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Abstract

This thesis studies light-matter interaction models related to the quantum Rabi
model (QRM) in two aspects: the hidden Z, symmetry and non-Hermiticity, to-
gether with some investigation on the integrable boundary conditions of a statistical
mechanical model generalising the six vertex model.

It is known that bias terms break their parity symmetries in asymmetric gener-
alisations of QRM-related models. Based on observations of crossings restorations,
it was suspected that hidden Z, symmetries exist in these models. The method of
calculating corresponding symmetry operators for the asymmetric QRM (AQRM)
was constructed in [1], and we propose ansatzes for AQRM-related models based on
this result. Example symmetry operators are calculated for the anisotropic AQRM,
the asymmetric Rabi-Stark model (ARSM), the anisotropic ARSM and the biased
Dicke model. We also propose and prove the expression of symmetry operators with
an arbitrary number of qubits for the biased Dicke model and its quadratic relation
with the Hamiltonian. These results show that the presence of hidden Z, symme-
try is a general property in AQRM-related models, although its precise physical
meaning is still undetermined.

The non-Hermitian part of this thesis is inspired by the work [2] of PT -symmetric
semi-classical Rabi model. In this study, we construct the model by coupling a PT -
symmetric qubit with a bosonic eld. We derive the spectrum of this PT-QRM and
look at the PT -phase boundaries. The PT -phase boundaries are found to form
an in nite number of exceptional surfaces (ESs) in 3-dimensional parameter space,
which is not observed for any other models. We numerically calculate some of them
and derive their approximations at small parameter regimes.

In the last part, we study the stochastic higher spin six vertex model and the PT -
symmetric QRM. To be more speci c, we look at its integrable boundary conditions
by solving the re ection equation. The stochastic R-matrix between a weight 1 and
a weight J particle was constructed in [3] and admits a factorised form [4]. The
boundary matrix K is known for a weight 1 particle but not for higher weights. We

nd triangular solutions for the K;-matrix, which correspond to only input/output
allowed at boundaries. The general solution of K-matrix is also found as a double
sum of g-Pochhammer symbols.

The thesis is organised as follows: in Chapter 1, we introduce some basics of
guantum optics, including photons and bosonic operators, together with their re-
alisations and applications. In Chapter 2, we review the QRM, its related models
and some useful approximations for later use. The three topics mentioned above
are presented in Chapters 3, 4 and 5, respectively. The concluding remarks are
presented in Chapter 6.

This thesis is based on my following publications:

2022 Chinese Phys. B 31 014210: Hidden symmetry operators for asymmetric
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generalized quantum Rabi models [5],

2021 J. Phys. A: Math. Theor. 54 325202: Hidden symmetry in the biased Dicke
model [6],

2019 Nuc. Phys. B, 945 114665: Boundary matrices for the higher spin six vertex
model [7],

In preparation: Quantum Rabi model with PT -symmetry [8].
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Chapter 1

Quantum optics: from black body
radiation to quantum computing

In this chapter, we will follow the timeline to go through some important theo-
retical and experimental developments, from classical to quantum optics, in the rst
two sections. In this part, we refer to the book [19] which provides a detailed study
on many of these topics. We also include the example of the quantum harmonic
oscillator, which provides both a taste of quantising light and the number states
notation, so we can directly go to the second quantisation. After that, we intro-
duce quantum models describing light-matter interaction, the quantum Rabi model
and the Dicke model, together with the rotating wave approximation at the small
coupling limit. They are the most fundamental models and can be realised through
cavities and superconducting circuits. Then it was realised that the superconducting
circuits with ultra-strong coupling could be used for quantum computing. We will
brie y introduce di erent types of qubits based on Josephson junctions. Surpris-
ingly, these physical realisations extend the original models by adding terms from
the experiments, which we will study in the next chapter. Finally, we will close this
chapter with some useful notations for later use.

1.1 Classical optics: particle or wave?

In the 17th century, there was a huge debate on whether light could be described
in terms of particles or waves. | believe most people have heard this episode during
their middle school years. The competitive theories at that time were corpuscular
and wave theories, proposed by Isaac Newton and Christiaan Huygens, respectively.

Newton considered the particles constituting lights to travel in straight lines,
whereas waves don't. He then demonstrated that a beam of white light could be
separated into di erent colours by a prism and reverse. The propagation of lights in
this theory can be described by ray optics, which gives a good approximation when
the wavelength of the light is much smaller than the scale of the optical system.

From modern physics, we know the corpuscular theory can't explain phenomena
such as diraction and interference. However, there were not many decisive exper-
iments on them until the early 19th century. After that, Huygens's wave theory
started becoming mainstream. Probably Thomas Young's double-slit experiment is
the most famous among these well-known experiments.

1



2 Quantum optics: from black body radiation to quantum computing

As done in most physics labs, it is able to perform the double-slit experiment
by shining a laser beam on a mask with two parallel slits. If the slits are thin and
close enough, we can observe di raction patterns on the screen behind the mask.
Then, the locations of bright spots can be calculated using wave theory based on
the following parameters: wavelength of the laser, splitting between the two slits,
and the distance from the mask to the screen.

Fresnel di raction is another interesting phenomenon requiring the wave theory.
This e ect shows that a small circular object can have a bright centre in its shadow,
as shown in Figure. 1.1.

Figure 1.1: Image of a disk with 2mm diameter at 1m away from the disk, with
laser 633nm wavelength. Adapted from [9].

In the late 19th century, James Maxwell uni ed the wave theory of light with
electromagnetic theory by celebrated Maxwell's equations. These equations are
considered to be the foundation of classical optics. With experimental evidence and
mathematical formulations, it seems to be a truth that lights should be regarded as
waves. However, it was soon realised that lights could behave as both particles and
waves, and this was the arising of quantum optics.

1.2 Quantum optics

The distinction between classical and quantum optics is treating lights as streams
of photons rather than electromagnetic waves. The idea came from Max Planck
when he tried to derive the black body radiation spectrum.

1.2.1 Quantise light

At the beginning of the 20th century, there were two laws describing the thermal
emission of a black body (non-re ective opaque): Wien's law and Rayleigh-Jeans
law. As shown in Figure. 1.2, the former describes the radiation accurately in
the classical regimej.e., at high frequencies, whereas the latter is consistent with
experimental results only at very low frequencies. Planck uni ed them to a single
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formula by hypothesising the emission be discrete energy packages. At the time
Planck proposed the theory, he considered this to be a \purely formal assumption”
and called the packages of energy \quanta". Surprisingly, this heuristic assumption
created an entirely new area of physics, quantum mechanics.

Figure 1.2: Black body radiation at 5800K, predicted by the theory of
Rayleigh-Jeans, Wien and Planck, respectively. Adapted from [10].

Based on Planck's theory, a few years later, Albert Einstein developed a theory
that light can propagate, be absorbed or emitted in quanta at some points of space.
This theory is more \quantum" than Planck's, in which only the emission and
absorption processes are quantised. Einstein then used this theory to explain the
photoelectric e ect, and a Nobel prize was awarded for this achievement in 1921.
Although the photoelectric e ect was shown later to be possible in semi-classical
theories [19], | consider it to be the start point of quantum optics.

1.2.2 Quantum harmonic oscillator and number states

Here we look at the example of a quantum harmonic oscillator, where we can
observe quantised energy states and absorption/emission. For simplicity, we take
the mass and force constant to be unitym = k = 1. We set the reduced Planck's
constant to be one £ = 1) as well. The Hamiltonian for the oscillator then reads

Hano = %(f’2 +X°%); (1.1)

where the rst/secontherm gives the kinetic/potential energy, As operators,

for some statej i = dy (y)jyi, position operatorxyj i = dy (y)Rjyi =
dy (y)yjyi. Momentum operator g'= i@@x works similarly on p-basis. we will

omit the hats from now on as we know they are operators.

The energyE can be calculated through the Schrodinger equation

Honoj 1= Ej i; (1.2)
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with the Hamiltonian's corresponding eigenstatg i. It is not very easy to solve
this equation with normalisablej i, but doable. The results are given by

1 1 ><2
n(X) = pP== e ZHq(X); (1.3)
2"n!
with corresponding energy L
En=n+ E; (1.4)
where Hermite polynomialsH,, are de ned by
— ”e?<2 d" x2.
Ho(xX)=( 1) OIXne : (1.5)

We haven = 0;1;2;::: here so the energy levels are discrete. As a result, a state
] ni canjumptoj n+mi by absorbingm packages of energy, or decay o, mi by
emitting m packages of energy for soma n.

We call single energy packages \photons", meaning particles constituting light.
Then we can notice that there aren photons in the energy level&,,, with a constant
shift % a.k.a. the vacuum energy. This fact allows us to de ne a new basis named
number statesjni (also called Fock states), together with creation and annihilation
operatorsa’; a. They work irbthe following way: the creation operator adds an extra
photon to a state, ajni = rb+ 1jn+1i; the annihilation operator eliminates a
photon from a state,ajni = "~ njn 1li; the prefactors above result in that the
combination of the two operators gives the number of photons in the state’ajni =
njni. The commutation relation between the creation and the annihilation operator
reads

[a;@] = a@¥ @ada=1: (1.6)
The transformations from position and momentum operators to creation and
annihilation operators are given by

1 [

X = ia—é(ay+ a);, p= 19—2(61y a): (1.7)

Substituting them into (1.2) and applying the commutation relation above result in
1

HQHO = ala+ é: (18)

We can now read the energy of a number state directly from the Hamiltonian, which
Is much more convenient than the position basis. Therefore, we will use the number
basis for lights throughout this thesis.

1.2.3 Coherent states of photons

It seems we can describe microscopic light-matter interactions in a completely
guantum view by generalising the above toy model. However, in real experiments, if
we use monochromatic light, the photons are emitted/absorbed with random phases,
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which makes the behaviour only signi cant in the statistical sense.

This problem was resolved during the late 1950s, where Towns and Schawlow
developed a theory of lasers. Lasers are produced by stimulated emission, where
the interaction between an incoming photon and an electron in its excited state
causes the electron to decay to a state with lower energy. The photon emitted
from the electron has exactly the same properties: frequency, propagating direction,
polarisation and phase. With a large number of excited electrons, it is able to
produce identical photons with moderate intensity. This advancement enables us to
discuss the interaction between matter particles and a beam of identical photons.

The rst laser was realised in an experiment in 1960 by Maiman, where a syn-
thetic ruby crystal pumped by a ash lamp was used to emit a red laser. This
equipment can only produce laser pulses, but later, continuous lasers were invented.
Nowadays, there are lasers produced by various media. For example, the red laser
emitted by helium-neon gas is used in most universities for demonstration purposes;
laser pointers consisting of diodes are also seen frequently in daily lié¢s.

We describe lasers as single coherent states of photons, with the de nition:

aji= ji; =jjé 2C: (1.9)

We sayj i is a coherent state with amplitudej j and phase . We can expand the
state in the number basis above, which gives

. BERA "o
ji=e 2 p—jni: (1.10)
n=0 n!
An alternative approach states that we can regard the coherent state as a displaced
vacuum:
ji=D()joi e* 2joi: (1.11)

These two expressions are essentially the same if we expand the exponential and
apply the commutation relation.

1.3 Quantum electrodynamics: cavity and circuit

With the ability to generate lasers, we can make them interact with one of the
simplest matter particles | electrons in atomic orbits. We allow these electrons
to occupy eitherj"i or j# and call them two-level systems. If we shine a laser
directly on the atoms, the interaction will occur only once, and it will be very
hard to measure what happened. A natural solution is putting the atoms inside a
cavity, where the laser can re ect and interact with atoms much more. The resulting
coupling strength between the laser and atoms is denoted yby convention. This
setup is the situation that the cavity quantum electrodynamics (QED) exploits in a
simpli ed style.

In reality, it is hard to prepare atomic electrons with only two possible levels.
Therefore, it is more common to prepare other systems which behave e ectively
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as two-level systems under the incidence of a particular frequency laser. Examples
include Rydberg atoms with microwave cavity [20], excitons with optical cavity [21]
and etc. In this thesis, we do not focus on the preparations of the two-level system
or the laser frequency but rather on their mathematical structure. Therefore, we
will look at the construction of the laser and atoms mentioned above for simplicity.
Readers interested in the whole story may nd standard books such as [22] helpful.
Depending on the number of atoms inside the cavity, such systems can be de-
scribed by two models: the quantum Rabi model (QRM) or the Dicke model (DM).
They are shown in Figure. 1.3 on the left and right, respectively. These are the most
fundamental models describing light-matter interaction as they made only very few
approximations, such as the dipole approximation, during their derivations.

(@) (b)

Figure 1.3: Cavity QEDs with (a) a single two-level system. (b) multiple two-level
systems. Adapted from [11].

Despite their similar physical realisations, the QRM and the DM were proposed
for investigating very di erent phenomena: the former explored the e ects of a
nuclear spin under a high frequency weak magnetic eld [23], and the latter studied
the super-radiant states of a quantum gas [24].

Depending on the frequencies, we classify the light-matter interactions into ro-
tating and counter-rotating terms. The names come from the interaction picture of
guantum mechanics, where the slow-oscillating terms evolve withi(! ) t, while
fast-oscillating terms evolve with i(! + ) t where is the level splitting within
the two level system. As exponents, these terms rotate on the complex plane in the
opposite directions and get these names. Since the counter-rotating terms oscillate
fast, their e ects are negligible when the coupling strengtly is small. By discarding
these terms, we obtain the rotating wave approximation (RWA), simplifying exper-
iments' calculations. If we apply the RWA in the QRM and the DM, we obtain the
Jaynes-Cummings model (JCM) [25], and the Tavis-Cummings model (TCM) [26].
Table 1.1 below may help to understand the di erences and similarities between the
models above.

To see how well the RWA approximation works with the growth ofy, we look at
the JCM as an example. As shown in Figure. 1.4, a comparison between spectra of
the JCM and the QRM, we see the following: wheg=! is smaller than 0.1 { is the
angular frequency of the laser), the spectra nearly coincide; whegs! is between
0.1 and 1, the lower levels in the JCM deviate from the QRM relatively away, while
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No. two level systems with RWA  without RWA
1 JCM ORM
many TCM DM

Table 1.1: Light-matter interaction models classi ed by RWA and number of two
level systems involved.

higher levels totally di erent; when g=! is greater than 1, their spectra do not even
match. According to this, the interaction is divided into several regimes depending
on how largeg is: weak, strong, ultra-strong, deep stronggtc.

One may also notice that in Figure. 1.4 each level of the JCM spectrum intersects
with many other levels, but for the QRM, only neighbour pairs intersect. Roughly
speaking, the reason for it is the following: the JCM possesses tHé¢l) symmetry
which conserves the excitation number (including photon numbers and excitation of
the electron), while the QRM only has theZ, symmetry which conserves the parity
of the excitation number. We will look at this di erence closer in the next chapter.

Figure 1.4: Spectra of the JCM and the QRM, calculated by numerical direct
diagonalisation.

Although the RWA has a signi cant drawback mentioned above, it had been
very popular in the eld of quantum optics since the derivation of the JCM in the
1960s. The reason for this is simply that experiments at that time couldn't achieve
such high coupling strength. For cavity systems, the coupling/photon energy ratio
is typically g=! < 10 3.

To reach larger couplings, these laser-atom systems need to transform their exist-
ing forms: the circuit QED realisation. Many experiments successfully demonstrated
such systems on superconducting circuits, such as [27] in 2010, the rst observation
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of U(1) symmetry breaking due to counter-rotating terms, and [28], which achieved
g=!'> 1.

With robust superconductivity, the circuit QED system has become a promis-
ing candidate for quantum computing. In the circuit QED realisation, part of the
electrical circuits behaves like the atomic electron in the cavity QED, and we call it
\arti cial atom”. After cooling to temperatures close enough to zero Kelvin, these
arti cial atoms behave e ectively as two-level systems under their operating frequen-
cies. Lasers in the cavity QED are replaced with LC-circuits, coupled with arti cial
atoms. Interestingly, due to the Josephson e ect, these superconducting circuits
are allowed to realise gate operations for quantum information processing. Readers
interested in relevant topics can look at the review by Devoret and Schoelkopf [29]
and the references therein.

Due to the connection with quantum computing, the arti cial atoms in the circuit
QED are often called \qubits" (quantum version of the classical bits). In the rest
of this thesis, we will call both the atomic electrons and the arti cial atoms qubits
because they have the same energy level structures. Following the paper by Gu,
et al, [12], these circuit QEDs can be categorised into 3 cases depending on the
types of the qubits: 1. superconducting charge-qubit circuits, where excess Cooper
pairs act as qubits. 2. superconducting ux-qubit circuits, where the magnetic
ux through a circuit loop acts as a qubit. 3. superconducting phase-qubit circuit,
which is closely related to the previous two, but with much more Josephson energy.
Example superconducting circuits functioning as these qubits are shown in Figure.
1.5, where crosses represent Josephson junctiolg, is the gate voltage, . the
magnetic ux, and |, the DC bias current.

Figure 1.5: Di erent superconducting qubits and their Josephson energies, adapted
from [12].

The circuit QEDs not only realise the QRM and the DM but also generalise these
models by introducing additional terms deduced from actual experiments. An exam-
ple is the biased DM, which is a consequence of introducing biased superconducting
ux qubits, as the work [30] done by Ashhab.et al. From the view of underlying
mathematical structures, these biases break the original permutation symmetry in
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the DM and are very interesting to explore.

We will focus on the QRM in the next chapter and regard the DM as the N-qubit
generalisation of it. There will also be several generalisations other than the biased
model, and we will look at their Hamiltonian, spectra, symmetries anétc. Before
going to the next chapter, we include some useful notations below in the last section
of this chapter.

1.4 Notations

1.4.1 Tensor vector space

Since we will have to consider many qubits in the DM and other models, it is
convenient to introduce the tensor vector space notation, so we know which qubits
the operators are acting on.

We denote the tensor vector space of two vector spacésand W asV ~ W. We
assume all qubits (or lattice points for the 6-vertex model) have the same eigenstates
so that we can attach the same vector spadé to them. For a qubit, this V is C?

with basis fji"i = é R = (1’ g. Then the state spaceF for N qubits can be
regarded as a tensor vector spacré \% {z \§ or simply vV N,
N times

In the tensor vector space, we de ne an operatok; acting oni'" space as

i-th
where the tensor product between matrice8 = 211 212 andB = Elzl EZ is
21 22 1 2
de ned as 0 1

b abro
oy aby §

: 1.13
by axnbi ( )
axplpr  axnby

ap1br anbro

A B %allbﬂ g1l

axb; axbi
alpr axby

Similarly, we de ne the operator acting on neighbouring two spaces;;.; as

A | | ) | I (1.14)

i-th & (i+1)-th

The other useful operation here is the direct sum, de ned as the following:

0 1
a; ap| 0 O

ay ap| 0 0 }
A B %o 0 by by A
0 O |y by

(1.15)
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1.4.2 Hypergeometric series and their g-analogues

A series is called hypergeometric if the ratio between its neighbourinﬁ coe cients
follows a rational function of the index. For example, if we havé (x) = ilzo fix',
then F (x) is hypergeometric if
fi+ .

= o); (1.16)

|
whereg(i) is a rational function of i. Taking fq, the zeroth order, to be 1, we have
f1=0(0), f(2) = g(1)g(0), etc. Therefore, we introduce the Pochhammer symbol
denoted by

(@ =a(a+l)(a+2):::(a+n 1) (1.17)
and write a hypergeometric series in the form
. . . p n
a11 a21 ) ap — (al)n(az)n (ap)n Z_
T R Y (Y (S M (TR (1.18)

The g-analogue of hypergeometric series can be de ned similarly:

T, X . |
) a.li a-21 H aj o - (a]_,az, ,a,],q)n n (g) 1+k ] n.
P A _, (bib; ;hog o), ( a 27 (119)

where (@s; ay; ;8,0 = (a;0n(a2;dn  (8;09n is a short notation for the
product of j g-Pochhammer symbols. Here the-Pochhammer symbol is de ned

as
Y

1
@d.= (1 ad): (1.20)

k=0
We also de ne theg-binomial coe cient here as well for later use

n_ (Gdn .
K o @D «GDe (.21



Chapter 2

Quantum Rabi model (QRM) and
Its generalisations

The QRM [25] is arguably one of the most fundamental models that describe
light-matter interaction quantum mechanically. The name comes from its semi-
classical version derived by I. I. Rabi [23, 31]. Together with many of its general-
isations, the QRM has a great impact on both theory [13, 15, 32, 33, 34, 35] and
guantum technology. The latter one is particularly well-known for superconducting
guantum computing [36, 37, 38, 39].

In terms of number state operators, the QRM Hamiltonian reads:

ada+ g(& + a)

H = aa+ + a'+a)=
QRM 2+ g x( ) g(ay+ a) a¥a

; (2.1)

where @ and a are creation and annihilation operators of the bosonic eld, 2 is
the level splitting within the two-level system (the qubit), and g is the coupling
strength between them. The angular frequency is scaled to unity throughout this
thesis,i.e., ! =1, unless speci ed. This Hamiltonian acts on the tensor product
of the bosonic eld's Fock space and the qubit's con guration spacad C2. The

2 2 matrix is the form acting on the basisf (jn;"i ;jn; #i)"g.

In this chapter, we will review the QRM and some of its generalisations, includ-
ing the derivation of the QRM and how to arrive at these generalisations; exactly
solved spectrum [13, 40] of the QRM and the AQRM; spectra of these models; ap-
proximations for numerical calculations [25, 14]. There are also some new topics
such asZ, symmetry [1, 41] breaking/restoring, geometric phase around conical
section [42] and non-Hermitian Rabi model [2], they will be covered as well.

2.1 Derivation of the QRM

In this subsection we derive the QRM Hamiltonian follow [25, 43], relevant ma-
terials can be found in Chapter 8 in [44] as well.

As shown in (2.1), the QRM Hamiltonian consists of 3 parts: photons, a two-
level system and their interaction term. From Chapter 1 we know that the energy
of photons with a single frequency is given by the quantum harmonic oscillator
Hamiltonian (1.8), where again we scale the frequency to be 1. By shifting the

11
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constant vacuum energy from the QHO Hamiltonian, we arrive at the rst term
in the QRM Hamiltonian. This is a valid action as only changes in energies are
important in dynamics. Therefore, we need to derive the rest two parts.

We start with the two-level system. Consider the two states given byi and j#i
as excited states and ground states with energi& and Ey. The Hamiltonian for
this system is simply

Ee O

Hrvm = Eej'ih"] + Egj#ih# = 0 E
9

(2.2)

As we did to the QHO Hamiltonian above, we shift the energies down kﬁiﬂ
to obtain:

EetE Ee E

_ Ee ¢ 0 _ 5 0

Hrv = 0 E Ee+tEg — 0 Ee Eg
9 2 2

(2.3)

Now we let the energy separation between two levels Bg Ey 2 and arrive at

0
HTLM = 0 = Z; (24)

which is the second term in (2.1).

For the last part, we make the electric dipole approximation for the interac-
tion. It means the two-level system forms a dipole under photons' application of an
electromagnetic eld. Therefore, the interaction Hamiltonian is given by

H = 'pé; (2.5)

following from the classical electrostatics energy of an electric dipole in an electric
eld. The two-level system has the dipole moment operator

p=qd= pgl pgz (2.6)

where d is displacement operator. The vanishing diagonal entries are due to the
fact that the position operator of the electron is odd under parity, where elements
between states with di erent parity are non-vanishing. Also, the dipole moment is
an observable, which means this operator is Hermitian. Hence we ggt = p,., and
keepp..» to be arbitrary at this point.

For the electric eld, as we have single mode (and polarisation) photons, from
Maxwell equations, it can be expanded in terms of plane waves:
r

E = a(R)eF* + a¥(R)e '** (2.7)

2,

Where K is the 3-dimensional wave vector. If we expand the plane waves in the
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following way:

2

ef*=1+ ik x (sz) + i (2.8)
2

e ®¥X=1 ik x (RZX) i (2.9)

and assume the dot produck x 1, we can drop all terms except the Oth order term
in this expansion. This is acceptable because the displacement within the two-level
system is around 10'°m for a typical atomic system. In contrast, the wavelength
of lasers used in this experimental setting is about hundreds of nanometers (around
10 ‘m) which is much greater than the former. Therefore, we have

r
E i(ay+ a): (2.10)
29

Combining the expressions fop and E above we arrive at

r _— r _—
~I 0 P12 ~I y
c = —py + a); 2.11
29 P, O 2 opl’2 <@+ ), ( )

if we take p;» to be real. We can then rename the coupling constant g—!opl;z

to be g to obtain the last term in (2.1) and conclude the derivation of the QRM
Hamiltonian.

It is worth mentioning that the particles used in experimental realisations of the
QRM usually contain many energy levels more than two. By coupling these particles
with photons close to the resonance of certain levels, it is possible to exclude other
excitations virtually. Therefore, the two-level system assumption is valid in such
systems.

2.2 Parity symmetry and QRM Spectra

The quantum Rabi model possessesZy parity symmetry. This symmetry con-
serves the parity of total excitations of both the bosonic eld and the two-level
system, i.e. the photon number and the excited state of the two-level system.
Mathematically, the parity symmetry operator is given by

p=¢d2a’a (2.12)

According to the parity of states, we can divide the whole Hilbert space into
two subspaces. This property can be observed from a typical spectrum of the QRM
given in Figure 2.1, where level crossings indicate the existence of symmetry. To be
more speci ¢, when eergy levelgi ;jbi Bf_the same subspace touch, they will form
states like (ai + jbi)= 2 and (ai j b)= 2 to lower the energy and avoid crossing.

The parity symmetry can be used to simplify numerical calculations of the spec-
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Figure 2.1: First a few energy levels of the QRM with parameters: =04,! =1
and coupling strengthg from 0 to 0.8. Curves in red/blue indicate the state is
with positive/negative parity, and labels on the right give the photon numbers.

Adapted from [13].

trum. For example, if we act the Hamiltonian (2.1) on the following 4 states:
JO; i 5O #1511 and j1; #i, we get

0 g 0 § _
0 g 1+ 0 : (2.13)
g

We have to calculate the eigenvalues of this 4 4 matrix to obtain its spectrum.
Instead of doing this, we can group states of the same parity together and rearrange
the ordering toj0;"i ;j1;#i and jO;#i ;j1;"i . This results in

0 1
g 0 0

_Bog 1 0 0§_ g .
He‘%o 0 g~ g1 g 1+ &M

0 0 g 1+

(@]

where denotes direct sum as stated in Chapter 1. The spectrum can be calculated
by nding eigenvalues of two 2 2 matrices, which becomes simpler. In general, if we
want to nd the spectrum of the rst 2 N states of the QRM, the parity symmetry
allows us to do it with two N N matrices. For typical numerical methods (such
as the QR method), the complexity decreases fro@(8N 3) to O(N?3), which is a
notable reduction.

Interestingly, inthe =! 'l andg=!!1 ligit, with gite gp 2=
the parity symmetry is spontaneously broken when 2g I and a superradi-
ant quantum phase transition occurs at the boundary. This was found by Hwang,

et al. in [45] at 2015.
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2.3 Exact spectrum and constraint polynomial

Although the QRM is one of the simplest physical models introduced more than
half a century ago, its spectrum was not completely solved until 2011 by Braak [13].
The QRM spectrum consists of two parts: exceptional and regular. The former one
is simple and known to have the fornk, = g? for integersn. However, almost
all of the spectrum belongs to the latter. Braak's derivation for the later one is
relatively short and easy to follow.

We rst go into the Bargmann space of analytical functions to begin this deriva-
tion. In this representation, we rewrite the bosonic operators as complex varialde
and the derivative with respect to it:

d
| — Yl :
a! iz 2! z: (2.15)
We choosex-direction to be diagonal and an eigenstat¢ i = f 1(2); 2(2)g

belongs to the positive parity subspace. The parity operator then readB =
exp(i z@,) x. Acting this operator on the eigenstatg i we obtain

1(z) o0 2) _ 1(2) .
I R (2.16)

where the exponential ips the sign of variablez and the last equal sign comes from
the fact that the eigenstate has positive parity. Therefore, we have,( z) = 1(2).
Note here that any solution of this equation is normalisable with respect to the
Bargmann norm. Next, we act the transformed Hamiltonian

aa+ g(a¥ + a)

H = da g+ a) (2.17)
on this eigenstate to obtain:
(z+ g)% 1 (E 92 1+ ,=0; (2.18)
(z QJ)OlEZ 2 (E+9g2 ,+ 1=0: (2.19)
By changing variabley = z + g and de ne
=e 9 (2.20)
the two ordinary di erential equations (ODEs) above become
% 1= X 1 2; (2.21)
v g e=(x A2 . u 2.22)

wherex = E + ¢? is the shifted energy.
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If we expand , in terms of y with coe cients K,:

X
2(y) = Kn(X)y"; (2.23)

n=1
then from (2.21) we can nd

b
1(y) = Kn(X)

n=1

y": (2.24)

X n
By plugging them into (2.22), we arrive at a recurrence relation for coe cient ,:
nNK,(X) = frn 1:(X)Kn 1(X) K, 2(X); (2.25)

where )

(2.26)

1
fn(x):29+2—g nox+ - —

and initial conditions are Ko =1, K1 = fo(x). These initial conditions ensure both
1 and , are analytic iny.

At the beginning of this calculation, we noticed that ,( z) = 1(z). Now we
apply it to (2.23) and get

X X
o =& K z+9"=e® Ky, —(z+9"= 1(2): (227)
n=0 n=0
This is equivalent to
X X
G:(x;2) €¥  KyXx)( z+g)" e? K”(X)x n(Z+ 9" =0: (2.28)
n=0 n=0

Since the shifted energy is the only variable exceptz, we can solve the equation
above for arbitrary z to nd it. Similar analysis can be done to the negative parity
part, with replaced by

A choicez = 0 was made in [13] to simplify calculations. As a result, the regular
spectrum of the QRM is given by zeroes of

b3
G (x)= Kax) 1 9" (2.29)
. X n

where G is Braak's G-function for positive/negative parity. An example plot of
G-functions is shown in Figure 2.2, where zeroes of them give the shifted energy
levels.

The locations of level crossings can be found in the following way [46]. We rst
write the Schrodinger equation associated with the rotated QRM Hamiltonian (2.17)
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Figure 2.2: G, and G in red and blue forg=0:7; =0 :4;! =1. Adapted from

[13].
in Bargmann representation:
(z+ )E =(E 2) : (2.30)
g dZ + = g + y .
d
z 9y, =(E+9) . (2.31)

with being the wavefunctions of the spin-up/down part inx-direction.
Then we can combine them into one second-order ODE. By de nirm= g(2w 1)
and .(z)= e 2% (w) we get

+1 +1
00, + + S S — =0: 2.32
w w 1 w w 1 ( )
This is a con uent Heun equation with coecients = 4¢?>, = E ¢% =

E ¢ 1L =a=4¢"+ ? (E+¢)?and =(E+¢)E 3¢) °?
if we choose negative sign in the exponent. The choices of minus and plus signs
correspond to local solutions atwv = 0 and w = 1. There are two solutions to
the equation at each point, proportional to con uent Heun functionsHq(w) and
H1(w), respectively. These two solutions should be linearly dependent if we have
E belonging to the spectrum of the QRM [13, 46], that is, the following Wronskian
should be vanishing

Wr(Hy; Hoyw) = Hy(w)HI(w)  H2(w)H,(w) =0: (2.33)

This essentially gives the same result as BraakG-function.

The exceptional part of the spectrum, where crossings sit, can be obtained in this
con uent Heun picture. At these points, the local solutions at one point terminates
to a polynomial, while these of other point diverges exponentially. The pattern leads
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to the de nition of the constraint polynomial in a recursive manner [47]:
PA(xy) = (kx+y K)PZ (xy) k(k 1 k+1)xP{,(xy);  (2.34)

with initial conditions P§(x;y) = 1 and P (x;y) = x+y 1. The locations of
crossings are then determined by solving"(4g% ?2)=0.

2.4 Approximations: RWA and AA

Before Braak found his solution, people were not able to calculate the energies
of the QRM exactly. However, in practice \exact" result is not necessary, while
\accurate" and \faster" (in the calculation) are enough for most cases. As we have
seen in Figure 1.4, the spectrum of the Jaynes-Cummings model (JCM) [25] is
accurate enough when predicting the QRM at the weak coupling regime, which was
the experimentally achievable regime until a decade ago. Then, with the advance
in the experimental setup, another family of approximations become popular: the
adiabatic approximation (AA), originally by Irish et al. [14]. We will review these
typical approximations and see why they are easier to compute and where they
break down.

2.4.1 Rotating wave approximation (RWA)

The JCM Hamiltonian can be obtained by applying the rotating wave approxima-
tion (RWA) to the QRM. From the last chapter, we know the light-matter interaction
terms can be divided into rotating and counter-rotating parts depending on their
frequencies. When applying the RWA, the fast oscillating counter-rotating terms
are averaged, with negligible overall e ects on the whole system. Therefore, the
non-conservative termsY . anda in the QRM Hamiltonian (2.1) are omitted:

Hiew = @a+g(@ +a i)+ (2.35)

with ladder operators  =( x | y)=2.

We see that the interaction terms in this Hamiltonian associate only states in
pairs: jn;"i and jn+ 1;#i with non-negative integern. Therefore, it is possible to
rewrite (2.35) in the block-diagonal form:

0 1
0O 0 O
0O hy 0 O
Hiom = 0 0 h, O (2.36)
0 0
in the \dressed" basis seffj O; #i ;jO;"i ;j1;#i;j1;"i ;:::9, where blocksh, given by
p_
_ N + gn |
h, = gr}ﬁ N : (2.37)
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From these blocks, we can calculate the energy levels of the JCM as
r

E.=n = ( %)2+ gn: (2.38)

This is much simpler than obtaining the spectrum of the QRM using th&-function.

We also mentioned in Chapter 1 that level crossings can happen between one
state and many other states due to itdJ(1) symmetry being di erent to the QRM.
The U(1) symmetry operator

C=2ada+ . (2.39)

conserves the total excitations in the JCM. Therefore, the state space can be decom-
posed into a sum of two-dimensional subspaces [48] as we did above. This symmetry
is broken by the counter-rotating terms in the QRM, leaving the parity symmetry
as its remaining fracture. Intuitively, the U(1) symmetry corresponds to the unit
circle in the complex plane, whileZ, only two points: 1 and -1.

We know the JCM will break down if g gets larger, as seen in its spectrum
in Figure 1.4, due to e ects caused by counter-rotating terms. Surprisingly, there
is another regime that the JCM fails: when the detuning 2 ! is large, the
interaction in (2.35) need to be replaced by dispersive interactions [49]. This is
because the near-resonance assumption is no longer valid in this regime.

2.4.2 Adiabatic approximation (AA)

With the solid-state systems such as charge qubits [50, 51] achieved higher cou-
pling strengths in the early 2000s, another approximation was proposed by Irish
et al. [14] in 2005 by employing a type of the adiabatic approximation (AA). This
method is valid when the splitting is much smaller than the bosonic eld frequency
I =1.

The idea here is to block-diagonalise the QRM Hamiltonian (2.1) in the so-called
\displaced oscillator basis". Recall from (1.11) we de ned the displacement operator
D( )=exp (& a) . Aswe didbefore, we choosg, to be diagonal, which results
in the Hamiltonian

H=2aa+g@+a) ,+ (2.40)

The diagonal terms are therD( g)a’aD( g) g%, where the displacement operator
acting on the bosonic operators as

DY( gg@@=a g; a( g=a g: (2.41)

The two shifted oscillators can be visualised as Figure 2.3, with the displaced
statesjN i given by
jN i =D( g)jNi (2.42)

for non-negative integeraN.
The basis setdj N.ig and fj N ig are not mutually orthogonal. Although inner
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Figure 2.3: Displaced oscillators, adapted from [14].

products
PMLjNsi =M jN i = N (2.43)
vanishing forM 6 N, there are also
8 q__
<ezg2 20)M N N_!ILMN42; M N
M N = L 2T g ity () (2.44)
e 29 (Zg)N M %Lm M (492); M <N
non-vanishing forM 6 N, where
1 X nl k+n -
k - = o i
La00) = n__ilon i (x) (2.45)

is the associated Laguerre polynomial.

Without the splitting term, the Hamiltonian is diagonal in the displaced basis:
H = diagf Eg;Eq;E1;E1;E5;:::g, whereEy = N @2 The splitting term now
serves as tunnelling between displaced states with amplitudehM jN.i. In this
method, we assume the tunnelling happens only between displaced states with the
same bosonic statei.e., betweenjN.i and jN i. This assumption is valid because
the splitting is much smaller than the spacing between bosonic levels, so the
energy involved in the excitation/relaxation of the two-level system can't a ect the
bosonic states.

The Hamiltonian in displaced basis under AA then consists of 2 2 blocks of
the form

_ En PN jN.i
hy = NN, i Ey (2.46)
Therefore, the corresponding energies are
Ey=N ¢ AN N (2.47)

Typical spectra of these energies are shown in Figure 2.4. We see the levels by AA
agree with numerics well even wheg is larger than 1. This method also works well
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with the QRM with an additional bias term or other generalisations, as shown in
[41]. However, it does not predict the level crossings exactly, so we need to modify it
when studying geometric phases [16]. We will see how to do it later in this chapter.

@ =1 =6

() =1 =2

Figure 2.4: QRM spectra by numerics (dotted lines) and AA (solid lines). The
notation di erences are: =2, isourgand! ¢ is 1. Adapted from [14]

There is also a combined approximation called Generalised RWA (GRWA)
[52, 53], where we rst change to the displaced basis and do the RWA. Before the
discovery of the exact solution, these approximations had provided valuable contri-
butions to the study of the QRM both experimentally and theoretically. Even after
that, they are still useful in many situations that require fast and accurate enough
computations within certain regimes, as evaluating the transcendent@-function is
not easy for most computers.
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25 AQRM

The asymmetric quantum Rabi model (AQRM) can be obtained from the QRM
by introducing an extra bias term in its Hamiltonian:

Hagrm = @a+ g (&’ + a) + s+ (2.48)

The bias term is natural to introduce in circuit QED realisations, as qubits like the
biased superconducting ux qubits are commonly used [30].

In this section, we will rst study its spectrum and observe the hidderZ, sym-
metry in the AQRM, followed by examining conical intersections in its energy land-
scape. We will close this section with some discussion about tREl -symmetric
QRM.

2.5.1 Spectrum and hidden Z, symmetry

The G-function method does not restrict to the original QRM but can be applied
to its generalisations. Here, we follow the procedure in [40] to derive the spectrum of
the AQRM. Unlike the QRM case, the extra bias term breaks the parity symmetry,
SO we can't use the relation ,( z) = 1(z) from the previous derivation. Instead,
it is able to duplicate the eigenstates and make up &, symmetry. To achieve this,
we can set eigenstatg | = f 1(2); 2(2); 1(2); 2(2)g, which gives

i 2)= 1(2); 2 2)= 2(2): (2.49)

From derivation similar to the QRM's, two sets of coe cients K, can be ob-
tained. They obey the same recurrence relations as (2.25) while replacingx)
with:

2

1
fn(X)=29+2—g n X +W . (250)

Since we have 2 sets of original eigenstates, tfefunction for the AQRM is more
complicated and has a determinant structure:

G(x)= °2R*(X)R (xX) R*(X)R (X); (2.51)
where s
R ()= K,(Xd" (2.52)
n=0
and
hS
R (x)= K”—n(x)g”: (2.53)
n=0

A typical spectrum can be seen in Figure 2.5, where the level crossings are lifted
due to the broken parity.

However, it was later observed that level crossings are restored if the biatmkes
special values = M7 for integer M. The case forM = 1 is shown in Figure 2.6.
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Figure 2.5: A typical AQRM spectrum shown in grey curves, where =12,
= 0:3. Here blue/red lines representinge,, = > , and half of their
intersections with grey lines constitute the exceptional spectrum as colored dots.
These points are determined by the corresponding constraint polynomial (2.54).
Adapted from [15].

This observation suggests the recovery of 2 symmetry, which was determined to
be a generalisation of the parity symmetry [1]. Since it can't be directly seen from
the Hamiltonian, this symmetry is often referred to as the hidden symmetry.

Interestingly, when the hiddenZ, symmetry exists, it is not necessary to dupli-
cate the states. The original method used in the QRM can be employed to produce
the G-function and hence the spectrum of the AQRM.

We will see such symmetries exist in other generalisations of the AQRM later
in this chapter, and we call the special values of as \ -conditions". In the next
chapter, we will review the method by Mangazeest al. [1] and derive corresponding
symmetry operators for other models mentioned in this chapter.

Similar to the QRM, it can be found that the locations of level crossings in the
AQRM spectra when takes half-integer values. By going into the con uent Heun
picture and requiring the Wronskian to vanish for the two solutions, the locations
are solutions of P (4g% 2) = 0. The new constraint polynomial is de ned as
[15, 35]:

Pl (xy)=(kx+y k(k+2 )P 1(xy) k(k 1)(n k+1)xP7,(xy); (2.54)

with initial conditions Pg" (x;y) =1 and P" (x;y)=x+y 1 2.

2.5.2 Conical intersections and PT -symmetric QRM

The previous subsection showed that level crossings in the AQRM spectra restore
when takes particular values. If we plot the energy surface with respect to both
coupling strengthg and bias , these restoring crossings become conical intersections
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Figure 2.6: AQRM spectrum with same parameters except= % Blue lines
representE, = n g>+ . Adapted from [15].

(Cls) as shown in Figure 2.7.

These Cls have the property that a state acquires a non-vanishing geometric
phase (also known as the \Berry phase" [54]) if it takes a loop encircling a Cl in
the parameter space. This geometric phase, together with its related topological
phenomena, has been studied since a few decades ago [55], and was noticed recently
to be able to perform topological quantum information processing or computing as
reviewed in [56].

According to the adiabatic principle, an eigenstate will stay in an eigenstate
of the Hamiltonian with instantaneous parameters, given that the parameters are
varied slowly enough. Therefore, if we take a loop in the parameter space, the nal
state will be identical to the initial state with an extra phase shift. This phase
consists of a dynamical part corresponding to the evolution time and a geometric
part depending on the trajectory in parameter space.

The geometric phase ,, takes the general form of

I
n = Cih n(R)jr rj n(R)I dR; (2.55)
where C is the contour in the parameter spaceR = fR;;Ry;:::Rng being the real
parameters of the system and , is the n-th eigenstate of the Hamiltonian. The
integrand is often referred to as the Berry connection, acting as a vector potential
in the parameter space, similar to the magnetic one in position space.

Due to its complexity during calculation, the G-function method does not serve
well when computing the eigenstates and hence the geometric phase. Therefore, we
need a suitable approximation. At rst thought, the adiabatic approximation may
be the answer, as the process producing the geometric phase is also "adiabatic".
It is indeed a good candidate, with only one problem: it doesn't predict the Cls
accurately. This is an important problem as we are not sure how many Cls are
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Figure 2.7: Energy surface of the AQRM, with = % and being twice of our bias
parameter. The vertical axis label should b&=! + g°=! 2. Adapted from [16].

encircled in the loop if the positions of Cls are not accurate. To solve this problem,
the generalised adiabatic approximation (GAA) was proposed in [16].

The idea for the GAA is to replace the Laguerre polynomials,, with normalised
constraint polynomialsM :

Py (4% ?)

Mn(492’ 2) = Pr?'O(OO)

; (2.56)

where P (x;y) is given by (2.54). Surprisingly, the normalised constraint polyno-
mial reduces to the Laguerre polynomial when =0.

As the consequence of the replacement, when '5 the energies become
r

()2 I5)2; (2.57)

E,=n+

|
2
with S

W= e (29 TMUg ) (258)

The eigenstates associated with them are
il =cos§”jn+i+sin E”j(n+ ) i; (2.59)

j o= sinE”jnJ,i +cosE”j(n+ ) i; (2.60)
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where the angle is determined by

tan ,= —": (2.61)

NI—

Figure 2.8 shows a ClI calculated by exact diagonalisation (numerical), AA and GAA.
Although the cone-shape is not perfectly the same, the CI predicted by GAA locates
at the correct position, while the one by AA is out of range in the right sub gure.

Figure 2.8: Lowest CI calculated by numerics, AA and GAA with (a) =0:35,
(b) =0 :6. The in this plot is twice our bias. Adapted from [16].

Now we mix the statesjn,i andj(n+ |) i to form a new basig , i which helps
the computation:

j Q= pl—é(jmi ijn+1 i) (2.62)

The eigenstates in this new basis are then

.. 1 . .. CoL

j nl=p_§(1nl+e'”1nl); (2.63)
. 1 e

Jnlzp_z( elnj n|+J nl): (264)

Since we move the eigenstates along a loop in the parameter space, it is reasonable
to require the change in , to be multiple of 2 . If we x the splitting and plot
the energy surfaces of the AQRM against coupling and bias , there are Cls as
shown in Figure 2.9. Four loops are chosen from the plot, coloured red, blue, green
and black. Among these loops, the red one is trivial as it contains no CI; the blue
and green loops each contains one CI; and the black loop contains two Cls.

Numerical integration suggests the geometric phases resulting from these loops
are

blue = green — ; red = black = 0 (2.65)
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Figure 2.9: Energy landscape of the AQRM and the Berry connection with
=0:5. The is twice of our bias parameter. Adapted from [16].

They can be explained as the following: the Cls acting as sources or sinks in the
vector potential. The red loop contains no ClIs, so, doesn't change and results in
a trivial phase. In contrast, the blue and green loops contain a source and a sink,
respectively, producing opposite phases. The black loop contains both the source
and the sink, so the contributions sum to zero.

Further analysis leads to the result

! d, d

. n
SMlRa,

N j of dR= m; (2.66)
for 2m to be the change in , with integer m andR = fg; ; ©.

Interestingly, if we change the bias to be imaginary, i.e., i , the Hamiltonian
commutes with the operatorP T . P is the parity operator, and the time-reversal op-
erator T is the complex conjugation here. Therefore, this system BT -symmetric.

It is de nitely not the rst try to make a fundamental light-matter interaction
model P T -symmetric. Lee and Joglekar in 2015 [2] did the case of the semi-classical
Rabi model by letting the coupling strength be imaginary. The boundaries between
PT -symmetric andPT -broken phases were derived from a perturbative approach.

In contrast to the semi-classical one, the QRM does not becorRd -symmetric
by changing coupling strengthg to imaginary. This observation is partly because
the bosonic eld parity operator is more complicated than the classical case, which
is simply the identity.

In this case, each of the Cls will break into two \exceptional points" (EPs) at
non-zero as shown in Figure 2.10, where both eigenvalues and eigenstates for a pair
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Figure 2.10: First 8 real energy levels of thB T -symmetric QRM. Calculated
numerically with =0 :3, =0:05. Complex energies between pairs of EPs are
not shown.

of levels become the same at these points. More interestingly, with the dependence
of g and , EPs of each pair of energy levels form a surface in the 3-dimensional
parameter space. Such surfaces are called \exceptional surfaces” (ESs) and provide
robustness when fabricating quantum devices [57]. We will investigate these ESs in
Chapter 4, where RWA and GAA are employed to derive approximated expressions
for them at certain parameter regions.

2.6  Asymmetric Rabi-Stark model (ARSM) and
anisotropic AQRM

In this section, we will consider two single-qubit generalisations of the AQRM,
namely the asymmetric Rabi-Stark model (ARSM) and the anisotropic AQRM,
which the hidden Z, symmetry presents. We will show their spectra and observe
their -conditions.

2.6.1 ARSM

We arrive at the ARSM by inserting a Stark termU&a , into the AQRM Hamil-
tonian (2.48):

_ @+ uaa+ g(a+ a)+
Harsm = g + a) + (1 U)aa ; (2.67)
where we requirgUj <! =1 here, or the spectra will be unbounded from below,

which is not physical. The Stark term is adjustable in the Grimsmo-Parkins scheme
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[58] for the cavity QED realisation, which attracts much attention.

Without the bias , this model has theZ, parity symmetry and has been exactly
solved [59, 60, 61, 62]. Special behaviours such as selective interactions [63] have
also been explored. However, with the bias term, the symmetry breaks again, which
makes the analysis much harder unlesssatis es the -condition.

It was found in [41] that the -condition for the ARSM to be

= Mp 1 U3 (2.68)
2
with integer M. Since we havgUj < 1, we can re-parametrise it withU = sint to
simplify the -condition:

M
= > cost: (2.69)

Figure 2.11 shows how the bias term in uences the spectra of the ARSM. The
rst sub gure shows the case when there is no bias and crossings present due to the

@ M =0 (b) M =0:3

cM=1 (d M =2

Figure 2.11: Spectra of the ARSM as functions of the couplirgwith =1,
=Mt t=0:83and (@M =0(b) M =0:3(c)M =1(d) M =2.



30 Quantum Rabi model (QRM) and its generalisations

parity symmetry, where they are lifted in the second sub gure due to the broken
parity symmetry. From the other two sub gures, we see crossings again whém
takes integer values indicating the presence of the hiddéh symmetries.

2.6.2 Anisotropic AQRM

The anisotropic AQRM generalises the AQRM by allowing us to tune the rel-
ative weight between rotating and counter-rotating terms [64, 65, 66, 67]. The
Hamiltonian for this model reads

aa+ g(aY+ a)+

Han = g@+ a)+ aYa

(2.70)
One can see that if we set the relative weight to 1, we recover the normal AQRM.

The tunable ratio has realisations such as the electronic spin-orbit interaction in
semiconductors, where the Rashba [68], and Dresselhaus [69] spin-orbit interactions
act like the rotating and counter-rotating terms under certain transformations.

From [41], the -condition here is

p_
M

= T3 (2.71)

for some integeM . Example spectra for di erent values ofM are shown in Figure
2.12. Again we only see crossings in spectra with integkk's (the rst, third and
last sub gures), hence the hidderZ, symmetries.

In the next chapter, we will derive the symmetry operators) with small M 's of
theseZ, symmetries for both these generalisations of the AQRM. Thesk opera-
tors commute and square to polynomials of the corresponding Hamiltonians, thus
generatingZ, symmetries. We will also nd that our new parametrisation of the
ARSM simpli es the expressions of]l operators as well.

2.7 Biased Dicke model

The Dicke model, originally proposed to investigate the super-radiant states of
quantum gas [24], describes the interaction between a single-mode cavity and N two-
level atoms. Similar to the QRM, the Dicke model can be experimentally realised
via the circuit QED systems. The biased qubits then generalise the Dicke model to
the biased Dicke model (BDM) [30].

We regard the BDM as the multi-qubit generalisation of the AQRM as there can
be more than 1 qubits in the system. If we look at its Hamiltonian

X X
HVI = ga+ ( ; 2+ | Y+ (&+a) g X (2.72)

i
i=1 i=1

with N qubits, there are simply N copies of the qubit part in the AQRM Hamiltonian
(2.48). Here we adapt the notation from the quantum inverse scattering method
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@M =0 (b) M =0:7

oM=1 (d M =2

Figure 2.12: Spectra ij the anisotropic AQRM as functions of the couplirgwith
=09, =Mg-and(@M=0(0) M=0:7(c)M =1(d) M =2,

(QISM) [70] that the subscripts of an operator indicate the spaces in the tensor
vector space that it acts on, as introduced in the last section of Chapter 1.

Similar to the QRM, the Dicke model possesses parity symmetry which is broken
by introducing bias terms. The parity operator here reads

N o
p=ga’a z (2.73)
i=1

It was found that the hidden Z, symmetry exists in the 2-qubit AQRM [71, 72], so
we are trying to investigate the general N-qubit case in the next chapter.

Besides the parity symmetry, the permutation symmetry is also present in the
model when some of the qubits have exactly the same parametérs;g; g. The
permutation symmetry of n identical qubits is described by the permutation group
S,, where we can swap any of these identical qubits without changing the state. As
a result, extra crossings will appear in the spectra of the BDM. We need to identify
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and exclude these crossings when trying to identify the-condition for the BDM
later.



Chapter 3

Z»> symmetries in generalisations of
the AQRM

In the last chapter, we showed that the bias term , in the AQRM breaks the
parity symmetry:

[P;Haorm ] 6 0; (3.1)
while observed [13, 73, 74, 15] that level crossings in the AQRM spectra restore when
= '% for integersM . They lead to the question: is there a symmetry presents at
these special values of? As this symmetry can't be observed from the Hamiltonian

directly, it was referred to as the \hidden symmetry" in literature.

In 2020, Ashhab [75] studied this question and further investigated whether
its symmetry operator depends on system parameters if the symmetry exists. By
numerically searching the partitioning of the Hilbert space, he found that such
hidden symmetry, and its symmetry operator, must depend on system parameters.

A year later, this question was solved by Mangazeeet al. [1]. In their work,
they provided a method to construct symmetry operators corresponding to the hid-
den symmetries at di erent 's, and showed the explicit results for = %; 1. Since
these symmetry operators square to polynomials of the Hamiltonian, they generate
Z, symmetries. We will simply call these symmetrieZ, symmetries, as they will
become visible to us through this chapter. Such symmetry operators were proven
to be unique [76] later the same year.

Since the work [1] forms the foundation of our results in this chapter, we shall
go through it rst.

3.1 Z, symmetry operators in the AQRM

This section is based on the paper [1], where the authors searched the symmetry
operatorJ as a2 2 matrix with entries polynomials of bosonic operators:
;2 X am@)"d b (@)ma (3.2)
ey Cun (@)@ dmp (@) '
All coe cients depend on system parameters ;g; . This expression is the most
general form of any operator acting in the tensor vector spa¢é C?, whereH is

33
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the Fock space of photons.

Remember, from the last chapter we have the Hamiltonian of the AQRM

aa+ g(@+ a)+

H = o(a + a) + 2a (3.3)
We require theJ operator commute with the Hamiltonian above:
[J;H]=0; (3.4)

and use the commutation relation between bosonic operators to transform the ex-
pressions in normal order. This action produces 4 recurrence relations:

gbm 1n+ bon 1+ (M+1)Bnsan Gon 1 Cno1n (N+1)Cnner)

+(m  n)dmn + (Bun  Cnn) =0; (3.5)
gCm 1n* Cmn 2+ (M+1)Chsin Brn 1 B un (N+1)Bnna)

+(Mm  Namn + (Cmn  bnn) =0; (3.6)
9(dm 1n+ dmn 1+ (M+1)dnsan @mn 1 @n 10 (N+1)amn+)

(M n+2) byn+ (dnn @mn) =0; (3.7)
g(am In + Amin 1 + ( m + 1) 8m+1;n dm;n 1 dm In (n + l) dm;n +1)

(M n 2)Coyn+ (BGmn  dmpn) =0; (3.8)

where coe cients with negative indices are zero due to boundary conditions. Analy-
sis shows that any polynomial solutions to these equations will result thequivalent
to polynomials of the Hamiltonian. Therefore, the indices have to go to in nity to
allow non-trivial results.

Di erence equations can be rewritten in terms of di erential equations of their
generating functions, which are more familiar to us. We let

X
A(xy) = amn XMy"; (3.9)

m;n=0

and similarly for B; C;D. Then we restrictJ be Hermitian, and coe cients to be
real,

Amn = Am;  Cmn = Buns dmn = doym: (3.10)

In the following few sections, we will see that somé& operators are not Hermitian,
but it works for the AQRM case here.

There is another assumption that]l has the same symmetry as the Hamiltonian:
xJ() x=3( ) (3.11)

With these assumptions, the 4 generating functions can be rewritten in terms of
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B (x;y¥);D (Xx;y), which are invariant under !

A(x;y) = D+ (Xy) D (xy); D(xy)=D.+(x;y)+ D (xy) (3.12)
B(x;y) = Bi(xy)+ B (xy); C(xy)= B:+(Xy) B (Xy): (3.13)

The symmetry about reduced the number of relations (3.5)-(3.8) to 2, which
read the following in terms of the generating functions:

x@ y@+2) B+ (D A)+g((x+y)(D A)+x@QD y@A)=0; (3.14)
x@ y@A+ (C B)+g((x+y)C B)+x@C y@D)=0: (3.15)

We can then separate the even and odd parts in , which gives 4 equations again

(x@ y@)D.+9@ @)B. =0; (3.16)
(x@ y@D +(2 +2g(x+y)+ 9@+ @)B =0; (3.17)
x@ y@B.+2 *B +g9g(@ @D, =0; (3.18)
(x@ y@)B +2B.+(2 +2g9(x+y)+ 9@+ @)D =0: (3.19)

Since onlyB is asymmetric among the functions aboveB (x;y) = B (y;X)
due to the Hermiticity restriction, we can de ne

B (xy)=(x y)B (x3y); (3.20)

soB is symmetric as well. For symmetric functions, it is convenient to use the
symmetric variables
u=xy, vV=Xx+y; (3.21)

and let
D (xy)=d (uv); Bs(xiy)= b (u;v); B (xiy)=b (u;v): (3.22)

In terms of symmetric variables, the 4 equations above transformed to

@d. g@b, =0; (3.23)
@d +2( +gvb +9(2@+ v@)b =0; (3.24)
@b, g@d. +2 %b =0; (3.25)
(v 4u)@+ v)b +2b, +(2 +g2v+2@+ v@))d =0: (3.26)

It was found that if we take b (u;v) to be a polynomial ofv, namely of order
M 1
ly( 1
b (u;v) = f(U)VK; (3.27)
k=0
then the PDE system above can be solved and produce symmetry operators. How-
ever, it is not possible to solve the PDE system for general M and one needs to do
calculations for each case. We shall discuss the rst 3 cases below as done in the
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work [1].

3.1.1 M=0

Hereb (u;v) = 0 and we can integrate (3.24), (3.26), and then (3.23) to obtain

d (uv) = hy(u); (3.28)

b. (u;v) = ( + gv)hy(u) + g7Vh‘l’(u) X (3.29)
2\ /2

d.(uv) = how) '@ + g+ TRy (3.30)

where h; and h, are some functions oli only. These functions can be determined
by substituting the relations above to (3.25):

hi(uy= e 2+ 1+ Lu (3.31)
hy(u)= U fu(u+1)+ 3 (3.32)

with a compatibility condition
=0: (3.33)

The compatibility condition above results in either or vanishing. It was
found that the former one gives the J operator proportional to the Hamiltonian.
Therefore, we have =0 and

di (U;v) = by (u;v)= b (u;v)=0; d (u;v)= e 2 (3.34)
By combining them and dividing by we get

_ 1 0 _ .
Jo=P o | =P (3.35)

where we writeP for the parity operator in the Fock spaceH de ned by
p=¢da’a (3.36)
One can see this by checking that
e @a.= daa (3.37)

where the left-hand side can be expanded in a series of bosonic operators and then be
normally ordered. Note the operatoP anti-commutes with the bosonic operators

Pa¥= aP; Pa= aP: (3.38)

One may notice that thisJ operator is theZ, parity symmetry operator of the
QRM, with no bias term.
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3.1.2 M=1

In this case, we let
b (u;v) = f(u): (3.39)

We integrate the equations as the previous case, and the compatibility condition
gives

1
2
for non-trivial J operator. In principle, the bias can be negative, but the calculation
follows the same way, so we choose positive biases in the rest of this chapter.

The solutions of (3.23) to (3.26) are then

(3.40)

2

di (u;v) = rh 2, (3.41)
d (UV=2(g e, (3.42)
by (u;v) =0; (3.43)
b (u;v) = e 2 (3.44)

Again we divideJ by to obtain

ay a+29+§ a+a

Ji=P (@+a a a 29+

(3.45)

We can check that at = % J commutes and squares to monomial of the Hamilto-

nian:
2

J2=4H +4g2+?+2: (3.46)

As a result, each eigenvalue dfl corresponds to a pair of eigenvalues df, which
divides the whole Hilbert space into 2 parts. Therefore, this symmetry operatdr
generates &, symmetry similar to the QRM (when = 0) case.

3.1.3 M=2
From the same procedure, one can derive the condition
=1; (3.47)

and
20°((a¥)? + @®) +29(2° + )( @ a)+(2g°+) *?
20°(a® (&)%) 4g’(a¥+ a)+
207((a%)? a’)+4gi(a+ a)+ .
207((a")*+ &%) 292> )( & a) (28 ) ?

(3.48)

(3.49)



38 Z, symmetries in generalisations of the AQRM

Again, it commutes with H when = 1. However, its square equals a quadratic
polynomial of the Hamiltonian:

J2=160°"H2%+80¢%(4g")+2g*+ ?)H+160°%(g?+1)+ ?2(8g*+4g’>+1)+ “* (3.50)

It was concluded in [1] that for = % (the \ -condition" for the AQRM, as
we will introduce in the next section), symmetry operatord,, is P times a matrix
polynomial in bosonic operators of degree 2Moreover, it was conjectured thatJ?
is a polynomial ofH of order M, which was proved later in [76].

3.2 Ansatz for symmetry operators

Similar to the AQRM, level crossings restoring were found in other generali-
sations of the AQRM [41] at special values of. It indicates that the hidden Z,
symmetry can be rather general in many models. We are going to investigate the
symmetry operators associated with some generalisations of the AQRM, including
the biased DM, and give some explicit expressions in this chapter.

As we see from the AQRM results, thd operators take the form of the product of
P and a matrix with entries polynomials ofa¥ and a. Also, the orders of polynomials
are related toM , whereM =2 for the AQRM. Based on the observations above,
we expect thed operators for generalisations of the AQRM with 1 qubit to follow

the ansatz: I
D May@)d Y by (@)d
JM =P P KJ/I ) P M B .

g G (@) g dy(@)d (3:51)

with undetermined constantsa;; ; b, ; G; ; dij . Note that each model has di erent
relations betweenM and .

To derive aJ operator for a model, we need its-condition rst. This condition
gives the values of , for which crossings restoring happens and usually takes the
form of = M . with integers M, and . being a function of system parameters.
For example, in the AQRM case above we have = % One can determine this
condition by observing the pole structure of Braak'ss-function [13] mentioned in

Chapter 2, as the authors in [41] did.
The next step is solving the matrix equation

[Ow:H]=0 (3.52)

to nd the constants a;; ; b, ; c; ;d; under the -condition. This step requires some
patience for largerM, as the numbers of equations and undetermined constants
grow fast with M. We point out here that this procedure does not give a general
formula for any M. However, the results for smalM's may be inspiring towards
the goal. Actually, the general formula is even unknown for the simplest case of the
AQRM, and it may be an interesting question for future research.



83.3 Generalisations of the AQRM with 1 qubit 39

3.3 Generalisations of the AQRM with 1 qubit

In this section, we will look at 3 generalisations of the AQRM introduced in
Chapter 2: the anisotropic AQRM, the ARSM and the anisotropic ARSM. The
results in this section are based on my work [5].

3.3.1 Anisotropic AQRM

Recalling from Chapter 2 equation (2.70), the Hamiltonian of the anisotropic
AQRM is given by

Man = Ql(ar;lyf1 +a ) + . Z;aJr i (3:53)
with -condition p_
=M (3.54)
from [41]. As we mentioned earlier, we solve the matrix equation
[Jm;Han] =0 (3.55)

to calculate constants inJy, . We will show full calculations for the casél = 1 here
and omit them in future cases as they gre basically the same, just longer.
With M =1, we can substitute = — into the Hamiltonian to obtain

ajpd’a+ aod + agna+ ago byp@¥a+ byead’ + pra+ yo
Cri@a+ Cpod’ + Copd+ Coo drp@a+ dipd’ + doga+ doo
|
ala+ glaY+a)+ —

p— =0: (3.56)
g@+ a)+ a’a

We want all these 4 entries to be zero, which means coe cients of all combinations
of @ and a vanish. By applying the commutation relationaa& = 1 + aa, also
betweenP and bosonic operators (3.38), we move all creation operators to the left
of annihilation operators andP to the middle of them. For the entry (1,1) we nd
the coe cient of (a@¥)?P a results in the equation

bl;l + C1 = 0, (357)
which we obtainb; = C11. By substituting this relation into the coe cient
of @’Pa?, we nd that the coe cient is proportional to c¢i.;. Therefore, we have
C11 =0, and by, =0 as well. Similarly, we nd b= cpoandcy; = bgg from

coe cients of ()P and Pa?. Substituting these two relations into coe cient of
a’Pagiveshy; = ¢0. Besides obyg = ¢y from the coe cient of P, there seem to
be no simple relations between constants in this entry, so we move to another one.
Using similar procedures we can obtaia;.; = di.; =0;801 = do1;&10= dio
from entry (1,2) and (2,1). Now, there are 10 remaining coe cients, 2 for entries
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(1,1) and (2,2), 3 for entries (1,2) and (2,1). We start with the diagonal ones, where
the 2 equations in entry (1,1) result in

p—
dio= doa= C10 O+ )Coo; (3.58)

and coo = 0 from entry (2,2) with the relations above. The o -diagonal entries
become the same after implying the results from diagonal ones, leaving the nal two
relations:

do.o = @00 + Crog(l+ )% (3.59)
2a0,00(1 + ) .
1+ +2(1+ )+ g1+ )%

Cio = (360)

We have only one free constarty.g, which is simply a scaling factor. We set

1+ +21+ )+ g1+ )
21+ )

850 = (3.61)

to cancel the overall factor and obtain the symmetry operatod; as the following:

hep O @ @ NP a2+ Y
' o(a + ) 262
D g(aY+ a) (3:62)

g (@ a)+ i 1+ )2+2+ 1)

One can check this operator commutes with the Hamiltonian aM = 1, and it
squares to a monomial of the Hamiltonian:

2 2 4 4 2
P+ ), ga+ ), 1 .

JZ=g?(1+ )Han+
1= 9% )"Han > Z 20+ )

(3.63)

which ensures the symmetry generated by, is aZ, symmetry.

The next case,J,, can be derived in the same manner, where we have extra
undetermined constants: ay.,; 8:1; 82.0; 1.2, o2 for entry (1,1) and other entries.
In total, there are 36 unknowns to be determined so the calculation will be more
tedious. We can solve them anyway, and the result reads:

1 A B,
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where the entries are given by

A, = 4Rl )@a 8P (L+ (@Y+a) 49 1+ NPA+ )
20+ o+ D ara @+ )@+ Pra( + o+ 1)
P2t )@ ) 20+ )

B,=82(L ) (1+ Yaa+8g@ 1+ (@) a)
bAg (L4 Y@+ a)+4 @A )A* P2+ 4+ 1)

(3.65)

The overall factor in front of P makes sure this expression simpli es to the AQRM
operator when =1. Like the M =1 case,J, squares to polynomial of the Hamil-
tonian of order 2. Therefore, it is reasonable to conjecture that for the anisotropic
AQRM, JZ is an orderM polynomial of H,,.

3.3.2 ARSM

In the last chapter we re-parametrised the Hamiltonian of ARSM witiJ = sin t,
which gave

_ (Q+sint)aYa+ gl@+ a)+
Harsu = g(a¥ + a) + (1 sint)a’a (3.66)
From [41] we know the -condition for this model reads
MP—8H M
- — 2 - — -
> 1 U > cost: (3.67)

As we did in the previous subsection, we go through the procedure to derive the
symmetry operators. Since we know how to do this kind of calculations, we shall
omit them and look at the results.

For the case ofM =1, we haveJ, for the ARSM given by

sint(1 +sint)a’a+ gcost(a¥ a)+(2g?>+ (L+sin t))

J1=P .
gla+ @)+ 2

. (3.68)
g(a + a) + =02
sint(1 sint)a¥a gcost(a¥ a) (2g° (1  sint))

Without any surprise, it simpli es to the AQRM J; whent = 0. After some com-
putation, one can show thatJ? is a polynomial of the Hamiltonian. However, the
polynomial is of order 2, rather than 1 in both the AQRM and the anisotropic
AQRM cases:

JZ=8in?tH 3aey + (2 Sin t+4g%)Harsm +40° sin t+ g?cos2+ 2+4g°+ ¢
(3.69)
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Likewise, J2 is a polynomial of the Hamiltonian of order 4:

JZ =sin*t cog tH frgy +SIN22t(20% + sin t)H 3y +COS*t sint
(g°+8g*+6 2+cos*t)+ g?sint(sin3t 4 (cos2t 5)+16g") HZzsu
+2cos’t sin t(cost+2 2)+4g*6 sin t+cos +1)
+ g?(sin3 t+sint 4 cos2t+8)+16 ¢°® Harswm
+cos’t 2codt+8g°(4 sin t+cos2+1)+2¢g® %4 sin t+cos2t+1)
+4g*(sin3 t+sint 2 cos2t+4)+ “+16¢®: (3.70)

We conjecture thatJ? is 2M -th order polynomial of the Hamiltonian in the ARSM.
One can also observe that the extra orders in the polynomial vanish wheérr 0, so
they should result from the Stark terma’a , sint.

3.3.3 Anisotropic ARSM

The anisotropic ARSM [77] is the combination of the previous two models, which
contains both the relative weight and the Stark termU&a ,:

(L+sint)aYa+ glaY+ a)+

g@+ a)+ (1 sint)ada (3.71)

Haarsm =

The -condition was unknown for this model, so we conjectured it to be the combi-
nation of its ingredients: p
mP -
= 1+ cost: (3.72)

This was found to be true by looking at level-crossings in its spectra shown in Figure
3.1

Using our ansatz, we solve its symmetry operators at these values ofThe case
M =1 is given by

: . P—
sint(1 +sint)aYa+ g %gst(ay a)+ A,

=P :
J1 9@+ a)+ zr—ysin
p i) (3.73)
gla¥Y+ a)+ msmz ]
sint(1 sint)aYa g cost(a¥ a)+ A
with constants A read
1 1 2 2 .
A :Z 1T(1+C082t) 2071+ )*+4(1 sint) (3.74)

We know the Stark term produces extra orders of the Hamiltonian fodg from
the last subsection. Therefore, for the anisotropic ARSM, we have the relation
JG = O(HZN:sm ) like the ARSM case.

In principle, we can apply our ansatz to other generalisations of the AQRM as
well, such as the two-mode AQRM. These results above only give some examples
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(@ M =0 (b) M =0:3

©M=1 d M =2

Figure 3.1: Speg'gra of the anisotropic ARSM as functions of the couplirggwith
=0 7, =Mg—cost,t=0:4, =06and(@M=0() M=03(c)M =1
(d M =2.

and demonstrate the ability to deriveJ operators of the ansatz (3.51).

In the next section, we will investigate the symmetry operators of the biased
Dicke model with N qubits using our ansatz. Then from smalN results, we can
propose a conjecture about the general expression of theoperator with arbitrary
N and prove it. It shows how the results of simpler cases help solve the general case,
emphasising our ansatz's usefulness.
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3.4 Biased Dicke model: N-qubit generalisation
of the AQRM

Based on some hints obtained from our ansatz, in this section, we determine the
symmetry operatorJ N9 for the biased Dicke model withN qubits, together with the
quadratic relation betweenJN9 and the Hamiltonian HN9, This section describes
my results in the work [6].

34.1 -condition

We can regard the biased Dicke model (BDM) as the AQRM containing\
qubits. From this point of view, we can simply putN copies of the qubit part of
the Hamiltonian:

X
HNa = g¥a + P+ (@ +a)g [ (3.75)
i=1

where each qubit has its own parameteré ;g; ig. As mentioned before, the
tensor vector space notation is used in discussions of the BDM, where the subscripts
describe which qubit(s) the operator is acting on.

We can investigate theZ, symmetry for the small number of qubit cases based
on their spectra, namelyN = 2; 3;4. According to their behaviours, the -condition

for the BDM is: L

2
foralli=1;2;:::;N andj 6 k. Surprisingly, crossings are not observed for larger

k such as 1 org. We consider this a result of the additional term inJ operator
associated with theB matrix, which will be introduced soon.

As examples, some spectra of thid = 2 case are shown in Figure 3.2. Firstly,

we can see that crossings appear in Figure 3.2(a), wherg= ,, 1= ,=0and

01 = . The model is not biased in this case, so the parity symmetry presents similar
to the QRM. Next, we start to apply the bias ;. There is no crossing until ; = %
which corresponds to theM = 1 case of theZ, symmetry in the AQRM. As shown

in Figure 3.2(b), crossings appear so th&, symmetry presents. Then, in Figure
3.2(c) we further deform the bias to be; = 1, which corresponds to theM = 2
case in the AQRM. Surprisingly, there is no crossing at all (the apparent crossings
are found to be avoided crossings when zooming in), and similar observations were
found for larger M cases. Finally, in Figure 3.2(d) we change the ratio between
and g, while keeping ; = % There is again no real crossing when zooming in, so
we needg; = @ in the -condition. From the same observation, we need; = .

i= 5 G=0 «= and  =0; (3.76)

3.4.2 General formula of J operator with N qubits

Without losing the generality, we can sek = 1 to compute the J operators and
permute the biased qubit back to the desired location. Under this setting, together
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@) @=0a, 1=0 0 @=0, 1=1
€ =0 1=1 d) =120, 1= 1
Figure 3.2: Spectra of the 2-qubit biased Dicke model with; = ,=0:7, , =0
and (@) = 1, 1=0(0) &=, 1=3() %=, 1=1(d) &=120, 1= 3.
with the -condition above, the Hamiltonian becomes
X X 1
RN = ala+ fro@+a) Xk (3.77)
i=1 i=1

Now we want to apply our ansatz to calculate the symmetry operatordNd for
small N's. However, we can see that the expression (3.51) is for models with only
one qubit. Therefore, we need to modify (3.51) such that it acts in the tensor vector
space of many qubits. That is, in terms of mappingsN 2 End H (C?) N,
whereH is the Fock space of photons again.

From the de nition of tensor products of matrices, we know matrices acting in
the space C?) N have the dimension ? 2V. Therefore, we have the ansatz for
N qubit generalisations of the AQRM as the following:

0= PQyi(a;a); (3.78)



46 Z, symmetries in generalisations of the AQRM

where entries of the matrixQ are given by

Qu(@:a). = Qf '@)d: (3.79)
i;j =0

We see the number of undetermined constantsi(;j; ) grows even faster than (3.51)
with the number of qubits. Fortunately, in the case of the BDM, we only have
M =1, so there are only 4 unknowns in each entry and®®*? unknowns in total.
By requiring
[IN9:HN9) = 0; (3.80)

we can determine the results of the rst a fewN's:

J¥ = Jllq 5 gt 2 29 +49PBay; (3.81)
J¥=73192 % g 3 g+t 40P(B12 5+ Bus 3); (3.82)
JM=3192 25 4 ag+t40P(B12 § 5+ Bz 5 5+ Bu 3 3); (3.83)

where we omitted the subscript 1 inJN9 and denotedJ!  J_,-, to be the J
operator of the AQRM when = 1=2 to simplify the expressions. The subscripts in
the rst terms means we replace botlg and to multiples of themselves. We also
de ned the constant matrix Bj; , which is the identity matrix minus the permutation
operator, acting on the qubitsi andj as

0 1
0O 0 0 O
0 1 1
Bij = %0 1 % (384)
0 0.

Based on the expressions df9 with small N's above, we can see there are two
parts in the J operators: the part with J19, which acts on the biased qubit, tensor
products , on other qubits, and the part includingP B terms. According to the
patterns, we can propose and prove the following theorem in [6]:

Theorem 1. For an N-qubit biased Dicke model, when; = ;g = g for all i,
K = % and ; =0 for j 6 k, there exist aJN% operator such that it commutes with
the Hamiltonian HNY (3.75) and admits the following form:

W X! W
NG =31 N g F+4gP By z: (3.85)
i6k i6k mé j:k

where the dummy indices run from 1 to N.

The proof of Theorem 1 is given below by induction. Thus it is con rmed that
JN9 does generate a symmetry of th&l -qubit biased Dicke model. However, we
still need to demonstrate that this symmetry is aZ, symmetry. We will focus on
this in the next subsection.
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It is also noticed that the second part ofJN9 (3.85) may relate to the \trapping
states" studied in [78, 79]. A simple example is that wheN =2, = ,; ;=
» =0, trapping states are given by

0 1
0
e 1%1&.._
jnl—p—é(Jn,#,lj n; ,#l—p—é L KIni: (3.86)
0

It is clear that such states are eigenvectors d? B with eigenvalues 2( 1)". Since
such trapping states are results of the permutation symmetry, it is reasonable to
considerP B terms as fragments of the broken permutation symmetry. However,
more studies are required to know precisely the link between these subjects.

Proof of Theorem 1

The theorem can be proved inductively. Since we know the formula is true for
N = 1, which is J; of the AQRM, it is su cient to show that the commutator
[QIN*Da- 4 (N+Da) = 0 jf [JN9; HNA] vanishes. Again, we letk = 1 here without
losing generality and prove this theorem. Then we can permute this biased qubit to
any position we want.

We start by assuming the commutator for the case dfl qubits to vanish:

- ¥ Xow
OZ[JNq;HNq]:[quJ 9! N :Ng ,-Z+49P B z
= =2 ms] (3.87)
X X 1
aa+ F+g@+ a Pt > 1l
i=1 i=1

By direct evaluation, one can verify that theP B part of JN9 commutes with most
parts of the Hamiltonian except the bias term:

X ¥ X X
[4gP By niaa+ F+g(@+ a) ‘1=0; (3.88)

j=2 méj i=1 i=1

so we get the following equation

X W
[4gP By mi5 1l
j=2 méj
(3.89)
= [I8 ¥ Z- 9y X z y X x, 1 .
= [1J;g!N :Ng j,aa+ i+g(a_+a_) i+§1]-
j:2 i=1 i:1

This equation will be useful in a later step.
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Next, we can look at the commutator for the case of\ + 1) qubits:

1 +1 1
(N+1)q.H(N+1)q — 1q; Nﬁ z 4 PD( B_N([+ zZ.
[J ; 1=1317 g (N+1) (N+1)g i 49 1] ms
)= = mel (3.90)
K+l K+l 1
ala+ F+g(@+ a) P+ 5l
i=1 i=1

Similar to the N -qubit case, we can break thd operator into two parts, where the
P B part commutes with Hamiltonian except 3. In this way, we rewrite the above
expression as

N+1 N+1 b(ﬂ Nﬁl 1 1q; Nﬁl
N e N A = [4gP By rzn;i 1315 g (N N+ g o
e X1 g
a’a+ F+g@+a) Pt > 1 (3.91)
i=1 i=1

We can analyse these two commutators separately. For the rst one, we have

D(-HL N(q‘l z . 1 X >(\I \N z z Y\I Z. 1 X
[4gP By m 5 11=[49P By m N+1 T49PBin+ i 1]
j=2 m6 j j=2 m6 j j=2
X W 1 W 1
=[P By 75 il fa +[40PBiva  fi5 il (392)
j=2 méj j=2
According to (3.89), the rst term in (3.92) is equal to
. W X X 1
DY @ N iNg [aat F+g@+a) o+ 5 1 Nes (3.93)
j=2 i=1 i=1
where the second one can be determined by direct calculation:
20 1 0 1 3
O 0 0 O 0010
B 'X]_E%S 1 1? _%ooo§ z
BN+ 1l 1 1 '@ 0 0 (3.94)
0 0 0 0 IN+1 0100 1;N +1
=i(f n 1 N+
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Therefore, we have the following simpli ed form for the rst commutator in (3.91):

N+ N1 1 o W XN
[4gP By rzn,é 1= 1% @ N g [aat ]
=2 msj N 1 JZZ\N = (3.95)
+ g(a’ + a) P+ > 1] 41 +20P (1 s 1 N1
i=1 méj

Now we can simplify the second commutator in (3.91) by separating terms asso-
ciated with the (N+1)-th qubit as well. Also, by noticing that

I @ ey e = 91 @ N g +20P T (3.96)
we have
1q; A Z. 4y Xt z y X X 1 X
[‘]1] g0 (N+1) ;(N+1)g j,aa+ it g(a + a_) ot E 1]
i=2 i=1 i=1
1 Al X X 1
=[(31% @ N Ng T20P D) Zaa+ 24 g(a + a) X 4 > 9
j=2 i=1 i=1
1q; ¥
+[(31% ¢ N g +20P 1) Lo fmro@+a) (aul (3.97)

j=2

Here we can separate th® terms from the commutators. Knowing that the P
terms commute with the QRM Hamiltonian, we simplify (3.97) and factor out § .,
to get

1q; ¥ Z. 4y X z y X X 1 X1 Z
(B:97) =[317] ¢ N Ng j,aat F+g@+a) it > 1l N
j=2 i=1 i=1
Nl - W
+ROP - fio A+ gn we fiO@+E) fal (398)
j=1 j=2

where in the last line, we omitted vanishing terms. We can see that the rst term
here cancels the rst term in (3.95) when summing up them, so we only need to
simplify the remaining two terms. With the commutation relationsPa& = a'P
and Pa= aP in mind, we can compute the last two terms in (3.98), namely

Nl Y A .
gP  [i5i1=9P  fIEi1=20P (G Y {aw) (3.99)

j=1 j=2 i=2
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and
1q; W z y X
[B177 ¢ N iNg frg@+a) N4
j=2
Y\I
= [P (@+a) {+5+(ay a+2Ng) { {.a:9@+a) (.
j=2
W W _
=9 [P@ @ § {u:(@+a) §yal= 20P fG 1 N+1):
j=2 j=2
(3.100)
By putting them together, we have (3.98) rewritten as
. N(Fl DK+1 D(+1 1
D% g vy v g [ala+t P+ g(@+ a) 5l
j=2 i=1 i=1
. 1
=[31% g n ong i@ F+g(@+a) P51l
j=2 i=1 i=1
\KI - -
+2gP (i 1 &a) 20P O N+1):
j=2 j=2
(3.101)

After simplifying both terms in (3.91), we nd they are the opposite of each other.
One can add (3.95) and (3.101) together to check that the commutator between the
J operator and the Hamiltonian indeed vanishes:

[N+ A q(N+Da) = 0: (3.102)

From the calculations above, we have seen thatl N*Ya;H(N*Da] vanishes if
[JNd; HNA] = 0. As the commutator is zero for the 1 qubit system, by induction,
the commutator betweenJN9 and H N9 will be zero for anyN, which completes the
proof of Theorem 1. m

3.4.3 Z, symmetry in the BDM

At the beginning of this chapter, we know the lowest ordeZ, symmetry in the
AQRM, as the 1 qubit case of the BDM, has its symmetry operator squaring to a
monomial of the Hamiltonian [1]:

2
(J19)2 = 419 4 E+4gz+2: (3.103)

Here we can calculate squares df'9's with N = 2; 3; 4 we derived earlier in (3.81)-
(3.83) and see if they have similar relations with the corresponding Hamiltonians.
We will keep ; = % in calculations here to be consistent with the expression fdr
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operators we determined.
The 2 qubit case results in

2
(J2q)2:4HZQ+ E+:|_692+2; (3.104)

which is nearly the same as (3.103) above, except the coe cient in front af
changed from 4 to 16. However, a new term appears in the 3 qubit case:

2
(3392 = 4H% + ? +360¢°+2 169°B.s; (3.105)

where the constant matrixB appears again and acts on the unbiased qubits. The
situation is the same forN = 4:

2
(3%)% = 4H™ + ?+64gz+2 16g*(Boz + Bos+ Bag): (3.106)

Opposite to the expression oflN9 (3.85), in which B matrices always act on the
biased qubit, here these terms do not associate with the biased qubit but act on
every combination of two unbiased qubits. From this observation, we can propose
the second theorem in [6]:

Theorem 2. The JN9 operator de ned by (3.85) has the following quadratic relation
with the Hamiltonian HNY (3.75).

2 AR
(JNq)2:4HNQ+ ¥+2+4N292 1@2 Bjm: (3107)
e ek

Similar to Theorem 1, this theorem can be proved inductively as well. Besides
the properties we used during the previous proof, we need the following 3 properties
of the B matrices:

(Bj)?=2By; (3.108)
P By =By [ [= Bj; (3.109)
Bij { kB + B ¢ {Bj = Bj + Bk By: (3.110)

The rsttwo can be checked by direct computation using the de nition ofB matrices
(3.84), while the last one is less obvious. If we rewrit® matrices in terms of Pauli
matrices,

By =50 Vi f (3.111)

and expand both sides of the property (3.110), we will nd they are equal.

Together with the vanishing commutator between)N9 and HNY from Theorem
1, the quadratic relation (3.107) in Theorem 2 is su cient to conclude the existence
of Z, symmetry within the biased Dicke model.
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Proof of Theorem 2

Like what we did in the previous proof, we set; = % here. Assuming we have
the N qubit case to be true, then the N + 1) qubit case is also true if the following
equation holds:

Xy
(J(N+1)q)2 = (JNq)2+4( N+t T 0@+ @) () +42N + 1)92 1692 Bin +1:
j=2

(3.112)
Our goal here is to prove this equation.
From (3.85) we can rewriteJ(N*D 4 in terms of JN9,
N+l W
J(N+1)q= JNq l€l+l +29P ,21+4gPBl;N+1 jz; (3113)
n=1 j=2

and calculate its square:

W W
(D2 = (N2 + 2gJNIp n*t2 WnaBuiva
n=1 | =2
W v
+2gP nt2Bun+ fNrag
n=1 =2

+8¢°  RvBun+t +80°Bin+r § fi1 +160°(Bin+1)’ (3.114)

By applying the properties (3.108) and (3.109), one can check the last line of (3.114)
is simply 16°B1.ny+1 . Then we only need to expand the two brackets.e. the second
and the third term. Let's do the second term rst. Using the de nition of J operator
(3.85), we rst expand JN4:

N W
JHp nt2 N+1Bina i
n=1 j=2
_ W W
=P (ay+ a)l i/+ a"'(ay a+2Ng) i jZP 2 §1+1Bl;N+1 jz
I 1=2 172
Yoo X W W W
+ é +4gP Bli sz §+2 r%l+1Bl;N+1 jz
n=1 i=2 j6i n=1 j=2

(@+a)i |+ 5+( a+a+2Ng) ;  1+2 {,4Bunna

X X
+4g B4 i |Z+89 B4 IZ §|+1Bl;N+1: (3115)
i=2 i=2
In the second line above,QjN:2 { commutes with everything, so we can move it
around to cancel a similar factor as it squares to identity. Similarly, using commu-
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tation relations betweenP and a;a we can bringP operators together, and they
square to identity as well. These moves result in the last line of the expression above.

We can do exactly the same thing for the third term in (3.114), which results in

!
e N1
P Z+2Bin+ z gNa

J
n=1 j=2
= i+ZBl;N+1 ﬁﬂ_ (ay+ a)l )]{+ E+(ay a+2Ng) i
X X
+4g 1 1B +89Bin+t {ia ‘Bui: (3.116)

i=2 i=2
Note here that the relative positions oB and ?#'s are di erent to the second term.

These two simpli ed expressions make it much easier to calculate their sum.
Starting with the brackets containing @ and a, without much surprise, most of
them cancel each other and leave the following terms:

20+ @) fus +2 5 fiea *ANG BNGBin (3.117)

As for the remaining terms, namely

X X X X
49 By 1 {+49 1 IB1i+8¢g Bii / N+1Bin+1+80Bin+ nar /Bai;
i=2 i=2 i=2 i

= 2(3.118)
the rst two terms sum to 8g iN:2 B,. However, the last two terms are non-
trivial and require the property (3.110) of the B matrix to be simplied. After
simpli cation, these terms result in

X
80 (Bi+Bin+  Bin+1): (3.119)

i=2
Now we have simpli ed all terms in (3.114), and we shall join them together:

(AN A2 = (JNO2 4 160°B 4 +4g7 +2g 2(&7 + a) N1 +2§ N1

Xy X
+4Ng 8NgBin+: 83 By +8g (Bui+ Bin+  Bin+1)

i=2 i=2

X
=(IN2+4( Ja+g@+a) (.a)+4@N+1)g8 160" Bina:
i=2

(3.120)

The result here agrees with the expression (3.112). Therefore, we have proved the
quadratic relation (3.107) for the biased Dicke model with any number of qubits.]
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3.5 Comments on the hidden Z, symmetry and
relevant method

In this chapter, we reviewed the constructions of the symmetry operators for
the AQRM in [1], and then proposed the ansatzes (3.51) and (3.78) for 1 qubit and
N qubits cases. Based on them, we calculated symmetry operatarsfor several
generalisations of the AQRM. Among these models, crossing restoring were observed
in [41] for the anisotropic AQRM and the ARSM, where the anisotropic ARSM and
the biased Dicke model are new examples for the hidd&a symmetry.

Calculations we performed showed that the presencef symmetry is a general
phenomenon in various models. The fact that the bosonic parity operatd® is
intertwined with all J operators we obtained indicates that this symmetry is a kind
of generalisation of the parity symmetry. However, it requires more studies on the
physical meanings of thesd operators for us to deepen our understanding of this
new symmetry.

We found an interesting point here: although most symmetry operators admit
the relation with Hamiltonians: J3 = O(H™), models with the Stark termUa’a ,
have their J operators squaring to order ®1 polynomials of their Hamiltonians. It
IS curious to investigate if other terms a ect the degree of the polynomial and why.

There are also other questions to be explored: can we construct a formula of
the J operators with any M for a single model? (which hasn't been done even for
the AQRM) How far can we deform the AQRM while keeping thisZ, symmetry?
Multi-photon AQRM [80] and two-mode AQRM [81] were studied recently using
another similar method, and we will introduce this method brie y here.

3.5.1 Bogoliubov operator approach (BOA)

It was noticed that another method to solve theJ operators involving Bogoli-
ubov transformation [82] was developed recently by Qing-Hu Chen's group. Their
method was used in [81] to derive the symmetry operators of the two-mode AQRM.
This BOA method is essentially closely related to our method here, with di erent
transformations and rules when solving the constants (ow; b; c; ds) to assist the
computation.

We take the AQRM as an example to show how the BOA works. In the BOA
scheme, one rst makes the Bogoliubov transformations

a, =a+g; a=a ¢ (3.121)

to obtain Bogoliubov operatorsa . It removes terms linear in bosonic operators
along the diagonal if we choose, to be diagonal in the spaceC?, which can be
done by applying the transformation to (3.3)

Y Y
= UHY 1= Fard@rar ; (3.122)

aa g@+ a)
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where L
_ 11 .
U= p—z 1 1 - (3.123)
Then we have , ,
_ aa g+t :
H= 3.124
a’a ¢ ’ ( )
Similar to our ansatz (3.51), here we let
J=€d?a’aQ; (3.125)
with the Hermitian operator
_ A B
Q= C D (3.126)
The Hermiticity condition results in the following relations:
Q(a ;al)= Q( a; a'); (3.127)
B(a;al)= C'( a.; @), (3.128)
X(aal)= X a; a) (3.129)

for X = A;D.

Four equations can be obtained by letting this] operator commuting with the
Hamiltonian H (3.124):

Aala, aa A+ ( B C)=0; (3.130)
ala,D Da'a +( B C)=0; (3.131)
B:a¥a] 2B+ ( A D)=0; (3.132)
[@la.;C] 2C+( A D)=0: (3.133)

Then, by observing the last terms in each equation, it can be noticed that the 4
equations above can be reduced to 2:

Aa’a, a'aA=aaD Daa; (3.134)
B;a¥a] [@a.;C]=2 (B C): (3.135)

Now, we combine the commutation relations between Bogoliubov operators
[(a);@a]=M@)"; [&a;@)"]=M@&)" (3.136)
to obtain the following equation:
[(a)";a’a] [@a;( a)"l=M (@) (a)" : (3.137)

We see this equation is similar to (3.135), when = '\"7 satis ed. Therefore, it is
reasonable to expand in terms of Bogoliubov operators with a leading termg )™
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From the relation (3.128), we can expand in the same way with a leading term
(a)™.
In this way, in the BOA scheme, we expend all entries @ in Bogoliubov oper-
atorsa ;al as
i M . |
Y = Yy (@)'(a ) (3.138)
i;j =0
whereY = A;B;C;D. TheseA;;;Bi;;Ci;j;Di; workin a similar way as constants
a; ;hb;;G;;dij inour ansatz (3.51). Moreover, as we assumed the Hermiticity of
the J operator, here we have

Bij =( 1)"ICy: (3.139)

Di erent to the procedure in [1], the BOA method does not need the generating
functions and is able to obtain recursive relations involving coe cients oB and D.
The relations can be obtained by substituting the expansions above to the reduced
equations (3.134) and (3.135) and cancelling.

Solving the coe cients is relatively technical and lengthy (similar to our ansatz),
so we will mention only a few points. Like our example on the anisotropic AQRM,
we start with the highest orders and solve them step by step. The order to solve
these coe cients follows a rule stated in the [82]: we solv&; 's withi+j = M +1
rst, then those with i +j = M, and so on.

At the end of the calculation, forM =1, we can obtain

Q= & (3.140)
a5
and
2 1
JZ=H+ pa + g%+ > (3.141)

By simple transformations, we see it agrees with the results in [1], and similarly for
M = 2. The steps above show that the BOA method is indeed closely related to
our ansatz.



Chapter 4

PT -symmetric quantum Rabi
model

Non-Hermitian systems are systems with non-Hermitian Hamiltonians, which
correspond to interactions with environments. Despite the generality of such sys-
tems, there were not many successful attempts until the last century due to the di -
culty of this task. There were several well-known advancements in various elds, as
examples, Onsager's works [83, 84] on non-equilibrium processes, Feshbach's work
[85] on radioactive nuclear reactions, Spitzer's work [86] on stochastic processes,
Bender and Boettcher's work [87] orP T -symmetric quantum mechanicsetc. For
interested readers, we suggest reviewing articles and books such as [88] and [89] for
a more comprehensive introduction. Here we will be focusing on the last subject
above, namelyP T -symmetric systems, as the title suggests.

Hamiltonians of physical systems are usually required to be Hermitian, as we
need them to have real eigenvalues (energies) and corresponding eigenstates (physical
states). However, it has been shown by Bendat al. [87] that it is possible to
weaken the Hermitian constraint while keeping the spectrum real, at least within
certain parameter regions. This weakened constraint is called tieT -symmetry, in
which PT stands for parity and time reversal. The region with real spectrum in
parameter space is usually calledRT -symmetric phase", where the region contains
complex eigenvalue calledR T -broken phase”.

Since it is relatively simple to construct non-Hermitian photonics systems in
experiments, there have been many works investigatingT -symmetric photonics
systems such as [90, 17, 91, 92]. For an extensive review, we suggest the article
[93] by ©Ozdemir, which provides comprehensive knowledge from basics ab®&\i -
symmetric systems to experimental realisations and possible applications.

Here we take the reference [17] as an example. The authors proposed an ex-
perimental accessible circuit-QED architecture shown in Figure 4.1, where two res-
onators are coupled to both: each other with a tunable coupling(t); and a dissi-
pative qubit individually with xed coupling strength g. The level splitting within
the qubit is also tunable. The whole system is described by a master equation to
include dissipation of both the resonators and the qubits. The authors derived an
e ective PT -symmetric Hamiltonian and explored theP T -boundaries with respect
to the two tunable parameters explicitly and implicitly.

Inspired by [2], in which the authors investigated thePT -symmetric semi-
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Figure 4.1: Architecture design proposed in [17]. Orange inset shows the qubit
structure and blue inset shows a possible realisation of the tunable
resonator-resonator coupling. Josephson junctions are shown as small boxes with
crosses. Adapted from [17].

classical Rabi model and determined boundaries f&T phase transitions, we will
try to construct a PT -symmetric QRM and explore its behaviours in the three-
dimensional parameter space. The contents in this Chapter are partially presented
in my preprint work [8].

We start this section by reviewing theP T -symmetric semi-classical Rabi model,
then construct its quantum analogue by considering BT -symmetric qubit coupled
to a bosonic eld. Finally, we observe its phase boundaries numerically and derive
approximated expressions at di erent parameter regions.

4.1 Semi-classical case

In Lee and Joglekar's work [2], they obtained thé>T -symmetric semi-classical
Rabi model by changing the coupling to purely imaginary:
|
H = ?O ,+2i  coslt; (4.1)
where! g is the level splitting within the two-level system,i is the coupling, and
I is the driving frequency. An example experimental setup for similar systems was
constructed in [94], and further investigations on analytical results were conducted
such as [95].

In semi-classical systems, we de ne the parity operator as

P=, I (4.2)
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and the time-reversal symmetry as taking complex conjugate. AB?> = T2 = |,
[PT;H] =0 implies PTHTP = H. Therefore, we can check this Hamiltonian is
PT -symmetric:

PTHTP = z(§Z+2i (coslt)
|
= 70 ., 2i ( ycoslt = H: (4.3)

For the Hermitian Rabi model, the procedure to compute e ective Hamiltonians
is the following: rstly, rewrite the Hamiltonian in the oquet picture with basis
j" ni and j#ni, n 2 Z, then e ective Hamiltonians for near-degenerate states at
resonance can be derived using Salwen's perturbation theory [96] at smallNote
that the n in this basis is not the photon number, and we distinguish this basis
with fj n;"i ;jn;#ig by using di erent order inside the ket. In their paper [2], the
authors applied this procedure to theP T -symmetric model with ! i and called
the cases \single-/multi-photon resonance" although there is no photon involved for
imaginary coupling.

We start with the simplest case, single-photon resonance, whére ! . In this
case," O and j# 1i are nearly degenerate, and we can apply Salwen's perturbation
theory to calculate their e ective Hamiltonian associated with them as a series of

. The lowest order is given by
o
_2

| X (4.4)

O —

N|

which corresponds to the RWA. From this e ective Hamiltonian, the eigenvalues can
be calculated as

E= ——; (4.5)
2=(1 19? 4% (4.6)

We see the energies become complex & < 0, which implies

L
> I 2'01; (4.7)

as derived previously in [97]. This expression gives a linear approximation of the
PT -phase transition boundary, orP T -boundary for simplicity.

To the next order, the e ective energies are
E="—1—; (4.8)

2=(1 1g)? 42+—2(!!0!°) 2. (4.9)
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(a) (b)

Figure 4.2: (a) Phase diagram and (b) zoomed-in view of theT -symmetric
semi-classical Rabi model, adapted from [2]. White and grey regions are
PT -symmetric and broken phases.

Therefore, theP T -boundary is given by

it g, e
2 4

(4.10)

where the expression is truncated in second order due to the accuracy. From Figure
4.2(a), we see this expression, visualised as the red dashed line, agrees with numerical
results very well.

The multi-photon resonance case works similarly whény,  (2n+1)! . Since the
o -diagonal terms are now proportional to ?"*!, we have to go to the (& + 1)-th
order in perturbation theory [98] to obtain the e ective Hamiltonian for statesj" Oi
andj# (2n +1)i:

Lo 4 u
= 2 .
He u L+ (2n+1)! ’ (4.11)
with level shift and power broadeningu given by
2n+1 2
T CET I (4.12)
B I( )2n+1 -
B 22n(n1)2! 20 (4.13)
The resulting e ective energies read
+1)!
g= &N 12) : (4.14)
2=(2n+1)! 1y 2)*+4u* (4.15)

Sinceu is of order O( 2"*1), it barely contributes to the energy when is small.
However, energy can't become complex without the term. One may expect that
the u term, which is negative, becomes dominant and breaks tHeT -symmetry



8.2 PT-symmetric qubit 61

when the other term is zero. The resulted expression is

2 _ n(n+1)!o | !0

2n+1 ' 2n+1 ; (4.16)

where! o (2n+1)! is used in the derivation. These lines are shown in Figure
4.2(b) as red dashed lines, and they agree with numerical results well whens
small. The blue dotted lines are the next-order boundaries, which we do not discuss
here and suggest interested readers look at Appendix B in [2].

This perturbation technique works well here and seems applicable to the quantum
analogue of this model. However, the QRM does not becorRel -symmetric by
changing the coupling to imaginary. This is because the parity operator for the
quantised light is no longer the identity operator. Instead, we construct th@T -
symmetric QRM by coupling a PT -symmetric qubit with photons. As a result,
applying this technique to higher orders is hard due to both the interaction with
quantised light and the additional term. We will study the lowest order by applying
the RWA to the system in the last subsection of this chapter.

4.2 PT-symmetric qubit

We can consider a simpl® T -symmetric qubit with Hamiltonian

. [
with positive parameters and . If we rotate to , basis, this Hamiltonian becomes

! i (4.18)

X
In this basis, becomes the gain in the spin-up state and the loss in the spin-down
state, where controls the tunnelling between them.

PT -symmetric qubits were experimentally realised in many methods, such as
superconducting transmon circuits [99] and dissipative oquet system of ultracold
atoms [100]. In physical realisations, usually it is hard to implement gains but simple
for loss. Therefore, it is common to construct the so-called "passive®T -symmetric
systems by shifting the corresponding Hamiltonian by multiples of identity operator.
For example, we can add i | to the PT -symmetric qubit Hamiltonian in , basis
(4.18) to get

0
2 (4.19)
Then only loss in the spin-down state is required to implement this system.

The time-reversal operatorT is de ned as taking complex conjugate, and the

parity operator readsP = , for a two-level system. Again, both of these operators

square to identity P2 = T2 =1, [PT;Hg] = 0 implies PTHQT P = Hg. Then we
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Figure 4.3: Spectrum of & T -symmetric qubit, where blue (dashed red) lines are
real (imaginary) components of energies.
can check the Hamiltonian (4.17) i T -symmetric:

PTHQTP = ( +1 x) 2=( 2z 1 zx2)
=( .+i = Hol (4.20)

From the Hamiltonian (4.17), it is straightforward to nd that energies and
(non-normalised) eigenstates are given by

E = 2 2 (4.21)

j 1= . o (4.22)

We see both energies and states coalescent at . This point is di erent to
diabolic points, for which only energies coalescent, and we call the point an
\exceptional point" (EP).

If we plot the spectra (4.21), we can see the EP is also where the energies become
complex in Figure. 4.3. Therefore, EPs are boundaries betweRii -symmetric and
PT -broken phases. In this manner, we can call the phase boundary lines in the
semi-classical Rabi model spectra \exceptional lines", as shown in Figure. 4.2.

4.3 Photon-qubit coupled system

Similar to the QRM, we can couple thisPT -symmetric qubit with a bosonic
eld to get a PT -symmetric QRM:

Hprorv = @a+ g (@ + @)+ +1 (4.23)

and we will call this model PT-QRM for simplicity in the rest of this thesis.
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From previous chapters, we know the parity operator in this case read® =
,€27 =" P with photon parity operator P de ned in (3.36). Then we can show
the PT-QRM Hamiltonian (4.23) is PT -symmetric:

PTHproru TP = P(@a+ g «(a’+ @) P+ ,+i «
=aa g & a+ s+«
= Hprorm ; (4.24)

where we used the commutation relatioPc= cP, with c= a&';a.

Following Braak's method [13], we can calculate thé-function for the PT-QRM.
Note that this model does not possess parity symmetry, so that we will apply the
method used in the AQRM.

The resulting expressions are di erent to the AQRM's ones by replacing the bias
with imaginary bias, namely:
2

1 . _
fn(x)—29+2—g n x '+ﬁ ; (4.25)

whereK ,'s obey the same recurrence relations as (2.25) and

G(x)= 2R*(X)R (x) R'*(X)R (x); (4.26)
where %
R ()= K,(X4gd" (4.27)
n=0
and
XK
R (x)= n:o ﬁg : (4.28)

As shown in Figure. 4.4(a), due to the terms in (4.25) and (4.28), thisG-
function (4.26) does not have poles on the real line. Therefore, zeroes of tGis
function provide a full spectrum, unlike the AQRM case where they only provides
the regular part.

We numerically solved the zeroes of th&-function up to O(x*°) and compared
them with direct diagonalisation (Figure. 2.10, where the rst 50 levels are consid-
ered), the results are shown in Figure. 4.5. We see the results indeed agree with
each other and con rm the exact solvability of the PT-QRM.
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(@) G(x)at g=0:2

(b) g=0:38,fu;v;Re(G(u+ vi))g (c) 9=0:38, fu;v;Im(G(u + vi))g

(d) g=0:4165,fu;v;Re(G(u + vi))g (e) g=0:4165,fu;v;Im(G(u + vi))g

Figure 4.4: (a) plot of G-function as a function of realx = E + ¢g?. (b)-(e) contour

plots of G(x = u + vi) near the leftmost EP of the second pair of levels in Figure.

4.5. We used parameters =0:3, =0:05 and theG-function is evaluated to the
order O(x4).
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Figure 4.5: First 10 real energy levels of thB T -symmetric QRM with =0 :3,
= 0:05. Blue curves and red dots show results obtained by direct diagonalisation
and solving theG-function. Complex energies between pairs of EPs are not shown.

To explore the behaviours of thes-function near an EP, we look at its contour
plots in complex domainx = u+ vi, as complex energies are allowed in non-Hermitian
systems. We shall take the leftmost EP of the second pair of levels in Figure. 4.5
as an example. Figure. 4.4(b), 4.4(c) show the real and imaginary parts of tke&
function at g = 0:38. The contours corresponding to the vanishing real or imaginary
part of G(u+ vi) are boundaries between pale yellow and light blue regions. We see
the poles are located symmetric with the real line and induce dipole-like contours.
In Figure. 4.4(b), the contour ReG) = 0 has an eggshell shape and intersects with
Im(G) = 0 in Figure. 4.4(c) on the real axis. Therefore, the two levels have real
energies and are irPT -symmetric phase. We then increasg to reach the EP in
Figure. 4.5 approximately. From Figure. 4.4(d) and 4.4(e), we can see the real
part becomes a dumbbell-like shape with the intersection between the two lobes
locates the EP on the real axis, where the imaginary plot does not change much.
If we further increase the coupling, the two lobes will detach from each other and
intersect with Im(G) = 0 at two conjugating complex values, so the two levels are
in PT -broken phase.

As mentioned in Chapter 2, with non-zero imaginary bias, each crossing in the
QRM spectra splits into two EPs. This can be observed explicitly by including both
the real and the imaginary parts of the energies in the spectra, as shown in Figure.
4.6. One may ask about the rightmost EP for each pair of levels, which seems to
appear from nothing. There is indeed no crossing in that part of the QRM spectra.
However, we know each pair of levels coalescesgatl . This is also the case if
we replaceg with g. Therefore, we can joinl and 1 to be a single point, like
how the Riemann sphere is de ned. There is now a crossing for each pair of levels in
the QRM spectra at in nity, and it separates into two EPs with non-zero imaginary
bias, one in positive and the other in the negativeg regime.



66 PT -symmetric quantum Rabi model

Figure 4.6: First 6 levels in the PT-QRM, both real and imaginary parts. The
plane Im(E) = 0 is shown in this plot for reference.

Similar to the PT -symmetric semi-classical Rabi model, there are exceptional
lines in the PT-QRM spectra when we include another parameter. As shown in
Figure. 4.7, these exceptional lines are formed by EPs with di erent If we also
include dependence on the splitting , these lines associated with each pair of levels
form \exceptional surfaces" (ESs), and we will discuss them in the next subsection.

4.4 Exceptional surfaces in PT-QRM

The concept of exceptional surfaces (ESs) was proposed by H. Zledwal. [101]
in 2019 and became a hot spot among the studies BfT -symmetric systems im-
mediately. Similar to our PT-QRM, works related to ESs are mainly associated
with photonics, such as [57, 102, 103]. As suggested in [102], the ESs in a quantum
mechanical system provide robustness when fabricating actual devices, as it requires
less precision during the manufacturing process to approach a surface rather than
a point or a line. The work also showed a new design concept for non-Hermitian
sensors with the presence of ESs.

To numerically calculate the ESs in the PT-QRM, we sampled the 3-dimensional
parameter spacég; ; gandfound points where di erences between absolute values
of pairs of levels are small. The rst and the second ESs are shown as examples in
Figure. 4.8.

From the numerical results, we observed that the PT-QRM has an in nite num-
ber of ESs, and their shapes follow certain patterns. To be specic, these ESs are
located at in parameter space; there are (@ 1) valleys in the n-th ES,
given by zeros of the QRM constraint polynomial; at these valleys, these ESs are
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Figure 4.7: Real energy surfaces of tHeT -symmetric QRM with =0 :2 for the
3rd to 6th levels.

approaching = 0; otherwise, they correspond to positive and there are smooth
ridges between valleys; ESs are also approaching= 0 at large couplings. This
property is not observed in any other systems, and stimulates the interests to study
these ESs.

441 The 1st ES

From Figure. 4.8, one may consider nding expressions of these ESs dseing
functions of g and . Indeed, this is what we are going to do in this subsection.
However, we are not able to obtain analytical expressions but approximations at
di erent parameter regimes.

The case of the rst ES is simple. If we apply the adiabatic approximation,
similar to (2.47) we have the energies of the rst two levels being

q
Eo = ¢ q( e 2L o(4g?)° + (i )2

@ (ex)? 2 (4.29)

These levels then meet when the square root term vanishes. Since we have chosen
and to be positive, the resulting expression for the rst ES reads

= e 2 (4.30)

which is shown in Figure. 4.9. As we can see, although the AA is valid only at the
small regime, this expression works very well even in the 1 region.
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@)

(b)

Figure 4.8: 1st and 2nd ESs of the PT-QRM calculated numerically from
diagonalisation of the Hamiltonian with rst 30 levels.
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