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Abstract

The invention of lasers enabled strong and controllable interactions between light and

small objects. Radiation pressure provides a unique tool for optomechanical control and

manipulation of the quantum states of a mechanical oscillator. The high power density

and photon flux of laser radiation lead to extremely high heating rates at surfaces, which

induces measurement noise and is hence considered harmful in sensing systems. Op-

tomechanical interaction can also be mediated by photothermal effects which, although

frequently overlooked, may compete with radiation pressure interaction. A complete un-

derstanding of how these phenomena affect the coherent exchange of information between

optical and mechanical degrees of freedom is yet undeveloped, particularly in mesoscale

high-power systems where photothermal effects can fully dominate the interaction.

Here we investigate the photothermal effects in a unique optomechanical system: a

cavity-enhanced setup for macroscopic optical levitation, where a free-standing mirror

acts as the optomechanical oscillator. In this system, we observe the photothermally

induced instability when the optical cavity is driven by a high-power laser. We show

that the possible thermally induced parametric gain can be reduced and even cancelled

out experimentally, by inserting windows into the optomechanical cavity to modify the

photothermal properties of the system.

Theoretically, we report an effective model that can predict and successfully recon-

struct the dynamics of this system. By decomposing the photothermal interaction into

two opposing light-induced effects, photothermal expansion and thermo-optic effects, we

reconstruct a heuristic model. It is based on the mutual interaction between the intracav-

ity field and four position degrees of freedom, which offers refined predictions that provide

a high agreement with the experimental results. We also provide a detailed discussion on

the effectiveness of different models, and have concluded that two photothermal effects

are necessary in the model for simulating the dynamics of the optomechanical levitation

system studied.

Overall, the experimental and theoretical investigations presented in this thesis set

essential groundwork for the characterisation and stabilisation of existing systems and

provide a deeper understanding of photothermal effects in optomechanical systems. The

methods that used in the investigation and cancellation of photothermal effects in this

system can be easily applied to other similar optomechanical systems where high-intensity

laser is used or high precision of the measurement is desired. This work facilitates the

development of new and more precise optomechanical systems for integrated photonics

and sensing, and also paves the way to fundamental studies in quantum mechanics.
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Chapter 1

Introduction

Light, carrying momentum, produces radiation pressure force [1], which was predicted

by Maxwell in 1873 [2] and was first demonstrated using a light mill configuration in

1901 [3, 4]. The capability of radiation pressure strongly affecting the dynamics of neutral

particles has generated considerable interest since then, giving rise to the potential of

making lasers a useful laboratory tool to move matter. Techniques using lasers have been

developed to trap small particles [5, 6], cool them [7, 8, 9, 10], levitate them against

gravity, manipulate them, and use them as sensitive probes for measurements. They

have proved their practicality in experiments measuring optical, electric [11], magnetic,

radiometric [12, 13], viscous drag [13], and gravitational forces, and have found applications

in a wide variety of subjects where small particles play a role.

1.1 Optical levitation

Two key properties of lasers are their high degree of spatial coherence and spectral purity.

The spatial coherence of lasers give rise to high optical intensity, which allows the radiation

pressure to be concentrated on a single “point”, resulting in large radiation forces. By

imagining a laser beam focused to a spot size of about its wavelength, one can easily

picture how large a force a laser produces. With a power of about 1W, a laser beam can

subject a transparent dielectric sphere with a diameter of 1 µm to an intensity on the order

of 108 Wcm−2. Assuming the light is reflected from the sphere with an average reflectivity

of only 10%, the sphere can achieve an acceleration of approximately 106g, where g is the

acceleration of gravity [14].

The high spectral purity, that allows lasers to strongly interact with narrow atomic

resonance lines, plays a rather important role for large forces to be exerted on atoms,

which further leads to optically cooling and trapping neutral atoms. When absorbing

or emitting one photon, the movement of an atom can be significantly affected by the

momentum generated from the radiation, which allows velocity change of a few centimeters

per second of the atom. Under strong excitation, an atom with a spontaneous emission

lifetime of ∼ 10−8 s can absorb and spontaneously emit a maximum of ∼ 108 photons per

second. With resonant light, the absorption cross-section of atoms is very large and thus

1



2 Introduction

requires an intensity of only about 10−2Wcm−1 to achieve the saturation condition, i.e.

that the maximum number of photons are absorbed or emitted [11].

Another feature of focused lasers is the existence of high-intensity gradients, which

provides large gradient forces that make stable optical trapping and manipulation of par-

ticles possible. Experiments using lasers to levitate and trap microscopic particles were

pioneered by Arthur Ashkin in the 1970s [15]. Stable optical trapping of individual parti-

cles was first observed with spheres in liquid using a pair of horizontally opposing focused

beams, where viscosity is high and gravity plays a minor role. Particles that drifted near

either beam were drawn in, accelerated to and stopped at the equilibrium point. When

one beam was blocked, the spheres were driven by the light force produced by the other

laser beam and were guided along the beam. This gave the first demonstration of radiation

trapping.

In air and vacuum, stable levitation of small transparent glass spheres with a vertically

directed laser beam was demonstrated experimentally soon afterwards [16]. The spheres

were lifted and trapped to an equilibrium position where the radiation pressure balanced

gravity. Moreover, the spheres could easily be moved anywhere by simply moving the

beam. Later experiments showed that not only single spheres, but a dozen spheres, as well

as charged and neutral liquid drops, could also be captured in a single vertical beam [17].

The levitated drops arranged themselves in order of size as an array, each of which was

trapped at a local intensity maximum in the optical diffraction pattern of all particles

located below it. The ability to manipulate and sensitively observe individual micro-

sized liquid drops makes optical levitation a promising approach in cloud physics [18] and

aerosol science [19]. Compared to other techniques in these fields, the advantages of optical

levitation result from its depth of the optical trap, highly localised nature, and ease of

moving particles with the beams in space.

Except for the characteristics of simple manipulation, easy observation, and high po-

sitional stability, other peculiarities of optical levitation were found in the following years.

The advantages of the high acceleration and force sensitivity as well as the capability of iso-

lation from the environment give rise to the applications in light scattering [20], atomic and

molecular physics [21, 22], planetary physics [23], isotope separation [24], high-resolution

spectroscopy [25, 11], and, last but not least, quantum optics [26, 27], which is the main

point of interest for the system here presented.

1.2 Photothermal effects

Another property of laser radiation is the high power density and photon flux, which leads

to the realisation of extremely high heating rates at surfaces, giving rise to a great interest

in the research of dynamics of surface processes caused by optical or thermal excitation.

Three laser-surface interactions are mainly discussed in general: photochemical effects

which usually lead to laser-induced desorption and ablation, photoacoustic effects that
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affect surface acoustic waves and hence thermal diffusion in the materials, and photother-

mal effects resulting in transient and localised heating processes as expansion, density

gradients, and geometrical changes of the surface shape.

Among all the laser-surface interactions, photothermal effects have been a topic of

fascination in last few decades, especially in the studies of the properties of thin films and

the noise introduced into Fabry-Pérot cavities and interferometers. With exposure to any

form of radiation, local heating can be caused on a sample via absorption and subsequent

thermalisation of energy [28]. In spectroscopy of thin films, photothermal analysis plays

an exceedingly important role [29]. It is advantageous due to its contactless generation of

a well-defined heat source at the surface, the purer detected signal that only comes from

the energy absorbed in the sample, and the real-time detection of transient temperatures

with high-time resolution schemes. These make photothermal analysis a good candidate

for studying the thermal and temperature dependent physical properties of samples, as

phase transitions and charge distributions [30].

Photothermal imaging is an emerging topic, providing a powerful tool in different

imaging systems, such as ultrasonic imaging of thin films, imaging of molecules in living

cells [31], and chemical imaging of small crystals and polymer coating on microelectrome-

chanical systems [32]. In some recent publications, photothermal effects have also been

proposed as a control and stabilisation tool [33] as well as as a dissipation engineering

tool [34].

However, photothermal effects in optical systems, where optical absorption often causes

thermal expansion and refractive index changes and induces noise into the systems, are

considered harmful. It was observed in the Laser Interferometer Gravitational-Wave Ob-

servatory (LIGO) system that thermal effects in the test-masses cause optical wavefront

distortion from thermal lensing [35] and surface deformation [36], which deteriorate con-

trol signals and decrease interferometer sensitivity. These effects are induced by the high

operating laser powers that are required for the detection of gravitational waves from

high-frequency emitters, of which a small amount of light absorbed by the test masses’

dielectric coatings are converted into heat and then diffused through the mirror. [37, 38,

39]. The development of new and more extreme cavity photomechanical systems at var-

ious scales, with increased optical densities and reduced mechanical oscillator sizes, has

brought increasing attention to photothermal effects because they are no longer negligible

in such systems.

1.3 Motivation

This thesis investigates the photothermal effects in an optomechanics-based optical levi-

tation setup, where a free-standing mirror is acting as one of the end mirrors of an optical

cavity, which is expected to be optically lifted by the radiation pressure force exerted

by the optical field inside the cavity. The mirror behaves as an oscillator whose large
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mass and high density provide high inertial sensitivity to the system, which results in

lower tolerance to noise and other optically induced effects. Photothermal effects mediate

exchanges between optical and mechanical degrees of freedom, and in doing so they com-

pete with — and can even dominate over — radiation pressure force. In the presence of

parasitic mechanical modes, photothermal interaction causes parametric instabilities that

inevitably affect the performance of the instrument.

In this system, we observe the photothermally induced instability when the optical

cavity is driven by a high-power laser, where the realisation of a stable levitation is

unattainable and the existing model for the dynamics of the system becomes less reli-

able [40]. In this work, we show that the possible thermally induced parametric gain

can be reduced and even cancelled out with a modification to the photothermal proper-

ties of an optomechanical cavity experimentally. By inserting windows into the cavity,

we switch the sign of photothermal interaction, allowing cooperation with the radiation

pressure, and then achieve control of the system’s dynamics to be fully balanced to its

equilibrium point. This passive stabilisation technique can be adapted and used in other

macroscopic and high-power optomechanical systems that are particularly susceptible to

parasitic photothermal effects, revealing its particular advantage in optical control and

precise metrological applications, which also paves a way to quantum optomechanics.

Moreover, we present a more complete model with multi-photothermal effects, and

later discuss about the effectiveness of a possible model with nonlinear photothermal

effects. By decomposing the photothermal interaction into opposing light-induced effects,

we show that the refined model can be used as a simple mathematical tool to build an

intuitive yet faithful picture of the complex dynamics in a high-power optomechanical

setup. Furthermore, to better understand how the oscillator responds to the optical field,

we undertake a detailed analysis of the mirror’s reaction to the thermal energy absorbed

from the optical field. Based on this we show that separating the photothermal effects

into two independent terms is necessary. We then present the second possible model

with nonlinear photothermal effects. We give a thorough analysis of the errors and prove

that adding only a nonlinear term into the photothermal effect is not sufficient enough

for the simulation when the intracavity power is high. This sets essential groundwork

for the stabilisation of existing systems, and facilitates the development of new and more

precise optomechanical systems for integrated photonics, sensing, and fundamental studies

in quantum mechanics.

In this work, the associated theoretical background and experimental setups are cov-

ered in Chapter 2-3, including the existing model for the system. The passive stabilisation

technique with a laser window for photothermal cancellation is discussed in Chapter 4.

The refined models are presented in Chapter 5, with the inclusion of an investigation of

photothermal effects and the detailed error analysis of the models.



§1.4 Publications 5

1.4 Publications

The researches presented in this thesis have been featured in the following papers:

1. Jiayi Qin, Giovanni Guccione, Jinyong Ma, Chenyue Gu, Ruvi Lecamwasam, Ben

C. Buchler, and Ping Koy Lam. “Cancellation of photothermally induced instability

in an optical resonator”. Optica, 9(8):924–932, 2022.

2. Chenyue Gu, Jiayi Qin, Giovanni Guccione, Jinyong Ma, Ruvi Lecamwasam, and

Ping Koy Lam. “Modeling Photothermal Effects in High Power Optical Resonators

used for Coherent Levitation”. New J. Phys. 25 123051.
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Chapter 2

Background to Optomechanics

The interacting of a mechanical oscillator with an electromagnetic field was pioneered in

1970s [41]. The dynamical influence of radiation pressure on a harmonically suspended

end mirror of a cavity, giving either damping or antidamping of mechanical motion, was

later observed in a microwave cavity [42]. Similar phenomena were subsequently shown

in microwave-coupled kg-scale mechanical resonators [43]. In the optical domain, the first

experimental observation of radiation-pressure bistability and optical mirror confinement

in a cavity-optomechanical system with a macroscopic end mirror was realised as early

as 1983 [44]. All of these achievements combined contributed to the rise of “(cavity)

optomechanics”, which became very important in the last two decades as a meaningful

tool to observe and manipulate mechanical oscillators in the quantum regime.

2.1 Optomechanics

Optomechanics, coupling light fields and mechanical systems via radiation pressure in-

teraction, provides unique tools for applications where a highly sensitive measurement of

small displacements, forces, masses, or accelerations is desired, such as gravitational wave

detection [45, 46], or high-precision sensors for atomic force microscopy [47]. The ability to

cool a mechanical oscillator to its quantum ground state [48] offers a route to control and

manipulate the quantum state of truly macroscopic objects, and to conduct measurements

at or beyond the standard quantum limit [49, 50]. At a fundamental level, this may lead

to a more profound understanding of quantum mechanics and even to tests of quantum

theory itself that are in play here [51]. On the practical side, new quantum optomechan-

ical techniques in both the optical and microwave regime have emerged, which provide

motion and force detection near the fundamental limit imposed by quantum mechanics,

facilitating the potential applications in new metrology tools [52] and even new functions

on semiconductor chips [53].

Recent research has explored different physical realisations of cavity optomechanical

systems employing cantilevers [54, 55], micro-mirrors [56, 57], micro-cavities [58, 59], nano-

membranes [60], and macroscopic mirrors [61]. The dynamics of the coupling of optical

and mechanical degrees of freedom in any of these geometries can be understood by con-

7



8 Background to Optomechanics

sidering the schematic of an optically driven Fabry-Pérot cavity resonator, with one end

mirror fixed and the other functioning as a mass-on-a-spring. The incident field that is

resonant with the cavity modes creates a large circulating power within the cavity, which

exerts a force upon the “movable” mirror, drives it, changes the cavity length, and hence

changes the intracavity light field intensity and phase, resulting in a new static equilibrium

condition of the system.

Optical spring effect, including both the effects on natural frequency (the spring) and

on damping (so called the viscous effect), behaves differently depending on the detun-

ing of the cavity. On the blue side of resonance (higher-frequency detuning), the effect

manifests as a restoring force, increasing the frequency of the oscillator. Accompanied

with an anti-damping force due to the delay in the cavity response time, it can produce a

significant stiffness in the oscillation frequency of the mirror. In contrast, on the red side

of resonance (lower-frequency detuning), an anti-restoring force decreases the natural os-

cillation frequency. Viscous damping, or “cold damping”, also occurs in this regime where

the optical field can damp the mirror movement and cool its center-of-mass motion [62,

61, 63]. With the ability of changing both the dispersive and dissipative qualities of a

mechanical oscillator, the optical spring is advantageous in its tunability, robustness to

mechanical loss via a physical connection to an optical zero-temperature thermal bath,

and versatility for simultaneous optical readouts. It offers new opportunities for research

and applications in optomechanical cooling [55, 64], interferometric gravitational wave de-

tectors [65], and optical control and manipulation of the mechanical quantum state of a

mechanical oscillator [66, 67].

In this chapter, a detailed investigation, mathematical description of an optomechani-

cal cavity, and its optical properties, are given, which will further lead to a discussion of

optical levitation systems. To lay the foundation for an in-depth study in this field, I will

start from the theory of optical and mechanical resonators.

2.2 Optical resonators

An optical resonator or optical cavity refers to an arrangement of mirrors that form a

standing wave cavity resonator for light waves, which can be experimentally realised in

a multitude of schemes. Here, I present the simplest cavity interacting with a single

monochromatic beam to discuss the unifying optical properties and the dynamical features

of optical resonators.

2.2.1 Basic properties of an optical cavity

In a simple Fabry-Pérot resonator, as shown in Fig. 2.1, two highly reflective mirrors are

placed along the z axis separated by a distance of L. The resonances can be easily derived

from the boundary condition of the electromagnetic field of the laser beam circulating
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Input laser

Input mirror Output mirror

Figure 2.1: Schematic of a Fabry-Pérot cavity with a cavity length of L. A laser beam couples

into the cavity via the input mirror and interacts with the optical resonator. The wavelength of

the optical modes satisfy λ = 2L/m, where m = 1, 2, 3, .... The first three eigen-modes of the

cavity are illustrated.

between the two mirrors.

The electric (E) and magnetic (B) components of the optical field satisfy Maxwell’s

equations:

∇ ·E = 0, ∇×E = −∂B
∂t ,

∇ ·B = 0, ∇×B = µ0ε0
∂E
∂t , (2.1)

where µ0 and ε0 are the permeability and permittivity of free space respectively, and

c = 1/
√
µ0ε0 denotes the speed of light. Assuming that the electric field of the beam is

linearly polarised along the x axis, a general solution of it from Eq. (2.1) can be written

as

Ex(z, t) = aei(ωt+kmz) + bei(ωt−kmz), (2.2)

where a and b are dependent on initial condition of the electric field, ω is the angular

frequency of the laser beam, and km is the wavenumber. The resonance occurs when the

boundary condition at the surfaces of the two mirrors meets

Ex(z = 0, t) = Ex(z = L, t) = 0, (2.3)

which yields a = −b and km = mπ/L, with m as an integer mode number. This implies

that a cavity with a cavity length of L contains a series of resonances given by the angular

frequencies ωcav,m = m ·πc/L. The separation of two longitudinal resonances is commonly

defined as the free spectral range (FSR) of the cavity:

∆ωFSR = π
c

L
. (2.4)

A finite photon cavity decay rate, or the total cavity loss, κ, results from finite mirror

transparencies, internal absorption, and the possible scattering out of the cavity. Thus, in
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our example of the cavity, the total loss can be further split into three different contribu-

tions [1]:

κ = κin + κout + κ0, (2.5)

where κin and κout denote the loss rate associated with the input and output coupling

respectively and κ0 refers to the remaining loss rate. Here we define a useful quantity,

optical finesse F ,

F ≡ ∆ωFSR

κ
, (2.6)

as it gives the average number of round-trips before a photon leaves the cavity via the loss

channel mentioned above. In other words, the finesses of a cavity indicates the amplifi-

cation of the circulating power over the power coupled into the resonator. Alternatively,

giving the photon lifetime inside the cavity as τ = κ−1, we introduce the quality factor of

the optical resonator to characterise the damping rate,

Qopt = ωcavτ. (2.7)

Note that we use κ for the photon decay rate, such that the amplitude decay rate is

referred as κ/2. To simplify the discussion, we will focus on a single optical mode ωcav for

the cavity (then the wavenumber is denoted by k), which is almost always the case of the

systems investigated in this thesis.

2.2.2 Input-output formalism

A framework known as input-output theory was first presented in 1984, which gives a

quantum mechanical description for a light field interacting with a cavity [68, 69], playing

a crucial role in the study of classical and quantum optics. Input-output theory allows

the modeling of quantum fluctuations injected from any coupling port into the cavity,

such as the enhanced coupling between the cavity modes and the external light fields

as well as any medium inside the cavity. It overcomes the deficiency of simply using

the standard master-equation technique to describe the light field inside a cavity, which

treats the external field only as a heat bath and contains no prescription for calculating

the properties of the light emitted from the cavity. Thus, input-output theory provides an

approach whereby the internal field is linked with the input by identification of the “noise”

with the incoming field, and the output is then calculated using the boundary conditions

at the cavity mirrors.

Before conducting a deeper discussion into the dynamics of the optical resonator via

input-output theory, we give the further simplified solution of the electric field from

Eq. (2.2) as

Ex(z, t) = Aei(ωcavt+π/2) sin(kz), (2.8)
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where the amplitude A =
√
2ω2

cav/ε0V is obtained by using the normalisation condition of

the spatial mode, and V is the volume of the cavity. Substituting Eq. (2.8) into Eq. (2.1),

we have the magnetic component of the optical field which is along the y axis,

By(z, t) =
√
µ0ε0Ae

i(ωcavt) cos(kz). (2.9)

Thus, the classical Hamiltonian for the optical field of a single mode cavity is described as

HO =
1

2

∫
dV

[
ε0E

2
x(z, t) +

1

µ0
B2

y(z, t)

]
=

1

2

(
ω2
cavx

2 + (−ih̄
∂

∂x
)2
)

=
1

2

(
ω2
cavx

2 + p2
)
, (2.10)

where p = −ih̄∂/∂x, along with x are equivalent to the two canonical variables of a

harmonic oscillator. We can quantise Eq. (2.10) by identifying the canonical position x

and canonical momentum p as operators x̂ and p̂, which follow the commutation relations

[x̂, x̂] = [p̂, p̂] = 0 , [x̂, p̂] = ih̄. (2.11)

We write the Hamiltonian in terms of the creation (â†) and annihilation (â) operators

with the expression as

ĤO = h̄ωcav

(
â†â+

1

2

)
, (2.12)

where the canonical transformations are given by

â† =
1√

2h̄ωcav
(ωcavx̂− ip̂) ,

â =
1√

2h̄ωcav
(ωcavx̂+ ip̂) . (2.13)

The commutation relations of the operators will then be

[â, â] = [â†, â†] = 0 , [â, â†] = 1. (2.14)

The behavior of the internal mode of a single-mode cavity then can be calculated by

the master-equation method, and the quantum Langevin equations become [68]:

dâ

dt
= − i

h̄
[â, ĤO]−

κ

2
â+ Γ̂, (2.15)

where Γ̂ is the noise operator. For a single-ended cavity, there is no coupling of the extrinsic

laser field via the output mirror (which refers to another end mirror of a cavity), then the
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effects of that mirror can be grouped into the decay κ0 and the Eq. (2.5) turns to

κ = κin + κ0. (2.16)

The noise Γ̂ of this simplest case can be ascribed to the incoming part of the radiation

field outside the mirror plus the “unwanted” noise channel f̂in associated with the loss

rate κ0, written as

Γ̂ =
√
κinâin +

√
κ0f̂in, (2.17)

with which the Heisenberg equation of the motion can be given to describe the time

evolution of the intracavity field amplitude â,

˙̂a = −κ

2
â+ i∆â+

√
κinâin +

√
κ0f̂in. (2.18)

Here we present the equations in a rotating frame with the laser frequency ωl, and introduce

the laser detuning ∆ = ωl−ωcav with respect to the cavity mode. The input field coupling

into the cavity at time t is denoted by âin(t). The input power launched into the cavity

reads

Pin = h̄ωl⟨â†inâin⟩. (2.19)

Given from a quantum perspective, ⟨â†inâin⟩ is the rate of photons arriving at the cavity.

According to the input-output theory of open quantum systems, a boundary condition at

the input mirror of a Fabry-Pérot resonator is given by

√
κinâ = âin + âout. (2.20)

Taking the average of Eq. (2.18) and Eq. (2.20), we can solve them with the condition

of ⟨ ˙̂a⟩ = 0 and obtain the amplitude of the steady-state intracavity and output fields:

⟨â⟩ =

√
κin⟨âin⟩

κ/2− i∆
, (2.21)

⟨âout⟩ =
(κin − κ/2 + i∆) ⟨âin⟩

κ/2− i∆
, (2.22)

where we have used the fact that ⟨f̂in⟩ = 0. The optical susceptibility which links the

input field to the intracavity field, is defined as

χopt(ω) ≡
1

−i (ω +∆) + κ/2
, (2.23)

where ω denotes the Fourier frequency of the fluctuations of the input field around its

laser frequency ωl. Inserting Eq. (2.16) into Eq. (2.21)-(2.22) and dividing the energy of

photons in the cavity by the time scale of the cavity, we obtain the intracavity power
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Figure 2.2: Steady-state cavity response to a varying detuning. (a) Normalised intracavity power

varying with cavity detuning, the detuning of the cavity is in the unit of cavity loss κ. (b) Phase

response of the intracavity field as a function of detuning.

(τcav = 2L/c):

Pcav = h̄ωl |⟨â⟩|2 /τcav =
κin/τcav

(κin + κ0)
2 /4 + ∆2

Pin. (2.24)

The intracavity power is maximised at the resonant condition when ∆ = 0. By intro-

ducing a parameter α = κin/κ to denote the ratio of the loss at the input mirror to the

total loss, the cavity power at resonance can be then written in terms of cavity finesse as

Presonance =
2α

π
FPin. (2.25)

It indicates that the resonant intracavity power is proportional to the cavity finesse and

the input power, which explains why the finesse is of great importance in the experiments

where very high intracavity power needs to be obtained.

We now investigate how the normalised power and phase of the intracavity field re-

sponds to the change of the laser detuning with the expression:

Pnorm =
1

1 + (2∆/κ)2
, (2.26)

ϕcav = arctan

(
2∆

κ

)
, (2.27)

which are presented in Fig. 2.2. As shown in Fig. 2.2(a), the plot of normalised intracavity

power shows a Lorentzian profile, where the full width at half-maximum of the power is

equal to the total decay of the cavity. Given this property, κ is also commonly called the

linewidth of a cavity. The plot of the phase response, shown in Fig. 2.2(b), suggests that

the phase of the intracavity field is approximately linear in the cavity detuning around

the cavity resonance.
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Figure 2.3: Light power of the intracavity field (blue) and the reflection (red) of a Fabry-Pérot

cavity where only one end mirror coupling is of interest. (a)-(c) Reflection |R|2 and normalised

intracavity power Pcav, norm under the three typical situations of losses. In the case of (a) where

the input coupling dominates the cavity loss (κin = 0.98κ), the cavity is “overcoupled”. When

the external coupling is equal to the internal loss (κin = κ0 = 0.5κ) as shown in (b), the cavity

experiences the situation of “critical coupling”. When the input coupling is negligible compared

to the intrinsic loss (κin = 0.02κ), the cavity enters to an “undercoupling” regime. (d)-(f) give

the phase responses correspond to the three different situations when the input couplings are 98%,

50% and 2% of the total loss respectively.

Moreover, the reflection amplitude R can be calculated from Eq. (2.22),

R =
⟨âout⟩
⟨âin⟩

=
(κin − κ0) /2 + i∆

(κin + κ0) /2− i∆
. (2.28)

Thus, |R|2 gives the probability of reflection from the cavity.

Three typical regimes that a cavity might experience with three different situations

for the losses are given in Fig. 2.3. When the input coupling κin dominates the cavity

loss where κin ≫ κ0, the cavity is called “overcoupled”. We can read from the panel (a)

that the reflection of the cavity is almost equal to 1, and the intracavity power reaches

its highest at resonance compared to the other two scenarios. That’s because in this case,

most of the photons sent into the cavity are reflected back from the second mirror and

travel back via the input mirror without any other losses (scattering inside the cavity for

example). If the external coupling is equal to other internal losses (κin = κ0), the cavity

enters into the regime of “critical coupling”, where the reflection R = 0 at resonance,

presented in panel (b). This implies that the light is fully dissipated within the resonator

or transmitted through the other mirror (note that in the cavity of one end mirror, the

transmission is not a term that is of interest). In the case of “undercoupling” where

κin ≪ κ0 (seen in panel (c)), the loss of the cavity is dominated by intrinsic losses. Most
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of the light is directly reflected back from the input mirror, so that the intracavity power

is close to 0 at any value of detuning. This coupling condition is not advantageous for

many experiments as it causes effective information loss.

In a more common scenario, we will also be interested in the transmission via the other

end mirror (the output mirror in Fig. 2.1), noting that there won’t be a 100% reflecting

mirror in practical experiments. Therefore, considering the case of a two-sided cavity is

sometimes necessary. Later after introducing the transmission of the cavity we will further

show that using transmission of the cavity to monitor the intracavity field is more intuitive

and convenient. We can insert an additional term for the external coupling via the output

mirror
√
κoutâ

(2)
in in Eq. (2.18) and replace âin to â

(1)
in for a clearer notation of the field

going in and out of the input mirror. The cavity loss is thus expressed by Eq. (2.5), and an

equation analogous to Eq. (2.20) will hold for the output field â
(2)
out at the output mirror.

This gives

˙̂a = −κ

2
â+ i∆â+

√
κinâ

(1)
in +

√
κoutâ

(2)
in +

√
κ0f̂in, (2.29)

â =
1

√
κout

(
â
(2)
in + â

(2)
out

)
. (2.30)

Because the input laser is only introduced into the cavity via the input mirror, we

have ⟨â(2)in ⟩ = 0. With a similar calculation as was applied to the one-sided cavity, from

Eq. (2.29), Eq. (2.20) and Eq. (2.30), we obtain the amplitude of the intracavity ⟨â⟩
and output ⟨â(1)out⟩ fields via the input mirror with the same expression as Eq. (2.21) and

Eq. (2.22) respectively. Furthermore, we also get the amplitude of the output field via the

output mirror as

⟨â(2)out⟩ =
√
κout⟨â⟩ =

√
κoutκin⟨â(1)in ⟩

(κin + κout + κ0) /2− i∆
, (2.31)

where the reflection R and transmission T of the cavity are obtained

R =
⟨â(1)out⟩
⟨â(1)in ⟩

=
(κin − κout − κ0) /2 + i∆

(κin + κout + κ0) /2− i∆
, (2.32)

T =
⟨â(2)out⟩
⟨â(1)in ⟩

=

√
κoutκin

(κin + κout + κ0) /2− i∆
, (2.33)

and the amplitude of the intracavity field can be written as

⟨â⟩ =
√
κin⟨â(1)in ⟩

(κin + κout + κ0) /2− i∆
. (2.34)

With Eq. (2.31) and (2.34), it is obvious that the amplitude of the transmitted field

is proportional to the intracavity field with a factor of
√
κout, while the phase of the

transmission and the intracavity field stays the same. Therefore using the transmission to
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Figure 2.4: Impedance matching of a Fabry-Pérot cavity. (a), (b) and (d) are plotted under the

assumption that the cavity intrinsic loss κ0 = 0, giving the reflected (red) and transmitted (green)

fields during a scan across resonance. When the cavity is overcoupled (κin = 0.98κ, κout = 0.02κ),

as shown in (a) most of the light is reflected whereas very little light is transmitted, even though the

optical field inside the cavity has a high power. (b) gives the cavity response under the losses case

where κin = κout = 0.5κ. On resonance no reflection is presented and the field is fully transmitted,

implying optimal (100%) impedance matching for the cavity. (c) Reflection and transmission with

an intrinsic cavity loss κ0 = 0.5κ and different losses induced by the two mirrors (κin = 0.2κ

and κout = 0.3κ). (d) Impedance matching as a function of losses via input and output mirrors.

The three white lines, from up-right to down-left, are the possible values of κin and κout when

κ0 = 0.1κ, 0.2κ, 0.5κ respectively.

monitor the intracavity field is convenient. Another benefit of using transmission is that

when there is no light sent into the cavity via the output mirror, the transmission will not

interfere with other light fields, while the interference has to be considered when using

reflection as the monitoring approach.

The reflection, transmission, and intracavity fields are determined by the intrinsic

cavity loss and the losses induced by the two mirrors, which can be seen in Eq. (2.32)-(2.34).

Thus by selecting the values for the loss rates of the two mirrors, a desired cavity response

can be achieved. This practice is known in resonator optics as impedance matching.

Examples of different impedance matching scenarios are presented in Fig. 2.4. The first

example is given when the intrinsic loss of the cavity is not considered and decay rate of the

input mirror is dominant. From Fig. 2.3(a), we have already seen that the intracavity field

is strongest among the different cases, but Fig. 2.4(a) tells us that the transmission is very

low, which is in agreement with the situation that the output loss κout does not contribute.
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If we investigate the cavity where the two mirrors have same losses (Fig. 2.4(b)), however,

we will find the intracavity light is all transmitted and no light is reflected on the resonance.

Another example is illustrated with a finite loss inside the cavity, photons then have

another channel to escape from the cavity (scattering, etc.), so that the sum of transmission

and the reflection is smaller than 1 (Fig. 2.4(c)). The level of impedance matching is

determined by the proportion of the input field being transmitted. The cavity transmission

under the cases with possible values of losses shown in Fig. 2.4(d) indicates that the perfect

impedance matching conditions are achieved when κin = κout.

2.2.3 Cavity dynamics

Now we investigate the time evolution of a cavity. In the semiclassical regime where

a sufficiently large number of photons is considered, we use the mean response of the

operators to describe the system and ignore the quantum noise. Denoting the mean value

of the amplitude of the light field as ⟨â(t)⟩ → a and ⟨âin(t)⟩ → ain, the cavity can be

described by a classical equation as follows:

ȧ = −κ

2
a+ i∆a+

√
κinain. (2.35)

From this we get the analytical solution, which allows us to analyse the dynamics of the

cavity with the initial condition a|t=0 = 0,

a =

√
κinain

κ/2− i∆

[
1− e−(κ/2−i∆)t

]
. (2.36)

The time evolution of a cavity transmission rate (aout/ain) under different cavity detuning

is presented in Fig. 2.5(a), which, as we mentioned earlier, equivalently shows the be-

haviour of the intracavity field. When an impedance matched cavity is driven by a laser

with a resonant frequency (∆ = 0), the light field inside the cavity gradually builds up

with a decay rate of κ, and then reaches the equilibrium state that corresponds to the

steady-state solution described by Eq. (2.33) and (2.34). With cavity detuning, optical

oscillations are shown in the time evolution, which is analogous to the dynamics of an

under-damped mechanical oscillator. Here the plots show that a higher detuning leads to

a more obvious oscillation before the cavity reaches the equilibrium state.

In experiments, we usually investigate the cavity behaviour by scanning the cavity

detuning (laser frequency or cavity length). Here we discuss the case that the cavity

length is changing linearly in time as L(t) = L0+ vt with one end mirror moving at speed

v. Therefore we have

∆(t) =
k · 2L(t)
τcav

= 2k
L0 + v · t

τcav
= ∆0 +

2kv · t
τcav

, (2.37)

where L0 and ∆0 are the initial cavity length and detuning respectively. Eq. (2.35) is then
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Figure 2.5: Time evolution of a cavity with and without a scan of cavity detuning. The transmis-

sions of a cavity responding to a driving laser with different frequencies are presented in (a). For

simplicity, the cavity is set in the “critical coupling” regime (κin = κout = 0.5κ) and no intrinsic

loss is included (κ0 = 0). Time is plotted in a unit of photon life time τ = κ−1. (b) Cavity re-

sponse with different scan speeds. The transmission is normalised to that of a cavity on resonance.

In this simulation we use the following parameters: k = 2π/λ, λ = 1050 nm, τcav = 2L0/c, L0 =

0.08m, κin = κout = κ/2 = 2π × 0.3MHz. The scan speeds of the plots from top to bottom are

10 µms−1, 100 µms−1, and 200µms−1 respectively.

modified with the time-dependent detuning, as

ȧ = −κ

2
a+ i

(
∆0 +

2kv · t
τcav

)
a+

√
κinain. (2.38)

The numerical solutions of the cavity transmission as a function of cavity length change

for different scan speeds are shown in Fig. 2.5(b). Compared to the Lorentzian plot with

low scan speed (top), when the end mirror moves in a particular direction, the solutions

show signs of asymmetry. With a faster scan on detuning, the peaks start showing stronger

additional ripples after the cavity passes the resonance. Moreover, a lower peak power and

a shift of the maximum point are also observed at a higher scan speed. Because, with a

fast scan, the cavity is not able to reach the steady state before the cavity length changes

to the next step which changes the resonance condition. With a slower scan, each point

can be considered as a steady-state solution, so the response shows a Lorentzian profile.

2.3 Mechanical resonators

After giving an exhaustive description of the “optical” part of the term optomechanics, now

we start to investigate the “mechanical” part of it. In order to understand the dynamics

behind a moving mirror, we will outline the classical and quantum theory of mechanical

resonators.
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2.3.1 Equation of motion

The vibrational modes of an object can be obtained by imagining the simple harmonic

motion of a body that is attached to a spring with one end fixed. Considering the body

moves along the center axis of the spring, the equation of motion for the body is described

as

mẍ = Fr + Ff + Fex, (2.39)

where x is the displacement of the body from the equilibrium position. The force acting

on this resonator includes the restoring force (Fr) exerted by the tension of the spring, the

resistance force from the environment (Ff), and an external driving force (Fex). Hooke’s law

gives a linear correspondence between the restoring force and the mechanical displacement

with the spring constant (or stiffness) denoted by k:

Fr = −kx. (2.40)

Additionally, the resistance can be considered linear with the velocity of the body for the

slow viscous flow, thus the expression for the resistance force is written as

Ff = −αẋ, (2.41)

where α is the resistance constant. By substituting Eq. (2.40) and (2.41) into Eq. (2.39),

a differential equation to describe the motion is given as

mẍ+mγẋ+ kx = Fex, (2.42)

where γ = α/m is defined as the damping rate of the motion.

Solving the Eq. (2.42) under an assumption that no external driving forces is involved,

we have the general equation as the solution of the oscillator’s motion

x(t) = e−
γ
2
t
(
A1e

t
√

γ2/4−ω2
m +A2e

−t
√

γ2/4−ω2
m

)
, (2.43)

with its characteristic frequency ωm =
√

k/m, where the parameters A1 and A2 are given

by the initial condition of the system. If there is no damping in the system (γ = 0), the

general solution gives the expression of a harmonic oscillator,

x(t) = A0 cos(ωmt+ ϕ0), (2.44)

of which the amplitude A0 and the phase ϕ0 are determined by the initial condition.

Moreover, the value of γ2/4− ω2
m determines the dynamics of the oscillator, giving three

different situations — under damping (γ/2 < ωm), critical damping (γ/2 = ωm), and

over damping (γ/2 > ωm). In the case that the oscillator is under damped, it oscillates

with a frequency of
√
γ2/4− ω2

m and an amplitude damping rate of γ/2. A dimensionless
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quantity known as quality factor or Q factor can be used to describe how underdamped

an oscillator or resonator is, as a higher Q indicates a lower energy loss rate. The Q factor

reads

Q =
ωm

γ
. (2.45)

The vibrational modes of any object can be described as a harmonic oscillation with

damping. The normal modes of the object correspond to their eigenfrequencies Ω(n). In the

following discussion, we mostly focus on a single normal mode of vibration, replacing the

physical mass with the effective mass meff of the oscillator, with the frequency denoted

as Ωm. The loss of the mechanical energy is described by the damping rate Γm. The

temporal evolution of the amplitude of the motion in Eq. (2.42) thus becomes as

meff

(
ẍ+ Γmẋ+Ω2

mx
)
= Fex(t). (2.46)

Here Fex(t) denotes the sum of all forces that are acting on the mechanical oscillator. By

introducing the Fourier transform via

x̃(ω) =

∫ ∞

−∞
x(t)eiωt dt (2.47)

F̃ex(ω) =

∫ ∞

−∞
Fex(t)e

iωt dt, (2.48)

we obtain the equation of motion in the frequency domain

x̃(ω) = χm(ω)F̃ex(ω) with χm(ω) =
1

meff (Ω2
m − ω2)− imeffΓmω

. (2.49)

The mechanical susceptibility χm defined above characterises the dynamical response of

an oscillator to an external driving force.

2.3.2 Displacement spectral density

In experiments, the mechanical motion is often measured in frequency space rather than

in real time, to allow a separation of the contributions of different normal modes. The

spectral density of the measured displacement is defined by the Fourier transform Sxx(ω)

of the autocorrelation function:

Sxx ≡
∫ ∞

−∞
⟨x(t)x(0)⟩eiωtdt. (2.50)

For a given signal that is obtained during a measurement time τm, we define the gated

Fourier transform over a finite time interval:

x̃(ω) =
1

√
τm

∫ τm

0
x(t)eiωtdt. (2.51)
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Under the assumption that the mechanical process is stationary and is of finite intensity,

the Wiener-Khinchin theorem connects Eq. (2.50) and (2.51) when τm → ∞ [1],

lim
τm→∞

⟨|x̃(ω)|2⟩ = Sxx(ω). (2.52)

From Eq. (2.50) and (2.52), it is easy to show that the area under the experimentally

measured power spectral density yields the variance of the mechanical displacement ⟨x2⟩ :

⟨x2⟩ = 1

2π

∫ ∞

−∞
Sxx(ω)dω. (2.53)

2.3.3 Quantisation of a harmonic oscillator

For a harmonic oscillator, the classical Hamiltonian is given as

HM =
p2

2meff
+

1

2
meffΩ

2
mx

2 (2.54)

where p represents the momentum. The first and the second terms describe the kinetic

energy and the potential energy due to the restoring force respectively. By replacing p

and x with operators p̂ and x̂, the Hamiltonian is quantised as

ĤM =
p̂2

2meff
+

1

2
meffΩ

2
mx̂

2. (2.55)

The momentum p̂ and position x̂ operators are subject to the canonical commutation

relation given as

[x̂, p̂] = ih̄. (2.56)

Thus, we define the two conjugate observables — creation b̂† and annihilation b̂ operators

(also known as ladder operators), as follows

b̂† =
1√

2meffh̄Ωm
(meffΩmx̂− ip̂) , (2.57)

b̂ =
1√

2meffh̄Ωm
(meffΩmx̂+ ip̂) , (2.58)

which obey the commutation relation

[b̂, b̂†] = 1. (2.59)

Note that b̂† is the mechanical equivalent of the optical creation operator â† defined earlier.

One interpretation of b̂† and b̂ considers them as the creation and annihilation of a quasi-

particle of mechanical oscillation, known as a phonon. Therefore, the momentum and the
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position operator can be written with the two ladder operators as

x̂ = xZPF

(
b̂† + b̂

)
, (2.60)

p̂ = imeffΩmxZPF

(
b̂† − b̂

)
, (2.61)

where

xZPF =

√
h̄

2meffΩm
(2.62)

is the zero-point fluctuation amplitude of the mechanical oscillator. In this regard, with

substitution of Eq. (2.60) and (2.61) into Eq. (2.55), we can rewrite the Hamiltonian as

ĤM = h̄Ωm

(
b̂†b̂+

1

2

)
, (2.63)

where the operator b̂†b̂ describes the number of the phonons of the system. The ground

state of this mechanical system has a fundamental energy of h̄Ωm/2, and each additional

phonon adds a quantum of h̄Ωm to the total energy.

2.4 Dynamics of optomechanical systems

Coupling the properties of the cavity radiation field to the mechanical motion via momen-

tum transfer of photons, the field of optomechanics has emerged. The simplest form of

optical-mechanical coupling occurs in a Fabry-Pérot cavity with one end mirror fixed and

another movable mirror acting as a mechanical resonator. The radiation-pressure cou-

pling comes from the transfer of photon momentum due to the reflection perpendicular

to the mirror’s surface. A single photon with a wavelength of λ transfers the momentum

|∆p| = 2h̄k = 2h̄× 2π/λ. The radiation pressure force experienced by the mirror, caused

by the intracavity photons, is therefore expressed as

⟨F̂opt⟩ = 2h̄k
⟨â†â+ 1/2⟩

τcav
= h̄

ωcav

L
⟨â†â+

1

2
⟩, (2.64)

where τcav = 2L/c is the cavity round trip time.

2.4.1 Hamiltonian formulation

Considering the uncoupled optical (Eq. (2.12)) and mechanical (Eq. (2.63)) modes that

are represented by two harmonic oscillators, we give the approximate Hamiltonian of the

system where the interaction between the radiation field and the mirror is not introduced
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yet:

Ĥ0 = h̄ωcav

(
â†â+

1

2

)
+ h̄Ωm

(
b̂†b̂+

1

2

)
. (2.65)

With a movable mirror, however, the cavity length changes with the displacement of

the oscillator, thus the cavity resonance frequency ωcav is modulated by the mechanical

amplitude, where we have

ωcav(x) =
mπc

L+ x

≃ mπc

L
− mπc

L2
x+ ...

= ωcav −Gx+ .... (2.66)

Here an assumption that x ≪ L is made. The parameter G = mπc/L2 = ωcav/L convert-

ing the displacement of the mirror to the frequency change, is known as frequency pull

parameter. In the following sections, it can be seen that this parameter also links to the

optomechanical coupling strength.

By substituting Eq. (2.66) into Eq. (2.65), the cavity Hamiltonian with the mechanical

modulation can hence be split into the generic cavity Hamiltonian and the interaction

Hamiltonian, so that the Hamiltonian of the optomechanical system can be described as:

Ĥsys = ĤO + ĤM + Ĥint, (2.67)

with Ĥ0 and ĤM is given by Eq. (2.12) and (2.63) respectively. The interaction term is

given by

Ĥint = −h̄Gx̂

(
â†â+

1

2

)
= −h̄GxZPF

(
â†â+

1

2

)(
b̂+ b̂†

)
, (2.68)

where we use the definition of the position operator mentioned in Eq. (2.60). Another

important quantity of the system, the vacuum optomechanical coupling strength, is ob-

tained:

g0 = GxZPF. (2.69)

Generally speaking, g0 is more fundamental than G, because it quantifies the interaction

between a single photon and a single phonon. In the cavity optomechanical system dis-

cussed in this work, the cavity is usually detuned by more than half of the linewidth using

a piezo and the cavity responses are investigated under the semiclassical regime, thus G

is more useful to know.

From the derivative of Ĥint with the respect to displacement, we can identify the



24 Background to Optomechanics

radiation pressure force acting on the oscillator,

F̂opt = −dĤint

dx̂
= h̄G

(
â†â+

1

2

)
= h̄

g0
xZPF

(
â†â+

1

2

)
, (2.70)

which is consistent with Eq. (2.64). Note that the full Hamiltonian Ĥsys also includes terms

that describe the external drives or baths, coupled to variables through the damping rates

κ for the cavity modes and Γm for the mechanical modes. These effects are omitted from

the Hamiltonian but will be formulated efficiently in the equation of motion by using

Langevin equation and input-output theory.

Considering the field operators in the rotating frame of the input laser frequency ωl, the

equations of motion are obtained from Eq. (2.67) by using quantum Langevin equation:

˙̂a(t) = − [κ/2− i (∆ +Gx̂(t))] â(t) +
√
κinâin(t), (2.71)

˙̂x(t) =
p̂(t)

meff
, (2.72)

˙̂p(t) = −meffΩ
2
mx̂(t)− Γmp̂(t) + F̂opt(t) + F̂th(t). (2.73)

For the cavity field, the coupling to the environment mainly arises from the input field

âin(t), which has expectation value ⟨âin(t)⟩ = αin(t). The Brownian force F̂th(t) which

comes from thermal fluctuations with mean value ⟨F̂th(t)⟩ = 0, and has spectral density

given by [70]

S
(th)
F (ω) = meffΓmh̄ω coth

(
h̄ω

2kBT

)
. (2.74)

This is obtained at thermal equilibrium at temperature T . The Boltzmann constant is

denoted by kB. Given that the phonon thermal occupation number is defined as nth(ω) =

1/
(
eh̄ω/kBT − 1

)
, we have S

(th)
F (ω) = mΓmh̄ω (2nth(ω) + 1) the magnitude of which is

proportional to the number of phonons.

Similarly, we consider the cavity in the semiclassical regime and use the mean response

of the operators to describe the system. Denoting the mean response of the operators as

⟨x̂(t)⟩ → x, ⟨p̂(t)⟩ → p and ⟨â(t)⟩ → a, which give the calculation of the average observable

value of the system. It thus can be described by the classical equations of motion as follows:

ȧ = − [κ/2− i (∆ +Gx)] a+
√
κinain, (2.75)

ẍ = −Ω2
mx− Γmẋ+

h̄G

meff
|a|2. (2.76)

2.4.2 Mechanical and optical bistability

As we mentioned above, in an optomechanical system, the optical and mechanical os-

cillators are not independent of each other, they interact with each other via radiation

pressure force. One can qualitatively picture the relation between them by imagining a
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direct consequence: the radiation pressure force from the intracavity field influences the

mirror, displaces it, and thus causes a shift of the cavity resonance. This shift can be

more than a linewidth with a high enough intracavity power. However, the shift of the

cavity resonance will lead to a decrease in the intracavity power and further a change

in the radiation pressure force, which will again affect the displacement of the mirror.

Such interaction between the optical and the mechanical oscillators ultimately results in

the bistable behaviour and optical spring effect, which will be discussed in this and next

section.

We firstly investigate the static solution of Eq. (2.75) and (2.76). With the condition

ȧ = 0 and ẋ = ẍ = 0, the solution at steady-state is obtained as

as =

√
κinain

κ/2− i (∆ +Gxs)
, (2.77)

xs =
h̄G|as|2

meffΩ2
m

. (2.78)

By inserting the expressions of intracavity power (Eq. (2.24)) and input power (Eq. (2.19))

into Eq. (2.77) and (2.78), we get the relationship between the displacement xs and the

intracavity power Pcav,s at steady-state, written as

xs =
Gτcav

meffΩ2
mωL

Pcav,s, (2.79)

and a cubic relation for xs,

xs

[
κ2/4 + (∆ +Gxs)

2
]

=
GκinPin

meffΩ2
mωL

, (2.80)

which is equivalent to Pcav,s since they are in direct proportion (Eq. (2.79)).

In this cubic equation, if the discriminant is less than zero, there is only one real root,

indicating that the mechanical oscillator stays in the single-state regime. However, when

the discriminant of the equation is greater than zero, it gives three different roots, where

the largest and the smallest solutions are stable. As shown in Fig. 2.6(a), the middle

one is unstable, because the slope dPin,norm/dxs,norm, is negative with these solutions,

and not all the eigenvalues of the Jacobian matrix will be non-negative. The numerical

solutions of the mechanical displacement (or intracavity power) as a function of input

power under different cavity detuning are displayed. The cavity responses in Fig. 2.6(a)

are all obtained with a red-detuning of the cavity, where we observe that three possible

cavity configurations exist with certain input powers. One example of the modification

from the mechanical displacement leading to bistable behaviour of a cavity is presented in

Fig. 2.6(b). In the absence of the optomechanical interaction, the cavity response is in a

Lorentzian shape (in blue). With a “movable” mirror, however, the Lorentzian response

to the detuning changes with a shifted resonance (in orange). The dashed lines represent

the unstable solution, which corresponds to the lighter section of each line in Fig. 2.6(a),
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Figure 2.6: Effects of optomechanical bistability on a cavity. In the plots Pcav is normalised

in terms of Pg = h̄ωl|as|2
∣∣∣
Gxs=κ

= κmeffΩ
2
mωl/G

2, with which Pcav and Pin are normalised as

Pg/τcav and Pgκ
2/4κin respectively. The cavity detuning is in units of κ whereas displacement’s

unit is κ/G. Displacement as a function of input powers is plotted in (a), with detuning of −κ

(green), −1.5κ (yellow), −2κ (blue), −2.5κ (purple), −3κ (orange). The lighter section of each line

represents the unstable solution of the displacement. In (b), the bistable behaviour of the cavity is

given in orange. The numerical result of the normalised intracavity power is shown in a function

of cavity detuning, with an input power Pin = Pgκ
2/4κin. The blue line is plotted as a reference

to show the cavity response without any mechanical coupling.

giving the regime where the cavity response behaves differently depending on the scanning

directions.

For Eq. (2.77), it is also clear to see that the presence of the mechanical displace-

ment modifies the intracavity field. For convenience, we normalise the intracavity photon

number according to that on resonance (nmax):

nnorm =
|as|2

nmax
=

1

1 + 4 (∆ +Gxs)
2 /κ2

, (2.81)

where

nmax =
4κin|ain|2

κ2
. (2.82)

We can then get the mean radiation pressure force from Eq. (2.70), by denoting ⟨â†â⟩ →
|as|2,

Fopt(x) ≃ h̄G|as|2 =
h̄Gnmax

1 + 4 (∆ +Gx)2 /κ2
, (2.83)

Integral of the radiation pressure force, we have the effective potential for the mechanical

oscillator from the sum of the elastic (Fel(x) = −meffΩ
2
mx) and the optical (Eq. (2.83))
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force potential

Veff(x) = −
∫

dx (Fel(x) + Fopt(x))

=
1

2
meffΩ

2
mx

2 − 1

2
h̄κnmax arctan

2 (∆ +Gx)

κ
. (2.84)

2.4.3 Dynamical backaction

In the previous section, we investigated the optomechanical system in the steady state

or under the static condition. In this section, we will discuss the dynamic system with

the optomechanical interaction. To simplify the calculations, we introduce the so-called

“linearised” approximate description of cavity optomechanics with the assumption that

the system fluctuates only slightly around its equilibrium point, thus we have

x = x̄+ δx, a = α+ δa, ain = αin + δain. (2.85)

Substituting them into Eq. (2.75) and (2.76), the dynamical equations of the first-order

read

δȧ = − (κ/2− i∆) δa+ iG (αδx+ x̄δa) +
√
κinδain, (2.86)

δẍ = −Ω2
mδx− Γmδẋ+

h̄G

meff
(αδa∗ + α∗δa) . (2.87)

We then apply the Fourier transform to solve the equations in the frequency domain,

which yields the following set of equations:

[κ/2− i (ω +∆+Gx̄)] δa(ω) = iGαδx+
√
κinδain(ω), (2.88)

[κ/2− i (ω −∆−Gx̄)] δa∗(ω) = −iGα∗δx+
√
κinδa

∗
in(ω), (2.89)

−ω2δx(ω) + Ω2
mδx(ω)− iΓmωδx(ω) =

h̄G

meff
(α∗δa(ω) + αδa∗(ω)) . (2.90)

Replacing δa(ω) and δa∗(ω) in Eq. (2.90) with Eq. (2.88) and Eq. (2.89), we obtain

[
χm(ω)

−1 +Σopt(ω)
]
δx(ω) = F (ω), (2.91)

with

χm(ω) =
[
meff

(
Ω2
m − iΓmω − ω2

)]−1
, (2.92)

Σopt(ω) = h̄|Gα|2
(

1

(∆ +Gx̄+ ω) + iκ/2
+

1

(∆ +Gx̄− ω)− iκ/2

)
, (2.93)

F (ω) = h̄G
√
κin

(
α∗ain(ω)

κ/2− i (ω +∆+Gx̄)
+

αa∗in(ω)

κ/2− i (ω −∆−Gx̄)

)
. (2.94)

By writing in this way, we obtain an equation having the same structure as Eq. (2.49).

Thus, χm(ω) can be recognised as the natural mechanical susceptibility, Σopt(ω) denotes
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the optical correction to the susceptibility and F (ω) is the radiation pressure fluctuation

produced by laser shot noise. Therefore, the effective mechanical susceptibility is suggested

as

χeff(ω)
−1 = χm(ω)

−1 +Σopt(ω), (2.95)

and can be rewritten as

χeff(ω) =
[
meff

(
ω2
eff − ω2 − iγeffω

)]−1
. (2.96)

This allows us to investigate the dynamics with the effective mechanical frequency, ωeff, and

the effective mechanical damping, γeff, which are perturbed from the original parameters

by adding a correction that is said to be the optical spring, as follows:

ωeff(ω) =

√
Ω2
m +

ℜ(Σopt(ω))

meff

=

√
Ω2
m +

h̄|Gα|2
meff

[
∆+Gx̄+ ω

(∆ +Gx̄+ ω)2 + κ2/4
+

∆+Gx̄− ω

(∆ +Gx̄− ω)2 + κ2/4

]
(2.97)

γeff(ω) = Γm +
ℑ(Σopt)

meffω

= Γm +
h̄|Gα|2κ
2meffω

[
1

(∆ +Gx̄+ ω)2 + κ2/4
− 1

(∆ +Gx̄− ω)2 + κ2/4

]
(2.98)

In this perspective, rather than investigating the movable mirror independently and trying

to figure out its interaction with the light field inside the cavity, we consider the optome-

chanical system as an extended oscillator, where the effects of radiation pressure force are

included in the effective susceptibility as a correction term.

2.5 Photothermal interactions in an optomechanical system

For applications of mirrors, the surface shape is one of the most important parameters,

which determines their employment and performance in experiments. The mirror surface

geometry remains unchanged only under an ideal situation where the mirror is exposed to a

uniform temperature change and the material is isotropic. However, in most realistic cases,

the temperature change induced by the laser is inhomogeneous, which changes the mirror

in size, radius and hence its focus. Thus, the mirror’s behaviour with temperature change

is critical in optical systems where a high sensitivity is required. In this section, we will

introduce photothermal effects in optics, optical resonators, and further optomechanical

systems.
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2.5.1 Photothermal effects in optics

Photothermal effects in optics can be ignored in experiments where the optical field itself

is not of interest and laser intensity is not huge. For very big mirrors, or large changes

in temperature, for example, the equipments in LIGO where very high laser intensity is

applied, a spatial change in thermal coefficient of expansion causes a surface distortion.

With a uniform temperature bath, the anisotropy in expansion leads to an inhomogeneous

change on the surface of the mirror. For most mirror materials, however, the anisotropy

of thermal expansion ∆α is on the order of a few percent, so this effect is only considered

on large mirrors or very sensitive instruments, such as the optomechanical levitation setup

discussed in the following chapters. In more common cases, if the laser is acting as the

thermal bath, the distortion also comes from the spatial characteristics of the laser.

Moreover, the axial temperature gradient along the optical axis of the mirror from the

surface to the interior also deforms the mirror surface by changing the optical radius R.

The change in radius of curvature ∆R has a quadratic dependence on the radius, which

is described as [71]

∆R =
α

k
QR2, (2.99)

where α and k denote the thermal coefficient of expansion and the thermal conductivity

of the mirror material respectively. The heat flux per unit area Q produces the tempera-

ture gradient. The ratio α/k is the thermal distortion index of the mirror material which

determines distortion due to the temperature change. To minimise it, a large thermal

conductivity and a low thermal expansion coefficient are desired. For the glassy mate-

rials commonly used in mirrors, thermal conductivity varies little (ranging from about

1.1Wm−1K for Pyrex to 1.6Wm−1K−1 for Zerodur [71]), therefore the thermal expan-

sion coefficient becomes critical when designing the mirror materials.

After a sudden change of the temperature at the mirror’s surface, a temperature gra-

dient is established from the centre of the surface to the edges. The surface temperature

then decays with time with the heat transferring to the interior, where the temperature

Th rises up exponentially with time t:

Th = T

[
1− exp

(
−t

τh

)]
, τh =

h2

π2

1

k/ρcρ
, (2.100)

where the thickness of the mirror, or the distance from the surface is denoted by h. The

density and the specific heat of the material are, respectively, written as ρ and cρ. T gives

the surface temperature and τh denotes the thermal time constant of the mirror which

is inversely proportional to the thermal diffusivity k/ρcρ. Therefore, in the experiments

where laser power is not changing, in order to minimise the time for the mirror to reach

thermal equilibrium, a small thermal time constant and hence a large value of thermal

diffusivity is desirable in mirror designs. With a cavity in an optomechanical system,

however, a small time constant gives faster reactivity, which may induce other nonlinear
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effects into the system. In the following sections, we use a simplified model to describe

only the photothermal effects on optics and consider the property changes of mirrors only

in one dimension.

2.5.2 Photothermal effects in an optical resonator

In an optical resonator, one of the most important parameters is the cavity length, which

directly determines the resonance frequencies. In a common optical cavity when the tem-

perature change on the mirror surface induced by the laser beam is not very large, the

most significant effect resulting from the temperature rise is the photothermal displace-

ment, or optical length change. Suppose that in a mirror the temperature relaxes towards

the equilibrium point with a rate γth, we describe the temperature evolution with the

differential equation as [72]

Ṫ = −γth

(
T − T0 −

∂T

∂Pcav
Pcav

)
, (2.101)

where T0 is the equilibrium temperature and γth is the relaxation rate of the joint pho-

tothermal effect. The quantity Pcav refers to the power of the heating laser, specifically

the intracavity power when a cavity is under discussion. Considering the most significant

effect manifested as the thermal expansion of the mirror materials, we assume that the

photothermal displacement is linearly dependent on the temperature near the equilibrium,

which yields

ẋth = −γth

(
xth +

∂xth
∂Pcav

Pcav

)
. (2.102)

Here we define the term ∂xth/∂Pcav as the photothermal coefficient with SI unit mW−1,

denoted by β:

β =
∂xth
∂Pcav

. (2.103)

This parameter quantifies the photothermal displacement response to the laser power.

With a positive β, it is clear to see that the radiation power causes an increase of the

photothermal displacement, physically, an expansion of the mirror materials, leading to a

reduction of the effective optical length inside the cavity. Conversely, a negative β results

in a decrease of photothermal displacement and hence an increase of the effective optical

length. Note that for commonly used substrate materials, such as fused silica, sapphire,

and BK7, the photothermal coefficient is usually positive.

The transient solution of Eq. (2.102) is easy to obtain when the cavity power does not

evolve in time and has the following form

xth = x1e
−γtht − βPcav, (2.104)
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where x1 is determined by the initial condition. If the intracavity power that drives the

photothermal displacement evolves with time, we can solve Eq. (2.102) in the frequency

domain using the Fourier transform and we have

ẋth(ω) =
γthβPcav(ω)

iω − γth
, (2.105)

where we define the photothermal susceptibility χth = (iω − γth)
−1. This quantity is

equivalent to the first-order pole approximation of the generalised photothermal interac-

tion. Unlike the radiation pressure susceptivity (Eq. (2.96)) whose reciprocal is quadratic

to ω, the reciprocal of photothermal susceptibility is linearly proportional to it.

It is important to mention that here we use the expansion of the mirror coating as an

example to give the expression of photothermal displacement. This is because usually in a

cavity it is dominant over other effects. Effects such as photothermally-induced refractive

index change on a mirror coating also modify the effective optical length of the cavity,

which may become prominent when the mirror is part of a high-sensitivity interferometer.

Moreover, the thermal gradients along the optics axis and non-uniform spatial distribution

of the heating source (a Gaussian beam, etc.) can cause distortion on the mirror surface,

which may lead to a change in cavity modes and cavity dynamics. More investigation on

photothermal effects will be given in Chapter 5.

2.5.3 Photothermal effects in an optomechanical system

We now consider photothermal effects in an optomechanical system. In the previous

sections, we have given the dynamic equations of motion of the cavity with only radiation

pressure as the interaction between the optical field and the oscillator. Recalling Eq. (2.66),

and replacing the oscillator displacement x with the total displacement caused by radiation

pressure force and the photothermal effect xth + xrp, we have

ωcav(xrp, xth) ≃ ωcav −G (xrp + xth) , (2.106)

By substitution of Eq. (2.102) into the equation of motion, Eqs. (2.75)-(2.76), for the

optomechanical system, and also replacing x with xth + xrp, updated equations of motion

with a photothermal coupling are thus obtained

ȧ = − [κ/2− i (∆ +G (xrp + xth))] a+
√
κinain, (2.107)

ẍrp = −Ω2
mxrp − Γmẋrp +

h̄G

meff
|a|2, (2.108)

ẋth = −γth

(
xth + β

h̄Gc

2
|a|2

)
. (2.109)
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From the equations above, we have the equations for the system’s steady state:

as =

√
κinain

κ/2− i
[
∆+G

(
xsrp + xsth

)] , (2.110)

xsrp =
h̄G|as|2

meffΩ2
m

. (2.111)

xsth = −β
h̄Gc

2
|as|2. (2.112)

2.6 Optomechanical levitation

In the configurations where the oscillating component is mechanically clamped to a sub-

strate or support, coupling of mechanical motion to the thermal disturbances is unavoid-

able. Extrinsic thermal fluctuations limit the optomechanical sensitivity, introducing de-

coherence which is harmful to achieving optomechanics in the quantum regime. Optical

levitation, instead, by removing all mechanical contact with the surroundings, provides an

environmental isolation scheme, which allows the full manipulation of the quantum state

and mechanical frequency of the levitated particles via the optical fields [73, 74, 75, 76].

2.6.1 Levitation and control of microscopic objects in vacuum

In the last few decades, optically levitating nano- and micro-objects in vacuum has received

increasing attention in areas ranging from fundamental quantum physics to commercial

sensors. Attractive research directions have been unlocked by the many recent achieve-

ments, different cooling and controlling techniques have been used in various experimental

schemes.

By levitating the particles and restricting the unwanted extrinsic interaction, a pre-

viously unattainable isolation from the environment can be obtained. The large masses

and densities of the levitated objects provide high inertial sensitivities for acceleration and

force measurement [77, 78, 79, 80]. The ability to couple the internal degrees of freedom,

such as phonons, magnons and excitons, to the well-controlled external degrees of freedom

makes levitation systems excel as force sensors that can be exploited in different fields. For

example, a levitated particle that carries a charge responds to electric fields that can be

designed as an electric sensor [81, 82, 83, 84, 85], objects carrying magnetic moments inter-

act with magnetic fields and thus constitute magnetometers [86, 87], and more naturally,

with high mass, the levitated particles are good candidates for gravitational sensing [88].

With the optical cavity-based and active- [89, 90, 91] or passive-feedback [92, 93, 94]

techniques that have been developed for levitation in vacuum, the motion of dielectric

levitated nanoparticles can be cooled into the quantum ground state [89, 90, 95], paving

the way to the study of quantum limited sensing and detection.

Another distinctive characteristic of a levitation system is the high degree of control

over both conservative dynamics and coupling to the environment. Levitated particles
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are free to move with the existence of the external influences, allowing for precise con-

trol and coupling of the conservative motion [96, 97, 98], equilibrium position [99, 100,

101], and rotation degrees of freedom [102, 103, 104, 105] of the particles. Such tech-

niques provide a means of engineering the quantum motional and rotational states of a

levitated object [106]. Moreover, extending control to all degrees of freedom of a levitated

particle is the key to reducing sources of noise and decoherence in the experimental sys-

tems to a fundamental minimum scale. This will enable studies in unexplored regimes of

macroscopic quantum physics and the probing of weak forces, including the preparation of

macroscopic quantum superpositions of objects composed of billions of atoms, detection

of non-Newtonian gravity, and searches for new physics beyond the standard model [107].

The advances outlined above of levitated systems, especially the controllable isolation,

have opened the door to the study of single-particle stochastic thermodynamics. The

tunability of the coupling with the environment makes levitated systems an ideal platform

to investigate equilibration [108] or underdamped Brownian motion in both linear [109]

and nonlinear [110] regimes. It also provides a powerful tool in the study of nonequilibrium

physics, such as the thermalisation of mesoscopic objects in vacuum as well as complex

many-particle physics [111, 112, 113, 114].

2.6.2 Optical levitation of a microscopic mirror

Recent studies in levitating milligram-scale mirrors make optical levitation a promising

technique in metrology, especially the detection of exceedingly small changes in gravita-

tional force, and, more fundamentally, an excellent candidate to explore quantum and

nonlinear effects in the macroscopic regime.

The first scheme of using a levitated mirror as one of the end mirrors of a Fabry-

Pérot cavity is presented in a configuration where the mirror is levitated by an optical

tweezer [66], in order to eliminate the dissipation and decoherence introduced by the

mechanical support in traditional optomechanical systems. In this paradigm, an optical

spring mirror with a dual-disk structure is suspended by the optical gradient force that is

provided by two linearly polarised elliptical Gaussian beams of equal wavelength horizon-

tally crossing each other. The mirror consists of a silica disc that is connected via a silica

pillar to a disc mirror, which is acting as an end mirror for a vertical cavity. With such a

geometry, the beams can be applied solely to the silica disc to avoid laser heating on the

disk mirror.

However, optical tweezers require highly focused beams to create the optical trap,

which limit the mass and the size of the trapped objects. Based on the calculation,

the mirror levitated in this optical tweezer system can only have a mass up to the or-

der of nanograms, which restricts further applications for levitation of heavier objects.

Whereas later, with the proposals of a scattering-free tripod and sandwich of optical cav-

ities, milligram-scale mirrors can be levitated [115], which enables the systems to reach

the standard quantum limit theoretically.
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The sandwich configuration gives the simplest possible optical levitation in which a

macroscopic mirror is optically levitated by two vertical Fabry-Pérot cavities linearly

aligned [116]. The levitated mirror is vertically positioned between the two fixed mir-

rors, acting as one of the end mirrors of both cavities with the upper and lower mirrors

fixed. To achieve the stabilisation of the suspended mirror, the top cavity is set to be

red-detuned and the bottom cavity uses a blue-detuned laser, to minimise the suspension

thermal noise. This system is theoretically proposed to reach the standard quantum limit

and can be developed experimentally to create macroscopic entanglement as well as test

quantum mechanics in mesoscopic regime.

Another proposal for levitating the mirror using only radiation pressure force is the

tripod configuration, where the forces are generated by the three intracavity optical fields

and an optical potential well is formed to trap the upper mirror [67]. The tripod scheme

is designed to provide stability in the horizontal direction when the gravitational force of

the mirror is balanced by the radiation pressure vertically. A small perturbation to the

gravitational acceleration will cause a displacement of the position of the levitated mirror,

leading to the change of the intracavity fields.

The advantages of such a system in developing high precision metrology devices result

from the ease of information readout from the output of the optical cavity, the high

sensitivity of gravitational acceleration measurement, and being free of scattering which

confines all information that photons carry into the cavity. Furthermore, the capability of

interfacing the optical field with the gravitational force via the macroscopic mirror opens

the possibilities to test quantum gravity theories, that attempt to integrate quantum

mechanics and general relativity [117].

This proposal has been experimentally studied with a vertical Fabry-Pérot cavity where

a free-standing mirror is acting as the top reflector of the cavity and is designed to be

levitated by the intracavity field [40]. The nonlinear dynamics of the system are observed,

including high-order sideband generation, optical bistability, parametric amplification, and

the optical spring effect. This work focuses on this experimental setup as a test bed for the

successful levitation in the tripod configuration. A rigorous investigation into the dynamics

and the photothermal effects, the development of refined models, and a technique to cancel

photothermal induced instability of the system will be included in the following chapters.



Chapter 3

Optomechanical Levitation System

and Current Model

Optical levitation systems are interesting for their extreme environmental isolation, which

offer unique tools for precise metrology, optomechanical coupling and preparation of me-

chanical quantum states [106]. In this chapter, we will investigate the experimental setup

of the one laser levitation system and its nonlinear dynamics. we will also present the

experimental results of the cavity response under different input powers and scan speeds,

with which the effectiveness of the current model will be discussed.

3.1 Experimental setup

The particular system under consideration here is a vertical Fabry-Pérot cavity, where the

top end mirror is free-standing on an Invar (FeNi36) spacer, as shown in Fig. 3.1. The top

mirror of the cavity is coated with Ta2O5 and SiO2 bi-layers acting as a distributed Bragg

reflector (presented in Fig. 3.1(c)), which provides a reflectivity as high as 99.992% on the

curved side of a fused silica spherical cap. The mass of the levitated mirror studied here

is 1.116± 0.003 mg with a radius of curvature of 25mm, diameter of 3mm, and thickness

of around 50 µm. The optical power required in order to levitate a mass at this scale is

around 1.6 kW, which is high enough to have detrimental effects on the mirror’s surface.

Due to a relatively small spot size, the intensity at the surface of the mirror can reach as

high as 3MWcm−2, which is 103 times higher than the intensity in the baseline LIGO

interferometers, resulting in significant photothermal effects.

The bottom mirror is a conventional 1-inch concave mirror, with a high-reflectivity

coating on a fused silica substrate. It is attached to a piezoelectric actuator which fa-

cilitates a linear scan of the cavity length and induces a detuning to the cavity. The

whole cavity is approximately 80mm long and is enclosed by a monolithic Invar case to

reduce thermal fluctuations (Fig. 3.1(a)). A spacer on the top, which is fixed to the Invar

case, has a hole with three small symmetric contact points to support the mirror when it

is not lifted or levitated. This is designed to minimise Van de Waals forces sketched in

Fig. 3.1(d). A 1050 nm Nd:YAG laser is coupled into the cavity via the bottom mirror,

35
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Figure 3.1: Experimental setup. (a) The vertical Invar cavity used in the levitation experiments.

A small lightweight mirror is subject to the radiation pressure inside the cavity. The mirror is

placed on the three small supporting points that are connected to the Invar case. The bottom

mirror is attached to the piezoelectric actuator, which move together to induce the cavity detuning

for a linear scan. (b) Schematic of the single laser levitation system. (c) High reflective mirror

with Ta2O5 and SiO2 bi-layers used as a distributed Bragg reflector. (d) Levitation mirror placed

on the Invar mount.

producing an input light with up to 20W of power.

When the radiation pressure exerted by the intracavity field is sufficiently strong to

overcome the weight of the mirror, the mirror is lifted off one of the contact points.

Thus the effective cavity length increases, and the intracavity field becomes blue-detuned

compared to the resonance of the cavity. Note that at the scales involved, the “lifting” can

be considered a normal translation (even if it is a rotation pivoted around the remaining

contact points) because displacements of the centre of the mass is around only nanometers.

Under these conditions the mirror enters the optical spring regime. The total of the

radiation pressure and gravitational forces of the mirror provide a restoring force, creating

the optical trap for the macroscopic mechanical oscillator in this levitation setup [67].

By moving the bottom mirror with the piezoelectric actuator, we change the resonance

condition of the cavity, effectively changing the cavity detuning while keeping the laser

frequency constant. To monitor the evolution of the intracavity field, we measure the

reflected and the transmitted outputs of the cavity. The detailed design of the cavity

and the optical layouts of the experiments can be found in Dr. Jinyong Ma’s PhD thesis

“Photothermal Nonlinearity in Optical Cavities and Optomechanical Systems” [118].
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Figure 3.2: Cavity transmission under different input power. The results presented are taken

with input power 40mW (green), 200mW (yellow), 400mW (blue), 700mW (red), 1.2W (purple)

and 2.4W (orange), and under the same scan-speed of 1.105 µms−1. (a) shows transmission of

the cavity during a downward scan, from red- to blue-detuned frequencies, showing the parametric

amplification. (b) depicts the output of the cavity with an upward scan, from blue- to red-detuned

frequencies. The cavity finesse is around 1970.

In this optomechanical system, photothermal interactions, manifested in different

types, causes nonlinearity in the cavity dynamics. Photothermal expansion and refrac-

tive index change of the mirror coating due to thermal absorption are prominent effects

which contribute to optical bistability and asymmetry in the cavity response to a lin-

ear scan. The excitation of the acoustic modes of the mirror causes it to vibrate, which

further incorporates other effects that cause effective optical length change. In general,

photothermal effects modify the system dynamics, introduce parametric gain to the cavity,

and further amplify the oscillation which has been observed in the experiments. In the

following sections, we will explore all these effects, interactions and dynamics.

The transmission of the cavity driven by different input powers are shown in Fig. 3.2,

where (a) and (b) present the responses of the cavity under opposite scan directions,

a downward scan (red- to blue-detuned frequencies) and an upward scan (blue- to red-

detuned frequencies) respectively. Comparing the experimentally observed transmission

output for various input powers, we show that the optical bistability is easier to observe

at higher input power. A scan from red- to blue-detuning causes the resonance to follow

along, leading to the “self-locking” of the cavity, which results in a broadening of the cavity

resonance. In contrast, with an opposite scan from blue- to red-detuning, the cavity will
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encounter the unstable region first and thus reacts by rapidly crossing over to the opposite

side of resonance. This anti-locking mechanism leads to a much narrower Lorentzian

profile of the cavity resonance. These phenomena are also implied by the equation of

motions of the system and the simulation of its dynamics in the next section (see Fig. 3.3).

As presented in Fig. 3.2, at low power, around 40mW (green), the transmission is still

very close to Lorentzian shape in both self-locking and anti-locking cases. However, with

increased input power, cavity responses (at around 200mW, shown in yellow) with the

two opposite scan directions become asymmetric, especially for the self-locking regime.

Cavity, with a finesse of approximately 1970, starts oscillating at about 300mW (blue)

under a scan-speed of 1.105 µms−1. The mechanical oscillation results from the excitation

of the acoustic modes of the mirror. This leads to the cavity crossing resonance multiple

times during a single scan, which is shown in the cavity reflection and transmission traces.

3.2 Equation of motion

A simple model to describe the effective photothermal displacement in a cavity assumes

a relaxation linearly proportional to the optical power [72, 119]. This empirical law orig-

inates from a single-pole approximation of the full thermo-elastic response of the mir-

ror [120] in the case of photothermal expansion. Despite its simplicity, this equation

proved its success in predicting the complicated dynamical behaviour of optomechanical

cavities under the regime where the interaction between intracavity field and the mirror

is weak [40].

The equations of motion for the system in the rotating frame of the cavity resonant

frequency are:

ȧ = [−κ/2 + i(∆ +G(xlev + xth + xac))] a+
√
κinain, (3.1)

ẋth = −γth(xth + βthPopt(a)), (3.2)

ẍac = −γacẋac − ω2
acxac + Fopt(a)/mac, (3.3)

ẍlev =

−γlevẋlev when supported,

−γlevẋlev + (Fopt(a)− Fg)/m when not supported,
(3.4)

where the modification of the effective optical length is separated into three different en-

tities: acoustic (xac), centre-of-mass (xlev) and photothermal (xth) displacements. These

dynamic equations characterise the experimental system in the classical limit. The evo-

lution of the optical field is shown as Eq. (3.1). The amplitude of the driving field is ain,

coupling through the input mirror at a rate κin. The imaginary part is the oscillatory

term (normally at the optical frequency, but in the rotating frame it is described by the

detuning of the cavity). The total losses are described by κ (with κ > κin), which defines

the decay rate of the cavity. The evolution of the amplitude of the intracavity field a

depends on the shift of the centre of the mass xlev caused by the radiation pressure force,
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the displacement of the mirror’s surface following vibrations of acoustic mode xac, and

the difference of the cavity length due to total photothermal effects xth. The detuning of

the cavity is defined as ∆ = ωl − ωopt, where ωl and ωopt are angular frequencies of the

optical field and the cavity resonance respectively. The coefficient G = ωopt/Lcav is the

optomechanical coupling strength between the mirror and the intracavity field, where Lcav

is the length of the cavity.

Equation (3.2) gives the empirical model of photothermal effects. The thermal relax-

ation rate γth and the susceptivity coefficient βth depend on the properties of the mirror

material and its absorption coefficient. There are several ways in which photothermal

effects can influence the cavity [121]. One way is thermal expansion: by absorbing opti-

cal power, the coating and substrate of the mirrors can expand and cause a reduction in

cavity length. Another possibility is the thermo-optic effect, where the refractive index

of a material is modified due to a variation in temperature, which changes the effective

optical path within the cavity. With this model, the photothermal effects are merged

and described as one collective displacement, which conceals the detail of how different

photothermal effects interact with each other and with the cavity. The amalgamation,

however, provides convenience for us to analyse the impact of photothermal effects on the

cavity dynamics. Note that the susceptivity coefficient βth can be positive or negative

depending on the empirical effect that is photothermally induced, effectively shortening or

lengthening the cavity. For example, if the refractive index change in the mirror coating

is significant, the thermo-optic effect dominates, causing an increase in the effective cavity

length. If the mirror material has a negative expansion coefficient, an increase in cavity

length will also occur. This, however, is a rare scenario that is not normally observed in

ordinary substrate materials.

The evolution of the centre of mass of the mirror is described in Eq. (3.4). The

radiation pressure force Fopt = h̄G|a|2 = 2Popt/c could be calculated with the intra-cavity

power Popt and the speed of light c. The gravitational weight of the mirror is denoted

as Fg = mg, where g is free-fall gravitational acceleration and m is the total mass of the

mirror. When there is sufficient power in the cavity, the radiation pressure force can lift

the mirror above its supporting stand. The net force acting on the mirror is given by

the balance of radiation pressure and its weight. Otherwise, when the intracavity power

is not strong enough to lift the mirror, the full weight is absorbed by the reactionary

forces of the stage and hence the net force becomes 0. The forces on the mirror may also

excite the natural vibrational modes of the mirror. These are described by an “acoustic”

degree of freedom, which behaves as a harmonic oscillator of frequency ωac and damping

γac, described in Eq. (3.3). The effective mass of this acoustic mode, mac, is generally

a fraction of gravitational mass of the mirror (mac < m). Here we have to emphasise

that the force needed to lift the mirror is not generally equivalent to the gravitational

weight of the mirror but greater, as the Van der Waals interaction and other static forces

work against the radiation pressure as well. Also, in order to operate the system in an

off-resonance detuned regime for the optical spring trap, a higher intensity of intracavity
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field is needed. The dissipation coefficient of the centre-of-mass motion γlev is considered

different from that of the acoustic mode γac due to the fact that the former is mostly

caused by air viscosity, whereas the latter by internal friction.

3.3 System dynamics

The parameters used in the model for simulations are inferred from the experimental re-

sults, which we list here once again: L = 80mm, m = 1.116mg, mac = 0.38mg, ωac =

2π × 28.6 kHz, γac = 2π × 30Hz, γlev = 2π × 50Hz, κin = 2π × 220 kHz, G = 2π ×
3.6MHznm−1. The cavity decay rate κ used is different from one simulation to the other

due to the difference in measured cavity finesses from different days. Thermal relax-

ation rate γth and susceptivity coefficient βth are calculated by fitting the model to the

experimental data. Differences in finesse change these quantities between various results

presented. Note that in experiments conducted the radiation force never reached a thresh-

old that the top mirror can be lifted, so we restrict Eq. (3.4) to the case when supported.

With the initial condition xlev = 0, we have the derived result ẋlev = ẍlev = 0 for all times,

which gives simplified dynamical equations of the system where the modification of the

effective optical length only comes from the acoustic and the photothermal displacement.

Thus, we introduce the momentum of the effective mass of the acoustic mode pac, and

rewrite them as

ȧ = [−κ/2 + i(∆ +G(xth + xac))] a+
√
κinain, (3.5)

ȧ∗ = [−κ/2− i(∆ +G(xth + xac))] a
∗ +

√
κina

∗
in, (3.6)

ẋth = −γth(xth + βthPopt(a)), (3.7)

ẋac = pac/mac, (3.8)

ṗac = −γacpac −macω
2
acxac + h̄G|a|2. (3.9)

3.3.1 Optical bistability in the levitation system

Setting the time derivatives in Eq. (3.5)-(3.9) to zero, we obtain the equation to solve the

amplitude of the intracavity field in the steady state, which is written as[
G

(
−βth

c

2
h̄G+

h̄G

macω2
ac

)]2 (
|a|2

)3
+ 2∆G

(
−βth

c

2
h̄G+

h̄G

macω2
ac

)(
|a|2

)2
+
(
κ2/4 + ∆2

)
|a|2 − κin|ain|2 = 0. (3.10)

The steady-state solutions of the intracavity power as a function of effective detuning,

solved with the current model, are illustrated in Fig. 3.3(a). The intracavity power at the

resonance (∆ = 0) is proportional to the input power (a0, res = 2
√
κinain/κ). With higher

input power, the cavity obtains higher intracavity power. To show the dynamics of the

cavity in a clearer picture, the results are normalised to the intracavity power for each
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Figure 3.3: Cavity response as a function of detuning for the system driven by various input

powers, showing optical bistability as a result of the photothermal interaction. The intracavity

power and their normalised results are shown in (a) and (b) respectively. The Optically unstable

solutions, plotted in dashed lines, are inaccessible steady-state solutions. Parameters used for the

plots are κ/2π = 950 kHz, γth/2π = 426Hz, and βth = 9.3 pmW−1.

of the curves at resonance (∆ = 0), shown in Fig. 3.3(b). Optically unstable solutions,

plotted in dashed lines, are inaccessible steady-state solutions.

With low input laser power (Pin = 40mW), the cavity response is nearly a Lorentzian

shape (in green). However, as the input power sent into the cavity becomes higher, the

cubic equation Eq. (3.10) yields three roots, a signature of bistable behavior. As shown in

Fig. 3.3, the cavity response becomes more asymmetric, and resonance is shifted toward

the blue-detuned side where two stable states (solid curves) and the unstable state (dashed

curves) occur, which indicates an opposite bistable regime compared to the case with only

radiation pressure interaction. That is because in our system, as the levitation is not

considered and the mechanical interaction is induced only by the acoustic vibration of

the mirror, photothermal effects dominate the optical length modification of the cavity.

Unlike the mechanical displacement, where a higher intracavity power provides a stronger

radiation force to push the mirror away, the photothermal displacement shortens the

effective optical length as suggested by Eq. (3.7). As far as photothermal expansion is

considered, the material of the mirror has a positive βth. It is important to note that

here the detuning of the cavity is the difference between the input laser frequency and

the cavity resonance without any photothermal or mechanical modification, whereas the

effective detuning used in Fig. 3.4 gives the difference between the laser frequency and the

modified cavity resonance frequency.

3.3.2 Photothermal modification of optical spring

With the picture of optical bistability, only the dynamical picture of the optical fields

(transmission, reflection and intracavity fields) at static steady-state can be described.

The full dynamic evolution must account for the change of the elements such as the

buildup of oscillations due to the positive restoring force and possible antidamping from a
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negative effective viscous coefficient. Therefore we use the Jacobian matrix obtained from

the linearisation of Eq. (3.1)-(3.4) to analyse the system bistability:

MJ =


−κ/2 + i∆eff 0 iGα iGα 0

0 −κ/2− i∆eff −iGα∗ iGα∗ 0

−γthβthch̄Gα∗/2 −γthβthch̄Gα/2 −γth 0 0

0 0 0 0 1/mac

h̄Gα∗ h̄Gα 0 −macω
2
ac −γac

 , (3.11)

where α =
√
κin⟨ain⟩/ (κ/2− i∆eff) gives the steady-state value of the amplitude of the

intracavity field. The effective detuning is ∆eff = ∆ + G (⟨xth⟩+ ⟨xm⟩). The angled

brackets denote steady-state values for the respective degrees of freedom.

The dynamical system information is contained in the eigenvalues of this matrix, which

shows how the natural damping and frequency of the acoustic mode are modified by both

the photothermal interaction and radiation pressure. The real parts of the eigenvalues

indicate the damping (or antidamping) coefficients of the system, thus only when the real

parts of all eigenvalues of the Jacobian matrix are negative the system can be considered

stable. The imaginary parts correspond to the steady-state eigenfrequencies in the sys-

tem. The optical modification of these mechanical constants corresponds to a generalised

optical spring effect, showing similar phenomena to optomechanical systems where a pure

radiation pressure force modifies the mechanical susceptibility. Therefore, it is rather im-

portant to illustrate the effective oscillator frequency ωeff and damping rate γeff in the

investigation of the system dynamics. The effective resonator frequency and damping rate

are obtained as

ωeff = ℑ{eig(MJ)}, (3.12)

γeff = −2ℜ{eig(MJ)}, (3.13)

where ℑ is the imaginary part and ℜ is the real part of the eigenvalue of the Jacobian ma-

trix. The effects of the optical interaction on the natural acoustic frequency and damping

rate of the oscillator are shown in Fig. 3.4. Together with Fig. 3.3, a rigorous analysis of

the experimental observation can be conducted.

The parametrically amplified oscillation emerges in the red-detuned regime (nega-

tive effective detuning), which corresponds to a negative effective damping as shown in

Fig. 3.4(b). When the average detuning imposed by the external scan goes from red to

blue (downward scan of piezo), before it reaches the resonance, the effective detuning stays

in the red-detuned regime and the oscillation is continuously undergoing parametric gain,

leading to a further enhancement of the amplified oscillation. These effects are induced

by the photothermal interaction between the laser and the levitated mirror, which get

stronger with higher intracavity power. As shown in Fig. 3.3, with higher input power (in-

tracavity power) the bistable behavior becomes more obvious. Intuitively, one can imagine

a scenario where the top mirror expands inwards due to the thermal absorption and the
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Figure 3.4: Backaction of radiation pressure and photothermal effects in the optomechanical

system. Plots (a) and (b) show the modification of the oscillation’s frequency and damping due to

optical back action respectively, when the cavity is driven by the input powers of 40mW (green),

200mW (yellow), 400mW (blue) and 700mW (red). The parameters are plotted as a function of

the effective detuning ∆eff. The dashed lines give the optically unstable solutions, which correspond

to the inaccessible steady-state solutions in Fig. 3.3. With no back action (gray), ωeff ≡ ωac and

γeff ≡ γac at all detunings. Other parameters inserted into the Jacobian matrix for the simulation

are same as the values used for Fig. 3.3.

bottom piezoelectric actuator is scanning downwards to change the detuning. In this case,

the expansion of the top mirror compensates for the detuning induced by the downward

travel of the bottom mirror. In the static picture, this prolongs the cavity residing in

the red detuning regime and results in a self-locking response. However, as soon as the

scan detuning falls on the opposite side of the resonance, the cavity jumps to the one

stable state regime which is relatively far away from the resonance and the acoustic mode

turns quiescent again. When scanning in the opposite direction (from blue to red), the

oscillations are also excited but on the right-hand side of the traces (Fig. 3.2(b)). In this

case, since the cavity jumps too quickly to the next stable state when scanning across the

resonance, there is no sufficient time for the oscillation to develop significantly.

Another interesting phenomenon with the photothermally induced modification of the

optical spring effect can be seen in Fig. 3.4(a). The oscillation frequency of the resonator

decreases with a small red detuning of the resonance. With higher driving power, this

reduction in the frequency becomes more significant. Considering a downwards (red- to

blue-detuned) scan of the cavity around the resonance, an increasing oscillation frequency

should be observed. This is shown in the experimental results presented in Fig. 3.7(c),

by analysing the data in the frequency spectrum and tracking the time evolution of the

transmission.

3.3.3 Excitation of acoustic modes

In Fig. 3.5, the cavity response corresponding to different scan speeds is presented. This

shows that the excitations are easier to observe when the scan speed is slow enough for

a full build-up of the oscillation, i.e., a situation that is closest to steady-state evolution.
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Figure 3.5: Cavity reflection with scan-speeds of 7.12 µms−1 (green), 4.29 µms−1 (yellow),

3.48 µms−1 (blue), 2.67 µms−1 (purple) and 1.86 µms−1 (orange). The results are taken with

the same input power of 495mW. (a) Reflection of the cavity during a downward scan, from red-

to blue-detuned frequencies. With a slower scan speed, the oscillations linked to the excitation of

acoustic modes of the levitated mirror are parametrically amplified by the photothermal effects.

(b) Reflection of the cavity with an upward scan, from blue to red detuning. The cavity finesse is

around 2850.

Experimental results of the reflection of a cavity that has a finesse of around 2850 and is

driven by an input power of 495mW are given in the figure. The reflection signal during a

downwards scan (from red- to blue-detuned frequencies) and an upwards scan (from blue-

to red-detuned frequencies) are shown in Fig. 3.5(a) and (b) respectively. From left to

right, the traces are the experimental results with the scan speed ranging from 7.12 µms−1

to 1.86 µms−1.

With an input power of 495mW the cavity tends to self-lock in the red-detuning

regime. The traces show a broadened and asymmetric Lorentzian profile when the scan

speed is high (7.12 µms−1), whereas it encounters the unstable state first by approaching

from the opposite direction where a narrowed Lorentzian shape appears. When the scan

speed is lower (4.29 µms−1 and 3.48 µms−1), oscillations start to occur in the self-locking

responses. This is because the cavity length change induced by the downwards scanning

slows down, allowing the cavity to stay in the red-detuning regime longer and thus giving

more time for the cavity’s response to the parametric gain that results from photother-

mal effects. Applying even lower scan speeds (2.67 µms−1 and 1.86 µms−1) enables the

stronger parametric amplification of photothermally induced oscillation. Small oscillations
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have also been observed in the anti-locking regime. We notice that the oscillation happens

in the different side of the traces in Fig. 3.5(a) and (b). This is because the scan direc-

tions are opposite, but the negative damping only occurs in the steady-state red-detuning

regime. Therefore, when scanning upwards, only until the average detuning imposed by

the external scan passes the resonance, the cavity enters the red-detuned regime and thus

the cavity starts oscillating. After crossing the resonance, however, the cavity jumps too

quickly to the next stable state, giving very limited time for the oscillation to develop

significantly.

3.4 Ineffectiveness of the current model

In this section, we investigate the effectiveness of the existing model. We show that this

model provides a faithful picture of the dynamics of the levitation system in the regime

of lower input power or faster scanning speed, where oscillation is not observed on cavity

transmission. In the scenario of higher input power and when the amplified oscillation is

involved, the model becomes less reliable due to the ineffective fitting for the oscillation

duration. This is mainly caused by the simplification of modelling the photothermal effects

where different photothermal effects are combined. Because the system is operated in a

regime where photothermal effects are the major interaction that introduces and further

enhances the parametric gain that can destabilise the system. This issue will be addressed

in Chapter 5.

In order to verify the accuracy of the model, we first compare the simulation results
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Figure 3.6: Simulation and experimental results of the cavity driven by the low input power.

The normalised transmissions from experiments under different scan speeds are shown in orange

(finesse = 2850). The simulation results (blue) for the cavity with scan speeds of 0.61 µms−1,

0.79 µms−1 and 0.97 µms−1 are given in (a), (b) and (c) respectively. With lower scan speed,

the cavity transmission becomes more asymmetric and the shifted Lorentzian response broadens.

The simulation successfully fits all these features, which can be inferred from the error given in

red. Here, we calculate error with the ratio of the difference between simulation and experimental

data to the experimental data. The parameters used in simulation are: κ = 2π × 658 kHz, γth =

2π × 450Hz, βth = 9pmW−1.
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with experimental results in the low-power regime. Experimental (orange) and simulation

(blue) results of the normalised intensity of cavity transmission when the system is driven

by 93mW input power are shown in Fig. 3.6. The traces are aligned at their maximum.

From left to right, we present the system under different scan speeds from 0.61 µms−1 to

0.97 µms−1. The difference between the experimental and the simulation results are shown

as error in red curves. Comparing the three traces with different scan speeds, it is easy

to see that with higher speed (Fig. 3.6(c)) the transmission has a more Lorentzian-shaped

resonance, as we mentioned in the previous sections. With lower scan speed (Fig. 3.6(a)),

however, the traces are broadened, because photothermal effects modify the response

blue-detune the resonance proportionally to the intracavity power, therefore dragging the

maximum cavity output forward in the scan. These features are well simulated by the

model in this power regime, which is also indicated by the errors given in Fig. 3.6.

With the cavity driven by a laser with high power, however, this model loses reliability.

Applying the simulation at an input power of 2.75W as an example, we give a detailed

analysis including time evolution as well as the frequency spectrum, presented in Fig. 3.7.

It shows that a high input power leads to a long self-locking response which carries multi-

frequency oscillations. Fig. 3.7(e) gives the frequency spectrum of the experimental and

simulation results. The mechanical oscillation of 28.6 kHz is excited and parametrically

amplified around 0.3ms after the cavity starts oscillating. The double of the first-order

effective frequency is higher than the expectation, which is due to the cavity crossing the

resonance twice within one vibration. Because the amplitude of the oscillation has been

amplified significantly, this doubled frequency stands out from other frequencies in the

spectrum. This oscillation also becomes more obvious in the anti-locking regime where,

as we mentioned earlier, there is no sufficient time for it to develop.

Even though the existing model of the system with its dynamic equations simulates

some of the cavity behaviours such as the oscillation frequency and the excitation of the

acoustic modes with high input power, other important features of the cavity response

are not well described. The most important feature is the oscillation duration. We can

see from Fig. 3.7(b) that the oscillation time in the simulation is only half as long as that

in the experiments. This flaw is also found in the anti-locking regime, where the oscilla-

tion damps very quickly in the simulation while the experimental data gives a much slower

damping (Fig. 3.7(a)). It is important to mention that simply increasing the photothermal

susceptivity βth of the joint photothermal effect in the model can also extend the oscil-

lation duration of the cavity response at this power regime. But it will also change the

photothermal interaction strength at lower power regime, leading to discrepancies between

the model and the experiment, which is discussed in detail in Chapter 5 (section 5.5).

Another important feature that the simulation fails to manifest is the build-up of the

oscillation in the beginning of the scan. In experiments, the intracavity power rises up more

slowly (compared to the simulations) before the oscillation starts. The amplitude of the

oscillation is then amplified gradually. In contrast, during the simulation the intracavity

power level rises faster with the scan and after oscillation occurs it is immediately and
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Figure 3.7: Experimental results and simulation for the system driven by a high power input laser.

The orange curves in (a) and (b) are, respectively, the normalised transmissions of anti-locking and

self-locking cavity response at an input power of 2.75W with a scan speed of 2.67 µms−1 (finesse =

2550). Simulations (blue) of the system with the existing model are also presented in (a) and (b). In

order to compare the simulations to the experimental results, a lowpass Butterworth filter is applied

to both the experimental (red) and simulation (blue) results to get the average of the self-locking

cavity responses. The frequency analysis is also presented. (c) and (d) are frequency evolution

of the experimental and simulation results respectively, where orange dashed lines emphasise the

acoustic modes frequencies of interest. Using the orange dashed lines as references, we show that

the oscillation frequency is changing slightly, which is modulated by the photothermal effects as

suggested by Fig. 3.4. (e) The frequency spectrum of the experimental and simulated transmission.

The values that used for simulation are: κ = 2π × 735 kHz, γth = 2π × 450Hz, βth = 9pmW−1.
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dramatically amplified. This is also shown in Fig. 3.7(c) and (d).

3.5 Conclusion

In this chapter, we presented our optomechanical levitation setup and discussed the ex-

perimental results with different scan speeds and different input power. We showed that

with a higher input power or a slower scan, the cavity show more obvious bistability.

Photothermal interaction causes parametrically amplified oscillation to the cavity, which

results in an impairment of the system. We also investigated the dynamics of the system

with the existing model and discussed the photothermal modification of the effective fre-

quency and damping of the oscillation. This model gives a faithful simulation when the

cavity is driven at low power, but becomes unreliable when the input power is high, which

is due to the simplification of modelling the empirical photothermal effect. This empha-

sises the importance of a more detailed investigation independently on different types of

photothermal effects.



Chapter 4

Photothermal Cancellation in an

Optical Levitation System

In the previous chapter, we have presented experimental data and investigated how pho-

tothermal effects induce instabilities in the levitation system. The cavity length is changed

as a result of photothermal expansion, thermo-optic effects, and the excitation of the acous-

tic modes of the levitation mirror. These effects have large consequences on the dynamics

of the system. They modify the effective frequency and the effective damping of the oscil-

lation. The parametrically amplified oscillation occurs when the cavity is driven by high

input power, thus inhibiting stable levitation. In this chapter, we introduce a technique to

achieve cancellation of photothermally induced instability. By inserting an optical window

inside the cavity, the effective photothermal coefficient of the system can be modified [122].

We analyse the photothermal parameters of various materials that form the optical win-

dow. The analysis is employed using a cavity-enhanced detection scheme. The results

we obtained not only show a promising way to engineer and control optomechanical in-

teractions in our system, but also offer a potential approach to establish a convenient

stabilisation technique, photothermal backaction feedback. This technique can be extended

to the proposed tripod scheme [67] and further, more general optomechanical systems.

4.1 Theoretical framework

Recalling what we have discussed about the photothermal effect in Chapter 3, we assume

that the susceptivity coefficient βth of the empirical photothermal effect in our system is

positive, which will always decrease the effective optical length, based on the fact that the

self-locking regime only occurs during a downward scan of piezo in the experiments. Under

this assumption, we consider thermal expansion as the dominant effect in the system, which

has already been proved insufficient for building a reliable model of the dynamics of the

system, by the fact that this simple model is less effective in high power regime. Other

photothermal effects, such as the thermo-optic effect and a negative thermal expansion

coefficient of the mirror material, can increase the effective optical length and dominate

under certain conditions. If we merge all the photothermal effects into the empirical

49
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interaction term, then βth in Eq. (3.7) can either be positive or negative depending on

the contribution of the individual effects. In this section, without introducing how we

change the sign of βth in our experimental setup, we discuss the photothermally induced

modification with different susceptivity coefficients βth and explain why it is important to

investigate it with different signs.

4.1.1 Bistability of a system with different photothermal interaction

In Chapters 2-3, we have discussed the effects of radiation pressure and photothermal

effects with a positive susceptivity coefficient βth. In the absence of these effects (G = 0), a

Lorentzian profile as a function of detuning (light gray in Fig. 4.1) is observed. Considering

only radiation pressure, the optical field interacts with the position degrees of freedom,

which modifies the cavity response and induces a resonance shift towards red detuning

regime (black). However, with photothermal interaction, if βth > 0, the resonances are

modified towards blue detuned frequencies due to the negative sign of this interaction term

in the system’s equations of motion (Eq. (3.5)-(3.9)). The different cavity responses to both

optical and photothermal interactions are presented again in Fig. 4.1. For βth < 0 (red),

the photothermal effects modify the resonance towards the opposite detuning, leading a

shift to the red detuned frequencies, the same side as when only the optical field modifies
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Figure 4.1: Optical bistability of the optomechanical system under different photothermal effects.

All plots given in red and blue show the normalised cavity response as a function of optical detuning

simulated with progressively stronger photothermal effects corresponding to |βth| of 10, 20, and
40 pmW−1. The reference scenario with no optomechanical backaction (G = 0) is plotted in light

gray. The black curve represents the system with only radiation pressure and no photothermal

effects (βth = 0), which indicates that with only radiation pressure, the backaction is not significant

and leads only to a small shift in resonance. The system response with both radiation pressure

and photothermal effects where βth < 0 and βth > 0 are shown in red and blue respectively.

Optically unstable solutions are plotted in dashed lines, showing the inaccessible cases in steady

state. The values of the relevant parameters for simulations are: Pin = 200mW, κ/2π = 660 kHz,

and γth/2π = 400Hz.
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the effective optical length. Thus, in the red detuning regime, the cavity allows one

unstable (dashed red) and two stable steady-state solutions (solid red) simultaneously for

the same detuning. The dependence of the cavity response on the direction of the scan is

now swapped, as can be seen from Fig. 4.1. Given a scan from red to blue detuning, the

cavity is anti-locked. It encounters the unstable region first and then rapidly crosses over

to the opposite side of resonance. Whereas, when scanning from blue to red detuning,

the time that the cavity stays on the right-hand side of the resonance lengthens, causing

the cavity to self-lock. In order to better understand the photothermal interaction with

a negative susceptivity coefficient, one can simply use the photothermal expansion to

visualise the evolution of the effective optical length during the scan of detuning. With a

blue- to red-detuned scan, the bottom mirror moves outwards from the cavity, increasing

the optical length. Opposite to the case when βth > 0, i.e. the top mirror expands, with

a negative βth, the mirror contracts, leading to a further increase in the effective optical

length, making the cavity pass the resonance faster, resulting in an anti-lock of the cavity.

Scanning from the opposite direction, when the bottom mirror moves inwards to the cavity,

the top mirror contracts due to the photothermal effects, leading to a slower reduction of

the effective optical length and a consequential self-locking mechanism.

4.1.2 Photothermal induced instability

By inserting different values of βth into the Jacobian matrix given in Chapter 3 (Eq. (3.11)),

we can analyse the stability and dynamic evolution of the system. The imaginary

ℑ{eig(MJ)} (Eq. (3.12)) and the real −2ℜ{eig(MJ)} (Eq. (3.13)) parts of the eigenvalues

of this matrix give information about the change in original effective frequency and damp-

ing rate of the oscillator due to the optical interaction, shown in Fig. 4.2 with βth > 0

in red and βth < 0 in blue. Unlike the result we get for the static solution in Fig. 4.1,

the effective frequency of the oscillator is predominantly modified by radiation pressure as

shown in Fig. 4.2. Comparing the simulation with only radiation pressure (βth = 0) to the

ones under both interactions, it is clear that changes in the sign or strength of the pho-

tothermal effect produce only small variation in the effective frequency. Optical stability,

however, is significantly affected by the photothermal interaction. For positive βth, the

system cannot be stable at blue detuning regime. When βth is negative, instead, the blue-

detuned frequency becomes stable, where the optical back action gives a positive restoring

force, as shown in Fig. 4.2(b). The regime where βth < 0 is rather important for free-mass

and low-frequency optomechanical systems relying on the optical spring effect for optical

confinement. In this regime, photothermal effects cooperate with the radiation pressure

effect, causing an expansion of the cavity length change in the same direction. Since they

contribute differently to the “stiffness” and “damping” properties of the system, they can

truly operate together to stabilise the optomechanical cavity from both a static and a

dynamic perspective. This was the inspiration for experiments to cancel photothermally

induced instability by inverting the sign of the photothermal interaction [122].
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Figure 4.2: Modification of the oscillator’s frequency and damping under different photothermal

effects. All plots given in red and blue are simulated with photothermal effects corresponding to

βth from -40 to 40 pmW−1. The reference scenario with no optomechanical backaction (G = 0)

is presented in light gray. The black curve shows the simulation of a system with only radiation

pressure and no photothermal effects (βth = 0). (a) and (b) give the modification of effective

oscillation induced by both radiation pressure and photothermal effects with βth < 0 and βth > 0

respectively. The effective damping of the resonator as a function of effective detuning are shown

in (c) and (d). Optically unstable solutions are plotted in dashed lines, showing the inaccessible

cases in steady state. The values of the relevant parameters for simulations are: Pin = 200mW,

κ/2π = 660 kHz, and γth/2π = 400Hz.

Intuitively, photothermal interaction strongly influencing the damping properties of the

system is expected, because the photothermal change due to optical power directly enters

into the first-order time derivative of displacement (Eq. (3.2)). The effective damping can

be modified to be more than three orders of magnitude greater than the natural damping

(30Hz), where, depending on the sign of βth, parametric instability (γeff < 0) or an increase

of stability (γeff < 0) are observed over almost the entire range of effective detuning.

In general, both radiation pressure and photothermal effects contribute to optical back-

action by inducing modifications of different properties of the oscillator — the former to

the effective frequency and the latter to the effective damping. As such, they can in prin-

ciple contribute in parallel to the stabilisation of the combined optomechanical system.

This inspired the proposal of modifying the cavity with an additional photothermal degree

of freedom to passively control the effective interaction and hence stabilise the system. As

emphasised earlier, to simplify the simulation and facilitate the analysis of the experi-

mental system, we can always merge different photothermal effects into a joint one under

certain conditions, such as when one photothermal effect is dominant or different pho-

tothermal effects have similar relaxation rates. The simulations discussed in the following
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sections in this chapter are all conducted with low input power where no oscillation is

observed. Therefore, the simple model with the empirical photothermal effect is sufficient

for the investigation of the system.

4.2 Experimental setup

In the previous section, we discussed how photothermal effects with negative βth could

stabilise the optomechanical cavity by inducing positive damping. In this section, we will

show that the inclusion of a laser window inside the cavity adds a new photothermal effect

into the levitation setup. The additional effect lengthens the optical path length, which

can successfully counterbalance the optical length decrease induced by the original pho-

tothermal effects, as shown in Fig. 4.3. The window modifies the photothermal response

of the system through its photothermal expansion induced as the laser passes through it.

Note that the refractive index of the window material will also change with the thermal

absorption, which may lead to an effective counter effect to the expansion, for example

a decrease in refractive index with a temperature rise. In this chapter, however, we only
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Figure 4.3: Experimental setup and schematic illustration of the vertical cavity with an optical

window for photothermal cancellation [122]. (a) The monolithic Invar casing of the optical cavity

that is used in the experiments for levitation. The white dashed line shows where the highly

transparent window is placed. (b) Schematic illustration of the vertical optical cavity with a free-

standing top mirror and a window tilted at Brewster’s angle to minimise power loss. (c) The beam

size and divergence angle of the intracavity field relative to the cavity length, where the position of

each part is presented. The position is zeroed at the waist of the laser beam which has a divergence

of 0.6◦ at the location of the optical window.
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consider the overall photothermal effects from different sources. Thus, with optical win-

dows made of different materials, the susceptivity coefficient βth of the photothermal effect

can be altered to smaller and even negative values, which provides a promising way to

stabilise the system.

More internal cavity losses are induced by a window due to the reflection on its surfaces.

Thus, the optical window is designed to be highly transparent and tilted close to Brewster’s

angle in order to reduce this type of loss. Other effects, such as light scattering and

absorption, also increase the loss, which can not be fully removed. In the absence of the

laser window, the total cavity loss is estimated to be 2200 ppm, including the transmissivity

of 750 ppm for the bottom mirror, 80 ppm for the levitation mirror, and 1370 ppm from the

optical scattering, which gives a finesse of around 2850 (measured from the experiment).

The implementation of different windows introduces different amounts of losses, as listed

in Table 4.1.

In order to minimise the surface scattering loss of p polarised light introduced by the

additional windows, we place the uncoated windows inside the Invar case and adjust them

to their Brewster’s angle. The Invar stage was designed with an adjustable platform where

the angle of the optical window can be changed, as seen in Fig. 4.3(a)(b). The calculation

of the surface loss as a function of the tilt angle based on Snell’s law and Fresnel equations

for N-BK7 and sapphire windows is shown in Fig. 4.4. Note that this calculation does not

consider additional sources of loss from the window, hence the minimum touches 0. We

show in the figure that to achieve a loss induced by the window lower than 900 ppm even

after accounting for the beam’s divergence angle of 0.6◦, the window needs to be put in

a certain range: 54.9–58.2◦ for N-BK7 and 59.2–61.7◦ for sapphire under a wavelength of

1050 nm for the experiments. The sensitivity of the cavity finesse corresponding to the

window angle has been verified in the experiments. We have a range of more than 2◦,

which is enough for the alignment to find a reasonable angle where the loss of the cavity

is still low. Note that it is also possible to use a flat anti-reflection coated window placed

horizontally to reduce the loss. Compared to the employment of uncoated windows at

Figure 4.4: Surface loss at the window’s interface as a function of the window angle with respect

to the laser beam. Brewster’s angles are found to be 56.7◦ for the N-BK7 windows and 60.5◦ for

the sapphire window. The dashed red line defines the loss threshold of a 30% finesse loss. The

dark green and dark blue sections present the acceptable range after taking the beam’s divergence

into consideration [122].
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Brewster’s angle, however, it is a less effective approach.

Residual surface loss proved hard to estimate quantitatively since it depends on the

local surface roughness of the window. The internal absorption loss can be minimised by

carefully choosing the window material, although moderate absorption is in fact beneficial

for the modification of the photothermal interaction. The input laser is linearly polarised

with a zero-order λ/2 waveplate to obtain an optimum window transmission, as Brew-

ster’s angle just works for a particular polarisation but not the others. The window was

positioned closer to the beam’s waist to ensure a higher optical intensity and a smaller

beam size for gaining sufficient photothermal effects on the window to modify the original

photothermal effects from the top mirror.

4.3 Photothermal cancellation

The experimental results taken without a window and with a thick (1mm) N-BK7 window

are shown in Fig. 4.5, where (b) and (d) show the cavity responses with the window

inserted. When the piezo carries the bottom mirror and scans upwards (from blue to

red), as we expected, the cavity is anti-locked due to a positive photothermal interaction.

With the thick (1mm) N-BK7 window, (b) indicates that the cavity responds in a totally

different way, which is not only manifested in the swapping of anti-locking and self-locking

regime according to the resonance, but is also evident in the sign of the effective damping.

Without a window (Fig. 4.5(a)(c)), where βth > 0, it is clear to see the amplified oscillation

in both anti- and self-locking regime. With the thick N-BK7 window, while scanning from

blue to red detuning, the cavity transmission increases slowly, indicating a very big value of

βth. Under such strong photothermal effects, however, the cavity doesn’t show oscillations.
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Figure 4.5: Experimental data showing the modification of cavity dynamics from photothermal

effects [122]. (a) and (c) Normalised transmission of a bare cavity without any window (σth =

3750± 650Hz pmW−1). The data was taken under 144mW input power. (b) and (d) Normalised

transmission of the same cavity after inserting a 1mm thick N-BK7 optical window (σth = −22380±
670Hz pmW−1). An input power of 310mW was applied to the cavity for this set of data. The

blue-to-red and red-to-blue scans are shown respectively in (b) and (d). Here, σth = γthβth is

calculated by the fitted values of γth and βth from the experimental data.
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This is because the photothermal effect with a negative βth gives a damping effect (positive

γeff) that can suppress the excitation of acoustic modes of the cavity. This is the result

we both expected and desired, which is discussed earlier with the Jacobian matrix, and is

presented in Fig. 4.2(d).

4.3.1 Optical window parameters

Parameters fitted from the experimental data of the bare cavity and the cavity with dif-

ferent optical windows are listed in Table 4.1. The 1mm thick N-BK7 window is produced

by Thorlabs (part number WG11010). The sapphire and the thin N-BK7 wafer windows

are from Edmund Optics (part number 66-188). Very different optical absorption and

photothermal properties might be observed with N-BK7 windows from different suppliers.

The transmittance reported by Thorlabs is 0.927 (10mm-thick sample) at the wavelength

of 1050 nm. The transmittance reported by Edmund Optics, however, is 0.999 (10mm-

thick sample) and 0.997 (25mm-thick sample) at the same wavelength. The N-BK7×2

and N-BK7×4 windows are stacks of individual thin wafers joined by a small amount of

optical index-matching fluid designed for N-BK7 (Cargille’s BK7 glass matching liquid,

part number 19586) [122].

Table 4.1: Parameters of the cavity with different optical windows.

Bare Sapphire
N-BK7
×1

N-BK7
×2

N-BK7
×4

N-BK7
thick

Refractive index — 1.77 1.52 1.52 1.52 1.52

Thickness (mm) — 3.0 0.22 0.44 0.88 1.0

Photothermal
coefficient,
σth/2π
(Hz pmW−1)
(fitted)

3750(650) 2870(350) 2120(740) 960(230) N/A -22380(670)

Photothermal
relaxation rate,
γth/2π (Hz)
(fitted)

426(145) 279(10) 380(115) 151(51) N/A 4.39(13)

Photothermal
susceptivity, βth
(pmW−1)
(fitted)

9.3(19) 10.5(13) 7.0(6) 6.6(15) N/A -5100(20)

Cavity finesse
(measured)

2850(73) 2240(41) 2350(40) 2070(43) 1915(44) 650(4)

Cavity linewidth,
κ (MHz)
(measured)

0.33 0.42 0.40 0.45 0.46 1.44

Here in the table, to measure the cancellation strength, we define the photothermal co-

efficient as σth = γthβth. With a smaller value of the photothermal coefficient σth, smaller

photothermal interaction is observed in the system, which leads to less bistable behaviour
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of the system. This shows the cancellation of the photothermal effects of different mate-

rials. The negative sign of the photothermal coefficient of the cavity with think N-BK7

window indicates the flip of the modification of the photothermal effects (Fig. 4.5).

4.3.2 Theoretical fit and error analysis

Background noise sources, such as acoustic vibrations, laser fluctuation, and seismic noise,

strongly affect raw data traces. The uncertainties from the nonlinearity of the piezo

actuator also introduce error in the measurement. The regular approach to parameter

estimation gives the error bar obtained with a statistical distribution of the best fitted

parameters that are extracted from the individual measurements taken under the same

experimental configuration. Cavity finesse, linewidth, and scan speed of the piezoactuator

are calibrated independently before the fitting of γth, βth, and σth. This method of error

analysis, however, is not always possible to employ in our experimental data, especially

when the photothermal effects are almost fully cancelled, so that βth is close to 0. Thus,

a different method is needed to analyse the error of the parameters.

For the bare cavity, the cavity with the sapphire window, and the cavity with the

1mm thick N-BK7 window, we get the best fits for γth, βth and σth by least-square

optimisation. The values of the fitting results listed in Table 4.1 are obtained from the

average best fits with error given by the standard deviation. We give the examples of the

fitting for individual traces in Fig. 4.6, where only self-locking results are presented. That

is because in the self-locking regime the cavity crosses the resonance slowly, allowing the

photothermal effects to modify the cavity response during a relatively long time. This

leads to better precision when extracting the fitted parameters. Note that for the 1mm
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Figure 4.6: Representative plots of cavity output for (a) the bare cavity (with an input of 93mW

and a scan-speed of 0.79 µms−1), (b) cavity with a 3mm sapphire window (with an input of

230mW and a scan-speed of 0.92 µms−1), and (c) cavity with 1mm N-BK7 window (with an input

of 310mW and a scan-speed of 0.65 µms−1). Orange and blue curves show the single experimental

traces used for parameter fitting and the best theoretical fits respectively. The resulting parameters

are: (a) γth/2π = 426Hz, βth = 9.3 pmW−1, and σth/2π = 3962Hz pmW−1; (b) γth/2π = 279Hz,

βth = 10.5 pmW−1, and σth/2π = 2930Hz pmW−1; (c) γth/2π = 4.3Hz, βth = −5100 pmW−1,

and σth/2π = −21 930Hz pmW−1.
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N-BK7 window, the photothermal susceptivity coefficient is negative, so the self-locking

regime occurs in the scan-up direction.

With single or multiple layered thin N-BK7, as βth gets closer to 0, to observe visible

photothermal effects, the detuning scans have to be slowed down to a greater extent,

making the scans results more vulnerable to acoustic noise (example traces are shown in

Fig. 4.7). The resulting errors in fitting parameters from individual traces are extremely

large. Filtering was considered but not possible due to the similar time-scales between the

noises and the cavity response. In such a scenario, instead, we use the average of multiple

data traces to smooth out the wobbles caused by external noise. When averaging multiple

traces, it is necessary to overlap them. Choosing different reference points to orient all

the traces to take the average, then, introduces an uncertainty for the fitting. Thus we

define a weighted averaging method to analyse the error arising from the alignment. We

calculate the average traces aligned at multiple different reference points, e.g. 10%, 20%,

· · · , 100% of the maximum values of the transmission. The standard deviation of the

average traces under different alignments is considered as the weight of the sample:

w1 =
1

Std1
, w2 =

1

Std2
, ... , wN =

1

StdN
. (4.1)

Here we align the traces at different percentages of the maximum on both the left- and

right-hand sides of the resonance, which gives 19 average traces, so we have N = 19 in

our analysis. Thus the average and the error of γth, βth and σth are given:

γstd =

√√√√N
∑N

i=1wi

(
γith − γ̄th

)2
(N − 1)

∑N
i=1wi

where γ̄th =

∑N
i=1wiγ

i
th∑N

i=1wi

, (4.2)

βstd =

√√√√N
∑N

i=1wi

(
βi
th − β̄th

)2
(N − 1)

∑N
i=1wi

where β̄th =

∑N
i=1wiβ

i
th∑N

i=1wi

, (4.3)

σstd =

√√√√N
∑N

i=1wi

(
σi
th − σ̄th

)2
(N − 1)

∑N
i=1wi

where σ̄th =

∑N
i=1wiσ

i
th∑N

i=1wi

. (4.4)

Examples of weighted averaging method for cavity data taken with single and double

N-BK7 wafer windows are given in Fig. 4.8. Fitting under an alignment at 50% and 100%

of maximum values are presented. The fits are of acceptable confidence. It is worth noting

that the data for the double N-BK7 wafer window is noisier than that for a single wafer

window. In the case of quadruple stack of N-BK7 wafer windows, however, with a power

of more than 60mW, the downward-scan trace started showing other phenomena and the

model with only empirical photothermal effect term is not effective. With lower power,

the photothermal effects in the cavity response during both downwards and upwards scans

are very small, leading to an insufficient fitting of the parameters and the error bar with

the methods mentioned in this section. The transmission under different scan directions

is nearly symmetric, which indicates that the photothermal effect is close to zero (see
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Figure 4.7: Representative plots of transmission of the cavity with 4 × 0.22mm N-BK7 wafer

windows. The 10 traces shown in the plots are the cavity outputs under the same experimental

condition where the input power is 40mW and the cavity is scanned downwards with a speed of

1.69 µms−1.
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Figure 4.8: Representative plots of experimental results and theoretical fittings of transmission

for a cavity with (a)-(b) single N-BK7 window (with scan-speeds of 0.26 µms−1) or (c)-(d) double

N-BK7 window (with scan-speeds of 0.21 µms−1). The darker orange curves represent the average

of the experimental data. Individual traces of same experimental configuration are given by the

lighter boundaries, where (a) (c) shows when they are aligned at 50% of maximum, and (b) (d)

illustrate the alignment of them at 100% of maximum. Blue traces are the simulation with the

best fitting values of the parameters.
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Figure 4.9: Cavity response and misfit error of 4 × 0.22mm N-BK7 wafer windows. (a) Trans-

mission with downwards and upwards scan (3.49 µms−1) of the cavity length with an input power

of 40mW, indicating the significant cancellation of photothermal effects with N-BK7 windows. (b)

Misfit error versus σth with the alignment of data traces taken from same experimental configura-

tion at different reference point. Different colours correspond to different alignments.

Fig. 4.9). When using the same averaging method to process the data, the fits turned

out to be untrustworthy. The best fits of σth with different alignments varied largely from

−16 500Hz pmW−1 to 19 500Hz pmW−1. In this scenario, extracting the photothermal

parameters from the data is not a good approach to estimating the photothermal effects

interacting with the system. But as shown in Fig. 4.9(b), we can still draw the conclusion

that most low misfit errors populate at the values where σth is near zero.

Note that using a joint photothermal interaction to describe the cavity dynamics can

simplify the model but still give a relatively accurate estimation on how strong the over-

all photothermal effects inside the cavity under certain conditions. Less modification is

induced with single or double N-BK7 windows. In this situation, one photothermal effect

is dominant. Therefore the dynamics can be simulated accurately. The error prone model

with four N-BK7 windows again emphasises the necessity of an in depth investigation

on different photothermal effects. The fitting values of photothermal relaxation rate γth

under different circumstances are not consistent with each other (Table 4.1). This indi-

cates that the response time of the photothermal effects from the windows and the top

mirror are different. That is because a zero βth represents a nearly complete cancellation

of the photothermal effects. This happens when interaction strength of the photothermal

effects induced by the top mirror and the window are relatively equal, thus the overall

photothermal effect model becomes untrustworthy.

4.4 Conclusion

In this chapter, we have discussed, in general, how the photothermal effects with different

susceptivity coefficients affect the dynamics of an optomechanical system and thus induce

bistability or stability into the system. We illustrated the principle of photothermal can-

cellation where a formerly unstable system can be rendered stable by the suppression of
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parametric gain. The theory given can be generally used in any optomechanical system

where photothermal effects are considered. In the experiments, by including a window into

the cavity, we modified and even cancelled the photothermal properties of our system. By

inverting the sign of the photothermal interaction to let it cooperate with radiation pres-

sure, we balanced the cavity dynamics around a stable equilibrium point. The technology

discussed in this chapter provides a passive feedback control for the applications that are

particularly susceptible to parasitic photothermal effects, such as high-sensitivity resonat-

ing systems. This stabilisation technique is beneficial for improving system performance

limited by photothermal dynamics, and can be easily adapted into the areas of optics,

optomechanics, photonics, and laser technologies.
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Chapter 5

Refined Model with Multiple

Photothermal Effects

In the last two chapters, we briefly mentioned the ineffectiveness of the existing model,

where we use only one empirical photothermal effect term to describe the overall effects

that come from the changing properties of mirror materials. Given that usually the re-

sponse times of different properties are different, merging them into a combined photother-

mal effect eliminates the association between each other, which may lead to incorrect mod-

eling of the system in a certain range. For example, with different power or temperature

dependence, two different thermal effects may both get enhanced in one power regime but

counteract each other in another regime. Moreover, different effects respond at different

paces, giving different relaxation times. Thus, some effects may only manifest themselves

when the scan of the cavity is slow if they have a large relaxation time.

We have observed in Chapter 4 that the existing model gives rather reliable simula-

tions when one of the photothermal effects dominates the interaction — a large positive

effect governed by the expansion of the top mirror or a large negative effect the strong

modifications caused by the optical window inside the cavity. When two counteracting

photothermal effects have their interaction strength at the same level, as shown in the last

chapter, even with low input power, numerical fitting with the existing model becomes

unreliable. In Chapter 3, we also showed that with higher input power, the model loses its

reliability, which may be caused by the different relaxation times or power dependence of

the photothermal effects. Therefore, it is very important to give an in-depth investigation

into separate photothermal effects and discuss them individually.

In this chapter, we will take a step back and consider the normal cavity without window

where we will focus on two different photothermal effects that influence the cavity. One is

thermal expansion: by absorbing optical power, the coating and substrate of the mirrors

can expand and cause a reduction in cavity length. Another possibility is the thermo-

optic effect, where the refractive index of a material is modified due to a variation in

temperature, thus changing the effective optical path of the cavity. This effect is not

negligible, and we will see in fact it plays a significant role in this system.

63
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5.1 Heat transfer and optical intensity in the coating

To understand the photo-induced thermal effects on the mirror, we first need to understand

not only how the different components of the mirror react to the absorption of optical

power, but also how the temperature and optical intensity are distributed within the

materials of the mirror. With an extremely high intracavity field of a few kilowatts, and

a small beam diameter near the coating around 100 µm, even a small fraction of radiation

absorption can cause a local rise in temperature in the coating, resulting in photothermal

expansion and thermo-optic effects that modify the effective cavity length.

To undertake an in-detail analysis on these two effects, we first calculate the optical

intensity inside the mirror coating. The top mirror is coated with a dielectric Bragg coating

designed for high reflectivity. The coating is made of λ/4-wave doublets and a λ/2-wave

cap layer, shown in Fig. 5.1(b) with the high-index material Ta2O5 and the low-index

material SiO2. In Fig. 5.1(a), we give a simulation of the intensity of the light field, by
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Figure 5.1: Phothermal expansion and thermo-optic effects in the dielectric Bragg coating of the

top mirror. Simulation of the optical intensity of the light field inside the cavity is shown in (a),

the darker and lighter blue represent the light field inside the layer of SiO2 and Ta2O5 respectively.

The mirror coating absorbs the heat from the laser and transfers it to the deeper layers, causing

a temperature gradient along the z axis. The dashed purple curve gives the temperature change

at 1 µs after the laser shone on the surface of the mirror. The solid purple line shows the thermal

distribution inside the levitation mirror coating at equilibrium time. (b) Schematic of the expansion

and refractive index change of the top mirror due to photothermal effects, which cause effective

optical length variation. The upper figure illustrates the coating before it absorbs the heat from

the intracavity field, and the lower figure shows the material after response to the photothermal

effects. The red and green dashed lines that connect (a) and (b) represent the external coating

surface and the coating-substrate interface. The grey dashed line divides the coating into Part (I)

and (II) where 1% light transmits through.
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deriving the transfer matrix formalism for electromagnetic waves in the layered dielectric

coating with the boundary conditions set at the interface between each layer. The dashed

grey line is drawn at the layer around 2 µm deep in the coating, where 99% of the light

is reflected. Using this as a boundary, we divide the top mirror coating into two different

parts, shown in Fig. 5.1(b): part (I) close to the surface (red dashed line) with thickness

DI and part (II) connected to substrate (green dashed line) with thickness DII. The laser

shone on the mirror not only produces optical energy but also thermal energy. The heat

from the intracavity field is thus absorbed by the mirror coating and then diffused into

the deeper layers, causing a temperature gradient inside the coating along the z axis.

In order to investigate how the mirror responds to the intracavity field by absorbing

the thermal energy from it, we estimated the thermal conduction of the coating by solving

the heat diffusion equation numerically:

α∇2T (x, y, z, t)− ∂T (x, y, z, t)

∂t
= 0, (5.1)

where T (x, y, z, t) denotes temperature. We use a cylindrical mirror with a coating formed

of two materials, Ta2O5 and SiO2, as shown in Fig. 5.1(b). The thermal diffusivity α =

κth/sρ of Ta2O5 (SiO2) is 1.57×10−8 (8.41×10−10) m2 s−1, where s = 5.0×105 (7.5×105)

J kg−1K−1 is the specific heat, ρ = 4.2×103 (2.2×103) kgm−3 is the density and κth = 33

(1.38) Wm−1K−1 is the thermal conductivity [123]. Since the cavity power decays sharply

inside the coating, the heat is deposited primarily near the surface. With the fact that

the laser beam used in the experiments has a Gaussian intensity profile, we assume that

the mirror experiences a Gaussian flux:

n⃗ · ∇⃗T (x, y, 0, t) = − PcircA
κthπw

2
0

e
−2x2+y2

w2
0 , (5.2)

where n⃗ is the outward-facing unit normal to the surface, the waist size w0 on the surface

of the mirror is around 100 µm, according to the resonant cavity mode, which is constant in

time, at its surface center. We estimate the heat transfer with an ideal mirror absorption

given by the percentage of light absorbed A = 10 ppm (parts per million) and an input

power of 1W that gives a power circulating in the cavity of Pcirc ≈ 300W. On the inner

side of the coating, where the medium of diffusion switches to the fused silica substrate,

we homogenise the temperature flux with Robin boundary conditions:

κthn⃗ · ∇⃗T (x, y, z1, t) + h (T − T1) = 0, (5.3)

where h = 1.65 × 108 Wm−2K−1 is the thermal contact conductance (TCC) which is

defined as the reciprocal of thermal contact resistance (TCR) [124]. T (x, y, z1, t) represents

the temperature at the end of the material simulated, which is the interface between the

mirror coating and the substrate. T1 denotes the temperature of the environment, which

we assume is constant. Note that, in vacuum, the major heat loss will be the thermal

radiation, thus a different boundary condition needs to be applied.
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Figure 5.2: Simulation of the temperature changes on the external coating surface (red) and the

coating-substrate interface (green) caused by the heat absorption from intracavity field. The tem-

perature changes of the external-coating surface and the coating-substrate interface are normalised

to those at the steady-sate. For the external-coating surface, ∆Tmax is around 1.2K, whereas for

the coating-substrate interface, ∆Tmax ≈ 0.002K. The colours correspond to the positions indi-

cated by the same colours in Fig. 5.1. The simulation is under an intracavity power of 300W and

an ideal mirror absorption of A = 10 ppm. The thermal properties of the mirror coating that used

for the simulations are: for SiO2, s = 7.5× 105 J kg−1 K−1, ρ = 2.2× 103 kgm−3, and κth = 1.38

Wm−1 K−1; for Ta2O5, s = 5.0×105 J kg−1 K−1, ρ = 4.2×103 kgm−3, and κth = 33 Wm−1 K−1.

Figure 5.2 reveals that the temperature at the external surface rises fast in the begin-

ning, and changes slowly after 0.02 s have elapsed. By contrast, the temperature at the

interface of the substrate with the coating that is around 5 µm inside the coating takes

around 5ms to start changing. Since the thermo-optic effect is primarily concentrated at

the surface of the coating (DI), while the thermal expansion contributes over the entire

coating (DI and DII), we conclude that the timescale for the two processes of thermal

expansion and thermo-optic effects differs [121]. The surface layers of the coating thus

experience “fast” refractive index variation, while the deeper layers experience “slow”

expansion from thermal energy. This gives two different relaxation rates for the differ-

ent thermal effects, emphasising the importance of separating them into two independent

terms. In Fig. 5.1, the simulation of the temperature change 1 µs from the heat source

acting on the mirror, and the thermal distribution at equilibrium time are illustrated in

dashed and solid purple lines. Note that the absorption of the mirror coating in the ex-

perimental setup is usually not ideal and the system is sometimes operated under high

input power (as high as 5W). Both higher input power and larger absorption will cause

more heat to transfer into the mirror coating, hence resulting in higher temperature rise.

From Eq. (5.2), however, we know that the values of the intracavity power Pcirc and the

absorption A don’t change the evolution of the thermal conduction. The time taken to

reach equilibrium (Fig. 5.2) and the distribution of the temperature (Fig. 5.1(a)) thus

remain the same with different Pcirc and A.

5.2 Photothermal expansion and thermo-optic effects

As we mentioned earlier, temperature change can cause expansion and changes to the

refractive index of the mirror material. Our simulation in Fig. 5.1 tells us that the tem-
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perature change of the substrate can be ignored, and the light is almost fully reflected from

at the interface between part (I) and (II). Under this estimation, we deduce that part (I) re-

sponds to the temperature change on both expansion and refractive index change, whereas

in part (II) only the thermal expansion effect is considered since very little optical power

penetrates through to experience a change in index. To first-order approximation, the

effective cavity lengths before (cold) and after (hot) the top mirror absorbs the thermal

energy of the optical field are given by:

xcold = Lcavn0 +DIn, (5.4)

xhot = (Lcav + δLcav)n0 + (DI + δDI) (n+ δn) . (5.5)

Equation (5.4) gives the effective optical length of the cavity which consists of the

effective length outside and inside the mirror coating before the mirror’s surface reacts

to the thermal effects. The refractive index of the medium of the cavity is n0, which is

air or vacuum in our system. We assume thermal changes to this refractive index to be

negligible, if not zero (in vacuum). For a demonstrative calculation, it suffices to consider

only the average refractive index of the coating n in the following derivation of the two

independent thermal effects. With thermal absorption, the expansion of the coating causes

an increase of δDI in the thickness of (I) and δD II in (II), which results in a reduction of

the distance between two mirrors δLcav = −(δDI + δDII). The schematic diagram of the

change of the coating is illustrated in Fig. 5.1(b), where we only note the change, n+ δn,

in the average refractive index of part (I), which will influence the effective optical length

of the cavity. Thus the effective optical length can be written as Eq. (5.5). The substrate

is considered to act as a thermal reservoir with direct radiative thermal energy exchanged

with the environment.

Ignoring higher order terms, the variation of the effective optical length of the cavity
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Figure 5.3: Simulation of the temperature changes on a cross-section of the mirror’s surface.

The temperature changes are normalised to the maximum temperature change (at the centre) at

the equilibrium state. (a) gives the temperature change of the surface at 0.2 µs. (b) gives the

temperature change of the surface after it has reached the equilibrium state. The simulation is

under an intracavity power of 300W and an optimistic mirror absorption of A = 10 ppm. Other

values of the mirror properties used for the simulation are listed in the caption of Fig. 5.2.
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due to thermal effects is:

xth(D,n) = xcold − xhot,

= − (δDI + δDII)n0 + δ(DIn), (5.6)

which gives a clearer perspective of the system’s reaction to the thermal effects. The

effective optical length difference between cold and hot cavity comes from two components:

the first term indicates the reduction of the effective optical length from the decrease of

the distance between the input and output mirrors of the cavity, while the second term

represents the effective optical length change inside the levitated mirror.

In our system, we use a gaussian beam to drive the cavity, which causes an inhomo-

geneous distribution of the thermal flux into the mirror coating and further an uneven

distribution of the temperature increase. The rough simulation of the thermal conduction

inside the mirror coating shows that the temperature distribution is not uniform in the

cross section (see in Fig. 5.3). Therefore, it is important to note that, in our assumption,

we only consider the expansion and refractive index change close to the mirror center

(< 100 µm of the diameter). Moreover, because the thermal energy diffused to the edge of

the mirror is negligible, we assume that the mirror expansion is towards the interior of the

cavity. To further simplify the model, we ignore nonlinear effects on the intra-cavity field

and the reshaping of the coating surface, which are caused by the uneven distribution of

thermal energy.

By writing it as

xth(D,n) = − (n0 − n) δDI − n0δDII +DIδn, (5.7)

a mathematical perspective of the effective optical length change is given. This helps us to

separate the thermal expansion effect and the thermo-optic effect, as well as independently

analyse them. The first term indicates the thermal expansion effect on the coating part

(I) :

xexI(DI(T )) = − (n0 − n) δDI

= − (n0 − n)
dDI

dT
δT. (5.8)

Because DI = DI, cold + δDI, where DI, cold is the original (constant) length before the

coating absorbing heat energy, the time derivative of xexI can be written as:
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ẋexI = −d(δDI(T (ε, t)))

dt
(n0 − n)

= −dDI(T (ε, t))

dt
(n0 − n)

= −dDI

dT

dT (ε, t)

dt
(n0 − n)

= −dDI

dT

(
∂T

∂t
+

∂T

∂ε

dε

dt

)
(n0 − n)

= −dDI

dT

[
γex (T0 − T ) +

∂T

∂ε
Popt

]
(n0 − n) . (5.9)

Here we assume that the expansion terms DI and DII and the (average) refractive index

of the coating materials n only depend on the local temperature T , which changes due

to the thermal energy absorption ε and the cooling by the environment. The thermal

relaxation rate is denoted as γex. Note that here we use the subscript “ex” to stand for

expansion simply for better correspondence in later equations, but this relaxation rate

is not intrinsically related to expansion. Given that ηex = dPopt/dε is proportional to

the reciprocal of the thermal absorption coefficient, which gives the ratio of the thermal

energy that the mirror absorbs from the intracavity field, we could further simplify the

expression.

ẋexI = −dDI

dT

(
−γexδT + ηex

dT

dPopt
Popt

)
(n0 − n)

= −γex

[(
− (n0 − n)

dDI

dT
δT

)
+

(
ηex
γex

(n0 − n)
dDI

dT

dT

dPopt

)
Popt

]
= −γex

(
xexI +

∂DI

∂Popt
Popt

)
= −γex (xexI + βexIPopt) , (5.10)

where βexI is susceptivity coefficient of photothermal expansion. This equation shows the

power dependence of the expansion, where a positive susceptivity coefficient, where the

material expands after absorbing the thermal energy, gives a reduction of the effective

optical length. By replacing (n0 − n) with n and DI with DII, an analogous calculation

gives the derivative of the effective optical length change of part (II):

ẋexII = −γex (xexII + βexIIPopt) , (5.11)

where βexII = ∂DII/∂Popt.

Because the thermal expansion effect in part (I) and (II) share the same values of γex,

we can simply add up the two equation (5.10) and (5.11) to get the time derivative of the

thermal expansion in the whole mirror coating:

ẋex = −γex (xex + βexPopt) , (5.12)
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where ẋex = ẋexI + ẋexII, xex = xexI + xexII and βex = βexI + βexII if the susceptivity

coefficient of part (I) and (II) are independent of each other.

Similarly, we can get the derivative of the effective optical length variation of thermo-

optic effects:

ẋre =
dn(T (ε, t))

dt
DI

=
dn

dT

dT (ε, t)

dt
DI

=
dn

dT

(
∂T

∂t
+

∂T

∂ε

dε

dt

)
DI

=
dn

dT

[
γre (T0 − T ) +

∂T

∂ε
Popt

]
DI

=
dn

dT

(
−γreδT + ηre

dT

dPopt
Popt

)
DI

= −γre

[(
DI

dn

dT
δT

)
−
(
ηre
γre

DI
dn

dT

dT

dPopt

)
Popt

]
= −γre

(
xre −

∂n

∂Popt
Popt

)
= −γre (xre − βrePopt) , (5.13)

where γre and βre are the thermal relaxation rate and susceptivity coefficient of the thermo-

optic effects, and ηre is proportional to reciprocal of the thermal absorption coefficient βre,

which is only dependent on the refractive index change. Here, we use subscript “re” to

stand for refractive index. We use the expression of xre in this deduction, which is written

as

xre(n(T )) = DI
dn

dT
δT. (5.14)

Here we give the detailed deduction to emphasise the different sign before the suscep-

tivity coefficient compared with the thermal expansion, which intuitively, is reasonable.

Because when the refractive index of the coating increases, the effective optical path

length inside the coating increases, which increases the effective cavity length. This in-

dicates that with the positive βre, the refractive index increases when absorbing thermal

energy, increasing the deduction of effective optical length. Whereas, in our system, with

a negative βre, the refractive index reduces after absorbing thermal energy, leading to a

further decrease of the effective optical length.

5.3 Refined model

Replacing Eq. (3.7) in the system of equations of the levitation cavity (Eq. (3.5)-(3.9)) by

the two independent equations, Eq. (5.12) and Eq. (5.13), we obtain an updated model

containing three, not two, different displacement degrees of freedom interacting with the
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intracavity field: thermal expansion, thermo-optic effect, and excitation of acoustic vi-

brations. Note that here the displacement induced by the partial lift-off of the mirror

due to radiation pressure force is not considered because the system is operating under

the threshold power that can be used for levitation. We could easily add this degree of

freedom into the dynamic equations when including this interaction into the experiments.

Thus, the equations become:

ȧ = [−κ/2 + i(∆ +G(xex + xac + xre))] a+
√
κinain, (5.15)

ȧ∗ = [−κ/2− i(∆ +G(xex + xac + xre))] a
∗ +

√
κina

∗
in, (5.16)

ẋex = −γex(xex + βexPopt(a)), (5.17)

ẋre = −γre(xre − βrePopt(a)), (5.18)

ẋac = pac/mac, (5.19)

ṗac = −γacpac −macω
2
acxac + h̄G|a|2. (5.20)

From the system of equations, we can get the steady-state solutions by setting the deriva-

tive terms to zero, where we get a cubic equation:

G2

[
− (βex − βre)

c

2
h̄G+

h̄G

macω2
ac

]2 (
|a|2

)3
+ 2∆G

[
− (βex − βre)

c

2
h̄G+

h̄G

macω2
ac

]
×
(
|a|2

)2
+
(
κ2/4 + ∆2

)
|a|2 − κin|ain|2 = 0. (5.21)

Comparing to Eq. (3.10), we notice that the term βth in Eq. (3.10) is replaced by βex−βre.

Thus, both βex and βre decide the regime where the bistable behaviour of the system occurs

(see in Fig. 4.1). If both βex and βre are positive, the thermal expansion and thermo-optic

effects are competing with each other, thus the overall modification of the cavity resonance

is decided by the strength of these two interactions and the side that the resonance is

shifted to depends on which is stronger. With a cavity where |βex| > |βre|, the resonance

shifts to a red-detuned frequency and the cavity enters into the self-locking regime during

a downwards scanning. If the thermo-optic effect is much stronger than the photothermal

expansion, however, the bistable states occur in the blue-detuning regime and the self-

locking happens during a red- to blue-detuned scan. In this case, one photothermal effect

always reduces the impact on the cavity of the other photothermal effect at stationary

state. A similar argument would apply for the photothermal cancellation setup where

with only photothermal expansion is under consideration. In that case, inward expansion

of the mirror is compensated by the expansion of the window inside the cavity.

When βex > 0 and βre < 0, the thermo-optic effect enhances the modifications caused

by photothermal expansion, leading to more obvious photothermal displacement where

the resonance shifts to the further blue-detuned regime. This causes the cavity to stay

in the self-locking regime longer before it reaches resonance, as we have observed in the

experiments when the cavity is driven by a high power (Fig. 3.7). Note that it is also

possible to have a negative βex, which refers to a material that contracts after absorbing
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Figure 5.4: Modification of the oscillator’s frequency and damping under different photothermal

effects. All plots given in colored curves are simulated with photothermal effects corresponding to

σex/2π (|σre|/2π) from 100 to 20 000Hz pmW−1. The reference scenario with no optomechanical

backaction (G = 0) is presented in solid light grey line. (a), (c), and (e) give the modification of

effective oscillation induced by both radiation pressure and photothermal effects with βex (|βre|)
= 2, 10, 100 pmW−1 respectively. The effective damping of the resonator as a function of effective

detuning are shown in (b), (d) and (f). Optically unstable solutions are plotted in dashed lines,

showing the inaccessible cases in steady state. The values of the relevant parameters for simulations

are: Pin = 200mW and κ/2π = 735 kHz.
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heat. We will not discuss much about this situation because all the common glass used in

optics have positive thermal expansion coefficients [71].

In Chapter 4, we discussed the effects of the photothermal interaction on the cavity

steady-state with positive and negative βth. Along with the Jacobian matrix given by

Eq. (3.11), we have also investigated the photothermal modification on the effective fre-

quency and damping of the oscillator under different βth. Here we rewrite the Jacobian

matrix with σth, as

MJ =


−κ/2 + i∆eff 0 iGα iGα 0

0 −κ/2− i∆eff −iGα∗ iGα∗ 0

−σthch̄Gα∗/2 −σthch̄Gα/2 −γth 0 0

0 0 0 0 1/mac

h̄Gα∗ h̄Gα 0 −macω
2
ac −γac

 . (5.22)

We notice that in Eq. (5.22), both σth and γth play a role and affect the eigenvalues of the

matrix. Here, in Fig. 5.4, we present how the photothermal effects change the dynamics

of the system with different photothermal relaxation rates γth, which are denoted as γex

and γre in the refined model. In order to understand the role that γex (γre) plays in the

interaction, we plot the effective frequency and damping of the oscillator with same βex

(|βre|) in Fig. 5.4 (a)-(b). With bigger γex (γre), the oscillation frequency gets slightly closer

to the case without any photothermal or radiation-pressure interaction. For the damping

rate, however, the modification is significantly dependent on the value of photothermal

relaxation rate, where we can see the larger γex (γre) causes negative damping in the whole

detuning range. This leads to the parametric gain into the oscillation of the acoustic mode

and results in the instability of the system. We then investigate the case when σex (|σre|)
is fixed but the γex (γre) is given by different values, under which only one term in the

Jacobian matrix (Eq. (5.22)) is changing. Comparing the same color curves in Fig. 5.4(a),

(c) and (e), we can tell that the effect of γex (γre) on the oscillation frequency is negligible.

For the damping, however, a smaller photothermal relaxation rate γex (γre) gives more

negative damping rate, leading to stronger amplification, shown in Fig. 5.4(b), (d) and

(f).

The modification on effective damping rate of the oscillator from the photothermal

effects with different relaxation rate γex (γre) again indicates the importance to separate

different photothermal effects of the system when it is not dominated by only one of them.

5.4 Simulations and analysis

The simulation of the new model for the cavity driven by lower and higher input power

are shown in Fig. 5.5 and Fig. 5.6, which compares experimental measurements of the

normalised intensity of cavity transmission with the simulated results. The cavity is

measured during a linear red-to-blue detuning scan. In all three panels (a–c) of Fig. 5.5
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Figure 5.5: Simulation results of the new model for the cavity driven by low input power. The

normalised transmissions from experiments under different scan speed are shown in orange. The

simulation results (blue) for the cavity with scan speed of 0.61 µms−1, 0.79 µms−1 and 0.97 µms−1

are given in (a), (b) and (c) respectively. The simulation of the new model successfully fits the

broadening Lorentzian profile of the traces with different scan speed, which can be inferred from the

error given in red. Here, we calculate error with the ratio of the difference between simulation and

experimental data to the experimental data. The parameters used in simulation are: Pin = 93mW,

κ/2π = 658 kHz, γex/2π = 11Hz, βex = 120 pmW−1, γre/2π = 4000Hz, βre = −2 pmW−1.

and the panels (a) and (d) of Fig. 5.6, experimental data is in orange, data simulated

with the refined model written in Eq. (5.15)–(5.20) is in blue. The data is considered

both at low and high power to compare different regimes. At low power (see in Fig. 5.5),

traces with the cavity in the self-locking regime (downwards scanning) are aligned at their

maximum. Comparing the three traces with different scan speeds, it is easy to see that

with higher speed the transmission has a more Lorentzian-shaped resonance. With lower

scan speed, however, the traces are broadened due the photothermal effects, showing more

obvious characteristics of the bistable behaviour, as we discussed in the previous chapters.

These features are well simulated by the refined models with two photothermal effects,

by inserting 11Hz, 4000Hz, 120 pmW−1 and −2 pmW−1 as the values of γex/2π, γre/2π,

βex and βre respectively. With higher input power, the refined model gives a more faithful

simulation by extending the duration of the oscillatory stage to the same length as the

experimental data. This improvement can be seen in the time response of the cavity

in both transmission intensity and oscillation frequency. In Fig. 5.6(a), the oscillation

duration got extended to twice as long as the simulation from the old model (Fig. 3.7(b)),

which is also indicated by the average trace (dark blue). In Fig. 5.6(b)(c), we show that

even though the slow frequency increase that can be seen in the experimental data, in panel

(b), is not fully simulated by the model, but the frequency change in the beginning (from

1ms to around 1.7ms) of the trace can be simulated better. Furthermore, we observe

that the build-up process on the left-hand side is also slowed and closer to the measured

phenomenon.

Even though the agreement is improved overall, some smaller features of the simulation

are still not perfectly harmonised to the experimental data. One of these is the slow power

build-up on the left-hand side of resonance, which may be caused by the nonlinearity and
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Figure 5.6: Experimental results and simulation of refined model for the system driven by a high

power input laser. The orange and blue curves in (a) and (d) are the experimental and simulation

data, respectively. (a) shows the normalised transmissions of a self-locking cavity response at an

input power of 2.75W and its calculated average given by a low-pass Butterworth filter which has

an order of 20 and the cut-off frequency of 10 kHz. The frequency analysis is presented in (b)

and (c), which show frequency evolution of the experimental and simulation results respectively.

The orange dashed lines emphasise the acoustic modes frequencies that we are interested in, which

are also plotted to show that the oscillation frequency is changing slightly. The values that used

for simulation are: κ/2π = 735 kHz, γex/2π = 11Hz, βex = 120 pmW−1, γre/2π = 4000Hz,

βre = −2 pmW−1. Parameters of other cavity properties are the same as that used in Figure 5.5.

interaction of both thermal effects, requiring more detailed study and analysis of the roles

these two effects play in the parametric oscillatory instability of the system. The refined

model also failed to provide an accurate simulation of the end part of the oscillation. It

may be necessary to include other effects for a more precise model, such as the mode shift

in the cavity due to the changing shape of the mirror caused by its local and unequal

expansion, the bolometric interaction directly coupling photothermal absorption to the

acoustic mode, the dependence of cavity decay rate and the input coupling rate on either

acoustic or photothermal displacements.

Other laser-surface interactions are not discussed in our model that may also change

the mirror coating and thus the intra-cavity field. For example, photochemical effects

usually lead to laser-induced desorption and ablation, photoacoustic effects will affect
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surface acoustic waves and further thermal diffusion in the materials, and a repulsion

force on the surface may result in the emission of neutrals (via antibonding states), ions,

explosive ablation, and shock wave generation. The expansion considered in this model is

the simplest effect. There are other possible phenomena, commonly discussed in materials,

which may be caused by thermal expansion, such as deformation, stress, evaporation, and

again shock wave generation are not included.

5.5 Discussion on different models

In summary, we have introduced two different models: the original model with one joint

photothermal effect and the refined model with two separate photothermal effects. In this

section, we will discuss the models with different sets of parameters and how they change

the simulation results. Furthermore, we will introduce another model with a nonlinear

joint photothermal effect by adding a second-order term to the original model.

For easier reference and comparison, the sets of parameters used in different models,

which are mentioned in this section are listed in Table. 5.1.

Table 5.1: Parameters of the cavity with different optical windows.

Set No. 1 2 3 4 5

Model Original Original Nonlinear Refined Refined

Figures 3.6, 3.7 5.7 5.11
5.5, 5.6,
5.9

5.8, 5.9,
5.10

Photothermal relaxation rate,
γth/2π (Hz)

450 450 216 N/A N/A

Photothermal susceptivity,
βth (βth,1) (pmW−1)

9 45 7.5 N/A N/A

Second-order Photothermal
susceptivity, βth,2 (pmW−1)

N/A N/A 0.035 N/A N/A

Thermal expansion relaxation
rate, γex/2π (Hz)

N/A N/A N/A 11 60

Thermal expansion susceptiv-
ity, βex (pmW−1)

N/A N/A N/A 120 40

Thermo-optic relaxation
rate, γre/2π (Hz)

N/A N/A N/A 4000 360

Thermo-optic susceptivity,
βre (pmW−1)

N/A N/A N/A -2 -10

5.5.1 Best parameters for high-power fits

In the previous section, we presented the simulation of the refined model with two pho-

tothermal effects, which gives more reliable results that illustrate most of the characteris-

tics of the cavity dynamics. It is natural to think that by simply increasing the photother-

mal susceptivity βth of the joint photothermal effect in the old model (Eq. (3.5)-(3.9)), we
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can also extend the oscillation duration of the cavity response at higher power regime. We

show the simulation results with a larger βth in Fig. 5.7. The time evolution of transmission

at higher power (Fig. 5.7(b)) shows the extension of the oscillation as expected. However,

it will also change the photothermal interaction strength at lower power regime, leading

to discrepancies between the model and the experiment (Fig. 5.7(a)). This is because

the profile of the transmission traces with lower power also depends on the modification

of photothermal effects. A bigger photothermal susceptivity βth gives a more obvious

bistable behaviour of the system (Fig. 4.1). This emphasises the importance of separating

the different photothermal effects for a more effective model.

We also mentioned that some smaller features of the experimental traces, such as

the slow power build-up on the left-hand side of resonance, are not fitted. Thus, it is

worthwhile to show that during the fitting of the values of γex, γre, βex and γre, we

have seen some simulation traces that fit the experimental results even better in the high

power regime. With the same parameters, however, the fittings at lower power have

huge discrepancies with the corresponding experiments. One example is given in Fig. 5.8,

showing a better fitting for higher power transmission trace and considerably worse fitting

at lower power. Panels (b),(c) and (e) show the simulation of the refined model with two

photothermal effects, given an input power 2.75W, the measured κ of 2π×735 kHz and the

fitted parameters γex/2π = 60Hz, βex = 40pmW−1, γre/2π = 360Hz, βre = −10 pmW−1.

Comparing with Fig. 5.6(a), the simulation trace (blue) in Fig. 5.8(b) also extends the

duration of the oscillatory stage to the same length as the experimental data (orange).

Moreover, the slow power buildup on the left-hand side of resonance is also seen in the

simulation trace, which can be easily shown by the comparison of the average traces in
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Figure 5.7: An example of the simulation of the original model with joint photothermal effect

(Eq. (3.5)-(3.9)), for the system driven by lower and higher power input laser. The parameter

that are used in simulations are κ = 2π × 735 kHz, γth = 2π × 450Hz, βth = 45pmW−1. (a)

presents the huge discrepancy between experimental (orange) and the simulation (blue) data in

lower power regime (93mm), which could also be seen in the error plot (coral). By increasing the

βth of the photothermal effect, the duration of the oscillation can be extended in the higher power

regime, shown in (b). Other features of the experimental data, however, are not efficiently fitted,

especially the peak-level of the oscillation and the initial build-up of oscillations. The low-pass

Butterworth filter is applied to both experimental (red) and simulation (blue) results to get the

average of the self-locking cavity responses, in order to give a better comparison of the simulations

to the experimental results.
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Figure 5.8: An example of the simulation of the refined model for the system that gives better

results in high power regime. The parameters used in the simulations are κ/2π = 735 kHz, γex/2π =

60Hz, βex = 40pmW−1, γre/2π = 360Hz, βre = −10 pmW−1. For the cavity with an input power

of 2.75W, (b) and (d) show the simulation results of the transmission intensity (blue) and the

oscillation frequency in time domain respectively. In (b), the low-pass Butterworth filter is applied

to both experimental (red) and simulation (blue) results to get the average of the self-locking cavity

responses, in order to give a better comparison of the simulations to the experimental results. In

(c) and (d), orange dashed lines emphasise the acoustic modes frequencies of interest. (e) shows

the comparison of experimental (orange) and simulation (blue) results of the cavity response in

frequency domain. With the same parameters, however, the simulation results (blue) with the

input power of 93mm shown in (a) has a huge discrepancy with the experiments (orange), which

can be also seen in the simulation errors plotted in coral.

dark blue and red. In contrast, the same simulation using the original model, fails to

accurately capture the dynamics of the initial slow power build up, shown in Fig. 5.7(b).

Fig. 5.8(c) and (d) present the time evolution of oscillation frequency in experiment and

theory respectively. The dashed orange lines emphasise the acoustic modes frequencies

that are of interest. The frequencies increase during the period from 1ms to 2ms, shown

in both (c) and (d), which indicates the simulation result is in high accordance with the

experimental data. With the same parameters, however, the simulation result (blue) at

lower power (93mW) gives a huge discrepancy with the experiments (orange), which is

shown in the transmission traces and the error trace (see in Fig. 5.8(a)).

To further understand the discrepancy in the lower power regime, we should discuss

the difference when inserting different values of γex, γre, βex and βre into the dynamic

equations of motion Eq. (5.15)-(5.20). We rewrite the evolution of the amplitude of the

intracavity field as

ȧ = (−κ/2 + i∆eff) a+
√
κinain, (5.23)



§5.5 Discussion on different models 79

where

∆eff = ∆+G (xac + xex + xre) . (5.24)

In the experiments, we change the cavity length linearly with the piezoelectric actuator

attached to the bottom mirror, which can be considered as another displacement of the

cavity. So the detuning ∆ can be written as a function of time (Eq. (2.37)). With

the expression of the time derivative of the photothermal and acoustic displacements

(Eq. (5.17)-(5.20)), the time evolution of the effective detuning of the cavity can then be

written as

∆eff(t) = ∆0 +G (vscant+ xac(t) + xex(t) + xre(t))

= ∆0 +G [vscant+ xac(t)− (βex − βre)P (a(t))]

+G
(
βexe

−γext − βree
−γret

)
P (a(t)). (5.25)

Note that Eq. (5.25) is given under steady-state conditions, which can be assumed as the

case in our slow scans as long as there is no fast oscillation observed in the transmission.

When driving the cavity with lower power, such that no oscillation is observed in

the transmission (at around 100mW), the displacement induced by the acoustic mode of

the top mirror is very small compared to that induced by the photothermal interaction

and the cavity length scan. With a slow scan, the bottom mirror increases the effective

optical length at a speed of around 1 µms−1. With no optomechanical backaction, i.e., no

interaction between the top mirror and the intracavity field, the linewidth of the cavity

response as a function of detuning κ equals to 2π×658 kHz, so the Lorentzian profile with

a scan of 1 µms−1 has a linewidth of around 0.2ms in the time domain. At low power, we

consider a scan of detuning from −2κ to 2κ a full scan of one peak, so a full scan takes

around 0.8ms. In the experiments, with radiation pressure and photothermal interactions,

we usually scan the cavity with even lower scan speed (0.61 µms−1 as shown in Fig. 5.5) to

obtain a more obvious bistable behaviour of the cavity. Due to the photothermal effects,

the Lorentzian profile of the transmission gets broadened, resulting in longer scan time

for one peak. In the example, we show the transmission of the cavity driven by a 93mW

input power, with a scan of 0.97 µms−1, a full scan of the peak takes around 1ms (see in

Fig. 5.5(c) and Fig. 5.8(a)).

Based on Eq. (5.25), we can explain why for both original model (Fig. 3.6) and the

refined model (Fig. 5.5) give relatively good simulation in low power regime. For the sim-

ulations that are shown in Fig. 5.5, the values of the parameters for the two photothermal

effects are γex = 2π × 11Hz, βex = 120 pmW−1, γre = 2π × 4000Hz, βre = −2 pmW−1.

With these values, the relaxation time of the thermo-optic effect is around 0.04ms, result-

ing in a fast decrease to 0 of the term βree
−γret in Eq. (5.25). The thermal expansion, how-

ever, has a large relaxation time, around 16ms. Therefore the term
(
βexe

−γext − βree
−γret

)
is dominated by βexe

−γext. Note also that the (βex − βre) therm is dominated by βex, hence
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we can neglect the βre term. Thus, in Eq. (5.25), the effective detuning of the cavity caused

by photothermal effects is dominated by the photothermal expansion. This indicates that

with lower input power when the acoustic oscillation is not amplified, the dynamic equa-

tions of the system can be described with only photothermal expansion, which explains

the effectiveness of the refined model at lower power regime with these parameters. This

again emphasises that the model with only a single photothermal effect is reliable when

the different photothermal effects share the same relaxation rate, or when only one pho-

tothermal thermal effect dominates the system as the case that the bare cavity is driven

with lower input power.

Using the parameters that give a better simulation of the initial buildup of the os-

cillations, the simulation in the lower input power regime has a huge difference with the

experimental result (see Fig. 5.8(a)-(e)). This is because the relaxation rates (γex/2π =

60Hz and γre/2π = 360Hz) and the photothermal susceptivity (βex = 40pmW−1 and

βre = −10 pmW−1) of the photothermal expansion and the thermo-optic effects are at

the same order of magnitude, which collectively give stronger photothermal effects, which

shorten the cavity length faster than what was observed in the experiments. This leads

to the considerable discrepancy between simulation and experiments in the lower power

regime. We note that the discussion about cavity responses with different photothermal

parameters through their effects on effective detunings is limited to lower power regime.

This is because when the intracavity power increases the photothermal effects excite the

acoustic modes of the top mirror and induce amplified parametric oscillation, giving rise

to the large variation of the acoustic displacement xac(t), which changes the intracavity

intensity rapidly and further affects the photothermal displacements.

5.5.2 Optical spring

To further investigate the modification to the dynamics of the optomechanical system

from the two different photothermal interactions and their combined effect, we solve the

Jacobian matrix of the refined model (Eq. (5.15)-(5.20)), which is written as

MJR =



−κ/2 + i∆eff 0 iGα iGα iGα 0

0 −κ/2− i∆eff −iGα∗ iGα∗ iGα∗ 0

−γexβexch̄Gα∗/2 −γexβexch̄Gα/2 −γex 0 0 0

γreβrech̄Gα∗/2 γreβrech̄Gα/2 0 −γre 0 0

0 0 0 0 0 1/mac

h̄Gα∗ h̄Gα 0 0 −macω
2
ac −γac


.(5.26)

By inserting different values of the parameters, the imaginary (ℑ{eig(MJR)}) and the real

(−2ℜ{eig(MJR)}) parts of the eigenvalues of the matrix give different numerical results

of cavity responses. Using the solution of the Jacobian matrix, we can then analyse the

difference between the simulation results of the two sets of parameters used in Fig. 5.6

and in Fig. 5.8, which will give us a better understanding on why the set of parameters
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Figure 5.9: Numerical results of the oscillation frequencies and the damping rates of the optical

resonator calculated by the refined model with different parameters of photothermal effects. (a)-(d)

are the results simulated with only photothermal expansion (γre = βre = 0), while (e)-(h) present

the calculation with only thermo-optic effect (γex = βex = 0). Simulation results of oscillation

frequencies and the damping rates of the system as a function of the effective detuning with both

photothermal expansion or thermo-optic effects are shown in (i)-(l). The nonzero parameters

used in the refined model for the results in the left box are γex/2π = 11Hz, βex = 120 pmW−1,

γre/2π = 4000Hz, and βre = −2 pmW−1. The simulation of the cavity response in time and

frequency domains with the same parameters are shown in Fig. 5.6. In the right box, the nonzero

parameters used for calculation are γex/2π = 60Hz, βex = 40pmW−1, γre/2π = 360Hz, and

βre = −10 pmW−1, which are the same parameters used for simulations in Fig. 5.8. The reference

scenario with no optomechanical backaction (G = 0) is presented in solid light grey line. Optically

unstable solutions are plotted in dashed lines, showing the inaccessible cases in steady state.

used in Fig. 5.8 gives a better simulation in high power regime even it gives a considerably

worse simulation in the low power regime as discussed in the previous section.

The effective oscillation frequencies and the damping rates of the optical resonator are

shown in Fig. 5.9. The numerical results of the oscillation frequencies and the damping

rates of the optical resonator calculated by the refined model with parameters γex/2π =

11Hz, βex = 120 pmW−1, γre/2π = 4000Hz, and βre = −2 pmW−1 are shown in the left

box. Figure 5.9(i) indicates that the frequency of the oscillation slowly increases as the

scan goes closer to the resonance, which can also be seen in Fig. 5.6(c). And the simulation

of the damping rates of the optical oscillator (see Fig. 5.9(j)) manifests amplification of the

parametric oscillation during the scan. In the boxes on the right, with the same parameters

used for simulations in Fig. 5.8(b)–(e), where γex/2π = 60Hz, βex = 40pmW−1, γre/2π =

360Hz, and βre = −10 pmW−1, Fig. 5.9(k) and (l), respectively, show the oscillation

frequencies and the damping rates of the optical resonator that are numerically calculated

by the refined model. The difference between (i)–(j) and (k)–(l) can explain the difference

between the simulations with different parameters. The increase in oscillation frequency
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is more obvious in Fig. 5.8(d) than in Fig. 5.6(c). This feature is shown in the Fig. 5.9(i)

and (k) as with the same effective detuning the parameters used for Fig. 5.8 give stronger

modification of the oscillation frequency, shown in Fig. 5.9(k), than the parameters used

for Fig. 5.6(c) (Fig. 5.9(i)). We also notice that the damping rate as a function of effective

detuning is more negative in Fig. 5.9(j) comparing to that in Fig. 5.9(l), which results

in a stronger amplification of the amplitude of the oscillation in Fig. 5.6(a) and a slower

buildup of the oscillation in Fig. 5.8(b).

For two different sets of parameters, shown in the left and right boxes, we present

the numerical calculations of the cavity dynamics with only thermal expansion and only

thermal-optic effects. Panels (a)–(d) in Fig. 5.9 are the results simulated with only pho-

tothermal expansion (γre = βre = 0), while panels (e)–(h) present the calculation with

only thermo-optic effect (γex = βex = 0). Another interesting phenomenon to note in our

calculations is that the combination of the two independent photothermal effects gives

an enhanced modification of the damping rate of the system response but a diminished

change in oscillation frequency.

5.5.3 Search for the most optimal parameters

To further highlight the limitations of the refined model with two independent photother-

mal effects, we explore the values of the parameters close to the ones that give a better

simulation in high power regime (Fig. 5.8(b)) to see if we can find good fits in the low power

regime. Figure 5.10 show the effectiveness of the simulation with different relaxation rates

(γex and γre) and susceptivity coefficients (βex and βre) of photothermal expansion and

thermo-optic effects. The effectiveness of the simulation is calculated by the squared error

Er of the simulation with the expression 10−20Er. The black dot in (a)–(d) gives the point

where γex = 2π × 60Hz, βex = 40pmW−1, γre = 2π × 400Hz, and βre = −10 pmW−1,

which are close to parameters that are used in the simulation shown in Fig. 5.8(b). To

search for a good fitting with refined model at lower power around these parameters,

we run the simulations with γex ranging from 2π × 10 to 2π × 300Hz, γre ranging from

2π × 100 to 2π × 1000Hz, βex ranging from 10 to 150 pmW−1, and βre ranging from −30

to 10 pmW−1. (a)–(d) presents the effectiveness of the simulations with the refined model

when γex = 2π × 60Hz, γre = 2π × 400Hz, βex = 40pmW−1 and βre = −10 pmW−1 re-

spectively. The color bar gives the effectiveness of the simulation, with the color changes

from blue to yellow, the squared error of the simulation gets smaller and the effective-

ness of the simulation goes from 0 to 1. The plots of the effectiveness indicate that with

one parameter given and the other three changing, we can find many good fitting values.

When γex = 2π × 60Hz, the best fittings in lower power regimes are mainly dependant

on βex and βre, as shown in Fig. 5.10(a). With βex fixed to 40 pmW−1, the best fittings

are more dependent on γex and βre (Fig. 5.10(c)). With a given γre (Fig. 5.10(b)) or βre

(Fig. 5.10(d)), best fittings fall onto the points that depend on all the other three param-

eters. Based on the error analysis of simulations results in Fig. 5.10, however, we can not
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Figure 5.10: Effectiveness of simulation with 93mW input power. (a)–(d) show the effectiveness

of the simulation of the refined model with γex range from 2π × 10 to 2π × 300Hz, γre range

from 2π × 100 to 2π × 1000Hz, βex range from 10 to 150 pmW−1, and βre range from −30 to

10 pmW−1. (a) gives the effectiveness of the simulations with γex/2π = 60Hz. (b) presents

the effectiveness of the simulations with γre/2π = 400Hz. (c) illustrates the effectiveness of the

simulation when βex = 40pmW−1. The effectiveness of the simulation with the refined model when

βre = −10 pmW−1 is shown in (d). The effectiveness of the simulation is calculated by the squared

error Er of the simulation with the expression 10−20Er. The color bar gives the effectiveness of the

simulation, with the color gets from blue to yellow, the squared error of the simulation gets smaller

and the effectiveness of the simulation goes from 0 to 1. The black dots in (a)–(d) represent the

point where γex/2π = 60Hz, βex = 40pmW−1, γre/2π = 400Hz, and βre = −10 pmW−1, which

are close to parameters that used in the simulation which gives the better results in high power

regime, shown in Fig. 5.8(b). The cavity loss rate used in the simulation for lower power regime is

κ/2π = 658 kHz.



84 Refined Model with Multiple Photothermal Effects

find a good fitting in the low power regime close to the parameters used in Fig. 5.8(b).

This indicates the imperfections of our model and implicates that the relaxation rates and

susceptivity coefficients of photothermal effects may change with the input power, which

suggests that more accurate simulation may require non-linear models for photothermal

effects.

With discussions above, we show that by separating the photothermal expansion and

the thermo-optic effects the refined model gives more reliable simulation results. Some

smaller features of the simulation, such as the slowing buildup of the oscillation in the

beginning of the scan, are still not perfectly matched to the experimental data. The

parameters that can give good fitting in higher power regime fails in simulation of the

cavity dynamics in lower power regime. This suggests a nonlinear correspondence between

the photothermal effects and the intracavity power, leading to a further investigation of

nonlinearity in photothermal effects.

5.6 Discussion on nonlinearity of photothermal effects

In this section, we will discuss the effect of adding a second order term into the photother-

mal effects in the model written as Eq. (5.15)-(5.20). One possible nonlinear model is

for the thermal expansion and refractive index change of the coating materials to have a

nonlinear temperature dependence [125]:

DI(II)(T ) = α
(0)
exI(II) + α

(1)
exI(II)T + α

(2)
exI(II)T

2, (5.27)

n(T ) = α(0)
re + α(1)

re T + α(2)
re T 2, (5.28)

where constant parameters α
(0)
ex , α

(1)
ex and α

(2)
ex are the thermal expansion coefficients, and

α
(0)
re , α

(1)
re , and α

(2)
re are thermo-optic coefficients. n is the refractive index of the mirror

materials that varies with the local temperature T . The thickness of part (I) (or (II)) of

the coating of the top mirror (see Fig. 5.1(b)) is denoted as DI(II). Thus, the susceptivity

coefficients of photothermal expansion change to

BexI(II)(Popt) =
∂DI(II)

∂Popt
Popt

=

(
cI(II)

dDI(II)

dT

dT

dPopt

)
Popt

=

[
cI(II)

(
α
(1)
exI(II) + 2α

(2)
exI(II)T (Popt)

) dT

dPopt

]
Popt

≈ cI(II)α
(1)
exI(II)

dT

dPopt
Popt + 2cI(II)α

(2)
exI(II)

(
dT

dPopt
Popt

)2

= β
(1)
exI(II)Popt + β

(2)
exI(II)P

2
opt. (5.29)

Here, to simplify the deduction we use cI = ηex (n0 − n) and cII = ηexn to replace the

corresponding constants that are not of interest in Eq. (5.10). In the deduction, the
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approximation T (Popt) = (dT/dPopt)Popt is applied. Similarly, because the two pho-

tothermal expansion terms share same relaxation rate γex, we can combine them into one

term as

Bex(Popt) = BexI(Popt) + BexII(Popt)

= βex,1Popt + βex,2P
2
opt, (5.30)

where βex,1 = β
(1)
exI+β

(1)
exII and βex,2 = β

(2)
exI+β

(2)
exII. The time derivative of the displacement

of photothermal expansion effect hence reads

ẋex = −γex [xex + Bex(Popt)]

= −γex
(
xex + βex,1Popt + βex,2P

2
opt

)
. (5.31)

Similarly, we can write the time derivative of the displacement of thermo-optic effect:

Bre(Popt) =
∂n

∂T
Popt

= ηreDI
dn

dT

dT

dPopt
Popt

= ηreDI

(
α(1)
re + 2α(2)

re T (Popt)
) dT

dPopt
Popt

≈ ηreDIα
(1)
re

dT

dPopt
Popt + 2ηreDIα

(2)
re

(
dT

dPopt
Popt

)2

= βre,1Popt + βre,2P
2
opt. (5.32)

Thus, we have

ẋre = −γre [xre − Bre(Popt)]

≈ −γre
(
xex − βre,1Popt − βre,2P

2
opt

)
. (5.33)

To simplify the simulation and only investigate the effect of adding a second order term

to the photothermal susceptivity, we consider the model having only a single photothermal

effect. The dynamic equations of motion thus are written as

ȧ = [−κ/2 + i(∆ +G(xth + xac))] a+
√
κinain, (5.34)

ȧ∗ = [−κ/2− i(∆ +G(xth + xac))] a
∗ +

√
κina

∗
in, (5.35)

ẋth = −γth(xth + βth,1Popt(a) + βth,2P
2
opt(a)), (5.36)

ẋac = pac/mac, (5.37)

ṗac = −γacpac −macω
2
acxac + h̄G|a|2. (5.38)

Where βth,1 and βth,2 denote the first and second-order susceptivity coefficients of the joint

photothermal effect. An example simulated by this model with an input power of 1.9W

is shown in Fig. 5.11(e). With this model, we can extend the oscillation duration in the
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Figure 5.11: Analysis of the effectiveness of the model with joint nonlinear photothermal effect

in higher power regime. (a)–(d) show the different methods to measure the difference between

the simulation and experimental data (presented in (e)) as a function of the two photothermal

susceptivities. (e) Comparison of simulation (light blue) and experimental (orange) results and

their average, calculated by the low-pass Butterworth filter. (a) Average slope of ramping up of

intensity during the self-locking phase, before parametric gain amplifies the oscillations to cross

over the opposite side of the resonance, which gives strength of the amplification in parametric

oscillation. Color bar from purple to white refers to an increasing slope. The white line is the slope

of the experimental data (131.12 s−1), included for reference. (b) Oscillation duration (length) of

the simulation, where the color bar goes from coral to white with increasing length of oscillation.

The grey line presents the value of the oscillation length of experimental data, 2.65ms. The

variation of the maximum of the peaks in the simulated oscillations (height) correspond to different

βth,1 and βth,2, which are shown in (c). The calculated values of the variation from small to large

are shown by sky blue to white in the color bar. The black curve gives the variation of 13.2%

calculated from the experimental data. (d) Squared error of the averaged transmission. Other

parameters used in the simulations are Pin = 1.9W, κ/2π = 735 kHz, vscan = 1.86 µms−1 and

γth/2π = 216Hz. In (e), we use βth,1 = 7.5 pmW−1 and βth,2 = 0.035 pmW−1.
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transmission during a down-ward scan, however, it also changes the shape of the cavity

responses. The normalised experimental and simulated transmissions are presented in

orange and light blue respectively. The average intensity of the transmission in experiment

(red) and simulation (dark blue) calculated with the low-pass Butterworth filter are also

shown. In the plot, it is clear that adding the nonlinear dependence of intracavity power

into the photothermal effect term changes the simulation.

In order to quantify the effectiveness of the simulation, we calculate four quantities of

the simulation and compare them to that of the experimental data. First, we investigate

the slope of the initial part of the averaged transmission, which is given by the expression

slope =
0.2− 0.05

t{I = 0.2} − t{I = 0.05}
, (5.39)

where t{I = i} is the time when the average intensity of the normalised transmission I = i.

This gives the strength of the amplification in parametric oscillation, and a larger slope

manifests as stronger amplification. In experimental results, the slope is 131.12 s−1. The

slopes calculated from the simulation results with different βth,1 and βth,2 are shown in

Fig. 5.11(a). The color bar from purple to white refers to the calculated slope from small

to large, i.e., the strength of the amplification from small to large. The white contour in

the plot is the calculated slope of the experimental data used as a reference to investigate

the effectiveness of the simulation.

The second quantity that we use to measure the effectiveness is the oscillation duration

(length) of the simulation, which is shown in Fig. 5.11(b). It is calculated by

length = t{I = 0.05, end} − t{I = 0.1, start}, (5.40)

where t{I = 0.05, end} is the time when the average intensity of the normalised transmis-

sion equals 0.05 in the last 1/4 of the oscillation, while t{I = 0.1, begin} is the first time

when the average intensity of the normalised transmission crossing 0.01 in the 1/4 of the

oscillation. The color bar of the plot shows the oscillation duration obtained from simu-

lation, going from coral to white with increasing length of oscillation. The contour line

(grey) corresponds to 2.65ms, presenting the value of the oscillation length of experimental

data.

In Fig. 5.11(c), we show the third quantity, the variation of the maximum of the peaks

in the oscillation:

height = 1−min{peaks}. (5.41)

Note that in the simulations, we plot the normalised transmission intensity, normalised

to the intensity on resonance. The smallest peak values of the oscillation is denoted by

min{peaks}. The calculated values of height from small to large are shown by sky blue to

white in the color bar, where the black curve gives the variation of 0.13 calculated from

the experimental data.
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The last quantity we investigate is the squared error of the simulated average intensity

of transmission, shown in Fig. 5.11(d), with smaller error, the color goes from yellow to

blue. We also plot the curves with the values of βth,1 and βth,2 giving smallest errors of

slope, length and height in white, grey and black. Note that other quantities could also

defined to measure the effectiveness of the simulation. For example, the ‘curvature’ of

the peaks at the beginning of the oscillations is very sharp for the experiment and very

rounded for the simulation.

From the error analysis of the four quantities, it is clear that the slope of the beginning

part of the averaged transmission is more dependent on the first order photothermal

susceptivity βth,1 (Fig. 5.11(a)). Larger βth,1 and βth,2 gives smaller values of the slope.

The oscillation duration (Fig. 5.11(b)), however, is more dependant on the second order

photothermal susceptivity βth,2 when βth,1 is big. With larger βth,2, the oscillation duration

gets longer. When βth,1 and βth,2 are both relatively small, the length depends on both

first and second order photothermal susceptivity. The variation of the maximum of the

peaks, shown in Fig. 5.11(c), is dependent on both βth,1 and βth,2. The squared error of the

simulated average transmission (Fig. 5.11(d)) has similar dependence on βth,1 and βth,2 as

the error of length of the simulation, that is because when the oscillation duration is too

short or too long, the error calculated from the averaged curves becomes bigger compare

to the errors induced by an inaccurate slope or height. Moreover, the best fits of βth,1 and

βth,2 for slope (white line), length (grey line) and height (black line) in Fig. 5.11(d) are

not overlapping. This indicates that adding the second order photothermal susceptivity in

the model with only joint photothermal as nonlinearity is still not effective for simulating

the cavity dynamics in high power.

5.7 Conclusion

In this chapter, we have presented the simulation of the heat transfer and the optical

intensity in the mirror coating of our levitation system. With this, we separate the pho-

tothermal effects into two different independent components — photothermal expansion

and thermo-optic effects. We gave detailed deduction of them and added them into the

dynamic equations of motion. With this new model that has two different photothermal

displacements, we present refined predictions that provide quantitative as well as qualita-

tive agreement with the experimental result.

We also provided a discussion on the effectiveness of different models. The model with

joint photothermal effect can give good fitting in lower power regime but fails to fit the

experimental data at higher power when the parametric oscillation occurs. Adding non-

linearity into this model can extend the oscillation duration to the level that matches the

experimental results. However, it changes other features of the simulated cavity response,

hence can not give a reliable simulation either. With two photothermal effects, the model

gives simulations at both lower or higher power that are consistent with the experiments.
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Even though some small features of the cavity response are not well fitted, we have proved

the necessity of separating the photothermal effects in the model.

With the detailed analysis and discussion, we have concluded that two photothermal

effects are necessary in the model for simulating the dynamics of our optomechanical levi-

tation system, especially in high power regime when different photothermal effects compete

each other. The model with only a single photothermal effect is sufficient in the regime

where one photothermal effect is dominated over the others or different photothermal ef-

fects share the same relaxation rate. The nonlinear correction in this single-photothermal-

effect model doesn’t show same advantages as the two-photothermal-effect linear model,

instead adds unnecessary complexity and more fit parameters. Further investigations will

consider nonlinearity of the two independent photothermal effects caused by other effects,

such as the mode shift in the cavity, the bolometric interaction and photoacoustic effect.
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Chapter 6

Conclusion and Future Work

This thesis explored photothermal nonlinearity in a linear optomechanical levitation sys-

tem. A new model with two photothermal effects is theoretically presented to better

simulate and understand the levitation system. A useful technique to achieve cancellation

of photothermally induced instability in the system is also introduced. However, in order

to reach the goal of stable optical levitation, more in-depth investigation in the causes

and the consequences of photothermal effects in the levitation system is needed. Other

possible proposals of the material and design of the levitation mirror are also worth of

consideration.

6.1 Novel photothermally induced effects

In Chapter 5, we have given in-depth investigation and discussion of two photothermal

effects — photothermal expansion and thermo-optic effects. These two effects are not

only vital in the levitation system studied in this thesis, but also of interest to other

similar optomechanical systems where high-intensity laser is used or high precision of the

measurement is desired. However, there are still more novel photothermally induced effects

yet waiting to be explored.

Theory of the possible photothermal effects and photothermally induced dynamics will

be studied in the future, such as

1. the mode shift in the cavity due to the shape change of the mirror resulting from its

local and unequal expansion,

2. the distortion of the mirror surface from the temperature gradients,

3. the bolometric interaction directly coupling photothermal absorption to the acoustic

mode,

4. the dependence of cavity decay rate and input coupling rate on either acoustic or

photothermal displacements.

Experimentally, another probe laser path will be set up and sent into the cavity for in-

vestigating the cavity evolution with the pump beam, which offers a way to monitor the
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cavity response to the mechanical and photothermal interaction.

6.2 Stable optical levitation

Based on the technique presented in Chapter 4, inserting window into the cavity to modify

the susceptivity coefficients of photothermal effects is a promising way to achieve cancel-

lation of photothermally induced instability in our linear optical levitation system. Thus,

more experiments on the cancellation of photothermally induced parametric amplification

using inserted window with different materials or designs will also be conducted.

Another possible path to achieve optical levitation is using nano-structure in the lev-

itation mirror [126]. With well designed structure, the laser shone onto the mirror can

have diffracted beams to any wanted direction, even 90◦. This suggests a new way to

trap the mirror horizontally by only using the scattering light. Another advantage of a

levitation mirror with nano-structure is its much lighter weight. Instead of using dielectric

mirror coating acting as the Bragg reflector to achieve extremely high reflectivity, using a

single grating can also achieve almost 100% reflectivity, with around 1/10 to 1/100 weight

of the mirror we have now. Other proposals that may generate new optical levitation

configurations, such as using two-dimensional materials as the levitation mirror, are also

interesting to be explored.
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[22] Vladan Vuletić and Steven Chu. “Laser cooling of atoms, ions, or molecules by

coherent scattering”. In: Physical Review Letters 84.17 (2000), p. 3787.

[23] NY Misconi. “On the rotational bursting of interplanetary dust particles”. In: Geo-

physical Research Letters 3.10 (1976), pp. 585–588.

[24] Anthony F Bernhardt. “Isotope separation by laser deflection of an atomic beam”.

In: Applied physics 9.1 (1976), pp. 19–34.

[25] Po Jacquinot et al. “High resolution spectroscopic application of atomic beam de-

flection by resonant light”. In: Optics Communications 8.2 (1973), pp. 163–165.

[26] JE Bjorkholm et al. “Observation of focusing of neutral atoms by the dipole forces

of resonance-radiation pressure”. In: Physical review letters 41.20 (1978), p. 1361.

[27] John E Bjorkholm et al. “Experimental observation of the influence of the quantum

fluctuations of resonance-radiation pressure”. In: Optics letters 5.3 (1980), pp. 111–

113.

[28] Peter Hess and AC Boccara. Photoacoustic, photothermal and photochemical pro-

cesses at surfaces and in thin films. Springer, 1989.

[29] Warren B Jackson et al. “Photothermal deflection spectroscopy and detection”. In:

Applied optics 20.8 (1981), pp. 1333–1344.

[30] M Bertolotti et al. “Analysis of the photothermal deflection technique in the surface

reflection scheme: Theory and experiment”. In: Journal of Applied Physics 83.2

(1998), pp. 966–982.

[31] Delong Zhang et al. “Depth-resolved mid-infrared photothermal imaging of living

cells and organisms with submicrometer spatial resolution”. In: Science advances

2.9 (2016), e1600521.



BIBLIOGRAPHY 95

[32] Robert Furstenberg et al. “Chemical imaging using infrared photothermal mi-

crospectroscopy”. In: Next-Generation Spectroscopic Technologies V. Vol. 8374.

SPIE. 2012, pp. 293–302.
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