sup |9n(T)|l €

for all n > m > N, and lim,, ¢,(T")u exists in X.

Finally, if f € ©(Sg,,), then ¢(T) = f(T)(I + iT)~" and lim, ¢, (T)u = f(T)u
for all u € D(T') by the above. If u € X, then for each ¢ > 0, there exists v € D(T)
and N € N such that

[6n(T)u = F(T)ull < |¢n(T)(w = v)[| + |¢n(T)v = F(T)0[| + | F(T) (v = w)|
S (sup [|on (D) + (D)

for all n > N, and lim,, ¢,,(T)u = f(T)u. O
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The usefulness of condition (2) in the preceding lemma suggests the following
definition, which allows us to construct an H*(S§ ) functional calculus. This is
based on the analogous construction for operators of type S, that was communicated
to the author by Alan McIntosh in a graduate course.

Definition 2.2.6 (H>(Sj ) functional calculus). Given 6 € (w,n/2) and r > R,
the operator 1" has a bounded H*(S§,,.) functional calculus if there exists ¢ > 0 such
that

(D < clldlloo

for all ¢ € ©(S§,,). If T has a bounded H*>(Sg ) functional calculus, then given
fe H*(Sg,,) define f(T) € L(X) by

F(Tyu = lim(f¢n)(T)u (2.2.3)

for all u € X, where (¢,,),, is a uniformly bounded sequence in O(Sg ) that converges
to 1 uniformly on compact subsets of Sg .

The operator in ([Z23)) is well-defined by Lemma 2220 In particular, the def-
inition is independent of the choice of sequence (¢,), in Definition ZZ8 As an
example, consider the sequence defined by ¢, (z) = (1 + %z)_l for all z € Sp, and
n € N, which satisfies sup,, [|[¢n]lcc = 1. The requirement that 7" has a bounded
H>(Sg,) functional calculus then implies that

IF DI < sup [[(Fon) (T < esup [ fénlloo < €llflloc

for all f € H*(Sg,,), where ¢ is the constant from Definition 222Gl

Lemma 22T also shows that the operators defined by Z2Z1l) and (2223) coincide
for functions in ©(S§_,). Furthermore, if 2 is an open set in C., that contains
Sour U {0}, then the operators defined by (ZI1]) and ([ZZ3) coincide for functions
in H*(Sg,,.) N H(Q) by Theorem There is also the following analogue of
Theorem T2

Theorem 2.2.7. The mapping given by ZZ3) is an algebra homomorphism from
H>(Sg.,) into L(X) with following properties:

1. If 1(2) =1 for all z € S§ ., then 1(T) =1 on X;
2. If X e C\ Syug and f(z) = (A —2)7! for all z € S§_,, then f(T) = Rr(\);

3. If (fu)n is a sequence in H*®(Sg ) and there exists f € H®(Sg,,.) such that
the following hold:

(i) sup,, [|fulloo < 00;
(ii) sup,, || fuo(T)]| < oo;

(111) f, converges to f uniformly on compacts subsets of Sg,,.,

then || f(T)|] < sup, ||fo(D)|| and lim, f,(T)u = f(T)u for allu € X.
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Proof. Let f,g € H®(Sg,,). If (¢n)n satisfies the requirements of Definition EZ2Z0
then so does (¢2),. Therefore, the algebra homomorphism property of the ©(S5g,,.)
functional calculus implies that

(f9)(T)u = lm(fg¢,)(T)u = lim f(T)gn(T)u

for all u € X, where f, = f¢, and g, = g¢,. This shows that for each ¢ > 0 and
u € X, there exists N € N such that

1) (T)u = fu(T)g(T)ull < [[(f)(T)w = fu(T)gn(Tyull 4[| fo(T)gn(T)u — g(T)u]|
S sup [ fu(T)l| €

for all n > N. Hence, (fg)(T)u = lim,, f,,(T)g(T)u = f(T)g(T)u for all u € X.

It remains to prove (1 ) and (3), since (2) holds by the coincidence of ([ZITI) an
E23). If ¢n(2) = (1 4+ L2)7! for all z € S, and n € N, then by Lemmawe

have
1(T)u = lim ¢, (T)u = lim(/ + £T)'u = u

for all u € X. The final part of the theorem follows from the algebra homomorphism
property, as in the proof of Lemma EZ2ZH O

2.2.1 Local Quadratic Estimates

Throughout this section, fix w € [0,7/2) and R > 0, and let T be an operator of
type S,ur on X. If R = 0, then T is of type S,. In that case, given 6 € (w,7/2)
and ¢ € U(Sg), it was proved in [B3, 2] that 7" has a bounded H*(Sj) functional
calculus if and only if the quadratic estimate

o dt
| Il G = al?
0

holds for all u € R(T). In the next section, given § € (w,7/2) and r > R, we
prove that 7" has a bounded H*(Sj ) functional calculus if and only if certain local
quadratic estimates hold. In this section, we define local quadratic estimates and
prove the equivalence of local quadratic norms. This requires that we introduce
the ®-class of holomorphic functions and develop a local version of the McIntosh
approximation technique.

Definition 2.2.8. Given 6 € (0,7/2), 7 > 0 and § > 0, define $7(Sg,) to be the
set of all ¢ € ©7(Sg,) with the following properties:

1. For all z € S, #(2) # 0 ;
2. inf.epg [(2)] # 0;
3. sup>1|0:(2)| < |o(2)] for all z € So r \ D,,

where 5§, denotes either Sg . or Sp,,. Note that (2) is obviated in the case of Sg,,.
Also, let ®(S¢,) = Ugso ®°(55,)-
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For example, if 6 € (0,7/2), 0 < < y/a and 3 > 0, then the functions e~V**+2,
e~ and (22+a) 7 are in ®P(S5.,,). The next result is the local version of an exercise
in Lecture 3 of [2.

Lemma 2.2.9 (McIntosh approximation). Let 6 € (w,7/2) and r > R. Given non-
degenerate ¢ € ¥(Sg,,.) and ¢ € ®(Sg ), there exist n € ¥(Sy,,.) and ¢ € ©(SF,,)
such that

/0 (W) St el2)0() = 1 (2.2.4)

for all z € 5§,. Given 0 < a < f <1and f € O(Sy,,), if

B
Vopld) = 1) [ (i) T and B) = F)e(:)0(
for all z € 5§, then

lim [[(W,1(T) + S(T))u = f(T)ul| = 0 (2.2.5)

for all w € X. Moreover, if T has a bounded H>(Sg ) functional calculus, then this
holds for any f € H*(Sg,,)-

Proof. Given f € H®(S3,,), let f_(z) = f(—2) and f*(z) = f(z) for all z € S,
Let ¢ = [[° [0(t)v(—t)p(t)p(—t)|* & and define the functions

1% * * * _l . ! @
n=ctwevtoros ad o= (1= [ ).

in which case (22Z7) is immediate and n € W(Sg ). The function ¢ is holomorphic
on Sy, by Morera’s Theorem, since ¢(z) # 0 for all z € Sj ., and bounded on
Dy, since inf.epe [¢(2)] # 0. A change of variable shows that [ n(z)yy(z)S = 1

for all # € R\ {0}, and since z — [;° m(2)(2)% is holomorphic on Sj, we must

have [ (2 wt( )4 = 1 for all z € Sj. It then follows from property (@) in
Definition EZZR that
1 /oo dt SUPt>1 ‘¢t )| / |-
2)| = — 2)(2)|— GE <

for all z € S§ and some § > 0, so ¢ € @(Sgw).
To prove [ZZH), let f € O(Sj,,) and note that there exists 6 > 0 such that

L d
Waa(2)] S |f(2)|/0 min(|tz|’, [tz ) —t

i - VEL 5 at o s dt 2.2.6
= min(|| ||, 12| ~°) (\zl5/ p & =+ |2l 6/ 49 5 (2.2.6)
0 11|

< min(]| £, |2]7°)

for all @ € (0,1) and z € S, where the constants associated with each instance
of < do not depend on a. This shows that ¥, ; + ® is in ©(S5,) for all a € (0,1)
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with Sup,eo 1) Va1 (2) + ®(2)] < ¢|z[° for some ¢ > 0. Also, given a compact set
K C S§,,, it follows from (ZZ7)) that there exists cx > 0 such that

“ d
¥aal2)+ 8 = FO < Il | Ine2)] § Slosl’ < exad

for all & € (0,1) and z € K. Therefore, the sequence (Vy,,1 + ®),, converges to f
uniformly on compact subsets of S ., and ([22Z3) follows from the version of the
convergence lemma in Proposition 2224

Now let f € H*>(Sg,,) and suppose that 7" has a bounded H*(Sg_,) functional
calculus. It follows as in [ZZH) that sup,c 1) Va1 + @llo S [Iflle < 00. Also,
there exists 6 > 0 such that

dt

1
War()| S I [ min(eal’, %) 5

1 1
. dt | _ s dt
— i (17 [0 Sl [ )

< min(|2[’, [az| ™)

S Oz_6|2‘_6

for all @ € (0,1) and z € Sj,,. This shows that ¥,; + ® is in ©(Sg,) for all
a € (0,1), and since T has a bounded H>(Sj,.) functional calculus, the result
follows by Theorem 227 O

We now introduce local quadratic norms on X adapted to the operator 7" and
define the notion of local quadratic estimates.

Definition 2.2.10. Let 6 € (w,7/2) and r > R. Given ¢y € ¥(Sj ) and g€ ©(S7,,),
define the local quadratic norm || - || 7,46 by

! dt :
ol = ([ Byl § o+ loul?)

for all w € X. The operator T satisfies (¢, ¢) quadratic estimates if there exists ¢ > 0
such that ||ul|7pe < cf|u] for all uw € X, and reverse (v, ¢) quadratic estimates if
there exists ¢ > 0 such that ||u|| < ¢||u||1y,4 for all u € X satistying ||u||7,p,6 < 00.

Given nondegenerate ¢ € V(S ,,.) and ¢ € ®(Sg ) in Definition ZZ2ZT0, if 7" has
a bounded H>(S§ ) functional calculus, then Lemma implies that the local
quadratic norm || - ||z, is indeed a norm on &X'. We use the next two lemmas to
prove that families of local quadratic norms are equivalent for operators that have
a bounded H*(Sj,,,) functional calculus. These are local analogues of results in [2].

Lemma 2.2.11. Let f € (w,7/2) and r > R. Given 1,1 € ¥(S3,,) and p€ ©(S3,,.),
there exists ¢ > 0 and ¢ > 0 such that the following hold:

LA (D < ell flloo;
2. (o)D) < ell flloos
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3. () (D) < el flloct® (1 +log(1/1));

(s/t)°(1 +log(t/s)) if se€(0,t];

4 (Fad (@) < el flloe % {@/S)a(l Tlog(s/1) i s € (1

for all t € (0,1] and f € H>®(Sj,).

Proof. Fix 0 € (w,0) and 7 € (R,r). Let v denote the boundary of Sj;  oriented

clockwise. Choose & > 0 so that 1, ¢ € W3(Sg,.) and ¢ € ©°(S3,,). The resolvent
bounds then imply that

H<J;|1§t|>|£oT>“ S T [1r@u @R 1
|dz]

S [minlesp o)
Y

7/t 00
< t‘s/ |z\‘5_1\dz| + t5/ \z|‘5_1 dlz] + t_5/ |z\_‘5_1 d|z|
|z|=F iz 7

/t
<1

for all t € (0,1]. Similarly, we obtain

T o0
||(f¢)( )H < /I _~|Z‘_1 |dZ‘ _|_/ ‘z|_6_1 d‘Z| SJ 1

flle ™
f 00 |=F

and

OO i s minisl ol 14
TS [ mino =4 min(esp el ) £

7/t 00
< t5/ |Z\5_1 |dz| +t5/ 2|7t d|z] +t_5/ |Z\_25_1 d|z|
|2|=F E 7/t

<t 4+ t0log(1/t) +t0(1/t)™%
< 9(1 + log(1/1)).

for all t € (0,1]. Also, if 0 < s <t <1, then

—H(ﬁﬂt}p”sjo(T)” S /Wmin(|tz|6> |t2]7°) min(|sz[°, [s2]~°) %

7/t
S/0° [ 07 [l
|z|=F i

/s S
s/t [ LR / R

(5/6)° + (st)°(1/)* + (s/t) log(t/s) + (st)°(1/5) 7>
(s/t)°(1 + log(t/s)).

The same argument applied in the case 0 <t < s < 1 completes the proof. O

S
S
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Lemma 2.2.12. Let 6 € (w,7/2) and r > R. Let ¢ € ¥(S5j,,) and ¢ € &(Sg,,). If
(un)yn is sequence in X and there exists u € X such that the following hold:

L. |lupllrpe < oo for all n € N;
2. (up)y, is a Cauchy sequence under the local quadratic norm || - ||7.4.4;
3. lim, o |Jun — ul| =0,

then ||ul|7,p6 < 0o and lim, e ||ty — v/ 79,6 = 0.

Proof. For each a € (0,1), choose N(«) € N so that ||un@) — ul]* < 1/(1 —log ).
Lemma 22Tl then implies that

‘/HMGMWQLHWGWW

dt
/rwt (niey = W) S+ 16T (tey — )+ 5up [t

(1 —log@)l|un(a) — ull* + sup [|un|7, 4
n

< sup HunH?mqu
n

for all & € (0,1). The Cauchy condition guarantees that sup,, ||u,||7.4.6 < 00, so we
must have [|ul|7.6 < 00.

For each € > 0, conditions (2) and (3) combined with the result just proved
guarantee that there exists ap € (0,1) and N € N such that

a0 dt «Q
sup/ ||1b,5(T)un||2 " <€ sup|lu, —ul| <e and / ||@b,5(T)u||2 — <e.
0 0

n>N

Lemma 22Tl then implies that

a0 ! dt
oo = 0l ([ [ ) 1Tl 5 4 o 00 L 5

for all n > N, as required. O

The following result is essential for establishing the connection between bounded
holomorphic functional calculi and quadratic estimates. This is a local analogue of
Proposition E in [2].

Proposition 2.2.13. Let 6 € (w,7/2) and r > R. Given nondegenerate functions
Y, e U(Sy,,) and ¢, ¢ € ®(S,,,), there exists ¢ > 0 such that

1A (T)ullz g6 < el flloollullrpe

for all f € O(Sy,,) and v € X satisfying |lu||rys < co. Moreover, if T" has a
bounded H>°(Sg ) functional calculus, then there exists ¢ > 0 such that

IF(T)ullzg.6 < cll flloollelizy.o

for all f € H*(S§,,) and u € X satistying ||u||1,y.4 < 0.
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Proof. Let f € ©(Sg,,) and let u € X satisfying ||u||7ps < 00. Lemma gives
n e U(Sg,,) and ¢ € ©(S5,,) such that

/0 n(0) T p(2)o() = 1

for all z € Sg .. Given 0 < a < 8 <1, define

B
Vosl2) = 1) [ m@uu) T ad o) = F2e)00

for all z € 5§, so limy—o ||[(Va1(T) + @(T))u — f(T)u|| = 0. Now write

L. dt
W (Tyu+ ®(Thulfs < [ 1T oDyl F+ / )2l

+[|(T) W p(T)ul) + | 6(T) )U||2
211+12+[3+[4

We use Lemma EZZ.TT] to obtain the following Schur-type estimates:
dt

Estimate for I :
.
[ Gaamnvmu | ¢

11:/01 ; t
< [ ([ 16w mu &) &
< [ ([ oo d_) ([ 1@ @ d—) &
< s ( / Iyl ) / / @)@ Fras @l & L

de 2 ds
< s ([ iean §) [Cim@me

<112 [y &

ds

Estimate for I,:

I = / I(Fed (@)@l &

S [ e+ ot/ Somul?
G
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Estimate for I5:

ds

I3 = (febnsws)( )ibs(T)u

d
/‘wwm% )2 8/|ws T)ul? &
sumi/’ﬁmAJ%lﬁ /rwt ulp <
B
2 2
S T

Estimate for I,:

L = ||(foe)(T)o(T)ull* S 1| FIZ (T yull.
Therefore, we have
Vo1 (T)u+ S(T)ull7 45 S I fllcollullz,p.0

for all o € (0,1), and

H%w(wmw¢<h+h<HM2/!W <

for all 0 < a < B < 1. Now, since ||u||r46 < 00, for each € > 0 there exists N € N
such that

for all n > m > N, which implies that

[(W1/na(T) + S(T))u — (Vi/m1(T) + P(T))ullr5.5 = [Yijnam(T)ullrgs S I lleoe

for all n > m > N. This shows that (Vy,1(7T)u + ®(T)u), is a Cauchy sequence
under the local quadratic norm || - || 5, so by Lemma we have

lim (.1 (T) + B(T))u — F(Tullp =0

and || f(T)ull 755 < | fllcollwllrp,g, as required.
Finally, if 7" has a bounded H>(Sj ) functional calculus, then the proof above
holds for f € H>*(Sg,.) by Lemma 2229 O

2.2.2 The Main Equivalence

We connect the theory from the previous two sections. The first result is an imme-
diate consequence of Proposition 22213l
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Proposition 2.2.14. Let w € [0, 7/2) and R > 0. Let T be an operator of type S,ur
on X. If there exists 0y € (w,7/2), 7o > R, nondegenerate v,% € ¥(Sg . ) and
nondegenerate ¢, ¢ € (5§, 1r,) such that T satisfies (¥, ¢) quadratic estimates and
reverse (¢, ¢) quadratic estimates, then T has a bounded H>(S,) functional cal-
culus for all § € (w,7/2) and r > R.

Proof. Let 0 € (w,n/2) and r > R. Given g € H>(S§ . ), let go denote the
restriction of g to Sglm{e,eo}umn (rro}- Using the properties of the ©(S, ) functional
calculus, Proposition B2, T3 implies that there exists ¢ > 0 such that

1A (T)ullr g = 1fo(T)ully g6, < clfollcollullzuego < cllfllocllullrpe

for all f € ©(S§,,) and u € X satisfying ||u||7,y6 < 00. The quadratic estimates
then imply that there exists ¢ > 0 such that

1 (T)ul] < €[l f oo Jul]
for all f € ©(Sj,,) and u € X, as required. O
A converse of the above result holds for dual pairs of operators.

Definition 2.2.15. A dual pair of Banach spaces (X,X’) is a pair of complex
Banach spaces (X, X”) associated with a sesquilinear form (-,-) on X x X’ that
satisfies the following properties:

L. [{u,v)| < Collullx||v||x for all u € X and v € X”;

2. |lullx < C, sup [, v)]
vex' ||Vl ar

for all u € X;

3. ||v||xr < Cysup [, v)| for all v € X7,
vex ||ullx

for some constants Cy, C; and Cy > 0.

Definition 2.2.16. Given a dual pair of Banach spaces (X, X’), a dual pair of
operators (T, T") consists of an operator T'on X and an operator 7" on X’ such that

(Tu,v) = (u, T')
for all w € D(T') and v € D(T").

If T is an operator of type S,ur on a Hilbert space, then the adjoint operator
T* provides a dual pair of operators (T, T™*) of type S,ug under the inner-product.
We use the next lemma to prove the equivalence of bounded holomorphic functional
calculi and quadratic estimates.

Lemma 2.2.17. Let w € [0,7/2) and R > 0. Let (T, T") be a dual pair of operators
of type S,ur. If 0 € (w,7/2) and r > R, then T" has a bounded H*(Sg,,,.) functional
calculus if and only if 7" has a bounded H>(Sg ) functional calculus. Moreover, if
T has a bounded H>(Sj ) functional calculus, then

(f(T)u,v) = (u, f1(T"))
forallu € X, v € X' and f € H>*(S§,,.), where f* is defined in Section 21l
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Proof. Let 0 € (w,n/2) and r > R. If z € C\ S,ug, then

(Rr(2)u,v) = (Ry(2)u, (ZI — T")Ry/(Z)v)
= (zRr(2)u, Ry (2)v) — (T Ry (2)u, Ry (Z)v)
= (u, Ry (Z)v)

for all w € X and v € &, since R(Rz(z)) € D(T) and R(Rz(2)) € D(7”). This
shows that, for an appropriate contour v in C, we have

W) = o [ RS = o [ o) BT = (1,6°()

forallu e X, v € X' and ¢ € O(S5j,,). Therefore, we have

ol Ko@) T (Tl

fulle ™

~

vex Jullxllvlle  verr lullxlvlle ~ e o]la

forallu € X and ¢ € O(S,). The dual version of this inequality holds by the same
reasoning. Therefore, there exists ¢ > 0 such that 1[|¢(T)|| < [|¢*(T")| < cl|o(T)|
for all ¢ € ©(S§,,), which proves that T has a bounded H*(Sg,,.) functional calculus
if and only if 7" has a bounded H*(Sg ) functional calculus.

Now suppose that 7" has a bounded H* (S5, ,,) functional calculus. Let (¢,,), be
a sequence of functions satisfying the requirements of Definition so that

F(T)u = 1m(f6,)(T)u

for all w € X and f € H*(S,,). For each e > 0, u € X and v € A”, there exists
N € N such that

[((Fon)(T)u,v) = (F(T)u, 0)| S [(fon)(T)u = F(T)ull[[o]] <€

for all n > N. The dual version of this statement also holds, so we have

(f(T)u,v) = T ((f¢n)(T)u, v) = lim (u, (f*¢,)(T")v) = (u, f*(T")v)

for all u € X and v € X', as required. O

This brings us to the principal result of this section. The proof is based on the
proof of Theorem 7 in [63] and Theorem F in [2].

Theorem 2.2.18. Letw € [0,7/2) and R > 0. Let (T, T") be a dual pair of operators
of type S,ur on (X, X'). The following statements are equivalent:

1. The operators T and T" satisfy (¢, ¢) quadratic estimates for all v in V(S§_,)
and ¢ in ©(S5,,) and all 0 in (w,7/2) and r > R;

2. There exists 0 in (w,7/2), 7 > R and nondegenerate Y, in W(SY,,.) and
nondegenerate ¢, ¢ in ®(Sg,,) such that T satisfies (1, ¢) quadratic estimates
and T' satisfies (¢, ¢) quadratic estimates;
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3. The operator T has a bounded H*®(Sy, ) functional calculus for all 0 in (w,m/2)
andr > R;

4. There exists 0 in (w,7/2) and r > R such that T has a bounded H>(Sy )
functional calculus.

Proof. 1t suffices to prove that (2) implies (3) and that (4) implies (1). First, suppose
that (2) holds. Fix 0y € (w,7/2), 7o > R, nondegenerate v, € ¥(Sp . ) and
nondegenerate ¢, ¢ € (5§ y,) such that T satisfies (¢, ¢) quadratic estimates and

T’ satisfies (zz,gzz) quadratic estimates. Let 6 € (w,7/2) and r > R. Lemma
gives n € W(Sp ) and ¢ € ©(Sg . ) such that

/0 M CNE) T+ (205 (2)6(2) = 1

for all z € 5§, . Given a € (0,1) and f € ©(Sp,,.), if

Vo (2) = f(Z)/ e (2)07 (2)n(2) % and  ®(z) = f(2)p(2)d"(2)8(2)

«

for all z € Smm{@ B0} Umin{rro}» UhELL
Lim [|(Wa (T) + &(T))u = f(T)ulx = lim [[(Wa,(T) + S(T))u = fo(T)ullx =0

for all u € X, where fy denotes the restriction of f to S The dual

. . min{6,0p }Umin{r,ro}"
pairing and Lemma ZZTT] imply that

(Yo 1 (T)u + &(T)u, v)

/ YT, 9T S+ () D), 6T

5/ I (T (Tull 2l (T") vl 2 7+ I DT ull 2 o(T) 0]l 2

S [ flloollwllzp,gllvll 77 0.6

forallu e X, v e X', a € (0,1) and f € O(S55,,). The quadratic estimates then
imply that

[{(F(T)u, )| S ([ flloollullzsllvllrrpe S 1L lloollell ol 2

forallu e X, v e X" and f € ©(5,), which implies (3).

Now, suppose that (4) holds. Fix 6y € (w,7/2) and ry > R such that T has a
bounded H*(Sg . ) functional calculus, and choose nondegenerate RS W(SE o)
and nondegenerate ¢ € D(SG ) Let 0 € (w,m/2), 7 > R, ¥ € ¥(Sg,,) be nonde-
generate and ¢ € ®(5,,,.) be nondegenerate. Given g € H*(S5,,,.), let gy denote the

restriction of g t0 P v go1umingrro)- A discrete version of Proposition shows
that

||f(T)u||T,w,¢>=||fo(T)uHT,wo,¢oN||f!|oo(2||¢zk all% + 16T Hi)
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for all f € H*(S5,,) and u € X for which the right-hand-side is finite. In particular,
since we can take f to be a constant function, this shows that

[ ij%k Y% + |6(T)ul|%

for all w € X for which the right-hand-side is finite. Choose w € X" such that
Jwllxr = 1 and sup{|(¢o-+(T)u,v)| : v € X', [Jv]lxr = 1} < 2o+ (T")u, w)|. The
dual pairing and Lemma ZZTT] then imply that

ZH% f(T)ul% + lo(T)ul% S Z\ Vo (T)u, w)|[[ull + Jul%
—Z\ w, Py (T)w) [l + [Jull%

-—EZ%H w o (T ), o (T Y e+ el

< sup {u, 3opg iy (T w) ulla + %
T‘kE{—l,l}

< sup | (hords-n) (Tl Jul %
T‘kE{—l,l}
< llull%

for all u € X and n € N, where the final inequality holds because Lemma 2217 im-
plies that 7" has a bounded H>(Sg, ) functional calculus, and because Y, Rl
is in W(95g,,,) for any sequence (7}); taking values in {—1,1} and all n € N. This
shows that T satisfies (¢, ¢) quadratic estimates. The same reasoning shows that
T" satisfies (¢, ¢) quadratic estimates, which implies (1). O

2.3 Operators of Type S,\r

We develop an analogous theory for the following class of operators, where X denotes
a nontrivial complex reflexive Banach space.

Definition 2.3.1. Let w € [0,7/2) and R > 0. An operator T" on X is of type S.\r
if o(T) C S.\r U {0}, and for each 0 € (w,7/2) and r € [0, R), there exists Cy, > 0
such that

C@\r

2]

[Rr(2)] <
for all z € C\ (Sp\» U {0}).

The theory of type S,\r operators is similar to that of type S,ur operators. The
main difference arises for operators with a nontrivial null space, which means that
0 is in the spectrum. The following specialization of Lemma allows us to deal
with this possibility. The proof is omitted since it is essentially the same as the
proof of Theorem 3.8 in [31].
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Lemma 2.3.2. Let w € [0,7/2) and R > 0. Let T be an operator of type S,\r on
X. If r € (0, R), then the following hold

D(T)={ueX: lim([+LT) " 'u=u};

R(T) ={u€ Xx: lim ([ +27T) 'u=0}
N(T)={ue X: lim (I + 27) "'u=u},

n—oo

and D(T) = R(T) ® N(T) = X.

For the remainder of this section, fix w € [0,7/2) and R > 0, and let 7" be an
operator of type S.\r on X. Also, let P@ and Py(r) denote the projections from

X onto R(T") and N(T'), as given by Lemma We introduce an analogue of
Definition 2223

Definition 2.3.3 (O(5g,,) functional calculus). Given 6 € (w,7/2), r € [0, R) and
6 € 6(Sp,), define (T) € £(X) by

$(T)u = — / (=) Ry (2)u dz = lim —— / 6(=) Ry(2)u d= (2.3.1)
+052 +aSe D,

271 p—oo 27T

for all u € X, where 0 € (w,6), 7 € (r, R) and +052

B\ denotes the boundary of S

o\7
oriented clockwise.

A standard calculation shows that the mapping ©(S5g,,) — £(X') given by [Z3])
is an algebra homomorphism. The reason for the notation ¢(7Tk) will become appar-
ent in Lemma This requires the following convergence lemma for the ©(Sp,,)
functional calculus, which is proved in essentially the same way as Proposition 222241

Proposition 2.3.4. Let 0 € (w,n/2) and r € [0, R). If (¢,), is a sequence in
©(55,,) and there exists ¢,6 > 0 and ¢ € O(5g,,) such that the following hold:

1. sup,, |¢n(2)] < c|z| 70 for all z € Son
2. ¢, converges to ¢ uniformly on compacts subsets of Sg\r,
then ¢,(Tg) converges to ¢(1x) in L(X).
We now establish the connection between the operators defined by ([ZI1]) and

2310,

Lemma 2.3.5. Let 6 € (w,7/2) and r € [0, R). If Q is an open set in C, that
contains Sg U {0, 00} and ¢ € ©(53, ) N H(Q), then

O(T)u = ¢(Tg)Prepyu + ¢(0)Pn(ryu
for all u € X. If ¢ € ©(SG,,), then

o(Tr)u = ¢(Tr)Preyu = Prry? (1) Prezyu

for all u € X.
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Proof. Let © be an open set in C containing Sp,U{0, 00}. Let ¢ € ©(Sp,,) N H(€2).
If 7 is a contour satisfying the requirements of (ZI]1]), then Cauchy’s Theorem, the
resolvent bounds in Definition 23] and the ©-class decay imply that

O(T)u = ¢(oc0)u + % /¢(Z)RT(Z)U dz = % (/as +/a ) ¢(2)Rr(z)u dz
v +055, +0D;

for allu € X, 0 € (w,0), 7 € (r,R) and 6§ € (0, 7) satisfying Dy C €.

If w € N(T), then Rp(z)u = Iu for all z € p(T). The function z — 1¢(z)
is holomorphic in 59\7: and in a neighbourhood of infinity. Therefore, Cauchy’s
Theorem and the ©-class decay imply that

/ o(2)Rr(2)u dz = / Mu dz=0 (2.3.2)
+053, . +osg . ©
for all w € N(T'). Also, Cauchy’s integral formula implies that
/ o(z)Rr(z)u dz = / Mu dz =27mi¢p(0)u
+8D5 +8D5 Z — 0

for all uw € N(T).
If uw € R(T), then there exists v € X such that u = T'w, in which case

lzRr(2)ull = [|zRr(2)Tv| = [[2(2Rx(2) — Dol < [2|(Coye + D]

for all z € Ds\{0} and 0 € (0,r). A limiting argument then shows that for each € > 0
and u € R(T), there exists n € (0,7) such that ||[zRr(2)ul| < € for all z € D, \ {0},
in which case

H /4-8Dn ¢(2) Rr(z)u dz dz|

< 161 /| _ lRstepul < 2l
zl=n

2|

Another application of Cauchy’s Theorem allows us to conclude that

/ ¢(2)Rr(z)udz =0
+dDs

for all u € R(T"), which completes the proof of the first part of the theorem.
Now let ¢ € @(ng). To complete the proof, it suffices to show that ¢(T%)u is

in R(T) for all u € R(T), since [Z32) implies that ¢(T)u = ¢(T)Przyu for all
u € X. For each n € N, define

1 1 (i + )z
wn(2> = 7 - ™., ) ™m 2
1_RZ 1—72 1_(R+T>Z+Z

for all z € C\ {2, £}. The sequence (¢t,), in @(Sg\r) converges to ¢ uniformly

rn

on compact subsets of Sg\T and there exists ¢, > 0 such that

sup [6(2) ¥ (2)| < sup ||t |l Lo so )| (2)] < efz|™°

o\r
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for all 2 € Sp,, so Proposition EE3.4 implies that lim, |[(¢¢,)(Tx)u — ¢(TR)ull = 0
for all u € X. The first part of this lemma then shows that

(@Un)n(TR)u = ¥n(TR)o(TR)u
= Un(T)Prey¢(Tr)u
=[(I = 27)7 = (I = 2T) " |Prey(TR)u
= TRr(F)Rr(5)Prayd(Tg)u
for all u € X and n € N, which completes the proof. O

We use the following class of functions to incorporate the null space of T in a
holomorphic functional calculus.

Definition 2.3.6. Given 6 € [0,7/2) and r > 0, define H**(S,,,{0}) to be the
algebra of functions that are defined on Sg U {0} and holomorphic on 5§, .

The next lemma, which is proved in the same way as Lemma 21, allows us to
derive an H>(Sg, ., {0}) functional calculus from the ©(Sg, ) functional calculus.

Lemma 2.3.7. Let ¢ € (w,m/2) and r € [0, R). If (¢n)n is a sequence in O(Sp,,)
and there exists f € H*(5 ) such that the following hold:

1. sup,, [[¢nloe < o00;

2. sup,, [[¢n(TR)|| < oo;

3. ¢, converges to f uniformly on compacts subsets of Sg\r,

then lim, ¢, (Tx)u exists in X for all w € X. Moreover, if f € O(S,,), then
lim, ¢, (T)u = f(Tx)u for all u € X.

This suggests the following definition.

Definition 2.3.8 (H*>(5§,,, {0}) functional calculus). Given both 6 € (w,7/2) and
r € [0, R), the operator T has a bounded H*(Sg,,,{0}) functional calculus if there
exists ¢ > 0 such that

(TR < clldlloo

for all ¢ € O(S5,). If T has a bounded H*(S,,{0}) functional calculus and
f e H*(Sg,,{0}), then define f(T') € L(X) by

f(T)u= hm(f¢n)( rR)Prepyu + f(O)Pnryu (2.3.3)

for allu € X', where (¢,), is a uniformly bounded sequence in @(Sg\r) that converges
to 1 uniformly on compact subsets of Sg\r.

The operator in (Z33)) is well-defined by Lemma EZ37 The requirement that T
has a bounded H>(S5g, ., {0}) functional calculus implies that

A = sup [[(fén)(TR)| + 1F(O)] < esup I onllz(sg, ) + 17 (O] < e flloo
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for all f € H>(Sp,,,{0}), where c is the constant from Definition E33
Lemma 23T also shows that the operators defined by ([Z3l) and ([233)) coincide

on R(T) for functions in ©(S§,,) N H*(Sp,,, {0}). Furthermore, if €2 is an open set
in C,, that contains (Sg\r) U {0,00}, then the operators defined by (ZI1]) and
(Z33) coincide on X for functions in H*(Sg,,, {0}) N H(£2) by Theorem and
Lemma There is also the following analogue of Theorem L2

Theorem 2.3.9. The mapping given by Z33) is an algebra homomorphism from
HOO(SQO\T, {0}) into L(X) with following properties:

1. If 1(z) =1 for all z € Sj, U{0}, then 1(T) =1 on X;
2. If X € C\ (SiarU{0}) and f(2) = (A — 2)7" for all z € Sp, U{0}, then
3. 1f (fu)n is a sequence in H*(Sg . {0}) and there exists [ € H>(Sg, ., {0})
such that the following hold:
(1) sup,, || fullos < 00;
(i) sup,, || fu(T)] < oo;
(11i) f, converges to f uniformly on compacts subsets of So\r U {0},

then || f(T)|| < sup,, || fu(T)|| and lim,, f,(T)u = f(T)u for allu € X.

Proof. Let f,g € H*(Sp,,,{0}). If u € R(T), then using Lemma PZ3H and following
the proof of Theorem 227, we obtain (f¢)(T)u = f(T)g(T)u. If u € N(T'), then

(f9)(T)u= f(0)g(0)u = f(0)g(T)u = f(T)g(T)u.

It remains to prove (1) and (3), since (2) holds by the coincidence of ([ZI1l) and
E33). If ¢p(z) = (1+ Lz)tforall z € S\ and n € N, then Lemmas and
238 imply that

1(T)u = lim ¢n(T§)P@u + PN(T)U = lim([ + %T)_lPﬁu + PN(T)U =u

for all u € X. Now let (f,), be a sequence in H>(S5§, ., {0}) with the properties

listed in the theorem. If u € R(T'), then using Lemma 2237 and following the proof
of Theorem 22T, we obtain lim,, f,(T)u = f(T)u. If u € N(T), then

lm £, (T)u = lim £, (0)u = F(O)u = f(T)u,

which completes the proof. O

All of the results in Section EZZTlhave a natural analogue for type S\ g operators
with restrictions to W where required. The proofs are essentially the same. In par-
ticular, the McIntosh approximation technique goes over directly. Local quadratic
estimates are then restricted to R(T), as below.
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Definition 2.3.10. Let § € (w,7/2) and r € [0, R). Given both ¢ € W(5p,,) and
¢ € ©(S5§,,), define the local quadratic norm || - ||1,y,6 by

||u||w¢—(/ (Tl < + o W)%

for all w € X. The operator T' satisfies (1, ¢) quadratic estimates on R(T) if there
exists ¢ > 0 such that ||ul|z_y.¢ < cllul| for all u € R(T), and reverse (1, ¢) quadratic

estimates on R(T) if there exists ¢ > 0 such that |Ju| < cl[ullzy.p for all u € R(T)
satisfying [|ul|z 4.6 < 0.

The next result is an immediate consequence of the analogue of Proposition 2213
for type S.\r operators.

Proposition 2.3.11. Let w € [0,7/2) and R > 0. Let T be an operator of type S,\r
on X. If there exists 6 € (w,7/2), ro € [0, R), nondegenerate 1,9 € V(55 )
and nondegenerate ¢, ¢ € d(S9 Bo\ro ) such that T satisfies (1, ¢) quadratic estimates

on R(T) and reverse (1,¢) quadratic estimates on R(T), then T has a bounded
H> (S, {0}) functional calculus for all 6 € (w,7/2) and r € [0, R).

The full equivalence also holds for dual pairs of operators of type S, r.

Theorem 2.3.12. Letw € [0,7/2) and R > 0. Let (T, T") be a dual pair of operators
of type Su\r on (X, X’). The following statements are equivalent:

1. The operators T and T" satisfy (¢, ¢) quadratic estimates on R(T) and R(T")
for all o in W(S,,) and ¢ in ®(Sq,,) and all 0 in (w,7/2) and 1 in [0, R);

2. There exists 6 in (w,7/2), 7 in [0,R), nondegenerate 1,9 in W(Sp,) and
nondegenerate ¢, ¢ in ®( G\r) such that T' satisfies (1, @) quadratic estimates
on R(T) and T' satisfies (1, ¢) quadratic estimates on R(T');

3. The operator T has a bounded H*(Sg ., {0}) functional calculus for all 6 in
(w,m/2) and r in [0, R);

4. There exists 0 in (w,7/2) andr in [0, R) such that the operator T has a bounded
H> (55, {0}) functional calculus.

A dual pair (T, T") of operators of type S,\g is also a dual pair of operators
of type S,, as defined in [31]. Therefore, we conclude that Theorem and
the standard equivalence for operators of type S, as in Theorem 2.4 of [31], show
that local quadratic estimates are equivalent to standard quadratic estimates for
operators of type S.\g.



Chapter 3

Local Hardy Spaces of Differential
Forms

We begin this chapter by developing local analogues of some basic tools from har-
monic analysis in the context of a locally doubling metric measure space X. The
local tent spaces t(X x (0, 1]) and the new spaces L¥,(X) are introduced and shown
to have atomic characterisations when p = 1 in Sections and B3], respectively.
We also obtain duality and interpolation results for these spaces. Next, we introduce
a general class of first-order differential operators, which includes the Hodge—Dirac
operator. We denote these operators by D and prove exponential off-diagonal esti-
mates for their resolvents in Section B4l These are used to prove the main technical
estimate in Section B8 which allows us to define the local Hardy spaces of differen-
tial forms A%, (AT*M) in Section Bl6l We also obtain duality and interpolation results
for these spaces. In Section B, we prove the embedding b, (AT*M) C LP(AT*M)
for all p € [1,2] by requiring additional properties on both the operator D and the
manifold M. Throughout this chapter we adopt the notation from Section 11

3.1 Localisation

The first three sections of this chapter do not require a differentiable structure. To
distinguish these results, it is convenient to let X denote a metric measure space
with metric p and Borel measure p.

Notation. A ball in X will always refer to an open metric ball. Given z € X and
r > 0, let B(x,r) denote the ball in X with centre x and radius 7, and let V(x,r)
denote the measure p(B(x,r)). Given a,r > 0 and a ball B of radius r, let aB
denote the ball with the same centre as B and radius ar.

The results in this section hold if we assume the following condition.

Definition 3.1.1. A metric measure space X is locally doubling if for each r > 0,
the function = — V(z,r) is continuous on X, and if for each b > 0, there exists
Ay > 1 such that

0<Vi(x,2r) < AV(z,r) < oo (Dioc)

for all z € X and r € (0, ].

31
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The following stronger condition is required in Sections and B3

Definition 3.1.2. A locally doubling metric measure space X is exponentially locally
doubling if there exist A > 1 and k, A > 0 such that

0<V(z,ar) < Aa"r UV (2, 1) < 0o (Exn)
forallz € X, r>0and o > 1.

Remark 3.1.3. The continuity of x — V(x,r) is assured on a complete Riemannian
manifold and in most applications, but in general only lower semicontinuity is guar-
anteed. We require this condition because it implies that the volumes of open balls
and closed balls are identical (see also Remark B22)).

If sup, Ay < 0o, then (Did) is equivalent to condition (D)) from Definition [CT11
In fact, the doubling condition was used by Coifman and Weiss in [29] to give an
example of a space of homogeneous type. The results here are a localised version of
that work. We begin by proving the following useful consequence of local doubling.

Proposition 3.1.4. If X is locally doubling, then for each b > 0 there exists x; > 0
such that
V(z,ar) < Aya”™V(x,r)

for all x € X, r € (0,b] and a € [1,2b/7].

Proof. Let N = [log, ], which is the smallest integer not less than log, «, so that
2V < o < 2V and B(x,5%r) C B(x,r). Application of the (D) inequality
N times reveals that

V(z,ar) < ANV (x, anT) < Apa™V (2, 7),
where kj, = log, Ap. O

We introduce the local property of homogeneity, which is the local analog of the
property of homogeneity from [29], and show that it holds on a locally doubling
space. This property allows us to apply harmonic analysis locally on X.

Definition 3.1.5. A metric space (X, p) has the local property of homogeneity if for
each b > 0 there exists NV, € N such that for all z € X and r € (0, b], the ball B(z, )
contains at most Ny, points (z;);=1,. n, satisfying p(x;, x) > r/2 for all j # k.

.....

Remark 3.1.6. The local property of homogeneity is equivalent to the requirement
that if b > 0, then for all x € X, r € (0,b] and n € N, the ball B(z,r) contains at

.....

is similar to that of Lemma 1.1 in Chapter IIT of [29]. This property is more suited
to applications. It can be used, for instance, to prove the next proposition.

Proposition 3.1.7. If X is a locally doubling metric measure space, then it has the
local property of homogeneity.

Proof. This follows the proof of the Remark in Chapter III of [29)]. O
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Following the scheme of [29], we use the local property of homogeneity to prove
local covering lemmas. The next two proofs are adapted from those given by Aimar
in [I], which treats the global case.

Proposition 3.1.8 (Vitali-Wiener type covering lemma). Let X be a metric space
with the local property of homogeneity. Let % be a collection of balls in X. If there
is a finite upper bound on the radii of the balls in 4, then there exists a sequence
(Bj); of disjoint balls in Z with the property that each B € 4 is contained in some
AB;.

Proof. Fix R > 0 such that the radii 7(B) < R for all B € #. Let § € (0,1) to be
fixed later, and for each k € N define

B ={BcPB|"R<r(B) <5 'R}

Proceeding recursively for k£ = 1,2, ..., choose a maximal disjoint subset % of By
according to the following requirements:
1. By, C B

2. 1f B,B' € U_, #; and B # B, then BN B’ =
3. If B € B\ Sy, then there exists B € U?:l %; such that BN B’ # 0.

To show that each @k is countable, choose By € @k and write
e@k = UneN{B € e@k | B C TLB()}

For each n € N, the centres of all of the balls in {B € %, | B C nBy} are separated
by at a least a distance of 6* R and contained in a ball of radius nR, so countability
follows by the local property of homogeneity. Therefore, the collection Z = U, B,
is a sequence (B;); of disjoint balls in Z.

To complete the proof, let B € £\ A. For some k € N, we have B € By \ By,
and there exists B’ € U?:l %7’]» such that BN B’ # (. In particular, we have B’ € %y
for some k' < k, so if 2’ denotes the centre of B’, then

ply, @) < 20(B) +r(B') < 20" TR+ 1(B) < (2/6+ 1)r(B)
for all y € B. If we set 6 = 2/3, then B C 4B’ and the proof is complete. O
Proposition 3.1.9 (Whitney type covering lemma). Let X be a metric space with
the local property of homogeneity. Let O be a nonempty proper open subset of X

and let ‘O = X \ O. For each h > 0, there exists a sequence of disjoint balls (B;);
with centre z; € X and radius

r; = %min(p(xj,cO), h)

such that, if Bj = 4B;, then O = Uj Bj and the following bounded intersection
property is satisfied: . 3
sup £ ({k | B; N By # 0}) < oc.
j

Furthermore, there exists a sequence (¢;); of nonnegative functions supported in Bj
such that inf,ep; ¢;(z) > 0 and Zj ¢»; = 1o, where 1o denotes the characteristic
function of O.
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Proof. Let % denote the collection of all balls with centre x € O and radius

r = g min(p(x,“0), h). Proposition gives a sequence (Bj;); = (B(zj,1;)); of

disjoint balls from % such that O C |J; Bj, and since 4r; < p(z;,°0), we actually
have O = J; B;.

We note some facts to help prove that (B;); has the bounded intersection prop-
erty. First, if x € Bj, then

p(z,°0) > p(z;,°0) — p(xj,x) > 8rj — 4r; = 4r;. (3.1.1)
Second, given ¢ > 0, if x € Bj and p(z;,°O) < crj, then
p(x,“0) < p(z,z;) + p(x;,°0) < (4 + o)r;j. (3.1.2)
Now suppose that B; N By, # ). This implies that
pzj,xp) < 4(rj+ri) < h. (3.1.3)
Consider two cases: (1) If p(x;,°O) > 2h, then by [BI3) we have
p(xi, °0) = plx;,°0) — pl(xj, x1) > h,
sor, = h/8 =r; and B, C 9B;; (2) If p(z;,°O) < 2h, then by (BI3) we have
p(zy, “0) < p(y, ;) + p(x;,°0) < 3h,

which implies that p(xy, €O) < 24ry, since either p(xy, “O) = 8ry, or h = 8rg. In this
case, if © € B; N By, then by (B and (B12) with ¢ = 24 we obtain

Ar; < p(z,°0) < 28r; and 4ry < p(z,°0) < 28ry,

so (1/7)r; <ry < 7rj and By, C 39B;.

The above shows that for each j € N, the centres of all balls B, satisfying
B; N By, # ) are separated by at a least a distance of (1/7)r; and contained in a ball
of radius 397; < 5h. The bounded intersection property then follows from the local
property of homogeneity.

To construct the sequence of functions (¢;);, let n be the function equal to 1 on
[0,1) and 0 on [1,00). For each j € N| define

o) =n (")

for all z € X. These are nonnegative functions supported in Bj. We also have
1 <> 9i(z) < oo forall z € O, since O = |J; B; and the bounded intersection
property is satisfied. The required functions are then defined for each j € N by

i)/ 22 v(x), iz € O;
¢;(z) = {0’ it xe€°0.
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We now prove a general version of the fundamental theorem for the (centered)
local maximal operator M. defined for all measurable functions f on X by

1
Migef(z) = ril(lol,)u V) /B . |f(y)] du(y)

forall z € X.

Proposition 3.1.10. Let X be a locally doubling metric measure space. If f is a
measurable function on X, then M,.f is lower semicontinuous, and thus measur-
able, and the following hold:

1. If a >0, then u({z € X | Mioef(2) > a}) S| flli/a for all f e LYX);
2. If 1 < p < oo, then |[Miocfll, Sp || f[lp for all f € LP(X).

Proof. The lower semicontinuity of M. f is guaranteed by Fatou’s Lemma and the
continuity of the mapping x +— V(z,r) from Definition BTl

To prove (1), let f € L'(X) and set E, = {x € X | Myf(z) > «a} for each
a> 0. If z € E,, then there exists r, € (0, 1] such that

1
o / Wt > o

By Proposition BT, the collection & = (B(,7;))scr, contains a subsequence
(B;), of disjoint balls such that, if B; = 4B;, then (B;); cover E,. Therefore, by

(D1od) we have
/If )| duly >Z/ [f ()] dp(y >aZu ) 2 ap(Ey).

The proof of (2) is then standard (see, for instance, Section 1.1.5 of [63]). O

We conclude this section by proving that a locally doubling space is exponentially
locally doubling, as in Definition B-T.2, if and only if it satisfies a certain additional
condition on volume growth. Whilst we do not make explicit use of this equivalence,
it shows why is often a more useful assumption than (Dy,J). In particular, it
allows us to obtain the atomic characterisation of the space Li,(X) in Section B3.

Proposition 3.1.11. Let X be a locally doubling metric measure space. Then X
is exponentially locally doubling if and only if there exist Ay > 1 and by, d > 0 such
that

V(z,r+0) < AV (z,7) (Dglo)

for all x € X and r > by.

Proof. If X satisfies (E.]), then for any by > 0 and ¢ > 0, we have
V(e,r+6) =V(z,(14+6/r)r) < AL+ 6/b)"eMV (2, r)

forall » > by and z € X.
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To prove the converse, suppose X satisfies and let a > 1. Consider three
cases:

If r > by, choose N € N so that ar — N6 € (r,r + d]. Application of the
inequality NV + 1 times reveals that

V(z,ar) < AW (z,7) < Ay (), (3.1.4)

where A = (log Ag)/0;
If r € (0,bp] and v € (1,2bo/r], then Proposition B4 implies that

V(z,ar) < Ap,a™V(z,1); (3.1.5)
If r € (0,b] and « > 2by/r, then we obtain
V(z,ar) = V(x, (ar/2by)2b)
S A0€A(ar/2b0_1)2bOV(l’,2b0)

< AgeMO IV (2, (200 /7))
< Ag Ay MY (g ),

where we used (B4 to obtain the first inequality and (BIH) to obtain the final
inequality.
These show that X satisfies with k = Kk, and A = (log Ag) /0. O

3.2 Local Tent Spaces t’(X x (0,1])

We introduce the local tent spaces t?(X x (0, 1]), or simply 7, for all p € [1, 00] in
the context of a locally doubling metric measure space X. Note that functions on
X x (0, 1] are assumed to be complex-valued. There is also the following notation.

Notation. The cone of aperture a > 0 and height 1 with vertex at z € X is

La(@) ={(y.t) € X x (0,1] | p(=,y) < at}.

Let I''(z) = T'}(z). For any closed set FF C X and any open set O C X, define

Ry(F) = |JTu(z) and  T3(0) = (X x (0,1]) \ Ry(°0),

zeF

where ‘O = X \ O. Let T*(O) = T{(O) and call it the truncated tent over O. Note
that
T,(0) = {(y,t) € X x (0,1] | p(y,°O) > at}.

For any ball B in X of radius r(B) > 0, the truncated Carleson box over B is
CYB) = B x (0,min{r(B), 1}].

Finally, if £ is a measurable subset of X x (0, 1], then 15 denotes the characteristic
function of E on X x (0, 1].
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The local Lusin operator A, and its dual Cy,. are defined for any measurable
function f on X x (0, 1] as follows:

asor=(f[. 1 %%%f;
Cloc(a) = sup < / /T duly )it)

for all z € X, where %y(x) denotes the set of all balls B in X of radius r(B) < 2
such that x € B. We now define the local tent spaces.

NI

Definition 3.2.1. Let X be a locally doubling metric measure space. For each
p € [1,00), the local tent space t*(X x (0, 1]) consists of all measurable functions f
on X x (0,1] with

1fllr =l Awocf |, < oo

The local tent space t°(X x (0, 1]) consists of all measurable functions f on X x (0, 1]
with
| flle2e = [|Crocf]|o0 < 00.

Remark 3.2.2. Recall that in Definition B-TTl we required the continuity of the map-
ping x — V(xz,r) for each r > 0. This implies that the volumes of open balls and
closed balls are identical, which ensures that Aj,.f and Ci..f are lower semicontin-
uous and thus measurable.

The local tent spaces are Banach spaces under the usual identification of functions
that are equal almost everywhere. This follows as in the global case in [27]. In
particular, completeness holds by dominated convergence upon noting that for each
compact set K C X x (0,1] and each p € [1, 00|, we have

sl Sy ([ 1008 at)ae) Sy Il G20

for all measurable functions f on X x (0, 1].
Let L2(X x (0,1]), or simply L2, denote the Hilbert space of all measurable
functions f on X x (0, 1] with

st = ([ 176008 i) <

We have t* = L2, since if (y,t) € T''(z), then ¢t < 1, B(y,t) C B(xz,2t) and also
B(z,t) C B(y,2t), so by (Did) we obtain

111 = [[[ 10t ) w0 A2

These observations lead us to the following density result, which is crucial to the
extension procedure in Section B3

(@) = IfIIZz-
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Proposition 3.2.3. Let X be a locally doubling metric measure space. For all
p € [1,00) and ¢ € [1, 00], the set t? N t? is dense in ¢7.

Proof. Let f € t? and p € [1,00). Fix a ball B in X and define

fr = Lipxp/walf

for each k € N. The functions f; belong to t*» Nt for all ¢ € [1, 00] by [BZTl), and
limg o0 || f — fx|l#» = 0 by dominated convergence. O

We characterise t* in terms of the following atoms.

Definition 3.2.4. Let X be a locally doubling metric measure space. A t'-atom is
a measurable function a on X x (0, 1] supported in the truncated tent 7" (B) over a
ball B in X of radius r(B) < 2 with

sz = (], o ™) < um

If a is a t'-atom corresponding to a ball B as above, then the Cauchy-Schwarz
inequality implies that a € t' N ¢ with ||l < [lal/zz < p(B)~Y? and

lalln < p(B)? [lalle S 1. (3.2.2)

Remark 3.2.5. If ()\;); is a sequence in ¢* and (a;); is a sequence of t'-atoms, then
(B232) implies that ). \ja; converges in ¢! with || 3. Ajajlln < [[(Aj);lla. Note
that this did not require the condition r(B) < 2 in Definition B2l

The atomic characterisation of ¢! asserts the converse of the above remark. This
is the content of the following theorem.

Theorem 3.2.6. Let X be a locally doubling metric measure space. If f € t!, then
there exist a sequence (\;); in ' and a sequence (a;); of t'-atoms such that 3_, Aja;
converges to f in t' and almost everywhere in X x (0,1]. Moreover, we have

[l = i {[[(Ag)jller = f = D2, A5051
Also, if p € (1,00) and f € t* NP, then >_jAja; converges to f in tP as well.

The proof of Theorem is an adaptation of the work by Russ in [60], which
in turn is based on the original proof by Coifman, Meyer and Stein in [27]. For this,
we introduce the notion of local y-density.

Definition 3.2.7. Let X be a locally doubling metric measure space. Let F' be a
closed subset of X with O = ¢F and u(O) < oo. For each v € (0, 1), the points of
local y-density with respect to F' are the elements of the set

nf w(F N B(x,r)) 27}‘

o<r<t  V(w,r)

loc

F :{xEX

The complement of this set is denoted by O} . = “(F]..).
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Local y-density can be understood in terms of the local maximal operator M.
from Section Bl For each v € (0, 1), the following hold:

1. F!_is closed;

2 . CF:
3. 01700 = {33 e X ‘ Mloclo(ﬂj) >1— ’y};
1(Oe) < 1(0).

The proof of these properties relies on Proposition BETT0 and is left to the reader.
The proof of Theorem B22Z0 also requires the following lemma, which is adapted
from Lemma 2.1 in [60].

Lemma 3.2.8. Let X be a locally doubling metric measure space. Let F' be a closed
subset of X and let ® be a nonnegative measurable function on X x (0, 1]. For each
n € (0,1), there exists v € (0,1) such that

//R%_ . )(I)(?/,t)V(y,t) d/t(y)dt,i/F//Fl(z)@(y,t) dp(y)dtdu(z).

Proof. Fix n € (0,1) and let v € (0,1) to be chosen later. For each (y,t) in
R}, (F,), choose £ € F] such that (y,t) € T'_, (£). We then have

p(FNB(E 1) = V(€ 1).

Also, the condition p(&,y) < (1 —n)t implies that B(&,nt) C B(y,t). Therefore, we
have B(§,nt) C B(&,t) N B(y,t) and by Proposition B4 there exists ¢, € (0,1),
depending on 7, such that

V(& t) <V (Ent) < u(B(Et)N By, t)).

Now choose v € (1 — ¢,,1). The above inequalities show that there exists C, , > 0,
depending on 1 and the choice of 7, such that

p(F N B(y,t) = p(FNB(E,t)) — p(B(E, 1) N“Bly, 1))
= (v =1 =c)V(§ 1)
= C’?v"/v(y7t)7

where the final inequality follows from (Dyd) and B(y,t) C B(&, 2t).
Using the above inequality and Fubini’s theorem we obtain

/ /R (Flzc>q>(y’ OV (y,1) duly)dt
<// ‘D< Hu(F N B(y,t)) du(y)dt
JL,. / 0.8) o))
= /F / /F oy 20 0) du(y)dtdu),
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We now complete the proof of the atomic characterisation of t!.

Proof of Theorem[ZZ4. Let f € t' and for each k € Z, define
Or={r € X | Apef(z) > 2F}

and I} = °Oy. The lower semicontinuity of Aj..f ensures that Oy is open. We also
have 1(Og) < 27| flla < oo.

Let n € (0,1) to be chosen later and let v € (0, 1) be the constant, which depends
on 7, from Lemma | Let F} denote the set (Fy),.. from Deﬁnltlon B2 and let
O; = °(Fy). WethenhaveOkCO and 1(05) S u(Oy).

First, we establish that f is supported in ., T\, (Oy). For each k € Z, we
apply Lemma BZR with ®(y,t) = | f(y,t)[*(V(y,t)t)"* and F = F}, to obtain

2 dt ) at
/[(U (O*))If(y,t)l dply)~ //m (F*)|f(y,t)| dpu(y)

JEZ gEZ

<[], . o au >ff

17

- o du(y) di
< / k / / o M GO )

< / 1 (2) (Aocf (2))? dpa(a),

where the final inequality follows from (Did), since if (y,t) € T''(x), then ¢ <1
and B(z,t) C B(y,2t). If k is a negative integer, then pointwise on X we have
15, (Aef)? < Ajoef and limg oo 15, (Ajoef)? = 0, where Ajf € L'(X). There-
fore, by dominated convergence we have

lim 15, () (Aoef (2))? du(z) =0,

k——o0

which implies that f = 0 almost everywhere on C(U iz T 11_,7(03-‘)), as required.

Now we decompose f into t'-atoms. For each k € Z, apply Proposition B9
with O = Oj and h > 0 to be chosen later. This gives a sequence of disjoint balls
(B¥)jer,, where each ball Bf = B(a:f,r]) has radius 7§ = ¢ min(p(z¥,°0;), h) and
I, is some indexing set. It also gives a sequence of nonnegative functions (gzﬁf)je I

supported in Bf = 43;€ such that > ¢§? = 1p;. For each (y,t) in X x (0, 1], we
have

]_Tl

1— 17( )\ k+1 ZQS 1T11 "7 (Ok+1)(y7 t)?

JEIk

since either (y,t) € T, (Of) \ T\, (O;,,), in which case y € O; and we have
> il gzﬁf(y) = 1, or both sides of the equation are zero. Given that f is supported
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in Uz, 71, (O5), the following holds for almost every (y,t) € X x (0, 1]:

fly.t) = fly.t Z]-Tl O\t 07,1) (1)
kez

—ZZf Y, )¢5 (y) 1y 2(OIN\TL_, (0 07,0 (s 1) (3.2.3)

kEZ jeli

—ZZA] a;(y,1)

keZ jeli

where

1
!
aj(y,t) = )\]f(y,t)gb HO Y JOP\TL (okﬂ)(y,t),

d
ot = (wtaBf) [[ 0P80 oy 05,001 >du<>f)

and a > 0 will be chosen later.

Given that f € t', the series in (B2Z3) also converges to f in ¢! by dominated
convergence. The same reasoning shows that if f € t! NP for some p € (1, 00), then
the series also converges to f in tP. It remains to choose the constants n € (0, 1),
h >0 and o > 0 so that [B23) is the required atomic decomposition.

First, consider the support of a¥. If (y,t) € sppt a, then y € sppt ¢} C 4Bk and
we have

p(y,z) = plah, z) — p(af,y) > (o — 4)rk (3.2.4)
for all z € “(aBf). We also have p(y,“O;) > (1 —n)t, since (y,t) € T}, (O;). Now
consider two cases: (1) If 8% = min(p(z¥,°O5), h) = p(z},°O5), then

(1 —m)t < ply, “O5) < ply, =) + p(af,“O) < 1217,
so by (B2Z4) we have
ply,2) = (a—4)(1 —n)t/12 (3.2.5)
for all z € “(aB}); (2) If 8% = min(p(z},“O5), h) = h, then
p(y,z) > (a—4)h/8 (3.2.6)

for all z € “(aB}).
Now choose n € (0,1), h > 0 and a > 0 such that

(@—4)(1—7n)/12>1, (a—4)h/8>1 and ah/8<2.

For example, set n = 1/4, h = 1/2 and a = 20. It then follows from [BZH) and
[BZ8) that p(y, “(aBF)) >t and so sppta¥ C T"(aBF), where the radius of B} is
oir;? < ah/8 < 2. Also, it is immediate that [|a¥]|;2 = p(aBF)~*/? and thus a¥ is a
t*-atom.

It remains to prove the norm equivalence. Using the support condition just
proved and applying Lemma with F' = F}, and

(I)(yat) 1T1 Och (y> )‘f(?% )‘ ( (yat)t)_l
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gives

_ dt
PueB < [[ £ 0 duty)
Tl(aB;?)mc[Tl 2 (Or 1))

~[] L el )T

1
'q k+1
1

/Fk+ //1“@ Lrs sy (0 1f (9, O ((, %%du(»@)

< /O R
< 2% u(aBy).

Furthermore, by (Do) we have Af < 2%u(Bj), and since for each k € Z the balls
(BY); are disjoint and contained in O , we obtain

DD NI 2u(0p)

k€EZ jeli keZ

S 25u(0n)

keZ

Y /2 p{z € X | Awef(2) > 2}) dt

keZ

<Z/ p{zr € X | A f(x) > t}) dt

keZ

= [[fller,

which completes the proof. O

Remark 3.2.9. If b > 1, then a judicious choice of n € (0,1), h > 0 and @ > 0 in the
proof of Theorem allows us to characterise f € t! in terms t'-atoms supported
on truncated tents T%(B) over balls B with radius r(B) < b. The constants in the
norm equivalence <~ then depend on b and, as we may expect, become unbounded
as b approaches 1.

It is also possible to characterise ¢! in terms of atoms supported in truncated
Carleson boxes.

Definition 3.2.10. Let X be a locally doubling metric measure space. A t'-Carleson
atom is a measurable function a on X x (0, 1] supported in the truncated Carleson
box C(B) over a ball B in X of radius 7(B) > 0 with ||a||,2 < u(B)~"/2.

It is immediate that Theorem holds with t!-Carleson atoms in place of
tl-atoms. As explained in Remark B220, the converse of Theorem does not
require the upper bound r(B) < 2 on the radii of the supports of t'-atoms. This
may not be the case for t!-Carleson atoms on a locally doubling metric measure
space. In the following proposition, however, we show that this is the case on an
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exponentially locally doubling metric measure space. We will need this to prove the
molecular characterisation of hy, in Lemma B.G.T7 This is the first indication that
(E..]) is more suited to our purposes than (Dy,J).

Proposition 3.2.11. Let X be an exponentially locally doubling metric measure
space. If (\;); is a sequence in ¢! and (a;); is a sequence of t'-Carleson atoms, then
Zj )\jCLj converges in ¢! with || Zj )\jCLthl SJ H()\])]Hgl

Proof. Tt is enough to show that sup ||lal[s < 1, where the supremum is taken over
all a that are t'-Carleson atoms.

Let a be a t'-Carleson atom supported on a ball B in X of radius r(B) > 0
with [lal|;2 < p(B)~Y2. First suppose that r(B) < 1. Property (Dyd) implies
that u(2B) < cu(B) for some ¢ > 0 that does not depend on B. Also, we have
CY(B) C T'(2B) and the radius r(2B) < 2. This implies that a/+/c is a t'-atom
and the result follows by [BZ2).

Now suppose that 7(B) > 1. Let £ be the collection of all balls centered in B
with radius equal to 1/4. Proposition gives a sequence (B;); of disjoint balls
from % such that B C |J i Bj, where Bj = 4B;. We also have the following bounded
intersection property: ) 3

sup]j({k: | B; N By, # 0}) < oo.
J

This follows from the local property of homogeneity, and in particular Remark BTG,
since for each j € N, the centres of all balls By satistying B; N By, # () are separated
by at least a distance of 1/4 and contained in 2B;. Therefore, the following are well
defined for each j € N:
- aleipy a; -1

I == @ =—=7—— X =puB))?[allz

2 lersy u(Bj)z a2
Also, we have C'(B) = B x (0,1] C U, C(B;), since the radius r(B;) = 1. We
can then write a = ; Aja;, where each a; is a t*-atom by the previous paragraph.
Therefore, we have

2 g
laliz s (3o 1) = (X uB) (X lasl3) < w( U Bs) lali.
J J J J
where we used (D) in the final inequality to obtain u(B;) < u(B;). Each B, is
contained in (1 + ﬁ)B , 80 by we obtain
lallf < w1+ 7z) B)u(B) " S 1,
which completes the proof. O

The following duality and interpolation results for the local tent spaces follow as
in the global case.

Theorem 3.2.12. Let X be a locally doubling metric measure space. If p € [1,00)
and 1/p+1/p' =1, then the mapping

9 (9 = [ [ #0500 duto)

for all f € t? and g € t¥', is an isomorphism from t* onto the dual space (17)*.

ﬁ
t
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Proof. For p =1 and p’ = oo, the proof is closely related to the atomic characteri-
sation in Theorem and follows the proof of Theorem 1 in [27]. The remaining
cases follow the proof of Theorem 2 in [27]. O

Theorem 3.2.13. Let X be a locally doubling metric measure space. If 6 € (0,1)
and 1 < py < p1 < 00, then
[tp07 tpl]e — tpe,

where 1/pg = (1 —60)/po+ 0/p1 and [-,-]g denotes complez interpolation.

Proof. The interpolation space [t", '], is well-defined because

t'(X x (0,1]) € Lio (X x (0,1])
for all p € [1,00] by (BZI). This allows us to construct the Banach space 70 + tP*,
which is the smallest ambient space in which ##° and tP* are continuously embedded.
The proof then follows that given by Bernal in Theorem 3 and Proposition 1 of [T4].
]

We conclude this section by dealing with a technicality involving the space t°°.
In contrast with Proposition B2253, the set > N t? may not be dense in > when X
is not compact. Therefore, we define £ to be the closure of t' Nt in t, and note
the following corollary.

Corollary 3.2.14. Let X be a locally doubling metric measure space. If § € (0, 1)
and 1 < p < oo, then

[tp’ {oo]e — tP97

where 1/pg = (1—0)/p and |-, -]y denotes complex interpolation. Also, the set £ N4
is dense in ¢ for all ¢ € [1, 0], and #? is dense in ! + >,

Proof. 1If 6 € (0,1), then by a standard property of complex interpolation, as in
Theorem 1.9.3(g) of [68], and Theorem BZZT3, we have

If p € (1,00), then by the standard reiteration theorem for complex interpolation,
as in Theorem 1.7 in Chapter IV of [4§], we have

(£, 8]0 = [t", 2 a-0)a-1/m+0 = £,

where the density properties required to apply the reiteration theorem are guaran-
teed by Proposition 23

Finally, the interpolation in Theorem implies that t' Nt>* C t¢ for all
q € [1,00]. Therefore, the density of t! N ¢ in #>° implies that £ N ¢¢ is dense in
t> for all ¢ € [1,00]. The density of ' N¢? in ¢' from Proposition then implies
that ¢? is dense in t' 4 °°. O
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3.3 Some New Function Spaces L')(X)

We introduce some new function spaces LY, (X), or simply L%, for all p € [1, 0] in
the context of a locally doubling metric measure space X. Note that functions on
X are assumed to be complex-valued. We begin with the following abstraction of
the unit cube structure in R™.

Definition 3.3.1. Let X be a metric measure space. A unit cube structure on X is
a countable collection 2 = (Q);); of disjoint measurable sets that cover X, for which
there exists 6 € (0, 1] and a sequence of balls (B;); in X of radius equal to 1 such
that

0B; C Q; C B;.

The sets in 2 are called unit cubes.

A unit cube structure exists on a locally doubling space.

Lemma 3.3.2. If X is a locally doubling metric measure space, then it has a unit
cube structure.

Proof. The cubes are constructed in the same way that general dyadic cubes are
constructed by Stein in Section 1.3.2 of [64]. Let £ be the collection of all balls in X
with radius equal to 1/4. Proposition gives a sequence (B;); of disjoint balls
from £ such that X = (J;4B;. The unit cubes (); are then defined recursively for

each j € N by
—4B,;N° <UQk> (UBk>.
k<j k>j
We have 6 = 1/4 in this unit cube structure. O

In the proof above we could instead use the dyadic cubes constructed by Christ
n [24], which we will introduce in Chapter Bl In any case, this brings us to the
definition of L% (X).

Definition 3.3.3. Let X be a locally doubling metric measure space. Let 2 = (Q;);
be a unit cube structure on X. For each p € [1,00), the space L%, (X) consists of all
measurable functions f on X with

1

1l = (D2 (@) 10, 1l)") " < oe.

Qje2

The space L% (X) consists of all measurable functions f on X with

£l = sup w(@5) " g, fll2 < oo.
J
These are Banach spaces under the usual identification of functions that are
equal almost everywhere. The space L% (X) is exactly the Hilbert space L?(X).
More generally, completeness holds because for each compact set K C X and each
p € [1, 00], we have
e fllen, Skp 11 fll2 Sxp 1f12r, (3.3.1)



46 CHAPTER 3. LOCAL HARDY SPACES

for all measurable functions f on X.
We will see that the L, spaces are independent of the unit cube structure 2 used
in their definition. First, however, we consider their relationship with the L spaces.

Proposition 3.3.4. Let X be a locally doubling metric measure space. The follow-
ing hold:

1. L%, N L% is dense in L%, for all p € [1,00) and ¢ € [1, oo];
2. L¥, C L? for all p € [1,2];
3. LP C L%, for all p € [2, 0].

Proof. Let p € [1,00) and f € L¥,. Fix a ball B in X of radius 7(B) > 1 and define
Jx = 1xpf for each k € N. The functions fi belong to L%, N L%, for all ¢ € [1, 0o] by

B31), and
i [ = fill, = Jim Y (@) |1, f]l2)" =0

Q;N(k—2)B=0

because f € L¥,, which proves (1).
We use Holder’s inequality to prove (2) and (3). If p € [1, 2], then

1715 =3 e, 7l < D7 (@) 2 I1q, fll2)” = II£1%,,

Q]EQ Qjée@

for all f € L%,, which proves (2). If p € [2,00), then

171, = 3 (w(@)7 Hi1e, £218)" < 3 Ig, 715 = 111,

Q,;e2 Q€2

for all f € LP, whilst
_1 1 1
£l = sup w(Q)) 2|1, f7IIF < sup |11, /%1% = [Ifll~
Qje2 Qje2

for all f € L, which proves (3). O
Now we turn to the atomic characterisation of LY,

Definition 3.3.5. Let X be a locally doubling metric measure space. An Ly-atom
is a measurable function a on X supported on a ball B in X of radius r(B) > 1
with [lally < p(B)~12.

If a is an LY,-atom, then a belongs to L,NL? with ||a||; < 1. If X is exponentially
locally doubling, then it is shown in the following theorem that [lal[;;, < 1. This
allows us to prove that L, is precisely the subspace of L' in which functions have
an atomic characterisation consisting purely of atoms supported on balls with large
radii. The effectiveness of in the proof of the first part of the following
theorem can be understood in terms of its equivalence with the condition
from Proposition BLT1l



3.3. SOME NEW FUNCTION SPACES L%,(X) 47

Theorem 3.3.6. Let X be an exponentially locally doubling metric measure space.
The following hold:

1. If (Nj); is a sequence in (" and (a;); is a sequence of Ly-atoms, then 3. \ja;
converges in Ly with || 3 Ajajllzy, S 1A illers

2. If f € L), then there exist a sequence (\;); in ' and a sequence (a;); of
LY)-atoms such that Zj Aja; converges to f in LY, and almost everywhere in
X. Moreover, we have

£y, = mf{[[(Ap)jller = f = 22,0505}

Also, if p € (1,00) and f € Ly, N LY, then > Ajaj converges to f in LY as
well.

Proof. To prove (1), it is enough to show that sup{[lal|;s : a is an LY-atom} < 1.
Let a be an Li-atom supported on a ball B of radius r(B) > 1. Let

QB:{Q]'EQZQ]'QB%@}.
For each ); € Zp, there exists a ball B; in X of radius equal to 1 such that
0B; C Q; C By,

where 0 is the constant associated with 2 in Definition B33l The Cauchy—Schwarz
inequality and the properties of the unit cube structure imply that

lali?, < lalF > (@) =lal n( U @) <wlB)'u((1+:3)B).

Q€28 Q€28

The lower bound on r(B) and then imply that [[al[ ) < 1, where the constant
in < does not depend on a.

To prove (2), let f € LY. We can write f(z) = >_0,e2 Aja;(x) for almost every
xr € X, where

1(@Q)2 g, 12

Given that f € L), this series also converges to f in Li,. The same reasoning shows
that if f € L, N L%, for some p € (1, 00), then the series also converges to f in L%,
Also, each a; is supported in Q); C Bj, so by (Dy.d) we obtain

lajlls < (@))% < u(dB;)"= < u(B;) 2.

Therefore, each a; is a constant multiple of an L',-atom, and this constant does not
depend on f or ;. The result then follows since |[(A;);lle = [|f]|zL,- O

a;(z) = N = u(@))2 |1, flle.

[N

Remark 3.3.7. The proof of the second part of Theorem B30 actually shows that
a function in L, has a characterisation in terms of L)-atoms supported on balls of
radius equal to 1.
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The definition of L%-atoms does not require a unit cube structure. Therefore,
the atomic characterisation of L}, shows that, up to an equivalence of norms, LY,
is independent of the unit cube structure 2 used in its definition. The atomic
characterisation of LY, is also related to the following duality.

Theorem 3.3.8. Let X be an exponentially locally doubling metric measure space.
Ifpe[l,00) and 1/p+1/p' =1, then the mapping

g (f.ghe = / F(@)9(@) dp(z)

for all f € LY, and g € Lg, is an isometric isomorphism from Lg onto the dual
space (L%))*.

Proof. Let p € [1,00). If f € L¥, and g € Lg, then Holder’s inequality gives

[(foa)eel < ) (1o, f. 10,9)12!

Q€2
< 110, o glle (@) 2 (@)
Q€2
< Il gl
To prove the converse, given p and g € [L1,00), let wy(Q;) = p(Q;)' /2 for all

Q; € 2, and define (?(w,) to be the space of all sequences { = (£g,)g,c2 With
gQ]- c L2(Q]) and

Al

€l = (3 10,80, 18w4(@0)" < oc.

Q€2
Let T € (L%)* and define T € (¢*(w,))* by
T©) =7( Y 1ot0,)
Q€2

for all £ € ¢?(w,). Tt is immediate that ||T|| < |IT||, and by the standard duality
there exists 7 € 7' (w,) such that 70w,y < T and

T(&) = Y (1o,80,: 1o,m0,) 2 wp(Qs)
Q,;e2
for all £ € ¢?(w,). Therefore, we have
T(f) =T((Ag,Naee) = Y (1m0, 12 wp(Q)) = (f,9) 12
Q€2

for all f € L%, where g = >-0,e2 1@,mq,wp(Q;). Now consider two cases: (1) If
p € (1,00), then

=

gl = (2 1@ Ing,n (@) EE) ™ = Il ) < T

Q€2
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(2) If p=1, then

_1
lgllzz = sup w(Qs)7*l1e,9]

Q;€

= sup M(Qj)_% sup  |(f, 9) |

Q€2 I £ll2=1,
sppt fCQ;
_1
= sup sup u(Q;) Z|T(f)]
Q€2 | fll2=1,
sppt fCQ;
_1
< sup sup (@) Z (T fll
Q€2 |fll2=1,
sppt fCQ;
= |7,
which completes the proof. O

The duality between L}, and L% shows that, up to an equivalence of norms, L%
is independent of the unit cube structure 2 used in its definition. This is made
explicit by the following corollary.

Corollary 3.3.9. Let X be an exponentially locally doubling metric measure space.
Let %' denote the set of all balls B in X of radius r(B) > 1. Then
[fllzs = sup pu(B)">[[15f]l2
Be#!

for all f € LS.

Proof. Let f € LY. Given @ € 2, let B be a ball in X of radius 7(B) = 1 such
that 6B C Q C B, where ¢ is the constant associated with 2 in Definition B3l
It follows by (Did) that u(B) < u(dB), where the constant in < does not depend
on (). Therefore, we have

w@) 2o fllz S w(B)2l11sf|2

for all Q € 2, which implies that
[flle < sup p(B) 2|15 f]|2.
Be#!

To show the converse, suppose that g € L? is supported in a ball B € %' with
radius 7(B) > 1. As in the first part of the proof of Proposition B30, we find that

lgllz,, < llgll3 n((1 + ;55)B) < llgll3 u(B),
where the second inequality, which follows from since r(B) > 1, does not
depend on g or B. Using this and Theorem B3, we obtain

_1 _1
sup p(B) 72| 1pfll2 = sup u(B)"2 sup [{g,[f)r2]
Be! Be#! llgll2=1,

sppt fCB

1
< sup sup  u(B)"7|gllpy 1f ]l

Be#' |gll2=1,
sppt fCB

S Iflles,

which completes the proof. O
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Given that L}, and L% are independent of the choice of 2, the following in-
terpolation result shows that, up to an equivalence of norms, the L, spaces for all
p € (1,00) are independent of the unit cube structure 2 used in their definition.

Theorem 3.3.10. Let X be an exponentially locally doubling metric measure space.
If0 € (0,1) and 1 < py < p1 < o0, then

(L3, Dsle = L'y
isometrically, where 1/py = (1—0)/po+0/p1 and [-,-]g denotes complex interpolation.

Proof. The interpolation space (L), L)1y is well-defined because
L(X) C Ly (X)

for all p € [1, oo] by (B3T)). This allows us to construct the Banach space L% + LY,
which is the smallest ambient space in which L% and L%} are continuously embedded.
The space ¢?(w,) was defined for all p € [1,00) in the proof of Theorem BZJ
Likewise, let )
Woo (@) = (@)™ 2
for all Q; € 2, and define £*°(wy) to be the space of all sequences & = (§g,)q,c2
with &, € L*(Q;) and

€l = 51 110,80, l210(@;) < oo

J

If 1 < py < p1 < oo, then wé})‘@)/powfi{pl = w%pe, whilst if p; = oo, then
witO/Powd = /P Therefore, by the interpolation of vector-valued 7 spaces,

as in Theorem 1.18.1 of [68], and the interpolation of weighted L? spaces, as in
Theorem 5.5.3 of [13], we obtain

[gpo (wpo )7 a8 (wpl )]9 = (7 (wpe>

isometrically. Note that the isometric equivalence is proved by Triebel in Remark 1
of Section 1.18.1 of [68], and the proof for p; = co is given in Remark 2 of the same
reference.

Define the operators R and S by

Rg: Z 1Qj£Qj and Sf: (1ij)Qj€Q
Q€2

for all sequences & = (£g,)q,co With g, € L*(Q;), and all measurable functions f
on X. If p € [1,00], then the restricted operators

R:(w,) — L) and S:LY, — (°(wp)

are bounded with operator norms equal to 1. Moreover, we have RS = I on L%,
and R((P(w,)) = L%. The operator R is a retraction and S is its coretraction. It
follows by Theorem 1.2.4 of [68], which concerns the interpolation of spaces related
by a retraction, that S is an isometric isomorphism from [L¥), L¥}]s onto

SR (wp, ), €7 (wpy)]o) = SR (wy,)) = S(L'g)

in 07 (w,, ). Therefore, we have [LY), L%)]s = L% isometrically. 0O
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We conclude this section by defining ES@O to be the closure of LY, N LY in LS,
and noting the following corollary.

Corollary 3.3.11. Let X be an exponentially locally doubling metric measure
space. If 8 € (0,1) and 1 < p < oo, then

(L, L3 = L'y

isometrically, where 1/py = (1 —6)/p and [, -]y denotes complex interpolation. Also,
the set L N L% is dense in LY for all ¢ € [1,00], and L? is dense in L}, + L.

Proof. The proof follows that of Corollary BZZT4 by using Proposition B:34(1) and
Theorem B30 O

3.4 Exponential Off-Diagonal Estimates

We return to the setting of a complete Riemannian manifold M and derive the off-
diagonal estimates required to define and characterise our local Hardy spaces. To
consider differential forms on M, let us first dispense with some technicalities.

For each k = 0,...,dim M and z € M, let A*T* M denote the kth exterior power
of the cotangent space T:M. Let A*T*M denote the bundle over M whose fibre
at x is AFTIM, and let AT*M = @@mM AR T*M. A differential form is a section
of A\T*M. For each p € [1,00], let LP(AT*M) denote the Banach space of all
measurable differential forms u with

l .
s = { o 1o Qe i pe 1, o0)
ess sup e |u(@)|azear, i p =00,
where |- |s7:r is the norm associated with the inner-product (-, ) arsas given by the
bundle metric on ANT*M at z.
We apply the functional calculi from Section in the case X = L?*(AT*M). To

do this, recall the notation for operators from Section EX1l. There is also the following
additional notation.

Notation. Given a bounded measurable scalar-valued function n on M, let nl de-
note the operator on L2(AT*M) of pointwise multiplication by 1. Square brackets
[-, -] denote the commutator operator.

The following are hypotheses that an operator D on L?(AT*M) may satisfy:

(A1) There exists w € [0,7/2) and R > 0 such that the operator D is of type S,ur.
In particular, for each 6 € (w,7/2) and r > R, the constant

Cour = sup{|z|[|[Rp(2)|| : z € C\ Spur}
is finite.

(A2) The operator D satisfies (Al) and has a bounded H*(Sg ) functional calculus
in L2(AT*M) for all € (w,7/2) and r > R.
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(A3) The operator D is a first-order differential operator in the following sense. There
exists Cp > 0 such that for all smooth compactly-supported scalar-valued
functions n € C3°(M), the domain D(D) C D(D o nl) and the commutator
[D, nl] is a pointwise multiplication operator such that

D, nl]u(z) sz < Cpldn(x)

T;M|U(I)\AT;M
for all w € D(D) and almost all x € M, where d is the exterior derivative.

Given an operator D satisfying (A1), Theorem shows that (A2) is equiva-
lent to the requirement that D and its adjoint D* satisfy local quadratic estimates.

Note that, as a means of generalizing this theory to other contexts, one could
replace the space C§°(M) in (A3) with the space of bounded scalar-valued Lipschitz
functions Lip(M). This stronger condition is still satisfied by the Hodge-Dirac
operator, as in Example B4l below, and it obviates the need to construct smooth
approximations in the proof of Lemma B2 Moreover, all of the results in this
chapter hold under that condition.

Example 3.4.1. The Hodge-Dirac operator D = d+d* is self-adjoint so it immedi-
ately satisfies (A1)—(A2) with w =0, R =0 and Cyy, < 1/sin6 for all § € (0,7/2)
and r > 0. It also satisfies (A3), since it is a first-order differential operator, and
Cp =1, since for all n € C§°(M) we have

(D, nlJu(@)|wrgar = |dn(x) nu(e) — dn(z) au(@)|xry v = |dn(e) | lu(@) | arem

for all w € L*(AT*M) and almost all z € M, where A and 1 denote the exterior and
(left) interior products on AT M, respectively. Note that the second equality above
holds because dn(z) 1 is an antiderivation on AT M, which implies that

dn o(dn au) = |dn|3u — dnA(dn ou)

pointwise almost everywhere on M.

Off-diagonal estimates, otherwise known as Davies—Gaffney estimates, provide
a measure of the decay associated with the action of an operator. Their use as a
substitute for pointwise kernel bounds is becoming abundant in the literature. In
particular, they are an essential tool used to prove the Kato Conjecture in [6] and
the related results in [I1], as we will see in Chapter @l The theory of off-diagonal
estimates has also been developed in its own right by Auscher and Martell in [7].
The following notation is suited to these estimates.

Notation. For all x > 0, let (z) = min{1,z}. For all closed subsets E, F C M, let
p(E, F) = infoep, yer p(z,y).

We prove off-diagonal estimates for the resolvents Rp(z) and then deduce es-
timates for more general functions of D by using holomorphic functional calculus.
The following proof utilizes the higher-commutator technique of McIntosh and Nah-
mod from Section 2 of [B5]. Note that we could instead apply the technique for
establishing off-diagonal estimates used by Auscher, Hofmann, Lacey, McIntosh and
Tchamitchian in [6] and by Auscher, Axelsson and McIntosh in [5].
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Lemma 3.4.2. Let 0 < w < 0 < 7/2 and 0 < R < r and suppose that D is
an operator on L*(AT*M) of type S,ur satisfying (A1) and (A3) with constants
Cyur > 0 and Cp > 0. For each a € (0,1) and b > 0, there exists ¢ > 0 such that

CeuT< 1 >b < p(E>F)\Z|)
1pRp(2)1p|| <c exp | —a———
for all z € C\ Spu, and closed subsets E and F of M.

Proof. Let E and F' be closed subsets of M with p(E, F') > 0. For each € > 0, there
exists n: M — [0, 1] in C§°(M) such that

1, if zek,
n(x) = .
0, if p(z,FE)>p(E,F)

and ||dn|lec = sup,ens |dn(x)|r:m < (14 €)/p(E, F). The function 1 can be con-
structed from smooth approximations of the Lipschitz function f defined by

Fa) = {1 — ol E)Jo(E,F), it pla, E) < pl(E, F)
0 it plz, E) > p(E,F)

for all x € M. Note that f is Lipschitz because the geodesic distance p is Lipschitz
on a Riemannian manifold. For further details see, for instance, [12].
Fix a € (0,1) and ¢ € (a, 1). It suffices to show that

\Cour (14 6)CpCour\"

Iens(rytel < s i (S50 )
where Ny = NU{0}. For b = 0, the result follows from (BZT) by choosing € > 0 such
that /(1 +€) > a, since e = Y7 (62)"/n! < 55 sup, oy, 2"/n! for all z > 0.
For each b > 0, the result follows from [BZ1]) by choosmg € > 0 even smaller, since
e < x70e= (097 for all 2 > 0.

We make repeated use, without reference, of the following easily verified identities
for operators A, B and C"

[A, BC] = [A, B|C' + B|A,C); |[A,B™Y] = B~'[B, A|B™!

(3.4.1)

on the largest domains for which both sides are defined.
First, we show by induction that

(01, ([D,n1]Rp(2))"] = —n([D, nl]Rp(2))"*" (3.4.2)
for all n € N. The commutator [D,nI] is a pointwise multiplication operator by
hypothesis (A3). This implies that [nl,[D,nl]] = 0, so (BZZ) holds for n = 1. If
(BZ2) holds for some k € N, then

(01, ([DnI]Rp(2))"*]
= [n1, [D.nI|Rp(2)|([D. 01| Rp(2))* + [D,nI|Rp(2)[n1, ([P, nI] Rp(2))"]
[D [, Rp(2)[([D, n1]Rp(2))* — k([D, 1] Rp(2))"*?
~[D,nI]Rp(2)[D, nI|Rp(2)([D, 01 Rp(2))" = k([D, nI]Rp(2))"**
—(/f+ (D, 1] Rp(2))"*,
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o (BZ2) holds for all n € N. Next, we show by induction that

n

—
nl,....nl, Rp(2)]...] = (=1)"n!Rp(2)([D,nI|Rp(2))" (3.4.3)

for all n € N. This is immediate for n = 1. If (823) holds for some k£ € N, then by
BZ2) we have

k1
nl,...InI, Rp(2)]...]
—1)*K![nI, Rp(2)([D, nI]Rp(2))"]
—D) kY1, Rp(2))([D, nI]Rp(2))* + Rp(2)[nl, (D, n1]Rp(2))*]}
)k
)

—1)*k{—Rp(2)([D.n1]Rp(2))"" — kRp(2)([D. 01| Rp(2))*'}
—1)*(k + 1)!Rp(2)([D, 1] Rp(2))""",

(
(
(
(

so (BZ3) holds for all n € N. Using (BZ3)) with hypotheses (Al) and (A3), we
obtain

11pRp(2)1r| < [|(nI)"Rp(z)1F||
= ()" InI, Rp(2)]15||
/—L
= |l[nl,..[In1, Rp(2)]..]11F¢ ||
< nl|[Rp(2)([D,nI]Rp(2))"|
< n!(Cplldnllce)" | Rp (2)[|"*
Cour ((1 + €>CDC€UT)n

<n!
p(E, F)|z|

B

for all n € Ny, which proves (BZT]). O

The following proof was inspired by the proof of Lemma 7.3 in [44] by Hytonen,
van Neerven and Portal.

Lemma 3.4.3. Let 0 < w < 0 < 7/2 and 0 < R < r and suppose that D is an
operator satisfying the assumptions of Lemma BA2 Let M > 0 and § > 0. For
each ¢ € U, 5(S5.,), ¢ € ©°(S5.,) and a € (0,1), there exists ¢ > 0 such that the
following hold:

L [1s(fen) (P)1p]| < el fllo <ﬁ>Mexp (—ac,%%pw, F>);

2. (1670 Ol < el exp (g plBF) )

for all t € (0,1], f € H*(Sg,,) and closed subsets E and F' of M.
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Proof. For all § € (w,0) and 7 € (R,7), let +05% _ denote the boundary of S§ .
oriented clockwise, and divide this into vz = —1—05" N Dy and 75 = 4053 . N S
Using the Cauchy integral formula from (A1), we have

15(f1)(D)1lp = 5— (/ / ) (2)1gRp(2)1p dz = I, + I

for all § € (w,) and 7 € (R,r). It follows by Lemma that for each a € (0,1)
and b > 0, we have

M
1 _|dz]
L<Cr e | minflea o e { L\ mzloncs,, 1971
|| 1|| ~ 9Ur||f“ /y,; mln{‘ Z‘ 7| Z| } (E F)‘Z| € |Z‘

Sk Cauall flloo(t/p(E, F))M emaptEF)/CpCa;

and

7/t M+6
L] < Coall flloe / Lbe—aP(E,FHZVCDCéuF M
7 (p(E,F)|z]) ||

00 -4
N / |£2] o—ap(BF)[21/CoCy,s M)
7 (p(E, F)|z])b ]

for all f € (w, ) and 7 € (R, 7). Setting b = 0 shows that

1]l Sr.m CéufHf”ooe_ap(E’F)F/CDCé”:a

and setting b = M shows that
1|l Sk Cougll Flloo(t/ p(E, F))M e P BT CPCGr
Altogether, this shows that for each a € (0, 1), there exists ¢ > 0 such that

115 (Fe)(D)Le|| < ¢ Caill flloo(t/ p(E, F))M e/ CPCa I
for all f € (w, ) and 7 € (R, r). The first result follows by noting that
sup{7/Cy - : 0 € (w,0), 7 € (R,1)} = r/Cayy-
The proof of the second result is similar. O

We conclude this section with a useful application of this result.

Proposition 3.4.4. Let 0 <w < 0 < 7w/2 and 0 < R < r and suppose that D is an
operator satisfying the assumptions of Lemma B4 Let 0 <o <aand 0 <7 < .
For each ¢ € WJ(55,,), ¥ € W§(SE,,), ¢ € ©°(S5,,), & € ©%(Sg,,) and a € (0,1),
there exists ¢ > 0 such that the following hold:

(s/4)7(t] p(B, F))=7ealr/CoCou ol BF) if s < ¢

1-||1E(¢tfﬁzs)(p)1F|| < | flloo {(t/s)g<s/ (E7F)>ﬁ+g ~a(r/CpCour)p(B.F) if ¢ < s:
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2.115(¢ f,)(D)Lp|| < cl|f]loc s7ea/CoCour)p(EF),
3.1 e fd )(D)1p|| < c||floe t7e 4/ CPCour)p(EF).

4 15(¢ £6 )D)1p|| < || f]|oo e/ CoCourpEF),

for all s,t € (0,1], f € H>*(Sg,,) and closed subsets E and F' of M.

Proof. To prove (1), first suppose that 0 < s <t <1 and choose § € (0,3 — 7). Let
9(2) = (52) 5, (2)£(2) and n(2) = 27 +(2) so that

7vbtquzs = (S/t>7+ég(s)nt‘

The function 7 is in ¥” o +§(S(3U7«) and the functions g(s) are in W(Sg, ,) and satisfy

suPse(0,1) 19¢s)loo S || flloo- Therefore, LemmaBZ33 provides the required off-diagonal
estimate. The proof in the case 0 < t < s < 1 is analogous.
The results in (2) and (3) follow from Lemma by writing the following:

(@S 1s)(2) = s7276(2) f (2) (s2) TW(52);
(Wef9)(2) = 17276 (2) f(2) (t2) " (t=)-

The result in (4) follows immediately from Lemma BZZ3 O

3.5 The Main Estimate

We consider a complete Riemannian manifold M that is exponentially locally dou-
bling. The spaces t?(X x (0,1]) and L% (X) introduced in Sections and
consist of measurable functions. We begin by showing that it is a simple matter to
formulate that theory for differential forms.

The local Lusin operator Ay, is defined for any measurable family of differential
forms U = (Uy)se01) on M, where each Uy is a section of AT*M, by

)= ([ 100 15 )

for all z € M. The dual operator Cjo. is defined in the same way. For each p € [1, 0o,
the local tent space t?(AT* M x (0, 1]) consists of all measurable families of differential
forms U on M with

1Uler = {(fM(AIOCU(x»p du(z))”, i pe L 00);

ess sup gz CocU (), if p=oc.

Let L2(AT*M x (0,1]) denote the space of all measurable families of differential
forms U on M with |[U[|7, = fo U122 ae aa) 4t As before, this is an equivalent
norm on t*(AT*M x (0,1]).
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Next, fix a unit cube structure 2 = (Q);); on M. For each p € [1, o0], the space
LY (ANT*M) consists of all measurable differential forms v on M with

1_1 1 ]
e, = {(ZQJEQ(“(QJ)” g ulla(ar=an)?)?, i p € [1,00);
_1 ‘
l Suijée@“(Qj) 2||1q, fll2(ar=any, if p=o0.

As before, we have L% (AT*M) = L*(ANT*M).

A t'(AT*M)-atom is a measurable family of differential forms A = (A4;)te(01) on
M supported in the truncated tent T (B) over a ball B in M of radius 7(B) < 2 with
|Al|zz < p(B)~Y2. The atomic characterisation in Theorem is proved in this
context by defining the local maximal operator M. for all measurable differential
forms v on M by

Miget(z) = sup < |[Lieull roz-an
re(0,1] V( )

forallz e M

An LY, (AT*M)-atom is a measurable differential form a on M supported on a
ball B in M of radius r(B) > 1 with ||alls < u(B)~'/2. The proof of the atomic
characterisation in Theorem B30 goes over directly.

The duality and interpolation results from Sections and extend to this
setting as well. In what follows, we only consider spaces of differential forms and
usually omit writing AT*M and AT*M x (0, 1].

Definition 3.5.1. Let M be a complete Riemannian manifold. Let w € [0, 7/2)
and R > 0 and suppose that D is an operator on L2(AT*M) of type S,ur satisfying
(A1)-(A2). Given 6 € (w,7/2), r > R, ¥ € ¥(Sg,,) and ¢ € ©(S,,), define the
bounded operators Q7 , : L* — L? ® L* and S}, : L7 & L* — L* by

ot = (V(D)u, ¢(D)u)
for all u € L? and t € (0, 1], and

1
S$¢(U,u):/0 w0 1 o(D) u—hm/ (DU 4+ (D)

for all (U,u) € LZ & L%

The operator Qqﬁ(b is bounded because hypothesis (A2) implies that D satisfies
local quadratic estimates by Theorem ZZT8 The adjoint operator D* also satisfies
(A1)~(A2) by Lemma ZZT7A Therefore, the operator ST, = (QP- ,.)*, where ¢*
and ¢* are defined in Section X7l is also bounded.

The remainder of this section is dedicated to the proof of the following theorem,
which is fundamental to the definition of our local Hardy spaces. It is a local analogue
of Theorem 4.9 in [9]. The proof below simplifies some aspects of the original proof.

Theorem 3.5.2. Let k, A > 0 and suppose that M is a complete Riemannian mani-
fold satisfying (E.). Let w € [0,7/2) and R > 0 and suppose that D is an operator
on L*(NT*M) of type S.ur satisfying (A1) — (A3). Let 0 € (w,5), r > R and
B > k/2 such that r/CpCyy, > N2, where Cyy, is from (A1) and Cp is from (A3).

For each ¢ € WP(S3,), ¥ € Ws(S3,.), ¢ € ©°(S3,.) and 6 € ©(S3,,.), there
exists ¢ > 0 such that the following hold for all f € H>(Sg,,):
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1. The operator Q¢D¢f(p)85¢3 has a bounded extension Fr satisfying

1B wllwerr, < cllflloll(U,w)llpors,
for all (U,u) € t* & L%, and p € [1,2];

2. The operator Qw?,q?f(p>8$¢ has a bounded extension 75f satisfying

1B U w)lwerr, < cll fllcll(U,w)lmer,
for all (U,u) € t* & L%, and p € [2,0].

Proof. Hypothesis (A2) and the comments in the paragraph after Definition B0l
guarantee that both QZZ of (D)SE ; and ng f (D)Sf , satisfy the estimates in (1)

and (2) on t* & L%,
To prove (1), define the following operators:

RV = [ DD B = (D) (D)D)
PP = /O é(D) f(D)@ES(D)US?; P*u = ¢(D) f(D)p(D)u,

for all U € L2, u € L? and t € (0, 1], so we have the system

- . - 73101,1 7)f1,2 U
Qw’¢f(D)SqL,q§(U7 u) - (73]02,1 73][2,2 U

for all (U,u) € LZ & L.
We claim that there exists ¢ > 0 such that

190, F(D)SE (A, ey, < el flls (35.1)

for all A that are t'-atoms and a that are Li,-atoms. The proof of A is quite
technical, so we postpone it to Lemmas B5.3, B.20, B.5.4 and B5.6.

The set t! Nt? is dense in ¢! by Proposition B223. Therefore, to prove that there
exist bounded extensions "' : t* — ¢! and PP : ¢! — L}, it suffices to show that

1B Ul S UflcllUlle and (1B Uy, S 1 lloc U] (3.5.2)

for all U € t' N ¢2.

If U € t' N#? then by Theorem there exist a sequence ();); in ¢! and
a sequence (A;); of t'-atoms such that ) . \;A; converges to U in ¢* and also
l(A)illee S U |lsa. Then, since QZj’qu(D)‘S’g(g is bounded on t? @ L?,, we have

PHU =3, PP (A)),

where the sum converges in L?%,. Also, the partial sums > PfQ’l()\jAj) form a
Cauchy sequence in L%, by (BAJ). Therefore, there exists v € L%, such that

v="3, NP (A)),
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where the sum converges in Ly, and [[v]|py, < || fllcol|U|lsr. Given that both Ly and
L2 are continuously embedded in L}, + L%, as in the proof of Theorem B30, we
must have v = Pf 'U. A similar argument holds for 73 'U to give (352).

The set L., N L2 is dense in L, by Proposition BBE Therefore, to prove that
there exist bounded extensions me : LY, — t' and B** : LY, — LY, it suffices to
show that

1B ulla S I fllsellully, and (1B ully, S 11 Fllecllully, (3.5.3)

for all u € LY, N L%,
If u € L', N L%, then by Theorem B30 there exist a sequence ()\;); in ¢! and
a sequence (a;); of Li-atoms such that 7. Aja; converges to u in L7 and also

I(A)iller < lJullpy,- Then, since Q5¢f( )8 is bounded on t? & L%, we have
Bt =325 AP (ay),

where the sum converges in t*. Also, the partial sums )", (>\ a;) form a Cauchy
sequence in ¢! by ([B5J]). Therefore, there exists V € t1 such that

V= Zj )\j,ljflg(aj)?

where the sum converges in ', and [V < || flloo|[ullr1,. Given that both ¢! and #2
are continuously embedded in t' + 2, as in the proof of Theorem BZT3, we must
have V = 73fl’2u. A similar argument holds for 73f2’2U to give (BR3).

The bounds in (BR2) and [EL3)) prove that Qﬁ of (D)SE ; has a bounded ex-
tension satisfying the estimate in (1) on ' @ Li,. Therefore, result (1) follows by
the interpolation in Theorems and B3.T0

To prove (2), note that replacing D with D* in the proof of (1) shows that
Qi:’ o f*(D*)SE; ;- has a bounded extension Py satisfying the estimate in (1) on
the space t' @ LY. The duality in Theorems and then allows us to
define the dual operator P}. satisfying the estimate in (2) on t°° ® L%. We also
have P}, = QD /(D )8D¢ on (t*Nt*) @ (LY NLY), as S, = (Q0- 4.)" on t* @ L.
Therefore, result (2) follows by the interpolation in Theorems [ Jand B3.T0. O

The remainder of this section is devoted to proving (B50]). The proof is divided
into four lemmas. We adopt the notation

731 1 731
D D _['f f
Lyl (DISg= (pf? bope )

as in the proof of Theorem B.A5.2

Lemma 3.5.3. Under the assumptions of Theorem B5.2 there exists ¢ > 0 such
that HPleAHtl < || f]loo for all A that are ¢'-atoms.

Proof. Let A be a t'-atom. There exists a ball B in M with radius r(B) < 2 such
that A is supported in 7%(B) and ||Al|;2 < p(B)~V2 If r(B) > 1/2, let K = 0. If
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r(B) < 1/2, let K be the positive integer such that 2% < 1/r(B) < 2K+, Next,
associate B with the characteristic functions 1, defined by

1, — 1T1(4B) if k= 0,
b 1T1(2k+23)\T1 (2k+1B) lf K Z 1 and k - {1, ey K}

Also, define the ball B* with radius r(B*) € [4,8] by

B 4B if K=0;
) 2KR2B if K >1

and associate it with the characteristic functions 1; defined by

1 = 1ri(e1) BoNT (BB*)

forall k e N={1,2,..}. . ~
Let Ak = 1k7Dfl’1A and AZ = 1273](1’1,47 so we have Sppt Ak C T1(2k+2B),
sppt Az C T ((k + 1)B*) and

K 00
PUA=D A+ ) A
k=0 k=1

.....

in ¢!, all of which do not depend on A, such that the following hold:

Az < el fllochep (25°2B) 2 forall ke {0,...K}; (3.5.4)
1Azl 2 < el flsohip (B +1)B*)"2 forall ke N. (3.5.5)

The result then follows by Remark

To prove (B) and (B53), choose § in (0, 253_”) so that ¢ € W5,(S9,,) and that
Ve \D§5(53UT), which is possible because § > xk/2. Also, choose a in (%%, 1),
which is possible because r/CpCy > A/2. Proposition B4 applied with o = ¢

and 7 = 8 — 0 then shows that

- i (§)5—5<;>5+5 if s<t
(el @) (PYLel S eI S s E00s 4 i <
s/ \p(EF) ht=s

(3.5.6)
for all s,t € (0, 1] and closed subsets E' and F of M. Applying the Cauchy—Schwarz
inequality and considering the support of A, we also obtain

CE) ds|’
[ mingt sy (minft, 13- 0)A)

(P} A)E = -

. (3.5.7)
S min 5w @AFS
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for all t € (0,1]. We now use (BR0) and (B27) to prove (BR4) and BLH):

Proof of [B54). The operator sz’ of (D)Sg’ 5 is bounded on L?® L? so we have

1Aollzz < 1B (A, 0)llz S I llscllAllzz S (1 flloo(4B) 2.

Suppose that K > 1 and that & € {1,..., K}, which implies that 2*r(B) < 1. Note
that the support of Ay is contained in 7" (2¥2B)\ T" (2" B). Also, if (x,t) belongs
to T1(2572B) \ T'(2¥"1B) and t < 2*r(B), then z belongs to 2*"2B \ 2¥B. Using
B35), we then obtain

2 ds dt
s [ [ w1 B )AL Y

(2M2r(B))  pr(B) ~ ,ds dt
+f [ mingt ) @A
2kr(B) 0

=1 + I,.

To estimate I, note that p(2*2B\ 2B, B) = (2¥ — 1)r(B) < 1, since we are
assuming that 2%r(B) < 1. Using (BA0) and (E.), we then obtain

r(B) ps t 5 s 23+28 dt
2
nS Ik [ / ! ( ) MBS
. 2*r(B) 25 Bt O\ PELE

S 1152 (25”‘5 ” o )||AHL2

S | fl1327 @) M(B)_l
< ||ngo —(28—K—30)k )\2k+2r(B ,u(2k+2B)_l

S 1527 @730k (2442 B)~,

where 2%r(B) < 1 was used in the final inequality. We also obtain

,dsdt
I <||fl?
P<I f / Clasd

St [ (Qk’r(B)) 43

S IFIZ27 20k A2,
< 22O 22 )
The bounds for I; and I show that

1Akl g S (1 fllow2™ @Fmrm30k/2) 9k 2 gy =3,

which proves [B54) with )\j, = 2720=+=39k/2 gince 28 — Kk — 30 > 0.
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Proof of [B53). Suppose that k € N. If (z,t) belongs to T*((k + 1)B*) \ T (kB*),
then z belongs to (k+1)B*\ (k—1/4)B*, since the radius r(B*) € [4, 8]. Also, since
r(B) < r(B*)/4, we have

p((k+1)B*\ (k — 3)B*, B) > (k — ;)r(B*) — r(B) > max{1, kr(B")}.
Using (B:5.8), (B:21) and ([E, ), we then obtain

dsg

r(B)) .
1t S 10 [ i o os (S8 DIABRS S

o [TED s t 5 dt d
S "f||ioe—2a(r/CD09Ur)kr(B )/ / v $2ﬁ+26_HASHg?S

r(B))
et OoCr s / [ )7 e tianp
S

< |If1%e —2a(r/CDCgUr)kr(B* 25 35||AHL2
S || fl[3e2etr/CrCounhrE?) ( ) wB)™

< Hsz —(2a(r/CpCour)=A)kr(B”) .k w((k+1)B*)~ 1
S || fl5e™ et/ EpCoon) =M% (k4 1) B*)

This shows that
1A% 2 S (1S ||ooe™ @ar/CCoun) =Dk (k4 1) B*) "2,

which proves (B2H) with A\j = e~ (2a(r/CpCour)=Nk “since 2a(r/CpCyuy) — A > 0. [

Lemma 3.5.4. Under the assumptions of Theorem B52, there exists ¢ > 0 such
that H73f2’1A||L1@ < ¢||f|leo for all A that are t'-atoms.

Proof. Let A be a t'-atom. There exists a ball B in M with radius 7(B) < 2 such
that A is supported in 7% (B) and || A2 < p(B)~'/2. Define the ball B* with radius
r(B*) € [2,4] by
. {23 if 1<r(B)<2
(2/r(B))B if r(B)<1

and associate B* with the characteristic functions 1; defined by

1% — 1,5~ it k=0;
" ey gesyse if k=1,2,. .

Let A = 1,€732 'A, so we have sppt A% C (k 4 2)B* and 732 "A =S Ar We
prove below that there exist ¢ > 0 and a sequence (\}) in ¢! both of which do not
depend on A, such that

=

1ALz < ell Flloc i, 1 ((k +2)B*) 2. (3.5.8)

The result then follows from Theorem
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To prove [BLH), choose a as in the proof of Lemma Bh3 Proposition B2
applied with 7 = k/2 then shows that

115(6f 0 ) (D)Lr|| S [If oosF e/ CourelEL)
for all s € (0,1] and closed subsets E and F' of M. Now note that if £ > 0, then
p((k+2)B*\(k+1)B*,B) = (k+ 1)r(B*) — r(B) > kr(B").

Using (E,.)), we then obtain

1Az = / 1
M

r(B) B . B 2d8
Sy [ s e AR

0
< ||| 20ROk B (B A2,
< ||fHgoe—(2a(r/CDCgUT)—)\)kr(B*)knﬂ((k + 2)3*)—1
S e /o0 e (ke 2) B

N ds?
[ st e ma| au

which proves [B58) with Af = ¢~ (2a(/CpCour)=Ak/2, ]

Lemma 3.5.5. Under the assumptions of Theorem B5.2 there exists ¢ > 0 such
that H73fl’2A||t1 < || f|le for all A that are L',-atoms.

Proof. Let A be an Li-atom. There exists a ball B in M with radius r(B) > 1
such that A is supported in B and ||A|ls < u(B)~'/2. In view of Remark B31 and
Theorem B30, however, it suffices to assume that r(B) = 1. In that case, associate
B with the characteristic functions 1, defined by

1 171y if k=0;
k= .
1ryrynmen i k=1,2,....

Let A, = lkaI’zA, so we have sppt Ay € T"((k + 1)B) and 73;’214 =30 Ay
We prove below that there exist ¢ > 0 and a sequence (\) in £}, both of which do
not depend on A, such that

(NI

1Akllzz < ell flloore e ((k +1)B) 2, (3.5.9)

The result then follows by Remark B2Z0.
To prove (B59), choose § and a as in the proof of LemmaB53 Proposition B4
applied with ¢ = ¢ then shows that

115 (e f O)D)Lp|| S || flloct’e /P CourIPEL)

for all ¢ € (0, 1] and closed subsets E and F' of M. Now note that if £ > 1 and (z, )
belongs to T ((k+1)B) \ T (kB), then z belongs to (k+1)B\ (k—1)B, since t < 1
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and r(B) = 1. Using (E..]), we then obtain

- 1 - d
Al = [ Itwsd AT

2 2 CpC, k ! 25dt 2
< || |2ue 20 CoCa) / eI

< |20 CoCouly ()
< |2 Celr €00 NSy (1 -+ 1) B)
< |2 Calr/CoCan Nk 2y (s 4 1)B) L,

which proves (BH) with A\, = e~ (2a(r/CpCour)=Nk/4 0

Lemma 3.5.6. Under the assumptions of Theorem B52, there exists ¢ > 0 such
that sup ||7DfQ’2AHLi@ < ¢||f|l for all A that are L),-atoms.

Proof. Let Abe an L))-atom. As in the proof of Lemma BX53, it is suffices to assume
that there exists a ball B in M with radius r(B) = 1 such that A is supported in B
and [|Al|z < u(B)~Y/2. Associate B with the characteristic functions 1, defined by

k= .
loproyp+nys i k=1,2,....

Let A, = 1k73f2’2A, so we have sppt 4;, C (k+2)B and 73f2’2A =310 Ay, As
in the proof of Lemma B4 it is enough to find ¢ > 0 and a sequence () in £},
both of which do not depend on A, such that

1Akll2 < el flloche i ((k +2)B) 2. (3.5.10)

Choose a as in the proof of Lemma B35 Using Proposition BZ4 and ([E,_)), we
then obtain

(NI

1Akl S [1fllsce™ /PO Ally < | flloce™ B/ ODComI= V2R (K + 2) B) 2,

which proves (BRI0) with Ay = e~ (2a(r/CpCour)=Nk/4 0

3.6 Local Hardy Spaces hi)(AT*M)

Throughout this section, let x, A\ > 0 and suppose that M is a complete Riemannian
manifold satisfying (E,)). Also, let w € [0,7/2) and R > 0 and suppose that D
is an operator on L?*(AT*M) of type S, r satisfying hypotheses (A1)-(A3) from
Section B4l with constants Cyy,. > 0 and Cp > 0, where Cy, is defined for each
0 € (w,m/2) and r > R.

We use the ®-class of holomorphic functions from Definition ZZ.§ to prove a vari-
ant of the Calderén reproducing formula. This allows us to characterise L?(AT*M)
in terms of square functions involving the operators sz’ s and 85, » from the previous
section, where ¢ is restricted to the ®-class. We combine this with Theorem to
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define local Hardy spaces of differential forms hi,(AT*M) for all p € [1, 00] in terms
of square functions and a retraction on the space t?(AT*M x (0, 1]) & L%, (AT*M). In
what follows, we only consider spaces of differential forms and usually omit writing
AT*M and ANT*M x (0, 1].

Proposition 3.6.1 (Calderén reproducing formula). Let 0 € (w,7/2) and r > R.
Given «, 8,7,0,7,v > 0 and nondegenerate ¢ € WA (S9,) and ¢ € ®7(Sy,,), there
exist ¢ € U7 (Sg,) and ¢ € OV(Sg ) such that

| e + oo -1 (361)

0 D OD_ _GD OD _ 2
for all z € S .. Moreover, we have Swp%ﬁ,& = 8117,<5Qw,¢> =TI on L*.

Proof. Given f € H*(Sj,,), let f_(z) = f(—=z) and f*(z) = f(Zz) for all z € S§,.
Choose integers M and N so that 4M > max(Z, 3) + 1 and 4M3 + (AN — 1)y > v.
Let ¢ = [° [0(6)w(—)|*M]p(t)p(—t)[*N 4 and define the functions

1
Y= M WMyt ) M (967097 )Y and ¢ = 1 <1 —/ Wﬁtg) :
¢ 0 t

in Wh~ich case (BB is immediate and ¢ € ﬁligi%jg(Sgw) C U7 (Sg,,). The proof
that ¢ € ©V(Sj,,) follows as in the proof of Lemma 229 upon noting that

7 ()| [ _amp-(an-1)y At -
¢(z)| < sup (t]z]) N
S ArTET A ¢
for all z € S§.
The last part of the proposition follows because D satisfies (A2), since that allows
us to apply the Mclntosh approximation technique, as in the proof of Lemma 220,

with the function defined by f(z) =1 for all z € S, O

Given ¢ € V(S ) and ¢ € ®(S,,), since D satisfies (A2), Proposition 22T
and Theorem show that the local quadratic estimate

[ull2 = ||Q5,¢UHL%@L2 (3.6.2)

holds for all u € L2 There also exists ¢ € ¥(S3,.) and ¢ € O(S3,,) such that
Sf(ngq; = I on L? by Proposition BBl This shows that L? = S7 (L2 ® L?) with
ullz = inf{||U]| 2q2 : U € L2 & L? and u = Sﬁ(bU} (3.6.3)

for all u € L?, since both 85 , and Qw? ; are bounded operators. These characterisa-

tions of L? help to motivate our definition of the local Hardy spaces. In particular,
we define hl, by replacing L2 @ L? with t? & Lf, in (B6.2) and ([BE3), and suitably
extending the operators Qﬁ » and 85, Y

There is a fundamental difference here from the Hardy spaces H7 in [9]. The re-
producing formula used to define H?, is based on selecting ¢ and ¢ in ¥(.S§) such that



66 CHAPTER 3. LOCAL HARDY SPACES

I ta(z)zﬂt(z)% =1 for all z € Sj. The decay of the W(S5g)-class functions near the
origin implies that [;° zzt(D)wt(D)% = Pripy, Where Pgp; denotes the projection
onto the closure of R(D), as given by the Hodge decomposition L? = R(D) & N(D).
This leads the authors of [9] to define H3 to be R(D). Identity (B61), by contrast,
holds on a neighbourhood DY of the origin as well as on the bisector Sg, and since
the ®-class functions are nonzero at the origin, we get Sg QP =T onallof L?. The
local Hardy spaces are therefore not subject to the null spéce considerations that
one encounters with the Hardy spaces. In fact, we show that h% can be identified
with L2

We now define an ambient space h% in order to have hY, C hY, for all p € [1, o0].
This requires that we recall the results concerning the spaces t* + £ and LY, 4+ L%

in Corollaries B2ZZT4l and B3.T11.

Definition 3.6.2. Let 6 € (w,7/2), r > R and 5 > /2 such that r/CpCp, > A/2.
Fix n € \Ifg(SgUT) and ¢ € ®P(Sg,,) satisfying

| #eF e =1

for all z € Sg .. The ambient space h}, is defined to be the abstract completion of
L? under the norm defined by

||u||h% = HQ?,@UH(tIJrioo)@(L}@Jrig)

for all w € L?. This provides an identification of L? with a dense subspace of h.
The functions 7 and ¢ remain fixed for the remainder of this section.

To check that [| - [, is a norm on L?, suppose that [ul|,e, = 0 for some u € L?.

It follows that QF u = 0, and since QP u € L? & L?, the equivalence in (BG2)
guarantees that u = 0, as required.
The following result allows us to define the local Hardy spaces.

Proposition 3.6.3. The operators Q7 and SP have bounded extensions
QP i h) — (' +1%) & (Ly + L)

and ) )
SPo(t'+ 1)@ (Ly + LY) — hi,

such that Sﬁp Q%{ =1 on h%, and the restriction of Q};@S’,ﬁo to t? @ LY, for each
p € [1,00) and to t> @ L% is bounded.

Proof. We immediately have
||Q$‘PUH(“+5°°)@(L§@+£§@°) = [lullng,

for all u € ~Lz, and since L? is identified with a dense subspace of h%, the bounded
extension Q%& exists.
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It follows from Theorem that Q%OS,% has a bounded extension to t? @& Li’@

for each p € [1, 00], and hence to t® @ L% as well. Moreover, the extensions coincide
with a single bounded operator

Pt 4+1®°)@ (L, + L) — (tH + 1)@ (LY, + L)

such that the restriction of P to t* @® Lf@ coincides with the extension of Q};WS,% to

t? @ LY, for each p € [1,00), and the restriction of P to > ® f/?go coincides with the
extension of Q?SDS@D to t> @ LY. Therefore, we have
D
||S17,g0UHh0D = HPU||(t1+£°°)eB(L}@+E?§) S ||U||(t1+£°°)ea(L}Q+E?§)

for all U € ¢ & L%, and since 2 @ L? is dense in (t' + =) & (L}, + L%) by
Corollaries B2T4 and B3TT], the bounded extension S,f , exists.

It follows that 5’%10 Qﬁo is bounded on h9,. The formula SP QF = = I holds on L?
by Proposition B.6.1], so by density 5&0 Q?SD =T on hY.

It also follows that Q};@S’,ﬁo is bounded on (t! + ) @ (L, + f}fgj), and that

QPSP =P on (" Nt?) & (L5, N L) for p € [1,00), and on (I N2) & (L N L3).
Now suppose that p € [1,00) and that u € t? @ L. There exists a sequence (uy), in
(" Nt?) & (L% N L?) that converges to u in t? @ LY, by Propositions and B34
The continuity of the embedding #* @ L%, C (t' + ) @ (LY, + L%), which is a
consequence of the interpolation in Corollaries B2 and B3 11, then implies that

| Pu — Q%),@SE@“H (L +i°)@ (LY +L%)

<|[|P(u— un)HtP@Lf@ + |l Qigpssgo(u” - u)||(t1+£°°)@(L1@+ig)

for all n € N. Therefore, we have Q%OS,?@ =P on t* ® LY, for all p € [1,00). We

also have Q};@S’,ﬁo =P on t*® @ LY by the density properties in Corollaries B2Z14]
and B3TT] so the result follows. O

We now define the local Hardy spaces.

Definition 3.6.4. For each p € [1,00), the local Hardy space hY, consists of all
u € hY, with

lullng, = 1@ ptllwerr, < oo
For p = oo, the local Hardy space space hy consists of all u € h% such that
QP u € 1> @ Ly with
lullg = 19y pullixeis = Qppullicars.

The dual of h}, should be identified with a bmo type space, as in the classical case
due to Goldberg in [36]. To construct the ambient space hY, however, we used the
closed subspace £ @ Efgj of t>° @ LY. This suggests that h% can only be identified
with a closed subspace of the dual of hi,. Therefore, we do not denote hy by bmop
and we postpone the construction of an appropriate bmop space to the sequel. Note

that we do identify the dual of A%, for all p € (1,00) in Theorem below.
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The local Hardy spaces are Banach spaces for all p € [1, 0o]. To see this, suppose
that p € [1,00) and that (u,), is a Cauchy sequence in hf,. Then there exists
v in t* @ L%, such that lim, HQ};@un — v||tp@Lf@ = 0. Moreover, the embedding
@ L, C (' +1°) & (LY + L%) implies that lim, | OF u, — @ yiyay, +ig) =0
and that there exists u in hy such that limy, [[u, — ul[,9 = 0. Therefore, we have
Q?wu = v € t* @ LY, which implies that u € h7, and that lim,, ||u, — ul/xz = 0. The
proof for p = oo is the same but with > & I:f@" instead of t* & L.

The definition of the ambient space allowed us to identify L? with a dense sub-
space of h%. It now follows from ([B6.2) that L?> C h2 under this identification.
In fact, we have L? = h% under this identification by (B53) and the following
proposition, which gives an equivalent definition for Af,.

Proposition 3.6.5. If p € [1,00), then hf, = Sﬁp(t” & L) and
[ullpp, = nf{||U]|pgrr, : U € " & LY and u = SﬁOU}.

If p = oo, then the above holds with > @ E?QO instead of ¥ @ LY.

Proof. Suppose that p € [1,00). Proposition shows that Sﬁo@?@ = I on hY,
and that the restricted operators

QP W, @ Lh, and SL,:t"® LY, — b
are bounded. Therefore, we have h, = SP_(t? @ L%,) with

Uetip%fo@; ||U||tP@ng < ||Q$<pu||tpEBL€@ = ||u||h§; = ||S~5¢V’|h% < ||V||tP@ng
u:g;ﬁwU

for all V' € t? @ LY, satisfying u = 3&\/.
The proof for p = oo is the same but with £ @ f}?go instead of " & LY, O

This leads us to the following density properties of the local Hardy spaces.

Corollary 3.6.6. For all p € [1,00] and g € [1,00), the set h7, N hi, is dense in A,
Moreover, for all p, g € [1,00), we have hi, N ki, = SP_((t" Nt?) @ (L', N L%)). This
also holds for p = oo but with > and Iz‘:@‘” instead of t¥ and L%,.

Proof. If p,q € [1,00), then hl, = Sﬁp(tp @ L%,) by Proposition B.GH, so the density
of hly Nk} in hY, follows from the density properties in Propositions and B34
If p = oo, then the result follows from the density properties in Corollaries B.2.T4
and B3T11

If p,g € [1,00) and u € h¥, N kY, then by the reproducing formula in Proposi-

tion B.6.3, we have
u=38" 0P ueSP ("Nt & (Lh,NLYL)),

since Q$¢u € ("Nt @ (L% N LY). If p = oo, then this holds with £ and L%
instead of ¥ and L¥,, which completes the proof. O
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The interpolation results for the local tent spaces t? and the spaces L, allow us
to interpolate the local Hardy spaces.

Theorem 3.6.7. If0 € (0,1) and 1 < py < p1 < 00, then
[hp . hple = hip
where 1/pg = (1 —68)/po + 6/p1 and [-,-]g denotes complex interpolation.

Proof. The interpolation space [h7y, hl5 ]y is well-defined because it is an immediate
consequence of Definition B64 that kY, C hY for all p € [1, o0].
Suppose that p; € (1,00). Theorems and show that

[t @ LG, 17 @ L]y =t © LY.

Proposition B.6.3 shows that the reproducing formula S’,ﬁo Qap = I holds on h, and
that the restricted operators

sz : h% — PP Li’@ and gﬁp P @ Lfé N h%

are bounded for all p € [1,00). It then follows by Theorem 1.2.4 of [68], which con-
cerns the interpolation of spaces related by a retraction, that Qv?v),eo is an isomorphism
from [AY, hi)]e onto o )
Qo Snp (17" ® L) = Q) (W)

in tPe @ L% for all py € [1, p1), where the equality is given by Proposition B:63. The
reproducing formula then implies that [h75, iy ]y = Rl

The proof for p; = oo is the same but with > @ L instead of t** @ L), and it
relies on Corollaries B2ZT4 and BZ3TT O

The next result is an application of the interpolation of the local Hardy spaces.

Lemma 3.6.8. Let ¢ € (w,%), > R and 3 > /2 such that r/CpCyur > /2.
For each v € WA(S9 ), ¥ € W5(S5,,), ¢ € ©°(S5,,) and ¢ € O(S,,), the following
hold:
1. The ?perators Qqﬁ(b and 85 5 have bounded extensions pr 51 iy — P D LY
and SE’& P @ LY, — kY for all p € [1,2].

2. The operators Q}i ; and 85, & have bounded extensions pr I hf, — t* @ Lf@
and S, : t* @ Lf, — hf, for all p € [2,00). This also holds for all p € [2, oc]
but with ¢ @ ifg instead of > @ LY.

Proof. If u € hy, N L?, then QF u € (t' Nt*) & (L, N LY) and u = SP,QF u, so by
Theorem we have

||Qi,¢UHt1@L}@ = HQZZ,¢SE¢Q$¢UHH@L}@ S ||U||h%)

The set h}, N L? is dense in h}, by Corollary B.6.6, so the bounded extension Qqﬁ(b
exists for p = 1, and hence for all p € [1,2] by interpolation.
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IfU e (t'nt?) @ (LY N L2), then by Theorem we have

“SE,&UH% - HQ%S%UHtl@Lg@ N HUHtl@Lg@-

The density properties in Propositions and B34 then imply that the bounded
extension SE ; exists for p = 1, and hence for all p € [1, 2] by interpolation. O

This allows us to construct a family of equivalent norms on the local Hardy
spaces.

Proposition 3.6.9. Let 0 € (w,5), r > R and 8 > /2 so that r/CpCyu, > A/2.

For each ¢ € WA(S9,.), ¥ € Ws(S5,,), ¢ € ®P(S5,) and ¢ € ®(Sg,,.), the following
hold:

1. The extension operators from Lemma satisfy hly = S

g’q;(tp & L) and

||U||h§; ~ ||Q¢D,¢U||tv@Lf@ ~ _iﬁpf_U HUHtP@Lf@
G,

for all w € h%, and p € [1,2].

2. The extension operators from Lemma satisfy by = 35 »(t7 @ Lf,) and

— 1D — :
||u||h% ~ ||Q1;,q3u||tp®Lf@ ~ uzlgg¢U ||U||tP@L{’Q

for all u € A%, and p € [2,00). This also holds for all p € [2,00] but with
t>° @ L% instead of t* @ LS.

Proof. Suppose that p € [1,2]. It follows from Proposition BG1l that there exists
Y€ Wg(Sh,,) and ¢’ € O(Sg,,) such that S , Q7 ; = I on L*. Lemma then
shows that

||u||h% = ||Q$¢S$,¢' Zp),quHtp@L{_’@ S ||Q5,¢U||tP@L{_’@ S ||u||h%

for all u € hi, N L?, so by density we have ||ull, =~ HQZZ,quHtP@L?Q for all u € hl,.
There also exists ¢/ € UP(S5,) and ¢ € ©°(S5,,) such that Sg(gQZ’& =1
on hf, N L?, so by density we have 3543@3’,& = I on hY,. Tt then follows from
Lemma that hl, = 35(5(75” ® LY).
Now suppose that u € hl,, in which case u = SEQBQE/’&u and there exists V' in
1 @ Lgy such that u = SP;V and |[V|pery, < 2inf,_sp y |Ullwers,- Lemma
then shows that

. 3D 11D .
0 10lors, <193 jullvors, S ulhg = 1575Vl <2 | 10lors,

which completes the proof of (1). The proof of (2) is similar. O
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All of the equivalent norms on hf, are denoted by || - [[4z . As an example, recall
the HodgeDirac operator D and the Hodge-Laplacian A = D? from Example B2
If 3> r/2 and a > A\?/4, then by recalling the ®-class functions listed after Defini-
tion Z2Z8 we have

[ullpz, = [[tDe™ ™A+ ul| + [V AT ul|
D Q
42 _
= 28 Bull + el
~ [[ED(EA + o) Pullw + [|(A + aI)Pul| s,
for all u € WY, and p € [1, 00|, where the operators are initially defined on L? and
extended to hh,.

Finally, the duality results for the local tent spaces t? and the spaces L%, allow
us to derive a duality result for the local Hardy spaces.

Theorem 3.6.10. Ifp € (1,00) and 1/p+ 1/p' = 1, then the mapping

v ()i = (0,0, O ) o
for allu € b, and v € h%l*, is an isomorphism from hg* onto the dual (W)*.
Proof. Using Theorems and B38, we obtain

QR O produzors] < lullug 1ol

for all u € bl and v € h%,*, since Q%Ou € t* @ L, by Definition BG4, and anf,@*v
is in ' @ Lg by Proposition B6.9. )
Now suppose that T' € (h%)* and define T' € (t* & L¥,)* by

T(V)=T(SL.V)

for all V € t* @ L%,. It follows from Theorems and that there exists
Ur €tV S L?é such that T(V) = (V,Ur) 212 for all V € t# @ L¥,. The reproducing
formula SP QP = I, which is valid on hf, by Proposition BG3, then implies that
5D AD 5 AD &D AD AD &P AD
Tu = T(SP,QP u) = T(QP, 8P, P u) = (OP 8P QP u, Ur) pzepe

me Mm% UR

for all u € hf,. If Ur € (" N2) @ (L% N L%), then since (QP,) =Sk . ont* @ L%
and (SP)* = QP . on L?, we obtain

Tu= <Q$¢u, an**m* (87?*@* Ur)) rzer2

for all u € hB,NL2. If Up € t¥' @Lf@/, then the density properties in Propositions
and B34 imply that the above result extends to

Tu = <Q5¢u, an*ip* (Sﬁfcp* UT)>L%69L2

for all u € hf,, and since S’%ZTW Ur € hppl* by Proposition B.6.9, the proof is complete.
[
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3.6.1 Molecular Characterisation

We prove a molecular characterisation of h},. The Hardy space H}, from [J] is
characterised in terms of H}-molecules, which are differential forms a that satisfy
a = DNb for some differential form b and N € N. In contrast to atoms, molecules
are not assumed to be compactly-supported. Instead, the L?-norms of a and b are
concentrated on some ball. The condition a = Db is the substitute for the moment
condition required of classical atoms. The molecular characterisation of hl, proved
here involves two different types of molecules, reflecting the atomic characterisation
of h'(R™) mentioned in the introduction. The first kind are concentrated on balls
of radius less than 1 and are of the type used to characterise H},, whilst the second
kind are concentrated on balls of radius larger than 1 and are not required to satisfy
a moment condition.

We use the following notation to specify the L?-norm distribution of molecules.

Notation. Given a ball B in M of radius r(B) > 0, let 1x(B) denote the charac-
teristic function defined by

T Vs i k=12,

Definition 3.6.11. Given N € N and ¢ > 0, an hh-molecule of type (N, q) is a
measurable differential form a associated with a ball B in M of radius r(B) > 0
such that the following hold:

1. The bound ||1x(B)als < exp(—¢2"'r(B))27*u(2¥B)~1/2 for all k > 0;

2. If r(B) < 1, then there exists a differential form b with @ = Db and the bound
|1,(B)b|l2 < r(B)N exp(—q2*1r(B))27*u(2B)~/2 for all k > 0.

For all N € N, ¢ > 0 and h,-molecules a of type (N, q), the uniform bound

lally <> (@ B)2|14(B)all> < 1 (3.6.4)

k=0

follows from the Cauchy—Schwarz inequality. Moreover, for an hi-molecule a of
type (NN, q) associated with a ball B and a differential form b such that a = Db,
both a and b are in L? = h%, C h}, with

lalla <> |[1k(B)allz < 2e7"B)/2(B) 7 (3.6.5)
k=0
and 1
b2 < 2r(B)Ye P2 (B) . (3.6.6)

Condition (2) is obviated in Definition B.6TT when r(B) > 1, so we set N =0
in that case. We will see that ¢ is related to the exponential growth parameter A in
(Ex)), and that we can set ¢ = 0 when M is doubling, since then A = 0. Given d > 1,
note that the results in this section also hold for hh-molecules defined by replacing

2k and 27F with 6% and 6% in Definition B.G.111
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Definition 3.6.12. Given N € N and ¢ > 0, define hbmol(N’q) to be the space
of all u in hY for which there exist a sequence ()\;); in ¢! and a sequence (a;);
of h}-molecules of type (N, q) such that >_jAja; converges to u in hY,. Moreover,
define

= inf{[|(A\j);ller = f=2_;A5a5}

(/TS u—

for all u € h%),mol(N,q)‘

The following is the molecular characterisation of hl. Theorem follows
from this result in the case of the Hodge-Dirac operator by Example B2l

Theorem 3.6.13. Let k, A > 0 and suppose that M is a complete Riemannian
manifold satisfying (E.))). Suppose that D is an operator on L*(NT*M) satisfying
(A1) — (A3) from Section[F4 If N € N, N > /2 and q > X, then hy, = hl, mol(N.q)-

Proof. Fix N € Nand ¢ > 0. Let ¢ and ¢ be the functions from Lemmas BG.15 and
below. Suppose that u € hy, C hJ,. Proposition then implies that there
exists (V,v) € t* & L}, such that u = SEqB(V’ v) and ||(V, U)Htl@L}@ S lullpy,- Also,
by Theorems B2ZH and B8, there exist a sequence (A;); of t'-atoms, a sequence
(aj); of Li-atoms and two sequences ();); and ();); in ¢! such that

V= Z )\jAj and v = Z S\jCLj, (367)
J J

where these sums converge in t' and LY, respectively. Moreover, we can assume that
[A)ille S Ve, 1(A))sller S [lvllzy, and, by Remark B3, that each LY-atom a
is associated with a ball of radius equal to 1. Therefore, we have

( /wt L Ko )

where the sum converges in hly, and hence also in h%, because Proposition B5.0
implies that

lw = 3270 825N As Mapllng, S IV = 225 Myl + llv = 227 Nyl

for all n € N. It follows from Lemmas [ and BG.I0 that u € hy, mol(N.q) and

since [|(A);]ler + [lOG);5]ler < [[ul|p1,, we have shown that hp € hp, oi.g)-

We prove the converse in the case N € N, N > /2 and ¢ > A. Let ¢ and ¢ be the
functions from Lemmas B.6.17 and below. Suppose that u € h%),mol( Ng S hY,.
There exist a sequence (a;); of hl,-molecules of type (N, ¢) and a sequence (};); in
' such that 7. \ja; converges to u in hy,. It follows from Proposition and
Lemmas BET7 and BEI that Y7 ) Aja; is in by with || 327, Najlln S D27 [\l
for all n € N. Therefore, there exists v in h}, such that > jAja; converges to v in
hk, and hence also in h%. This implies that « = v € hl,, so by Proposition we
have

190 51 — 2270 M QP saillnery, S llw— 201 Najllng
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for all n € N. It follows from Lemmas B.6.17 and B.6.18 that
lullyy, = 1198 sullnery, < 325 Mll(@(D)ag, ¢(D)a)llnary, S NA)ille,
which shows that h%),mol( Ng h. O

Remark 3.6.14. The first half of the proof of Theorem showed that for each
u € hp, there exists a sequence (A;); in ¢! and a sequence (a;); of hjp-molecules of
type (NV,q) such that }7: Aja; converges to u in both hp and hi,. Theorems B2ZH
and show that for each u € hl, N h2, the atomic decompositions in ([B6.7) also
converge in t* and L%, respectively. In that case, the arguments in the proof show
that the series » _; Aja; converges to u in L? as well.

We now prove four lemmas to construct the functions 15, 6,1 and ¢ that were
used to prove Theorem B.6. T3

Lemma 3.6.15. Let § € (w, %), 7 > R and § > /2 such that r/CpCyu, > A/2.
For each N € N and ¢ > 0, there exist ¢ > 0 and ¢ € U5(Sg.,) such that

[ st

is an hj,-molecule of type (N, q) for all A that are t!'-atoms.

Proof. Let A be a t'-atom. There exists a ball B in M with radius 7(B) < 2 such
that A is supported in T"(B) and ||A||z < u(B)~"/2. Choose 7 so that 7 > r and

7/CpCour > A+ q. Also, choose Y in Wg4n41(56,7), in which case ¢ € Wg(Sg,,).
Next, define ¢(z) = z~Vip(z), in which case 1 € ¥5,(59,.) and

/wt At—_DN (/OltN@Zt( )Aﬁ)‘

It remains to prove that there exists ¢ > 0, which does not depend on A, such that

11,(B (/ (D At—) |y < ce Bk (2 B) 2 (3.6.8)

for all k£ > 0, and that if 7(B) < 1, then

! N7 dt N _—q2" ' (B)o—k ok p\—1
1) ([ #02)AG ) < er(B)e 22 Bt (3.6.9)

for all kK > 0.
Now, since 8 > k/2 and 7/CpCyurz > A + ¢, Lemma implies the following
estimates:

I1Ee(D) 1| S (t/p(E, F))2He MHaetsn; (3.6.10)
110 (D)Le|l S (t/p(E, F))FHleOranEn (3.6.11)

for all ¢ € (0,1] and closed subsets E and F' of M.
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We now prove [B6.8). If £k =0 or & = 1, then by BE&3) and r(B) < 2, we have

e‘qu’“(B)u(B)_% ift k=0;
[| 15 ( A — S A2 S 3 ’

l\')

If K> 2, then
p(2"B\2'B, B) = (2" — 1)r(B) = 2"r(B)

and (28 B) < 2krA@ -Dr(B) (B) so by [BBIM), and since r(B) < 2, we have

r(B) - dt
I14(B ( / Ju(D At—)||2 [ mmiaoslials
0
1
r 2(5+1) 2
< /(B) _t N 2e‘(”q)(Qk_l‘l)’"(B)HA||L2
~\ o \@m) ! -

< 2—k(§+l—%)e—q(2k_l—l)r(B)eA(—2k_1+l+2k_1—%)T(B)M(QkB)—%
< e 2 Blyk 9k By,

We prove ([B6.9) similarly. If £ =0 or k = 1, then we have

1) ([ 5L 1 S 1AL

<oy OB i k=0
~ e B2l 2By if k=1

If k > 2, then by (BGII]) we have

1 r(B) ~
1) ([ 50 e <) [ i@l

0
S r(B) ey (k)

~Y

which completes the proof. O
Lemma 3.6.16. Let 6 € (w,%), r > R and 8 > k/2 such that r/CpCyy,. > N/2.

) 2 ~ ~
For each N € N and ¢ > 0, there exist ¢ > 0 and ¢ € ®(S§_,.) such that c4(D)a is
an hp-molecule of type (I, q) for all a that are L-atoms supported on balls B of

radius r(B) = 1 with ||a|ly < u(B)~"2.

Proof. Let a and B be as stated in the lemma. Choose 7 so that 7 > r and
7 /CpCyui > A+q. Also, choose ¢ in ®(Sg.), in which case ¢ € ®(S5,,). Now, since
r(B) = 1, it only remains to prove that there exists ¢ > 0, which does not depend
on a, such that

114(B)3(D)alls < e~ T P2y (2kB) 3

for all & > 0. To do this, choose ¢ in (0,7/CpCyuz — (A + q)). Lemma then
implies that

|15d(D) 1y < e AFatInBR) < (1 /p(E, F))2 e AHopEF) (3.6.12)
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for all closed subsets F and F' of M.
If k=0or k=1, then by (B6.3), and since r(B) = 1, we have
e 2B y(B)"2 if k=0,

1,(B)d(D < < u(B)z< )

If k& > 2, then using (B6.12) and proceeding as in Lemma B.6.1H, we obtain
11k(B)é(D)all> < |16(B)G(D)1p]|llall2 S e " F127p(2kB) 2,
which completes the proof. O

Lemma 3.6.17. Let 6 € (w, %), 7 > R and 8 > x/2 such that r/CpCyu, > A/2.
For each N € N, N > /2 and ¢ > ), there exist ¢ > 0 and ¢ € ¥#(S55,,) such that
|¢(D)al|s < ¢ for all a that are h}-molecules of type (N, q).

Proof. Let a be an hh-molecule of type (N,q). There exists a ball B in M of
radius r(B) > 0 such that the requirements of Definition BXG.TTl are satisfied. Let
C;(B) = C*(B) be the truncated Carleson box over B introduced in Section B2
and let Cl(B) = C'(2"B) \ C*(2*7'B) for each k > 1. As depicted in Figure Bl
divide each C}(B) with the following characteristic functions:

Mk = Lo sy Larxor(B));

M = Lorm) Larx(r(B) 2+ 1r(B));

Mk = Lo () Latx (s 1r(8) 24r(8)

so we have 1%(3) =N+ 7],’43 + 77;Z and Zk 10;(3) = 1M><(071].

1
T 3
4r(B) +
my
3 s
2r(B) +
( ) ! /! !
( ) b m b
r(B) T
UE 12 U Mo T 2 UES
: M

0 r(B)2r(B) 4r(B)

FIGURE 3.1: The division of C3(B) used in Lemma B.6TI7 for a ball B in M of
radius r(B) < 1/4.

Suppose that there exist 1 € U#(S3,.) and ¢,d > 0, all of which do not depend
on a, such that the following hold for all £ > 0:

Inee(D)all gz < 27 (2" B) %, (3.6.13a)
Infer(D)all iz < 2 (25 B)~%; (3.6.13b)
Infe(D)all 2 < 2 u(2"B) 2. (3.6.13¢)
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In that case, each (25’“/0)1%(3)%(1))& is a t'-Carleson atom, and since

D)a = Z 1C’é(B)¢t(D a
k=0

almost everywhere in M x (0, 1], Proposition B2ZTTl implies that ¢;(D)a is in t* with
| (Dalln < ed>pey27% < 1. Therefore, it suffices to prove (B6.13).

To prove (BE:[S]), choose  so that 7 > r and 7/CpCyur > M. Also, choose ¢ in
(0,8 — K/2) and choose ¢ in \I/ﬁ+N(SGUT), in which case ¢ € WA(S5, ). Then, since
B > k/2, Lemma implies that

115 (D)Lp|| < (t/p(E, F))5 e EF) < (1) p(E, F)) (3.6.14)

for all closed subsets E and F of M.
We now prove (B6.13al). If k£ = 0, then by [B6.2) and [BEH) we have

In0ve(D)all .z < |[e(D)allz < llalls S u(B)~2.

Now consider k£ > 1. For each | € N, define I; by

I (D aHL2<Z / [1e(B)un(D)L(Bal3 5 = Zfl

If0<Ii<k-—2, then
p(28B\2" 1B, 2'B\2'7'B) = (287! — 2" (B) > 2*r(B)

and (28 B) < 20=Drer @ -121(B) (9L B) | s0 by (BBI) we have

r(B) ¢ 2(5496) dt
I < G a2k -2hr(B) —q2lr(B)2—2z 2l B)—1

< 2—2l(g+1)2—2k(g+6—g)e,\(—2k+2l+1+2k—2l—2l)r(B),u(2kB)—1
S 2—2l2—25klu(2kB>—1
Ifk—1<I1<k+1, then u(2"B) < 7 u(2'B), so we have
I < (D)L B)all2; < e 2Bl 2u(2B)t < 272 (2 B) .
Ifl>k+2, then
p(2"B\2* 1B 2'B\2'""'B) = (2""! — 2F)r(B) > 2'r(B)

and p(28B) < u(2'B), so by ([B614)) we have

< r(B) l 2 dt 2 (ol 1 « 9-219-26k  (ok 1
1, —27 2'B)” 27427 2B)~
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Note that we needed ¢ > X when 0 <1 < k + 1. This proves (B6.13al), since now

Inte(D)allfy <Y LSy 27227 *u(2B)~ S 27 (2" B)~!
=0 =0

To prove (B.6.13H) and (B6.13d) we only need to consider when r(B) < 1. In that
case, there exists a differential form b such that a = DVb, as in Definition B.G.11
Define 1(z) = 2V4(z), in which case ¢ € Wy (S5, .), where 7 > r was fixed previously
so that 7/CpCyuz > A. Now choose € in (0, N — k/2). Then, since N > /2,
Lemma implies that

110 (D)1r| S (t/p(E, F))5* e B8 < (t/p(E, F))* (3.6.15)

for all closed subsets F and F' of M.
To prove ([B.6.13H), we only consider k > 2, since otherwise 7, = 0. For each
[ € N, define J; by

(B))
7 (D CLHL2<Z/ 11k ( B)y «(D)L(B)D3 t2N+1 Z‘]l

The proof proceeds as for I; by using (BE1H) instead of BET). If 0 <1 <k —2,
then since N — /2 — € > 0 and r(B) < 1, we have

' t 2519 de —2)(2F—1—2)r(B) 2N _—q2!'r(B)o—21 Il py—1
Jl SJ /7:(3) (m) t2N+1€ T(B) € 2 ,u(2 B)

2’“ Ly

1
< T(B)Q(N—%—G) / t_z(N_%_E)%2_2l(%+1)2_2k(%+6_%),U/(2kB)_1

If k—1<1<k+1, then since r(B) < 1, we have
Ty < 7(B) N [u(D)1(B)b|)2, < e P27y (2'B) T < 27 (28 B) !
If I > k+ 2, then since N — ¢ > 0 and r(B) < 1, we have
1 o\ dt N
J; < B)* 2 %, (2'B)~!
I~ /T(B) <2l7"(B)) t2N+lr( ) /“L( )
! odt
S T(B)2(N—e)/ t t 2l2 26klu(2kB)—l

r(B)
5 2—2l2—26klu(2kB)—1

Note that we needed ¢ > X when 0 < [ < k + 1. This proves (B.6.13H), since now
b (Dallfy < 3250 S 272 pu(2"B) ™

To prove (B?b:l}ﬂ), we only consider k& > 1 for which 271r(B) < 1, since other-
wise 7, = 0. For each | € N, define K by

b Pyl <3 L

(2kr(B))

ot (DYL(BYBIS o Zm

—r(B
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The proof proceeds as for J;. In fact, we only require the weaker estimate obtained
by setting € = 0 in (E6IH). If 0 < I < k + 2, then p(28B) < 2=0%(2!B), since
28=1r(B) < 1, so we have

Ki S (25r(B)) N [4n(D)L(B)b||7; < 27 F D272 =2) 2k B) !

If [ > k + 2, then we have

2kr(B) 2(N-%)
K; < 272G+ / r(B) 2 @u(le) < 272 IN=2) 2k By~
~ Qk_IT(B) t t

Note that we did not require ¢ > A here This proves (BEI3d), since N > x/2 and
now [[nin(D)allzy < 357% Ky S 2720 3kpu(2B) . O
Lemma 3.6.18. Let 0 € (w,5), r > R and 8 > x/2 such that r/CpCyur > /2.
For each N € N, N > /2 and ¢ > A, there exist ¢ > 0 and ¢ € ®7(Sj ) such that
[¢(D)al| 1, < c for all a that are hp-molecules of type (N, g).

Proof. Let a be an hh-molecule of type (N,q). There exists a ball B in M of
radius r(B) > 0 such that the requirements of Definition B.6.TT] are satisfied. Let
= (1/(r(B)))B, so the radius r(B*) > 1.
Suppose that there exist ¢ € ®%(Sg,,) and ¢,§ > 0, all of which do not depend

on a, such that )
115(B*)é(D)allz < 27 u(2"B*) "2 (3.6.16)

for all £ > 0. In that case, each (2°¢/c)1,(B*)$(D)a is an L)-atom, and since

D)a = f: 1.(B")¢(D)a

almost everywhere on M, Theorem BZZH implies that ||¢(D)allry, < >, 270k,
Therefore, it suffices to prove (B6.10).

To prove ([BEIH), choose 7 so that 7 > r and 7/CpCyuz > A. Also, choose
§ in (0,7/CpCeuz — A) and choose ¢ in ®+N(S9 ), in which case ¢ € (I)ﬁ(SauT)
Lemma then implies that

|LE6(D)Lel| S e CHIAER) < (1/p(B, F))5+1eED) < (1/p(E,F))  (36.17)

for all closed subsets E and F of M.
We now prove (B6.10) when 7(B) > 1, in which case B* = B. If k = 0, then by

BE2) and BHH) we have
116(B)¢(D)allz < |¢(D)alls < llalla S u(B) 2.

Now consider £ > 1 and for each [ € N, define I] by

I1x(B)¢(D)all; < Z (B B)all; = Zfz
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The proof proceeds as for [; in Lemma B.6.T7 by using (B611) instead of (B6I4).
If 0 <1<k —2, then since r(B) > 1, we have

I < 1 25+ 2A(2F—1—21)r(B)  —q2! 21 l 1 <« 9—2l5—2k k 1
I —_ - TEIMBlem =TT (2°B) T 27427 2"B)" .

If k—1<I1<k+1, then we have
I} < |6(D)L(B)all3 S em P22y (2'B)~" < 27225 B) 7.

If I > k + 2, then since r(B) > 1, we have

1 2
]l/ 5 (2ZT(B)) 2_2l,u(2lB)_1 5 2_212_2kﬂ(2k3)_1.
Note that we needed ¢ > A when 0 <1 < k+1. This proves (BG.10) when r(B) > 1,
since now ||1x(B)¢(D)all3 < 372, 1] S 272 u(2B)L.

If r(B) < 1, then r(B*) = 1 and there exists a differential form b such that
a = DNb, as in Definition BGTTl Define 1(z) = 2V ¢(z), in which case ¢ € Ux(Sg,5),
where 7> r was fixed previously so that 7/CpCyz > A. Now choose € in (0, N —k/2).
Then, since N > k/2, Lemma implies that

ILev(D)Lrll S (1/p(E, F))= e B0 < (1/p(E, F))* (3.6.18)

for all closed subsets E and F' of M.

We now prove (B6.10) when r(B) < 1. If £ = 0, then by (B6.2) and BG6), and
since r(B) < 1 and N > /2, we have

N

I16(B*)é(D)alls < (Dbl S r(BY¥u(B)™ 7 Sr(B)N 2u(B7) 2 < p(B*)~.

Now consider k£ > 1. For each | € N, define ;' by
116(B*)é(D)all3 < > [1(B)(D)L(BBII; = Y I}
=0 =0

If 1 <2 < 2¥1/r(B), then

p(28B*\2*1B* 2! B\2'"' B) = 2k~ — 2lp(B) > 2F
and p(28B*) < (28 /r(B))re @ /rB)-D2'7(B) (9! BY 5o that by (BBIR), and since
r(B) <1and N > k/2, we have

~ \ 2k
< 2—2l(§+1)2—2k(%+5—§)r(3)2(]\7—%)6)\(—2k+2l+1r(B)+2k—2lr(B)—2lr(B))u(QkB*)—l

S 2_2l2_26k,u(2kB*)_1.

2(5+e)
]l// < ( 1 ) 2 6—2)\(2k_1—2lr(B)),r,(B)2N€—q2lr(B)2—2ZM(21B>—1
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If 281 /r(B) < 2' < 2541 /r(B), then pu(28B*) < 7 1u(2'B), and since r(B) < 1, we
have

I} < [(D)L(B)b|3 S r(B)*Ne P2 u(2' By~ S 27 (25 BY)
If 2! > 281 /r(B), then
p(28B*\2 1 B* 2! B\2!"'B) = 2!"1r(B) — 2% > 2!
and p(2FB*) < u(2'B), so that by [BEIX), and since 7(B) < 1, we have

I~

1 2¢
]” < (5) T(B)2N2—21M(2lB>—1 SJ 2—2[2—2€kﬂ(2k3*)—1'

Note that we needed ¢ > X\ when 1 < 2! < 21 /r(B). This proves (BG.10) when
r(B) < 1, since now ||1,(B*)¢(D)all3 < >0, I S 272 pu(28B*) . O

3.6.2 Local Riesz Transforms and Holomorphic Functional
Calculi

We now prove the principal result of this chapter, which is the local analogue of
Theorem 5.11 in [9].

Theorem 3.6.19. Let k, A > 0 and suppose that M is a complete Riemannian man-
ifold satisfying ([Ex). Let w € [0,7/2) and R > 0 and suppose that D is an operator
on LA (NT*M) of type S,ur satisfying hypotheses (A1) — (A3) from Section[F4. Let
0 € (w,m/2) and r > R such that r/CpCyy, > N/2, where Cyy, is from (Al) and
Cp is from (A3). Then for all f € H®(Sg,,), the operator f(D) on L*(NT*M) has

a bounded extension such that

1f (D)ullag, S 11.f oo llullng,
for all w € b, and p € [1, 00].

Proof. If u € hl,N L? then Proposition gives U € t' @ LY, with SP U = u and
1Ullnary, < 2||lullpy. Therefore, by Theorem BL2 we have

1F(D)ullns, = 125, f(P)SUlliery, S U lsllUllnery, S 1 lsolltlng,

for all u € hl, N L?, and since hl, N L? is dense in h}, by Corollary B6.6, f(D) has a
bounded extension to h},. The same proof with £°@ LS instead of t'@ L, shows that
f(D) has a bounded extension to h3. These extensions coincide on hj, N A, since
hh N Ay C h% = L? is a consequence of the interpolation of the local Hardy spaces
in Theorem B.6.7 Therefore, the required extension exists by interpolation. O

Theorem [[LTA follows from this result in the case of the Hodge-Dirac operator
by Example B4l which allows us to prove Corollary [LTH

Proof of Corollary[ 13 Tt was shown in Example B2l that D satisfies (A1)—(A3)
with w = 0, R =0, Cp = 1 and Cy, = 1/sin@ for all 6 € (0,7/2) and r > 0.
Therefore, Corollary [CTH follows from Theorem by choosing 6 in (0,7/2)
such that A\/2sinf < /a, choosing r in (A/2sin 6, \/a) and defining the holomorphic
function f(z) = 2(22 +a)"V/2 for all z € S . O
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3.7 Embedding W}, (AT*M) in LP(ANT*M)

The local Hardy spaces hf, were defined as subspaces of the ambient space hY.
Amongst other things, this allowed us to interpolate the local Hardy spaces. The
ambient space, however, is an abstract completion and one would like to identify it
with a space of differential forms; a subspace of the space of locally integrable differ-
ential forms or the space of measurable differential forms, for instance. In general,
however, this appears to be a nontrivial matter that depends on the properties of the
operator and the geometry of the manifold. Indeed this may be a limitation of our
approach to local Hardy spaces on Riemannian manifolds. The space h3,, however,
was defined so that it could be identified with L?. This was explained in detail in
the paragraph preceding Proposition BE6H In this section, we specify additional
properties of the operator D and the manifold M that allow k%, to be identified with
a subspace of L? for all p € [1,2]. In particular, we show that the Hodge-Dirac
operator D has the additional properties required of D.

To be precise, let 1 : L? — h2, denote the isometric isomorphism that identifies L?
with the dense subspace h% of h%,. We use the molecular characterisation to prove
the embedding in the case p = 1. The result in the case p € (1,2) then follows by
interpolation. Let x, A > 0 and suppose that M is a complete Riemannian manifold
satisfying (E,.))). Let N € N, N > x/2 and ¢ > A. It follows from Theorem
that there exists ¢ > 0 such that the following holds: For each u € hk, there exists
a sequence ();); in ¢* and a sequence (a;); of hj-molecules of type (N, ¢) such that
>, Aje(aj) converges to u in hy, and

[(A)jller < ellulln,-

The molecules a; are contained in L' N L? with sup; ||a;[; < 1 by B64) and BEH).
Therefore, for each u € hi,, there exists u € L' such that the sequence of partial
sums (uy,), defined by u, = Z?Zl Aja; for each n € N converges to @ in L' with

n
Il < sup >~ Alllaglh < llulla,
neN =1

Thus, define the bounded linear operator 7 : hty — L' by j(u) := @ for all u € hi,. If
u € hh N h%, then Remark BG4 implies that u, converges to +~'(u) in L? C L]

loc»
and since u,, converges to j(u) in L' C L], we must have

g(u) =2 (u) (3.7.1)

for all u € h;,NA%,. This shows that 7 is injective on hhyNh%. In order to identify hi,
with the subspace j(h},) C L', it suffices to show that 7 is injective on hi,. We
require the following properties of the operator D to prove this in Theorem B.7.0.

(B1) The operator D : L*(AT*M) — L*(ANT*M) is self-adjoint.

(B2) The operator D : C°(AT*M) — C>*°(AT*M) is a first-order differential opera-
tor in the following sense: First, if u,v € C°(AT*M) satisfy v = v on an open
set Q@ C M, then Du = Dv on (); Second, on any coordinate chart 2 C M
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and any local trivialization of the bundle AT*M over €2, the operator D is
represented as

ou
where A; and B are smooth matrix-valued functions on (2.

Let End(AT*M) denote the endomorphism bundle over M. The principal symbol
of a first-order differential operator D as defined in (B2) is a vector bundle morphism
op : T*M — End(AT*M). If x € M and § € Ty M is given by § = 7. §;d2? in a
coordinate chart at x, then the principal symbol op(z,£) is the endomorphism on
NT* M given by

op(z,§) = Z A&
J

This definition is actually independent of the choice of coordinate chart, and for all
smooth scalar-valued functions n € C*°(M), the principal symbol satisfies

op (. dn))u(x) = [D,nlju(z) (3.7.2)
for all uw € C*(AT*M) and x € M, where d is the exterior derivative. These facts
are standard and can be found in, for instance, Chapter 10 of 0]. The final two
properties required of the operator D are expressed in terms of its principal symbol.

(B3) The propagation speed
PD = sup{|UD(x,§)| RS M7 5 € Tx*Mv |§

v = 1}
is finite.

(B4) The operator D is elliptic in the sense that the principal symbol op(z,§) is an
invertible endomorphism of AT} M for all £ € T M \ {0}.

A self-adjoint operator on L*(AT*M) satisfies hypotheses (A1) and (A2) from
Section B4l with w = 0, R = 0 and Cp, < 1/sin#6 for all § € (0,7/2) and r > 0.
Moreover, it follows from (BZZ) that an operator D satisfying (B3) also satisfies
hypothesis (A3) from Section B4 with Cp = Pp. Therefore, hypotheses (B1)-(B3)
imply hypotheses (A1)—(A3) from Section B2l

The following example shows that the Hodge—Dirac operator satisfies all of the
hypotheses (B1)—(B4).

Example 3.7.1. The Hodge-Dirac operator D = d + d* is a self-adjoint first-order
differential operator so it immediately satisfies (B1)—(B2). The principal symbol of
D is given by

op(z,)u=Eru—Eu
forall z € M, £ € TyM and v € NT;M, where A and _ denote the exterior and
(left) interior products on AT M, respectively. This shows that

lop(z, S)u‘/\T;M = [Enu — gJu‘AT;;M = ‘S‘T;M‘U‘/\T;M

forall z € M, { € TyM and u € NT;M. Therefore, the Hodge-Dirac operator
satisfies (B3)—(B4) with Pp = 1.
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The constant Pp in (B3) is called the propagation speed because it implies the
following finite propagation speed property of D. The proof of this result is standard
and can be found in, for instance, Propositions 10.3.1 and 10.5.4 of [A(].

Proposition 3.7.2 (Finite propagation speed). Let M be a complete Riemannian
manifold and suppose that D satisfies (B1)—(B3) with propagation speed Pp > 0.
Let E and F be closed subsets of M. If |t| < p(E, F)/Pp, then 151y = 0.

In what follows, the operator D is self-adjoint and so it has a functional calculus
that is defined for all measurable functions f on R. Note that we continue to use the
notation fi(z) = f(tx) for all z € R and ¢ € (0,1]. We use this functional calculus
in the following lemma to obtain off-diagonal estimates that are similar to those in
Section B4 but which hold for more general functions of D.

Lemma 3.7.3. Let M be a complete Riemannian manifold and suppose that D
is an operator on L?(AT*M) satisfying (B1)—(B3). Let f € S(R) be a real-valued
Schwartz function that has a holomorphic extension to the strip of width W about
the real axis in the complex plane. For each a € (0,1) and b > 0, there exists ¢ > 0

such that ,
t W (B, F)
1 D)lr| < g =)
el )F”—c<p<E,F>> exp( “Po 1 )

for all ¢ € (0,1] and closed subsets E and F' of M.

Proof. Let f be as stated in the lemma. The operator D satisfies (B1), so the
functional calculus for self-adjoint operators and the Fourier inversion formula imply
that

. 1 * A 1sD _ 1 * A S 1sD dS
ft<z>>u—g/_ooft<s>e UdS—g/_@f(;)e u

for all w € L? and ¢ € (0, 1]. Given that f has a holomorphic extension to the strip
of width W, the properties of the Fourier transform imply that |f(a)| < e W for
all 0 € R. The operator D also satisfies the finite propagation speed property from
Proposition because it satisfies (B2) and (B3). Altogether, this shows that

~/S is ds
[erOel s [ 1F(5) e m1e) S

> Pt
51> 25

< f(o)] do
/|a|zp(§;;f :

< / e do
E,F
|U|ZP(P7,L)t)

_ W p(E,F)

P
Serot,

and the result follows. O

The next lemma is also used to prove Theorem B.7.1
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Lemma 3.7.4. Let M be a complete Riemannian manifold and suppose that D
is an operator on L*(AT*M) satisfying (B1)-(B4). Let f € S(R) be a real-valued
Schwartz function such that f(0) = 0 and the Fourier transform f € C§°(R). Then
for all U € * with compact support, the differential form S;U := fol ft(D)Ut% is in
L®(NT*M).

Proof. Let f be as stated in the lemma and suppose that U € t? with compact
support. There exists § € (0,1] and a ball B in M such that spptU C B x [4, 1].
Also, there exists r > 0 such that sppt f C [—r, r]. The operator D satisfies (B1), so

the functional calculus for self-adjoint operators and the Fourier inversion formula
imply that

1 [~ , 1™ ~/s\ . ds

DU, = — stU ds = — <_> stU -

f«(D)Uy o /—ooft(S)e t ds o /_th : € t

for all ¢ € (0,1]. Then, since D satisfies (B2)—-(B3) and sppt U; C B, the finite
propagation speed property from Proposition implies that

sppt e“PU, C (1 + 2rtPp)B

for all s < rt. The previous formula then shows that sppt f,(D)U; C (1 + 2rPp)B
for all t € (6, 1], which implies that

sppt SfU C (14 2rPp)B.
Let B = (1+2rPp)B, k € Ny and m = dim M. We now recall the defini-

tion of the Sobolev space Wg’z(/\T *M) of differential forms on M that are sup-

ported on ~B . Let (Q;, ¢;); denote a locally finite covering of B by coordinate charts
@; : Q; € B — R™and let (p;); denote a subordinate partition of unity. The Sobolev
space Wg’z(/\T *M) then consists of all measurable differential forms « on M that

are supported on B with

=

lollwgeur-sy = ( S Nosludarman) o 7 Byeaamy ) < o0
J

where [|flwragn) = (Xjaer 1D FII3) " for all f € C(R™) is the Sobolev norm
on R™. This definition is adapted from Section 1.3.3 of [59] and Section 10.4 of [40)].
The Sobolev embedding theorem for differential forms on a compact manifold then
implies that WE*(AT*M) € LE(AT*M) for all k > m,/2, where LX(AT*M) is the
subspace of u € L®(AT*M) that are supported on B. A precise formulation of the
Sobolev embedding theorem is contained in Section 1.3.2 of [T5] and Proposition 1.1
in Chapter 4 of [70]. In any case, this shows that

1SsUllzear=an) S5 155U llwm2azeny-

The operator D is elliptic by (B4), which implies that it satisfies Garding’s
inequality and the fundamental elliptic estimate. In particular, the later states that
for each k € N, we have

HuHWg?(/\T*M) Sk HDuHWg*L?(/\T*M) + HuHWg*L?(/\T*M)
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for all u € Wg_l’z(/\T*M). This is proved in Section 10.4.4 of [0]. A relatively
simple proof in the case of the Hodge-Dirac operator is contained in Theorem 2.46
of [5Y]; in the case of general Dirac operators see also (3.15) in [58]. Therefore, we
have

HSfUHWé"’Q(/\T*M) Sm Z HDkaUH2-
k=0
The functional calculus for self-adjoint operators then allows us to conclude that

1
d
/5 (tD) f(tD)Uttkfl

REUCEES U] < oc.
k=

U

We now prove the injectivity of the operator 7 : ht, — L' defined at the beginning
of this section.

Theorem 3.7.5. Let k, A > 0 and suppose that M is a complete Riemannian man-
ifold satisfying with inf,ep V(z,1) > 0. Suppose that D is an operator on
L*(AT*M) satisfying (B1) — (B4). Then the mapping 7 : hi(NT*M) — LY (ANT*M)
1S 1njective.
Proof. Let u € hl, and suppose the j(u) = 0. It suffices to show that u = 0. Since
J(u) = 0, the definition of j(u) implies that there exists a sequence (u,), in L' N L?
such that #2(u,) converges to u in h}, and wu,, converges to 0 in L'. The convergence
in hi,, which is stronger than convergence in h%, is due to Remark B.6.14

Choose N € N, 6 € (0,7/2) and r > 0 such that N > x/2 and rsin0/Pp > \/2,
where Pp is from (B3). Now define (z) = zNe " and ¢(z) = ¢ " for all z € S,
Next, choose an even real-valued Schwartz function f € S(R) with f(0) = 0 and
compactly supported Fourier transform ]? € C§°(R). The Paley-Wiener—Schwartz
Theorem (see, for instance, Theorem 1 in Section 1.2.1 of [69]) guarantees that f has

a holomorphic extension to the entire complex plane. Therefore, define the constant
c=(J;° f(£t)n(xt)4) =" and the functions

1 ! dt
7(2) = d = (1 ()
i) =) and o= (1= [ feneT)
for all z € 5§ . These functions are holomorphic on Sj ., and a change of variables

shows that ) - it
=/ h0n@F

for all z € R\ {0}. A straightforward but tedious calculation verifies that the
restriction of g to R is a real-valued Schwartz function. Applying the functional
calculus for self-adjoint operators, we have

/ FDYUDN + g(D)o(DYu =

for all u € L2.
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Let S;U := [, fi(D)U, % for all U € > and Qsu := f,(D)u for all u € L?. The
operators S, and Q, are defined in the same way, so we have

SyQrun + ¢(D)g(D)un = un
for all n € N. The equivalent norms on hj, from Propostion show that
[[o(un — um)“h%, ~ [|Qn,p(un — um)“tleBL}Q-

for all integers n > m > 0. Then, since u(u,) is Cauchy in h},, the sequence (Q, ,uy)y
is Cauchy in t' @ L,. The Calderén reproducing formula in Proposition B:6.1] shows
that there exists n' € Uy (Sg,,) and ¢’ € ©(Sg,,) such that S,y »Q,, = I on
L?. Using the off-diagonal estimates in Lemma and following the proof of
Theorem B3 we obtain

195 (un — um)ller = | QS o Lo (tn — tm) [l S || Quyo (i — um)”tleaL}@

for all integers n > m > 0. Therefore, there exists V € ¢! such that Qu, converges
to V in t!. Now, for each F € t? with compact support, we have

[V F) g < [V = Qyun, )|z + [(un, S F) 12
< IV = Qunllal[Flliee + lunll1|SrF o

for all n € N. Then, since u, converges to 0 in L!, Lemma B74 implies that
|(V,F)|z = 0 for all F € ¢* with compact support, which implies that V = 0.
Lemma then shows that (S, Qu,) converges to 0 in hp,.

Now let 6 € (0, 1] be the constant associated with the unit cube structure 2 as
in Definition B3l For each @); € 2, there exists a ball B, in M or radius equal
to 1 such that 0B; C Q; C By, so by we have

inf 1) < inf ).
Inf V(z,1) S Qljggu(Qy)
The property that inf,cps V(x,1) > 0 then implies that

1
lulla < > Iguulls S ) #(@))2 11gulla = [[ullzy,

Q]EQ Qjée@

for all u € L%,. Hence, we have L}, C L?.
Next, using the off-diagonal estimates in Lemma and following the proof of
Theorem B3 we obtain

lg(D)unl[y, = 19(DP)Sy o Cnptnllry, S [|Lnptinlliert,

for all n € N. This implies that there exists v € L}, C L? such that g(D)u,
converges to v in LY. Therefore, Lemma B6.8 implies that 1(¢(D)g(D)u,) converges
to 2(¢(D)v) in hl), and writing

s~ @(D)o = 8,Qst1, + (9(D)g(D)u, — (D))
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shows that 2(u,) converges to 2(¢(D)v) in hj. This implies that u, converges to
©(D)v in L', since by BZI) we have

[un = @(D)vlly = [l72(un — @(P)0)[l1 S [o(un) — v(P)v)|[n,-

Given that u, converges to 0 in L' and that 2(u,) converges to u in h},, we must
have ¢(D)v = 0 and u = 1(p(D)v) = 0, as required. O

The embedding hY, C LY, for all p € (1,2) then follows from the interpolation
result for the local Hardy spaces in Theorem B.6.A The next result is then an
immediate corollary of Theorem B.G.19.

Theorem 3.7.6. Let k, A > 0 and suppose that M is a complete Riemannian mani-
fold satisfying and that inf,ep V(x,1) > 0. Suppose that D is an operator on
LA(NT*M) satisfying hypotheses (B1) — (B4). Let 6 € (0,7/2) and r > 0 such that
rsinf/Pp > \/2, where Pp is from (B3). Then for all f € H>*(S§_,), the operator
f(D) on LA(AT*M) has a bounded extension such that

1F(D)ullp < [1f loolleellnz,
for all w € b, and p € [1,2].

This allows us to state the following hf,(AT*M)—LP(AT*M) bound for the geo-

metric Riesz transform D(D? + al )_% associated with D. The proof follows that of
Corollary at the end of Section B0

Corollary 3.7.7. Let k, A\ > 0 and suppose that M is a complete Riemannian man-
ifold satisfying and that inf,cp V(x,1) > 0. Suppose that D is an operator
on L*(AT*M) satisfying hypotheses (B1)—(B4) with propagation speed Pp > 0 in
(B3). If a > (PpA/2)2, then the operator D(D? + al)~2 has a bounded extension
such that )

ID(D* + al)~zull, < [lully,

for all w € hY, and p € [1,2].



Chapter 4

Local Quadratic Estimates for
Dirac Type Operators

In this chapter we develop a general framework for a class of first-order differen-
tial operators that act on the trivial bundle over a complete Riemannian manifold.
The main result is a local quadratic estimate for certain L perturbations of these
operators on manifolds with at most exponential volume growth and on which a
local Poincaré inequality holds. The solution of the Kato square root problem for
divergence form operators in Theorem [[LT7 is shown to be a corollary of this result
in Section EE2. The technical tools required to prove the main result include a local
version of the dyadic cube structure developed by Christ in [24] and the local proper-
ties of Carleson measures. The relevant details are contained in Section and the
main local quadratic estimate is proved in Section EE4l The material in Sections 1]
and E4 follows closely the treatment by Axelsson, Keith and McIntosh in [T, [T0]
and the reader is advised to have a copy of those papers at hand. Throughout this
chapter we adopt the notation from Section Tl and the notation for off-diagonal
estimates from Section B4

4.1 Dirac Type Operators

We begin with a statement of the operator-theoretic results from [II]. Consider
three operators {I', B, B2} acting in a Hilbert space H that satisfy the following
properties:

(H1) The operator I' : D(I') — H is densely defined, closed and nilpotent with
domain D(I') € H. The condition that I is nilpotent is defined to mean that
R(T') € N(T'), which implies that T? = 0 on D(T);

(H2) The operators By and Bs are bounded and there exist k1, ko > 0 such that the
following accretivity conditions are satisfied:

Re(Biu,u) > ki|lul|* for all w e R(I'*);
Re(Bayu, u) > ko|lu|® for all wu € R(T).

89
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The angles of accretivity are then defined as follows:

wy = sup |arg(Biu,u)| < 7§
ueR(I*)\{0}

wy:= sup |arg(Byu,u)| < 7.
u€R(I)\{0}

Also, set w := %(wl + wo).

(H3) The operators satisfy [*By B[ = 0 on D(I'*) and I'B; BoI' = 0 on D(I"). This
implies that ['Bf B3T' = 0 on D(I') and I'*B; B{I"* = 0 on D(I'*).

Now consider the following operators.
Definition 4.1.1. Let [1 :=T'+ 1", I'g := B;I'Bf and Il :=1 +I'}.

Lemma 4.1 and Corollary 4.3 in [I1] show that the adjoint I';; = BBy and
(Ilg)* = I'* + I'p, that each of these operators is closed and densely defined, and
that I'g and I'j; are nilpotent. The following results are from Lemma 4.2 in [I1]:

ITu|| + ||Tpull = [|[Hpu|| for all w e D(Ilp);

4.1.1
IT*u|| + |Tpul|| = |[Tzu|| for all w e D(ITp). ( )

Proposition 2.2 in [I] establishes the following Hodge decompositions of H into
closed subspaces:

H = N(Is) & R(T) & R(T) = N(ITy) & R(T5) & R(T),

where there is no orthogonality implied by the direct sums (except in the case
By = By = I) and the decompositions are topological. It is also shown there that
N(IIp) = N(I';) N N(I') and R(IIz) = R(I';) @ R(I"). Furthermore, Proposition 2.5
in [T1] establishes that I1p is of type S, which means that the spectrum of Ilg is
contained in the bisector S, and that for each 0 € (w, 7/2) there exists a constant
Cy > 0 such that

2|[|(21 = TIp) 7! < Gy (4.1.2)

for all z € C\ Sp.
We work within this general framework and consider a complete Riemannian
manifold M with geodesic distance p and Riemannian measure p. For each N € N,

.....

on M with

N
lull p2anery = Y gl z2n < oo
j=1

For any scalar-valued smooth function f € C*°(M), let V f denote the differential
of f, which is the smooth 1-form defined by V f(X) = X(f) for all smooth vector

.....

N N
HUHIQ/VL?(M;(CN) = Z ||uj||%2(M) + Z HVMJ'H%?(T*M) < 00,
i=1 j=1
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where || + || 2¢r=ar) 18 defined by restricting the norm on L*(AT*M) from Section Bl
to sections of the bundle AYT*M = T*M, i.e. differential 1-forms. The Sobolev
space W12(M;CY) is then defined to be the completion of WH2(M; CV) under the
norm | - |lwrzareyy. This completion is identified with the subspace of L*(M;CY)
consisting of all u € L*(M;C") for which there exists a Cauchy sequence (u,), in
WH2(M; CY) that converges to u in L*(M;CY), and the norm

[ellwrzey = hgn [wnllw2aremy-

Further details on this identification are contained in Section 2.2 of [39].

Now consider the following additional hypotheses for the operators {I', By, B}
and the Hilbert space H analogous to those used by Axelsson, Keith and McIntosh
in [10]:

(H4) The Hilbert space H = L?(M;C") for some N € N;

(H5) The operators By and B, are matrix-valued pointwise multiplication operators
such that the functions defined for all  in M by x — Bj(x) and z — By(z)
belong to L>®(M; L(CNY)).

(H6) The operator I'is a first-order differential operator in the following sense. There
exist Cr > 0 such that for all smooth compactly-supported scalar-valued func-
tions n € C§° (M), the domain D(I") C D(I"onl) and the commutator [I', nI] is
a pointwise multiplication operator such that

[T, n1ju(z)| < Cr [Vin(z)

T |u(z)]

for all w € D(I") and almost all x € M. This implies that the same hypotheses
hold with I' replaced by I'* and II.

(H7) There exists ¢ > 0 such that the following hold for all balls B in M of radius
r<1:

' / Tu dp ‘ < c,u(B)% ||| 2(ar,cvy for all u € D(I') compactly supported in B;
B

/ Mu d,u' < c,u(B)% ||| 2(ar,cnvy for all u € D(I'™) compactly supported in B.
B

(H8) There exists ¢ > 0 such that

[ullwr2gnery < el Tull2aren)
for all uw € R(I") U R(I™) N D(II).

Remark 4.1.2. Hypothesis (H8) requires the inhomogeneous Sobolev norm as defined
above. This is in contrast with the Euclidean setting where the homogeneous norm
is often used.

We consider manifolds that have at most exponential volume growth and on
which a local Poincaré inequality holds. This is made precise below.
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Definition 4.1.3. A complete Riemannian manifold M has ezponential volume
growth if there exist constants ¢ > 1 and k, A\ > 0 such that

0 < V(z,ar) < ca®e*V(x,r) < oo (Eioc)
foralla>1,r>0and x € M.

Notation. For all measurable subsets S C M and functions v = (u;);=
Ll (M;C"), let

.....

I
éll
I
=
5 -
m\

uj dp

.....

Definition 4.1.4. A complete Riemannian manifold M satisfies a local Poincaré
inequality if there exists a constant ¢ > 1 such that

16— us) | zqrem) < er(B)Lsullwsanrey) (P

for all u € WH2(M;C") and balls B in M of radius r(B) < 1.
The following is the main result of this chapter. The proof is in Section E4L.

Theorem 4.1.5. Let M be a complete Riemannian manifold satisfying (End) and
Prd). Given operators {T', By, Bo} on L*(M; CV) satisfying hypotheses (H1)— (HS),
the perturbed operator llg := 1"+ B By satisfies the quadratic estimate

o dt
|z )l Sl (113)

for all w in R(I1p).

It was remarked earlier that the operator Il is of type S, where w € [0,7/2)
is from (H2). Therefore, the quadratic estimate in Theorem ELTH implies that I1p
has a bounded H>(Sg) functional calculus in L*(M;CY) for all § € (w,7/2). This
is the essential feature of the functional calculus constructed by Mclntosh in [53].
Moreover, it implies the following Kato square root estimate, which is proved in the
same way as Corollary 2.11 of [I1].

Corollary 4.1.6. Assume the hypotheses stated in Theorem EETH We then have
D(y/I1%) = D(Ilg) = D(I") N D(I'};) with

V1% ull = [Mpullz = [[Tull + [[Full:

for all u € D({/I1%).



4.2. APPLICATION TO DIVERGENCE FORM OPERATORS 93

4.2 Application to Divergence Form Operators

We prove Theorem [LT7 as a corollary of Theorem EET.H Let us first fix notation and
dispense with some technicalities to handle submanifold geometry. Some references
that adopt similar notation to that used here are [39, 6I]. For an introduction to
submanifold geometry see, for instance, [22, @5, b7

Let M denote a complete Riemannian manifold and let m = dim M. A coordi-
nate chart (€, ) at € M refers to an open neighbourhood 2 C M containing =
and a diffeomorphism ¢ : 2 — R™. When working in a coordinate chart, we adopt
the convention whereby repeated indices are summed over the dimension of M.

Let T'M denote the tangent bundle over M and let T*M denote the cotangent
bundle over M. Let C°(TM) denote the space of smooth vector fields and let
C*°(T*M) denote the space of smooth covector fields (1-forms). For each = € M, let
(0;)i=1....m denote the standard basis for the tangent space T, M and let (dx*);=1,
denote the corresponding basis for the cotangent space T M. More specifically, in a
coordinate chart (€2, ) at x, the operator 9; : C*°(Q2) — R is the derivation defined
by

Ouf = [Dilf 0 ¢™)](p(x))

for all f € C>(R2), where D; denotes partial differentiation with respect to the i-th
Cartesian coordinate. The basis covectors for TM are then defined by requiring
that da’(0;) = ot

The (k,[)-tensor bundle THAM := Q" TM @ ®' T*M. A (k,1)-tensor field T'is a
section of T%!M:; this simply means that T associates each x € M with a multilinear

map
k l

.

T(x): ToM x - T,M xTM x ---T*M — R,

which is called a (k,)-tensor at . A (0, 0)-tensor field is defined to be a real-valued
function on M. Multilinearity implies that the action of a (k,[)-tensor T" at z is
completely determined by its action on the basis vectors and covectors, which we
denote by

T =T(0,,...,0,,d2’", ... da'").

Let V: TM x C®°(TM) — TM denote the Levi-Civita connection on M. The
connection is completely determined by its Christoffel symbols, which in a coordinate
chart (€, ¢) are smooth functions I'}; : © — R defined by

%)

V(0;,0;) = Ffj@k

for all 7,7 = 1,..., m. The connection has a natural extension to all smooth tensor
fields, which we continue to denote by V. For all smooth functions u € C*°(M), the
smooth covector field Vu is given in a coordinate chart by

This is exactly the differential of u that was introduced in Section EJl to define
the Sobolev space W12(M), so there is no ambiguity in our notation. The smooth
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(2,0)-tensor field V2u := V(Vu), known as the Hessian, is given in a coordinate
chart by

Let (-, )rpr : TM x TM — R denote the Riemannian metric on M. In a
coordinate chart at x € M, let
9ij(x) = (0, 05)noar and - g¥(x) = (g;5(2)) ™

Also, let g(z) denote the matrix with entries given by g;;(z). The metric induced
on the cotangent bundle (-, -)p«ps : T*M x T*M — R is then given in a coordinate
chart by (da', da?)psenr = g9 (x).

The curvature R of the connection V is the smooth (3,1)-tensor field on M whose
components are given in a coordinate chart by

R, = 0, — L%, + T I, — T} T%ji

and the Ricci curvature Ric is the smooth (2,0)-tensor field on M whose components

in a coordinate chart are
. ki
(RIC)U = Rkiljg .

The gradient operator grad : C*°(M) — C*°(T'M) is defined by requiring that
(grad f, X)ra = (Vf)(X) = X(f) (4.2.2)

for all functions f € C°(M) and vector fields X € C*°(T'M). In a coordinate chart,
the gradient is given by B

grad f = g"(0: f)0;
The divergence operator div : C*(T'M) — C*°(M) is defined by requiring that

/M Fdiv X du(z) = — /M (VF)(X) dp(z) (4.2.3)

for all vector fields X € C°(T'M) and compactly supported functions f € C3°(M).
In a coordinate chart, the divergence of a smooth vector field X = X*9; is given by

1 )
div X = 0;(1/det g X*).
v T (v/det g X*)

The Laplace—Beltrami operator on functions A : C*°(M) — C*(M) is defined by

Af = —div(grad f)
for all f € C°(M). The integration by parts formula
[ 189 du= | {erad frgradgrss d = [ (V1.Vg)rear de
M M M
holds for all f, g € C*°(M).

The gradient has a closed extension grad : WH3(M) — L?*(TM). This follows
by the construction of W2(M) in Section Bl and the definition of the gradient in
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terms of the differential in @ZZ). Moreover, we see from [EZ3]) that —div has
a closed extension that is formally adjoint to grad. This requires the density of
Ce°(M) in WH2(M), which was shown to hold on a complete Riemannian manifold
by Aubin in [H] (see also Theorem 3.1 in [39]).

Now suppose that M is an embedded submanifold of R™ for some n > m. This is
defined to mean that there exists a smooth embedding, i.e. an injective immersion,
t: M — R"™ In that case, we identify M with its image (M) C M. The differential
of v at x € M is a linear map from T, M to T,)R", which we identify with a mapping
(ts)e : TyM — R™. The normal bundle NM is the bundle over M whose fiber at
each x € M is the orthogonal complement of T, M in R", which we denote by N, M
so that T,M @& N,M =< R™. The orthogonal projection from R" onto the tangent
bundle TM, which we denote by 7 : L?*(M;C") — L*(TM), is formally adjoint to
the differential of the embedding, i.e. m = (¢.)*. The second fundamental form is the
bundle homomorphism h : TM x T'TM — NM whose components in a coordinate
chart are

hij = vz(ajb) = aiajb - Ff]akb (424)

The first fundamental form is simply the metric g;; = 0;00;¢, which is induced by
the embedding.

Now recall the following from the Introduction. Let I denote the identity oper-
ator on L*(M) and following [T0] define the operator

S = [gr]ad} :D(S) C L3 (M) — L*(M) @ L*(TM)
with D(S) = W?(M) and adjoint
S*=[I —div]:D(S*) C L*(M) & L*(TM) — L*(M).

These operators are closed and densely defined.
Given Agy € L>®(M) as well as Ay € ZL>(TM,C), Ay € L>°(C,TM) and
Ay € L>=(TM), define the operator A : L*(M) & L*(TM) — L*(M) & L*(TM) by

=[Gl

for all u = (ug,u;) € L*(M) @& L*(TM) and x € M, where (-), denotes the value
of a function or section at x. Furthermore, given a € L (M), suppose that there
exists k1, ko > 0 such that the following accretivity conditions are satisfied:

Re{aw, u)roerary = kallullizy  forall we L*(M); (425
R6<ASU, SU>L2(M)EBL2(TM) > IigHUHI%Vl,Q(M) forall u e W1’2(M). o

The divergence form operator Ly : D(L4) — L?*(M) is then defined by
Lau = aS*ASu = —adiv(Aj; gradu) — adiv(Ajgu) + aAo grad u + aAgu (4.2.6)

for all u € D(L4) = {u € W"?(M) : ASu € D(S*)}.
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To prove Theorem [T we define operators {I', By, By} acting in a Hilbert space
H such that L, is a component of the first-order system I1% := I' + B, B,. First,
define the operator

G- {gr ;dM} - {é LO] S:D(S) C LA (M) — L2(M;C*)

with D(S) = W2?(M) and adjoint

I 0

S*=[I —divy] =5 {o -

] : D(5*) C L2(M;CH™) — L3(M).

Next, define the pointwise multiplication operator A € L®(M; £(C'*™)) by

do=lp G @l 2

for almost all z € M. This consists of the four mappings Ay € L®(M; L(C™)),
Aqg € L>®°(M; L(C;C"™)), Agy € L>®°(M; L(C™;C)) and Ay € L (M; L(C)) with

O e B PR i |

The operators {T', By, By} acting in the Hilbert space H = L*(M) & L*(M;C'*™)
are defined below:

0 0] . _fo 5. _[a 0], oo
o R R AR B

In that case, the operators from Definition EET.T] are as follows:

0 aS*A
0 0

2 — aS*AS 0 _(La 0
B=1 0  SaS*A] |0 SaS*A|’
We require additional geometric assumptions in order to verify that these oper-

ators satisfy the requirements of Theorem ELT.3l This is the content of the following
proposition.

F*B - Blf*B2 - |: )

}; HB:F+F;’;:[0 “SA}

S 0

Proposition 4.2.1. If the Ricci curvature Ric of M is uniformly bounded below
and the second fundamental form A of the embedding ¢ : M — R”" is uniformly
bounded, then the operators {I", By, B} on the Hilbert space H = L?(M;C?*™)
satisfy hypotheses (H1)—(H8) from Section EII.

Proof. Let || - || denote the norm on L?(M;C*™). Hypotheses (H1) and (H3)—(H6)
are immediate and do not require the geometric assumptions in the proposition.

(H2). Ifu € R(I™), then u = (S*@, 0) for some @ € D(5*) such that S*@ € L2(M).
The accretivity assumption on a in (ZH) then implies that

Re(Byu, u) = Re(aS* i, S*01) > k|| S*a))? = ki ||ul|®
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If u € R(T), then u = (0, Sug) for some uy € D(S) = W?(M). The accretivity
assumption on A in (ZZH) then implies that

0 0
= R6<ASUO, SUO>L2(M)@L2(TM)

> Kol|uollfi 2y

Re(Bgu,u):Re([[ O]A{I ﬂ S, Sug)

= H2||SUOH%2(M)®L2(TM)
= Kol Suo|?

= fialu]”

(H7). For the first part, it suffices to show that there exists ¢ > 0 such that for
all balls B in M the following hold:

' [ | < ) bz ' [ o | < et fula
B B

for all u € W?(M) with compact support in B. The first of these is given by the
Cauchy—Schwarz inequality. Now recall that ¢, is the differential of the embedding
map ¢. Integrating by parts, we then obtain

/gradMu d,u’ = /L*gradu d,u‘
B B

= /B(gradu)(b) dy(z)

= /B<Vu, Vi) rear du'
_ /B w(A) du)
< sup |hy|

/ u d,u‘
reM B

< 1(B)2lullz,

where the penultimate inequality follows from the definition of the second funda-
mental form h in ([ZZA). This proves the second inequality above.

To verify the second part of (HT7), suppose that u = (ug, uy,w) € L*(M;CHH1+m)
has compact support in a ball B in M and that (u;,a) € D(S*). This implies
that 7t € D(div), and since 7 is defined pointwise on M, the vector field 7@ is
compactly supported in B. Therefore, using the Cauchy—Schwarz inequality and

the Riemannian divergence theorem (see, for instance, Section II1.7.5 in [22]), we
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obtain

/ Iu d,u‘ = / uy —divy @ d,u'
B B

< 1B ullzan + | | aivini) dl
B

(B)2[|uall 2

I
1
u(B)z2 [|ull.

Note that we did not require the condition that the radius r(B) < 1 to verify (H7).

(H8). Consider two cases:
(i) Let u € R(I'*) N D(II). This implies that u = (ug, 0) for some uy € L?(M) and

|| = |[Tull = |Suoll p2aricreny = [1Suoll 2anerzaan = lullwrzarczen).
(i) Let u € R(I')ND(II). This implies that u = (0, Sug) for some uy € W2(M) and
ITull = Tl = 13 Suollzaary = o — div gradwoll sz = NI + AJuollzzany.
Also, we have

HUH%/VM(M;@M) = ||gu0H%V1,2(M;<cl+n)
= lluollyrecany + Iles grad wo[f1.2ar.cn
= HUOH%?(M) + ||VU0||%2(T*M) + [|ex grad uOH%Q(M;(C") + IV (s graduO)H%?(T*M)
= HUOH%?(M) + QHVUOH%Q(T*M) + ||V (2. grad UO)H%Q(T*M)'
In a coordinate chart, the integrand in the last term is given by

Vi[9 (0iu0)(950)] = Vi(g”) (Oito) (951) + 97 Vi(Oi) (950) + g7 (Biu0) Vi (Dj1).

The compatibility of the Levi-Civita connection V with the metric on M implies
that Vi(¢g”) = 0. The second term in the equation above is related to the first
fundamental form, which is simply the metric g induced by the embedding, and the
hessian V? from [ZT)). The last term is related to the second fundamental form &
of the embedding from (2Z4]). Moreover, we have

IV (2. grad uo) [ 72 ary < V2 00l[72¢enr) + sup [Pl Vol 22 e ur)-

The Bochner—Lichnerowicz—Weitzenbock formula, as applied in Proposition 3.3 of
[39], shows that

||V2UOH%2(T*M) = ||AU0||2L2(M) _/ Ric(Vug, Vug)r-n dp
M

< || Augl| 72y — Ilélja Ricy || Vol 22 (7e a1
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Altogether, the bounds on the Ricci curvature and the second fundamental form
then imply that

||u||%/v1»2(M;<c2+n) S HU0||2L2(M) + ||VU0||2L2(T*M) + HAUOH%Q(M)'

Finally, we integrate by parts and use the functional calculus for the self-adjoint
operator A to obtain

lullfvraqurczin S lollZzn + 1 AuolZan S 1T+ A)uollfzqn,

which allows us to conclude that

[ullwrzrsezeny S IHull 2arc2em).
U

We can now solve the Kato square root problem for the divergence form operator
L4 defined by (EZ0). This is the content of Theorem [T from the Introduction,
which is proved below as a corollary of the quadratic estimate in Theorem ET3.

Proof of Theorem[I.1.7]. The lower bound on the Ricci curvature implies that both
([Ed) and ([P are satisfied on M. The volume growth condition (Ey]) is a con-
sequence of the Bishop—Gromov volume comparison theorem, which can be found
in, for instance, [22]. The local Poincaré inequality is a result of Buser in [I7]. A
concise summary of these and other properties of manifolds with Ricci curvature
bounded below can be found in Section 5.6.3 of [61].

Now let {I', By, By} denote the operators defined in ([ZT). It follows from
Proposition L2711 that the requirements of Theorem are satisfied. Therefore,
Corollary ILTH implies that D(1/11%) = D(I1z) = D(I') N D(I"}) with

V1% ulls = [Mpullz = [[Tullz + [[Tull2

for all w € D(y/I1%). When we restrict this result to v € L?*(M), we obtain
D(v/L4) = D(S) = W'?(M) with

IVLa ull2 = [|Sull2 = [|Sulls = ||ullwrzan
for all u € WH2(M). O

4.3 Christ’s Dyadic Cubes and Carleson Measures

The results in this section do not require a differentiable structure. Therefore, as in
Section Bl let X denote a metric measure space with metric p and Borel measure pu.
Also, recall property (DiJ) from Definition BTl which was used to define a locally
doubling metric measure space.

The proof of Theorem in the case M = R" in [I1] relies on the dyadic cube
structure of R™. In [24], Christ constructs an analogue of the dyadic cube structure
for a doubling metric measure space. This construction can also be applied on a
locally doubling metric measure space to provide a truncated dyadic cube structure.
This is the content of the following proposition. The proof follows as in [24].
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Proposition 4.3.1. Let X be a locally doubling metric measure space. There exists
a countable collection A = (QF)aer, ken, of open subsets of X, indexed by some
set [, for each integer k > 0, and a sequence (2¥)aer, ken, of points in X, together
with constants §,n € (0,1) and ag, aj, ¢ > 0, such that the following hold:

Lop (X \ Uaelk Qloi) = 0;

2. QENQE =10 forall a,f € I

3. For each integer [ > k, o € I}, and (§ € I}, either Qlﬁ CQFor QFn Qlﬁ = (;

4. For each integer [ € [0,k) and o € I there is a unique § € I; such that
Q C Ql;

5. B(xk agd®) C QF C B(xF, a16%) for all a € Iy;

6. p({z € QF : p(z, X \ QF) < s6*}) < es"u(QF) for all a € I and s > 0.

Any collection of sets Ay = (Q%)aer, ken, With the properties in Proposi-
tion E3.Tlis called a truncated dyadic cube structure on X; the sets in A ] are called
dyadic cubes. Given t € (0, 1], define the collection of dyadic cubes A; := (QF),er,
by requiring that k € Ny satisfy 0¥t < ¢t < §*. For all Q € A,, define the side
length of Q by 1(Q) := §* and the Carleson box over Q by C(Q) := Q x (0,1(Q)].
Note that t < [(Q) < t/0 and so [(Q) =~ t. The dyadic averaging operator A, is then
defined for all u € L (X) by

loc

1
Aulz) = ]é ) dp(y) =~ /Q u(y) du(y)

for all ¢ € (0,1] and almost all z € X, where @ is the unique dyadic cube in A,
containing x.

Notation. Given a truncated dyadic cube structure on X with the constants spec-
ified in Proposition EE3T], the constant a := max{1,a,/d}.

It is useful to record the following inequalities, which will be used frequently.
Given t € (0, 1], dyadic cubes @, R € A, and points z¢, g € X such that

B(zg,aol(Q)) € Q C B(zg,ml(Q)) and B(zg,apl(R)) € R C B(xg,a1l(R)),
the following are easily verified:

p(Q,R) < p(Qx) <
p(Q,z) < plzg,z) <

In the next section, we reduce the proof of Theorem to verifying a local
analogue of Carleson’s condition. The relevant properties of Carleson measures are

recorded in the following two results. In these proofs, we use the notation introduced
for tent spaces at the beginning of Section B2

2t + p(Q, R));
2t + p(Q,R)) forall z € R; (4.3.1)
a(t+p(Q,z)) forall zeX.

a(
a(
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Lemma 4.3.2. Let X be a locally doubling metric measure space and suppose that
to € (0,1]. If v is a (positive) measure on X x (0, ] satisfying the following local
analogue of Carleson’s condition

Illc := sup sup — / / ) < oo,
tE(Oto QEAt

sup —— // vz, t) < |vle,
Be%y :u

where %, denotes the collection of all balls in X of radius r € (0, ¢y].

then

Proof. Let B = B(z,r) denote a ball in X of radius r € (0,%] and let

A(B)={Q €A, | @NB#0}.

Let N(B) = tA,(B) and let {Q4}az1...., p) denote an enumeration of A,(B). The
local Carleson condition and the inclusion 7'(B) C ng(?) C(Q,) then imply that

(T (B)) < N(B)llvlle  _max Qo).

.....

Proposition B3 T shows that there exists a set of disjoint balls { By }a=1,.. n(5) of
radius apl(Q) such that B, C @, for all « € {1,..., N(B)}. Each B, C Q, € A,(B)
is contained in B(z,2a,1(Q)+7r) C B(x, (2a1+1)l(Q)), since r < [(Q) for all Q € A,.
Moreover, the centres of the balls B, are separated by a distance of at least 2aol(Q).
Then, since I(Q) < r/0 < to/d, the local property of homogeneity from Remark B-T.0
implies that there exists N € N such that N(B) < N for all B € %,. The estimate
from the previous paragraph, the inclusion Q,, C (2a1/0+1)B and the local doubling

property (Diod) then imply that
v(T(B)) < Nllvllc u((2a1/6 +1)B) < |[vlle u(B)
for all B € %, as required. O

The following proof is a localized version of results by Stein in Section I1.2.3
of [64].

Theorem 4.3.3. Let X be a locally doubling metric measure space and suppose that
to € (0,1]. If v is a (positive) measure on X x (0,ty] satisfying the local Carleson
condition in Lemma[{.3.3, then

/ / Au(@)P dvla,t) S [ lellull?
X x(0,to]

for allu € L*(X).

Proof. Let t; = to/2 and let AF, f(x) = sup(, yert () |f(y,t)| for all measurable
functions on f on X x (0,t;]. We will reduce the proof to verifying the following
two facts:
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1. For all o > 0, we have

{(z,t) € X x (0,t1] : |f(x,t)] >a} CT"({z € X : AX.f(x) > a});

loc
2. There exists ¢ > 0 such that for all open sets O C X, we have
v(T"(0)) < cllvflen(0).

To see that 1 and 2 imply the result, set O = {x € X | A f(z) > a} in 2, which

loc
is an open set by the lower semicontinuity of A{S f, then by 1 we obtain

v({(z,1) € X x(0,ta] : |f (2, 0)] > a}) < ef|[vllepn(O).

Integrating over all positive o and applying Fubini’s Theorem shows that

J] il < el [ A% ) duto)

Now set f(z,t) = |Asu(x)[®. The local doubling property (Dyd) and the properties
of the local maximal operator M, from Proposition BZLT0 then imply that

// (@) dv(z,t) < [7]le / swp | Awly)]? dyu(x)
X x(0,t1] X (y,t

)ert (z)
< v llellMugeul|?
< Iwllellull®.

It is a straightforward matter to verify that

J[ AP vt S olelal?
X X (t1,to]
so the result follows.

To prove 1, let (z,t) € X x (0,¢;] with |f(x,t)] > o > 0. If y € B(x,t), then
(x,t) € T (y) and so A2 f(y) > «. This shows that

loc
B(z,t) C{z € X : A f(z) > o}
and hence
(,t) € T"(B(z,t)) CT"({x € X : A f(x) > a}).

To prove 2, we apply the local Whitney type covering lemma from Proposi-
tion to decompose O into a sequence of disjoint balls (B;); with centre z; € X

and radius r; = § min(p(z;,°0), t1) such that O = U, 4B;. We claim that

T(0) C | JT"(13B;). (4.3.2)

J

To see this, let (x,t) € T"(0), in which case t < min(p(z,“O),t;). Choose k € N
so that = € 4By, and let x; be the centre of By. If y € B(x,t), then

p(y, zx) < p(y, z)+p(x, x;) < min(p(z, “O), t1)+4r, < min(p(zg, O), t1)+5rr=13ry.
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This shows that B(z,t) C 13By,, which implies that (z,t) € T" (B(x,t)) C T"(13By)
and that (32) holds. The radius r(13B;) < 13t,/8 < ty so by Lemma and
(Dwd), we now have

v(T"(0)) < ZV(T(BBJ-)) S IIVIIcZu(BBj) S [vllen(O)

J

and the proof is complete. O

We conclude this section by recording two technical results for use later on.
Recall that for all x > 0, there is the notation (x) = min{1, z}.

Lemma 4.3.4. Let X be a metric measure space satisfying (E]). Let A1) denote
a truncated unit cube structure on X with the constant a = max{1,a;/d}. Then

< ¢ >K —am@.R) < MQ) < ¢ >_H cM(Q.R)
p(Q, R) ~ (R) T\ p(Q, R)
for all @, R € A; and ¢ € (0,1].

Proof. 1t suffices to show the second inequality, since the estimate is symmetric in
R and Q. It follows from ([EJ) that

Vo) <4 (14 220 o0ty ),
r
for all z,y € X and r > 0, since B(z,r) C B(y, (1 + @)r). Given t € (0,1]
and @, R € A, it then follows from Proposition EE31 and ([E,J) that there exists
xg,rr € X such that

V(zg,ail(Q))
u(R) = V(zg,aol(R))
K _Aa1l(Q) V(zq,aol(Q))

< A e al(R)

<A (1 N M) Aaol(@-+o(eg.er)
aol(Q)

,S (1+ p(le; ‘TR)) 6)\p(zQ,zR)'

For all x > 0, we have 1 + 2 < 2max{1,z} = 2(1/z)~!. Using this and the above
estimate with (3, we conclude that

HQ) o < t >_H Moegan) < < t >_H LOA(Q.F)
for all @, R € A,. O

Lemma 4.3.5. Let X be a metric measure space satisfying (E]). Let A1) denote
a truncated unit cube structure on X. If ¢t € (0,1], M > x and m > At, then

u<@>< t >M @
sgft%tu(f?) pQR)/ ° <t
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Proof. Suppose that t € (0,1], M > xk and m > At. Let 0 = m/At > 1 and for each
R e At, let

{QeA :p(@Q R)/t<1} if j=0;

A= {{Q €A:o7 < pQR)JL< o} i jEN

For each R € A;, Proposition EE3.1] implies that there exists xp € X such that
B(zg,apl(R)) € R C B(zg,a1l(R)).
A simple calculation then shows that
| JAI(R) € B(zg, 3ail(R) + 0't)
for all j € Ny, and it follows from (EyJ) that
n(JAlR)) < o7 e u(R)

for all j € Ny. Therefore, we have

m 500 Gam)

w(@ t M (Q.R)
_mPQ
= Sup e t
ReA: Jz; z]: < Q R) >
QeAl(
< sup —— { UAO )+ ZU_(j_l)Me_m"j_l,u(UA{(R))]
ReA, (R =

< ZO_—](M k)  —(m—oXt)27 1

S 1,
as required. O

4.4 The Main Local Quadratic Estimate

This section contains the proof of Theorem We consider a complete Rieman-
nian manifold M satisfying (EiJ) and ([Pid with constants x, A > 0, and suppose
that {T', By, By} are operators on L*(M;C") satisfying hypotheses (H1)—(H8). We
use the symbol || - || to denote the norm on L?(M;C"). Now fix a truncated dyadic
cube structure A with constants 6,17 € (0,1) and a; > ap > 0 as in Proposi-
tion EE3], and let @ = max{1, a;/d}. We follow [IT}, 10] and introduce the following
operators.
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Definition 4.4.1. Given t € R\ {0}, define the following bounded operators:
Ry = (I +itllp) ™
PP = (1 +£11%)™ = }(RF + RP,);
Q7 = tlz(I +*1I1%) " = &(—R + R%);
OF = 1T5(1 +°11%) !
The operators R;, P, and @); are defined as above by replacing 11z with II.

The uniform estimate
sup [|[Ui]] S1 (4.4.1)
teR\ {0}
holds when U; = RE, PP, QP and ©F. This follows immediately from (1) and
the resolvent bounds in ([ELIZ), since RB (i/t)[(i/t)] — Up]~! for all t € R\ {0}.
The operator II is self-adjoint, so by the functional calculus for self-adjoint op-
erators, we have the quadratic estimate

o dt
| 1@l § = (142)

for all u € R(II).
The following result, which is an immediate consequence of Proposition 4.8 in [T1]
and the inhomogeneity assumed in hypothesis (H8), shows that Theorem ELT.H can be

reduced to finding ¢y > 0 small enough such that a certain local quadratic estimate
holds.

Proposition 4.4.2. If there exists o € (0, 1] such that
to
| 1erral 5 ful? (4.43)
0

for all u € R(T"), as well as the three similar estimates obtained upon replacing
{T', By, B2} by {I'*, By, By}, {I'*, B3, By} and {I', B, B3}, then (E13)) holds for all
win R(T1p).

Proof. Suppose that there exists ¢y € (0, 1] such that ([Z3) holds for all u € R(I"),
as well as the three similar estimates mentioned in the proposition. If u € R(I") and
t > 0, then Pu = u — tIlIQ;u € R(II), since the Hodge decomposition guarantees
that R(I") € R(II). Therefore, hypothesis (H8) implies that ||Pul|| < |[ILPul| for all
u € R(I") and ¢ > 0. The uniform bound in (ZZ7]) then implies that

* dt < dt
[ e § s [ i@l G sk [ 5 S P
t Ly t to

0 0

for all w € R(I"), which shows that
/0 07 Pauf* & < ful?

for all u € R(T"), as well as the three similar estimates obtained upon replacing
{T, By, Bo} by {I'*, By, B1}, {I'*, B3, Bf} and {I', B}, B;}. It then follows from
Proposition 4.8 in [I1] that (ZI3) holds for all u in R(Ilg). O
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The above result allows us to work locally, in the sense that we only need to con-
sider t € (0, 1], which means that we are not restricted to considering manifolds that
are doubling. The metric-measure interaction is instead restricted by the strength
of the following off-diagonal estimates. The proof below is based on that of Propo-
sition 5.2 in [I1]. Recall that for all x > 0, there is the notation (z) = min{1, z}.

Proposition 4.4.3. Let U; denote either R?, PP, QF or ©F for all t € R\ {0}.
There exists a constant Cg > 0, which depends only on the constants in (H1)-(HS),
such that the following holds: For each M > 0, there exists ¢ > 0 such that

[t \" p(E, F)
1U:1Fp| < —C
et < () e (Co
for all closed subsets £ and F' of M.
Proof. In the case U; = RP = (i/t)[(i/t)I — g]~!, the result follows exactly as in
the proof of Lemma BZZ2 since Ilp is of type S, and (H5)—-(H6) imply that
g, nllu(z)| = [T, nl]u(z) + By I, n1] Byu(z)]
< Cr(1 + [ Billoo | Balloo )1V () 2 a1 [ ()|
for all n € C3°(M), u € D(IIg) and almost all z € M. The results for PP and QF
then follow by linearity. In the case U; = QF, the result is also given by the proof
of Lemma
Now consider Uy = ©F = tI'; PP, Let E and F be closed subsets of M with
p(E,F)>0. Let E={x e M : p(x,E) < p(E, F)/2} and choose n: M — [0,1] in
Ce° (M) satistying

(2) 1, if zek,
xTr) = ~
7 0, if xeM\E

and |V7|e < 3/p(E, F), as in the proof of Lemma BZ2 Using both @Il and
(H5)—(H6), we obtain

11£071p|| < [|(n)TEP 15|
< [t TE P 1p| + 4T3 (1) PP 1p||
S HIVallool1 5P 1] + [TT5(01) PP 1p||
< IVl 1P 1e ] + [t [T, (D] P Le + | (0 1) Q7 1r |
<Vl 1271l + 1Vl 1P 1R + 1107 15|
for all £ € R\ {0}. The result then follows from the corresponding estimates for P,”
and QP since p(E, F) =2p(E, F). O
The off-diagonal estimates imply the following result.

Lemma 4.4.4. The operator ©F on L?*(M;C") has a bounded extension
OF . L>(M;CN) — L (M;C")

loc

for all ¢ € (0, (Co/2a))]. Moreover, there exists ¢ > 0 such that
16Full72(q) < c(@)lull%
for all w € L®(M;C"), Q € A, and t € (0, (Co/2al)].
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Proof. Let t € (0, (Co/2aM)] and @ € A;. There exists ¢ € M such that
B(zg,aot) € Q C B(xg, (a1/0)t).

Let A7""(Q) = {R € A, : m < p(Q,R) < n} for all integers n > m > 0. Let
u € L>®°(M;CY) and define u,, = 1pongyu for all n € N. If n > m, then

68t — wn) (g
SLG; (“orua) HlQ@Berw1Ru||r
< <MZ o laer 1l RGA;(Q)%Hw@fwnlwuz
< (AZ o I10ef 1 REMZW)%||1Q651Rn||u||iou<m
< (REW(Q) 1160714 ) (REME(Q) o) e 16012 ) (@l

Now choose M > 2k. The off-diagonal estimates from Proposition then

show that
t p(Q, R)
1,081, < ({ — —

for all @, R € A; and t € (0,1]. Moreover, Lemma 34 shows that

p(Q) N\ ovaen
() ~ <p<@,R>>

for @, R € Ay and t € (0,1]. Then, since M —k > r and Co —aAt > A, Lemma L35
guarantees that both of the partial sums in the estimate above converge. Therefore,
the sequence (©Fu,), is Cauchy in L?(Q) and

~

Slelg H@tBunH%?(Q) < M(Q)Hquo

for all @ € A; and t € (0, (Co/2a))], which implies the result. O
As in [T}, 10], we now introduce the following operator to prove (EZ3).

Definition 4.4.5. For each w € CV, let w € L*(M;C") denote the constant
function that is equal to w on M. For each z € M and t € (0,(Cgo/N)], the
multiplication operator v,(z) € L(CV) is defined by

[e(@)w = (©7@)(x)

for all w € CV, where ©F is defined on L>°(M;CY) by Lemma EZA
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Corollary 4.4.6. The functions v, := (z +— v(x) V 2 € M) are in L (M; L(CV))
and there exists ¢ > 0 such that

F @P duto) < e (1.4.4)
Q

for all @ € A; and t € (0, (Ce/2aN)]. Moreover, sup;e (g e 2an 17164 S 1.

Proof. The first property follows from Proposition EZ4 and the definition of ~;. It
then follows that

||%AtUH = Ve(y) Agu(y \ du(y)
2y
% ][ dﬂ( )

-3,
/Qlw(yﬂ2 du(y)

QEA,
f u() dp(z)
Qen, V@

=2
S Z HUH%Q(Q)

Qe
= [|ull®

du(y)

for all t € (0, (Co/2aN)] and u € L*(M;CV), which completes the proof. O
To prove ([EZ3), we follow [I1I, 0] and estimate each of the following terms
separately:

to

to dt to dt dt
[ rerrar § s [ 102 Pu = qabal? G [ lnp - Dul
0 0 0
to
= [0 laa@Ph? dpu(x)dt.
0 M t

The following weighted Poincaré inequality is used to estimate the first term
above. The proof is based on techniques contained in Lemma 5.4 of [I1] that have
been adapted to suit off-diagonal estimates of exponential type.

(4.4.5)

Lemma 4.4.7. Given M > k + 3 and m > a), we have

) = el <p<xt,@>> O du(a)

M —(k+3)
$E [ (VP @R (o) e duge)

for all u € WH2(M;CVN), Q € A; and t € (0, 1].
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Proof. Let t € (0,1] and @ € A;. There exists g € M such that
B(zg,apt) C Q C B(zg, (a1/0)t).
Let r > a and u € WY2(M;CY). We have

H]-B(xQ,rt) (U - uQ) Hg S H]-B(xQ,rt) (u - uB(xQ,rt)) Hg + ||1B(rQ,rt) (uB(xQ,rt) -

The Cauchy-Schwarz inequality and (EyJ) imply that

H]-B(wQ,Tt)(uB(xQ,rt) - UQ)H% = V(,IQ, Tt)‘UQ — uB(rQ,rt)P

][( uB(zQ rt))
V(zg,rt)
Q / |U :z:Q rt

SJ Tne)\rtHlB ert)(u — UB(gcQ,rt )H%’

2
= V(zg,rt)

where r > a1 /0 ensured that @ C B(zg,rt). It then follows from ([PJ) that

11500t (u—ug)ll3 S (1+ M) (rt)[| 1 mtytllfyre-
Now let v(r) := —r~Me=(m/a) for all r > a, in which case
dy(r) = (Mr—M=1 4 (m/a)r_M)e_(m/“)Tdr
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ug)|l3-

is a positive measure on (a,00). Integrating the above estimate with respect to v,

we obtain

/a ) /M 15(00.t)|u(z) — ugl® du(x)dv(r)

S t2/ rli+2e>\7“t/ 1B(mQ,7«t)(‘vu(:§)‘2 + |U([E)‘2) dﬂ(ﬂ?)dlj(r)
a M

It then follows from (Z3Jl) and Fubini’s theorem that

t M
o el () e auta
t M meeo)t
§/M\U(x)—ucg|2<p(x7m>> e H P/ dyy ()
5/ ‘U(ﬂf)—uQ|2(max{p(x,xQ)/t’a})—Me—%max{p(z,zQ)/m} d,u(x)
e [T 1\
/ \u UQ| [nax{p(zzQ )t} ( ) M( )
/ / 1B(xQ rt) |U —UQ| dlu( )dl/( )
e [T [ LoV + lu(o)) du(e)dr(r)

_ / (|vu(x>|2+|u(x)\2>( / 7’“+2e’\”du(r))du(x).
M max{p(z,xqQ)/t,a}

_ /M (IVu(@)2 + |u(x)\2)( / PR (M M dr)du(a:).

max{p(z.20)/t.a}



110 CHAPTER 4. DIRAC TYPE OPERATORS

The term in brackets is bounded by

m [e’s) m t M—(Ii-‘rg)
6—(;—At)p(w,Q)/t/ - (M=(5+2)) 4, < e—(;—At)p(w,Q)/t< > ,
p(z,Q)/t

which completes the proof. O

The first term in (EZH) is now estimated in a manner similar to that of Propo-
sition 5.5 in [I1]. The idea to replace the cube counting techniques used in [T1] with
the measure based approach below was suggested by Pascal Auscher.

Proposition 4.4.8. Let Cg > 0 be the constant from Proposition EZ3 We have
(Co/4a®X) 5 , dt )
[ 1etru— ARl § S
0

for all u € R(II).

Proof. Choose M > 4k + 3 and let to = (Co/4a®\). Let t € (0,1, u € R(IT) and
set v = Pu. The Cauchy—-Schwarz inequality shows that

08 P — APl = 37 108 Y 1alv = vg)l sy

QEA, ReA;
pB) @\ o
) <R§; iy 1eofin Q)”)
s M(R B :“ B v — v
_Qeft (Rez; Q) ||1Q@ 1R||> QGX;REX; ||1Q@ 1g[[1a(v — vo)|*.

Then, since Cg > At, Lemma B3 and the off-diagonal estimates from Proposi-
tion show that the supremum term is uniformly bounded. Lemma E34 and
(E3T) show that the remaining term is bounded by

ZZ< >_Ee"*’)@ﬂ>< t >Me S Lo = vo) I

S, A p(Q, R)
M —(Co—aty) LT 2
Y [ Gam) o o(a) = vl d(a)
QeA; ReAy
M= ey p@m)
Z/< > e (8 M y(z) — vgl* dp(z).
QEA,

The weighted Poincaré inequality from Lemma A7, Lemma B34 and (H8) show
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that this is bounded by

M—(2k+3)
B L) s

QeA:

M—(2r48) o
<t2 Z / ‘VU |2—}-‘U( )‘ ) ( ) Z <p(Qt R)> 6_(7_2>‘t0) (Qt )

ReA; Qe

Q) t M—(3r+3) _ Cj_g o) 2@ 1)
<t2HU|| 12 Sup e~ (a2 ~3aA0) 7
A Verews

2 (Vo(@)? + [o(@)]?) dpu(x)

S vl
< ||| f?,

where the penultimate inequality is implied by LemmaBE3 A because M —(3k+3) > &
and % — 3aMtg > At. Therefore, we have

187 Pru — e AcPeu]|* < (| Quu|?

for all w € R(IT) and ¢ € (0,%o]. The result then follows from the quadratic estimate
for the unperturbed operator in (EEZ2]). O

The following interpolation inequality is used to estimate the remaining terms
n (LZAT). It is an extension of Lemma 6 in [I0]. The result relies on having a certain
control of the volume of dyadic cubes near their boundary. This control is given by
property 6 in Proposition EE31

Lemma 4.4.9. Let T denote either II,I" or I'*, then

o < () (o) o

for all uw € D(T), @ € A; and ¢ € (0, 1], where > 0 is from Proposition EE311

Proof. Let s = || 1ou||/||1oYul|. If s > aol(Q)/2, then the Cauchy—Schwarz inequal-
ity implies that

NS

~a “) (] T“)
o (o) ([

Now suppose that 0 < s < apl(Q)/2. Let Qs = {x € Q : p(z, M\ Q) > s} C Q.
It follows from Proposition EE31] that there exists ¢ > 0 such that

p(M\ Q) < ¢(s/1(Q))"(@Q)

SIS
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Choose n: M — [0, 1] in C§°(M) satisfying spptn C @ as well as
1, if €@

n(x) = .

0, if xeM\Q

and ||Vn|lee S 1/s. The existence of such functions follows as in the proof of

~

Lemma BZ2 Using (H6)-(HT7), we then obtain

LLT“:LAW“*”ié“‘mT”ﬁLTW”

< (s/1Q))? Q)3 [ 1o Tul| + u(Q)? | 1oul.

This shows that
/ Tl + ][ uf

£
@ (J[ )" (][ ) e f

as required. O

S

o~

The second term in (EAT) is now estimated by following the proof of Proposi-
tion 5 in [T0].

Proposition 4.4.10. We have

[ e - e § < e

for all uw € L*(M;CN).
Proof. Lemma and Holder’s inequality imply that

JAQul? =5* Y yfnpu

QEAt
n
2

<o D () ()
ey -3
<

1A\

> ( / \Pu|2)2 ( / |@su\2) + P

f 2—n 2 2
) Pl Qa4+ # (5 hul
S ()l

?
for all w € L>(M;CY) and 0 < s < t < 1. The result then follows by the arguments
in the proof of Proposition 5 in [I0]. O
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To estimate the third and final term in ([ZH), it follows from Theorem
that it suffices to show that there exists ¢y € (0, 1] such that

I[P ) 5 0@ (146
c@)

for all dyadic cubes Q € Ute(om JAVE

Following [T1], we let ¢ > 0 to be fixed later. Given v € L(CV) with |v] = 1,
define the cone of aperture o by

,U/
— =

Keo =/ € L)\ {0} : |15

< 0}.

Let V, be a finite set of v € L(CY) with |v] = 1 such that | J,,, Kyo = L(C")\{0}.
To prove (A6, it suffices to prove that there exists ¢y > 0 and o > 0 such that

/ [m)ew) (@)l d“(@% S u@) (4.4.7)

Y (2)EKv,0

for each v € V, and for all Q) € Ute(o,to} A;. This in turn reduces to proving the
following proposition.

Proposition 4.4.11. Let t; = (Cg/4a®)\) , where Co > 0 is the constant from
Proposition lEZ3. There exist o,7,¢ > 0 such that for all Q) € Ute(O,to] A; and
v € L(CY) with |v| = 1, there exists a collection {Qx}r C A1) of disjoint subsets
of @ such that the set Eg = Q \ U, Qk satisfies u(Eqg) > 7u(Q) and the set
B = C(Q) \ U, C(Qx) satisfies

To see that Proposition EEZTT] implies (A7), write

{(z,1) € C(Q) : m(2) € Koo} = EqU (U{(%t) € C(Qr) - m(x) € Ku,a}>

k1

= EjU B, U (U{(x, t) € C(Qr,) : () € Kv,d})

- U U Ez?kj‘

§=0 k;=0
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Monotone convergence then implies that

/[ o @I d =//221E«xtm<>| ()

:cEKva Jj=0 k;=0

// ()P ()

i:u

J

MUQk

(1—7)u(Q)

.
O

A
Mg

0

o
o

<.
Il

Mg

<.
I
o

NE

<.
I
o

(Q)-

I
3| e
=

The proof of Proposition EEATT] is a matter of constructing suitable test func-
tions and applying a stopping-time argument. The test functions are constructed
as in [IT], with some minor modifications. Fix v € £(C") with |v| = 1 and choose
w,w € CN such that |w| = |w| = 1 and v*(@) = w. For each Q € Useo.) At
let By denote a ball of radius a1l(Q) such that (ag/a1)Bg € Q € Bg. Then let

o : M — [0,1] be a smooth function supported on 3B and equal to 1 on 2B.
The existence of such functions follows as in the proof of Lemma Define
wq = Now, and for each € > 0, define the test function

[O.e = wq — 2"fl(Q)FRS(Q)U’Q = (I +iel(Q)'} )REZ(Q

These functions have the following properties. The proof is almost identical to that
of Lemma 7 in [I0] but we include it for completeness.

Lemma 4.4.12. There exists ¢ > 0 such that the following hold for all @) € A
and € > 0:

Lo fe N < en(@)2;
// OF 15, an(n) S < e u(Q);

3. ']{2 8. —w

where 1 > 0 is the constant Proposition B3I

Proof. 1. Let Q € U;c(o1) A+ Using L), Proposition and (Eyd), we obtain

178 eI S Imall + liel(@UsRigynell < Inall < n(2Bo)"* < n(@)"?,
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where the constant in the last inequality is uniform for all Q) € Ute(o,u JAVE
2. Next, by the nilpotency of ' and [y, PP] = 0 on D(I'}), we have

O 1. =tPPTH(I + i€l(Q)P*B)R£l(Q)wQ = tPtBF*BRil(Q)wQ-
Therefore, using (E1TI), Proposition and ([EJ) again, we obtain

B rw |2 dt HQ) Br* pB 2 dt
c© Sh fQ,e‘ d#@)? < ; 2% FBRiel(Q)wQH s
l

(@) ¢
< ———||iel(Q)[Ip R 2 dt
r\.//ov (EZ(Q))2|| (Q) B zel(Q)nQH

)

2
3. Finally, since ng = 1 on @, by Lemma EZd with T =T and u = Rf{(Q)wQ,
and using (BT, Proposition and (EJ) again, we obtain

'][ fu - w\ — Q) \f rRiQ)wQ'
Q Q

< d(Q)* (]{2 \Ri@)ww) (]{2 |rR5(Q>wQ\2) () (]{2 \Ri@)wmz)

S @) 2R guall? (/Q Iiel(Q)HBRg(Q)wQ\2) +ep(Q) 2| Rigywell

n _1 n _n 1
e u(Q) 2| Rigywall2 (1 — Riig))woll = + en(Q) 7= [lnqll
n _1
(@) [mell
n
2

€2,

_n
4

N

S

€

AR VAR

as required. O

We now fix € = (i)w " and the test functions f§ := ¢, where c is the constant
from Lemma BLAT2A The preceding result then implies that

Re (w,]éfé”) > %

The stopping-time argument from Lemma 5.11 in [T1] can then be applied to obtain
the following result. The properties of the dyadic cube structure in Proposition EE3T]
suffice for this purpose.

Lemma 4.4.13. Let ty = (Co/4a3)\). There exist o, 3 > 0 such that for all dyadic
cubes () € Ute(()’to} A, there exists a collection {Qr}r € Ay of disjoint subsets
of @ such that the set Eg = Q \ U, @ satisfies p(Eg) > Bu(Q) and the set
B = C(Q) \ U, C(Qr) has the following property:

1
Re(w,][ fé”)za and 1fol < —
Q’ Q (6%
for all Q" € A, that are contained in @ and satisfy C(Q') N Ef, # 0.
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We can now prove Proposition EEZTT] by following closely the ideas at the end of
Section 5 in [I1].

Proof of Proposition[f.4.11. Choose o € (0,a?) and let 7 = 3, where a, 3 > 0 are
the constants from Lemma EEZT3

Let Q € Uy A and v € L(CY) with [v] = 1. Let {Qx}x € A,y denote
the collection of disjoint subsets of () given by Lemma and suppose that
(z,t) € E5. This implies that (z,t) € C(Q) and that t < 1(Q) < ty/0. Now let @
be the unique dyadic cube in A; that contains z. Then, since I(Q') > t, we must
have (z,1) € C(Q') and so C(Q") N E # 0. LemmaEZT] and the Cauchy-Schwarz
inequality then imply that

(A3 > Rein (A (@) = Re (. 75(0) >0

and that 1
A f8 (@) =' [ ry| <2
The choice of o then implies that
'Yt(x) w w 'Yt(l") . ”
AL )| 2 P~ | 2 |l 2 0= S 2

Therefore, we have

[icasrs i@ w05 [, o asier a3

"/t(w GK’UO'
dt
5//( )‘@fo ’YtAth‘2 dp— +// @BfQ|2d -
c@

Lemma AT shows that the last term above is bounded by ¢(2¢)*"u(Q). It remains
to show that

" w dt
// |@?fQ - %Ath|2 dM? S Q).
c@)
Now let v = iel(Q)FRg(Q)wQ and write

@ff(fgu —Y%AfG = —(0F — A + (OF — v, A)wg. (4.4.8)

Then, since v € R(I"), by (i) in Proposition 4.8 of [I1], Proposition L8 and Propo-
sition LZT0, we have

dt to dt
// (08 — o du < / 1051 — |2
Q) t 0 t

o 5 L dt
+/ (67 P, — v AP)v|| r
0

fo dt
+ [ I = Dol
0

S Q).
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To handle the remaining term in ([{ZZ), recall that (ap/a1)Bg C Q C Bg and that
no = 1 on 2Bg. This implies that if z € @ and ¢t € (0,1(Q)], then

(07 = nAwg(x) = 67 ((ng — Lw)().
Now choose M > k/2 and consider the characteristic functions 1,(Bg) defined by
1 if 7=0;
1(Be) =4, A
12j+lBQ\2jBQ if ] = 1,2,....

Then, since g —1 = 0 on 2B, the off-diagonal estimates from Proposition
and (Epd) imply that

WE

167 (ng — Dwlli2(q) < 115,071 (Bo)|*[I1;(Be) (ng — DI

1

.
Il

A
NE

; oM _
—2Ce (27 ~1)a1l(Q)/t , (oj+1
<<2j—1> a(@)) e T B)

1

<.
I

t +1
5 7 B 2 ]2M Fi C@ )\tQ)QJ all(Q)/
Q Q@ Z
t
< Q
Q"

for all ¢ € (0,1(Q@)]. This shows that

d
/ / (OF —uAYugl” du < (@),
(@)

so the proof is complete. O

As shown previously, Proposition EEZTT] implies (E41), which in turn implies
(EZd) and allows us to estimate the final term in (EZH). In summary, as a conse-
quence of Propositions BEA8 LT and EEZTT], we have proved the local quadratic

estimate
(Co /4a3A)
B 2 2
/ 67 Paulf* & < Jul
0

for all w € R(I"). The hypothesis (H1)—(H8) are invariant upon replacing {I", By, Bs}
with {I'*, By, By}, {I'*, B5, By} and {I', Bf, B5}. This completes the proof of the
main result in this chapter, since Proposition then allows us to conclude that
the quadratic estimate in Theorem holds.
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