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Abstract

Negative imaginary (NI) systems property naturally arises in flexible structures with

colocated force actuators and position sensors. NI systems theory provides a robust

control approach to these systems and has attracted attention among control theo-

rists since it was introduced. NI systems theory has found its application in many

areas, such as nanopositioning in atomic force microscopy. This thesis provides some

new results in NI systems theory.

We provide a definition of nonlinear NI systems to allow for systems with free body

motion. Roughly speaking, a system is said to be nonlinear NI if there exists a

positive semidefinite storage function, whose time derivative is less than or equal to

the inner product of the system input and the time derivative of the system output.

Under some assumptions, we show that the interconnection of a nonlinear NI system

and a nonlinear output strictly negative imaginary (OSNI) system is asymptotically

stable. We also provide a separate stability result for nonlinear NI plants with

positive definite storage functions, which corresponds to the case that the systems

do not have free body motion.

The problem of state feedback equivalence to NI systems is investigated. The nec-

essary and sufficient conditions under which a linear system can be made NI using

state feedback control is that there exists an output transformation such that the

resulting system is of relative degree less than or equal to two and is weakly mini-

mum phase. Similar results are also provided for the state feedback equivalence to

OSNI systems and strongly strictly negative imaginary systems. For an input-affine

nonlinear system, we provide sufficient conditions under which it can be made NI

using state feedback. We also provide necessary and sufficient conditions for a non-

linear system in a particular normal form to be state feedback equivalent to an NI

system. These results lead to alternative approaches to address the stabilization

problems for systems with NI uncertainty.

We provide control frameworks for the output feedback consensus of three types of

networked nonlinear NI systems. They are networked identical nonlinear NI sys-

tems, networked heterogeneous nonlinear NI systems, and networked heterogeneous
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nonlinear NI systems with free body motion. In these three cases, we use OSNI

systems as controllers, whose outputs are distributed to the plants according to the

network topology.

We extend the NI systems theory to switched systems. A system is said to be

switched NI if each subsystem is NI and the storage functions of the subsystems

in the switching sequence are nonincreasing. Under some assumptions, the inter-

connection of a switched NI system and a switched OSNI system is asymptotically

stable.

For the digital control of NI systems, we provide a new discrete-time NI systems

definition for general nonlinear systems. This definition is automatically satisfied

for a ZOH sampled continuous-time NI system. We provide linear matrix inequality

conditions and frequency-domain conditions for a linear discrete-time system to be

NI. Under certain assumptions, asymptotic stability is achieved for the interconnec-

tion of a discrete-time NI system and a discrete-time step advanced OSNI system,

and also the interconnection of a discrete-time step advanced NI (SANI) system and

a discrete-time OSNI system.

Hybrid integrator-gain systems (HIGS), are investigated as controllers for NI systems

due to their own NI property. We show that a single HIGS, a multi-HIGS, and

the cascade of two HIGS are all nonlinear NI systems. They can be applied to

achieve feedback stability for linear NI plants. This motivates the application of a

multi-HIGS on a microelectromechanical nanopositioner, which improves the system

performance. Also, a discrete-time HIGS is shown to be an SANI system, which can

be applied to stabilize a discrete-time NI system.

This thesis includes several examples to illustrate the results.
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Chapter 1

Introduction

In this chapter, we provide the background to negative imaginary systems theory

and also provide an outline for the rest of the chapters.

1.1 Background

Negative imaginary (NI) systems theory was initially introduced by Lanzon and Pe-

tersen in [2] and [3] to address robust control problems for flexible structures [4–6].

Examples of flexible structures include bridges [7], buildings [8], large space struc-

tures [9], robots [10], atomic force microscopy [11, 12], etc. Generally speaking,

flexible structures are systems that experience significant deformations or displace-

ments when subjected to loads or external forces. As a consequence of small internal

damping, flexible structures are sensitive to external disturbances. This may lead

to severe vibrations especially near their natural frequencies, which can significantly

degrade system performance or even cause structural failure [4]. Hence, it is often

necessary to design control systems that introduce additional energy dissipation in

order to suppress vibrations.

Negative-velocity feedback controllers, which have been intensively studied in the lit-

erature [13], provide a useful vibration control approach. Such a controller measures

the velocity of a mechanical system and provides a force control that is colocated

with the sensor. Stability can be guaranteed using results in the passivity theory (see

e.g., [13–15]). To be specific, a system with colocated force actuators and velocity

sensors are usually passive in nature if it only consumes energy. For such a system,

its energy rate of change cannot exceed the power supplied by the force input, which

equals to the inner product of input and output. In the case of single-input single-

output (SISO) linear systems, this property corresponds to the fact that, roughly
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speaking, the frequency response has positive real parts for all frequencies. Hence,

linear passive systems are also referred to as positive real (PR) systems.

However, for some systems, we prefer to measure position rather than velocity, which

means that passivity theory is no longer a suitable tool for controller synthesis. A

lightly damped flexible structure with force actuators and position sensors has a

transfer function matrix of the form

G∆(s) =
∞∑

i=1

1

s2 + κis+ ω2
i

ΨiΨ
T
i , (1.1)

where κi > 0, ωi > 0 for all i, and Ψi ∈ R
p with p being the input and output

dimension [16]. Such an infinite-dimensional system is usually truncated into a

finite-dimensional system so that only the first few modes are retained, as shown in

the following

G(s) =
h∑

i=1

1

s2 + κis+ ω2
i

ΨiΨ
T
i , (1.2)

where h ≥ 1 is an integer. The spill-over dynamics

∆(s) =
∞∑

i=h+1

1

s2 + κis+ ω2
i

ΨiΨ
T
i (1.3)

are unmodelled and hence introduce uncertainty into the system. When a controller

is designed according to the truncated plant G(s) to achieve stability, it is difficult

yet important to ensure that the controller can stabilize the actual plant G∆(s).

That is, the controller needs to be robust against the uncertain spill-over effects

from ∆(s).

One property of the transfer function matrix G∆(s), as is pointed out in [2, 3], is

that the Hermitian imaginary part of the frequency response G∆(jω), which equals

to

ℑH [G∆(s)] = −1

2
j[G∆(jω)−G∆(jω)

∗] = −ω
∞∑

i=1

κi

(ω2
i − ω2)2 + ω2κ2

i

ΨiΨ
T
i ,

is negative semidefinite for all frequencies ω ≥ 0. If a transfer function matrix

has its poles contained in the open-left half of the complex plane and its frequency

response has a negative semidefinite Hermitian imaginary part for all nonnegative

frequencies, then it is said to be negative imaginary (NI) [2, 3]. For a SISO system,

the NI property implies that its Nyquist plot is contained in the lower half of the

complex plane for all positive frequencies. The definition of NI systems in [2,3] was

extended in [17] to allow for poles on the imaginary axis except the origin, which
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corresponds to the undamped case that κi = 0 for some i in (1.1). The definition

was extended again in [18] to allow for systems with free body motion. That is, a

pole is allowed to be at the origin; i.e., ωi = 0 for some i in (1.1). In [2,17], necessary

and sufficient linear matrix inequality (LMI) conditions were provided under which

a minimal system is NI without poles at the origin. This result is usually referred to

as the NI lemma. The minimality assumption in the NI lemma is lifted in [19].

A positive-position feedback control approach was provided in [2] for systems with

the NI property. To be specific, under some assumptions, the positive feedback

interconnection of an NI system and a strictly negative imaginary (SNI) system is

internally stable if and only if the DC gain of their open-loop interconnection has all

its eigenvalues less than unity. This stability result provides a solution to the robust

control problem for flexible structures with colocated force actuators and position

sensors. The transfer function matrices G∆(s), G(s) and ∆(s) given in (1.1), (1.2)

and (1.3) respectively are guaranteed by the physical properties of such systems to

be all NI. Consider a controller that is designed for the nominal plant G(s) in the

presence of the uncertainty ∆(s) as shown in Fig. 1.1. The system in Fig. 1.1 can

be rearranged as the closed-loop interconnection of ∆(s) and the transfer function

from the plant output disturbance w to the plant input u, denoted by M(s), as is

shown in Fig. 1.2. Here, M(s) = (I + C(s)G(s))−1C(s). Since the uncertainty is

naturally NI, stability of the closed-loop system can be achieved using the results

in [2] by choosing a suitable controller C(s) such that M(s) is SNI and the required

DC gain condition is satisfied.

∆(s)

C(s) G(s)

w

yur

Figure 1.1: A feedback controlled flexible structure where the controller is designed
for the truncated plant G(s) in the presence of the spill-over dynamics ∆(s).

Although NI systems theory was motivated by the robust control problem of second-

order mechanical systems, the NI property also arises in other physical systems. For

example, [20] provides physical interpretations of NI systems theory in electrical

circuits. An advantage of NI systems theory is that it can deal with systems of

relative degree zero, one and two. Therefore, NI systems theory can be regarded

as a complement to the PR systems theory, which can only deal with systems of
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∆(s)

M(s)

wu

Figure 1.2: Rearranged block diagram of the feedback controlled system.

relative degree zero and one [13].

NI systems have found applications in a wide variety of control systems including

robotic manipulators [18], hard disk drives [21], quadrotors [22], nanopositioning in

atomic force microscopy [11, 23–25], and microgrids [26], just to list a few. Besides

control applications, NI systems theory has also been extended and developed theo-

retically since it was introduced. In the following, we review some important results,

which motivated, or are related to the contents in this thesis.

Output strictly negative imaginary (OSNI) systems were introduced in [27,28]. Com-

pared with SNI systems, OSNI systems have different type of strictness and can be

used as alternative controllers for NI plants. That is, the interconnection of an NI

system and an OSNI system is asymptotically stable under some assumptions. The

intersection of SNI systems and OSNI systems contains another class of systems

called strongly strictly negative imaginary (SSNI) systems, which was introduced

in [29].

A version of NI systems theory is applied to nonlinear systems in [30] through the

notion of counterclockwise input-output dynamics [31]. In [30], a SISO nonlinear

system is said to be NI if there is a positive definite storage function such that its

time derivative is less than or equal to the product of the system input and the

derivative of the system output. In other words, a nonlinear NI system is dissipative

respect to the supply rate uẏ, where u and y are the system input and output,

respectively. It is shown in [30] that the interconnection of a nonlinear NI system

and a nonlinear weakly strictly negative imaginary system is asymptotically stable

under some assumptions.

An output feedback consensus problem was investigated for networked NI systems

with identical system models in [32]. A similar problem was considered in [33] for

networked heterogeneous NI systems. Control frameworks were established in both

cases to force the outputs of the plants in the network to converge to the same

limit trajectory. To be specific, the information exchange between the networked

plants is modelled as an undirected graph, where the plants correspond to nodes

and the controllers correspond to the edges. Suppose that the graph is connected,
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SNI controllers are applied to the plants via the Laplacian matrix and incidence

matrix in [32] and [33], respectively, to achieve consensus. These consensus results

have motivated both theoretical development and control applications since they

were established; see e.g., [34–38].

NI systems theory was also extended to discrete-time systems in [39]. Some funda-

mental results in continuous-time NI systems theory was extended to discrete-time

systems via the use of the bilinear transform [39–43]

s =
z − 1

z + 1
.

LMI conditions and frequency domain conditions are provided under which a

discrete-time system is NI [39,40]. Also, a discrete-time stability result was provided

by applying a bilinear transform to the continuous-time stability results.

Some other interesting results on NI systems theory are listed in the following. NI

systems theory is extended to linear time-varying systems in [44] using the dissipa-

tivity property of NI systems. Non-proper systems with poles at j∞ are included in

NI systems theory in [45]. Necessary and sufficient LMI conditions are given for a

descriptor system to be NI in [46]. NI systems theory is investigated for non-square

systems with redundant actuators and sensors in [47]. Input-output negative imagi-

nary systems are introduced in [48,49]. Two subclasses of SNI systems called input

strictly negative imaginary systems and very strictly negative imaginary systems are

also introduced in [49].

1.2 Thesis Objectives and Outline

In this thesis, we establish some new results on NI systems. Considering the nonlin-

ear nature of most real-world control systems, we investigate several control problems

directly in a nonlinear systems framework. However, for some nonlinear problems

that we are interested in, if the corresponding linear problems remain unsolved in the

literature, we also provide solutions in this thesis using linear systems theory.

To be specific, we provide some fundamental nonlinear NI systems results based on

the results in [30] in Chapter 3. As [30] only considers SISO systems, we provide a

new definition of nonlinear NI systems for MIMO systems. The new definition also

allows systems with free body motion, which includes linear NI systems with poles

at the origin. Also, we propose nonlinear OSNI systems as controllers, which is dif-

ferent to [30], where nonlinear weakly strictly negative imaginary systems are used

as controllers. For a plant with NI uncertainty, we can apply an output feedback

controller as in Fig. 1.1 to make the nominal closed-loop system SNI so that stability

9



Chapter 1. Introduction

can be achieved. An alternative approach is to apply a state feedback controller to

the plant so that controlled plant becomes NI. However, for a general system, it is

unclear whether it can be made NI using state feedback control. We provide in Chap-

ters 4 and 5 the required conditions for linear and nonlinear systems, respectively, to

be made NI via state feedback control. Since output feedback consensus problems

have only been investigated for networked linear NI systems, we provide in Chapter

6 control frameworks for the output feedback consensus of networked nonlinear NI

systems. In Chapter 7, we investigate the nonlinear NI property and stability results

for systems with switching. In Chapter 8, we establish a new discrete-time NI sys-

tems theory, where ZOH sampling is applied for the conversion between continuous

time and discrete time. In comparison with the results in [39], our results provides

a more straightforward method for the digital control of NI systems. A specific

controller called a hybrid integrator-gain system (HIGS) controller is investigated

in Chapter 9. We show that a HIGS will have the NI property and can be applied

as a controller for an NI system. This motivates a hardware experiment where a

microelectromechanical system (MEMS) nanopositioner is controlled by a variant

of the HIGS controller.

A more detailed outline of the rest of the thesis is provided in the following.

1.2.1 Chapter 2. Preliminaries

We provide some preliminary results that will be used throughout the thesis. To

be specific, we first provide results on NI systems theory. We also provide the

definition of nonlinear NI systems given in [30]. Then we provide some results on

linear and nonlinear systems theory. We also provide some preliminaries on discrete-

time systems and graph theory.

1.2.2 Chapter 3. Nonlinear Negative Imaginary Systems

Theory

We provide a new definition for MIMO nonlinear NI systems with free body motion.

We also provide a definition for nonlinear OSNI systems using the dissipativity prop-

erty of linear OSNI systems. We establish stability results for nonlinear NI systems

with and without free body motion. Under some conditions, the interconnection of

a nonlinear NI system and a nonlinear OSNI system is asymptotically stable. Dif-

ferent conditions are required and different types of nonlinear OSNI controllers are

applied for nonlinear NI systems with and without free body motion. We provide

an example for each case.
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1.2.3 Chapter 4. State Feedback Equivalence to Negative

Imaginary Systems

We investigate necessary and sufficient conditions for a linear system to be state

feedback equivalent to an NI system, an OSNI system or an SSNI system. The

conditions are given as a relative degree condition and a minimum phase condition.

We apply the NI state feedback equivalence results to stabilize a system with SNI

uncertainty. An illustrative example is provided.

1.2.4 Chapter 5. State Feedback Equivalence to Nonlinear

Negative Imaginary Systems

We consider the problem addressed in Chapter 4 for nonlinear systems. For an

input-affine nonlinear system, we provide sufficient conditions under which it can

be made nonlinear NI or OSNI using state feedback control. We apply these results

to the stabilization of a system with or without a nonlinear NI uncertainty. An

illustrative example is provided. Also, we consider the same problem for a special

normal form. For this normal form, we provide necessary and sufficient conditions

under which it is state feedback equivalent to a nonlinear NI system or a nonlinear

OSNI system with a positive definite storage function. This result can also be

applied in the stabilization of this special normal form in the presence of a nonlinear

OSNI uncertainty, which is illustrated using an example.

1.2.5 Chapter 6. Output Feedback Consensus for Net-

worked Nonlinear Negative Imaginary Systems

We provide control frameworks for the output feedback consensus of networked

identical nonlinear NI systems, networked heterogeneous nonlinear NI systems, and

networked heterogeneous nonlinear NI systems with free body motion. In each case,

the information exchange between the networked systems are represented by a graph

where the plants are modelled as nodes and controllers correspond to the edges.

OSNI systems as applied as controllers. In each case, we show that the controlled

networked system can be regarded as the interconnection of an augmented nonlinear

NI system and an augmented nonlinear OSNI system, which is then used to prove

output consensus. An illustrative example is provided to show the effect of the pro-

posed control framework for output feedback consensus of networked heterogeneous

nonlinear NI systems.
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1.2.6 Chapter 7. Switched Nonlinear Negative Imaginary

Systems

In this chapter, we provide definitions of switched nonlinear NI systems and also

switched nonlinear OSNI systems. We show that the positive feedback interconnec-

tion of two nonlinear NI (OSNI) systems is also nonlinear NI (OSNI). Under some

assumptions, the interconnection of a switched nonlinear NI system and a switched

nonlinear OSNI system is asymptotically stable.

1.2.7 Chapter 8. Discrete-Time Negative Imaginary Sys-

tems from Zero-Order Hold Sampling

We provide a new definition of discrete-time NI systems for general nonlinear sys-

tems, which is automatically satisfied for ZOH sampled continuous-time NI systems.

We provide LMI conditions and frequency-domain conditions for a linear system to

satisfy this definition. We show that the interconnection of a discrete-time NI sys-

tem and a discrete-time step-advanced OSNI system is asymptotically stable. The

interconnection of a discrete-time step-advance NI system and a discrete-time OSNI

system is also shown to be asymptotically stable. These stability results are illus-

trated using an example.

1.2.8 Chapter 9. Negative Imaginary Control Using Hybrid

Integrator-Gain Systems

We show that a single HIGS, as well as its two variants, the multi-HIGS and the

cascade of two HIGS are all nonlinear NI systems. We prove that these three types of

HIGS can be applied as feedback controllers to NI systems to achieve stability. These

stability results motivates a hardware experiment where a multi-HIGS controller is

applied to a MEMS nanopositioner in order to achieve better system performance.

Based on the discrete-time NI systems theory established in Chapter 8, we show that

a discrete-time HIGS is a step-advance NI system and can be applied in the digital

control of a NI plant. This is also illustrated on a mass-spring system example.

1.2.9 Chapter 10. Conclusions and Future Work

We conclude the thesis. Also, we provide some potential directions for future

work.
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Chapter 2

Preliminaries

In this chapter, we provide some fundamental results on linear and nonlinear NI sys-

tems theory. Also, we give some useful results on linear systems, nonlinear systems,

discrete-time systems and graph theory.

2.1 Facts on Matrices

Definition 2.1. [50] A square matrix A is said to be a Hurwitz matrix if each

eigenvalue of A has strictly negative real part; that is

Re(λi) < 0

for each eigenvalue λi. A matrix A with such a property is also called a stable matrix.

Definition 2.2. [51] Let λ be an eigenvalue of a matrix A. The dimension of the

eigenspace of A associated with λ is the geometric multiplicity of λ. The multiplicity

of λ as a zero of the characteristic polynomial of A is the algebraic multiplicity of

λ. We say that λ is simple if its algebraic multiplicity is 1; it is semisimple if its

algebraic and geometric multiplicities are equal.

Definition 2.3. [52] A symmetric matrix P ∈ Rn×n is said to be positive definite

if xTPx > 0, for all x ∈ Rn\{0}. P is said to be positive semidefinite if xTPx ≥ 0

for all x ∈ Rn.

Definition 2.4. [52] A symmetric matrix P ∈ Rn×n is said to be negative definite

if xTPx < 0, for all x ∈ Rn\{0}. P is said to be negative semidefinite if xTPx ≤ 0

for all x ∈ Rn.

Lemma 2.1. [52] The following statements are equivalent for a symmetric matrix

P ∈ R
n×n:
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1. P is positive definite.

2. All eigenvalues of P are strictly positive.

3. There exists an n× n nonsingular real matrix H such that

P = HTH.

We provide some results on the Schur complement of a 2 × 2 block matrix in the

following.

Definition 2.5. [53] Consider the block matrix

M =

[
A B

C D

]
,

where A ∈ Rp×p, B ∈ Rp×q, C ∈ Rq×p, D ∈ Rq×q, and p, q > 0. If the block A is

invertible, then the Schur complement of the block A of the matrix M is defined by

M/A := D − CA−1B.

If the block D is invertible, then the Schur complement of the block D of the matrix

M is defined by

M/D := A− BD−1C.

Lemma 2.2. [53] Let X be a symmetric matrix of real numbers given by X =[
A B

BT C

]
. We have the following statements:

1. X is positive definite if and only if A and its Schur complement X/A are both

positive definite; that is

X > 0 ⇐⇒ A > 0 and X/A = C − BTA−1B > 0.

2. X is positive definite if and only if C and its Schur complement X/C are both

positive definite; that is

X > 0 ⇐⇒ C > 0 and X/C = A−BC−1BT > 0.
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2.2 Linear Negative Imaginary Systems

2.2.1 NI Systems

Definition 2.6. [2, 3, 17] A square, real, rational, proper transfer function matrix

G(s) is said to be NI if the following conditions are satisfied:

1. G(s) has no poles at the origin and in Re[s] > 0.

2. j(G(jω)− G(jω)∗) ≥ 0 for all ω ∈ (0,∞) except the values of ω where jω is

a pole of G(s).

3. If s = jω0 with ω0 > 0 is a pole of G(s), then it is at most a simple pole

and the residue matrix K = lims→jω0
(s− jω0)jG(s) is Hermitian and positive

semidefinite.

The following lemma provides LMI conditions for a system to be NI as defined in

Definition 2.6.

Lemma 2.3. (NI Lemma) [2,17] Let (A,B,C,D) be a minimal state-space realisa-

tion of a p× p real-rational proper transfer function matrix G(s) where A ∈ Rn×n,

B ∈ Rn×p, C ∈ Rp×n, D ∈ Rp×p. Then G(s) is NI if and only if:

1. det(A) 6= 0, D = DT .

2. There exists a matrix Y = Y T > 0, Y ∈ Rn×n such that

AY + Y AT ≤ 0, and B + AY CT = 0.

2.2.2 Generalized NI Systems

Definition 2.7. [18] A square, real, rational, proper transfer function matrix G(s)

is said to be generalized NI if the following conditions are satisfied:

1. G(s) has no poles in Re[s] > 0.

2. j(G(jω)− G(jω)∗) ≥ 0 for all ω ∈ (0,∞) except the values of ω where jω is

a pole of G(s).

3. If s = jω0 with ω0 > 0 is a pole of G(s), then it is at most a simple pole

and the residue matrix K = lims→jω0
(s− jω0)jG(s) is Hermitian and positive

semidefinite.

4. If s = 0 is a pole of G(s), then lims→0 s
kG(s) = 0 for all k ≥ 3 and

lims→0 s
2G(s) is Hermitian and positive semidefinite.

Both Definitions 2.6 and 2.7 have been used as definitions for NI systems in the

literature. Definition 2.7 generalizes Definition 2.6 to allow for systems with poles
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at the origin. We use both of the definitions in this thesis. To avoid confusion, we

call a system satisfying Definition 2.7 a generalized NI system.

2.2.3 Strictly Negative Imaginary Systems

Definition 2.8. [17] A square real-rational proper transfer function matrix G(s)

is said to be strictly negative imaginary if the following conditions are satisfied:

1. G(s) has no poles in Re[s] ≥ 0;

2. j[G(jω)−G∗(jω)] > 0 for all ω ∈ (0,∞).

2.2.4 Output Strictly Negative Imaginary Systems

Definition 2.9. (e.g., see [28]) Let G(s) ∈ Rm×m be a real-rational, proper, stable

transfer function matrix. Then, G(s) is said to be output strictly negative-imaginary

(OSNI) if there exists a scalar δ > 0 such that

jω[G(jω)−G(jω)∗]− δω2G̃(jω)∗G̃(jω) ≥ 0,

∀ω ∈ R ∪ {∞}, where G̃(jω) = G(jω) − G(∞). The quantity δ > 0 is the level of

output strictness of the OSNI system.

Theorem 2.1. (e.g., see [28]) Let G(s) ∈ Rm×m be a real-rational, proper, stable

transfer function matrix with the minimal realization ẋ = Ax+Bu and y = Cx+Du,

where A is Hurwitz, D = DT . Let ỹ = y −Du. Let δ > 0 be a given scalar. Then,

the following statements are equivalent:

1. G(s) is OSNI with output strictness δ;

2. There exists a real matrix Y = Y T > 0 such that

AY + Y AT + δ(CAY )T (CAY ) ≤ 0, and B = −AY CT ;

3. The realization (A,B,C,D) is dissipative (see e.g. [13] for dissipativity) with

respect to the supply rate w(u, ˙̃y) = uT ˙̃y − δ
2

∥∥∥ ˙̃y
∥∥∥
2

.

2.2.5 Strongly Strictly Negative Imaginary Systems

Definition 2.10. [29] A square real-rational proper transfer function matrix G(s) is

said to be strongly strictly negative imaginary if the following conditions are satisfied:

1. G(s) is SNI.

2. limω→∞ jω[G(jω)−G∗(jω)] > 0 and limω→0 j
1
ω
[G(jω)−G∗(jω)] > 0.
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Lemma 2.4. (SSNI Lemma) [29] Given a square transfer function matrix G(s) ∈
Rp×p with a state-space realisation (A,B,C,D), where A ∈ Rn×n, B ∈ Rn×p, C ∈
Rp×n and D ∈ Rp×p. Suppose G(s) + G(−s)T has normal rank p and (A,B,C,D)

has no observable uncontrollable modes. Then A is Hurwitz and G(s) is SSNI if and

only if D = DT and there exists a matrix Y = Y T > 0 that satisfies the conditions

AY + Y AT < 0, and B + AY CT = 0.

2.2.6 Stability Results

M(s)

N(s)

Figure 2.1: Positive feedback interconnection of the transfer functions M(s) and
N(s).

Theorem 2.2. [54] Let M(s) be an NI system and N(s) be an SNI system. Then,

[M(s), N(s)] is internally stable if and only if

I −M(∞)N(∞) is nonsingular,

λmax[[I −M(∞)N(∞)]−1(M(∞)N(0)− I)] < 0,

and λmax[[I −N(0)M(∞)]−1(N(0)M(0)− I)] < 0.

Corollary 2.1. [54] Consider an NI transfer function matrix M(s) satisfying

M(∞) = 0 and an SNI system N(s). Then the positive feedback interconnection

[M(s), N(s)] shown in Fig. 2.1 is internally stable if and only if λmax(M(0)N(0)) <

1.

2.3 Nonlinear Negative Imaginary Systems

The following definition of nonlinear NI systems was introduced in [30] for SISO

systems. Consider a nonlinear system of the following form

ẋ = f(x(t), u(t)),

y = h(x(t)), (2.1)

17
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where f : Rn×R → Rn is a Lipschitz continuous function and h : Rn → R is a class

C1 function.

Definition 2.11. [30] The system (2.1) is said to be a nonlinear negative-imaginary

system if there exists a positive definite storage function V : Rn → R of class C1

such that

V̇ (x(t)) ≤ u(t)ẏ(t)

for all t ≥ 0.

2.4 Linear Systems Theory

2.4.1 Controllability and Observability

Lemma 2.5. (Eigenvector Test for Controllability) [52] The pair (A,B) is control-

lable if and only if there is no eigenvector of AT in the kernel of BT .

Lemma 2.6. (Eigenvector Test for Observability) [52] The pair (A,C) is observable

if and only if no eigenvector of A is in the kernel of C.

2.4.2 Stability

Definition 2.12. (Lyapunov Stability) [55] A square matrix A is said to be Lya-

punov stable if spec(A) ⊂ CLHP and every purely imaginary eigenvalue of A is

semisimple.

Lemma 2.7. (Lyapunov Stability Theorem - Asymptotic Stablity) [52] Consider a

continuous-time homogeneous linear time-invariant (LTI) system

ẋ = Ax, x ∈ R
n, (2.2)

the following statements are equivalent:

1. The system (2.2) is asymptotically stable.

2. All the eigenvalues of A have strictly negative real parts.

3. For every symmetric positive definite matrix Q, there exists a unique solution

P to the following Lyapunov equation

ATP + PA = −Q (2.3)

Moreover, P is symmetric and positive definite.

18
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4. There exists a symmetric positive definite matrix P for which the following

Lyapunov matrix inequality holds:

ATP + PA < 0.

Lemma 2.8. (Lyapunov Stability Theorem - Lyapunov Stable) [55] Let A ∈ R
n×n

and assume there exists a positive semidefinite matrix Q ∈ Rn×n and a positive

definite matrix P ∈ Rn×n such that (2.3) is satisfied, then A is Lyapunov stable.

2.5 Nonlinear Systems Theory

2.5.1 Lyapunov Stability Theorem

Consider the autonomous system

ẋ = f(x), (2.4)

where f : D → Rn is a locally Lipschitz map from a domain D ⊆ Rn into Rn.

Without loss of generality, assume f(0) = 0.

Definition 2.13. [15] The equilibrium point x = 0 of (2.4) is

• Lyapunov stable, if for each ǫ > 0, there is δ = δ(ǫ) > 0 such that

‖x(0)‖ < δ =⇒ ‖x(t)‖ < ǫ, ∀t ≥ 0.

• unstable if it is not Lyapunov stable.

• asymptotically stable if it is Lyapunov stable and δ can be chosen such that

‖x(0)‖ < δ =⇒ lim
t→∞

x(t) = 0.

Theorem 2.3. [15] Let x = 0 be an equilibrium point for (2.4) and D ⊆ Rn be a

domain containing x = 0. Let V : D → R be a continuously differentiable function

such that

V (0) = 0, and V (x) > 0 for all x ∈ D\{0}; (2.5)

V̇ (x) ≤ 0 for all x ∈ D. (2.6)

Then, x = 0 is stable. Moreover, if

V̇ (x) < 0 for all x ∈ D\{0},
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then x = 0 is asymptotically stable.

A function V (x) satisfying (2.5) and (2.6) is referred to as a Lyapunov function for

the system (2.4). The property (2.5) is called positive definiteness.

Definition 2.14. A function V : Rn → R is said to be positive definite on a

neighbourhood D of the origin if V (0) = 0 and V (x) > 0 for all x ∈ D\{0}.

2.5.2 LaSalle’s Invariance Principle

According to Theorem 2.3, if the system (2.4) has a Lyapunov function such that

V̇ (x) ≤ 0, then only Lyapunov stability is implied. However, if the Lyapunov

derivative V̇ (x) cannot stay identically at zero unless x ≡ 0, then we can still show

asymptotically stability using LaSalle’s invariance principle.

Let x(t) be a solution of (2.4). A point p is said to be a positive limit point of x(t)

if there is a sequence {tn}, with tn → ∞ as n → ∞, such that x(tn) → p as n → ∞.

The set of all positive limit points of x(t) is called the positive limit set of x(t). A

set M is said to be an invariant set with respect to (2.4) if

x(0) ∈ M =⇒ x(t) ∈ M, ∀t ∈ R.

A set M is said to be a positively invariant set if

x(0) ∈ M =⇒ x(t) ∈ M, ∀t ≥ 0.

The following theorem is known as LaSalle’s invariance principle.

Theorem 2.4. Let Ω ∈ D be a compact set that is positively invariant with respect

to (2.4). Let V : D → R be a continuously differentiable function such that V̇ ≤ 0

in Ω. Let E be the set of all points in Ω where V̇ (x) = 0. Let M be the largest

invariant set in E. Then every solution starting in Ω approaches M as t → ∞.

We also provide in the following a corollary that extends Theorem 2.3 using Theorem

2.4.

Corollary 2.2. [15] Let x = 0 be an equilibrium point for (2.4). Let V : D → R be

a continuously differentiable positive definite on a domain D containing the origin

x = 0, such that V̇ ≤ 0 in D. Let S = {x ∈ D|V̇ (x) = 0} and suppose that no

solution can stay identically in S, other than the trivial solution x(t) ≡ 0. Then the

origin is asymptotically stable.

Corollary 2.2 is used throughout the thesis in the proofs of asymptotic stability.
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2.6 Discrete-Time Systems

Consider a discrete-time nonlinear dynamical system

x(k + 1) = f(x(k)), k ∈ N, (2.7)

where x(k) ∈ D ⊆ Rn is the system state. Here, D is an open set, 0 ∈ D, f : D → D
and f(0) = 0. We assume that f is continuous on D.

The equilibrium point of the system (2.7) is a point x ∈ D satisfying f(x) = x for

all k ∈ N.

Definition 2.15. [56] The zero solution x ≡ 0 is

• Lyapunov stable, if for each ǫ > 0, there is δ = δ(ǫ) > 0 such that

‖x(0)‖ < δ =⇒ ‖x(k)‖ < ǫ, ∀k ∈ N.

• unstable if it is not Lyapunov stable.

• asymptotically stable if it is Lyapunov stable and δ can be chosen such that

‖x(0)‖ < δ =⇒ lim
k→∞

x(k) = 0.

Theorem 2.5. [56] Consider the discrete-time nonlinear dynamical system (2.7)

and assume there exists a continuous function V : D → R such that

V (0) = 0, and V (x) > 0 for all x ∈ D\{0}

V (f(x))− V (x) ≤ 0 for all x ∈ D.

Then the zero solution x ≡ 0 to (2.7) is Lyapunov stable. If, in addition,

V (f(x))− V (x) ≤ 0 for all x ∈ D\{0},

then the zero solution x ≡ 0 to (2.7) is asymptotically stable.

Theorem 2.6. [56] Consider the nonlinear dynamical system (2.7), assume that

Dc is a compact invariant set with respect to (2.7) such that 0 ∈ Dc, and assume

that there exists a continuous function V : Dc → R such that V (0) = 0, V (x) > 0

for all x 6= 0, and V (f(x)) − V (x) ≤ 0 for all x ∈ Dc. Furthermore, assume that

the set R := {x ∈ Dc|V (f(x)) = V (x)} contains no invariant set other than the set

{0}. Then the zero solution x(k) ≡ 0 to (2.7) is asymptotically stable.
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2.7 Graph Theory

Information exchange between agents in a networked system can be modelled by

undirected or directed graphs [57]. G = (V, E) where V = {v1, v2, · · · , vN} and

E = {e1, e2, · · · , el} ⊆ V × V describes a graph with N nodes (or vertices) and l

edges. For an undirected graph, the pairs of nodes are unordered, where the edge

(vi, vj) denotes that agents corresponding to nodes vi and vj can obtain information

from each other. A sequence of unrepeated edges in E that joins a sequence of nodes

in V defines a path. An undirected graph is connected if there is a path between

every pair of distinct nodes. For an undirected graph, the adjacency matrix denoted

by A = [aij ] ∈ RN×N is defined so that aii = 0, and for all i 6= j, aij = 1 if (vi, vj) ∈ E
and aij = 0 otherwise. D = diag{d1, d2, · · · , dn} ∈ RN×N denotes the degree matrix

where di =
∑N

j=1 aij denotes the degree of node vi. The Laplacian matrix of a graph

G is given by LN = D −A.

For a directed graph, the ordered pair of nodes (vi, vj) denotes an edge from node

vi to vj. In this thesis, for an edge (vi, vj) ∈ E in a directed graph, we also allow

agents corresponding to nodes vi and vj to obtain information from each other.

We consider a directed graph to be weakly connected if the underlying undirected

graph obtained by replacing all directed edges of the graph with undirected edges

is a connected graph. The incidence matrix Q = [qev] ∈ Rl×N of a directed graph is

defined so that the elements in Q are given by

qev :=





1 if v is the initial vertex of edge e,

−1 if v is the terminal vertex of edge e,

0 if v does not belong to edge e.

(2.8)
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Nonlinear Negative Imaginary

Systems Theory

3.1 Introduction

In this chapter, we provide some fundamental results on nonlinear NI systems. Based

on Definition 2.11, which considers SISO systems only, we provide a definition for

MIMO nonlinear NI systems. According to the new definition, a system is said to be

nonlinear NI if there exists a positive semidefinite storage function such that the time

derivative of the storage function is less than or equal to the inner product of the

system input and the derivative of the system output. The new definition also allows

for systems with free body motion such as single and double integrators. NI systems

with free body motion arise in many applications [18] such as rotary cranes [58],

flexible link manipulators [59], rotary flexible spacecraft [60], and robotics, which is

often of a nonlinear nature. Therefore, we provide a stability result for nonlinear NI

systems with free body motion in this chapter, which can be regarded as a nonlinear

generalization of the stability results in [18]. Also, we provide a separate stability

result for nonlinear NI systems without free body motion where the controller can

take a relatively simpler form.

The controllers we apply to achieve stability for nonlinear NI systems are called

nonlinear OSNI systems. We define nonlinear OSNI systems, according to the dissi-

pativity property (see Theorem 2.1) of linear OSNI systems described in Definition

2.9. We provide stability analysis for two closed-loop systems: (i) the intercon-

nection of a nonlinear NI system with positive semidefinite storage function and

a nonlinear OSNI system with a direct feedthrough; (ii) the interconnection of a

nonlinear NI system with a positive definite storage function and a nonlinear OSNI

system without a direct feedthrough. Case (i) deals with NI systems with free body
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motion while Case (ii) deals with NI systems without free body motion. Different

assumptions are required for the stability of these two closed-loop systems. Under

the given assumptions, the closed-loop interconnection is asymptotically stable if a

certain candidate Lyapunov function is positive definite. We provide examples to

illustrate both stability results. The results in this chapter have been published in

the papers [61, 62].

3.2 Definitions of Nonlinear NI and OSNI sys-

tems

In this section, definitions of nonlinear NI systems and nonlinear OSNI systems are

provided. Consider a nonlinear system H1:

H1 : ẋ1(t) = f1(x1(t), u1(t)), (3.1a)

y1(t) = h1(x1(t)), (3.1b)

where x1(t) ∈ R
n is the state, u1(t) ∈ R

p is a locally integrable input, and y1(t) ∈ R
p

is the output, f1 : R
n×Rp → Rn is a Lipschitz continuous function and h1 : R

n → Rp

is a class C1 function.

Definition 3.1. The system (3.1) is said to be a nonlinear negative imaginary (NI)

system if there exists a positive semidefinite storage function V1 : Rn → R of class

C1 such that for any input u1(t) and solution x1(t) to (3.1a),

V̇1(x1(t)) ≤ u1(t)
T ẏ1(t), (3.2)

for all t ≥ 0.

In contrast to Definition 2.11, which considers SISO systems, Definition 3.1 now

considers MIMO systems. Also, Definition 3.1 allows for systems with free body

motion by weakening the required positive definiteness condition for the storage

function in Definition 2.11 to a positive semidefiniteness condition. In the case

of linear systems, Definition 3.1 allows for systems with poles at the origin. We

illustrate this by the following example.

Example 3.1. Consider a single integrator system

ẋ = u,

y = x,
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where x, u, y ∈ R. This system has the transfer function G(s) = 1/s, which is

generalized NI according to Definition 2.7. To show that it is nonlinear NI as per

Definition 2.11, we need to find a positive definite V (x) such that V̇ (x) ≤ uẏ = u2.

Considering that V̇ (x) = ∂V (x)
∂x

ẋ = ∂V (x)
∂x

u, then ∂V (x)
∂x

= λu should hold with λ < 1.

This is impossible for a positive definite function V (x). However, if V (x) is allowed

to be positive semidefinite, then V (x) = 0 is a function that satisfies the NI condition

(3.2).

Indeed, Definition 3.1 can be regarded as a nonlinear generalization of Definition 2.7.

However, for some problems investigated in the thesis, the system of interest does not

have free body motion, and we require Definition 3.1 to be satisfied with a positive

definite storage function. Therefore, we also use the term nonlinear NI with a

positive definite storage function, which can be regarded as a nonlinear generalization

of the NI property defined in Definition 2.6.

We provide a definition of nonlinear OSNI systems in the following. Throughout the

thesis, we frequently use nonlinear OSNI systems as feedback controllers to stabilize

nonlinear NI systems. Consider a nonlinear system H2 with the following state-space

model:

H2 : ẋ2(t) = f2(x2(t), u2(t)), (3.3a)

y2(t) = h2(x2(t)) +D2u2(t), (3.3b)

where x2(t) ∈ Rm is the state, u2(t) ∈ Rp is a locally integrable input, and y2(t) ∈ Rp

is the output, f2 : R
m ×Rp → Rm is a Lipschitz continuous function, h2 : R

m → Rp

is a class C1 function and D2 ∈ R
p×p is a symmetric matrix; i.e., D2 = DT

2 .

Definition 3.2. The system (3.3) is said to be a nonlinear output strictly negative-

imaginary (OSNI) system if there exists a positive semidefinite storage function

V2 : R
m → R of class C1 and a scalar ǫ > 0 such that

V̇2(x2(t)) ≤ u2(t)
T ˙̃y2(t)− ǫ

∥∥∥ ˙̃y2(t)
∥∥∥
2

, (3.4)

for all t ≥ 0, where ỹ2(t) = h2(x2(t)). In this case, we also say that system (3.3) is

nonlinear OSNI with degree of output strictness ǫ.
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H1
y1

u2y2

u1

H2

Figure 3.1: Closed-loop interconnection of a nonlinear NI system H1 and a nonlinear
OSNI system H2.

3.3 Stability for the inteconnection of a nonlinear

NI system and a nonlinear OSNI system

In this section, we consider the stability of the closed-loop system shown in Fig. 3.1.

Before presenting these stability results, we need to make some assumptions.

For the system H1 with the state-space model (3.1), we suppose the following as-

sumption is satisfied.

Assumption 3.1. Consider a constant input u1(t) ≡ u1 applied to the system H1

such that H1 is in a steady state; i.e., x1(t) ≡ x1 and y1(t) = h1(x1) ≡ y1 are

also constants. For any constant input u1 and corresponding constant output y1, we

suppose that uT
1 y1 ≥ 0.

Assumption 3.1 corresponds to a property of all linear NI systems as stated in

Lemma 2 in [2]. Although this property holds for all linear NI systems, it does not

hold for some special nonlinear systems. Hence, we make this assumption in order

to exclude these cases.

For the system H2 with the state-space model (3.3), we suppose that the following

assumption is satisfied.

Assumption 3.2. Consider a constant input u2(t) ≡ u2 applied to the system H2

such that H2 is in a steady state; i.e., x2(t) ≡ x2 and y2(t) = h2(x2) ≡ y2 are

also constants. For any constant input u2 and corresponding constant output y2, we

suppose that uT
2 y2 ≤ −γ‖u2‖2 with γ > 0.

It might be observed that as nonlinear OSNI systems is also a nonlinear NI system

with an additional direct feedthrough, Assumption 3.2 seems to be in conflict with

Assumption 3.2 if the latter was applied to H2. In fact, Assumption 3.2 can be

satisfied because of the term D2u2(t) in the output equation (3.3b). Note that when

stability is considered for feedback controlled nonlinear NI systems, Assumption

3.2 only poses a restriction on the choice of controllers. Hence, we can suppose

Assumption 3.2, and Assumptions 3.3 and 3.4 below hold for the nonlinear OSNI

26



New Results in Negative Imaginary Systems Theory

controllers without loss of generality in the nonlinear NI plants to which our results

are applicable.

In addition to the above assumptions, both of the systems H1 and H2 are assumed

to satisfy the following Assumptions 3.3 and 3.4. For the system H1 with input

u1(t), state x1(t) and output y1(t) = h1(x1(t)) described by the state-space model

(3.1) and the system H2 with input u2(t), state x2(t) and the auxiliary output

ỹ2(t) = h2(x2(t)) described by the state-space model (3.3), we suppose for i = 1 and

2, the following conditions are satisfied.

Assumption 3.3. Over any time interval [ta, tb] where tb > ta, hi(xi(t)) remains

constant if and only if xi(t) remains constant; i.e., ḣi(xi(t)) ≡ 0 ⇐⇒ ẋi(t) ≡ 0.

Moreover, hi(xi(t)) ≡ 0 ⇐⇒ xi(t) ≡ 0.

Assumption 3.4. Over any time interval [ta, tb] where tb > ta, xi(t) remains con-

stant only if ui(t) remains constant; i.e., xi(t) ≡ xi =⇒ ui(t) ≡ ui. Moreover,

xi(t) ≡ 0 =⇒ ui(t) ≡ 0.

Assumptions 3.3 and 3.4 are nonlinear generalizations of standard properties for

linear systems. Assumption 3.3 is an observability assumption. Assumption 3.4

requires all inputs to affect the system dynamics, which can be supposed without

loss of generality. In the case of linear systems, Assumption 3.4 corresponds to the

matrix B in the realization (A,B,C,D) of the linear system having full column

rank.

Theorem 3.1. Consider the positive feedback interconnection of the system H1 with

state-space model (3.1) and the system H2 with state-space model (3.3), as shown in

Fig. 3.1. Suppose that Assumptions 3.1—3.4 are satisfied, and the function, defined

as

W (x1, x2) := V1(x1) + V2(x2)− h1(x1)
Th2(x2)−

1

2
h1(x1)

TD2h1(x1), (3.5)

is positive definite, where V1(x1) and V2(x2) are positive semidefinite storage func-

tions that satisfy (3.2) for the system H1 and (3.4) for the system H2, respectively.

Then, the closed-loop interconnection of the systems H1 and H2 is asymptotically

stable.

Proof. According to the nonlinear NI property (3.2) for the system H1, the nonlinear

OSNI property (3.4) for the system H2 and the system setting u1(t) ≡ y2(t) and

u2(t) ≡ y1(t) in Fig. 3.1, we have

V̇1(x1) ≤ uT
1 ẏ1 = yT2 ẏ1 = [h2(x2) +D2u2]

T ḣ1(x1) = [h2(x2) +D2y1]
T ḣ1(x1)

= [h2(x2) +D2h1(x1)]
T ḣ1(x1); (3.6)
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V̇2(x2) ≤ uT
2
˙̃y2 − ǫ‖ ˙̃y2‖2 = yT1

˙̃y2 − ǫ‖ ˙̃y2‖2 = h1(x1)
T ḣ2(x2)− ǫ‖ḣ2(x2)‖2, (3.7)

where the above equalities also use (3.1b) and (3.3b). We now apply the Lyapunov

stability theorem (Theorem 2.3) to prove stability. We obtain the time derivative of

the function W (x1, x2) in (3.5) using (3.6) and (3.7):

Ẇ (x1, x2) = V̇1(x1) + V̇2(x2)− ḣ1(x1)
Th2(x2)− h1(x1)

T ḣ2(x2)− h1(x1)
TD2ḣ1(x1)

≤ [h2(x2) +D2h1(x1)]
T ḣ1(x1) + h1(x1)

T ḣ2(x2)− ǫ‖ḣ2(x2)‖2

− ḣ1(x1)
Th2(x2)− h1(x1)

T ḣ2(x2)− h1(x1)
TD2ḣ1(x1)

=− ǫ‖ḣ2(x2)‖2

≤ 0. (3.8)

From this it follows that Ẇ (x1, x2) = 0 is only possible when ḣ2(x2) = 0. Hence,

Ẇ (x1, x2) can remain zero only if ḣ2(x2) remains zero; i.e., Ẇ (x1, x2) ≡ 0 implies

ḣ2(x2(t)) ≡ 0. According to Assumptions 3.3 and 3.4, ḣ2(x2(t)) ≡ 0 implies ẋ2(t) ≡
0, which implies that u2(t) ≡ u2 remains constant. Hence, the system H2 is in

a steady state. According to the system setting in Fig. 3.1, y1(t) ≡ u2(t). Hence,

using Assumptions 3.3 and 3.4, ẏ1(t) ≡ 0 implies ẋ1(t) ≡ 0, which implies u1(t) ≡ u1

remains constant. Thus, the system H1 is also in a steady state. Then, according

to Assumption 3.2, we have

uT
2 y2 ≤ −γ‖u2‖2 (3.9)

for some γ > 0. If u2 = 0, then uT
2 y2 = 0. According to Assumptions 3.3 and

3.4, and the system setting in Fig. 3.1, u2 = 0 sequentially implies y1 = 0, x1 = 0,

u1 = 0, y2 = 0, x2 = 0. Hence, in this case, the system is in equilibrium. Otherwise,

if u2 6= 0, then from (3.9), we have

uT
2 y2 < 0. (3.10)

Also, according to Assumption 3.1, we have

uT
1 y1 ≥ 0. (3.11)

According to the system setting in Fig. 3.1, we have u1 = y2 and y1 = u2. Hence,

(3.11) can be rewritten as uT
2 y2 ≥ 0, which contradicts (3.10). Thus, we can conclude

that Ẇ (x1, x2) cannot remain zero unless (x1, x2) = (0, 0). Thus, according to

LaSalle’s invariance principle (see Corollary 2.2), W (x1, x2) will keep decreasing

until W (x1, x2) = 0. Hence, the equilibrium at (x1, x2) = (0, 0) of the closed-loop

interconnection is asymptotically stable.
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Remark 3.1. In Theorem 3.1, the positive definiteness of the candidate Lyapunov

function (3.5) is one of the conditions of the theorem. In the linear case, the DC gain

condition implies the positive definiteness of the candidate Lyapunov function of the

interconnection of an NI system and an SNI system (see, for example, [2]). How-

ever, in the nonlinear case, the positive definiteness of (3.5) does not automatically

follow from Assumption 3.2, which is a nonlinear version of the DC gain condition.

This is due to the nonlinear nature of the problem and the non-quadratic nature of

the storage function (3.5). However, since the purpose of controller synthesis is to

find suitable controllers for given plants, this positive definiteness condition and the

assumptions on the controllers pose no restriction on the nonlinear plants to which

this theorem can be applied. The theorem is applicable to all nonlinear NI plants

given in (3.1) satisfying Assumptions 3.1, 3.3 and 3.4, which, as has been explained,

are all mild assumptions.

We consider feedback stability for the system H1 as given in (3.1) in the case that it

is nonlinear NI with a positive definite storage function. This excludes systems with

free body motion. However, such a system can be stabilized using a nonlinear OSNI

controller without a direct feedthrough. Also, instead of requiring Assumptions

3.1 and 3.2 to be satisfied for H1 and H2 respectively, we suppose the open-loop

interconnection of H1 and H2 satisfies Assumption 3.5 in the following.

Assumption 3.5. Given any nonzero constant input u1 for the system H1, we

obtain a corresponding output y1(t). Set the input of the system H2 to be u2(t) ≡
y1(t) in the open-loop interconnection shown in Fig. 3.2. If the corresponding output

of the system H2 is constant; i.e., y2(t) ≡ y2, we suppose that

u1 6= y2. (3.12)

u1 y1 u2 y2
H1 H2

Figure 3.2: Open-loop interconnection of a nonlinear NI system and a nonlinear
OSNI system.

Theorem 3.2. Suppose the system H1 given in (3.1) is nonlinear NI with a positive

definite storage function V1(x1), and the system H2 given in (3.3) has D2 = 0

and is nonlinear OSNI with a positive definite storage function V2(x2). Suppose

Assumptions 3.3—3.5 are satisfied and the function

W̃ (x1, x2) := V1(x1) + V2(x2)− h1(x1)
Th2(x2), (3.13)
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is positive definite, then the closed-loop interconnection of the systems H1 and H2

as shown in Fig. 3.1 is asymptotically stable.

Proof. We apply Lyapunov stability theorem and use W̃ (x1, x2) given in (3.13) as a

candidate Lyapunov function. Taking the time derivative of the function W (x1, x2)

with (3.2) and (3.4) also used, we obtain:

˙̃
W (x1, x2) = V̇1(x1) + V̇2(x2)− uT

1 ẏ1 − uT
2 ẏ2 ≤ −ǫ‖ẏ2‖2 ≤ 0. (3.14)

This inequality shows that the system is Lyapunov stable. We will prove in the

following that the equilibrium point at (x1, x2) = (0, 0) is asymptotically stable.

According to (3.14),
˙̃
W (x1, x2) = 0 can only hold when ẏ2 = 0. In other words,

˙̃
W (x1, x2) cannot remain zero unless ẏ2 remains zero. According to Assumptions

3.3 and 3.4, ẏ2(t) ≡ 0 implies ẋ2(t) ≡ 0, which implies that u2(t) remains constant.

According to the system setting u2(t) ≡ y1(t), we have that ẏ1(t) ≡ 0, which implies

ẋ1(t) ≡ 0 and in the sequel that u̇1(t) remains constant. Since u1(t) and y2(t) both

remain constant; i.e., u1(t) ≡ u1 and y2(t) ≡ y2. If u1 6= 0, then according to

Assumption 3.5, y2 6= u1, which contradicts the system setting that u1(t) ≡ y2(t).

Therefore, we have u1 = y2 = 0. Then according to Assumptions 3.3 and 3.4,

y2(t) ≡ 0 implies that x2(t) ≡ 0, which implies u2(t) ≡ 0. Also, y1(t) ≡ u2(t) ≡ 0

implies x1(t) ≡ 0. In this case, the system is already at the equilibrium. This implies

that Ẇ (x1, x2) cannot remain zero unless (x1, x2) = (0, 0). Hence, W̃ (x1, x2) will

keep decreasing until x1 = x2 = 0. According to LaSalle’s invariance principle, it

follows that the equilibrium point of the closed-loop interconnection of H1 and H2

at (x1, x2) = (0, 0) is asymptotically stable.

3.4 Illustrative Examples

We provide two illustrative examples for the stability results presented in Theorems

3.1 and 3.2.

3.4.1 Example: stabilizing a nonlinear NI system with free

body motion

Consider a nonlinear single integrator with the state-space model:

ẋ = u3, (3.15a)

y = x, (3.15b)
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where x, u, y ∈ R. This system is nonlinear NI with the storage function

V (x) = 0,

which is positive semidefinite and satisfies

V̇ (x) = 0 ≤ u4 = uẏ.

We aim to find a nonlinear OSNI controller of the form (3.3) to stabilize the nonlinear

NI system (3.15). We consider the following system

ẋc =− xc + uc, (3.16a)

yc = xc − 10uc, (3.16b)

where xc, uc, yc ∈ R. This system is nonlinear OSNI with the storage function

Vc(xc) =
1

2
x2
c ,

which satisfies

V̇c(xc) ≤ ucẋc − ǫẋ2
c ,

for ǫ ∈ (0, 1]. Now we show that Assumption 3.1 is satisfied by the system (3.15).

Given a constant input u, if the the output is also a constant y, then we have that

0 = ẏ = ẋ = u3. Hence, u = 0 and uTy ≥ 0. Now we show that Assumption 3.2

is satisfied by the system (3.16). If both uc and yc are constants, then xc is also

a constant, which we denote by xc. Considering 0 = ẋc = −xc + uc, we have that

uc = xc. Therefore, yc = xc − 10xc = −9xc. We have that uT
c yc = −9x2

c ≤ −γx2
c for

some γ ∈ (0, 9]. Assumptions 3.3 and 3.4 are also satisfied. We now construct the

candidate Lyapunov function W using the formula (3.5). We have

W (x, xc) =
1

2
x2
c − xxc + 5x2,

which is positive definite and hence the interconnection of the systems (3.15) and

(3.16) is asymptotically stable according to Theorem 3.1. This can be verified using

a simulation. Let the initial state of the plant be x = 2 and the initial state of the

controller be xc = 0. It can be observed from Fig. 3.3 that the state trajectories

of the closed-loop system converge to the origin. Because of the cubic nonlinearity

in the plant, its state have different rates of convergence in the domains where the

state are far and close to zero. Therefore, a log scale is used for the time axis in

Fig. 3.3.
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State Trajectories

Time (s)

S
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x1

xc

Figure 3.3: The state trajectories of the closed-loop interconnection of the systems
(3.15) and (3.16) converge to the origin.

3.4.2 Example: stabilizing a nonlinear NI system without

free body motion

Consider a mass-spring system with an additional nonlinear spring, which has the

following state-space model:

ẋ1 = x2, (3.17a)

ẋ2 =− x3
1 − x1 + u, (3.17b)

y = x1, (3.17c)

where x1, x2, u, y ∈ R. This system is nonlinear NI with the positive definite storage

function

V (x1, x2) =
1

4
x4
1 +

1

2
x2
1 +

1

2
x2
2,

which satisfies

V̇ (x1, x2) = x3
1x2 + x1x2 + x2(−x3

1 − x1 + u) = ux2 = uẏ.

We aim to find a nonlinear OSNI controller to achieve closed-loop asymptotic sta-

blility. A suitable such system is

ẋc =− 3

2
xc + uc, (3.18a)

yc = xc, (3.18b)

where xc, uc, yc ∈ R. This system is nonlinear OSNI with the storage function

Vc(xc) =
3

4
x2
c ,

32



New Results in Negative Imaginary Systems Theory

which is positive definite and satisfies

V̇c(xc) ≤ ucẏc − ǫẏ2c ,

for ǫ ∈ (0, 1]. Assumptions 3.3 and 3.4 are satisfied by the systems (3.17) and (3.18).

We now show that Assumption 3.5 is satisfied. Suppose that the systems (3.17) and

(3.18) are interconnected as shown in Fig. 3.2; i.e., uc ≡ y. In this case, if yc is a

constant, then so is xc. Then ẋc = 0 and hence uc is a constant and uc ≡ 3
2
xc ≡ 3

2
yc.

Therefore, according to the open-loop setting, we have y ≡ uc ≡ 3
2
yc. This implies

that x1 ≡ y is also a constant, which implies x2 ≡ 0. According to (3.17b), we have

that u is also a constant and u ≡ x3
1+x1 ≡ 27

8
y3c+

3
2
yc. If u = yc, then

27
8
y3c+

1
2
yc = 0,

which implies yc ≡ 0 and, in the sequel, u ≡ 0. Therefore, Assumption 3.5 is

satisfied. We now construct the function W as given in (3.13).

W (x1, x2, xc) =
1

4
x4
1 +

1

2
x2
1 +

1

2
x2
2 +

3

4
x2
c − x1xc,

which is positive definite and hence is a Lyapunov function which establishes the

stability of the closed-loop interconnection of the systems (3.17) and (3.18). This

can be verified using a simulation. Let the initial states of the plant be

[
x1

x2

]
=

[
1

−1

]

and the initial state of the controller be xc = 0. It can be observed from Fig. 3.4

that the state trajectories of the closed-loop system converge to the origin.

State Trajectories

Time (s)

S
ta
te

−1.5

−1

−0.5

0.5

1.5

0

0

1

5 10 15 20 25 30

x1

x2

xc

Figure 3.4: The state trajectories of the closed-loop interconnection of the systems
(3.17) and (3.18) converge to the origin.

3.5 Conclusion

In this chapter, we provided a new definition of nonlinear NI systems. We also

provided the definition of nonlinear OSNI systems, which are applied as feedback

controllers to stabilize NI plants. We provided two stability results for the stability
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of nonlinear NI systems with and without free body motion. The stability results

are then illustrated using two examples.
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Chapter 4

State Feedback Equivalence to

Negative Imaginary Systems

4.1 Introduction

In Chapters 1–3, we have shown that NI systems theory is useful because (i) the

NI property arises in many control applications; (ii) the NI property has physical

interpretations both in mechanical systems and electrical circuits; (iii) feedback

stability results have been established for NI systems. Considering the importance

of NI systems theory, we wonder whether it can be applied to a broader class of

systems. In other words, we would like to make a system NI so that system analysis

and controller synthesis can follow from the framework established for NI systems. In

this chapter, we aim to use state feedback control to make a linear system NI.

A similar problem, which considers making a system PR using state feedback con-

trol, has been investigated in many papers (e.g., see [63, 64]) in order to achieve

stabilization. For example, [64] renders a linear system PR and this result is then

generalized to nonlinear systems in [65] using passivity theory. Further nonlinear

generalizations of these ideas are presented in the papers [66–69]. In these papers,

such PR or passivity state feedback equivalence results are then applied to stabilize

systems with specific nonlinearities.

One of the necessary and sufficient conditions for state feedback equivalence to a

passive or PR system is that the original system must have relative degree one. This

restriction stems from the nature of passivity and PR systems and, as a result, rules

out a wide variety of control systems with relative degree two, such as mechanical

systems with force actuators and position sensors. Since NI systems can have relative

degree less than or equal to two, the results in the present chapter can overcome
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this limitation.

We investigate necessary and sufficient conditions under which a linear system with

the minimal realization (A,B, C) is state feedback equivalent to an NI system. Sup-

pose the system has no zeros at the origin. We show that such a system can be

made NI via the use of state feedback control if and only if (a) it can be output

transformed into a system with relative degree less than or equal to two; and (b)

the transformed system is weakly minimum phase. The idea of applying an output

transformation comes from the fact that a system in general does not always have a

relative degree vector and hence does not always have a normal form (see e.g. [14]).

However, we show that the property of NI state feedback equivalence is invariant

under a nonsingular output transformation because its effect can be compensated

for by an additional input transformation. Moreover, we show that a system can be

made OSNI if and only if it can be made NI. In particular, we show that a system

is state feedback equivalent to a strongly strictly negative imaginary (SSNI) system

if and only if it has a relative degree vector {1, · · · , 1} and is minimum phase. The

proposed NI state feedback equivalence results are then applied to asymptotically

stabilize an uncertain system with SNI uncertainty.

This work is important because simple necessary and sufficient conditions for NI

state feedback equivalence are provided for a general linear system. The conditions

are stated as a relative degree and minimum phase condition, which is easy to verify.

We also provide results for the special cases in which a system has relative degree

of either one or two. This work also contributes in providing a method to stabilize

systems with SNI uncertainty by making the plant NI. Indeed, the problem of making

a system NI using state feedback was also considered in [3] and [70]. However, the

NI state feedback control results in [3] and [70] are given in terms of the existence

of solutions to LMIs or Riccati equations, which may be difficult to solve. Also, we

provide necessary and sufficient conditions while [3] and [70] only provide sufficient

conditions. In addition, we provide explicit formulas for the construction of the

required state feedback control input. The contents of this chapter are included in

the papers [71] and [72].

4.2 NI State Feedback Equivalence

In this section, we provide the main results of this chapter by deriving necessary

and sufficient conditions under which a system is state feedback equivalent to an NI

system and an OSNI system, respectively. Consider a system with the state-space
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model:

ẋ = Ax+ Bu, (4.1a)

y = Cx, (4.1b)

where x ∈ R
n is the state, u ∈ R

p is the input and y ∈ R
p is the output. Here,

A ∈ Rn×n, B ∈ Rn×p and C ∈ Rp×n. We assume that rank(B) = rank(C) = p.

It will be shown later in this section that one essential condition for NI state feedback

equivalence is on a system’s relative degree. We provide the following definition of

the relative degree vector for the system (4.1).

Definition 4.1. (see also [14, 73]) A vector r = {r1, · · · , rp} ∈ Np is called the

relative degree vector of system (4.1) if the following conditions are satisfied:

1. For all i = 1, · · · , p,

CiAjB = 0 for j = 0, · · · , ri − 2;

and H(r)i := CiAri−1B 6= 0. (4.2)

2. det(H(r)) 6= 0.

Here Ci denotes the i-th row of the matrix C ∈ R
p×n and

H(r) =




C1Ar1−1B
...

CpArp−1B


 . (4.3)

Condition 1 in Definition 4.1 indicates that the i-th output has its ri-th time deriva-

tive depending explicitly on the inputs.

As is explained in [73], in the case that (4.1) is a MIMO system; i.e., p ≥ 2,

Condition 2 in Definition 4.1 is not always satisfied. The components in the relative

degree vector r are invariant under a nonsingular state transformation. However,

a nonsingular output transformation can change the components in the vector r

and in some cases transform the realization (A,B, C) to (A,B, C̃), where C̃ = TyC,
Ty ∈ Rp×p and det(Ty) 6= 0, which satisfies Condition 2 in Definition 4.1.

Note that in general there does not always exist an output transformation for a

system of the form (4.1) such that the resulting system has a relative degree vector.

In what follows, we need the following notion of a leading incomplete relative degree

vector [73].
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Definition 4.2. [73] A vector r = {r1, ..., rp} ∈ Np is called a leading incomplete

relative degree (LIRD) vector of the system (4.1) if the following conditions are

satisfied:

1. For all i = 1, · · · , p,

CiAjB = 0 for j = 0, · · · , ri − 2;

and CiAri−1B 6= 0.

2. ri ≤ ri+1 for i = 1, · · · , p− 1.

3. For any set of pairwise distinct indices i1, · · · , iq ∈ {1, 2, · · · , p} such that

ri1 = ri2 = · · · = riq , the rows H(r)i1, · · · , H(r)iq are linearly independent,

where H(r) is defined in (4.3) and H(r)i is defined in (4.2).

As is explained in [73] and [74], if a LIRD vector is such that all rows in H(r) are

linearly independent, then this LIRD vector is a relative degree vector as defined in

Definition 4.1. This relationship can also be observed by comparing Definitions 4.1

and 4.2.

Lemma 4.1. [74] For any controllable system with the realization (A,B, C), there
exists a nonsingular output transformation such that the resulting system has an

LIRD vector.

Proof. This follows directly from Remark 4 and Lemma 4 in [74].

We consider systems whose relative degree vector only consists of components that

are less than or equal to two. We show later that this is one of the necessary

conditions for state feedback equivalence to NI systems.

Definition 4.3. The system (4.1) is said to have relative degree less than or equal

to two if it has a relative degree vector r = {r1, · · · , rp}, where 1 ≤ ri ≤ 2 for all

i = 1, · · · , p.

4.2.1 State feedback equivalence to NI systems

In this section, we derive conditions for the NI state feedback equivalence of the

system (4.1) by investigating an auxiliary system. The auxiliary system is obtained

by transforming the system (4.1) into a form which has a relative degree vector via

the use of an output transformation. The existence of such an output transformation

will be shown later to be a necessary condition for NI state feedback equivalence.

First, we show in the following that the property of NI state feedback equivalence
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is invariant under a nonsingular output transformation. State feedback equivalence

to an NI system is defined as follows.

Definition 4.4. A system in the form of (4.1) is said to be state feedback equivalent

to an NI system if there exists a state feedback control law

u = Kxx+Kvv,

with Kx ∈ Rp×n and Kv ∈ Rp×p, such that the resulting closed-loop system with the

new input v ∈ Rp is minimal and NI.

Note that state feedback equivalence problems do not allow for a change of output.

However, they allow for a free change of inputs. We show in the following two

lemmas that for system (4.1), its NI state feedback equivalence property is invariant

under a nonsingular output transformation.

Lemma 4.2. Suppose T ∈ R
p×p is nonsingular. Then the transfer function matrix

TG(s)T T is NI if and only if G(s) is NI.

Proof. The proof is based on Definition 2.6. G(s) is NI if and only if Conditions

1, 2 and 3 in Definition 2.6 are satisfied. However, the positive definiteness (semi-

definiteness) of the matrices in Conditions 1, 2 and 3 in Definition 2.6 is invariant

under the transformation G(s) 7→ TG(s)T T .

The following lemma shows that state feedback equivalence to an NI system is

invariant under state, input and output transformations, which will be used in the

process of making a system NI.

Lemma 4.3. Consider the system (4.1) and the state, input and output transfor-

mations x̃ = Txx, ũ = Tuu and ỹ = Tyy, where Tx ∈ Rn×n, Tu, Ty ∈ Rp×p are

nonsingular. Then the system (4.1) is state feedback equivalent to an NI system if

and only if the transformed system is also state feedback equivalent to an NI system.

Proof. If the transformed system with state x̃, input ũ and output ỹ is state feedback

equivalent to an NI system, then there exists a control law

ũ = Kxx̃+Kvṽ,

under which the system with input ṽ and output ỹ is minimal and NI. According

to Lemma 4.2, now the system with output y = T−1
y ỹ and input v = T T

y ṽ is also

minimal and NI. This means that the original system with state x, input u and

output y is also state feedback equivalent to an NI system. The corresponding
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feedback control law can be derived as shown in the following:

u = T−1
u ũ = T−1

u (Kxx̃+Kvṽ) = T−1
u (KxTxx+KvT

−T
y v). (4.4)

This completes the sufficiency part of the proof. Since the state, input and output

transformation matrices Tx, Tu and Ty are all nonsingular, the necessity part of the

proof follows in the same manner as the sufficiency part with the inverses of the

transformations considered.

Consider the case that there exists an output transformation ỹ = Tyy, where

Ty ∈ Rp×p and det Ty 6= 0, that transforms the system (4.1) into a form with a

relative degree vector r = {r1, · · · , rp}. Let C̃ = TyC ∈ R
p×n, then we can write the

transformed system in the form:

ẋ = Ax+ Bu, (4.5a)

ỹ = C̃x, (4.5b)

where rank(B) = rank(C̃) = p. For ease of presentation of our main NI state

feedback equivalence results, we aim to transform the system (4.5) into a normal

form. We show in the following lemma that this is always achievable via input and

state transformations in the case that the system (4.5) has relative degree less than

or equal to two.

Lemma 4.4. Suppose the system (4.5) has relative degree less than or equal to

two. Then there exist input and state transformations that transform (4.5) into the

following normal form:

ż = A00z + A01x1 + A02x2 + A03x3, (4.6a)

ẋ1 = A10z + A11x1 + A12x2 + A13x3 + u1, (4.6b)

ẋ2 = x3, (4.6c)

ẋ3 = A30z + A31x1 + A32x2 + A33x3 + u2, (4.6d)

ỹ =

[
x1

x2

]
, (4.6e)

where x̃ =
[
zT xT

1 xT
2 xT

3

]T
∈ Rn is the state, ũ =

[
uT
1 uT

2

]T
∈ Rp is the

input and ỹ ∈ Rp is the output of the transformed system. Here, x1, u1 ∈ Rp1

and x2, x3, u2 ∈ Rp2, where 0 ≤ p1 ≤ p and p2 := p − p1. Also, z ∈ Rm, where

m := n− p− p2.

Proof. Without loss of generality, suppose the components in the relative de-
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gree vector r of the system (4.5) are sorted in nondecreasing order, i.e., r =

{1, · · · , 1, 2 · · · , 2}. Let p1 (0 ≤ p1 ≤ p) be the number of ones in r and p2 = p− p1

be the number of twos in r. Also, define the following matrices:

C̃O =




C̃1
...

C̃p1


 ∈ R

p1×n, and C̃T =




C̃p1+1

...

C̃p


 ∈ R

p2×n,

where C̃i is the i-th row in the matrix C̃. Hence, C̃O is the block matrix in C̃ which

determines the output entries corresponding to the ones in r. C̃T is the block matrix

in C̃ which determines the output entries corresponding to the twos in r. According

to Definition 4.1, we have that rank(C̃OB) = p1, C̃TB = 0 and rank(C̃TAB) = p2.

Also, Condition 2 in Definition 4.1 implies that

det

[
C̃OB
C̃TAB

]
6= 0. (4.7)

Therefore, the rows of the matrix

[
C̃O
C̃TA

]
are linearly independent. Since rank(C) =

p and det Ty 6= 0, then rank(C̃) = p. Hence, C̃T has full row rank. Also, according

to Condition 1 in Definition 4.1, we have that C̃TB = 0. Then we can prove by

contradiction that the rows of C̃T are linearly independent of the rows of

[
C̃O
C̃TA

]
.

Indeed, suppose there exists a row (C̃T )κ of C̃T , which is a linear combination of the

rows of

[
C̃O
C̃TA

]
. Then (C̃T )κB 6= 0 according to (4.7), which contradicts the equation

C̃TB = 0. Therefore, the matrix




C̃O
C̃T
C̃TA


 has full row rank. Define the new state as

x1 = C̃Ox,
x2 = C̃Tx,
x3 = ẋ2 = C̃TAx.

We also need a complementary state z ∈ Rm where m := n − p − p2 ≥ 0. Let

z = C̃zx, where C̃z is such that C̃zB = 0 and the matrix Tx =




C̃z
C̃O
C̃T
C̃TA



is nonsingular.
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Let x̃ = Txx be the new state. Also, let ũ =

[
u1

u2

]
=

[
C̃O
C̃TA

]
Bu. According to (4.7),

the input transformation matrix Tu =

[
C̃O
C̃TA

]
B is nonsingular. The new system has

a state-space model

d

dt




z

x1

x2

x3



= TxAT−1

x




z

x1

x2

x3



+




0

u1

0

u2



, (4.8a)

ỹ =

[
0 I 0 0

0 0 I 0

]



z

x1

x2

x3



. (4.8b)

By considering the blocks of TxAT−1
x including the relation ẋ2 = x3, we can write

(4.8) in the form (4.6).

We now consider necessary and sufficient conditions under which the system (4.6) is

state feedback equivalent to an NI system. For the system (4.6), choose the control

inputs u1 and u2 to be

u1 = v1 + (K10 − A10)z + (K11 − A11)x1 + (K12 − A12)x2 + (K13 −A13)x3; (4.9)

u2 = v2 + (K20 − A30)z + (K21 − A31)x1 + (K22 − A32)x2 + (K23 −A33)x3, (4.10)

which allows the system (4.6) to be represented by the form

˙̃x = Ax̃+Bṽ, (4.11a)

ỹ = Cx̃, (4.11b)

where ṽ =

[
v1

v2

]
is the new input and

A =




A00 A01 A02 A03

K10 K11 K12 K13

0 0 0 I

K20 K21 K22 K23



, (4.12)
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B =




0 0

I 0

0 0

0 I



, (4.13)

C =

[
0 I 0 0

0 0 I 0

]
. (4.14)

We need to find the state feedback matrices

K10 ∈ R
p1×m, K11 ∈ R

p1×p1 , K12 ∈ R
p1×p2, K13 ∈ R

p1×p2, K20 ∈ R
p2×m, K21 ∈ R

p2×p1,

K22 ∈ R
p2×p2, and K23 ∈ R

p2×p2 (4.15)

such that the system (4.11) is minimal and NI. The following lemma provides nec-

essary and sufficient conditions for such state feedback matrices to exist.

Lemma 4.5. Suppose the system (4.6) satisfies detA00 6= 0. Then it is state feed-

back equivalent to an NI system if and only if it is controllable and A00 is Lyapunov

stable.

Proof. The system (4.6) is state feedback equivalent to an NI system if and only if

there exist state feedback matrices (4.15) such that the system (4.11) is NI and the

realization (A,B,C) in (4.12)–(4.14) is minimal.

First, we prove that the controllability of the system (4.6) is equivalent to the

controllability of the system (4.11). Let

Ă =




A00 A01 A02 A03

A10 A11 A12 A13

0 0 0 I

A30 A31 A32 A33



.

Then we need to prove that the controllability of (Ă, B) is equivalent to that of

(A,B). Applying the eigenvector test for controllability (see Lemma 2.5), (Ă, B)

is controllable if and only if any non-zero vector in the kernal of BT is not an

eigenvector of ĂT . Considering the structure of B in (4.13), a non-zero vector

η ∈ ker(BT ) must take the form η =
[
ηT1 0 ηT3 0

]T
, where η1 6= 0 or η3 6= 0.
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Therefore, for any scalar λc, we have that Ă
T η 6= λcη. Substituting for Ă, we obtain




AT
00η1

AT
01η1

AT
02η1

AT
03η1 + η3



6= λc




η1

0

η3

0




(4.16)

for any scalar λc. This condition depends only on the matrices A00, A01, A02 and

A03, which form the common first block row of the matrices Ă and A. Hence, the

controllability of (Ă, B) is equivalent to that of (A,B).

Sufficiency. The condition (4.16) is satisfied if and only if for any eigenvector η1

of AT
00 with eigenvalue λc, we have that AT

01η1 6= 0 or

[
AT

02η1

AT
03η1 + η3

]
6= λc

[
η3

0

]
. The

condition AT
01η1 6= 0 holds if and only if (A00, A01) is controllable. The condition[

AT
02η1

AT
03η1 + η3

]
6= λc

[
η3

0

]
holds if and only if for any η3 = −AT

03η1, we have that

AT
02η1 6= λcη3 = −λcA

T
03η1 = −AT

03A
T
00η1. That is (A

T
03A

T
00 +AT

02)η1 6= 0, which holds

if and only if (A00, A00A03+A02) is controllable. Therefore, we conclude that (A,B)

is controllable if and only if (A00, A01) or (A00, A00A03 + A02) is controllable.

We now derive necessary and sufficient conditions under which (A,C) is observable.

Given the structure of C in (4.14), any non-zero vector σ ∈ ker(C) must take the

form σ =
[
σT
1 0 0 σT

4

]T
, where σ1 6= 0 or σ4 6= 0 . According to the eigenvector

test for observability (see Lemma 2.6), (A,C) is observable if and only if Aσ 6= λoσ

for any scalar λo. Substituting A from (4.12), we obtain




A00σ1 + A03σ4

K10σ1 +K13σ4

σ4

K20σ1 +K23σ4



6= λo




σ1

0

0

σ4



. (4.17)

When σ4 6= 0, (4.17) is always true. Now we consider the case that σ1 6= 0 and

σ4 = 0. In this case, (4.17) becomes




A00σ1

K10σ1

0

K20σ1



6= λo




σ1

0

0

0



,

which holds if and only if K10σ1 6= 0 or K20σ1 6= 0 for any eigenvector σ1 of

A00. Therefore, we conclude that (A,C) is observable if and only if (A00, K10)

44



New Results in Negative Imaginary Systems Theory

or (A00, K20) is observable.

The nonsingular matrix A00 is Lyapunov stable if and only if there exists a state

transformation A00 7→ SA00S
−1 which allows A00 to be represented, without loss of

generality, as A00 = diag(Aa
00, A

b
00), where

spec(Aa
00) ⊂ jR\{0}, spec(Ab

00) ⊂ OLHP, and Aa
00 + (Aa

00)
T = 0. (4.18)

Here Aa
00 ∈ Rma×ma and Ab

00 ∈ Rmb×mb , where 0 ≤ ma ≤ m and mb := m − ma.

The conditions in (4.18) are achievable according to the proof of Proposition 11.9.6

in [55]. Decomposing A01, A02, A03, K10 and K20 accordingly using the same state-

space transformation, we can write (4.11) as

ż1 = Aa
00z1 + Aa

01x1 + Aa
02x2 + Aa

03x3, (4.19a)

ż2 = Ab
00z2 + Ab

01x1 + Ab
02x2 + Ab

03x3, (4.19b)

ẋ1 = Ka
10z1 +Kb

10z2 +K11x1 +K12x2 +K13x3 + v1, (4.19c)

ẋ2 = x3, (4.19d)

ẋ3 = Ka
20z1 +Kb

20z2 +K21x1 +K22x2 +K23x3 + v2, (4.19e)

y = C




z1

z2

x1

x2

x3



, C =

[
0 0 I 0 0

0 0 0 I 0

]
. (4.19f)

Since Ab
00 is Hurwitz, there exist Yb

1 = (Yb
1)

T > 0 and Qb = QT
b > 0 such that

Ab
00Yb

1 + Yb
1(A

b
00)

T = −Qb.

Let K20 be defined as

K20 =
[
Ka

20 Kb
20

]
, (4.20)

where

Ka
20 =(Aa

02)
T (Aa

00)
−1 − (Aa

03)
T ;

Kb
20 =

(
−(Ab

02)
T (Ab

00)
−T − (Ab

03)
T +H

) (
Yb

1

)−1
. (4.21)

Here, H is a matrix that belongs to the set

SH = {H ∈ R
p2×mb | HTH ≤ Qb}. (4.22)
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If (A00, A00A03 + A02) is controllable, we can always find H such that (A00, K20) is

observable. This is proved in the following. According to Lemma 2.5, the control-

lability of (A00, A00A03 + A02) implies that no eigenvector of diag
(
(Aa

00)
T , (Ab

00)
T
)

is in the kernel of
[
(Aa

03)
T (Aa

00)
T + (Aa

02)
T (Ab

03)
T (Ab

00)
T + (Ab

02)
T
]
. This implies

that both (Aa
00, A

a
00A

a
03 + Aa

02) and (Ab
00, A

b
00A

b
03 + Ab

02) are controllable, which can

be proved by applying the eigenvector test for controllability to the vectors

[
ηa

0

]

and

[
0

ηb

]
, where ηa and ηb are eigenvectors of (Aa

00)
T and (Ab

00)
T , respectively. The

pair (A00, K20) is observable if and only if for any non-zero vector δK =

[
δa

δb

]
, which

is an eigenvector of A00, we have K20δK 6= 0. Since Aa
00 and Ab

00 have no common

eigenvalues, then δK is an eigenvector of A00 only if δa = 0 or δb = 0. We consider

two cases:

Case 1 . δa 6= 0 and δb = 0. In this case, δa is an eigenvector of Aa
00; i.e.,

Aa
00δa = λaδa for some scalar λa. Considering (4.18), δa is also an eigenvector of

(Aa
00)

T . Because (Aa
00, A

a
00A

a
03+Aa

02) is controllable,
(
(Aa

03)
T (Aa

00)
T + (Aa

02)
T
)
δa 6= 0.

Therefore,

K20δK = Ka
20δa

=
(
(Aa

02)
T (Aa

00)
−1 − (Aa

03)
T
)
δa

=
(
(Aa

02)
T − (Aa

03)
TAa

00

)
(Aa

00)
−1δa

=
1

λa

(
(Aa

02)
T + (Aa

03)
T (Aa

00)
T
)
δa

6= 0,

where (4.18) is also used.

Case 2 . δa = 0 and δb 6= 0. In this case, δb is an eigenvector of Ab
00. Because

−(Ab
02)

T (Ab
00)

−T − (Ab
03)

T in (4.21) is fixed, and SH has nonempty interior due to

the positive definiteness of Qb, then we can always find H such that

K20δK = Kb
20δb =

(
−(Ab

02)
T (Ab

00)
−T − (Ab

03)
T +H

)
(Yb

1)
−1δb 6= 0,

for all δb that are eigenvalues of Ab
00. We conclude that there exists H such that

(A00, K20) is observable. We choose such a matrix H in the following proof.

Let K10 be defined as

K10 =
[
Ka

10 Kb
10

]
, (4.23)
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where

Ka
10 = (Aa

01)
T (Aa

00)
−1;

Kb
10 =−

(
(Ab

01)
T (Ab

00)
−T +K13H

)
(Yb

1)
−1.

Here K13 is contained in the set

SK = {K13 ∈ R
p1×p2 | K13K

T
13 ≤ 2I}. (4.24)

If (A00, A01) is controllable, we can always findK13 such that (A00, K10) is observable.

This is proved in the following. The controllability of (A00, A01) implies that no

eigenvector of diag
(
(Aa

00)
T , (Ab

00)
T
)
is in ker

([
(Aa

01)
T (Ab

01)
T
])

. This implies that

both (Aa
00, A

a
01) and (Ab

00, A
b
01) are controllable, which can be proved by applying the

eigenvector test for controllability to the vectors

[
ηa

0

]
and

[
0

ηb

]
, where ηa and ηb are

eigenvectors of (Aa
00)

T and (Ab
00)

T , respectively. The pair (A00, K10) is observable if

and only if for any non-zero vector φK =

[
φa

φb

]
, which is an eigenvector of A00, we

have that K10φK 6= 0. Since Aa
00 and Ab

00 have no common eigenvalues, then φK is

an eigenvector of A00 only if φa = 0 or φb = 0. We consider two cases:

Case 1 . φa 6= 0 and φb = 0. In this case, φa is an eigenvector of Aa
00; i.e.,

Aa
00φa = µaφa for some scalar µa. Considering (4.18), φa is also an eigenvector of

(Aa
00)

T . Because (Aa
00, A

a
01) is controllable, (A

a
01)

Tφa 6= 0. Therefore,

K10φK = Ka
10φa = (Aa

01)
T (Aa

00)
−1φa =

1

µa
(Aa

01)
Tφa 6= 0,

where (4.18) is also used.

Case 2 . φa = 0 and φb 6= 0. In this case, φb is an eigenvector of Ab
00. Because

(Ab
01)

T (Ab
00)

−T is fixed and the set SK has a nonempty interior, then we can always

find K13, together with an H that makes (A00, K20) observable, such that

K10φK = Kb
10φb = −

(
(Ab

01)
T
(
Ab

00

)−T
+K13H

)
(Yb

1)
−1φb 6= 0,

for all φb that are eigenvectors of A
b
00. Therefore, with this particular choice of K13,

we have that (A00, K10) is observable.

Now recall that (A,B) is controllable if and only if (A00, A01) or (A00, A00A03+A02)

is controllable. Also, (A,C) is observable if and only if (A00, K10) or (A00, K20)

is observable. Since the controllability of (A00, A01) implies the observability of

(A00, K10) and the controllability of (A00, A00A03 + A02) implies the observability
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of (A00, K20), then the controllability of (A,B) implies the observability of (A,C),

when suitable H and K13 are chosen. Therefore, with those choices of H and K13,

the controllability of the system (4.6) implies that the realization (A,B,C) in (4.12),

(4.13) and (4.14) is minimal. Choose the other state feedback matrices as follows:

K11 = K10A
−1
00 A01 −Y−1

2 , (4.25)

K12 = K10A
−1
00 A02, (4.26)

K21 = K20A
−1
00 A01, (4.27)

K22 = K20A
−1
00 A02 −Y−1

3 , (4.28)

K23 =− 1

2
I, (4.29)

where Y2 ∈ Rp1×p1 and Y3 ∈ Rp2×p2 can be any symmetric positive definite matrices;

i.e., Y2 = YT
2 > 0 and Y3 = YT

3 > 0. We will apply Lemma 2.3 in the following in

order to prove that the system (4.11) is an NI system. We construct the matrix Y

as follows:

Y =




Y11 −A−1
00 A01Y2 −A−1

00 A02Y3 0

−Y2A
T
01A

−T
00 Y2 0 0

−Y3A
T
02A

−T
00 0 Y3 0

0 0 0 I



, (4.30)

where Y11 = Y1 + A−1
00 A01Y2A

T
01A

−T
00 + A−1

00 A02Y3A
T
02A

−T
00 . Here, Y1 = diag(ya1I,Yb

1)

with ya1 > 0 being a scalar. It can be verified that Y > 0 using the Schur complement

theorem.

In order to verify Condition 1 in Lemma 2.3, we note that for the determinant of

the matrix A in (4.12) we have

(−1)p2 detA =det




A00 A01 A02 A03

K10 K11 K12 K13

K20 K21 K22 K23

0 0 0 I




=det



A00 A01 A02

K10 K11 K12

K20 K21 K22




=detA00 det

([
K11 K12

K21 K22

]
−
[
K10

K20

]
A−1

00

[
A01 A02

])

=detA00 det

[
−Y−1

2 0

0 −Y−1
3

]
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=detA00 det(−Y−1
2 ) det(−Y−1

3 ) 6= 0,

where the equalities also use (4.25)–(4.28). Also, the input feedthrough matrix in

the system (4.11) is zero, and hence symmetric. Hence, Condition 1 in Lemma 2.3

is satisfied. For Condition 2 in Lemma 2.3, with Y defined in (4.30), we have

AY =




ya1A
a
00 0 0 0 Aa

03

0 Ab
00Yb

1 0 0 Ab
03

0 −K13H −I 0 K13

0 0 0 0 I

−(Aa
03)

T H− (Ab
03)

T 0 −I −1
2
I



. (4.31)

Therefore, we have that

AY CT =− B; (4.32)

AY + Y AT =




0 0 0 0 0

0 −Qb −HTKT
13 0 HT

0 −K13H −2I 0 K13

0 0 0 0 0

0 H KT
13 0 −I



.

Let M =




−Qb −HTKT
13 HT

−K13H −2I K13

H KT
13 −I


, where (4.29) is used. For the matrix −M , we

have that I > 0 and the Schur complement of the block I is

(−M)/I =

[
Qb HTKT

13

K13H 2I

]
−
[
HT

K13

] [
H KT

13

]

=

[
Qb −HTH 0

0 2I −K13K
T
13

]
≥ 0,

where (4.22) and (4.24) are also used. Therefore, we have that M ≤ 0. Hence

AY + Y AT ≤ 0, and Condition 2 in Lemma 2.3 is satisfied. Hence, the system

(4.11) is an NI system with a minimal realization.

Necessity . If the realization (A,B,C) in (4.12), (4.13) and (4.14) is minimal and

NI, then according to the proof of Lemma 2.3 (see Lemma 7 in [17]), there exists an

X = XT > 0 such that

[
XA+ ATX XB − ATCT

BTX − CA −
(
CB +BTCT

)
]
≤ 0.
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Therefore, for any z, x1, x2, x3 and v, we have







z

x1

x2

x3




v




T

[
XA+ ATX XB −ATCT

BTX − CA −
(
CB +BTCT

)
]







z

x1

x2

x3




v



≤ 0. (4.33)

Let X =




X11 X12 X13 X14

XT
12 X22 X23 X24

XT
13 XT

23 X33 X34

XT
14 XT

24 XT
34 X44


 and substitute (4.12)–(4.14) into (4.33). Also, let

x1 = 0, x2 = x3 = 0 and ṽ =

[
−K10

−K20

]
z. We get

zT (X11A00 + AT
00X11)z ≤ 0

for any z, which implies that X11A00 + AT
00X11 ≤ 0. Considering X = XT > 0, we

have X11 > 0. Also, since detA00 6= 0, then A00 is Lyapunov stable.

To facilitate the description of the conditions for NI state feedback equivalence to a

system in the general form (4.1), we recall the following terminology (see [14, 15]).

In the case when the system (4.5) has relative degree less than or equal to two, the

system (4.6) is said to be the normal form of (4.5). The dynamics (4.6a), which are

not controlled by the input u directly or through chains of integrators, are called

the internal dynamics. The other part of the state, described by (4.6b)–(4.6d), are

called the external dynamics. Setting the states described by the external dynamics

to be zero in the internal dynamics, we obtain the zero dynamics :

ż = A00z. (4.34)

We now provide the definition of the weakly minimum phase property.

Definition 4.5. (Weakly Minimum Phase) [64, 65] The system (4.5) of relative

degree less than or equal to two is said to be weakly minimum phase if its zero

dynamics (4.34) are Lyapunov stable.

We present the main NI state feedback equivalence result of this chapter in the

following.

Theorem 4.1. Suppose the system (4.1) satisfying rank(B) = rank(C) = p is

minimal with no zero at the origin. Then it is state feedback equivalent to an NI
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system if and only if there exists an output transformation ỹ = Tyy, where Ty ∈ Rp×p

and det Ty 6= 0, such that the transformed system has relative degree less than or

equal to two, and the transformed system is weakly minimum phase.

Proof. Sufficiency. The sufficiency part of the proof directly follows from Lem-

mas 4.3, 4.4 and 4.5. According to Lemma 4.4, the system (4.1) can always be

transformed into the form (4.6) using nonsingular input, output and state transfor-

mations. Since the system (4.1) has no zero at the origin, then detA00 6= 0 because

nonsingular input, output and state transformations do not change the zeros of a

system. Also, since the transformed system is weakly minimum phase, then A00 is

Lyapunov stable. Since the input, output and state transformations are all non-

singular, the minimality of the system (4.1) is preserved in (4.6). According to

Lemma 4.5, the output transformed system (4.6) is state feedback equivalent to an

NI system. According to Lemma 4.3, the original system (4.1) is also state feedback

equivalent to an NI system. This completes the sufficiency part of the proof.

Necessity. We first prove that if the system (4.1) is state feedback equivalent to

an NI system, then there exists an output transformation ỹ = Tyy that transforms

the system (4.1) into a system with relative degree less than or equal to two.

If the system (4.1) is state feedback equivalent to an NI system, then according to

Lemma 4.2, it is still feedback equivalent NI after a nonsingular output transfor-

mation. We apply an output transformation to the system (A,B, C) in order that

the transformed system has a leading incomplete relative degree vector. Since the

output transformed system is feedback equivalent to an NI system, then under a

state feedback control law, we can make it NI with a minimal realization (Â, B̂, Ĉ).

Since the system with the realization (Â, B̂, Ĉ) has a leading incomplete relative

degree vector r, we denote by p1 ≥ 0 the number of components in r that equal

to one; i.e., r1, · · · , rp1 = 1, and rp1+1, · · · , rp ≥ 2. We decompose the matrix Ĉ

as Ĉ =

[
ĈO

ĈG

]
, where ĈO ∈ Rp1×n and ĈG ∈ R(p−p1)×n. Here, ĈO determines the

output entries corresponding to the ones in r, and ĈG determines the output entries

corresponding to the components greater than one in r. According to Definition 4.2,

rank(ĈOB̂) = p1 and ĈGB̂ = 0.

According to the proof of Lemma 2.3 (see [17]), the fact that (Â, B̂, Ĉ) is NI implies

that there exists X = XT > 0 such that

[
XÂ+ ÂTX XB̂ − ÂT ĈT

B̂TX − ĈÂ −(ĈB̂ + B̂T ĈT )

]
≤ 0. (4.35)
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Decomposing B̂ accordingly as B̂ =
[
B̂O B̂G

]
where B̂O ∈ Rn×p1 and B̂G ∈

Rn×(p−p1), the inequality (4.35) can be expanded to be



XÂ+ ÂTX XB̂O − ÂT ĈT

O XB̂G − ÂT ĈT
G

B̂T
OX − ĈOÂ −(ĈOB̂O + B̂T

OĈ
T
O) −ĈOB̂G

B̂T
GX − ĈGÂ −B̂T

GĈ
T
O 0


 ≤ 0, (4.36)

where the condition ĈGB̂ = 0 is also used. The condition (4.36) implies that

ĈOB̂G = 0 and B̂T
GX − ĈGÂ = 0. We have that rank(B̂G) = p − p1 because

rank(B̂) = rank(B) = p. Then, B̂T
GX−ĈGÂ = 0 implies that ĈGÂB̂G = B̂T

GXB̂G >

0. The positive definiteness of ĈGÂB̂G implies that the largest component in the

leading incomplete relative degree vector r of the system is two. Moreover, we have

that [
ĈOB̂

ĈGÂB̂

]
=

[
ĈOB̂O 0

ĈGÂB̂O ĈGÂB̂G

]
. (4.37)

Since ĈOB̂G = 0 and rank(ĈOB̂) = p1, we have that det(ĈOB̂O) 6= 0. Considering

that ĈOB̂O and ĈGÂB̂G in (4.37) are both nonsingular, we have that det

[
ĈOB̂

ĈGÂB̂

]
6=

0. This implies that the leading incomplete relative degree vector r of the realization

(Â, B̂, Ĉ) is indeed a relative degree vector, whose components are either one or

two. Therefore, we conclude that the system (4.1) can be output transformed into

a system with a relative degree vector r = {r1, · · · , rp} with 1 ≤ ri ≤ 2 for all

i = 1, · · · , p. Therefore, the system (4.1) can be transformed into the form (4.6)

using input, output and state transformations. The necessity part of Lemma 4.5

implies that the weakly minimum phase property of the output transformed system

is another necessary condition. This completes the necessity part of the proof.

We provide in the following the necessary and sufficient conditions for systems

with relative degree of either one or two to be state feedback equivalent to NI

systems.

Corollary 4.1. Suppose the system (4.1) is minimal and of relative degree one; i.e.,

r = {1, · · · , 1}, or relative degree two; i.e., r = {2, · · · , 2} and has no zero at the

origin. Then it is state feedback equivalent to an NI system if and only if it is weakly

minimum phase.

Proof. This corollary considers two special cases of Theorem 4.1 and hence the proof

directly follows from Theorem 4.1.
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4.2.2 State feedback equivalence to OSNI systems

We also derive necessary and sufficient conditions under which the system (4.1) can

be rendered OSNI.

Definition 4.6. A system in the form of (4.1) is said to be state feedback equivalent

to an OSNI system if there exists a state feedback control law

u = Kxx+Kvv,

where Kx ∈ Rp×n and Kv ∈ Rp×p, such that the closed-loop system with the new

input v ∈ R
p is minimal and OSNI.

Similar to Lemma 4.2, we show in the following that the OSNI state feedback equiv-

alence property is invariant under a nonsingular output transformation.

Lemma 4.6. If the transfer matrix G(s) is OSNI, then TG(s)T T is also OSNI,

where T ∈ Rp×p and det T 6= 0.

Proof. The proof follows from Definition 2.9. If G(s) is OSNI, then we have that

jω[G(jω)−G(jω)∗]− ǫω2G(jω)∗G(jω) ≥ 0,

∀ω ∈ R ∪ {∞} where G(jω) = G(jω)−G(∞). We have that T TT ≤ λmax(T
TT )I.

Therefore,

jω[G(jω)− (G(jω))∗]− ǫ

λmax(T TT )
ω2G(jω)∗T TTG(jω)

≥ jω[G(jω)− (G(jω))∗]− ǫ

λmax(T TT )
ω2G(jω)∗T TTG(jω)

+
ǫ

λmax(T TT )
ω2G(jω)∗(T TT − λmax(T

TT )I)G(jω)

= jω[G(jω)−G(jω)∗]− ǫω2G(jω)∗G(jω) ≥ 0. (4.38)

The transfer matrix TG(s)T T satisfies Definition 2.9 via (4.38). Therefore, the

transformed system TG(s)T T is OSNI with the output strictness ǫ
λmax(TT T )

.

We show in the following that the same conditions in Theorem 4.1 are also neces-

sary and sufficient for the state feedback equivalence of system (4.1) to an OSNI

system.

Lemma 4.7. Suppose the system (4.6) has detA00 6= 0. Then it is state feedback

equivalent to an OSNI system if and only if it is controllable and A00 is Lyapunov

stable.
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Proof. The necessity part of this lemma follows from the necessity part of Lemma

4.5 because OSNI systems belong to the class of NI systems.

For the sufficiency part, we need to show that the condition

AY + Y AT + ǫ(CAY )TCAY ≤ 0

in Theorem 2.1 is satisfied for some scalar ǫ > 0 in addition to what is shown in the

sufficiency proof of Lemma 4.5. Following from the sufficiency proof of Lemma 4.5,

we add restrictions on the choices of K13 and H such that KT
13K13 = I and H ∈ S̃H,

where

S̃H =

{
H ∈ R

p2×mb

∣∣∣∣HTH ≤ ǫ2 − 3ǫ+ 1

1− 2ǫ
Qb

}
.

Here, we have that ǫ2−3ǫ+1
1−2ǫ

∈ (0, 1) for ǫ ∈
(
0, 1

2

(
3−

√
5
))
. Note that this additional

restriction does not change the results in Lemma 4.5. Using C and AY in (4.19f)

and (4.31), we have that

CAY =

[
0 −K13H −I 0 K13

0 0 0 0 I

]
.

Therefore,

(CAY )TCAY =




0 0 0 0 0

0 HTH HTKT
13 0 −HT

0 K13H I 0 −K13

0 0 0 0 0

0 −H −KT
13 0 2I



.

Hence,

AY + Y AT + ǫ(CAY )TCAY

=




0 0 0 0 0

0 −Qb + ǫHTH −(1 − ǫ)HTKT
13 0 (1− ǫ)HT

0 −(1 − ǫ)K13H −(2− ǫ)I 0 (1− ǫ)K13

0 0 0 0 0

0 (1− ǫ)H (1− ǫ)KT
13 0 −(1 − 2ǫ)I



.

Let

M̃ =



−Qb + ǫHTH −(1 − ǫ)HTKT

13 (1− ǫ)HT

−(1 − ǫ)K13H −(2− ǫ)I (1− ǫ)K13

(1− ǫ)H (1− ǫ)KT
13 −(1− 2ǫ)I


 .

We apply the Schur complement theorem in the following to find the range of ǫ. We
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choose ǫ ∈ (0, 1
2
) and therefore −(1− 2ǫ)I < 0. The Schur complement of the block

(1− 2ǫ)I of −M̃ is

(−M̃)/[(1− 2ǫ)I] =

[
Qb − ǫHTH (1− ǫ)HTKT

13

(1− ǫ)K13H (2− ǫ)I

]
− (1− ǫ)2

1− 2ǫ

[
HT

K13

] [
H KT

13

]

=


Qb −

(
ǫ+ (1−ǫ)2

1−2ǫ

)
HTH

(
1− ǫ− (1−ǫ)2

1−2ǫ

)
HTKT

13(
1− ǫ− (1−ǫ)2

1−2ǫ

)
K13H

(
2− ǫ− (1−ǫ)2

1−2ǫ

)
I


 ,

which is positive semi-definite when ǫ ∈
(
0, 1

2

(
3−

√
5
))
. In this case, AY + Y AT +

ǫ(CAY )TCAY ≤ 0. Therefore, the system with the realization (A,B,C) in (4.12),

(4.13) and (4.14) is OSNI.

Theorem 4.2. Suppose the system (4.1) is minimal with no zero at the origin. Then

it is state feedback equivalent to an OSNI system if and only if there exists an output

transformation ỹ = Tyy, where Ty ∈ Rp×p and det Ty 6= 0, such that the transformed

system has relative degree less than or equal to two, and the transformed system is

weakly minimum phase.

Proof. This proof is similar to the proof of Theorem 4.1 except that Lemmas 4.6

and 4.7 are used instead of Lemmas 4.2 and 4.5.

Considering the results in Theorem 4.1 and 4.2, we have the following corollary

which shows that the same necessary and sufficient conditions are shared for NI and

OSNI state feedback equivalence.

Corollary 4.2. Suppose the system (4.1) is minimal with no zero at the origin.

Then the following statements are equivalent:

1. The system (4.1) is state feedback equivalent to an NI system;

2. The system (4.1) is state feedback equivalent to an OSNI system;

3. There exists an output transformation ỹ = Tyy, where Ty ∈ Rp×p and det Ty 6=
0, such that the transformed system has relative degree less than or equal to

two, and the transformed system is weakly minimum phase.

Remark 4.1. Although the necessary and sufficient conditions for state feedback

equivalence to NI and OSNI systems are the same, as shown in Corollary 4.2, dif-

ferent state feedback matrices are required. That is, additional restrictions on state

feedback matrices should be satisfied in order to make a system OSNI. Considering

that under certain assumptions, the interconnection of an NI system and an OSNI

system is asymptotically stable [27,28], we can decide to make a system NI or OSNI

depending on the other system in the interconnection.
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4.3 State Feedback Equivalence to an SSNI Sys-

tem

In this section, we derive necessary and sufficient conditions under which a system

in the form of (4.1) is state feedback equivalent to an SSNI system. First, we define

state feedback equivalence to an SSNI system as follows.

Definition 4.7. A system in the form of (4.1) is said to be state feedback equivalent

to an SSNI system if there exists a state feedback control law

u = Kxx+Kvv,

where Kx ∈ R
p×n and Kv ∈ R

p×p, such that the closed-loop system with the new

input v ∈ Rp is SSNI.

It will be shown later in this section that having a relative degree vector r =

{1, · · · , 1} is one of the necessary conditions for this system to be state feedback

equivalent to an SSNI system. Therefore, we start with the derivation of the normal

form for the system (4.1) with a relative degree vector r = {1, · · · , 1}.

Lemma 4.8. Suppose the system (4.1) satisfying rank(B) = rank(C) = p has a rel-

ative degree vector r = {1, · · · , 1}. Then there exists input and state transformations

such that the resulting transformed system is of the form

ż = A00z + A01y, (4.39a)

ẋ1 = A10z + A11x1 + ũ, (4.39b)

y =
[
0 I

] [ z
x1

]
. (4.39c)

Proof. If (4.1) has a relative degree vector r = {1, · · · , 1}, then det(CB) 6= 0. The

rest of the proof follows from Lemma 4.4 with p1 = p and p2 = 0.

Choose the input u to be

ũ = v + (K1 −A10)z + (K2 − A11)y,

and the system (4.39) takes the form

ż = A00z + A01y, (4.40a)

ẏ = K1z +K2y + v, (4.40b)
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y = [0 I]

[
z

y

]
. (4.40c)

We need to find the state feedback matrices K1 ∈ Rp×m and K2 ∈ Rp×p such that

the system (4.40) is SSNI.

Lemma 4.9. Suppose the system (4.40) has (A00, A01) controllable. Then the fol-

lowing statements are equivalent:

1. A00 is Hurwitz;

2. There exist K1 and K2 such that the system (4.40) is an SSNI system with

realization (A,B,C), where A is Hurwitz, and the transfer function G(s) :=

C(sI − A)−1B is such that G(s) +G(−s)T has full normal rank.

Proof. Let us define the following:

A =

[
A00 A01

K1 K2

]
, (4.41)

B =

[
0

I

]
, (4.42)

C =
[
0 I

]
. (4.43)

From the proof of Lemma 4.5, (A,B) is controllable if and only if (A00, A01) is

controllable. Therefore, there are no observable uncontrollable modes in this system.

Sufficiency . Let A00 be Hurwitz. Then we can always find a matrix Y1 > 0 such

that

A00Y1 + Y1A
T
00 +

1

2
A−1

00 A01A
T
01A

−T
00 < 0

is satisfied. In the sequel, we will find a matrix K1 such that

A00Y1 + Y1A
T
00 +

1

2
(Y1K

T
1 + A−1

00 A01)(K1Y1 + AT
01A

−T
00 ) < 0 (4.44)

is satisfied. One possible choice is K1 = −AT
01A

−T
00 Y−1

1 , which simplifies (4.44) to

be A00Y1 + Y1A
T
00 < 0. Let K2 = K1A

−1
00 A01 − Y−1

2 , where Y2 ∈ Rp×p can be any

symmetric positive definite matrix; i.e., Y2 = YT
2 > 0. We apply Lemma 2.4 in

the following to prove that the system (4.40) is an SSNI system. We construct the

matrix Y as follows:

Y =

[
Y1 + A−1

00 A01Y2A
T
01A

−T
00 −A−1

00 A01Y2

−Y2A
T
01A

−T
00 Y2

]
.
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We have Y > 0 because Y2 > 0 and the Schur complement of the block Y2 is Y1,

which is positive definite. Now, we have B + AY CT = 0 and

AY + Y AT =

[
A00Y1 + Y1A

T
00 Y1K

T
1 + A−1

00 A01

K1Y1 + AT
01A

−T
00 −2I

]
.

We have −2I < 0 and the Schur complement of the block 2I in the matrix −(AY +

Y AT ) is

(−(AY + Y AT ))/(2I)

=−A00Y1 − Y1A
T
00 −

1

2
(Y1K

T
1 + A−1

00 A01)(K1Y1 + AT
01A

−T
00 ) > 0,

according to (4.44). Hence AY + Y AT < 0 and AT is Hurwitz. Therefore A is

Hurwitz. Now we prove that G(s) +G(−s)T has full normal rank. For A, B and C

given by (4.41)–(4.43), we have

G(s) = C(sI − A)−1B

=
[
0 I

] [sI −A00 −A01

−K1 sI −K2

]−1 [
0

I

]

=
(
sI −K1(sI −A00)

−1A01 −K2

)−1
. (4.45)

Substituting s = 0 in (4.45), we have

G(0) = (K1A
−1
00 A01 −K2)

−1 = Y2 > 0.

Hence G(s) +G(−s)T must have full normal rank. Therefore, according to Lemma

2.4, the system (4.40) is SSNI.

Necessity . If A is Hurwitz, G(s) + G(−s)T has full normal rank and the system

(4.40) is SSNI, then according to Lemma 2.4, there exists a matrix Y = Y T > 0

such that B = −AY CT and AY + Y AT < 0.

Letting X = Y −1, then X = XT > 0. Also letting Q = −(AY + Y AT ), then

we have Q = QT > 0 and XA + ATX = −XQX < 0. Since B = −AY CT ,

we have CB + BTCT = −CAY CT − CY ATCT = CQCT . Also, XB − ATCT =

−XAX−1CT − ATCT = −(XA + ATX)X−1CT = XQXX−1CT = XQCT . Since

Q = QT > 0, let H := Q
1
2 . Hence H = HT > 0. We have

[
XA+ ATX XB − ATCT

BTX − CA −(CB +BTCT )

]
= −

[
LT

W T

] [
L W

]
≤ 0, (4.46)
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where L = HX and W = −HCT . (4.46) implies that for any z ∈ Rm, y ∈ Rp and

v ∈ Rp, we have

[
zT yT vT

] [XA+ ATX XB − ATCT

BTX − CA −(CB +BTCT )

]

z

y

v




=−
[
zT yT vT

] [ LT

W T

] [
L W

]


z

y

v


 ≤ 0, (4.47)

where equality holds if and only if
[
L W

]


z

y

v


 = 0. That is L

[
z

y

]
+Wv = 0, which

is equivalent to H

(
X

[
z

y

]
− CTv

)
= 0. Because H > 0, this equation holds if and

only if

X

[
z

y

]
− CTv = 0. (4.48)

Let X =

[
X11 X12

XT
12 X22

]
and choose y = 0 and v = −K1z. With C given by (4.43),

(4.48) becomes [
X11

XT
12 +K1

]
z = 0,

which holds only if X11z = 0. Since X = XT > 0, then X11 = XT
11 > 0. Hence

X11z = 0 if and only if z = 0. This implies that with the choice y = 0 and v = −K1z,

strict inequality holds in (4.47) for all z 6= 0. Substituting (4.41)–(4.43) together

with y = 0 and v = −K1z into (4.47), we obtain

zT (X11A00 + AT
00X11)z < 0

for all z 6= 0. This implies that X11A00+AT
00X11 < 0. Therefore, A00 is Hurwitz.

We provide in the following the definition of the minimum phase property, which is

needed in the presentation of the SSNI state feedback equivalence result.

Definition 4.8. (Minimum Phase) [15, 65] A system (4.1) satisfying rank(B) =

rank(C) = p with relative degree vector {1, · · · , 1} is said to be minimum phase if

its zero dynamics ż = A00z are asymptotically stable.

Theorem 4.3. Suppose the system (4.1) satisfying rank(B) = rank(C) = p is
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minimal. Then the following statements are equivalent:

1. The system has a relative degree vector r = {1, · · · , 1} and is minimum phase;

2. The system is state feedback equivalent to an SSNI system with realization

(A,B,C), where A is Hurwitz, and the transfer function G(s) := C(sI−A)−1B

is such that G(s) +G(−s)T has full normal rank.

Proof. The proof from Statement 1 to Statement 2 follows directly from Lemmas

4.8 and 4.9. Note that the minimum phase condition is equivalent to the condition

that A00 is Hurwitz in Lemma 4.9. Now we prove that Condition 2 implies that the

system has a relative degree vector r = {1, · · · , 1}. SSNI systems form a subclass

of all NI systems according to Definition 2.10. The analysis in the necessity proof

of Theorem 4.1 also holds for SSNI systems except that strict inequalities hold

for both (4.35) and (4.36), where this additional restriction comes from the strict

inequality in Lemma 2.4. Strict inequality for (4.36) holds only if the zero block

matrix has zero dimension, which is true only if p2 = 0. This implies that statement

2 is true only if the original system (4.1) with realization (A,B, C) can be output

transformed by a nonsingular matrix Ty ∈ Rp×p into a system with a relative degree

vector r = {1, · · · , 1}. According to Definition 4.1, that is, the output transformed

system satisfies det(C̃B) 6= 0, where C̃ = TyC. Since det Ty 6= 0, we have that

det(CB) 6= 0. This means that the original system (4.1) itself is already in a form

with a relative degree vector r = {1, · · · , 1}. Therefore, according to Lemma 4.8,

(4.39) is the normal form of the system (4.1). The rest of the proof follows directly

from Lemma 4.9.

Remark 4.2. Note that SSNI systems belong to the class of OSNI systems and also

the class of SNI systems (see [29]). Therefore, based on the control objective and

conditions on the systems of interest, we can decide on whether to achieve the SSNI

property or the OSNI property via the use of state feedback control.

4.4 Control of Systems with SNI Uncertainty

One useful application of state feedback equivalence to NI systems is to robustly

stabilize systems for a class of uncertainties. More precisely, for a system having

SNI uncertainty, we can render the nominal closed-loop system NI with the DC gain

condition satisfied when full state measurement is available. A similar controller

synthesis problem is investigated in [3], where the existence of such a state feedback

controller depends on the solvability of a series of LMIs. However, in this chapter,
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∆(s)∆(s)

Nominal

Nominal
Plant

Controller Closed-Loop

ww

x

y

y
u

G(s)

Figure 4.1: A feedback control system. The plant uncertainty ∆(s) is SNI and
satisfies λmax(∆(0)) ≤ γ. Under some assumptions, we can find a controller such
that the closed-loop transfer function G(s) is NI with G(∞) = 0 and λmax(G(0)) <
1/γ. Then the closed-loop system is aymptotically stable.

the LMI conditions in [3] are replaced by some simpler conditions with respect to

the relative degree vector and the weakly minimum phase property.

Consider the uncertain feedback control system in Fig. 5.1 and suppose that full

state feedback is available. Then Theorem 4.1 can be used in order to synthesize a

state feedback controller such that the nominal closed-loop system is NI. Suppose

the state-space model of the uncertain system in Fig. 5.1 is

ẋ = Ax+ B(u+ w), (4.49a)

y = Cx, (4.49b)

w = ∆(s)y, (4.49c)

where x ∈ Rn, u ∈ Rp and y ∈ Rp are the state, input and output of the nominal

plant. Here, (4.49c) models the uncertainty, and the uncertainty transfer function

∆(s) is assumed to be SNI satisfying λmax(∆(0)) ≤ γ for some constant γ > 0.

Here, since ∆(s) is SNI, ∆(0) must be positive semidefinite.

The general idea used to stabilize the system (4.49) is to choose a control law u such

that the system described by (4.49a) and (4.49b) is NI with input w and output y.

Therefore, since ∆(s) is SNI, the system (4.49) forms a positive feedback intercon-

nection of an NI system and an SNI system, whose equilibrium is asymptotically

stable if the DC gain condition in Corollary 2.1 is satisfied.

Theorem 4.4. Consider the uncertain system (4.49). Suppose the realization

(A,B, C) is minimal with no zero at the origin. If there exists an output trans-

formation ỹ = Tyy, where Ty ∈ Rp×p and det Ty 6= 0, such that the realization

(A,B, TyC) has relative degree less than or equal to two and is weakly minimum

phase, then there exist Kx ∈ Rp×n and Kw ∈ Rp×p such that the control law

u = Kxx+Kww

61



Chapter 4. State Feedback Equivalence to Negative Imaginary Systems

stabilizes the system (4.49).

Proof. According to Theorem 4.1 and its proof, the conditions here imply that the

nominal plant in (4.49), described by

ẋ = Ax+ Bu,
y = Cx,

is state feedback equivalent to an NI system. Suppose the corresponding state

feedback control law is

u = Kxx+Kvv. (4.50)

Therefore, the nominal plant, described by (4.49a) and (4.49b), is NI with input w

and output y under the control law

u = Kxx+Kww, (4.51)

where

Kw = Kv − I. (4.52)

Now the system (4.49) is an interconnection of the nominal closed-loop NI system

and the SNI uncertainty. To stabilize this interconnection, we investigate the DC

gain conditions of Corollary 2.1. As is shown in the proof of Theorem 4.1, the output

transformed system (A,B, TyC) is rendered NI with a transfer function Ĝ(s) where

Ĝ(s) = C(sI−A)−1B with A, B and C given by (4.12), (4.13) and (4.14). We have

that Ĝ(∞) = 0. With the state feedback matrices given in the proof of Theorem

4.1, we also have that

Ĝ(0) = −CA−1B = CA−1AY CT = CY CT =

[
Y2 0

0 Y3

]
,

where we also use (4.30) and (4.32). Since the NI state feedback equivalence of the

realization (A,B, C) follows from the NI state feedback equivalence of the output

transformed system (A,B, TyC), using Lemma 4.2, then the nominal closed-loop

system can be rendered to be an NI system whose transfer function is G(s) =

T−1
y Ĝ(s)T−T

y . Since Y2 and Y3 can be any positive definite matrices, we choose

them to be such that

λmax

(
T−1
y

[
Y2 0

0 Y3

]
T−T
y

)
<

1

γ
.
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Therefore, λmax(G(0)) < 1
γ
. Hence, λmax(G(0)∆(0)) < 1. According to Corollary

2.1, it now follows that the system (4.49) is asymptotically stable. This completes

the proof.

Remark 4.3. In the case that the uncertainty (4.49c) in the system (4.49) is NI,

we can make the nominal closed-loop system (4.49a) and (4.49b) OSNI using the

results of Theorem 4.2 in order to achieve asymptotic stability (see [27, 28] for the

corresponding OSNI stability results).

4.5 Illustrative Example

k0

c0

m0

c

M

k∆

m∆

c∆

u

y

Uncertainty ∆(s)

Figure 4.2: The top view of a mass-spring-damper system containing uncertain
parameters. The system consists of three masses, which move rectilinearly on a
frictionless floor. The known parameters are m0 = M = 1kg, k0 = 1N/m and
c0 = c = 1Ns/m while the parameters m∆, k∆ and c∆ are unknown. A force input
u is applied to the mass M and the displacement of M is measured as y.

In this section, we illustrate our results provided in Section 4.4 using a real-world

control example. As shown in Fig. 4.2, we consider three masses that slide on a

frictionless floor. Mass m0 is connected to a wall on its left by a spring k0 and a

damper c0, and is connected to another mass M on its right by a damper c. The

parameters m0, k0, c0, M and c are known; i.e., m0 = M = 1kg, k0 = 1N/m and

c0 = c = 1Ns/m. We apply a force u to the mass M and measure its displacement

y. A mass m∆ is connected to M via a spring k∆ and m∆ is connected to the wall

via a damper c∆. The parameters m∆, k∆ and c∆ are unknown. This system can

be regarded as arising in a vehicle suspension system (e.g., see [75]) or a vibration

isolation system.

In Fig. 4.2, the part contained in the dashed rectangle can be regarded as the system

uncertainty ∆(s). The uncertainty ∆(s) takes the displacement of M as its input

u∆ and produces a force output w, which is the force applied to M by the spring

k∆. Denoting the displacement of m∆ by d, we obtain the equation of motion for
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the uncertainty ∆(s) using Newton’s law as follows

m∆d̈ = k∆(y − d)− c∆ḋ.

Letting x∆1 = d and x∆2 = ẋ∆1, we obtain a state-space model for the uncertainty

∆(s) as:

ẋ∆1 = x∆2, (4.53a)

ẋ∆2 =− k∆
m∆

x∆1 −
c∆
m∆

x∆2 +
k∆
m∆

u∆, (4.53b)

w = k∆x∆1 − k∆u∆. (4.53c)

Therefore, the transfer function of the uncertainty ∆(s) given in (4.53) from input

u∆ = y to output w is

∆(s) =
k2
∆

m∆s2 + c∆s+ k∆
− k∆. (4.54)

Let z0 denote the displacement of m0. Using Newton’s law, we obtain the following

dynamic equations for the masses m0 and M , respectively.

m0z̈0 = c(ẏ − ż0)− c0ż0 − k0z0; (4.55)

Mÿ = u+ w + c(ż0 − ẏ). (4.56)

Using these two equations of motion, we can derive a state-space model for the

system in Fig. 4.2 with input u and output y. Letting z1 = ż0, x1 = y and x2 = ẋ1,

and substituting the values of m0,M, k0, c0, c into (4.55) and (4.56), we have

ż0 = z1, (4.57a)

ż1 =− z0 − 2z1 + x2, (4.57b)

ẋ1 = x2, (4.57c)

ẋ2 = z1 − x2 + (u+ w), (4.57d)

y = x1. (4.57e)

This system is a system of the form (4.49a), (4.49b). Hence, the system can be de-

scribed by the left diagram in Fig. 5.1, where (4.57) is the nominal plant and (4.53)

is the uncertainty ∆(s). We aim to apply the NI state feedback equivalence stabi-

lization method in Theorem 4.4 to asymptotically stabilize this uncertain system.

The system (4.57) is of relative degree two and is minimum phase since its internal

dynamics described by (4.57a), (4.57b) is asymptotically stable when x2 = 0. We
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first make the system (4.57) NI by following the procedure given after Theorem 4.1.

The system (4.57) is already in the form of (4.6). Indeed, the equations (4.57a)

and (4.57b) correspond to (4.6a). The equations (4.57c) and (4.57d) correspond to

(4.6c) and (4.6d), respectively. Note that in this example, the equation (4.6b) is ir-

relavant. For the system (4.57), the corresponding matrices in the normal form (4.6)

are A00 =

[
0 1

−1 −2

]
, A02 = 0, A03 =

[
0

1

]
, A30 =

[
0 1

]
, A32 = 0 and A33 = −1.

Since the matrix A00 is Hurwitz, then according to (4.18) and (4.20), we construct

the matrix K20 using (4.21). Since A00 is Hurwitz, we can always find Y1 such that

A00Y1 + Y1A
T
00 < 0. For example, we choose Y1 =

[
3 −2

−2 2

]
. Then we have that

A00Y1 + Y1A
T
00 = −Q =

[
−4 3

3 −4

]
. Therefore, Q =

[
4 −3

−3 4

]
. According to

(4.22), choose H =
[
0 0

]
. Therefore, according to (4.21), we have

K20 = −A03Y−1
1 =

[
−1 −1.5

]
.

The pair (A00, K20) is observable. Now, we construct the matrices K22 andK23 using

(4.28) and (4.29), respectively. Since A02 = 0, we have K22 = −Y−1
3 and K23 = −1

2
I,

where Y3 < 0. Choosing Y3 = 1, then we haveK22 = −1 andK23 = −0.5. According

to (4.10) and (4.50), we construct the state feedback control input as

u = v + (K20 −A30)z + (K22 −A32)x1 + (K23 − A33)x2

= v +
[
−1 −2.5

]
z − x1 − 0.5x2, (4.58)

where z =
[
z0 z1

]T
. According to Theorem 4.1, the system (4.57) is made NI

by the control input (4.58). Under the control input (4.58), the system (4.57) now

becomes

ż0 = z1, (4.59a)

ż1 =− z0 − 2z1 + x2, (4.59b)

ẋ1 = x2, (4.59c)

ẋ2 =− z0 − 1.5z1 − x1 − 0.5x2 + v + w, (4.59d)

y = x1. (4.59e)

Let G(s) denote the transfer function of the system (4.59) from v to y. We have

65



Chapter 4. State Feedback Equivalence to Negative Imaginary Systems

that

G(s) =
(s+ 1)2

s4 + 2.5s3 + 4.5s2 + 3.5s+ 1
.

It can be verified that G(s) satisfies Definition 2.6. We aim to let the system (4.57)

have the form of (4.59) but with input w instead of v. Then we implement a

controller of the form (4.51) using (4.52) as described in the proof of Theorem 4.4.

Based on (4.58), we obtain the corresponding control input

u = −z0 − 2.5z1 − x1 − 0.5x2, (4.60)

since in this example Kw = Kv − 1 = 0. Now the entire closed-loop system be-

comes the interconnection of G(s) and ∆(s); i.e., y = G(s)w and w = ∆(s)y.

We have that G(∞) = 0, and ∆(0) = 0 for any m∆, k∆ and c∆. Therefore,

λ(G(0)∆(0)) = 0 < 1. The closed-loop interconnection of G(s) and ∆(s) is asymp-

totically stable. Hence, the state feedback control input (4.60) asymptotically sta-

bilizes the system shown in Fig. 4.2, which is described by (4.57) with w = ∆(s)y,

where ∆(s) is given in (4.54). This can also be verified via simulation. Since

all of the parameters need to be known in the simulation, we let m∆ = 0.5kg,

k∆ = 0.5N/m and c∆ = 0.1Ns/m. Let the initial state variables of the sys-

tem (4.57) and (4.53) be
[
z0(0) z1(0) x1(0) x2(0)

]T
=
[
−0.5 1 2 −1

]T
and

[
x∆1(0) x∆2(0)

]T
=
[
1 −1

]T
, respectively. The state trajectories of the uncertain

system shown in Fig. 4.2 are shown in Fig. 5.2. It can be observed that all of the

state variables converge to zero.

4.6 Conclusion

In this chapter, we provide necessary and sufficient conditions under which a system

can be made NI using state feedback control. To be specific, a minimal system

without zeros at the origin is state feedback equivalent to an NI system if and only

if there exists a nonsingular output transformation such that the resulting system

has relative degree less than or equal to two and is weakly minimum phase. We

provide a formula for the construction of such a state feedback controller. The

OSNI and SSNI state feedback equivalence problems are also investigated. Using

the proposed results, we provide an approach for the stabilization of a system with an

SNI uncertainty. The proposed results are then illustrated using a physical system

example.
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State trajectories of the closed-loop uncertain system
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Figure 4.3: The state trajectory of the closed-loop system corresponding to the
system shown in Fig. 4.2, which is also described by (4.57) and (4.53). Using the
results in Theorems 4.1 and 4.4, we construct the state feedback control input (4.60).
Under the input (4.60), all of the state variables converge to zero. This verifies that
the system in Fig. 4.2 is asymptotically stabilized by the controller defined in (4.60).
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Chapter 5

State Feedback Equivalence to

Nonlinear Negative Imaginary

Systems

5.1 Introduction

In the previous chapter, the NI state feedback equivalence problem has been investi-

gated for linear systems. Considering the nonlinear nature of most control systems,

this chapter investigates the problem of making nonlinear systems nonlinear NI using

state feedback, in order to provide a method of stabilization for nonlinear systems

of relative degree less than or equal to two. The main contribution of this chapter

is in providing sufficient conditions under which an input-affine system can be ren-

dered nonlinear NI or OSNI. Formulas for the corresponding control laws are also

provided. Roughly speaking, if an input-affine nonlinear system of relative degree

less than or equal to two can be transformed into a normal form (see [66, 76] for a

description of the normal form), then there exists state feedback control such that

the resulting system is NI or OSNI. If, in addition, the internal dynamics of the nor-

mal form are input-to-state stable (ISS), then there exists a state feedback controller

that stabilizes the system. Furthermore, such a system with a nonlinear NI plant

uncertainty can also be stabilized if in addition there exists a storage function for

this system, which is positive definite with respect to a specific subset of the state

variables. These results are presented in Sections 5.2, 5.3, 5.5 and are illustrated

using an example in Section 5.5.

In Section 5.6, we consider the state feedback equivalence problem for a nonlinear

system that is already in a particular normal form. Although the normal form is not

as general as the system considered in Section 5.2, the NI state feedback equivalence

68



New Results in Negative Imaginary Systems Theory

results in Section 5.6 is still significant for the following reasons. (i). Many control

applications can still fit into the special normal form in spite of its specialty. (ii).

Necessary and sufficient conditions are provided for the system in Section 5.6 to be

state feedback equivalent to a nonlinear NI system while only sufficient conditions

are provided for the general input-affine system in Section 5.2.

From the technical point of view, the contribution of this work is in providing

an alternative approach to the passivity-based state feedback stabilization results

(e.g., [65]) to overcome their limitations by allowing systems with output entries

of relative degree two. This broadens the class of systems to which nonlinear NI

systems theory is applicable. Although there might be other control approaches that

can achieve closed-loop robust stability for the systems of interest, our approach is

straightforward to follow and easy to understand due to the physical interpretations

of NI systems theory [20]. The contents of this chapter are included in the papers

[77, 78].

5.2 State Feedback Equivalence to Nonlinear NI

Systems

Consider the following general input-affine nonlinear system:

Σ : ẋ = f(x) + g(x)u, (5.1a)

y = h(x), (5.1b)

where x ∈ Rn is the state, u ∈ Rp is a locally integrable input and y ∈ Rp is

the output. The function f : Rn → R
n is globally Lipschitz, g : Rn → R

n×p and

h : Rn → Rp. Here, f, h and the columns g1, · · · , gp are of class C∞. We suppose

that the vector field f has at least one equilibrium. Then without loss of generality,

we can assume f(0) = 0 and h(0) = 0 after a coordinate shift.

Definition 5.1. [76] A multivariable nonlinear system of the form (5.1) has vector

relative degree {r1, · · · , rm} at a point x◦ if

1. LgL
k
fhi(x) = 0 for all k < ri − 1, for all 1 ≤ i ≤ p and for all x in a

neighbourhood of x◦.

2. The p× p matrix

A(x) =




LgL
r1−1
f h1(x)
...

LgL
rp−1
f hp(x)


 (5.2)
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is nonsingular at x = x◦.

Here hi(x) denotes the i-th entry of the vector h(x) ∈ R
p.

Definition 5.2. [66] The system (5.1) is said to have uniform relative degree

{r1, · · · , rp} if it has vector relative degree {r1, · · · , rp} at all x ∈ Rn.

Definition 5.3. [15] A continuous function α : [0, a) → [0,∞) is said to belong to

class K if it is strictly increasing and α(0) = 0. It is said to belong to class K∞ if

a = ∞ and α(r) → ∞ as r → ∞.

Definition 5.4. [15] A continuous function β : [0, a)× [0,∞) → [0,∞) is said to

belong to class KL if for each fixed s, the mapping β(r, s) belongs to class K with

respect to r and for each fixed r, the mapping β(r, s) is decreasing with respect to s

and β(r, s) → 0 as s → ∞.

Let us consider a nonlinear system of the form (5.1). We aim to use state feedback

control to make it a nonlinear NI system or even a nonlinear OSNI system. One

condition required for the system (5.1) to be nonlinear NI is that it has relative

degree less than or equal to two, as also shown in Chapter 4. Hence, we provide

the following definition of relative degree less than or equal to two for nonlinear

systems.

Definition 5.5. A system of the form (5.1) is said to have relative degree less than or

equal to two if it has a vector relative degree r = {r1, · · · , rp}, where ri ∈ {1, 2} for all

i = 1, · · · , p. Without loss of generality, assume the components of the output vector

are sorted such that the components in the vector relative degree are in nondecreasing

order; i.e., ri = 1 for i = 1, 2, · · · , p1 and ri = 2 for i = p1 + 1, p1 + 2, · · · , p, where
p1 is the number of ones in the vector relative degree r.

The paper [66] provides conditions for a system with a vector relative degree to have

local and global normal forms. Here, we focus on the specific case that the system

has relative degree less than or equal to two.

Lemma 5.1. (see also [66]) Suppose the system (5.1) has relative degree less than

or equal to two at x = 0. If the distribution

G = span{g1, g2, · · · , gp} (5.3)

is involutive, then the system (5.1) can be described locally around x = 0 by the

following normal form:

Σ : ż = f ∗(z, ξ), (5.4a)

ξ̇1 = a1(z, ξ) + b1(z, ξ)u, (5.4b)
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ξ̇2 = ξ3, (5.4c)

ξ̇3 = a2(z, ξ) + b2(z, ξ)u, (5.4d)

y =

[
ξ1

ξ2

]
(5.4e)

where u and y are still the input and output of the system. The vector [zT ξT ]T is

the new state of the system, where z ∈ Rm (m ≥ 0) and ξ = [ξT1 ξT2 ξT3 ]
T . The vector

ξ1 ∈ Rp1 contains the state vector entries corresponding to the ones in the vector

relative degree. The vector ξ2 ∈ Rp2 (p2 := p− p1) contains the state vector entries

corresponding to the twos in the vector relative degree and ξ3 ∈ Rp2 is defined as the

derivative of ξ2. Here, f ∗, a1, b1, a2, b2 are functions of suitable dimensions. Also,

a1(z, ξ) =




Lfh1(x)
...

Lfhp1(x)


 , a2(z, ξ) =




L2
fhp1+1(x)

...

L2
fhp(x)


 ,

and

b1(z, ξ) =




Lgh1(x)
...

Lghp1(x)


 , b2(z, ξ) =




LgLfhp1+1(x)
...

LgLfhp(x)


 .

Hence, [
b1(z, ξ)

b2(z, ξ)

]
= A(x)

as in (5.2) and is nonsingular for (z, ξ) at (0, 0).

Proof. The proof directly follows from Propositions 3.2a and 3.2b in [66] as this

lemma is a special case in which the vector relative degree only contains components

with values one and two. Note that there are differences between the notation used

here and in [66].

In the normal form (5.4), the dynamics described by (5.4a) are called the internal

dynamics of the system. When the output is identically zero, the internal dynam-

ics are called the zero dynamics [15, 66, 76]. In the case of system (5.4), y being

identically zero implies ξ = 0. Therefore, the zero dynamics are described by

ż = f ∗(z, 0).

Lemma 5.2. (see [66]) The system (5.1) is globally diffeomorphic to a system having

the normal form (5.4) if:
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H1: the system has uniform relative degree less than or equal to two;

H2: the vector fields

Xk
i = adk−1

f̃
g̃i, 1 ≤ i ≤ p, 1 ≤ k ≤ ri

are complete;

H3: [X1
i , X

1
j ] = 0 for all 1 ≤ i, j ≤ p.

Here,

f̃ = f − gA−1(x)




Lr1
f h1(x)

...

L
rp
f hp(x)


 , g̃ = gA−1(x).

Proof. See Corollary 5.6 in [66]. Note that here the non-singularity of A(x) follows

from condition H1 , according to Definitions 5.1 and 5.2.

Lemma 5.3. Consider the system (5.4) where

[
b1(z, ξ)

b2(z, ξ)

]
is nonsingular. Then it

can be rendered a nonlinear NI system as in Definition 3.1 using the state feedback

control law

u =

[
b1(z, ξ)

b2(z, ξ)

]−1

v −


 a1(z, ξ) +

(
∂V1(ξ1)
∂ξ1

)T

a2(z, ξ) +
(

∂V2(ξ2)
∂ξ2

)T
+ λξ3




 , (5.5)

where v ∈ Rp is the new input, V1(ξ1) and V2(ξ2) can be any positive semidefinite

functions, and λ ≥ 0 is a scalar. Moreover, if λ > 0, then the resulting system

is a nonlinear OSNI system as per Definition 3.2 with degree of output strictness

ǫ = min{1, λ}. The storage function of the nonlinear NI (OSNI) system is

V (z, ξ) = Ṽ (ξ) = V1(ξ1) + V2(ξ2) +
1

2
ξT3 ξ3. (5.6)

Proof. Let v = [vT1 vT2 ]
T in (5.5), where v1 ∈ R

p1 and v2 ∈ R
p2. With the state

feedback control (5.5), the system (5.4) now becomes

ż = f ∗(z, ξ), (5.7a)

ξ̇1 = v1 −
(
∂V1(ξ1)

∂ξ1

)T

, (5.7b)

ξ̇2 = ξ3, (5.7c)

ξ̇3 = v2 −
(
∂V2(ξ2)

∂ξ2

)T

− λξ3, (5.7d)
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y =

[
ξ1

ξ2

]
. (5.7e)

The nonlinear NI inequality is satisfied for the resulting system with the positive

semidefinite storage function (5.6), which is shown in the following:

V̇ (z, ξ)− vT ẏ =
∂V (z, ξ)

∂z
ż +

∂V (z, ξ)

∂ξ1
ξ̇1 +

∂V (z, ξ)

∂ξ2
ξ̇2 +

∂V (z, ξ)

∂ξ3
ξ̇3 − vT ẏ

= 0 +
∂V1(ξ1)

∂ξ1

(
v1 −

(
∂V1(ξ1)

∂ξ1

)T
)

+
∂V2(ξ2)

∂ξ2
ξ3

+ ξT3

(
v2 −

(
∂V2(ξ2)

∂ξ2

)T

− λξ3

)
− vT1

(
v1 −

(
∂V1(ξ1)

∂ξ1

)T
)

− vT2 ξ3

=−
(
vT1 − ∂V1(ξ1)

∂ξ1

)(
v1 −

(
∂V1(ξ1)

∂ξ1

)T
)

− λξT3 ξ3

=− ‖ξ̇1‖2 − λ‖ξ̇2‖2

≤− ǫ‖ẏ‖2, (5.8)

where ǫ = min{1, λ}. The system is a nonlinear NI system as per Definition 3.1.

Moreover, if λ > 0, then ǫ > 0. In this case, the system is a nonlinear OSNI system

and ǫ is the degree of output strictness of the system.

Theorem 5.1. Suppose the system (5.1) has relative degree less than or equal to

two at x = 0 and the distribution (5.3) is involutive. Then the system (5.1) can be

rendered a nonlinear NI (OSNI) system locally around x = 0 using the state feedback

control

u = A(x)−1


v −




Lr1
f h1(x)

...

L
rp
f hp(x)


−




(
∂V1(ξ1)
∂ξ1

)T
(

∂V2(ξ2)
∂ξ2

)T
+ λξ3





 , (5.9)

where A(x) is defined in (5.2), v ∈ Rp is the new input, V1(ξ1) and V2(ξ2) can be any

positive semidefinite functions, and λ ≥ 0 (λ > 0) is a scalar. Also, the function

(5.6) is a storage function for the resulting nonlinear NI (OSNI) system.

Proof. This result directly follows from Lemmas 5.1 and 5.3.

Theorem 5.2. Suppose the system (5.1) satisfiesH1, H2 and H3. Then the system

(5.1) can be globally rendered a nonlinear NI (OSNI) system using the state feedback

control (5.9). Also, the function V (z, ξ) defined in (5.6) is a storage function for

the resulting nonlinear NI (OSNI) system.

Proof. See the proof of Theorem 5.1, using Lemma 5.2 instead of Lemma 5.1.
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Considering Condition 2 in Definition 5.1, a system does not have a vector relative

degree in general. However, for a system without a vector relative degree, sometimes

there exists an output transformation that transforms it into a system with a vector

relative degree. This has also been discussed for linear systems in Chapter 4. We

generalize Theorem 5.1 by showing that the result is invariant to a nonsingular

output transformation. The following lemma can be regarded as a nonlinear version

of Lemma 4.2.

Lemma 5.4. A system with output y and input u is a nonlinear NI (OSNI) system

if and only if the system with output ỹ = Tyy and input ũ = T−T
y u is a nonlinear NI

(OSNI) system. Here Ty is a nonsingular constant matrix.

Proof. Consider the following equation:

ũT ˙̃y = uTT−1
y Tyẏ = uT ẏ.

This implies that the nonlinear NI inequality (3.2) is satisfied for one of these two

systems if and only if it is satisfied for the other. Also, we have that

‖ ˙̃y‖2 = ẏTT T
y Tyẏ ≤ λmax(T

T
y Ty)‖ẏ‖2.

Therefore, if the system with input u and output y is a nonlinear OSNI system, then

there exists a positive semidefinite storage function V (x) such that

V̇ (x) ≤ uT ẏ − ǫ‖ẏ‖2 ≤ ũT ˙̃y − ǫ

λmax(T T
y Ty)

‖ ˙̃y‖2.

This implies that the system with input ũ and output ỹ is also a nonlinear OSNI

system. The sufficiency part can be proved similarly by considering the inverses of

the transformations.

Lemma 5.5. Consider a system of the form (5.1) and an output transformation

ỹ = Tyy where Ty ∈ Rp×p is a nonsingular constant matrix. If there exists a state

feedback control law

u = kx(x)x+ ku(x)v,

under which the system with the new input v ∈ Rp is a nonlinear NI (OSNI) system,

then the output transformed system; i.e., the system with input u and output ỹ = Tyy,

can also be rendered a nonlinear NI (OSNI) system using the state feedback control

law

u = kx(x)x+ ku(x)T
T
y ṽ,

where ṽ ∈ Rp is the new input.
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Proof. According to Lemma 5.5, the system with input v and output y is nonlinear

NI (OSNI) if and only if the system with input ṽ = T−T
y v and output ỹ = Tyy is

nonlinear NI (OSNI). This completes the proof.

Corollary 5.1. Suppose the system (5.1) can be output transformed into a system

with relative degree less than or equal to two at x = 0 using the output transformation

ỹ = Tyy, (5.10)

where Ty ∈ R
p×p is a nonsingular constant matrix. Also, suppose the distribution

(5.3) is involutive. Then the system (5.1) can be rendered a nonlinear NI (OSNI)

system locally around x = 0 using state feedback control.

Proof. The proof follows directly from Theorem 5.1 and Lemma 5.5.

Corollary 5.2. Suppose the system (5.1) can be output transformed into a system

satisfying H1, H2 and H3 using the output transformation (5.10). Then the system

(5.1) can be globally rendered a nonlinear NI (OSNI) system using state feedback

control.

Proof. The proof follows directly from Theorem 5.2 and Lemma 5.5.

Remark 5.1. In the state feedback control law (5.9) applied in Theorems 5.1 and

5.2 and Corollaries 5.1 and 5.2, the only choice of λ that makes the resulting system

nonlinear NI but not nonlinear OSNI is λ = 0. Since full state feedback is available,

we can simply choose λ > 0 and render the system a nonlinear OSNI system in

order to obtain more strictness. This strictness is helpful in the stabilization of the

system.

5.3 Stabilization of systems having relative de-

gree less than or equal to two

The motivation and objective for addressing the problem of state feedback equiva-

lence to nonlinear NI systems is to stabilize systems that have relative degree less

than or equal to two. Based on the dissipativity property of nonlinear NI systems,

in the case that a system can be made NI, we can attempt to stabilize it if some

additional conditions are satisfied. To be specific, consider the system (5.1). If it is

rendered a nonlinear OSNI system with a storage function which is positive definite

with respect to ξ, then according to the dissipation inequality (3.4), giving zero

input to the system will result the boundedness of the state ξ. Indeed, as will be
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shown later, the state ξ will converge to zero under zero input. Given the stability

of the state ξ, we consider the question of what additional conditions are needed in

order to make the state z also stable. First, we need to provide several definitions

regarding to the internal dynamics in the normal form of a nonlinear system.

Definition 5.6. [65, 76] A nonlinear system which has a normal form is said to

be (globally) minimum phase if its zero dynamics have a (globally) asymptotically

stable equilibrium at the origin.

In the case of system (5.4), the minimum phase property guarantees that when

ξ = 0, if z is finite, it will also converge to zero. In other words, if we view the state

ξ as the input to the internal dynamics ż = f ∗(z, ξ), then (globally) minimum phase

property implies that the internal dynamics are (globally) asymptotically stable with

zero input, namely 0-AS (0-GAS) for short. However, examples in [15, 79, 80] show

that for systems that are 0-AS (0-GAS), its state may diverge under a bounded input

that converges to zero. This phenomena motivated the concept of input-to-state

stability (ISS) [79, 80]. As is discussed in [81], the asymptotic stability of the zero

dynamics is sometimes insufficient for control design purposes until it is combined

with the ISS property of the internal dynamics. This is a common requirement (see

for example [82]). Let us now recall the definitions of ISS and locally ISS (LISS)

systems.

To avoid introducing new system models, let us consider the system of the form

(5.4a). Let us rewrite it in the following as a seperate system:

ż = f ∗(z, ξ), (5.11)

where ξ acts as the input to this system.

Definition 5.7. [15, 76, 79, 80, 83] The system (5.11) is said to be input-to-state

stable (ISS) if there exist a class KL function β and a class K function γ such that

for any initial state z(t0) and any bounded input ξ(t), the solution z(t) exists for all

t ≥ t0 and satisfies

‖z(t)‖ ≤ β(‖z(t0)‖, t− t0) + γ

(
sup

t0≤τ≤t
‖ξ(τ)‖

)
. (5.12)

Definition 5.8 (Locally Input-to-State Stability). [84] The system (5.11) is said

to be locally input-to-state stable (LISS) if there exist a class KL function β, a class

K function γ and constants ρz, ρξ > 0 such that for any initial state z(t0) with

‖z(t0)‖ ≤ ρz and any bounded input ξ(t) with supt0≤τ≤t ‖ξ(τ)‖ ≤ ρξ for all t ≥ t0,

the solution z(t) exists and satisfies (5.12) for all t ≥ t0.
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Lemma 5.6. [15, 83] Suppose the system (5.11) is ISS. If ξ(t) → 0 as t → ∞, so

does z(t).

Proof. (See also Exercise 4.58 in [15] and its solution manual). We show that for

any ǫ > 0, there exists a T > 0 such that ‖z(t)‖ ≤ ǫ, ∀t ≥ T . Since γ is a class

K function, then given ǫ > 0, there exists ǫ1 > 0 such that γ(ǫ1) ≤ ǫ
2
. Since

limt→∞ ξ(t) = 0, given ǫ1 there is a T1 > 0 such that ‖ξ(t)‖ ≤ ǫ1 for t ≥ T1. Take

t1 ≥ T1. Then for t ≥ t1, we have

‖z(t)‖ ≤ β(‖z(t1)‖, t− t1) + γ (ǫ1) ≤ β(c, t− t1) +
ǫ

2
,

where c = ‖z(t1)‖ is a constant. Since β is a class KL function and ‖z(t1)‖ is

bounded, then ‖β(c, t − t1)‖ → 0 as t → 0. There exists a T2 > 0 such that

‖β(c, t− t1)‖ ≤ ǫ
2
, for all t > T2. Thus,

‖z(t)‖ ≤ ǫ, ∀t ≥ T = max{T1, T2},

which shows that limt→∞ z(t) → 0.

Lemma 5.7. [15,83] If the system (5.11) is LISS, then there exist constants ρ̃z, ρ̃ξ >

0 such that for any initial state z(t0) with ‖z(t0)‖ ≤ ρ̃z and any bounded input ξ(t)

with supt0≤τ<∞ ‖ξ(τ)‖ ≤ ρ̃ξ and ξ(t) → 0 as t → ∞, we have z(t) → 0 as t → ∞.

Proof. Suppose the system is LISS, then there exist ρz and ρξ such that for any initial

state z(t0) with ‖z(t0)‖ ≤ ρz and any bounded input u(t) with supt0≤τ≤t ‖ξ(τ)‖ ≤ ρξ

for all t ≥ t0, we have that z(t) exists and satisfies (5.12). Considering that γ is a

class K function, then there exists ρ̃ξ ≤ ρξ such that

γ (ρ̃ξ) ≤
ρz
2
.

Also, considering β is a class KL function, there exists ρ̃z ≤ ρz such that

β (ρ̃z, 0) ≤
ρz
2
.

Let ‖z(t0)‖ ≤ ρ̃z and supt0≤τ<∞ ‖ξ(τ)‖ ≤ ρ̃ξ. According to the LISS property, for

all t ≥ t0, z(t) exists and satisfies

‖z(t)‖ ≤ β(‖z(t0)‖, t− t0) + γ

(
sup

t0≤τ≤t
‖ξ(τ)‖

)

≤ β (ρ̃z, 0) + γ (ρ̃ξ) ≤ ρz.
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Since ‖z(t)‖ ≤ ρz, the property in (5.12) still holds if t0 is substituted by any

t1 ≥ t0. The rest of the proof follows as in the proof of Lemma 5.6, using Definition

5.8 instead of Definition 5.7.

As is proved in [84], ISS implies 0-GAS and LISS implies 0-AS. We now introduce a

new version of the (global) minimum phase property in the following, in which the

0-AS (0-GAS) requirement is replaced by an LISS (ISS) requirement. Hence, the

new definition is stricter than Definition 5.6.

Definition 5.9. A system is said to be (globally) strictly minimum phase if its

internal dynamics of the form

ż = f ∗(z, ξ)

are LISS (ISS) with respect to ξ.

Theorem 5.3. After possible output transformation (5.10), suppose the system (5.1)

satisfies the following:

1. It has relative degree less than or equal to two at x = 0.

2. The distribution (5.3) is involutive.

3. The system (5.1) is strictly minimum phase around x = 0.

Then the system (5.1) can be locally asymptotically stabilized using the state feedback

control law

u = −A(x)−1







Lr1
f h1(x)

...

L
rp
f hp(x)


+




(
∂V1(ξ1)
∂ξ1

)T
(

∂V2(ξ2)
∂ξ2

)T
+ λξ3





 , (5.13)

where A(x) is defined in (5.2), V1(ξ1) and V2(ξ2) can be any positive definite func-

tions, and λ > 0 is a scalar.

Proof. Note that the functions V1(ξ1) and V2(ξ2) are now positive definite. Under

the state feedback (5.13), the system becomes the system (5.7) but with v = 0. We

define the storage function Ṽ (ξ) of this system to be the same as that in (5.6) but

with V1(ξ1) and V2(ξ2) positive definite. Therefore, Ṽ (ξ) is positive definite. The

inequality (5.8) implies that
˙̃
V (ξ) ≤ −ǫ‖ẏ‖2,

where ǫ > 0. This means that
˙̃
V (ξ) ≡ 0 is only possible if ẏ ≡ 0. This implies that

ξ̇1 ≡ 0, ξ̇2 ≡ 0 and therefore ξ3 ≡ 0. According to (5.7b) and (5.7d) and considering

that v = 0, this is only possible if ∂V1(ξ1)
∂ξ1

= 0 and ∂V2(ξ2)
∂ξ2

= 0. Since V1(ξ1) and

V2(ξ2) can be any positive definite functions, then we can choose V1(ξ1) and V2(ξ2)
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such that ∂V1(ξ1)
∂ξ1

= 0 only at ξ1 = 0 and ∂V2(ξ2)
∂ξ2

= 0 only at ξ2 = 0. For example, a

suitable choice is V1(ξ1) =
1
2
ξT1 ξ1 and V2(ξ2) =

1
2
ξT2 ξ2. Therefore, with these V1(ξ1)

and V2(ξ2) used in the state feedback, ẏ ≡ 0 only at ξ = 0. Otherwise,
˙̃
V (ξ) cannot

remain zero and Ṽ (ξ) will keep decreasing until ξ = 0. In both cases, ξ → 0 as

t → ∞. Since the system is strictly minimum phase, then the internal dynamics

(5.7a) are LISS. According to Lemma 5.7, z will also converge to 0. Therefore, the

system is asymptotically stabilized locally around x = 0.

Remark 5.2. In Theorem 5.3, if the strictly minimum phase requirement in Condi-

tion (iii) is replaced by the standard global minimum phase requirement as defined in

Definition 5.6, then Theorem 5.3 still holds. This is because 0-GAS implies LISS as

is proved in [84], and hence global minimum phase implies strictly minimum phase.

Reference [84] includes many equivalences and implications between different stabil-

ity properties. Here, we only use one of these equivalent properties as a requirement

in our stability result.

Theorem 5.4. After possible output transformation (5.10), suppose the system (5.1)

satisfies H1, H2 and H3. Also, suppose the system (5.1) is globally strictly min-

imum phase. Then the system (5.1) can be globally asymptotically stabilized using

the state feedback (5.13).

Proof. See the proof of Theorem 5.3, using Lemmas 5.2 and 5.6 instead of Lemmas

5.1 and 5.7 for a global result.

5.4 Controller Synthesis for a system with non-

linear NI Uncertainty

Suppose a system of the form (5.1) has uncertainty that can be modelled as a

nonlinear NI system. Denote the uncertainty by Hc. The system model of Hc is

Hc : ẋc = fc(xc, uc), (5.14a)

yc = hc(xc), (5.14b)

where xc ∈ Rnc is the state, uc ∈ Rp is a locally integrable input, and yc ∈ Rp is the

output, fc : R
nc × Rp → Rnc is a Lipschitz continuous function and hc : R

nc → Rp

is a class C1 function. Suppose the system has at least one equilibrium. Then

without loss of generality, we can assume fc(0, 0) = 0 and hc(0) = 0 after a possible

coordinate shift.
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HcHc

Nominal

Nominal
Plant Σ

Controller Closed-Loop

ww

x

y

y
u

Hp

Figure 5.1: A feedback control system. The nominal plant Σ has a plant uncertainty
Hc, which can be described as a nonlinear NI system. Under suitable assumptions,
we can find a state feedback control input such that the resulting closed-loop system
is guaranteed to be asymptotically stable.

When full state information is available, we aim to stabilize the uncertain system

using a state feedback controller as shown in the left-hand side (LHS) of Fig. 5.1.

The interconnection can be described by the following equations:

ẋ = f(x) + g(x)(u+ w), (5.15a)

y = h(x), (5.15b)

ẋc = fc(xc, uc), (5.15c)

yc = hc(xc), (5.15d)

w = yc, (5.15e)

uc = y. (5.15f)

Theorem 5.5. Suppose the nominal plant Σ of the form (5.1) is strictly minimum

phase and has relative degree less than or equal to two around x = 0 and the dis-

tribution (5.3) is involutive. Let ξ1 = [yT1 , · · · yTp1]T and ξ2 = [yTp1+1, · · · , yTp ]T denote

the vectors containing the output entries corresponding to the ones and twos in the

vector relative degree, respectively. Let ξ3 = ξ̇2. Suppose that the systems (5.14) is

nonlinear NI with storage function Vc(xc). If there exist positive definite functions

V1(ξ1) and V2(ξ2) such that the function defined as

W (ξ, xc) = V1(ξ1) + V2(ξ2) +
1

2
ξT3 ξ3 + Vc(xc)− hc(xc)

T

[
ξ1

ξ2

]
(5.16)

is positive definite, then the system (5.15) is locally asymptotically stabilized by the
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state feedback control law

u =
(
A(x)−1 − I

)
w −A(x)−1







Lr1
f h1(x)

...

L
rp
f hp(x)


+




(
∂V1(ξ1)
∂ξ1

)T
(

∂V2(ξ2)
∂ξ2

)T
+ λξ3





 , (5.17)

where A(x) is defined in (5.2), w ∈ Rp is the output of the uncertainty Hc, and λ is

a positive scalar.

Proof. With the state feedback control (5.17), the nominal plant (5.15a), (5.15b)

now becomes the nominal closed-loop system Hp, as shown on the right-hand side

(RHS) of Fig. 5.1. The system Hp has a normal form similar to (5.7), where v1 and

v2 are replaced by w1 and w2, respectively. w = [wT
1 wT

2 ]
T . According to Theorem

5.1, the system Hp is a nonlinear OSNI system with the storage function

V (z, ξ) = Ṽ (ξ) = V1(ξ1) + V2(ξ2) +
1

2
ξT3 ξ3,

which is positive semidefinite because V (z, ξ) = W (ξ, 0). This storage function

satisfies the nonlinear OSNI inequality:

V̇ (z, ξ) ≤ wT ẏ − ǫ‖ẏ‖2,

where ǫ > 0 quantifies the output strictness of the system. For the interconnection

of the nonlinear OSNI system Hp and the nonlinear NI system Hc that is shown on

the RHS of Fig. 5.1, we use the function (5.16) as a Lyapunov function. Since Hc is

a nonlinear NI uncertainty with storage function Vc(xc), we have that

V̇c(xc) ≤ uT
c ẏc

according to Definition 3.1. We show in the following that the stability of this

interconnection is guaranteed according to Lyapunov’s stability theorem. We have

that

Ẇ (ξ, xc) = V̇ (z, ξ) + V̇c(xc)− ḣc(xc)
T

[
ξ1

ξ2

]
− hc(xc)

T

[
ξ̇1

ξ̇2

]

≤ wT ẏ − ǫ‖ẏ‖2 + uT
c ḣc(xc)− ḣc(xc)

T

[
ξ1

ξ2

]
− hc(xc)

T

[
ξ̇1

ξ̇2

]

=− ǫ‖ẏ‖2 ≤ 0,

where the equality also uses (5.15b), (5.15d), (5.15e) and (5.15f). Therefore,
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Ẇ (y, x2) ≡ 0 is only possible if ẏ ≡ 0. In this case, ξ̇1 ≡ 0 and ξ̇2 ≡ 0. This

implies that ξ1, ξ2 remain constant and ξ3 ≡ 0. Also, according to (5.7b) and (5.7d),

we have that w1 =
(

∂V1(ξ1)
∂ξ1

)T
and w2 =

(
∂V2(ξ2)
∂ξ2

)T
, which now both remain constant.

Considering the setting (5.15e) of the interconnection, the output yc of the nonlinear

NI uncertainty Hc now remains constant. For the nonlinear NI uncertainty Hc, its

input uc = y and output yc = w both remain constant. Moreover, given constant in-

put [ξT1 ξT2 ]
T to the system Hc, we get constant output [

∂V1(ξ1)
∂ξ1

∂V2(ξ2)
∂ξ2

]T . We prove in

the following that this situation can be avoided. Suppose steady-state input-output

relationship of the uncertainty Hc is described by some function y = κ(u), where y

and u are the constant output and input respectively in steady state. Then we can

always add additional positive definite functions to V1(ξ1) and V2(ξ2) such that the

curve of [∂V1(ξ1)
∂ξ1

∂V2(ξ2)
∂ξ2

]T intersects with the curve of κ(

[
ξ1

ξ2

]
) only at the origin. That

is, the entire closed-loop system cannot remain in a steady state unless y ≡ 0. Note

that this will not affect the positive definiteness of W (ξ, xc) because we are adding

positive definite functions to V1(ξ1) and V2(ξ2). Otherwise if y does not identically

remain zero, Ẇ (ξ, xc) cannot remain zero. It will keep decreasing until y = 0 and

xc = 0. This means that eventually ξ → 0. Since Σ is strictly minimum phase, z

will also converge to zero. Therefore, the closed-loop system as described in (5.15)

is asymptotically stabilized locally around x = 0.

Theorem 5.6. Suppose the nominal plant Σ of the form (5.1) is globally strictly

minimum phase and satisfies H1, H2 and H3. Let ξ1 = [yT1 , · · · yTp1]T and ξ2 =

[yTp1+1, · · · , yTp ]T denote the vectors containing the output entries corresponding to

the ones and twos in the vector relative degree, respectively. Let ξ3 = ξ̇2. Suppose

that the system (5.14) is nonlinear NI with storage function Vc(xc). If there exist

positive definite functions V1(ξ1) and V2(ξ2) such that the function (5.16) is positive

definite, then the system (5.15) is globally robustly stabilized by the state feedback

control (5.17).

Proof. See the proof of Theorem 5.5, using Lemmas 5.2 and 5.6 instead of Lemmas

5.1 and 5.7.

5.5 Illustrative Example

In this section, we illustrate the stabilization process for a system with nonlinear NI

uncertainty. We show that if the conditions in Theorems 5.5 and 5.6 are satisfied

by choosing a suitable state feedback, the uncertain system can be asymptotically

stabilized.
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As the conditions for the existence of normal forms provided in Lemma 5.1 and

5.2 are not the main focus of this work, we investigate an uncertain system whose

nominal plant is already in its normal form. Consider an uncertain system as shown

in the LHS of Fig. 5.1. Suppose the nominal plant Σ has the state-space model:

Σ : ż = − z − z3 + ξ21 , (5.18a)

ξ̇1 = sin z + (u1 + w1), (5.18b)

ξ̇2 = ξ3, (5.18c)

ξ̇3 = ξ1 + ξ22 + ξ3 + (u2 + w2), (5.18d)

y =

[
ξ1

ξ2

]
, (5.18e)

where x = [z ξ1 ξ2 ξ3]
T , u = [u1 u2]

T and y = [ξ1 ξ2]
T are the state, nominal input

and output of the system, respectively. Also, w = [w1 w2]
T is the output of the

plant uncertainty. The sum of the nominal input and the uncertainty output; i.e.,

u+w, acts as the actual input of the system (5.18). Here z, ξ1, ξ2, ξ3, u1, u2, w1, w2 ∈
R. This system is globally strictly minimum phase because the internal dynamics

(5.18a) are ISS with respect to the state ξ (see for example [15, Theorem 4.19], using

the Lyapunov function V (z) = z2).

Suppose the plant uncertainty is a nonlinear NI system and has the model:

ẋc1 =− xc1 + uc1, (5.19a)

ẋc2 =− x3
c2 + uc2, (5.19b)

yc =

[
xc1

xc2

]
, (5.19c)

where xc = [xc1 xc2]
T , uc = [uc1 uc2]

T and yc = [xc1 xc2]
T are the state, input and

output of the system, respectively. Here, xc1, xc2, uc1, uc2 ∈ R. The system (5.19) is

nonlinear NI with the positive definite storage function

Vc(xc) =
1

2
x2
c1 +

1

4
x4
c2,

which satisfies the nonlinear NI property

V̇ (xc) ≤ uT
c ẏc.

The interconnection between the nominal plant (5.18) and the plant uncertainty, as
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shown in Fig. 5.1, is

uc = y; and w = yc. (5.20)

We choose positive definite functions V1(ξ1) and V2(ξ2) to be

V1(ξ1) = ξ21 and V2(ξ2) = ξ
4
3

2 ,

which makes the storage function of the entire system, constructed using the formula

(5.16), positive definite. The storage function is

W (ξ, xc) = ξ21 + ξ
4

3

2 +
1

2
ξ23 +

1

2
x2
c1 +

1

4
x4
c2 − ξ1xc1 − ξ2xc2. (5.21)

The corresponding state feedback control input, according to (5.17), is

u = −
[

sin z + 2ξ1

ξ1 + ξ22 +
4
3
ξ

1

3

2 + 2ξ3

]
. (5.22)

We show in the following that this state feedback control law stabilizes the system.

Under the state feedback (5.22), the nominal plant (5.18) now becomes the nominal

closed-loop system Hp, as shown in the RHS of Fig. 5.1. It has the following system

model

Hp : ż =− z − z3 + ξ21, (5.23a)

ξ̇1 =− 2ξ1 + w1, (5.23b)

ξ̇2 = ξ3, (5.23c)

ξ̇3 =− 4

3
ξ

1
3

2 − ξ3 + w2, (5.23d)

y =

[
ξ1

ξ2

]
. (5.23e)

Using Lyapunov’s direct method, the time derivative of the storage function (5.21)

is

Ẇ (ξ, xc) =− 5ξ21 + 6ξ1xc1 − 2x2
c1 − ξ23 − x6

c2 + 2x3
c2ξ2 − ξ22

=− ‖ẏ‖2 − (ξ1 − xc1)
2 − (ξ2 − x3

c2)
2

≤ 0. (5.24)

It can observed from (5.24) that Ẇ (ξ, xc) ≡ 0 only if ẏ = 0, ξ1 = xc1 and ξ2 = x3
c2.

This implies that 2ξ1 = w1 = xc1 = ξ1 = 0 and 4
3
ξ

1
3

2 = w2 = xc2 = ξ
1
3

2 = 0,

where (5.20) and (5.23b)-(5.23e) are also used. This implies that W (ξ, xc) will keep
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decreasing until ξ = 0 and xc = 0. According to Lemma 5.6, z will also converge to

zero. We also simulate this uncertain system under the state feedback (5.22). Let

the initial state of the nominal plant (5.18) be x(0) = [z(0) ξ1(0) ξ2(0) ξ3(0)]
T =

[10, 3, −5, 7]T and the initial state of the plant uncertainty (5.19) be xc(0) =

[xc1(0) xc2(0)]
T = [−8, 2]T . Fig. 5.2 shows the state trajectories of the nominal

closed-loop system Hp; i.e., the nominal plant (5.18) under the state feedback (5.22).

Despite the presence of the nonlinear NI uncertainty Hc as described by (5.19), the

plant states still converge to zero.

S
ta
te

Time (s)

State Trajectories of the Nominal Plant
z

ξ1
ξ2
ξ3

0

0 15
−5

5

5

10

10

Figure 5.2: State trajectories of the uncertain system (5.18) under the state feedback
control (5.22) constructed according to Theorem 5.6. Starting from nonzero initial
values, the states of the nominal closed-loop system converge to zero, despite the
presence of a nonlinear NI plant uncertainty (5.19).
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5.6 NI State Feedback Equivalence for a Class of

Nonlinear Systems

In this section, we provide the necessary and sufficient conditions for the following

special normal form to be state feedback equivalent to a nonlinear NI system with

a positive definite storage function.

ż = A11z + p(y), (5.25a)

ξ̇1 = u1, (5.25b)

ξ̇2 = ξ3, (5.25c)

ξ̇3 = u2, (5.25d)

y =

[
ξ1

ξ2

]
, (5.25e)

where u =
[
uT
1 uT

2

]T
∈ Rq is the system input, y ∈ Rq is the system output and

[
zT ξ

]T
is the system state. Here, z ∈ Rm is a complementary state variable.

ξ =
[
ξT1 ξT2 ξT3

]T
, where ξ1 ∈ Rq1 and ξ2, ξ3 ∈ Rq2 (q2 := q− q1). p(0) = 0. Due to

the complexity of nonlinear systems and the fact that NI systems can have relative

degree two, only sufficient conditions are derived for the input-affine system (5.1) to

be made nonlinear NI using state feedback control. However, for the special normal

form (5.25), we can provide necessary and sufficient conditions. Also, we aim to not

only make a system nonlinear NI but also let the resulting system have a positive

definite storage function. The motivation for guaranteeing the positive definiteness

of the storage function of the resulting system is to make it easy to construct a posi-

tive definite closed-loop Lyapunov function for feedback controller synthesis (see for

example [15] for Lyapunov’s direct method). Many passivity feedback equivalence

results also require the positive definiteness of the storage function of the resulting

systems in order to achieve stability (see for example [65]). With the help of a posi-

tive definite storage function for the resulting closed-loop system, the ISS condition

required in Section 5.3 is no longer required. The trade-off, on the other hand, is

that internal dynamics (see [15,66,76] for internal dynamics) of the original system

in question should have a constrained nonlinearity. From a different perspective, the

results presented in this section can be regarded as a generalization for the NI state

feedback equivalence results provided in Chapter 4, in the case that the system (4.1)

is already in its normal form.

Besides the necessary and sufficient conditions under which the system (5.25) is state
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feedback equivalent to a nonlinear NI system or a nonlinear OSNI system, formulas

for the corresponding state feedback controllers are also provided. In the case that

the system (5.25) has a nonlinear OSNI uncertainty, the NI state feedback equiva-

lence results can be applied to achieve stablization. The process of making a system

nonlinear NI and stabilizing it against nonlinear OSNI uncertainty is illustrated in

a numerical example.

5.6.1 State Feedback Equivalence

First, let us provide the definition for state feedback equivalence to a nonlinear NI

system with positive definition storage function.

Definition 5.10. A system of the form (5.25) is said to be state feedback equivalent

to a nonlinear NI (OSNI) system with a positive definite storage function if there

exists a state feedback control law

u = k(x) + v, (5.26)

where v ∈ Rq is the new input, such that the system with the input v and the output

y is a nonlinear NI (OSNI) system with a positive definite storage function.

In the case of system (5.25), it is said to be weakly minimum phase if A11 is Lya-

punov stable (see [15,66,76]). We provide necessary and sufficient conditions for the

nonlinear NI state feedback equivalence of the system (5.25).

Theorem 5.7. Suppose the system (5.25) satisfies detA11 6= 0. Then the following

statements are equivalent:

1. A11 is Lyapunov stable.

2. The system (5.25) is state feedback equivalent to a nonlinear NI system with

a positive definite storage function.

3. The system (5.25) is state feedback equivalent to a nonlinear OSNI system with

a positive definite storage function.

Proof. Statement 1 implies Statements 2 & 3. Given that ż = A11z is Lya-

punov stable, there exists a storage function V1(z) > 0 under which for any z we

have that (see [15])
∂V1(z)

∂z
A11z ≤ 0. (5.27)

Let us define a function V (z, ξ) as

V (z, ξ) = V1(α) + V2(y) +
1

2
ξT3 ξ3, (5.28)
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where V1(·) satisfies (5.27) and V2(y) can be any class C1 positive definite function.

Here, a new vector α is defined as

α = z + A−1
11 p(y). (5.29)

In this case, V (z, ξ) is a positive definite function. Consider the following inequality,

which will be used later. According to (5.27), we have that

∂V (z, ξ)

∂z
[A11z + p(y)] =

∂V1(α)

∂z
A11α =

∂V1(α)

∂α
A11α ≤ 0. (5.30)

Let us consider the following change of input. We change the input entries u1 to be

u1 = v1 −
(
∂V (z, ξ)

∂ξ1

)T

, (5.31)

and we change the input entries u2 to be

u2 = v2 −
(
∂V (z, ξ)

∂ξ2

)T

− λξ3, (5.32)

where λ ≥ 0 is an arbitrary constant. Here, v1 ∈ Rq1 and v2 ∈ Rq2 , and v =[
vT1 vT2

]T
is the new system input. The resulting new system has the model:

ż = A11z + p(y), (5.33a)

ξ̇1 = v1 −
(
∂V (z, ξ)

∂ξ1

)T

, (5.33b)

ξ̇2 = ξ3, (5.33c)

ξ̇3 = v2 −
(
∂V (z, ξ)

∂ξ2

)T

− λξ3, (5.33d)

y =

[
ξ1

ξ2

]
. (5.33e)

Now, let us verify the nonlinear NI property of the new system (5.33). We have that

V̇ (z, ξ)− vT ẏ

=
∂V (z, ξ)

∂z
ż +

∂V (z, ξ)

∂ξ
ξ̇ − vT ẏ

=
∂V (z, ξ)

∂z
[A11z + p(y)] +

∂V (z, ξ)

∂ξ1
ξ̇1 +

∂V (z, ξ)

∂ξ2
ξ̇2 +

∂V (z, ξ)

∂ξ3
ξ̇3 − vT1 ξ̇1 − vT2 ξ̇2

≤−
(
vT1 − ∂V (z, ξ)

∂ξ1

)
ξ̇1 −

(
vT2 − ∂V (z, ξ)

∂ξ2

)
ξ̇2 +

∂V (z, ξ)

∂ξ3
ξ̇3
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≤−
(
vT1 − ∂V (z, ξ)

∂ξ1

)(
v1 −

(
∂V (z, ξ)

∂ξ1

)T
)

−
(
vT2 − ∂V (z, ξ)

∂ξ2

)
ξ3

+ ξT3

(
v2 −

(
∂V (z, ξ)

∂ξ2

)T

− λξ3

)

=−
(
vT1 − ∂V (z, ξ)

∂ξ1

)(
v1 −

(
∂V (z, ξ)

∂ξ1

)T
)

− λξT3 ξ3

=− ‖ξ̇1‖2 − λ‖ξ̇2‖2

≤− ǫ‖ẏ‖2

≤ 0,

where ǫ = min{1, λ}. For all λ ≥ 0, the new system is nonlinear NI. For λ > 0, we

have that ǫ > 0. Hence, the new system is nonlinear OSNI. Note that Statement 2

implies Statement 3 since nonlinear OSNI systems are also nonlinear NI systems.

Statement 3 implies Statement 1. Note that nonlinear OSNI systems belong to

the class of nonlinear NI systems. Therefore, suppose the system is state feedback

equivalent to an NI system with a positive definite storage function. This implies

that there is a state feedback control law

u =

[
u1

u2

]
=

[
k1(z, ξ) + v1

k2(z, ξ) + v2

]
,

such that the resulting system

ż = A11z + p(y),

ξ̇1 = v1 + k1(z, ξ),

ξ̇2 = ξ3,

ξ̇3 = v2 + k2(z, ξ),

y =

[
ξ1

ξ2

]

with the new input v =
[
vT1 vT2

]T
is a nonlinear NI system with a positive definite

storage function V (z, ξ) that satisfies

∂V (z, ξ)

∂z
ż +

∂V (z, ξ)

∂ξ
ξ̇ ≤ vT ẏ. (5.34)

Choose v such that y stays identically at zero. In this case, ξ = 0, ξ̇ = 0 and

p(y) = p(0) = 0. Then V (z, 0), which is a positive definite storage function of z,
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shows the Lyapunov stability of the system ż = A11z according to (5.34).

Remark 5.3. The system considered in Theorem 5.7 is in normal form where a

change of input is already applied. A more general version of the normal form is

ż = A11z + p(y), (5.35a)

ξ̇1 = j1(z, ξ) + l1(z, ξ)ũ1, (5.35b)

ξ̇2 = ξ3, (5.35c)

ξ̇3 = j2(z, ξ) + l2(z, ξ)ũ2, (5.35d)

y =

[
ξ1

ξ2

]
, (5.35e)

where

[
l1(z, ξ)

l2(z, ξ)

]
is nonsingular for all (z, ξ) in the region of interest, e.g., near the

equilibrium point (0, 0) or globally. Then, the system (5.35) can be transformed into

the form (5.25) using the following change of input:

[
ũ1

ũ2

]
=

[
l1(z, ξ)

l2(z, ξ)

]−1 [
u1 − j1(z, ξ)

u2 − j2(z, ξ)

]
,

where u =

[
u1

u2

]
is the new input.

Remark 5.4. Although the form (5.25) is not as general as the input-affine system

(5.1) in Section 5.2, it still includes many control applications. If we consider the

potential state, input and output transformations operated before achieving the nor-

mal form (5.25), then a larger set of systems are included. The constraints in the

normal form (5.25) exist in the internal dynamics only. Indeed, the constraints are

automatically satisfied if the system is linear. Also, the constraints do not rule out

any system with zero dimensional internal dynamics; i.e., m = 0.

5.6.2 Stabilization of Uncertain Systems with nonlinear

OSNI uncertainties

Consider a system Σ of the form (5.25) having a system uncertainty Hσ that can

be described as a nonlinear OSNI system. We show in the following that such

an uncertain system can be asymptotically stabilized using a state feedback con-

troller, as shown on the LHS of Fig. 5.3, that makes the nominal closed-loop system

nonlinear OSNI. Suppose the uncertainty Hσ can be described by the following
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HσHσ

NominalNominal
Plant Σ

Controller

Closed-Loop

w
w

x

y
y

u Hp

Figure 5.3: A feedback control system. The plant uncertainty Hσ is a nonlinear
OSNI system. Under some assumptions, we can find a state feedback controller
such that the closed-loop system is asymptotically stable.

equations:

Hσ : ẋσ = fσ(xσ, uσ),

yσ = hσ(xσ),

where xσ ∈ Rnσ is the state, uσ ∈ Rq is the input, and yσ ∈ Rq is the output,

fσ : Rnσ ×Rq → Rnσ is a Lipschitz continuous function and hσ : Rnσ → Rq is a class

C1 function. Suppose the system has at least one equilibrium. Then without loss

of generality, we can assume fσ(0, 0) = 0 and hσ(0) = 0 after a possible coordinate

shift.

The closed-loop interconnection of the nominal plant Σ and the uncertainty Hσ can

be described as follows:

ż = A11z + p(y), (5.36a)

ξ̇1 = (u1 + w1), (5.36b)

ξ̇2 = ξ3, (5.36c)

ξ̇3 = (u2 + w2), (5.36d)

y =

[
ξ1

ξ2

]
, (5.36e)

ẋσ = fσ(xσ, uσ), (5.36f)

yσ = hσ(xσ), (5.36g)

w = yσ, (5.36h)

uσ = y, (5.36i)

where w1 contains the first q1 entries of the output w of the uncertainty Hσ and w2

contains the rest of the output entries; i.e., w =

[
w1

w2

]
.
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Theorem 5.8. Consider the interconnection of the uncertain system Σ and the

system uncertainty Hσ as described by (5.36) and shown in Fig. 5.3. Suppose

detA11 6= 0 and A11 is Lyapunov stable. Also, suppose the system Hσ is OSNI

with the storage function Vσ(xσ). If the function, given by

W (z, ξ, xσ) = V (z, ξ) + Vσ(xσ)− hσ(xσ)
T

[
ξ1

ξ2

]
(5.37)

with V (z, ξ) defined in (5.28), is positive definite, then the system (5.36) is asymp-

totically stabilized by the state feedback control laws

u1 = −
(
∂V (z, ξ)

∂ξ1

)T

, (5.38)

and

u2 = −
(
∂V (z, ξ)

∂ξ2

)T

− λξ3, (5.39)

where λ > 0 is a scalar.

Proof. After applying the state feedback control laws (5.38) and (5.39), the nominal

plant Σ becomes the nominal closed-loop system Hp, which is shown on the RHS of

Fig. 5.3. The input of the system Hp is the output w of the uncertainty Hσ. As is

shown in Section 5.7, under the control laws (5.38) and (5.39), the resulting nominal

closed-loop system Hp is a nonlinear OSNI system with input w. The corresponding

positive definite storage function V (z, ξ) satisfies

V̇ (z, ξ) ≤ wT ẏ − ǫ‖ẏ‖2,

where ǫ = min{1, λ}, as is shown in the proof of Theorem 5.7. Also, because Hσ is

also a nonlinear OSNI system, its storage function Vσ(xσ) satisfies

V̇σ(xσ) ≤ uT
σ ẏσ − ǫσ‖ẏσ‖2

= yT ẇ − ǫσ‖ẇ‖2,

where the equality also uses the equations (5.36h) and (5.36i). Here, the scalar

ǫσ > 0 quantifies the level of output strictness in Hσ. Now, we use Lyapunov’s

direct method to prove the stability of the interconnection shown on the RHS of

Fig. 5.3. Let us consider W (z, ξ, xσ) given in (5.37) as the storage function of the
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interconnection. Taking the time derivative of W (z, ξ, xσ), we have

Ẇ (z, ξ, xσ) = V̇ (z, ξ) + V̇ (xσ)− ḣσ(xσ)
T

[
ξ1

ξ2

]
− hσ(xσ)

T

[
ξ̇1

ξ̇2

]

≤ wT ẏ − ǫ‖ẏ‖2 + uT
σ ẏσ − ǫσ‖ẏσ‖2 − ḣσ(xσ)

T

[
ξ1

ξ2

]
− hσ(xσ)

T

[
ξ̇1

ξ̇2

]

= wT ẏ − ǫ‖ẏ‖2 + yT ẇ − ǫσ‖ẇ‖2 − ẇTy − wT ẏ

=− ǫ‖ẏ‖2 − ǫσ‖ẇ‖2

≤ 0. (5.40)

We have that Ẇ (z, ξ, xσ) ≤ 0 and Ẇ (z, ξ, xσ) = 0 only if ẏ = 0 and ẇ = 0. We

apply LaSalle’s invariance principal in the following. Observing (5.40), it is possible

for Ẇ (z, ξ, xσ) to remain at zero only if ẏ = 0 and ẇ = 0 hold over a time interval

[ta, tb] with ta < tb; i.e., ẏ ≡ 0 and ẇ ≡ 0. And ẏ ≡ 0 implies that ξ̇1 ≡ 0 and

ξ̇2 = ξ3 ≡ 0. Consider (5.33), with v1 and v2 replaced by w1 and w2, respectively.

We have that

ξ̇1 ≡ 0 =⇒ w1 ≡
(
∂V (z, ξ)

∂ξ1

)T

;

ξ̇2 ≡ 0 =⇒ w2 ≡
(
∂V (z, ξ)

∂ξ2

)T

.

Also, since ẇ ≡ 0, the system Hσ is in steady state. That is, given constant input

u =

[
ξ1

ξ2

]
, the system Hσ also has constant output yσ =



(

∂V (z,ξ)
∂ξ1

)T
(

∂V (z,ξ)
∂ξ2

)T


. Consider

that



(

∂V (z,ξ)
∂ξ1

)T
(

∂V (z,ξ)
∂ξ2

)T


 =

(
∂V (z, ξ)

∂y

)T

=

(
∂V1(α)

∂y

)T

+

(
∂V2(y)

∂y

)T

,

which is a function of z and y. Also, since ẏ ≡ 0, we have that
(

∂V2(y)
∂y

)T
is constant.

Therefore, the term

∂V1(α)

∂y
=
∂V1(α)

∂α

∂α

∂y
=

∂V1(α)

∂α

(
∂z

∂y
+ A−1

11

∂p(y)

∂y

)

must be constant. Since y is constant, then z must also be constant; i.e., ż = 0. We

prove in the following that under the situation that ẏ = 0 and ż = 0, we also have

z = 0 and ξ = 0 if a suitable V2(y) is chosen. Suppose the steady state input-output

relation of the system Hσ can be described by some function y = κ(u), where y
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and u are the constant output and input in steady state, respectively. Then we

can always add additional positive definite function Ṽ2(y) to W (z, ξ, xσ) such that

the curve of



(

∂V (z,ξ)
∂ξ1

)T
(

∂V (z,ξ)
∂ξ2

)T


 intersects with κ(

[
ξ1

ξ2

]
) only at the origin. In this case,

the interconnection shown on the RHS of Fig. 5.3 cannot remain in steady state

unless ξ1 ≡ 0 and ξ2 ≡ 0. Therefore, ξ3 = ξ̇2 = 0 and y = 0. This implies that

p(y) = p(0) = 0 and ż = A11z. Since ż = 0, we have that z = A−1
11 ż = 0. Therefore,

in the case that ẏ and ẇ are zero, the system state is already at the origin. Otherwise,

W (z, ξ, xσ) will keep decreasing until z, ξ, xσ all become zero. This completes the

proof.

5.6.3 Example

We illustrate the process of making a system of the form (5.25) nonlinear NI with a

positive definite storage function using state feedback control. Consider the following

system:

ż = − z + ξ21ξ2, (5.41a)

ξ̇1 = u1, (5.41b)

ξ̇2 = ξ3, (5.41c)

ξ̇3 = u2, (5.41d)

y =

[
ξ1

ξ2

]
. (5.41e)

where u =
[
u1 u2

]T
∈ R2 is the system input, y ∈ R2 is the system output and

[
z ξ1 ξ2 ξ3

]T
is the system state. Here, z, ξ1, ξ2, ξ3, u1, u2 ∈ R. The correspond-

ing A11 matrix is −1. According to Theorem 5.7, the system is state feedback

equivalent to a nonlinear NI (OSNI) system with a positive definite storage func-

tion. We show in the following the corresponding state feedback control and we

prove that the resulting system is nonlinear NI. We construct

V1(α) = α2,

where α is defined as

α = z + A−1
11 ξ

2
1ξ2 = z − ξ21ξ2,
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according to (5.29). We also construct

V2(y) = ξ
4
3

1 + ξ22 .

Therefore, the function V (z, ξ) as given in (5.28) is

V (z, ξ) = (z− ξ21ξ2)
2+ ξ

4
3

1 + ξ22 +
1

2
ξ23 = z2 − 2zξ21ξ2 + ξ41ξ

2
2 + ξ

4
3

1 + ξ22 +
1

2
ξ23 . (5.42)

We apply the control laws

u1 = v1 −
(
∂V (z, ξ)

∂ξ1

)T

= v1 + 4zξ1ξ2 − 4ξ31ξ
2
2 −

4

3
ξ

1
3

1 , (5.43)

and

u2 = v2 −
(
∂V (z, ξ)

∂ξ2

)T

− λξ3 = v2 + 2zξ21 − 2ξ41ξ2 − 2ξ2 − ξ3, (5.44)

where v =
[
v1 v2

]T
is the new input. We choose λ = 1 in (5.44). The resulting

system now becomes

ż = − z + ξ21ξ2, (5.45a)

ξ̇1 = v1 + 4zξ1ξ2 − 4ξ31ξ
2
2 −

4

3
ξ

1
3

1 , (5.45b)

ξ̇2 = ξ3, (5.45c)

ξ̇3 = v2 + 2zξ21 − 2ξ41ξ2 − 2ξ2 − ξ3, (5.45d)

y =

[
ξ1

ξ2

]
. (5.45e)

We prove that this system is nonlinear NI (OSNI) with the positive definite storage

function (5.42). Taking the derivative of V (z, ξ), we get

V̇ (z, ξ)

= 2zż − 2żξ21ξ2 − 4zξ1ξ2ξ̇1 − 2zξ21 ξ̇2 + 4ξ31ξ
2
2 ξ̇1 + 2ξ41ξ2ξ̇2 +

4

3
ξ

1
3

1 ξ̇1 + 2ξ2ξ̇2 + ξ3ξ̇3

= (2z − 2ξ21ξ2)ż + (4ξ31ξ
2
2 − 4zξ1ξ2 +

4

3
ξ

1
3

1 )ξ̇1 + (2ξ41ξ2 + 2ξ2 − 2zξ21)ξ̇2 + ξ3ξ̇3

=− 2ż2 + (v1 − ξ̇1)ξ̇1 + ξ3(v2 − ξ3 − ξ̇3) + ξ3ξ̇3

=− 2ż2 + v1ξ̇1 − ξ̇21 + v2ξ3 − ξ23

=− 2ż2 + v1ξ̇1 + v2ξ̇2 − ξ̇21 − ξ̇22

≤ vT ẏ − ‖ẏ‖2.
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Therefore, the system (5.45) is nonlinear OSNI and hence also nonlinear NI.

Now we consider an uncertainty for the system (5.41). Suppose the uncertainty Hσ

has the following model:

ẋσ1 =− x3
σ1 + uσ1, (5.46a)

ẋσ2 =− xσ2 + uσ2, (5.46b)

yu =

[
xσ1

xσ2

]
, (5.46c)

where xσ = [xσ1 xσ2]
T , uσ = [uσ1 uσ2]

T and yσ = [xσ1 xσ2]
T are the state, input and

output of the system, respectively. Here, xσ1, xσ2, uσ1, uσ2 ∈ R. The system (5.46)

is nonlinear OSNI with the positive definite storage function

Vσ(xσ) =
1

4
x4
σ1 +

1

2
x2
σ2,

which satisfies the nonlinear OSNI property since

V̇ (xσ) = x3
σ1ẋσ1 + xσ2ẋσ2

= (uσ1 − ẋσ1)ẋσ1 + (uσ2 − ẋσ2)ẋσ2

= uσ1ẋσ1 + uσ2ẋσ2 − ẋ2
σ1 − ẋ2

σ2

= uT
σ ẏσ − ‖ẏσ‖2.

Suppose the uncertain system has a structure shown on the LHS of Fig. 5.3, we

apply the state feedback control laws (5.43) and (5.44) to the system, with w1 and

w2 replacing v1 and v2, respectively. Then the entire system becomes the system

shown on the RHS of Fig. 5.3. We show in the following that this interconnection

is asymptotically stable. We construct the storage function of the interconnection

using the formula given in (5.37):

W (z, ξ, xσ) = V (z, ξ) + Vσ(xσ)− ξ1xσ1 − ξ2xσ2.

It can be verified that this storage function is positive definite. Then

Ẇ (z, ξ, xσ) = V̇ (z, ξ) + V̇σ(xσ)− ξ̇1xσ1 − ξ̇2xσ2 − ξ1ẋσ1 − ξ2ẋσ2

=− 2ż2 + w1ξ̇1 + w2ξ̇2 − ξ̇21 − ξ̇22 + uσ1ẋσ1 + uσ2ẋσ2 − ẋ2
σ1 − ẋ2

σ2 − ξ̇1xσ1

− ξ̇2xσ2 − ξ1ẋσ1 − ξ2ẋσ2

=− 2ż2 + xσ1ξ̇1 + xσ2ξ̇2 − ξ̇21 − ξ̇22 + ξ1ẋσ1 + ξ2ẋσ2 − ẋ2
σ1 − ẋ2

σ2 − ξ̇1xσ1

− ξ̇2xσ2 − ξ1ẋσ1 − ξ2ẋσ2
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=− 2ż2 − ξ̇21 − ξ̇22 − ẋ2
σ1 − ẋ2

σ2

≤ 0.

Using LaSalle’s invariance principal, Ẇ (z, ξ, xσ) remains at zero only if

ż, ξ̇1, ξ̇2, ẋσ1, ẋσ2 ≡ 0. In this case, we have that

ż =− z + ξ21ξ2 ≡ 0,

ξ̇1 = v1 + 4zξ1ξ2 − 4ξ31ξ
2
2 −

4

3
ξ

1
3

1 ≡ 0,

ξ̇2 = ξ3 ≡ 0 =⇒ ξ̇3 = v2 + 2zξ21 − 2ξ41ξ2 − 2ξ2 − ξ3 ≡ 0,

ẋσ1 =− x3
σ1 + uσ1 ≡ 0,

ẋσ2 =− xσ2 + uσ2 ≡ 0.

Solving the equations, we have z, ξ1, ξ2, ξ3, xσ1, xσ2 = 0. Otherwise, W (z, ξ, xσ) will

keep decreasing until z, ξ, xσ all become zero. Therefore, the interconnection is

asymptotically stable.

We also illustrate that the uncertain system is asymptotically stabilized

via simulation. Let the initial state of the nominal plant be x(0) =[
z(0) ξ1(0) ξ2(0) ξ3(0)

]
=
[
3 1 −1 2

]
and the initial state of the uncertainty

be zero. It is shown in Fig. 5.4 that despite the presence of the uncertainty, the

system (5.41) is asymptotically stabilized by the state feedback control (5.43) and

(5.44).

S
ta
te

Time (s)

State Trajectories of the Nominal Plant

z
ξ1
ξ2
ξ3

0

0

2

2 4 6 8 10

1

3

−1

Figure 5.4: State trajectories of the uncertain system (5.41). The uncertainty of
the system is described by (5.46) and stability is achieved using the state feedback
control (5.43) and (5.44) constructed according to Theorem 5.8. Starting from
nonzero initial values, the state variables of the nominal closed-loop system converge
to zero, despite the presence of nonlinear OSNI plant uncertainty (5.46).
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5.7 Conclusion

In this chapter, we investigated the problem of state feedback equivalence to a non-

linear NI (OSNI) system in two cases. First, for an input-affine nonlinear system, we

provided sufficient conditions under which it can be made NI. Using the dissipativity

of NI systems, we proposed state feedback controllers that can stabilize nonlinear

systems by making them NI (OSNI). For a system with a nonlinear NI uncertainty,

we use the NI state feedback equivalence results to asymptotically stabilize it.

We also provided the necessary and sufficient conditions for a special normal form

to be state feedback equivalent to a nonlinear NI system with a positive definite

storage function. This result is also used in addressing a stabilization problem for a

system with a nonlinear OSNI uncertainty. Examples are provided to illustrate the

results for both cases.
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Chapter 6

Output Feedback Consensus for

Networked Nonlinear Negative

Imaginary Systems

6.1 Introduction

In this chapter, we investigate the output feedback consensus problem for networked

nonlinear NI systems. Cooperative control for multi-agent systems has been a highly

active research area over the past two decades [85]. This control paradigm enables

multiple systems to perform team missions and has been applied to autonomous

vehicles including mobile robots, unmanned air vehicles (UAVs), autonomous un-

derwater vehicles (AUVs) and other applications [86]. Consensus, that is conver-

gence to an agreement through information sharing among agents, is one of the most

important problems in the area of cooperative control [87]. Consensus algorithms

were first studied for first-order dynamics (see [88, 89], etc) and then extended to

second-order systems (see [90–92], etc).

As NI properties arise naturally in autonomous vehicles and a wide variety of other

applications [93], consensus problems were investigated in [32, 33] for networked NI

systems. Using NI systems theory, the consensus algorithms in [33] only require

outputs to be shared among agents, and consensus is guaranteed if a simple DC

gain condition is satisfied. The theoretical results in [33] have already been applied

to real-world cooperative control problems (see [35, 94, 95]).

Considering that many control systems have a nonlinear nature, we aim to find

a control framework in order to achieve output feedback consensus for networked

nonlinear NI systems. The output consensus problem is investigated for three types
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of networked systems: (i) We first consider a network consisting of multiple identical

nonlinear NI systems. (ii) Then we consider a network of multiple heterogeneous NI

systems. (iii) Finally, we consider a network of multiple heterogeneous NI systems

with free body motion. The systems of interest in the cases (i) and (ii) are nonlinear

NI with positive definite storage functions, which means, they do not have free body

motion. Case (iii) allows for systems in a network to be nonlinear NI with positive

semidefinite storage functions. This allows them to have free body motion. Indeed,

it can be observed that Case (i) can be regarded as a subset of Case (ii) and Case

(ii) can be regarded as a subset of Case (iii). However, due to the relevance of the

cases (i) and (ii), we still present them as different control frameworks, which can

be used as alternative approaches to achieve output consensus. The results in this

chapter have been published in the papers [61, 62, 96].

6.2 Problem statement

Consider N heterogeneous nonlinear plants Hpi (i = 1, 2, · · · , N) with the system

model
Hpi : ẋpi(t) = fpi(xpi(t), upi(t)),

ypi(t) = hpi(xpi(t)),
(6.1)

where xpi(t) ∈ Rnpi is the state, upi(t) ∈ Rm is the input, and ypi(t) ∈ Rm is the

output, fpi : R
npi × Rm → Rnpi are Lipschitz continuous functions and hpi : R

npi →
R

m are class C1 functions. These systems operate independently in parallel, as

shown in Fig. 6.1. The subscript “p” indicates that this system will play the role of

a plant in what follows.

Hp

up1 yp1

up2 yp2

upN ypN

Hp1

Hp2

HpN

...
...

...

Figure 6.1: A plant Hp consisting of N independent systems Hpi (i = 1, 2, · · · , N)
of the form (6.1), with independent inputs and outputs combined as the input and
output of the networked system Hp.

To describe the networked plants using a single system model, we combine their

states, inputs and outputs respectively as vectors Xp = [xT
p1, · · · , xT

pN ]
T ∈ Rnp,

100



New Results in Negative Imaginary Systems Theory

where np =
∑N

i=1 npi, Up = [uT
p1, · · · , uT

pN ]
T ∈ RNm and Yp = [yTp1, · · · , yTpN ]T ∈ RNm.

We denote by Hp the network of nonlinear NI plants consisting of systems Hpi (i =

1, 2, · · · , N). The system Hp is formally defined by the following equations:

Hp : Ẋp =




fp1(xp1, up1)
...

fpN(xpN , upN)


 , Yp =




hp1(xp1)
...

hpN(xpN)


 . (6.2)

We would like to find an output feedback control framework so that the outputs of

the systems Hpi are synchronized to the same limit trajectory. Now we give a defi-

nition of output feedback consensus for a network of systems Hpi (i = 1, 2, · · · , N)

of the form (6.1).

Definition 6.1. A distributed output feedback control law achieves output feedback

consensus for a network of systems if ‖ypi(t) − ypj(t)‖ → 0 as t → +∞, ∀i, j ∈
{1, 2, · · · , N}.

We aim to find control frameworks for the output feedback consensus of three types

of networked system: networked identical nonlinear NI systems with positive defi-

nite storage functions, networked heterogeneous nonlinear NI systems with positive

definite storage functions and networked heterogeneous nonlinear NI systems with

positive semidefinite storage functions.

6.3 Output feedback consensus for networked

identical nonlinear NI systems with positive

definite storage functions

In the case that all the plants in the network are identical, they share the same

system model. That is, the system model (6.1) is the same for all the plants; i.e.,

fpi = fpj and hpi = hpj for all i, j ≤ N . Suppose the information exchange between

agents in the network can be modelled as an undirected connected graph G.

To achieve output feedback consensus, we apply N identical linear OSNI systems as

controllers, which have the transfer function matrix R(s) and the following minimal

realization.
ẋci = Axci +Buci,

yci = Cxci,
(6.3)

where xci ∈ Rq is the state, uci ∈ Rm is the input and yci ∈ Rm is the output. Here,

the subscript “c” indicates that the system will play the role of a controller in what
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follows. We choose the controller such that detA 6= 0. We consider the control

framework shown in Fig. 6.2 to achieve consensus, where LN denotes the Laplacian

matrix of the graph G.

Hp

Up Yp

UcŶc Yc
R(s)

R(s)

RN (s) = LN ⊗R(s)

0

0

LN ⊗ Im
. . .

· · ·

· · ·
...

...

Figure 6.2: Networked identical nonlinear NI systems with identical OSNI controllers
connected according to a specified graph topology.

We show in the following that the system Hp in Fig. 6.2 is a nonlinear NI system if

each individual plant of the form (6.1) is nonlinear NI.

Lemma 6.1. Consider the parallel combination of multiple nonlinear NI plants as

shown in Fig. 6.1. If for all i ≤ N , the plant Hpi is nonlinear NI with a positive

definite storage function, then the system Hp is also a nonlinear NI system with a

positive definite storage function.

Proof. It follows from the assumption of the lemma that for all i ≤ N , there exists a

positive definite storage function Vpi(xpi) such that V̇pi(xpi) ≤ uT
piẏpi. For the system

Hp, we define its storage function as Vp(Xp) :=
∑N

i=1 Vpi(xpi) > 0. Then

V̇p(Xp) =
N∑

i=1

V̇pi(xpi) ≤
N∑

i=1

uT
piẏpi = UT

P Ẏp, (6.4)

which satisfies Definition 3.1. Therefore, Hp is a nonlinear NI system with a positive

definite storage function.

Then we show that the controller LN ⊗ R(s) has an OSNI-like property.

Lemma 6.2. Suppose R(s) with the minimal realization (6.3) is OSNI. Then the

system Ln ⊗ R(s) shown in Fig. 6.2 has an OSNI-like property in the sense that

there exists a storage function Vc such that

V̇c ≤ Uc
˙̂
Y c −

1

2
ǫ
∑

(vi,vj)∈E

‖ẏci − ẏcj‖2, (6.5)
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where ǫ > 0 is the level of output strictness of R(s).

Proof. According to Definition 3.2, there exists a storage function Vci(xci) for the

system (6.3) such that V̇ci(xci) ≤ uT
ciẏci − ǫ‖ẏci‖2. For any two identical controllers

with the state-space model (6.3), denote their states, inputs and outputs by xci, xcj ,

uci, ucj, yci, ycj, respectively. Then the system described by the model

d

dt
(xci − xcj) = A(xci − xcj) +B(uci − ucj),

yci − ycj = C(xci − xcj),

also has the transfer function matrix R(s) and hence is also OSNI. Therefore, we

have that

V̇ci(xci − xcj) ≤ (uci − ucj)
T (ẏci − ẏcj)− ǫ‖ẏci − ẏcj‖2.

Note that Vci is identical for all i ≤ N . Now for the networked controllers LN⊗R(s),

we construct its storage function Vc as follows:

Vc :=
1

2

∑

(vi,vj)∈E

Vci(xci − xcj).

We introduce the coefficient 1
2
because the each edge is counted twice in the sum-

mation. Now taking the time derivative of Vc, we have that

V̇c =
1

2

∑

(vi,vj)∈E

V̇ci(xci − xcj)

≤ 1

2

∑

(vi,vj)∈E

(uci − ucj)
T (ẏci − ẏcj)−

1

2
ǫ
∑

(vi,vj)∈E

‖ẏci − ẏcj‖2

=
N∑

i=1

uci

N∑

j=1

aij(ẏci − ẏcj)−
1

2
ǫ
∑

(vi,vj)∈E

‖ẏci − ẏcj‖2

= UT
c
˙̂
Y c −

1

2
ǫ
∑

(vi,vj)∈E

‖ẏci − ẏcj‖2,

where A = [aij ] is the adjacency matrix of the graph G (see Section 2.7).

Before we present the main result, we suppose that the networked system satisfy

the following assumption.

Assumption 6.1. Consider the parallel combination Hp of the networked identical

plants. Given an input Up to the system Hp, if the corresponding output of Hp is

such that

Yp = 1N ⊗ (ρIm) + Y D,
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where ρ ∈ R is a constant scalar and Y D ∈ RNm is a nonzero constant vector, then

Up 6= (LN ⊗R(0))Y D.

Assumption 6.1 considers the case in which the outputs of the networked plants have

constant differences. In this case, the control inputs upi generated by the controller

LN ⊗ R(s) will also have constant differences between each other. Assumption 6.1

rules out the case that given the corresponding control input Up to the open-loop

interconnection of Hp and LN ⊗R(s), the system still produces the same signal; i.e.,

Ŷc = Up.

Theorem 6.1. Consider an undirected and connected graph G that models the com-

munication links for a network of identical systems with the model Hpi given in (6.1)

where fpi = fpj and hpi = hpj for all i, j ≤ N . Suppose the system Hpi is a nonlin-

ear NI system with a positive definite storage function. Consider an OSNI transfer

function matrix R(s) with the minimal realization (6.3) where detA 6= 0. Suppose

Hpi satisfies Assumptions 3.3 and 3.4. Also, suppose Assumption 6.1 is satisfied,

and the function

Ŵ = Vp + Vc − Y T
p Ŷc (6.6)

is positive definite, where Vp(Xp) =
∑N

i=1 Vpi(xpi) > 0, Vc =
1
2

∑
(vi,vj)∈E

Vci(xci−xcj)

and Ŷc = LN ⊗ R(s)Yp. Then output feedback consensus is achieved via the control

law

Up = (LN ⊗R(s))Yp

as shown in Fig. 6.2.

Proof. Taking the time derivative of Ŵ in (6.6), we have that

˙̂
W = V̇p + V̇c − Ẏ T

p Ŷc − Y T
p

˙̂
Y c

≤ UT
P Ẏp + Uc

˙̂
Y c −

1

2
ǫ
∑

(vi,vj)∈E

‖ẏci − ẏcj‖2 − Ẏ T
p Ŷc − Y T

p
˙̂
Y c

=− 1

2
ǫ
∑

(vi,vj)∈E

‖ẏci − ẏcj‖2

≤ 0,

where the system settings Yp = Uc and Ŷc = Up are also used. Hence, the system

is stable in the sense of Lyapunov. We apply LaSalle’s invariance principle in the

following. In the case that
˙̂
W stays at zero, we have that ẏci − ẏcj stays at zero for

all (vi, vj) ∈ E . Since the system (6.3) is minimal, we have that ẋci − ẋcj ≡ 0 due to
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observability and then u̇ci − u̇cj ≡ 0 due to controllability. Therefore, we have

0 = ẋci − ẋcj = A(xci − xcj) +B(uci − ucj),

which implies xci − xcj = −A−1B(uci − ucj) given that A is nonsingular. In the

sequel, we have that yci− ycj = −CA−1B(uci−ucj) = R(0)(uci−ucj). The constant

differences between uci and ucj implies that Uc = 1N ⊗ (ρIm) + Y D. Therefore, we

have Up = Ŷc = (LN ⊗R(0))Uc = (LN ⊗R(0))Y D. If ẏci − ẏcj stays at zero, then Ŷc

will remain a constant matrix (LN ⊗R(0))Y D. This violates Assumption 6.1 unless

Y D = 0. In the case Y D = 0, we have Yp = Uc = 1N ⊗ (ρIm), which implies that

output consensus is already achieved. Otherwise, ẏci − ẏcj cannot remain zero and
˙̂
W cannot remain zero. Hence, it will keep decreasing until Ŵ = 0, which will also

guarantee output consensus.

6.4 Output feedback consensus for networked

heterogeneous nonlinear NI systems

In this section, we provide a control framework for the output feedback consensus

for networked heterogeneous nonlinear NI systems with positive definite storage

functions. Consider a series of heterogeneous nonlinear OSNI controllers Hck (k =

1, 2, · · · , l). The controllers have the following state-space models:

Hck : ẋck(t) = fck(xck(t), uck(t)),

yck(t) = hck(xck(t)),
(6.7)

where xck(t) ∈ Rnck is the state, uck(t) ∈ Rm is the input, and yck(t) ∈ Rm is the

output, fck : Rnck × Rm → Rnck are Lipschitz continuous functions, hck : Rnck →
Rm are class C1 functions. These systems operate independently in parallel. The

subscript “c” indicates that this system will play the role of a controller in what

follows. We combine the states, inputs and outputs respectively as vectors Xc =

[xT
c1, · · · , xT

cl]
T ∈ Rnc , where nc =

∑l
k=1 nck, Uc = [uT

c1, · · · , uT
cl]

T ∈ Rlm and Yc =

[yTc1, · · · , yTcl]T ∈ R
lm. We denote by Hc the network of nonlinear OSNI controllers

consisting of systems Hck (k = 1, 2, · · · , l), as is shown in Fig. 6.3. The system Hc

is formally defined by the following equations:

Hc : Ẋc =




fc1(xc1, uc1)
...

fcl(xcl, ucl)


 , Yc =




hc1(xc1)
...

hcl(xcl)


 . (6.8)
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Hc

uc1 yc1

uc2 yc2

ucl ycl

Hc1

Hc2

Hcl

...
...

...

Figure 6.3: System Hc: a nonlinear system consisting of l independent and heteroge-
neous nonlinear systems Hck (k = 1, 2, · · · , l), with independent inputs and outputs
combined as the input and output of the networked system Hc.

Lemma 6.3. If the controllers Hck are nonlinear OSNI systems for all k =

1, 2, · · · , l, then the networked controller Hc is also a nonlinear OSNI system.

Proof. For every nonlinear OSNI system Hck, we have a positive semidefinite storage

function Vck(xck) and a constant ǫk > 0 such that

V̇ck(xck) ≤ uT
ckẏck − ǫk‖ẏck‖2, (6.9)

where ǫk is the level of output strictness of the system Hck. For the system Hc,

we define its storage function Vc as the sum of the storage functions of all the

networked controllers; i.e., Vc :=
∑l

k=1 Vck(xck), which is positive semidefinite. The

time derivative of Vc is:

V̇c =
l∑

k=1

V̇ck(xck)

≤
l∑

k=1

uT
ckẏck −

l∑

k=1

ǫk‖ẏck‖2

≤
l∑

k=1

uT
ckẏck − ǫmin

l∑

k=1

‖ẏck‖2

= UT
c Ẏc − ǫmin‖Ẏc‖2, (6.10)

where ǫmin = min{ǫ1, ǫ2, · · · , ǫl} > 0. Hence, the system Hc satisfies the definition

of a nonlinear OSNI system and ǫmin quantifies the level of output strictness of this

system.

We model the communication links between the networked nonlinear NI plants Hpi

(i = 1, 2, · · · , N) using a weakly connected directed graph G, which has the corre-
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sponding incidence matrix Q defined by (2.8). Note that the we allow information

exchange in both direction for each edge in the directed graph. Indeed, this directed

graph can be obtained by arbitrarily assigning directions to the edges of an undi-

rected graph that models the network topology. In this section and the next section,

output consensus of heterogeneous nonlinear NI plants is achieved by constructing

a control system with the block diagram shown in Fig. 6.4 and choosing suitable

controllers that satisfy certain conditions. The plants and controllers correspond to

the nodes and edges of the directed graph, respectively. Each controller takes the

difference between the outputs of the two plants connected to it as input. Each

plant takes the sum of the outputs of the controllers connected to it with suitable

signs as input. As is shown in Fig. 6.4, the input to the system Hc in (6.8) is given

Hp

Hc

Up Yp

UcYc

Ĥp

Ûp ŶpQT ⊗ Im Q⊗ Im

Figure 6.4: Positive feedback interconnection of heterogeneous nonlinear NI plants
and nonlinear OSNI controllers according to the directed graph network topology.

by

Uc = (Q⊗ Im)Yp. (6.11)

Then Up is defined as

Up =
(
QT ⊗ Im

)
Yc, (6.12)

where Yc is the corresponding output of the system Hc defined in (6.8). Equivalently,

the distributed control protocol for the plant Hpi (i = 1, 2, · · · , N) is defined by the

equations

ẋck(t) = fck (xck(t), uck) , (6.13)

yck(t) = hck(xck(t)) +Dckuck, (6.14)

upi =

l∑

k=1

qkiyck, (6.15)

where qkj and qki are the j-th and i-th elements in the k-th row of the incidence
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matrix Q, respectively, as defined in (2.8). Here, uck =
∑N

j=1 qkjypj represents the

difference between the outputs of the two plants connected by the edge ek.

We illustrate the connections between the plants and controllers using an example

in Fig. 6.5.

Hp1 Hp2 Hp3

Hp4 Hp5

Hc1 Hc2

Hc3 Hc4

Hc5

Figure 6.5: An example of a weakly connected directed graph where the nodes
correspond to the plants and the edges correspond to the nodes.

In Fig. 6.5, the nodes Hpi (i = 1, · · · , 5 in this example) represent the heterogeneous

nonlinear NI plants, while the heterogeneous nonlinear OSNI controllers Hck (k =

1, · · · , 5 in this example) correspond to the edges. We illustrate in Fig. 6.6 how

the controller Hc1 influences the dynamics of the two plants that correspond to the

nodes linked to it. The controller Hc1 takes the difference between the outputs of

Hp1 and Hp2 as its input; i.e., uc1 = yp1 − yp2. Then the corresponding output of

Hc1 given by its dynamics (6.7) is fed into Hp1 and Hp2 with opposite signs. Since

Hp1 is only connected to the edge correspond to Hc1 and it is the initial vertex,

then up1 = yc1. The plant Hp2 is connected to three nodes via three edges, which

correspond to controllers Hc1, Hc2 and Hc3. Therefore, the outputs of these three

controllers all contribute in the input of Hp2. Since Hp2 is the terminal vertex of the

edge corresponding to Hc1 and the initial vertices of the edges corresponding to Hc2

and Hc3, then up2 = −yc1 + yc2 + yc3.

Hp1 Hp2

Hc1

yc2 + yc3

yp1 yp2

up1 up2

yc1

uc1

Figure 6.6: Detailed block diagram that shows the interconnection between the
plants Hp1, Hp2 and the controller Hc1 in Fig. 6.5.

We have the following lemma for the system Ĥp:
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Lemma 6.4. If the plants Hpi are nonlinear NI systems with a positive definite

storage function for all i = 1, 2, · · · , N , then the system Ĥp as shown in Fig. 6.4 is

also a nonlinear NI system with a positive definite storage function.

Proof. According to Definition 3.1, the storage function Vpi(xpi) of each nonlinear

NI system Hpi (i = 1, 2, · · · , N) must satisfy

V̇pi(xpi) ≤ uT
piẏpi. (6.16)

We define the storage function for the system Ĥp as V̂p =
∑N

i=1 Vpi(xpi), which is

positive definite. Then

˙̂
V p =

N∑

i=1

V̇pi(xpi) ≤
N∑

i=1

uT
piẏpi = UT

p Ẏp. (6.17)

According to the system setting in Fig. 6.4,

Up = (QT ⊗ Im)Ûp, and Ŷp = (Q⊗ Im)Yp. (6.18)

Therefore, we have

UT
p Yp = [(QT ⊗ Im)Ûp]

TYp = ÛT
p (Q⊗ Im)Yp = ÛT

p Ŷp. (6.19)

According to (6.17) and (6.19), we obtain the nonlinear NI inequality for the system

Ĥp:
˙̂
V p ≤ ÛT

p
˙̂
Y p. (6.20)

Therefore, Ĥp is a nonlinear NI system with a positive definite storage function.

Before presenting the main result, we require the following assumption to be satis-

fied. For the open-loop interconnection of the systems Ĥp and Hc shown in Fig. 6.7,

suppose:

Assumption 6.2. Given any nonzero constant input Ûp(t) ≡ Ûp for the system

Ĥp, we obtain a corresponding output Ŷp(t). Set the input of the system Hc to be

Uc(t) ≡ Ŷp(t) in the cascade interconnection shown in Fig. 6.7. If the corresponding

output of the system Hc is a constant; that is Yc(t) ≡ Y c, then we have Û p 6= Y c.

Theorem 6.2. Consider a weakly connected directed graph G with the incidence ma-

trix Q that models the communication links for a network of heterogeneous nonlinear

NI systems Hpi (i = 1, 2, · · · , N) which have positive definite storage functions and

are of the form (6.1). Also, consider the heterogeneous nonlinear OSNI control laws

Hck (k = 1, 2, · · · , l) of the form (6.7) for all of the edges. Suppose the plants Hpi
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Ĥp

Û p Ŷp(t) Hc

Uc(t) Y c

Figure 6.7: Open-loop interconnection of the networked nonlinear NI plants Ĥp and
the networked nonlinear OSNI controllers Hc.

and controllers Hck satisfy Assumptions 3.3 and 3.4, and Assumption 6.2 is satisfied

for the open-loop interconnection of the networked plants and controllers shown in

Fig. 6.7. Also, suppose the storage function, defined as

W :=
N∑

i=1

Vpi(xpi) +
l∑

k=1

Vck(xck)− Ŷ T
p Yc, (6.21)

is positive definite, where Vpi and Vck are the corresponding storage functions that

satisfy (6.16) for the system Hpi and (6.9) for the system Hck, respectively. Here,

Ŷp and Yc are the outputs of the system Ĥp and Hc, respectively. Then output

feedback consensus can be achieved via the controller defined by equations (6.11),

(6.8), (6.12), or equivalently (6.13)-(6.15) in a distributed manner for each plant

Hpi, as shown in Fig. 6.4.

Proof. We apply the Lyapunov’s direct method and take the time derivative of the

storage function W . Define V̂p =
∑N

i=1 Vpi(xpi) and Vc :=
∑l

k=1 Vck(xck) as in the

proofs of Lemmas 6.4 and 6.3, respectively. According to (6.17) and (6.10), we have

Ẇ =
˙̂
V p + V̇c − ˙̂

Y
T

p Yc − Ŷ T
p Ẏc

≤ ÛT
p

˙̂
Yp + UT

c Ẏc − ǫmin

∥∥∥Ẏc

∥∥∥
2

− ˙̂
Y

T

p Yc − Ŷ T
p Ẏc

=− ǫmin

∥∥∥Ẏc

∥∥∥
2

≤ 0, (6.22)

where the system setting Ûp = Yc and Uc = Ŷp is also used. Hence, the closed-loop

system is at least Lyapunov stable. Now we apply LaSalle’s invariance principle.

According to (6.22), Ẇ can remain zero only if ǫmin

∥∥∥Ẏc

∥∥∥
2

remains zero, which means

that ẏck(t) remain zero for all k = 1, 2, · · · , l. According to Assumptions 3.3 and 3.4,

for the system Hck, ẏck(t) ≡ 0 implies ẋck(t) ≡ 0, which holds only if uck(t) ≡ uck.

In other words, for all k = 1, 2, · · · , l, the controllers Hck are in steady-state; i.e.,

uck(t) ≡ uck, xck(t) ≡ xck and yck(t) ≡ yck. This implies that Uc(t) and Yc(t) in

Fig. 6.4 are both constant vectors; i.e., Uc(t) ≡ U c and Yc(t) ≡ Y c. According to the

closed-loop setting that Ûp(t) ≡ Yc(t), we have that Ûp(t) ≡ Ûp is also a constant
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vector. According to Assumption 6.2, this can only hold if Û p = 0, which implies

Y c = 0. Hence, yck = 0 for all k = 1, 2, · · · , l. According to Assumptions 3.3 and

3.4, yck = 0 implies xck = 0 and then uck = 0 for all k = 1, 2, · · · , l. This implies

ypi(t) ≡ ypj(t) for all (vi, vj) ∈ E , which means output consensus is achieved for all

of the heterogeneous nonlinear NI plants. Otherwise, Ẇ cannot remain at zero and

W will keep decreasing until output consensus is achieved or W = 0, which also

implies output consensus. This completes the proof.

6.5 Output feedback consensus for networked

heterogeneous nonlinear NI systems with free

body motion

In this section, we allow the plants (6.1) in the network to have free body motion.

That is, we allow the plants Hpi to be nonlinear NI with a positive semidefinite

storage function, as in Definition 3.1. In this section, output feedback consensus is

also achieved using the control framework in Fig. 6.4 as described in Section 6.4,

except that the controllers Hck used in the framework have slightly different system

models.

Consider a series of heterogeneous nonlinear OSNI controllers Hck (k = 1, 2, · · · , l).
The controllers have the following state-space models:

Hck : ẋck(t) = fck(xck(t), uck(t)),

yck(t) = hck(xck(t)) +Dckuck(t),
(6.23)

where xck(t) ∈ R
nck is the state, uck(t) ∈ R

m is the input, and yck(t) ∈ R
m is the

output, fck : R
nck ×Rm → Rnck are Lipschitz continuous functions, hck : R

nck → Rm

are class C1 functions and Dck ∈ Rm×m are symmetric matrices. These systems

operate independently in parallel as shown in Fig. 6.3. We combine the states, inputs

and outputs respectively as vectorsXc = [xT
c1, · · · , xT

cl]
T ∈ Rnc, where nc =

∑l
k=1 nck,

Uc = [uT
c1, · · · , uT

cl]
T ∈ R

lm and Yc = [yTc1, · · · , yTcl]T = Πc +DcUc ∈ R
lm, where

Πc =
[
hc1(xc1)

T , · · · , hcl(xcl)
T
]T ∈ R

lm; (6.24)

Dc = diag{Dc1, · · · , Dcl} ∈ R
lm×lm. (6.25)

We denote byHc the network of nonlinear OSNI controllers consisting of systems Hck
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(k = 1, 2, · · · , l). The systemHc is formally defined by the following equations:

Hc : Ẋc =




fc1(xc1, uc1)
...

fcl(xcl, ucl)


 , Yc =




hc1(xc1) +Dc1uc1

...

hcl(xcl) +Dclucl


 . (6.26)

The following lemma is similar to Lemma 6.3.

Lemma 6.5. If the controllers Hck are nonlinear OSNI systems for all k =

1, 2, · · · , l, then the networked controller Hc is also a nonlinear OSNI system.

Proof. For every nonlinear OSNI system Hck, we have a positive semidefinite storage

function Vck(xck) and a constant ǫk > 0 such that

V̇ck(xck) ≤ uT
ck
˙̃yck − ǫk‖ ˙̃yck‖2, (6.27)

where ỹck = hck(xck) and ǫk is the level of output strictness of the system Hck.

For the system Hc, we define its storage function Vc as the sum of the storage

functions of all the networked controllers; i.e., Vc :=
∑l

k=1 Vck(xck), which is positive

semidefinite. The time derivative of Vc is:

V̇c =
l∑

k=1

V̇ck(xck)

≤
l∑

k=1

uT
ck
˙̃yck −

l∑

k=1

ǫk‖ ˙̃yck‖2

≤
l∑

k=1

uT
ck
˙̃yck − ǫmin

l∑

k=1

‖ ˙̃yck‖2

= UT
c Π̇c − ǫmin‖Π̇c‖2, (6.28)

where ǫmin = min{ǫ1, ǫ2, · · · , ǫl} > 0. Hence, the system Hc satisfies the definition

of a nonlinear OSNI system and ǫmin quantifies the level of output strictness of this

system.

Lemma 6.6. If the plants Hpi are nonlinear NI systems for all i = 1, 2, · · · , N , then

the system Ĥp as shown in Fig. 6.4 is also a nonlinear NI system.

Proof. See the proof of Lemma 6.4. Since the storage function of each plants is

positive semidefinite, then the storage function of the networked plant Hp, which is

the sum of the storage functions of all the plantsHpi, is also positive semidefinite.
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We need the following assumption for the networked plant Hp. This assumption can

be regarded as a networked version of Assumption 3.1.

Assumption 6.3. Given a constant input Ûp(t) ≡ Û p to the system Ĥp, if its output

is also constant; i.e., Ŷp(t) ≡ Ŷ p, then we suppose Û p and Ŷ p satisfy Û
T

p Ŷ p ≥ 0.

In fact, Assumption 3.1 applied to all the plants Hpi implies Assumption 6.3 in the

case that Hpi are in a steady state for all i = 1, 2, · · · , N . This is because when all

the plants satisfy Assumption 3.1 and are in a steady state, we have U
T

p Y p ≥ 0 and

according to the system setting in Fig. 6.4 we have U
T

p Y p = [(QT ⊗ Im)
T Û p]

TY p =

Û
T

p (Q ⊗ Im)Y p = Û
T

p Ŷ p similarly to (6.19). Hence Û
T

p Ŷ p ≥ 0. However, Assump-

tion 6.3 is made for the networked plants Ĥp in the following theorem instead of

Assumption 3.1 for each individual plant because Assumption 6.3 also allows for

the situation in which the input and output of the system Ĥp are constant, but

the individual plants Hpi are not all in a steady state. This situation is possible

because the matrix Q⊗ Im takes the difference between the outputs of the plants.

Under constant inputs, if the plants oscillate with a constant difference between

their outputs, then this situation is allowed under Assumption 6.3.

Theorem 6.3. Consider a weakly connected directed graph G with the incidence ma-

trix Q that models the communication links for a network of heterogeneous nonlinear

NI systems Hpi (i = 1, 2, · · · , N) of the form (6.1). Also, consider the heterogeneous

nonlinear OSNI control laws Hck (k = 1, 2, · · · , l) of the form (6.23) for all of the

edges. Suppose Assumptions 3.3 and 3.4 are satisfied for the plants Hpi, Assump-

tions 3.2, 3.3 and 3.4 are satisfied for the controllers Hck (with γ = γk for the

controller Hck in Assumption 3.2) and Assumption 6.3 is satisfied by the system

Ĥp. Also, suppose the storage function, defined as

Ŵ :=
N∑

i=1

Vpi(xpi) +
l∑

k=1

Vck(xck)− Ŷ T
p Πc −

1

2
Ŷ T
p DcŶp, (6.29)

is positive definite, where Vpi and Vck are the corresponding positive semidefinite

storage functions that satisfy (6.16) for the system Hpi and (6.27) for the system

Hck, respectively. Here, Ŷp is the output of the system Ĥp. Πc and Dc are terms in

the output Yc of the system Hc and are defined in (6.24) and (6.25). Then output

feedback consensus can be achieved via the control defined by equations (6.11), (6.26),

(6.12), or equivalently (6.13)–(6.15) in a distributed manner for each plant Hpi, as

shown in Fig. 6.4.

Proof. Define V̂p =
∑N

i=1 Vpi(xpi) and Vc :=
∑l

k=1 Vck(xck) as in the proofs of Lem-

mas 6.6 and 6.5, respectively. According to (6.20), (6.28) and the system setting
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Ûp ≡ Yc and Uc ≡ Ŷp shown in Fig. 6.4, we have

˙̂
V p ≤ ÛT

p
˙̂
Y p = Y T

c
˙̂
Y p =

˙̂
Y

T

p [Πc +DcUc] =
˙̂
Y

T

p [Πc +DcŶp], (6.30)

and

V̇c ≤ UT
c Π̇c − ǫmin‖Π̇c‖2 = Ŷ T

p Π̇c − ǫmin‖Π̇c‖2. (6.31)

According to (6.30), (6.31) and the symmetry of Dc in (6.25), the time derivative of

the storage function Ŵ satisfies the following inequality:

˙̂
W =

˙̂
V p + V̇c − ˙̂

Y
T

pΠc − Ŷ T
p Π̇c −

1

2
˙̂
Y

T

p (Dc +DT
c )Ŷp

≤ ˙̂
Y

T

p [Πc +DcŶp] + Ŷ T
p Π̇c − ǫmin‖Π̇c‖2 − ˙̂

Y
T

pΠc − Ŷ T
p Π̇c − ˙̂

Y
T

pDcŶp

≤ ǫmin‖Π̇c‖2

≤ 0.

Hence, the closed-loop system is at least Lyapunov stable. Moreover,
˙̂
W = 0 can

hold only if Π̇c = 0. In other words,
˙̂
W can remain zero only if ḣck(xck(t)) remains

zero for all k = 1, 2, · · · , l. According to Assumptions 3.3 and 3.4, ḣck(xck(t)) ≡
0 =⇒ ẋck(t) ≡ 0 =⇒ uck(t) ≡ uck. Hence, Hck is in a steady state for all

k = 1, 2, · · · , l. We have Uc(t) ≡ U c and Yc(t) ≡ Y c. According to the system

setting in Fig. 6.4 that Ûp(t) ≡ Yc(t) and Uc(t) ≡ Ŷp(t), we also have Ûp(t) ≡ Ûp

and Ŷp(t) ≡ Ŷ p. According to Assumption 6.3,

Û
T

p Ŷ p ≥ 0. (6.32)

According to Assumption 3.2, we have

U
T

c Y c =
l∑

k=1

uT
ckyck ≤ −

l∑

k=1

γk‖uck‖2 ≤ −γmin‖U c‖2,

where γmin = min{γ1, γ2 · · · , γl}. In the case that U c 6= 0,

U
T

c Y c < 0,

which contradicts (6.32) because U
T

c Y c = Û
T

p Ŷ p. In the case that U c = 0, all con-

nected plants have the difference between their system outputs being zero. Hence,

output consensus has already been achieved. Otherwise,
˙̂
W cannot remain zero. Ac-

cording to LaSalle’s invariance principle, Ŵ will keep decreasing until either U c = 0

or Ŵ = 0. Thus, output consensus is achieved in both cases.
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Remark 6.1. The controllers proposed in Theorem 6.1, 6.2 and 6.3 are robust

against parameter perturbation for nonlinear NI plants connected in a network. In-

deed, for physical systems, the NI property is invariant to parameter variations so

that consensus can be always guaranteed as long as the required conditions are sat-

isfied.

6.6 Illustrative example

v1 v2 v3

v4

e1 e2

e3 e4 Q =




1 −1 0 0
0 1 −1 0
0 1 0 −1
0 0 1 −1


 .

Figure 6.8: A weakly connected directed graph G consisting of four nodes, and its
incidence matrix Q.

The example given below illustrates the consensus result presented in this chapter.

Since the case considered in Section 6.5 covers those considered in Sections 6.3 and

6.4, we use the results in Theorem 6.3 to synchronize the outputs of networked

heterogeneous nonlinear NI systems with free body motion.

Consider four nonlinear NI plants Hpi at the vertices vi of the graph in Fig. 6.8,

where the directions of the edges are e1 = (v1, v2), e2 = (v2, v3), e3 = (v2, v4) and

e4 = (v3, v4). Then Q in Fig. 6.8 is the incidence matrix of the directed graph

G. The plants are nonlinear single integrators which have the following state-space

models:
Hpi : ẋpi(t) = µiupi(t)

3,

ypi(t) = xpi(t), i = 1, 2, · · · , 4,
(6.33)

where µ1 = 10, µ2 = 30, µ3 = 25 and µ4 = 5 are constant coefficients. Such plant

models involve free body motion. The storage functions for these four plants are all

Vpi(xpi) = 0. The states xp1, xp2, xp3 and xp4 of these four plants have initial values

30, 15, −5 and −10, respectively. We aim to synchronise the outputs of these four

plants to the same limit trajectory by using nonlinear OSNI controllers Hck at the

edges ek of the graph in Fig. 6.8.

Hck : ẋck(t) =− αkxck(t)− βkxck(t)
3 + uck(t),

yck(t) = xck(t)− uck(t), k = 1, 2, · · · , 4,
(6.34)

where αk and βk are constant coefficients. α1 = 5, α2 = 8, α3 = 7, α4 = 3; β1 = 3,

β2 = 2, β3 = 5 and β4 = 2, respectively. Controllers 1, 2, 3 and 4 are nonlinear OSNI
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systems with storage functions Vc1 =
5
2
x2
c1+

3
4
x4
c1, Vc2 = 4x2

c2+
1
2
x4
c2, Vc3 =

7
2
x2
c3+

5
4
x4
c3

and Vc4 =
3
2
x2
c4 +

1
2
x4
c4, respectively. We now construct the networked plant system

Ĥp for the plants (6.33) using (6.18) with m = 1. Substituting the equations




up1

up2

up3

up4



= QT




ûp1

ûp2

ûp3

ûp4




and




ŷp1

ŷp2

ŷp3

ŷp4



= Q




yp1

yp2

yp3

yp4




into the system model (6.33) and letting x̂pi := ŷpi, we can obtain the state-space

model for the system Ĥp as follows.

˙̂xp1 = 10û3
p1 + 30(ûp1 − ûp2 − ûp3)

3,

˙̂xp2 = 30(−ûp1 + ûp2 + ûp3)
3 + 25(ûp2 − ûp4)

3,

˙̂xp3 = 30(−ûp1 + ûp2 + ûp3)
3 + 5(ûp3 + ûp4)

3,

˙̂xp4 = 25(−ûp2 + ûp4)
3 + 5(ûp3 + ûp4)

3,

ŷp1 = x̂p1, ŷp2 = x̂p2, ŷp3 = x̂p3, ŷp4 = x̂p4.

(6.35)

Note that here we also have

ŷp4 = ŷp3 − ŷp2, (6.36)

which expresses the output difference between Hp3 and Hp4 in terms of the output

difference between Hp2 and Hp3 and the output difference between Hp2 and Hp4.

However, for ease of calculation for the candidate Lyapunov function, we keep the

redundant state x̂p4 in (6.35).

The candidate Lyapunov function of the closed-loop system provided by Theorem

6.3 can be constructed using the formula (6.29) and also the equations (6.24) and

(6.25):

Ŵ =

4∑

i=1

Vpi +

4∑

k=1

Vck +




x̂p1

x̂p2

x̂p3

x̂p4




T 


xc1

xc2

xc3

xc4



− 1

2




x̂p1

x̂p2

x̂p3

x̂p4




T

(−I4)




x̂p1

x̂p2

x̂p3

x̂p4




=
5

2
x2
c1 +

3

4
x4
c1 + 4x2

c2 +
1

2
x4
c2 +

7

2
x2
c3 +

5

4
x4
c3 +

3

2
x2
c4 +

1

2
x4
c4 − x̂p1xc1 − x̂p2xc2

− x̂p3xc3 − x̂p4xc4 +
1

2
x̂2
p1 +

1

2
x̂2
p2 +

1

2
x̂2
p3 +

1

2
x̂2
p4,

=
[
x̂p1 xc1

] [ 1
2

−1
2

−1
2

5
2

][
x̂p1

xc1

]
+

3

4
x4
c1 +

[
x̂p2 xc2

] [ 1
2

−1
2

−1
2

4

][
x̂p2

xc2

]
+

1

2
x4
c2
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+
[
x̂p3 xc3

] [ 1
2

−1
2

−1
2

7
2

][
x̂p3

xc3

]
+

5

4
x4
c3 +

[
x̂p4 xc4

] [ 1
2

−1
2

−1
2

3
2

][
x̂p4

xc4

]
+

1

2
x4
c4,

which is positive definite. We show in the following that the assumptions required in

Theorem 6.3 are satisfied. For the plants (6.33), ẏpi ≡ 0 if and only if ẋpi ≡ 0, which

implies upi ≡ 0. Moreover, if ypi ≡ 0, then xpi ≡ 0. Therefore, the plants (6.33)

satisfy Assumptions 3.3 and 3.4. For the controllers (6.34), the auxiliary output

with the feedthrough term removed is hck(xck) = xck. Therefore, hck(xck) ≡ 0 if

and only if xck ≡ 0. When xck ≡ 0, we have that ẋck ≡ 0, which implies that

uck ≡ αkxck + βkx
3
ck is constant. Moreover, in the case that hck(xck) ≡ 0, we have

xck ≡ 0 and uck ≡ 0. Hence, the controllers (6.34) also satisfy Assumptions 3.3 and

3.4. We show in the following that the controllers (6.34) also satisfy Assumption

3.2. In the case that the inputs uck and outputs yck are both constant, the state

xck = yck + uck is also a constant. Denote the constant state, input and output by

xck, uck and yck, respectively. We have

uck = αkxck + βkx
3
ck (6.37)

because ẋck = 0. We also have that

yck = xck − uck = (1− αk)xck − βkx
3
ck. (6.38)

We want the inequality

uckyck ≤ γk‖uck‖2 (6.39)

to be satisfied for some γk > 0. That is

(
(αkxck + βkx

3
ck

) (
(1− αk)xck − βkx

3
ck

)
≤ −γk

(
(αkxck + βkx

3
ck

)2
. (6.40)

Substituting (6.37) and (6.38) in (6.40), we have that

(1− γk)β
2
kx

6
ck + ((2− γk)αkβk − βk)x

4
ck + (α2

k − αk − γkα
2
k)x

2
ck ≥ 0. (6.41)

We require the existence of a constant γk > 0 such that (6.41) is satisfied for all

xck ∈ R. Considering that x2
ck ≥ 0, let ξk := x2

ck, then (6.41) is satisfied for all

xck ∈ R if and only if

(1− γk)β
2
kξ

2
k + ((2− γk)αkβk − βk)ξk + (α2

k − αk − γkα
2
k) ≥ 0 (6.42)

is satisfied for all ξk ≥ 0. The graph of the LHS of (6.42) as a function of ξk is a

parabola for γk 6= 0. To let (6.42) to be satisfied, we want the parabola to open to
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the top. Therefore, we let 1 − γk > 0, which implies 0 < γk < 1. Also, in the case

that ξk = 0, we want α2
k − αk − γkα

2
k ≥ 0. That is, γk ≤ 1 − 1

αk
considering that

αk > 0. To let γk exist, we need αk > 1, which is the case in the controllers (6.34).

Hence, 0 < γk ≤ 1− 1
αk
. Considering that ξk ≥ 0, then (6.42) is satisfied if the axis

of symmetry of the function of the parabola is nonpositive. That is

−(2 − γk)αkβk − βk

(1− γk)β
2
k

≤ 0,

which is satisfied if (2−γk)αkβk−βk ≥ 0. Also, considering that βk > 0, then we need

(2−γk)αk−1 ≥ 0. That is γk ≤ 2− 1
αk
, which is always satisfied for 0 < γk ≤ 1− 1

αk
.

Therefore, Assumption 3.2 is satisfied for all the controllers (6.34) in this example.

We show in the following that Assumption 6.3 is satisfied for the networked plant

Ĥp given in (6.35). In the case that the system Ĥp has a constant input Û p =[
ûp1 ûp2 ûp3 ûp4

]T
and also a constant output Ŷ p =

[
ŷp1 ŷp2 ŷp3 ŷp4

]T
=

[
x̂p1 x̂p2 x̂p3 x̂p4

]T
, we have that ˙̂xp1 = ˙̂xp2 = ˙̂xp3 = ˙̂xp4 = 0. According to the

state equations in (6.35), we have that

Û p =




0

1

−1

1



ûp4.

Then using (6.36), we have

Û
T

p Ŷ p = ûp4




0

1

−1

1




T 


ŷp1

ŷp2

ŷp3

ŷp4



= ûp4




0

1

−1

1




T 


ŷp1

ŷp2

ŷp3

ŷp3 − ŷp2



= 0. (6.43)

Assumption 6.3 is satisfied. Since all the required conditions in Theorem 6.3 are

satisfied, we expect to achieve output feedback consensus.

This was illustrated using a simulation. As is shown in Fig. 6.9, the output trajec-

tories of all the plants converge to the same limit trajectory. Because of the cubic

nonlinearity in the plants and the controllers, their outputs have different rates of

convergence in the domains where the states are far and close to their limit values.

Therefore, a log scale is used for the time axis in the plot shown in Fig. 6.9.
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Figure 6.9: Outputs of four nonlinear single integrator plants (6.33), which are
synchronized by controllers (6.34). The figure shows the trajectories of the outputs
of the plants from the time that the proposed control law is applied to the time that
the outputs converge to the same limit trajectory. Starting from different initial
conditions, the outputs of the plants converge to the same limit trajectory under
the effect of the proposed control framework in Section 6.5.

6.7 Conclusion

We have provided control frameworks to achieve output feedback consensus for a

network of identical nonlinear NI plants, a network of heterogeneous nonlinear NI

plants and a network of heterogeneous nonlinear NI plants with free body motion.

In the case of identical plants, we model the networked system using an undirected

connected graph. We apply identical linear OSNI controllers to each plant and

the controller outputs are distributed to the plants via the Laplacian matrix of the

graph. In the case of heterogeneous plants, we model the networked system using

a weakly connected directed graph. The controllers take the output differences of

the plants and distribute the corresponding controller outputs to the plants accord-

ing to the graph topology. For these three different networks, we require different

assumptions to be satisfied. In addition, we require certain candidate Lyapunov

functions to be positive definite. Then output feedback consensus is achieved. As

the result for networked heterogeneous nonlinear NI plants with free body motion

is also applicable in the other two cases, it is illustrated using an example.
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Chapter 7

Switched Nonlinear Negative

Imaginary Systems

7.1 Introduction

In this chapter, we consider extending NI system theory to switched systems.

Switched systems, which form an important class of hybrid systems, have drawn

much attention because many real-world dynamical systems are of hybrid nature;

e.g., see [83, 97]. Such systems are organized as continuous-time systems with

discrete-time switching events and arise in many control applications [98–100]. Be-

sides this, the study of switched systems is also motivated by the improvement of

control performance that can be achieved using switched controllers [101–104].

Stability problems for switched systems have been investigated in many books and

papers for general systems (e.g., see [83,105,106] and also specifically for dissipative

systems including passive systems [107–109]. However, control problems for switched

nonlinear NI systems have never been investigated. As nonlinear NI systems theory

complements passivity theory by allowing systems to have relative degree two, and

such systems arise in many control applications (see [93] and references therein), it is

worth investigating the class of switched nonlinear NI systems and the corresponding

stability problems.

In this chapter, we provide definitions of switched nonlinear NI and OSNI systems.

A switched nonlinear system is said to be NI if all the subsystems being switched

to are NI, and in addition, the storage functions for the subsystems in the switch-

ing sequence are nonincreasing. Switched nonlinear OSNI systems are also defined

accordingly. It is shown that with external inputs and outputs considered, the

closed-loop interconnection of two switched nonlinear NI (OSNI) systems is also
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switched NI (OSNI). Under suitable assumptions and zero input, the interconnec-

tion of two switched nonlinear NI systems are stable in the sense of Lyapunov. The

main result of this chapter is that the closed-loop interconnection of a switched

nonlinear NI system and a switched nonlinear OSNI system is asymptotically stable

under some assumptions. This stability result is illustrated by an example where

a nonlinear mass-spring-damper system is asymptotically stabilized by a certain

switched nonlinear NI controller. The results in this chapter have been published in

the paper [110].

7.2 Switched nonlinear NI systems

In this section, we provide definitions of nonlinear NI and OSNI properties for

switched systems. We show that the positive feedback interconnection of two

switched nonlinear NI systems, with external inputs and outputs considered, is also

a switched nonlinear NI system. A similar result holds for switched nonlinear OSNI

systems.

Consider a continuous time switched system of the following form (e.g., see [83,106,

111]):

ẋ = fσ(x, u), (7.1a)

y = h(x), (7.1b)

where x(t) ∈ R
n is the absolutely continuous state, u(t) ∈ R

p is a locally integrable

input, and y(t) ∈ Rp is the output. Here, h : Rn → Rp is a class C1 function and

{fi : Rn×Rp → Rn, i ∈ I} is a family of Lipschitz continuous functions parametrized

by an index set I = {1, 2, · · · , N}. The switching signal σ : [0,∞) → I is a

piecewise constant function of time. The index i = σ(t) is called the active mode at

time t. We assume that σ is right continuous everywhere; i.e., σ(t) = limτ→t+ σ(τ)

for each t ≥ 0. In general, the value of σ at time t can depend on t, x(t) or

both, or be generated using hybrid feedback with memory in the loop. Since the

state x(t) of (7.1) is an absolutely continuous function of time, it does not jump

at switching instants. We assume that the system switches only a finite number of

times on any finite time interval; i.e., there is no chattering. Then, we can denote

by {(i0, t0), (i1, t1), · · · , (ik, tk), · · · }, (k ∈ N) the switching index sequence. Here, t0

is the initial time and N denotes the set of nonnegative integers. This means that

at time tk, the state equation of the system becomes ẋ = fik(x, u). Note that the

switched system has a common state, a common input and a common output, while

the dynamic equation of the system switches to another map f at every switching
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instant.

Now, we define switched nonlinear NI systems as follows.

Definition 7.1. The switched nonlinear system (7.1) is said to be a switched non-

linear NI system if the following two conditions hold:

1. For all i ∈ I, there exist positive semidefinite functions Vi(x) such that for

any input u and any solution x to (7.1) with σ = i,

∂Vi(x)

∂x
fi(x, u) ≤ uT ∂h(x)

∂x
fi(x, u). (7.2)

2. For all k ∈ N, Vik+1
(x) ≤ Vik(x) for all x ∈ Rn.

Similarly, we define switched nonlinear OSNI systems as follows.

Definition 7.2. The switched nonlinear system (7.1) is said to be a switched non-

linear OSNI system if the following two conditions hold:

1. For all i ∈ I, there exist positive semidefinite functions Vi(x) such that for

any input u ∈ Rp and any solution x ∈ Rn to (7.1) with σ = i,

∂Vi(x)

∂x
fi(x, u) ≤ uT ∂h(x)

∂x
fi(x, u)− ǫ‖∂h(x)

∂x
fi(x, u)‖2. (7.3)

2. For all k ∈ N, Vik+1
(x) ≤ Vik(x) for all x ∈ Rn.

Remark 7.1. Definitions 7.1 and 7.2 state that a system is switched nonlinear NI

(OSNI) if every subsystem satisfies the regular nonlinear NI (OSNI) system def-

inition as given in Definitions 3.1 and 3.2 and in addition, the system switches

in a pattern such that the storage functions of the subsystems in the switching in-

dex sequence are nonincreasing. That is, the function Vik(x) − Vik+1
(x) is positive

semidefinite. Note that inequalities (7.2) and (7.3) correspond to inequalities (3.2)

and (3.4) in Definitions 3.1 and 3.2 for non-switching systems, respectively. The

time derivatives are expressed using the directional derivatives in order to specify the

NI and OSNI inequalities for the subsystem that corresponds to the current switching

index ik.

We investigate in the following the switched nonlinear NI (OSNI) property for the

interconnection of two switched nonlinear NI (OSNI) systems with external inputs

and outputs, as shown in Fig. 7.1. In what follows, the symbol “tilde”, that is ·̃,
indicates the variables associated with the system H2.

Suppose the switched systems H1 and H2 in the closed-loop interconnection shown

in Fig. 7.1 have, without loss of generality, synchronized switching instants. This

also applies to the interconnection shown below in Fig. 7.2.
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Figure 7.1: Closed-loop interconnection of switched nonlinear systems H1 and H2

with external inputs u, ũ and external outputs y, ỹ.

Theorem 7.1. Suppose the systems H1 and H2 in the positive feedback intercon-

nection in Fig. 7.1 are switched nonlinear NI (OSNI) systems of the form (7.1) with

states x ∈ Rn, x̃ ∈ Rñ, inputs e, ẽ ∈ Rp and outputs y, ỹ ∈ Rp, respectively. Also,

suppose that for all ik ∈ I,

Vik(x) + Ṽik(x̃)− h(x)T h̃(x̃) ≥ 0, (7.4)

for all x ∈ R
n, x̃ ∈ R

ñ, where Vik(x) and Ṽik(x̃) are positive semidefinite storage

functions that satisfy Definition 7.1 (Definition 7.2) for the systems H1 and H2,

respectively. Then the closed-loop system with input û =
[
uT ũT

]T
and output

ŷ =
[
yT ỹT

]T
is also a switched nonlinear NI (OSNI) system.

Proof. We first prove the OSNI part of the theorem. Suppose H1 and H2 are

switched nonlinear OSNI systems. Then according to Definition 7.2, there exists

positive semidefinite functions Vik(x) and Ṽik(x̃) for every switching index ik ∈ I
such that

∂Vik(x)

∂x
fik(x, e) ≤ eT

∂h(x)

∂x
fik(x, e)− ǫ‖∂h(x)

∂x
fik(x, e)‖2;

∂Ṽik(x̃)

∂x̃
f̃ik(x̃, ẽ) ≤ ẽT

∂h̃(x̃)

∂x̃
f̃ik(x̃, ẽ)− ǫ̃‖∂h̃(x̃)

∂x̃
f̃ik(x̃, ẽ)‖2,

for all e, ẽ and x, x̃. In order to satisfy the conditions in Definition 7.2, we construct

the storage function for the closed-loop system to be

Wik(x, x̃) := Vik(x) + Ṽik(x̃)− h(x)T h̃(x̃) (7.5)

for the switching index ik ∈ I. According to (7.4), the function Wik(x, x̃) is positive

semidefinite. For Condition 1 in Definition 7.2, we have that

Ẇik(x, x̃) = V̇ik +
˙̃
V ik − ḣ(x)T h̃(x̃)− h(x)T

˙̃
h(x̃)
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≤ eT ẏ − ǫ‖ẏ‖2 + ẽT ˙̃y − ǫ̃‖ ˙̃y‖2 − ẏT ỹ − yT ˙̃y

= (u+ ỹ)T ẏ − ǫ‖ẏ‖2 + (ũ+ y)T ˙̃y − ǫ̃‖ ˙̃y‖2 − ẏT ỹ − yT ˙̃y

= uT ẏ + ũT ˙̃y − ǫ‖ẏ‖2 − ǫ̃‖ ˙̃y‖2

= ûT ˙̂y − ǫmin‖ ˙̂y‖2, (7.6)

where the system settings e = u+ ỹ and ẽ = ũ+y as shown in Fig. 7.1 are also used.

Here, ǫmin = min{ǫ, ǫ̃} > 0 is the level of output strictness for the interconnection of

H1 and H2. For Condition 2 in Definition 7.2, we have that

Wik+1
(x, x̃) ≤ Wik(x, x̃) (7.7)

for all k ∈ N because Vik+1
(x) ≤ Vik(x), Ṽik+1

(x̃) ≤ Ṽik(x̃), and h(x) and h̃(x̃) are

continuous. Therefore, since Conditions 1 and 2 in Definition 7.2 are both satisfied,

then the system shown in Fig. 7.1 is a switched nonlinear OSNI system. In the case

when H1 and H2 are both switched nonlinear NI, the proof of the switched nonlinear

NI property for their interconnection follows from a similar analysis in the limiting

case of ǫ = ǫ̃ = 0.

7.3 Stability for the interconnection of switched

nonlinear NI systems

In this section, we show that the interconnection of two switched nonlinear NI

systems without external inputs is Lyapunov stable. Also, under some assumptions,

the interconnection of a switched nonlinear NI system and a switched nonlinear

OSNI system is asymptotically stable.

H1

y

ũỹ

u

H2

Figure 7.2: Closed-loop interconnection of switched nonlinear systems H1 and H2.

Theorem 7.2. Suppose the systems H1 and H2 in the interconnection in Fig. 7.2

are switched nonlinear NI systems of the form (7.1) with states x ∈ Rn, x̃ ∈ Rñ,

inputs u, ũ ∈ Rp and outputs y, ỹ ∈ Rp, respectively. Also, suppose for all ik ∈ I,
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the function

Vik(x) + Ṽik(x̃)− h(x)T h̃(x̃) (7.8)

is positive definite for all x ∈ Rn, x̃ ∈ Rñ, where Vik(x) and Ṽik(x̃) are storage

functions satisfying Definition 7.1 for systems H1 and H2, respectively. Then the

interconnection of H1 and H2 shown in Fig. 7.2 is Lyapunov stable.

Proof. According to Theorem 7.1, the interconnection of two switched nonlinear

NI systems is also a switched nonlinear NI system. The function in (7.5) satisfies

Ẇik(x, x̃) ≤ 0 when there is no external input, according to (7.6). Assuming the

function given by (7.8) to be positive definite ensures that Wik(x, x̃) is a Lyapunov

function for every switching index ik. Also, since Wik(x, x̃) satisfies (7.7), then

we conclude that Wσ(t2)(x, x̃) ≤ Wσ(t1)(x, x̃) for any t2 > t1 ≥ 0. Therefore, the

interconnection of H1 and H2 is Lyapunov stable.

It is natural to ask whether the interconnection of H1 and H2 shown in Fig. 7.2

is asymptotically stable if H1 and H2 are both switched nonlinear OSNI systems.

Indeed, the interconnection in Fig. 7.2 is asymptotically stable if at least one of

the systems H1 and H2 is OSNI. This is shown in Theorem 7.3, where we require

Assumptions 3.3–3.5 given in Chapter 3.

Theorem 7.3. Consider a switched nonlinear NI system H1 and a switched non-

linear OSNI system H2, both of the form (7.1) with states x ∈ R
n, x̃ ∈ R

ñ, inputs

u, ũ ∈ Rp and outputs y, ỹ ∈ Rp, respectively. Suppose for all ik ∈ I, H1 and H2 sat-

isfy Assumptions 3.3 and 3.4 and their cascade interconnection as shown in Fig. 3.2

satisfies Assumption 3.5. Also suppose the function

Wik(x, x̃) := Vik(x) + Ṽik(x̃)− h(x)T h̃(x̃), (7.9)

is positive definite for all x ∈ Rn, x̃ ∈ Rñ, where Vik(x) and Ṽik(x̃) are positive

semidefinite storage functions satisfying Definition 7.1 for the system H1 and Def-

inition 7.2 for the system H2, respectively. Then the closed-loop interconnection of

the systems H1 and H2 in Fig. 7.2 is asymptotically stable.

Proof. We apply Lyapunov’s direct method. The candidate Lyapunov function de-

fined in (7.9) is positive definite for all switching indices ik ∈ I. Therefore, the

candidate Lyapunov function for the closed-loop system Wσ(x, x̃) is positive defi-

nite. We need to prove that Wσ(x, x̃) keeps decreasing until it reaches zero. We

break the proof into two parts. First we show that for t ∈ (tk, tk+1) where k ∈ N,

the function Wik(x, x̃) keeps decreasing unless x = 0. Taking the time derivative of
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Wik(x, x̃), we have

Ẇik(x, x̃) = V̇ik(x) +
˙̃
V ik(x̃)− ḣ(x)T h̃(x̃)− h(x)T

˙̃
h(x̃)

=
∂Vik(x)

∂x
fik(x, u) +

∂Ṽik(x̃)

∂x̃
fik(x̃, ũ)−

(
∂h(x)

∂x
fik(x, u)

)T

h̃(x̃)

− h(x)T
∂h̃(x̃)

∂x̃
f̃(x̃, ũ)

≤ uT ∂h(x)

∂x
fik(x, u) + ũT ∂h̃(x̃)

∂x̃
f̃ik(x̃, ũ)− ǫ̃

∥∥∥∥∥
∂h̃(x̃)

∂x̃
f̃ik(x̃, ũ)

∥∥∥∥∥

2

−
(
∂h(x)

∂x
fik(x, u)

)T

h̃(x̃)− h(x)T
∂h̃(x̃)

∂x̃
f̃(x̃, ũ)

=− ǫ̃

∥∥∥∥∥
∂h̃(x̃)

∂x̃
f̃ik(x̃, ũ)

∥∥∥∥∥

2

≤ 0, (7.10)

where the equalities also use the closed-loop setting that u = ỹ = h̃(x̃) and ũ =

y = h(x). The inequality (7.10) implies that Ẇik(x, x̃) is non-increasing. Now we

apply LaSalle’s invariance principle. According to (7.10), Ẇik(x, x̃) remains zero

only if ∂h̃(x̃)
∂x̃

f̃ik(x̃, ũ) remains zero. This implies that x̃ remains constant according

to Assumption 3.3. According to Assumption 3.4, x̃ remaining constant implies

that ũ remains constant. Considering the setting ũ = y as shown in Fig. 7.2, we

have that y also remains constant. This implies that both x and u remain constant

according to Assumptions 3.3 and 3.4. Therefore, the system is in a steady state.

In this case, the inputs u(t), ũ(t), states x(t), x̃(t) and outputs y(t), ỹ(t) are all

constant vectors, which we denote by u, ũ, x, x̃, y, ỹ, respectively. According to

Assumption 3.5, if u 6= 0, then u 6= ỹ, which contradicts u = ỹ. This implies that

(7.10) can hold only if u = ỹ = 0. According to Assumptions 3.3 and 3.4, we have

that ỹ = 0 =⇒ x̃ = 0 =⇒ ũ = y = 0 =⇒ x = 0. This means that the system is

already in equilibrium. Otherwise, Wik(x, x̃) keeps decreasing until it reaches zero.

This completes the first part of the proof.

We also need to prove that Wσ(x, x̃) does not increase at all switching instants tk.

At a switching instant tk+1, the switching index changes from ik to ik+1, which leads

to a jump of Wσ(x, x̃) from Wik(x(tk+1), x̃(tk+1)) to Wik+1
(x(tk+1), x̃(tk+1)). Note

that there is no jump in the states x and x̃. Therefore, using (7.9), we have that

Wik+1
(x(tk+1), x̃(tk+1))−Wik(x(tk+1), x̃(tk+1))

= Vik+1
(x(tk+1)) + Ṽik+1

(x̃(tk+1))− h(x(tk+1))
T h̃(x̃(tk+1))− Vik(x(tk+1))
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− Ṽik(x̃(tk+1)) + h(x(tk+1))
T h̃(x̃(tk+1))

= Vik+1
(x(tk+1))− Vik(x(tk+1)) + Ṽik+1

(x̃(tk+1))− Ṽik(x̃(tk+1))

≤ 0,

according to Condition 2 in Definitions 7.1 and 7.2. Therefore, we conclude that

the storage function Wσ(x, x̃) keeps decreasing monotonically except when (x, x̃) =

(0, 0). Since Wσ(x, x̃) ≥ 0, then Wσ(x, x̃) is bounded from below and hence Wσ(x, x̃)

has a limit c as t → ∞. We prove by contradiction that c = 0. Suppose c > 0, then

it implies that
[
x(t)T x̃(t)T

]T
6= 0 for all t ≥ 0. In this case, (x, x̃) converges to a

limit set S such that (x, x̃) ∈ S implies Ẇσ(x, x̃) = 0. However, as is proved above,

Ẇσ(x, x̃) remains zero only at (x, x̃) = (0, 0). This contradicts
[
x(t)T x̃(t)T

]T
6= 0.

Therefore, c = 0 and the system is asymptotically stable.

Remark 7.2. A special case of Theorem 7.3 is when there exists a common storage

function for all switching indices for the system H1, and respectively the system H2;

that is Vi(·) = Vj(·) for all i, j ∈ I and Ṽi(·) = Ṽj(·) for all i, j ∈ Ĩ. Although this

special case is included in Theorem 7.3, it is important for switched systems because

it allows a switched system with a finite index set I to have infinite and arbitrary

switching sequence. Hence, we provide a stability result for this particular case.

Corollary 7.1. For the system setting in Theorem 7.3, suppose Vi(·) = Vj(·) for

all i, j ∈ I and Ṽi(·) = Ṽj(·) for all i, j ∈ Ĩ. Also, suppose Assumptions I-III are

satisfied, and the storage function given by

W (x, x̃) := V (x) + Ṽ (x̃)− h(x)T h̃(x̃),

is positive definite for all x ∈ Rn, x̃ ∈ Rñ, where V (x) and Ṽ (x̃) are the common

positive semidefinite storage functions satisfying Definition 7.1 for the system H1 and

Definition 7.2 for the system H2, respectively. Then the closed-loop interconnection

for the systems H1 and H2 in Fig. 7.2 is asymptotically stable.

Proof. Since Corollary 7.1 considers a special yet important case of Theorem 7.3,

the proof follows directly from that of Theorem 7.3.

7.4 Illustrative example

In this section, we provide a numerical example demonstrating the stability of the

interconnection of a switched nonlinear NI system and a switched nonlinear OSNI

system using the results given in Section 7.3. Here, we apply a state dependent
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switched nonlinear NI system called hybrid integrator-gain system (HIGS) as a con-

troller to a mass-spring-damper system with a nonlinear spring. We will investigate

HIGS as an NI controller in particular later in Chapter 9. The HIGS was developed

in [103] to improve low-frequency disturbance rejection behaviour and to reduce

high-frequency amplification and overshoot [104]. This is realized by a switching

mechanism between an integrator mode and a gain mode. The system model of a

HIGS is given in the following (see [103]):

H :





ẋh(t) = ωhe(t), if (e(t), u(t), ė(t)) ∈ F1

xh(t) = khe(t), if (e(t), u(t), ė(t)) ∈ F2

u(t) = xh(t)

(7.11)

where xh(t), e(t), u(t) ∈ R denote the HIGS state, input and output, respectively.

For convenience, we omit the time arguments in what follows. Here, ė is the time

derivative of the input e which is assumed to be continuous and piecewise differen-

tiable. The parameters ωh ∈ [0,∞) and kh ∈ (0,∞) are the integrator frequency

and gain value, respectively. The sets F1,F2 ∈ R3 determine the HIGS modes of

operation; that is, the integrator and gain modes, respectively. By construction,

F = F1 ∪ F2 represents the sector [0, kh] as (see [103])

F = {(e, u, ė) ∈ R
3| eu ≥ u2

kh
},

and F1 and F2 are defined as

F1 := F \ F2;

F2 := {(e, u, ė) ∈ R
3|u = khe and ωhe

2 > kheė}.

The HIGS primarily operates in the integrator mode. It will be switched to the gain

mode once the system dynamics reach the boundary of F and tend to leave F if it

stays in the integrator mode.

The two modes of the HIGS (7.11) satisfy the inequality (7.2) with a common

Lyapunov function

V (x) =
1

2kh
x2
h.

We consider a nonlinear OSNI mass-spring-damper system of the following form to
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be the plant

H1 : ẋ1 = x2,

ẋ2 =− x3
1 − x1 − x2 + u,

y = x1.

(7.12)

The system is a nonlinear OSNI system with the storage function

V (x) =
1

4
x4
1 +

1

2
x2
1 +

1

2
x2
2,

which satisfies inequality (3.4). According to Theorem 7.3, if the required condi-

tions are satisfied, then the system H1 of the form (7.12) can be asymptotically

stabilized by applying the HIGS H of the form (7.11) in positive feedback, as shown

in Fig. 7.2.

It can be verified that Assumptions 3.3 and 3.4 are satisfied. For Assumption 3.5,

given any nonzero input u to the system H1, suppose the HIGS output remains

constant xh = xh, then in the case of integrator mode, we have e = 0. This implies

that x1 ≡ e ≡ 0. Hence, x2 = ẋ1 ≡ 0 and ẋ2 = 0. Therefore, u = x3
1 + x1 = 0.

In this case, the system must be in the gain mode. We have e = e = 1
kh
xh. This

implies that x1 = x1 = e = 1
kh
xh. Similarly, we have x2 ≡ 0 and ẋ2 = 0, which

implies that u = x3
1 + x1. Hence, we need to show that

x3
1 + x1 6= khx1.

By choosing kh ∈ (0, 1], this inequality is satisfied except for x1 = 0. This implies

that Assumption 3.5 is satisfied. Since kh ≤ 1, then the candidate Lyapunov function

of the interconnection given by

W =
1

4
x4
1 +

1

2
x2
1 +

1

2
x2
2 +

1

2kh
x2
h − xhx1

is positive definite. According to Theorem 7.3, the interconnection of the system

H1 and the HIGS of the form (7.11) with kh ≤ 1 is asymptotically stable.

By choosing kh = 0.8 and ωh = 20 and letting the system H1 have an initial

displacement x1 = 5, the state trajectories of the closed-loop interconnection of

the system H1 and the HIGS H are obtained via simulation and are shown in

Fig. 7.3.
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State Trajectories

S
ta
te

Time (s)

x1

x2

xh

10

10

0

0

−10

−20

5 15

Figure 7.3: State trajectories of the state variables of the closed-loop interconnection
of the system H1 given by (7.12) and the HIGS H given by (7.11).

7.5 Conclusion

In this chapter, the nonlinear NI systems theory has been extended to switched

systems. We have provided definitions for switched nonlinear NI and OSNI systems.

It has been shown that the closed-loop interconnection of two switched nonlinear

NI systems with external inputs and outputs is also switched nonlinear NI, and

the closed-loop interconnection is Lyapunov stable under zero input. Under some

assumptions, the closed-loop interconnection of a switched nonlinear NI system and

a switched nonlinear OSNI system has been shown to be asymptotically stable.

This stability result has been illustrated using an example where a nonlinear mass-

spring-damper system is asymptotically stabilized by a HIGS controller, which is a

switched nonlinear NI system.
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Chapter 8

Discrete-Time Negative Imaginary

Systems from Zero-Order Hold

Sampling

8.1 Introduction

In Chapters 3–7, the systems we studied are all continuous-time systems. How-

ever, in practice, digital computers are almost always used in the control of physical

systems [112]. Therefore, it is important to establish a discrete-time NI systems the-

ory. In this chapter, we provide a definition of discrete-time NI systems and propose

positive feedback control approaches to achieve stability for such systems.

A different definition of discrete-time NI systems for linear systems has already

been introduced in [39, 40]. Inspired by the discrete-time PR systems theory [113],

discrete-time NI systems were defined by analogy to continuous-time NI systems.

It is shown in [39, 40] that the continuous-time NI systems definition as well as

the stability results can be mapped to the discrete-time case using a bilinear trans-

form. However, as pointed out by many papers (see e.g. [114–117]), the definition

of discrete-time passive systems [118] and PR systems [113] lead to several issues as

compared to their original continuous-time analogues. A commonly observed issue is

that discretizating a continuous-time passive system using a zero-order hold (ZOH)

device does not in general yield a discrete-time passive system [13]. This issue is

also present in the discrete-time NI systems definition introduced in [39, 40] due to

the use of bilinear transform.

In the digital control of a continuous-time physical system, a computer reads the

output signal of the plant at discrete instants of time and obtains a discrete sig-
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nal [112]. Then the computer generates a discrete control signal according to a

certain control law. The discrete control signal is fed into the plant as a constant

continuous-time signal for an entire sampling period until the next control signal is

generated. This process is termed ZOH sampling. Therefore, in order to develop

digital controllers for physical systems with NI properties, it is useful to find a defi-

nition such that the property of NI systems is preserved under ZOH sampling. This

would provide a practical approach to digital controller synthesis for NI systems.

Also, as mentioned above, the results in [39,40] were obtained from continuous-time

results using a bilinear transform, which is a frequency-domain method and hence

is only applicable to linear time-invariant systems. Therefore, it is useful to develop

an alternative time-domain formulation of discrete-time NI properties for nonlinear

systems with a clearer link to work-energy balance relations.

In this chapter, we provide a new discrete-time NI systems definition that describes

the energy property of a ZOH sampled continuous-time NI system. Nonlinear sys-

tems are allowed in this definition. We propose a feedback control framework to

stablize a system that satisfies this definition. To be specific, we introduce discrete-

time output strictly negative imaginary (OSNI) systems, which is similar and yet

different to continuous-time OSNI systems defined in Definition 3.2. A modification

of an OSNI system, which takes one step advance (yet is physically realizable), is

called a step advanced output strictly negative imaginary (SAOSNI) system. We

prove that the closed-loop interconnection of an NI system and an SAOSNI sys-

tem is asymptotically stable, if certain assumptions are satisfied. A similar stability

result also holds for the interconnection of a step advanced negative imaginary sys-

tem and an OSNI system. In the case of linear systems, we provide linear matrix

inequality (LMI) conditions and frequency-domain conditions under which a sys-

tem is NI, which are different from, yet related to, the conditions provided in [39].

For linear systems, the assumptions used in the stability results can be replaced by

a simple DC gain condition. We also provide an example, where a ZOH sampled

mass-spring system, that is shown to be NI, is stabilized using an SAOSNI controller

according to the proposed results. The results in this chapter are included in the

paper [119].

8.2 Discrete-time NI systems

Consider the following discrete-time system

H1 : xk+1 = f(xk, uk), (8.1a)

yk = h(xk), (8.1b)
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where f : Rn × Rp → Rn and h : Rn → Rp. Here uk, yk ∈ Rp and xk ∈ Rn are the

input, output and state of the system, respectively, at time step k ∈ N.

Definition 8.1. The system (8.1) is said to be a discrete-time negative imagi-

nary (NI) system if there exists a continuous positive semidefinite storage function

V : Rn → R such that for arbitrary states xk and inputs uk,

V (xk+1)− V (xk) ≤ uT
k (yk+1 − yk) , (8.2)

for all k.

We show in the following that discretizing a continuous-time NI system yields a

discrete-time NI system. Consider a continuous-time system

ẋ(t) = f(x(t), u(t)),

y(t) = h(x(t)) (8.3)

with state x ∈ Rn, input u ∈ Rp and output y ∈ Rp. Here, f : Rn × Rp → Rn is a

Lipschitz function and h : Rn → Rp is a continuously differentiable function.

Proposition 8.1. Suppose the system (8.3) is NI, then discretizing the system (8.3)

using ZOH sampling yields a discrete-time NI system.

Proof. According to Definition 3.1, the system (8.3) is said to be NI if there exists a

continuously differentiable positive semidefinite function V : Rn → R such that for

any locally integrable input u and any solution x to (8.3),

V̇ (x(t)) ≤ u(t)T ẏ(t), (8.4)

for almost all t ≥ 0. Using ZOH sampling, we keep the input of the system constant

over the time interval [tk, tk+1); i.e., u(t) = uk for t ∈ [tk, tk+1). Then, integrating

the NI inequality (8.4) over the time interval [tk, tk+1) yields

∫ tk+1

tk

V̇ (x(τ))dτ ≤
∫ tk+1

tk

uT
k ẏ(τ)dτ.

That is

V (xk+1)− V (xk) ≤ uT
k (yk+1 − yk),

which is the discrete-time NI inequality (8.2) in Definition 8.1, with xk = x(tk),

yk = y(tk) and similarly defined xk+1 and yk+1.

Inspired by the above discrete-time negative imaginary systems definition, we pro-

vide a different version of the definition of continuous-time NI systems, which is
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equivalent to Definition 3.1.

Definition 8.2 (continuous-time NI system). The system (8.3) is said to be negative

imaginary if there exists a continuously differentiable positive semidefinite storage

function V : Rn → R such that for any time T > 0, initial condition x(0) and any

constant input vector u(t) = v,

V (x(T ))− V (x(0)) ≤ vT (y(T )− y(0)),

for t ∈ [0, T ].

An advantage of this definition is that it does not involve any derivative or integral

terms (though it is obtained by integration over [0, T ]), in comparison to Definition

3.1 and the definition of passive systems [15].

Remark 8.1. Definition 8.1 does not reduce to the definition of discrete-time NI

systems in [39] in the linear time-invariant case. This is because [39] considers

a bilinear transform for conversion of a continuous-time system to a discrete-time

system, while this chapter considers the ZOH sampling. Throughout the remainder

of the chapter, the term “NI” refers to the discrete-time NI property as defined in

Definition 8.1, unless stated otherwise.

8.3 The NI property for linear systems

In this section, we investigate the conditions for a linear system to satisfy Defini-

tion 8.1. Consider the case where the system (8.1) is linear and has a state-space

realization as follows

xk+1 = Axk +Buk, (8.5a)

yk = Cxk. (8.5b)

The following theorem provides necessary and sufficient conditions under which the

system (8.5) is NI, with a quadratic storage function.

Theorem 8.1. The linear system (8.5) is NI with a quadratic storage function of

the form

V (xk) =
1

2
xT
k Pxk, (8.6)

satisfying the dissipation inequality (8.2), if and only if the following matrix is pos-
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itive semidefinite:

M =

[
P −ATPA (AT − I)CT −ATPB

C(A− I)−BTPA CB +BTCT −BTPB

]
. (8.7)

Furthermore, in the case when

det(I −A) 6= 0, (8.8)

the NI property (8.2) with the storage function (8.6) for the system (8.5) is equivalent

to the fulfillment of the following two conditions:

C = BT (I − A)−TP, (8.9)

P −ATPA ≥ 0. (8.10)

Proof. In view of the system dynamics (8.5), the NI property (8.2) can be repre-

sented by the inequality

uTC(Ax+Bu− x)− (V (Ax+Bu)− V (x)) ≥ 0 (8.11)

for any state x ∈ Rn and input u ∈ Rp. This inequality is obtained by subtracting

the left-hand side of (8.2) from its right-hand side. In application to the quadratic

storage function (8.6), the condition (8.11) takes the form

0 ≤ uTC((A− I)x+Bu) +
1

2
xTPx− 1

2
(Ax+Bu)TP (Ax+Bu)

=
1

2
(xT (P − ATPA)x+ uT (CB +BTCT − BTPB)u) + uT (C(A− I)− BTPA)x

=
1

2
ξTMξ, (8.12)

where M is defined as in (8.7) and the right-hand side is a quadratic function of the

augmented state-input vector

ξ :=

[
x

u

]
, (8.13)

which can take any value in Rn+p. The inequality (8.12) holds for arbitrary ξ if and

only if the matrix M is positive semi-definite:

M ≥ 0. (8.14)

Therefore, the NI property (8.2) with the quadratic storage function (8.6) is indeed

equivalent to (8.14). We will now prove that, under the condition (8.8), the inequal-
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ity (8.14) is equivalent to (8.9) and (8.10). Note that (8.14) implies (8.10) regardless

of (8.8) because P − ATPA is a diagonal block of M . Now since (8.14) implies the

NI property (8.11), the latter holds, in particular, when the system state x is related

to an arbitrary input u ∈ Rp by

x = (I −A)−1Bu, (8.15)

where, this time, we have used (8.8). Since the relation (8.15) is equivalent to

Ax+Bu = x, any such pair (x, u) makes the left-hand side of (8.11) and the right-

hand side of (8.12) vanish. Therefore, the corresponding vector ξ in (8.13) takes the

form

ξ =

[
(I − A)−1Bu

u

]
= Fu, where F :=

[
(I − A)−1B

I

]
∈ R

(n+p)×p, (8.16)

which satisfies ξTMξ = 0 (recall that (8.14) holds), and hence, belongs to the null

space of the positive semi-definite matrix M :

0 = Mξ = MFu. (8.17)

Since u ∈ Rp was arbitrary, the relation (8.17) implies

MF = 0. (8.18)

In particular, (8.18) implies the product of the first block-row M1• of the matrix M

in (8.7) and the matrix F from (8.16) vanish:

0 = M1•F

=
[
P −ATPA (AT − I)CT −ATPB

] [(I −A)−1B

I

]

= (P − ATPA)(I −A)−1B + (AT − I)CT −ATPB

= P (I − A)−1B −ATP ((I −A)−1 − I)B + (AT − I)CT − ATPB

= P (I − A)−1B −ATP (I −A)−1B + (AT − I)CT

= (AT − I)(CT − P (I −A)−1B),

which leads to (8.9) due to the nonsingularity of AT − I which follows from (8.8).

This completes the proof that (8.8), (8.14) imply (8.9), (8.10). It now remains to

prove that (8.8), (8.9), (8.10) imply (8.14). To this end, we note that (8.8) ensures

(8.9) is well-defined, and the substitution of (8.9) into the appropriate blocks of (8.7)
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yields

M22 = CB +BTCT − BTPB

= BT (I −A)−TPB +BTP (I −A)−1B − BTPB

= BT (I −A)−T (P (I −A) + (I − AT )P − (I − AT )P (I − A))(I − A)−1B

= BT (I −A)−T (P − ATPA)(I − A)−1B, (8.19)

M12 = (AT − I)CT − ATPB

= (AT − I)P (I −A)−1B − ATPB

=
(
(AT − I)P − ATP (I − A)

)
(I − A)−1B

=− (P − ATPA)(I −A)−1B. (8.20)

By substituting (8.19) and (8.20) along with M21 = MT
12 into (8.7), it follows that

the matrix M can be factorized as

M = GT (P − ATPA)G, (8.21)

where G :=
[
−I (I −A)−1B

]
∈ Rn×(n+p). The factorization (8.21) shows that

(8.10) implies (8.14). Thus (8.8), (8.9), (8.10) imply (8.14). This completes the

proof of the theorem.

Theorem 8.2 below gives conditions under which a linear system will have the NI

property. This theorem uses the following preliminary result.

Lemma 8.1. Suppose the system (8.5) is minimal and satisfies det(I +A) 6= 0 and

det(I − A) 6= 0. Then there exists X = XT > 0 satisfying

X − ATXA ≥ 0, and C = BT (I −A)−TX(A+ I)

if and only if the transfer matrix Ǧ(z) = C(zI − A)−1B satisfies the following

conditions:

1. Ǧ(z) has no poles in |z| > 1.

2. i
[
Ǧ(eiθ)− Ǧ(eiθ)∗

]
≥ 0 for all θ ∈ (0, π) except for the values of θ for which

z = eiθ is a pole of Ǧ(z).

3. If z0 = eiθ0, with θ0 ∈ (0, π), is a pole of Ǧ(z), then it is a simple pole and the

normalized residue matrix

K0 :=
1

z0
lim
z→z0

(z − z0)iǦ(z)

is Hermitian and positive semidefinite.
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Proof. See Lemma 3.2 and Theorem 3.2 of [39]. Note that the cases considered in

Conditions (iv) and (v) in Lemma 3.2 in [39] where z0 = −1 and z0 = 1 are exclueded

here. This is because of the assumptions det(I + A) 6= 0 and det(I − A) 6= 0 in

Theorem 3.2 in [39].

The following theorem provides frequency-domain conditions for a linear system to

be NI.

Theorem 8.2. Suppose the minimal system (8.5) satisfies det(I + A) 6= 0 and

det(I−A) 6= 0. Then it is NI if and only if its transfer matrix G(z) = C(zI−A)−1B

satisfies the following conditions:

1. G(z) has no poles in |z| > 1.

2. i
[
(eiθ + 1)G(eiθ)− (e−iθ + 1)G(eiθ)∗ − L+ LT

]
≥ 0 for all θ ∈ (0, π) except

for the values of θ for which z = eiθ is a pole of G(z). Here,

L = lim
z→∞

zG(z). (8.22)

3. If z0 = eiθ0, with θ0 ∈ (0, π), is a pole of G(z), then it is a simple pole and the

normalized residue matrix

K0 :=

(
1 +

1

z0

)
lim
z→z0

(z − z0)iG(z) (8.23)

is Hermitian and positive semidefinite.

Proof. By comparing the LMI conditions in Theorem 8.1 and Lemma 8.1, we have

that the system (8.5) is NI if and only if the transfer matrix Ǧ(z) of the realization

(A,B,C(A+I)) satisfies the frequency-domain conditions in Lemma 8.1. By letting

y̌k = C(A+ I)xk, we have

y̌k = CAxk + Cxk = yk+1 + yk − CBuk.

This implies that

Ǧ(z) = (z + 1)G(z)− CB. (8.24)

The matrix CB can be represented as CB = limz→∞ zG(z). We show in the fol-

lowing that Ǧ(z) satisfies Conditions 1–3 in Lemma 8.1 if and only if G(z) satisfies

Conditions 1–3 in the present Theorem. We substitute (8.24) into the correspond-

ing conditions in Lemma 8.1. More precisely, the transfer matrix Ǧ(z) satisfies

Condition 1 in Lemma 8.1 if and only if Condition 1 in the present theorem is satis-

fied. Condition 2 is established by substituting (8.24) into i
[
Ǧ(eiθ)− Ǧ(eiθ)∗

]
≥ 0.
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Condition 3 is established via the following derivation

K0 =
1

z0
lim
z→z0

(z − z0)iǦ(z)

=
1

z0
lim
z→z0

(z − z0)i ((z + 1)G(z)− CB)

=
z0 + 1

z0
lim
z→z0

(z − z0)iG(z).

8.4 Stability for the interconnection of NI sys-

tems

In this section, we investigate the stability of the feedback interconnection of NI sys-

tems with positive definite storage functions. First, we introduce several variations

of NI systems. Consider a system with the model

H2 : x̂k+1 = f̂(x̂k, ûk), (8.25a)

ŷk = ĥ(x̂k), (8.25b)

where f̂ : Rm × Rp → Rm and ĥ : Rm → Rp. Here ûk, ŷk ∈ Rp and x̂k ∈ Rm are the

input, output and state of the system, respectively, at time step k ∈ N.

Definition 8.3. The system (8.25) is said to be a discrete-time output strictly neg-

ative imaginary (OSNI) system if there exists a continuous positive semidefinite

storage function V̂ : Rm → R and a scalar ǫ > 0 such that for arbitrary states x̂k

and inputs ûk,

V̂ (x̂k+1)− V̂ (x̂k) ≤ ûT
k (ŷk+1 − ŷk)− ǫ‖ŷk+1 − ŷk‖2,

for all k. In this case, we also say that system (8.25) is OSNI with degree of output

strictness ǫ.

Remark 8.2. Note that unlike the relationship between continuous-time and

discrete-time NI systems definition, discrete-time OSNI systems are not defined in a

way such that ZOH sampling a continuous-time OSNI system yields a discrete-time

OSNI system. The purpose of defining OSNI systems is to use the output strictness

to achieve stability. Such discrete-time OSNI systems exist and can be applied in the

control of discrete-time NI systems, which is shown in the example in Section 8.5.

We show in the following that the NI system H1 can be asymptotically stabilized by
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an auxiliary system associated with the OSNI system H2 in positive feedback. The

auxiliary system, denoted by H̃2, is described by (8.25a) and

ỹk = ĥ(f̂(x̂k, ûk)) = ŷk+1. (8.26)

For an OSNI system (8.25), we call the auxiliary system given by (8.25a), (8.26)

a step advanced output strictly negative imaginary (SAOSNI) system. A formal

definition of SAOSNI systems is as follows.

Consider the system

H̃2 : x̂k+1 = f̂(x̂k, ûk), (8.27a)

ỹk = h̃(x̂k, ûk), (8.27b)

where f̂ : Rm ×Rp → Rm and h̃ : Rm ×Rp → Rp. Here ûk, ỹk ∈ Rp and x̂k ∈ Rm are

the input, output and state of the system, respectively, at time step k ∈ N.

Definition 8.4. The system (8.27) is said to be a discrete-time step advanced output

strictly negative imaginary (SAOSNI) system if there exists a continuous function

ĥ(x̂k) such that:

1. h̃(x̂k, ûk) = ĥ(f̂(x̂k, ûk)).

2. There exists a continuous positive semidefinite storage function V̂ : Rm → R

and a scalar ǫ > 0 such that for arbitrary states x̂k and inputs ûk,

V̂ (x̂k+1)− V̂ (x̂k) ≤ ûT
k

(
ĥ(x̂k+1)− ĥ(x̂k)

)
− ǫ‖ĥ(x̂k+1)− ĥ(x̂k)‖2,

for all k.

uk yk

ûkỹk

H1

H̃2

Figure 8.1: Closed-loop interconnection of the NI system H1 and the SAOSNI system
H̃2.

Consider the feedback interconnection in Fig. 8.1, which is described by the following

equations:

ûk = yk;
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uk = ỹk.

In order to present the stability result, we need to make the following assumption for

the open-loop interconnection of the systems H1 and H̃2 as shown in Fig. 8.2.

Assumption 8.1. Giving an input uk = u for the system H1 which is constant for

all time steps k ≥ kc, we obtain a corresponding output yk. Also, setting the input

of the system H̃2 to be ûk = yk in the open-loop interconnection shown in Fig. 8.2

with corresponding output ỹk. If ỹk = ỹ remains constant for all k ≥ kc, and ỹ = u,

then xk, x̂k = 0 for all k ≥ k∗, where k∗ is some integer such that k∗ ≥ kc.

uk yk ûk ỹk
H1 H̃2

Figure 8.2: Open-loop interconnection of the NI plantH1 and the SAOSNI controller
H̃2.

We have the following stability result.

Theorem 8.3. Consider the NI system H1 given by (8.1) and the SAOSNI system

H̃2 given by (8.27). Also, suppose Assumption 8.1 is satisfied and the function

W (xk, x̂k) = V (xk) + V̂ (x̂k)− h(xk)
T ĥ(x̂k) (8.28)

is continuous and positive definite, where V (xk) and V̂ (x̂k) are the storage functions

of the systems H1 and H̃2, respectively. Then the closed-loop interconnection of the

system H1 and the system H̃2 shown in Fig. 8.1 is asymptotically stable.

Proof. Using Lyapunov’s direct method [120], consider the increment of the function

W (xk, x̂k) in (8.28):

W (xk+1, x̂k+1)−W (xk, x̂k) = V (xk+1) + V̂ (x̂k+1)− V (xk)− V̂ (x̂k)− yTk+1ŷk+1

+ yTk ŷk

≤ uT
k (yk+1 − yk) + ûT

k (ŷk+1 − ŷk)− ǫ‖ŷk+1 − ŷk‖2

− yTk+1ŷk+1 + yTk ŷk

= ŷTk+1 (yk+1 − yk) + yTk (ŷk+1 − ŷk)− ǫ‖ŷk+1 − ŷk‖2

− yTk+1ŷk+1 + yTk ŷk

=− ǫ‖ŷk+1 − ŷk‖2

≤ 0.

The closed-loop system is stable in the sense of Lyapunov. Moreover, W (xk, x̂k)−
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W (xk, x̂k) = 0 implies that ŷk+1 − ŷk = 0. We use LaSalle’s invariance principle in

the following; e.g., see Theorem 1 of Reference [121]. In the case that W (xk, x̂k)−
W (xk, x̂k) stays at zero for all future time steps k, we have ŷk+1 − ŷk ≡ 0. Since

ŷk is the output of the OSNI system associated with the SAOSNI system H̃2; i.e.,

ỹk = ŷk+1, we also have that ỹk = ỹk−1 for all future time steps k. That is ỹk+1 = ỹk

for all future time steps. In this case, according to the system setting uk = ỹk, the

input uk also remains constant and it equals to ỹk. According to Assumption 8.1,

this implies that xk and x̂k equal to zero after some time step k∗. Otherwise, the

function W (xk, x̂k) will keep decreasing until W (xk, x̂k) = 0. That is, xk = 0 and

x̂k = 0, which is the equilibrium of the closed-loop interconnection.

We consider the linear case of Theorem 8.3 in the following corollary. The positive

definiteness condition of the closed-loop Lyapunov function (8.28) is reduced to a

DC gain condition.

Consider a minimal system

xk+1 = A1xk +B1uk; yk = C1xk (8.29)

where xk ∈ Rn, uk, yk ∈ Rp is the state, input and output, respectively. Consider

another minimal system

x̃k+1 = A2x̃k +B2ũk; ỹk = C2x̃k +D2ũk (8.30)

where x̃k ∈ R
m, ũk, ỹk ∈ R

p is the state, input and output, respectively.

Corollary 8.1. Consider the minimal systems (8.29) and (8.30) with transfer func-

tion matrices G(z) and H(z), respectively. Suppose G(z) is NI and H(z) is SAOSNI,

both with positive definite quadratic storage functions. If λmax(G(1)H(1)) < 1, then

the closed-loop interconnection of the systems (8.29) and (8.30) is asymptotically

stable.

Proof. Since the system (8.30) is SAOSNI, then according to Definition 8.4 there

exists an OSNI system of the form

x̃k+1 = A2x̃k +B2ũk; ŷk = Ĉ2x̃k (8.31)

where C2 = C̃2A2 and D2 = C̃2B2. In other words, ỹk = ŷk+1. Due to the step

advance, the system (8.31) has transfer matrix Ĥ(z) such that H(z) = zĤ(z).

Therefore, Ĥ(1) = H(1). According to Theorem 8.3, a Lyapunov function for the
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closed-loop interconnection of the systems (8.29) and (8.30) is given by

W (x, x̃) =
[
xT x̃T

] [ P −CT
1 Ĉ2

−ĈT
2 C1 P̃

][
x

x̃

]
(8.32)

where x and x̃ are the states of the state-space realizations of G(z) and Ĥ(z),

respectively. Also, P and P̃ are symmetric positive definite matrices satisfying

condition (8.9) for the state-space realizations of G(z) and Ĥ(z), respectively. Note

that the existence of such P and P̃ follows from the NI properties of G(z) and

H(z) according to Theorem 8.1. We prove that if λmax(G(1)H(1)) < 1, then the

Lyapunov function given by (8.32) is positive definite. We have that

G(1)H(1) = G(1)Ĥ(1)

= C1(I −A1)
−1B1Ĉ2(I − A2)

−1B2

= C1P
−1CT

1 Ĉ2P̃
−1ĈT

2 ,

where the last equality follows from condition (8.9). Therefore, λmax(G(1)H(1)) < 1

implies

λmax(P
−1CT

1 Ĉ2P̃
−1ĈT

2 C1) < 1.

This implies that

P > CT
1 Ĉ2P̃

−1ĈT
2 C1. (8.33)

By considering the Schur’s complement, inequality (8.33) and the fact P̃ > 0 imply

that

[
P −CT

1 Ĉ2

−ĈT
2 C1 P̃

]
> 0. Hence, W (x, x̃) given in (8.32) is positive definite.

Note that in this case, Assumption 8.1 is satisfied because the DC loop gain is less

than unity. The rest of the proof follows from Theorem 8.3.

In a similar manner to the above, an OSNI system can be stabilized using an aux-

iliary system for an NI system, which we call a step advanced negative imaginary

(SANI) system. We provide the definition for SANI systems as follows. Consider

the system

H1 : xk+1 = f(xk, uk), (8.34a)

yk = h(xk, uk), (8.34b)

where f : Rn × Rp → Rn and h : Rn × Rp → Rp. Here uk, yk ∈ Rp and xk ∈ Rn are

the input, output and state of the system, respectively, at time step k ∈ N.

Definition 8.5. The system (8.34) is said to be a discrete-time step advanced nega-
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tive imaginary (SANI) system if there exists a continuous function h(xk) such that:

1. h(xk, uk) = h(f(xk, uk)).

2. There exists a continuous positive semidefinite storage function V : Rn → R

such that for arbitrary states xk and inputs uk,

V (xk+1)− V (xk) ≤ uT
k (h(xk+1)− h(xk))

for all k.

Remark 8.3. Definition 8.5 can be regarded as a variant of Definition 8.1 in a way

such that the system output yk takes the next step output value; i.e., h(xk+1). To be

specific, suppose the system (8.1) is NI as per Definition 8.1. Then a system with the

same state equation (8.1a) and an output equation y(k) = h(x(k+1)) = h(f(xk, uk))

is an SANI system. Note that this does not affect the causality of the system because

h(f(xk, uk)) is a function of the state xk and input uk at the current step k.

uk yk

ûkŷk

H1

H2

Figure 8.3: Closed-loop interconnection of the SANI system H1 and the OSNI sys-
tem H2.

The feedback interconnection setting to be considered is shown in Fig. 8.1 and is

described by the following equations:

ûk = yk;

uk = ŷk.

We make the following assumption for the open-loop interconnection of the systems

H1 and H2 as shown in Fig. 8.4.

Assumption 8.2. Giving an input uk = u for the system H1 which is constant for

all time steps k ≥ kc, we obtain a corresponding output yk. Also, setting the input

of the system H2 to be ûk = yk in the open-loop interconnection shown in Fig. 8.4

with corresponding output ŷk. If ŷk = ŷ remains constant for all k ≥ kc, and ŷ = u,

then xk, x̂k = 0 for all k ≥ k∗, where k∗ is some integer such that k∗ ≥ kc.
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uk yk ûk ŷk
H1 H2

Figure 8.4: Open-loop interconnection of the SANI plantH1 and the OSNI controller
H2.

Theorem 8.4. Consider the SANI system H1 given by (8.34) and the OSNI system

H2 given by (8.25). Also, suppose Assumption 8.2 is satisfied and the function

W (xk, x̂k) = V (xk) + V̂ (x̂k)− h(xk)
T ĥ(x̂k)

is continuous and positive definite, where V (xk) and V̂ (x̂k) are the storage functions

of the systems H1 and H2, respectively. Then the closed-loop interconnection of the

system H1 and the system H2 shown in Fig. 8.3 is asymptotically stable.

Proof. The proof of Theorem 8.4 follows a similar derivation to the proof of Theorem

8.3.

Corollary 8.2. Consider the minimal systems (8.29) and (8.30) with transfer func-

tion matrices G(z) and H(z), respectively. Suppose G(z) is SANI and H(z) is OSNI,

both with positive definite quadratic storage functions. If λmax(G(1)H(1)) < 1, then

the closed-loop interconnection of the systems (8.29) and (8.30) is asymptotically

stable.

Proof. The proof is similar to that of Corollary 8.1, with Theorem 8.4 used instead

of Theorem 8.3.

Remark 8.4. For the case of a linear SANI system with transfer matrix H(z), the

conditions in Definition 8.5 reduce to the condition that H(z) = zH1(z) where H1(z)

is an NI system. Under the assumptions of Lemma 8.1, H(z) is SANI if and only

if (1 + 1
z
)H(z)− limz→∞H(z) satisfies Conditions 1–3 in Lemma 8.1.

8.5 Illustrative example

In this section, we provide an example to illustrate the proposed results. To be spe-

cific, we apply an SAOSNI controller to asymptotically stabilize an NI plant.

Consider a mass-spring system shown in Fig. 8.5. The system has mass m = 0.04kg

and spring constant k = 1N/m. A discrete-time model of the system is obtained by

sampling the continuous-time system with period h = 0.02s using the ZOH method
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k = 1N/m
m = 0.04kg F

y

Figure 8.5: A mass-spring system with mass m = 0.04kg and spring constant k =
1N/m.

(see also [112]).

xk+1 = Axk +Buk, (8.35a)

yk = Cxk, (8.35b)

where

A =

[
cos(ωh) sin(ωh)

− sin(ωh) cos(ωh)

]
=

[
cos 0.1 sin 0.1

− sin 0.1 cos 0.1

]
,

B =

[
1
k
(1− cos(ωh))
1
k
sin(ωh)

]
=

[
1− cos 0.1

sin 0.1

]
,

C =
[
1 0

]
,

with ω =
√

k/m = 0.5rad/sec. Here, xk =
[
xak xbk

]T
∈ R2, uk, yk ∈ R are the

state, input and output of the system, respectively. This system is NI according to

Definition 8.1 with the storage function

V (xk) =
1

2

(
x2
ak + x2

bk

)
.

Note that here xa corresponds to the position of the mass and xb corresponds to

the displacement of the mass in
√

m/k = 0.2sec. This scaling of the state variables

is used in simplifying the system model. The NI property of the plant can also be

verified using Theorem 8.2. The transfer function of the system (8.35) is

G(z) =
(1− cos 0.1)(z + 1)

z2 − 2 cos 0.1 z + 1
.

This transfer function has a pair of complex conjugate poles at z = cos 0.1±i sin 0.1.

Therefore, Condition 1 is satisfied. We have that

i
[
(eiθ + 1)G(eiθ)− (e−iθ + 1)G(eiθ)∗ − L+ LT

]
= 0,
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for all θ ∈ (0, π) such that eiθ is not a pole of G(z). Here, L = CB according to

(8.22). Hence, Condition 2 is satisfied. As for Condition 3, the pole z = cos 0.1 +

i sin 0.1 is of the form ei0.1 with 0.1 ∈ (0, π). This is a simple pole and the residue

matrix is K0 = sin 0.1 according to (8.23). Therefore, the system (8.35) satisfies all

the conditions in Theorem 8.2 and hence is NI. This can also be seen in the Bode

plot of the transfer function (z + 1)G(z) shown in Fig. 8.6.

Bode Diagram of (z + 1)G(z)
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Figure 8.6: Bode plot of the system with transfer function (z + 1)G(z). From the
phase plot, we can see that its phase is in the range [−π, 0] for frequencies in (0, π).

According to Theorem 8.3, we can use the following controller, which is SAOSNI

according to Definition 8.4:

x̂k+1 =
1

4
x̂k +

1

2
ûk, (8.36a)

ỹk =
1

4
x̂k +

1

2
ûk (8.36b)

where x̂k, ûk, ỹk ∈ R are the state, input and output of the system, respectively.

This system is SAOSNI with the storage function

V̂ (x̂k) =
3

4
x̂2
k,

and ǫ ∈ (0, 5
4
]. The system (8.36) has the transfer matrix

H(z) =
2z

4z − 1

and is SAOSNI, which implies that it is also SANI. Hence, according to Remark

8.4, (1 + 1
z
)H(z) should satisfy the Conditions 1–3 in Lemma 8.1. The Bode plot of
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(1 + 1
z
)H(z) is shown in Fig. 8.7.

Bode Diagram of (1 + 1
z
)H(z)
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Figure 8.7: Bode plot of the system with transfer function (1 + 1
z
)H(z). From the

phase plot, we can see that its phase is in the range (−π, 0) for frequencies in (0, π).

Consider the positive feedback interconnection of the plant (8.35) and the controller

(8.36). It can be verified that Assumption 8.1 is satisfied. We construct the Lya-

punov function of the interconnection as follows according to (8.28),

W (xk, x̂k) =
1

2
x2
ak +

1

2
x2
bk +

3

4
x̂2
k − xakx̂k,

which is positive definite. We set the initial states of the systems to be x0 =[
5 −3

]T
and x̂0 = 2. We can see that the states xk and x̂k converge to zero

as shown in Fig. 8.8. Starting from nonzero initial values, the states converge to

zero, which implies that the system is asymptotically stable. This is consistent

with our expectations according to Theorem 8.3. The stability of the closed-loop

interconnection can also be concluded from Corollary 8.1 because G(1)H(1) = 2
3
< 1

in this case.

Remark 8.5. Closed-loop stability in this example can also be analyzed in the

frequency-domain. Let the transfer functions of the systems (8.35) and (8.36)

be denoted by G(z) and H(z), respectively. Since G(z) is NI, then G0(z) =

(z + 1)G(z) + limz→∞G(z) satisfies Conditions 1–3 of Lemma 8.2. Since H(z)

is SAOSNI, then it is also SANI. Hence, H0(z) = (1 + 1
z
)H(z) − limz→∞H(z)

satisfies Conditions 1–3 of Lemma 8.1. In the case of SISO systems, we need

G1(z) = (z + 1)G(z) and H1(z) = (1 + 1
z
)H(z) to satisfy those conditions.

Now we consider the loop gain G(z)H(z) of the interconnection. We have that
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Figure 8.8: State trajectories for the feedback interconnection of the systems (8.35)
and (8.36).

L(z) = G(z)H(z) = z
z2+2z+1

G1(z)H1(z). Let z = eiθ. Hence,

L(eiθ) =G(eiθ)H(eiθ) =
1

eiθ + 2 + e−iθ
G1(e

iθ)H1(e
iθ)

=
1

2 cos θ + 2
G1(e

iθ)H1(e
iθ). (8.37)

Since G1(z) and H1(z) satisfy Condition 2 in Lemma 8.2, then for θ ∈ (0, π),

we have arg(G1(e
iθ)) ∈ [−π, 0] and arg(H1(e

iθ)) ∈ [−π, 0]. If H1(z) is such

that arg(H1(e
iθ)) ∈ (−π, 0) for θ ∈ (0, π), then arg(G1(e

iθ)H1(e
iθ)) ∈ (−2π, 0).

Since 2 cos θ + 2 > 0 for all θ ∈ (0, π), then according to (8.37), we also have

arg(G1(e
iθ)H1(e

iθ)) ∈ (−2π, 0) for θ ∈ (0, π). Hence, the closed-loop interconnec-

tion must be asymptotically stable according to the discrete-time Nyquist criterion.

The phase of G(z)H(z) is shown in the Bode plot in Fig. 8.9.

8.6 Conclusion

In this chapter, we provided a new definition of the NI property for discrete-time

systems. According to this definition, ZOH sampling of a continuous-time NI system

yields a discrete-time NI system. We also provide LMI conditions and frequency-

domain conditions for this definition to be satisfied in the case of linear systems.

We prove that the closed-loop interconnection of an NI system and an SAOSNI

system is asymptotically stable, under certain assumptions. Under similar assump-

tions, asymptotic stability is also proved for the closed-loop interconnection of an

SANI system and an OSNI system. These assumptions reduce to a simple DC gain

condition in the linear case. We show in an example that a discrete-time mass-
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Bode Diagram of G(z)H(z)
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Figure 8.9: Bode plot of the open-loop interconnection of the NI system (8.35) and
the SAOSNI system (8.36). The interconnection has the transfer function G(z)H(z)
whose phase is in the range (−2π, 0) for frequencies in (0, π) according to the above
explanation and also the Bode plot. Hence the positive feedback interconnection is
asymptotically stable.

spring system, which is NI, can be asymptotically stabilized using the proposed

results.
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Chapter 9

Negative Imaginary Systems

Control Using Hybrid

Integrator-Gain Systems

9.1 Introduction

In Chapter 7, we have investigated the NI property for switched systems and pro-

posed a feedback stability result. In the example given in Section 7.4, we applied

a switched controller called a hybrid integrator-gain system (HIGS) to a nonlinear

mass-spring damper system to achieve stability. In this chapter, we study the ap-

plication of HIGS controllers in the control of linear NI systems. Besides the HIGS

of its original form, we also investigate a multi-HIGS, the cascade of two HIGS and

a discrete-time HIGS.

The motivation of using this specific controller in the control of NI systems is that the

HIGS may overcome some of the limitations of linear controllers. Linear feedback

control has inherent limitations which have been discussed in [122, 123]. Bode’s

phase-gain relationship shows a trade-off between control system performance and

robustness [124, 125]. That is, the desired large low-frequency gain and small high-

frequency gain can only be achieved at the cost of a lower stability margin [126].

To be specific, an integrator, which is commonly used to eliminate steady-state

error [127] introduces a 90◦ phase lag. The time delay caused by such a phase

lag will unavoidably lead to an overshoot and even instability [128, 129]. Clegg

introduced a nonlinear integrator in [129], known as a Clegg integrator, to overcome

these limitations. The output of the Clegg integrator is reset to zero whenever its

input crosses zero. With such a resetting mechanism, the input and output of a Clegg

integrator always have the same sign. The describing function of a Clegg integrator
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has a magnitude slope identical to a linear integrator but a phase lag of only 38.1◦.

In comparison to a linear integrator, the reduction of 51.9◦ of phase lag will lead to

a significant reduction in time delay and, as a consequence, overshoot. The concept

of output resetting was generalized to a first-order filter with the transfer function

1/(s+b) in [130]. This is known as the first-order reset element (FORE); see [131,132]

for a discussion of reset control systems. A concrete example provided in [133] shows

that a reset control system can meet control objectives that are unachievable for any

linear controller: under FORE control, the plant tracks a unit step reference with no

overshoot even for a large rise time; i.e., when the bandwidth is low (see [122]).

A drawback of conventional reset control systems such as Clegg integrators and

FOREs is that they generate discontinuous control signals when the reset happens.

Discontinuous control signals can cause chattering which may excite high-frequency

dynamics and lead to poor performance or even instability [15, 134]. To overcome

this drawback of reset control systems, the HIGS was introduced in [103]. Instead

of resetting the state to zero, the HIGS alternates between integrator and gain

modes resulting in a continuous (but non-smooth) control signal. This prevents

the excitation of high-frequency harmonics induced by conventional reset control

systems. The input-output relation of the HIGS is also restricted to a sector in which

the HIGS operates as an integrator. The tendency to violate the sector constraint

in the integrator mode enforces switching to the gain mode, ensuring that the input

and output of the HIGS would have identical signs [135]. The frequency response

of the describing function of a HIGS has the same 38.1◦ of phase lag as the reset

control system [103]. Hence, the HIGS has similar advantages as the reset control

systems described above in terms of overcoming the limitations of linear controllers.

The paper [136] illustrated the advantages of HIGS using a concrete example where

overshoot is completely eliminated by HIGS control, which is unachievable by any

linear controller.

The demand for high-precision, high-speed, and reliable mechatronics systems has

increased tremendously, and to address this need, the HIGS element has been ex-

ploited successfully in the semiconductor industry for motion tracking [103,137,138],

vibration isolation and damping [135,139,140]. In [103], a HIGS-based proportional

double integral derivative (PI2D) controller is designed and applied to a wafer stage

system of an industrial wafer scanner. Owing to the enhanced phase behaviour of

HIGS-based filters compared to the linear counterparts, HIGS-based second-order

low-pass filters [137] and HIGS-based notch filters [141] are proposed to achieve sub-

stantial low-frequency disturbance rejection and increase the bandwidth of a wafer

scanner. A HIGS-based bandpass filter is also constructed in [135], featuring a se-

ries connection of two HIGS elements applied for vibration isolation. By replacing a
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standard integrator with the HIGS element, [136] demonstrates a novel application

of the HIGS in reducing overshoot in linear time-invariant plants with a real un-

stable pole. The HIGS is also studied in a multivariable configuration [139] applied

to a multivariable active vibration isolation system in the form of a HIGS-based

bandpass filter.

Stability and performance analysis of closed-loop systems featuring HIGS is chal-

lenging due to the nonlinear nature of this hybrid system. Based on the stability

analysis of reset control systems in general [142], a frequency-domain approach is

proposed in [103] to graphically verify the stability of a controlled system with the

HIGS using measured frequency response data of the linear part of the system and

the Kalman-Yakubovich-Popov lemma. In this approach, the closed-loop system is

rearranged in Lur’e form by isolating the nonlinearity from the linear counterpart

of the system. Then the input-to-state stability (ISS) of the closed-loop system is

guaranteed based on the detectability of the HIGS element and the circle criterion.

This results in frequency-domain conditions, less stringent than the strictly positive

criterion [142]. Using a modified version of the circle criterion, the stability of the

closed-loop system in a MIMO configuration is also investigated in [139].

Since the switching strategy in HIGS is not taken into account in the proposed

stability analysis of the controlled systems featuring HIGS, frequency-domain con-

ditions give a conservative estimate of stability. This has been addressed in [143] by

proposing novel conditions that guarantee the existence of the Lyapunov functions

in subregions of the state-space where the HIGS is active. The stability of nonlinear

closed-loop systems with the HIGS element is also explored through a time-domain

approach where an ISS condition is proposed in terms of LMIs that guarantee the

existence of a piecewise quadratic Lyapunov function [144]. This approach is less

conservative compared to the frequency-domain approach of [144].

In this chapter, we investigate the application of HIGS on the control of linear NI

systems. We propose different types of variations of the original HIGS which was

introduced in [103]. To be specific, we investigate a single HIGS, a multi-HIGS, and

the cascade of two HIGS elements. We show that all these three types of HIGS are

nonlinear NI systems, and they can be applied in the control of linear NI plants. We

provide an intuitive description of the multi-HIGS, which was originally introduced

in [139]. A multi-HIGS, which is a parallel combination of multiple HIGS, can be

used in the control of a MIMO NI plant. The cascade connection of two HIGS can

be used as an alternative to the single HIGS. We do not consider a cascade of more

than two HIGS because NI systems can only have relative degree less than or equal

to two and each HIGS can have a relative degree of one.
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The NI property of HIGS elements motivates a methodology of using HIGS in the

control of flexible structures with colocated force actuators and position sensors.

This methodology is applied in this chapter to control a microelectromechanical

system (MEMS) nanopositioner. A real-world experiment was implemented, where

a 2-DOF MEMS nanopositioner was controlled by a multi-HIGS controller.

In addition, we investigate a discrete-time HIGS using the results proposed in Chap-

ter 8 for the purpose of digital control. The discrete-time HIGS, which was intro-

duced in [145], is shown to be a discrete-time SANI system as defined in Definition

8.5. We prove that discrete-time HIGS controllers can be used to control linear

discrete-time NI systems. This result is then illustrated using an example of a mass-

spring system. The results in this chapter are included in the papers [146–148].

9.2 A single HIGS

In this section, we provide the system model of the original form of HIGS. We prove

that a HIGS is a nonlinear NI system. Also, we show that for any minimal linear

NI system, there exists a HIGS that can stabilize it.

9.2.1 System description

A SISO hybrid integrator-gain system (HIGS) H is represented by the following

differential algebraic equations [103]:

H :





ẋh = ωhe, if (e, u, ė) ∈ F1

xh = khe, if (e, u, ė) ∈ F2

u = xh,

(9.1)

where xh, e, u ∈ R denote the state, input, and output of the HIGS, respectively.

Here, ė is the time derivative of the input e, which is assumed to be continuous and

piecewise differentiable. Also, ωh ∈ [0,∞) and kh ∈ (0,∞) represents the integrator

frequency and gain value, respectively. These tunable parameters allow for desired

control performance. The sets F1 and F2 ∈ R3 determine the HIGS modes of

operation; i.e. the integrator and gain modes, respectively. The HIGS is designed

to operate under the sector constraint (e, u, ė) ∈ F (see [103, 139]) where

F = {(e, u, ė) ∈ R
3| eu ≥ 1

kh
u2}, (9.2)
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and F1 and F2 are defined as

F1 := F \ F2;

F2 := {(e, u, ė) ∈ R
3|u = khe and ωhe

2 > kheė}. (9.3)

The HIGS (9.1) operates in the integrator mode unless the HIGS output u is on

the boundary of the sector F , and tends to exit the sector; i.e. (e, u, ė) ∈ F2. In

this case, the HIGS is enforced to operate in the gain mode. At the time instants

when switching happens, the state xh still remains continuous, as can be seen from

(9.1).

In this section, we show that a single HIGS, represented by (9.1), is nonlinear NI.

Then, we show that a single HIGS can be used as a controller for a SISO NI system

by proving that the positive feedback interconnection of an NI system and a HIGS

is asymptotically stable.

9.2.2 Nonlinear NI property of SISO HIGS

We first present a property of the HIGS (9.1) in Lemma 9.1, which is implied by the

sector constraint (9.2). This property will be used later in the proofs of the main

results.

Lemma 9.1. Consider a HIGS element with the system model (9.1). This system

satisfies

exh − khe
2 ≤ 0,

where the equality only holds when xh = khe.

Proof. Consider the following inequality

(√
1

kh
xh −

√
khe

)2

≥ 0,

where equality only holds when xh = khe. Therefore,

1

kh
x2
h − 2exh + khe

2 ≥ 0.

Considering the condition in F as given in (9.2), this implies that

exh − khe
2 ≤ 1

kh
x2
h − exh ≤ 0,

where equality only holds when xh = khe.
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The nonlinear NI property of a SISO HIGS is shown in the following theorem.

Theorem 9.1. Consider a SISO HIGS as in (9.1), then the HIGS is a nonlinear

NI system from input e to the output u with the positive definite storage function

formulated as

V (xh) =
1

2kh
x2
h

satisfying

V̇ (xh) ≤ eu̇. (9.4)

Proof. The storage function V (xh) is positive definite since kh > 0. Here, we prove

that (9.4) holds in both integrator and gain modes. Taking the time derivative of

V (xh), we have that

V̇ (xh) =
1

kh
xhẋh.

Case 1. The HIGS operates in the integrator mode; i.e., (e, u, ė) ∈ F1. In this

case, we have that ẋh = ωhe. Therefore, V̇ is obtained as

V̇ (xh) =
1

kh
ωhexh ≤ ωhe

2 = eu̇. (9.5)

where the inequality follows from Lemma 9.1.

Case 2. The HIGS operates in the gain mode; i.e., (e, u, ė) ∈ F2. In this case, we

have that u = xh = khe. Therefore,

V̇ (xh) =
1

kh
kheẋh = eu̇. (9.6)

According to (9.5) and (9.6), and Definition 3.1, the HIGS is a nonlinear NI system.

9.2.3 Stability for the interconnection of a SISO NI system

and a HIGS

Consider the interconnection of a SISO linear NI plant G(s) and a HIGS controller

H as shown in Fig. 9.1. We analyze the stability of the closed-loop system in the

following. Note that here and also in Sections 9.3, 9.4 and 9.5, HIGS controllers are

applied in positive feedback, according to the control framework used in NI systems

theory [2, 62].

Consider a SISO NI system with the transfer function matrix G(s) and the minimal

realization:

ẋ = Ax+Bu, (9.7a)
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PSfrag

u y

exh

G(s)

HIGS H

Figure 9.1: Closed-loop interconnection of a linear NI system and a HIGS.

y = Cx, (9.7b)

where x ∈ Rn, u, y ∈ R are the state, input and output of the system, respectively.

Here, A ∈ R
n×n, B ∈ R

n×1 and C ∈ R
1×n.

Theorem 9.2. Consider the SISO minimal linear NI system (9.7). There exists a

HIGS element H of the form (9.1) such that the closed-loop interconnection of the

system (9.7) and the HIGS H as shown in Fig. 9.1 is asymptotically stable.

Proof. This result is a special case of Theorem 9.4. Since (9.7) is a minimal real-

ization of the linear NI system G(s), then according to Lemma 2.3, we have that

detA 6= 0 and there exists Y = Y T > 0, Y ∈ R
n×n such that

AY + Y AT ≤ 0, and B + AY CT = 0. (9.8)

Using Lyapunov’s direct method, let the storage function of the closed-loop inter-

connection be

W (x, xh) =
1

2
xTY −1x+

1

2kh
x2
h − Cxxh =

1

2

[
xT xh

] [Y −1 −CT

−C 1
kh

][
x

xh

]
. (9.9)

Using Schur Complement theorem, W (x, xh) > 0 for all (x, xh) 6= (0, 0) if

1

kh
− CY CT > 0. (9.10)

Using (9.8), we have that CY CT = −CA−1B = G(0). Then, (9.10) becomes

khG(0) < 1.

Taking the time derivative of W (x, xh) defined in (9.9), we have

Ẇ (x, xh) = xTY −1ẋ+
1

kh
xhẋh − Cẋxh − Cxẋh
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=
(
xTY −1 − xhC

)
ẋ+

(
1

kh
xh − Cx

)
ẋh

=
(
xTY −1 − uC

)
ẋ+

(
1

kh
xh − e

)
ẋh

=
(
xTY −1 + uBTA−TY −1

)
ẋ+

(
1

kh
xh − e

)
ẋh

=
(
xTAT + uBT

)
(A−TY −1)ẋ+

(
1

kh
xh − e

)
ẋh

=
1

2
ẋT (A−TY −1 + Y −1A−1)ẋ+

(
1

kh
xh − e

)
ẋh,

where u = xh and e = y = Cx are also used. We have that

(
1

kh
xh − e

)
ẋh =





(
1
kh
xh − e

)
ωhe, if (e, yh, ė) ∈ F1(

1
kh
xh − e

)
khė, if (e, yh, ė) ∈ F2

=





ωh

kh
(exh − khe

2) , if (e, yh, ė) ∈ F1

ė (xh − khe) , if (e, yh, ė) ∈ F2.
(9.11)

In F2, according to (9.3), we have that xh = u = khe. Hence,
(

1
kh
xh − e

)
ẋh =

ė (xh − khe) = 0. In F1, according to Lemma 9.1, we have that

exh − khe
2 ≤ 0,

where equality holds only if xh = khe. Therefore, following from (9.11), we have

that (
1

kh
xh − e

)
ẋh ≤ 0,

and
(

1
kh
xh − e

)
ẋh = 0 only if xh = khe. We also have that 1

2
ẋT (A−TY −1 +

Y −1A−1)ẋ ≤ 0 because A−TY −1 + Y −1A−1 ≤ 0 according to (9.8). Therefore,

Ẇ (x, xh) ≤ 0 and Ẇ (x, xh) = 0 only if xh = khe and ẋT (A−TY −1 + Y −1A−1)ẋ = 0.

Using LaSalle’s invariance principle, Ẇ (x, xh) stays at zero only if xh ≡ khe and

ẋT (A−TY −1 + Y −1A−1)ẋ ≡ 0. The condition xh ≡ khe implies that

u ≡ khy ≡ khCx,

according to the setting of the interconnection u = yh = xh and e = y = Cx. The

condition ẋT (A−TY −1 + Y −1A−1)ẋ ≡ 0 holds in the following two cases:

Case 1. ẋ ≡ 0. In this case, x(t) ≡ x is constant and so is u(t) ≡ u. Since

Ax+Bu ≡ 0, we have that x = −A−1Bu. Recall that u = khCx, then we have u =
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khCx = −khCA−1Bu = khG(0)u 6= u according to the assumption that khG(0) < 1.

This means that Ẇ (x, xh) cannot stay at zero.

Case 2. ẋ 6= 0 and ẋ is an eigenvector of A−TY −1+Y −1A−1 that corresponds to a

possible zero eigenvalue of A−TY −1+Y −1A−1 and ẋ changes along this eigenvector.

In this case, we have that

(
A−TY −1 + Y −1A−1

)
ẋ = 0ẋ = 0,

where ẋ = Ax+Bu = (A+ khBC)x. And we have two subcases:

Subcase 2a. ẋ is constant. That is

ẋ = (A+ khBC)x = const.

This only holds if x is an eigenvector of the matrix A+ khBC which corresponds to

the zero eigenvalue. However, in this case, ẋ = 0, which contradicts the condition

ẋ 6= 0 and falls into Case 1.

Subcase 2b. ẋ is not constant. Then, (A−TY −1 + Y −1A−1)ẋ stays at zero only if

ẋ changes along a line. That is ẍ = αẋ for some scalar α 6= 0. Since we have

ẍ = (A+ khBC)ẋ,

we may conclude that A + khBC = αI must hold. (i). In the case that A = γI

for some constant γ, we have that γ < 0 according to (9.8). In this case, we have

that A−TY −1 + Y −1A−1 = 2
γ
Y −1 < 0. This contradicts with the assumption that

A−TY −1 + Y −1A−1 has a zero eigenvalue. (ii). Otherwise, if A 6= γI, since the set

{kh ∈ R|khG(0) < 1 and kh > 0} has nonempty interior, then there always exists kh

such that A+ khBC 6= αI for all α 6= 0. In this case, Ẇ (x, xh) cannot stay at zero.

Therefore, with kh > 0 satisfying khG(0) < 1 and (A + khBC) 6= αI for all α 6= 0,

we have that Ẇ (x, xh) cannot stay at zero. Thus, W (x, xh) will keep decreasing

until x = 0 and xh = 0. Hence, the interconnection is asymptotically stable.

9.3 Multi-HIGS

In this section, we provide a description of a multi-HIGS and show that a multi-

HIGS is a nonlinear NI system. Also, we prove that for any MIMO linear NI system,

there exists a multi-HIGS controller such that their closed-loop interconnection is

asymptotically stable.
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9.3.1 System Description

Consider N HIGS of the form (9.1) with different integrator frequencies

ωh,1, · · · , ωh,N and gain values kh,1, · · · , kh,N , connected in parallel as shown in

Fig. 9.2. The HIGS are denoted by H1,H2, · · · ,HN while their inputs, outputs

and states are denoted by e1, e2, · · · , eN , u1, u2, · · · , uN and xh,1, xh,2, · · · , xh,N , re-

spectively. The entire system denoted by Ĥ is called a multi-HIGS (see also [139]).

The input, output and state of the system Ĥ are

Eh =
[
e1 e2 · · · eN

]T
, (9.12)

Uh =
[
u1 u2 · · · uN

]T
, (9.13)

and

Xh =
[
xh,1 xh,2 · · · xh,N

]T
, (9.14)

respectively.

e1

e2

eN

...

u1

u2

uN

...
...

H1

H2

HN

Ĥ

Figure 9.2: A multi-HIGS Ĥ, which is constructed by connecting N HIGS of the
form (9.1) in parallel.

The system can also be described by the following equations:

Ĥ :





ei = θTi Eh,

ẋh,i = ωh,iei, if (ei, xh,i, ėi) ∈ F1,i

xh,i = kh,iei, if (ei, xh,i, ėi) ∈ F2,i

Xh =
[
xh,1, xh,2, · · · , xh,N

]T
,

Uh = Xh,

(9.15)

where θi ∈ RN is a standard unit vector; i.e., the i-th element of θi is one and all

other elements are zeros. Also, F1,i and F2,i are given by:

F1,i := Fi \ F2,i;
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F2,i := {(ei, xh,i, ėi) ∈ R
3|xh,i = kh,iei and ωh,ie

2
i > kh,ieiėi},

where

Fi := {(ei, xh,i, ėi) ∈ R
3| eixh,i ≥

1

kh,i
x2
h,i}. (9.16)

9.3.2 Nonlinear NI property of multi-HIGS

Consider the system Ĥ in Fig. 9.2. It is shown in the following that if for all

i = 1, 2, · · · , N , the system Hi is nonlinear NI, then the system Ĥ is also nonlinear

NI.

Lemma 9.2. Consider N nonlinear NI systems connected in parallel with inputs

u1, u2, · · · , uN , outputs y1, y2, · · · , yN and states x1, x2, · · · , xN . They have stor-

age functions V1(x1), V2(x2), · · · , VN(xN) that satisfy Definition 3.1; i.e., V̇i(xi) ≤
ui(t)

T ẏi(t), ∀t ≥ 0, ∀i = 1, 2, · · · , N . Then the nonlinear system having in-

put U =
[
uT
1 uT

2 · · · uT
N

]T
, output U =

[
yT1 yT2 · · · yTN

]T
and state X =

[
xT
1 xT

2 · · · xT
N

]T
is also nonlinear NI with the storage function

V̂ (X) = ΣN
i=1Vi(xi). (9.17)

Proof. The storage function V̂ (X) defined in (9.17) satisfies

˙̂
V (X) = ΣN

i=1V̇i(xi) ≤ ΣN
i=1u

T
i ẏi = UT Ẏ .

Therefore, the system with input U and output Y also satisfies Definition 3.1.

Theorem 9.3. Consider the multi-HIGS Ĥ represented by (9.15), which is also

shown in Fig. 9.2. The system Ĥ with input Eh, output Uh and state Xh, defined

in (9.12), (9.13) and (9.14) respectively, is a nonlinear NI system with the storage

function

V̂h(Xh) = ΣN
i=1Vi(xh,i) =

1

2
XT

h K
−1
h Xh,

where Kh = diag{kh,1, kh,2, · · · , kh,N}. Here, ei, ui, xh,i and Vi(xh,i) are the in-

put, output, state and storage function of the i-th SISO HIGS Hi, respectively,

i = 1, 2, · · · , N .

Proof. The proof follows directly from Lemma 9.2 and the nonlinear NI property of

SISO HIGS of the form (9.1), as given in Theorem 9.1. Specifically, we have

˙̂
V h(Xh) = ΣN

i=1V̇i(xh,i) ≤ ΣN
i=1eiu̇i = ET

h U̇h, (9.18)
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which satisfies Definition 3.1.

9.3.3 Stability of the interconnection of a MIMO linear NI

system and a multi-HIGS

u y

EhXh

G(s)

HIGS Ĥ

Figure 9.3: Closed-loop interconnection of a MIMO linear NI plant G(s) and a

multi-HIGS controller Ĥ.

Lemma 9.3. Consider the multi-HIGS of the form (9.15) shown in Fig. 9.2. If
˙̂
V h(Xh) = ET

h U̇h, then Xh = KhEh.

Proof. Considering (9.18), we have
˙̂
V h(Xh) = ET

h U̇h only if V̇i(xh,i) = eiu̇i = eiẋh,i

for all i = 1, 2, · · · , N . For a HIGS of the form (9.1), V̇i(xh,i) = eiẋh,i implies
1

kh,i
xh,iẋh,i = eiẋh,i. This holds if ẋh,i = 0 or xh,i = kh,iei. Consider the condition

that ẋh,i = 0, in F1,i mode, ẋh,i = 0 implies ei = 0. According to (9.16), ei = 0

implies that xh,i = 0. In this case, xh,i = kh,iei = 0. In F2,i mode, xh,i = kh,iei.

Hence, xh,i = kh,iei always holds in the case that V̇i(xh,i) = eiu̇i = eiẋh,i. Therefore,
˙̂
V h(Xh) = ET

h U̇h implies that Xh = KhEh.

Consider a MIMO linear NI system with the transfer function matrix G(s) and the

minimal realization

ẋ = Ax+Bu, (9.19a)

y = Cx, (9.19b)

where u, y ∈ RN and x ∈ Rn are the input, output and state of the system, respec-

tively. Here A ∈ Rn×n, B ∈ Rn×N and C ∈ RN×n.

Theorem 9.4. Consider the MIMO minimal linear NI system (9.19). There al-

ways exists a multi-HIGS Ĥ, given in (9.15) and Fig. 9.2, such that the closed-loop

interconnection of the system (9.19) and the multi-HIGS Ĥ as shown in Fig. 9.3 is

asymptotically stable.
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Proof. Since the system (9.19) is minimal and NI, then according to Lemma 2.3, we

have that detA 6= 0 and there exists Y = Y T > 0, Y ∈ Rn×n such that

AY + Y AT ≤ 0, and B + AY CT = 0. (9.20)

Using Lyapunov’s direct method, let the storage function of the closed-loop inter-

connection be

W (x,Xh) =
1

2
xTY −1x+

1

2
XT

h K
−1
h Xh −XT

h Cx

=
1

2

[
xT XT

h

] [Y −1 −CT

−C K−1
h

][
x

Xh

]
.

Using Schur complement theorem, W (x,Xh) > 0 for all (x,Xh) 6= (0, 0) if

K−1
h − CY CT > 0. (9.21)

Using (9.20), we have that CY CT = −CA−1B = G(0), where G(s) = C(sI−A)−1B

is the transfer function matrix of the system (9.19) Then, (9.21) can be written as

K−1
h −G(0) > 0.

Since both Y −1 and K−1
h are positive definite, the condition (9.21) is equivalent to

Y −1 − CTKhC > 0. (9.22)

Take the time derivative of W (x,Xh), we have

Ẇ (x,Xh) = xTY −1ẋ+XhK
−1
h Ẋh − ẊT

h Cx−XT
h Cẋ

=
(
xTY −1 −XhC

)
ẋ+ ẊT

h

(
K−1

h Xh − Cx
)

=
(
xTY −1 − uC

)
ẋ+ ẊT

h

(
K−1

h Xh − Eh

)

=
(
xTY −1 + uBTA−TY −1

)
ẋ+ ẊT

h

(
K−1

h Xh −Eh

)

=
(
xTAT + uBT

)
(A−TY −1)ẋ+ ẊT

h

(
K−1

h Xh − Eh

)

=
1

2
ẋT (A−TY −1 + Y −1A−1)ẋ+ ẊT

h

(
K−1

h Xh − Eh

)
,

where u = Xh and Eh = y = Cx are also used. We have that ẊT
h

(
K−1

h Xh −Eh

)
=

˙̂
V h(Xh)−ET

h U̇h ≤ 0 and equality holds only if Xh = KhEh according to Lemma 9.3.

We also have that 1
2
ẋT (A−TY −1 + Y −1A−1)ẋ ≤ 0 because A−TY −1 + Y −1A−1 ≤ 0

according to (9.20). Therefore, Ẇ (x,Xh) ≤ 0 and the equality Ẇ (x,Xh) = 0 holds

only if Xh = KhEh and ẋT (A−TY −1+Y −1A−1)ẋ = 0. We apply LaSalle’s invariance
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principle in the following to prove that there exist kh,i and ωh,i (i = 1, 2, · · · , N)

such that the closed-loop system is asymptotically stable. We only consider the

case that x 6= 0. The function Ẇ (x,Xh) stays at zero only if Xh ≡ KhEh and

ẋT (A−TY −1 + Y −1A−1)ẋ ≡ 0. The condition Xh ≡ KhEh implies that

u ≡ Khy ≡ KhCx, (9.23)

where the system settings u = Uh = Xh and Eh = y = Cx as shown in Fig. 9.3 are

also used. In the sequel, we have that

ẋ ≡ Ax+Bu ≡ Ax+BKhCx ≡ (A+BKhC)x. (9.24)

According to (9.20), we have that

A +BKhC = A− AY CTKhC = AY (Y −1 − CTKhC),

which is nonsingular due to (9.22) and the non-singularity of the matrices A and Y .

Therefore, according to (9.24), ẋ 6= 0 for any nonzero x. Also, ẋ cannot remain a

constant vector because

ẍ = (A+BKhC)ẋ 6= 0,

for any nonzero ẋ. The condition ẋT (A−TY −1 + Y −1A−1)ẋ ≡ 0 implies that ẋ must

stay in the null space of A−TY −1 + Y −1A−1.

With the above information about ẋ known in the case that Ẇ (x,Xh) ≡ 0, we now

prove that Ẇ (x,Xh) cannot remain zero forever. We first prove by contradiction

that none of the single HIGS can stay in integrator mode unless both of the HIGS

input and output remain zero. Suppose that there is a HIGS Hi staying in the

integrator mode F1,i. Then we have that ẋh,i = ωh,iei = ωh,iyi according to (9.15),

and xh,i = kh,iyi according to (9.23). Here, yi denotes the i-th output element in y.

Therefore, we have that

ẋh,i = ωh,iyi = kh,iẏi (9.25)

over a nonzero time interval [ta, tb] where ta < tb. With ωh,i > 0 chosen, for nonzero

yi(ta), (9.25) implies that yi(t) = yi(ta)exp(
ωh,i

kh,i
t) for t ∈ [ta, tb]. This means that

the closed-loop system is unstable, which contradicts its Lyapunov stability proved

above. For HIGS with an input ej = yj that does not remain zero, it must stay in

the gain mode F2,j. Now we prove that we can force it to exit the gain mode by

choosing suitable HIGS parameters. Now we consider the condition ωh,je
2
j > kh,jej ėj

in F2,j. This condition cannot be satisfied for all HIGS Hj in gain mode over time

via satisfying ej ėj < 0 because then V̇h,j ≤ ej ẋh,j = kh,jej ėj < 0, where Vh,j is
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the storage function of the HIGS Hj . Hence yj = ej = 1
kh,j

xh,j will converge to

zero. This implies that eventually y = 0, which is not the case considered here.

Considering those ej that eventually satisfy ej ėj > 0, since the trajectories of ėj

and ej in gain mode are independent of ωh,j, we can always choose sufficiently small

ωh,j > 0 such that ωh,je
2
j < kh,jej ėj, in order to violate the condition F2,j for some

Hj in gain mode. These Hj will then enter integrator mode for at least some finite

time. Thus, we can eventually force all HIGS to switch into integrator mode and

have their inputs remaining zero, except for those staying in the gain mode by

remaining in F2,j via ėj ≡ 0. In this case, ẏ ≡ 0, which implies that ẋ ≡ 0 according

to observability. This contradicts with the fact that ẋ cannot remain zero, which

has been proved above. We conclude that Ẇ (x,Xh) ≡ 0 will eventually be violated,

and W (x,Xh) will decrease monotonically until it reaches zero.

Remark 9.1. The multi-HIGS model (9.15) allows the integrator frequencies ωh,i to

be zero. However, we need to choose strictly positive integrator frequencies in some

cases. For example, a lossless NI plant G(s) cannot be stabilized by a pure gain

feedback. Hence, we need ωh,i > 0 at least for some i, or even for all i, to ensure

the HIGS controllers will work properly. Similar remarks also apply to the results

in Theorems 9.2 and 9.6.

9.4 The cascade of two HIGS

In this section, the cascade of two HIGS elements is considered as a controller for

SISO linear NI systems. We prove that the cascade of two HIGS is a nonlinear NI

system and its interconnection with a linear NI system is asymptotically stable.

9.4.1 System description

We first provide a description for the cascaded HIGS. As shown in Fig. 9.4, it is

a simple open-loop interconnection of two HIGS where the output of one HIGS is

used as the output of the other HIGS.

e1 x1 e2 x2

HIGS H1 HIGS H2

Figure 9.4: A cascade of the HIGS H1 and the HIGS H2. The output x1 of H1 is
fed into H2 as its input e2.
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The system models of the two HIGS systems H1 and H2 are as follows:

H1 :





ẋ1 = ω1e1, if (e1, y1, ė1) ∈ F1

x1 = k1e1, if (e1, y1, ė1) ∈ F2

y1 = x1,

(9.26)

where x1, e1, y1 ∈ R are the state, input and output of the system, respectively.

Here, ω1 ∈ [0,∞) and k1 ∈ (0,∞) are system parameters. Also, we have that

F =

{
(e1, y1, ė1) ∈ R

3|e1y1 ≥
1

k1
y21

}
, (9.27)

F1 = F\F2,

F2 =
{
(e1, y1, ė1) ∈ F|y1 = k1e1 and ω1e

2
1 > k1ė1e1

}
. (9.28)

In addition,

H2 :





ẋ2 = ω2e2, if(e2, y2, ė2) ∈ F̃1

x2 = k2e2, if(e2, y2, ė2) ∈ F̃2

y2 = x2,

(9.29)

where x2, e2, y2 ∈ R are the state, input and output of the system, respectively.

Here, ω2 ∈ [0,∞) and k2 ∈ (0,∞) are system parameters. And we have that

F̃ =

{
(e2, y2, ė2) ∈ R

3|e2y2 ≥
1

k2
y22

}
, (9.30)

F̃1 = F̃\F̃2,

F̃2 =
{
(e2, y2, ė2) ∈ F̃|y2 = k2e2 and ω2e

2
2 > k2ė2e2

}
. (9.31)

The interconnection of these two systems can be described by the equation

e2 = y1.

9.4.2 Nonlinear NI property of the cascade of two HIGS

The following lemma is required in the presentation of the main results.

Lemma 9.4. Consider the HIGS of the form (9.1). Suppose exh = 1
kh
x2
h over a

time interval [ta, tb], where ta < tb, then xh = khe for all t ∈ [ta, tb].

Proof. We have that exh ≡ 1
kh
x2
h implies xh ≡ 0 or xh ≡ khe. We only consider the
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case xh ≡ 0 in the F1 mode, because xh = khe always holds in the F2 mode. In the

F1 mode, uh ≡ xh ≡ 0 implies that ẋh ≡ 0. This implies that e ≡ 0. Therefore,

xh ≡ xh ≡ khe ≡ 0.

Note that Lemma 9.4 is nontrivial since the equation exh = 1
kh
x2
h has two solutions

xh = 0 and xh = khe.

Theorem 9.5. Consider two HIGS H1 and H2 having the system models (9.26)

and (9.29), respectively. Suppose k2ω1 ≤ k1ω2, then the cascade of H1 and H2 as

shown in Fig. 9.4 is a nonlinear NI system with the Lyapunov storage function

V (x1, x2) = ax2
1 +

k2 − 2ak1
2k1k2

2

x2
2, (9.32)

satisfying

V̇ (x1, x2) ≤ e1ẋ2. (9.33)

Here, 0 < a < k2
2k1

is a parameter. Moreover, if V̇ (x1, x2) = e1ẋ2 over a time

interval [ta, tb], where ta < tb, then for all t ∈ [ta, tb] we have that x1 = k1e1 and

x2 = k2e2 = k2k1e1.

Proof. Since 0 < a < k2
2k1

, we have that V (x1, x2) in (9.32) is positive definite.

Because both H1 and H2 have two modes, i.e., integrator mode and gain mode, the

cascaded system has four modes. We prove in the following that (9.33) holds in

these four modes. Note that e2 = x1 will be used in the following.

Case 1. H1 in F1 and H2 in F̃1. According to (9.27) and (9.30), we have that

e1x1 ≥
1

k1
x2
1, (9.34)

x1x2 ≥
1

k2
x2
2 =⇒ x1x2 ≤ k2x

2
1, (9.35)

where the deduction in (9.35) uses Lemma 9.1. Since k2ω1 ≤ k1ω2 and 0 < a < k2
2k1

,

we have that 2aω1 − ω2 < 0 and k2 − 2ak1 > 0. Taking the time derivative of

V (x1, x2), we get

V̇ (x1, x2)− e1ẋ2 = 2ax1ẋ1 +
k2 − 2ak1

k1k2
2

x2ẋ2 − e1ẋ2

= 2ax1ω1e1 +
k2 − 2ak1

k1k
2
2

x2ω2x1 − ω2e1x1

= (2aω1 − ω2)e1x1 +
k2 − 2ak1

k1k2
2

ω2x1x2

≤ (2aω1 − ω2)
1

k1
x2
1 +

k2 − 2ak1
k1k

2
2

ω2k2x
2
1
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=
1

k1
x2
1

(
2aω1 − ω2 +

k2 − 2ak1
k2

ω2

)

=
2a

k1
x2
1

(
ω1 −

k1
k2

ω2

)

≤ 0, (9.36)

where the first inequality uses (9.34), (9.35) and also the fact that 2aω1 − ω2 < 0.

This implies that V̇ (x1, x2) − e1ẋ2 = 0 in (9.36) is possible only if the equalities in

(9.34) and (9.35) hold. If these equalities hold over the time interval [ta, tb], then

according to Lemmas 9.1 and 9.4, we have that x1 = k1e1 and x2 = k2e2 in [ta, tb].

That is x2 = k1k2e1.

Case 2. H1 in F2 and H2 in F̃2. Taking the time derivative of V (x1, x2), we get:

V̇ (x1, x2)− e1ẋ2 = 2ax1ẋ1 +
k2 − 2ak1

k1k
2
2

x2ẋ2 − e1ẋ2

= 2ak2
1e1ė1 +

k2 − 2ak1
k1k2

2

k2
1k

2
2e1ė1 − k1k2e1ė1

= e1ė1

(
2ak2

1 +
k2 − 2ak1

k1k
2
2

k2
1k

2
2 − k1k2

)

= 0.

In Case 2, x1 = k1e1 and x2 = k2e2 automatically holds.

Case 3. H1 in F1 and H2 in F̃2. According to (9.27), in this case we have that

e1x1 ≥
1

k1
x2
1 =⇒ e1x1 ≤ k1e

2
1, (9.37)

where the deduction uses Lemma 9.1. Also, according to (9.31), we have that

ω2e
2
2 > k2ė2e2.

We now take the time derivative of V (x1, x2), which yields:

V̇ (x1, x2)− e1ẋ2 = 2ax1ẋ1 +
k2 − 2ak1

k1k2
2

x2ẋ2 − e1ẋ2

= 2ax1ω1e1 +
k2 − 2ak1

k1k
2
2

k2x1k2ω1e1 − e1k2ω1e1

=
ω1k2
k1

x1e1 − ω1k2e
2
1

≤ ω1k2
k1

k1e
2
1 − ω1k2e

2
1

= 0, (9.38)
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where the inequality also uses (9.37). Therefore, V̇ (x1, x2)− e1ẋ2 = 0 in (9.38) over

a time interval [ta, tb] only if x1 = k1e1 in [ta, tb], according to Lemma 9.1. Also, as

H2 is in F̃2 mode, x2 = k2e2 automatically holds. This implies that x2 = k1k2e1.

Case 4. H1 in F2 and H2 in F̃1. According to (9.28) and (9.30), in this case we

have that

ω1e
2
1 > k1ė1e1,

x1x2 ≥
1

k2
x2
2 =⇒ x1x2 ≤ k2x

2
1 =⇒ e1x2 ≤ k1k2e

2
1.

Taking the time derivative of V (x1, x2) yields:

V̇ (x1, x2)− e1ẋ2 = 2ax1ẋ1 +
k2 − 2ak1

k1k2
2

x2ẋ2 − e1ẋ2

= 2ak2
1e1ė1 +

k2 − 2ak1
k1k

2
2

x2ω2k1e1 − e1ω2k1e1

< 2ak1ω1e
2
1 +

k2 − 2ak1
k1k2

2

ω2k1k1k2e
2
1 − ω2k1e

2
1

= 2ak1e
2
1(ω1 − ω2

k1
k2

)

≤ 0.

In Case 4, V̇ (x1, x2) < e1ẋ2 and hence the case V̇ (x1, x2) = e1ẋ2 does not occur. We

conclude that in all four cases, we have that V̇ (x1, x2) ≤ e1ẋ2. Also, if V̇ (x1, x2) =

e1ẋ2 over a time interval [ta, tb], where ta < tb, then x1 = k1e1 and x2 = k2e2 = k1k2e1

for all t ∈ [ta, tb].

9.4.3 Stability for the interconnection of an NI system and

two cascaded HIGS

u y
G(s)

e1x1e2x2 H1H2

Figure 9.5: Closed-loop interconnection of a linear NI system and the cascade of
two HIGS.

Theorem 9.6. Consider the SISO minimal linear NI system (9.7). There exist
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two HIGS elements H1 and H2, given in (9.26) and (9.29), respectively, such that

the interconnection of the system (9.7) and the cascade of H1 and H2 as shown in

Fig. 9.5 is asymptotically stable.

Proof. Since the system (9.7) is minimal and NI, then according to Lemma 2.3, we

have that detA 6= 0 and there exists Y = Y T > 0, Y ∈ R
n×n such that

AY + Y AT ≤ 0, and B + AY CT = 0. (9.39)

Using Lyapunov’s direct method, let the storage function of the closed-loop inter-

connection be

W (x, x1, x2) =
1

2
xTY −1x+ V (x1, x2)− Cxx2

=
1

2
xTY −1x+ ax2

1 +
k2 − 2ak1
2k1k

2
2

x2
2 − Cxx2

= ax2
1 +

1

2

[
xT x2

] [Y −1 −CT

−C k2−2ak1
k1k22

][
x

x2

]
, (9.40)

where V (x1, x2) as given in (9.32), is the storage function of the cascade of H1 and

H2. Here, a ∈ R is a constant parameter that satisfies

0 < a <
k2
2k1

. (9.41)

Using the Schur complement theorem, W (x, x1, x2) > 0 for all (x, x1, x2) 6= (0, 0, 0)

if
k2 − 2ak1

k1k2
2

− CY CT > 0. (9.42)

Using (9.39), we have that CY CT = −CA−1B = G(0), where G(s) = C(sI−A)−1B

is the transfer function matrix of the system (9.7). Then, (9.42) becomes

k2 − 2ak1
k1k

2
2

> G(0). (9.43)

There exist an a in the region (9.41) such that (9.43) holds if

k2
k1k

2
2

> G(0).

This implies that

k1k2G(0) < 1.

According to Schur complement theorem, the positive definiteness of W (x, x1, x2)
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in (9.40) also implies

Y −1 − k1k
2
2

k2 − 2ak1
CTC > 0,

which is equivalent to the condition (9.42). Considering (9.41), we have that

Y −1 − k1k2C
TC > Y −1 − k1k

2
2

k2 − 2ak1
CTC > 0. (9.44)

Taking the time derivative of W (x, x1, x2), we have

Ẇ (x, x1, x2) = xTY −1ẋ+ V̇ (x1, x2)− Cẋx2 − Cxẋ2

=
(
xTY −1 − x2C

)
ẋ+ V̇ (x1, x2)− e1ẋ2

=
(
xTY −1 − uC

)
ẋ+

(
V̇ (x1, x2)− e1ẋ2

)

=
(
xTY −1 + uBTA−TY −1

)
ẋ+

(
V̇ (x1, x2)− e1ẋ2

)

=
(
xTAT + uBT

)
(A−TY −1)ẋ+

(
V̇ (x1, x2)− e1ẋ2

)

=
1

2
ẋT (A−TY −1 + Y −1A−1)ẋ+

(
V̇ (x1, x2)− e1ẋ2

)
, (9.45)

where u = x2 and e1 = y = Cx are also used. According to Theorem 9.5, we have

that for k1, k2, ω1, ω2 satisfying k2ω1 ≤ k1ω2, the inequality V̇ (x1, x2) − e1ẋ2 ≤ 0

always holds. Also, ẋT (A−TY −1 + Y −1A−1)ẋ ≤ 0 because A−TY −1 + Y −1A−1 ≤
0, according to (9.39). Therefore, Ẇ (x, x1, x2) ≤ 0. Using LaSalle’s invariance

principle, Ẇ (x, x1, x2) remains zero if both ẋT (A−TY −1+Y −1A−1)ẋ and V̇ (x1, x2)−
e1ẋ2 remain zero. According to Theorem 9.5, V̇ (x1, x2)− e1ẋ2 remains zero only if

x1 ≡ k1e1 and x2 ≡ k2e2 ≡ k1k2e1. That is

u ≡ k1k2Cx. (9.46)

We only consider the case that x 6= 0 in the following. This is because x = 0 implies

that x2 = u = 0 according to (9.46). Also, x = 0 implies e1 = y = 0, which then

implies x1 = 0 according to (9.27). Here, the system settings of the interconnection

in Fig. 9.5 are also used.

In this case of x 6= 0, the state equation (9.7a) of the system G(s) becomes

ẋ ≡ Ax+Bu ≡ Ax+Bk1k2Cx = (A + k1k2BC)x.

According to (9.39),

A + k1k2BC = A− k1k2AY CTC = AY (Y −1 − k1k2C
TC),
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which is nonsingular due to (9.44) and the positive definiteness of the matrices A

and Y . This implies ẋ 6= 0 for all x 6= 0. The condition ẋT (A−TY −1+Y −1A−1)ẋ ≡ 0

implies that ẋ must stay in the null space of A−TY −1 + Y −1A−1. We now prove

that Ẇ (x, x1, x2) cannot remain zero forever. First, we prove by contradiction that

neither H1 nor H2 can stay in the integrator mode. Suppose H1 is in the integrator

mode F1, then ẋ1 = ω1e1 = ω1y according to (9.26). Also, since x1 = k1e1 = k1y,

we have that

ẋ1 = ω1y = k1ẏ. (9.47)

Since the system G(s) is observable and x does not remain zero, then y does not

remain zero. Choose ω1 > 0, (9.47) implies that for a nonzero time interval [ta, tb]

where ta < tb, we have

y(t) = y(ta)exp(
ω1

k1
t).

This contradicts the fact that the closed-loop interconnection is Lyapunov stable,

as is shown by (9.45). Similarly, if H2 is in the integrator mode, then we have

ẋ2 = ω2e2 = ω2k1y and x2 = k1k2e1 = k1k2y. Following a similar analysis, this also

leads to a contradiction. Then we conclude that both of the HIGS H1 and H2 are

in the gain mode. We now prove that we can force them to eventually exit the gain

mode. In this case, the condition ω1e
2
1 > k1e1ė1 is satisfied according to (9.31). This

condition cannot always be satisfied over time via satisfying e1ė1 < 0 because then

the NI inequality V̇1(x1) ≤ e1ẋ1 = k1e1ė1 < 0 implies that x1 converges to zero and

so does y since x1 = k1y. This is not the case considered here. Therefore, e1 and

ė1 will eventually satisfy e1ė1 > 0 at some time. Since the trajectory of ė1 and e1

is independent of ω1, we can choose sufficiently small ω1 such that ω1e
2
1 < k1e1ė1,

in order to violate the condition F2. Then H1 will enter the integrator mode for at

least some finite time. Following a similar analysis, we can choose suitable ω2 to

force H2 to eventually enter the integrator mode. As is proved above, the function

Ẇ (x, x1, x2) cannot remain zero in the integrator mode. Therefore, W (x, x1, x2) will

decrease monotonically until it reaches zero.

9.5 Experiment: using a multi-HIGS in the con-

trol of a MEMS nanopositioner

The NI properties of the HIGS elements shown in Theorems 9.1, 9.3, 9.5 and the

stability results shown in Theorems 9.2, 9.4, 9.6 motivate a methodology of using

HIGS in positive feedback to control flexible structures with colocated force actu-

ators and position sensors. One example of such flexible structures is a MEMS
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nanopositioner. In this section, we apply this methodology experimentally on a

2-DOF MEMS nanopositioner, which can be modelled as a two-input two-output

(TITO) linear NI system. Under the control of a TITO multi-HIGS controller in

positive feedback, the MEMS nanopositioner can track a reference signal quickly

and accurately.

Figure 9.6: Experimental setup with the MEMS nanopositioner mounted on a
custom-designed PCB. The close-up view shows the SEM image of the MEMS
nanopositioner reported in [1].

9.5.1 2-DOF MEMS nanopositioner

A 2-DOFMEMS nanopositioner is a flexible structure with colocated force actuators

and position sensors, which can be modelled as an NI system [1]. The nanopositioner

features a stage at the center with dimensions of 1.8mm × 1.8mm. Four electro-

static comb-drives move the stage bidirectionally in X and Y directions. On-chip

piezoresistive sensors measure lateral displacements of the stage. The close-up view

in Fig. 9.6 depicts the scanning electron microscope (SEM) image of the MEMS
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nanopositioner. To alleviate the quadratic nonlinearity between the induced elec-

trostatic force and the stage displacement, this device uses a bilateral actuation

mechanism. A maximum linear displacement range of 13µm can be achieved in

each axis. The nanopositioner was previously designed and characterized in [1] and

employed as the scanner stage of a video-rate atomic force microscope [149].

9.5.2 Frequency response

Figure 9.7: Frequency response of the MEMS nanopositioner in open loop and closed
loop with the HIGS element in TITO configuration.

The TITO Frequency response function of the MEMS nanopositioner is obtained

from actuator input to sensor output using an ONOSSOKI FFT Analyzer (CF-

9400) with single channel excitation. For this purpose, a wideband chirp signal is

applied to the actuators through a high-voltage amplifier with a gain of 20, and the

frequency response of the 2-DOF nanopositioner is recorded up to 25 kHz. Fig. 9.7

shows the measured open-loop frequency response of the device. The fundamental

resonance frequencies of the X and Y axis are 3665Hz and 3680Hz, respectively.

We observe that the frequency responses of both axes of the MEMS nanopositioner

are almost identical, with negligible cross-couplings at low frequencies. Typically, a

flexure-guided nanopositioner with compatible collocated actuator-sensor pairs has

NI property. Although the MEMS nanopositioner is NI in theory, it can be seen

from Fig. 9.7 that some high-frequency dynamics slightly violate the conditions of

the NI property. This is unavoidable due to the fabrication tolerances and signal

conditioning in the read-out circuits, which cause the discrepancy from the ideal
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model. However, as discussed in [150], the 2-DOF MEMS nanopositioner can be

considered an NI system for frequencies up to 3976 Hz. We show in the following

that the stability results in Theorem 9.4 remain effective even in the presence of these

spillover dynamics. The transfer function of the nanopositioner in TITO format can

be described by

G(s) =

[
Gxx(s) Gxy(s)

Gyx(s) Gyy(s)

]

where Gij(s) denotes the transfer function from input j to the sensor output i. A

minimal state-space realization of the transfer function matrix is constructed using

the frequency response data (FRD) model obtained from the frequency response

measurement and MATLAB system identification toolbox. Accordingly, the state-

space model of the nanopositioner in lateral axes can be written as

ẋ(t) = Ax(t) +Bu(t),

y(t) = Cx(t), (9.48)

where

A =




6989.99 22987.75 4565.46 −1067.36

−25554.29 −7675.92 −1058.081 −4147.69

1399.21 505.53 −7758.92 24470.97

569.57 −1001.98 −24272.18 7329.32



,

B =




157.81 24.58

−197.95 12.53

33.58 −89.97

−18.69 −86.94



,

C =

[
−98.83 −79.75 −17.51 −21.31

17.07 −27.97 −155.24 161.47

]
.

As described in [151], the NI property of G(s) can be assessed using the Hamiltonian

method since CB+BTCT > 0. According to Theorem 1 in [151], the square transfer

function G(s) is NI if and only if the Hamiltonian matrix, N0 described by (9.49),

has no pure imaginary eigenvalues with odd multiplicity.

N0 =

[
A+BQ−1

0 CA BQ−1
0 BT

−ATCTQ−1
0 CA −AT − ATCTQ−1

0 BT

]
, (9.49)

where

Q0 = −(CB + BTCT ).
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The eigenvalues of the Hamiltonian matrix in (9.49) for the state-space matrices of

the system (9.48) are obtained as




±1.068× 108

±38.45

−0.0043± 41.33i

4.68× 10−3

±9.56× 104i



,

which reveals no pure imaginary eigenvalues, thus the transfer function matrix G(s)

with the state space realization of the form (9.48) is NI. It should be noted that the

NI property of the nanopositioner can be also investigated using the measured fre-

quency response through the eigenvalues of the matrix j[G(jω)−G∗(jω)] [151]. The

NI property of the identified system model obtained from the measured frequency

response data implies that the NI property is satisfied over the frequency range of

interest. Considering this, we aim to verify whether a HIGS controller can stabilize

a TITO MEMS nanopositioner although its dynamics violate the NI property at

high frequencies.

9.5.3 Controller design

According to stability results presented in Section 9.3, a stabilizing TITO multi-

HIGS is required to satisfy the following conditions

K−1
h −G(0) > 0.

Accordingly, Kh is determined by solving a feasibility problem formulated in MAT-

LAB using the YALMIP toolbox [152] and solved with the MOSEK [153]. Since ωh

plays no role in stability analysis, it is tuned to achieve a desired performance level.

Therefore, we have

Kh =

[
0.5617 0

0 0.6003

]
,

ωh =

[
1.1516× 104 0

0 1.1560× 104

]
(rad/s).

The closed-loop interconnection of the TITO multi-HIGS and the TITO MEMS

nanopositioner is shown in Fig. 9.8, where r is the reference signal. The closed-

loop frequency response of the MEMS nanopositioner in positive feedback with the

TITO multi-HIGS is shown in Fig. 9.7. The frequency response is obtained using
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r H y
G(s)

Figure 9.8: Closed-loop interconnection of a TITO multi-HIGS H and the TITO
MEMS nanopositioner G(s).

the frequency response data model of the nanopositioner and the describing function

of the multi-HIGS.

9.5.4 Experiments

To assess the controller performance and the stability of the MEMS nanopositioner

in closed-loop interconnection with the multi-HIGS element in TITO configuration,

we implement the multi-HIGS controller in real time and perform closed-loop ex-

periments in the time domain. Fig. 9.6 shows the experimental setup, including

the MEMS nanopositioner mounted on a custom-designed PCB with actuation and

sensing signal paths, a dSPACE rapid prototyping system, and high-gain voltage

amplifiers.

The multi-HIGS element and the feedback loop were digitally implemented in a

dSPACE rapid prototyping system with a sampling rate of 80 kHz. The X and Y

axis sensor outputs were recorded in open loop and closed loop while a sequence of

pulses with a frequency of 10Hz and amplitude of 0.1V was applied to the device

as an external disturbance. Fig. 9.9 shows the nanopositioner sensor outputs in the

X and Y axes, respectively. We observe that the closed-loop system with the multi-

HIGS is asymptotically stable. This means that a MEMS nanopositioner can be

stabilized by a multi-HIGS controller. These experimental results are consistent with

our expectations. The reason that the out-of-bandwidth non-NI dynamics do not

destabilize the closed-loop system is that at high frequencies, deviations from NI are

too insignificant to cause instabilities. This property was observed and explained for

the same plant in [150]. Furthermore, from Fig. 9.7, we observe that the magnitude

of the frequency response of the MEMS nanopositioner is bounded below a certain

level when the frequency is greater than 3976 Hz. Hence, the stability is guaranteed

via the small-gain theorem; see [12, 154] for the stability of systems with “mixed”

NI and small-gain properties. It can be seen in Fig. 9.9 that in comparison with

the open-loop performance, applying the multi-HIGS in positive feedback improves

the performance of the MEMS nanopositioner. From the close-up views, it is clear

that fast settling time and reduced overshoot are achieved in both axes. To further
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improve the overshoot, ωh can be further reduced, which in turn limits the closed-

loop bandwidth.

(a) (b)

Figure 9.9: Time-domain response of the MEMS nanopositioner in X and Y axes in
open loop and in positive feedback interconnection with the multi-HIGS element in
TITO configuration in experiments.
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9.6 Discrete-time HIGS

In this section, we use discrete-time HIGS as controllers for NI systems. We show

that a discrete-time HIGS is an SANI system. Furthermore, we establish the fol-

lowing stability result: for any discrete-time NI system, there exists a discrete-time

HIGS controller that ensures closed-loop asymptotic stability. An illustrative exam-

ple is provided, where a ZOH sampled mass-spring system is asymptotically stabi-

lized using a discrete-time HIGS controller. This section contributes in providing a

specific digital control framework for physical systems with the NI property. The

implementation process of a HIGS controller only involves selection of parameters

in order to satisfy a simple condition. In comparison to the continuous-time design

approach where a continuous-time controller is constructed based on the continuous-

time model of the plant and subsequently discretized [155], the advantages of the

framework in the present approach are two-fold: (i) the design and implementation

processes are simpler; (ii) closed-loop stability is more rigorously guaranteed.

9.6.1 System description

Discrete-time HIGS were introduced in [145]. We adapt the model in [145] to fit the

discrete-time system model (8.1) in the following:

H :





xh(k + 1) = xh(k) + ωhe(k), if (xh(k), e(k)) ∈ F
xh(k + 1) = khe(k), if (xh(k), e(k)) /∈ F
yh(k) = xh(k + 1).

(9.50)

Here, e(k), xh(k), yh(k) ∈ R are the system input, state and output, respectively.

The constant parameters ωh ≥ 0 and kh > 0 are called the integrator frequency

and the gain value, respectively. The HIGS is designed to operate under the sector

constraint (xh(k), e(k)) ∈ F , where F is given by

F = {(xh(k), e(k)) ∈ R
2|(xh(k) + ωhe(k))e(k) ≥

1

kh
(xh(k) + ωhe(k))

2}. (9.51)

The HIGS is designed to operate primarily in the integrator mode if the input

e(k) leads to an output y(k) within the sector [0, kh] under the integrator mode

dynamics. Otherwise, the system operates in the gain mode so that yh(k) = khe(k),

which automatically satisfies the sector constraint [0, kh]. In what follows, we denote

e(k), xh(k) and yh(k) by ek, x̃k and ỹk respectively for convenience.
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9.6.2 SANI property of the discrete-time HIGS

We show in the following that the HIGS given in (9.50) is an SANI system.

Theorem 9.7. The system given in (9.50) is an SANI system with the storage

function

Ṽ (x̃k) =
1

2kh
x̃2
k (9.52)

satisfying

Ṽ (x̃k+1)− Ṽ (x̃k) ≤ ek(x̃k+1 − x̃k), (9.53)

for any input ek and state x̃k.

Proof. According to Definition 8.5 and Remark 8.3, the HIGS is an SANI system

if it is NI from the input ek to the state x̃k. Hence, we prove in the following that

(9.53) is satisfied in both integrator mode and gain mode. Substituting (9.52) into

(9.53) yields
1

2kh
x̃2
k+1 −

1

2kh
x̃2
k ≤ ek(x̃k+1 − x̃k), (9.54)

which is required to be satisfied in both modes.

Case 1. In the integrator mode, we have the state equation x̃k+1 = x̃k + ωhek and

also (x̃k, ek) ∈ F . In this case, (9.54) becomes

2x̃kek ≤ (2kh − ωh)e
2
k, (9.55)

which is always satisfied when ek = 0. When ek 6= 0, (9.55) can be rewritten as

2
x̃k

ek
≤ 2kh − ωh. (9.56)

The condition (x̃k, ek) ∈ F implies

x̃2
k + (2ωh − kh)x̃kek + (ωh − khω)e

2
k ≤ 0.

This implies that for ek 6= 0,

(
x̃k

ek

)2

+ (2ωh − kh)
x̃k

ek
+ (ω2

h − khωh) ≤ 0. (9.57)

By solving (9.57), we have that operating in the integrator mode requires the HIGS

input ek and state x̃k to satisfy

−ωh ≤ x̃k

ek
≤ kh − ωh.
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Such a pair of x̃k and ek always satisfies (9.56).

Case 2. In the gain mode, we have that x̃k+1 = khek and (x̃k, ek) /∈ F . In this case,

(9.54) becomes

x̃2
k − 2khx̃kek + k2

he
2
k ≥ 0,

which always holds because

x̃2
k − 2khx̃kek + k2

he
2
k = (x̃k − khek)

2 ≥ 0.

Since condition (9.53) is satisfied in both modes, then the system (9.50) is an SANI

system.

uk yk

ekỹk

G(z)

HIGS H

Figure 9.10: Closed-loop interconnection of a system with transfer function matrix
G(z) as given in (9.58) and the HIGS H given in (9.50).

9.6.3 Stability for the interconnection of a linear NI system

and a HIGS

Motivated by the SANI property of the HIGS, we investigate whether a HIGS con-

troller can be applied in the control of a minimal SISO linear NI system. Consider

a SISO system with transfer function matrix G(z) and a minimal realization

Σ: xk+1 = Axk +Buk, (9.58a)

yk = Cxk, (9.58b)

where xk ∈ R
n, uk, yk ∈ R

p are the system state, input and output, respectively.

We show in the following that if the system Σ in (9.58) is NI, then there exists

a HIGS controller H such that the positive feedback interconnection of Σ and H
shown in Fig. 9.10 is asymptotically stable. The setting of the interconnection can

be described as follows:

ek = yk;
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uk = ỹk.

This means the HIGS H takes the output of the system Σ as its input and feeds

back its output to the system Σ as its input.

Theorem 9.8. Suppose the SISO minimal system (9.58) with transfer function

matrix G(z) is NI and satisfies det(I − A) 6= 0. Also, suppose the HIGS H of the

form (9.50) satisfies that 0 < ωh ≤ kh < 1
G(1)

. Then the closed-loop interconnection

of G(z) and H as shown in Fig. 9.10 is asymptotically stable.

Proof. According to Theorem 8.1, the minimal system (9.58) is NI if and only if

there exists a matrix P = P T > 0 such that

ATPA− P ≤ 0, and C = BT (I − A)−TP.

We construct the following Lyapunov function for the closed-loop interconnection:

W (xk, x̃k) = V (xk) + Ṽ (x̃k)− Cxkx̃k =
1

2
xT
kPxk +

1

2kh
x2
k − Cxkx̃k.

Rewriting this as a quadratic form, we have that

W (xk, x̃k) =
1

2

[
xT
k x̃k

] [ P −CT

−C 1
kh

][
xk

x̃k

]
.

Using the Schur complement theorem, to ensure that W (xk, x̃k) is positive definite,

we need
1

kh
− CP−1CT > 0. (9.59)

Since C = BT (I −A)−TP , then (9.59) can be rewritten as

1

kh
− C(I − A)−1B > 0,

which is satisfied because G(1) = C(I −A)−1B and

khG(1) < 1. (9.60)

Note that G(1) 6= 0 according to the positive definiteness of P and the fact that C

is not a zero row vector, which is guaranteed by the minimality of the system. We

use Lyapunov’s direct method [120] in the following. Taking the difference between

W (xk+1, x̃k+1) and W (xk, x̃k), we have

W (xk+1, x̃k+1)−W (xk, x̃k)
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= V (xk+1) + Ṽ (x̃k+1)− Cxk+1x̃k+1 − V (xk)− Ṽ (x̃k) + Cxkx̃k

≤ uk(yk+1 − yk) + ek(x̃k+1 − x̃k)− Cxk+1x̃k+1 + Cxkx̃k

= x̃k+1(ek+1 − ek) + ek(x̃k+1 − x̃k)− ek+1x̃k+1 + ekx̃k

= 0 (9.61)

which implies that the system is Lyapunov stable. Furthermore, W (xk+1, x̃k+1) −
W (xk, x̃k) = 0 only if the inequality in (9.61) is an equality. That is

V (xk+1)− V (xk) = uk(yk+1 − yk); (9.62)

Ṽ (x̃k+1)− Ṽ (x̃k) = ek(x̃k+1 − x̃k). (9.63)

We prove in the following that (9.62) and (9.63) cannot hold together at all time

indices k unless (xk, x̃k) = (0, 0). We consider the case that (9.62) and (9.63) hold

for some index k and all future indices k+1, k+2, · · · . When (9.63) holds, we have

that
1

2kh
x̃2
k+1 −

1

2kh
x̃2
k = ek(x̃k+1 − x̃k). (9.64)

We consider the following two cases, where the HIGS is assumed to work in the

integrator mode and the gain mode, respectively.

Case 1. Integrator mode. In this case, (x̃k, ek) ∈ F and

x̃k+1 = x̃k + ωhek. (9.65)

Substituting (9.65) in (9.64) yields

(ωh − 2kh)e
2
k + 2x̃kek = 0. (9.66)

Case 1a. Suppose ek 6= 0. Then we have x̃k = (kh− ωh

2
)ek, which can be substituted

in the inequality in (9.51) and yields

(kh +
ωh

2
)e2k ≥ 1

kh
(kh +

ωh

2
)2e2k.

This, after simplification, becomes

ω2
h + 2khωh ≤ 0.

Considering the fact that kh > 0 and ω > 0, the above condition can never be

satisfied. Hence, Case 1a can never happen.

Case 1b. Suppose ek = 0. Then (9.66) is always satisfied. In this case, (x̃k, ek) ∈ F
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implies that x̃k = 0. According to (9.65), we have that x̃k+1 = 0 as well. The

condition for (x̃k+1, ek+1) ∈ F can be simplified to be

(kh − ωh)e
2
k+1 ≥ 0.

The fact that kh − ωh ≥ 0 guarantees that the next active mode is the integrator

mode. Note that this condition is irrelevant to the HIGS input or state. Indeed,

since Case 1a can never happen, then the system will fall in Case 1b for all future

time indices k + 1, k + 2, · · · . Following from a similar analysis, we have that

0 = ek = ek+1 = ek+2 = · · · , (9.67)

and also

0 = x̃k = x̃k+1 = x̃k+2 = · · · . (9.68)

Since uk = ỹk = x̃k+1, then according to (9.68) and (9.58a), we have that

xk+1 = Axk, xk+2 = Axk+1 = A2xk, · · · (9.69)

Since ek = yk = Cxk, then according to (9.67) and (9.69), we have that




C

CA
...

CAn−1



xk = 0.

This implies that xk = 0 due to the observability of G(z). In this case, (xk, x̃k) =

(0, 0). Hence, the closed-loop system is already in its equilibrium.

Case 2. Gain mode. In this case, (x̃k, ek) /∈ F , and we have that

x̃k+1 = khek. (9.70)

Substituting (9.70) in (9.64), we have that

(x̃k − khek)
2 = 0.

That is

x̃k = khek = x̃k+1. (9.71)
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The condition (x̃k, ek) /∈ F implies that

(kh + ωh)e
2
k > 0.

This implies that ek 6= 0. We only need consider the case that the HIGS operates in

the gain mode for all future indices. This is because that under the constraints (9.63),

if it enters the integrator mode, it will never exit the integrator mode, according to

the analysis in Case 1b. Then it falls into Case 1. In the case that the system keeps

operating in the gain mode, following from the same derivation as (9.71), we have

that

x̃k+1 = khek+1 = x̃k+2. (9.72)

Comparing (9.71), (9.72) and similar equations for future time indices, we have that

x̃k = khek = x̃k+1 = khek+1 = x̃k+2 = khek+2 = · · · .

That is

ek = ek+1 = ek+2 = · · · .

This implies that

yk = yk+1 = yk+2 = · · · . (9.73)

In this case, we have that

xk+1 = Axk +Buk = Axk +Bỹk = Axk +Bx̃k+1

= Axk +Bkhek = Axk + khBCxk

= (A+ khBC)xk.

Similarly, we have

xk+2 = (A + khBC)xk+1 = (A+ khBC)2xk,

...

xk+n−1 = (A + khBC)n−1xk.

According to (9.73), we have that




yk+1 − yk

yk+2 − yk+1

...

yk+n − yk+n−1



= 0,
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which implies 


C

C(A+ khBC)
...

C(A+ khBC)n−1



(xk+1 − xk) = 0. (9.74)

We use eigenvector test to prove that observability of (A,C) implies that of (A +

khBC,C). Suppose η 6= 0 is a vector in the kernel of C; i.e., Cη = 0. Then it is not

an eigenvector of A; i.e., Aη 6= λη for all scalars λ. Then η is not an eigenvector

of A + khBC as well because (A + khBC)η = Aη + khBCη = Aη 6= λη for all λ,

considering Cη = 0. Hence, (A + khBC,C) is observable and (9.74) implies that

xk+1 = xk. That is, xk is an eigenvector of A + khBC with an eigenvalue λ = 1.

This implies that

xk = xk+1 = xk+2 = · · · .

In this case, we also have that

xk = xk+1 = Axk +Buk = Axk +Bỹk = Axk +Bx̃k+1

= Axk +Bkhek.

This implies that

xk = kh(I −A)−1Bek.

Also, we have that

ek = Cxk = khC(I − A)−1Bek. (9.75)

Since we have ek 6= 0 in Case 2, then (9.75) implies that

khC(I − A)−1B = 1,

which is

khG(1) = 1.

This contradicts (9.60). To conclude, we have shown that if (9.62) and (9.63) hold

together for all future time indices, then the HIGS cannot stay in the gain mode

according to the analysis in Case 2. It will eventually switch to the integrator mode.

Then, according to the analysis in Case 1, the HIGS will stay in the integrator mode.

However, we have shown in Case 1b that this is only possible if the system is already

at the equilibrium. In other words, if the system is not at the equilibrium, then (9.62)

and (9.63) cannot hold together for all future indices, and W (xk, x̃k) will eventually

decrease again until the system reaches its equilibrium. This means that the system

186



New Results in Negative Imaginary Systems Theory

is asymptotically stable.

9.7 Illustrative example: using a discrete-time

HIGS in the digital control of a mass-spring

system

In this section, we demonstrate the feasibility of the proposed stability results in

Theorem 9.8. Consider a mass-spring system shown in Fig. 9.11.

k1
m1

k2
m2 u

xa xc

Figure 9.11: A mass-spring system with masses m1 = 0.04kg, m2 = 0.02kg and
spring constants k1 = 2N/m and k2 = 1N/m. xa and xc denote the displacement of
the masses m1 and m2, respectively. A force input u is applied on the mass m2.

Sampling the system with the period h = 0.04s using a ZOH device, we obtain the

following discrete-time model (see also [112]).

Σ : xk+1 = Axk +Buk, (9.76a)

yk = Cxk, (9.76b)

where

A =




1

3
c1 + 2

3
c2

1

15
s1 + 1

15
s2

1

3
c1 − 1

3
c2

1

15
s1 − 1

30
s2

− 5
3
s1 − 20

3
s2

1
3
c1 + 2

3
c2 − 5

3
s1 + 10

3
s2

1
3
c1 − 1

3
c2

2
3
c1 − 2

3
c2

2
15

s1 − 1
15

s2
2
3
c1 + 1

3
c2

2
15

s1 + 1
30

s2

− 10
3
s1 + 20

3
s2

2
3
c1 − 2

3
c2 − 10

3
s1 − 10

3
s2

2
3
c1 + 1

3
c2



,

B =




−2
3
c1 +

1
6
c2 +

1
2

10
3
s1 − 5

3
s2

−4
3
c1 − 1

6
c2 +

3
2

20
3
s1 − 5

3
s2




C =
[
0 0 1 0

]
,
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with

c1 =cos(5h) = cos(0.2); c2 = cos(10h) = cos(0.4);

s1 = sin(5h) = sin(0.2); s2 = sin(10h) = sin(0.4);

Here, xk =
[
xak xbk xck xdk

]T
∈ R4, uk, yk ∈ R are the state, input and output of

the system, respectively. xak and xbk are the displacement and velocity of the mass

m1 while xck and xdk are the displacement and velocity of the mass m2, respectively,

at time step k. This system is NI according to Definition 8.1 with the storage

function

V (xk) = xT
k Pxk,

where

P =




3 0 −1 0

0 0.04 0 0

−1 0 1 0

0 0 0 0.02



.

We apply a HIGS controller of the form (9.50) in positive feedback with the plant

(9.76). For the plant (9.76), we have that G(1) = C(I − A)−1B = 3
2
. Hence, we

choose the HIGS parameters to be ωh = 0.1, kh = 0.6, which satisfies the condition

0 < ωh ≤ kh < 1
G(1)

as required in Theorem 9.8. A simulation is implemented with

the initial values x0 =
[
3 −2 5 −1

]T
. The state trajectories of the plant and the

HIGS controller are shown in Fig. 9.12.

k

xa

xb

xc

xd

x̃

S
ta
te

State Trajectories

5

10

15

0

0 500 1000 1500

−5

−10

−15

−20

Figure 9.12: State trajectories of the plant (9.76) and the HIGS (9.50), which are
interconnected in positive feedback. Starting from nonzero initial conditions, all the
state variables converge to zero. The closed-loop system is asymptotically stable,
which is consistent with our expectation according to Theorem 9.8.
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9.8 Conclusion

In this chapter, it is shown that a single HIGS, a multi-HIGS, and the cascade of

two HIGS are all nonlinear NI systems. Using nonlinear NI systems theory, these

HIGS can be applied as controllers to stabilize linear NI systems. For a linear NI

system with a minimal realization, there always exists a HIGS controller such that

their positive feedback interconnection is asymptotically stable. We illustrate by a

hardware experiment that HIGS can improve the control performance of a MEMS

nanopositioner.

For the purpose of digital control, we also investigate the discrete-time HIGS. We

show that a discrete-time HIGS has SANI property and can be used in the control

of a discrete-time NI system. This result is then illustrated using an example where

a discrete-time mass-spring system obtained using ZOH sampling is stabilized by a

discrete-time HIGS.
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Chapter 10

Conclusions and Future Work

10.1 Conclusions

We have provided several new results in NI systems theory in this thesis. A defi-

nition of NI systems property is given for MIMO nonlinear systems with free body

motion. According to this definition, a system is said to be nonlinear NI if there

exists a positive semidefinite storage function such that its time derivative is less

than or equal to the inner product of the system input and the time derivative of

the system output. We apply nonlinear OSNI controllers to achieve stability for

nonlinear NI systems. Under some assumptions, the interconnection of a nonlinear

NI system and a nonlinear OSNI system is proved to be asymptotically stable. Also,

we investigated the conditions for linear and nonlinear systems to be state feedback

equivalent to NI systems. A linear system with a minimal realization is found to

be state feedback equivalent to an NI system if and only if there is a nonsingular

output transform such that the resulting system is of relative degree less than or

equal to two and is weakly minimum phase. The required state feedback control law

is provided. We also provide conditions for state feedback equivalence to an OSNI

system or an SSNI system. We provide sufficient conditions for an input-affine non-

linear system to be made nonlinear NI using state feedback control. We also provide

the necessary and sufficient conditions for a particular normal form to be made non-

linear NI with a positive definite storage function. In both the cases of linear and

nonlinear systems, we use the state feedback equivalence results to stabilize systems

with NI uncertainties. We also provide control frameworks for the control of three

types of networked nonlinear NI systems, including networked identical nonlinear

NI systems, networked heterogeneous nonlinear NI systems, and networked hetero-

geneous nonlinear NI systems with free body motion. The information exchange

between the plants is modelled using graphs. The nodes in the graph correspond
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to the plants, while the edges correspond to the controllers. OSNI controllers are

applied, whose outputs are distributed to the plants as inputs via the Laplacian ma-

trix or the incidence matrix, respectively, in different cases. We extend NI systems

theory to switched systems. A switched system is said to be NI if each subsystem

satisfies the NI property, and in addition, the storage functions of the subsystems

in the switching sequence are nonincreasing. Under some assumptions, the inter-

connection of a switched NI system and a switched OSNI system is asymptotically

stable. We provide a new definition for discrete-time NI systems property so that

a ZOH sampled continuous-time NI system automatically satisfies the discrete-time

NI systems definition. We also provide a definition of discrete-time OSNI systems,

which is similar yet different to the continuous-time OSNI systems definition. We

prove that under certain assumptions, the interconnection of a discrete-time NI sys-

tem and a discrete-time step advanced OSNI system is asymptotically stable. Also,

a similar stability result is proved for the interconnection of a discrete-time step ad-

vanced NI system and a discrete-time OSNI system. We investigate HIGS elements,

as well as their variants, the multi-HIGS and the cascade of two HIGS. We show

that all of these three types of HIGS elements are nonlinear NI systems and they can

be applied to asymptotically stabilize NI plants. Also, we investigate discrete-time

HIGS elements, which is shown to be an SANI system. It can be used in the digital

control of a discrete-time NI system. We provide illustrative examples in all the

chapters containing the results mentioned above. In particular, a hardware experi-

ment was implemented where a multi-HIGS is applied on a MEMS nanopositioner

in order to improve the control system performance.

10.2 Future work

The results in this thesis can be potentially extended in the following direc-

tions.

1. The networks considered in Chapter 6 are all static networks. However, in

practice, the information flow in a network may inevitably experience link

failure and creation. Also, time delays are not negligible in real-world net-

worked systems. Therefore, it is important to investigate consensus problems

for networked nonlinear NI systems with switching network topology and time

delays. For the purpose of digital control, we can also consider the consen-

sus problems for networked discrete-time NI systems based on the results in

Chapter 8.

2. Although the discrete-time NI systems theory proposed in Chapter 8 is dif-

ferent from that given in [39], where a bilinear transform is used for the con-
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version between continuous time and discrete time, it is also important to

investigate the nonlinear generalization of the discrete-time NI systems theory

given in [39]. The difficulty is that bilinear transform is a frequency domain

approach and hence is not applicable to nonlinear systems.

3. We only apply the HIGS elements in Chapter 9 to control linear NI plants. Due

to the nonlinear nature of many control systems, it is important to generalize

the results in Chapter 9 to allow for nonlinear NI plants. Another possible area

of future work is to investigate closed-loop stability when there are external

disturbances acting on the system. In this case, instead of asymptotic stability,

we would need to determine the ISS of the system.
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