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Abstract

Be not afeard. The isle is full of noises,

Sounds and sweet airs that give delight and hurt not.

Caliban (Act 3, Scene 2)

William Shakespeare, The Tempest

Searches for fundamental physics such as gravitational waves, dark matter, and quan-

tum gravity are now reaching the quantum limit around a century since the invention of

quantum mechanics. To push past the fundamental quantum noise and accelerate the

discovery of new physics, we need to understand and exploit the interplay of quantum

information and quantum metrology. In this thesis, we advocate for a new perspective

on the design of gravitational-wave interferometers and other precision waveform sensors,

one centred on optimising the sensitivity through studying and manipulating the rele-

vant quantum information-theoretic quantities with practical considerations for loss and

classical noise. We demonstrate this approach with a series of papers proposing various

measurement schemes, initial quantum states, and quantum control sequences to achieve

the fundamental quantum limits of different waveform estimation problems. We suggest

that the ultimate potential sensitivity of present experimental designs remains untapped:

present in the capability of the device but not yet accessed. In particular, we show that

a quantum advantage exists in sensing non-stationary or stochastic waveform signals or

those with a wide range of possible frequencies. We discuss the implications of these

results and how to realise them for future searches for fundamental physics.
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Chapter 1

Introduction

On a ship at sea: a tempestuous noise

of thunder and lightning heard.

(Act 1, Scene 1)

William Shakespeare, The Tempest

We now introduce the motivation, context, and story of this thesis. Further background

material is contained within each paper in the following chapters and the citations therein.

1.1 Motivation

Many fundamental questions about the physical nature of reality remain that we hope

to probe this century through precision measurement at the quantum limit. In partic-

ular, some of the fundamental questions that concern linear waveform estimation of a

continuous signal are as follows.

Firstly, concerning gravitational waves, multimessenger astronomy of binary neutron star

mergers promises to resolve the Hubble-Lemaitre tension [1, 2, 3, 4, 5] as well as determine

the behaviour of exotic matter at high densities and refine the jet astrophysics of gamma-

ray bursts [6, 4]. Meanwhile, observations of black hole mergers provide tests of general

relativity and the standard model as well as insights into stellar evolution such as the

origin of low-mass black holes [7]. Beyond the audioband of the Laser Interferometric

Gravitational-wave Observatory (LIGO) [8], higher and lower frequency gravitational-

wave searches promise to study the post-bounce dynamics of core-collapse supernovae [9],

search the stochastic gravitational-wave background for primordial black holes as a dark
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matter candidate [10, 11], hunt for cosmic domain walls [12], and constrain superradiance

from axionic dark matter clouds around black holes [13, 14].

Secondly, for direct detection of dark matter as opposed to the indirect detection via

gravitational waves discussed above, the quantum chromodynamics (QCD) axion remains

a compelling candidate as it would also solve the strong charge-parity (CP) problem [15,

16]. Searches across the immense parameter space of the axion-photon coupling rate and

axion frequency continue to slowly exclude different regions, e.g. experiments involving

a microwave cavity in a strong static magnetic field [17, 18, 19, 20, 21, 22]. However,

much parameter space remains which wants understanding how to deepen, broaden, or

accelerate the search using quantum techniques [23].

Finally, resolving the classicality or quantumness of gravity remains a formidable task

but an essential one to reconcile the titans of 20th-century physics: general relativity

and quantum mechanics. Furthermore, even if gravity is quantum, determining which

theory it obeys at low energies is not direct if we allow violation of general coordinate

or local Lorentz invariance, and the possible theories are highly unconstrained at high

energies even if we demand local Lorentz invariance [24, 25, 26, 27, 28, 29]. One the-

ory of low-energy “geontropic” quantum gravity predicts particularly large-scale length

fluctuations [30, 31] which makes it a prime target for experiments [32, 33, 34, 35] com-

pared to conventional theories which predict much smaller effects [36]. Like stochastic

gravitational-wave backgrounds and unresolved axion signals, this geontropic quantum

gravity predicts a weak non-deterministic waveform signal quieter than the quantum

noise. These different science cases, therefore, all require an understanding of how to

optimally sense deterministic and stochastic waveforms.

We emphasise that precision experiments looking for these weak signals are our only way

to answer the deepest questions that we have. Enabling and accelerating these searches

is thus paramount to our progress in fundamental physics.
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1.2 Context

Much remains to be understood, however, about how to best sense these weak signals.

The fundamental projection noise from the quantum nature of reality and the weakness

of these signals make them hard to detect. This is the role of quantum metrology: to

manipulate the available quantum and classical information to extract the best estimates

of unknown parameters of interest. Frequency-dependent quantum squeezing of the input

quantum state to the LIGO interferometers [37] is a great success of quantum metrology,

but even LIGO does not operate in an optimal configuration for different types of signals,

e.g. stochastic ones, or from the perspective of quantum control. Although the fundamen-

tal quantum limits of deterministic waveform estimation are understood with respect to

the final measurement scheme [38, 39] and the initial state [40], we are yet to determine

or realise the optimal quantum control [41], non-asymptotic methods [42], or ideal opera-

tion in the stochastic regime. Our quantum information theoretic tools, however, remain

strong which makes this a promising area for progress. For example, the quantum Fisher

information formalism remains a useful and decisive theory [43, 44, 45] and has achieved

successes across a wide range of sensing tasks as diverse as, e.g., cold atom interferome-

try [46] and optical superresolution [47]. The perspective so well exploited thus far in the

literature is to study the various bounds on, and gaps between, the information present

in the quantum states, classical measurements, and parameter estimates and optimise

them over all available experimental axes of inputs, controls, and outputs. Although

widely successful, this information-centric approach often suggests experimental designs

that are too complicated or impractical and so there is a demand for proposals that re-

main advantageous in the presence of decent loss and noise and can be implemented with

current or near-future technology rather than requiring universal fault-tolerant quantum

computation. Embracing this tempered approach, informed by the above context, and

applying it wholeheartedly to waveform estimation, e.g., for gravitational-wave detection

is the thrust of this thesis.
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1.3 Story

The remainder of this thesis consists of five papers followed by a conclusions chapter in

accordance with ANU policy for a Thesis by Compilation. For the papers in review or

preparation, we use the latest version which may differ from the arXiv manuscript. The

current publication status of the papers compiled in this thesis is as follows:

1. Chapter 2: Multimessenger astronomy with a Southern-hemisphere gravitational-

wave observatory

(a) Published in PRD [48]: J. W. Gardner, L. Sun, S. Borhanian, P. D. Lasky,

E. Thrane, D. E. McClelland, and B. J. J. Slagmolen. 2023. Phys. Rev. D,

108:123026.

2. Chapter 3: Achieving the fundamental quantum limit of linear waveform estimation

(a) Published in PRL [49]: J. W. Gardner, T. Gefen, S. A. Haine, J. J. Hope, and

Y. Chen. 2024. Phys. Rev. Lett., 132:130801.

3. Chapter 4: Stochastic waveform estimation at the fundamental quantum limit

(a) Published in PRX Quantum [50]: J. W. Gardner, T. Gefen, S. A. Haine, J. J.

Hope, J. Preskill, Y. Chen, and L. McCuller. 2025. PRX Quantum, 6:030311.

4. Chapter 5: Lindblad estimation with fast and precise quantum control

(a) In review in PRX Quantum [51]: J. W. Gardner, S. A. Haine, J. J. Hope, Y.

Chen, and T. Gefen. 2025. arXiv:2501.03364 [quant-ph].

5. Chapter 6: Bayesian frequency estimation at the fundamental quantum limit

(a) Submitted to PRX Quantum [52]: J. W. Gardner, T. Gefen, E. Payne, S.

Direkci, S. M. Vermeulen, S. A. Haine, J. J. Hope, L. McCuller, and Y. Chen.

2025. arXiv:2507.02811 [quant-ph].

The research in the following papers was also performed during this program but is not

part of this thesis:
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1. Quantum back action evasion with reservoir engineering

(a) Accepted in PRA [53]: Y. Nishino, J. W. Gardner, Y. Chen, and K. Somiya.

2025. arXiv:2505.01013.

2. Achieving the fundamental quantum limit of linear waveform estimation

(a) In review in npj Quantum Information [54]: Y. Nishino, J. W. Gardner, Y.

Chen, and K. Somiya. 2025. arXiv:2504.18111.

We now present a concise summary of the coherent narrative that the compiled papers

together tell. In a single sentence, this story is as follows:

We bring new directions from modern quantum information science to accel-

erate future searches for fundamental physics.

We now outline each chapter and how they connect to reveal this story.

Chapter 2 presents Ref. [48] on using classical Fisher information methods to benchmark

different gravitational-wave observatory networks. Before entering the quantum regime

for the rest of the thesis, this paper is an example of classical estimation theory. Numerical

degeneracies in the classical Fisher information matrix lead to ill-conditioning which

this paper handles through rejections. This paper also mentions what multi-messenger

astronomy is possible with more sensitive future observatories. This motivates the rest

of the thesis which focuses on finding new ways to enhance the sensitivity through the

lens of information theory, but now at the fundamental quantum limit.

Chapter 3 presents Ref. [49] on achieving the fundamental quantum limit of waveform

estimation with a linear bosonic device. This paper and the ones that follow determine

different parts of the landscape of waveform estimation as shown in Fig. 1.1. This paper

concerns the case of a deterministic displacement signal in the asymptotic regime of many

independent and identically distributed measurements such that the Fisher information

is relevant. We examine the pertinent information quantities more carefully than existing

literature and discover a gap in the sensitivity that can be made up by performing a dif-

ferent measurement scheme, e.g. at the output of a detuned gravitational-wave detector.

This is summarised by the following ethos:
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Chapter 3

Chapter 6

Chapters 4–5

Figure 1.1: Landscape of estimation of the displacement of a bosonic mode/s depending on
the number of measurements and the level of correlations of the signal. The associated chapters
and papers in this thesis for each regime are shown. The remaining landscape is not fully
understood, to the best of our knowledge, but remains under active investigation.

Initial quantum state
Signal encoding + noise
 + quantum controls

Final measurement scheme

Entangled (extended) state
Controls can include ancilla

Joint measurement scheme

System

Ancilla

(a)

(b)

Figure 1.2: Diagram of single shot estimation in the (a) unextended/ancilla-free and (b)
extended/ancilla-assisted cases. The boxes represent quantum channels (CPTP maps).
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Optimise the relevant quantum information theoretic quantity over the ini-

tial quantum state, intervening quantum control, and/or final measurement

scheme.

These possible elements of the single-shot estimation process to optimise over are shown in

Fig. 1.2 with and without ancilla. In this paper, we only optimised over the measurement

but we considered broader optimisation in the subsequent papers, albeit in different

regimes as shown in Fig. 1.1. The sensitivity gain (in amplitude units) from our linear

measurement is only
√

2 but is much more easily realised than the proposals which follow.

In the overall story of this thesis, therefore, this paper serves as an introduction to

quantum estimation theory, bridging from existing literature on waveform estimation

(e.g. see Refs. [47, 39]) to our later, more radical proposals.

Chapter 4 presents Ref. [50] on waveform estimation of a Markovian stochastic signal in

the asymptotic Fisher regime as shown in Fig. 1.1, compared to the deterministic case

above. In this paper, we optimise now over both the initial state and the measurement

scheme as shown in Fig. 1.2. We demonstrate that orders of magnitude of sensitivity

improvement are possible in the right regime of quantum noise, classical noise, loss, and

signal strength. However, even with unlimited energy, a finite sensitivity limit exists

determined by the loss. To achieve this fundamental quantum limit, however, highly

non-Gaussian resources are required which represents a dramatic departure from the

linear Gaussian regime of the deterministic case above. Beyond stochastic gravitational-

wave detection, this proposal could also accelerate searches for axionic dark matter and

quantum gravity, should these non-Gaussian resources become available.

Chapter 5 presents Ref. [51] on stochastic signal sensing but now additionally with fast

and precise quantum control intervening in the natural signal and noise evolution of the

system as shown in Fig. 1.2. We show that the loss-limited finite sensitivity above can

be exceeded by a measure-and-reset sensing strategy, with now unbounded sensitivity in

the high energy limit. This demonstrates how optimising over all aspects of the sensing

protocol shown in Fig. 1.2 can lead to further improved sensitivity. The results from this

paper apply not just to the bosonic waveform sensing considered above but also to Lind-

blad estimation of Markovian stochastic signals more generally, e.g. to Pauli estimation
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of qubits, thus potentially accelerating searches for fundamental physics.

Chapter 6 presents Ref. [52] on measurement scheme optimisation for deterministic wave-

form sensing once again but now leaving the asymptotic Fisher limit to study the Bayesian

regime as shown in Fig. 1.1. In this paper, we show that two measurement schemes that

are equally optimal in the Fisher limit can perform differently and both be suboptimal

with a finite number of measurements that necessitates a Bayesian approach instead.

We consider the single-parameter problem of estimating the frequency of a sinusoid with

amplitude and phase known and consider whether a quantum computer is required to

reach the fundamental sensitivity limit, as claimed by a recent work [55].

The assumption in the above paper of knowing the amplitude and phase illustrates an-

other axis of the estimation landscape not shown in Fig. 1.1: the number of parameters to

estimate. This axis extends from single-parameter estimation through multi-parameter

estimation (e.g. as considered in Chapter 3) to many-parameter estimation, also known

as quantum learning. We do not explore this axis, like non-Markovian stochastic sensing

and the limits in the locally asymptotically normal regime [56]. The vast majority of

the estimation landscape remains unknown to the best of our knowledge which motivates

current and future work. We survey this and other future work in Chapter 7 as well as

draw conclusions. Together, these papers show that modern information-theoretic tools

offer new insights into old sensing modalities and inspire a different approach to probing

fundamental physics.

In the following Chapters 2–6, we will briefly introduce each paper and connect it to the

rest of the thesis, as well as highlight the main results and provide any additional useful

context not already provided in the paper itself.

8



Chapter 2

Multimessenger astronomy with a

Southern-hemisphere

gravitational-wave observatory

What’s past is prologue.

Antonio (Act 2, Scene 1)

William Shakespeare, The Tempest

Here, we present Ref. [48] on benchmarking the multimessenger astronomy capabilities of

future networks with and without a Southern-hemisphere gravitational-wave observatory.

Although this paper is more disconnected from the other four, it plays two key roles in

this thesis: (1) it introduces the classical Fisher information approach to parameter esti-

mation, the quantum version of which pervades the rest of the thesis, and (2) it motivates

the ceaseless hunt for increased sensitivity in the rest of the thesis by demonstrating how

more powerful detectors enable greater scientific outcomes. In particular, by facilitating

further multimessenger astronomy of binary neutron star mergers, we may be able to

resolve the Hubble-Lemaitre tension and understand gamma-ray bursts and equations of

state of matter at supranuclear densities.

We now point out two main results of this paper independent of the rest of the thesis. The

first is a key step in the methods: the rejection handling of numerically ill-conditioned

matrices in Sec. III D and Appendix D. This is rather technical but is important to

the numerical Fisher analysis as it can otherwise introduce strong biases not present,

for example, in a full Bayesian analysis. Our conclusion is that the rejections must
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be unified amongst the different networks considered and the geometric and arithmetic

improvements in the localisation metric must be considered together. The second main

result is the dramatic improvement in this metric shown in Figs. 2–3 and discussed in

Sec. IV B, particularly when a next-generation Australian observatory is added to the

global network. The subsequently increased rate of joint observations is impressive but

has a wide range of uncertainty due to the unconstrained binary neutron star merger

rate.
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Joint observations of gravitational waves and electromagnetic counterparts will answer questions about
cosmology, gamma-ray bursts, and the behavior of matter at supranuclear densities. The addition of a
Southern-hemisphere gravitational-wave observatory to proposed global networks creates a longer baseline,
which is beneficial for sky localization. We analyze how an observatory in Australia can enhance the
multimessenger astronomy capabilities of future networks. We estimate the number of binary neutron star
mergers with joint observations of gravitational waves and kilonova counterparts detectable by the Vera C.
Rubin Observatory. First, we consider a network of upgrades to current observatories. Adding an Australian
observatory to a three-observatory network (comprising two observatories in the USA and one in Europe)
boosts the rate of joint observations from 2.5þ4.5

−2.0 yr−1 to 5.6þ10
−4.5 yr−1 (a factor of two improvement). Then,

we consider a network of next-generation observatories. Adding a 20 km Australian observatory to a global
network of a Cosmic Explorer 40 km in the USA and an Einstein Telescope in Europe only marginally
increases the rate from 40þ71

−32 yr−1 to 44þ79
−35 yr−1 (a factor of 1.1 improvement). The addition of an

Australian observatory, however, ensures that at least two observatories are online far more often. When the
Cosmic Explorer 40 km is offline for a major upgrade, the Australian observatory increases the joint
observation rate from 0.5þ0.8

−0.4 yr−1 to 38þ68
−30 yr−1 (a factor of 82 improvement). When the Einstein Telescope

is offline, the joint observation rate increases from 0.2þ0.3
−0.1 yr−1 to 19þ34

−15 yr−1 (a factor of 113 improvement).
We sketch out the broader science case for a Southern-hemisphere gravitational-wave observatory.

DOI: 10.1103/PhysRevD.108.123026

I. INTRODUCTION

Approximately 90 gravitational-wave signals have been
observed to date from the mergers of black holes and
neutron stars [1–3]. These signals have led to many
scientific discoveries in cosmology, astrophysics, nuclear
physics, and astronomy, but much remains to be discovered
in the decades ahead [4–7]. The contributions of the two
Laser Interferometric Gravitational-wave Observatories
(LIGOs) in the USA [8] and Virgo in Europe [9], were
essential to the first detection of a binary neutron star
merger [10]. The joint third observing run of the global
network also included the Kamioka Gravitational-Wave
Observatory (KAGRA) in Japan [11,12]. Looking to the
future of the ground-based global network, one additional
LIGO observatory is under construction in India [13] and

many proposals have been made for upgrades to the
existing observatories [14–18]. Next-generation observa-
tories, e.g., Cosmic Explorer (CE) [19] and the Einstein
Telescope (ET) [20], are also under development.
The success to date of gravitational-wave astronomy has

been achieved through international collaboration and the
burgeoning global network of observatories. The addition
of a Southern-hemisphere gravitational-wave observatory
could provide a long baseline from the Northern-hemisphere
observatories to improve sky localization. Several previous
studies have proposed Australia as a potential host for a
Southern-hemisphere observatory [19,21–23].
We consider how an Australian observatory can

enhance the multimessenger astronomy capabilities of
the global network. Neutron stars are a promising tool
for multimessenger astronomy with gravitational waves.
They host one of the most extreme environments in
the known Universe, far exceeding densities that can be*james.gardner@anu.edu.au

PHYSICAL REVIEW D 108, 123026 (2023)
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studied on Earth. Observing gravitational waves from
the merger of binary neutron stars offers a momentary
glimpse into the stars’ otherwise inaccessible, potentially
exotic cores [24–27]. Two binary neutron star mergers,
GW170817 [10] and GW190425 [28], have been observed
by the current generation of gravitational-wave observato-
ries. The event GW170817 was constrained to a sky-area
of 28 deg2 at a luminosity distance of 40þ8

−14 Mpc by
Advanced LIGO and Virgo (Bayesian 90%-credible inter-
vals). A gamma-ray burst was observed by the Fermi
Gamma-ray Burst Monitor about 1.7 s after the merger [29].
A subsequent follow-up campaign discovered a bright
optical transient in the host galaxy NGC 4993 [30], which
was identified as a kilonova, an electromagnetic transient
powered by the radioactive decay of heavy nuclei produced
in the ejecta, with shock fronts visible in x-ray and radio,
e.g., see Refs. [31,32].
The joint gravitational and electromagnetic observation

of GW170817 provided invaluable information about
astrophysics, dense matter, and cosmology. Combining
the distance of the source measured from the gravitational-
wave signal and the recession velocity inferred from the
redshift measurements from electromagnetic observations,
GW170817 was used as a “standard siren” [33] to provide
an independent measure of the Hubble constant [34],
later refined using radio observations of the jet [35,36].
Population studies of multimessenger observations of
binary neutron stars promise a variety of exciting astro-
nomical and astrophysical discoveries including resolving
the Hubble-Lemaître tension [22,23,37,38]. According
to Ref. [39], Oð100Þ joint observations will lead to an
approximately 1% determination of the Hubble constant.
The promise of multimessenger astronomy from Oð100Þ
observations, however, is far broader than just cosmology.
For example, it will provide unprecedented insight into the
physics and astrophysics of gamma-ray bursts including jet
launching and propagation, the formation mechanisms of
neutron stars and neutron-star binaries, as well as precision
studies on the hot and cold equations of state of matter at
supranuclear densities; see, e.g., Refs. [23,40] and the
references therein.
The rest of this paper is organized as follows. In Sec. II,

we describe different scenarios where an Australian
observatory is added to the global network. Then, in
Sec. III, we describe our method for estimating the improve-
ment in multimessenger capabilities due to adding the
Australian observatory. Finally, we present our results in
Sec. IV and conclusions in Sec. V.

II. PROPOSED GRAVITATIONAL-WAVE
OBSERVATORIES IN AUSTRALIA

We consider three potential Australian gravitational-
wave observatories with sensitivities shown in Fig. 1.
We assume that each of these observatories is situated at

26°S and 116°E [41] with the Y-arm of the interferometer
at due Northeast; we label this location and orientation as
“AU.”While we are primarily interested in the possibility of
an Australian observatory, the results would be similar
using another Southern-hemisphere location with a similar
baseline to the Northern-hemisphere observatories.
We do not consider all the possible Australian observa-

tories proposed in the literature. The Neutron-star Extreme
Matter Observatory (NEMO) [22,23,44] is another pro-
posal for an Australian observatory, however, its science
case focuses on 1–4 kHz gravitational-wave physics while
we focus on multimessenger astronomy from broadband
frequencies. Further discussion about NEMO can be found
in Appendix A.

A. Modified A#

The LIGO A# concept [14,45] is a proposed upgrade to
the present LIGO’s dual-recycled Fabry-Pérot Michelson
interferometers. The main upgrades for A# are 100 kg test
masses, improved seismic isolation and suspension systems,
increased laser input power and quantum squeezing, and
improved coating thermal noise. We consider an A#
observatory in Australia, which has been modified to reduce
the financial cost and mitigate operational complexities for a
potentially shorter commissioning time. In particular, this
modified version of A# employs the original LIGOA+ test-
mass coatings and a triple suspension system for the test-
masses [46], which reduces the sensitivity level below

FIG. 1. Strain sensitivity versus frequency for proposed
Australian gravitational-wave observatories considered in this
work (solid curves) compared to the global context (dashed
curves for the upgraded 2G–era and dashed-dotted curves for the
XG-era) [43]. Lower values of the strain sensitivity indicate
greater sensitivity to gravitational waves. For future observato-
ries, the labels refer only to the displayed sensitivity, not a
particular technology used to achieve that sensitivity, e.g., for the
compact-binary coalescence optimized (CBO) and postmerger
optimized (PMO) designs for CE.

JAMES W. GARDNER et al. PHYS. REV. D 108, 123026 (2023)
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100 Hz relative to the unmodified A#. We refer to this
modified, triple-suspension configuration as A#3Sus.

B. Cosmic Explorer 20 km

We also consider a next-generation Cosmic Explorer
(CE) observatory with 20 km arms in Australia [19,47]. The
CEs will be new 20 km-long or 40 km-long facilities at new
locations. The observatories will utilise larger test masses,
improved suspension and isolation systems, increased laser
input power and quantum squeezing, and lower loss mirror
coatings over the current generation of observatories. There
are two possible CE designs for the 20 km facility that we
consider for the Australian observatory [19,47,48]. The
compact-binary coalescence optimized (CBO) configura-
tion is designed for broadband sensitivity and, therefore, is
particularly relevant to our science case. For completeness,
we also study the postmerger optimized (PMO) configura-
tion designed for enhanced kilohertz sensitivity. We refer to
these configurations as CE 20 km (CBO) and CE 20 km
(PMO), respectively.

C. Global network scenarios

We define two eras or “generations” of the global
gravitational-wave observatory network to study: future
upgrades to current observatories referred to as “upgraded
2G,” and new facilities operating with an order of magni-
tude better strain sensitivity referred to as “XG.” We
envision an upgraded 2G–era in which LIGO is upgraded
to the Voyager design [15] which, among many changes,
uses a different laser wavelength and cryogenic silicon test
masses, alongside the Advanced Virgo+ (which we label as
Virgo+) [16] and KAGRA+ [18] designs. For the XG-era,
we consider an Australian CE operating simultaneously
with a CE 40 km in the USA [19]. We also examine how an

Australian CE would benefit other next-generation global
networks including those involving ET [20]. We list various
network scenarios in Table I. Previous network studies have
examined similar but not identical scenarios [49,50]. For
future observatories, we assume fiducial locations for the
purpose of calculation as the actual sites are not yet known.

D. Observational duty cycle

To fully assess the benefit of an Australian observatory, it
is necessary to consider the network duty cycle—the
fraction of time for which the full network is observing.
During the third Advanced LIGO observing run, each LIGO
achieved an individual duty cycle of 76%–79% [3,51].
The “coincident duty cycle” when both LIGOs were
operating simultaneously in a two-observatory network
was approximately 58%–62% (assuming that the down-
times of different observatories are uncorrelated). There are
a number of reasons that gravitational-wave observatories
do not continuously operate during an observing run,
including regular maintenance and lock loss from environ-
mental disturbances [51]. These values for the duty cycle,
however, do not account for the fact that gravitational-wave
observatories regularly undergo long periods of downtime
between observing runs for major upgrades and commis-
sioning. Accounting for this downtime between observing
runs, the overall effective coincident duty cycle since the
construction of Advanced LIGO is approximately 27%. It is
important that at least two observatories are operating
simultaneously to achieve the sky-localization necessary
for electromagnetic follow-up of binary neutron star merg-
ers. For future networks particularly in the XG-era, there-
fore, we emphasise how a third observatory can be used to
maximize the coincident duty cycle when two or more
observatories are online.

TABLE I. Network scenarios showing the proposed Australian observatories and a selection of possible global environments. Cosmic
Explorer (CE) has a variety of possible configurations including those labeled as “CE 20 km” (“CE 40 km”) for CE with 20 km (40 km)
arms as well as the choice between the compact-binary coalescence optimized (CBO) and postmerger optimized (PMO) designs. We
abbreviate the following locations: H for Hanford, USA; L for Livingston, USA; I for Hingoli, India; C for Idaho, USA; and N for
New Mexico, USA. Virgo and KAGRA are modeled as being at their present sites. The Einstein Telescope (ET) is assumed to be in
Cascina, Italy.

Generation Australian (AU) observatory Global network of observatories

Upgraded 2G A#3Sus Voyager (H), Voyager (L)
A#3Sus Voyager (H), Voyager (L), Virgo+
A#3Sus Voyager (H), Voyager (L), Virgo+, KAGRA+
A#3Sus Voyager (H), Voyager (L), Virgo+, KAGRA+, Voyager (I)

XG CE 20 km (CBO) CE 40 km (CBO; C)
CE 20 km (CBO) ET
CE 20 km (CBO) CE 40 km (CBO; C), CE 20 km (CBO; N)
CE 20 km (CBO) ET, CE 40 km (CBO; C)
CE 20 km (PMO) CE 40 km (CBO; C)
CE 20 km (PMO) ET
CE 20 km (PMO) CE 40 km (CBO; C), CE 20 km (CBO; N)
CE 20 km (PMO) ET, CE 40 km (CBO; C)
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III. METHOD

We benchmark each network scenario by simulating a
universe of sources, predicting how the network observes
each source, summarizing the total performance over the
population, and addressing known biases. We detail each of
these steps in turn.

A. Monte Carlo population

We focus on optical and ultraviolet observations
of kilonovae emissions and use the Vera C. Rubin
Observatory (Rubin) [52] as our standard. Rubin’s typical
survey depth for a GW170817-like kilonova given an
exposure time of 30 s is 500 Mpc (i.e., redshift ≈0.1),
assuming the absolute magnitude for the kilonova is roughly
−14 in the g-, r-, i-bands. We call sources “in range” within
this distance henceforth. Within range, we can still observe
other counterparts, e.g., gamma-rays, x-rays, and radio
waves. We defer a complete study of the capabilities of
multimessenger astronomy beyond 500Mpc to future work.
We simulate a population of binary neutron star mergers

in range. We calculate the redshift distribution of sources
in Appendix B using the GWTC-3 local merger rate of
106þ190

−84 yr−1Gpc−3 inferred in Sec. IVA of Ref. [53]. This
rate implies 44þ79

−35 yr−1 sources in range. The merger rate
is only loosely constrained since the width of the 90%-
credible interval (the uncertainty range quoted above) is
greater than twice the maximum a posteriori estimate
obtained from the Bayesian parameter estimation. This is
the largest uncertainty in our analysis. In comparison, we
estimate that the sampling error from the multiyear
Monte Carlo population contributes an uncertainty of only
Oð1Þ source per year in the observation rate since we
simulate a multiyear population. To mitigate the uncertainty
in the merger rate, since it is ultimately only a normali-
zation factor, we study the observation rate normalized to
the total number of sources in range per year.
For the other parameters of the population, the right

ascension, sine of the declination, polarization angle, and
cosine of the inclination angle all follow uniform distribu-
tions. The chirp mass, mass ratio, and angular momenta
follow a cosmological model detailed in Ref. [54]. We use
the IMRPhenomD_NRTidalv2 waveform (which is an
aligned-spin model) from the LIGO Scientific Collaboration
Algorithm Library Suite (LALSuite) [55] to model the binary
neutron star merger signals.

B. Fisher information analysis

To determine how well a network observes a given
source, we use the Fisher information analysis tool
GWBENCH [43] written in Python [56] which is similar to
other Fisher benchmarking tools [57,58]. We calculate the
Cramér-Rao bound on the parameter estimates, specifi-
cally the sky-area, by computing the gradient of the
measured gravitational-wave strain with respect to each

astrophysical parameter. In the single-parameter case [59],
the Cramér-Rao bound provides a lower bound on the
mean-square-error E½ðθ̂ − θÞ2� for an estimate θ̂ of a
parameter θ. For example, when estimating the true mean
θ of a Gaussian random variable X ∼ Nðθ; σÞ, the Cramér-
Rao bound of σ2=N for N observations is achieved by the
sample mean θ̂. We provide technical specifications of our
computation in Appendix C. We recover the signal-to-
noise ratio and sky-area estimates from Ref. [54] which use
the same method [61].
Compared to Bayesian analysis, the Fisher information

approach is computationally less expensive but requires
careful handling of rejection errors discussed later [62]. The
reliability of Fisher analysis and specifically the bound on
the sky-area compared to Bayesian analysis improves
with the network signal-to-noise ratio [63–65]. For non-
Gaussian distributions, the Cramér-Rao lower bound can
differ significantly from the achievable minimal error. For
example, at low signal-to-noise ratios ≲10, Fisher analysis
systematically underestimates the sky-area. While at signal-
to-noise ratios ≳25, Ref. [64] shows that the Fisher and
Bayesian sky-area estimates roughly agree at the popula-
tion level. Although there remains some variance in the
individual estimates, there is little systematic bias between
the two approaches. In particular, the number of sources
with signal-to-noise ratio ≳25 that are localized to within
10 deg2 is consistent.

C. Follow-up metrics for benchmarking

We study sources satisfying the following conditions:
(1) A signal-to-noise ratio threshold. For the Bayesian

and Fisher estimates to agree at the population level,
we require the network signal-to-noise ratio to be
greater than 25. We also examine other 2G-era
networks with A#3Sus alongside the LIGOs operating
at the A# rather than the Voyager sensitivity. For these
networks, however, less than 5% of sources in range
have a signal-to-noise ratio greater than 25 even for
A#3Sus with five Northern hemisphere observatories.
We omit these networks from the results.

(2) A luminosity distance threshold. To observe a source
with electromagnetic telescopes, it needs to be
within their survey depth. We use Rubin’s survey
depth of 500 Mpc as discussed previously. For this
threshold, we use the true luminosity distance to the
source from our simulation, although this is not
exactly known in practice.

(3) A sky localization threshold. To point the electro-
magnetic telescopes toward the source, the gravita-
tional-wave observation has to sufficiently localize
the source as quantified by the 90%-credible sky-area
in square degrees. For context, GW170817 was
localized to 28 deg2 [10] and Rubin’s field-of-view
is 10 deg2 [52,66]. Tighter localization allows for
faster and more precise identification of the host
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galaxy and potentially better multimessenger
astronomy. We model Earth’s rotation as this assists
in localization for observatories with sufficient low-
frequency sensitivity, e.g., CE 20 km (CBO). For the
sake of choosing a threshold for a simple counting
metric, we examine sources localized “loosely”
(within 10 deg2) and “tightly” (within 1 deg2).

As summarized in Table II, we use the number of joint
observations per year that satisfy the above three thresholds
as our loose and tight follow-up metrics to benchmark
different networks. As discussed previously, we normalise
the metrics to the number of sources in range to define the
“fractional metrics.”
These metrics assume no improvements in the survey

depth and localization capabilities of electromagnetic tele-
scopes in the coming decades, e.g., see Refs. [23,67,68].
These advancements would improve the metrics, particu-
larly for XG. Future work should determine the likely
impact of these improvements.

D. Numerical rejections

Our Fisher information analysis requires careful handling
of numerically ill-conditioned matrices to avoid biasing the
metrics. Ill-conditioned matrices, e.g., from nearly edge-on
sources, are numerically inaccurate to invert. These sources
are rejected from the analysis and not included in the
metrics. The rejection rate is higher with fewer observatories
in the network. We detail our approach to handling these
rejections in Appendix D. To summarize, the fractional
follow-up metrics are overestimated by an amount depend-
ing on the rejection scenario. The most realistic scenario lies
somewhere between the worst-case scenario where the
fractional metrics are uniformly reduced by a multiplicative
factor of 0.32 (e.g., from 50% to 16%) and the “null-case”
scenario where they remain unchanged.
To avoid this ambiguity, we provide a secondary figure-

of-merit that is invariant of the merger and rejection rates.
We consider the geometric improvement in the follow-up
metrics from adding an Australian observatory to a baseline
network, i.e., the multiplicative factor of improvement in the
number of joint observations. Whether or not we normalize
the rates to the number of sources in range for Rubin does
not affect this geometric improvement since the same
normalization factor appears in both the baseline network’s
rate and the network with an Australian observatory’s rate

and thus cancels out. Similarly, any factor from the merger
rate or unified rejection rate (i.e., the rejection rate made
equal among networks) cancels out. When the baseline
network’s metric is zero, the geometric improvement is
undefined. In such cases, we provide a lower bound derived
from the Monte Carlo resolution of our simulated popula-
tion [69]. We emphasise that the geometric improvement is
different from the arithmetic increase in the number of
observations since the baseline network’s performance is
factored in when evaluating the geometric improvement.
This makes the geometric improvement sensitive to small
but nonzero values of metric from the baseline network. To
understand the complete picture, we study both the arith-
metic and geometric improvements in the number of joint
observations.

IV. RESULTS

We examine how a long-baseline global network with an
observatory in Australia improves the joint observation rate
quantified by the fractional follow-up metrics.

A. Upgraded 2nd generation (upgraded 2G)

Figure 2(a) shows the arithmetic improvement in the
fractional loose follow-up metric when A#3Sus (AU) is
added to each upgraded 2G–era global environment. For
example, with three Northern hemisphere observatories
(Voyager (H), Voyager (L), and Virgo+) we observe 6% of
the sources within 500 Mpc that are localized within
10 deg2 and have a network signal-to-noise ratio above
25. Adding A#3Sus (AU) to this network increases the
fraction to 13% of the sources in range. This improvement
comes mainly from better sky localization rather than from
increasing the signal-to-noise ratio. Figure 3(a) shows the
geometric improvement of 2.2 which is invariant of the
unified rejection rate.
Overall, Fig. 3(a) shows that A#3Sus (AU) improves the

fractional loose follow-up metric by a multiplicative factor
of at least 1.1 across all upgraded 2G–era scenarios. The
greatest improvement seen in Fig. 2(a) is for the network
with two Northern hemisphere observatories [Voyager (H)
and Voyager (L)] where adding A#3Sus (AU) improves the
metric from approximately 0% to 10% of the sources in
range. With A#3Sus (AU), Voyager (H), and Voyager (L),
this corresponds to observing 4.5þ8.1

−3.6 yr−1 sources
accounting for the uncertainty in the GWTC-3 merger
rate which dominates the other uncertainties in our method
such as the rejection scenario and the Monte Carlo error.
This rate increases to 11þ20

−9 yr−1 with A#3Sus (AU) and five
Northern hemisphere observatories such that it would take
Oð9Þ years to observe Oð100Þ sources.
The upgraded 2G–era results for the tight metric from

Table II are shown in Figs. 2(b) and 3(b), indicating sources
localized to within 1 deg2 which can be located even faster
and more precisely. With A#3Sus (AU) and five Northern

TABLE II. Thresholds for the loose and tight follow-up metrics
used to benchmark the networks for enabling electromagnetic
follow-up of binary neutron star mergers.

Follow-up metric [yr−1] Loose Tight

Signal-to-noise ratio ≥ 25 ≥ 25
Luminosity distance [Mpc] ≤ 500 ≤ 500
90%-credible sky-area [deg2] ≤ 10 ≤ 1
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FIG. 2. Fractional follow-up metrics from Table II, i.e., the fraction of sources within 500 Mpc that have a network signal-to-noise
ratio greater than 25 and are localized within 10 deg2 [panels (a) and (c)] or 1 deg2 [panels (b) and (d)]. The length of each line shows
the arithmetic improvement in the expected number of joint observations of gravitational waves and electromagnetic counterparts
(normalized to the number of sources in range) from adding an Australian observatory to the baseline global networks in Table I in the
upgraded 2G–era [panels (a) and (b)] and XG-era [panels (c) and (d)]. We assume the compact-binary coalescence optimized (CBO)
design for the Northern hemisphere CEs but study the CBO and postmerger optimized (PMO) designs for the Australian CE.

FIG. 3. Geometric improvement in the follow-up metrics from Table II, i.e., the factor of improvement in the number of observations
within 500 Mpc that have a network signal-to-noise ratio greater than 25 and are localized within 10 deg2 [panels (a) and (c)] or 1 deg2

[panels (b) and (d)]. This shows the multiplicative increase—compared to the arithmetic increase shown in Fig. 2—in the expected
number of joint observations of gravitational waves and electromagnetic counterparts from adding an Australian observatory to the
baseline global networks in Table I in the upgraded 2G–era [panels (a) and (b)] and XG-era [panels (c) and (d)]. We assume the compact-
binary coalescence optimized (CBO) design for the Northern hemisphere CEs, but study the CBO and post-merger optimized (PMO)
designs for the Australian CE. When the baseline network observes zero sources, we provide a lower bound on the geometric
improvement indicated by ×.
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hemisphere observatories, the tight metric is 10% which
corresponds to 4.2þ7.6

−3.4 yr−1. The geometric improvement
with three or more Northern hemisphere observatories is
greater for the tight metric than the loose metric shown in
Fig. 3(a) although the arithmetic improvement is compa-
rable because the baseline networks’ performance is
reduced for the tight metric.

B. The next generation (XG)

Figure 2(c) [Fig. 3(c)] quantifies the global observation
arithmetic (geometric) improvement in the loose metric
from adding CE 20 km (CBO) or CE 20 km (PMO) in
Australia. Both configurations enable significant improve-
ment with a geometric improvement of at least 14 for the
global environments of CE 40 km (CBO; C); ET; and CE
40 km (CBO; C) and CE 20 km (CBO; N). As expected,
the PMO configuration is outperformed here by the CBO
configuration which provides a geometric improvement
of at least 17 for these environments and an arithmetic
improvement of up to 89% of the sources in range [seen for
CE 40 km (CBO; C) and CE 20 km (CBO; N)].
The remaining XG global environment of ET and CE

40 km (CBO; C) observes 90% of the sources in range by
itself. When ET and CE 40 km (CBO; C) both operate at
design sensitivity, therefore, there is little room for
improvement in the loose metric using an Australian
observatory. For example, adding CE 20 km (CBO; AU)
would improve the metric from 40þ71

−32 yr−1 to 44þ79
−35 yr−1, a

multiplicative factor of only 1.1 because the network then
observes 100% of the sources in range. As discussed in
Sec. II D, however, the duty cycles make it difficult to
maximize the observing time with both ET and CE 40 km
(CBO; C) online, and thus the performance of the baseline
network is difficult to achieve continuously. This means
that an observatory in Australia would significantly
improve the amount of time when the global network
has two or more XG observatories online. If CE 40 km
(CBO; C) [ET] was offline for a major upgrade, then
adding CE 20 km (CBO; AU) to ET [CE 40 km (CBO; C)]
improves the rate of joint observations from 0.5þ0.8

−0.4 yr−1 to
38þ68

−30 yr−1 [from 0.2þ0.3
−0.1 yr−1 to 19þ34

−15 yr−1] for a multi-
plicative factor of 82 [113], as shown in Figs. 2(c) and 3(c).
This means that with CE 20 km (CBO; AU), ET, and CE
40 km (CBO; C) it could take less than half a decade to
observe Oð100Þ joint sources even if we do not have all
three observatories online at any given time. This is
promising for doing cosmology in the XG-era.
Furthermore, the tight metric in Figs. 2(d) and 3(d)

shows that either Australian CE configuration improves the
tight metric more than the loose metric for the baseline
network involving both ET and CE 40 km (CBO; C).
Across all scenarios, the tight metric increases by a geo-
metric factor of at least 2.6, leading to even faster and more
precise localization. Finally, we reemphasize that there is a

multitude of science cases, in addition to the one studied in
detail in this paper, which will also benefit from an
Australian observatory.

V. CONCLUSIONS

The prospects for multimessenger gravitational-wave
astronomy and cosmology with a future long-baseline
global network are promising. We focus on localizing
binary neutron star mergers to enable electromagnetic
follow-up using a gravitational-wave observatory in
Australia due to its long baseline to the global network.
We define our figure-of-merit as the fraction of binary
neutron star mergers available for electromagnetic obser-
vation with all channels present, focusing on optical and
ultraviolet observations of kilonovae using Rubin. These
sources within 500 Mpc have a signal-to-noise ratio above
25 and are localized to within 10 deg2. In the upgraded
2G–era, a 4 km arm modified A# with Aþ coatings and a
triple-suspension system in Australia significantly improves
the number of well-localized sources for networks with 2–4
other observatories by a multiplicative factor of at least 1.4
to beyond 100. (The improvement is a modest factor of 1.1
when there are five other observatories in the network.) The
gain comes mainly from tighter sky localization rather
than from increasing the network signal-to-noise ratio.
The performance using a 4 km NEMO is similar since it
has comparable broadband sensitivity, however, NEMO is
designed for a different science case not addressed here. In
the XG-era, a broadband-optimized CE 20 km in Australia
provides a multiplicative improvement of 82–113 when just
one other observatory is operating. The improvement is
marginal when an Australian observatory is added to a
network with both ET and a CE in the Northern hemisphere
where 90% of the sources within 500 Mpc are already
jointly observed. As we discuss in Sec. II D, however, it is
frequently necessary to shut down observatories for main-
tenance and upgrades, and so an Australian observatory is
essential to maintain two simultaneously operating observa-
tories. An Australian CE 20 km operating alongside ET and
a CE in the Northern hemisphere can be expected to observe
Oð100Þ sources within less than half a decade, even if the
three observatories are never all online simultaneously.
We defer to future work a comprehensive Bayesian

study of the population within and beyond 500 Mpc.
Bayesian analysis would eliminate the rejections and
allow us to study low signal-to-noise ratio events.
Simultaneously, going beyond 500 Mpc would allow us
to study multimessenger astronomy without optical or
ultraviolet channels. For example, we could study how the
inclination angle affects electromagnetic follow-up since
jets and gamma-rays provide a selection effect for face-on/
face-off sources [35,70–72]. Other avenues of future
work include studying network scenarios with a mix of
upgraded 2G and XG observatories [45], incorporating
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early warnings from space-based gravitational-wave
observatories, and constructing broadband metrics that
combine several science cases for a variety of sources.
This exploratory study, with a focus on multimessenger

astronomy and cosmology, does not address all of the
possible science cases or configurations for an Australian
observatory. Other designs focusing on science in the
kilohertz regime, e.g., NEMO, would enable studies of
extremely dense matter with neutron star mergers, exploring
hot and cold equations of state at supranuclear densities.
Together with the global network, an Australian observatory
would enable new science and discoveries. The improved
network sensitivity and increased volume of observations
would allow for deeper tests of general relativity in extreme
gravity regimes, provide unprecedented insights into the
populations and evolution of compact objects, and poten-
tially open newwindows onto the dark sector of the Universe
to explore fundamental physics. The promising results
presented in this paper encourage future work in this area.

Our code is available online [73] and was written using
resources from Refs. [43,56,74–81].
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APPENDIX A: NEMO

NEMO is another proposed configuration of the
Australian gravitational-wave observatory. It has 4 km arms
and uses a triple suspension system like A#3Sus but with
more advanced internal technology: increased laser power
and quantum squeezing, more massive silicon mirrors, and a
longer resonant signal-extraction cavity [22]. As shown
in Fig. 4(e), NEMO is more sensitive than A#3Sus in the
1–4 kHz band. NEMO achieves this within the upgraded
2G–era without the significantly higher cost and later start
time of the XG observatories. This increased kilohertz
sensitivity can enable studying the rich nuclear physics
of extreme matter in the intensely hot post-merger phase
of binary neutron star coalescences. For example, this would
allow us to probe the nuclear equation of state in a

FIG. 4. (Compare these results to Fig. 2.) Arithmetic improvement in the fractional follow-up metrics from adding NEMO in Australia
to the baseline global network in Table I in the upgraded 2G–era [panels (a) and (b)] and XG-era [panels (c) and (d)]. The fractional
follow-up metrics from Table II are the fraction of sources within 500 Mpc that have a signal-to-noise ratio greater than 25 and are
localized within 10 deg2 [panels (a) and (c)] or 1 deg2 [panels (b) and (d)]. Panel (e) shows the strain sensitivity of NEMO and A#3Sus
versus frequency.
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high-temperature, high-density regime [82,83]. We empha-
size that we do not consider this postmerger kilohertz
science case here.
Although NEMO is not designed for our multimessenger

science case, we still study its performance for complete-
ness. For the upgraded 2G–era, the arithmetic improvement
in the metrics using NEMO in Figs. 4(a) and 4(b) compared
to A#3Sus in Figs. 2(a) and 2(b) are comparable because their
broadband sensitivities are similar [see Fig. 4(e)]. The
geometric improvement is also similar between Figs. 5(a),
5(b) and 3(a), 3(b).
For the XG-era, either CE 20 km in Australia in Figs. 2(c)

and 2(d) arithmetically improves the metric more than the
4 km arm NEMO in Figs. 4(c) and 4(d). The same is true for
the geometric improvement shown in Figs. 5(c)–5(d)
compared to Figs. 3(c) and 3(d). CE 20 km (PMO) has a
higher integrated signal-to-noise ratio than NEMO. While
NEMO’s contribution is less than either CE in the XG-era, it
would have been operating since the upgraded 2G–era,
enabling rich post-merger physics from well before the XG
observatories come online. Future work should further
consider the trade-offs between the different science cases
and eras of the global network.

APPENDIX B: POPULATION DISTRIBUTION
IN REDSHIFT

We simulate a multiyear population of sources out to
redshift 0.5, although we only present results for the sources

within 500 Mpc (redshift 0.1). For greater resolution in
redshift, we sample 250,000 sources distributed uniformly
in redshift between 0 and 0.5 [54]. We emphasise that this
initial population is not cosmologically accurate. But, after
analyzing each source, we recover a cosmological distri-
bution. We use the binary neutron star merger rate RðzÞ at
redshift z from Ref. [54]. This uses a Madau-Dickinson star
formation rate (that does not account for metallicity) and a
comoving volume determined by the Planck18 cosmology
from Ref. [79]. We divide the redshift range into narrow
bins with the endpoints of the bins following a geometric
progression. We construct the cosmological distribution by
first randomly selecting a bin using the merger rate R as
described below and then randomly sampling a source in
that bin using a uniform distribution. The probability pi of
drawing the ith bin ðzi; zi þ ΔiÞ with width Δi is

pi ¼
RiΔiP
jRjΔj

≈

R
ziþΔi
zi

RðzÞdz
R
0.5
0 RðzÞdz ðB1Þ

where the merger rate for each bin is sampled at the
geometric mean of the endpoints

Ri ¼ Rð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ziðzi þ ΔiÞ

p
Þ: ðB2Þ

The multiyear cosmological population created from this
distribution has around 125,000 sources within redshift 0.5
and around 1000 sources within 500 Mpc.

FIG. 5. (Compare these results to Fig. 3.) Geometric improvement in the follow-up metrics from adding NEMO in Australia to the
baseline global network in Table I in the upgraded 2G–era [panels (a) and (b)] and XG-era [panels (c) and (d)]. The geometric
improvement in the follow-up metrics from Table II is the factor of improvement in the number of sources within 500 Mpc that have a
signal-to-noise ratio greater than 25 and are localized within 10 deg2 [panels (a) and (c)] or 1 deg2 [panels (b) and (d)]. Whenever the
baseline network observes zero sources, we provide a lower bound on the geometric improvement indicated by ×.
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APPENDIX C: COMPUTATION

Using the supercomputer OzSTAR at the Swinburne
Supercomputing Facility [84], we processed the 250,000
uniformly distributed sources. The “multinetwork” pipeline
of GWBENCH [43] computes the derivatives of the measured
signal for each unique observatory only once. Although
calculating these derivatives is the slowest part of the
computation, the Fisher information approach remains fast
overall compared to Bayesian methods. We took advantage
of the multinetwork pipeline by grouping similar networks
from Table I together in each run of 2048 single-core tasks.
For this work, we used roughly five runs with each run
taking around a day to complete. (Optimizing our code
could likely lead to a significant speed-up.) After process-
ing, we cosmologically resampled the results as described
in Appendix B.

APPENDIX D: REJECTIONS

In Sec. III B, we invert the Fisher information matrix to
calculate the Cramér-Rao bound [85,86]. This matrix can be

numerically ill conditioned and inaccurate to invert [62,63].
In such cases, we reject the source from the analysis, not
including it in the cosmological resampling or the results.
Figure 6 shows the rejection rate, i.e., the percentage of
sources in range that are ill conditioned, for each network
scenario. For the single-observatory network CE 40 km
(CBO; C), the estimates of the sky position are degenerate
and the rejection rate is 98%. (ET comprises an equilateral
triangle of three identical observatories at the same site such
that the overall effective sensitivity shown in Fig. 1 is a
factor of 2

3
¼ ð ffiffiffi

3
p

sinðπ
3
ÞÞ−1 more sensitive than each indi-

vidual observatory [20].) For the multiple-observatory net-
works, the rejection rate is 15%–64% (networks with more
observatories tend to have a lower rejection rate). These
rates are for the population uniformly distributed in redshift
because we reject the sources before the cosmological
resampling (see Appendix B). We assume that the rejection
rate is the same for the cosmological population and defer to
future work eliminating the rejections by using Bayesian
analysis instead. Switching to a Bayesian framework would
also allow us to study sources with lower signal-to-noise

FIG. 6. Rejection rate (i.e., the fraction of sources in range that are numerically ill conditioned) for each upgraded 2G–era and XG-era
network shown in Table I in descending order. We also include the other 2G-era networks that use A# instead of Voyager for the LIGOs
(although they are omitted from the observation rate results) as well as the networks involving NEMO from Appendix A. The single-
observatory network indicated by � is excluded from the unification of the rejections.
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ratios because it would no longer be necessary to introduce
the threshold of 25 in Sec. III B to ensure that the Fisher and
Bayesian estimates agree at the population level. One
alternative to eliminate the rejections is to use arbitrary-
precision floating-point arithmetic [87,88].
For Fisher information methods, rejections are a peren-

nial issue among other challenges [62,63]. To ensure a fair
comparison, we only study sources that are unrejected for
all multiple-observatory networks. This “unified” rejection

rate is 68%. This guarantees that the cosmological pop-
ulation is the same for each multiple-observatory network.
(We include the other 2G-era and NEMO networks but
exclude the single-observatory network.) Choosing a
smaller set of networks among which to unify the rejections
would give different results. But, it is necessary that we are
able to compare any two multiple-observatory networks.
Unifying the rejections is also necessary to make the
geometric improvement invariant of the rejection rate.
We profile what kinds of sources are rejected. The

dominant effect is the rejection of nearly edge-on sources
shown in Fig. 7. Nearly edge-on sources have a lower
signal-to-noise ratio than their counterparts with a more
preferred orientation. Our metrics, therefore, may be
overestimated in some cases. The “null-case” scenario is
that—at the population level—the rejected sources behave
the same as the unrejected sources. This would mean that
the metrics are unaffected. The worst-case scenario, how-
ever, is that none of the rejected sources can be jointly
observed. This would reduce the fractional metrics by a
multiplicative factor of 0.32.
For example, for A#3Sus (AU) added to the network of

Voyager (H), Voyager (L), and Virgo+ (see Fig. 2), the null
(worst) case scenario is 5.6þ10

−4.5 yr−1 (1.8þ3.2
−1.4 yr−1). The

combined uncertainty interval accounting for both scenar-
ios would be from 0.4 yr−1 to 16 yr−1. Since we presently
have insufficient evidence to reject the null hypothesis,
however, we use the null-case scenario in the results. We
defer determining the true rejection scenario or eliminating
the rejections to future work.
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Chapter 3

Achieving the fundamental quantum

limit of linear waveform estimation

Me, poor man, my library

Was dukedom large enough.

Antonio (Act 2, Scene 1)

William Shakespeare, The Tempest

We now present Ref. [49] and with it enter the quantum regime of parameter estimation

where we must negotiate the quantum projection noise. This paper resolves the origin

and attainability of a
√

2 gap in the sensitivity for a detuned gravitational-wave detector

that was previously observed [39]. In particular, we determine the optimal measurement

to overcome this gap in certain cases. Although detuned gravitational-wave detection

was our historical motivation, we close the gap for linear waveform estimation of any

deterministic signal in the asymptotic regime, i.e. for signals lying in the top-right of

Fig. 1.1. In the larger story of this thesis, this paper is our first instance of optimising

the available quantum information over the design of the experiment. This is a motif that

will repeat constantly in the following three papers. Here, the relevant quantum infor-

mation theoretic quantity is the Holevo Cramér-Rao bound (defined formally in Eq. S1)

and we optimise it over the final measurement scheme (see Eq. 13 and the Supplemen-

tal Material starting from Eq. S23). The measurement scheme that we find, although

nonstationary unlike the present DC readout homodyne measurement in LIGO, remains

linear and Gaussian unlike the more unconventional non-Gaussian protocols explored in

the following three papers. This paper thus represents the first step in this thesis away

24



from conventional interferometry. It sets up the later, more dramatic departures which

assume increasing access and control over the quantum state and thus promise more than

the
√

2 sensitivity improvement achieved here.

We now highlight the key results and steps in this paper. The analogy established from

Eq. 6 between the waveform estimation problem and the toy model is crucial to this work

and the following two papers. Using the linearity of the device, the continuum wave-

form estimation problem becomes a one or two parameter estimation problem. This toy

problem is more readily solved, e.g. in Eqs. 10–11 provide the sensitivity limits achieved

by the measurement scheme in Eq. 13. The original waveform sensitivity can then be

backed out, e.g. as shown in Fig. 4 for a lossy gravitational-wave interferometer (see

also Eq. S45). Realising the optimal nonstationary measurement scheme experimentally

is variously difficult depending on the parameter regime as discussed following Eq. 13

and in the Supplemental Material. Even the most ambitious scheme with two detuned

squeezed filter cavities, however, is still linear and may be much easier than the highly

non-Gaussian protocols explored later in this thesis. This indicates that some of these

ideas may take even decades to become possible or necessary, once all other ways of im-

proving the sensitivity classically are exhausted (e.g. increased arm length or circulating

optical power for an interferometer).
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Sensing a classical signal using a linear quantum device is a pervasive application of quantum-enhanced
measurement. The fundamental precision limits of linear waveform estimation, however, are not fully
understood. In certain cases, there is an unexplained gap between the known waveform-estimation
quantum Cramér-Rao bound and the optimal sensitivity from quadrature measurement of the outgoing
mode from the device. We resolve this gap by establishing the fundamental precision limit, the waveform-
estimation Holevo Cramér-Rao bound, and how to achieve it using a nonstationary measurement. We apply
our results to detuned gravitational-wave interferometry to accelerate the search for postmerger remnants
from binary neutron-star mergers. If we have an unequal weighting between estimating the signal’s power
and phase, then we propose how to further improve the signal-to-noise ratio by a factor of

ffiffiffi
2

p
using this

nonstationary measurement.

DOI: 10.1103/PhysRevLett.132.130801

In our efforts to probe fundamental physics, we invar-
iably encounter the quantum limit: the irrevocable statis-
tical nature of our reality [1–3]. This fundamental
uncertainty of our measurement devices limits the precision
at which we can sense classical signals.
We consider the general problem of estimating a real

classical signal sðtÞ for all times t using a linear quantum
device as shown in Fig. 1(a) [4]. The device evolves linearly
according to a Hamiltonian ĤðtÞ ¼ Ĥ0 þ ĤintðtÞ with the
interaction ĤintðtÞ ¼ −sðtÞĜ [5]. Observables that do not
commute with the generator Ĝ (an internal degree of
freedom) respond linearly to sðtÞ.We assume that the device
is in a stationary state of Ĥ0 which is time invariant. In the
input-output formalism [6], information about the signal
leaks out of the device into the environment imprinted on an
outgoing mode of a bosonic field. By measuring this mode,
we obtain a classical estimate of the classical signal
mediated by the quantum device. The outgoing bosonic
mode at each position and time is a harmonic oscillator with
canonical quadratures x̂ and p̂ which obey ½x̂; p̂� ¼ i (let
ℏ ¼ 1 henceforth). Let x̂θ ≔ cosðθÞx̂þ sinðθÞp̂ for real θ
such that the outgoing mode is [7,8]

x̂θðtÞ ¼ x̂ð0Þθ ðtÞ þ
Z

∞

−∞
dt0 χxθGðt − t0Þsðt0Þ ð1Þ

where the superscript (0) denotes the free evolution under

Ĥ0 and the susceptibility is χxθGðt − t0Þ ≔ i½x̂ð0Þθ ðtÞ;
Ĝð0Þðt0Þ�Θðt − t0Þ with Θ the Heaviside function. In the

Fourier domain, Eq. (1) becomes

x̂θðΩÞ ¼ x̂ð0Þθ ðΩÞ þ χxθGðΩÞs̃ðΩÞ ð2Þ

where the mode at each frequency Ω is displaced by the
signal’s complex Fourier component s̃ðΩÞ≔R∞

−∞dteiΩtsðtÞ.
Since sðtÞ, x̂θðtÞ, and χxθGðtÞ are real, their Fourier compo-
nents obey s̃ð−ΩÞ ¼ s̃†ðΩÞ etc. such that it suffices to
consider only positive frequencies.
Quantum metrology extends the classical theory of

estimating parameters from a probability distribution. In
particular, the quantum Cramér-Rao bound (QCRB) [9,10],
sets a fundamental precision limit: a lower bound on the
variance of unbiased estimation of parameters encoded in a
quantum state. This limit only depends on the state itself
and not on the measurement scheme. In the real single-
parameter case, the QCRB can always be saturated by the
optimal measurement if the sample size is large [9].

FIG. 1. (a) A linear quantum device coupled to a classical
signal. (b) For example, a gravitational-wave interferometer.
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Additionally, if the parameter appears as the shift in the
mean of a Gaussian state, then the QCRB can be saturated
for any sample size. In the multiparameter case, however,
reaching the QCRB is not guaranteed. In general, the
QCRB can be saturated if and only if the symmetric
logarithmic derivatives with respect to the parameters
weakly commute [11]. For real parameters sj encoded
as the shift in the mean of a Gaussian state by the uni-
tary transformation expð−iPj sjĜjÞ, this condition is

equivalent to the generators Ĝj weakly commuting, i.e.,
h½Ĝj; Ĝk�i ¼ 0, ∀ j; k.
Here, we want to simultaneously estimate the continuum

of independent complex parameters s̃ðΩÞ in Eq. (2), one for
each positive frequency Ω.
We assume that the linear device is at the quantum limit

such that it is in a pure Gaussian state. The waveform-
estimation QCRB SwaveQ [4] sets a lower bound on the error
Sss of unbiased estimation of s̃ðΩÞ of

SxθxθðΩÞ
jχxθGðΩÞj2

≕ SssðΩÞ ≥ SwaveQ ðΩÞ ≔ 1

SGGðΩÞ
ð3Þ

where the power spectral density Sz1z2 for stationary
random processes ẑ1 and ẑ2 is defined as

2πδðΩ −Ω0ÞSz1z2ðΩÞ ¼ hfẑ1ðΩÞ; ẑ†2ðΩ0Þgi: ð4Þ

The QCRB depends only on the reciprocal of the fluctua-
tions of the generator SGG.
This can be explained by the generalized uncertainty

principle for waveform estimation [12]

SxθxθðΩÞSGGðΩÞ ≥ jχxθGðΩÞj2 þ jSxθGðΩÞj2 þ cðΩÞ ð5Þ

where, in the quantum limit, this is an equality and cðΩÞ is a
term that vanishes [5].
From Eq. (5), Ref. [5] showed that measuring the

stationary complex quadrature x̂θðΩÞ saturates the
QCRB in Eq. (3) if and only if it is uncorrelated with
the generator, i.e., SxθG ¼ 0. Furthermore, Ref. [5] showed
that when SxθG ≠ 0, ∀ θ the optimal error Sss is still within
a factor of 2 of the QCRB.
It is not necessary a priori, however, that we measure a

stationary complex quadrature x̂θðΩÞ. Equation (3) only
applies to such stationary measurements. This leaves
several important questions unanswered. What is the
QCRB in general and when can it be saturated? If it cannot
be saturated, then what is the optimal precision? And, what
measurement attains this limit? We will answer these
questions and demonstrate our results using gravita-
tional-wave interferometry.
Cosine and sine phases.—At the positive frequency Ω,

let s̃ðΩÞ ¼ πTðAþ iBÞ where A and B are independent
real degrees of freedom and T is the finite integration time.

In the time domain, this component of the signal is
A cosðΩtÞ þ B sinðΩtÞ at a given time t where A and B
are the cosine and sine phases of the signal sðtÞ at
frequency Ω, respectively.
Our goal of measuring the signal s, therefore, is

equivalent to simultaneously estimating A and B at each Ω.
Our weighted figure of merit for the precision at Ω is

Σ ¼ 2wVar½Â� þ 2ð1 − wÞVar½B̂� where w∈ ð0; 1Þ and Â
and B̂ are unbiased estimates of A and B, respectively.
(Without loss of generality, we can assume that our weight
matrix is diagonal.) The weights may be unequal w ≠ 0.5
for several reasons. For example, if we want to estimate the
signal’s power js̃j2 ∝ A2 þ B2 more than its phase, then the
weights would be unequal because the derivatives of js̃j2
depend on A and B. We assume a uniform prior on A and B
and distinguish that, while unequal weights indicate how
much more is wanted to be known a posteriori about A than
B, a nonuniform prior would indicate how much more is
known a priori about A than B [13–15].
Similarly to the signal, we can split the complex quad-

ratures of the outgoing light x̂θðΩÞ into their real and
imaginary parts in the frequency domain. Or, equivalently,
into their cosine and sine phases in the time domain, e.g., see
Refs. [16,17]. These parts are Hermitian but nonstationary.
In this manner, Eq. (2) becomes

⃗q̂ ≔
1ffiffiffiffiffiffi
πT

p

2
6664
Re½x̂ðΩÞ�
Re½p̂ðΩÞ�
Im½x̂ðΩÞ�
Im½p̂ðΩÞ�

3
7775 ¼ ⃗q̂ð0Þ þ Ad⃗A þ Bd⃗B: ð6Þ

Let χ⃗ ¼ ½χxGðΩÞ; χpGðΩÞ�T, then the real signal displace-
ments are

d⃗A ≔
ffiffiffiffiffiffi
πT

p �
Re½χ⃗�
Im½χ⃗�

�
; d⃗B ≔

ffiffiffiffiffiffi
πT

p �−Im½χ⃗�
Re½χ⃗�

�
: ð7Þ

These are orthogonal and have the same Euclidean norm

l ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
πT

�jχxGðΩÞj2 þ jχpGðΩÞj2
�q
: ð8Þ

Since ½x̂ðΩÞ; p̂ðΩ0Þ� ¼ i2πδðΩ − Ω0Þ, by using Re½z� ¼
1
2
ðzþ z�Þ and Im½z� ¼ ð1=2iÞðz − z�Þ we have that

½ ⃗q̂1; ⃗q̂2� ¼ ½ ⃗q̂3; ⃗q̂4� ¼ i with all other commutators zero ( ⃗q̂j
is the jth element of ⃗q̂). The system at each frequency,
therefore, comprises two real displaced harmonic
oscillators.
We assume that the noise is stationary such that the

complex quadratures ⃗x̂ ¼ ½x̂ðΩÞ; p̂ðΩÞ�T have the 2-by-2

covariance matrix 1
2
hf ⃗x̂ð0Þj ; ⃗x̂ð0Þk gi ¼ ðV2Þjk and the parts ⃗q̂

have the 4-by-4 covariance matrix 1
2
hf ⃗q̂ð0Þj ; ⃗q̂ð0Þk gi ¼

ðV2 ⊕ V2Þjk. (Without loss of generality, we assume that

h ⃗x̂ð0Þi ¼ 0.) Since the device is linear, distinct frequencies
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are uncorrelated. For the moment, we assume that the pure
state at each frequency is vacuum, i.e., V2 ¼ diagð1

2
; 1
2
Þ, and

will generalize later.
To measure A and B from the output light in Eq. (6), the

naïve optimal unbiased estimates are Ânaïve ¼ l−2d⃗A · ⃗q̂ and
B̂naïve ¼ l−2d⃗B · ⃗q̂. The variance of each estimate is 1

2
l−2

such that the naïve figure of merit is Σnaïve ¼ l−2. [Note that
Σnaïve ∝ T−1 by Eq. (8) such that integrating for longer
times reduces the error as expected].
These measurements, however, may not commute since

½Ânaïve; B̂naïve� ¼ iμl−2 where

μ ¼ 2πTl−2ðRe½χpG�Im½χxG� − Re½χxG�Im½χpG�Þ ð9Þ

such that 0 ≤ jμj ≤ 1. (Without loss of generality, we
assume that μ ≥ 0.) This means that A and B cannot be
simultaneously estimated to attain the naïve figure of merit
if μ ≠ 0. The displacements in Eq. (7) are generated by their
conjugate quadratures ĜA and ĜB which obey the same
commutation relation such that μ ¼ 0 is equivalent to the
weak commutativity condition h½ĜA; ĜB�i ¼ 0. The QCRB
for simultaneous estimation of A and B, therefore, can be
saturated if and only if μ ¼ 0which is equivalent to ∃ θ∈R
such that χxθG ¼ 0. In fact, the QCRB is precisely the na-ve
figure of merit above such that Σ ≥ ΣQ ¼ Σnaïve. This can
be shown from the result that the QCRB with respect
to sj given the unitary transformation expð−isjĜjÞ is
ð4Var½Gj�Þ−1 [9].
Fundamental precision limit.—If μ ≠ 0 such that the

QCRB cannot be saturated, then the optimal attainable
precision is instead the Holevo Cramér-Rao bound (HCRB)
ΣH which accounts for the commutator of the estimates
such that Σ ≥ ΣH > ΣQ [11,15,18,19]. Since the real
parameters A and B appear as the shift in the mean of a
pure Gaussian state, the HCRB is saturated by the optimal
commuting linear combinations of ⃗q̂ [11]. (This is equiv-
alent to finding the optimal quantum mechanics–free sub-
space [20].) We calculate the HCRB using the method from
Ref. [18] in the Supplemental Material [21].
We show that the ratio of the HCRB ΣH to the QCRB

ΣQ ¼ l−2 reduces to single-parameter optimization

ΣH

ΣQ
¼ min

ϕ∈ ð0;π�

�
w

cosðϕÞ2 þ
1 − w

cos½ϕþ arcsinðμÞ�2
�

ð10Þ

and we find analytic solutions in certain limits

ΣH

ΣQ
!μ¼1

1þ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
wð1 − wÞ

p
;

ΣH

ΣQ
!w¼

1
2 2

1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − μ2

p : ð11Þ

Figure 2(a) shows that the ratio of the HCRB to the QCRB
is at most two which agrees with Ref. [5]. The HCRB
increases monotonically with μ and decreases as the

weights become less equal as shown in Fig. 2(b). The
HCRB reduces to the QCRB for single-parameter estima-
tion at w ¼ 0, 1.
These results generalize to squeezed states. Let Ŝ be the

conjugate squeezing operator such that V2 ↦ diagð1
2
; 1
2
Þ.

This unitary transformation does not affect μ or the bounds
but does map the signal displacements as d⃗ ↦ ðS ⊕ SÞd⃗
such that

l ↦ l0 ≔
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
πTðkSRe½χ⃗�k2 þ kSIm½χ⃗�k2Þ

q
: ð12Þ

The general stationary pure Gaussian state case, there-
fore, is equivalent to the vacuum case with the same μ andw
but with ΣQ ¼ ðl0Þ−2. We emphasize that we only apply Ŝ
mathematically to derive the bounds; it is not required
experimentally.
Optimal measurement scheme.—There exists a unique

symplectic transformation of the two harmonic oscillators
⃗q̂ ↦ ⃗X̂ ¼ ðX̂1; P̂1; X̂2; P̂2ÞT that maps the normalized
displacements as l−1d̂A ↦ X̂1 and l−1d̂B ↦ μP̂1 þffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − μ2

p
X̂2 such that their commutator remains iμ. In this

basis, the optimal commuting unbiased estimates are [21]

Â ¼ ½l cosðϕ̄Þ�−1½cosðϕ̄ÞX̂1 − sinðϕ̄ÞP̂2�
B̂ ¼ fl cos½ϕ̄þ arcsinðμÞ�g−1½cosðϕ̄ÞX̂2 − sinðϕ̄ÞP̂1� ð13Þ

where ϕ̄ is the optimal angle in Eq. (10).
These estimates are two nonstationary quadratures:

arbitrary real linear combinations of ⃗q̂. Compare this to
the stationary complex quadrature x̂θðΩÞ with the real
part cosðθÞ ⃗̂q1þsinðθÞ ⃗̂q2 and imaginary part cosðθÞ ⃗̂q3þ
sinðθÞ ⃗̂q4. For squeezed states, similarly, the optimal
measurement consists of two nonstationary quadratures
(mathematically, first apply Ŝ and then the symplectic
transformation).
We propose how to experimentally realize these non-

stationary measurements at a givenΩ. We expand ⃗q̂ into the
time domain using Re½x̂θðΩÞ� ¼

R∞
−∞ dt cosðΩtÞx̂θðtÞ and

Im½x̂θðΩÞ� ¼
R∞
−∞ dt sinðΩtÞx̂θðtÞ. Since the measurements

are linear combinations of ⃗q̂, therefore, they are Â ¼R∞
−∞ dtcAðtÞx̂θAðtÞðtÞ and B̂ ¼ R∞

−∞ dtcBðtÞx̂θBðtÞðtÞ for some

FIG. 2. (a) HCRB versus the commutator and weight.
(b) HCRB versus the weight for different commutators.
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real amplitudes cAðtÞ and cBðtÞ and phases θAðtÞ and θBðtÞ
[21]. For example, if w ¼ 1 such that we only want to
estimate A, then, as shown in Fig. 3(a), we use homodyne
readout with a phase-modulated local oscillator with phase
θAðtÞ to obtain the time series x̂θAðtÞðtÞ. By integrating this
time series multiplied by cAðtÞ in postprocessing, we can
achieve Â.
Suppose that instead we want to measure both Â and B̂.

Although Â and B̂ commute, their integrands cAðtÞx̂θAðtÞðtÞ
and cBðtÞx̂θBðtÞðtÞ above may not commute at a given time.
This prevents directly performing simultaneous modulated
homodyne measurements. If μ ¼ 1 such that the normal-
ized displacements are X̂1 and P̂1, however, then this can be
overcome by using an asymmetric beam splitter with
reflectivity cosðϕ̄Þ2 to mix in an ancillary mode (i.e.,
uncorrelated vacuum) as shown in Fig. 3(b). Then, meas-
uring d⃗A and d⃗B on the two output modes from the beam
splitter using modulated homodyne readouts commutes at
each time and saturates the HCRB for any w [21]. The
added noise from the ancilla is responsible for the gap from
the QCRB.
For the general case of any μ and w, we propose a joint

homodyne-heterodyne readout scheme. To obtain the
individual estimate of Â above, we integrated the time
series cAðtÞx̂θAðtÞðtÞ, but information is available at other
frequencies too. In particular, the 2Ω Fourier component
beats with the time series which oscillates atΩ to produce a
linear combination of the quadratures atΩ and 3Ω. This can
realize a heterodyne measurement of B̂ at Ω [21,22]. The
added heterodyne noise at 3Ω can be suppressed by
squeezing the output mode using two cascaded, detuned,
and narrow band filter cavities—one for each of the upper
and lower sidebands at 3Ω—without affecting the estimates
or the fundamental limits at Ω. The HCRB, therefore, can
be saturated in the narrow band around Ω using a
homodyne measurement of Â and a simultaneous hetero-
dyne measurement of B̂.
Gravitational-wave interferometry.—We demonstrate

our results for a gravitational-wave interferometer like
the Laser Interferometric Gravitational-wave Observatory
(LIGO) [23,24] operated in a hypothetical detuned con-
figuration. For simplicity, we model LIGO as a power-
recycled Fabry-Pérot Michelson interferometer as shown in
Fig. 1(b) with vacuum input into the “dark port” of the
beam splitter [25,26]. In our detuned configuration, the

4-km arm cavities with 750 kW of circulating power are
detuned away from the input carrier laser frequency of
282 THz by Δ ¼ 2π × 3 kHz [27–33]. We are interested in
detecting 1–4 kHz gravitational-wave signals, e.g., from the
postmerger remnant of binary neutron-star mergers, to test
our theories of extreme matter [34–42]. (Since we focus on
the kilohertz response, we ignore quantum radiation pres-
sure noise [3].) Detuning the interferometer makes it
resonant at Δ which improves the peak sensitivity without
increasing the circulating power [43–45]. We emphasize
that operating LIGO in a detuned configuration presents
many technical challenges [33] and here we only want to
establish the fundamental limit of achievable sensitivity at a
given frequency to better evaluate this configuration.
The differential optical mode of the interferometer can be

approximated as a single mode in a detuned cavity linearly
coupled to the gravitational-wave strain sðtÞ by Ĥint ¼
gsðtÞx̂cav. Here, g is the effective coupling rate (mediated
by free masses in the transverse-traceless gauge) and x̂cav is
the amplitude quadrature of the intracavity mode such that
Ĝ ¼ −gx̂cav [46]. The resulting susceptibility is [21]

χ⃗ ¼
ffiffiffiffiffi
2γ

p
g

Δ2 þ ðγ − iΩÞ2
� Δ
−γ þ iΩ

�
ð14Þ

where γ ¼ 2π × 42 Hz is the half-width at half-maximum
readout rate of the arm cavities. By Eq. (9), μ ¼ ½2ΔΩ=
ðγ2 þ Δ2 þ Ω2Þ� such that the QCRB cannot be saturated
for Δ ≠ 0 which agrees with Ref. [5].
In Fig. 4, we compare the HCRB versus frequency to the

sensitivity using the optimal stationary quadrature (also
known as “variational readout”) and nonstationary quad-
rature measurements. For equal weights, the stationary
measurement saturates the HCRB such that the gap to the
QCRB is insurmountable. For unequal weights, however,
our nonstationary measurement is required to saturate
the HCRB.

FIG. 3. (a) Phase-modulated balanced homodyne readout.
(b) Asymmetric beam splitter with power reflectivity cosðϕ̄Þ2.

FIG. 4. Strain sensitivity for the detuned LIGO-like interfer-
ometer versus frequency for different weights in (top row)
effective amplitude spectral density units and (bottom row) ratio
to the QCRB.
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This unequal weight regime is relevant because, e.g.,
astrophysically we care more about knowing some param-
eters of the neutron-star equation of state than others. This
can be reduced to having an unequal weighting between the
signal’s power and phase and, therefore, between A and B.
For example, we particularly want to estimate the primary
peak of the kilohertz power spectrum to inform our
understanding of the equation of state [47]. In the future,
with more precise numerical models of the postmerger
signal, we may be able to confidently determine the phase
of the postmerger signal from a strong enough detection of
the inspiral phase. We then only need to estimate the
postmerger signal’s power which is equivalent to having
weights w ¼ 0 or 1. In this limiting single-parameter case,
we have shown that our nonstationary measurement
scheme improves the signal-to-noise ratio by up to a factor
of

ffiffiffi
2

p
at the detuning frequency, an improvement which

cannot be surpassed using a different measurement scheme.
This corresponds to up to a factor of 2.83 improvement in
the volume of the Universe searched for kilohertz signals at
the peak frequency, in addition to the gain provided from
detuning the interferometer. This could be a significant
boost to LIGO’s search for kilohertz gravitational waves
should the challenges with detuned interferometry be
overcome. More realistically, we may instead have partial
prior knowledge of the postmerger signal’s phase and
perform weighted simultaneous estimation of the signal’s
power and phase. We hypothesize that the sensitivity can
still be similarly improved in this regime and defer a
detailed study of this application to future work.
Losses limit the possible quantum enhancement of LIGO

(where Fig. 4 shows the lossless sensitivity). If we assume
optical losses of 100 ppm (γl ¼ 2π × 0.3 Hz) in the arm
cavities and η ¼ 0.1 in the output, then l ↦

ffiffiffiffiffiffiffiffiffiffiffi
1 − η

p
l and

μ ↦ f2ΔΩ=½ðγ þ γlÞ2 þ Δ2 þ Ω2�g [21]. Since γl ≪ γ ≪
Δ, μ is unchanged. This implies that the gap from the
HCRB to the relevant QCRB, ΣQ ≈ ð1 − ηÞ−1l−2, is also
unchanged and our nonstationary measurement can still
achieve up to a factor of

ffiffiffi
2

p
improvement with losses.

Conclusions.—We have shown how to achieve the
fundamental precision limit for the estimation of a classical
signal using a linear quantum device. Previous work on
linear waveform estimation found an unexplained gap of up
to a factor of

ffiffiffi
2

p
in the signal-to-noise ratio between the

optimal stationary quadrature measurement and the QCRB.
We showed that this gap stems from the noncommutativity
of the na-ve estimates of the cosine and sine phases of the
signal at each frequency. This allowed us to establish the
fundamental limit of attainable precision and propose how
to experimentally realize the optimal nonstationary meas-
urement scheme. We applied these results to the search for
postmerger gravitational-wave signals from binary neutron-
star mergers using a detuned LIGO-like interferometer. We
showed that this nonstationary measurement scheme could
significantly increase the volume of the Universe probed

for such signals at a given frequency in the unequal weight
regime.
Future work could determine the broadband optimal

measurement scheme and apply our results to a dual-
recycled LIGO-like interferometer with injected squeezed
states [48–50] and extend them to other systems, e.g.,
PT -symmetric interferometers [51–56], axion detectors
[57–60], and displacement noise-free interferometers
[17,61,62].

Our code is available online [63] and was written using
Mathematica [64] and PYTHON [65–69].
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In this Supplemental Material, we present the following
proofs omitted from the Letter.

HOLEVO CRAMÉR-RAO BOUND

Given a state ρ̂ that depends on two real parameters
s⃗ = (A,B)T and given a weight matrix W (a positive 2-
by-2 matrix with Tr[W] = 2), our figure-of-merit is Σ =
Tr[WV] where V is the covariance matrix with respect
to ρ̂ of the unbiased estimates Â and B̂ of A and B.
Without loss of generality, W = diag(2w, 2(1− w)) with
w ∈ (0, 1) such that Σ = 2wVar[Â] + 2(1− w)Var[B̂].

The Holevo Cramér-Rao bound (HCRB) ΣH sets a
tight lower bound on this figure-of-merit Σ ≥ ΣH of [1]

ΣH = min
⃗̂
Y ∈Y

(ΣH,obj) (S1)

where the objective function is

ΣH,obj = Tr[WRe[VY ]] + TrAbs
[√

WIm[VY ]
√
W
]
(S2)

and (VY )jk = Tr
[
ρ̂Ŷj Ŷk

]
is the unsymmeterised covari-

ance matrix with respect to ρ̂ of the unbiased error ob-
servables Y⃗ = (Ŷ1, Ŷ2)

T which obey the following con-
straints

Y =
{
⃗̂
Y : Ŷ †

j = Ŷj , Tr
[
ρ̂Ŷj

]
= 0, Tr

[
Ŷk∂s⃗j ρ̂

]
= δjk

}
.

(S3)

such that, e.g., Ŷ1 = Â − A1̂ and Ŷ2 = B̂ − B1̂. Here,
TrAbs of an operator is the sum of the absolute values of
its eigenvalues.

Proof of Eq. 10

We calculate the HCRB in Eq. S1 for the vacuum
case using the method from Ref. [2]. First, we simplify
the problem by using the symplectic transformation dis-
cussed in the Letter above Eq. 13. Rearranging Eq. 6,

⃗̂q = ⃗̂q (0) +A′(l−1d⃗A) +B′(l−1d⃗B) (S4)

∗ james.gardner@anu.edu.au
† tgefen@caltech.edu

where A′ = lA and B′ = lB and the normalised displace-
ments are l−1d⃗A and l−1d⃗B . Then, under the symplectic

transformation ⃗̂q 7→ ⃗̂
X this becomes

⃗̂
X =

⃗̂
X(0) +A′n⃗A +

B′n⃗B where the rotated normalised displacements obey

n⃗A · ⃗̂X = X̂1 and n⃗B · ⃗̂X = µP̂1 +
√

1− µ2X̂2.
In this basis, the state is ρ̂ = |ψ⟩⟨ψ| with |ψ⟩ = |α1⟩ ⊗

|α2⟩ where α1 = 1√
2
(A′+ iµB′) and α2 = 1√

2

√
1− µ2B′.

(The displacement operator is D̂(α) = exp
(
αâ† − α∗â

)

such that |α⟩ = D̂(α)|0⟩ where |0⟩ is the vacuum state.)
We omit a normalisation factor here by assuming that A′

and B′ are small without loss of generality by a similar
argument to that given in Ref. [2]. Then, we linearly
approximate the state as

|ψ⟩ ≈ |ψ0⟩+A′|ψ1⟩+B′|ψ2⟩ (S5)

where |ψ0⟩ = |0⟩ ⊗ |0⟩, |ψ1⟩ = −iP̂1|0⟩ ⊗ |0⟩, and

|ψ2⟩ = i
(
µX̂1 −

√
1− µ2P̂2

)
|0⟩ ⊗ |0⟩

such that

ρ̂ ≈ |ψ0⟩⟨ψ0|+ 2A′Re[|ψ1⟩⟨ψ0|] + 2B′Re[|ψ2⟩⟨ψ0|].
Here, |ψ1⟩ and |ψ2⟩ are unnormalised states.
The QCRB with respect to A′ and B′ can be calculated

to be Σ′
Q = 1 from the symmetric logarithmic derivatives

of ρ̂ [3]. By a change of variable, this implies that the
QCRB with respect to A and B is ΣQ = l−2 as stated
in the Letter. In the same manner, we first calculate the
HCRB Σ′

H with respect to A′ and B′ and then rescale it
to reach the HCRB with respect to A and B as ΣH =
l−2Σ′

H = ΣQΣ
′
H .

Using the Gram-Schmidt process, we find an orthonor-
mal basis ⟨ek|ej⟩ = δjk of the {|ψj⟩}j subspace: |e0⟩ =

|ψ0⟩, |e1⟩ =
√
2|ψ1⟩, and |e2⟩ =

√
2

1−µ2 (|ψ2⟩ − iµ|ψ1⟩).
(In the limit of µ = 1, |e2⟩ = 0 since the {|ψj⟩}j subspace
is only two-dimensional.) Without loss of generality, this
subspace contains the support of Ŷ1 and Ŷ2 in Eq. S1.
The constraints in Eq. S3 can then be expanded as

⟨e0|Ŷj |e0⟩ = 0, j = 1, 2 (S6)

2Re
[
⟨ψk|Ŷj |e0⟩

]
= δjk, j, k ∈ {1, 2}. (S7)

Let yjk = ⟨e0|Ŷj |ek⟩ be complex numbers. The constraint
in Eq. S7 is then
[

1√
2

0

0 1√
2

]
=

[
Re[y11]

√
1− µ2Re[y12]− µIm[y11]

Re[y21]
√

1− µ2Re[y22]− µIm[y21]

]
.

(S8)
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All other independent components of the Hermitian Ŷj
in this basis are zero without loss of generality such that

Ŷ1 =




0 y11 y12
y∗11 0 0
y∗12 0 0


, Ŷ2 =




0 y21 y22
y∗21 0 0
y∗22 0 0


. (S9)

The objective in Eq. S2 is

Σ′
H,obj = 4

√
w(1− w)|z|+ 2w

(
|y11|2 + |y12|2

)
(S10)

+ 2(1− w)
(
|y21|2 + |y22|2

)

where

z = y21y
∗
11 + y22y

∗
12 (S11)

= Re[y11]Im[y21]− Im[y11]Re[y21]

+ Re[y12]Im[y22]− Im[y12]Re[y22].

By Eq. S8, Re[y11] =
1√
2
and Re[y21] = 0. The mini-

mum is achieved with z = 0. (Intuitively, the |z| term in
Eq. S10 corresponds to the penalty for incompatibility.)
This can be achieved with Re[y12] = Im[y11] = 0 and

Re[y22] = κ cos(ϕ), Im[y21] = κ sin(ϕ) (S12)

Im[y12] =
Re[y11]Im[y21]

Re[y22]
=

1√
2
tan(ϕ)

subject to the remaining constraint from Eq. S8 which is
1√
2
= κ cos(ν + ϕ). Here, ν = arcsin(µ) ∈ (0, π], κ2 =

Re[y22]
2
+ Im[y21]

2
, and ϕ = arctan(Im[y21]/Re[y22]) ∈

(0, π2 ]. Eq. S10 then becomes

Σ′
H,obj = 2w

(
1

2
+

1

2
tan(ϕ)2

)
+ 2(1− w)

1

2 cos(ν + ϕ)2

= w
1

cos(ϕ)2
+ (1− w)

1

cos(ν + ϕ)2
. (S13)

This proves Eq. 10 noting that ΣH/ΣQ = Σ′
H . This

result agrees with numerically optimising the commuting
Gaussian measurements.

Proof of Eq. 11

Limit of µ = 1 and any w. — In this limit, the objec-
tive function in Eq. S13 becomes

Σ′
H,obj =

w

cos(ϕ)2
+

1− w

sin(ϕ)2
. (S14)

By the Cauchy-Schwarz inequality, we can find a lower
bound on this of

1 ·
(

w

cos(ϕ)2
+

1− w

sin(ϕ)2

)
(S15)

≥
(
cos(ϕ)

√
w

cos(ϕ)
+ sin(ϕ)

√
1− w

sin(ϕ)

)2

= 1 + 2
√
w(1− w).

Since the Cauchy-Schwarz inequality is tight, we know
that this is the optimal value. This proves Eq. 11 in this
limit. The HCRB is saturated by the optimal angle ϕ
satisfying

√
w

cos
(
ϕ
)2 =

√
1− w

sin
(
ϕ
)2 (S16)

such that

ϕ = ϕ0 = arctan

((
1− w

w

) 1
4

)
(S17)

or ϕ = π − ϕ0.
Limit of w = 1

2 and any µ. — In this limit, the objec-
tive function in Eq. S13 becomes

Σ′
H,obj =

1

2 cos(ϕ)
2 +

1

2 cos(ϕ+ ν)
2 . (S18)

Again, by the Cauchy-Schwarz inequality,

(
2 cos(ϕ)

2
+ 2 cos(ϕ+ ν)

2
)( 1

2 cos(ϕ)
2 +

1

2 cos(ϕ+ ν)
2

)

≥
(√

2 cos(ϕ)
1√

2 cos(ϕ)
+

√
2 cos(ϕ+ ν)

1√
2 cos(ϕ+ ν)

)2

= 4. (S19)

such that

Σ′
H,obj ≥

1

cos
(
ν
2

)2 (S20)

where we used the fact that, since ν ∈ (0, π2 ],

2 cos
(ν
2

)2
≥ cos(ϕ)

2
+ cos(ϕ+ ν)

2
. (S21)

Since the Cauchy-Schwarz inequality in Eq. S19 and the
trigonometric inequality in Eq. S21 are both saturated for
ϕ = π− ν

2 , the bound on the objective function in Eq. S20

is tight. Furthermore, since ν = arcsin(µ), cos
(
ν
2

)2
=

1
2

(
1 +

√
1− µ2

)
such Eq. 11 is proven in this limit.

The general solution for the optimal angle ϕ in Eq. 10
for µ > 0 reduces to finding the roots of an order-8 poly-

nomial in t = tan
(
ϕ
2

)
by using Mathematica [4]. Since

there is no general closed solution for such polynomials,
we do not have a closed solution for the HCRB.

OPTIMAL MEASUREMENT SCHEME

Proof of Eq. 13

Here, we prove that the HCRB in Eq. 10 is saturated by
measuring Â and B̂ in Eq. 13. It suffices to show that Σ′

H
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equals the classical Cramér-Rao bound (CCRB) Σ′
C =

Tr
[
WI−1

C

]
[3] with respect to A′ and B′ for measurement

of cos(ϕ)X̂1 − sin(ϕ)P̂2 and cos(ϕ)X̂2 − sin(ϕ)P̂1. Here,
the classical Fisher information matrix IC with respect
to A′ and B′ is

IC =

[
2 cos(ϕ)2 0

0 2
(√

1− µ2 cos(ϕ)− µ sin(ϕ)
)2
]

such that

Σ′
C =

w

cos(ϕ)2
+

1− w
(√

1− µ2 cos(ϕ)− µ sin(ϕ)
)2 . (S22)

By identifying cos(ϕ+ν)2 as the denominator of the sec-
ond term, therefore, this saturates the HCRB in Eq. 10
since ϕ was chosen as the optimal angle. This proves
Eq. 13.

Proof of the individual realisation

Here, we prove the claim in the Letter that modu-
lated homodyne readout can realise the optimal individ-
ual measurement of one of the signal’s phases. Let C
be the real 2-by-4 matrix of coefficients of the optimal
compatible estimates Â and B̂ in Eq. 13 with respect to
the original basis of ⃗̂q such that (Â, B̂)T =

√
πTC⃗̂q. To

search for an experimental realisation, it is useful to ex-
press these estimates in the time domain. Expanding ⃗̂q
in Eq. 6 into the time domain provides that

⃗̂q =
1√
πT

∫ ∞

−∞
dt




cos(Ωt)x̂(t)
cos(Ωt)p̂(t)
sin(Ωt)x̂(t)
sin(Ωt)p̂(t)


 (S23)

such that the estimates are then

[
Â

B̂

]
=

∫ ∞

−∞
dt C




cos(Ωt)x̂(t)
cos(Ωt)p̂(t)
sin(Ωt)x̂(t)
sin(Ωt)p̂(t)


. (S24)

We can show that these correspond to phase and ampli-
tude modulated quadratures. By simplifying Eq. S24,

[
Â

B̂

]
=

∫ ∞

−∞
dt

[
β11(t) β12(t)
β21(t) β22(t)

][
x̂(t)
p̂(t)

]
(S25)

=

∫ ∞

−∞
dt

[
cA(t)x̂θA(t)(t)
cB(t)x̂θB(t)(t)

]
. (S26)

Here, the amplitudes cA and cB of the time-dependent
quadratures are c⃗(t) = (cA(t), cB(t))

T where, for j, k =
1, 2, c⃗j(t) =

√
βj1(t)2 + βj2(t)2 for j, k = 1, 2 and

βjk(t) = Cj,k cos(Ωt) + Cj,k+2 sin(Ωt).

And, the phases θA and θB are θ⃗(t) = (θA(t), θB(t))
T

where θ⃗j(t) = arctan(βj2(t)/βj1(t)). (Note that the
time dependence is not simply sinusoidal and that these
quadratures are defined in the Interaction Frame with
respect to Ĥ0.)
For a sufficiently bright local oscillator |α(t)| ≫ 1, the

difference current Î(t) from a balanced homodyne read-
out, as shown in Fig. 3a, satisfies [5]

Î(t) ∝ α∗(t)â(t) + α(t)â†(t) (S27)

=
√
2|α(t)|x̂arg(α(t))(t).

This means that a phase-modulated local oscillator (with
phase θ(t) = arg(α(t))) can measure a chosen quadrature
Î(t) ∝ x̂θ(t)(t) at each time t such as those in Eq. S26 or,

in general, any linear combination of ⃗̂q. This proves the
claim in the Letter.

Proof of the joint realisation for µ = 1

Here, we prove the claim in the Letter that for µ = 1 an
asymmetric beamsplitter can help realise the optimal si-
multaneous measurement of the signal’s phases. Suppose
that we mix the output mode from the device described
by ⃗̂q in Eq. 6 with uncorrelated vacuum ⃗̂q (0,BS) using an
asymmetric beamsplitter with power reflectivity cos(ϕ)2

as shown in Fig. 3b. The two output modes from the
beamsplitter are

⃗̂q+ = cos
(
ϕ
)
⃗̂q + sin

(
ϕ
)
⃗̂q (0,BS) (S28)

⃗̂q− = − sin
(
ϕ
)
⃗̂q + cos

(
ϕ
)
⃗̂q (0,BS).

On these output modes, we can then measure d⃗A · ⃗̂q+ and
d⃗B · ⃗̂q− using a modulated homodyne readout on each
beam. These are the analogues of Ânäıve and B̂näıve, but
now they commute due to the ancillary vacuum. The
unbiased estimates for A and B, respectively, then are
cos(ϕ)−1l−2d⃗A · ⃗̂q+ and − sin(ϕ)−1l−2d⃗B · ⃗̂q−. These sat-
urate the HCRB in Eq. 11 for any w. This proves the
claim in the Letter. (Note that this realisation works
only for µ = 1 because then the denominators in Eq. 10
sum to one which is the energy conservation condition
for a beamsplitter.)

Proof of the joint realisation for any µ

Here, we prove the claim in the Letter that for any µ
and w a joint homodyne-heterodyne readout scheme can
realise the optimal simultaneous measurement of A and
B at a given positive frequency Ω. Suppose that we mea-
sure x̂θA(t)(t) using modulated homodyne readout and in
post processing multiply it by cA(t) to obtain the time-
series cA(t)x̂θA(t)(t) for all t. Then, the 2Ω Fourier com-

ponent of this timeseries is
∫∞
−∞ dt ei2ΩtcA(t)x̂θA(t)(t). A
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linear combination of the real and imaginary parts of this
Fourier component with real coefficients λ1 and λ2 is then
a heterodyne measurement, by Eq. S25, of

q̂het =

∫ ∞

−∞
dt (λ1 cos(2Ωt) + λ2 sin(2Ωt)) (S29)

· (β11(t)x̂(t) + β12(t)p̂(t)).

The 2Ω terms and the βjk(t) which oscillate at Ω beat to
produce components at the difference (Ω) and sum (3Ω)
frequencies such that

q̂het = c⃗Ω · ⃗̂q(Ω) + c⃗3Ω · ⃗̂q(3Ω) (S30)

where

c⃗Ω =

√
πT

2


λ1




C11

C12

−C13

−C14


+ λ2




C13

C14

C11

C12





 (S31)

c⃗3Ω =

√
πT

2


λ1




C11

C12

C13

C14


+ λ2




−C13

−C14

C11

C12





. (S32)

Here, the two vectors of c⃗Ω in Eq. S31 commute with Â
and are linearly independent of each other and Â. To-
gether with Â, they span the space of all linear combina-
tions of ⃗̂q that commute with Â. Since B̂ commutes with
Â, then there always exists real λ1, λ2, and λ3 such that
B̂ = c⃗Ω · ⃗̂q(Ω)− λ3Â and Eq. S30 becomes

q̂het = B̂ + λ3Â+ B̂het (S33)

where B̂het = ⃗c3Ω · ⃗̂q(3Ω) is the nonstationary heterodyne
noise at 3Ω which commutes with and is statistically in-
dependent of Â and B̂. Supposing that this noise can
be arbitrarily suppressed, then this shows that measur-
ing x̂θA(t)(t) provides a homodyne estimate of Â from the

DC component and a heterodyne estimate of B̂ from the
2Ω component (after subtracting off λ3Â).

It remains to be shown that the noise from B̂het at 3Ω
can be squeezed without affecting Â or B̂ at Ω. We have
thus far been working in the two-photon formalism [5,
6]. In the one-photon formalism (1PF), however, then
B̂het = c⃗1PF · (x̂′ω0+3Ω, p̂

′
ω0+3Ω, x̂

′
ω0−3Ω, p̂

′
ω0−3Ω)

T where

c⃗1PF =
1

4


λ1




C11 − C14

C12 +C13

C11 +C14

C12 − C13


− λ2




C13 +C12

C14 − C11

C13 − C12

C14 +C11







and x̂′ω0±3Ω and p̂′ω0±3Ω are the canonical Hermitian
quadratures at ω0 ± 3Ω around some carrier frequency
ω0 in the one-photon formalism [5, 6]. To squeeze B̂het,
therefore, it suffices to squeeze the one-photon quadra-
tures at ω0 ± 3Ω with the angles of

θ± = arctan

(
λ1(C12 ± C13)− λ2(C14 ∓ C11)

λ1(C11 ∓ C14)− λ2(C13 ± C12)

)
. (S34)

This could be performed using one-mode squeezing in two
detuned cavities, one centered at each of the frequencies
ω0 ± 3Ω. Since Â and B̂ are at ω0 ±Ω in the one-photon
formalism, they should be negligibly affected if the two
cavities are sufficiently narrowband. In principle, there-
fore, the joint homodyne-heterodyne measurement of Â
and B̂ can saturate the HCRB for any µ and w in the
limit of large squeezing and narrowband cavities. This
proves the claim in the Letter.
Using the standard Hamiltonian approach, we model

the squeezing cavities numerically and confirm this re-
sult. Incidentally, assuming that we squeeze ω0+3Ω first
and then ω0 − 3Ω, then we find that it is necessary to
adjust the first pump angle by O(0.01) radians from that
inferred from θ+ in Eq. S34 since there is a slight rota-
tion of the state at ω0+3Ω by the detuned cavity centred
at ω0 − 3Ω. We emphasise that this proposal is lossless
and only saturates the HCRB in a narrowband around
the chosen frequency Ω. We defer a thorough feasibility
study for the general µ case to future work, particularly
to address the challenges of achieving narrowband cavi-
ties at the table-top scale.

DETUNED GRAVITATIONAL-WAVE
INTERFEROMETER

Proof of Eq. 14

We model the LIGO-like interferometer as a detuned
cavity as described in the Letter. Let the annihilation
operator of the intracavity mode at frequency ω0 be âcav
and the continuum of bath modes of the bath modes
be âbath(ω) indexed by their frequency ω. These bath
modes define the incoming and outgoing modes from the
dark port of the interferometer with annihilation opera-
tors âin and â (often called âout), respectively [7]. The
Hamiltonian Ĥ describing the detuned interferometer is
Ĥ = Ĥ0 + Ĥint(t) where Ĥint(t) = gs(t)x̂cav and

Ĥ0 = (ω0 −∆)â†cavâcav (S35)

+
√
2γ

∫ ∞

−∞
dω

(
iâ†bath(ω)âcav +H.c.

)

where the second term in Ĥ0 implies the input/output
relation x̂θ = −x̂in,θ +

√
2γx̂cav,θ. (The free evolution

of the bath modes is also included in Ĥ0 but we omit
it for brevity.) Here, g2 = c−12ω0LP where c is the
speed of light, L is the arm cavities’ length, and P is
the circulating power [8]; γ = −c/(4L) log(1 − T ) is the
cavity half-width at half-max bandwidth where T is the
input test masses’ power transmissivity; and H.c. is the
Hermitian conjugate. We emphasise that, in this effective
model, the test masses are ignored.
In the Interaction Frame with respect to Ĥ0, the
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Heisenberg-Langevin equations of motion are

∂tx̂cav = −γx̂cav +
√

2γx̂in −∆p̂cav (S36)

∂tp̂cav = −γp̂cav +
√
2γp̂in +∆x̂cav − gs(t).

In the two-photon formalism, Eq. S36 is

(γ − iΩ)x̂cav(Ω) =
√

2γx̂in(Ω)−∆p̂cav(Ω) (S37)

(γ − iΩ)p̂cav(Ω) =
√

2γp̂in(Ω) + ∆x̂cav(Ω)− gs̃(Ω)

Then, Eq. S37 can be linearly solved and the in-
put/output relation used to find that

[
x̂(Ω)
p̂(Ω)

]
=

[
x̂(0)(Ω)
p̂(0)(Ω)

]
+ χ⃗s̃(Ω) (S38)

such that the susceptibility χ⃗ is in Eq. 14 and where the
noise is

[
x̂(0)(Ω)
p̂(0)(Ω)

]
= Min

[
x̂in(Ω)
p̂in(Ω)

]
(S39)

Min =
1

∆2 + (γ − iΩ)2
(S40)

·
[
γ2 −∆2 +Ω2 −2γ∆

2γ∆ γ2 −∆2 +Ω2

]

such that if the incoming mode is vacuum, then the free
outgoing mode is also at vacuum.

Proof of results shown in Fig. 4

Here, we prove that for equal weights w = 0.5 varia-
tional readout is the optimal measurement. By Eq. 8 and
Eq. 14, the norm of the displacements is

l =
√

2γπTg

√
(γ2 +∆2 +Ω2)

(γ2 + (∆− Ω)2)(γ2 + (∆+ Ω)2)
. (S41)

By Eq. 11, then the HCRB for the detuned interferometer
with w = 0.5 is

ΣH =
1

4g2πT

ζ

γ∆2Ω2

(
γ2 +∆2 +Ω2 −

√
ζ
)

where

ζ =
(
γ2 + (∆− Ω)2

)(
γ2 + (∆+ Ω)2

)
. (S42)

At the detuning frequency Ω = ∆, therefore, the gap
from the HCRB to the QCRB is ΣH/ΣQ = 2

1+G where

G =
γ
√
γ2+4∆2

γ2+2∆2 ∈ (0, 1). Meanwhile, by Eq. 3, the

waveform-estimation QCRB (which is equivalent to ΣQ
up to factors of πT ) is

Swave
Q (Ω) =

1

2g2

(
γ2 + (∆− Ω)2

)(
γ2 + (∆+ Ω)2

)

γ(γ2 +∆2 +Ω2)
.

(S43)

And, by using Mathematica [4], the optimal stationary
measurement satisfies

minθ Sss(Ω)

Swave
Q (Ω)

=
2

1 +G
. (S44)

Variational readout, therefore, saturates the HCRB at
Ω = ∆ for w = 0.5. Numerically, this also holds at the
other frequencies shown in Fig. 4. This proves the claim.

Proof of the effect of losses

Here, we prove the claim in the Letter that the gap
from the HCRB to the QCRB is unchanged with loss. It
suffices to show that l 7→ √

1− ηl and µ 7→ 2∆Ω
(γ+γl)2+∆2+Ω2

by the argument in the Letter. We assume that the losses
can be modelled as beamsplitters into uncorrelated vac-
uum. We model the intracavity loss γl by adding addi-
tional Langevin terms to the frequency domain quadra-
tures in Eq. S37 such that (here, we omit the frequency
Ω dependence for brevity)

(γ + γl − iΩ)x̂cav =
√

2γx̂in +
√
2γlx̂loss −∆p̂cav

(S45)

(γ + γl − iΩ)p̂cav =
√

2γp̂in +
√

2γlp̂loss +∆x̂cav − gs̃

and the input/output relation remains the same. The
resulting noise remains at vacuum, but the susceptibility
χ⃗ becomes

χ⃗ =

√
2γg

∆2 + (γ + γl − iΩ)2

[
∆

−γ − γl + iΩ

]
(S46)

such that µ 7→ 2∆Ω
(γ+γl)2+∆2+Ω2 by Eq. 9. Then, we also

include a loss of η = 0.1 on the output beam but be-
fore the measurement. Since the noise is at vacuum, this
simply degrades the signal as χ⃗ 7→ √

1− ηχ⃗ such that
l 7→ √

1− ηl by Eq. 8 and µ is unchanged by Eq. 9. This
proves the claim.
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Chapter 4

Stochastic waveform estimation at

the fundamental quantum limit

We are such stuff

As dreams are made on; and our little life

Is rounded with a sleep.

Prospero (Act 4, Scene 1)

William Shakespeare, The Tempest

We now present Ref. [50] which continues the story of quantum-limited waveform sensing

in the asymptotic Fisher limit like the previous paper, but now examines a Markovian

stochastic signal rather than the deterministic signal above. In this case, we want to

estimate the power spectral density of a Markovian random process rather than the

Fourier components of a definite function of time. Moreover, we optimise not just over

the measurement scheme but now also over the initial state and find that both should

be highly non-Gaussian to achieve the maximum loss-limited sensitivity. In the overall

story of the thesis, this is a radical change from the linear Gaussian sensing considered

thus far. This further emphasises the different way of thinking about, e.g., operating

an interferometer like LIGO. In particular, what state to prepare the incoming bath of

modes in at the dark port of the interferometer and what measurements to perform on the

outgoing bath of modes. The historical motivation for this work was accelerating searches

for holographic or “geontropic” quantum gravity which indicates broadening interest as

our story changes from just gravitational-wave detection to other fundamental physics

searches.
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The summaries of key results on the first page of the paper and in Sec. VII B are already

comprehensive so we will only mention here a few points which connect to the rest of

the thesis. Firstly, the toy model in Sec. I B is the same as the previous paper which

illustrates its continued usefulness. Secondly, the existing result from the literature dis-

cussed in Sec. IV A that squeezing and homodyne quadrature measurement is optimal

for deterministic sensing (with a tuned interferometer) is important context for under-

standing that LIGO’s present operation and science target cannot be improved through

non-Gaussian protocols, but that the science target of stochastic signals can which this

paper shows (see Sec. VI B 2). Thirdly, in Sec. V we do not need to use the Holevo

Cramér-Rao bound for multiparameter estimation because the weak commutativity con-

dition in Eq. 34 holds here unlike in the previous paper. Finally, the connection between

this stochastic waveform estimation problem and the general case of Lindblad estimation

in Appendix F was the motivation for the paper in the next chapter.
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Although measuring the deterministic waveform of a weak classical force is a well-studied problem,
estimating a random waveform, such as the spectral density of a stochastic signal field, is much less well
understood despite it being a widespread task at the frontier of experimental physics. State-of-the-art preci-
sion sensors of random forces must account for the underlying quantum nature of the measurement but the
optimal quantum protocol for interrogating such linear sensors is not known. We derive the fundamental
precision limit: the extended-channel quantum Cramér-Rao bound. In the experimentally relevant regime
in which losses dominate, we prove that non-Gaussian-state preparation and measurement are required to
achieve this fundamental limit and we determine numerically the optimal non-Gaussian protocol. We dis-
cuss how this scheme could accelerate searches for signatures of quantum gravity, stochastic gravitational
waves, and axionic dark matter.

DOI: 10.1103/h91r-4ws9

I. INTRODUCTION

The estimation of the spectral density of a classical pro-
cess is a ubiquitous task in continuous-variable quantum
systems. Examples include searching for excess noise in
optical interferometers due to quantum gravity [1–5], prob-
ing stochastic gravitational waves with the global network
of gravitational-wave observatories [6–10], and hunting
for axionic dark matter with microwave cavities [11–
14]. The remarkable sensitivity of contemporary devices
demands that we contend with quantum noise, the fun-
damental uncertainty in the state of the device arising
from the Heisenberg uncertainty principle. The stochastic

*Contact author: james.gardner@anu.edu.au
†Contact author: tgefen@caltech.edu

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license. Fur-
ther distribution of this work must maintain attribution to the
author(s) and the published article’s title, journal citation, and
DOI.

signal of interest must be distinguished from the natural
fluctuations arising from the measurement of the device.

This task, sometimes called “noise spectroscopy,” can
be expressed in the language of quantum metrology, the
study of estimating parameters encoded in quantum states.
We consider a quantum device coupled to a stochastic sig-
nal, a classical continuous random variable y(t) at times
t. We assume this signal to be a Gaussian stationary ran-
dom process; assuming that the signal is Gaussian is valid
provided that the central limit theorem applies, e.g., that
we repeat the experiment many times. Assuming that the
signal is a stationary random process allows us to study
its power spectral density Syy(�) at each positive fre-
quency �. Our goal is to estimate the continuum values
of Syy(�) by measuring the state of the quantum device.
We want our estimate at each � to be unbiased and
have the minimal mean-square error (MSE). We will show
that this resembles the problem of estimating the uncer-
tainty of a single bosonic mode and so we treat that case
extensively.

Much attention has previously been dedicated to study-
ing the fundamental precision limits of estimating the

2691-3399/25/6(3)/030311(42) 030311-1 Published by the American Physical Society
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mean values of the signal for various protocols and
quantum devices (see, e.g., Refs. [15–18]). Here, we focus
instead on estimating the spectral density Syy(�) of the
signal rather than its mean value. This is a much less stud-
ied problem. It has recently been shown that this scenario
is fundamentally different from mean-value estimation in
that non-Gaussian measurement techniques are required to
obtain optimal estimates [19]. There are still many critical
open questions, however, such as the effects of imper-
fections and the preparation of different initial quantum
states.

To guide the reader, we summarize the main results of
our work as follows:

(1) In Sec. II, we reduce the noise-estimation problem
for a linear quantum device at a fixed frequency
� to the study of a harmonic oscillator undergo-
ing a random-displacement channel. The task is
to estimate the standard deviation σ of the Gaus-
sian distribution of random displacements and, in
some cases, to simultaneously estimate the mean
displacement μ.

(2) In Sec. III, we review the prior literature on esti-
mating σ in the ideal lossless limit, using an initial
vacuum state. A number-resolving measurement,
e.g., photon counting, is optimal [19,20]. In contrast,
Gaussian measurements, such as homodyne detec-
tion, suffer the “Rayleigh curse” when the signal σ
is small. The goal of our work is to find the optimal
initial state and measurement scheme that achieves
the ultimate limit on precision, the extended-channel
quantum Fisher information (ECQFI), in the pres-
ence of loss. We also consider the simultaneous
estimation of μ and σ .

(3) In Sec. IV, we discuss imperfections. We focus on
the case of a loss η occurring before the signal is
encoded by the random-displacement channel. We
assume negligible loss after the encoding and neg-
ligible additive classical noise, σC. Experimentally,
the relevant regime is that of small signals σ 2 �
1/2 and high loss η � σ 2.

(4) In Sec. V, we find the optimal protocol for esti-
mating σ . In the lossless case, in which the ini-
tial state obeys the energy constraint

〈
n̂
〉 = N , we

show that the ECQFI is saturated by preparing an
initial single-mode squeezed vacuum (SMSV) and
then, after the encoding, antisqueezing and perform-
ing a number measurement. In the lossy case, we
show that preparing a two-mode squeezed vacuum
(TMSV) state is optimal but only if negligible loss
occurs on the ancilla mode. In the experimentally
relevant regime of high loss on all modes, numer-
ics indicate that the ECQFI is attainable, without
an ancilla, using highly non-Gaussian states and
measurements.

(5) In Sec. VI, we discuss how to simultaneously esti-
mate μ and σ . We assume that the initial state is
vacuum (which may not be optimal). For separa-
ble measurements on M copies of the final state, we
construct an adaptive measurement scheme in which
we learn about μ via quadrature measurement and
then use that information to displace back to the ori-
gin and learn about σ via number measurement. To
saturate the quantum Fisher information (QFI) for
the fixed-vacuum input state, however, a collective
measurement on the M modes is required.

(6) Finally, in Sec. VII, we discuss how our results
concerning single-mode channel estimation can be
leveraged for estimating the power spectral den-
sity of a continuously varying signal, we propose
experimental implementations to realize the optimal
estimation protocols, and we apply our results to
searches for signatures of quantum gravity, stochas-
tic gravitational waves, and axionic dark matter.

II. NOISE ESTIMATION OF A LINEAR QUANTUM
DEVICE

We now consider estimating Syy(�) at each frequency
� from measurements of the quantum device. For a linear
device, we show that this is equivalent to estimating the
random displacement of a harmonic oscillator.

A. Review of linear quantum devices

We consider a quantum device that responds linearly to
the continuous stochastic signal y(t) and is coupled to an
environment of incoming and outgoing bosonic modes as
shown in Fig. 1(a). This is a valid model for many rele-
vant quantum systems. For example, the device could be
a gravitational-wave interferometer coupled to a stochas-
tic gravitational-wave signal and to the light entering and
exiting the differential port of the Michelson interferom-
eter. In the input-output formalism [21], let the annihi-
lation operator of the outgoing bosonic mode be â(t),

(a) (b)

FIG. 1. (a) The spectral density of the outgoing bosonic mode
from a linear quantum device coupled to a classical random pro-
cess y(t), e.g., a gravitational-wave observatory coupled to a
stochastic gravitational wave. (b) The phase-plane representa-
tion of the analogous single-parameter problem at a particular
frequency �0. Given vacuum input |0〉 with covariance matrix
diag

( 1
2 , 1

2

)
, the final quantum state ρ̂(σ ) is a squeezed thermal

state with covariance matrix diag
( 1

2 , 1
2 + σ 2

)
.
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satisfying [â(t), â†(t′)] = δ(t − t′). The canonical quadra-
tures of this mode are x̂(t) := 1√

2
[â(t)+ â†(t)] and p̂(t) :=

1√
2
[−iâ(t)+ iâ†(t)], which obey [x̂(t), p̂(t′)] = iδ(t − t′).

The generalized quadrature at angle θ is then defined as
x̂θ (t) := cos(θ)x̂(t)+ sin(θ)p̂(t) such that x̂0(t) = x̂(t) and
x̂π/2(t) = p̂(t). Since the device is linear, these quadratures
must obey

x̂θ (t) = x̂(0)θ (t)+
∫ ∞

−∞
dt′ χθ(t − t′)y(t′), (1)

where x̂(0)θ (t) is the free solution (i.e., when no signal is
present) and χθ is the linear susceptibility of the device
[22,23]. In the frequency domain, all of the positive fre-
quencies are independent since the device is linear, such
that Eq. (1) becomes

x̂θ (�) = x̂(0)θ (�)+ χθ(�)y(�), (2)

where we define the Fourier transform as y(�) :=∫∞
−∞ dt ei�ty(t). The frequency-domain quadratures are

non-Hermitian but obey a conjugate symmetry x̂†
θ (�) =

x̂θ (−�) and have the commutator [x̂(�), p̂†(�′)] =
i2πδ(�−�′). Suppose that we measure x̂θ (t); then Eq. (2)
implies that the observed output-referred power spectral
density is

Sxθ xθ (�) = S(0)xθ xθ (�)+ |χθ(�)|2 Syy(�), (3)

where the total output-referred free noise S(0)xθ xθ (�) includes
the quantum noise of the device, which we assume follows
a stationary random process. In Eq. (3), the (one-sided)
power spectral density Sxθ xθ (�) of the quadratures, which
are stationary random processes in time, is defined as
follows [24]

2πδ(�−�′)Sxθ xθ (�) := 〈{x̂θ (�), x̂†
θ (�

′)}〉, (4)

where {·, ·} is the anticommutator and we assume that
the quadratures have zero mean. For example, the output-
referred power spectral density of the quantum shot noise
of the vacuum state is S(0)xθ xθ (�) = 1. Meanwhile, in Eq. (3),
the (one-sided) power spectral density of the signal at each
frequency is defined as [25]

Syy(�) = lim
T→∞

2
T

E
[|yT(�)|2

]
, (5)

where yT(�) = ∫∞
−∞ dt ei�tyT(t) = ∫ T

0 dt ei�ty(t) is the
Fourier transform of the signal yT(t) = [
(t)−
(t −
T)]y(t) windowed to the finite time interval (0, T) for some
integration time T and 
 is the Heaviside function. Here,
we take the expectation value over different realizations of
the continuous random process describing the signal y(t),

which we assume has zero mean. Whenever we compute
an expectation value with respect to the quantum state, e.g.,
〈·〉 in Eq. (4), we implicitly marginalize over the signal as
well. We reserve the notation E [·] for when we are only
taking an expectation value with respect to the signal.

Let us mention a couple of well-known properties of the
power spectral density Syy(�). First, the average power P
of the signal y(t) over time, i.e., the variance Var[y] of the
continuous random process, is given by

P = 1
2π

∫ ∞

0
d� Syy(�). (6)

And, second, provided that the signal y(t) is ergodic, the
power spectral density Syy(�) equals the Fourier transform
of the autocorrelation function Cyy(t) = limT→∞(1/T)∫∞
−∞ dt′ yT(t′ − t)yT(t′) by the Wiener-Khinchin theorem.

These useful properties motivate why the power spec-
tral density is an important quantity to estimate in an
experiment.

Returning to the problem at hand, by using Eqs. (4)–(5),
we can derive Eq. (3) from Eq. (2) [26]. We have thus
far made only the following assumptions about the sys-
tem: linearity, stationarity, and zero mean. We now make
a further assumption about the tuning of the measurement
device.

Some of our most sensitive devices of interest are optical
interferometers for which, if the resonant optical cavities
are all tuned and the Michelson interferometer is held at
total destructive interference at the differential port, then
a stochastic signal will only appear in one quadrature of
the outgoing optical mode [27]. As such, we now restrict
our attention to estimating the excess noise in one known
quadrature of the outgoing mode. We will later generalize
to sensing isotropic excess noise in both quadratures. With-
out further loss of generality, we assume that the stochastic
signal only appears in the p̂(t) quadrature such that Eq. (2)
implies that x̂(�) = x̂(0)(�) since χ0 = 0 and

p̂(�) = p̂ (0)(�)+ χπ
2
(�)y(�). (7)

The output-referred power spectral density in Eq. (3)
observed from measuring p̂(t) is then

Spp(�) = S(0)pp (�)+
∣∣∣χπ

2
(�)

∣∣∣
2

Syy(�). (8)

We consider running the experiment for a fixed finite inte-
gration time T that is long enough such that Eq. (5) implies
that Syy(�) ≈ (2/T)E[|yT(�)|2] and Eq. (8) becomes

Spp(�) ≈ S(0)pp (�)+ 2
T

E
[∣∣∣χπ

2
(�)yT(�)

∣∣∣
2
]

. (9)

We want to estimate the signal power Syy(�) at each fre-
quency � from measurements of the outgoing mode. We
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have up to now considered continuous quadrature mea-
surements. To understand other possible measurements,
it is useful to first simplify this continuous-estimation
problem.

B. Review of the deterministic case

Let us first review the deterministic case to establish
an analogy to a toy model: continuum linear waveform
estimation resembles estimating the displacement of a har-
monic oscillator at each frequency. In the deterministic
case, the signal y(t) is a real-valued function and we
want to estimate its Fourier component y(�), a complex
number, at each frequency �. It is well established that
this continuous-estimation problem reduces to a contin-
uum of independent estimation problems, one for each
frequency, and the fundamental quantum limits of this task
are well understood [15–18]. We will discuss these sen-
sitivity limits later, in Sec. V B. At a given frequency �,
the canonical deterministic estimation problem in Eq. (7)
is to estimate the displacement of p̂(�) by χπ/2(�)y(�)
in the presence of noise from p̂ (0)(�). Depending on
the parametrization of y(t), there are two independent
real parameters of y(�) to estimate in general, e.g., its
real and imaginary parts, or its amplitude and complex
phase. The displacement-estimation problems at different
frequencies are independent due to the linearity of the
device: the covariance matrix of the quadratures at different
frequencies is diagonal. Therefore, continuum-waveform
estimation corresponds to estimating the displacements of
a continuum of independent harmonic oscillators, each of
which can be dealt with separately. The only assumptions
that we have made to reach this conclusion are that the
device is linear, stationary, zero-mean, and tuned.

C. Canonical noise-estimation problem

In the stochastic case, the signal y(t) is now a con-
tinuous real-valued random process with variance given
by Eq. (6). At each frequency �, we want to estimate
Syy(�), the contribution to the average power from that
frequency component. Similarly to the deterministic case
above, the continuum problem of estimating Syy(�) at
each frequency � is equivalent to a continuum of inde-
pendent single-parameter harmonic oscillator estimation
problems. In particular, the harmonic oscillators at differ-
ent frequencies are independent due to linearity and at each
frequency the signal appears as a displacement of the har-
monic oscillator. Here, however, the displacement of p̂(�)
by χπ/2(�)y(�) in Eq. (7) is stochastic, since y(�) is
now a complex random variable. In particular, although
the absolute value of y(�) is constrained by Eq. (5) in the
limit of large T, its complex phase is uniformly distributed
on (0, 2π) since the signal y(t) is zero-mean and stationary.
Thus, we need to determine how the power spectral density

Syy(�) relates to the variance of the probability distribution
describing these random displacements.

Let us first address a technicality about the frequency-
domain quadratures. At a given frequency �, the quadra-
tures x̂(�) and p̂(�) are non-Hermitian and comprise
a total of four independent real degrees of freedom,
whereas a harmonic oscillator has only two independent
real degrees of freedom. This can be seen more clearly
by decomposing the frequency-domain quadratures into
their real and imaginary parts, which we label as q̂j (�)

for j = 1, 2, 3, 4 and define as follows [28]:

�̂q(�) =

⎡

⎢⎢⎢
⎣

q̂1(�)

q̂2(�)

q̂3(�)

q̂4(�)

⎤

⎥⎥⎥
⎦

=
√

2
T

⎡

⎢⎢⎢
⎣

Re
[
x̂(�)

]

Re
[
p̂(�)

]

Im
[
x̂(�)

]

Im
[
p̂(�)

]

⎤

⎥⎥⎥
⎦

. (10)

For a finite integration time T, this is equivalent to decom-
posing the outgoing mode into its cosine and sine phases
at frequency �, since

�̂q(�) =
√

2
T

∫ T

0
dt

⎡

⎢
⎣

cos(�t)x̂(t)
cos(�t)p̂(t)
sin(�t)x̂(t)
sin(�t)p̂(t)

⎤

⎥
⎦ .

This implies that the commutator between q̂1(�) and
q̂2(�

′) at two different frequencies � and �′ equals

[q̂1(�), q̂2(�
′)] = i

(
sin([�−�′]T)

[�−�′]T
+ sin([�+�′]T)

[�+�′]T

)
.

The second term vanishes, along with all other terms of
size O(1/[�T]) henceforth, by assuming that we integrate
for a long enough time T � 1/� given the lowest fre-
quency of interest �. For frequencies that are further apart
than the finite frequency resolution of 1/T, i.e., that sat-
isfy [�−�′]T � 1, the first term also vanishes. However,
for unresolved frequencies satisfying [�−�′]T � 1 this
commutator is approximately i, since the modes cos(�t)
and cos(�′t) are not orthogonal on the finite interval (0, T).
We thus assume a discrete frequency sampling henceforth
that is coarse enough, i.e., satisfying [�−�′]T � 1, such
that the harmonic oscillators at different frequencies com-
mute. The number of such frequency bins is proportional
to T and we will soon show that the noise and signal within
a given bin are independent of T. This means that the total
error in estimating, e.g., the power spectral density of a
white-noise process will scale as 1/

√
T in amplitude units

as expected.
We now focus on solving the estimation problem at

a fixed frequency �. The four components of �̂q(�)
are Hermitian observables that resemble the quadra-
tures of two harmonic oscillators, since [q̂1(�), q̂2(�)] =
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[q̂3(�), q̂4(�)] = i, and all other commutators are zero.
Since we assume that the signal and noise are zero-
mean and stationary, the 4 × 4 covariance matrix,
1
2 〈{q̂j (�), q̂k(�)}〉, is block diagonal such that the two
harmonic oscillators are independent. For example, the
covariance matrix for the vacuum state is 1

2δjk. By Eq. (7),
these real and imaginary parts depend on the signal as
follows:

�̂q(�) = �̂q (0)(�)+
√

2
T

⎡

⎢⎢⎢⎢
⎣

0
Re
[
χπ

2
(�)y(�)

]

0
Im
[
χπ

2
(�)y(�)

]

⎤

⎥⎥⎥⎥
⎦

. (11)

The variances of the real and imaginary parts containing
the zero-mean signal are then [29]

Var
[
q̂2(�)

] = Var[q̂(0)2 (�)] + 2
T

E
[

Re
[
χπ

2
(�)y(�)

]2
]

,

Var
[
q̂4(�)

] = Var[q̂(0)4 (�)] + 2
T

E
[

Im
[
χπ

2
(�)y(�)

]2
]

.

(12)

Let us simplify the excess variance due to the signal, i.e.,
the second term, starting with the real part as follows:

E
[

Re
[
χπ

2
(�)y(�)

]2
]

= 1
4

E
[(
χπ

2
(�)y(�)+ χ∗

π
2
(�)y∗(�)

)2
]

= 1
2

E
[∣∣∣χπ

2
(�)y(�)

∣∣∣
2
]

,

where we have used the fact that E
[
y(�)2

] = 0, since the
phase of y(�) is isotropically random. This excess vari-
ance in the real part of p̂(�) equals half the excess power
spectral density in Eq. (9) and the imaginary part is sim-
ilar. The excess power spectral density is also equal to
|χπ/2(�)|2Syy(�) by Eq. (8). Therefore, Eq. (12) may be
rewritten as follows:

Var
[
q̂2(�)

] = Var[q̂(0)2 (�)] + σ 2,

Var
[
q̂4(�)

] = Var[q̂(0)4 (�)] + σ 2,
(13)

where we have defined the common excess variance σ 2

and the gain Gpy(�) as

σ 2 := 1
2

Gpy(�)Syy(�), Gpy(�) := |χπ
2
(�)|2. (14)

The gain Gpy(�) is also sometimes called the signal trans-
fer function from y to p̂ , since it linearly relates the

signal Syy(�) to the observed spectral density Spp(�) in
Eq. (8) [30]. Since the two harmonic oscillators at each fre-
quency are independent and the noise in each is equal due
to stationarity, we can consider them separately to study
the fundamental quantum limits on estimating Syy(�) or,
equivalently, estimating σ 2. Thus, we can restrict our atten-
tion to just the harmonic oscillator corresponding, e.g., to
the real part with quadratures q̂1(�) and q̂2(�), which we
relabel as x̂ and p̂ below for brevity.

For any initial state, we have shown that estimating the
continuum Syy(�) is equivalent to a continuum of indepen-
dent copies (two for each frequency �) of the following
canonical single-parameter estimation problem. Given the
initial state ρ̂ of a harmonic oscillator with canonical
quadratures �̂x = (x̂, p̂)T such that [x̂, p̂] = i, we wish to
estimate σ 2 from measurements of the final state �σ(ρ̂)

after the nonunitary quantum channel �σ that encodes
σ . (A quantum channel is a completely positive trace-
preserving linear map between density matrices.) The
signal-encoding channel�σ represents a random displace-
ment along the p̂ quadrature and has the following Kraus
representation:

�σ(ρ̂) =
∫ ∞

−∞
dα p(α)Ûαρ̂Û†

α , (15)

where p(α) ∼ N (0, σ 2) is the weighting of the differ-
ent displacement unitaries given by Ûα = exp(iαx̂), which
displaces p̂ to p̂ + α. Here, we have assumed that the
zero-mean signal follows a Gaussian random process such
that the second moments in Eq. (13) determine the sig-
nal. Understanding this toy model of a single harmonic
oscillator undergoing random displacements is the main
focus of our work. We will solve this toy model in
Secs. III–VI, before returning to the original stochastic
waveform-estimation problem in Sec. VII.

We now provide two alternative expressions for the
encoding channel �σ that will prove useful later. First, in
the basis of x̂, �σ is the following decoherence channel
[31,32]:

〈x|�σ(ρ̂)|x′〉 = e− 1
2 σ

2(x−x′)2〈x|ρ̂|x′〉. (16)

And, second, when σ x̂ is small, we may expand Eq. (15)
to obtain the infinitesimal channel

�σ(ρ̂) ≈ ρ̂ + σ 2
(

x̂ρ̂x̂ − 1
2
{x̂2, ρ̂}

)
+ O(σ 4x̂4), (17)

where the odd terms vanish because p(α) is an even
function in α.

Let us consider the Gaussian-state case. If the initial
state ρ̂ is a single-mode Gaussian with a 2 × 2 covari-
ance matrix 
jk = 1

2 〈{�̂x (0)j , �̂x (0)k }〉 and 2 × 1 mean vector
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�μ = 〈�̂x〉, then the final state is also Gaussian with the
covariance matrix 
 + diag

(
0, σ 2

)
and the same mean

vector �μ. For example, the vacuum state |0〉〈0| with
covariance matrix 
0 = diag

( 1
2 , 1

2

)
becomes the squeezed

thermal state ρ̂(σ ) = �σ(|0〉〈0|) with covariance matrix
diag

( 1
2 , 1

2 + σ 2
)
, as shown in Fig. 1(b). We thus call �σ a

Gaussian-encoding channel, since it sends Gaussian states
to Gaussian states.

Our goal now is to solve this canonical noise-estimation
problem by understanding the optimal protocol for esti-
mating σ 2. As we will see, despite �σ being a Gaussian-
encoding channel, the optimal protocol will turn out to
be to prepare non-Gaussian initial states and perform
non-Gaussian measurements.

D. Review of Fisher information

We now review our main tools for addressing this
single-parameter estimation problem: the concepts of clas-
sical and quantum Fisher information (FI) [33–35].

Suppose that a real parameter of interest θ is encoded in
a quantum state ρ̂(θ) and that we estimate θ by perform-
ing a given measurement [i.e., a positive operator-valued
measure (POVM)] with associated probability distribu-
tion p(x|θ). The minimal MSE �2θ of unbiased estima-
tion of θ from M independent and identically distributed
measurement results satisfies the classical Cramér-Rao
bound (CCRB), �2θ ≥ (1/M )[IC(θ)]−1, where IC(θ) is
the classical Fisher information (CFI), given by

IC(σ ) =
∫ ∞

−∞
dx

[∂θp(x|θ)]2

p(x|θ) . (18)

This bound can be attained by maximum likelihood esti-
mation in the asymptotic limit such that the central limit
theorem applies. In general, saturating the CFI may require
a parameter that is sufficiently small or has a narrow
enough prior, as well as the ability to perform a large
number of independent measurements. A useful property
of the CFI is that if p(x|θ) and p(y|θ) are independent
distributions, e.g., describing two separate measurements,
then the total CFI from observing one outcome from each
distribution is simply the sum of the individual CFIs.

This may not be the optimal measurement, however, for
extracting the maximal information about θ from ρ̂(θ).
For single-parameter estimation, the quantum Fisher infor-
mation (QFI) is the CFI maximized over all possible
measurements (POVMs), IQ(θ) = sup IC(θ). In terms of
the eigenvalues pj and eigenvectors |φj 〉 of the final state
ρ̂(θ) =∑j pj |φj 〉〈φj |, the QFI can be shown to be

IQ(θ) =
∑

j ,k

2
pj + pk

∣∣〈φj |∂θ ρ̂(θ)|φk〉
∣∣2

where the sum runs over only j and k such that pj +
pk > 0. For example, if a parameter θ is encoded by a

unitary exp(−iθĤ ) applied to a pure state |ψ〉, then the
QFI is IQ(θ) = 4Var|ψ〉[Ĥ ] independent of θ .

The quantum Cramér-Rao bound (QCRB), �2θ(≥
1/M )[IQ(θ)]−1, provides the fundamental minimal MSE
that can be achieved by maximum likelihood estima-
tion from the M outcomes of the optimal measure-
ment scheme. Similarly, the minimal fractional MSE with
respect to a parameter θ is bounded too, �2θ/θ2 ≥
(1/M )[θ2IQ(θ)]−1. The analog of the additivity of the CFI
for independent distributions is that the QFI for a prod-
uct state ρ̂1(θ)⊗ ρ̂2(θ) is simply the sum of the individual
QFIs.

E. Estimating standard deviation versus variance

For our single-parameter problem, we choose to esti-
mate the standard deviation σ . This is equivalent to
estimating the variance σ 2, since σ ≥ 0. The QFIs with
respect to σ and σ 2 are related by IQ(σ ) = 4σ 2IQ(σ

2)

through the chain rule. Although IQ(σ
2) may diverge

and IQ(σ ) stay finite as σ → 0, the limiting behavior
of the fractional MSEs is consistent since, in that event,
[σ 4IQ(σ

2)]−1 ∝ [σ 2IQ(σ )]−1 → ∞.

III. LOSSLESS VACUUM LIMIT

The task of estimating σ from �σ in Eq. (15), in the
absence of loss when the input state is the vacuum, has
previously been studied in Refs. [19,20,36]. We briefly
discuss this ideal lossless regime here for comparison.

Suppose that we apply �σ to ρ̂ = |0〉〈0| such that the
final covariance matrix is 
 = diag

( 1
2 , 1

2 + σ 2
)
. The QFI

for a signal encoded solely in the covariance matrix of a
single-mode Gaussian state is [37]

IQ(σ ) = Tr
[
(
−1∂σ
)

2
]

2(1 + γ 2)
+ 2(∂σ γ )2

1 − γ 4 , (19)

where γ = det(2
)−
1
2 is the purity of the Gaussian state.

For the vacuum state, Eq. (19) implies that the QFI is

IQ(σ ) = 2
1 + σ 2 −−→

σ→0
2. (20)

We will write the important limit of limσ→0 IQ(σ ) as
IQ(σ = 0) henceforth. Note that it is nonzero for the QFI.

We want to know what measurement will saturate the
QFI in Eq. (20). A homodyne measurement of p̂ is a
Gaussian measurement for which the CFI with respect

to the total standard deviation ς =
√

1
2 + σ 2 is I p̂

C(ς) =
2/ς2. This implies that I p̂

C(σ ) = 2σ 2/
( 1

2 + σ 2
)2

such that
the CFI for quadrature measurement saturates the QFI in
Eq. (20) in the classical regime of σ � 1√

2
but vanishes

in the quantum regime of σ → 0, where I p̂
C(σ ) ≈ 8σ 2,
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(a)

(c)

(b)

(d)
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FIG. 2. The Fisher information (FI) with respect to (a) stan-
dard deviation σ or (b) variance σ 2 for the single-parameter
estimation problem in the lossless vacuum limit. The level of
quantum noise for the initial vacuum state, shown by the dotted
gray vertical line, is equal to Var[p̂] = 1

2 . A quadrature measure-
ment p̂ , with CFI shown in the dashed blue curve, is optimal
for signals well above this level. A number-resolving measure-
ment n̂, however, is optimal—its CFI attains the QFI shown in
the solid orange curve—for all σ including as σ → 0. In this
limit, the fractional MSE with respect to (c) σ or (d) σ 2 diverges
regardless of the measurement scheme, since θ2IQ(θ) converges
to zero.

as shown in Fig. 2(a). If we estimate σ 2 instead of σ , as
shown in Fig. 2(b), then the behavior of the fractional MSE
is the same as discussed in Sec. II E and shown in Fig. 2(c).
The conventional quadrature measurement, therefore, is
highly inefficient in the relevant limit of σ → 0. Intu-
itively, the small change in the variance induced by the
weak signal σ 2 � 1

2 is masked by the vacuum quantum
noise, leading to this vanishing sensitivity.

In comparison, a number-resolving measurement of n̂ =
â†â can be shown to saturate the QFI for all σ . Since
Ûα|0〉 = |α′〉 is a coherent state with amplitude α′ =
iα/

√
2, we can compute the probabilities in the number

basis after the encoding in Eq. (15) as

p(n) =
∫ ∞

−∞
dα
∣∣〈n|α′〉∣∣2 p(α)

= (2n)!
22n(n!)2

σ 2n

(
σ 2 + 1

)n+ 1
2

. (21)

Then, the CFI for number measurement, calculated as
I n̂

C(σ ) =∑∞
n=0 [∂σp(n)]2/p(n) by Eq. (18), equals the QFI

in Eq. (20), as shown in Fig. 2. Intuitively, if there is no sig-
nal, then the vacuum state remains an eigenstate of n̂ and
no particles are counted. If a particle is counted, then it
must come from the signal. This is unlike the quadrature
measurement, where some variance in the measurement
results remains due to the quantum noise even if there is
no signal.

Let us illustrate how much worse quadrature measure-
ment is compared to the optimal number-resolving mea-
surement. If the signal is comparable to the quantum noise,

i.e., σ = 1√
2
, then the QFI is 4

3 compared to the quadrature
measurement CFI of 1. Instead, if the signal is 10 times
(100 times) smaller than the quantum noise in amplitude
units, i.e., σ = 1

10
√

2
(σ = 1

100
√

2
), then the QFI is roughly

51 times (5001 times) greater than the CFI. Correspond-
ingly, suppose that we want to achieve an MSE�2σ below
some target value. If σ = 1

10
√

2
, e.g., then it takes only

2% of the number of quadrature measurements required to
attain the target value if we instead use number-resolving
measurements (recall that the Cramér-Rao Bound on the
MSE is (1/M )[I(σ )]−1 given M measurements).

This estimation problem is analogous to quantum super-
resolution in optical imaging [20,38,39] and spectroscopy
[40,41]. These resolution problems are characterized by
having vanishing signal: ∂θ ρ̂ → 0 as θ → 0, where θ is
the parameter of interest. This vanishing signal leads to
a “Rayleigh curse,” where the CFI of the naive measure-
ment, e.g., image-plane photon counting in the case of
optical imaging, also vanishes as θ → 0. The QFI, how-
ever, remains positive in this limit and is attained by
the CFI of a particular nonstandard measurement, e.g.,
spatial-mode demultiplexing in the case of optical imag-
ing. Analogously, we define the Rayleigh curse to refer
to any scenario in which the FI converges to zero in the
limit of zero signal. We have seen above that here the
Rayleigh curse arises for the CFI of the naive quadrature
measurement but can be avoided by performing a number
measurement.

IV. LOSS AND CLASSICAL NOISE

Realistically, the quantum state will experience noise
channels before and after the encoding such that the noise-
less channel�σ becomes the noisy channel�′

σ . We restrict
our attention to Gaussian noise channels. We want to
understand how these imperfections limit our ability to
estimate σ and whether the Rayleigh curse can still be
avoided to increase QFI in the small-signal limit.

A. Gaussian states

We first consider preparing a Gaussian initial state in the
limit of σ → 0. For Gaussian noise channels, ∂σ�′

σ → 0
as σ → 0 and information about σ is encoded only in the
covariance matrix of the output Gaussian state. Whether
the Rayleigh curse reappears is addressed by the following
claim.

Claim 1. For any Gaussian state such that a parame-
ter σ is encoded only on its covariance matrix 
(σ) and
limσ→0 ∂σ
 = 0, then IQ(σ = 0) �= 0 (i.e., the state does
not exhibit the Rayleigh curse) if and only if there exists
a symplectic eigenvalue of 
 equal to 1

2 + kσ 2 for some
constant k > 0.
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This is the Gaussian version of the quantum resolution
criterion in Ref. [40]. The proof of this claim is given
in Appendix A. For a single-mode Gaussian state, this
claim implies that overcoming the Rayleigh curse is possi-
ble only if �′

σ=0 (ρ) is pure. In that case, the QFI comes
only from the purity [the second term in Eq. (19)]: the
QFI is nonvanishing in the limit σ → 0, and equal to
IQ(σ = 0) = 2k′, if and only if the purity is γ = 1 − k′σ 2

for some constant k′. For a multimode Gaussian state in the
limit σ → 0, at least one of the modes needs to be pure for
the QFI not to vanish.

B. Loss channel

We apply Claim 1 to a couple of examples of com-
mon Gaussian noise channels, assuming an initial vacuum
state. First, consider the “pure” or “cold” loss channel
�loss
η , which models, e.g., losses due to coupling with a

zero-temperature bath. This can be modeled as a beam-
splitter operation with an ancillary vacuum mode that is
then traced out as shown in Fig. 3. For a loss η ∈ (0, 1),
this channel has the following Kraus representation [42]:

�loss
η (ρ̂) =

∞∑

n=0

K̂nρ̂K̂†
n ,

where the Kraus operators are

K̂n = 1√
n!

(√
ηâ
)n
(1 − η)

1
2 (â

†â−n).

Note that here η is the loss and 1 − η is the efficiency.
The effect of this channel on the mean vector and covari-
ance matrix of a single-mode Gaussian state is as follows:
�μ �→ √

1 − η �μ and 
 �→ (1 − η)
 + η
0, where 
0 =
diag

( 1
2 , 1

2

)
. If the initial state is a vacuum state, then the

final state in the limit of σ → 0 is pure and there is no
Rayleigh curse. The precise nonzero value of the vac-
uum QFI depends on whether the loss occurs before or
after the encoding. If the loss occurs before the encoding,
then the QFI is unchanged from 2/(1 + σ 2), since the vac-
uum |0〉 is stable under the loss channel �loss

η . But if the
loss occurs after the encoding, then the QFI degrades to

(a) (b) (c)

FIG. 3. The quantum state ρ̂ ′ after a loss can be thought of as:
(a) the result, ρ̂ ′ = �loss

η (ρ̂), of a nonunitary quantum channel
�loss
η ; (b) the result of a beam-splitter unitary Ûη with an ancillary

vacuum mode |0〉A that is then traced out; or (c) for an optical
system, the state at one of the output ports of a fictitious beam
splitter with a vacuum mode.

2(1 − η)/(1 + (1 − η)σ 2), since the state after the encod-
ing is no longer vacuum and therefore is not stable under
the loss channel.

In this work, we will consider different initial states
that will not be stable under the loss channel, unlike the
vacuum. We will focus on the impact of a known loss
η occurring before the encoding, which now will affect
the QFI, and assume that no loss occurs after the encod-
ing. We address the effect of noise channels occurring
after the encoding in Appendix B 1, where we show that
measurement noise can, in theory, be overcome by using
a suitable control unitary. We analyze the implications
of an unknown loss in Appendix B 2, where we justify
neglecting this effect given a vacuum input state.

C. Classical noise channel

We also consider a Gaussian noise channel �noise

C

that
models a source of uncorrelated classical noise, e.g., ther-
mal fluctuation processes in optics or a nonzero tempera-
ture of microwave resonators. For M modes, this channel
is a random-displacement channel

�noise

C

(ρ̂) =
∫

CM
d�α p(�α)D̂(�α)ρ̂D̂(�α)†, (22)

where p(α) ∼ N (0, 1
2
C) for a positive-semidefinite

2M × 2M matrix 
C and the M -mode displacement oper-
ator is D̂(α) =∏M

i=1 exp(αiâ
†
i − α∗

i âi), where âi is the
annihilation operator for the ith mode. This classical noise
channel acts on Gaussian states as an additive noise source:

 �→ 
 +
C. [Note that �σ = �noise

diag(0,σ 2)
in Eq. (15).]

For a given single-mode Gaussian state with fixed
〈
n̂
〉 =

N , a nonzero 
C will make the final state mixed and
always lead to a Rayleigh curse, as σ → 0 by Claim 1. For
example, if 
C = diag

(
σ 2

x , σ 2
p

)
with vacuum input, then

IQ(σ ) = 2σ 2
(
1 + 2σ 2

x

)2

κ (κ + 1)
, (23)

where

κ = σ 2 + σ 2
x + σ 2

p + 2σ 2
x

(
σ 2 + σ 2

p

)
. (24)

As long as one of σx and σp is nonzero, then IQ(σ = 0) =
0 here. In particular, for the isotropic case σC := σx = σp ,
the Rayleigh curse arises when the signal is dominated by
the classical noise, σ � σC.

Classical noise changes the optimal measurement
for the vacuum input-state case, such that num-
ber measurement alone no longer saturates the QFI.
Instead, the optimal measurement is to squeeze 
 �→
diag

(
e−2r, e2r

)

 with e2r = 1 + 2σ 2

x immediately after
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the encoding process. The squeezing level is cho-
sen such that 
 = diag

(
1
2 + σ 2

x , 1
2 + σ 2 + σ 2

p

)
becomes

diag
( 1

2 , 1
2 + κ

)
. After this additional squeezing operation,

we then perform a number measurement. The gain in the
CFI from this additional squeezing operation in the limit
of small classical noise compared to direct number mea-
surement is 1 + 4σ 2

x ; hence it is marginal given small
σx but it is still highly favorable compared to quadrature
measurement.

Let us discuss how to determine, e.g., σp for a given
experiment. The total output-referred free noise S(0)pp (�) in
Eq. (3) is the sum of the output-referred quantum noise
SQ

pp(�) and the output-referred classical noise SC
pp(�) such

that

Spp(�) = SQ
pp(�)+ SC

pp(�)+ Gpy(�)Syy(�). (25)

For example, the output-referred quantum noise is
SQ

pp(�) = SQ,vac
pp (�) = 1 if the quantum noise spectrum

is dominated by the quantum shot noise from the vac-
uum, which we denote as SQ,vac

pp (�) (i.e., if the input
state is vacuum and the device has no effects, such as
quantum radiation pressure noise, that modify the quan-
tum state if there is zero signal). Similarly to how σ

is given by Eq. (14), the parallel classical noise is thus
σ 2

p := 1
2 SC

pp(�) and, analogously, the perpendicular clas-
sical noise is σ 2

x := 1
2 SC

xx(�). (More generally, 
C equals
1/2 times the classical noise contributions to the matrix
of cross spectra of x̂(�) and p̂(�).) Furthermore, let us
relate, e.g., σp to a common set of performance metrics
for interferometers: the signal-referred noise spectral den-
sities. These metrics are obtained by dividing Eq. (25) by
the gain Gpy(�) and are given in power units as follows:

S(�) := Spp(�)

Gpy(�)
= SQ(�)+ SC(�)+ Syy(�),

SQ(�) := SQ
pp(�)

Gpy(�)
, SC(�) := SC

pp(�)

Gpy(�)
.

(26)

Here, SQ(�) is the signal-referred quantum noise, SC(�)

is the signal-referred classical noise, and S(0)(�) =
SQ(�)+ SC(�) is the total signal-referred free noise. For
example, for gravitational-wave observatories, S(0)(�) is
the strain sensitivity to deterministic gravitational waves.
If the total free-noise spectrum is dominated by the
quantum shot noise from the vacuum, which is the
case for gravitational-wave observatories at kilohertz fre-
quencies, then S(0)(�) = SQ,vac(�) = 1/Gpy(�), where
SQ,vac(�) = SQ,vac

pp (�)/Gpy(�). This provides the follow-
ing simple relationship to determine the gain Gpy(�)

from existing tuned interferometer designs that meet these

assumptions:

Gpy(�) = SQ,vac(�)−1. (27)

The classical noise may then be determined from the
signal-referred spectra, e.g., σ 2

p := 1
2SC(�)/SQ,vac(�).

In summary, classical noise limits the QFI for small
signals when preparing the vacuum state. Unless stated
otherwise, we assume henceforth that the classical noise
is negligible, i.e., that the signal is dominant, σ � σC.
This is motivated by certain applications, discussed later
in Sec. VII B, for which the search for stochastic signals
is limited by imperfections from decoherence—quantum
backgrounds—rather than classical backgrounds. We will
revisit nonzero classical noise and whether its impact can
be avoided by preparing different initial states in Sec. V G.

V. OPTIMAL INITIAL STATE

We now consider the initial state and measurement
scheme that comprise the optimal protocol for sensing the
signal σ encoded by �σ with and without losses. In par-
ticular, we want to know whether entangled resources and
collective measurements are necessary.

A. Review of channel quantum Fisher information

Building on Sec. II D, here, we introduce our tools for
determining the optimal initial state: the channel QFI and
extended-channel QFI [43,44].

Given an initial state |ψ〉 and a channel �θ that encodes
a parameter θ in the final state ρ̂(θ) = �θ(|ψ〉〈ψ |), then
let the QFI with respect to θ be denoted as I�θ (|ψ〉〈ψ |)

Q (θ).
The QFI from the optimal initial state |ψ〉 is called the
channel QFI (CQFI) of �θ and is given by

I�θ ,no ancilla
Q (θ) = sup

|ψ〉
I�θ (|ψ〉〈ψ |)

Q (θ), (28)

where we emphasize that no ancilla is allowed when calcu-
lating the CQFI. From the convexity of the QFI, it suffices
to optimize over pure initial states.

If we prepare an initial state |�〉 that is also entan-
gled with some ancilla, e.g., a TMSV state, then we might
improve the estimation of θ . Let the joint channel be�σ ⊗
�A, where �A is some channel that acts on the ancilla. In
the noiseless-ancilla case, �A = 1A is the identity. In this
ideal case, the CQFI of the joint channel�σ ⊗ 1A is called
the extended-channel QFI (ECQFI) of �σ and is given by

I�θQ (θ) = sup
|�〉

I(�θ⊗1A)(|�〉〈�|)
Q (θ). (29)

The ECQFI is the maximum amount of information about
the parameter θ that can be extracted after the channel
�θ acts on the quantum device. Note that the inequal-
ity I�θQ (θ) ≥ I�θ ,no ancilla

Q (θ) between the ECQFI and the
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CQFI always holds. If, as in some cases, I�θQ (θ) is strictly

larger than I�θ ,no ancilla
Q (θ), then entanglement with an

ancilla is a required resource for optimal signal extraction
[45].

Realistically, however, we expect that the ancilla should
also experience some loss such that �A = �loss

ηA
, where ηA

is some ancilla loss, rather than �A = 1A. The CQFI of
this joint channel�σ ⊗�loss

ηA
then represents the maximum

information feasibly available. The key questions to ask
are then whether the CQFI and ECQFI of �σ ⊗�loss

ηA
are

equal and, similarly, whether the CQFI and ECQFI of �σ

are equal. If the latter is true, then all four of the CQFI
and ECQFI of�σ ⊗�loss

ηA
and the CQFI and ECQFI of�σ

are equal and the ultimate sensitivity limit can be achieved
without using an ancilla. This will turn out to be the case
in our work (see Sec. V F below).

When exploring these limits, we can also impose other
physical restrictions. For example, since the unconstrained
ECQFI I�θQ (θ) might be unbounded at θ = 0 in the loss-
less case, we can constrain the average energy 〈Ĥ 〉 ∝〈
n̂
〉+ 1

2 of the initial state of the harmonic oscillator.
Let the ECQFI in Eq. (29) constrained to initial states
|�〉 with

〈
n̂
〉 = N average occupation number per mode

be denoted I�θ ,N
Q (θ). (Note that while

〈
n̂
〉 ≤ N may be

a more natural constraint, the bounds that we find are
always nondecreasing in N such that it suffices to consider〈
n̂
〉 = N .)
We need to therefore calculate the ECQFI of our channel

�σ with respect to σ to determine the optimal initial state
and whether entanglement is a required resource, with and
without noise channels on the system and ancilla.

B. Review of the deterministic case

Before proceeding to our case of a random-displacement
channel, we briefly review the case of a deterministic
displacement channel to establish the similarities and dif-
ferences between the two cases.

Consider a deterministic displacement of the state ρ̂ by
μ along p̂ such that we want to estimate μ from measure-
ments of Ûμρ̂Û†

μ, where Ûμ = exp(iμx̂). In the lossless
case, if ρ̂ = |ψ〉〈ψ | is pure, then the QFI is IQ(μ) =
4Var|ψ〉[x̂]. Since Var|ψ〉[x̂] can be made arbitrarily large,
the unconstrained ECQFI is unbounded. As such, we
constrain the initial state |ψ〉 to have N average occu-
pation number per mode,

〈
n̂
〉 = N . The maximum value

of Var|ψ〉
[
x̂
]

given the constraint of
〈
n̂
〉 = N is attained

by an SMSV state, in which case Var|ψ〉
[
x̂
]

is equal
to ξN := N + 1

2 + √
N (N + 1). Note that ξN → 2N as

N → ∞. The ECQFI is then

IÛμ,N
Q (μ) = 4ξN −−−→

N→∞
8N , (30)

which is achieved by preparing an SMSV state and, e.g.,
measuring the quadrature p̂ . Another optimal measurement
is to instead antisqueeze after the encoding and then per-
form a number measurement n̂. We emphasize that this
asymptotic scaling with N is the fundamental limit for loss-
less deterministic displacement sensing. The Heisenberg
limit of N 2 for phase estimation cannot be achieved for
displacements.

Realistically, however, the state will experience some
losses such that the total channel is not unitary. Suppose
that the state encounters a loss η before the encoding such
that the total channel is �′

μ(ρ) = Ûμ�
loss
η (ρ̂)Û†

μ. In this
lossy case, Ref. [18] has shown that an SMSV state is still
the optimal initial state and attains the following ECQFI
given the constraint of

〈
n̂
〉 = N :

I�
′
μ,N

Q (μ) = 4ξN

η (2ξN − 1)+ 1
−−−→
N→∞

2
η

. (31)

The high-energy limit of the deterministic ECQFI is then
bounded by 2/η, which cannot be surpassed using any
initial state. For example, this result is known in the
gravitational-wave-observatory context where, to sense
deterministic gravitational waves in the presence of opti-
cal losses, it is optimal to inject a squeezed optical state
into the differential port of the Michelson interferometer
and perform a quadrature measurement [46], as is presently
done [47–50].

C. Lossless case

We now return to studying the ECQFI of the random-
displacement channel �σ with respect to σ . We prove the
following claim about the optimal protocol.

Claim 2. In the lossless case, the ECQFI constrained to
initial states with

〈
n̂
〉 = N per mode is

I�σ ,N
Q (σ ) = 4

2σ 2 + ξ−1
N

, (32)

which is saturated by preparing an initial SMSV state
and performing a number-resolving measurement after
first antisqueezing. Entanglement with an ancilla is not a
required resource.

The proof of Claim 2 is given in Appendix C 2. We use
an established technique of bounding the ECQFI using a
sequence of purifications of �σ by Uhlmann’s theorem
[18,43,44]. We find the following upper bound on the
ECQFI:

I�σ ,N
Q (σ ) ≤ 4

2σ 2 + Var
[
x̂
]−1 , (33)

where Var
[
x̂
]

is calculated with respect to the initial state.
Minimizing Eq. (33) over the initial state is equivalent to
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optimizing Var
[
x̂
]

given the constraint of
〈
n̂
〉 = N , which

is attained by an SMSV state. By calculating the QFI using
Eq. (19), we observe that an SMSV state is optimal for any
σ and saturates the ECQFI in Eq. (32).

Claim 2 implies that the behavior of the ECQFI depends
on the ratio between N and 1/4σ 2. For N � 1/4σ 2,
I�σ ,N

Q (σ ) grows linearly as 8N similarly to Eq. (30) but
if N � 1/4σ 2, then I�σ ,N

Q (σ ) converges to 2/σ 2.
We comment on the limit of vanishingly small signals

σ → 0 such that the upper bound in Eq. (33) becomes
4Var

[
x̂
]

and is tight for any initial state in this limit [51].
(Curiously, this equals the QFI for deterministic displace-
ments in Sec. V B.) In Fig. 4(a), for this small-signal
limit of σ → 0, we compare the ECQFI attained by an
SMSV state versus the average number

〈
n̂
〉

to the QFI of
other states, such as coherent, TMSV, Fock, Schrödinger’s
cat, and finite-energy Gottesman-Kitaev-Preskill (GKP)
grid states [52]. (We review finite-energy GKP states in
Appendix H.) In the high-energy limit of

〈
n̂
〉→ ∞; cat

states also attain the ECQFI of 8N ; TMSV, finite-energy
GKP states, and Fock only grow as 4N ; and coherent states
remain at the vacuum level of 2, since displacements com-
mute with the encoding channel�σ . In this limit of σ → 0,
an optimal measurement of the final state ρ̂ is to project it
onto the initial state |�〉〈�|, which can be implemented by
an “echo protocol” [53]. For example, it suffices to directly
perform a number-resolving measurement of the SMSV in
this vanishing-signal limit of σ → 0. For arbitrary σ > 0,

(a)

(b)
high-energy limt

FIG. 4. The QFI from preparing different initial states, indi-
cated in the legend, versus the initial average occupation number
per mode in (a) the lossless case and (b) the case of a loss of
η = 0.1 occurring before the encoding with σ = 10−3. We com-
pare the QFI from preparing each initial state to the ultimate
precision limit, the extended-channel QFI (ECQFI). The shaded
gray region is thus inaccessible [but the upper bound at N is
loose in (b)]. In the lossy case, the SMSV and the TMSV with
ηA > 0 exhibit the Rayleigh curse, i.e., QFI → 0 as σ → 0, and
the Schrödinger’s cat state has the same QFI as a coherent state
for approximately N > 3.

however, we need to first antisqueeze and then perform a
number-resolving measurement as stated in Claim 2.

D. Lossy case

Any actual experiment will experience loss that will
dramatically change the ECQFI and optimal initial state
compared to the lossless case. Consider using the initial
state that is optimal in the lossless case, an SMSV state.
Given a loss η occurring before the encoding, then the total
channel becomes �′

σ = �σ ◦�loss
η , where we assume that

the classical noise is negligible. By Eq. (19), the QFI for
an SMSV state in the high-energy limit of N → ∞ is

IQ(σ ) = 8σ 2

(
η + 2σ 2

)2 . (34)

In the small-loss limit, η � σ 2, the QFI is approximately
2/(η + σ 2), which will be shown to be optimal at any σ 2.
In the experimentally relevant loss-dominated regime of
0 < σ 2 � η, the SMSV performs poorly. The QFI for an
SMSV vanishes as σ → 0: it suffers from the Rayleigh
curse and performs even worse than vacuum, as shown
in Fig. 5. This raises the question: What is the ECQFI in
the presence of significant loss, η � σ 2, and which initial
states saturate this bound?

We prove the following claim about the optimal protocol
in the lossy case.

Claim 3. The ECQFI given a loss η before the encoding
is given by

I�
′
σ

Q (σ ) = 2
η + σ 2 , (35)

which is attained by preparing a TMSV state with noiseless
ancilla (ηA = 0) in the high-energy limit of N → ∞.

FIG. 5. The FI versus the standard deviation σ for different
initial states, indicated in the legend, with a loss of η = 0.1 occur-
ring before the encoding. The high-energy limit of the ECQFI
and the squeezed states is shown. The shaded gray region is
inaccessible. For large σ , e.g., σ ∼ η, we calculate the QFI for
the Fock state |8〉 numerically using a truncated Hilbert space of
dimension 50.
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The proof of Claim 3 is given in Appendix C 3, where
we use the same method as the lossless case but with dif-
ferent purifications, inspired by the deterministic case [18].
The optimal measurement of a TMSV state with noiseless
ancilla is to perform number-resolving measurements of
the two modes after first applying antisqueezing and, in
general, a beam splitter [37]. Suppose that we instead per-
form number-resolving measurements directly on the two
modes of a TMSV state with average number per mode
n ∈ Z without first antisqueezing. Then, the CFI does not
attain the TMSV QFI and instead equals the lower QFI of
the equivalent Fock state |n〉 given below.

We have also determined the following upper bound on
the ECQFI for a given finite

〈
n̂
〉 = N :

I�
′
σ ,N

Q <
4

2(η + σ 2)+ (1 − η)ξ−1
N

, (36)

but this upper bound is not tight for η > 0 and a fixed finite
N . For example, a TMSV state with noiseless ancilla (ηA =
0) does not saturate this upper bound for finite N , as shown
in Fig. 4(b).

For finite σ > 0, if the loss ηA on the ancilla mode
before the encoding is small, ηA � σ 2, η, then a TMSV
state saturates the ECQFI in Eq. (35) in the high-energy
limit of N → ∞, as shown in Appendix D. Experimen-
tally, however, this requirement is likely too stringent to
probe the small signals of interest. In the realistic regime
of σ 2 � η, ηA, a TMSV state does not saturate the ECQFI.

In the σ → 0 limit, all squeezed Gaussian states suffer
the Rayleigh curse by Claim 1, provided that loss occurs on
every mode (i.e., with fixed η, ηA > 0). The only Gaussian
states with nonvanishing QFI are then the coherent states,
which still have a QFI of 2/(1 + σ 2), since they remain
coherent after the loss before the encoding. This raises the
question of whether it is possible to attain the ECQFI in
the realistic regime of σ 2 � η, ηA by using non-Gaussian
states. We address this question in Sec. V F below and
show numerically that indeed it appears to be possible.

E. Limit of small signals

Before moving to discuss our numerical results with
non-Gaussian states, let us gain some more understand-
ing of the small-signal σ → 0 limit. In the lossless case,
we have already observed that the QFI in this limit is
4Var

[
x̂
]

[51]. Here, we want to understand the lossy case
in which the state is mixed before the channel is applied.
In Appendix E, we prove the following general claim.

Claim 4. Given an initial state ρ̂ and the random unitary
channel

�σ(ρ̂) =
∫ ∞

−∞
dθ p (θ) Ûθ ρ̂Û†

θ , (37)

where p(θ) ∼ N (0, σ 2) and Ûθ is unitary, then the QFI is

IQ(σ = 0) = 4〈Ĥ�̂⊥Ĥ 〉,

where Ĥ = iÛ†
0
˙̂U0 is the Hermitian generator at σ = 0,

�̂⊥ is the projection operator onto the null space of ρ̂,
and the expectation value is calculated with respect to ρ̂,
i.e., 〈Ô〉 = Tr[ρ̂Ô]. An optimal measurement that attains
the QFI is measurement of Û†

0�̂⊥Û0.

This result means that Ĥ needs to map some of ρ̂ into
its null space to obtain information about σ in the limit of
σ → 0. In particular, if ρ̂ is full rank, then it suffers the
Rayleigh curse.

For our random-displacement channel, given a pure ini-
tial state |ψ〉, then IQ(σ = 0) = 4〈x̂�̂⊥x̂〉, where ρ̂ =
�loss
η (|ψ〉〈ψ |) is the state after the loss but before the

encoding. This result is useful when IQ(σ = 0) is nonzero.
For example, it implies that, for a Fock state |N 〉, the
QFI is IQ(σ = 0) = 2(1 − η)N (N + 1) and is attained by
number measurement.

What is the optimal initial state in this limit of σ → 0?
The ECQFI is not well defined unless we specify the order
of limits since, by Eq. (29),

lim
σ→0

I�θQ (θ) �= sup
|�〉

lim
σ→0

I(�θ⊗1A)(|�〉〈�|)
Q (θ).

Nevertheless, we claim that limσ→0 I�θQ (θ) is the relevant
quantity of interest since, in practice, the signal is small
but finite 0 < σ � 1 and we can only search for signals
above the classical noise floor. In the following subsection,
we discuss a family of initial states that are numerically
optimal for a fixed small but finite 0 < σ � 1.

An open question about this limit of σ → 0 is whether
the only single-mode pure initial states that are finite
rank after the loss �loss

η are either finite superpositions of
coherent states or bounded in the Fock basis.

We discuss a generalization of Claim 4 in Appendix F.
Also, in Appendix G, we give an example of how the
upper bound on the ECQFI, which is analogous to Eq. (32),
can be loose for random unitary channels acting on finite-
dimensional systems.

F. Non-Gaussian states

We now explore whether there exist non-Gaussian states
of the probe that can outperform the Gaussian states and
saturate the ECQFI in Eq. (35) in the relevant high-loss
regime σ 2 � η, ηA.

We start by analyzing the QFI with Fock states. As
shown above, the QFI with a Fock state |N 〉 is IQ(σ =
0) = 2(1 − η)N (N + 1). The optimal Fock state |N 〉 is
thus N ≈ −(1/log(1 − η))− 1, where the Bose enhance-
ment factor (N + 1) balances with the loss factor (1 − η)N
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to achieve a QFI of IQ(σ = 0) ≈ −2/e(1 − η) log(1 − η).
In the limit of small η, IQ(σ = 0) ≈ 2/eη, which misses
the ECQFI by roughly a factor of e, or a penalty of roughly
4.3 dB. This is shown in Fig. 4(b) for η = 0.1, for which
the optimal Fock QFI is IQ(σ = 0) = 7.75 at N = 8, 9,
while the ECQFI is 2/η = 20. That is, for a loss of 10%,
we only need to prepare a Fock state of eight particles to
get within 4.1 dB of the ultimate limit. This may be achiev-
able experimentally in the microwave regime as, e.g., Fock
states of up to 100 photons have been generated in super-
conducting microwave cavities [54] and Fock states of four
photons have already been used in axion searches [55],
as we discuss later. The key takeaway here is that for
σ 2 � η, ηA, Fock states outperform all Gaussian states but
do not attain the ECQFI in Eq. (35), although they may be
a good first step experimentally.

To attain the ECQFI for 0 < σ 2 � η, ηA, we now con-
sider finite-energy GKP states. We review these states in
Appendix H; in particular, the |GKP�〉 family of finite-
energy states given by a superposition of displaced SMSV
states of width ∝ � within a Gaussian window of width
∝ �−1. To calculate the QFI with respect to σ numer-
ically, we model |GKP�〉 in the Fock basis of a trun-
cated Hilbert space. For the lossless case and � � 1,
the overall variance of the pure initial state |GKP�〉 is
Var
[
x̂
] = Var

[
p̂
] = 1

2�
−2, which equals the average occu-

pation number
〈
n̂
〉 = N [56] such that the QFI for small σ

is 4N , as shown in Fig. 4(a). GKP states are promising for
quantum computing and error-correction applications and
much engineering is being done to produce them reliably
[57]. For example, controlled displacements with a qubit
can produce any quantum state of a bosonic mode, at least
in principle [58]. Fock states, binomial-code states, and
GKP states have been prepared experimentally using this
method [59]. To saturate the QFI of the GKP state above,
a non-Gaussian measurement is once again required. We
numerically determine the Fock-basis coefficients of the
optimal set of orthogonal states to project onto for σ > 0.
These states are more complicated than number or momen-
tum eigenstates. We do not know how these states relate
to the GKP states or what they represent physically, but
we suspect that realizing this measurement will be as chal-
lenging as producing the GKP states themselves. We defer
determining how to realize this measurement to future
work.

For the lossy case, e.g., a loss of η = 0.1 occurring
before the encoding, the QFI from preparing finite-energy
GKP states |GKP�〉 converges numerically to the QFI of
a TMSV state with noiseless ancilla (ηA = 0) for N > 10,
i.e.,� < 0.2, as shown in Fig. 4(b). At higher energies, the
QFI increases toward the ECQFI. For example, with η =
0.1 and σ = 10−3, |GKP�〉 attains a QFI above 19, within
95% of the ECQFI of 20, using states with

〈
n̂
〉 = N > 100

in a truncated Hilbert space of dimension O(1000). Note

that we have only considered the small-signal σ behav-
ior here, since it is the most relevant regime, and not the
large-σ behavior shown in Fig. 5 for the other initial states.

We conjecture that preparing finite-energy GKP states of
higher average number, which will require more peaks and
a larger truncated Hilbert space, can get arbitrarily close to
the ECQFI for any fixed σ 2 � η. We expect the conver-
gence to be slow given that a TMSV state with noiseless
ancilla (ηA = 0) only converges asymptotically. This con-
jecture is based on the above numerics and, heuristically,
the connection between the GKP and TMSV infinite-
energy states discussed below. It also would be interesting
to understand the performance in the limit of σ → 0.

Moreover, we conjecture that the ECQFI for a fixed
finite

〈
n̂
〉 = N is saturated by preparing a TMSV state with

noiseless ancilla for all N . Numerically, we have searched
for different non-Gaussian single-mode states that perform
better than a TMSV state with noiseless ancilla with the
same large

〈
n̂
〉 = N but have not found any. We describe

our numerical methods in Appendix I. Briefly, we have
found that sparse superpositions of finitely many Fock
states also outperform Fock states and approach the ECQFI
at high energies. For example, we have found a sparse
state |ψnum.〉 =∑23

j =0 cj |20j 〉 with
〈
n̂
〉 = 158.9 and a QFI

of 18.4, within 9% of the ECQFI of 20 for σ 2 = 10−6

and η = 0.1. Intuitively, e.g., the signal trajectory from |0〉
to |1〉 dominates the loss trajectory from |20〉 to |1〉 for
finite signals σ 2 = 10−6 and η = 0.1. These sparse states
are similar to optimized binomial quantum error-correcting
codes [60].

Finally, we remark that the high numerical performance
of the finite-energy GKP states for sensing a random dis-
placement in the presence of loss is intriguing, as the GKP
infinite-energy state was originally designed for the cor-
rection of random-displacement noise [52]. Both the GKP
infinite-energy state and the TMSV infinite-energy state
can be used to form error-correction codes that are sensi-
tive to random displacement signals along p̂ yet protected
against random-displacement noise along x̂. (We discuss
this further in Appendix D.) In the next subsection, we
will show that this property makes these states resilient to
classical noise along x̂. It would be interesting to under-
stand how this property is related to their performance in
the presence of loss.

G. Classical noise case

We now address the case of significant classical noise
such that the total channel is �′

σ = �σ ◦�noise

C

for a given
classical noise matrix 
C in Eq. (22). Losses are not
present unless otherwise noted. In Appendix J, we prove
that the ECQFI and optimal initial state depend on 
C as
follows.
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First, suppose that the classical noise is confined to the
same quadrature, p̂ , as the signal, i.e., 
C = diag

(
0, σ 2

p

)

with σp > 0. Then, the Rayleigh curse is unavoidable for
σ � σp and the noiseless ECQFI cannot be recovered,
since there is no way to distinguish the signal and the noise.
For a fixed finite σ > 0, the ECQFI is

I�
′
σ ,N

Q (σ ) = 4σ 2

(σ 2 + σ 2
p )
[
2(σ 2 + σ 2

p )+ ξ−1
N

] , (38)

which reduces to Eq. (23) in the vacuum case (N = 0) with
σx = 0. The ECQFI in Eq. (38) is attained for a given

〈
n̂
〉 =

N by preparing the appropriate SMSV state and perform-
ing the noiseless optimal measurement—antisqueezing
followed by a number-resolving measurement. In the case
of parallel classical noise σp and loss η, in the high-energy
limit the ECQFI becomes

I�
′
σ

Q (σ ) = 2σ 2

(η + σ 2 + σ 2
p )(σ

2 + σ 2
p )

, (39)

such that, in the experimentally relevant regime of σ 2 �
σ 2

p � η, the ECQFI approaches 2σ 2/ησ 2
p , which exhibits

the Rayleigh curse. In comparison, the QFI from preparing
an SMSV state in the high-energy limit is

IQ(σ ) = 8σ 2

[
η + 2

(
σ 2 + σ 2

p

)]2 , (40)

which can be attained by performing the above
scheme—antisqueezing followed by a number-resolving
measurement. It can also be attained by performing a
quadrature measurement, but only in the high-energy limit,
as otherwise quadrature measurement is suboptimal for an
SMSV state at any given finite N . The ratio of the ECQFI
in Eq. (39) to the QFI from preparing an SMSV state in
Eq. (40) is thus

g := I�
′
σ

Q (σ )

IQ(σ )
=
(
η + 2ς2

)2

4ς2
(
η + ς2

) , (41)

which is a function of η/ς2, where ς2 := σ 2 + σ 2
p

and g ≥ 1 by definition of the ECQFI. If η � ς2,
then this ratio g approaches one and preparing an
SMSV state is close to optimal. In the above exper-
imentally relevant regime of σ 2 � σ 2

p � η, however,
η � ς2 and g approaches η/4σ 2

p , which is large.
When g is large, i.e., the classical noise is sufficiently
small compared to the loss, then preparing a TMSV
state with noiseless ancilla or preparing non-Gaussian

states can outperform an SMSV state. If the loss on the
ancilla can be made smaller than the classical noise on
the system, i.e., ηA � σ 2

p � η, then a TMSV state with
lossy ancilla can also outperform an SMSV state. Devel-
oping low-loss quantum memories may thus be a viable
direction to pursue experimentally as an alternative to non-
Gaussian-state preparation, as the required measurement
scheme for the TMSV state is simply Gaussian opera-
tions (beam-splitter and squeezing unitaries) followed by
photodetection.

Second, suppose that the classical noise is confined
to the quadrature opposite to the signal, i.e., 
C =
diag

(
σ 2

x , 0
)
, with σx > 0. The effect of this opposite

quadrature noise is fundamentally different from the effect
of noise in the same quadrature as the signal; unlike the
same quadrature case, noise in the opposite quadrature
can be overcome in the limit of large N and does not
necessarily lead to a Rayleigh curse. For fixed finite val-
ues of σ , σx > 0, the noiseless ECQFI in Eq. (32) can
be recovered by preparing an SMSV state in the high-
energy limit of N → ∞. Intuitively, the classical noise
can be squeezed after the encoding while simultaneously
antisqueezing the signal. A given SMSV state with fixed
finite

〈
n̂
〉 = N , however, still exhibits the Rayleigh curse as

σ → 0, such that an SMSV state may not be optimal for
a given

〈
n̂
〉 = N and σ . In comparison, there exist finite-

energy states, e.g., a TMSV state with noiseless ancilla,
that do not exhibit the Rayleigh curse and that recover
their respective noiseless QFI in the high-energy limit, e.g.,
limN→∞ limσ→0 IQ(σ ) = 4N for a TMSV state.

Finally, suppose that the classical noise appears in both
quadratures, i.e., 
C = diag

(
σ 2

x , σ 2
p

)
with σx, σp > 0. For

example, suppose that the classical noise is isotropic with

C = diag

(
σ 2

C, σ 2
C

)
and σC > 0. Then, the Rayleigh curse

is unavoidable, as σ → 0 with σC fixed and the noise-
less ECQFI cannot be recovered. The ECQFI with σx = 0
in Eq. (38), however, can be recovered for a fixed finite
σ > 0 by preparing an SMSV state in the high-energy limit
despite σx > 0. In the isotropic case, this means simply
replacing σp by σC in Eq. (38).

VI. SIMULTANEOUS ESTIMATION OF THE
MEAN AND VARIANCE

We have focused so far on estimating the variance of
a random process. In contrast, most work on quantum
metrology up to now has been dedicated to estimating
the mean value of a signal rather than its variance. For-
mally, estimating the deterministic encoding of a signal is
equivalent to mean estimation in the zero-variance limit.
Here, we unify these two efforts as we consider the opti-
mal simultaneous estimation of the mean and the variance.
We emphasize that we only consider the case in which the
initial state is vacuum such that any loss occurring before
the encoding can be ignored.
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A. Review of quantum multiparameter estimation

We now introduce the tools of quantum multiparame-
ter estimation, in contrast to single-parameter estimation
as reviewed in Sec. II D. In the multiparameter case, a vec-
tor of real parameters �θ is encoded in a quantum state ρ̂(�θ).
Given M independent and identically distributed measure-
ments of the probability distribution p(x|�θ), the CCRB
provides a tight lower bound on the covariance matrix,

�θ , of the estimators of �θ as
�θ ≥ (1/M )[IC(�θ)]−1, where
matrix inequalities A ≥ B are interpreted henceforth as
A − B being positive semidefinite and the classical Fisher
information matrix (CFIM) is

IC(�θ)i,j =
∫ ∞

−∞
dx
∂θip(x|�θ)∂θj p(x|�θ)

p(x|�θ) .

As in the single-parameter case, the CCRB is asymptoti-
cally saturable with maximal likelihood estimators and the
CFIMs of two independent observations sum: if p(x|�θ) and
p(y|�θ) are independent distributions, then the total CFIM
from observing one outcome from each is the sum of the
two CFIMs.

The QCRB provides a further lower bound on the
covariance matrix of the estimators given any measure-
ment strategy,


�θ ≥ 1
M

[IC(�θ)]−1 ≥ 1
M

[IQ(�θ)]−1.

Here, the quantum Fisher information matrix (QFIM) is
defined as

[IQ(�θ)]ij = 1
2

Tr[ρ̂{L̂i, L̂j }],

where the Hermitian operator L̂i is the symmetric loga-
rithmic derivative (SLD) of ρ̂ with respect to θi, which
is defined implicitly by the equation ∂θi ρ̂ = 1

2 {L̂i, ρ̂}.
Given the spectral decomposition of ρ̂ =∑j pj |φj 〉〈φj |,
the SLDs are given by

L̂i =
∑

k,l

2〈φk|∂θi ρ̂|φl〉
pk + pl

|φk〉〈φl|,

where the sum runs over only k, l such that pk +
pl > 0. Similarly to the single-parameter case, the QFIM
for a product state ρ̂1(θ)⊗ ρ̂2(θ) is simply the sum of the
individual QFIMs.

Unlike the single-parameter case, however, this bound is
not saturable a priori. A necessary and sufficient condition
for the asymptotic saturability of the QFIM is the weak-
commutativity condition [61]

Tr
[
ρ̂[L̂i, L̂j ]

]
= 0, ∀i, j . (42)

If this weak-commutativity condition holds, then a joint
(i.e., collective) measurement of many copies of ρ̂ may

be necessary to asymptotically saturate the QFIM. (If this
condition does not hold, then the Holevo CRB would
instead be required to find a tight bound [17,62].)

B. QCRB for simultaneous estimation

We now consider the problem of estimating μ and σ
from the encoding in Eq. (15) but with p(α) ∼ N (μ, σ 2).
We assume that the initial state is the vacuum state, such
that it becomes the displaced squeezed thermal state with
�μ = (0,μ) and 
 = diag

( 1
2 , 1

2 + σ 2
)
. The QFIM about

parameters �θ encoded in a single-mode Gaussian state is
given by a generalization of Eq. (19) [63]

[IQ(�θ)]jk = Tr
[

−1[∂θj
]
−1[∂θk
]

]

2(1 + γ 2)
+ 2[∂θj γ ][∂θkγ ]

1 − γ 4

+ [∂θj �μ]T
−1[∂θk �μ]. (43)

Let �θ = (μ, σ)T. Then the QFIM for the vacuum state is

IQ(μ, σ) =
[

2
1+2σ 2 0

0 2
1+σ 2 ,

]

(44)

such that the QCRB per independent measurement is
�2μ = �2σ = 1

2 for σ � 1. We emphasize here that the
M measurements must be independent and identically dis-
tributed, which means that the stochastic signal must be
uncorrelated between the M measurements, i.e., all off-
diagonal components are zero in the covariance matrix
of the M experiments in time or space. This assumption
will be relevant later when we discuss the application to
searching for a stochastic gravitational-wave background.

This bound is the best we could expect for: the esti-
mation variances of σ and μ given by it are the same as
in each respective single-parameter case. If the QCRB is
tight, therefore, we can estimate the two parameters simul-
taneously with a precision for each that is identical to its
respective single-parameter case.

We check the saturability of the QCRB using the weak-
commutativity condition in Eq. (42). By calculating the
SLDs for the Gaussian channel [37,64], we find that
Eq. (42) holds for the vacuum case. Our remaining task is
to determine the optimal asymptotic measurement scheme
that saturates the QCRB and whether it must be a joint
measurement acting collectively on multiple copies of the
state.

C. Separate measurements

For the vacuum case, while a number-resolving mea-
surement of n̂ is optimal for estimating σ alone (in the
μ = 0 case) and μ alone (in the σ = 0 case), it is inef-
ficient for estimating the two parameters simultaneously.
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Analogously to Eq. (21), the probability of a number-
measurement outcome n is

p(n) =
∫ ∞

−∞
dα
∣∣〈n|α′〉∣∣2 p(α)

= e
−μ2

2(σ2+1) σ 2n

n!
(
σ 2 + 1

)n+ 1
2

[
μ2n (σ

2n − [4(σ 2 + 1)]n)

2nσ 4n(σ 2 + 1)n

+n!L(− 1
2 )

n

(
− 2μ2

4σ 2(σ 2 + 1)

)]
,

where L(α)
n (x) is the generalized Laguerre polynomial.

In the relevant limit of μ, σ � 1, the probabilities are
p(0) ≈ 1 − a and p(1) ≈ a, where a = 1

2 (μ
2 + σ 2). These

probabilities are degenerate with respect to μ and σ such
that only

√
μ2 + σ 2 can be estimated and μ cannot be

distinguished from σ . Indeed, the CFIM for a number
measurement is

I n̂
C(μ, σ) = 2

(
μ2 + σ 2

) (
1 − μ2 + σ 2

)
[
μ2 μσ

μσ σ 2,

]

(45)

which is singular, and the only nonzero eigenvalue corre-
sponds to the parameter

√
μ2 + σ 2.

For simultaneous estimation of μ and σ , therefore, we
need to add a measurement that will break this degeneracy.
This can be accomplished by adding a quadrature measure-
ment. In the limit of μ, σ � 1, quadrature measurement is
optimal for estimating μ yet provides no information about
σ since it is Rayleigh cursed, as can be observed from the
CFIM

I p̂
C(μ, σ) =

⎡

⎢⎢⎢
⎣

2
1 + 2σ 2 0

0
8σ 2

(
1 + 2σ 2

)2

⎤

⎥⎥⎥
⎦

−−→
σ→0

(
2 0
0 0

)
.

Performing a combination of number and quadrature mea-
surements should thus allow for simultaneous estimation.
Suppose that we perform many measurements of which
the proportion of number measurements is p for some
p ∈ (0, 1). For this protocol, the CCRB per measurement is


 =
[
pI n̂

C + (1 − p)I p̂
C

]−1

= 1
2(1 − p)

⎛

⎜
⎝

1 −μ
σ

−μ
σ

1 − p
p

+ μ2

pσ 2 ,

⎞

⎟
⎠

such that the minimum MSEs are �2μ = 1/2(1 − p) and
�2σ = 1/2p + μ2/2(1 − p)pσ 2. The QCRB per mea-
surement of �2μ = �2σ = 1

2 is, therefore, not saturated
by this separate measurement strategy.

Intuitively, p̂ provides an optimal measurement of μ
and n̂ provides an optimal measurement of σ for a suffi-
ciently small μ. These observables, however, only weakly
commute, since

〈
[p̂ , n̂]

〉 = −i
〈
x̂
〉 = 0, such that these mea-

surements cannot be performed simultaneously. Since only
one of them is performed each time, �2μ suffers from
a factor-of-(1 − p) gap from the QCRB and, similarly,
�2σ suffers from a gap of p . Although �2σ suffers an
additional uncertainty of μ2/2p(1 − p)σ 2, this can be sup-
pressed asymptotically by reducing μ adaptively, i.e., by
estimating μ and then nulling by displacing the state back
toward the vacuum using the estimate of μ before the num-
ber measurement. We describe a suitable adaptive protocol
further in Appendix K.

In various cases, the figure of merit is a weighted sum of
the variances, i.e., Tr[W
], where W = 2 diag(1 − w, w) ,
with w ∈ (0, 1), is the weight matrix. Informally, the
weight w represents how much more we care about esti-
mating σ than μ or vice versa. We thus want to know the
optimal proportion of number measurements p for a given
w to minimize this figure of merit:

Tr[W
] = (−2pw + p + w)σ 2 + wμ2

(1 − p)pσ 2 .

The optimal proportion can be shown to be

p = w

w +
√

w[wμ2+(1−w)σ 2]
μ2+σ 2

,

such that the optimal figure of merit is

Tr[W
] = 1 + 2μ2w
σ 2

+ 2

√
μ2 + σ 2

σ 2

√
w
[
wμ2 + (1 − w)σ 2

]
,

which does not saturate the QCRB of Tr[WI−1
Q ] = 1,

except in the limit of w = 0, which corresponds to esti-
mating μ by solely performing quadrature measurements.
This is due to two penalty terms. The first penalty term,
2μ2w/σ 2, stems from nonzeroμ and can be asymptotically
removed with an adaptive protocol. The second penalty
term is fundamental and appears for any w �= 0, 1. In the
limit μ → 0, which is attainable with an adaptive proto-
col, the optimal p is p = √

w/(
√

w + √
1 − w) and the

optimal figure of merit is 1 + 2
√

w(1 − w), which attains
the QCRB for w = 0, 1. The worst-case scenario corre-
sponds to equal weights, i.e., w = 0.5, where the optimal
proportion of number and quadrature measurements is also
equal, i.e., p = 0.5, and the figure of merit is Tr[W
] =
2 + 2μ2/σ 2, since �2μ = 1 and �2σ = 1 + 2μ2/σ 2.

Numerical results of the adaptive and nonadaptive
schemes are shown in Fig. 6, where we plot the MSE in

030311-16



STOCHASTIC WAVEFORM ESTIMATION. . . PRX QUANTUM 6, 030311 (2025)
m

ea
n-

sq
ua

re
 e

st
im

at
io

n 
er

ro
r

number of measurements M

(a)

(b)

FIG. 6. The numerical mean-square estimation error (MSE)
compared to the Cramér-Rao bounds (CRBs) for simultane-
ous estimation of μ and σ versus the number of indepen-
dent measurements M . The shaded gray region is inaccessi-
ble with the input state fixed as the vacuum state. (a) The
nonadaptive-separate-measurements scheme with σ = 0.05 and
different ratios of μ/σ . (b) Adaptive separate measurements
are more precise than the nonadaptive strategy with σ = 0.05
and μ/σ = 0.5 but neither reach the QCRB asymptotically as
M → ∞.

estimating σ . Denoting the M outcomes of the quadra-
ture measurement and number measurement as {pi}M

i=1 and
{ni}M

i=1 respectively, the estimator of μ is μ̃ = (1/M )
∑

i pi

and the estimator of σ is ς = √(2/M )
∑

i ni − μ̃2. The
distribution of ς is not Gaussian and hence it only con-
verges to the CCRB of �2σ = 1 asymptotically, as shown
in Fig. 6.

While we have shown that there is no combination of
number and quadrature measurements that can saturate the
QCRB, we would need to calculate the Nagaoka-Hayashi
bound to prove that no other separate measurement scheme
can attain the QCRB [65,66].

D. Joint measurements

Suppose that we perform joint measurements on
the M independent and identical copies of the final
state ρ̂ = �σ(|0〉〈0|). This collective state ρ̂⊗M is
an M -mode Gaussian state with 2M -by-1 mean vec-
tor �μ = (0,μ, 0,μ, · · · , 0,μ)T and 2M × 2M covari-
ance matrix 
 =⊕M

j =1 diag
( 1

2 , 1
2 + σ 2

)
in the basis

(x̂1, p̂1, · · · , x̂M , p̂M )
T. This M -mode state can be trans-

formed to the (anti)symmetric basis such that �μ =
(
√

Mμ, 0, 0, 0, · · · , 0, 0)T, where the symmetric mode is
listed first and 
 is unchanged. We emphasize that the
elements of this (anti)symmetric basis are orthogonal and
commute. This shows that measuring the p̂ quadrature of
the symmetric mode is a sufficient statistic for μ. The
remaining M − 1 antisymmetric modes can then be used
to measure σ performing a number measurement on each

mode. Absorbing the M factors from the CRBs, the CFIM
for this joint measurement is 2 diag(M , M − 1), which
saturates the QFIM in Eq. (44) of 2Mdiag(1, 1) in the
asymptotic limit of M → ∞.

It is therefore possible to saturate the QFIM if we can
perform joint measurements on M independent and identi-
cal copies of the final state. These M copies can correspond
to different experiments distributed in space or time. For
uncorrelated experiments distributed in space, the required
transformation to symmetric and antisymmetric modes
could be done using a sequence of beam-splitter unitaries;
while for uncorrelated experiments distributed in time, the
transformation may be done using quantum memories, as
further discussed in Sec. VII A.

This protocol is an instance of the following general
statement for any quantum system.

Claim 5. Given an initial pure state |ψ〉 and the random
unitary channel

�σ ,μ(|ψ〉〈ψ |) =
∫ ∞

−∞
dθ p (θ) Ûθ |ψ〉〈ψ |Û†

θ , (46)

where p(θ) ∼ N (μ, σ 2) and Ûθ = exp(−iθĤ), then the
QFI with respect to either μ → 0 or σ → 0 equals
4Var[Ĥ ] and the QFIM is simultaneously saturable with
a joint measurement in the asymptotic limit of M → ∞.

The proof of Claim 5 is given in Appendix L. The key
idea is the same as in our particular case above: while the
parameter μ displaces the state in the symmetric subspace
of the M copies, σ takes the state out of the symmetric
subspace. The QFI with respect to μ is saturated by mea-
suring a suitable basis in the symmetric subspace, while the
QFI with respect to σ is saturated by measuring the projec-
tion onto the antisymmetric subspace. Similar protocols to
saturate the QCRB by projecting onto the symmetric and
antisymmetric subspaces have previously been proposed
for superresolution in imaging [67] and estimating phase
diffusion in qubits [68].

Lastly, we remark that preparing collective initial states
could improve the joint measurement of the mean and
variance in the presence of losses. The optimal collective
strategy is to prepare the symmetric mode in an SMSV
state to sense the mean μ and to prepare the antisymmet-
ric modes in the optimal non-Gaussian states to sense the
standard deviation σ , e.g., GKP states.

VII. STOCHASTIC WAVEFORM ESTIMATION,
IMPLEMENTATION, AND APPLICATION

We now solve the continuous-estimation problem of
determining Syy(�) at each frequency�. By the chain rule
from σ to Syy(�) using Eq. (14), the QFI with respect to
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Syy(�) is

IQ[Syy(�)] = Gpy(�)
2

8σ 2 IQ(σ ). (47)

where we include a factor of 2 to account for adding the
information from the independent real and imaginary parts
of the mode at �.

By Eqs. (39) and (47), the ECQFI for sensing Syy(�) in
the presence of an input loss η and signal-referred parallel
classical noise SC(�) from Eq. (26) is thus equal to

I�
′
σ

Q [Syy(�)] = [Syy(�)+ SC(�)+ 2ηSQ,vac(�)
]−1

· [Syy(�)+ SC(�)]−1, (48)

where we have used Eq. (27) to relate the gain Gpy(�)

to the signal-referred quantum shot noise from the vac-
uum, SQ,vac(�). For example, if the initial state is vacuum,
then the QFI with respect to Syy(�) is given above by
setting η = 1 and is attained by performing a number-
resolving measurement at each frequency. To attain the
ECQFI in Eq. (48) at each frequency � and increase
the QFI beyond the vacuum case by roughly a factor of
1/η in the vanishing-signal limit, we need to instead pre-
pare non-Gaussian initial states and perform non-Gaussian
measurements independently in the cos(�t) and sin(�t)
signal components of Eq. (10). This is experimentally
demanding, as we discuss in detail later.

Let us compare the ECQFI in Eq. (48) to the QFI from
preparing an SMSV state. In the limit where the signal
and classical noise are small compared to the quantum
shot noise, i.e., Syy(�), SC(�) � ηSQ,vac(�), the ECQFI
in Eq. (48) may be approximated as

I�
′
σ

Q [Syy(�)] ≈ {2ηSQ,vac(�)[Syy(�)+ SC(�)]
}−1

.

In comparison, by Eqs. (40) and (47), the QFI from prepar-
ing an SMSV state is attained in the high-energy limit by
performing a quadrature measurement and is given by

IQ[Syy(�)] = [Syy(�)+ SC(�)+ ηSQ,vac(�)]−2,

which is approximately IQ[Syy(�)] ≈ [ηSQ,vac(�)]−2 in
the shot-noise–dominated limit. (For example, in the
vacuum-injection case, the CFI from quadrature measure-
ment is given by setting η = 1.) The ratio between the
ECQFI and the QFI from preparing an SMSV state is thus
large and given by [cf. Eq. (41)]

I�
′
σ

Q [Syy(�)]

IQ[Syy(�)]
≈ ηSQ,vac(�)

2
[
Syy(�)+ SC(�)

] ,

such that experiments where the signal and classical noise
are small compared to the quantum shot noise can be

significantly accelerated by preparing non-Gaussian states
compared to preparing an SMSV state.

In principle, there is a continuum of independent param-
eters Syy(�) to estimate the spectrum but, in practice, we
are often only interested in distinguishing spectra from
a family Syy(�|�θ) parametrized by a finite set of real
parameters, �θ . For example, below, in Sec. VII B, we will
examine the single-parameter case in which the spectrum
Syy(�|α) = α�(�) is solely determined by the unknown
scale parameter α, since the morphology �(�) is known.
Additionally, given a limited measurement bandwidth ��
and a total measurement interval �T, it is only possible
to make a finite number of measurements M = ���T/π .
The task then becomes to estimate �θ from the measure-
ment outcomes {Syy(�j |�θ)}M

j =1 at the frequencies {�j }M
j =1

such that the QFIM is

[IQ(�θ)]ij =
M∑

k=1

IQ[Syy(�k|�θ)]∂Syy(�k|�θ)
∂θi

∂Syy(�k|�θ)
∂θj

,

(49)

where, since the modes at each frequency are independent
of each other by linearity, the total QFIM is the sum of the
individual QFIMs. Note that the optimal measurement at
each frequency to attain the QFIM depends on the initial
state.

We may generalize the choice of temporal basis. We
have so far assumed that we measure the state of the
Fourier component at a given frequency, equivalent to
measuring the cosine and sine functions in the time domain
as given by Eq. (10). We generalize this description, as
the Fourier basis is expressed in a formal limit that is not
experimentally accessible. Instead, we may measure the
state in an arbitrary temporal basis {wj }M

j =1 of orthogonal
functions such that

∫∞
−∞ dt wj (t)w∗

k(t) = δjk. The tempo-
ral basis can be chosen to fit the given signal model
and, in particular, each temporal mode, wj , can be asso-
ciated with a parameter of interest, θj . The state of each
temporal mode is described by the density matrix ρ̂k :=∫∫∞

−∞ dτdτ ′ wk(τ )ρ̂(τ , τ ′)w∗
k(τ

′) and the operators that act
on this state may be similarly constructed, e.g., the anni-
hilation operator is âk := ∫∞

−∞ dτ wk(τ )â(τ ) [69]. Here,
ρ̂(τ , τ ′) is the density matrix of a single transverse mode
of the outgoing bosonic field where the wave parameter
τ = t − cz depends on time t and the distance along the
spatial propagation axis z, along which the mode propa-
gates at speed c. For example, this state could represent a
paraxial Gaussian beam of light or a wire acting as a trans-
mission line. Note that we still assume that the noise is
stationary.

Using a temporal measurement basis is a significant
departure from the deterministic displacement case, in
which we record the time series from quadrature mea-
surement and can then choose any temporal basis post
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hoc using classical processing. Here, we instead directly
perform, e.g., a number measurement of each temporal
mode, which is highly advantageous compared to quadra-
ture measurement for sensing stochastic signals. The mea-
surement comes at the cost, however, of not being able
to later process the data classically to study a differ-
ent temporal basis. Implementations of the independent
preparation of non-Gaussian states and performance of
non-Gaussian measurements of each temporal mode must
be developed for optimal stochastic waveform estimation.
We discuss two possible pathways below—resonant filters
and cooperative quantum memories.

A. Potential experimental implementations

We first consider the case of preparing the vacuum state
and measuring in the Fourier basis. The QFI for an input
vacuum state at a given frequency is saturated by number
measurement at that frequency. This measurement can be
achieved using a resonant filter to extract a band of Fourier
modes followed by a number-resolving measurement. For
example, in the optical domain, this may be done using
resonating filter cavities and low-background photodetec-
tors [24,70]. This implementation, however, can demand
a high number of resonant filters. While in principle we
only require one filter per parameter θ , in practice we
may require additional filters, e.g., to remove background
classical noise. Optically, implementing narrow-band filter
cavities may be difficult because long round-trip lengths
and low scattering loss are required. Furthermore, imple-
menting the measurement in an arbitrary temporal basis
or, e.g., the non-Gaussian measurement required for a
GKP finite-energy input state may be challenging to do all
optically.

A more promising pathway is to instead prepare the
initial states in a dedicated ancilla and then couple the
states from that ancilla to the appropriate temporal basis of
the incoming bosonic mode of the main device. The time
reversal of the coupling process can then load the outgoing
bosonic mode from the device into an ancilla to be mea-
sured. A key example of this protocol would be to use the
two-photon Raman transitions of atoms [71] to transmit
and receive states in a given temporal basis. To accomplish
this in the future with atom-based experimental platforms,
we outline the following five requirements:

(R1) preparing non-Gaussian bosonic initial states using
the electronic states of atoms or ensembles of atoms

(R2) implementing the optimal non-Gaussian projective
measurements using atomic states

(R3) multiplexing such preparation and measurement
procedures across many such atomic ensembles

(R4) achieving high cooperativity couplings that mini-
mize transmission loss into and out of these ancillas

(R5) creating long-lived or distantly distributed
memories

In general, an optimal stochastic waveform search would
demand simultaneous implementation of (R1)–(R4),
which have some competing requirements. (R1) and (R2)
are feasible with various platforms and schemes, e.g.,
preparing Fock states with efficient projective readout [72–
78] and coherent population trapping [79,80] of atomic
states. (R3) is feasible using lattice traps [81] or tweezer
arrays [82]. (R4) is feasible using the Purcell effect via
cavity enhancement or nanophotonics [83]. Finally, (R5)
is required to realize the optimal joint measurement of
the associated mean and variance from Sec. VI D using
many independent and identical copies of the state, which
may correspond to experiments distributed distantly in
space (e.g., observatory networks jointly estimating com-
mon deterministic and uncorrelated stochastic signals) or
in time (e.g., rare events with collective deterministic and
uncorrelated stochastic properties). (R5) has been demon-
strated in many kinds of systems [84–86] but its integration
with the other requirements is an ongoing effort in the field
of emerging quantum technologies.

While, in the above discussion, we emphasize optical
sensors and atomic memories, microwave systems are sim-
ilarly promising. They can leverage superconducting cavi-
ties and nonlinear junctions [87–91] to form qubits that can
efficiently produce non-Gaussian states [92] across multi-
plexed devices [93] for fundamental physics and sensing
applications [94]. The need for low classical noise sug-
gests that the greatest benefit will be for microwave sensors
operating in the �200-MHz range that can search for sig-
nals above the thermal black-body radiation of dilution
refrigerators [95], i.e., in the σ � σC regime [96].

B. Applications

We now consider fundamental-physics applications that
highlight the metrological advantages of non-Gaussian-
state preparation and measurement for sensing stochastic
signals.

1. Quantum gravity

The Verlinde-Zurek theory of quantum gravity predicts
large-scale “geontropic” length fluctuations that scale with
the holographic surface area of a given volume of space-
time [1,2]. This signal is predicted to manifest as excess
noise in the phase quadrature p̂ of an optical Michelson
interferometer that scales linearly with the arm length.
This scenario is described by Eq. (3) with θ = π/2, where
Syy(�) = α�(�) for some scale factor α to be estimated,
and known signal morphology �(�) (e.g., the fiducial
spectrum from Ref. [2]) such that σ 2 = 1

2αGpy(�)�(�)

by Eq. (14). Previous observations have constrained α

to be less than one [4]. The future Gravity from the
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Quantum Entanglement of Space-Time (GQuEST) optical
interferometry experiment is proposed to further constrain
α [3,70] (see also Ref. [5]).

In GQuEST, the classical noise background is projected
to be 7 orders of magnitude below the quantum shot noise,
σ 2

C ∼ 10−7 � 1
2 , while the optical loss is projected to be

η, ηA ∼ 0.1, limited by resonating filter cavities outside
the interferometer. (Contributions to the optical loss from
inside the interferometer are projected to be as low as
10−4.) For signals below the classical noise background,
i.e., σ � σC, this situation is described by Eq. (39), which
exhibits the Rayleigh curse. We search instead for sig-
nals above the classical noise background, i.e., σC � σ �
η, ηA. In this loss-dominated regime, preparing squeezed
states or performing quadrature measurements introduces
the Rayleigh curse. By Eqs. (47) and (49), the integrated
QFI with respect to α is

IQ(α) =
M∑

j =1

Gpy(�j )�(�j )

4α
IQ(σ ).

For example, if the initial state is a vacuum state, then, by
Eq. (48) with η = 1, the QFI is

IQ(α) =
M∑

j =1

Gpy(�j )�(�j )

α[2 + αGpy(�j )�(�j )]
, (50)

which can be attained by number measurement at each fre-
quency �j . For the vacuum case, the results from Sec. III
thus indicate that photon counting accelerates the accrual
of information by 1/4σ 2, compared to quadrature mea-
surement at each frequency. This acceleration reduces the
required observing time or number of independent mea-
surements to reach a given confidence level by the same
factor. In comparison, if an SMSV state is prepared, for
which quadrature measurement is optimal in the high-
energy limit, then the acceleration compared to the vacuum
case with quadrature measurement is a factor of 1/η2 by
Eq. (34). Thus, photon counting beats squeezing for this
application of stochastic signal estimation since 4σ 2 � η.

The constraint on α can be further improved by prepar-
ing non-Gaussian states. The ECQFI in Eq. (35) indi-
cates that if we prepare the optimal states and perform
the optimal measurements, then the accrual of informa-
tion about α could be accelerated by 1/(4σ 2η) compared
to the vacuum case with quadrature measurement, or by
1/η compared to the vacuum case with number mea-
surement. Thus, optimal state preparation and measure-
ment, if implemented through the aforementioned emerg-
ing quantum technology, could significantly accelerate this
fundamental-physics application.

2. Stochastic gravitational waves

Gravitational-wave searches may also benefit from our
results. The global network of gravitational-wave obser-
vatories [7] presently consists of the Laser Interferomet-
ric Gravitational-wave Observatory (LIGO) [8], Virgo
[9], and the Kamioka Gravitational-Wave Observatory
(KAGRA) [10]. Each of these observatories operates as
a Michelson interferometer with two ports—the common
and differential ports. The common port corresponds to the
common mode of the interferometer, i.e., the symmetric
mode of the two arms, and a large coherent state is injected
into it. The differential port corresponds to the differential
(antisymmetric) mode of the interferometer. Information
about the gravitational wave is encoded in the output of
the differential port: a passing gravitational wave causes
small displacements along the phase quadrature of the
quantum states reflecting from the output differential port.
Presently, these observatories are optimized to estimate
the mean value (i.e., signal amplitude) of the gravitational
wave by injecting highly squeezed states into the differen-
tial port and performing quadrature measurements of the
output mode [50]. This is the optimal strategy for sensing
deterministic displacements, as discussed in Sec. V B. The
gravitational-wave strain sensitivity as an amplitude spec-
tral density is proportional to the inverse square root of
the FI.

Here, we consider instead operating a gravitational-
wave observatory as a variance (i.e., signal-power) sensor
for the stochastic signal from a single stochastic source
or an incoherent background of many sources [6,97].
The present strategy outlined above, however, suffers the
Rayleigh curse when estimating small stochastic signals:
LIGO’s present loss of η ≤ 0.23 [50] imposes a detection
horizon of σ 2 > η/2 ≈ 0.12 by Eq. (34), beyond which
it suffers the Rayleigh curse. The possible improvement
from using the optimal stochastic sensing protocol, which
we discuss below, in sensing astrophysical parameters �θ
for a given signal model can be calculated from Eq. (49).
We focus on astrophysical applications at kilohertz fre-
quencies since there, unlike at low frequencies, LIGO’s
present classical noise is a factor of 4 below the vacuum
shot noise [50], i.e., σ 2

p ∼ 0.13, and noise models predict
that it could be made as low as σ 2

p ∼ 0.05 in the future [98].
The resulting classical noise horizon (σ 2 > σ 2

p ) suffered by
the optimal protocol is thus up to 2.3 times further than
the loss horizon (σ 2 > η/2) suffered by preparing SMSV
states [99]. We focus on detecting stochastic signals within
this additional quantum-enhanced range.

The optimal stochastic sensing protocol involves prepar-
ing non-Gaussian states at the differential port and per-
forming non-Gaussian measurements. (We assume that we
still prepare a large coherent state at the common port.)
In particular, we consider photon counting directly in the
temporal basis of the gravitational-wave signal templates,
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{wk}∞k=1, as follows [3]. A compact binary coalescence
strain signal y(t) = h(t) may be decomposed as

h(t) = hdet-LF(t)+ hdet-HF(t)+ hstoc(t),

where hdet-LF(t) and hdet-HF(t) are low-frequency (pre-
merger) and high-frequency (merger and post-merger)
deterministic terms, respectively, and hstoc(t) is a stochas-
tic term. This stochastic term has an associated temporal
correlation function 〈hstoc(t)hstoc(t′)〉 = H(t, t′) which is
a priori nonstationary. If we assume Gaussianity, then,
by the Karhunen-Loéve theorem, we can further decom-
pose this stochastic process into a sum of orthonormal
temporal modes, hstoc(t) =∑∞

k=1 σknkwk(t), where {nk}∞k=1
are independent unit-normal-distributed random variables
and {σk}∞k=1 are the parameters of interest. Preparing non-
Gaussian states and photon counting in the basis {wk}∞k=1
could accelerate the search for stochastic sources beyond
LIGO’s present loss horizon discussed above. Note that
this is distinct from the “event-stacking” technique [100–
102] for aggregating information on the deterministic com-
ponent of post-merger signals, hdet-HF(t), from multiple
binary-neutron-star coalescences [103].

It is also possible to operate a gravitational-wave obser-
vatory to simultaneously estimate the mean and variance
as a test for unmodeled physics. In this scenario, the tem-
poral basis to measure in is chosen beforehand and both
the deterministic and stochastic components of the sig-
nal in each basis mode are unknown. For example, there
are degrees of freedom in our models of binary neutron
stars that are unconstrained by current data, and possi-
bly additional unmodeled physics that would make the
source either intrinsically stochastic or have unpredictable
variations over the astrophysical population. Also, for
black-hole events, we could accelerate tests for a stochastic
departure from general relativity using a large ensem-
ble of observed binary black-hole events. In either case,
by performing joint measurements to estimate σ from
the observation of many events with similar μ with a
single observatory, we could perform stronger assumption-
free tests for unmodeled physics. We assume here that
the stochastic component is uncorrelated between the M
different events in time.

To observe μ and σ simultaneously and optimally from
a single event, we would need a network of M spatially
separated observatories. The stochastic component would
be uncorrelated between distant observatories because,
e.g., the overlap reduction function between the two LIGO
sites is vanishing at kilohertz frequencies [97]. As dis-
cussed in Sec. VII A, the challenges in this spatial case
are in sending, storing, and receiving the quantum states
from each observatory to prepare joint states and perform
collective measurements. In Sec. VI D, we have assumed
asymptotically large M to find the optimal collective mea-
surement. Here, the number of observatories M is instead

likely small such that we do not know what the optimal
collective measurement is [104]. Our proposed collective
measurement, however, still attains the QFI with respect
to μ and is a factor of (M − 1)/M away from attaining
the QFI with respect to σ . Let us compare this to the local
strategy in Sec. VI C, which is a factor of 2 away from the
QFI of both μ and σ : if M = 2 (M = 3) [M = 4], then our
collective measurement is a factor of 2 more sensitive to μ
and simultaneously a factor of 1

( 4
3

) [ 3
2

]
more sensitive to

σ than the local strategy.

3. Axionic dark matter

Axions are a hypothetical wavelike dark-matter candi-
date that could also solve the strong CP-problem [11,12].
More generally, if axionlike particles exist, then it is pre-
dicted that they should weakly interact with photons at
the coupling rate gaγ γ . To search for axions, therefore, we
want to estimate gaγ γ at each frequency, where each fre-
quency corresponds to a possible mass for the axion. Many
experiments involving a microwave cavity in the presence
of a static magnetic field are searching for axions (see, e.g.,
Refs. [13,14,55,105–107]). Since the coherence time of the
axion is predicted to be short, the resulting displacement
of the microwave cavity mode would be stochastic and
without a preferred phase on longer timescales.

At a given frequency, this transformation is canonically
the symmetric case of the additive Gaussian noise channel
�noise

C

in Eq. (22), with 
C = diag
(
σ 2, σ 2

)
[108]. This is a

two-dimensional random-displacement channel with

�2D
σ (ρ̂) ≈ ρ̂ + σ 2

(
x̂ρ̂x̂ + p̂ρ̂p̂ − 1

2
{x̂2 + p̂2, ρ̂}

)
. (51)

We want to estimate σ since it is proportional to the cou-
pling constant gaγ γ at the given frequency (i.e., axion
mass), because the excess microwave power is propor-
tional to g2

aγ γ up to the local dark-matter density, magnetic
field strength, and cavity parameters [13,14,57,106]. Opti-
mizing the QFI with respect to σ thus maximizes the axion
scan rate, since the scan rate is proportional to the FI
integrated over all frequencies [108].

Suppose that the initial pure state encounters loss before
the encoding such that the total channel is �′

σ = �2D
σ ◦

�loss
η . The ECQFI of this noisy channel with respect to σ ,

with energy constraint 〈n̂〉 = N , is known to be [108]

I�
′
σ ,N

Q (σ ) = 4
(
η + N

(
η + 2σ 2

)+ σ 2
)

(
η + σ 2

) (
N
(
η + 2σ 2

)+ σ 2 + 1
)

−−−→
N→∞

4
η + σ 2 ,

which is attained by a TMSV state with noiseless ancilla
(ηA = 0) in the high-energy limit. (This limit is simply
twice the one-dimensional case in Claim 3.) If ηA �= 0,
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however, then we show in Appendix D that the TMSV QFI
vanishes for σ 2 � ηA. Moreover, by Claim 1, all squeezed
states [109,110] are Rayleigh cursed, i.e., the QFI with
respect to σ converges to zero in the limit of σ → 0, pro-
vided that loss occurs on every mode. In general, we expect
to operate in this loss-dominated regime experimentally,
σ 2 � η, ηA, since the excess microwave power is small
compared to the cavity loss [109]. In this loss-dominated
regime, can we prepare non-Gaussian states instead?

Preparing Fock states for axion searches has been pre-
viously demonstrated [55] but without awareness of the
relation between the optimal Fock state and the ulti-
mate sensing limit. We establish this relation here. By
Appendix F 2, the QFI in the limit of σ → 0 is

IQ(σ = 0) = 4
(
〈x̂�̂⊥x̂〉 + 〈p̂�̂⊥p̂〉

)
, (52)

where �̂⊥ projects onto the null space of the state before
�2D
σ . For a Fock state |N 〉, Eq. (52) implies that the QFI is

IQ(σ = 0) = 4(1 − η)N (N + 1). The optimal N depends
on the loss η as discussed above, e.g., N = 8 for η = 0.1.
The optimal Fock state is better than the Gaussian states
but is again roughly a factor of e (4.3 dB) away from
the ECQFI. For an input vacuum or Fock state, the opti-
mal measurement is photon counting [95,107]. (Note that
here, while we include a large loss before the encoding, we
assume that no loss occurs after the encoding.)

Numerically, we observe that preparing finite-energy
GKP states can achieve a QFI of at least 36, which is at
least 90% of the ECQFI of 40 for σ = 10−3 and η = 0.1.
Similarly to the one-dimensional case, we conjecture that
higher-energy finite-energy GKP states can converge to the
ECQFI and are the optimal single-mode states for a given
large

〈
n̂
〉 = N and small σ � η. This means that non-

Gaussian states beyond Fock states could further accelerate
the search for axionic dark matter.

VIII. CONCLUSIONS AND OUTLOOK

We now draw our main conclusions, summarize our
contributions to the literature, discuss the experimental
practicality of our work, and look to the future of stochastic
waveform estimation.

A. Conclusions

We have found the optimal protocol for stochastic wave-
form estimation using a linear quantum device. We have
simplified the problem to the single-variable estimation
of the excess noise in each temporal mode. For realistic
losses, all Gaussian protocols exhibit the Rayleigh curse
and fail to attain the ultimate precision limit. Instead,
we have shown numerically that it is optimal to prepare
non-Gaussian states such as finite-energy GKP states. For
small signals above the classical noise floor, this non-
Gaussian protocol outperforms all Gaussian protocols by

orders of magnitude. We have also shown that a joint
non-Gaussian measurement protocol is optimal for simul-
taneously estimating the mean and variance of a stochastic
signal. Finally, we have demonstrated how our results may
be applied to enhance searches for geontropic fluctua-
tions from quantum gravity, stochastic gravitational-wave
signals, and axionic dark matter.

B. Summary of results

For ease of reference, we now summarize our technical
contributions to the literature in Table I and as follows:

(1) In Claim 1, we have proved a sufficient and nec-
essary condition for overcoming the Rayleigh curse
with Gaussian states. This general result applies
beyond our specific encoding channel of random
displacements and the context of stochastic wave-
form estimation. In Sec. V D, we have applied this
result to prove that all squeezed states with noisy
ancilla are cursed for sensing random displacements
in the presence of loss on all modes. This establishes
that to beat the vacuum state in the limit of vanishing
signal, we must prepare non-Gaussian states.

(2) In Claims 2 and 3 we have calculated the ultimate
limit, the ECQFI, on sensing random displacements
in the lossless and lossy cases, respectively. We
have used a purification-based approach given in
Appendix C to accomplish this. In the lossless case,
we have found that preparing an SMSV state is opti-
mal given a constraint on the average energy per
mode of the initial state; whereas, in the lossy case,
we have found that preparing a TMSV state with
noiseless ancilla is optimal in the high-energy limit.

(3) In Claim 4, we have calculated the QFI and opti-
mal measurement for any random unitary channel
acting on a Hilbert space, not just for random dis-
placements of a bosonic mode, in the limit of van-
ishing signal. We have generalized this result in
Appendix F to sensing the weak decay rate from any
Lindbladian master equation.

(4) In Sec. V F, we have analyzed the performance of
non-Gaussian states. We have proved that preparing
Fock states and directly photon counting beats the

TABLE I. Summary of QFIs for different noise channels and
initial states for single-parameter estimation of the variance. The
QFIM for multiparameter estimation of the mean and variance
for vacuum input is given in Eq. (44).

Initial quantum state

Noise channel Vacuum Gaussian Non-Gaussian

Lossless Eq. (20) Claim 2 Sec. V C
Lossy Sec. IV B Claim 1 Claim 3
Classical noise Eq. (23) Eqs. (38) and (40) Eq. (39)
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vacuum state but misses the ECQFI by roughly 4.3
dB. We have shown numerically that finite-energy
GKP states approach the ECQFI without requiring
a noiseless ancilla like a TMSV state. The optimal
non-Gaussian state is likely not unique, as we have
also found a variational ansatz, sparse superposi-
tions of finitely many Fock states, using numerical
methods given in Appendix I. These sparse states
are similar to binomial error correcting codes, out-
perform the Fock states, and approach the ECQFI
if the energy of the input state is unconstrained.
In Appendix I, we discuss that finding the optimal
state is a biconvex-optimization problem and that
the alternating convex search, used previously to
efficiently find the optimal state, does not work in
this case.

(5) In Sec. V G, we have considered sensing random
displacements in the presence of classical noise.
We have divided the classical noise into its com-
ponents parallel and perpendicular to the signal. In
the presence of parallel classical noise and no loss,
we have shown that preparing an SMSV state is
optimal. In the additional presence of loss, we have
shown that preparing a GKP state instead is optimal.
Meanwhile, in the presence of perpendicular classi-
cal noise and no loss, we have shown that preparing
a GKP state is not only optimal but can recover
the ultimate limit from the case with no classical
noise. The above results for GKP states also hold
for TMSV states but only if we assume noiseless
ancilla, i.e., that the ancilla is free from classical
noise and loss.

(6) Finally, in Sec. VI, we have considered the case in
which the mean is also unknown, such that the mean
and variance of the probability distribution behind
the random-displacement signal need to be simul-
taneously estimated. We have considered a vacuum
input state and shown that a number-resolving mea-
surement cannot distinguish the mean from the vari-
ance of the signal. Instead, we have shown that a
joint measurement of many independent copies of
the final state is required to saturate the QFIM, while
an adaptive protocol using separate measurements
remains a factor of 2 below the QFIM. We have
proved in Claim 5 that a similar collective measure-
ment saturates the QFIM for any random unitary
channel.

C. Experimental practicality

We now address the practicality of our work. As we
discuss in Sec. VII A, there are several challenges in
preparing the non-Gaussian states and implementing the
non-Gaussian measurements that we propose. Thus, these
protocols may take some time to be realized. We believe,

however, that there are clear paths to addressing these
challenges and that the time that it may require to over-
come them does not diminish the importance of our results.

Preparing the optimal Fock state and photon count-
ing can outperform all Gaussian states and get us within
roughly 4.3 dB of the ultimate sensing limit, the ECQFI,
as we have discussed in Sec. V F. For example, the optimal
Fock state contains eight photons given a loss of 10%. This
is likely achievable for stochastic waveform estimation
in the microwave domain. In superconducting microwave
cavities, Fock states have already been generated with up
to 100 photons [54] and, in axion searches, the benefits of
Fock states of four photons have already been shown [55].
This work adds valuable context to the prior experimental
results, establishing where their results stand with respect
to the ECQFI for stochastic waveform estimation.

To attain the ultimate limit and beat the Fock states by
up to roughly 4.3 dB, we need to prepare more compli-
cated non-Gaussian states such as GKP states or sparse
superpositions of finitely many Fock states (which are
similar to binomial-code states). Progress to this end is
also being made experimentally in the microwave regime,
motivated by using these states in quantum computing
and error-correction applications. As we have discussed in
Sec. V F, GKP states and binomial-code states have been
prepared experimentally in a superconducting microwave
cavity using controlled displacements with a qubit [59].
Alternatively, as we have discussed in Sec. IV C, it may
be possible to reach the ultimate limit by preparing TMSV
states and performing Gaussian operators followed by
photodetection provided that the loss on the ancilla can
be engineered to be sufficiently small compared to the
classical noise and the signal.

Finally, we wish to make an analogy to the devel-
opment of squeezing for gravitational-wave observato-
ries. Four decades have passed from when squeezing
was first proposed for LIGO [111] to today, where we
measure 5 dB of frequency-dependent squeezing [112].
It may take decades more to produce the 10-dB broad-
band noise reduction stated for the third generation of
gravitational-wave observatories [113,114]. The original
squeezing proposal helped catalyze the development of
LIGO and gravitational-wave astronomy and led to the
maturity of squeezing today. Stochastic waveform esti-
mation provides alternative and parallel science cases to
deterministic waveform estimation that are relevant to both
particle physics and astrophysics. This work has estab-
lished the goals and benchmarks to gauge past and future
demonstrations of stochastic waveform estimation. This
is a valuable contribution given the statistical subtleties
in sensing random signals and in systematically defining
background noise and degradation processes. While the
full extent of our results may not be immediately realized
experimentally, many of the preliminary state-preparation
and readout technologies have been demonstrated and
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our results motivate and provide context to their future
development. Our work informs the design of future exper-
iments to maximally benefit from state preparation and
optimally extract information.

D. Outlook

There are many related open questions to consider in the
future. While we have considered the asymptotic limit and
maximum likelihood estimation, it remains to be under-
stood whether we can obtain faster convergence to the
fundamental limit or better performance when restricted to
a small number of measurements. It would also be interest-
ing to understand the relation with the Bayesian-estimation
problem in which, using the notation from Eq. (15), α is
instead being estimated and p(α) is its prior distribution.
We note that there is no immediate relation between this
Bayesian problem and the problem of estimating σ that we
consider. For example, in the vacuum case with a Gaus-
sian prior [115,116], quadrature measurement p̂ remains
asymptotically optimal for estimating deterministic dis-
placements, whereas here I p̂

C(σ = 0) = 0. It remains to
be understood whether a subtler connection exists between
this Bayesian problem and our estimation problem.

Further open questions include the impact of differ-
ent noise channels, determining the optimal states for
fixed finite

〈
n̂
〉 = N , and the complete estimation of a

non-Gaussian stochastic waveform since, e.g., estimating
the fourth-order cumulant of a quantum state is of inter-
est to testing nonclassicality [117] and quantum gravity
[118–120].
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APPENDIX A: PROOF OF CLAIM 1

Here, we prove Claim 1 by combining a known result
about the eigenvalues of the density matrix and the
Williamson decomposition of a Gaussian state [133].

Since ∂σ ρ̂ → 0 as σ → 0, the optimal measurement
basis in this limit is the eigenbasis of the density matrix
ρ̂ such that the QFI is nonvanishing if and only if there
exists an eigenvalue of ρ̂ proportional to σ 2 [40]. We
therefore need to find a condition on the symplectic eigen-
values of 
 that is equivalent to this condition on the
eigenvalues of ρ̂. For an M -mode Gaussian state, the
Williamson decomposition has the eigenvalues

∏M
i=1 λki

and eigenstates {⊗M
i=1 Ŝ (ri) |ki〉}k1···kM , where Ŝ (r) is the

single-mode squeezing operator and |ki〉 is a Fock state
(potentially of a combination of the original modes, e.g.,
a TMSV state). The symplectic eigenvalues associated
with the ith mode are 1

2 + n̄i, such that the correspond-
ing eigenvalues are λki = (1/(1 + n̄i))(n̄i/(1 + n̄i))

ki with
degeneracy 2. Since the QFI is not Rayleigh cursed if and
only if there exists some ki such that λki ∝ σ 2 [40], there-
fore, the QFI is nonvanishing if and only if there exists
some mode i such that n̄i ∝ σ 2 or, equivalently, a symplec-
tic eigenvalue equal to 1

2 + kσ 2 for some constant k (not to
be confused with ki).

We remark that for a single-mode Gaussian state, this
result can be seen directly from the QFI expression: if
∂σ
 → 0, then the first term in Eq. (19) also vanishes. The
second term in Eq. (19), however, is nonzero if and only if
γ = 1 − βσ 2, which is equivalent to the above condition
on the symplectic eigenvalues.
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Here, we have assumed that the noisy channel is analytic
at σ = 0 such that we may expand it in a Taylor series. This
will usually be the case. For nonanalytic noisy channels,
however, this result can be extended: the QFI is nonvan-
ishing if and only if there exists a symplectic eigenvalue
equal to 1

2 + kσ l with 1 < l ≤ 2 [40].

APPENDIX B: OTHER NOISE CHANNELS

We have focused on the case of a noise channel with
known parameters occurring before the encoding channel.
In this appendix, we briefly discuss noise channels occur-
ring after the encoding channel and explore an example of
what happens when the parameters of the noise channel are
unknown.

1. Noise occurring after the encoding

Noise occurring after the encoding can be divided into
two types: (1) noise associated with or “baked into” the
acquisition of the signal or (2) noise associated with the
later measurement. In the former case, it is not possi-
ble to insert an arbitrary parameter-independent “control”
channel between the encoding and noise channels to mit-
igate the noise. In the latter case of “measurement noise,”
however, it is possible to entirely overcome the noise
by implementing a suitable control channel between the
encoding and measurement noise channels.

Let us illustrate this point that measurement noise can
be overcome for sensing σ in the case of preparing an
SMSV initial state with

〈
n̂
〉 = N . Note that in the noiseless

case, the optimal measurement after the encoding channel
is to first antisqueeze and then perform a number-resolving
measurement. Here, we assume that we still antisqueeze
but then perform a different, fixed, POVM that can be
decomposed into a measurement noise channel followed
by a number-resolving projective measurement. In, e.g.,
an optical system, our measurement apparatus is a pho-
todetector and we consider two relevant noise models:
detection loss and dark counts. Photodetection with detec-
tion loss is modeled as a loss channel �loss

ηmeas
followed

by a projective number measurement. Photodetection with
dark counts is modeled as the noise channel �dark

Nmeas
fol-

lowed by a projective number measurement, where �dark
Nmeas

is defined as

�dark
Nmeas

(ρ̂) =
∞∑

n=0

K̂nρ̂K̂†
n , K̂n =

∞∑

m=0

√
pth(m)|n + m〉〈n|,

where pth(m) = (1/(1 + Nmeas)) (Nmeas/(1 + Nmeas))
m is

the number distribution of a thermal state with average
number Nmeas. The results of measuring n̂ on�dark

Nmeas
(ρ̂) are

equivalent to convolving the results of measuring n̂ on ρ̂
with pth. Intuitively, �dark

Nmeas
adds m particles to the quan-

tum state with probability pth(m) independent of the state.
In comparison, it is unsuitable to model dark counts as an

isotropic classical noise channel �noise

C,meas

with 
C,meas =
diag

(
σC,meas, σC,meas

)
, since �noise


C,meas
both adds and sub-

tracts particles at a rate that depends on the quantum state
due to Bose enhancement.

We first consider the impact of measurement noise in the
absence of any additional control channels. In the noiseless
case, given an initial SMSV state, the QFI is IQ(σ ) = 4ξN
in the limit of σ � 1. In this limit, almost all of the CFI
from the projective number measurement after antisqueez-
ing comes from the n̂ = 1 single-particle detection proba-
bility, p (1) ≈ ξNσ

2. In the case of measurement loss ηmeas,
e.g., detection loss for an optical system, the total chan-
nel before the projective number measurement is �′

σ =
�loss
ηmeas

◦�antisqz ◦�σ , where �antisqz is the antisqueezing
unitary channel for the given N . The single-particle detec-
tion probability is now p (1) ≈ (1 − ηmeas) ξNσ

2, such that
the CFI from the subsequent projective number measure-
ment falls to I n̂

C(σ ) = (1 − ηmeas) 4ξN but the Rayleigh
curse is not introduced. This is unlike loss occurring before
the antisqueezing operation, which does introduce the
Rayleigh curse. In contrast, the Rayleigh curse will arise
in the case of the dark-count-measurement noise chan-
nel. In this case, the total channel before the projective
number measurement is �′

σ = �dark
Nmeas

◦�antisqz ◦�σ . The
convolved probability distribution of number measure-
ments is then p(0) = (1 − ξNσ

2)/(1 + Nmeas) and p(n) =
N n−1

meas(Nmeas + ξNσ
2)/(1 + Nmeas)

n+1 for n ≥ 1 such that
the CFI is I n̂

C(σ ) = 4ξ 2
Nσ

2/
(
1 − ξNσ

2
) (
ξNσ

2 + Nmeas
)
,

which vanishes in the limit of σ → 0 for fixed
ξN , Nmeas > 0.

We now show that there exists, in theory, a unitary
that allows us to recover the noiseless QFI. After the
antisqueezing operation, applying any unitary channel
�swap that swaps the Fock states |1〉 and |k〉 for some
k � 1 and stabilizes the vacuum |0〉 (up to a phase) will
recover the noiseless QFI in the limit of large enough k
as proved below. Intuitively, this control unitary channel
�swap amplifies the signal to make it more tolerant to loss
and distinguish it from dark counts. In the case of measure-
ment loss, e.g., detection loss for an optical system, the
total channel before the projective number measurement
is now �′

σ = �loss
ηmeas

◦�swap ◦�antisqz ◦�σ . The probabil-
ity of not detecting zero particles is now

(
1 − ηk

meas

)
ξNσ

2,
keeping only the relevant σ 2 terms in the limit of σ � 1,
such that the CFI from the subsequent projective number
measurement is I n̂

C(σ ) = 4ξN
(
1 − ηk

meas

)
, which recovers

the noiseless QFI of 4ξN in the limit of k → ∞. In the case
of the dark-count-measurement noise, the total channel
before the projective number measurement is now �′

σ =
�dark

Nmeas
◦�swap ◦�antisqz ◦�σ . The probability of detecting

k or more particles after this channel is

p(n̂ ≥ k) = ξNσ
2

[

1 −
(

Nmeas

Nmeas + 1

)k
]

+
(

Nmeas

Nmeas + 1

)k
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in the limit of ξNσ
2 � 1. The CFI from detecting k or more

particles is then

I n̂
C =

4ξ 2
Nσ

2
[

1 −
(

Nmeas
Nmeas+1

)k
]2

ξNσ 2

[
1 −

(
Nmeas

Nmeas+1

)k
]

+
(

Nmeas
Nmeas+1

)k
,

for fixed σ , N , n̄ > 0. Since, for fixed ξN , σ , Nmeas and
ε > 0, ∃K such that (Nmeas/(Nmeas + 1))k < ε for k > K ,
the CFI from number measurement recovers the noiseless
QFI of 4ξN in the limit of k → ∞. We defer to future work
to find possible ways to implement suitable control unitary
channels such as �swap.

While we have assumed a specific fixed POVM above,
e.g., a noisy photodetector, the results hold more gener-
ally [134–136]. Any fixed POVM that is modeled as a
loss or dark-counts channel followed by a projective mea-
surement will have the above limitations. For any such
POVM, there exists an analogous control unitary channel
that can overcome the measurement noise, where the par-
ticular control unitary channel needed may depend on the
POVM [135,136].

In the case of a deterministic displacement channel, it is
known that a phase-sensitive amplifier after the encoding
can mitigate subsequent measurement loss in the high-gain
limit. This is sometimes called a “Caves’s amplifier” in
the context of gravitational-wave observatories [111]. In
our case, however, a phase-sensitive amplifier after the
encoding would introduce the Rayleigh curse and should
be avoided.

2. Unknown loss

Here, we discuss the implications of not precisely know-
ing the loss η that the state ρ̂ experiences via the loss
channel�loss

η introduced in Sec. IV B. We illustrate this for
the input vacuum case and an indeterminate loss occurring
after the encoding but before the measurement.

Suppose that the loss η follows some probability distri-
bution p(η). By the central limit theorem, asymptotically,
this distribution approaches p(η) ∼ N (μη, σ 2

η ) with some
mean μη and standard deviation ση. The state after this
indeterminate loss is

�indet.
μη ,ση(ρ̂) =

∫ 1

0
dη �loss

η (ρ̂)p(η).

We want to know whether this will introduce the Rayleigh
curse in the relevant regime of ση � 1 where the loss is
not precisely known but is well constrained.

The nth moment of a weighted average of distribu-
tions is the weighted average of their nth moments. The
first moment is zero for the vacuum case. The second
moment after �loss

η is linear in η such that the second

moment after �indet.
μη ,ση equals that after �loss

μη
, e.g., the sig-

nal term is (1 − μη)σ
2. The loss indeterminacy ση does

not affect the first two moments, so, it must be a non-
Gaussian perturbation of the third, fourth, and higher-order
moments.

For the vacuum case, the final state after �indet.
μη ,ση ◦�σ

has the second moment 〈p̂2〉 = ς2 and fourth moment
〈p̂4〉 = 3ς4 + 3σ 2σ 2

η , where ς2 := 1
2 + (1 − μη)σ

2. The
fourth-order cumulant 3σ 2σ 2

η indicates that the distribution
has slightly fatter tails than a Gaussian. Numerically, the
CFI from number measurement shows that this perturba-
tion is negligible when μη is known and ση is small. For
example, an indeterminacy of ση/μη = 10% leads to an
O(10−4) fractional change in the CFI with respect to σ .
By convexity, this implies that the QFI also changes neg-
ligibly. If we also do not know μη, then the CFIM with
respect to μη and σ is not singular and thus they can be
estimated simultaneously.

3. Coarse-grained number-resolving measurements

Realistic measurements are unable to resolve infinitely
many different particle numbers. We now consider a
coarse-grained number-resolving measurement that can
only distinguish between zero counts (|0〉〈0|) and nonzero
counts (Î − |0〉〈0|), but cannot distinguish between, e.g.,
one or two particles. Suppose that the initial state is vac-
uum and there is no classical noise. Then, by Eq. (21),
the probabilities of these two outcomes are p(n = 0) =
1/

√
σ 2 + 1 and p(n ≥ 1) = 1 − p(n = 0). By Eq. (18),

the CFI is thus

IC(σ ) = 1
(
σ 2 + 1

)5/2 + 1
(
σ 2 + 1

)2 ,

which achieves the QFI in Eq. (20) in the vanishing-signal
limit of σ → 0 but not generally for fixed σ > 0. This is
because all of the information in the vanishing-signal limit
comes from the single-particle probability p(n = 1), as can
be seen from the summand of the CFI in Eq. (18),

[∂σp(n)]2

p(n)
= (2n)! σ 2n−2

(
σ 2 − 2n

)2

4n(n!)2
(
σ 2 + 1

)n+ 5
2

,

which vanishes in the limit of σ → 0 for n �= 1 but
saturates the QFI for n = 1.

Similarly, for a Fock state |N 〉, all of the information
comes from the p(n = N + 1) probability in the vanishing-
signal limit. For example, this means that for a loss of
η = 0.1, if we prepare the optimal |8〉, then we need to at
least distinguish nine or more particles from eight or fewer
particles to have nonzero sensitivity. This is more experi-
mentally difficult than achieving the coarse-grained zero-
or-nonzero measurement above. Alternatively, we could
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first perform a unitary that maps, e.g., |N 〉 �→ |0〉 and
|N + 1〉 �→ |1〉 and then use the coarse-grained zero-or-
nonzero measurement above, although implementing such
a unitary may be challenging.

More generally, the fact that coarse-grained binary mea-
surements, i.e., those with only two outcomes, suffice to
saturate the QFI in the vanishing-signal limit appears to be
a general property of Rayleigh-cursed problems. As shown
in Refs. [38,40], all the information about σ is encoded
in eigenspaces of ρ̂ (σ ), the eigenvalues of which go as
σ 2. Hence, the QFI is saturated by a binary measurement
that differentiates between ρ̂ (σ = 0) and the orthogonal
eigenspace(s) that go as σ 2. In particular, Claim 1 implies
that for Rayleigh-cursed Gaussian states, the optimal mea-
surement corresponds to a symplectic operation followed
by a coarse-grained number-resolving measurement. For
example, the optimal measurement for a TMSV state
corresponds to a symplectic operation that diagonalizes
ρ̂ (σ = 0) followed by a coarse-grained number-resolving
measurement of one of the modes.

However, for more complex scenarios such as GKP
states and for finite values of σ , binary measurements may
not be sufficient and the effect of a realistic counting model
is unknown. As we have explained in Sec. V F, we do not
know if or how the required measurement for GKP states
relates to the process to generate them. This means that we
do not know whether a number-resolving measurement is
required to implement the measurement for the GKP state,
let alone what the effects of the realistic model of count-
ing might be. We leave this to future work once the GKP
measurement is first understood.

APPENDIX C: PURIFICATIONS AND THE ECQFI

To prove Claims 2 and 3 about the ECQFI, we first
review the established method that we use to optimize over
the initial states.

1. Review of purifications

Consider an initial pure state |ψ〉 and a nonunitary chan-
nel �θ such that the final state is ρ̂(θ) = �θ(|ψ〉〈ψ |). The
channel�θ can be purified (also called dilated) to a unitary
process Ûθ acting on |ψ〉 ⊗ |ϕ〉 such that the final state is
ρ̂(θ) = TrA[Ûθ (|ψ〉 ⊗ |ϕ〉)] for all |ψ〉 and θ . Note that
the ancilla |ϕ〉 is independent of |ψ〉 and θ but depends on
the purification Ûθ chosen. The purification of �θ to Ûθ

should not be confused with the purification of a mixed
state or with the ECQFI discussed below.

The choice of purification, however, is not unique. By
Uhlmann’s theorem for the quantum fidelity, the QFI for
a fixed initial state |ψ〉 is the infimum of the QFI over all
possible purifications Ûθ of �θ [43,44,108,137]

I�θ (|ψ〉〈ψ |)
Q (θ) = inf

Ûθ
IÛθ (|ψ〉⊗|ϕ〉)

Q (θ). (C1)

Here, the QFI of the unitary process Ûθ is 4Var[Ĥ ] for
all θ , where Ĥ = −iÛ†

θ
˙̂Uθ is the Hermitian generator of

local displacements in θ and the variance is calculated with
respect to the pure initial state |ψ〉 ⊗ |ϕ〉 [138]. Using this
fact, then Eq. (C1) becomes

I�θ (|ψ〉〈ψ |)
Q (θ) = 4 inf

Ûθ
Var|ψ〉⊗|ϕ〉[Ĥ ],

where |ϕ〉 and Ĥ are determined by the purification Ûθ

of �θ .
The CQFI of �θ in Eq. (28), which optimizes over the

initial state, is then given by

I�θ ,no ancilla
Q (θ) = 4 sup

|ψ〉
inf
Ûθ

Var|ψ〉⊗|ϕ〉[Ĥ ].

Exchanging the order of maximization and minimization
above results in an upper bound on the CQFI of �θ .
Remarkably, in Ref. [139] it has been shown that this upper
bound is exactly the ECQFI of �θ in Eq. (29); hence

I�θQ (θ) = 4 inf
Ûθ

sup
|ψ〉

Var|ψ〉⊗|ϕ〉[Ĥ ]. (C2)

Thus, to attain the ECQFI, it suffices to find a purification
Ûθ for which the following upper bound is tight:

I�θQ (θ) ≤ 4 sup
|ψ〉

Var|ψ〉⊗|ϕ〉[Ĥ ]. (C3)

To find such a purification, we will use the following tech-
nique of introducing a “hiding” unitary Ûhide [18]. Suppose
that we have a purification Ûenc. of �θ . We can generate
a family of related purifications Ûθ = ÛhideÛenc. by per-
forming any θ -dependent unitary transformation Ûhide on
the ancilla, since the ancilla is traced out to recover ρ̂(θ).
Intuitively, this hiding unitary Ûhide is meant to remove (or
hide) the excess information about θ present in the ancilla
after Ûenc. to make Eq. (C3) tight.

2. Proof of Claim 2

Here, we prove Claim 2 about the lossless case by using
the above purification method with a hiding unitary.

We purify the channel �σ by introducing an ancillary
mode 2 prepared in a vacuum state, such that the result-
ing encoding unitary is a conditional displacement Ûenc. =
exp(−iσ Ĥ enc.) with the generator Ĥ enc. = √

2x̂1x̂2. We
also include a hiding unitary Ûhide = exp(−iσ Ĥ hide) such
that the overall purification is Ûσ = ÛhideÛenc.. Here,
Ĥ hide = 1

2 g
(
x̂2p̂2 + p̂2x̂2

)
is a squeezing Hamiltonian and

g is a real parameter over which to minimize to obtain a
tight upper bound in Eq. (C3).
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The Hermitian generator for the overall purification Ûσ

is

Ĥ = Ĥ enc. + Û†
enc.Ĥ hideÛenc..

=
(√

2 +
√

2gσ
)

x̂1x̂2 + g
2
(
x̂2p̂2 + p̂2x̂2

)
.

The QFI of Ûσ |ψ〉 ⊗ |ϕ〉 is therefore

4Var[Ĥ ] = 2
(√

2 +
√

2gσ
)2 〈

x̂2
1

〉+ 2g2, (C4)

where we have assumed that
〈
x̂1
〉 = 0 without loss of gen-

erality. Here, since mode 2 is in a vacuum state, we have
also used the fact that

Var
[
x̂2p̂2 + p̂2x̂2

] = 2. (C5)

Minimizing the QFI in Eq. (C4) over g, we derive the
upper bound to the ECQFI in Eq. (33). This equals the QFI
from preparing an SMSV state by Eq. (19).

3. Proof of Claim 3

Here, we prove Claim 3 about the lossy case by using
a similar purification method to the lossless case above.
Our choice of hiding unitary to handle the loss channel
was inspired by the proof of Eq. (31) for the deterministic
case [18].

We purify the total noisy channel �′
σ = �σ ◦�loss

η as
follows. The loss channel �loss

η is purified to the following
beam-splitter unitary between mode 1 and some ancillary
mode 3 that starts in vacuum:

Ûη = exp[i arcsin(
√
η)(â†

1â3 + â†
3â1)]

= exp[i arcsin(
√
η)(x̂1x̂3 + p̂1p̂3)].

The encoding channel �σ is again purified to Ûenc. =
exp(−iσ Ĥ enc.) with Ĥ enc. = √

2x̂1x̂2 and mode 2 starting
in vacuum. We also include two hiding unitaries: Ûhide,1 =
exp(−iσ Ĥ hide,1) with Ĥ hide,1 = g1x̂2x̂3, which removes the
excess information due to the purification of the loss,
and Ûhide,2 = exp(−iσ Ĥ hide,2) with Ĥ hide,2 = 1

2 g2(x̂2p̂2 +
p̂2x̂2), which again removes the excess information due to
the purification of the random displacement. Here, g1 and
g2 are parameters to be minimized over again to obtain a
tight bound.

The overall unitary is thus

Ûσ = Ûhide,2Ûhide,1Ûenc.Ûη,

the Hermitian generator of which is

Ĥ = Û†
ηÛ

†
enc.Û

†
hide,1Ĥ hide,2Ûhide,1Ûenc.Ûη

+ Û†
ηÛ

†
enc.Ĥ hide,1Ûenc.Ûη + Û†

ηĤ enc.Ûη,

where there is no term associated with Ĥ η, since Ûη is
independent of σ . This expression then simplifies to

Ĥ = g2

2
(
x̂2p̂2 + p̂2x̂2

)

+ (g2σ + 1)
(√

2η + g1
√

1 − η
)

x̂3x̂2

+ (g2σ + 1)
(√

2(1 − η)− g1
√
η
)

x̂1x̂2.

The QFI of Ûσ |ψ〉 ⊗ |ϕ〉 is therefore

4Var[Ĥ ] = 2g2
2 + f (g1) (g2σ + 1)2

where, by Eq. (C5),

f (g1) =
(√

2η + g1
√

1 − η
)2

+ 2〈x̂2
1〉
(√

2(1 − η)− g1
√
η
)2

.

Minimizing over the free parameters of the hiding uni-
taries, g1 and g2, we find that

4Var[Ĥ ] = min
g1,g2

[
2g2

2 + f (g1) (g2σ + 1)2
]

= min
g2

[

2g2
2 + 4

〈
x̂2

1

〉

(1 − η)+ 2η
〈
x̂2

1

〉 (g2σ + 1)2
]

= 4

2(η + σ 2)+ (1 − η)
〈
x̂2

1

〉−1 .

Using the optimal value of 〈x̂2
1〉 for a given constraint〈

n̂
〉 = N leads to the upper bound of Eq. (36). This opti-

mal value of 〈x̂2
1〉 for a fixed N would correspond to the

state after the loss but before the encoding being an SMSV
state, but there is no such state that becomes an SMSV
state after a loss. Note that while, e.g., Schrödinger’s cat
states approach 〈x̂2

1〉 = 2N for large N too, the relation
〈x̂2

1〉 < ξN holds for any fixed N and any non-SMSV state.
This bound, therefore, is not tight for a fixed finite N , as
preparing an SMSV state does not saturate it. In the limit
of N → ∞, however, this bound proves the ECQFI in
Eq. (35), which is saturated asymptotically by TMSV (see
Appendix D) and thus is tight.

APPENDIX D: TWO-MODE SQUEEZED VACUUM

Here, we analyze the QFI from preparing a TMSV state
given different noise models (loss and classical noise) and
different encoding channels (one-dimensional and two-
dimensional random-displacement channels).

In Ref. [37], it has been shown that the QFI of an M -
mode Gaussian state with the parameter encoded in the
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covariance matrix 
 is given by the following formula:

IQ(σ ) = 2Tr
[
(∂σ
)(4
 ⊗
 − ω ⊗ ω)−1(∂σ
)

]
, (D1)

where, if 
 is written in the quadrature basis of
(x̂1, · · · , x̂M , p̂1, · · · , p̂M )

T, then the commutator matrix is
given by ω = [ 0 1

−1 0

]
, where 1 is the M × M identity

matrix. This result generalizes Eq. (19) for single-mode
Gaussian states.

For the one-dimensional random-displacement channel
in Eq. (15) preceded by a loss channel, the QFI of a TMSV
state with noisy ancilla ηA > 0 in the high-energy limit
N → ∞ and with σ � 1 is given by Eq. (D1) as

IQ(σ ) = 2(1 − ηA)σ
2(η + ηA − 2ηηA)

2

ξ + σ 2(η + ηA − 2ηηA)3
, (D2)

where

ξ = 2(1 − η)ηηA
(
η2(2(ηA − 1)ηA + 1)− 2ηη2

A + η2
A

)
.

Attaining this QFI requires first antisqueezing and then,
in general, applying a beam splitter followed by number-
resolving measurements of the two modes [37]. For any
σ > 0 and with noiseless ancilla (ηA = 0), the QFI in
Eq. (D2) converges to the ECQFI in Eq. (35) in the high-
energy limit. For example, in Fig. 4, we use the full form
of the QFI for any σ , η, ηA, and N , which is too verbose to
provide here but is found with the same method.

In comparison, for the two-dimensional random-
displacement channel in Eq. (51) preceded by a loss chan-
nel, the high-energy QFI for a TMSV state with noisy
ancilla is given by Eq. (D1) as

IQ(σ ) = 4(1 − ηA)σ
2

(
η + σ 2

) [
(1 − η)ηA + (1 − ηA)σ 2

] . (D3)

For 0 < ηA, σ 2 � η, the two-dimensional encoding TMSV
QFI in Eq. (D3) with ancilla loss ηA is approximately twice
the one-dimensional encoding TMSV QFI in Eq. (D2) with
ancilla loss ηA/2. In either case, the TMSV QFI attains
the ECQFI at high energy if ηA � σ 2, η but vanishes if
σ 2 � η, ηA.

We now briefly analyze the perpendicular classical
noise case discussed in Appendix J. Consider the one-
dimensional random-displacement channel preceded by a
perpendicular classical noise channel that adds σx to the
system and σx,A to the ancilla. Let us first consider the
case of noiseless ancilla, i.e., σx,A = 0. Interestingly, for
any

〈
n̂
〉 = N per mode and any amount of perpendicular

noise σx > 0, the QFI is

IQ(σ = 0) = 8N (N + 1)
2N + 1

−−−→
N→∞

4N , (D4)

which does not exhibit the Rayleigh curse. Intuitively,
for any N , there exists a symplectic transformation of ρ̂,

the state after the encoding channel, to a pair of modes
such that one of them is completely decoupled from
the perpendicular noise but nevertheless contains some
information about the signal. An optimal measurement,
therefore, would be to apply this symplectic transforma-
tion to ρ̂ and then perform a number measurement of
the perpendicular-noise–free mode. In the quadrature basis
of (x̂S, x̂A, p̂S, p̂A)

T, where the system S and ancilla A are
entangled, the covariance matrix of ρ̂ is


 = 1
2
1 +

[
σ 2

x + N
√

N (N + 1)√
N (N + 1) N

]

⊕
[

σ 2 + N −√
N (N + 1)

−√
N (N + 1) N

]
.

After performing a suitable antisqueezing operation, the
inverse of the two-mode squeezing unitary that prepares
the TMSV state from vacuum, the covariance matrix
becomes


 = 1
2
1 + 1

2
σ 2

x

[
N + 1 −√

N (N + 1)
−√

N (N + 1) N

]

⊕ 1
2
σ 2
[

N + 1
√

N (N + 1)√
N (N + 1) N

]
.

The collective mode with annihilation operator âdec =
(1/

√
2N + 1)

(√
NâS + √

N + 1âA

)
, therefore, is com-

pletely decoupled from the perpendicular noise (σ 2
x ) yet

remains coupled to the signal (σ 2). The covariance matrix
of this perpendicular-noise–free mode is


dec = 1
2
1 + diag

(
0, 2σ 2 N (N + 1)

2N + 1

)
,

such that a number measurement of this mode attains the
QFI in Eq. (D4). This protocol is reminiscent of the idea
of displacement-noise–free interferometry in which there
exist modes unaffected by displacement noise but that nev-
ertheless contain information about the signal [140–142].

We now consider the case of noisy ancilla, i.e., σx,A > 0.
Here, however, the QFI as σ → 0 exhibits the Rayleigh
curse by Claim 1 for a fixed value of N , since, for all
i, n̄i = ci(σx, σx,A)+ O(σ 2) for some ci(σx, σx,A) > 0 (see
Appendix A). For a fixed finite signal σ > 0 and any
fixed σx and σx,A, the QFI in Eq. (D1) attains the noise-
less ECQFI of 2/σ 2 in the high-energy limit of N → ∞
particles per mode.

Finally, we elaborate on the relation between a TMSV
state with noiseless ancilla and GKP states in the high-
energy limit. The infinite-energy TMSV pure state is the
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following unnormalized state:

∫ ∞

−∞
dx |x̂S = x〉|x̂A = x〉 =

∫ ∞

−∞
dp |p̂S = p〉|p̂A = −p〉,

where |x̂j = x0〉 (|p̂j = p0〉) is the position (momentum)
eigenstate of mode j at x0 (p0). We observe that deter-
ministic or random displacements along p̂S keep the state
inside the code space of

{|x̂S = x〉|x̂A = x〉}x, where deter-
ministic (random) displacement induces rotation (dephas-
ing) inside this subspace. In comparison, deterministic
or random displacements along x̂S take the state outside
of this code space and can be detected by measuring
x̂S − x̂A. This is similar to the GKP infinite-energy state
|GKPideal〉 from Appendix H, for which the code space
is
{∑∞

j =−∞|p̂ = 2j
√
π + p0〉

}

p0
. Deterministic (random)

displacements along p̂ induce rotation (dephasing) inside
this subspace, while displacements along x̂ take the state
outside of this code space and can be detected by the
relevant “syndrome” measurement of x̂ mod 2

√
π [52].

APPENDIX E: PROOF OF CLAIM 4

Here, we prove Claim 4 by a Taylor expansion and again
using the fact that, in the limit of small signals σ → 0, an
optimal measurement is to project onto the eigenbasis.

In general, a unitary Ûθ may be expanded around θ = 0
to obtain the following approximation up to O(θ3):

Ûθ ≈ Û0 + θ
˙̂U0 + 1

2
θ2 ¨̂U0 (E1)

where the unitarity condition Û†
θ Ûθ = 1 implies that

0 ≈ ˙̂U†
0Û0 + Û†

0
˙̂U0 (E2)

0 ≈ ¨̂U†
0Û0 + Û†

0
¨̂U0 + 2 ˙̂U†

0
˙̂U0. (E3)

Let Ĥ := iÛ†
0
˙̂U0 and Ẑ := −Û†

0
¨̂U0 such that Ẑ = Ĥ 2 +

2iB̂, where Ĥ 2 = Re[Ẑ] = ˙̂U†
0
˙̂U0 and B̂ = 1

2 Im[Ẑ] =
(i/4)(Û†

0
¨̂U0 − ¨̂U†

0Û0).
Using this expansion around θ = 0, the random unitary

channel �σ in Eq. (37) is approximately

�σ(ρ̂) ≈ Û0ρ̂Û†
0 + σ 2

(
˙̂U0ρ̂

˙̂U†
0 + 1

2
(
¨̂U0ρ̂Û†

0 + Û0ρ̂
¨̂U†

0)

)
.

Without loss of generality, we can study Û†
0�σ(ρ̂)Û0, since

Û†
0 does not depend on the parameter θ and thus will not

affect the QFI if applied to the state after the channel. The
final state then becomes

Û†
0�σ(ρ̂)Û0 ≈ ρ̂ + σ 2

(
Ĥ ρ̂Ĥ − 1

2
(Ẑρ̂ + ρ̂Ẑ†)

)

= ρ̂ − i[σ 2B̂, ρ̂] + σ 2
(

Ĥ ρ̂Ĥ − 1
2
{Ĥ 2, ρ̂}

)
.

(E4)

This is an approximation to the master-equation evolution
of ρ̂ by the Hamiltonian σ 2B̂ and the Lindbladian jump
operator Ĥ with decay rate σ 2 in the limit of σ 2T � 1,
where T is the total evolution time. In the additive case of
Ûθ = exp(−iθĤ ), B̂ = 0 such that Ẑ = Ĥ 2 and there is no
Hamiltonian evolution. Moreover, �σ is then a decoher-
ence channel in the eigenbasis of Ĥ similarly to Eq. (16)
for Ĥ = x̂.

Since ∂σ (Û
†
0�σ(ρ̂)Û0) → 0 as σ → 0, the optimal mea-

surement (after Û†
0) is projection �̂ onto the support of

ρ̂, i.e., �̂ =∑j |ψj 〉〈ψj | in the eigenbasis {|ψj 〉}j of ρ̂
[40,51]. In particular, since Tr[�̂[σ 2B̂, ρ̂]] = 0, we may
ignore the Hamiltonian evolution in the limit of σ → 0.
By Eq. (E4), the probability to remain in the support of
ρ̂ is

p = Tr[�̂Û†
0�σ(ρ̂)Û0] = 1 + σ 2

(
〈Ĥ�̂Ĥ 〉 − 〈Ĥ 2〉

)

and the probability to leave is 1 − p = σ 2〈Ĥ�̂⊥Ĥ 〉, where
�̂⊥ = 1 − �̂ is the projection onto the null space of ρ̂.
Here, the expectation values are calculated with respect to
ρ̂. Since the QFI equals the CFI of the optimal measure-
ment,

IQ(σ = 0) = 4〈Ĥ�̂⊥Ĥ 〉, (E5)

and if ρ̂ is pure, then the QFI is

IQ(σ = 0) = 4Var[Ĥ ], (E6)

which is equal to the QFI for the deterministic unitary
case Ûσ ρ̂Û†

σ . This correspondence between the determin-
istic and random cases does not hold for σ > 0. A similar
observation for nonunitary channels in the limit of σ → 0
has been made previously in Ref. [36].

APPENDIX F: ESTIMATING A WEAK DECAY
RATE

Here, we consider the general scenario of estimating a
weak decay rate. This is inspired by the fact that Eq. (E4)
is analogous to a short-time solution of a master equation,
where the jump operator is Ĥ and σ 2 is equivalent to the
decay rate multiplied by the evolution time. We consider
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the cases of a single jump operator and multiple jump oper-
ators sharing the same weak decay rate. This problem has
previously been studied in Ref. [36], in the case of an initial
pure state.

Suppose that a quantum state ρ̂(t) evolves in time t
under the following Lindbladian master equation:

∂tρ̂(t)= γLŶ[ρ̂(t)], LŶ[ρ̂(t)] = Ŷρ̂(t)Ŷ† − 1
2
{Ŷ†Ŷ, ρ̂(t)},

where γ ≥ 0 is the decay rate, Ŷ is the (potentially non-
Hermitian) jump operator, and we seek to estimate

√
γ . In

the short-time or weak-decay limit of γTc � 1, where T is
the total evolution time and c = Tr[Ŷρ̂Ŷ†]. Then, the evo-
lution of an initial state ρ̂ is approximated by the channel
�γ , with the following Kraus representation:

�γ (ρ̂) = K̂0ρ̂K̂†
0 + K̂1ρ̂K̂†

1 ,

where the Kraus operators are

K̂0 := 1 − γT
2

Ŷ†Ŷ ≈ cos
(√

γTŶ†Ŷ
)

,

K̂1 :=
√
γTŶ ≈ sin

(√
γTŶ

)
,

such that

1 = K̂†
0 K̂0 + K̂†

1 K̂1 + O ((γT)2
)

.

Since the total evolution time T is known, we can measure
the final state �γ (ρ̂) to estimate the weak decay rate

√
γ .

Since ∂√γ�γ → 0 as
√
γ → 0, then the QFI with respect

to
√
γ is [40,51]

IQ(
√
γ = 0) = 4T〈Ŷ†�̂⊥Ŷ〉, (F1)

where �̂⊥ projects onto the null space of the state ρ̂ =∑
j pj |φj 〉〈φj | before �γ . If ρ̂ = |φ〉〈φ| is pure, then

Eq. (F1) becomes

IQ(
√
γ = 0) = 4T

(
〈Ŷ†Ŷ〉 − |〈Ŷ〉|2

)
, (F2)

which resembles the formula for the variance Var[Z] =
E
[|Z|2]− |E [Z]|2 of a complex random variable Z. If Ŷ is

Hermitian, then IQ(
√
γ = 0) = 4TVar[Ŷ], which is equiv-

alent to Eq. (E5) for γT = σ 2 and Ŷ = Ĥ . If instead ρ̂ is
mixed, then Eq. (F1) implies that the Rayleigh curse will
be avoided if and only if ρ̂ is partial rank and the jump
operator Ŷ transitions some of ρ̂ into its null space. ρ̂ may
be mixed, e.g., because �γ is preceded by another noise
channel �γ ′ with its own decay rate γ ′, which might not
be small, and jump operator Ŷ′ such that the total channel

is �γ ◦�γ ′ . It is perhaps more natural, however, to con-
sider these two processes occurring simultaneously within
the following Lindbladian master equation:

∂tρ̂(t) = γLŶ[ρ̂(t)] + γ ′LŶ′[ρ̂(t)]. (F3)

We consider an example of this scenario below.

1. Example: Qubit noise channels

Consider a qubit simultaneously undergoing amplitude
damping (loss) and dephasing such that the Lindbladian
master equation is thus

∂tρ̂(t) = γdephL
(
σ̂z
)+ γlossL

(
σ̂−
)

.

After evolving for a time T, the individual solutions
to the amplitude damping and dephasing channels are,
respectively,

�deph
(
ρ̂
) =

[
ρ1,1 ρ1,0e−γdephT

ρ∗
1,0e−γdephT ρ0,0

]
,

�loss
(
ρ̂
) =

[
ρ1,1e−γlossT ρ1,0e−γlossT/2

ρ∗
1,0e−γlossT/2 ρ0,0 + ρ1,1

(
1 − e−γlossT

)
]

,

where ρj ,k = 〈j |ρ̂|k〉. Even though [σ̂z, σ̂−] �= 0, these
channels commute such that the solution to the Lind-
bladian master equation is given by �deph ◦�loss

(
ρ̂
) =

�loss ◦�deph
(
ρ̂
)
.

This means that estimating a weak loss
√
γloss � 1 is

unaffected by dephasing, since the optimal initial state
for sensing �loss is |1〉〈1|, which is stabilized by �deph.
By Eq. (F2), the QFI with respect to

√
γloss is thus

IQ(
√
γloss) = 4T.

On the other hand, estimating a weak dephasing√
γdeph � 1 is strongly affected by loss. (We assume that

γloss > 0 is fixed and known.) Eq. (F1) implies that the QFI
for any initial state is Rayleigh cursed, since the state after
�loss is either full rank or |0〉〈0|, which has zero QFI. The
QFI with respect to √

γdeph therefore vanishes in the limit
of γdeph → 0 for any single-qubit initial state.

2. Multiple jump operators

Suppose instead that the same weak decay rate γ is
common to m jump operators {Ŷj }m

j =1 such that the master
equation is

∂tρ̂(t) = γ

m∑

j =1

LŶj
[ρ̂(t)].

Then, the evolution of ρ̂ is approximated in the limit of
γTmc � 1, where c = maxj Tr[Ŷj ρ̂Ŷ†

j ], by the following
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channel:

�γ (ρ̂) =
m∑

j =1

(
K̂0,j ρ̂K̂†

0,j + K̂1,j ρ̂K̂†
1,j

)
,

where the Kraus operators are

K̂0,j := 1√
m

− γT
√

m
2

Ŷ†
j Ŷj ,

K̂1,j :=
√
γTŶj .

By a similar argument to the m = 1 case above, then

IQ(
√
γ = 0) = 4T

m∑

j =1

〈Ŷ†
j �̂⊥Ŷj 〉. (F4)

For example, in Eq. (51), γT = σ 2, Ŷ1 = x̂, and Ŷ2 = p̂ ,
such that Eq. (F4) implies Eq. (52).

APPENDIX G: FINITE-DIMENSIONAL SYSTEMS

Here, we consider a random unitary channel acting on
a finite-dimensional system. Given a d-dimensional quan-
tum system, the random unitary channel �σ is defined
analogously to Eq. (37) as �σ(ρ̂) = ∫∞

−∞ dθ p(θ)Ûθ ρ̂Û†
θ ,

where p(θ) ∼ N (0, σ 2) and Ûθ is a θ -dependent unitary
that acts on this system. We discuss the differences between
finite-dimensional systems and the infinite-dimensional
harmonic oscillator system that we study. In particular, we
give an example where the analogous upper bound on the
ECQFI to Eq. (32) can be loose for σ > 0.

For finite-dimensional systems, the optimal initial pure
state in the limit of σ → 0 is an equal superposition of
the states corresponding to the smallest and largest eigen-
values of Ĥ to maximize 4Var[Ĥ ]. If a loss precedes the
channel, then the mixed state ρ̂ before the encoding needs
to instead optimize 〈Ĥ�̂⊥Ĥ 〉.

For σ > 0, however, the same state may no longer
be optimal, even in the lossless case. For example, con-
sider sensing the phase diffusion of a qubit, modeled as
a random rotation channel �σ with Ûθ = exp(−iθĤ) and
Ĥ = 1

2 σ̂z. The optimal initial state for σ > 0, even allow-
ing for entangled resources, is, e.g., |↑x〉 with a QFI of
σ 2/(eσ

2 − 1), as this saturates the ECQFI as proved below.
In comparison, the naive upper bound on the ECQFI, anal-
ogous to Claim 2, is 2/(σ 2 + 2), which is loose for σ > 0,
unlike for the random bosonic displacement channel.

The ECQFI for the random rotation channel �σ can be
found as follows. The channel has the following Kraus

operators:

K̂1 =
√

1
2

(
1 + e− 1

2 σ
2
)

1̂, K̂2 =
√

1
2

(
1 − e− 1

2 σ
2
)
σ̂z,

such that an upper bound on the ECQFI is [139]

I�σQ (σ ) ≤ 4

∥∥∥∥∥∥

∑

j

˙̂K†
j

˙̂Kj

∥∥∥∥∥∥
= σ 2

eσ 2 − 1
.

This implies that |↑x〉 is optimal and attains the ECQFI.

APPENDIX H: REVIEW OF FINITE-ENERGY GKP
STATES

Here, we review the families of finite-energy states that
we study, which approximate the ideal GKP state in the
high-energy limit.

The ideal GKP grid state is an unnormalized infinite-
energy single-mode state consisting of an equal superposi-
tion of infinitely many evenly spaced position eigenstates,
e.g.,

|GKPideal〉 ∝
∞∑

j =−∞
|x̂ = 2j

√
π〉 =

∞∑

j =−∞
|p̂ = 2j

√
π〉,

where |x̂ = x0〉 (|p̂ = p0〉) is the position (momentum)
eigenstate at x0 (p0) [52]. There are many different con-
tinuous families of normalized finite-energy states that
approximate the same ideal state in the high-energy limit
[143]. One such family, |GKP�〉, is defined as a superpo-
sition with a Gaussian window function of N (0, 1

2�
−2)

displaced squeezed single-mode states, with variance 1
2�

2

and evenly spaced by 2
√
π , as follows:

|GKP�〉 ∝
∞∑

j =−∞
exp
(−2π�2j 2) Û2j

√
π |SMSV 1

2�
〉,

where Ûμ = exp(−iμp̂) translates x̂ to x̂ + μ and the
position-basis wave function of the SMSV state is

|SMSV 1
2�

〉 = 1

π
1
4
√
�

∫ ∞

−∞
dx exp

(
− x2

2�2

)
|x̂ = x〉.

This family approximates the ideal GKP state, |GKPideal〉,
in the limit of � → 0. Numerically, for a fixed but small
� > 0, |GKP�〉 can be approximated by a finite sum over
j = −J , · · · , J , where some large integer J is chosen such
that 2π�2J 2 � 1.

The Wigner function of the pure initial state |GKP�〉
is shown in Fig. 7(a), where the marginals fit the Gaus-
sian envelope of N (0, 1

2�
−2). The mixed state after a loss,
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ρ̂ = �loss
η (|GKP�〉〈GKP�|), is shown in Fig. 7(b), where,

visually, the subvacuum peaks grow and move toward the
origin. Solely for the purpose of plotting, we calculate
these Wigner functions using a different family of finite-
energy GKP states |GKP′

ε〉, defined as the normalized
result of applying the nonunitary operator exp(−εn̂) to the

(a)

(b)

(c)

(d)

FIG. 7. The GKP finite-energy state for �2 ≈ 0.1: Wigner-
function and quadrature probability distributions of (a) the pure
initial state and (b) the state after a loss of η = 0.1 before the
encoding. The Gaussian envelope of the marginals for the pure
initial state is shown. Visually, the loss channel enlarges each
subvacuum peak and pulls it toward the origin. (c) Fock-basis
probabilities on a logarithmic scale shown up to n = 30 before
and after the loss, in a truncated Hilbert space of dimension
100. (d) Fock-basis complex phases of the pure initial state. The
coefficients are all real.

ideal GKP state [143]. This approximation is valid since,
when 1

24�
3 is negligible compared to 1

2�, then |GKP�〉 ≈
|GKP′

ε=�2〉, e.g., this holds for the value of ε = 0.01 used
in Fig. 7. We use this family |GKP′

ε〉 here since the Wigner
function is more efficient to calculate than in the Fock-
basis representation shown in Figs. 7(c)–7(d) [144]. While,
at low energies, the different families of finite-energy GKP
states diverge, e.g., the behavior of |GKP�〉 as N → 0
seen in Fig. 4(b) may be different from |GKP′

ε=�2〉, we are
principally interested in the high-energy limit where they
agree.

APPENDIX I: NUMERICAL METHODS

Here, we discuss the numerical methods mentioned in
Sec. V F that we use to search for the optimal initial
single-mode state in the presence of loss. We first discuss
our brute-force approach and then an alternative approach
that we have experimented with.

1. Brute-force approach

While we have observed numerically that preparing
finite-energy GKP states approaches the ECQFI for 0 <
σ 2 � η, ηA in the limit of large

〈
n̂
〉 = N , we do not know if

this is the only such family of non-Gaussian states. More-
over, while we know that the upper bound in Eq. (36) is
loose for a fixed finite

〈
n̂
〉 = N , we do not know whether

a TMSV state with noiseless ancilla is optimal. We search
here numerically for non-Gaussian states that might per-
form better.

We consider sparse superpositions of finitely many Fock
states. For simplicity, we consider superpositions equally
spaced in the number basis, i.e., |ψ〉 =∑K−1

k=0 ck|mk〉 for
some spacing m and number of peaks K . For succes-
sively larger truncations of the Hilbert space in the number
basis, we fix different values of m and K and numerically
optimize the basis coefficients {ck}K−1

k=0 to maximize the
QFI using gradient-descent and particle-swarm optimiza-
tion methods. This is a brute-force approach to finding the
optimal state.

We show an example of one such state in Fig 8,
which has been found numerically within a truncated
Hilbert space of dimension 490. This state, |ψnum.〉 =∑23

j =0 cj |20j 〉, where m = 20 and K = 24, has a QFI of
18.4 for

〈
n̂
〉 = 158.9, which is within 9% of the ECQFI

of 20 for σ 2 = 10−6 and η = 0.1. (This value of the QFI
appears stable under small perturbations in σ and η.) It
is important here that the signal and loss levels are fixed
and finite, since the intuition for this sparse state is that,
e.g., the transition to |1〉 is dominated by the signal tra-
jectory from |0〉 rather than the loss trajectory from |20〉,
as shown in Fig. 8(c). If the loss was larger or the signal
was smaller, then we would expect a larger separation m
to be necessary. The optimal measurement for this state
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(a)

(b)

(c)

FIG. 8. The Fock-basis (a) probabilities and (b) complex
phases of the non-Gaussian initial state |ψnum.〉 found by numer-
ical optimization. The probabilities after the loss of η = 0.1 but
before the encoding are a sum of binomial distributions. (c)
An example of two neighboring components. For σ = 10−3, the
transition to |1〉 is dominated by the signal trajectory |0〉 �→ |1〉
rather than the loss trajectory |20〉 �→ |1〉. However, this is not
the case for all neighboring components of |ψnum.〉.

is a superposition of number-resolving measurements, i.e.,
projections onto different linear combinations of the Fock
states, similar to the generalized parity measurements for
binomial codes [60]. We conjecture that optimizing over
superpositions of unequally spaced but still sparsely sepa-
rated Fock states in larger truncations of the Hilbert space
can get arbitrarily close to the ECQFI for any σ 2 � η.

2. Biconvex optimization

Here, we describe this task as a biconvex-optimization
problem and discuss how, in principle, it might be solved
without using a brute-force approach.

The general problem of finding the optimal protocol,
i.e., the initial state and measurement scheme, for sensing
a parameter θ encoded by a quantum channel �θ may be
formulated as follows. This problem reduces to biconvex
optimization of the function f (ρ̂, X ), given by [145,146]

f (ρ̂, X ) := −Tr
[
ρ̂
(
−�†

θ (X
2)+ �̇

†
θ (X )

)]
,

where �
†
θ is the conjugate channel of �θ in the

Heisenberg-picture sense, �̇†
θ = d�†

θ /dθ , and X ∈ L2(H)
on a Hilbert space H with finite dimension (e.g., on a trun-
cated bosonic Hilbert space). Here, the biconvexity of f
means that f is convex with respect to ρ̂ if X is held
constant and with respect to X if ρ̂ is held constant, but
not necessarily with respect to both at once. The global
minimum of f exists and is the negative of the CQFI in
Eq. (28),

I�θ ,no ancilla
Q (θ) = − inf

X
inf
ρ̂

f (ρ̂, X ), (I1)

where the order of the infima may be exchanged and
the negative sign is included as a convention such that
f is biconvex rather than biconcave. If X is the SLD
of �θ(ρ̂) with respect to θ , then f (ρ̂, X ) = −I�θ (ρ̂)Q is
the negative of the QFI given the initial state ρ̂. This
biconvex formulation can also be applied to optimize the
CQFI subject to a convex constraint. For example, the
average-energy–constrained CQFI is given by

I�θ ,N ,no ancilla
Q (θ) = − inf

X
inf
ρ̂

f (ρ̂, X )

subject to Tr
[
n̂ρ̂
] = N .

(I2)

This is a biconvex-optimization problem since the set of
density matrices that satisfy this average-energy constraint
of Tr

[
n̂ρ̂
] = N is convex.

In Ref. [145], these biconvex-optimization problems
have been proposed to be solved locally using an alternat-
ing convex search (ACS) [147]. The ACS proceeds from a
given starting point ρ̂0 by finding the corresponding SLD
X0 that solves the convex problem with |ψ0〉 held constant,
then finds the corresponding ρ̂1 that solves the convex
problem with X0 held constant, and so on. Although the
ACS is monotonic and converges, it is only a local search
and is not guaranteed to find the global minimum, although
different random starting points ρ̂0 can be used to explore
the nonconvex geometry [147].

In theory, a deterministic global optimization program
(GOP) exists for solving biconvex problems [148]. The
GOP, however, only converges in exponential time in
the number of confounding variables. Here, this would
be proportional to the dimension of the truncated Hilbert
space squared in the worst case. Although methods exist
to reduce the number of confounding variables in par-
ticular cases [149], the GOP is impractical in general.
This limitation of the GOP and success of the ACS has
previously been discussed in the context of other biconvex-
optimization problems in quantum information science
(see, e.g., Refs. [136,146,150–152]).

While the ACS has proved successful in these other
applications, e.g., it typically converges very fast to opti-
mal values from arbitrary initial states, it appears to be
less efficient for our problem of sensing σ from �σ .
We have implemented this method for calculating both
the unconstrained CQFI in Eq. (I1) and the average-
energy–constrained CQFI in Eq. (I2). In the unconstrained
CQFI case, we have observed a strong dependence on the
starting point. Starting from the vacuum state, the ACS
does not converge to or surpass the QFI of the finite-energy
GKP states even after 10 000 iterations. This method also
does not significantly improve upon the finite superposi-
tions of Fock states from the brute-force approach when
started from them. We observe improved performance
when running the ACS with random pure states. (We sam-
ple the real parts of the number-basis coefficients from a
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Biconvex optimization (ACS)
high-energy limit

FIG. 9. The QFI versus the initial average occupation num-
ber per mode for the states obtained from biconvex optimization
via the ACS with the average energy-constraint of Eq. (I2) after
500 iterations and starting from random pure states. The remain-
ing curves corresponding to the QFI from different states are the
same as the lossy case in Fig. 4(b).

Gaussian distribution with zero mean and unit variance
and then normalize the state. The imaginary parts are zero.)
However, the ACS still fails to converge to the QFI of the
TMSV and GKP states at finite average energy. Determin-
ing what aspects of the geometry of our Rayleigh-cursed
bosonic problem limit the ACS is left to future work.

Implementing the ACS for the average energy–
constrained CQFI case in Eq. (I2) leads to considerably
improved results: the ACS reaches values that are ≥ 98%
of the QFI of a finite-energy TMSV after 500 iterations for
different N . These results are shown in Fig. 9. This pro-
vides strong numerical evidence for our conjecture that the
finite-energy CQFI corresponds to the finite-energy TMSV
QFI. These results also suggest that the failure of the ACS
in the unconstrained CQFI case may be due to the bosonic
nature of this problem: we observe that the unconstrained
ACS on the truncated Hilbert space does not converge to
the QFI of the finite-energy TMSV or GKP states, but
requires an average-energy constraint that is much smaller
than the truncation does. The states that the ACS finds are
not obviously related to the TMSV or GKP states. We defer
understanding the full space of states with similar QFI at
the same average energy to future work.

APPENDIX J: CLASSICAL NOISE AND THE
OPTIMAL INITIAL STATE

Here, we prove the results discussed in Sec. V G about
the optimal initial state in the presence of significant
classical noise but no loss.

Suppose that the encoding channel is preceded by the
classical noise channel �noise


C
in Eq. (22) for a given

classical noise covariance matrix 
C such that the total
channel is �′

σ = �σ ◦�noise

C

. We consider the following

three cases in turn: 
C = diag
(

0, σ 2
p

)
, where the ran-

dom displacements from the classical noise are parallel
to (i.e., in the same quadrature, p̂ , as) those from the

signal; 
C = diag
(
σ 2

x , 0
)
, where the classical noise is per-

pendicular (i.e., in the opposite quadrature, x̂) to the signal;
and 
C = diag

(
σ 2

x , σ 2
p

)
, where the classical noise is in

both quadratures, which includes the isotropic case 
C =
diag

(
σ 2

C, σ 2
C

)
. Whether the Rayleigh curse arises depends

on 
C as shown below.

1. Parallel classical noise

For
C = diag
(

0, σ 2
p

)
, we prove that the Rayleigh curse

is unavoidable and that the optimal initial state for a given〈
n̂
〉 = N is to prepare an SMSV state.
We first note that the total channel corresponds to a

combined classical noise channel:

�′
σ = �σ ◦�noise

diag
(

0,σ 2
p

) = �noise
diag

(
0,σ 2+σ 2

p

), (J1)

where 
C = diag(0, σ 2 + σ 2
p ) adds the signal and noise in

quadrature since they are uncorrelated.
Equation (J1) holds immediately for Gaussian states, but

let us prove it for any initial state ρ̂ by direct calculation:

�′
σ (ρ̂) =

∫

R2
dα1dα2 pσ 2 (α2) pσ 2

p
(α1) Ûα2Ûα1 ρ̂Û†

α1
Û†
α2

=
∫

R2
dα1dβ pσ 2 (β − α1) pσ 2

p
(α1) Ûβρ̂Û†

β ,

where pς2(α) ∼ N (0, ς2),β = α1 + α2, and Ûα =
exp(iαx̂). By recognizing the convolution between two
Gaussian distributions, then this equals

=
∫

R
dβ pσ 2+σ 2

p
(β) Ûβρ̂Û†

β

= �noise
diag

(
0,σ 2+σ 2

p

)
(
ρ̂
)

.

By the chain rule, Eq. (J1) implies that the QFI for a given
initial state ρ̂ is

I�
′
σ (ρ̂)

Q (σ ) = σ 2

σ 2 + σ 2
p

I�σ (ρ̂)Q

(
σ =

√
σ 2 + σ 2

p

)
. (J2)

Hence, the ECQFI I�
′
σ

Q (σ ) for a given value of σp is
proportional to the noiseless ECQFI I�σQ (σ ) evaluated at
the signal with variance σ 2 + σ 2

p , which implies Eq. (38).
Since preparing an SMSV state is the optimal initial state
that attains the noiseless ECQFI for a fixed

〈
n̂
〉 = N , it

is also the optimal initial state in the presence of paral-
lel classical noise. The conversion factor of σ 2/(σ 2 + σ 2

p ),
however, will introduce the Rayleigh curse for σ � σp
and mean that the noiseless ECQFI cannot be recovered
regardless of the initial state.
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Before moving on to discuss the other possible cases
of classical noise, we analyze what happens when both
parallel classical noise and loss are present. Let the total
channel be

�′
σ = �σ ◦�noise

diag
(

0,σ 2
p

) ◦�loss
η .

By combining Eqs. 35 and (J2), the ECQFI is then given
in Eq. (39). By a similar argument to that made below
Eq. (J2), the optimal initial states are the same as for the
case with loss but no classical noise.

2. Perpendicular classical noise

For 
C = diag(σx, 0), we prove that, for a fixed finite
signal σ > 0, the noiseless ECQFI can be recovered in the
high-energy limit and there exist finite-energy states that
do not exhibit the Rayleigh curse as σ → 0.

Suppose that we prepare an SMSV state with
〈
n̂
〉 = N ,

then, given perpendicular classical noise, the QFI calcu-
lated from Eq. (19) is

IQ(σ ) = 4

(2ξN )
−2 ( σx

σ

)2
(

1
2 σ

2
x +ξN

)

(
σ 2

x +ξN
)2 + ξ−1

N + 2σ 2

−−−→
N→∞

4
ξ−1

N + 2σ 2
.

For a fixed finite signal σ > 0, the above limit as N → ∞
implies that the noiseless ECQFI in Eq. (32) is recov-
ered for large enough N such that σξN � σx. Note that
the optimal measurement for an SMSV state in the noise-
less case has been to first antisqueeze and then perform
a number-resolving measurement. Here, intuitively, this
antisqueezing operation squeezes the perpendicular noise
such that its effect becomes vanishing in the high-energy
limit.

Note that we assume a particular order of limits above:
limσ→0 sup|�〉 IQ(σ ). As discussed in Sec. V E, this is
the relevant order in practice because we are inter-
ested in small but finite signals σ > 0. For complete-
ness, we now briefly discuss the opposite order of limits:
sup|�〉 limσ→0 IQ(σ ). While the family of SMSV states is
optimal as N → ∞ for a fixed finite σ > 0, a given SMSV
state with fixed

〈
n̂
〉 = N exhibits the Rayleigh curse as

σ → 0 by Claim 1.
Unlike the parallel classical noise case, however, the

Rayleigh curse can be avoided using different initial states.
For example, we show in Appendix D that preparing a
TMSV state with noiseless ancilla, i.e., no noise channels
on the ancilla, with a fixed

〈
n̂
〉 = N particles per mode

yields a QFI of

IQ(σ = 0) = 8N (N + 1)
2N + 1

−−−→
N→∞

4N , (J3)

which is independent of the amount of perpendicular clas-
sical noise. This recovers the noiseless QFI of 4N for a
TMSV state in the high-energy limit, but not the noise-
less ECQFI of 4ξN ≈ 8N at σ = 0. Numerical analysis
suggests that finite-energy GKP states are also resilient to
perpendicular classical noise.

We note that the above analysis, while promising, does
not include the relevant real-world case of perpendicu-
lar noise jointly in the presence of optical loss. There,
the degradation of the squeezed state from the loss may
prevent the complete removal of perpendicular noise.

3. Classical noise in both quadratures

For 
C = diag
(
σ 2

x , σ 2
p

)
with σx, σp > 0, we combine

the above results to show that the Rayleigh curse is
inevitable, the noiseless ECQFI cannot be recovered, and
that an SMSV state remains the optimal initial state for a
fixed σ > 0 in the high-energy limit. These results apply,
e.g., to the isotropic case of 
C = diag

(
σ 2

C, σ 2
C

)
with σC >

0.
The random-displacement channels �noise

diag(σ 2
x ,0)

and

�noise
diag(0,σ 2

p )
commute with each other and obey the following

relation:

�noise
diag(σ 2

x ,σ 2
p )

= �noise
diag(σ 2

x ,0)
◦�noise

diag(0,σ 2
p )

= �noise
diag(0,σ 2

p )
◦�noise

diag(σ 2
x ,0)

,

such that, by Eq. (J1), the total channel is

�′
σ = �noise

diag(σ 2
x ,σ 2+σ 2

p )
.

Hence, similarly to Eq. (J2), the QFI for a given initial state
ρ̂ is

I�
′
σ (ρ̂)

Q (σ) = σ 2

σ 2 + σ 2
p

I

(
�σ ◦�noise

diag(σ2
x ,0)

)

(ρ̂)

Q

(
σ =

√
σ 2 + σ 2

p

)
.

The optimal initial state here, therefore, is the same as
for the perpendicular case in which the total channel is
�σ ◦�noise

diag(σ 2
x ,0)

. For a fixed finite σ > 0, this implies that
preparing an SMSV state is optimal in the high-energy
limit but does not recover the noiseless ECQFI due to
the σ 2/(σ 2 + σ 2

p ) factor. In the limit of σ � σp , the same
factor leads to an unavoidable Rayleigh curse.

When we restrict ourselves to study signals above a clas-
sical noise floor, e.g., in Sec. V E, we mean signals σ above
an isotropic classical noise σC, i.e., for σ � σC, since all
protocols exhibit the Rayleigh curse below the noise floor,
i.e., for σ � σC.
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APPENDIX K: ADAPTIVE PROTOCOL

Here, we detail an adaptive protocol for our separable
measurements scheme (quadrature and number measure-
ments) that converges to a factor of 2 away from the QFIM
bound, as shown in Fig. 6(b).

Algorithmically, the adaptive measurement protocol
proceeds as follows:

Let us denote 〈p̂〉 after the kth step as μk. Since pk =
μk−1 + nk, where nk is a Gaussian random variable nk ∼
N (

0, 1
2

)
, then, by induction, μk = −(1/k)∑k

i=1 ni. This
implies that �μk = 1/

√
2k, i.e., the “size” of μk is equal

to the statistical uncertainty in estimating μ after k.
After all of the measurements are performed, we then

estimate μi with μ̃i = μi − μM and estimate σ with ς =√
(2/M )

∑
i ni − (1/M )

∑
i μ̃

2
i .

APPENDIX L: PROOF OF CLAIM 5

Here, we prove Claim 5. We first calculate the QFI and
then explicitly construct the joint measurement, which is
asymptotically optimal.

In the limit of σ → 0, the QFI with respect to σ for a
pure initial state is 4Var[Ĥ ] by Claim 4. We can assume,
without loss of generality, that μ � 1. Then, the QFI with
respect toμ can be shown to also be 4Var[Ĥ ] by expanding
the channel �σ ,μ in Eq. (46) to second order in μ and σ ,
since higher orders will not contribute to the QFI.

We now construct a joint measurement the CFIM of
which saturates these QFIs simultaneously. Without loss of
generality, we assume that 〈Ĥ 〉 = 0 and let V := Var[Ĥ ]
for the initial pure state |ψ〉. Then, |φ1〉 := (1/

√
V)Ĥ |ψ〉

and |φ2〉 := (1/
√

l)(Ĥ 2 − V)|ψ〉 are orthogonal to |ψ〉,
where l is a normalization factor.

The final state�σ ,μ(|ψ〉〈ψ |) can be expanded up to sec-
ond order in μ and σ using this orthonormal set of states
{|ψ〉, |φ1〉, |φ2〉} as

⎛

⎜⎜⎜⎜
⎝

1 − (μ2 + σ 2
)

V −iμ
√

V −1
2
(
μ2 + σ 2

)
l

iμ
√

V
(
μ2 + σ 2

)
V 0

−1
2
(
μ2 + σ 2

)
l 0 0

⎞

⎟⎟⎟⎟
⎠

,

such that we can restrict attention to the two-dimensional
subspace of |ψ〉 and |φ1〉.

We want to consider joint measurements on M copies
of the final state �σ ,μ(|ψ〉〈ψ |). Consider the following
collective states:

|ei〉 := |ψ〉⊗(i−1)|φ1〉|ψ〉⊗(M−i).

Let the symmetric state be |es〉 := (1/
√

M )
∑

i |ei〉 and let
the antisymmetric states be denoted as {|ea,i〉}M−1

i=1 . In this
collective basis, the final state is

�σ ,μ(|ψ〉〈ψ |)⊗M ≈ [1 − MV(μ2 + σ 2)
] |ψ〉⊗M 〈ψ |⊗M

− iμ
√

MV
(|es〉〈ψ |⊗M − |ψ〉⊗M 〈es|

)

+ V
(
σ 2 + μ2M

) |es〉〈es|

+ σ 2V
M−1∑

i=1

|ea,i〉〈ea,i|.

We now calculate the CFIM obtained with projective mea-
surement onto (1/

√
2)
(|ψ〉⊗M + i|es〉

)
and

{|ea,i〉
}M−1

i=1
and show that it is asymptotically optimal. The prob-
ability to be projected onto the antisymmetric sub-
space is σ 2V (M − 1), which provides the information
about σ , while the probability to be projected onto
(1/

√
2)
(|ψ〉⊗M + i|es〉

)
is

p = 1
2
(
1 − σ 2 (M − 1)V

)+
√

MVμ,

which provides the information aboutμ but no information
about σ in the limit of σ → 0. The CFIM with respect to
μ and σ in the limit of σ → 0 is

IC =
(

4MV 0
0 4 (M − 1)V

)
,

which saturates the QFIM and implies that this joint
protocol is asymptotically optimal.
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Chapter 5

Lindblad estimation with fast and

precise quantum control

Now I will believe that there are unicorns...

Sebastian (Act 3, Scene 3)

William Shakespeare, The Tempest

We now present Ref. [51] which is closely related to the previous paper but now answers

what the addition of optimal fast and precise quantum control can do to aid sensing

a stochastic waveform or, more generally, a Lindblad decay rate, still remaining in the

asymptotic Fisher limit. This represents the culmination of the optimisation process

showcased in the previous two papers, building up from just choosing the measurement,

then adding different initial states, and finally now also changing the natural signal-less

evolution of the sensing device. We show that a simple measure-and-reset strategy, as

shown in Fig. 1b, is optimal provided that the right initial state is chosen (see Theorem 1).

While this result may lead to dramatically increased sensitivity, e.g. the loss-limited

sensitivity to stochastic waveforms is now unbounded as shown in Fig. 6, this proposal

requires an extreme level of control over the experiment. This continues the trend from

the previous two papers from practical near-future improvements to far-future radical

changes in architecture to reach levels of precision never-before-seen. This is a tradeoff

that is not just seen within this thesis but also broadly in the literature. This paper is

the last in the stochastic sensing series as we will next explore a different dimension of

the landscape of waveform estimation as shown in Fig. 1.1.

We now emphasise the main steps and results from this paper. Firstly, the existing

82



result in Eq. 6 is what allows us to study just the infinitesimal behaviour of the quantum

channel in time (see Eq. 12) and prove the first part of Theorem 1, our main result, in

Appendix A. Secondly, the proof of Theorem 1 also relies on the vanishing signal limit

(see Eq. 9) and the order of these two limits matters as explained in Sec. II E. Thirdly,

the properties of the optimal measure-and-reset strategy discussed in Sec. C are quite

different to the optimal protocol for the deterministic case. Finally, while we focused

above on the stochastic waveform estimation in Sec. VI, the Lindblad estimation results

also apply to fermionic sensing tasks as explored in Sec. IV G and Sec. V.
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Enhancing precision sensors for stochastic signals using quantum techniques is a promising emerg-
ing field of physics. Estimating a weak stochastic waveform is the core task of many fundamental
physics experiments including searches for stochastic gravitational waves, quantum gravity, and
axionic dark matter. Simultaneously, noise spectroscopy and characterisation, e.g. estimation of
various decay mechanisms in quantum devices, is relevant to a broad range of fundamental and
technological applications. We consider the ultimate limit on the sensitivity of these devices for
Lindblad estimation given any quantum state, fast and precise control sequence, and measurement
scheme. We show that it is optimal to rapidly projectively measure and re-initialise the quantum
state. We develop optimal protocols for a wide range of applications including stochastic waveform
estimation, spectroscopy with qubits, and Lindblad estimation.

A wide variety of fundamental physics searches and
emerging technologies involve sensing a weak stochas-
tic signal: From stochastic waveform estimation [1]
for searching for gravitational waves [2–4], quantum
gravity [5–7], or axionic dark matter [8–11]; to spec-
troscopy [12, 13], nano-scale nuclear magnetic reso-
nance [14, 15], and noise characterisation in quantum
sensors and devices [16–20]. A common challenge across
these different applications is how to differentiate be-
tween the weak stochastic signal and the noise in the sys-
tem: The noise can completely mask the weak stochastic
signal and significantly degrade the sensitivity. It is un-
clear whether this degraded sensitivity is fundamental
to sensing a stochastic signal in the presence of noise,
or whether it can be overcome with quantum-enhanced
techniques. We address this problem by determining the
optimal quantum metrological strategy to sense a weak
stochastic signal in the presence of noise.

We now explain how we model this question as a Lind-
blad estimation problem. Under the Born-Markov ap-
proximation, the time evolution of the density matrix ρ̂
describing our quantum sensor is given by the following
Lindblad master equation [21–25]:

˙̂ρ = −i[Ĥ, ρ̂] + γ1

K∑

j=1

Lj,(s)(ρ̂) +
K+N∑

k=K+1

γkLk,(n)(ρ̂) (1)

where Ĥ is the Hamiltonian and ℏ = 1. The signal that
we want to estimate is the common decay rate γ1 of K
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signal Lindblad jump operators {L̂j,(s)}Kj=1 each of which
determines a Lindbladian superoperator as follows:

Lj,(s)(ρ̂) = L̂j,(s)ρ̂L̂
†
j,(s) −

1

2
{L̂†

j,(s)L̂j,(s), ρ̂}.

The signal γ1, however, is much weaker than the noise
described by the other N decay rates {γk}K+N

k=K+1 and

noise Lindblad jump operators {L̂k,(n)}K+N
k=K+1 which sim-

ilarly determine the noise Lindbladian superoperators
{Lk,(n)}K+N

k=K+1 in Eq. 1. We want to determine how best
to extract the information about the signal γ1 encoded
over time in the quantum state ρ̂ by preparing differ-
ent initial states, applying different control operations
during the time evolution, and performing different mea-
surements at the end.
We want to determine the fundamental precision limit

of this Lindblad estimation problem. This implies that
we need to study the sequential metrological strategy
with fast and precise control as shown in Fig. 1a. Here,
the control operations that we apply to the quantum
state can be arbitrary and continuously performed. This
fast and precise control limit is hierarchically the most
powerful metrological strategy as it can simulate all other
strategies including, e.g., the measure-and-reset strat-
egy shown in Fig. 1b or the parallel strategy shown
in Fig. 1c [26–28]. The fast and precise control limit
has been studied extensively for Hamiltonian estima-
tion [27, 29, 30], where the signal is encoded unitarily by

Ĥ in the presence of noise jump operators {L̂k,(n)}K+N
k=K+1

in Eq. 1 and the root mean square error in estimating the
signal falls either as 1/t or 1/

√
t over time t, depending

on the geometry of the signal and noise operators. The
fast and precise control limit has also been studied previ-
ously for Lindblad estimation [31–34], where the signal is
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FIG. 1. Block diagrams of different quantum metrological strategies. (a) Sequential strategy with fast and precise control
where the encoding channel Λ is queried M times on a short timescale t and between each query a control operation C is
performed. The final state after a total time of T = Mt is then measured. (b) Measure-and-reset strategy where the encoding
channel is queried once, a measurement is performed, and then the state is re-initialised and the procedure is repeated a total of
M times. (c) Parallel strategy where M devices are simultaneously queried and measured. (d–f) Unextended (i.e. ancilla-free)
cases of the extended (i.e. noiseless ancilla–assisted) cases shown in panels (a–c), respectively.

encoded non-unitarily by signal jump operators and the
noise corresponds to the nuisance Hamiltonian Ĥ and
noise jump operators. In this case, the error in estimat-
ing the signal always falls as 1/

√
t. But, the optimal

initial state, control sequence, and measurement scheme
for Lindblad estimation remain unknown.

In this paper, we consider the fast and precise control
limit of Lindblad estimation. Firstly, in Sec. I, we re-
view the theory of quantum estimation. Then, in Sec. II,
we apply this formalism to find the optimal strategy for
Lindblad estimation. Finally, we apply our results to
Lindblad estimation of a single qubit in Sec. III, multiple
qubits in Sec. IV, and a stochastic waveform in Sec. V.

I. REVIEW OF QUANTUM ESTIMATION

We now review the quantum theory of asymptotic un-
biased estimation using the Fisher information formal-
ism. For an introduction to this topic, see Refs. [35, 36].

1. Parameter estimation

Let us model an experiment as taking an initial quan-
tum state described by a density matrix ρ̂ and transform-
ing it to some final state ρ̂′ that encodes some real signal
θ of interest but also introduces some noise. This trans-
formation is described by a quantum channel Λ, i.e. a
completely positive trace-preserving linear map between
density matrices, such that ρ̂′ = Λ(ρ̂). The quantum
channel Λ has the following Kraus representation:

ρ̂′ =
∑

j

K̂j ρ̂K̂
†
j ,

∑

j

K̂†
j K̂j = Î

where {K̂j}j are the non-unique Kraus operators of Λ

and Î is the identity operator. We want to estimate
θ from measuring M independent and identical copies
of the final state ρ̂′. This measurement is described by

a positive operator-valued measure (POVM) with a set

of effects {Êj}j such that the measurement outcome j

occurs with probability Tr[ρ̂′Êj ]. (The effects satisfy∑
j Êj = Î but are not necessarily a set of orthogonal

projections.) We want to find the protocol that yields
an unbiased estimate of θ with the minimum root mean
square error (RMSE) ∆θ. This unextended measure-and-
reset strategy is shown in Fig. 1e. We do not yet assume
anything about the timescale of Λ.

Let the outcomes from a given measurement of ρ̂′ be
described by a random variable X with probability dis-
tribution p(X = x|θ). The classical Cramér-Rao bound
on the RMSE is then

∆θ ≥ 1√
MIC(θ)

where the inequality is asymptotically tight as M → ∞
using the maximum likelihood estimator, the factor of
1/
√
M comes from the Central Limit Theorem, and the

classical Fisher information (CFI) about θ is defined as

IC(θ) =
∑

j

[∂θp(X = xj |θ)]2
p(X = xj |θ)

(2)

where the sum excludes any j such that p(X = xj |θ) = 0.
The CFI about θ is defined for a given measurement,

but there are many possible measurements of ρ̂′ to per-
form. The quantum Fisher information (QFI) about θ,
IQ(θ), is defined as the maximum possible value of the
CFI about θ maximised over all possible measurements
such that the quantum Cramér-Rao bound on the RMSE
is

∆θ ≥ 1√
MIQ(θ)

.

Here, the QFI is given by IQ(θ) = Tr[ρ̂′Ŝ2] where Ŝ
is the symmetric logarithmic derivative of ρ̂′ with re-
spect to θ which satisfies ∂θρ̂

′ = 1
2{ρ̂′, Ŝ} and is given,
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in terms of the spectral decomposition of the final state
ρ̂′ =

∑
j pj |ϕj⟩⟨ϕj |, by

Ŝ =
∑

j,k

2

pj + pk
⟨ϕj |∂θρ̂′|ϕk⟩|ϕj⟩⟨ϕk|

where the sum excludes any j, k such that pj + pk = 0.
The QFI thus equals

IQ(θ) =
∑

j,k

2

pj + pk
|⟨ϕj |∂θρ̂′|ϕk⟩|2 . (3)

An optimal measurement of ρ̂′ is to project onto the
eigenbasis of Ŝ. Two useful properties are that the Fisher
information from independent and identical repetitions
sum and that the fractional RMSE is bounded by

∆θ

θ
≥ 1√

Mθ2IQ(θ)
(4)

such that changing parameter from estimating θ to θ2

only scales the fractional RMSE by a factor of two since
θ2IQ(θ) = 4θ4IQ(θ2) by the chain rule.

We are often also interested in sensing a weak parame-
ter θ, i.e. in studying the limit of vanishing signal: θ → 0.
If limθ→0 ∂θρ̂

′ = 0 holds, then the optimal measurement
in this limit is the projection Π̂0 onto the eigenbasis of
the signal-free final state limθ→0 ρ̂

′ such that [14, 37, 38]

lim
θ→0

∂θρ̂
′ = 0 =⇒ IQ(θ = 0) = IΠ̂0

C (θ = 0). (5)

This simplifies calculating the QFI in the vanishing signal
limit into finding the CFI from the results of measuring
Π̂0.

2. Channel estimation

While finding the optimal measurement is straightfor-
ward, finding the optimal initial state ρ̂ to maximise the
QFI is more complicated. Due to the convexity of the
space of density matrices and the QFI, the initial state
can be assumed to be pure, i.e. ρ̂ = |ψ⟩⟨ψ| for some
|ψ⟩. Given an initial mixed state, there exists an initial
pure state with greater than or equal QFI. This means
that, without loss of generality, the state ρ̂ shown in
Fig. 1 is pure and the POVM is a projection-valued mea-
sure {Π̂j}j . The initial pure state |ψ⟩ may include en-
tanglement of the system with a noiseless ancilla such
that we can then perform joint measurements of the fi-
nal state of the system and the unchanged ancilla. (This
is represented by extending the Kraus operators of Λ to
{K̂j⊗ Î}j .) We will call states entangled with a noiseless
ancilla “extended states” and ancilla-free states “unex-
tended states”. The extended measure-and-reset strat-
egy is shown in Fig. 1b. In comparison to the perfor-
mance of a given extended pure state, the sensitivity of

the mixed state corresponding to its reduced density ma-
trix will often be greatly diminished as the entanglement
with the noiseless ancilla is crucial. Finding the optimal
extended and unextended states for a particular channel
Λ will be the main focus of our work. The optimal ex-
tended state always performs as well as the optimal unex-
tended state and, as we will see, sometimes the optimal
performance can only be attained using entanglement.
Numerically, the optimal extended state and its accom-
panying QFI and measurement scheme can be found effi-
ciently using a semi-definite program (SDP) [28, 39, 40].

3. Fast and precise quantum control

Finally, we can consider improving the QFI by using
fast and precise quantum control. Given an infinitesimal
channel Λ which is repeated M times with control as
shown in Fig. 1a, the upper bound on the total QFI is [26,
27]

IQ(θ) ≤ 4M ∥α̂∥+ 4M(M − 1)∥β̂∥(∥β̂∥+ 2
√

∥α̂∥) (6)

where α̂ = K̇†K̇ and β̂ = iK̇†K given the vector
K = (K̂1, . . . , K̂r)

T from a minimum rank r Kraus repre-

sentation {K̂j}rj=1 of Λ. (Here, K̇ is the derivative of K
with respect to the parameter of interest θ.) The Kraus
representation of Λ chosen above is not unique, however,
as any r-by-r unitary matrix u forms an equally valid
Kraus representation uK. All minimum rank Kraus rep-
resentations of Λ can be reached this way. Under this

gauge transformation, α̂ and β̂ become

α̂ = (K̇− ihK)†(K̇− ihK), β̂ = i(K̇− ihK)†K (7)

where h is any r-by-r Hermitian matrix. In the relevant

case that β̂ = 0, then Eq. 6 minimised over all possible
Kraus representations becomes

IQ(θ) ≤ 4M min
h

∥∥∥(K̇− ihK)†(K̇− ihK)
∥∥∥ . (8)

This upper bound is tight assuming access to a noiseless
ancilla, i.e. the extended case shown in Fig. 1a rather
than the unextended case shown in Fig. 1d. Since fast
and precise control is hierarchically the most powerful
metrological strategy, Eq. 8 provides the ultimate sen-

sitivity limit assuming that β̂ = 0. Eq. 8 can also be
efficiently calculated numerically via an SDP.

II. LINDBLAD ESTIMATION

We now return to our Lindblad estimation prob-
lem [41]. Before applying the above quantum estima-
tion formalism to this problem, we need to explain some
of the simplifying assumptions that we make. We as-
sume that the signal in Eq. 1 is much weaker than
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the noise such that the following condition holds for all
k = K + 1, . . . ,K +N

γ1 ≪ ∥[Ĥ, ρ̂]∥
∥∑K

j=1 Lj,(s)(ρ̂)∥
, γ1 ≪ γk∥Lk,(n)(ρ̂)∥

∥∑K
j=1 Lj,(s)(ρ̂)∥

(9)

where ∥·∥ is the operator norm [42]. Informally, this con-
dition means that the signal decay rate γ1 is much slower
than the natural frequencies of the nuisance Hamiltonian
Ĥ and all of the noise decay rates γk [43]. We choose
to estimate

√
γ1 instead of γ1 without loss of generality

to avoid a divergence in the QFI in this vanishing sig-
nal limit in the noiseless case [1]. The fractional RMSEs
with respect to

√
γ1 and γ1 are the same up to a factor

of two by Eq. 4 such that any sensitivity improvement
that we demonstrate for

√
γ1 is similar for γ1. When es-

timating
√
γ1, we assume that all of the jump operators

{L̂j}K+N
j=1 are known. We also assume for now that we

know the nuisance Hamiltonian Ĥ and noise decay rates
{γj}K+N

j=K+1, but we will show later that we can remove

this assumption. The jump operators L̂j are traceless,

i.e. Tr[L̂j ] = 0, without loss of generality since any com-

ponent of L̂j along Î will not affect Eq. 1. We make
no assumption about the dimension of the Hilbert space
which may be infinite.

We want to find the optimal metrological strategy and
ultimate precision limit of this Lindblad estimation prob-
lem. We thus study the sequential strategy with fast and
precise control since it is hierarchically the most powerful
metrological strategy. This means that we can perform
arbitrary quantum control operations including the use
of noiseless ancillae as shown in Fig. 1a. To understand
the most powerful metrological strategies, the result in
Eq. 6 implies that we must study the infinitesimal chan-
nel Λ. I.e., we need to find the quantum channel Λ that
represents the time evolution under the master equation
in Eq. 1 after an infinitesimal time t. Given the initial
state ρ̂, then the final state ρ̂′ = Λ(ρ̂) is

ρ̂′ = ρ̂+ t


−i[Ĥ, ρ̂] +

K+N∑

j=1

γjLj(ρ̂)


 (10)

=
K+N∑

j=0

K̂j ρ̂K̂
†
j

where one possible Kraus representation of Λ is

K̂0 = Î − t

(
iĤ +

1

2

K+N∑

k=1

γkL̂
†
kL̂k

)
(11)

K̂j =
√
γjtL̂j , j = 1, . . . ,K +N.

In Eq. 10 and henceforth, we drop all O(t2) terms pro-
vided that the short evolution time t satisfies

t≪
4∥∑K+N

j=1 γjLj(ρ̂)− i[Ĥ, ρ̂]∥
∥∑K+N

j,k=1 γjγkLj(Lk(ρ̂))− [Ĥ, [Ĥ, ρ̂]] + Â∥
(12)

where the cross term is the following operator

Â = −i
K+N∑

j=1

γj

(
Lj([Ĥ, ρ̂]) + [Ĥ,Lj(ρ̂)]

)
.

Intuitively, the time t must be faster than the shortest
timescale min[1/γ, 1/ω] set by the largest decay rate γ

or natural frequency ω of the nuisance Hamiltonian Ĥ.
For example, for sensing a bosonic loss given by the an-
nihilation operator L̂1,(s) = â with a Fock state |n̂ = n⟩
such that n̂|n̂ = n⟩ = n|n̂ = n⟩ where n̂ = â†â and
n ≥ 1, then Eq. 12 implies that the time must satisfy
t≪ 4/[γ1(2n−1)]. We now want to find the optimal ini-
tial state, control sequence, and projective measurement
for the sequential strategy with fast and precise control.

Let us briefly address the existing literature on Lind-
blad estimation. Estimating a weak decay rate while
knowing the jump operators is different to the problem
of estimating the whole Lindbladian with no prior infor-
mation. In particular, the methods developed previously
to estimate the whole Lindbladian [18, 44, 45] are not
fine-tuned to isolate the noise-free component of a weak
signal and will have vanishing QFI in this limit. While
fast and precise control has been previously studied in
Ref. [32], the particular assumption made in that work
about the jump operators does not hold in general, un-
like our results (as we discuss in Sec. IID 1). Similarly,
the measure-and-reset limit for correlated noise sensing
was examined in Refs. [46, 47] but without the proof of
optimality that we now provide.

A. Fast and precise control

Let us first calculate the ultimate sensitivity limit given
by Eq. 8 for sensing a stochastic signal or Lindblad esti-
mation with fast and precise control as shown in Fig. 1a.
In the vanishing signal limit of

√
γ1 → 0, the vector of

Kraus operators in Eq. 11 becomes

K =




Î − t
(
iĤ + 1

2

∑K+N
k=K+1 γkL̂

†
k,(n)L̂k,(n)

)

0
...
0√

γK+1tL̂K+1,(n)

...√
γK+N tL̂K+N,(n)




(13)
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and its derivative with respect to
√
γ1 becomes

K̇ =




0√
tL̂1,(s)

...√
tL̂K,(s)
0
...
0




.

We choose the following ansatz for the gauge matrix:

h =




0 g† 01,N

g 0K,K G
0N,1 G† 0N,N


 (14)

where 0m,n is the m-by-n zero matrix and c⃗j ∈ CN+1 for
j = 1, . . . ,K such that h is determined by

g = −i
√
t




(c⃗1)1
...

(c⃗K)1


 , G = −i




(c⃗1)2√
γK+1

· · · (c⃗1)N+1√
γK+N

...
. . .

...
(c⃗K)2√
γK+1

· · · (c⃗K)N+1√
γK+N




Using this gauge matrix h, the Kraus operators in Eq. 13
become

K̇− ihK =




0

L̂1,(s) − c⃗T1 L
...

L̂K,(s) − c⃗TKL
0
...
0




√
t (15)

where L = (Î , L̂K+1,(n), . . . , L̂K+N,(n))
T. This implies

that β̂ = 0 in Eq. 7. The upper bound on the QFI with
fast and precise control in Eq. 8 is thus:

IQ(
√
γ1 = 0) ≤ 4T min

{c⃗k}K
k=1

∥∥∥∥
K∑

k=1

Â†
kÂk

∥∥∥∥ (16)

where Âk = L̂k,(s) − c⃗TkL and T = Mt is the total time.
This upper bound is independent of the nuisance Hamil-
tonian Ĥ which agrees with Appendix G of Ref. [34] and
will be explained below once we find the optimal strategy.

If L̂k,(s) ∈ span{L} for all k = 1, . . . ,K, i.e. all of the
signal operators lie in the subspace spanned by the noise
operators and identity, then the upper bound in Eq. 16
vanishes. Similarly, any component of a signal operator
L̂k,(s) within span{L} does not affect the upper bound,
since it can be compensated by appropriately choosing c⃗k,
and thus may be ignored without loss of generality. We
discuss the orthogonality of the signal and noise operators
further in Sec. II C.

In the case of a single signal (K = 1), Eq. 16 has the
following geometric interpretation

IQ(
√
γ1 = 0) ≤ 4T min

c⃗
∥L̂1,(s) − c⃗TL∥2 (17)

= 4T d(L̂1,(s), span{L})2

where we used that ∥X†X∥ = ∥X∥2 for the operator

norm and defined d(L̂1,(s), span{L}) as the distance in-
duced by the operator norm between the signal operator
L̂1,(s) and the subspace of noise operators span{L}. This
distance vanishes if and only if L̂1,(s) ∈ span{L} such

that the QFI is nonzero only if L̂1,(s) /∈ span{L}, i.e.
some component of the signal operator lies outside of the
subspace of noise operators.
We prove that the upper bound in Eq. 16 is tight and

determine the optimal sensing strategy:

Theorem 1. Consider sensing the decay rate γ1 com-
mon to K signal operators {L̂k,(s)}Kk=1 in the presence of

N noise operators {L̂j,(n)}K+N
j=K+1 and a nuisance Hamil-

tonian Ĥ. In the vanishing signal limit of γ1 → 0, the
optimal QFI with respect to

√
γ1 is:

IQ(
√
γ1 = 0) = 4T max

|ψ⟩

K∑

k=1

⟨ψ|L̂†
k,(s)(Î − Π̂)L̂k,(s)|ψ⟩

where Π̂ is the projection onto the noisy subspace
span{L|ψ⟩} of the images of the state |ψ⟩ under the noise
operators L = (Î , L̂K+1,(n), . . . , L̂K+N,(n))

T. This QFI is
achieved by a measure-and-reset strategy that continu-
ously prepares the optimal state |ψ⟩ above and projects

onto the noisy subspace with Π̂.

This is the first main result of our work. In Ap-
pendix A 1, we show that the expression in Theorem 1
provides an upper bound on the optimal QFI by evalu-
ating the minimisation over {c⃗k}Kk=1 in Eq. 16. We now
show that this upper bound is tight and can be saturated
by a measure-and-reset strategy.

B. Measure-and-reset strategy

One possible control operation is to rapidly measure
projectively and then re-initialise the state. If we re-
peatedly perform this control operation, then we reach
the measure-and-reset strategy shown in Fig. 1b. (The
same is true in the ancilla-free case as shown in Figs. 1d–
e.) The measure-and-reset strategy is thus similar to a
quantum jump experiment [48].
In general, the optimal measure-and-reset strategy is

outperformed by the optimal fast and precise control
strategy [26–28]. For example, rapidly projectively mea-
suring a state undergoing Hamiltonian evolution leads to
the quantum Zeno effect [49] unlike the optimal fast and
precise control strategy which leads to a coherent build-
up of signal [30]. For sensing a stochastic signal, however,
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FIG. 2. Visualisation of the Gram-Schmidt process for or-
thogonalising the images of the initial state |ψ⟩ under N

noise operators span{L̂j,(n)|ψ⟩}N+1
j=2 and one signal operator

L̂1,(s)|ψ⟩. The component of the weak signal within the noisy

subspace span{|0⟩, |j⟩}N+1
j=2 is lost leaving only the noise-free

component |1⟩.

we will show that the optimal measure-and-reset strat-
egy attains the ultimate sensitivity limit with fast and
precise control. Intuitively, this is because the stochastic
signal does not build up coherently over time. This also
explains why the nuisance Hamiltonian Ĥ does not affect
the optimal measure-and-reset strategy: its effect on the
dynamics is frozen out due to the Zeno effect assuming
the Eq. 12 holds. This also means that we can drop the
assumption that we know what the nuisance Hamiltonian
is and can treat it as being zero Ĥ = 0 without loss of
generality. We show this formally in Appendix A2.

Let us find the optimal measure-and-reset strategy and
show that it saturates the ultimate sensitivity limit in
Theorem 1. We assume that we can rapidly projectively
measure ρ̂′ in Eq. 10 and then re-initialise the state to ρ̂ =
|ψ⟩⟨ψ| if we measure that a jump occurred. We repeat
this processM ≫ 1 times over a long total time T =Mt.
The total QFI is thus M times the QFI from a single
measurement after a time t. Although the probability of
a signal jump in a single measurement is proportional to
γ1t and therefore infinitesimal, the probability of a signal
jump over the total time is proportional to γ1T which is
finite if we wait for a long enough time T . We now need
to find the optimal initial pure state |ψ⟩ and projective
measurement to estimate γ1. By Eq. 10, ∂√γ1 ρ̂

′ = 0 holds
in the vanishing signal limit of

√
γ1 → 0 such that the

optimal measurement is to project onto the eigenbasis
of the signal-free final state lim√

γ1→0 ρ̂
′ by Eq. 5. To

calculate this eigenbasis, let us first find an orthonormal
basis to express the final state.

1. Gram-Schmidt process

We perform the Gram-Schmidt process to the images
of the initial state |ψ⟩ under the noise and signal jump

operators in the following order:

|ψ⟩, L̂K+1,(n)|ψ⟩, L̂K+2,(n)|ψ⟩, . . . , L̂K+N,(n)|ψ⟩, (18)

L̂1,(s)|ψ⟩, L̂2,(s)|ψ⟩, . . . , L̂K,(s)|ψ⟩.

That is, we orthogonalise first the initial state, then the
images under the noise operators, and finally the images
under the signal operators. (We discuss below what hap-
pens should the Gram-Schmidt process stop at any point
because the images of the intial state have been overfit-
ted, i.e. if they are linearly dependent.) The orthogonali-
sation is shown for a single signal operator in Fig. 2. This
process defines the orthonormal basis {|j⟩}K+N

j=0 where

|0⟩ = |ψ⟩ such that

L̂K+j,(n)|0⟩ = cK+j,0|0⟩+
j∑

k=1

cK+j,K+k|K + k⟩

L̂j,(s)|0⟩ =
N∑

k=1

cj,K+k|K + k⟩+
j∑

k=0

cj,k|k⟩.

We have thus split the space into the noisy subspace
span{|0⟩, |j⟩}K+N

j=K+1 = span{L|ψ⟩} and the noise-free sig-

nal subspace span{|j⟩}Kj=1 which can only be reached if a

signal jump occurs. Let v = (|0⟩, |K +1⟩, . . . , |K +N⟩)T
such that L|ψ⟩ = Mv where

M =
[
⟨0|L|0⟩ ⟨K + 1|L|0⟩ · · · ⟨K +N |L|0⟩

]
.

The projection onto the noisy subspace is thus

Π̂ = |0⟩⟨0|+
K+N∑

j=K+1

|j⟩⟨j|

= vTv∗

= LT|ψ⟩⟨ψ|L∗LT|ψ⟩−1⟨ψ|L∗ (19)

where we used that v = M−1L|ψ⟩ and Π̂L|ψ⟩ = L|ψ⟩.
Analytically, we thus need to invert the N + 1 by N + 1
matrix ⟨ψ|L∗LT|ψ⟩ to find Π̂, whereas numerically the
Gram-Schmidt process can be efficiently performed to
find Π̂.

Here, we have assumed that the images under the
noises in Eq. 18 are linearly independent such that the
noisy subspace has dimensionN+1. If the noisy subspace
instead has dimension N ′+1 < N+1, then we can calcu-
late Π̂ = vTv∗ from L|ψ⟩ = Mv and the Moore-Penrose
pseudoinverse of the N + 1 by N ′ + 1 matrix M. In the
case that the noise-free signal subspace span{|j⟩}Kj=1 is
also overfitted and instead has dimension K ′ < K, then
we can similarly calculate the orthonormal basis from
the pseudoinverse of the K +N + 1 by K ′ +N ′ + 1 ma-
trix M′ formed by appending the columns ⟨j|L′|0⟩ for
j = 1, . . . ,K to the matrix M above where

L′ = (Î , L̂K+1,(n), . . . , L̂K+N,(n), L̂1,(s), . . . , L̂K,(s))
T.

Here, the order of operators is the same as in Eq. 18. In
both cases of overfitting the signal and noise, we could
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alternatively allow the degenerate elements of {|j⟩}K+N
j=0

to be zero. Finding an orthogonal basis for the noise-free
signal subspace, however, is not necessary to calculate the
upper bound in Theorem 1 or the QFI of the measure-
and-reset strategy here.

We calculate the QFI of the measure-and-reset strategy
with a given state |ψ⟩ using Eq. 5. We determine the
eigenbasis of the signal-free final state lim√

γ1→0 ρ̂
′ from

Eq. 10 in the orthonormal basis {|j⟩}K+N
j=0 . We show that

the QFI given a state |ψ⟩ equals

IQ(
√
γ1 = 0) = 4T

K∑

k=1

⟨ψ|L̂†
k,(s)(Î − Π̂)L̂k,(s)|ψ⟩. (20)

This QFI for the optimal initial state |ψ⟩ thus saturates
the ultimate sensitivity limit in Theorem 1. We prove
these results in Appendix A 2. We show that the eigen-
basis is not exactly {|j⟩}K+N

j=0 but that the CFI from pro-

jecting onto {|j⟩}K+N
j=0 equals the QFI to leading order in

time t. Moreover, it suffices to project onto the noisy sub-
space with Π̂ since any nonzero noise is louder than the
vanishing signal such that the component of the signal
within the noisy subspace is completely lost. It remains
to find the optimal initial state |ψ⟩ for a given set of jump
operators. We derive the conditions on a given state be-
ing optimal in Appendix B. Although we have found the
optimal strategy overall, we have not identified the opti-
mal strategy when the initial state, control sequence, or
final measurement is non-optimal and fixed.

C. Properties of the optimal strategy

Let us now discuss some properties of the optimal
measure-and-reset strategy which saturates the ultimate
sensitivity limit in Theorem 1.

1. Geometric condition on the QFI vanishing

The necessary and sufficient condition for the QFI to
be nonzero in the limit of vanishing signal is the following:

∃j ∈ {1, . . . ,K}, L̂j,(s) /∈ span{L}. (21)

Let us discuss in turn why this condition is necessary and
sufficient.

Eq. 21 is a necessary condition since any component
of a signal operator parallel to a noise operator or the
identity does not contribute to the QFI in Theorem 1. If
all of the signal operators lie in span{L}, then the QFI is
thus zero in the limit of vanishing signal. We previously
observed that this is a necessary condition in Eq. 16 and,
for the case of a single signal, in Eq. 17.

Eq. 21 is a sufficient condition because if L̂j,(s) /∈
span{L} then Ŷ = L̂†

j,(s)(Î − Π̂)L̂j,(s) is nonzero and

there exists a state |ψ⟩ such that ⟨ψ|Ŷ |ψ⟩ > 0, e.g. an

eigenstate of the positive semidefinite operator Ŷ with
positive eigenvalue. Theorem 1 is then nonzero because
the other terms in the sum over k = 1, . . . ,K for k ̸= j
cannot cancel with ⟨ψ|Ŷ |ψ⟩ since they are nonnegative.
We can also show directly that the QFI does not vanish
for a particular extended state. Consider the Bell state

defined as |ψ⟩ = 1√
d

∑d
j=1|ej⟩ ⊗ |ej⟩ for a given basis

{|ej⟩}dj=1. (Here, we consider a Hilbert space with fi-
nite dimension d.) The Bell state has the property that

⟨ψ|Â ⊗ Î|ψ⟩ = 1
dTr[Â] for any Â such that the QFI in

Theorem 1 becomes

IQ(
√
γ1 = 0) = 4T

1

d

K∑

j=1

Tr[L̂†
j,(s)L̂j,(s)] (22)

where we replaced each signal operator L̂j,(s) with its
component orthogonal to span{L}. If Eq. 21 holds, then
at least one of these components is nonzero and the QFI
in Eq. 22 is nonzero. The Bell state is not necessarily the
optimal initial state, however, as we will see later.
We may assume henceforth without loss of general-

ity that each signal operator is orthogonal to each noise
operator, and that the noise operators are pairwise or-
thogonal. But, the signal operators need not be pairwise
orthogonal. In particular, although a nonzero component
of a signal operator parallel to a noise operator can affect
the dynamics in Eq. 1, we have shown that the optimal
strategy and QFI are unaffected such that the component
can be ignored.
This phenomenon in noise sensing where the QFI van-

ishes as the parameter does is called the “Rayleigh curse”
by analogy to quantum super-resolution [50]. The noise-
induced Rayleigh curse was recently studied in several
works, e.g. see Refs. [1, 14, 51, 52]. Here, we present the
general criteria for avoiding it.

2. Comparison to the deterministic case

The condition in Eq. 21 states when it is possible to
overcome the noise limitations in Lindblad estimation.
Similar noise limitations were studied extensively in the
deterministic (unitary) case. In the deterministic case,
we want to sense some parameter θ from measurements
of ρ̂′ = Û ρ̂Û† where Û = exp(−iθĤT ) for some Hermi-

tian Ĥ. The QFI in this case is IQ(θ) = 4T 2Var|ψ⟩[Ĥ].
Here, the QFI is independent of the parameter θ and
coherently increases as T 2 compared to the stochastic
case which only scales as T . These rates are sometimes
called “Heisenberg scaling with time” for T 2 and “Stan-
dard Quantum Limit scaling with time” for T , respec-
tively. The fact that Lindblad estimation with fast and
precise control cannot achieve Heisenberg scaling with
time is well-known [31–34]. For the deterministic case,
the optimal strategy with fast and precise control is not
to measure-and-reset since we want to coherently build
up the signal as T 2, instead the optimal strategy is to per-
form quantum error correction. This strategy achieves
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Heisenberg scaling with time provided that the following
necessary and sufficient condition holds: [30]

Ĥ /∈ span{Î , L̂j,(n), L̂†
j,(n), L̂

†
j,(n)L̂k,(n)}K+N

j,k=K .

In comparison, in the stochastic case, the condition in
Eq. 21 is on the QFI not vanishing and can be met even

if, e.g., L̂1,(s) = L̂†
2,(n) or L̂1,(s) = L̂†

2,(n)L̂2,(n). Thus, the

condition in the deterministic case to achieve T 2 scaling
is not equivalent to the condition in the stochastic case
to achieve nonzero QFI scaling as T .

3. Independence of the QFI from the size of the noise

We also observe in the vanishing signal limit that the
measurement probabilities in Eq. A4 and thus the QFI
of the optimal strategy do not depend on the noise de-
cay rates {γj}K+N

j=K+1 or the size of the noise jump op-

erators {∥L̂j,(n)∥}K+N
j=K+1 provided that they are nonzero.

Instead, they only depend on the geometry of the noise
operators which determines the noisy subspace projection
Π̂ since any nonzero noise is louder than the vanishing
signal. We can thus relax our assumption that we know
the noise decay rates and can assume that the noise jump
operators have unit norm without loss of generality. For
finite signals, however, the QFI will depend on and re-
quire knowing the noise decay rates and jump operator
norms [1].

4. It suffices to study the reduced density matrix

Finally, we see that the QFI also only depends on
the reduced density matrix of the initial state, ρ̂S =
TrA[|ψ⟩⟨ψ|], after tracing out any ancilla. This is be-
cause the QFI in Theorem 1 depends only on the expec-
tation values of operators that act on the system. This
means that the maximisation can be performed over the
reduced density matrix ρ̂S instead of the full extended
state |ψ⟩ [53]. The QFI here is different than if we pre-
pare the system in the mixed state ρ̂S , which is subop-
timal, because to derive Theorem 1 we assumed that we
can initialise and measure the ancilla too.

D. Examples of the optimal QFI

Let us now study the QFI of the optimal strategy from
Theorem 1 for different numbers of noise operators.

1. Noiseless case

Consider the noiseless case with K signal jump opera-
tors, where the optimal QFI is

IQ(
√
γ1 = 0) = 4T max

|ψ⟩

K∑

j=1

Var|ψ⟩[L̂j,(s)]. (23)

Here, the variance of an operator Â is defined as
Var|ψ⟩[Â] = Cov|ψ⟩[Â, Â] where the covariance of two

operators Â and B̂ is defined as

Cov|ψ⟩[Â, B̂] = ⟨ψ|Â†B̂|ψ⟩ − ⟨ψ|Â†|ψ⟩⟨ψ|B̂|ψ⟩.
The following measure-and-reset strategy achieves the
noiseless QFI in Eq. 23: Prepare the optimal initial
state |ψ⟩ that maximises the sum of variances above and

project onto it since Π̂ = |ψ⟩⟨ψ|.
Let us consider the noiseless case with a single signal

jump operator L̂1,(s). We need to find the state |ψ⟩ that
maximises the variance of L̂1,(s) since the QFI is

IQ(
√
γ1 = 0) = 4T max

|ψ⟩
Var|ψ⟩[L̂1,(s)]. (24)

If L̂1,(s) is Hermitian, then this process corresponds to a

random unitary channel with L̂1,(s) as the generator [1].
The optimal states are then equal superpositions of the
eigenvectors of L̂1,(s) with the maximum λ+ and mini-

mum λ− eigenvalues, i.e. |ψ⟩ = 1√
2
(|λ+⟩ + eiϕ|λ−⟩) for

any ϕ, such that the QFI is IQ(√γ1 = 0) = T (λ+−λ−)2.
Since this is the optimal state, there is no benefit from
entangling with an ancilla and thus Fig. 1b and Fig. 1e
are equivalent in this case.
If instead L̂1,(s) is non-Hermitian, then finding the op-

timal state is more difficult. The maximal variance and
optimal state can be obtained numerically by using an
SDP to compute minc∈C

∥∥Â†Â
∥∥ where Â = L̂1,(s) − cÎ.

The optimal state |ψ⟩ lies in the maximal eigenspace of

Â†Â and satisfies ⟨ψ|Â|ψ⟩ = 0.
The optimality and QFI of a continuous measure-and-

reset strategy in the noiseless case have previously been
shown in Ref. [32]. The authors therein also show that
if the signal and noise jump operators comprise unique
jumps between orthogonal subspaces, then the noise can
be ignored. In practice, however, the signal and noise do
not satisfy this condition in most applications, including
the ones that we will examine later, and the noise leads
to a penalty in sensitivity. This noise penalty is crucial
to understanding the realistic performance of our mea-
surement devices. We determine this penalty below in
the case of a single source of noise and more generally in
Theorem 1.

2. One source of noise

Let us now consider the case where there is a single
noise jump operator L̂K+1,(n) such that the QFI in Eq. 20
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becomes

IQ(
√
γ1 = 0) (25)

= 4T

K∑

j=1


Var|ψ⟩[L̂j,(s)]−

∣∣∣Cov|ψ⟩[L̂j,(s), L̂K+1,(n)]
∣∣∣
2

Var|ψ⟩[L̂K+1,(n)]




where the optimal QFI in Theorem 1 is obtained by max-
imising this expression over all possible |ψ⟩. Compared to
the noiseless QFI in Eq. 23, the noisy QFI loses the com-
ponent of each signal within the noisy subspace resulting
in a penalty related to the covariance between the signal
and noise operators. This lost signal component within
the noisy subspace is shown as the intersection of the two
corresponding circles in Fig. 2 in the single signal case.
This leads to a tradeoff when optimising Eq. 25 against
|ψ⟩ between maximising the sum of the variances and
minimising the covariance penalty term. We will study
some examples later where the noiseless QFI either can
or cannot be recovered due to this tradeoff.

3. More sources of noise

In general, the expression for the QFI in terms of only
the optimal initial state |ψ⟩ and jump operators is given

by expanding Π̂ from Eq. 19 in Eq. 20. This results in
an expression that depends only on the variances and
covariances of the jump operators with respect to |ψ⟩.
For example, for two noise operators N = 2, we provide
the QFI explicitly in Appendix C. For additional noise
operators N > 2, inverting the N + 1 by N + 1 matrix
⟨ψ|L∗LT|ψ⟩ in Eq. 19 analytically is more complicated
but can be done numerically instead.

E. Impact of finite signal and time

To derive Theorem 1, we first assume in Eq. 12 that
the interrogation time is infinitesimally short to reach the
sequential limit with fast and precise control in Eq. 6 and
then assume in Eq. 9 that the signal is vanishingly weak
to derive the Kraus operators in Eq. 13. We now address
what happens to the QFI when the signal and time are
instead finite with a couple of examples.

For example, consider sensing decay L̂1,(s) = σ̂− of
a qubit prepared in |↑⟩ such that σ̂−|↑⟩ = |↓⟩. Let us
examine a delayed measure-and-reset strategy that waits
for a time t before measuring the state given by the exact
solution to the master equation in Eq. 1. The total QFI
fromM = T/t repetitions of this strategy for a total time
T is

IQ(
√
γ1) =

4γ1tT

eγ1t − 1

which depends on both the finite signal γ1 and time t.
For a given finite signal γ1, it is optimal to measure and

reset as fast as possible since the QFI is maximised with
value 4T in the short time limit of t≪ 2/γ1. This agrees
with Eq. 24 and is independent of the finite signal γ1.
We study the noiseless case with a finite signal further in
Appendix D.
The fact that we first take the short time limit and

then the vanishing signal limit matters. For example,
consider sensing double decay L̂1,(s) = Ĵ2

− of a three-

level system prepared in |Ĵz = 1⟩ in the presence of single

decay noise L̂2,(n) = Ĵ− such that Ĵ−|Ĵz = 1⟩ =
√
2|Ĵz =

0⟩ and Ĵ2
−|Ĵz = 1⟩ = 2|Ĵz = −1⟩. The QFI of a single

measurement in the short time limit is

IQ(
√
γ1) = 16t− 8t2

(
4γ1 + 2γ2 +

γ22
γ1

)
+O(t3).

If we first take the short time limit, i.e. assume that t≪
2γ1/γ

2
2 , then this QFI equals 16t independent of γ1. This

agrees with Eq. 25. In comparison, if we instead first take
the vanishing signal limit, i.e. assume that t ≫ 2γ1/γ

2
2 ,

then the QFI calculated from Eq. 3 vanishes. We study
the first case where t≪ 2γ1/γ

2
2 because it corresponds to

finding the optimal metrological strategy with fast and
precise control.

F. Summary of applications

In the following Secs. III–V, we analyse a variety of
applications of the general results above. We now provide
a brief summary of the main results with experimental
impacts to guide the reader:

1. For qubit noise sensing, overcoming loss (i.e.
amplitude-damping noise) in dephasing estimation
with a single qubit requires entanglement either be-
tween a probe and an ancilla (see Sec. IIID) or be-
tween multiple probes (see Sec. IIIG).

2. We characterise the cases where entanglement
with an ancilla provides a metrological gain in
single-qubit Lindblad estimation (see Sec. III F and
Figs. 3–4).

3. For sensing the correlated dephasing and decay of
many qubits, we determine the optimal initial state
(see Sec. IVA). We also determine methods to en-
tirely overcome Pauli noise and recover the noise-
less QFI for many-qubit Lindblad estimation (see
Claim 1 and Examples 1–2).

4. It is possible to arbitrarily exceed the loss-limited
sensitivity of stochastic waveform estimation with-
out control, which is relevant to searches for
stochastic gravitational waves and ultra-light dark
matter (see Claim 2 and Fig. 5).
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III. A SINGLE QUBIT

Let us now consider a single qubit with one signal L̂1,(s)

and one noise L̂2,(n). We want to find the optimal initial

state and QFI for all possible choices of L̂1,(s) and L̂2,(n)

to minimise the loss of precision compared to the noise-
less QFI due to the noise. Furthermore, we want to de-
termine the hierarchy of metrological strategies shown in
Fig. 1: Whether an unextended measure-and-reset strat-
egy (Fig. 1e) can saturate the optimal QFI or whether
entanglement with other noisy probes (Fig. 1f) or a noise-
less ancilla (Fig. 1b) is necessary. We will answer these
questions by directly maximising the QFI in Eq. 25 over
the initial state. As shown in Sec. II C, we can assume
without loss of generality that L̂1,(s) and L̂2,(n) are or-
thogonal, traceless, and normalised. This leads to the
following result:

Lemma 1. For a single qubit, the only unextended states
with nonzero QFI are the eigenstate/s of L̂2,(n). The op-

timal unextended QFI equals 4TVar|ψ⟩[L̂1,(s)] maximised
over these eigenstates.

This result can be shown geometrically by seeing that
if Var|ψ⟩[L̂2,(n)] > 0, then any unextended state has van-

ishing QFI since the signal L̂1,(s)|ψ⟩ must be in the span

of |ψ⟩ and L̂2,(n)|ψ⟩ since the space is two-dimensional.
The optimal unextended QFI then follows from Eq. 25,
by observing that if |ψ⟩ is an eigenstate of L̂2,(n) then

Cov|ψ⟩[L̂1,(s), L̂2,(n)] = 0.

A. Hierarchy of metrological strategies

Let us now summarise the results here for the hier-
archy of metrological strategies which we prove below.
We denote the optimal noiseless QFI as Inoiseless

Q and

the optimal noisy QFI as Ioptimal
Q , both corresponding

to an extended sequential strategy with fast and pre-
cise control (Fig. 1a) which we have shown in Theorem 1
is attained by an extended measure-and-reset strategy
(Fig. 1b). Let us also denote the optimal QFI with
an unextended measure-and-reset strategy (Fig. 1e) as
Iunextended
Q , where we have not determined whether this

attains the QFI of the optimal unextended sequential
strategy (Fig. 1d). Finally, let us denote the optimal QFI
per qubit with an unextended parallel measure-and-reset

strategy (Fig. 1f) as Iparallel
Q . The hierarchy of metrolog-

ical strategies for a single qubit then depends on whether
L̂1,(s) and L̂2,(n) are each Hermitian or non-Hermitian as
follows:

1. L̂2,(n) is Hermitian and L̂1,(s) is Hermitian or non-
Hermitian (Secs. III B or III C, respectively):

Iunextended
Q = Iparallel

Q = Ioptimal
Q = Inoiseless

Q .

2. L̂2,(n) is non-Hermitian and L̂1,(s) is Hermitian
(Sec. IIID):

Iunextended
Q ≤ Iparallel

Q = Ioptimal
Q = Inoiseless

Q .

3. L̂1,(s), L̂2,(n) are non-Hermitian and in-plane
(Sec. III E):

Iunextended
Q = Iparallel

Q = Ioptimal
Q ≤ Inoiseless

Q .

4. L̂1,(s), L̂2,(n) are non-Hermitian and L̂2,(n) out-of-
plane (Sec. III F):

Iunextended
Q ≤ Iparallel

Q ≤ Ioptimal
Q ≤ Inoiseless

Q .

For each of the above inequalities (i.e. ≤), we provides
examples in the referenced section below for where it be-
comes a strict inequality (i.e. <) or an equality (i.e. =).

B. L̂1,(s), L̂2,(n) are both Hermitian

We first consider the case where L̂1,(s) and L̂2,(n) are
Hermitian. A traceless Hermitian operator acting on
a single qubit is a real linear combination of the Pauli
operators σ̂x, σ̂y, and σ̂z. Without loss of general-

ity, we may assume that L̂1,(s) = 1√
2
σ̂z and L̂2,(n) =

1√
2
(cos(θ)σ̂x+sin(θ)σ̂y). The maximal variance of L̂1,(s)

is thus 1
2 using any pure state on the equator of the Bloch

sphere, i.e. |ψ⟩ = 1√
2
(|↑⟩+ eiϕ|↓⟩) where σ̂z|↑⟩ = |↑⟩ and

σ̂z|↓⟩ = −|↓⟩, such that the optimal noiseless QFI in
Eq. 23 is IQ(√γ1 = 0) = 2T .

In the noisy case, since |ψ⟩ is an eigenstate of L̂2,(n)

for ϕ = θ, we recover the optimal noiseless QFI using |ψ⟩
as an input state. A noiseless ancilla qubit is therefore
not needed in this case. For reference, the Bell state
in Eq. 22 also recovers the optimal noiseless QFI since
1
dTr[L̂

†
1,(s)L̂1,(s)] =

1
2 .

C. L̂1,(s) is non-Hermitian and L̂2,(n) is Hermitian

We now consider the case where L̂1,(s) is non-

Hermitian and L̂2,(n) is Hermitian. Without loss of gen-

erality, we can assume that L̂1,(s) = aσ̂+ + bσ̂− and

L̂2,(n) = 1√
2
σ̂z where σ̂± = (σ̂x ± iσ̂y)/2, a ̸= b∗, and

|a|2 + |b|2 = 1. The noiseless QFI is 4T max{|a|2 , |b|2}
since L̂†

1,(s)L̂1,(s) = diag(|b|2, |a|2). The noiseless QFI is

attained, e.g., by |↓⟩ if |a| ≥ |b| and |↑⟩ if |a| < |b|. The
noiseless QFI is recovered in the noisy case with the same
unextended states since they are eigenstates of L̂2,(n).
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D. L̂1,(s) is Hermitian and L̂2,(n) is non-Hermitian

We now consider the case where L̂1,(s) is Hermitian

and L̂2,(n) is non-Hermitian. Without loss of general-

ity, let L̂1,(s) = 1√
2
σ̂z and L̂2,(n) = aσ̂+ + bσ̂− where

a ̸= b∗ and |a|2 + |b|2 = 1. The noiseless QFI re-
mains IQ(√γ1 = 0) = 2T . The Bell state in Eq. 22
recovers the optimal noiseless QFI for every a, b since
1
2Tr[L̂

†
1,(s)L̂1,(s)] = max|ψ⟩ Var|ψ⟩[L̂1,(s)]. Let us deter-

mine whether we can recover the optimal noiseless QFI
without entanglement. The eigenstates of L̂2,(n) are

|ψ⟩ =
√
|a||↑⟩ ±

√
|b|e 1

2 i[arg(b)−arg(a)]|↓⟩√
|a|+ |b|

.

By Lemma 1, these are the only unextended states with
nonzero QFI equal to

IQ(
√
γ1 = 0) = 4T

(
1− 1

1 + 2 |ab|

)
.

There is therefore a gap between the optimal QFI ob-
tained with a Bell state and the optimal unextended QFI
obtained with an eigenstate of L̂2,(n). The size of the gap
depends on the values of a, b as follows:

1. For |a| = |b| = 1√
2
, the gap vanishes and the unex-

tended QFI is optimal.

2. For any 0 < |ab| < 1
2 , the optimal unextended QFI

is suboptimal but nonzero.

3. For a = 0 or b = 0, the optimal unextended QFI
vanishes.

The case of a = 0 and b = 1 such that L̂1,(s) =
1√
2
σ̂z

and L̂2,(n) = σ̂− is of particular practical interest. This
case corresponds to estimating a weak dephasing rate
(T2) [19] and to qubit spectroscopy [12, 14] in the pres-
ence of strong amplitude-damping noise (T1). These re-
sults imply that entanglement is necessary to achieve
nonzero QFI for this sensing task. Hence, T2 estimation
in this regime can be significantly improved by using a
Bell state compared to the standard unextended scheme.
We remark that while this optimal protocol assumes a
noiseless ancilla, we will show later in Sec. IIIG that this
assumption can be removed: The same enhancement is
achieved with a parallel strategy that entangles two noisy
qubit probes.

E. L̂1,(s), L̂2,(n) are both non-Hermitian and in-plane

We now consider the case where L̂1,(s) and L̂2,(n) are
non-Hermitian. We can further subdivide this case based
on whether the real and imaginary parts of L̂1,(s) and

0.0

0.5

1.0

QF
I [

4
T

]

(a)
noiseless
in-plane, unextended
out-of-plane, extended
out-of-plane, unextended
Bell state

0.0

0.5

1.0

QF
I p

er
 q

ub
it 

[4
T

]

(b) parallel case: noiseless
parallel case: entangled
parallel case: separable
parallel case: Bell state

0 π/8 π/4 3π/8 π/2

L̂1, (s) angle, θ1

0

1

en
tro

py (c) out-of-plane, extended
out-of-plane, unextended
Bell state
parallel case: entangled

FIG. 3. (a) QFI versus θ1 for the case of L̂1,(s), L̂2,(n) both
non-Hermitian given in Eq. 29 where ϕ1 = ϕ2 = 0 and θ2 = 0
for the L̂2,(n) in-plane case and θ2 = π/4 in the L̂2,(n) out-
of-plane case. In the in-plane case, an unextended state is
optimal and a gap exists between the noisy and noiseless QFIs.
In the out-of-plane case, there is a transition as θ1 increases
below which an unextended state is optimal and above which
a gap emerges between the optimal unextended and extended
QFIs. (b) For the unextended parallel strategy, the optimal
state allowing for entanglement discontinuously changes from
being separable to highly entangled when the QFI per qubit
equals 2T . (c) Entanglement entropy versus θ1 normalised to
the entanglement entropy of a maximally entangled state.

L̂2,(n) all lie in the same plane. Let us first consider the
in-plane case where, without loss of generality,

L̂1,(s) = cos(θ1)σ̂+ + sin(θ1)e
iφ1 σ̂−

L̂2,(n) = sin(θ1)e
−iφ1 σ̂+ − cos(θ1)σ̂−.

The noiseless QFI is thus

IQ(
√
γ1 = 0) = 4T max{cos2(θ1), sin2(θ1)} (26)

such that the Bell state, which only achieves 2T , is sub-
optimal for θ ̸= (2k + 1)π/4 with k ∈ Z. In comparison,
the optimal QFI in the noisy case is

IQ(
√
γ1 = 0) =

4T

max±[cos(θ1)± sin(θ1)]2
(27)

which is attained by preparing either of the two eigen-
states of L̂2,(n) denoted as |λ′j⟩ for j = 1, 2. This implies
that any extended state of the form |ψ⟩ = a1|λ′1, e1⟩ +
a2|λ′2, e2⟩ with |e1⟩ and |e2⟩ orthogonal is also optimal.
There is therefore no gap between the extended and un-
extended cases, however, there is a gap between the op-
timal noisy QFI in Eq. 27 and the optimal noiseless QFI
in Eq. 26 for θ1 ̸= kπ/4 with k ∈ Z as shown in Fig. 3a.
This result is obtained by direct optimisation of the

QFI over the input state as follows. We parameterise the
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FIG. 4. Bloch ball representation of the reduced density ma-
trix of the optimal state for the case of L̂1,(s), L̂2,(n) both non-

Hermitian and L̂2,(n) out-of-plane. The families of optimal
extended states and unextended states are shown for differ-
ent values of θ1 ∈ (0, π/2) where θ2 = π/4 and φ1 = φ2 = 0.
States on the surface of the Bloch ball are unextended, states
inside the Bloch ball are extended, and states at the origin
are maximally entangled such as the Bell state. Starting at
θ1 = 0, the optimal state is |↑⟩ which is shown at the North
pole of the Bloch ball. The optimal state remains unextended
for increasing values of θ1 and rotates down the σ̂x, σ̂z plane
until a transition point determined by θ2 = π/4 is reached
after which the optimal state becomes extended and increas-
ingly entangled until it reaches a maximally entangled state
when θ1 = π/4. The behaviour is then symmetric about
θ1 = π/4.

reduced density matrix of an arbitrary input state as:

ρ̂S =

(
p reiϕ

re−iϕ 1− p

)

where 0 ≤ r2 ≤ p(1 − p). The QFI in Eq. 25 for this
input state then equals [54]

IQ(
√
γ1 = 0) (28)

=
8T
[
(1− p)p− r2

]

1 + (2p− 1) cos(2θ1)− 2r2[1− sin(2θ1) cos(2ϕ)]
.

Maximising this QFI against the state parameters p, r,
and ϕ leads to the optimal QFI in Eq. 27. This optimi-
sation can be done analytically first against r for fixed
values of p and ϕ: the QFI is either constant in r or its
derivative with respect to r2 is never zero such that it
suffices to calculate the QFI on the boundary at r = 0
and r2 = p(1 − p). Taking r = 0 and optimising Eq. 28
over p then yields Eq. 27.

F. L̂1,(s), L̂2,(n) are both non-Hermitian and

L̂2,(n) is out-of-plane

We now consider the case where L̂1,(s) and L̂2,(n) are

non-Hermitian but the real and imaginary parts of L̂1,(s)

and L̂2,(n) do not lie in the same plane. Without loss of
generality,

L̂1,(s) = cos(θ1)σ̂+ + sin(θ1)e
iφ1 σ̂− (29)

L̂2,(n) = cos(θ2)[sin(θ1)e
−iφ1 σ̂+ − cos(θ1)σ̂−]

+
1√
2
sin(θ2)e

iφ2 σ̂z.

The noiseless QFI is still given in Eq. 26 and the Bell
state still achieves 2T , but the remaining results from
the previous case are different. As in the in-plane case,
we want to optimise the QFI against the initial state pa-
rameters (p, r, ϕ) for any given values of (θ1, θ2, φ1, φ2).
The expression of the QFI in this case is too verbose to
optimise analytically and thus we determine the optimal
state numerically instead. As shown in Fig. 3a, a gap in
the QFI exists in parts of the (θ1, θ2, φ1, φ2) parameter
space, not just between the noiseless and noisy cases as
seen for θ2 = 0, but also between the unextended and
extended cases. This means that entanglement is some-
times necessary to achieve the maximum QFI. The op-
timal state transitions from the unextended state to the
Bell state as shown in Fig. 3c and Fig. 4.

G. Unextended parallel strategy

We now consider the unextended parallel strategy
shown in Fig. 1f with M = 2. Compared to the previous
case shown in Fig. 1b, the noiseless ancilla is replaced
by a copy of the system that is coupled independently to
the same signal and noise. Experimentally, we have two
copies of the same probe device which we can entangle
with each other and perform joint measurements of. We
model this as K = 2 local signal operators and N = 2 lo-
cal noise operators and focus on the unextended states of
this two-qubit system. Since we can always prepare the
two noisy qubits in a separable state, the optimal QFI
per qubit of this unextended parallel strategy (Fig. 1f)
is always at least the optimal QFI of the unextended
measure-and-reset strategy (Fig. 1e).
We previously required access to a noiseless ancilla to

achieve the optimal QFI for the case of Hermitian L̂1,(s)

and non-Hermitian L̂2,(n) (Sec. IIID). We observed that
for |a| ̸= |b|, there was a gap between the optimal un-
extended QFI and the optimal QFI attained by the Bell
state. We want to compare this now to the parallel strat-
egy. Without loss of generality, the signal operators are

L̂j,(s) = 1√
2
σ̂
(j)
z for j = 1, 2 where σ̂

(j)
z acts on the jth

qubit and the noise operators are L̂j+2,(n) = aσ̂
(j)
+ +bσ̂

(j)
−

for j = 1, 2 where |a|2 + |b|2 = 1 and |a| ̸= |b|. The
optimal noiseless QFI is 4T by Eq. 23 which should be
normalised to a QFI per qubit of 2T . By Eq. C1, this
noiseless QFI per qubit is recovered by a Bell state since
each covariance between a signal and a noise vanishes.
This means that a Bell state of two noisy qubit probes is
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optimal in this case and access to noiseless ancilla is not
required.

Revisiting the practical problem with a = 0 and b = 1
of sensing a weak dephasing rate (T2) in the presence
of strong amplitude-damping noise (T1), this result im-
plies that we can overcome the vanishing QFI using a
Bell state of two noisy qubit probes without requiring
noiseless ancilla. Intuitively, the Bell state of the two
probes allows quantum error detection of the amplitude-
damping noises to differentiate them from the signals.

We also required access to a noiseless ancilla in
Sec. III F where both L̂1,(s) and L̂2,(n) were non-
Hermitian but their real and imaginary parts did not lie
in the same plane. In the parallel case, without loss of
generality, the signal operators are

L̂j,(s) = cos(θ1)σ̂
(j)
+ + sin(θ1)e

iφ1 σ̂
(j)
−

where j = 1, 2 and the noise operators are

L̂j+2,(n) = cos(θ2)[sin(θ1)e
−iφ1 σ̂

(j)
+ − cos(θ1)σ̂

(j)
− ]

+
1√
2
sin(θ2)e

iφ2 σ̂(j)
z .

In the noiseless case, by Eq. 23 and Eq. 26, the optimal
QFI per qubit is

1

2
IQ(

√
γ1 = 0) = 4T max{cos2(θ), sin2(θ)}

and the Bell state only achieves a QFI per qubit of 2T .
We numerically optimise the noisy QFI per qubit from
Eq. C1 over the initial state allowing for entanglement
and compare this to the QFI per qubit of a product
state of the eigenstates of L̂3,(n) and L̂4,(n). As shown in
Fig. 3b, we observe a discontinuity in the optimal state
versus θ1 as the optimal state is separable until the QFI
per qubit equals 2T and the optimal state becomes highly
entangled. These highly entangled states maintain a QFI
per qubit of 2T and are not necessarily Bell states or the
extended states from the previous case. The optimal QFI
of the out-of-plane extended state in Fig. 3a is greater
than the QFI per qubit of these entangled states although
they outperform the separable states. This demonstrates
the expected hierarchy of metrology strategies since the
extended sequential strategy in Fig. 1a can simulate the
unextended parallel strategy in Fig. 1f which can itself
simulate the unextended measure-and-reset strategy in
Fig. 1e, respectively.

IV. MANY QUBITS

We now consider some applications for n qubits and
discuss first the detection of correlated noise, focusing
on correlated dephasing and decay, and then the general
Pauli Lindblad estimation problem.

A. Correlated dephasing and decay

With correlated signals and noises, such as correlated
dephasing and decay, we can restrict ourselves to the n+1
dimensional subspace of symmetric pure states in the un-
extended case. This is different from the unextended par-
allel case shown in Fig. 1f which represents uncorrelated
local dephasing and decay.
Finding optimal estimation strategies of correlated de-

phasing and decay is relevant for various platforms and
applications. Correlated dephasing appears due to laser
noise [17, 55, 56] and in nano-scale nuclear magnetic res-
onance and spectroscopy problems [12, 14]. Correlated
decay appears in various scenarios [57] such as superra-
diant lasers [58], Dicke-driven phase transitions [59], and
chiral spin networks [60]. For each of these applications,
we know that the measure-and-reset strategy is optimal
(see also the discussion in Refs. [46, 47]). We thus only
need to determine the optimal initial state in each case.
For example, consider sensing correlated decay L̂1,(s) =

Ĵ− in the presence of correlated amplification L̂2,(n) = Ĵ+

and dephasing L̂3,(n) = Ĵz such that we want to optimise
Eq. C1. Here, the collective spin operators are defined by

Ĵj =
1
2

∑n
k=1 σ̂

(k)
j for j = x, y, z and Ĵ± = Ĵx±iĴy. Since

(Ĵ−)j,j−1 =
√
j(n+ 1− j), then (Ĵ+Ĵ−)j,k = δjk(j +

1)(n− j) and the optimal state is thus the jth eigenstate

of Ĵz where j = (n− 1)/2 and the QFI is 4T (n+1)2 if n
is odd or j = n/2, n/2−1 and the QFI equals 4Tn(n+2)
if n is even. The QFI grows quadratically in the number
of correlated sensors n but only linearly in the total time
T .
In comparison, to sense correlated dephasing along

L̂1,(s) = Ĵz in the presence of amplitude damping

L̂2,(n) = Ĵ− and amplification L̂3,(n) = Ĵ+ as well as

dephasing along Ĵx and Ĵy, the optimal state for n > 1

is (|Ĵz = n/2⟩+ |Ĵz = −n/2⟩)/
√
2. This state maximises

the variance of Ĵz and its images under the noises are or-
thogonal such that it recovers the noiseless QFI of Tn2.
In more complicated cases than these two examples,

we can instead use an SDP to find the optimal state.

B. Pauli Lindblad estimation

Let us now consider the full 2n dimensional space of
pure states of n qubits. We assume that each jump opera-
tor L̂ is an n-qubit Pauli operator, i.e. a tensor product of
n single qubit Pauli operators including the identity, such
that it is Hermitian (L̂† = L̂) and involutory (L̂2 = Î).
We also assume that all of the signal and noise jump
operators, {L̂j,(s)}Kj=1 and {L̂j,(n)}K+N

j=K+1, correspond to
different Pauli operators and thus are pairwise orthogo-
nal. There are 4n−1 traceless orthogonal Pauli operators.
The Pauli weight of a given Pauli operator is the num-
ber of non-identity Pauli operators it contains such that
there are 3n traceless orthogonal Pauli operators with a
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Pauli weight of n.
This Pauli structure simplifies the analysis and leads

to the following result about the QFI in the extended
case:

Claim 1. For any set of Pauli jump operators, the noise-
less QFI can be recovered by the extended measure-and-
reset strategy with a Bell state.

This claim can be shown as follows. By Eq. 23,
the noiseless QFI is 4KT . The noisy QFI of a Bell
state given in Eq. 22 then recovers this value because

Tr[L̂†
j,(s)L̂j,(s)] = d for each signal Pauli operator. This

can be understood similarly to superdense coding as the
initial Bell state and its up to 4n − 1 images under the
different Pauli operators are all pairwise orthogonal.

In the unextended case, however, Claim 1 does not
hold. For example, for a single qubit and sensing L̂1,(s) =

σ̂x in the presence of L̂2,(n) = σ̂y and L̂3,(n) = σ̂z, the un-
extended QFI vanishes. This is because the unextended
initial state and its two images under the noises always
span the two-dimensional space since the state cannot
be a simultaneous eigenstate of σ̂y and σ̂z. While the
general sufficient and necessary conditions for attaining
the noiseless QFI or for the noisy QFI vanishing are un-
known in the unextended case, we now provide a couple
of examples where the performance can be evaluated:

Example 1. If the Pauli weight of the signal operator
is strictly greater than the maximum Pauli weight of the
noise operators, then the noiseless QFI can be recovered
by preparing an unextended product state.

We prove this result in Appendix F. For example, if

sensing L̂1,(s) = σ̂
(1)
x σ̂

(2)
x in the presence of all six local

noise operators of two qubits, then preparing an unex-
tended product state |↑⟩⊗ |↑⟩ recovers the noiseless QFI.
Here, we restrict to one signal operator (K = 1) while
Claim 1 applies for any K ≥ 1. Alternatively, the noise-
less QFI can always be recovered in the commuting case:

Example 2. For any commuting set of Pauli jump op-
erators, the noiseless QFI can be recovered by the unex-
tended measure-and-reset strategy.

This result can be shown as follows. Claim 1 implies
that a Bell state recovers the noiseless QFI and Eq. E1
implies that the ancilla is not required for the commut-
ing Hermitian case. (Appendix E considers the case more
generally where all of the jump operators are Hermitian
and commute.) This means that a uniform superposi-

tion |ψ⟩ = 1√
d

∑d
j=1|ej⟩ in the simultaneous eigenbasis

{|ej⟩}dj=1 recovers the noiseless QFI.

V. STOCHASTIC WAVEFORM ESTIMATION

Let us consider stochastic waveform estimation using
a linear quantum device, where we want to estimate the
power spectral density of some continuous random vari-
able y(t) in time t by measuring an outgoing bosonic

0

100

200
(a)

0 10 20 30 40 50
average number per mode

0

10

20 (b)

Upper bound on QFI
without control
GKP finite-energy state
TMSV, noiseless ancilla
Fock state
Coherent state
Fock state with loss and
fast and precise control

QF
I f

or
 st

oc
ha

sti
c w

av
ef

or
m

FIG. 5. QFI for stochastic waveform estimation versus the
average occupation number per mode of the initial state.
(a) In the noiseless case without control, the upper bound
on the QFI for any initial state is attained by an SMSV state.
(b) For a loss of 10%, the QFI without control is bounded
at 20 and attained by a Gottesman-Kitaev-Preskill (GKP)
state [61]. In comparison, the QFI with fast and precise con-
trol is unbounded and attained by a Fock state. The noiseless
QFI is not recovered, however, as shown in panel (a). We omit
the factor of T in the QFI with control. (Figure adapted from
Fig. 4 of Ref. [1].)

mode from the device. This scenario describes several
fundamental physics experiments including searches for
quantum gravity, stochastic gravitational waves, and ax-
ionic dark matter. In Ref. [1], the problem of stochastic
waveform estimation in the vanishing signal limit was
shown to be equivalent to the problem studied here of
estimating

√
γ1 for L̂1,(s) = x̂ which is a random dis-

placement channel along p̂. Here, given the annihilation
operator â of a single harmonic oscillator, the quadrature
operators are x̂ = (â + â†)/

√
2 and p̂ = (−iâ + iâ†)/

√
2

such that a generalised quadrature at angle θ is given by
x̂θ = cos(θ)x̂+sin(θ)p̂. The signal and noise processes in
Ref. [1], however, were modelled in separate stages and
fast and precise control of the device was not considered.
We now assume that fast and precise control is possible
on timescales for which the signal remains stochastic.

1. Noiseless case

Let us first consider the noiseless case. By Eq. 24, the
noiseless QFI is unbounded as Var|ψ⟩[x̂] can be made ar-
bitrarily large by preparing, e.g., a single-mode squeezed
vacuum (SMSV) state as shown in Fig. 5a. Given a con-
straint on the average number ⟨ψ|n̂|ψ⟩ = n̄ where the
number operator is n̂ = â†â, then an SMSV state has
Var|ψ⟩[x̂] = n̄ + 1

2 +
√
n̄(n̄+ 1) and is optimal [1]. The

noiseless QFI is thus 8n̄T in the high energy limit of
large n̄ ≫ 1. In comparison, if n̄ ∈ Z, then the Fock
state |n̂ = n̄⟩ such that n̂|n̂ = n̄⟩ = n̄|n̂ = n̄⟩ has
Var|n̂=n̄⟩[x̂] = n̄ + 1

2 and thus a noiseless QFI of 4n̄T
in the high energy limit as shown in Fig. 5a.
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2. Noisy case

Let us now consider the case of a single noise source.
We prove the following claim:

Claim 2. The optimal QFI with fast and precise control
for sensing a random displacement channel generated by
a quadrature x̂θ in the presence of loss â or gain â† is
2(n̄+1)T or 2n̄T , respectively, given a constraint on the
average number per mode of ⟨ψ|n̂|ψ⟩ = n̄. This QFI is
doubled if sensing isotropic random displacements gen-
erated by x̂ and p̂. The QFI is achieved by a measure-
and-reset strategy for any initial state |ψ⟩ that satisfies
the following necessary and sufficient condition:

⟨ψ|â|ψ⟩ = ⟨ψ|â2|ψ⟩ = 0. (30)

Examples of optimal protocols include continuously
preparing a Fock state (if n̄ ∈ Z) or a finite superposition
of Fock states or a binomial code state (if n̄ /∈ Z) and per-
forming a number-resolving measurement. Alternatively,
preparing a two-mode squeezed vacuum (TMSV) state
and performing number-resolving measurements of the
system and noiseless ancilla is also optimal.

This claim can be proved as follows. We showed in
Sec. II C that only the component of L̂1,(s) orthogonal

to L̂2,(n) contributes to the QFI. The component of x̂θ
orthogonal to â is â†/

√
2 up to a complex phase factor

eiθ which does not affect the QFI. The QFI in Eq. 25 for
L̂1,(s) = â†/

√
2 and L̂2,(n) = â is

IQ(
√
γ1 = 0) (31)

= 2T max
|ψ⟩

(
n̄+ 1− |⟨ψ|â|ψ⟩|2 − |⟨ψ|â2|ψ⟩ − ⟨ψ|â|ψ⟩2|2

n̄− |⟨ψ|â|ψ⟩|2
)
.

This equals 2(n̄ + 1)T for a fixed ⟨ψ|n̂|ψ⟩ = n̄ and is
attained by a given state |ψ⟩ if and only if it satisfies the
condition in Eq. 30. If n̄ ∈ Z, then a Fock state |n̂ = n̄⟩
suffices. If n̄ /∈ Z, then, for example, we can instead
prepare the following state

|ψ⟩ =
√

1− n̄

n⋆
|n̂ = 0⟩+

√
n̄

n⋆
|n̂ = n⋆⟩

where n⋆ = max{3, ⌈n̄⌉}. Any binomial code state [62]
|ψ⟩ =∑∞

n=0 cn|n̂ = qn+r⟩ with q, r ∈ Z satisfying q ≥ 3,

0 ≤ r < q, and n̄ = r+ q
∑∞
n=0 n |cn|

2
is also optimal. In

the extended case, a TMSV state given by

|ψ⟩ = 1

cosh(r)

∞∑

k=0

[
−eiϕ tanh(r)

]k |n̂ = k⟩|n̂ = k⟩

is optimal and requires continuously performing a
number-resolving measurement of the system and ancilla.
Similarly, the QFI in the presence of a gain â† is

IQ(
√
γ1 = 0) (32)

= 2T max
|ψ⟩

(
n̄− |⟨ψ|â|ψ⟩|2 − |⟨ψ|â2|ψ⟩ − ⟨ψ|â|ψ⟩2|2

n̄+ 1− |⟨ψ|â|ψ⟩|2
)

which equals 2n̄T and Eq. 30 remains the optimality con-
dition such that the same states above are optimal. Fi-
nally, for the K = 2, N = 1 isotropic case of L̂1,(s) = x̂

and L̂2,(s) = p̂ in the presence of L̂3,(n) = â or â†, the
total QFI in Eq. 25 sums the QFI from each signal oper-
ator. This proves Claim 2.

3. Discussion of Claim 2

With fast and precise control, the QFI in the presence
of loss or gain is thus unbounded and goes as 2n̄T for
n̄ ≫ 1 but does not recover the noiseless QFI of 8n̄T
as shown in Fig. 5 for a loss. Without fast and precise
control, however, the QFI for any state is bounded [1] as
shown in Fig. 5b. Fast and precise control can therefore
significantly increase the sensitivity of stochastic wave-
form estimation compared to the case without control.
In comparison to the optimal states above, preparing

an SMSV state yields vanishing QFI in the presence of
loss or gain, even with fast and precise control. This
result has been previously observed in the case without
fast and precise control for a fixed nonzero loss in the
weak signal limit [1]. With fast and precise control, the
QFI in the presence of loss in Eq. 31 or gain in Eq. 32
vanishes since ⟨ψ|â|ψ⟩ = 0 but |⟨ψ|â2|ψ⟩|2 = n̄(n̄+1) for
the SMSV state.
Other noise sources are also relevant to experiments

sensing, e.g., random displacements generated by x̂, such
as parallel classical noise x̂ and perpendicular classical
noise p̂. The orthogonal component of x̂ is zero for par-
allel classical noise and nonzero for perpendicular classi-
cal noise. This implies that the QFI in the presence of
parallel classical noise vanishes, and that with fast and
precise control the QFI in the presence of perpendicular
classical noise recovers the noiseless QFI using an SMSV
state since Cov|ψ⟩[x̂, p̂] = 0. Without fast and precise
control, however, the QFI in the presence of perpendicu-
lar classical noise vanishes for an SMSV state with fixed
energy in the weak signal limit [1]. This again shows how
fast and precise control can improve stochastic waveform
estimation.

4. Practical considerations

Let us now interrogate our assumption of fast and pre-
cise control for stochastic waveform estimation. This re-
quirement is stringent: we must perform projective mea-
surements and re-initialise the state of the device on the
timescale of t satisfying Eq. 12 before a second jump of
the noise operators occurs. For example, if a single pho-
ton is lost from the differential mode of the arms of an
optical interferometer, then we need to respond and re-
initialise the state before a second photon is lost. This
demand is beyond the present and projected capabilities
of optical interferometry experiments such as searching
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for stochastic gravitational waves with the Laser Inter-
ferometric Gravitational-wave Observatory (LIGO) [2–4]
or quantum gravity with the Gravity from the Quantum
Entanglement of Space-Time (GQuEST) future exper-
iment [7]. Our results in the fast and precise control
limit establish the best possible performance of these in-
terferometric devices but do not reflect their attainable
near-future performance. We will discuss later possible
future work to close this gap and determine the optimal
near-future performance of these interferometers under
more realistic assumptions.

A more promising application of our present results is
to search for ultra-light dark matter such as axions us-
ing a superconducting microwave cavity in a static mag-
netic field [8–10, 63–67]. In the fast and precise control
limit, we consider operating the device on a timescale
shorter than the noise processes but still longer than the
coherence time of the axion such that the signal remains
stochastic [68]. The stochastic signal appears isotropi-
cally in the x̂ and p̂ quadratures such that the QFI in
the presence of loss â is 4(n̄ + 1)T and is attained, e.g.,
by continuously preparing a Fock state and performing a
number-resolving measurement by Claim 2. The ability
to prepare highly non-Gaussian states in the microwave
domain [10, 69, 70] is encouraging for eventually reach-
ing the fast and precise control limit as technology further
improves.

VI. CONCLUSIONS

In this paper, we have investigated the fast and pre-
cise control limit of Lindblad estimation using a quantum
device. This limit was previously well-understood for
Hamiltonian estimation, i.e. sensing a deterministic sig-
nal, but not for probing a weak stochastic signal. Several
diverse fundamental physics searches look for stochas-
tic signals, from stochastic gravitational waves to axionic
dark matter, and so understanding this limit is crucial
to establishing the ultimate sensitivity that these devices
may reach. We showed that the optimal strategy is to
rapidly project the quantum state onto a basis formed
from the initial state and orthogonalised images of the
initial state under each Lindblad jump operator and then
re-initialise the state if a jump is recorded. This is a
significant departure from Hamiltonian estimation where
the signal should be allowed to coherently build up rather
than rapidly measured. We demonstrated this result for
sensing a stochastic signal with a single qubit and found
a gap between the sensitivity in the noiseless and noisy
cases and another gap between the performance with and
without entanglement depending on the geometry of the
jump operators. We also investigated sensing a stochas-
tic signal with many qubits and Lindblad estimation of
Pauli operators. Finally, we discussed the feasibility and
benefits of reaching the fast and precise control limit for
stochastic waveform estimation.

There are several possible avenues for future work. On

a fundamental level, investigating the multi-parameter
estimation of different weak decay rates and the M > 2
extended parallel strategy shown in Fig. 1c for the qubit
case may be interesting. Additionally, it would be use-
ful to know whether the unextended measure-and-reset
strategy shown in Fig. 1e is the optimal unextended fast
and precise control strategy shown in Fig. 1d for Lindblad
estimation as we have only proven this for the extended
case.
It would also be interesting to compare our results to

other bounds that consider monitoring of the environ-
ment [71, 72]. In various cases, the environment that
induces the Lindblad equation can be continuously mea-
sured along with the probe. It has been previously shown
that with monitoring the environment one can outper-
form the sequential ECQFI bound in deterministic sig-
nal sensing [73–75]. It would be useful to know whether
environment detection leads to improved precision also
in Lindblad estimation. We discuss this briefly in Ap-
pendix G but it can be further explored in the future.
Meanwhile, on a practical level, it may be valuable to

consider weaker strategies than fast and precise control.
For example, in optical interferometers it is difficult to
measure and reset the state as fast as the time taken
to lose a single photon. However, it may be possible to
control the state on longer timescales such that the noise
may jump multiple times but the weak signal may only
jump once. Similarly, it may be fruitful to investigate
the optimal strategy when restricted to weaker controls
than projectively measuring and resetting.
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Appendix A: Proof of Theorem 1

We want to show that the ultimate QFI with fast
and precise control is given in Theorem 1 and that it
is achieved by a measure-and-reset strategy.

1. Proof that Theorem 1 is an upper bound

We want to show the upper bound on the QFI with
fast and precise control given in Theorem 1 by calculat-
ing the minimum in Eq. 16. We may use the minimax
theorem since the argument is concave in ρ̂ and convex
in {c⃗j}Kj=1 [76]. This implies that Eq. 16 becomes

IQ(
√
γ1 = 0)

≤ 4T max
ρ̂

min
{c⃗j}K

j=1

Tr[ρ̂
K∑

j=1

Â†
jÂj ]

= 4T max
|ψ⟩

K∑

j=1

min
c⃗j

⟨ψ|(L̂j,(s) − c⃗Tj L)
†(L̂j,(s) − c⃗Tj L)|ψ⟩

(A1)

where we replaced the density matrix ρ̂ by the extended
pure state |ψ⟩ that purifies it such that ρ̂ = TrA[|ψ⟩⟨ψ|].

We now want to show that Eq. A1 is equivalent to
Theorem 1. This proof can be done in two different ways.
The first way is to differentiate Eq. A1 with respect to

c⃗†j , which yields that the minimum is achieved at

c⃗j = ⟨ψ|L∗LT|ψ⟩−1⟨ψ|L∗L̂j,(s)|ψ⟩. (A2)

For example, in the noiseless case this means that c⃗j =

⟨ψ|L̂j,(s)|ψ⟩. Substituting this value for c⃗j in Eq. 16 and
using Eq. 19 then shows that the QFI is upper bounded
as given in Theorem 1. The second way is to rewrite
Eq. A1 as follows:

IQ(
√
γ1 = 0) ≤ 4T max

|ψ⟩

K∑

j=1

min
c⃗j

||(L̂j,(s) − c⃗Tj L)|ψ⟩||2

such that for every |ψ⟩ and j, we want to find

minc⃗j ||(L̂j,(s) − c⃗Tj L)|ψ⟩||2. By splitting the identity

into projections onto orthogonal subspaces with Î =
Π̂ + (Î − Π̂), we can show that

min
c⃗j

||(L̂j,(s) − c⃗Tj L)|ψ⟩||2

= min
c⃗j

||(Π̂L̂j,(s) − c⃗Tj L)|ψ⟩||2 + ||(Î − Π̂)L̂j,(s)|ψ⟩||2

= ⟨ψ|L̂†
j,(s)(Î − Π̂)L̂j,(s)|ψ⟩

where the last equality is obtained by choosing c⃗j such

that c⃗Tj L|ψ⟩ = Π̂L̂j,(s)|ψ⟩. This again proves that Theo-
rem 1 is an upper bound.

2. Proof that Theorem 1 can be achieved

We want to show that the QFI for the measure-and-
reset strategy achieves the ultimate sensitivity limit in
Theorem 1. Let us assume for now that there is no nui-
sance Hamiltonian, i.e. Ĥ = 0, and then we will show
later that it has no effect on the optimal strategy. By
Eq. 10, the signal-free density matrix is

lim√
γ1→0

ρ̂′ ≈ ρ̂+
K+N∑

j=K+1

γjtLj,(n)(ρ̂)

such that its matrix elements in the {|j⟩}K+N
j=0 basis are

⟨0| lim√
γ1→0

ρ̂′|0⟩ = 1−
K+N∑

j=K+1

γjt

j∑

k=K+1

|cj,k|2

⟨j| lim√
γ1→0

ρ̂′|k⟩ = 0

⟨j| lim√
γ1→0

ρ̂′|0⟩ = −1

2

K+N∑

k=K+1

γkt⟨j|L̂†
k,(n)L̂k,(n)|0⟩

⟨j′| lim√
γ1→0

ρ̂′|k′⟩ =
K+N∑

l=max{j′,k′}
γltcl,j′c

∗
l,k′

⟨j′| lim√
γ1→0

ρ̂′|k⟩ = 0

⟨j′| lim√
γ1→0

ρ̂′|0⟩ =
K+N∑

k=K+1

γkt

(
c∗k,0⟨j′|L̂k,(n)|0⟩

−
⟨j′|L̂†

k,(n)L̂k,(n)|0⟩
2

)

(A3)

where 1 ≤ j, k ≤ K and K + 1 ≤ j′, k′ ≤ K + N
for the free indices above. Let us find the eigenvectors
{|λj⟩}K+N

j=0 of this matrix since they form the optimal
measurement basis by Eq. 5. Firstly, let us try the fol-
lowing ansatz

|λ0⟩ = |0⟩+ t

K+N∑

j=1

a0,j |j⟩, λ0 = ⟨0| lim√
γ1→0

ρ̂′|0⟩

such that the eigenvector equation is

(
lim√
γ1→0

ρ̂′ − λ0Î

)
|λ0⟩ =

K+N∑

j=1

(
⟨j| lim√

γ1→0
ρ̂′|0⟩ − a0,jt

)
|j⟩

which is zero if a0,j = ⟨j| lim√
γ1→0 ρ̂

′|0⟩/t for j =
1, . . . ,K + N . Secondly, let us try the following ansatz
for j = 1, . . . ,K

|λj⟩ =
K∑

k=1

a′j,k|k⟩+ t
K+N∑

k=0

aj,k|k⟩, λj = 0

such that the eigenvector equation is

lim√
γ1→0

ρ̂′|λj⟩ =
(
aj,0t+

K∑

k=1

a′j,k⟨0| lim√
γ1→0

ρ̂′|k⟩
)
|0⟩
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which is zero if

aj,0 = −
K∑

k=1

a′j,k
⟨0| lim√

γ1→0 ρ̂
′|k⟩

t
.

This means that there is a degenerate K-dimensional
subspace of eigenvectors with eigenvalue zero for which
we may freely choose which to project onto. Without loss
of generality, we choose the eigenvectors which are O(t)
perturbations of the {|j⟩}Kj=1 states such that

|λj⟩ = |j⟩+ t
K+N∑

k=0

aj,k|k⟩, λj = 0

where aj,0 = −⟨0| lim√
γ1→0 ρ̂

′|j⟩/t for j = 1, . . . ,K. The
remaining N eigenvectors, corresponding to the noisy
subspace, are orthogonal to {|λj⟩}Kj=0 such that they are
of the following form for j = K + 1, . . . ,K +N

|λj⟩ =
K+N∑

k=K+1

a′j,k|k⟩+ t

K+N∑

k=0

aj,k|k⟩.

Unlike the first K+1 eigenvectors which are O(t) pertur-
bations of the initial state and signal eigenbasis {|j⟩}Kj=1,
these last N eigenvectors are not O(t) perturbations of

{|j⟩}K+N
j=K+1 and are not necessarily degenerate.

We now calculate the probabilities pj = Tr [|λj⟩⟨λj |ρ̂′]
of projecting ρ̂′ onto this optimal measurement basis.
The first K + 1 probabilities are equal to the corre-
sponding diagonal elements of ρ̂′, i.e. pj = ⟨j|ρ̂′|j⟩ for
j = 0, 1, . . . ,K. Since p0 has a constant term, its con-
tribution to the CFI in Eq. 2 vanishes. Meanwhile, the
probabilities for j = 1, . . . ,K are

pj = γ1t
K∑

k=j

|ck,j |2 (A4)

= γ1t⟨ψ|L̂†
j,(s)(Î − Π̂)L̂j,(s)|ψ⟩

such that the sum of their contributions to the CFI in
Eq. 2 equals the QFI in Theorem 1 after multiplying
by the number of measurements M = T/t. Moreover,
all of the information about

√
γ1 comes from projecting

onto the combined noise-free signal subspace with Î −
Π̂ =

∑K
j=1|j⟩⟨j|, i.e. we do not need to differentiate the

different signals since the decay rate is common.
We now need to show that the remaining probabili-

ties pj for j = K + 1, . . . ,K + N from the noisy N -
dimensional subspace contribute no information in the
limit of

√
γ1 → 0. These probabilities only depend on the

constant coefficients a′j,k of |λj⟩ and thus on the ⟨j′|ρ̂′|k′⟩
matrix elements where K+1 ≤ j′, k′ ≤ K+N , such that
pj for j = K + 1, . . . ,K +N can be shown to equal

γ1t
K∑

m=1

∣∣∣∣∣
K+N∑

k=K+1

c∗m,ka
′
j,k

∣∣∣∣∣

2

+
K+N∑

m=K+1

γmt

∣∣∣∣∣
m∑

k=K+1

c∗m,ka
′
j,k

∣∣∣∣∣

2

The contribution to the CFI in Eq. 2 corresponding
to pj vanishes provided that the second term above is
nonzero. That is, if |∑m

k=K+1 c
∗
m,ka

′
j,k|2 is nonzero for

at least one m = K + 1, . . . ,K + N . Let us show
that this must be the case since otherwise we will find
a contradiction if we try to set this term to zero for all
m = K+1, . . . ,K+N . Firstly, consider m = K+1 such
that |c∗K+1,K+1a

′
j,K+1|2 = 0 if and only if a′j,K+1 = 0

since we assume that cj,j ̸= 0 without loss of gener-
ality. Then, consider m = K + 2 such that the term
is |c∗K+2,K+2a

′
j,K+2|2 given a′j,K+1 = 0, which then de-

mands that a′j,K+2 = 0 too. This process continues sim-
ilarly with the m = K + 3 term and so on up to the
m = K +N term with a′j,m = 0 required at each stage.
Since |λj⟩ is normalised, however, a′j,m ̸= 0 for at least
onem = K+1, . . . ,K+N such that this process must fail
and thus the contribution to the CFI from pj vanishes.

Projecting onto {|j⟩}K+N
j=0 instead of {|λj⟩}K+N

j=0 yields
the same CFI since the only differences between the two
bases, i.e. O(t) perturbations and a rotation of the noisy
subspace, do not affect the CFI to leading order. We can
now address what happens to the CFI if an unknown
nuisance Hamiltonian Ĥ is also present. The final state
in Eq. 10 becomes ρ̂′ = ρ̂′|Ĥ=0 − it[Ĥ, ρ̂] such that the
probability pj from projecting onto |j⟩ for j = 0, . . . ,K+
N is unchanged since

pj = Tr [|j⟩⟨j|ρ̂′]
= pj |Ĥ=0 + 2t Im

[
⟨j|Ĥ|ψ⟩⟨ψ|j⟩

]

= pj |Ĥ=0.

The nuisance Hamiltonian only affects the off-diagonal
elements of the final density matrix such as ⟨j|ρ̂′|ψ⟩ for
j > 0. Since the probabilities are unchanged, the CFI is
too and thus the nuisance Hamiltonian does not affect the
optimal strategy. This completes the proof of Theorem 1.

Appendix B: Optimal initial states

We establish here the sufficient and necessary condi-
tions for a state ρ̂ to be optimal. Let the solution of the
SDP in Eq. 16 be c⃗j,min such that Âj,min = L̂j − c⃗Tj,minL
for 1 ≤ j ≤ K. A state ρ̂ is then optimal if and only if it
satisfies the following conditions:

(I) The support of ρ̂ lies within the eigenspace of the

maximal eigenvalue of
∑K
j=1 Â

†
j,minÂj,min.

(II) For any signal index 1 ≤ j ≤ K and noise index

K + 1 ≤ k ≤ K + N , then Tr[ρ̂Âj,min] = 0 and

Tr[ρ̂L̂†
k,(n)Âj,min] = 0 hold.

These conditions can be proven as a special case of the
conditions found in Ref. [28], however, we now present a
self-contained derivation for our problem. ρ̂ is an optimal
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initial state if and only if it satisfies:

Tr


ρ̂

K∑

j=1

Â†
j,minÂj,min


 = max

ϱ̂
min
c⃗

Tr


ϱ̂

K∑

j=1

Â†
jÂj




(B1)

= min
c⃗

max
ϱ̂

Tr


ϱ̂

K∑

j=1

Â†
jÂj




(B2)

Condition (I) guarantees that ρ̂ and c⃗min saturate Eq. B2.
We have shown that ρ̂ and c⃗min saturate Eq. B1 if and
only if Aj,min|ψ⟩ is orthogonal to |ψ⟩ and L̂k,(n)|ψ⟩ for
every K + 1 ≤ k ≤ K +N where |ψ⟩ is a purification of
ρ̂. This is exactly Condition (II).

Appendix C: QFI with two sources of noise

In the case where there are K signals and two noises
L̂K+1,(n) and L̂K+2,(n), the QFI in Theorem 1 is

IQ(
√
γ1 = 0) = 4T max

|ψ⟩

K∑

j=1

f|ψ⟩(L̂j,(s), L̂K+1,(n), L̂K+2,(n)).

(C1)

Here, the function f|ψ⟩ is defined as

f|ψ⟩(L̂j,(s), L̂K+1,(n), L̂K+2,(n))

= Var|ψ⟩[L̂j,(s)]−

∣∣∣Cov|ψ⟩[L̂K+1,(n), L̂j,(s)]
∣∣∣
2

Var|ψ⟩[L̂K+1,(n)]

−

∣∣∣Cov|ψ⟩[L̂K+2,(n), L̂j,(s)]− ζ
∣∣∣
2

Var|ψ⟩[L̂K+2,(n)]− ξ

where ζ and ξ are given by

ζ =
Cov|ψ⟩[L̂K+2,(n), L̂K+1,(n)]Cov|ψ⟩[L̂K+1,(n), L̂j,(s)]

Var|ψ⟩[L̂K+1,(n)]

ξ =

∣∣∣Cov|ψ⟩[L̂K+1,(n), L̂K+2,(n)]
∣∣∣
2

Var|ψ⟩[L̂K+1,(n)]

The second term in f|ψ⟩ removes the L̂K+1,(n) component
of the signal and is the same as the case of a single noise
operator in Eq. 25. The third term in f|ψ⟩ then removes

the remaining L̂K+2,(n) component of the signal that is

orthogonal to the L̂K+1,(n) component already removed.

Appendix D: Sensing a finite signal with no noise

We now discuss the noiseless case of sensing a finite
signal as discussed in Sec. II E. We want to show that

the QFI for a finite signal is the same as in the vanishing
signal limit, provided that all of the signal jump operators
are Hermitian. The proof is analogous to the vanishing
signal case. Compared to Eq. 13, the Kraus operators
from Eq. 11 are now

K =




Î − t
2γ1

∑K
k=1 L̂

†
k,(s)L̂k,(s)√

γ1tL̂1,(s)

...√
γ1tL̂K,(s)




K̇ =




−t√γ1
∑K
k=1 L̂

†
k,(s)L̂k,(s)

L̂1,(s)

√
t

...

L̂K,(s)
√
t



.

We choose the same gauge as the vanishing signal limit
in Eq. 14:

h =

(
0 g†

g 0K,K

)
, g = −i

√
t




c1
...
cK




such that K̇− ihK now equals Eq. 15 plus higher order
corrections in time t as follows:

K̇− ihK =




0

L̂1,(s) − c1Î
...

L̂K,(s) − cK Î




√
t

+




t
√
γ1
∑K
k=1 c

∗
kL̂k,(s) − L̂†

k,(s)L̂k,(s)

c1
1
2 t

3/2γ1
∑K
k=1 L̂

†
k,(s)L̂k,(s)

...

cK
1
2 t

3/2γ1
∑K
k=1 L̂

†
k,(s)L̂k,(s)



.

This means that α̂ and β̂ in Eq. 7 are now

α̂ = t
K∑

k=1

Â†
kÂk +O(t2)

β̂ = i
√
γ1t

K∑

k=1

(
ckL̂

†
k,(s) − c∗kL̂k,(s)

)
+O(t2)

where Âk = L̂k,(s)−ck Î here. We now apply our assump-
tion that all of the signal jump operators are Hermitian

to imply that β̂ = O(t2) since the coefficients {ck}Kk=1 are
then real by Eq. A2. Since α̂ = O(t) and M = T/t with
T fixed, the second term in Eq. 6 can then be dropped
since it is O(T 2

√
t) compared to the first term which

is O(T ). This establishes that the noiseless QFI for a
non-vanishing signal

√
γ1 > 0 is upper bounded by the

vanishing signal limit in Eq. 23, provided that the signal
jump operators are Hermitian.
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FIG. 6. In the commuting Hermitian case, the jump opera-
tors L̂j become real vectors lj and the state |ψ⟩ becomes a
probability distribution p. (a) The signal vector l1,(s) and
(b–d) noise vectors lj,(n) are randomly sampled from a uni-
form distribution. (f) Optimal probability distribution in the
noiseless case. (g–j) Optimal distribution given the signal
l1,(s) and first 1–4 noises, respectively. For example, panel (i)
shows the distribution given the signal l1,(s) and three noises:
l2,(n), l3,(n), and l4,(n). The support of the optimal distribu-
tion is length N + 2 given N noise operators.

We now show that the CFI of the same measure-and-
reset strategy as the vanishing signal limit, i.e. preparing
and projecting onto the optimal state |ψ⟩, attains this
upper bound on the QFI. The probability p = ⟨ψ|ρ̂′|ψ⟩
of projecting the density matrix ρ̂′, expressed in the
{|j⟩}Kj=0 basis, onto the initial state |ψ⟩ is

p = 1− γ1t
K∑

j=1

j∑

k=1

|cjk|2 .

The CFI in Eq. 2 of p and 1 − p with respect to
√
γ1

therefore equals the upper bound to leading order in time,
once multiplied by the number of measurements M =
T/t. This is because the probability p is the same in the
vanishing signal limit in Eq. A4.

This completes the proof, assuming that the signal
jump operators are Hermitian. In the non-Hermitian
case, the measure-and-reset CFI above is the same since
we did not use the assumption of Hermitiancy in deriv-
ing it. We defer to future work showing that the same
upper bound holds in the non-Hermitian case such that
the optimal QFI is independent of γ1.

Appendix E: Commuting Hermitian case

Let us discuss the case where the jump operators are
all Hermitian and pairwise commute. This implies that a
simultaneous eigenbasis exists where L̂j = diag (lj) and
lj ∈ Rd for each j = 1, . . . ,K + N . We can assume
without loss of generality that the jump operators are

traceless and pairwise orthonormal, i.e.
∑d
α=1(lj)α = 0

and
∑d
α=1(lj)α(lk)α = δjk where the {lj}K+N

j=1 are thus
zero-sum and pairwise orthonormal as real vectors. Here,
we use Latin indices (e.g. j, k, l ∈ {1, . . . ,K + N})
to label a particular vector and Greek indices (e.g.
α, β, γ ∈ {1, . . . , d}) to label the elements of that vec-
tor. Let us now consider the pure quantum state |ψ⟩ =∑d
α,β=1 cαβ |eα⟩ ⊗ |eβ⟩ and its reduced density matrix

ρ̂S . The probability for the system to be in |eα⟩ is

pα =
∑d
β=1 |cαβ |

2
for α = 1, . . . , d. Let us define the

expectation value of a vector l ∈ Rd with respect to a

probability distribution p ∈ Rd where
∑d
α=1 pα = 1 as

Ep[l] =
∑d
α=1 pαlα. For any operator Â = diag (l) where

l ∈ Rd and
∑d
α=1 lα = 0, then, since ⟨ψ|Â ⊗ Î|ψ⟩ =

Tr[ρ̂SÂ], the expectation value is

⟨ψ|Â⊗ Î|ψ⟩ = Ep[l]. (E1)

The QFI in Theorem 1 only involves expectation values
of operators {L̂j}K+N

j=1 or products of two such operators

with respect to |ψ⟩. By Eq. E1, this means that entangle-
ment is not required and the QFI only depends on Ep[lj ]
and Ep[lj lk].

We can now restate the estimation problem for the
case of a single source of noise. Given lj ∈ Rd with∑d
α=1(lj)α = 0 and

∑d
α=1(lj)α(lk)α = δjk for j, k ∈

{1, 2}, then the QFI in Eq. 25 is

IQ(
√
γ1 = 0)

= 4T max
p

(
Varp[l1,(s)]−

|Covp[l1,(s), l2,(n)]|2
Varp[l2,(n)]

)
.

We want to find the optimal probability distribution
p ∈ Rd above. Similarly, for the case of N noise sources,
we replace all operator (co)variances in Theorem 1 for
K = 1 with their respective vector (co)variances. The
uniform distribution pα = 1/d makes the covariances

vanish since the {lj}K+N
j=1 are pairwise orthogonal and

leaves IQ(√γ1 = 0) = 4T/d which is nonzero but not
necessarily the optimal distribution, similarly to the Bell
state in Eq. 22. Since the QFI is now only expressed
in terms of real vectors and probability distributions, the
commuting Hermitian case can also be viewed as the clas-
sical limit of Lindblad estimation.
Let us now consider the commuting Hermitian case

with one signal (K = 1) and N = d− 2 noises. Provided
that a regularity condition of generalised non-degeneracy
given in Appendix E 1 holds, then the optimal QFI is

IQ(
√
γ1 = 0) = 4T

||l1||42
||l1||21

(E2)

where ∥l∥22 =
∑d
α=1 |lα|2 and ∥l∥1 =

∑d
α=1 |lα|. The op-

timal distribution is pα ∝ |l1,α| for α = 1, . . . , d, i.e. it
mimics the magnitude of the signal l1 up to normalisa-
tion. The regularity condition is unnecessary for d = 3,
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i.e. for one signal and one noise in three dimensions. For
d = 2, i.e. the noiseless case in two dimensions, the QFI
in Eq. E2 recovers the noiseless QFI of 2T ||l1||22. We
prove these results in Appendix E 1.

In the general case with one signal (K = 1), N noises,
and any dimension d, we can determine the optimal QFI
and initial state given a solution c1,min, ci,min to the fol-
lowing SDP:

l1 = c11⃗ +

N+1∑

i=2

cili + amin

where 1⃗ = (1, . . . , 1)T. By Appendix B, the optimal ini-
tial state is supported only on indices α ∈ I that satisfy
| (amin)α | = ||amin||∞ where ∥l∥∞ = maxα=1,...,d |lα|. We
can thus restrict ourselves to them-dimensional subspace
spanned by the indices in I and consider the correspond-

ing sub-vectors l
(I)
j and a

(I)
min. The optimal QFI is then:

IQ(
√
γ1 = 0) = 4T

||l(I)1,⊥||42
||l(I)1,⊥||21

(E3)

where l
(I)
1,⊥ is the projection of l

(I)
1 onto the subspace or-

thogonal to span{⃗1, l(I)2 , ..., l
(I)
N+1}. The optimal distribu-

tion is then pα ∝ |(l(I)1,⊥)α| for α = 1, . . . ,m up to nor-
malisation. We derive this optimal QFI and distribution
in Appendix E 1.

We can thus calculate the optimal QFI and initial
state from the support of the optimal distribution. It
remains to understand this support. We numerically ob-
serve the following phenomenon: the optimal distribution
for K = 1 in the presence of N noises has a support of
length N+2. (Our code for this result and the rest of our
work is available online [77].) This is shown in Fig. 6 for
d = 10 where we see that each additional noise adds one
more dimension to the support of the optimal distribu-
tion. Analytically, we know that given N noise operators
and a generalised condition of non-degeneracy, the min-
imal length of the support is N + 2 since otherwise the
QFI must vanish by the dimension of the noisy subspace.
This numerical phenomenon suggests that a length N+2
support is also sufficient, but we defer proving this result
to future work.

1. Proofs for the commuting Hermitian case

We derive here the above results for the commuting
Hermitian case. Let us first prove for d = 3 and N = 1
that the QFI is given in Eq. E2 and that the optimal
distribution is pi ∝ |l1,i|. We derive this using the SDP
formulation of Eq. 16. The solution of this SDP is given
in the common eigenbasis as:

l1 = c1,min1⃗ + c2,minl2 + amin (E4)

where amin is the diagonal of Âmin given c1,min and c2,min.
The optimal QFI is then given by 4T ||amin||2∞. Eq. E4

implies that amin /∈ span{l2, 1⃗} such that amin is not or-
thogonal to l1 and

|l1|2 = l1 · amin. (E5)

If (l2)1 = (l2)3 then the optimal QFI is equal to the

noiseless one: 4T (l1,max − l1,min)
2
with the optimal state

being (1/
√
2, 0, 1/

√
2)T.

Let us now split into cases regarding the size of the
support of the optimal state which is either length two or
three. If the support is length two, then l1 = (1, 0,−1)
and l2 = (1,−2, 1) up to constants and permutations,
and the optimal QFI equals the two-dimensional noise-
less QFI. If the support is instead length three, then
amin = xvi where v1 = (1,−1,−1), v2 = (1, 1,−1),
or v3 = (1,−1, 1) and x = |l1|2/

∑
i |l1,i| by Eq. E5

since maxi (l1 · vi) =
∑
i |li|. This also implies that

(amin)i = x sign(l1,i). The optimal QFI is therefore 4Tx2

which is Eq. E2.
Let us now derive the optimal probability distribution

(pi)
3
i=1 for the initial state. By Condition (II) in Ap-

pendix B and using (amin)i ∝ sign(l1,i), the necessary
and sufficient conditions on the optimal distribution are
the following:

3∑

i=1

pi sign(l1,i) = 0,
3∑

i=1

pi sign(l1,i)l2,i = 0.

Since l1 · 1⃗ = l1 · l2 = 0, then the distribution pi ∝ |l1,i|
is thus optimal. This completes the proof of Eq. E2 for
d = 3 and N = 1.

This derivation can be generalised for any d = N + 2.
We introduce the following regularity or generalised non-
degeneracy condition: The vectors {⃗1, l2, . . . , lN+1} are
regular if any k-dimensional sub-vectors of them span Rk.
(For any set of indices J = {j1, . . . , jk}, the sub-vectors

of {⃗1, l2, . . . , lN+1} that correspond to these indices span
Rk.) This regularity condition does not always hold, e.g.
it is not satisfied for commuting Pauli operators, but it
does typically hold for uniformly randomly sampled com-
muting operators.

Given this regularity condition, the optimal QFI is
given in Eq. E2 and the optimal state corresponds to
a distribution pi ∝ |l1,i|. The proof of this is similar to
the d = 3 case. For example, Eq. E4 becomes:

l1 = c1,min1⃗ +
N+1∑

j=2

cj,minlj + amin. (E6)

The regularity condition guarantees that the optimal
state is supported by all d eigenstates, which implies that
amin takes the form of amin = xv where v ∈ {1,−1}d such
that

x =
|l1|2

maxv(l1 · v)
=

|l1|2∑
i |l1,i|

=
||l1||22
||l1||1

. (E7)
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The derivation of the optimal input is then analogous to
the d = 3 case.

We can now also derive the more general optimal QFI
expression of Eq. E3. Given a solution of the SDP in
Eq. E6, we can restrict ourselves to the support of the
optimal state, i.e the eigenspace of the maximal eigen-

value of Â†
minÂmin. Eq. E6 then becomes

l
(I)
1 = c1,min1⃗ +

N+1∑

j=2

cj,minl
(I)
j + xv (E8)

where a
(I)
min = xv and v ∈ {1,−1}|I|. We now cannot use

Eq. E7 to find x since l
(I)
1 is not necessarily orthogonal to

span{⃗1, l(I)2 , . . . , l
(I)
N+1}. Instead, we can replace l

(I)
1 with

l
(I)
1,⊥ as this will only modify the coefficients {ci}N+1

i=1 such
that Eq. E8 becomes

l
(I)
1,⊥ = c′11⃗ +

N+1∑

j=2

c′j l
(I)
j + xv.

By orthogonality, we then obtain that x =

||l(I)1,⊥||22/||l
(I)
1,⊥||1 which yields the optimal QFI ex-

pression. The proof for the optimal distribution is
analogous to the previous case.

Appendix F: Proof of Example 1

We want to prove Example 1 concerning the QFI of the
unextended measure-and-reset strategy for Pauli Lind-
blad estimation. We can assume that the signal operator

is L̂1,(s) =
∏n
j=1 σ̂

(j)
x without loss of generality. Then, the

noiseless QFI of 4T is recovered by preparing |↑⟩⊗n since

it is a maximal variance state of L̂1,(s) and, for any noise

operator L̂j,(n) with Pauli weight less than n, there exists
at least one qubit for which the state remains |↑⟩. Thus,
the image of the initial state under the signal, |↓⟩⊗n, is
orthogonal to the initial state and the image under each
noise operator such that the noiseless QFI is achieved.

Appendix G: Impact of monitoring the environment

The Lindblad master equation in Eq. 1 is typically in-
duced by interaction of the probe with an environment.
In various cases, the environment can also be measured
together with the probe. The QFI for this monitored en-
vironment scenario is an upper bound on the QFI for the
case that we consider where only the probe is measured.
This upper bound was calculated in Ref. [71] where it
was shown that

IQ = 4 ∂√γ1∂√γ2 log(|Tr [ρ̂(γ1, γ2, t)]|),

where ρ̂(γ1, γ2, t) is the solution of the modified master

equation dρ̂
dt = Lγ1,γ2(ρ̂) where the modified Lindbladian

Lγ1,γ2(ρ̂) is defined as

Lγ1,γ2(ρ̂) :=
K∑

j=1

(√
γ1γ2L̂j,(s)ρ̂L̂

†
j,(s) −

γ1
2
L̂†
j,(s)L̂j,(s)ρ̂−

γ2
2
ρ̂L̂†

j,(s)L̂j,(s)

)
+

K+N∑

k=K+1

γk

(
L̂k,(n)ρ̂L̂

†
k,(n) −

1

2
{L̂†

k,(n)L̂k,(n), ρ̂}
)
.

It was shown in Ref. [71] that in the limit of large t we
can bound this QFI with an expression that depends only
on the Lindbladian:

IQ = 4tmax
λ

(
∂√γ1∂√γ2Re [λ]

)
|γ1=γ2=γ , (G1)

where the maximisation is over the eigenvalues λ of
the linear superoperator Lγ1,γ2 . The maximum is typi-
cally obtained with eigenvalues that correspond to steady
states of the standard Lindbladian Lγ,γ , i.e. eigenvalues
whose real part vanishes when γ1 = γ2. While in some
cases this bound in Eq. G1 coincides with our bound, it
can be considerably larger than ours, due to the extra in-
formation retrieved from the environment. Consequently,
if we restrict ourselves to only monitoring the probe, then
this bound can be quite loose. We now consider some ex-
amples to demonstrate this.

Let us first consider some examples where the two

bounds are the same. For any single Pauli jump operator,
i.e. Lγ1,γ2(ρ̂) =

√
γ1γ2σ̂j ρ̂σ̂j− (γ12 + γ2

2 )ρ̂, the bounds are
the same. The relevant eigenvalue is λ =

√
γ1γ2− γ1

2 − γ2
2

such that either bound provides that IQ = 4t. Simi-
larly, for amplitude damping, the modified Lindbladian
is Lγ1,γ2(ρ̂) =

√
γ1γ2σ̂−ρ̂σ̂+− γ1

2 σ̂+σ̂−ρ̂−
γ2
2 ρ̂σ̂+σ̂−. The

relevant eigenvalue is then λ =
√
γ1γ2 such that the QFI

is IQ = 4t.
More generally, consider any Hermitian jump operator

L̂ such that Lγ1,γ2(ρ) =
√
γ1γ2L̂ρ̂L̂

†− γ1
2 L̂

†L̂ρ̂− γ2
2 ρ̂L̂

†L̂.

If |λ⟩ is an eigenstate of L̂ with eigenvalue λ, then
|λ⟩⟨λ| is an eigenstate of Lγ1,γ2(ρ̂) with eigenvalue λ∗ :=
λ2(

√
γ1γ2 − γ1

2 − γ2
2 ). Therefore, the bound in Eq. G1

is IQ = 4tmaxλ λ
2, which is in general larger than our

bound IQ = (λmax − λmin)
2t.

Similarly, let us consider two commuting Hermitian
operators, L̂1,(s) and L̂2,(n). For any mutual eigenstate
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|λ1,λ2⟩ of L̂1,(s) and L̂2,(n), |λ1, λ2⟩⟨λ1, λ2| is an eigen-
state of Lγ1,γ2(ρ̂) with eigenvalue λ∗, which is the same

eigenvalue as the case without L̂2,(n). Hence, this bound

is completely unaffected by adding the noise L̂2,(n), unlike
our case. The reason for this difference is that the envi-
ronment allows us to totally differentiate between L̂1,(s)

and L̂2,(n) in cases where we cannot do this by measur-
ing only the probe. These results, where we see metro-

logical gain due to also detecting the environment, align
with previous results that showed such improvement for
Hamiltonian sensing [73–75].

While we have considered a few examples above, it re-
mains to be established in general what the sufficient and
necessary conditions are for a gap to exist between the
cases with and without monitoring of the environment.
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Chapter 6

Bayesian waveform estimation at the

fundamental quantum limit

The clouds methought would open and show riches

Ready to drop upon me, that when I waked,

I cried to dream again.

(Caliban, Act 3 Scene 2)

William Shakespeare, The Tempest

We now present Ref. [52] where we return to deterministic waveform sensing and restrict

ourselves to just optimising over measurements, much like in Chapter 3, but now consider

the Bayesian regime, leaving the asymptotic Fisher limit behind. The Bayesian regime

presents a much higher computational challenge but removes the sometimes troublesome

assumption of many measurements to deliver the exact answer for optimal sensing when

limited in time and frequency resolution. This opens a different dimension of the land-

scape of waveform estimation as shown in Fig. 1.1. We came to this problem of optimal

measurement historically because of two recent exciting works: (1) a head-to-head com-

parison of number and quadrature measurements in the Bayesian regime [57] and (2) a

proposal to run Grover’s algorithm on a quantum computer to search for a signal at an

unknown frequency [55]. Here, we reconcile these two works by showing that the optimal

measurement to search for an unknown frequency is to project onto approximately the

“whitened” waveform basis. This outperforms either number or quadrature measurements

and does not necessarily require a quantum computer to implement. Although we do not

assume access to different state preparation or quantum control, unlike the previous two
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papers, the proposed measurement scheme still is only a far-future possibility and so in

the broader arc of the thesis this paper still deserves to be at the more ambitious end.

We now list the important steps and results from this paper. Firstly, our main result in

Eq.29 of Sec.II.C.2 is the fundamental Bayesian limit for a Toeplitz family of states if

we have no prior information about the signal. This is more general than the frequency

estimation of the coherent state shown in Fig.1 which we handle in Sec.V.C. Secondly,

much of the behaviour can be understood purely from the geometry/inner product of

the singular-particle and coherent states in question which we determine in Eq.40 of

Sec.III and Eq.43 of Sec.IV, respectively. In particular, the relation between the classical

waveforms and the quantum states. Finally, Sec.V.C.2 and Fig.2 show the numerical

results which are independent of the proofs of the rest of the paper. The numerical

approach in Appendix H may prove useful for other applications.
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Searching for a weak signal at an unknown frequency is a canonical task in experiments probing
fundamental physics such as gravitational-wave observatories and ultra-light dark matter haloscopes.
These state-of-the-art sensors are limited by quantum noise arising from the fundamental uncertainty
about the state of the device. Classically, frequency estimation suffers from a threshold effect in the
signal-to-noise ratio such that weak signals are extremely hard to localise in frequency. We show
that this phenomenon persists at the fundamental quantum limit but that the classical approach, a
quadrature measurement, can nevertheless be beaten by a coherent protocol of projecting onto the
“quantum whitened” possible quantum states. Quantum whitening is a covariant measurement, and
we examine it analytically in the wide-prior limit and numerically for finite-width priors. Beyond
accelerating searches for unknown frequencies, quantum whitening may be used generally to sense
the parameter of a unitary encoding given no prior information about the parameter.

Many promising searches for fundamental physics
probe for weak signals at unknown frequencies encoded
in the displacement of a bosonic mode. For example,
searches using ground-based gravitational-wave observa-
tories for the post-merger remnant of binary neutron
star mergers could test our theories of exotic matter at
supranuclear densities [1–3] and searches for axions us-
ing table-top haloscopes could directly detect dark mat-
ter and resolve the strong CP problem [4–7]. However,
the fundamental Bayesian quantum limits of the sensi-
tivity of these searches are not well understood. Here,
a Bayesian analysis is necessary because we assume that
only a single event is seen and that the prior on the pos-
sible frequencies of the signal is wide. For example, the
range of possible axion masses spans five orders of mag-
nitude [8] at the ultra-light end of the vast 90 orders of
magnitude of possible masses for dark matter more gen-
erally [9]. Understanding how to achieve the fundamental
quantum limit of these devices using unconventional mea-
surement protocols may lead to improved sensitivity and
thus accelerate these searches for fundamental physics.

Let us now define a canonical frequency estimation
problem. We want to sense the following sinusoidal signal

hω(t) = A cos(ωt+ ϕ) (1)

where the amplitude A (with units of square root Hertz)
and phase ϕ are known, but the frequency ω is unknown.
We assume a flat prior π(ω) on the possible frequencies

∗ james.gardner@anu.edu.au

within the interval (ω0 −∆ω/2, ω0 +∆ω/2) with centre
frequency ω0 and a wide prior width ∆ω. Suppose that
the sinusoidal signal interacts with a linear device from
time t = 0 to t = T , where T is the integration time. If
the bosonic bath of incoming modes to the sensor is in the
multi-mode vacuum state |0⟩, then the coherent quantum
state of the bath of outgoing modes is as follows

|hω⟩ = ei
∫ T
0

dt hω(t)x̂(t)|0⟩, (2)

where the amplitude quadrature of the bath is x̂(t) =

[â(t) + â†(t)]/
√
2 given the bath annihilation and cre-

ation operators â(t) and â†(t), respectively, which obey
the commutator [â(t), â†(t′)] = δ(t − t′). Here, we set
ℏ = 1 and have absorbed the convolution with the linear
susceptibility of the sensor into the signal [10, 11]. This
coherent state consists of the vacuum displaced along the
phase quadrature of the bath p̂(t) = [−iâ(t)+ iâ†(t)]/

√
2

by the signal as shown in Fig. 1. We assume here that the
direction of the displacement is known and fixed, because
we want to model ground-based gravitational-wave obser-
vatories consisting of tuned resonant optical cavities and
a Michelson interferometer held at dark port such that
the signal only appears in the phase quadrature [12].

We want to determine the optimal measurement of the
final state |hω⟩ in Eq. 2 to best constrain the posterior
distribution on the possible signal frequencies. Ref. [1]
recently showed an advantage in frequency estimation by
performing a frequency-domain number-resolving mea-
surement n̂(Ω) over a time-domain quadrature measure-
ment p̂(t). In this paper, we go beyond this head-to-head
comparison and find the fundamental quantum limit of
frequency estimation and how to achieve it. First, in
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FIG. 1. A sinusoidal signal hω(t) in time t displaces a bath of vacuum modes |0⟩ to an oscillating coherent state |hω⟩ via a
linear quantum device. The ball-and-stick diagrams on the right idealise the Wigner function of the bath discretised in time in
Appendix E 2. The signal is windowed to the bounded interval (0, T ) which is discretised into M = T/δt time-bins of width δt.
While here we choose M = 5 for the purposes of illustration, we take the continuum limit of δt→ 0 with T fixed in the text.

Sec. I, we review the techniques of optimal quantum sens-
ing. Second, in Sec. II, we calculate the general funda-
mental limit and optimal measurement. Third, in Sec. III
and Sec. IV, we review the geometry of the single-particle
and coherent states, respectively, to establish a waveform
basis of quantum states. Finally, we apply the results to
different cases of single-particle and coherent states in
Sec. V and draw conclusions in Sec. VI.

I. BACKGROUND

Let us review quantum parameter estimation, with
Bayesian and Fisher information approaches, and clas-
sical frequency estimation.

A. Review of Bayesian quantum estimation

Let us consider Bayesian quantum estimation of a sin-
gle generic parameter θ (see, e.g., Refs. [13–18]). We
suppose that we have a prior distribution π(θ) on the pa-
rameter θ that is encoded in a quantum state ρ̂(θ). We
then perform some measurement described by a positive
operator-valued measure (POVM) with a set of effects
{Êx}x such that Ex ≥ 0 and

∫
dx Ex = 1. We ob-

tain the measurement outcome x given θ with likelihood
L(x|θ) = Tr[ρ̂(θ)Êx]. Marginalising over θ, then the to-
tal probability of obtaining x is given by the evidence
p(x) =

∫
dθ π(θ)L(x|θ). By Bayes’s rule, the posterior

on θ given x is then given by

p(θ|x) = π(θ)L(x|θ)
p(x)

. (3)

From the posterior given x, we form some estimator θ̌x
of θ, which can be biased. The mean-square error (MSE)
of this estimator at a given θ is

MSE(θ) =
∫

dx L(x|θ)(θ̌x − θ)2. (4)

We wish to minimise the Bayesian MSE (BMSE) defined
as the MSE averaged against the prior or, equivalently

by Eq. 3, the posterior variance averaged against the ev-
idence:

BMSE =

∫
dθ π(θ) MSE(θ) =

∫
dx p(x) Vpost(x) (5)

where the variance of the posterior given x is

Vpost(x) =

∫
dθ p(θ|x)(θ̌x − θ)2. (6)

Here, the optimal estimator θ̌x to minimise the BMSE for
a given measurement scheme is the mean of the posterior
distribution. For a given quantum state ρ̂(θ), the min-
imum BMSE (MBMSE) over all possible measurements
is given as follows [13]

∆2θ = ∆2θ(0) − Tr[ ˆ̄ρL̂2] (7)

where ∆2θ(0) =
∫

dθ π(θ) θ2 is the variance of the prior
π(θ). The optimal measurement basis |x⟩ and estimator
θ̌x is captured by the Bayesian symmetric logarithmic
derivative (BSLD) defined as

L̂ =

∫
dx θ̌x|x⟩⟨x| (8)

which is the solution to the following Lyapunov equation

ˆ̄ρ′ =
1

2
{ ˆ̄ρ, L̂} (9)

where {·, ·} is the anticommutator and the mixed state is

ˆ̄ρ =

∫
dθ π(θ)ρ̂(θ), ˆ̄ρ′ =

∫
dθ π(θ)ρ̂(θ) θ. (10)

Here, ˆ̄ρ captures the classical uncertainty in the fi-
nal state ρ̂(θ) given the prior, and ˆ̄ρ′ which we call
the “Bayesian derivative” acts informally like the av-
erage derivative of ˆ̄ρ with respect to the parameter
θ. Indeed, in the case of a Gaussian prior then ˆ̄ρ′ =
∆2θ(0)

∫
dθ π(θ)∂θρ̂(θ) [13]. For a given prior π(θ), the

Lyapunov equation in Eq. 9 can then be solved given the
spectral decomposition of ˆ̄ρ =

∑
j λj |ϕj⟩⟨ϕj | as

L̂ =
∑

j,k

2

λj + λk
⟨ϕj | ˆ̄ρ′|ϕk⟩|ϕj⟩⟨ϕk| (11)
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Method Bayesian Fisher

Figure-of-merit BMSE (Eq. 5) MSE (Eq. 4)
Fundamental limit MBMSE (Eq. 7) QCRB (Eq. 15)
Optimal measurement BSLD (Eq. 11) SLD (Eq. 17)
Prior Any prior No prior
Estimator Biased Unbiased
Valid Everywhere Asymptotically
Computation Harder Easier

TABLE I. Comparison of Bayesian and Fisher approaches to
quantum parameter estimation.

where the sum excludes j, k such that λj + λk = 0. We
can then calculate the MBMSE in Eq. 7 as

∆2θ = ∆2θ(0) −
∑

j,k

4λj
(λj + λk)2

∣∣⟨ϕj | ˆ̄ρ′|ϕk⟩
∣∣2 . (12)

We assume in Eqs. 7–10 that the prior is centred such
that

∫
dθ π(θ)θ = 0. For example, for sensing a fre-

quency within ω ∈ (ω0 −∆ω/2, ω0 +∆ω/2) we formally
estimate ω − ω0 instead of ω. However, we will ignore
this technicality throughout the rest of the paper and
just refer to estimating the frequency ω.

B. Review of Fisher information

Let us discuss the asymptotic limit of Bayesian es-
timation where we measure M ≫ 1 independent and
identical copies of the quantum state. In this frequen-
tist regime, the prior width is negligibly narrow and
we instead study local estimation of infinitesimal devia-
tions about a given θ. Formally, this connection between
the Bayesian and frequentist approaches is given by the
Bernstein-von Mises theorem.

We now review the Fisher information approach for
estimating a single parameter θ. In our motivating prob-
lem, although this parameter determines a classical wave-
form in Eq. 1 which is encoded in a quantum state in
Eq. 2, this should be distinguished from true waveform
estimation where there are a continuum of parameters to
estimate (see, e.g., Refs. [19–21]). The residual MSE in
Eq. 4 at θ for a given measurement obeys the classical
Cramér-Rao bound (CCRB)

MSE(θ) ≥ [MIC(θ)]−1, (13)

where the classical Fisher information (CFI) is given by

IC(θ) =
∑

x

[∂θL(x|θ)]2
L(x|θ) . (14)

The CFIs from independent and identical observations
sum, which contributes the factor of M in Eq. 13. Lift-
ing from a given measurement to the quantum state, the
quantum Cramér-Rao bound (QCRB) is

MSE(θ) ≥ [MIQ(θ)]−1, (15)

where the maximum CFI over all possible measurements
is the quantum Fisher information (QFI) which is given
similarly to Eq. 12 by

IQ(θ) =
∑

j,k

4λj
(λj + λk)2

|⟨ϕj |∂θρ̂(θ)|ϕk⟩|2 (16)

where the spectral decomposition of the state is ρ̂(θ) =∑
j λj |ϕj⟩⟨ϕj | and the sum excludes j, k such that λj +

λk = 0. Similarly to how Eq. 7 relates the MBMSE to
the BSLD, the QFI is IQ(θ) = Tr[ρ̂Ŝ2] in terms of Ŝ, the
symmetric logarithmic derivative (SLD). The SLD solves
the Lyapunov equation ∂θρ̂(θ) =

1
2{ρ̂(θ), Ŝ} similarly to

Eq. 9. The solution is similar to Eq. 11 and is given by

Ŝ =
∑

j,k

2

λj + λk
⟨ϕj |∂θρ̂(θ)|ϕk⟩|ϕj⟩⟨ϕk| (17)

where we exclude λj + λk = 0 as usual. The expec-
tation value Tr[ρ̂Ŝ2] thus recovers the QFI in Eq. 16.
The equality between the maximum CFI and the QFI
only holds in the single-parameter case, which we focus
on, as the multi-parameter case requires handling non-
commutativity [21, 22].

We compare the Bayesian and Fisher methods in Ta-
ble I. Although the Fisher information describes the
asymptotic scaling of the MSE, questions remain about
how fast a given optimal measurement reaches the
asymptotic limit such that we need to maximise the do-
main of unambiguous estimation along with the point es-
timate sensitivity [23]. I.e., two different measurements
can both be optimal asymptotically (their CFIs attain
the QFI) but the MSE of one can converge to the quan-
tum limit much faster than the other. This behaviour is
already accounted for implicitly in the Bayesian method,
however, such that we need not alter our approach.

The QFI is also related to the infinitesimal expansion
of the fidelity between quantum states as follows

F(θ) = Tr
[√√

ρ̂(θ)ρ̂(θ + δθ)
√
ρ̂(θ)

]2

= 1− 1

4
δθ2IQ(θ) +O(δθ3). (18)

Here, we assume that the rank of ρ̂(θ) is constant in θ,
e.g. if the state is pure ρ̂(θ) = |hθ⟩⟨hθ| such that the
fidelity is F(θ) = |⟨hθ|hθ+δθ⟩|2.

For the Gaussian case, the Fisher approach simplifies
considerably. The CFI in Eq. 14 for a multi-variate nor-
mal distribution of n variables with n-by-1 parameter-
dependent mean vector µ⃗n(θ) and n-by-n parameter-
independent covariance matrix Σn is equal to

IC(θ) = ∂θµ⃗n(θ)
TΣ−1

n ∂θµ⃗n(θ). (19)

Similarly, the QFI in Eq. 16 for an n-mode Gaussian state
with 2n-by-1 parameter-dependent mean vector µ⃗2n(θ),
since there are two quadratures for each mode, and 2n-
by-2n parameter-independent covariance matrix Σ2n is

IQ(θ) = ∂θµ⃗2n(θ)
TΣ−1

2n ∂θµ⃗2n(θ) (20)
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which is achieved by measuring the quadrature along
Σ−1∂θµ⃗2n(θ) [24]. The Gaussian shift QFI is thus sat-
urated by a Gaussian measurement.

We can also incorporate a priori information about θ
from a prior distribution π(θ), thus treating the parame-
ter as a random variable. In the case that the MSE and
QFI are independent of the parameter, then van Trees’s
Bayesian QCRB states that [25–27]

MSE ≥ [M(IQ + Iprior)]
−1 (21)

where the Fisher information of the prior is

Iprior =

∫
dθ

π′(θ)2

π(θ)
. (22)

Here, the integral should be restricted to the support
of the prior. For example, if the prior is a Gaussian
with variance σ2, then the prior Fisher information is
Iprior = 1/σ2. This bound is not tight except asymptoti-
cally, however, and the full Bayesian approach is required
for true incorporation of the prior.

C. Review of classical frequency estimation

Let us briefly discuss the classical problem of estimat-
ing the frequency of a weak sinusoidal signal hidden in
white noise. This is the scenario for our motivating prob-
lem in Eq. 2 if we perform a time-domain quadrature
measurement p̂(t), since the quantum shot noise of the
vacuum is white and the expectation values follow the
signal as ⟨p̂(t)⟩ = h(t). The noise here comes entirely
from the quantum state entering the linear device shown
in Fig. 1 and the classical signal is deterministic, i.e.
h(t) is not a continuous random variable (in contrast to
Ref. [28, 29]). It is well-known for this classical prob-
lem that the CCRB in Eq. 13 is not a tight bound below
some signal-to-noise ratio (SNR) threshold [30–32]. Here,
the SNR is A

√
2T in amplitude units where the factor of

two comes from the quantum noise of the vacuum state
of a harmonic oscillator which equals Var[p̂] = 1

2 given
[x̂, p̂] = i. Below the SNR threshold, we need to instead
use a different classical bound such as the BMSE. For
example, later in Fig. 3, we will see that the BMSE for
the time-domain quadrature measurement p̂(t) does not
attain the CCRB except for above A

√
2T ∼ 10. Instead

of the BMSE, we could use the Barankin bound but this
requires an unbiasedness assumption which does not hold
as generally as the Bayesian approach [33].

The harmonic frequencies appearing in the Fourier se-
ries on the interval (0, T ) are ωn = 2πn/T for n ∈ Z.
One might then expect the classical frequency resolution
to scale as 1/T in amplitude units, but the CCRB actu-
ally decreases as T−3/2 [31, 34, 35]. This can be shown
from Eq. 19. The CFI acquires a factor of T 2 from the
square of the derivative −At sin(ωt + ϕ) of the signal in
Eq. 1 and obtains the third factor of T from the integral
over time.

We now want to investigate what happens for the case
of quantum frequency estimation above and below the
SNR threshold, and whether other measurement schemes
than quadrature measurement can improve the sensitiv-
ity.

II. QUANTUM WHITENING

Before we return to our motivating problem of fre-
quency estimation of the coherent state in Eq. 2, we will
first solve a more general problem. We will consider gen-
eral families of pure states {|ψθ⟩}θ∈R, where θ is the pa-
rameter to be estimated. We will focus on the case where
this family of states has a Toeplitz symmetry, i.e. the in-
ner product ⟨ψθ|ψθ′⟩ is a function of only θ − θ′. This
will be useful to our motivating problem, since the ge-
ometry of the coherent states has a Toeplitz symmetry
in a particular limit which means that we want to under-
stand Toeplitz families of states. Thus, in this section, we
will first review the covariant measurement of an additive
unitary. Second, we will show that a Toeplitz family of
states is always generated by an additive unitary, and we
will interpret the covariant measurement of a continuous
Toeplitz family as projecting on the “quantum whitened”
possible states. Finally, we will calculate the fundamen-
tal quantum limit, the MBMSE, for a Toeplitz family
when we have no prior information about the parameter.

A. Additive unitary case

Let us first review the case where the parameter is
encoded by an additive unitary. Let the final state be
|ψθ⟩ = e−iĤθ|ψ0⟩ for some Hamiltonian Ĥ and initial
state |ψ0⟩. The unitary Û(θ) = e−iĤθ is additive since
Û(θ)Û(θ′) = Û(θ + θ′) and Û†(θ) = Û(−θ). The Hamil-
tonian Ĥ is therefore the generator of the unitary group
{Û(θ)}θ∈R, which is the relevant symmetry transforma-
tion of this problem. The inner product between quan-
tum states is thus ⟨ψθ|ψθ′⟩ = ⟨ψ0|eiĤ(θ−θ′)|ψ0⟩. This in-
ner product is Toeplitz, i.e. it is only a function of θ− θ′.
As such, we refer to {|ψθ⟩}θ∈R as a Toeplitz family of
states.

Since we are ultimately interested in frequency estima-
tion of the coherent states, we consider the case where the
Hilbert space is infinite-dimensional and the Hamiltonian
Ĥ has a continuous spectrum. (We discuss the finite and
discrete cases in Appendix A.) Let the spectral decompo-
sition be Ĥ =

∫∞
−∞ dk k|k⟩⟨k| for some continuous basis

satisfying ⟨k|l⟩ = δ(k − l)χS(k) where χS(k) is the indi-
cator function for some set S ⊂ R to be determined. The
eigenbasis of the Hamiltonian is thus {|k⟩}k∈S . We will
show later that S is the support of the spectral measure,
i.e. the Fourier transform of the Toeplitz inner product
between quantum states above. Since ⟨k|k⟩ = 0 for k /∈ S
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such that |k⟩ = 0, then we may write the Hamiltonian as

Ĥ =

∫

S

dk k|k⟩⟨k|. (23)

In terms of the spectral decomposition of Ĥ, the uni-
tary is Û(θ) =

∫
S

dk e−ikθ|k⟩⟨k|. This implies that the
mapping, θ 7→ Û(θ) is injective, i.e. for every θ1 ̸= θ2
in R, we have that Û(θ1) ̸= Û(θ2). The initial state is
|ψ0⟩ =

∫
S

dk ψ0(k)|k⟩ for some complex wavefunction
ψ0(k) supported on S. The initial state’s probability
distribution in k is thus |ψ0(k)|2, and the final state is
|ψθ⟩ =

∫
S

dk e−ikθψ0(k)|k⟩. The inner product between
final states, ⟨ψθ|ψθ′⟩ =

∫
S

dk eik(θ−θ
′) |ψ0(k)|2, equals

the value at θ − θ′ of the Fourier transform of the initial
state’s probability distribution in k.

1. Covariant measurement

What is the optimal measurement of the final state to
estimate the parameter θ? Since the inner product is
not necessarily a delta function, we cannot estimate the
parameter perfectly but some measurement bases may
still outperform others. If the figure-of-merit is covari-
ant with respect to the symmetry group {Û(θ)}θ∈R, i.e.
if the prior π(θ) is flat, then it is known that the opti-
mal measurement is also covariant with respect to this
symmetry [36–38]. We discuss covariant measurements
more in Appendix A2, and we will return later to the
assumption that the prior is flat.

We thus want to find the covariant states, {|θ⟩}θ∈R,
that satisfy Û(θ)|θ′⟩ = |θ + θ′⟩. Let the states be |θ⟩ =∫
S

dk c(θ, k)|k⟩ for some c(θ, k) such that covariance im-
plies that c(θ, k) = e−ikθc(0, k). The inner product be-
tween states is then ⟨θ|θ′⟩ =

∫
S

dk ei(θ−θ
′)k |c(0, k)|2

which equals δ(θ − θ′) such that the states are orthog-
onal if S = R and |c(0, k)| = 1/

√
2π. The covari-

ant states are thus unique up to the complex phase of
c(0, k) which is a gauge freedom described by the unitary
V̂ =

∫
S

dk eiϑk |k⟩⟨k| for a given set of a phases {ϑk}k∈S .
Since this gauge unitary commutes with the group action,
[Û(θ), V̂ ] = 0, it can be ignored without loss of general-
ity. Therefore, we define the covariant states as a Fourier
transform of the eigenbasis of the Hamiltonian as follows

|θ⟩ = 1√
2π

∫

S

dk e−iθk|k⟩ (24)

where the inverse Fourier transformation is |k⟩ =
1√
2π

∫∞
−∞ dθ eiθk|θ⟩. The inner product between covari-

ant states is thus

⟨θ|θ′⟩ = 1

2π

∫

S

dk ei(θ−θ
′)k. (25)

It is optimal to measure the covariant states provided
that the prior is flat, which we will revisit shortly. If

S = R such that the covariant states are orthogonal
(⟨θ|θ′⟩ = δ(θ−θ′)), then we project onto them by measur-
ing the covariant operator, Ŵ =

∫∞
−∞ dθ θ|θ⟩⟨θ|. This is

the canonical conjugate of the Hamiltonian, [Ŵ , Ĥ] = i,
such that Û†(θ)Ŵ Û(θ) = Ŵ + θ. This is similar to
the canonical quadratures which obey [x̂, p̂] = i and
eiθp̂x̂e−iθp̂ = x̂ + θ and whose eigenstates are related by
the Fourier transform.

If instead S ⊊ R such that the covariant states are not
orthogonal, then they form a covariant non-projective
POVM on the subspace spanned by the eigenbasis of the
Hamiltonian. The POVM is {Êθ}θ∈(−π,π] where the ef-
fects are Êθ = |θ⟩⟨θ|. This POVM is normalised although
the covariant states may not be. In this case, we can
still form the covariant operator, Ŵ =

∫∞
−∞ dθ θ|θ⟩⟨θ|,

but now the covariant states are not its eigenbasis since
they are not orthogonal. Ref. [13] showed that replacing
the non-projective POVM {Êθ}θ∈(−π,π] with projection
onto the orthogonal eigenbasis of Ŵ cannot increase the
BMSE. Since we already know that the covariant POVM
is optimal, the projective measurement onto the eigenba-
sis of Ŵ is also optimal (its BMSE equals the MBMSE).
This means that Ŵ equals the BSLD L̂ in Eq. 8. Con-
versely, to show that a given POVM is optimal in general,
it suffices to form the operator like Ŵ (which can also be
interpreted as projection onto its eigenbasis) and show
that it equals the BSLD.

From the initial family of non-orthogonal quantum
states {|ψθ⟩}θ∈R related by an additive unitary, we have
defined two continuous families of states: the stationary
states {|k⟩}k and covariant states {|θ⟩}θ∈R. These span
the same subspace of possible quantum states spanned
by {|ψθ⟩}θ∈R. We may restrict ourselves to this subspace
without loss of generality, which can significantly reduce
the dimensionality of the Hilbert space as we will see
later.

B. Toeplitz family of states

We now consider a general Toeplitz family of states
{|ψθ⟩}θ∈R and want to show that it is generated by an ad-
ditive unitary. Since the geometry of the quantum states
is Toeplitz, there exists some positive semi-definite func-
tionG : R → C, which is called the symbol of the Toeplitz
family, such that ⟨ψθ|ψθ′⟩ = G(θ − θ′) and G(0) = 1.
Since G is not necessarily a delta function, the states
{|ψθ⟩}θ∈R are not orthogonal and so we first want to find
a basis to express them in.

Let us perform a Fourier transform and then normalise
to define the following Fourier states

|k⟩ = 1

2π
√
g(k)

∫ ∞

−∞
dθ eikθ|ψθ⟩ (26)

Here, we define the spectral measure of the symbol
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G(θ) =
∫∞
−∞ dk eikθg(k) as

g(k) =
1

2π

∫ ∞

−∞
dθ e−ikθG(θ). (27)

If g(k) = 0 for a given k, then we take |k⟩ = 0. Let
S = {k ∈ R : g(k) > 0} be the support of g. The inner
product between Fourier states in Eq. 26 is thus

⟨k|l⟩ = δ(k − l)χS(k). (28)

On the support of g, the Fourier states are orthonormal,
⟨k|l⟩ = δ(k − l) for k ∈ S and l ∈ S, and otherwise
the inner product vanishes, ⟨k|l⟩ = 0 if k /∈ S or l /∈ S.
The inverse transformation between Fourier states and
the original family is then

|ψθ⟩ =
∫

S

dk e−ikθ
√
g(k)|k⟩ (29)

The function g(k) is a valid probability distribution by
Bochner’s theorem because it is normalised (

∫
S

dk g(k) =
G(0) = 1) and non-negative since it is the Fourier trans-
form of a positive semi-definite function. Similarly, the
Gram matrix of inner products is Hermitian and posi-
tive semi-definite such that its eigenvalues g(k) are non-
negative. While this construction could be applied to
finite-dimensional systems such as qubits or qudits, we
focus on the infinite-dimensional case. We also assume
here that θ ranges over all of R. If instead the Hilbert
space is finite dimensional or θ is continuous within a
bounded interval because G is periodic, then S is dis-
crete. In this latter case, we need to use the Fourier series
instead and then normalise as we show in Appendix A.

We can now show that, for any Toeplitz family of
states, there exists an additive unitary that generates
it. (We already showed that the additive unitary case
is Toeplitz.) For a given Toeplitz symbol G(θ), let the
Hamiltonian be defined as Ĥ =

∫
S

dk k|k⟩⟨k| with eigen-
basis {|k⟩}k∈S from Eq. 26. Let the initial state be

|ψ0⟩ =
∫

S

dk
√
g(k)|k⟩ (30)

such that its probability distribution in k is the spectral
measure g(k). The wavefunction in the previous section
is thus ψ0(k) =

√
g(k). Then, the final state |ψθ⟩ =

Û(θ)|ψ0⟩ agrees with Eq. 29 and the Gram matrix equals
the symbol G(θ−θ′) = ⟨ψθ|ψθ′⟩ as required. The additive
unitary and Toeplitz family cases are thus equivalent.

If the prior is flat, then the covariant measurement is
thus optimal by the result in the additive unitary case.
The inner product between the original states {|ψθ⟩}θ∈R
and covariant states {|θ⟩}θ∈R defined in Eq. 24 is

⟨θ|ψθ′⟩ =
1√
2π

∫

S

dk
√
g(k)ei(θ−θ

′)k. (31)

The likelihood of measuring θ from quantum whiten-
ing (Êθ = |θ⟩⟨θ|) for a given parameter θ′ and state

ρ̂(θ′) = |ψθ′⟩⟨ψθ′ | is L(θ|θ′) = Tr[ρ̂(θ′)Êθ] = |⟨θ|ψθ′⟩|2
which equals

L(θ|θ′) = 1

2π

∫

S

dk
∫

S

dl
√
g(k)g(l)ei(θ−θ

′)(k−l). (32)

For the Toeplitz case, and in particular the coherent
states that we consider later, we call the covariant states
{|θ⟩}θ∈R the “quantum whitened states” and the covari-
ant operator Ŵ the “quantum whitening measurement
operator”. This is in analogy to the classical whiten-
ing process, where a continuous random variable with a
stationary two-point correlation function is mapped to
a white noise random variable by a similar procedure of
Fourier transforming, dividing by the square root of the
eigenvalues, and then inverse Fourier transforming.

Similarly to the previous section, from the initial non-
orthogonal Toeplitz family {|ψθ⟩}θ∈R, we have defined
the families of the Fourier states (stationary states)
{|k⟩}k∈R and quantum whitened states (covariant states)
{|θ⟩}θ∈R. The Fourier states are orthogonal on S and the
quantum whitened states are orthogonal if S = R.

C. Fundamental quantum limit

We now calculate the MBMSE analytically in the gen-
eral case of a Toeplitz family with the uninformative and
uniform prior.

Let us start with just the Toeplitz assumption and as-
suming nothing about the prior. For a given Toeplitz
family of states {|ψθ⟩}θ∈R and prior π(θ), the mixed state
and Bayesian derivative in Eq. 10 in the Fourier basis in
Eq. 26 are

ˆ̄ρ =

∫

S

dk
∫

S

dl π̃(k − l)
√
g(k)g(l)|k⟩⟨l|, (33)

ˆ̄ρ′ =
∫

S

dk
∫

S

dl iπ̃′(k − l)
√
g(k)g(l)|k⟩⟨l|

where we use ρ̂(θ) = |ψθ⟩⟨ψθ| and Eq. 29. The Fourier
transform of the prior is π̃(k) =

∫∞
−∞ dθ e−ikθπ(θ) such

that iπ̃′(k) =
∫∞
−∞ dθ θe−ikθπ(θ) and the inverse Fourier

transform is π(θ) = 1
2π

∫∞
−∞ dk eikθπ̃(k). We show this in

Appendix B. The next step in finding the MBMSE is to
calculate the BSLD in Eq. 11 from the spectral decom-
position of the mixed state ˆ̄ρ, however, the eigenbasis is
not known for a general prior. We will show below that
the mixed state is diagonal in the Fourier basis for a flat
prior. Otherwise, we can diagonalise the mixed state nu-
merically to calculate the BSLD as we do in Appendix. K.
Similarly, a covariant measurement is only necessarily op-
timal if the prior on θ is flat such that the figure-of-merit
is covariant. For arbitrary priors, it may not be optimal
to project onto the quantum whitened states.
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1. Uninformative, uniform prior on R

Let us now additionally assume that the prior is flat
such that we can apply the covariant measurement result.
This needs to be done with care since we assumed that
θ and k were continuous on R. This prior is the limit
of a sequence of wider and wider normalised priors such
as rectangular or Gaussian functions. In principle, we
would want to calculate the MBMSE for each finite prior
and then take the limit of the sequence of MBMSEs as
the prior width goes to infinity. However, as discussed
above, we cannot diagonalise the mixed state ˆ̄ρ in Eq. 33
for an arbitrary prior analytically. We conjecture that
the MBMSE and BMSE of quantum whitening for any
such sequence will converge to the value that we obtain
below. We show in Appendix D5 that this limit works
in the case of amplitude estimation. Numerically, we
show later in Sec. V C that this also works for frequency
estimation.

Here, we instead calculate the MBMSE directly for a
prior that is normalised and uniform on R. These two
properties are all that the following proof needs to as-
sume, i.e. that ∂θπ(θ) = 0 and

∫∞
−∞ dθ π(θ) = 1. The

uniformity means that π̃(k − l) ∝ δ(k − l) such that the
mixed state in Eq. 33 is diagonal in the Fourier basis.
The normalisation of the prior is necessary, else the non-
unit norm of the prior will appear in the MBMSE as we
discuss in Appendix D 5.

We need to be careful assigning an exact value to the
prior. We do so nevertheless so that we can write the
following equations explicitly, but we emphasise that our
conclusions only require that the prior be normalised and
flat on R. Suppose that π(θ) ≡ ε for some infinitesimal
0 < ε ≪ 1 such that

∫∞
−∞ dθ π(θ) = 1 and π̃(k − l) =

ε2πδ(k − l). Informally, we choose that ε = 1/[2πδ(0)]
in the following equations such that π̃(k − l) = δ(k −
l)/δ(0) but this division by δ(0) needs to be handled with
the upmost care. The only property that we use is that
δ(0)/δ(0) = 1 such that the flat prior and evidence will
cancel in Bayes’s rule in Eq. 3 below.

2. BMSE of quantum whitening

The prior being flat implies that the covariant measure-
ment, i.e. quantum whitening, is optimal. The MBMSE
is thus the BMSE of quantum whitening Ŵ . Let us find
the posterior p(θ′|θ) on the parameter θ′ for a given mea-
surement result θ. Given the likelihood L(θ|θ′) in Eq. 32,
the evidence is p(θ) ≡ 1/[2πδ(0)] which is normalised
like the prior (

∫∞
−∞ dθ p(θ) = 1). The posterior thus

equals the likelihood (p(θ′|θ) = L(θ|θ′)) by Bayes’s rule in
Eq. 3. The posterior is normalised (

∫∞
−∞ dθ′ p(θ′|θ) = 1)

and centred on the measurement result (θ̌θ = θ). The
MBMSE, which equals the BMSE in Eq. 5 for Ŵ , is thus

∆2θ = V :=
1

4

∫

S

dk
g′(k)2

g(k)
. (34)

Here, the MSE in Eq. 4 and variance of the posterior in
Eq. 6 are both constant and equal to the MBMSE

MSE(θ′) = Vpost(θ) ≡ V (35)

and the prior and evidence are normalised. We prove this
result in Appendix B 1.

The value of V in Eq. 34 has a familiar functional form.
It equals a quarter of the Fisher information in Eq. 22
were we to treat g(k) in Eq. 27 as a prior on k for some hy-
pothetical dual estimation problem. We emphasise that
this hypothetical dual problem of estimating k and its
classical Fisher information 4V are not the same as our
actual problem of estimating θ and the quantum Fisher
information which we discuss below. In particular, we
wish to minimise the MBMSE with respect to θ and thus
the Fisher information of g(k). Informally, since θ and k
are related by a Fourier transform, this scenario is sim-
ilar to the classical time-frequency uncertainty principle
known as the Gabor limit in signal processing. This in-
tuition will become clearer when we discuss the Gaussian
case in Sec. V A.

3. Comparison to the QFI

Let us now calculate the actual QFI for this estimation
problem, which we distinguish from the intuition about
the functional form of the MBMSE provided above. The
value of V in Eq. 34 for the MBMSE is in contrast with
the QFI which will not be reached except for at high
SNR. Using the additive unitary representation with the
Hamiltonian Ĥ in Eq. 23 and initial state |ψ0⟩ in Eq. 30,
the QFI with respect to θ is IQ(θ) = 4Var|ψ0⟩[Ĥ] which
equals

IQ(θ) = 4

(∫

S

dk k2g(k)−
[∫

S

dk kg(k)
]2)

(36)

which is four times the variance of g(k). In contrast to
the QCRB, the MBMSE in Eq. 34 in principle depends
on more than just the second moment of g(k), although
we will show that it is equal in the Gaussian case below.
In particular, we will show cases in Sec. V where the QFI
is finite and the MBMSE diverges.

The value for the QFI in Eq. 36 can also be shown
without using the additive unitary representation. Let us
Taylor expand the Toeplitz symbol for a small parameter
difference δθ as

G(δθ) ≈ 1 + δθG′(0) +
1

2
δθ2G′′(0) (37)

where Re [G′(0)] = 0 holds such that the states are nor-
malised. The derivatives of the symbol at zero are re-
lated to the moments of the spectral measure as G′(0) =
i
∫
S

dk kg(k) and G′′(0) = −
∫
S

dk k2g(k). The QFI from
the fidelity in Eq. 18 thus equals the value in Eq. 36.
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4. Optimality of quantum whitening

We can also prove that quantum whitening is optimal
without using the result that covariant measurement is
optimal. We include this alternative proof here for com-
pleteness and provide further details in Appendix B 2.

For the uninformative, uniform prior (π̃(k− l) = δ(k−
l)/δ(0)), the mixed state in Eq. 33 is normalised (Tr[ ˆ̄ρ] =
1) and diagonal in the Fourier basis since

ˆ̄ρ = [1/δ(0)]

∫

S

dk g(k)|k⟩⟨k|. (38)

This was the point of choosing the flat prior: we now
know that the eigenbasis of the mixed state is the Fourier
basis and thus can calculate the BSLD. The matrix co-
efficients of the Bayesian derivative in Eq. 33 are

⟨k| ˆ̄ρ′|l⟩ = i[δ′(k − l)/δ(0)]
√
g(k)g(l) (39)

such that the coefficients of the BSLD in Eq. 11 are

⟨k|L̂|l⟩ = iδ′(k − l)
2
√
g(k)g(l)

g(k) + g(l)
χS(k)χS(l). (40)

The distributions δ′(k− l)f1(k, l) and δ′(k− l)f2(k, l) are
equal if the functions f1 and f2 and their partial deriva-
tives are equal at k = l, i.e. if the following conditions
are satisfied

f1(k, k) = f2(k, k), (41)
∂xf1(x+ l, l)|x=0 = ∂xf2(x+ l, l)|x=0,

∂xf1(k, k − x)|x=0 = ∂xf2(k, k − x)|x=0.

This can be shown using integration by parts against an
arbitrary test function. Eq. 40 thus implies that here

⟨k|L̂|l⟩ = iδ′(k − l)χS(k)χS(l). (42)

In comparison, the matrix coefficients of the quantum
whitening measurement operator are

⟨k|Ŵ |l⟩ = iδ′(k − l)χS(k)χS(l) (43)

which equal those of the BSLD L̂ in Eq. 42. This can
be verified by showing that Ŵ satisfies the Lyapunov
equation in Eq. 9. In particular, the matrix coefficients
of the anticommutator are

⟨k|1
2
{ ˆ̄ρ, Ŵ}|l⟩ = 1

2
i[δ′(k − l)/δ(0)][g(k) + g(l)] (44)

which equal the matrix coefficients of the Bayesian
derivative in Eq. 39 since the conditions in Eq. 41 hold.
This means that it is optimal to measure the quantum
whitened states |θ′⟩, either via the non-projective POVM
if S ⊊ R or by projection if S = R. Either way, the op-
timal estimator for θ is simply the measurement result
θ′.

We have now determined the fundamental quantum
limit and optimal measurement for an arbitrary Toeplitz

family given no prior information about the parameter.
We will now apply these results to various families of
single-particle and coherent states. However, first we
must establish the inner product structure, i.e. the ge-
ometry, of single-particle and coherent states.

III. GEOMETRY OF SINGLE-PARTICLE
STATES

Before we return to our problem of determining the
fundamental quantum limit on frequency estimation of
the coherent state in Eq. 2, it will be informative to first
study the simpler problem of estimating the parameter
governing the waveform of a single-particle state, i.e. the
multi-mode Fock state with a single particle in a given
temporal mode. This single-particle state will provide a
good introduction to the techniques that we use later for
the coherent state. Although the inner product structure
of the multi-mode single-particle and coherent states is
well-known, we review it here for completeness as we will
build upon it later in our Bayesian analysis.

Let us provide a basic physical model for the single-
particle state. It may be imagined as the result of cou-
pling an optical field to a two-level atomic transition with
the field initially in vacuum and the qubit excited. Sup-
pose that after some energy-conserving unitary dynamics
the final state of the qubit is the ground state, then the
final state of the optical field will be a single-particle state
of exactly one photon. The temporal mode of the state
is determined by the dynamics and the unknown signal.

We will demonstrate the following key idea: that
we may restrict ourselves to the “waveform subspace”
spanned by the possible quantum states which signif-
icantly reduces the dimension of the Hilbert space as
will be shown. To find a basis for this waveform sub-
space, we need to first understand how the geometry of
the quantum states depends on the corresponding geom-
etry of the classical waveforms, i.e. temporal modes. We
will show that these geometries are the same for single-
particle states but different for coherent states which
is what makes our motivating problem about coherent
states interesting.

A. General single-particle state case

Let us generalise the classical waveforms beyond Eq. 1
to now allow for any family parameterised by θ of L2(R)
functions, i.e. square-integrable complex waveforms:
{
hθ

∣∣∣∣ θ ∈ R, hθ : R → C,
∫ ∞

−∞
dt |hθ(t)|2 <∞

}
(45)

We want to estimate the classical waveform–governing
parameter θ from measurements of the quantum state
that encodes it. There are many possible ways for a clas-
sical waveform to be encoded in a quantum state, but we
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focus on the single-particle and coherent state cases. For
a given classical waveform and encoding scheme, we may
refer to the corresponding quantum state as a “quantum
waveform”.

Let the single-particle quantum state corresponding to
a given classical waveform be defined as |xθ⟩ = b̂†θ|0⟩
where the temporal mode annihilation operator is defined
as

b̂θ =

∫ ∞

−∞
dt x∗θ(t)â(t) (46)

and we decompose the classical waveform as hθ(t) =

−i
√
2αθxθ(t) where αθ ∈ C and

∫∞
−∞ dt |xθ(t)|2 = 1.

Here, the normalisation αθ is discarded since we assume
that the state only has one particle but later this will
be the complex amplitude of the corresponding coherent
state. Thus, without loss of generality, let us assume that
αθ ≡ 1 for the remainder of this section. The inner prod-
uct between single-particle states is then related to the
commutator between different temporal modes as

⟨xθ|xθ′⟩ = [b̂θ, b̂
†
θ′ ] =

∫ ∞

−∞
dt x∗θ(t)xθ′(t) (47)

which is the L2(R) inner product of the corresponding
classical waveforms which are normalised.

The classical and quantum geometries are thus the
same since their inner products are the same: There
is no added structure or quantum noise from measuring
the single-particle states compared to the classical wave-
forms. This means that quantum whitening the single-
particle states is the same as classically whitening their
corresponding classical waveforms, i.e. temporal modes,
as we show in Appendix C. We will see that these geome-
tries are not the same in the coherent state case.

B. QFI of single-particle states

To determine the QFI, suppose that θ′ = θ + δθ with
δθ small such that we can Taylor expand the normalised
waveform as

xθ+δθ(t) ≈ xθ(t) + δθ∂θxθ(t) +
1

2
δθ2∂2θxθ(t) (48)

where we keep only terms O(δθ2) henceforth. The inner
product in Eq. 47 is thus

⟨xθ|xθ+δθ⟩ ≈ 1 + δθ

∫ ∞

−∞
dt x∗θ(t)∂θxθ(t) (49)

+
1

2
δθ2

∫ ∞

−∞
dt x∗θ(t)∂

2
θxθ(t).

Since the waveforms xθ(t) are normalised, by computing
the norm of both sides of Eq. 48, we can show that from
the linear term in δθ that

∫ ∞

−∞
dt Re [xθ(t)∂θx∗θ(t)] = 0 (50)

and from the quadratic term in δθ2 that
∫ ∞

−∞
dt Re

[
xθ(t)∂

2
θx

∗
θ(t)

]
= −

∫ ∞

−∞
dt |∂θxθ(t)|2 . (51)

This means that the infinitesimal fidelity between single-
particle states is

F(θ) = |⟨xθ|xθ+δθ⟩|2 (52)

≈ 1− δθ2
∫ ∞

−∞
dt |∂θxθ(t)|2

+ δθ2
(∫ ∞

−∞
dt Im [x∗θ(t)∂θxθ(t)]

)2

such that by Eq. 18 the QFI is

IQ(θ) = 4

∫ ∞

−∞
dt |∂θxθ(t)|2 (53)

− 4

(∫ ∞

−∞
dt Im [x∗θ(t)∂θxθ(t)]

)2

.

This agrees with the QFI in Eq. 36 if the family of wave-
forms is Toeplitz. We will compare this below to the
QFI of a coherent state with an average particle number
of one.

IV. GEOMETRY OF COHERENT STATES

We now finally return to our problem of estimating the
frequency ω from the coherent state in Eq. 2. We address
the toy problem of estimating the displacement of a sin-
gle harmonic oscillator in Appendix D. Here, we need to
find the optimal measurement across many displaced har-
monic oscillators in time. The total Hilbert space is too
large to simulate numerically, e.g., the dimension is dM if
we discretise the total time T into M = T/δt oscillators
in time-bins of width δt and truncate each oscillator to
dimension d in the Fock basis, see Appendix E 2. How-
ever, the waveform subspace span{|hω⟩}ω∈R spanned by
the possible quantum states can be much smaller as we
will see later. Intuitively, this is because the inner prod-
uct between neighbouring coherent states in the family
{|hω⟩}ω∈R may not decay quickly.

We want to find a basis for the waveform subspace
and then calculate the MBMSE in Eq. 7 from comput-
ing ˆ̄ρ and ˆ̄ρ′ in that basis. To find a basis, we need to
first calculate the Gram matrix Gω,ω′ = ⟨hω|hω′⟩ of inner
products between different coherent states to understand
the structure of the waveform subspace. We will calcu-
late the Gram matrix for coherent states generally and
then consider the case of frequency estimation and other
examples summarised in Table II.

A. General coherent state case

Let us now generalise the classical waveforms beyond
Eq. 1 and coherent states beyond Eq. 2 to now any fam-
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ily of classical waveforms in Eq. 45 and coherent states
defined as follows

|hθ⟩ = e
i√
2

∫ ∞
−∞ dt [hθ(t)â

†(t)+h∗
θ(t)â(t)]|0⟩. (54)

Here, we choose a convention such that the expectation
values of the quadratures follow the classical waveform as

⟨hθ|x̂(t)|hθ⟩ = −Im [hθ(t)] , (55)
⟨hθ|p̂(t)|hθ⟩ = Re [hθ(t)] .

We now want to relate the Hilbert space structure of
the classical waveforms to that of the coherent quantum
states like we did above for the single-particle states. The
inner product between the coherent states is

⟨hθ|hθ′⟩ = e−
1
4

∫ ∞
−∞ dt [|hθ(t)|2+|hθ′ (t)|2−2h∗

θ(t)hθ′ (t)], (56)

where the first two terms in the exponent are the L2(R)
norms squared of the classical waveforms hθ and hθ′ , and
the third term is twice the L2(R) inner product between
them. We prove this result in Appendix E. This inner
product is not necessarily Toeplitz but we will see exam-
ples where it will be.

Even if the classical waveforms are orthogonal, the in-
ner product between the corresponding quantum states
is nonzero for finite SNR because of the quantum noise
of the coherent state, unlike the single-particle states. If
the L2(R) inner product

∫∞
−∞ dt h∗θ(t)hθ′(t) is real, e.g. if

the classical waveforms are real, then the inner product
between quantum states in Eq. 56 becomes

⟨hθ|hθ′⟩ = e−
1
4

∫ ∞
−∞ dt |hθ(t)−hθ′ (t)|2 (57)

where the exponent is the L2(R) distance between the
classical waveforms hθ and hθ′ .

The L2(R) norm squared of the classical waveform hθ
which appears in the exponent of Eq. 56 is equal to twice
the average number of particles in the corresponding co-
herent state since

N̄θ = ⟨hθ|N̂ |hθ⟩ =
1

2

∫ ∞

−∞
dt |hθ(t)|2 (58)

where N̂ =
∫∞
−∞ dt â†(t)â(t) is the total number operator

and the units of hθ(t) are square root Hertz. This is
implied by the coherent state being an eigenstate of the
annihilation operator â(t)|hθ⟩ = i√

2
hθ(t)|hθ⟩.

B. QFI of coherent states

Let us consider how distinguishable parameter values
are when they are infinitesimally far apart. Suppose that
θ′ = θ+δθ with δθ small such that we can Taylor expand
the signal as

hθ′(t) ≈ hθ(t) + δθ∂θhθ(t) +
1

2
δθ2∂2θhθ(t) (59)

and we drop O(δθ3) terms henceforth. The inner product
in Eq. 56 is then

⟨hθ|hθ+δθ⟩ ≈ e−
1
4 δθ

2
∫ ∞
−∞ dt |∂θhθ(t)|2+iφ (60)

where the phase is

φ =
1

2
δθ

∫ ∞

−∞
dt Im

[
h∗θ(t)

(
∂θhθ(t) +

1

2
δθ∂2θhθ(t)

)]

(61)

which vanishes if the L2(R) inner product between wave-
forms

∫∞
−∞ dt h∗θ(t)hθ+δθ(t) is real. The fidelity between

these states is thus

F(θ) = |⟨hθ|hθ+δθ⟩|2 ≈ e−
1
2 δθ

2
∫ ∞
−∞ dt |∂θhθ(t)|2 (62)

such that by Eq. 18 the QFI is

IQ(θ) = 2

∫ ∞

−∞
dt |∂θhθ(t)|2 (63)

which is the L2(R) norm squared of the partial derivative
of the classical waveform ∂θhθ. This value for the QFI
can also be shown from the Gaussian formula in Eq. 20.
It can furthermore be recovered from the QFI in Eq. 36
if the family is Toeplitz.

The CFI for a time-varying quadrature measure-
ment x̂ϑ(t)(t) = cos[ϑ(t)]x̂(t) + sin[ϑ(t)]p̂(t) saturates
the QFI, where ϑ(t) = arg[∂θhθ(t)] +

π
2 such that

∂θ⟨hθ|x̂ϑ(t)(t)|hθ⟩ = |∂θhθ(t)| by Eq. 55. (Here, x̂ϑ(t)(t)
should be distinguished from the normalised temporal
mode xθ(t) in Eq. 46.) This can be shown, e.g., by dis-
cretising the state in time following Appendix E 2, cal-
culating the CFI in Eq. 19, and then taking the contin-
uum limit. This Fisher information approach, however, is
only tight asymptotically and so we need to calculate the
MBMSE instead to understand the fundamental quan-
tum limit for finite SNR.

1. Comparison to the QFI of single-particle states

Suppose that we decompose the classical waveform as
hθ(t) = −i

√
2αθxθ(t) into its norm αθ =

√
N̄θ and

L2(R)-normalised waveform xθ(t). Here, we assume that
αθ > 0 without loss of generality, since any overall com-
plex phase of hθ(t) can be absorbed into xθ(t). Then, the
QFI in Eq. 63 decomposes as follows

IQ(θ) = 4(∂θαθ)
2 + 4α2

θ

∫ ∞

−∞
dt |∂θxθ(t)|2 (64)

where the first term comes from changes in the norm of
the classical waveform (average number of particles) and
the second term comes from changes in the normalised
waveform (temporal mode function).

The QFI for a coherent state with an average particle
number of one (αθ ≡ 1) is thus

IQ(θ) = 4

∫ ∞

−∞
dt |∂θxθ(t)|2 . (65)
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Let us compare this N̄θ = 1 coherent state |hθ⟩ =

eb̂
†
θ−1/2|0⟩ from Eq. E1 to the single-particle state |xθ⟩ =

b̂†θ|0⟩ with the same temporal mode operator b̂θ in Eq. 46
given by the same normalised waveform xθ(t). The co-
herent state QFI in Eq. 65 is an upper bound on the
single-particle state QFI in Eq. 53. The difference in
QFI is the second term in Eq. 53 which equals

I |hθ⟩
Q (θ)− I |xθ⟩

Q (θ) = 4

(∫ ∞

−∞
dt |xθ(t)|2 ∂θ arg[xθ(t)]

)2

.

(66)

This difference vanishes, e.g., (1) if xθ(t) is real or (2)
if xθ(t) is complex but the parameter does not affect its
phase such that ∂θ arg[xθ(t)] = 0. This is because non-
vacuum coherent states are sensitive to phase changes
but Fock states are not since Fock states are rotationally
symmetric in the phase plane.

For example, suppose that we want to sense a rotation
of phase space by Û(θ) = e−iθN̂ . A given coherent state
|h0⟩ with h0(t) = −i

√
2α0x0(t) simply rotates around

the origin in the phase plane under this unitary as |hθ⟩ =
|h0e−iθ⟩ such that the QFI is IQ(θ) = 4α2

0. In particle,
if the average particle number is one, then the coherent
state QFI is 4. In comparison, a given single-particle
state |x0⟩ is invariant up to a global phase as Û(θ)|x0⟩ =
e−iθ|x0⟩ such that the QFI vanishes.

C. Frequency estimation of a windowed sinusoid

Let us examine this inner product structure for the
case of the sinusoidal signal. The general state in Eq. 54
recovers the sinusoidal state in Eq. 2 by windowing the
signal in Eq. 1 to the time interval (0, T ) as

hω(t) = A cos(ωt+ ϕ)χ(0,T )(t) (67)

where χ(0,T )(t) is the indicator function on (0, T ). This
choice of window function and time interval is only a con-
vention, as we discuss in Appendices F–G. The average
number of particles in Eq. 58 is thus

N̄ω =
A2T

4
+
A2

8ω
(sin[2(ωT + ϕ)]− sin[2ϕ]) (68)

which equals N̄ω ≈ A2T/4 in the relevant many-cycles
limit of T ≫ 1/ω. In this regime, the average number of
particles thus equals an eighth of the SNR squared, since
the SNR is A

√
2T . Meanwhile, the L2(R) inner product

between classical waveforms is
∫ ∞

−∞
dt h∗ω(t)hω′(t) =

1

2
A2T sinc[(ω − ω′)T ] (69)

+
A2 sin[(ω + ω′)T + 2ϕ]−A2 sin(2ϕ)

2(ω + ω′)

where sinc(0) = 1 and sinc(x) = sin(x)/x for x ̸= 0. This
equals 1

2A
2T sinc[(ω − ω′)T ] in the many-cycles limit of

T ≫ 1/(ω + ω′). The inner product between quantum
states in Eq. 56, or Eq. 57 since the waveform is real, is
thus

⟨hω|hω′⟩ = e−
1
4A

2Tg(ω,ω′) (70)

where the exponent is defined as

g(ω, ω′) = 1− sinc[(ω − ω′)T ] (71)

+
1

4ωT
(sin[2(ωT + ϕ)]− sin[2ϕ])

+
1

4ω′T
(sin[2(ω′T + ϕ)]− sin[2ϕ])

− sin[(ω + ω′)T + 2ϕ]− sin(2ϕ)

(ω + ω′)T

such that in the many-cycles limit of T ≫ 1/min(ω, ω′)
the Gram matrix of inner products becomes

⟨hω|hω′⟩ ≈ e−
1
4A

2T(1−sinc[(ω−ω′)T ]) (72)

In this regime, the Gram matrix is a Toeplitz matrix
since it is purely a function of ω − ω′, whereas in gen-
eral the Gram matrix in Eq. 70 is not Toeplitz. The
many-cycles limit is relevant because we consider long
integration times and want to know how the sensing per-
formance scales with time.

The sinc function in the exponent of the inner prod-
uct of states in Eq. 72 comes from the asymptotic
value of the L2(R) inner product of classical wave-
forms

∫∞
−∞ dt h∗ω(t)hω′(t) in the many-cycles limit. This

sinc function vanishes for frequencies that are far apart
(ω − ω′)T ≫ 1 or separated by a harmonic frequency of
ω− ω′ = nπ/T for (0, T ) in Eq. 72. When the sinc func-
tion vanishes such that the classical waveforms are or-
thogonal, however, the inner product between the wave-
form states is nonzero and equals ⟨hω|hω′⟩ ≈ e−A

2T/4 for
finite SNR because of the quantum noise of the coherent
state.

The QFI in Eq. 63 for frequency estimation of the sig-
nal defined on (0, T ) in Eq. 67 is

IQ(ω) ≈
1

3
A2T 3 (73)

where we take the many-cycles limit of ωT ≫ 1. The
QCRB in Eq. 15 in amplitude units is thus

MSE(ω)−1/2 ≈
√
3A−1T−3/2 (74)

which scales as 1/T 3/2 instead of the naïve harmonic fre-
quency spacing of 1/T , as discussed in Sec. I C. To reach a
given frequency resolution δω, this means that we require
only a time T proportional to 1/δω2/3 rather than 1/δω
(cf. Ref. [35]). Heuristically, this scaling can be under-
stood as the number of states that are approximately or-
thogonal. Suppose that we require that |⟨hω|hω+δω⟩| ≤ ε
for some ε > 0 such that the probability ε2 of measuring
|hω+δω⟩ if the signal is actually |hω⟩ is small. For two
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Parameter Signal Gram matrix Toeplitz Circulant QFI

General case, θ Eq. 45: family of square-integrable functions Eq. 56 — — Eq. 63

Frequency, ω Eq. 67: sinusoidal Eq. 72⋆ ✓⋆ ✗ Eq. 73⋆

Eq. G1: complex exponential Eq. G3 ✓ ✗ Eq. G6

Amplitude, A Eq. H1: general scale factor family Eq. H2 ✓ ✗ Eq. H3
Eq. 67: sinusoidal Eq. H5⋆ ✓ ✗ Eq. H6⋆

Eq. G1: complex exponential Eq. H7 ✓ ✗ Eq. H8

Phase, ϕ Eq. 67: sinusoidal Eq. J1⋆ ✓⋆ ✓⋆ Eq. J2⋆

Eq. G1: complex exponential Eq. J3 ✓ ✓ Eq. J4

TABLE II. Summary of the properties and QFI of the Gram matrix Gθ,θ′ = ⟨hθ|hθ′⟩ of inner products between coherent
states for estimating different parameters from different signals. The Gram matrix is Toeplitz if Gθ,θ′ = Gθ−θ′ and circulant if
Gθ,θ′ = Gθ−θ′+nP for n ∈ Z and some finite period P . We reference the equations for the signal defined on the time interval
(0, T ) but the (−T/2, T/2) case is similar. ⋆This property or equation holds only in the many-cycles limit of T ≫ 1/min(ω, ω′).

close frequencies satisfying δω T ≪ 1, the inner product
in Eq. 60 and Eq. 72 is

⟨hω|hω+δω⟩ ≈ e−
1
24 δω

2A2T 3

(75)

such that the frequencies need to be at least as far apart
as

δω ≥ 2A−1T−3/2
√

6 log(1/ε). (76)

This means that the maximum number of approximately
orthogonal waveform states N = ∆ω/δω in a frequency
interval of width ∆ω is

N =
∆ωAT 3/2

2
√
6 log(1/ε)

. (77)

Suppose that ε is small enough that we can well-
determine which of these N waveform states the mea-
sured state is closest in frequency to. Then, the remain-
ing error in our estimate of ω simply comes from the
resolution of the frequency bins of width δω. If the prior
is flat, then we may use that the standard deviation of
the continuous uniform distribution is (b − a)/(2

√
3) on

the interval (a, b) to conclude that the error in estimating
the frequency given Eq. 76 is

σω = A−1T−3/2
√
2 log(1/ε) (78)

which has the same scaling with A−1T−3/2 as the QCRB
in Eq. 74. This provides an intuitive explanation of the
scaling of the QCRB. We assumed above that δω T ≪ 1
such that we require that the SNR A

√
2T satisfies

A
√
T ≫ 2

√
6 log(1/ε). (79)

This illustrates that the QFI is only valid for high SNRs
since ε is small. At low SNR, the QCRB cannot be
achieved by any measurement which motivates our use
of Bayesian techniques.

We discuss frequency estimation in the case of a com-
plex exponential signal instead of the real sinusoidal one
above in Appendix G, including for different window

functions than the rectangular one above. We also dis-
cuss instead estimating the amplitude with the frequency
and phase known in Appendix H and estimating the
phase with the amplitude and frequency known in Ap-
pendix J. We summarise our results in Table II including
whether the Gram matrix is Toeplitz and circulant (i.e.
periodic).

V. APPLICATIONS

Let us now examine some examples of the MBMSE in
Eq. 34 for different Toeplitz families of states {|ψθ⟩}θ∈R
with different symbols G(θ) and the uninformative, uni-
form prior on the parameter θ. We will then present
our numerical results for frequency estimation of a sinu-
soidal signal in a coherent states where the Gram matrix
is only approximately Toeplitz and the prior is uniform
on a bounded interval.

A. Gaussian case

Suppose that the symbol is G(θ) = e−
1
2 ς

2θ2 which
is proportional to a Gaussian distribution with vari-
ance 1/ς2. Then, the spectral measure g(k) =

e−k
2/(2ς2)/(ς

√
2π) is a Gaussian probability distribution

with variance ς2. The likelihood in Eq. 31 is L(θ|θ′) =
2ς√
2π
e−2ς2(θ−θ′)2 which is Gaussian with mean θ′ and vari-

ance 1/(4ς2). The MBMSE in Eq. 34 is thus V = 1/(4ς2)
from the MSE. This can also be shown from the dual esti-
mation problem since the Fisher information of g(k) with
respect to k is 1/ς2. The MBMSE decreases as ς increases
since G(θ) becomes narrower such that neighbouring pa-
rameters can be more easily distinguished. Thus we want
to minimise the Fisher information of g(k). This value of
V also equals the QCRB in Eq. 36 (cf. Eq. H3) because
the QCRB is tight for a finite number of measurements
in the Gaussian case.

For example, the Gram matrix for amplitude estima-
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tion of a coherent state in Eq. H2 is Gaussian with
ς2 = N̄1. The MBMSE in Eq. H4 is 1/(4N̄1) in the
limit of wider and wider priors. This result agrees with
the value of V for the MBMSE from Eq. 34 above.

For another example, consider estimating the centre of
a single-particle state corresponding to a Gaussian pulse.
Suppose that the normalised classical waveform in Eq. 46
is

xθ(t) =
1

(2π)1/4
√
σ
e−(t−θ)2/(4σ2) (80)

The Gram matrix in Eq. 47 is thus G(θ) = e−θ
2/(8σ2) and

so the QCRB and MBMSE are both σ2. In comparison,
as we show in Appendix I, the coherent state case driven
by hθ(t) = −i

√
2αxθ(t) has the same QCRB of σ2 if the

average number of particles is one (α = 1) but has di-
vergent MBMSE since the Gram matrix is non-Gaussian
and asymptotically nonzero.

1. Constant case

Suppose that G(θ) ≡ 1 such that the state is indepen-
dent of the parameter and the posterior equals the prior
since no information is gained from any measurement.
Then, g(k) = δ(k) and the MBMSE in Eq. 34 diverges as
it equals the prior variance. Similarly, the QFI in Eq. 36
vanishes such that the QCRB diverges. This is the wide
limit ς → 0 of the Gaussian case.

2. Singular case

Let us now consider the opposite case. Suppose that
G(θ) = δ(θ)/δ(0) such that the states are all orthogo-
nal, e.g. the position eigenstates, then g(k) ≡ 1/[2πδ(0)]
which is the uninformative, uniform probability distri-
bution on R similarly to the prior. The MBMSE in
Eq. 34 vanishes as the parameter can be exactly deter-
mined from a single measurement projecting onto the
states themselves. Similarly, the QFI in Eq. 36 diverges
such that the QCRB vanishes. This is the narrow limit
ς → ∞ of the Gaussian case.

B. Frequency estimation of single-particle states

Suppose that the symbol is G(θ) = sinc(aθ) for some
a > 0. We give an example of this below for frequency es-
timation of a single-particle state. The spectral measure
is then g(k) = 1

2aχ(−a,a)(k) which is the uniform proba-
bility distribution on the bounded interval (−a, a). This
rectangular function is discontinuous at k = ±a such that
the MBMSE in Eq. 34 diverges. The proof of the pos-
terior variance in Eq. 34 given in Appendix B 1 assumes
that g is smooth which it is not here. Nevertheless, we
can independently verify that the MBMSE diverges since

Eq. 31 implies that the posterior of quantum whitening
is p(θ|θ′) = (a/π) sinc2[a(θ′ − θ)] which has unbounded
variance. This is because the sinc function sinc(θ) falls
off as 1/θ, which is too slow for the integral in the poste-
rior variance in Eq. 6 to converge. Since the symbol G(θ)
is not constant, however, we do learn something from the
quantum whitening measurement such that the posterior
is better than the prior in a sense, but their variances are
both undefined. This highlights that the BMSE can be a
poor figure-of-merit for the uninformative, uniform prior
on R. In contrast, the QFI in Eq. 36 is IQ(θ) = 4a2/3
such that the QCRB in Eq. 15 is finite.

A more robust metric would be to compute the limit
of the ratio between the posterior and prior variances for
a sequence of, e.g., uniform priors on wider and wider
bounded intervals that converge to the uninformative,
uniform prior on R. Analytically, we do not know the
MBMSE for finite prior width. Numerically, however,
we see that the variance of the uniform prior on θ ∈
(−∆/2,∆/2) scales as ∆2 and the quantum whitening
posterior variance scales as ∆ as expected. This means
that the ratio between the posterior and prior variances
scales as 1/∆ such that the relative gain improves for
wider and wider priors. We proved above that quantum
whitening is optimal in the limit of wide priors such that
this relative gain proportional to 1/∆ is the best that we
can achieve.

For example, suppose that we want to estimate
the frequency of a single-particle state correspond-
ing to the normalised classical waveform xω(t) =
−i 1√

T
ei(ωt+ϕ)χ(−T/2,T/2)(t) in Eq. 46 (cf. Eq. G4). The

Gram matrix is thus G(ω) = sinc(ωT/2) such that
g(k) = 1

T χ(−T/2,T/2)(k) and the QFI is IQ(ω) = T 2/3
which is finite unlike the MBMSE. For the real sinusoid
case, the same result holds for xω(t) =

√
2
T cos(ωt +

ϕ)χ(−T/2,T/2)(t) (cf. Eq. F1) in the many-cycles limit
since then the Gram matrix is the same. We address the
coherent state case of frequency estimation below.

C. Frequency estimation of coherent states

Let us now finally return to the problem of frequency
estimation of the coherent states. For the sinusoidal sig-
nal defined on (0, T ) in Eq. 67, the exact Gram matrix in
Eq. 70 is not Toeplitz but the Gram matrix in Eq. 72 in
the many-cycles limit is Toeplitz. If we wanted to avoid
the many-cycles limit, we could instead study the com-
plex exponential signal defined on (−T/2, T/2) in Eq. G4
whose exact Gram matrix in Eq. G5 is Toeplitz and has
the same functional form as Eq. 72.

Suppose that the symbol is G(ω) = e−
1
4A

2T [1−sinc(ωT )]

whose Fourier transform, the spectral measure g(k), we
cannot compute analytically. However, as shown in
Fig. 2, we observe numerically that g(k) is discontinu-
ous at the same points k = ±T as the Fourier trans-
form 1

2T χ(−T,T )(k) of sinc(ωT ) such that the MBMSE
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FIG. 2. Exact and approximate (truncated at 7th order) val-
ues for the Taylor expansion of the (a) symbol G(ω) and (b)
spectral measure g(k) for the frequency estimation Gram ma-
trix in Eq. 72 with A = 1 Hz−0.5 and T = 10 s such that the
SNR is A

√
2T ≈ 4.5. A divergence at DC and discontinuities

at ±T are introduced in g(k) from the Fourier transform of
the constant and sinc parts of G(ω), respectively.

in Eq. 34 again diverges. This is in comparison to the
QCRB in Eq. 74 which is finite but unattainable. There
is also a singularity at DC due to the e−

1
4A

2T asymptotic
value of G(ω) for large ω.

1. Low-SNR expansion

These divergences can be explained analytically in the
low-SNR limit A2T ≪ 1 since then the symbol is

G(ω) ≈ e−
1
4A

2T

[
1 +

A2T

4
sinc(ωT ) +

A4T 2

32
sinc2(ωT )

]

(81)

where we drop terms of order O(A6T 3/384). Each term
here corresponds to one additional particle: the first term
to zero particles, the second to one particle, the third to
two particles etc. The spectral measure is then

g(k) ≈ e−
1
4A

2T

[
δ(k) +

A2

8
χ(−T,T )(k) (82)

+
A4

128
max(0, 2T − |k|)

]
.

Here, the nth term in the symbol G(ω) is proportional to
sincn(ωT ) and thus goes as 1/ωn and its Fourier trans-
form, i.e. the corresponding term in the spectral measure
g(k), is a piecewise degree-(n− 1) polynomial with sup-
port (−nT, nT ) and discontinuities in the nth derivative
if n ≥ 1. For example, as shown above, the n = 0 term
goes to the Dirac delta function at k = 0, the n = 1 term
goes to a rectangular function on (−T, T ), the n = 2
term goes to a triangular function on (−2T, 2T ), the
n = 3 term goes to a piecewise quadratic function on
(−3T, 3T ), etc. This expansion is only valid in the low

SNR–limit but we see numerically the contributions to
g(k) from these different terms and the appearance of
the discontinuities at k = ±T and divergence at DC for
finite SNR too as shown in Fig. 2.

2. Limiting behaviour for wider and wider priors

Similarly to the discussion in the sinc case above, this
means that the BMSE is a poor figure-of-merit for fre-
quency estimation with the uninformative, uniform prior
on R and that we want to instead study the ratio be-
tween the MBMSE, i.e. the minimum average posterior
variance, and the prior variance for a sequence of wider
and wider priors. Unlike the sinc case above, however,
the symbol G(ω) here asymptotes to a nonzero value
e−

1
4A

2T for large ω. This means that the posterior vari-
ance scales as ∆ω2 like the variance of the uniform prior
on (−∆ω/2,∆ω/2) for large ∆ω. We give another ex-
ample in Eq. I1 where the Gram matrix has a nonzero
constant component and thus the posterior variance di-
verges quadratically.

We observe numerically that the gap between the prior
and posterior variances closes, albeit quite slowly, for in-
creasing ∆ω and fixed SNR. This is expected as the effect
on the variance from the central peak due to the other
terms in the expansion of G(ω) is slowly suppressed for
wider and wider priors, even though it may still contain
a significant probability mass for a given finite prior. For
example, for SNR 4.5, the numerical ratio of posterior
to prior variance is approximately 0.06 for a prior span-
ning two orders of magnitude and only rises to 0.08 for
a prior spanning four orders of magnitude. This means
that the decrease in variance of the posterior compared
to the prior is significant for wide but finite priors, even
if we expect it to diminish in the limit of an infinitely
wide prior.

The comparison above is between the prior and pos-
terior distribution from quantum whitening. More pre-
cisely, we approximate the posterior distribution with the
likelihood below Eq. 31 which only equals the posterior in
the limit of an infinitely wide prior. Is quantum whiten-
ing optimal for finite priors? We have only shown that
quantum whitening is optimal for an infinite, flat prior.
We calculate the MBMSE numerically from Eq. 12 us-
ing the Toeplitz symbol above and methods in Sec. K.
The results for the MBMSE are similar to the posterior
variance but not identical. The small residual difference
between the MBMSE and posterior variance could be be-
cause (1) we use a finite numerical resolution, (2) we use
the likelihood instead of the true posterior, and/or (3)
quantum whitening is close to but not fully optimal for a
wide but finite prior. We defer better understanding the
finite prior case to future work, including what happens
with non-uniform priors.

For the coherent state case, the quantum whitened
states in Eq. 24 are not necessarily coherent states them-
selves since they are particular superpositions of coherent
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states. The coherent states form an overcomplete basis
such that any state in the subspace is some superposition
of them. This is in contrast to the single-particle state
case where the quantum whitened states are themselves
single-particle states with the classically whitened wave-
forms/temporal modes. The quantum whitened coherent
states and the coherent states with classically whitened
waveforms are thus not necessarily the same.

3. Non-Toeplitz case

Let us now examine what happens if we do not as-
sume that the Gram matrix is Toeplitz by not taking
the many-cycles limit. Using the numerical approach in
Appendix K, we can study our motivating example of fre-
quency estimation of the sinusoidal signal in Eq. 67 with
known amplitude and phase and the exact non-Toeplitz
Gram matrix in Eq. 70. Let us fix the parameters given
in Table III such as the total time T and prior width ∆ω
and vary the known amplitude A to reach different values
of the SNR A

√
2T . As the SNR increases, the MBMSE

exhibits an SNR threshold as it goes from the prior vari-
ance to the QCRB as shown in Fig. 3a. For interme-
diate values of the SNR, the MBMSE is not achieved
by quadrature measurement in time, which is the clas-
sical measurement discussed in Sec. I C. The MBMSE
is also not achieved by performing a number-resolving
measurement in time, e.g. illuminating a single-photon
detector in the case of an optical device. Additionally, it
is not saturated by first performing a discrete quantum
Fourier or cosine transform to the bath discretised in the
time-domain as in Appendix E 2 and then performing a
number-resolving measurement to each of the resulting
modes. This is the filter-based photon-counting strat-

Parameter Value

Known phase, ϕ 0
Total time, T 10 s
Harmonic frequency spacing, 2π/T 2π × 0.1 Hz
Prior width, ∆ω 2π × 0.9 Hz
Centre frequency, ω0 2π × 0.5 Hz
Centre number of cycles, ω0T/(2π) 0.5
Minimum frequency, ωmin := ω0 − ∆ω/2 2π × 0.05 Hz
Minimum number of cycles, ωminT/(2π) 5
Maximum frequency, ωmax := ω0 + ∆ω/2 2π × 0.95 Hz
Maximum number of cycles, ωmaxT/(2π) 9.5

Number of oscillators, M 101
Time resolution, δt 0.1 s
Nyquist frequency, π/δt 2π × 5 Hz
Number of waveforms, n 300
Frequency resolution, ∆ω/n 2π × 3 mHz
Phase difference per time bin, ∆ωδt 0.18π

TABLE III. Parameters for the BMSE versus SNR results
shown in Fig. 3. The first group of parameters are physically
meaningful in the continuum limit whereas the second group
of parameters, below the grey line, only arise from discretising
the time domain numerically as done in Appendix E 2.

egy recently compared in Ref. [1] to the time-domain
quadrature measurement, although the advantage that
we see here between these two strategies is smaller than
that seen in Ref. [1] likely due to the simplifications that
we have made here to the signal and filter models and
in assuming that all other parameters are known. This
quantum Fourier transform and number-resolving mea-
surement should be distinguished from the Fourier trans-
form in Eq. 26. The optimal measurement that achieves
the MBMSE here is not quantum whitening, because we
have not taken the limit of wider and wider priors, but is
to project onto analogous superpositions of the coherent
waveform states. The rank r of the Gram matrix remains
stable under increasing the frequency resolution as dis-
cussed in Appendix K but increases with the SNR for a
fixed number of waveforms n as shown in Fig. 3b. This
means that the Fourier transform in Eq. 26 is an efficient
representation of the waveform subspace.

VI. OUTLOOK

In this paper, we have determined the fundamental
Bayesian quantum limit of frequency estimation of a
bosonic system. This Bayesian perspective yields an un-
derstanding of phenomena, such as the SNR threshold
effect, which are hidden from the traditional Fisher infor-
mation approach. The key is to understand the Hilbert
space geometry of the multi-mode coherent states, and
how it relates to their corresponding classical waveforms.
For example, the coherent states all overlap for finite
SNR, even if their classical waveforms are orthogonal.
In the many-cycles limit, such that the inner product
becomes Toeplitz, and if we have no prior information
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about the frequency, we prove that quantum whitening
the states is optimal. This means that we project onto
particular superpositions of the coherent states. This re-
sult applies beyond frequency estimation to any Toeplitz
family of states. A divergence in the Bayesian limit
arises, however, in the case of frequency estimation with
an infinitely wide prior. We handle this numerically by
using finite-width priors and taking the singular value
decomposition of the waveform basis, which works even
when the inner product is not Toeplitz. We observe that,
although the SNR threshold appears just as it does clas-
sically, the classical limit can nevertheless be surpassed
by a measurement similar to quantum whitening. These
results may accelerate future searches for fundamental
physics, such as gravitational-wave probes of neutron-
star physics and the direct detection of ultra-light dark
matter, as well as improve emerging quantum technolo-
gies using nonstandard, nonclassical techniques.

Many avenues of future work are promising such as de-
termining how to experimentally realise quantum whiten-
ing, studying other parameterised families of waveforms
such as Lorentzians, and considering covariant measure-
ments for estimating the phase. We are also curious as to
what happens if we marginalise over the amplitude and
phase in the case of frequency estimation rather than
treating them as known. Ref. [1] shows that the head-
to-head comparison between quadrature and number-
resolving measurements changes dramatically whether or
not we marginalise. We may want to simultaneously es-
timate the amplitude and phase rather than marginalise
over them. However, tight general Bayesian multiparam-
eter bounds are unknown. Additionally, the Bayesian
limit is not known if we optimise over the intervening
quantum control and preparation of the initial quantum
state, potentially allowing for entanglement with noise-
less ancillae (such as in Ref. [39]). Much therefore re-
mains to be understood about Bayesian waveform esti-
mation, especially compared to the Fisher information
regime.
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Appendix A: Circulant family and flat prior

Suppose that we have a circulant family of non-
orthogonal states {|ψθ⟩}θ∈R such that ⟨ψθ|ψθ′⟩ = G(θ −
θ′) for some periodic function G and the prior is uni-
form on the finite period. Let the period of the symbol
G be 2π without loss of generality such that the prior is
π(θ) = [1/(2π)]χ(−π,π](θ) and we may restrict the family
to {|ψθ⟩}θ∈(−π,π].

Similarly to the Toeplitz case in Sec. II B, we can define
the Fourier {|φk⟩}k∈Z and whitened {|ϕθ⟩}θ∈(−π,π] fam-
ilies of states. Many of these formulae are directly anal-
ogous to those in the main text, but we provide them
in full here regardless for completeness. Instead of the
Fourier transform in Eq. 26 which has θ ∈ R and thus
k ∈ R, we now calculate the Fourier series for θ ∈ (−π, π]
and k ∈ Z as

|φk⟩ =
1

2π
√
gk

∫ π

−π
dθ eikθ|ψθ⟩ (A1)

By analogy to the continuous case in Eq. 27, we define
the discrete spectral measure as

gk =
1

2π

∫ π

−π
dθ e−ikθG(θ). (A2)

Here, we take |φk⟩ = 0 if gk = 0 for a given k. Let
S = {k ∈ Z : gk > 0} be the support of g. Similarly to
Eq. 28, the inner product between Fourier states is thus

⟨φk|φl⟩ = δklχS(k). (A3)

Instead of Eq. 29, the inverse transformation between
states is now

|ψθ⟩ =
∑

k∈S
e−ikθ

√
gk|φk⟩ (A4)

and the symbol is G(θ) =
∑
k∈S e

ikθgk such that |ψθ⟩ and
G(θ) both have period 2π. Similarly to the continuous
case, the discrete spectral measure gk is a valid probabil-
ity distribution since it is normalised (

∑
k∈S gk = 1) and

non-negative due to the positive semi-definiteness of the
inner product.

Similarly to the Toeplitz case, for any circulant family
of states, there exists an additive unitary and initial state
that generates it. The additive unitary Û(θ) = e−iĤθ
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for this circulant family is generated by the Hamilto-
nian Ĥ =

∑
k∈S k|φk⟩⟨φk| with the discrete eigenba-

sis {|φk⟩}k∈S . If the support of g is partial, S ⊊ Z,
then, e.g., the eigenbasis could only be for k ≥ 0 if
S = N0 or be finite dimensional if S is finite (we con-
sider both of these cases below). If the initial state
is |ψ0⟩ =

∑
k∈S

√
gk|φk⟩, then the final state |ψθ⟩ =

Û(θ)|ψ0⟩ agrees with Eq. A4 and the Gram matrix re-
covers the periodic symbol G(θ − θ′) = ⟨ψθ|ψθ′⟩. The
QFI is thus

IQ(θ) = 4


∑

k∈S
k2gk −

[∑

k∈S
kgk

]2
 (A5)

which is four times the variance of gk and similar to
Eq. 36.

Instead of Eq. 24, the quantum whitened states are
now defined for θ ∈ (−π, π] as

|ϕθ⟩ =
1√
2π

∑

k∈S
e−iθk|φk⟩ (A6)

such that the inverse transformation is |φk⟩ =
1√
2π

∫ π
−π dθ eiθk|ϕθ⟩. Although these states are not neces-

sarily normalised, the effects Êθ = |ϕθ⟩⟨ϕθ| of the quan-
tum whitening POVM {Êθ}θ∈(−π,π] are normalised since∫ π
−π dθ Êθ = Π̂S , where Π̂S is the projector onto the

subspace spanned by the eigenbasis of the Hamiltonian
{|φk⟩}k∈S . The quantum whitened states are also co-
variant Û(θ)|ϕθ′⟩ = |ϕθ+θ′⟩ as before. Furthermore, if
S = Z, then these are the unique covariant and orthog-
onal states, up to a gauge unitary that can be ignored.
The proof of this result is similar to the S = R case given
in Sec. II A 1 just with integrals replaced with sums.

Instead of Eq. 25, the inner product between quantum
whitened states is

⟨ϕθ|ϕθ′⟩ =
1

2π

∑

k∈S
ei(θ−θ

′)k (A7)

If S = Z, then the quantum whitened states are orthogo-
nal (⟨ϕθ|ϕθ′⟩ = δ(θ−θ′)) and we may construct a projec-
tive measurement operator describing quantum whiten-
ing, Ŵ =

∫ π
−π dθ θ|ϕθ⟩⟨ϕθ|. (We can form the same oper-

ator in the non-projective case below, but its eigenbasis
may be different.) For example, if estimating the rota-
tion of a particle constrained to a one-dimensional ring,
then S = Z since the angular momentum eigenstates
are indexed by Z and quantum whitening is a projective
measurement.

If S ⊊ Z, however, then the quantum whitened states
are not orthogonal and form a non-projective POVM.
For example, consider the phase estimation of a coher-
ent state in Appendix J. There, S = N0 since the Fock
states are indexed by N0 such that the whitened states
are not orthogonal (⟨ϕθ|ϕθ′⟩ = 1

2π [1 − ei(θ−θ
′)]−1). The

normalisation of the POVM is then
∫ π
−π dθ Êθ = Π̂S ̸= 1.

For another example where S ⊊ Z, the relevant
covariant measurement of the rotation of a qudit is
well known [22]. Let the Hamiltonian be Ĥ = Ĵz
where {|φk⟩}k∈S are the Ĵz eigenstates for finite S =
{−j, . . . , j}, the spin is j = (d−1)/2, and the dimension is
d. The final state is thus |ψθ⟩ =

∑j
k=−j e

−ikθ√gk|φk⟩ for
some gk determined by the initial state. We assume that
the dimension d is odd and the spin j is integer such that
the symbol G(θ) =

∑j
k=−j e

ikθgk is 2π periodic. (If the
dimension d is instead even and the spin j is half-integer,
then the system is only 4π periodic and we need to ap-
propriately modify the formalism.) The covariant states
|ϕθ⟩ = 1√

2π

∑j
k=−j e

−iθk|φk⟩ are sometimes called the
“quantum Fourier transform” states. Their inner prod-
uct in Eq. A7 is the following Dirichlet kernel

⟨ϕθ|ϕθ′⟩ =
sin[(θ − θ′)(j + 1

2 )]

2π sin( θ−θ
′

2 )
.

This converges to the Dirac comb
∑
n∈Z δ(θ − θ′ + 2πn)

in the limit of j → ∞ corresponding to S = Z. Al-
though the continuous set {|ϕθ⟩}θ∈(−π,π] is not orthogo-
nal, there is a d-dimensional orthogonal subset given by
θ′ satisfying θ − θ′ = nπ/(j + 1

2 ) for n = −j, . . . , j and
any starting starting value of θ. Up to this continuous
degree-of-freedom of choosing θ and the normalisation of
the covariant states, this d-dimensional orthogonal sub-
set may be called the “quantum Fourier transform” ba-
sis. We saw a similar distinction between a continuum of
non-orthogonal vectors and a discrete orthogonal subset
of them in Sec. I C between the classical sinusoids indexed
by a continuum of possible frequencies versus by just the
harmonic frequencies.

For any S ⊂ Z, the inner product between the original
and quantum whitened states is similar to Eq. 31 as

⟨ϕθ|ψθ′⟩ =
1√
2π

∑

k∈S

√
gke

i(θ−θ′)k. (A8)

The likelihood of measuring θ for a given θ′ with quantum
whitening is L(θ|θ′) = |⟨ϕθ|ψθ′⟩|2, regardless of whether
it is a projective measurement. If S = Z, then Eq. A8 is
the function on (−π, π] whose Fourier series is

√
gk/(2π)

evaluated at θ − θ′ mod (−π, π].
The covariant measurement operator Ŵ is off-diagonal

in the eigenbasis of the Hamiltonian with the following
matrix coefficients

⟨φk|Ŵ |φl⟩ = i
(−1)k−l

k − l
χS(k)χS(l). (A9)

Unlike the k ∈ R case, however, the commutator between
the quantum whitening operator and Hamiltonian is not
canonical, [Ŵ , Ĥ] ̸= i, as the commutator is instead

[Ŵ , Ĥ] = i
∑

k,l∈S; k ̸=l
|φk⟩⟨φl|(−1)k−l. (A10)

This highlights some of the common issues with defining
a Hermitian phase operator.
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The continuous and discrete k cases have different
delta functions since

∫∞
−∞ dθ eikθ = 2πδ(k) for the con-

tinuous case and
∫ π
−π dθ eikθ = 2πδk0 for the discrete

case. One difference between the cases is then that∫∞
−∞ dθ θeikθ = −i2πδ′(k) for the continuous case, but∫ π
−π dθ θeikθ = i2π(−1)k/k for k ̸= 0 and zero otherwise

for the discrete case. For example, this leads to the dif-
ference in commutator above and also the difference in
Ŵ Fourier coefficients between Eq. 43 for the continuous
k case and Eq. A9 for the discrete k case.

Although much of the structure of the circulant case
with θ ∈ (−π, π] and k ∈ Z is similar to the Toeplitz
case with θ, k ∈ R, two key results are different. First,
the quantum whitening operator and Hamiltonian are
not canonical conjugates in the full support case. Sec-
ond, quantum whitening is not necessarily optimal with
respect to the BMSE but is optimal for covariant figures-
of-merit, which we will show below.

1. Non-covariant figure-of-merit

To show that quantum whitening is not optimal, we
need to show that Ŵ does not solve the Lyapunov equa-
tion for the BSLD L̂ in Eq. 9. The BMSE in Eq. 5 is not
covariant in this case since the MSE is not periodic. This
means that although quantum whitening is covariant it
need not be optimal here, unlike the k ∈ R case, since the
covariant measurement result discussed in Sec. II A 1 re-
quires the figure-of-merit to be covariant. We will discuss
this further in Appendix A 2.

For a general prior, instead of Eq. 33, the mixed state
and Bayesian derivative in Eq. 10 for the circulant case
are

ˆ̄ρ =
∑

k∈S

∑

l∈S
π̃k−l

√
gkgl|φk⟩⟨φl|, (A11)

ˆ̄ρ′ =
∑

k∈S

∑

l∈S
ϖ̃k−l

√
gkgl|φk⟩⟨φl|

where the Fourier series of the prior is π̃k =∫ π
−π dθ e−ikθπ(θ), the inverse transformation is
π(θ) = 1

2π

∑∞
k=−∞ eikθπ̃k, and we define ϖ̃k−l :=∫ π

−π dθ π(θ)e−iθ(k−l)θ.
For the flat prior π(θ) ≡ 1/(2π), we have that π̃k−l =

δkl and ϖ̃k−l = i(−1)k−l/(k − l) for k ̸= l and ϖ̃0 =
0. Similarly to Eq. 38, the mixed state is thus diagonal
in the Fourier basis (the eigenbasis of the Hamiltonian)
since

ˆ̄ρ =
∑

k∈S
gk|φk⟩⟨φk|. (A12)

And, instead of Eq. 39, the Bayesian derivative is now

ˆ̄ρ′ = i
∑

k,l∈S; k ̸=l

(−1)k−l

k − l

√
gkgl|φk⟩⟨φl|. (A13)

Instead of Eq. 40 or Eq. 42, the BSLD in Eq. 11 for k ̸= l
is thus

⟨φk|L̂|φl⟩ = i
(−1)k−l

k − l

2
√
gkgl

gk + gl
χS(k)χS(l) (A14)

where the diagonal coefficients of L̂ vanish like ˆ̄ρ′. Unlike
the k ∈ R case, however, we do not have an analogy of the
conditions in Eq. 41 for simplifying expressions involv-
ing a function times the “derivative” of a delta function,
where in the discrete k case we mean functions times ϖ̃.
This means that the coefficients of Ŵ in Eq. A9 and those
of L̂ in Eq. A14 are not necessarily equal and quantum
whitening is not optimal for the BMSE. This result does
not indicate how far the covariant measurement may be
from optimal, however, such that it may be close to op-
timal in practice.

2. Covariant figure-of-merit

The issue above is not with the quantum whitening
measurement, which is covariant, but with the cost func-
tion, which is not. The periodic symmetry of a circu-
lant family of states {|ψθ⟩}θ∈(−π,π] means that we should
switch from using the MSE in Eq. 4 to some periodic cost
function.

In the periodic case, the additive unitary is generated
by the Hamiltonian Ĥ =

∑∞
k=−∞ k|φk⟩⟨φk|. The rel-

evant symmetry group is {Û(θ)}θ∈(−π,π] where Û(θ) =

e−iĤθ. This unitary is additive such that Û(θ1)Û(θ2) =

Û(θ1 + θ2 mod (−π, π]). Previously, we considered the
BMSE in Eq. 5 which is

BMSE =

∫
dθ
∫

dx π(θ)L(x|θ)(θ̌x − θ)2. (A15)

This is one example of the more general figure-of-merit
C̄ for a given cost function C(θ, θ̌x)

C̄ =

∫
dθ
∫

dx π(θ)L(x|θ)C(θ, θ̌x). (A16)

The BMSE uses the quadratic cost function, C(θ, θ̌x) =
(θ̌x−θ)2, which is not covariant, but other cost functions
can be. An estimation problem is covariant with respect
to the symmetry group {Û(θ)}θ∈(−π,π] if the following
two conditions hold:

1. The cost function, C(θ1, θ2), is group invariant:

C(θ1, θ2) = C(θ1 + x mod (−π, π], θ2 + x mod (−π, π]).
(A17)

2. The prior distribution is group invariant, π(θ +
x mod (−π, π]) = π(θ).

An estimation problem that satisfies these conditions is
covariant. It is then well-established that the optimal
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measurement is also covariant with respect to this group
action even if it is a non-projective POVM [22, 37, 41, 42].

In our case, for the problem to be covariant, the
prior must be uniform, π(θ) = 1/(2π). Regarding
the cost function, it was shown that any C(θ1, θ2) =∑∞
k=−∞ ake

ik(θ1−θ2) with ak ≤ 0 is a valid covariant
cost function [22, 37]. For example, the Holevo variance,
C(θ1, θ2) = 4 sin2( θ1−θ22 ), is commonly used since it re-
trieves the standard variance in the limit of |θ1−θ2| ≪ 1.
Therefore, for any circulant family and periodic cost func-
tion, covariant measurements are optimal given a flat
prior. For example, this means that quantum whiten-
ing is optimal for the phase estimation of the coherent
states in Appendix J.

Appendix B: Proof of the fundamental quantum
limit in the Toeplitz case

Here, we prove the results in Sec. II C for the funda-
mental quantum limit.

Let us start by showing that Eq. 33 holds for the mixed
state and Bayesian derivative in the Toeplitz case with
general prior. Using Eqs. 10 and 29, ρ̂(θ) = |ψθ⟩⟨ψθ|, and
the definition of π̃, we can show that

ˆ̄ρ =

∫ ∞

−∞
dθ π(θ)ρ̂(θ) (B1)

=

∫ ∞

−∞
dθ π(θ)

∫

S

dk e−ikθ
√
g(k)|k⟩

∫

S

dl eilθ
√
g(l)⟨l|

=

∫

S

dk
∫

S

dl
√
g(k)g(l)|k⟩⟨l|

∫ ∞

−∞
dθ π(θ)e−i(k−l)θ

=

∫

S

dk
∫

S

dl π̃(k − l)
√
g(k)g(l)|k⟩⟨l|.

This shows Eq. 33. The proof for ˆ̄ρ′ is similar but uses
the expression for iπ̃′.

1. BMSE of quantum whitening

Here, we show that Eq. 34 holds for the MBMSE given
the uninformative, uniform prior. We also show the asso-
ciated results in Sec. II C 2. The covariant measurement
is optimal such that we need to calculate the BMSE of
quantum whitening. First, the likelihood in Eq. 32 im-
plies that the evidence p(θ) = ⟨θ| ˆ̄ρ|θ⟩ is

p(θ) (B2)

=

∫ ∞

−∞
dθ′ π(θ′)L(θ|θ′)

=
1

(2π)2δ(0)

∫ ∞

−∞
dθ′

∫

S

dk
∫

S

dl
√
g(k)g(l)ei(θ−θ

′)(k−l)

=
1

2πδ(0)

∫

S

dk
∫

S

dl
√
g(k)g(l)δ(k − l)

=
1

2πδ(0)

∫

S

dk g(k)

=
1

2πδ(0)

which is the same as the prior. Bayes’s rule in Eq. 3
then implies that the posterior equals the likelihood, i.e.
p(θ′|θ) = L(θ|θ′). Second, the optimal estimator is given
by the mean of the posterior θ̌θ = 2πδ(0)⟨θ| ˆ̄ρ′|θ⟩ which is

θ̌θ (B3)

=

∫ ∞

−∞
dθ′ θ′p(θ′|θ)

=

∫ ∞

−∞
dθ′ θ′

1

2π

∫

S

dk
∫

S

dl
√
g(k)g(l)ei(θ−θ

′)(k−l)

=
1

2π

∫

S

dk
∫

S

dl
√
g(k)g(l)eiθ(k−l)

∫ ∞

−∞
dθ′ θ′e−iθ

′(k−l)

=
1

2π

∫

S

dk
∫

S

dl
√
g(k)g(l)eiθ(k−l)[−i2πδ′(l − k)]

= i

∫

S

dl
∫

S

dx
√
g(x+ l)g(l)eiθxδ′(x)

= −i
∫

S

dl ∂x
[√

g(x+ l)g(l)eiθx
]
x=0

= −i
∫

S

dl
[
iθg(l) +

1

2
g′(l)

]

= θ.

Here, we assume that g is differentiable and goes to zero
on the boundary of S such that

∫
S

dl g′(l) = 0. Finally,
we calculate the MSE as a function of the parameter θ′
similarly as

MSE(θ′) (B4)

=

∫ ∞

−∞
dθ L(θ|θ′)(θ̌θ − θ′)2

=

∫ ∞

−∞
dθ

1

2π

∫

S

dk
∫

S

dl
√
g(k)g(l)ei(θ−θ

′)(k−l)(θ − θ′)2

=
1

2π

∫

S

dk
∫

S

dl
√
g(k)g(l)

∫ ∞

−∞
dθ ei(θ−θ

′)(k−l)(θ − θ′)2

=
1

2π

∫

S

dk
∫

S

dl
√
g(k)g(l)[−2πδ′′(k − l)]

= −
∫

S

dl
∫

S

dx
√
g(x+ l)g(l)δ′′(x)

= −
∫

S

dl ∂2x
[√

g(x+ l)g(l)
]
x=0

= −
∫

S

dl
(
1

2
g′′(l)− g′(l)2

4g(l)

)

=
1

4

∫

S

dl
g′(l)2

g(l)
.

Here, we now also assume that g is twice differentiable
and its derivative goes to zero on the boundary of S
such that

∫
S

dl g′′(l) = 0. These assumptions break for
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some of the applications that we study which is why the
MBMSE diverges there. Since the MSE is independent
of the parameter, it is equal to the BMSE and MBMSE
which proves Eq. 34.

2. Optimality of quantum whitening

Here, we provide further details for the indepen-
dent proof of the optimality of quantum whitening in
Sec. II C 4. The mixed state ˆ̄ρ and its Bayesian deriva-
tive ˆ̄ρ′ in Eqs. 38 and 39 come directly from applying
the result for a general prior in Eq. 33 to the flat prior
(π̃(k−l) = δ(k−l)/δ(0)). By the inner product in Eq. 28,
the matrix coefficients of the mixed state in Eq. 38 are
⟨k| ˆ̄ρ|l⟩ = [1/δ(0)]g(k)δ(k − l). The BSLD L̂ in Eq. 40
then comes directly from Eq. 11 since the mixed state is
diagonal in the Fourier basis, taking care to avoid indices
where the eigenvalues are zero.

The conditions in Eq. 41 determine when two functions
multiplied by the derivative of the Dirac delta function
are equal in the weak sense. They can be shown by in-
tegrating by parts against a smooth test function ξ(k, l)
as follows

∫ ∞

−∞
dk
∫ ∞

−∞
dl δ′(k − l)f1(k, l)ξ(k, l) (B5)

=

∫ ∞

−∞
dl
∫ ∞

−∞
dx δ′(x)f1(x+ l, l)ξ(x+ l, l)

= −
∫ ∞

−∞
dl ∂x [f1(x+ l, l)ξ(x+ l, l)]x=0

= −
∫ ∞

−∞
dl [∂xf1(x+ l, l)|x=0ξ(l, l)

+ f1(l, l)∂xξ(x+ l, l)|x=0]

such that this equals
∫∞
−∞ dk

∫∞
−∞ dl δ′(k −

l)f2(k, l)ξ(k, l) for arbitrary ξ(k, l) if the first two condi-
tions in Eq. 41 hold. The third condition on the partial
derivative with respect to the second slot can be shown
similarly by substituting l = k − x instead of k = x + l.
Direct computation of the partial derivatives of the coef-
ficients of the BSLD in Eq. 40 then shows that the BSLD
is given by Eq. 42.

We want to show that the quantum whitening oper-
ator Ŵ equals the BSLD and satisfies the Lyapunov
equation. We can always form the covariant operator,
Ŵ =

∫∞
−∞ dθ θ|θ⟩⟨θ|, regardless of S and whether the co-

variant states are orthogonal as discussed in Sec. II A 1.
First, let us show that the coefficients of Ŵ are given by
Eq. 43. The inner product between the covariant and
Fourier states is ⟨k|θ⟩ = 1√

2π
e−iθkχS(k) by Eq. 24. The

coefficients of Ŵ are thus

⟨k|Ŵ |l⟩ = ⟨k|
∫ ∞

−∞
dθ θ|θ⟩⟨θ|l⟩ (B6)

=

∫ ∞

−∞
dθ θ

1

2π
e−iθ(k−l)χS(k)χS(l)

=
1

2π
χS(k)χS(l)

∫ ∞

−∞
dθ θe−iθ(k−l)

= iδ′(k − l)χS(k)χS(l).

This shows Eq. 43. Second, let us show that Ŵ satisfies
the Lyapunov equation by proving that Eq. 44 holds for
the anticommutator 1

2{ ˆ̄ρ, Ŵ}. We start by computing
the coefficients for the product ˆ̄ρŴ using Eqs. 28 and 38
as

⟨k| ˆ̄ρŴ |l⟩ (B7)

= ⟨k|[1/δ(0)]
∫

S

dj g(j)|j⟩⟨j|
∫ ∞

−∞
dθ θ|θ⟩⟨θ|l⟩

= [1/δ(0)]g(k)χS(k)⟨k|
∫ ∞

−∞
dθ θ|θ⟩⟨θ|l⟩

= [1/δ(0)]g(k)χS(k)⟨k|Ŵ |l⟩
= i[δ′(k − l)/δ(0)]g(k)χS(k)χS(l).

The conjugate product Ŵ ˆ̄ρ is thus

⟨k|Ŵ ˆ̄ρ|l⟩ = i[δ′(k − l)/δ(0)]g(l)χS(k)χS(l) (B8)

such that the coefficients of the anticommutator 1
2{ ˆ̄ρ, Ŵ}

are

⟨k|1
2
{ ˆ̄ρ, Ŵ}|l⟩ = 1

2
i[δ′(k − l)/δ(0)][g(k) + g(l)]χS(k)χS(l)

(B9)

which proves Eq. 44 since the characteristic functions
χS(k)χS(l) are redundant. The Lyapunov equation in
Eq. 9 is thus satisfied by Ŵ since the anticommutator
1
2{ ˆ̄ρ, Ŵ} equals the Bayesian derivative ˆ̄ρ′ in Eq. 39 by
Eq. 41.

Appendix C: Quantum whitening of single-particle
states

In the single-particle state case, quantum whitening
is the same as classically whitening the corresponding
classical waveforms. We show this now. Suppose that
the common classical and quantum geometry in Eq. 47 is
Toeplitz such that there exists some function G : R → C
such that

⟨xθ|xθ′⟩ =
∫ ∞

−∞
dt x∗θ(t)xθ′(t) = G(θ − θ′) (C1)

where G is positive semi-definite and G(0) = 1. For the
single-particle state case, the Fourier states in Eq. 26 are
|k⟩ = ĉ†k|0⟩ where the Fourier annihilation operator is de-
fined as ĉk =

∫∞
−∞ dt y∗k(t)â(t) and the Fourier waveform

is

yk(t) =
1

2π
√
g(k)

∫ ∞

−∞
dθ eikθxθ(t) (C2)
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such that the inverse transformation is xθ(t) =∫∞
−∞ dk e−ikθ

√
g(k)yk(t). Since the Fourier states are

orthogonal, we have that

⟨k|l⟩ = [ĉk, ĉ
†
l ] =

∫ ∞

−∞
dt y∗k(t)yl(t) = δ(k − l). (C3)

The Fourier states are not normalised single-particle
states, however, since their norm is

∫∞
−∞ dt |yk(t)|2 =

δ(0) whereas we require that
∫∞
−∞ dt |xθ(t)|2 = 1. Infor-

mally, we could consider the normalised single-particle
state corresponding to yk(t)/

√
δ(0) but this division

needs to be treated with the upmost mathematical care.
The fact that we cannot have a continuous set of quan-
tum state or classical waveforms that are orthogonal and
have unit norm is a property of the continuum and thus
is expected here.

Similarly, for the single-particle state case, the quan-
tum whitened states in Eq. 24 are |θ⟩ = d̂†θ|0⟩ where
the whitened annihilation operator is defined as d̂θ =∫∞
−∞ dt z∗θ (t)â(t) and the classically whitened waveform

is

zθ(t) =
1√
2π

∫ ∞

−∞
dk e−iθkyk(t) (C4)

such that the inverse transformation is yk(t) =
1√
2π

∫∞
−∞ dθ eiθkzθ(t). The whitened state are also or-

thogonal such that

⟨θ|θ′⟩ = [d̂θ, d̂
†
θ′ ] =

∫ ∞

−∞
dt z∗θ (t)zθ′(t) = δ(θ − θ′). (C5)

The classical inner product between the original and
whitened waveforms is the same as the quantum inner
product in Eq. 31 between the original and whitened
states such that
∫ ∞

−∞
dt z∗θ (t)xθ′(t) =

1√
2π

∫ ∞

−∞
dk
√
g(k)ei(θ−θ

′)k.

(C6)

The quantum whitened states are also not single-photon
states in the sense of Eq. 46 since they are not normalised
since

∫∞
−∞ dt |zθ(t)|2 = δ(0). We have shown that classi-

cal and quantum whitening are the same for the single-
particle state case.

From the original classical waveforms {xθ : R →
C}θ∈R, we have here defined two continuous families of
orthogonal waveforms: the Fourier waveforms {yk : R →
C}k∈R and classically whitened waveforms {zθ : R →
C}θ∈R. Just as we defined two bases for the subspace of
possible quantum states, these are bases for the L2(R)
subspace of possible classical waveforms.

Appendix D: Bayesian estimation of displacement

Let us consider the Bayesian problem of estimating
the displacement µ of a single harmonic oscillator along

a known direction. Without loss of generality, the fi-
nal state is a coherent state with coherent amplitude
α = iµ/

√
2 such that ⟨x̂⟩ = 0 and ⟨p̂⟩ = µ where

[x̂, p̂] = i. We now calculate the MBMSE, the BMSEs
for quadrature and number-resolving measurements, the
difference between amplitude and power esitmation, and
the wide-prior limit.

1. MBMSE

In the case of a Gaussian prior, π(µ) =

e−µ
2/(2σ2)/(σ

√
2π) with variance σ2, then the MBMSE

in Eq. 7 becomes [13]

∆2µ = σ2 − σ4I ϱ̂Q(µ) (D1)

where I ϱ̂Q(µ) is the QFI with respect to µ of the displaced
mixed state ϱ̂ = eiµx̂ ˆ̄ρe−iµx̂. This should be distinguished
from the QFI of ρ̂(µ) for a given µ which is I ρ̂(µ)Q (µ) = 2.
The mixed state ˆ̄ρ in Eq. 10 is a Gaussian state with zero
mean and covariance matrix Σ = diag

(
1
2 ,

1
2 + σ2

)
such

that the displaced mixed state ϱ̂ is a Gaussian state with
mean vector µ⃗ = (0, µ)T and the same covariance matrix
Σ. Thus, the QFI in Eq. 20 is I ϱ̂Q(µ) = 2

1+2σ2 , which is
independent of µ as expected, and the MBMSE in Eq. D1
is

∆2µ =
σ2

1 + 2σ2
. (D2)

In the wide-prior limit of σ2 ≫ 1
2 , the MBMSE is ∆2µ ≈

1
2 whereas the MBMSE is ∆2µ ≈ σ2 in the narrow-prior
limit of σ2 ≪ 1

2 .

2. Quadrature measurement

Suppose that we perform a quadrature measurement
p̂ on ρ̂(µ) and obtain a measurement result p with a
likelihood of L(p|µ) ∼ N (µ, 1√

2
). Then, the evidence

is also Gaussian p(p) ∼ N (0, ς) with zero mean and
variance ς2 = 1

2 + σ2, and the posterior is Gaussian
p(µ|p) ∼ N (µ̃p,

√
Vpost) with mean µ̃p = 2σ2

1+2σ2 p and
variance Vpost =

σ2

1+2σ2 from Eq. 6 which is independent
of p. The BMSE in Eq. 5 of quadrature measurement
is then just the posterior variance Vpost which agrees
with marginalising MSE(µ) = µ2+2σ4

(2σ2+1)2
over the prior

π(µ) ∼ N (0, σ). This value equals the MBMSE in Eq. D2
meaning that quadrature measurement is optimal. This
measurement is biased because of the prior since, for a
given µ and σ, we obtain p with likelihood L(p|µ) and
estimate µ̌p whose expected value is µ̌µ = 2µσ2

1+2σ2 ̸= µ. In
the wide-prior limit of σ2 ≫ 1

2 , the posterior distribution
is simply the likelihood, p(µ|p) = L(p|µ), and the bias
vanishes since µ̌µ = µ.
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3. Number-resolving measurement

In comparison, suppose that we perform a number-
resolving measurement n̂ and obtain a measurement re-
sult n with a Poissonian likelihood of L(n|µ) = e−

µ2

2
µ2n

2nn!
such that the posterior distribution is

p(µ|n) = µ2n
(
σ2 + 1

)n+ 1
2

2n+
1
2Γ
(
n+ 1

2

)
σ2n+1

e−
µ2(σ2+1)

2σ2 (D3)

which has zero mean independent of the measurement
result n. This means that the optimal estimator µ̃n = 0
contains no additional information about the displace-
ment µ and thus the BMSE equals the prior variance
σ2. This is because the likelihood is even in µ, i.e.
L(n|µ) = L(n|−µ), such that we cannot distinguish be-
tween µ and −µ with a number-resolving measurement
n̂.

4. Power and magnitude estimation

To handle this issue with the sign of the displacement
µ, suppose that we instead wish to estimate the power
u = µ2 or magnitude v = |µ| of the displacement. The
Gaussian prior on µ implies that the power follows a
scaled chi-squared distribution, π(u) = 1

σ
√
2πu

e−u/(2σ
2)

with expected value E [u] = σ2 and variance Var [u] =
2σ4, and the magnitude follows a half-Gaussian dis-
tribution, π(v) = 2

σ
√
2π
e−v

2/(2σ2) with expected value

E [v] = σ
√
2/π and variance Var [v] = σ2(1 − 2/π). We

estimate the deviation of each parameter from the ex-
pected value such that the prior is centred. These prior
distributions are non-Gaussian such that Eq. D1 does not
apply and we must instead solve Eq. 7 which we have
been unable to do analytically. However, a numerical
analysis suggests that quadrature measurement p̂ does
not attain the MBMSE for estimating the power µ2 or
magnitude |µ| despite attaining the MBMSE with respect
to µ. We also see that a number-resolving measurement n̂
attains the MBMSE for estimating the power µ2 but not
the magnitude |µ| where a different measurement from
either p̂ or n̂ is required. This is different to the Fisher
limit where a change of variables from θ to θ′ only intro-
duces a chain rule factor of ( dθ

dθ′ )
2 in the CFI and QFI

and does not change the attainability of bounds. Fur-
thermore, we observe that quadrature measurement does
not attain the MBMSE with respect to µ in the case of a
flat prior rather than a Gaussian one such that a differ-
ent measurement from p̂ or n̂ is again required. We de-
fer understanding these different measurements and the
behaviour of the BMSE and MBMSE under changes of
variables more generally to future work.

5. Wide-prior limit

Returning to the case of estimating µ, we now demon-
strate that the wide-prior limit of σ2 ≫ 1

2 mentioned
briefly above needs to be handled carefully. This
limit represents the uninformative, uniform prior on R
that is nevertheless normalised, i.e. ∂µπ(µ) = 0 and∫∞
−∞ dµ π(µ) = 1. For the quadrature measurement like-

lihood of L(p|µ) ∼ N (µ, 1√
2
), this is the Jeffreys prior for

the mean µ [43]. In the direct calculation of the BMSE for
quadrature measurement above, or for quantum whiten-
ing in Sec. II C 1, we find that the posterior is normalised
and can have finite variance in some cases despite the
prior. This value of the posterior variance and MBMSE
can be calculated by just assuming that the prior is con-
stant on R and normalised, e.g. π(µ) ≡ ε for some ε > 0.
Since the Fourier transform of the prior is π̃(k) = e−

1
2σ

2k2

for finite σ which limits to π̃(k) = δ(k)/δ(0) = δk0,
then we could assign the prior the infinitesimal value of
ε = 1/[2πδ(0)] but we emphasise that the exact value
does not matter, just that the prior is constant and nor-
malised.

Alternatively, we could use an improper, i.e. unnor-
malised, prior such as π(µ) ≡ 1. Then, we find that
the posterior is still normalised and has constant vari-
ance equal to the MSE, independent of the measurement
result. The issue is then that the BMSE in Eq. 5 is
proportional to the prior’s normalisation which diverges.
Similarly, the MSE can be finite but the evidence is im-
proper. This divergence is artificial, however, since it
simply comes from how we have choose to represent a
total lack of knowledge about the parameter µ as an un-
informative prior. As such, we prefer the first method
where the prior is chosen to be constant on R and nor-
malised from the start.

We have shown above that the BMSE of quadrature
measurement achieves the MBMSE of 1

2 in the wide-
prior limit and that the quadrature measurement is un-
biased. If we naïvely calculated the MBMSE from Eq. 7
instead, however, then we could have ran into an is-
sue if we did not Taylor expand to sufficiently high or-
der. Here, we assume that we have already indepen-
dently shown that the quadrature measurement is opti-
mal and wish to verify the MBMSE. For finite σ, the
BSLD in Eq. 8 is L̂ = 2σ2

1+2σ2 p̂ with Tr[ ˆ̄ρL̂2] = 2σ4

1+2σ2 such
that the MBMSE in Eq. 7 agrees with Eq. D2. If we
Taylor expand these expressions to first order in large
σ2 ≫ 1

2 , then we get that L̂ ≈ [1 − 1/(2σ2)]p̂ such that
Tr[ ˆ̄ρL̂2] ≈ σ2 − 1

2 − 1/(2σ2) ≈ σ2 − 1
2 and the MBMSE

in Eq. 7 is ∆2µ ≈ 1
2 which agrees with Eq. D2. If

we instead naïvely only Taylor expand the expressions
to zeroth order in large σ, then get that L̂ ≈ p̂ such
that Tr[ ˆ̄ρL̂2] ≈ σ2 + 1

2 ≈ σ2 and the MBMSE in Eq. 7
is zero. The MBMSE similarly vanishes if we expand
Tr[ ˆ̄ρL̂2] = 2σ4

1+2σ2 ≈ σ2 to zeroth order. These results are
erroneous, however, since they come from mishandling
the indeterminate form ∞−∞, i.e. we have not expanded
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the expressions to sufficient order and expanded them too
early to safely cancel the prior variance of ∆2µ(0) = σ2

in Eq. 7. For this toy problem, therefore, we have shown
that either we need to calculate the BMSE directly from
Eq. 5 or that we need to take a sufficiently high-order
expansion in the prior variance to calculate the MBMSE
from Eq. 7.

These results are relevant to our general calculation
in Sec. II C 1 where we cannot calculate the MBMSE for
finite prior variance and then take the wide-prior limit
like we did above for the toy problem. Instead, we work
exclusively in the wide-prior limit and directly calculate
the BMSE for the optimal measurement in Eq. 5 rather
than naïvely apply Eq. 7. We have motivated this here
since the former is always well-defined but the latter has
the indeterminate form ∞−∞ unless the limit is properly
taken.

Appendix E: Inner product of coherent states

We have two independent ways of showing Eq. 56 for
the inner product between multi-mode coherent states.
The first way is to extract the temporal mode which is
excited for each coherent state. The second way is to
discretise the time domain like we might do numerically.
We provide both proofs here for completeness.

1. Extracting the temporal mode

Let us start with the direct calculation without dis-
cretisation. We use the annihilation operator b̂θ from
Eq. 46 to express the coherent state in Eq. 54 as follows

|hθ⟩ = eαθ b̂
†
θ−α∗

θ b̂θ |0⟩ (E1)

= e−
1
2 |αθ|2eαθ b̂

†
θe−α

∗
θ b̂θ |0⟩

= e−
1
2 |αθ|2eαθ b̂

†
θ |0⟩.

The average number of particles in this coherent state is

N̄θ = ⟨hθ|N̂ |hθ⟩ (E2)

=

∫ ∞

−∞
dt ⟨hθ|â†(t)â(t)|hθ⟩

= e−|αθ|2
∫ ∞

−∞
dt ⟨0|eα∗

θ b̂θ â†(t)â(t)eαθ b̂
†
θ |0⟩

= e−|αθ|2 |αθ|2 ⟨0|eα
∗
θ b̂θeαθ b̂

†
θ |0⟩

= |αθ|2

=
1

2

∫ ∞

−∞
dt |hθ(t)|2

where we used that eÂB̂e−Â = B̂ + [Â, B̂] for central
[Â, B̂]. This result is expected since N̄θ = |αθ|2 is the
average number of particles for a single-mode coherent
state with amplitude αθ. Similarly, we can show that

â(t)|hθ⟩ = i√
2
hθ(t)|hθ⟩ and that Eq. 55 holds for the

expectation values of the quadratures. The inner product
between two coherent states is thus

⟨hθ|hθ′⟩ = e−
1
2 (|αθ|2+|αθ′ |2)⟨0|eα∗

θ b̂θeαθ′ b̂
†
θ′ |0⟩ (E3)

= e−
1
2 (|αθ|2+|αθ′ |2)+α∗

θαθ′ [b̂θ,b̂
†
θ′ ]⟨0|eαθ′ b̂

†
θ′ eα

∗
θ b̂θ |0⟩

= e−
1
2 (|αθ|2+|αθ′ |2)+α∗

θαθ′
∫ ∞
−∞ dt f∗

θ (t)fθ′ (t)

= e−
1
2 [N̄θ+N̄θ′−

∫ ∞
−∞ dt h∗

θ(t)hθ′ (t)]

where we used that eÂeB̂ = e[Â,B̂]eB̂eÂ for central [Â, B̂].
This completes the proof of Eq. 56.

We evaluated the diagonal matrix coefficients of the
number operator above in the overcomplete coherent
state basis for the subspace. Meanwhile, the off-diagonal
matrix coefficients of the number operator are

⟨hθ|N̂ |hθ′⟩ =
1

2
⟨hθ|hθ′⟩

∫ ∞

−∞
dt h∗θ(t)hθ′(t) (E4)

which is half of the product of the quantum and classical
inner products.

2. Discretising the time domain

Let us now instead discretise the bath of outgoing
modes by coarse-graining them according to a short sam-
pling time δt such that the time domain R is broken into
time bins (jδt, (j + t)δt) indexed by j ∈ Z. Let the anni-
hilation operator of the jth time bin be

ĉj =
1√
δt

∫ (j+1)δt

jδt

dt â(t) (E5)

where [ĉj , â
†(t)] = 1√

δt
χ(jδt,(j+1)δt)(t) and [ĉj , ĉ

†
k] = δjk

for j, k ∈ Z. (These should be distinguished from the an-
nihilation operator of the Fourier modes ĉk defined above
Eq. C2.) We now coarse-grain the outgoing state |hθ⟩ in
Eq. 54 as follows

|hθ⟩ =
∞⊗

j=−∞
e

i√
2

∫ (j+1)δt
jδt dt [hθ(t)â

†(t)+h∗
θ(t)â(t)]|0⟩ (E6)

≈
∞⊗

j=−∞
eαj ĉ

†
j−α∗

j ĉj |0⟩

=
∞⊗

j=−∞
e−

1
2 |αj |2eαj ĉ

†
j |0⟩.

where αj := i√
2

√
δt hθ(jδt) is the coherent amplitude of

the jth time bin and is dimensionless since hθ(t) has units
of square root Hertz. Here, we have discretised the signal
hθ(t) with its values at the left endpoints hθ(jδt) which
is a good approximation assuming that the sampling rate
is fast compared to the signal.
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The coherent state is an eigenstate of the annihilation
operator which can shown as follows

â(t)|hθ⟩ ≈ â(t)
∞⊗

j=−∞
e−

1
2 |αj |2eαj ĉ

†
j |0⟩ (E7)

=


 1√

δt

∞∑

j=−∞
αjχ(jδt,(j+1)δt)(t)


 |hθ⟩

where we again used that eÂB̂e−Â = B̂ + [Â, B̂] for cen-
tral [Â, B̂]. The average number of particles is thus

N̄θ = ⟨hθ|N̂ |hθ⟩ (E8)

=

∫ ∞

−∞
dt ⟨hθ|â†(t)â(t)|hθ⟩

≈
∫ ∞

−∞
dt

1

δt

∞∑

j=−∞
|αj |2 χ(jδt,(j+1)δt)(t)

=
∞∑

j=−∞
|αj |2

−−−→
δt→0

1

2

∫ ∞

−∞
dt |hθ(t)|2 .

The inner product between coherent states is thus

⟨hθ|hθ′⟩ ≈
∞∏

j=−∞
⟨αj(θ)|αj(θ′)⟩ (E9)

= e−
1
2

∑∞
j=−∞[|αj(θ)|2+|αj(θ

′)|2−2αj(θ)
∗αj(θ

′)]

−−−→
δt→0

e−
1
2 [N̄θ+N̄θ′−

∫ ∞
−∞ dt h∗

θ(t)hθ′ (t)]

such that we obtain Eq. 56 in the continuum limit.
The mean values of the quadratures of the jth time

bin are ⟨x̂j⟩ =
√
2Re [αj ] and ⟨p̂j⟩ =

√
2 Im [αj ] where

x̂j = (ĉj + ĉ†j)/
√
2 and p̂j = (−iĉj + iĉ†j)/

√
2 such that

[x̂j , p̂k] = iδjk. This shows Eq. 55 in the continuum
limit. For example, for the sinusoidal signal in Eq. 67,
⟨p̂j⟩ = A

√
δt cos(ωjδt+ ϕ) oscillates in time as shown in

Fig. 1 such that the individual SNR of the jth oscillator
is A

√
2δt since Var[p̂j ] = 1

2 and the integrated SNR from
the M = T/δt oscillators within (0, T ) is A

√
2T .

Let us briefly comment on discretising the time do-
main in the case of frequency estimation. Similarly to
how the long integration time T sets the separation be-
tween the harmonic frequencies ωn+1 − ωn = 2π/T , the
sampling frequency fs = 1/δt sets the Nyquist frequency
fN = fs/2 = 1/(2δt) as the highest possible frequency
to estimate without aliasing. This is also the mean-
ing of assuming above that the sampling rate is fast
compared to the signal. To calculate the inner product
⟨hω|hω′⟩ between two different frequencies ω and ω′ we
require that max(ω, ω′) ≪ 1/(2δt) to avoid aliasing. For
example, if we want to estimate a frequency ω within
the interval (ω0 − ∆ω/2, ω0 + ∆ω/2), then we require

that ω0 + ∆ω/2 < 2πfN = π/δt. Since we also want
to avoid negative frequencies, then we also require that
ω0 −∆ω/2 > 0 such that we have that ∆ωδt < π. This
condition is a constraint on the maximum phase differ-
ence accumulated over a single time bin between two dif-
ferent frequencies. Provided that this condition is satis-
fied, then we are safe to discretise the outgoing bath in
time. For example, in Fig. 3, we have that ∆ωδt = 0.18π.

Appendix F: Shifted window for sinusoid frequency
estimation

The fact that we windowed the sinusoidal signal in
Eq. 67 to the particular time interval (0, T ) with a square
pulse is only a choice of convention. We could instead use
a Gaussian window of width T and the results should
be similar as we show later for the complex exponential
case. We can also shift the time interval, for example, to
(−T/2, T/2) such that the signal becomes

hω(t) = A cos(ωt+ ϕ)χ(−T/2,T/2)(t), (F1)

then the inner product between states becomes

⟨hω|hω′⟩ ≈ e−
1
4A

2T (1−sinc[(ω−ω′)T/2]) (F2)

where we again assume the many-cycles limit. Whereas
the sinc function in the exponent of Eq. 72 vanished
for harmonic frequency spacing of ω − ω′ = nπ/T for
(0, T ), here the frequency spacing is ω − ω′ = 2nπ/T for
(−T/2, T/2).

Although the Gram matrices Gω,ω′ = ⟨hω|hω′⟩ in
Eq. 72 and Eq. F2 for (0, T ) and (−T/2, T/2), respec-
tively, are not identical, they have a similar functional
form. In particular, they are generally functions of ω
and ω′ but become Toeplitz in the many-cycles limit.

The QFI for frequency estimation of the signal defined
on (−T/2, T/2) in Eq. F1 is

IQ(ω) ≈
1

12
A2T 3 (F3)

where we take the many-cycles limit of ωT ≫ 1. This
simply differs by a factor of four from the QFI defined
on (0, T ) in Eq. 73.

Appendix G: Frequency estimation of a complex
exponential

Let us now consider the following example of a complex
waveform which corresponds to a rotating coherent state

hω(t) = −iAei(ωt+ϕ)χ(0,T )(t) (G1)

such that the average number in Eq. 58 is N̄ω = A2T/2
and the quadrature expectation values in Eq. 55 are

⟨hθ|x̂(t)|hθ⟩ = A cos(ωt+ ϕ)χ(0,T )(t), (G2)
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⟨hθ|p̂(t)|hθ⟩ = A sin(ωt+ ϕ)χ(0,T )(t).

The L2(R) inner product between classical waveforms
is
∫∞
−∞ dt h∗ω(t)hω′(t) = A2δT (ω

′ − ω) where δT (x) =

(eixT−1)/(ix) is a finite time approximation to the Dirac
delta function obeying δT (0) = T and δT (x) =

∫ T
0

dt eixt.
The inner product between states in Eq. 56 is thus

⟨hω|hω′⟩ = e−
1
2A

2[T−δT (ω′−ω)]. (G3)

This Gram matrix is Hermitian but not real. In gen-
eral, the Gram matrix is always Hermitian and positive
semi-definite such that its eigenvalues are real and non-
negative. If we shift the time interval to (−T/2, T/2)
instead of (0, T ), then the signal becomes

hω(t) = −iAei(ωt+ϕ)χ(−T/2,T/2)(t) (G4)

such that the inner product is instead

⟨hω|hω′⟩ = e−
1
2A

2T (1−sinc[(ω−ω′)T/2]). (G5)

This is the same as the sinusoidal case in Eq. F2 ex-
cept for an overall factor of two in the exponent. This
is likely because the complex exponential is composed
of sinusoidal real and imaginary parts. Unlike the sinu-
soidal case, however, the Gram matrix is Toeplitz here
even outside of the many-cycles limit.

The QFI in Eq. 63 for frequency estimation of the com-
plex exponential signal defined on (0, T ) in Eq. G3 is

IQ(ω) =
2

3
A2T 3 (G6)

and for the signal defined on (−T/2, T/2) in Eq. G4 is

IQ(ω) =
1

6
A2T 3. (G7)

These are twice the sinusoidal QFI in Eq. 73 and Eq. F3,
respectively, because of the sinusoidal real and imaginary
parts here.

1. Alternate window functions

We assumed a rectangular window function above but
the results are similar with other window functions. Let
us show this now for Gaussian and double-exponential
window functions. Although we do not do this for the
later amplitude and phase estimation cases, the results
should again be similar to the results there with the rect-
angular window.

a. Frequency estimation of a sine-Gaussian

Consider the following complex sine-Gaussian signal

hω(t) = Ae−(t−t0)2/(2σ2)+iω(t−t0)+iϕ (G8)

where A is the amplitude, σ is the standard deviation of
the Gaussian in units of time, t0 is the centre time, and
ϕ is the phase. We assume that these four parameters
are known and we just want to estimate the frequency
ω. Suppose that this signal drives a coherent state such
that the average number in Eq. 58 is N̄ω =

√
πA2σ/2.

The inner product between coherent states in Eq. 57 is
then

⟨hω|hω′⟩ = e
− 1

2

√
πA2σ

(
1−e− 1

4
σ2(ω−ω′)2

)
(G9)

which is asymptotically e−N̄ω for large frequency differ-
ences. The QFI in Eq. 63 is thus

IQ(ω) =
√
πA2σ3 = 2N̄ωσ

2. (G10)

This has the same scaling as Eqs. G6–G7 given σ ∼ T .

b. Frequency estimation of a Lorentzian

Let us now consider a double-exponential window func-
tion:

hω(t) = Ae−γ|t−t0|+iω(t−t0)+iϕ (G11)

where γ is the decay rate which is known. The Fourier
transform of this signal is a Lorentzian since

Hω(Ω) =

∫ ∞

−∞
dt e−iΩthω(t) =

2Aγe−iΩt0+iϕ

γ2 + (Ω− ω)2
. (G12)

This is similar to how fact that the Laplace and Cauchy
distributions are related by the Fourier transform.

Similarly, the average number in Eq. 58 of the coherent
state is N̄ω = A2/(2γ). And, the inner product in Eq. 57
is

⟨hω|hω′⟩ = exp

(
− A2(ω − ω′)2

2γ [4γ2 + (ω − ω′)2]

)
(G13)

The QFI in Eq. 63 is also

IQ(ω) =
A2

γ3
=

2N̄ω
γ2

(G14)

which has the same scaling again given γ ∼ 1/T .
In comparison, the inner product between single-

particle states in Eq. 47 for xω(t) =
√
γhω(t)/A is

⟨xω|xω′⟩ = 4γ2

4γ2 + (ω − ω′)2
(G15)

such that the QFI in Eq. 53 is IQ(ω) = 2
γ2 . This is the

same as the QFI above for the coherent state with an
average of one particle (N̄ω = 1). Meanwhile, the like-
lihood is L(θ|θ′) = 2γ3

π[γ2+(θ−θ′)2]2 such that the MBMSE
in Eq. 34 for the single-particle case is V = γ2 from the
MSE. Alternatively, from the dual estimation problem,
the prior Fisher information of g(k) = γe−2γ|k| with re-
spect to k is Iprior = 4γ2 and the MBMSE is the quarter
of this value. Whereas, the MBMSE for the coherent
state case diverges since the coherent state inner product
is asymptotically nonzero.
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Appendix H: Amplitude estimation

We can also consider instead estimating the amplitude
A for fixed frequency ω and phase ϕ. In general, suppose
that the classical waveform has the following form for
a real scale parameter A to estimate and some square-
integrable complex function g(t) defined on R

hA(t) = Ag(t) (H1)

such that the inner product in Eq. 57 is thus

⟨hA|hA′⟩ = e−
1
2 N̄1(A−A′)2 (H2)

which is Toeplitz and an unnormalised Gaussian with
variance 1/N̄1 where N̄1 = 1

2

∫∞
−∞ dt |g(t)|2. The average

number in Eq. 58 is N̄A = A2N̄1. The QFI in Eq. 63 is

IQ(A) = 4N̄1. (H3)

In the temporal mode associated with g(t), the state is a
coherent state with amplitude αA = A

√
N̄1e

iφ for some
φ as shown in Appendix E. Without loss of generality,
let φ = π/2 such that αA = iµ/

√
2 where µ = A

√
2N̄1.

The MBMSE in Eq. D2 with respect to µ implies that
the MBMSE with respect to A is

∆2A =
σ2

1 + 4N̄1σ2
(H4)

given a Gaussian prior on A with variance σ2. The
MBMSE is attained by measuring the phase quadrature p̂
of the temporal mode associated with g(t). If 4N̄1σ

2 ≫ 1,
then the MBMSE is ∆2A = 1/(4N̄1) which corresponds
either to the wide-prior limit of σ2 ≫ 1/N̄1 for fixed
N̄1 or the high-SNR limit of N̄1 ≫ 1/σ2 for fixed σ
such that the MBMSE achieves the QCRB. Conversely, if
4N̄1σ

2 ≪ 1, then the MBMSE remains at the prior vari-
ance ∆2A = σ2 as the information from the prior domi-
nates the information from the measurement. This cor-
responds to either the narrow-prior limit of σ2 ≪ 1/N̄1

for fixed N̄1 or the low-SNR limit of N̄1 ≪ 1/σ2 for fixed
σ.

For example, in the sinusoidal case, the exact Gram
matrix in Eq. H2 is different for the signal defined on
(0, T ) in Eq. 67 and (−T/2, T/2) in Eq. F1 since the
average numbers are different. In the many-cycles limit
of T ≫ 1/ω, the matrix is equal for both cases to the
following

⟨hA|hA′⟩ ≈ e−
1
8 (A−A′)2T (H5)

The average number in Eq. 58 is N̄A ≈ A2T/4 with N̄1 ≈
T/4 in this limit such that the QFI in Eq. H3 is

IQ(A) ≈ T. (H6)

In the complex exponential case, with the signal defined
on either (0, T ) in Eq. G1 or (−T/2, T/2) in Eq. G4, the
Gram matrix in Eq. H2 is

⟨hA|hA′⟩ = e−
1
4 (A−A′)2T (H7)

since the average number is N̄A = A2T/2 with N̄1 = T/2
such that the QFI is

IQ(A) = 2T (H8)

where the usual factor of two in comparison to the sinu-
soid case appears.

Appendix I: Estimating the centre of a Gaussian
pulse

The following is a different example which might have
been expected to yield a Gaussian Gram matrix similarly
to amplitude estimation in Appendix H above. Instead,
it behaves much more like frequency estimation of a com-
plex sine-Gaussian in Eq. G9 or in the wide-prior limit
in the main text.

Suppose that we are estimating the centre of a Gaus-
sian pulse that drives a coherent state. Let xθ(t) be given
in Eq. 80 and hθ(t) = −i

√
2αxθ(t). The average number

is N̄θ = α2 and the Gram matrix is

G(θ) = exp

(
−α2

[
1− exp

(
− θ2

8σ2

)])
(I1)

which is asymptotically e−α
2

. This constant term leads
to a divergence in g(k) at DC and thus quadratic diver-
gence of the posterior variance similarly to the frequency
estimation case, except that the discontinuities from the
first-order term of G(θ) seen in the frequency estimation
case do not appear here since the variance of the Gaus-
sian is finite unlike the sinc function. The MBMSE thus
diverges. In comparison, the QCRB is IQ(θ)−1 = σ2/α2

which is finite. If the average number of particles is one
such that α = 1, then the QCRB is σ2 which agrees with
the value for the single-particle case. This is because the
second term in Eq. 53 vanishes since xθ(t) is real.

Appendix J: Phase estimation

Let us now estimate the phase ϕ for fixed amplitude
A and frequency ω. In the sinusoidal case, the exact
Gram matrix is not Toeplitz and is different for the signal
defined on (0, T ) in Eq. 67 and (−T/2, T/2) in Eq. F1,
but in the many-cycles limit of T ≫ 1/ω the matrix is
Toeplitz and equal for both cases to the following

⟨hϕ|hϕ′⟩ ≈ e−
1
2A

2T sin2[(ϕ−ϕ′)/2]. (J1)

The average number is N̄ϕ ≈ A2T/4 and the QFI is the
following in this limit

IQ(ϕ) ≈ A2T. (J2)

In the complex exponential case, with the signal defined
on either (0, T ) in Eq. G1 or (−T/2, T/2) in Eq. G4 but
with ϕ→ −ϕ in either case, the Gram matrix is

⟨hϕ|hϕ′⟩ = e
− 1

2A
2T

(
1−ei(ϕ−ϕ′)

)
(J3)
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where the average number is N̄ϕ = A2T/2 and the QFI
is

IQ(ϕ) = 2A2T. (J4)

without assuming the many-cycles limit. Similarly to
Eq. G3, this Gram matrix is Hermitian and positive semi-
definite but not real. Unlike for frequency estimation, the
Gram matrices in Eq. J1 and Eq. J3 are not only Toeplitz
but also circulant since they are 2π-periodic in ϕ − ϕ′.
Matrices which are circulant are necessarily Toeplitz.

We took ϕ → −ϕ in the complex exponential case
above in Eq. J3 so that the corresponding spectral mea-
sure in Eq. A2 would consist of non-negative frequencies,
S = N0. Given a quarter of the SNR squared 1

2A
2T ,

gk = e−
1
2A

2T 1
k! (

1
2A

2T )k is Poissonian if k ≥ 0 and gk = 0

if k < 0. This ϕ→ −ϕ case corresponds to Û(ϕ) = e−iϕN̂

such that Ĥ = N̂ instead of Û(ϕ) = eiϕN̂ and Ĥ = −N̂ .
Regarding the BMSE, the periodic symmetry of this

circulant family of states {|hϕ⟩}ϕ∈(−π,π] means that we
should switch from using the MSE in Eq. 4 to a periodic
cost function. We discuss this in Appendix A 2.

Appendix K: Numerical calculation of the MBMSE

In general, the Gram matrix may not be Toeplitz, e.g.
in Eq. 70, such that the analytic results in the main text
do not apply. Instead, we can calculate the MBMSE nu-
merically as follows. We focus on frequency estimation
here but the procedure is general. Suppose that we want
to estimate a frequency within (ω0 −∆ω/2, ω0 +∆ω/2)
and use a finite numerical frequency resolution δω such
that there are n = ∆ω/δω waveforms or frequency bins.
For example, the Gram matrix Gnn is n-by-n dimen-
sional where we make the dimension explicit here for
clarity. We find a basis for the waveform subspace by
taking the spectral decomposition of the Gram matrix
Gnn = UnnSnnU

†
nn where Unn is unitary and Snn is di-

agonal. Since G is Hermitian and positive-semidefinite,
its eigenvalues (the entries of Snn) are real and non-
negative. Let ADn be the matrix whose n columns are
the waveform states {|hω⟩}ω∈R each of which is dimension
D = dM such that the Gram matrix is Gnn = A†

nDADn.
Here, we discretise the bath in time into M oscillators
with truncated dimension d as in Appendix E 2. The
goal of working within the waveform subspace is to avoid
representing theseD-dimensional states directly since the
Hilbert space is too large and grows exponentially. We
can calculate the Gram matrix for the coherent states nu-
merically by using the analytic result in Eq. 56 without
needing to explicitly represent the states in the large D-
dimensional space. The spectral decomposition of Gnn
is the singular value decomposition (SVD) of ADn. This
decomposition is more numerically stable than, e.g., di-
rectly performing the Gram-Schmidt process to ADn.

We may be concerned that improving the numerical
frequency resolution δω will dramatically increase the

number of waveforms n = ∆ω/δω. However, we ob-
serve numerically that the eigenvalues of the Gram ma-
trix quickly decay. For a given numerical threshold, be-
low which the eigenvalues are set to zero, the rank r ≪ n
of Snn remains stable even as n increases. We may then
use the truncated SVD to approximate the Gram matrix
as Gnn ≈ UnrSrrU

†
rn by keeping only the eigenvalues

above the threshold. Here, Unr is now only semi-unitary
since U†

rnUnr = Ir but UnrU†
rn = Pnn where Pnn is the

Hermitian projection onto the column space of Unr. This
decomposition is the optimal low-rank approximation to
Gnn in the sense of minimising the Frobenius norm by
the Eckart-Young theorem. The rank r remains finite be-
cause as the frequency resolution shrinks the neighbour-
ing frequencies become less orthogonal for finite SNR, i.e.
⟨hω|hω+δω⟩ → 1 as δω → 0 in Eq. 75.

Given the truncated SVD, we can now find a low-
rank representation of the waveform states. Let BDr =

ADnUnrS
−1/2
rr such that the inverse transformation is

ADn = BDrS
1/2
rr U†

rn. The r columns of BDr are or-
thogonal since B†

rDBDr ≈ Ir given that A†
nDADn ≈

UnrSrrU
†
rn. Let the kth column of BDr be |φk⟩ for

1 ≤ k ≤ r. The transformation between the wave-
form states |hj⟩ and these states |φk⟩ for 1 ≤ j ≤ n
and 1 ≤ k ≤ r is

|hj⟩ =
r∑

l=1

(Unr)
∗
jl(Srr)

1/2
l |φl⟩ (K1)

|φk⟩ = (Srr)
−1/2
k

n∑

m=1

(Unr)mk|hm⟩.

Here, the normalisation of |φk⟩ includes (Srr)
−1/2
k which

is well-defined since we truncated the SVD to only in-
clude positive eigenvalues above the numerical noise floor.
We can numerically calculate the matrix coefficients of
the mixed state and its Bayesian derivative in Eq. 10 in
this basis and thus find the MBMSE in Eq. 12. The
BSLD in Eq. 11 is an r-by-r matrix Lrr such that we can
determine the coefficients of the optimal measurement
basis {|x⟩}x in Eq. 8 in the basis. We can then represent
a given |x⟩ as a superposition of the original waveform
states, i.e. |x⟩ =∑n

j=1 cjx|hj⟩.
In the Toeplitz case for an infinite continuous family of

states, we showed that the Gram matrix is diagonalised
by the quantum Fourier transform such that the eigen-
values are g(k) and the eigenstates are the Fourier states
|k⟩ and, provided that the prior is uninformative and uni-
form, that the optimal measurement basis is the quantum
whitened superposition of the original waveform states.
For finite Toeplitz matrices, the situation is more com-
plicated and requires Szegő’s theorem to understand the
asymptotic relation between the eigenvalue distribution
and the Fourier transform [44]. This is because Toeplitz
matrices are only in general asymptotically diagonalised
by the Fourier transform unlike finite circulant matrices.

We have considered only families of pure states
throughout this work, but most of the techniques will
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also work for families of mixed states. In particular,
we may want to study the effect of marginalising over
unknown parameters rather than assume that they are
known. For example, we could estimate the frequency ω
of a sinusoidal signal encoded in a coherent state with
unknown amplitude A and phase ϕ, where we uniformly
marginalise the amplitude over A ∈ (0, A0) and phase
over ϕ ∈ (−π, π). In general, suppose that the pure state
is |hθ,ϕ⃗⟩ for a given parameter θ that we wish to estimate
and a vector of unknown parameters ϕ⃗. Our knowledge
of the device is thus captured by the classical mixture

ρ̂(θ) =
∫

dϕ⃗ p(ϕ⃗)|hθ,ϕ⃗⟩⟨hθ,ϕ⃗| and we want to study the
family of states {ρ̂(θ)}θ∈R. These density matrices are
bounded operators on the waveform subspace spanned
by the possible pure states |hθ,ϕ⃗⟩. This means that we
can first apply the SVD approach to {|hθ,ϕ⃗⟩}θ,ϕ⃗ to find a
basis for the (hopefully low-dimensional) waveform sub-
space and then represent ρ̂(θ) in this basis numerically.
The procedure to calculate the MBMSE or QFI is then
the same as before.
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Chapter 7

Conclusions and outlook

But release me from my bands

With the help of your good hands:

Gentle breath of yours my sails

Must fill, or else my project fails,

Which was to please.

Prospero, (Epilogue)

William Shakespeare, The Tempest

We now draw the conclusions of this thesis and suggest the outlook for future work in

the landscape of waveform estimation.

7.1 Conclusions

This thesis presents the case that modern quantum information science offers new di-

rections to accelerate searches for fundamental physics such as gravitational waves, dark

matter, and quantum gravity. These searches are necessary to answer questions across

cosmology, particle physics, nuclear physics, and astrophysics. Instead of designing our

sensors while informed by outdated classical ways of thinking, we show that quantum-

enhanced devices with radically non-classical modes of operation can enable dramatic

sensitivity improvements. This arc of increasingly non-classical designs, however, meets

a tradeoff of ever more complicated experimental proposals. We see this dual progression

of gain and complexity in the different papers presented herein as we optimise the relevant

quantum information theoretic quantities first over just the final measurement scheme,
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then also the initial quantum state, and finally the intervening quantum control as well.

In particular, we show that non-classical protocols are required to optimally search for

nonstationary, stochastic, or wide-prior waveform signals. The sensitivity gains made

possible by our proposals are measured in orders of magnitude in the right parameter

regimes. The key conclusion of this thesis is not the worth of any individual proposal,

however, but is to adopt this way of thinking of our sensors as manipulators of quantum

information and to always optimise them as such. This may be the only way to enable

the searches for fundamental physics to advance our deepest understanding of nature over

the next century.

7.2 Outlook

Let us first make an analogy to the progress of audioband squeezing for gravitational-

wave detectors. Squeezing for LIGO was first proposed 44 years ago [58]. What will

the quantum metrology of gravitational-wave detection be in four decades time? The

argument of this thesis is that it should look dramatically different to how we think

about the detectors today, but it may take that long to realise our proposals. Similarly,

searches for dark matter and quantum gravity should also be reimagined to achieve the

fundamental quantum limits of sensitivity.

The ideas presented in this thesis address only a small region of the landscape of waveform

estimation shown in Fig. 1.1 which, furthermore, omits the third axis that extends from

single-parameter estimation through multi-parameter estimation to many-parameter es-

timation. The broader avenues of future work, therefore, are naturally laid out as the

remaining unknown regions of this landscape, besides the individual outlook within each

paper above. Firstly, sensing Non-Markovian stochastic signals applies to, e.g., dark

matter searches where the axion’s coherence time is similar to the experiment’s own.

Understanding the transition from approximately Markovian stochastic signals to deter-

ministic ones depending on the ratio of the coherence times is particularly interesting.

Secondly, developing methods for optimisation assuming quantum local asymptotic nor-

mality should replace the neighbourhood-blind Fisher approach. Finally, no fundamental
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tight bounds exist in the Bayesian regime for problems with multi-parameter estimation

or quantum control, despite the importance of understanding both of these for experi-

mental design. Addressing this gap in the literature would be most useful.

As a final word, consider that we are only now reaching the quantum noise–limited regime

of our sensors in the physical sciences. We may not yet imagine what other applications

lie across the life and earth sciences when they too inevitably and inexorably reach the

quantum regime. May we be ready to aid them when it happens.
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