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Abstract

Negative imaginary (NI) systems property naturally arises in flexible structures with
colocated force actuators and position sensors. NI systems theory provides a robust
control approach to these systems and has attracted attention among control theo-
rists since it was introduced. NI systems theory has found its application in many
areas, such as nanopositioning in atomic force microscopy. This thesis provides some

new results in NI systems theory.

We provide a definition of nonlinear NI systems to allow for systems with free body
motion. Roughly speaking, a system is said to be nonlinear NI if there exists a
positive semidefinite storage function, whose time derivative is less than or equal to
the inner product of the system input and the time derivative of the system output.
Under some assumptions, we show that the interconnection of a nonlinear NI system
and a nonlinear output strictly negative imaginary (OSNI) system is asymptotically
stable. We also provide a separate stability result for nonlinear NI plants with
positive definite storage functions, which corresponds to the case that the systems

do not have free body motion.

The problem of state feedback equivalence to NI systems is investigated. The nec-
essary and sufficient conditions under which a linear system can be made NI using
state feedback control is that there exists an output transformation such that the
resulting system is of relative degree less than or equal to two and is weakly mini-
mum phase. Similar results are also provided for the state feedback equivalence to
OSNI systems and strongly strictly negative imaginary systems. For an input-affine
nonlinear system, we provide sufficient conditions under which it can be made NI
using state feedback. We also provide necessary and sufficient conditions for a non-
linear system in a particular normal form to be state feedback equivalent to an NI
system. These results lead to alternative approaches to address the stabilization

problems for systems with NI uncertainty.

We provide control frameworks for the output feedback consensus of three types of
networked nonlinear NI systems. They are networked identical nonlinear NI sys-

tems, networked heterogeneous nonlinear NI systems, and networked heterogeneous
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nonlinear NI systems with free body motion. In these three cases, we use OSNI
systems as controllers, whose outputs are distributed to the plants according to the

network topology.

We extend the NI systems theory to switched systems. A system is said to be
switched NI if each subsystem is NI and the storage functions of the subsystems
in the switching sequence are nonincreasing. Under some assumptions, the inter-
connection of a switched NI system and a switched OSNI system is asymptotically
stable.

For the digital control of NI systems, we provide a new discrete-time NI systems
definition for general nonlinear systems. This definition is automatically satisfied
for a ZOH sampled continuous-time NI system. We provide linear matrix inequality
conditions and frequency-domain conditions for a linear discrete-time system to be
NI. Under certain assumptions, asymptotic stability is achieved for the interconnec-
tion of a discrete-time NI system and a discrete-time step advanced OSNI system,
and also the interconnection of a discrete-time step advanced NI (SANI) system and

a discrete-time OSNI system.

Hybrid integrator-gain systems (HIGS), are investigated as controllers for NI systems
due to their own NI property. We show that a single HIGS, a multi-HIGS, and
the cascade of two HIGS are all nonlinear NI systems. They can be applied to
achieve feedback stability for linear NI plants. This motivates the application of a
multi-HIGS on a microelectromechanical nanopositioner, which improves the system
performance. Also, a discrete-time HIGS is shown to be an SANI system, which can

be applied to stabilize a discrete-time NI system.

This thesis includes several examples to illustrate the results.
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Chapter 1
Introduction

In this chapter, we provide the background to negative imaginary systems theory

and also provide an outline for the rest of the chapters.

1.1 Background

Negative imaginary (NI) systems theory was initially introduced by Lanzon and Pe-
tersen in [2] and [3] to address robust control problems for flexible structures [4-6].
Examples of flexible structures include bridges [7], buildings [§], large space struc-
tures [9], robots [10], atomic force microscopy [I1,[12], etc. Generally speaking,
flexible structures are systems that experience significant deformations or displace-
ments when subjected to loads or external forces. As a consequence of small internal
damping, flexible structures are sensitive to external disturbances. This may lead
to severe vibrations especially near their natural frequencies, which can significantly
degrade system performance or even cause structural failure [4]. Hence, it is often
necessary to design control systems that introduce additional energy dissipation in

order to suppress vibrations.

Negative-velocity feedback controllers, which have been intensively studied in the lit-
erature [13], provide a useful vibration control approach. Such a controller measures
the velocity of a mechanical system and provides a force control that is colocated
with the sensor. Stability can be guaranteed using results in the passivity theory (see
e.g., [I3HI5]). To be specific, a system with colocated force actuators and velocity
sensors are usually passive in nature if it only consumes energy. For such a system,
its energy rate of change cannot exceed the power supplied by the force input, which
equals to the inner product of input and output. In the case of single-input single-

output (SISO) linear systems, this property corresponds to the fact that, roughly
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speaking, the frequency response has positive real parts for all frequencies. Hence,

linear passive systems are also referred to as positive real (PR) systems.

However, for some systems, we prefer to measure position rather than velocity, which
means that passivity theory is no longer a suitable tool for controller synthesis. A
lightly damped flexible structure with force actuators and position sensors has a

transfer function matrix of the form

VU] 1.1
Zzl $2 + K8 + w? ! (1.1)
where k; > 0, w; > 0 for all 7, and ¥; € R? with p being the input and output
dimension [16]. Such an infinite-dimensional system is usually truncated into a
finite-dimensional system so that only the first few modes are retained, as shown in
the following
h

—— U] 1.2
; $2 + Kis + w? ! (1.2)

where A > 1 is an integer. The spill-over dynamics

1
A(s) = —— 0,0 1.3
©=3 Gt (13)
i=h+1
are unmodelled and hence introduce uncertainty into the system. When a controller
is designed according to the truncated plant G(s) to achieve stability, it is difficult
yet important to ensure that the controller can stabilize the actual plant Ga(s).

That is, the controller needs to be robust against the uncertain spill-over effects
from A(s).

One property of the transfer function matrix Ga(s), as is pointed out in [2,[3], is
that the Hermitian imaginary part of the frequency response Ga(jw), which equals

to

1. .
SulGals)] = —5ilGaljw) = Galjw) Z—WZ 2 —w2 e AL

is negative semidefinite for all frequencies w > 0. If a transfer function matrix
has its poles contained in the open-left half of the complex plane and its frequency
response has a negative semidefinite Hermitian imaginary part for all nonnegative
frequencies, then it is said to be negative imaginary (NI) [213]. For a SISO system,
the NI property implies that its Nyquist plot is contained in the lower half of the
complex plane for all positive frequencies. The definition of NI systems in [2,[3] was

extended in [I7] to allow for poles on the imaginary axis except the origin, which
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corresponds to the undamped case that x; = 0 for some 4 in (LI]). The definition
was extended again in [I8] to allow for systems with free body motion. That is, a
pole is allowed to be at the origin; i.e., w; = 0 for some ¢ in (LI)). In [2[17], necessary
and sufficient linear matrix inequality (LMI) conditions were provided under which
a minimal system is NI without poles at the origin. This result is usually referred to

as the NI lemma. The minimality assumption in the NI lemma is lifted in [19].

A positive-position feedback control approach was provided in [2] for systems with
the NI property. To be specific, under some assumptions, the positive feedback
interconnection of an NI system and a strictly negative imaginary (SNI) system is
internally stable if and only if the DC gain of their open-loop interconnection has all
its eigenvalues less than unity. This stability result provides a solution to the robust
control problem for flexible structures with colocated force actuators and position
sensors. The transfer function matrices Ga(s), G(s) and A(s) given in (LIJ), (L2)
and (L3) respectively are guaranteed by the physical properties of such systems to
be all NI. Consider a controller that is designed for the nominal plant G(s) in the
presence of the uncertainty A(s) as shown in Fig. [LT The system in Fig. [[T] can
be rearranged as the closed-loop interconnection of A(s) and the transfer function
from the plant output disturbance w to the plant input u, denoted by M(s), as is
shown in Fig. [L2 Here, M(s) = (I + C(s)G(s))"'C(s). Since the uncertainty is
naturally NI, stability of the closed-loop system can be achieved using the results
in [2] by choosing a suitable controller C'(s) such that M(s) is SNI and the required

DC gain condition is satisfied.

Figure 1.1: A feedback controlled flexible structure where the controller is designed
for the truncated plant G(s) in the presence of the spill-over dynamics A(s).

Although NI systems theory was motivated by the robust control problem of second-
order mechanical systems, the NI property also arises in other physical systems. For
example, [20] provides physical interpretations of NI systems theory in electrical
circuits. An advantage of NI systems theory is that it can deal with systems of
relative degree zero, one and two. Therefore, NI systems theory can be regarded

as a complement to the PR systems theory, which can only deal with systems of

7
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Figure 1.2: Rearranged block diagram of the feedback controlled system.

relative degree zero and one [13].

NI systems have found applications in a wide variety of control systems including
robotic manipulators [18], hard disk drives [21], quadrotors [22], nanopositioning in
atomic force microscopy [11,23H25], and microgrids [26], just to list a few. Besides
control applications, NI systems theory has also been extended and developed theo-
retically since it was introduced. In the following, we review some important results,

which motivated, or are related to the contents in this thesis.

Output strictly negative imaginary (OSNI) systems were introduced in [2728]. Com-
pared with SNI systems, OSNI systems have different type of strictness and can be
used as alternative controllers for NI plants. That is, the interconnection of an NI
system and an OSNI system is asymptotically stable under some assumptions. The
intersection of SNI systems and OSNI systems contains another class of systems
called strongly strictly negative imaginary (SSNI) systems, which was introduced
in [29].

A version of NI systems theory is applied to nonlinear systems in [30] through the
notion of counterclockwise input-output dynamics [31]. In [30], a SISO nonlinear
system is said to be NI if there is a positive definite storage function such that its
time derivative is less than or equal to the product of the system input and the
derivative of the system output. In other words, a nonlinear NI system is dissipative
respect to the supply rate uy, where v and y are the system input and output,
respectively. Tt is shown in [30] that the interconnection of a nonlinear NI system
and a nonlinear weakly strictly negative imaginary system is asymptotically stable

under some assumptions.

An output feedback consensus problem was investigated for networked NI systems
with identical system models in [32]. A similar problem was considered in [33] for
networked heterogeneous NI systems. Control frameworks were established in both
cases to force the outputs of the plants in the network to converge to the same
limit trajectory. To be specific, the information exchange between the networked
plants is modelled as an undirected graph, where the plants correspond to nodes

and the controllers correspond to the edges. Suppose that the graph is connected,
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SNI controllers are applied to the plants via the Laplacian matrix and incidence
matrix in [32] and [33], respectively, to achieve consensus. These consensus results
have motivated both theoretical development and control applications since they

were established; see e.g., [34-38)].

NT systems theory was also extended to discrete-time systems in [39]. Some funda-
mental results in continuous-time NI systems theory was extended to discrete-time

systems via the use of the bilinear transform [39-43]

z—1

241

LMI conditions and frequency domain conditions are provided under which a
discrete-time system is NI [39,40]. Also, a discrete-time stability result was provided

by applying a bilinear transform to the continuous-time stability results.

Some other interesting results on NI systems theory are listed in the following. NI
systems theory is extended to linear time-varying systems in [44] using the dissipa-
tivity property of NI systems. Non-proper systems with poles at joo are included in
NT systems theory in [45]. Necessary and sufficient LMI conditions are given for a
descriptor system to be NI in [46]. NI systems theory is investigated for non-square
systems with redundant actuators and sensors in [47]. Input-output negative imagi-
nary systems are introduced in [48,49]. Two subclasses of SNT systems called input
strictly negative imaginary systems and very strictly negative imaginary systems are

also introduced in [49].

1.2 Thesis Objectives and Outline

In this thesis, we establish some new results on NI systems. Considering the nonlin-
ear nature of most real-world control systems, we investigate several control problems
directly in a nonlinear systems framework. However, for some nonlinear problems
that we are interested in, if the corresponding linear problems remain unsolved in the

literature, we also provide solutions in this thesis using linear systems theory.

To be specific, we provide some fundamental nonlinear NI systems results based on
the results in [30] in Chapter Bl As [30] only considers SISO systems, we provide a
new definition of nonlinear NI systems for MIMO systems. The new definition also
allows systems with free body motion, which includes linear NI systems with poles
at the origin. Also, we propose nonlinear OSNI systems as controllers, which is dif-
ferent to [30], where nonlinear weakly strictly negative imaginary systems are used
as controllers. For a plant with NI uncertainty, we can apply an output feedback

controller as in Fig. [T to make the nominal closed-loop system SNI so that stability
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can be achieved. An alternative approach is to apply a state feedback controller to
the plant so that controlled plant becomes NI. However, for a general system, it is
unclear whether it can be made NI using state feedback control. We provide in Chap-
ters [l and [B the required conditions for linear and nonlinear systems, respectively, to
be made NI via state feedback control. Since output feedback consensus problems
have only been investigated for networked linear NI systems, we provide in Chapter
control frameworks for the output feedback consensus of networked nonlinear NI
systems. In Chapter [7, we investigate the nonlinear NI property and stability results
for systems with switching. In Chapter 8, we establish a new discrete-time NI sys-
tems theory, where ZOH sampling is applied for the conversion between continuous
time and discrete time. In comparison with the results in [39], our results provides
a more straightforward method for the digital control of NI systems. A specific
controller called a hybrid integrator-gain system (HIGS) controller is investigated
in Chapter @l We show that a HIGS will have the NI property and can be applied
as a controller for an NI system. This motivates a hardware experiment where a
microelectromechanical system (MEMS) nanopositioner is controlled by a variant
of the HIGS controller.

A more detailed outline of the rest of the thesis is provided in the following.

1.2.1 Chapter 2. Preliminaries

We provide some preliminary results that will be used throughout the thesis. To
be specific, we first provide results on NI systems theory. We also provide the
definition of nonlinear NI systems given in [30]. Then we provide some results on
linear and nonlinear systems theory. We also provide some preliminaries on discrete-

time systems and graph theory.

1.2.2 Chapter 3. Nonlinear Negative Imaginary Systems
Theory

We provide a new definition for MIMO nonlinear NI systems with free body motion.
We also provide a definition for nonlinear OSNI systems using the dissipativity prop-
erty of linear OSNI systems. We establish stability results for nonlinear NI systems
with and without free body motion. Under some conditions, the interconnection of
a nonlinear NI system and a nonlinear OSNI system is asymptotically stable. Dif-
ferent conditions are required and different types of nonlinear OSNI controllers are
applied for nonlinear NI systems with and without free body motion. We provide

an example for each case.

10



New Results in Negative Imaginary Systems Theory

1.2.3 Chapter 4. State Feedback Equivalence to Negative

Imaginary Systems

We investigate necessary and sufficient conditions for a linear system to be state
feedback equivalent to an NI system, an OSNI system or an SSNI system. The
conditions are given as a relative degree condition and a minimum phase condition.
We apply the NI state feedback equivalence results to stabilize a system with SNI

uncertainty. An illustrative example is provided.

1.2.4 Chapter 5. State Feedback Equivalence to Nonlinear

Negative Imaginary Systems

We consider the problem addressed in Chapter M for nonlinear systems. For an
input-affine nonlinear system, we provide sufficient conditions under which it can
be made nonlinear NI or OSNI using state feedback control. We apply these results
to the stabilization of a system with or without a nonlinear NI uncertainty. An
illustrative example is provided. Also, we consider the same problem for a special
normal form. For this normal form, we provide necessary and sufficient conditions
under which it is state feedback equivalent to a nonlinear NI system or a nonlinear
OSNTI system with a positive definite storage function. This result can also be
applied in the stabilization of this special normal form in the presence of a nonlinear

OSNTI uncertainty, which is illustrated using an example.

1.2.5 Chapter 6. Output Feedback Consensus for Net-

worked Nonlinear Negative Imaginary Systems

We provide control frameworks for the output feedback consensus of networked
identical nonlinear NI systems, networked heterogeneous nonlinear NI systems, and
networked heterogeneous nonlinear NI systems with free body motion. In each case,
the information exchange between the networked systems are represented by a graph
where the plants are modelled as nodes and controllers correspond to the edges.
OSNTI systems as applied as controllers. In each case, we show that the controlled
networked system can be regarded as the interconnection of an augmented nonlinear
NI system and an augmented nonlinear OSNI system, which is then used to prove
output consensus. An illustrative example is provided to show the effect of the pro-
posed control framework for output feedback consensus of networked heterogeneous

nonlinear NI systems.

11
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1.2.6 Chapter 7. Switched Nonlinear Negative Imaginary

Systems

In this chapter, we provide definitions of switched nonlinear NI systems and also
switched nonlinear OSNI systems. We show that the positive feedback interconnec-
tion of two nonlinear NI (OSNI) systems is also nonlinear NI (OSNI). Under some
assumptions, the interconnection of a switched nonlinear NI system and a switched

nonlinear OSNI system is asymptotically stable.

1.2.7 Chapter 8. Discrete-Time Negative Imaginary Sys-
tems from Zero-Order Hold Sampling

We provide a new definition of discrete-time NI systems for general nonlinear sys-
tems, which is automatically satisfied for ZOH sampled continuous-time NI systems.
We provide LMI conditions and frequency-domain conditions for a linear system to
satisfy this definition. We show that the interconnection of a discrete-time NI sys-
tem and a discrete-time step-advanced OSNI system is asymptotically stable. The
interconnection of a discrete-time step-advance NI system and a discrete-time OSNI
system is also shown to be asymptotically stable. These stability results are illus-

trated using an example.

1.2.8 Chapter 9. Negative Imaginary Control Using Hybrid

Integrator-Gain Systems

We show that a single HIGS, as well as its two variants, the multi-HIGS and the
cascade of two HIGS are all nonlinear NI systems. We prove that these three types of
HIGS can be applied as feedback controllers to NI systems to achieve stability. These
stability results motivates a hardware experiment where a multi-HIGS controller is
applied to a MEMS nanopositioner in order to achieve better system performance.
Based on the discrete-time NI systems theory established in Chapter [§, we show that
a discrete-time HIGS is a step-advance NI system and can be applied in the digital

control of a NI plant. This is also illustrated on a mass-spring system example.

1.2.9 Chapter 10. Conclusions and Future Work

We conclude the thesis. Also, we provide some potential directions for future

work.

12



Chapter 2
Preliminaries

In this chapter, we provide some fundamental results on linear and nonlinear NI sys-
tems theory. Also, we give some useful results on linear systems, nonlinear systems,

discrete-time systems and graph theory.

2.1 Facts on Matrices

Definition 2.1. [50] A square matriz A is said to be a Hurwitz matriz if each

eigenvalue of A has strictly negative real part; that is
Re()\z) <0

for each eigenvalue \;. A matriz A with such a property is also called a stable matriz.

Definition 2.2. [5]] Let A be an eigenvalue of a matriz A. The dimension of the
eigenspace of A associated with X is the geometric multiplicity of X. The multiplicity
of X\ as a zero of the characteristic polynomial of A is the algebraic multiplicity of
A. We say that X is simple if its algebraic multiplicity is 1; it is semisimple if its
algebraic and geometric multiplicities are equal.

Definition 2.3. [52] A symmetric matriz P € R™" is said to be positive definite
if t7 Px > 0, for all z € R"\{0}. P is said to be positive semidefinite if 7 Px > 0
for all x € R™.

Definition 2.4. [52] A symmetric matriz P € R™ ™ is said to be negative definite

if 1T Px <0, for all z € R"\{0}. P is said to be negative semidefinite if ¥ Pz <0
for all z € R".

Lemma 2.1. [52] The following statements are equivalent for a symmetric matriz
P e R™":

13
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1. P is positive definite.
2. All eigenvalues of P are strictly positive.

3. There exists an n X n nonsingular real matrix H such that

P=HTH.

We provide some results on the Schur complement of a 2 x 2 block matrix in the

following.

Definition 2.5. [53] Consider the block matriz

A B
¢ D

9

where A € RP*P, B € RP*? (' € R™*P, D € R, and p,q > 0. If the block A is
invertible, then the Schur complement of the block A of the matriz M is defined by

M/A:=D—CA™'B.

If the block D is invertible, then the Schur complement of the block D of the matriz
M is defined by
M/D:= A— BD'C.

Lemma 2.2. [53/ Let X be a symmetric matriz of real numbers given by X =
A B

BT C
1. X is positive definite if and only if A and its Schur complement X/A are both
positive definite; that is

. We have the following statements:

X>0<+= A>0and X/A=C—-B"A'B>0.

2. X 1s positive definite if and only if C' and its Schur complement X/C' are both
positive definite; that is

X>0<+= C>0and X/C=A—-BC'B" >0.

14
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2.2 Linear Negative Imaginary Systems

2.2.1 NI Systems
Definition 2.6. [2,3,[17] A square, real, rational, proper transfer function matriz
G(s) is said to be NI if the following conditions are satisfied:

1. G(s) has no poles at the origin and in Re[s] > 0.

2. J(G(jw) — G(jw)*) > 0 for all w € (0,00) except the values of w where jw is
a pole of G(s).

3. If s = jwo with wy > 0 is a pole of G(s), then it is at most a simple pole
and the residue matrizc K = limg_, j,, (s — jwo)jG(s) is Hermitian and positive

semaidefinite.

The following lemma provides LMI conditions for a system to be NI as defined in
Definition

Lemma 2.3. (NI Lemma) [2[17] Let (A, B,C, D) be a minimal state-space realisa-
tion of a p X p real-rational proper transfer function matriz G(s) where A € R™™,
B eR™P C e RP*" D e RP*P. Then G(s) is NI if and only if:

1. det(A) #0, D = D7,

2. There exists a matriz Y = YT >0, Y € R™™ such that

AY +YAT <0, and B+ AYCT =0.

2.2.2 Generalized NI Systems

Definition 2.7. [18] A square, real, rational, proper transfer function matriz G(s)

is said to be generalized NI if the following conditions are satisfied:
1. G(s) has no poles in Re[s] > 0.
2. J(G(jw) — G(jw)*) > 0 for all w € (0,00) except the values of w where jw is
a pole of G(s).

3. If s = jwo with wy > 0 is a pole of G(s), then it is at most a simple pole
and the residue matriz K = lim,_, ;.. (s — jwo)jG(s) is Hermitian and positive
semaidefinite.

4. If s = 0 is a pole of G(s), then lim, ,qs*G(s) = 0 for all k > 3 and
lim,_,o s>G(s) is Hermitian and positive semidefinite.

Both Definitions and 2.7 have been used as definitions for NI systems in the
literature. Definition [2.7] generalizes Definition to allow for systems with poles

15
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at the origin. We use both of the definitions in this thesis. To avoid confusion, we

call a system satisfying Definition 2.7 a generalized NI system.

2.2.3 Strictly Negative Imaginary Systems

Definition 2.8. [17] A square real-rational proper transfer function matriz G(s)

is said to be strictly negative imaginary if the following conditions are satisfied:
1. G(s) has no poles in Re[s] > 0;
2. jIG(jw) — G*(jw)] > 0 for all w € (0, 00).

2.2.4 Output Strictly Negative Imaginary Systems

Definition 2.9. (e.g., see [28]) Let G(s) € R™ ™ be a real-rational, proper, stable
transfer function matriz. Then, G(s) is said to be output strictly negative-imaginary
(OSNI) if there exists a scalar 6 > 0 such that

JwlG(jw) = G(jw)] = 0wG(jw) Gljw) > 0,
Vw € RU {00}, where G(jw) = G(jw) — G(c0). The quantity & > 0 is the level of

output strictness of the OSNI system.

Theorem 2.1. (e.g., see [28]) Let G(s) € R™*™ be a real-rational, proper, stable
transfer function matriz with the minimal realization © = Ax+ Bu and y = Cx+ Du,
where A is Hurwitz, D = DT. Let jy =y — Du. Let 6 > 0 be a given scalar. Then,

the following statements are equivalent:
1. G(s) is OSNI with output strictness §;

2. There exists a real matrix Y = YT > 0 such that

AY + YA + §(CAY)T(CAY) <0, and B = —-AYCT;

3. The realization (A, B,C, D) is dissipative (see e.g. [13] for dissipativity) with
: : 12
respect to the supply rate w(u,y) = uly — g H@'H .

2.2.5 Strongly Strictly Negative Imaginary Systems

Definition 2.10. [29] A square real-rational proper transfer function matriz G(s) is

said to be strongly strictly negative imaginary if the following conditions are satisfied:
1. G(s) is SNI.
2. limyo0 jw|G(jw) — G*(jw)] > 0 and lim,, j =[G (jw) — G*(jw)] > 0.
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Lemma 2.4. (SSNI Lemma) [29] Given a square transfer function matriz G(s) €
RP*P with a state-space realisation (A, B,C, D), where A € R"*" B € R"* (C €
RP*" and D € RP*P. Suppose G(s) + G(—s)T has normal rank p and (A, B,C, D)
has no observable uncontrollable modes. Then A is Hurwitz and G(s) is SSNI if and
only if D = DT and there exists a matrix Y =Y > 0 that satisfies the conditions

AY +YAT <0, and B+ AYCT =0.

2.2.6 Stability Results

;f

>
Y
=
O

N
D<€

=
—
V)
~

A
D)

Figure 2.1: Positive feedback interconnection of the transfer functions M(s) and
N(s).

Theorem 2.2. [5]] Let M(s) be an NI system and N(s) be an SNI system. Then,
[M(s), N(s)] is internally stable if and only if

I — M(00)N(o0) is nonsingular,
Amax[[I = M (00) N (00)] "} (M (00) N (0) — I)] < 0,
and  Amax[[I — N(0)M (00)] (N (0)M(0) — I)] < 0.

Corollary 2.1. [5]] Consider an NI transfer function matriz M(s) satisfying
M(o0) = 0 and an SNI system N(s). Then the positive feedback interconnection
[M(s), N(s)] shown in Fig.[21) is internally stable if and only if Apaz(M(0)N(0)) <
1.

2.3 Nonlinear Negative Imaginary Systems

The following definition of nonlinear NI systems was introduced in [30] for SISO

systems. Consider a nonlinear system of the following form

y = h(z(t)), (2.1)
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where f : R” x R — R" is a Lipschitz continuous function and h : R" — R is a class

C' function.

Definition 2.11. [30] The system (2.1) is said to be a nonlinear negative-imaginary
system if there exists a positive definite storage function V : R® — R of class C*
such that

V(z(1)) < u(t)j(t)

for allt > 0.

2.4 Linear Systems Theory

2.4.1 Controllability and Observability

Lemma 2.5. (Eigenvector Test for Controllability) [52] The pair (A, B) is control-

lable if and only if there is no eigenvector of AT in the kernel of BT.

Lemma 2.6. (Eigenvector Test for Observability) [52] The pair (A, C') is observable

if and only if no eigenvector of A is in the kernel of C'.

2.4.2 Stability

Definition 2.12. (Lyapunov Stability) [50] A square matriz A is said to be Lya-
punov stable if spec(A) C CLHP and every purely imaginary eigenvalue of A is

semisimple.

Lemma 2.7. (Lyapunov Stability Theorem - Asymptotic Stablity) [52] Consider a

continuous-time homogeneous linear time-invariant (LTI) system
T = Az, z e R", (2.2)

the following statements are equivalent:
1. The system (2.2) is asymptotically stable.
2. All the eigenvalues of A have strictly negative real parts.

3. For every symmetric positive definite matrix QQ, there exists a unique solution

P to the following Lyapunov equation
ATP+ PA=—-Q (2.3)

Moreover, P is symmetric and positive definite.
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4. There exists a symmetric positive definite matriz P for which the following

Lyapunov matriz inequality holds:

ATP + PA <.

Lemma 2.8. (Lyapunov Stability Theorem - Lyapunov Stable) [55] Let A € R™ ™
and assume there exists a positive semidefinite matriz Q € R™"™ and a positive
definite matriz P € R™" such that (2.3) is satisfied, then A is Lyapunov stable.

2.5 Nonlinear Systems Theory

2.5.1 Lyapunov Stability Theorem

Consider the autonomous system

i = f(2), (2.4)

where f : D — R” is a locally Lipschitz map from a domain D C R"™ into R"™.
Without loss of generality, assume f(0) = 0.

Definition 2.13. [15] The equilibrium point x = 0 of (2.4)) is

e Lyapunov stable, if for each € > 0, there is 6 = §(e) > 0 such that

leO) <5 = ()]l < eVt >0,

e unstable if it 1s not Lyapunov stable.

e asymptotically stable if it is Lyapunov stable and d can be chosen such that

l#(0)] <& = Jim a(t) = 0.

Theorem 2.3. [15] Let x = 0 be an equilibrium point for (2.7) and D C R" be a
domain containing x = 0. Let V : D — R be a continuously differentiable function
such that

V(0) =0, and V(z) >0 for all z € D\{0}; (2.5)

V(z) <0 for all z € D. (2.6)

Then, x = 0 s stable. Moreover, if

V(z) < 0 for all z € D\{0},
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then x = 0 s asymptotically stable.

A function V' (z) satisfying (2.5) and (2.6]) is referred to as a Lyapunov function for
the system (2.4]). The property (2.35) is called positive definiteness.

Definition 2.14. A function V : R" — R is said to be positive definite on a
neighbourhood D of the origin if V(0) =0 and V(x) > 0 for all x € D\{0}.

2.5.2 LaSalle’s Invariance Principle

According to Theorem 2.3 if the system (2:4]) has a Lyapunov function such that
V(:c) < 0, then only Lyapunov stability is implied. However, if the Lyapunov
derivative V(z) cannot stay identically at zero unless z = 0, then we can still show

asymptotically stability using LaSalle’s invariance principle.

Let z(t) be a solution of (24]). A point p is said to be a positive limit point of z(t)
if there is a sequence {t,}, with ¢, — oo as n — oo, such that x(t,,) — p as n — co.
The set of all positive limit points of x(t) is called the positive limit set of x(t). A
set M is said to be an invariant set with respect to (2.4) if

z(0) e M = z(t) e M, Vt e R.
A set M is said to be a positively invariant set if

z(0) e M = x(t) € M, Vt > 0.

The following theorem is known as LaSalle’s invariance principle.

Theorem 2.4. Let ) € D be a compact set that is positively invariant with respect
to (Z4). Let V : D — R be a continuously differentiable function such that V < 0
in 2. Let E be the set of all points in €2 where V(x) = 0. Let M be the largest

invariant set in E. Then every solution starting in €2 approaches M as t — oco.

We also provide in the following a corollary that extends Theorem [2.3] using Theorem
24

Corollary 2.2. [15] Let x = 0 be an equilibrium point for (2.4)). Let V : D — R be
a continuously differentiable positive definite on a domain D containing the origin
x =0, such that V< 0 in D. Let S = {z € D|V(z) = 0} and suppose that no
solution can stay identically in S, other than the trivial solution x(t) = 0. Then the

origin 1s asymptotically stable.

Corollary[2.2]is used throughout the thesis in the proofs of asymptotic stability.
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2.6 Discrete-Time Systems

Consider a discrete-time nonlinear dynamical system
2(k+1) = f@(k),  keN, (2.7)

where z(k) € D C R" is the system state. Here, D is an openset, 0 € D, f: D — D

and f(0) = 0. We assume that f is continuous on D.

The equilibrium point of the system (2.7) is a point = € D satisfying f(z) = x for
all ke N.

Definition 2.15. [56] The zero solution x =0 is

e Lyapunov stable, if for each € > 0, there is 6 = §(e) > 0 such that

12(0)|| < 6 = |jz(k)|| < & Vk € N.

e unstable if it 1s not Lyapunov stable.

e asymptotically stable if it is Lyapunov stable and d can be chosen such that

|z(0)|| <6 = klim x(k) = 0.

Theorem 2.5. [56] Consider the discrete-time nonlinear dynamical system (2.7)

and assume there exists a continuous function V : D — R such that
V(0) =0, and V(x)> 0 for all x € D\{0}

V(f(z)) = V(z) <0 forall z €D.

Then the zero solution x = 0 to (2.7) is Lyapunov stable. If, in addition,
V(f(z)) — V(z) <0 for all x € D\{0},

then the zero solution x =0 to (2.7) is asymptotically stable.

Theorem 2.6. [56/ Consider the nonlinear dynamical system (2.7), assume that
D. is a compact invariant set with respect to (2.7) such that 0 € D., and assume
that there exists a continuous function V : D, — R such that V(0) =0, V(z) > 0
for all x # 0, and V(f(z)) — V(z) <0 for all x € D.. Furthermore, assume that
the set R := {x € D |V (f(z)) = V(x)} contains no invariant set other than the set
{0}. Then the zero solution x(k) =0 to (2.7) is asymptotically stable.
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2.7 Graph Theory

Information exchange between agents in a networked system can be modelled by
undirected or directed graphs [57]. G = (V,€) where V = {v,vq,--- ,un} and
E ={e,e9,---,e} TV xV describes a graph with N nodes (or vertices) and [
edges. For an undirected graph, the pairs of nodes are unordered, where the edge
(v;,vj) denotes that agents corresponding to nodes v; and v; can obtain information
from each other. A sequence of unrepeated edges in £ that joins a sequence of nodes
in )V defines a path. An undirected graph is connected if there is a path between
every pair of distinct nodes. For an undirected graph, the adjacency matrix denoted
by A = [a;;] € RV*V is defined so that a; = 0, and for all i # j, a;; = 1if (v;,v;) € €
and a;; = 0 otherwise. D = diag{dy,ds, - ,d,} € R¥*Y denotes the degree matrix
where d; = Z;VZI a;; denotes the degree of node v;. The Laplacian matrix of a graph
G is given by Ly =D — A.

For a directed graph, the ordered pair of nodes (v;,v;) denotes an edge from node
v; to v;. In this thesis, for an edge (v;,v;) € € in a directed graph, we also allow
agents corresponding to nodes v; and v; to obtain information from each other.
We consider a directed graph to be weakly connected if the underlying undirected
graph obtained by replacing all directed edges of the graph with undirected edges
is a connected graph. The incidence matrix Q = [g.,] € R™*¥ of a directed graph is

defined so that the elements in Q are given by

1 if v is the initial vertex of edge e,
Jev '= § —1 if v is the terminal vertex of edge e, (2.8)

0 if v does not belong to edge e.
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Chapter 3

Nonlinear Negative Imaginary

Systems Theory

3.1 Introduction

In this chapter, we provide some fundamental results on nonlinear NI systems. Based
on Definition .11l which considers SISO systems only, we provide a definition for
MIMO nonlinear NI systems. According to the new definition, a system is said to be
nonlinear NI if there exists a positive semidefinite storage function such that the time
derivative of the storage function is less than or equal to the inner product of the
system input and the derivative of the system output. The new definition also allows
for systems with free body motion such as single and double integrators. NI systems
with free body motion arise in many applications [I8] such as rotary cranes [58],
flexible link manipulators [59], rotary flexible spacecraft [60], and robotics, which is
often of a nonlinear nature. Therefore, we provide a stability result for nonlinear NI
systems with free body motion in this chapter, which can be regarded as a nonlinear
generalization of the stability results in [I8]. Also, we provide a separate stability
result for nonlinear NI systems without free body motion where the controller can

take a relatively simpler form.

The controllers we apply to achieve stability for nonlinear NI systems are called
nonlinear OSNI systems. We define nonlinear OSNI systems, according to the dissi-
pativity property (see Theorem 2.T]) of linear OSNI systems described in Definition
2.9 We provide stability analysis for two closed-loop systems: (i) the intercon-
nection of a nonlinear NI system with positive semidefinite storage function and
a nonlinear OSNI system with a direct feedthrough; (ii) the interconnection of a
nonlinear NI system with a positive definite storage function and a nonlinear OSNI

system without a direct feedthrough. Case (i) deals with NI systems with free body
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motion while Case (ii) deals with NI systems without free body motion. Different
assumptions are required for the stability of these two closed-loop systems. Under
the given assumptions, the closed-loop interconnection is asymptotically stable if a
certain candidate Lyapunov function is positive definite. We provide examples to
illustrate both stability results. The results in this chapter have been published in
the papers [611,62)].

3.2 Definitions of Nonlinear NI and OSNI sys-

tems

In this section, definitions of nonlinear NI systems and nonlinear OSNI systems are

provided. Consider a nonlinear system H;:

Hy o a(t) = filzi(t), ui(t)), (3.1a)
yi(t) = ha(x. (1), (3.1b)

where z1(t) € R" is the state, u;(t) € R? is a locally integrable input, and y, (t) € R?
is the output, f; : R xR? — R" is a Lipschitz continuous function and h; : R® — R?

is a class C'! function.

Definition 3.1. The system (3.1)) is said to be a nonlinear negative imaginary (NI)
system if there exists a positive semidefinite storage function Vi : R™ — R of class
Cl such that for any input ui(t) and solution x,(t) to (31d),

Vi(zi(t)) < ui(t) (), (3-2)

for allt > 0.

In contrast to Definition 211 which considers SISO systems, Definition [3.1] now
considers MIMO systems. Also, Definition B.1] allows for systems with free body
motion by weakening the required positive definiteness condition for the storage
function in Definition .11l to a positive semidefiniteness condition. In the case
of linear systems, Definition B.I] allows for systems with poles at the origin. We

illustrate this by the following example.

Example 3.1. Consider a single integrator system
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where x,u,y € R. This system has the transfer function G(s) = 1/s, which is
generalized NI according to Definition [2.7. To show that it is nonlinear NI as per
Definition [2.11, we need to find a positive deﬁmte V( ) such that V(z) < ug = u?.
Considering that V(z) = axgi i = axg(x u, then 2 a = \u should hold with A\ < 1.
This is impossible for a positive definite function V(x). However, if V(z) is allowed

to be positive semidefinite, then V(x) = 0 is a function that satisfies the NI condition
3.2).

Indeed, Definition 3.1l can be regarded as a nonlinear generalization of Definition 2.7]
However, for some problems investigated in the thesis, the system of interest does not
have free body motion, and we require Definition 3] to be satisfied with a positive
definite storage function. Therefore, we also use the term nonlinear NI with a
positive definite storage function, which can be regarded as a nonlinear generalization
of the NI property defined in Definition

We provide a definition of nonlinear OSNI systems in the following. Throughout the
thesis, we frequently use nonlinear OSNI systems as feedback controllers to stabilize
nonlinear NI systems. Consider a nonlinear system H, with the following state-space

model:

Hy:  io(t) = fa(xa(t), ua(t)), (3.3a)
Yo (t) = ha(z2(t)) + Daus(t), (3.3b)

where z5(t) € R™ is the state, us(t) € R? is a locally integrable input, and y»(t) € R?
is the output, fo : R™ x RP — R™ is a Lipschitz continuous function, hy : R™ — RP

is a class O function and D, € RP*? is a symmetric matrix; i.e., Dy = DT,

Definition 3.2. The system (3.3) is said to be a nonlinear output strictly negative-
imaginary (OSNI) system if there exists a positive semidefinite storage function
Vo : R™ — R of class C* and a scalar € > 0 such that

2

Va(@s(t)) < us(t) Ga(t) — € | Ba(D)]| (3-4)

for allt > 0, where ya(t) = ha(xo(t)). In this case, we also say that system (3.3) is

nonlinear OSNI with degree of output strictness e.
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U1

Y

Hl yl

H <
Y2 2 Ug

Figure 3.1: Closed-loop interconnection of a nonlinear NI system H; and a nonlinear
OSNTI system Hs.

3.3 Stability for the inteconnection of a nonlinear

NI system and a nonlinear OSNI system

In this section, we consider the stability of the closed-loop system shown in Fig. 3.1l

Before presenting these stability results, we need to make some assumptions.

For the system H; with the state-space model ([B]), we suppose the following as-

sumption is satisfied.

Assumption 3.1. Consider a constant input u,(t) = uy applied to the system H;
such that Hy is in a steady state; i.e., x1(t) = T1 and y1(t) = h(T1) = Y, are
also constants. For any constant input uy and corresponding constant output y,, we

suppose that uly, > 0.

Assumption B corresponds to a property of all linear NI systems as stated in
Lemma 2 in [2]. Although this property holds for all linear NI systems, it does not
hold for some special nonlinear systems. Hence, we make this assumption in order

to exclude these cases.

For the system Hs with the state-space model (B.3]), we suppose that the following

assumption is satisfied.

Assumption 3.2. Consider a constant input us(t) = Uy applied to the system Ho
such that Hy is in a steady state; i.e., xo(t) = Ty and yo(t) = ho(Ty) = Y, are
also constants. For any constant input Uy and corresponding constant output y,, we

suppose that ulys < —|[us||* with v > 0.

It might be observed that as nonlinear OSNI systems is also a nonlinear NI system
with an additional direct feedthrough, Assumption seems to be in conflict with
Assumption if the latter was applied to H,. In fact, Assumption can be
satisfied because of the term Daus(t) in the output equation (B.3L). Note that when
stability is considered for feedback controlled nonlinear NI systems, Assumption
only poses a restriction on the choice of controllers. Hence, we can suppose
Assumption B.2, and Assumptions [3.3] and [3.4] below hold for the nonlinear OSNI
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controllers without loss of generality in the nonlinear NI plants to which our results

are applicable.

In addition to the above assumptions, both of the systems H; and Hs are assumed
to satisfy the following Assumptions and B4l For the system H; with input
uy(t), state x;1(t) and output y;(¢) = hy(x1(t)) described by the state-space model
(BI) and the system H, with input us(t), state x9(t) and the auxiliary output
U2(t) = ho(wo(t)) described by the state-space model (B.3]), we suppose for i = 1 and

2, the following conditions are satisfied.

Assumption 3.3. Over any time interval [t,,ty] where t, > t,, hi(x;(t)) remains

constant if and only if z;(t) remains constant; i.e., hi(z;(t)) =0 <= &;(t) = 0.
Moreover, hi(z;(t)) =0 < xz;(t) = 0.

Assumption 3.4. Over any time interval [t,,t,] where t, > t,, z;(t) remains con-
stant only if u;(t) remains constant; i.e., x;(t) = T; = w;(t) = u;. Moreover,
zi(t) =0 = w(t) =0.

Assumptions and B.4] are nonlinear generalizations of standard properties for
linear systems. Assumption is an observability assumption. Assumption 3.4
requires all inputs to affect the system dynamics, which can be supposed without
loss of generality. In the case of linear systems, Assumption [3.4] corresponds to the
matrix B in the realization (A, B,C, D) of the linear system having full column

rank.

Theorem 3.1. Consider the positive feedback interconnection of the system Hy with
state-space model (31]) and the system Ho with state-space model (3.3), as shown in
Fig.[3 1. Suppose that Assumptions[31—{3-]] are satisfied, and the function, defined

W (w1, x9) = Vi(zy) + Valas) — hi(z1) T ho(zs) — %hl(ajl)TDth(xl), (3.5)

is positive definite, where Vi(x1) and Vo(xo) are positive semidefinite storage func-
tions that satisfy (3.2) for the system Hy and (3.4)) for the system Hs, respectively.
Then, the closed-loop interconnection of the systems Hy and Hs is asymptotically
stable.

Proof. According to the nonlinear NI property (3.2)) for the system H;, the nonlinear
OSNI property ([B4) for the system H, and the system setting ui(t) = y2(t) and
ug(t) = y1(t) in Fig. Bl we have

Vi(z) < ulin = 93 91 = [ha(22) + Daus) i (w1) = [ha(2) + Dayr] i (a1)
= [hQ(ZL‘Q) + Dzhl(l‘l)]Till(ZEl); (36)
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Va(wz) < uz iy — ellgoll® = 41 gs — ellgall* = hu(z1) ha(wz) = ellha(2)|P,  (3.7)

where the above equalities also use (3.1D]) and (B8.3h). We now apply the Lyapunov
stability theorem (Theorem [2.3]) to prove stability. We obtain the time derivative of

the function W (xzy, x2) in (B.5) using (3.6) and (B.7):

W (21, 22) = Vi) + Va(xa) — hy (1) ho(ws) — hy(z1) T ho(22) — hy(21)F Dahy (21)
< [ha(2) + Dohi(21)]" ha(w1) + ha(w1)" ha(@s) — el ha(2) ||
- h1($1)Th2($2) - h1($1)Th2($2) - h1($1)TD2h1($1)
= — €|l a(2)?
<0. (3.8)

From this it follows that W (x1,22) = 0 is only possible when hy(xy) = 0. Hence,
W (21, 22) can remain zero only if ho(x3) remains zero; i.e., W(xy,x3) = 0 implies
ha(z4(t)) = 0. According to Assumptions B3 and B4, hy(z2(t)) = 0 implies y(t) =
0, which implies that us(t) = Uy remains constant. Hence, the system Hj is in
a steady state. According to the system setting in Fig. Bl y1(f) = uo(t). Hence,
using Assumptions B.3land B.4] ¢, (¢) = 0 implies @ (t) = 0, which implies u;(t) = u;
remains constant. Thus, the system H; is also in a steady state. Then, according
to Assumption 3.2 we have

alg, < — ) (3.9)

for some v > 0. If wy, = 0, then ul7y, = 0. According to Assumptions B.3] and
[3.4] and the system setting in Fig. B.1l us = 0 sequentially implies y; = 0, 7, = 0,
uy; =0, Yy, = 0, To = 0. Hence, in this case, the system is in equilibrium. Otherwise,

if uy # 0, then from (3.9]), we have

Us 7y < 0. (3.10)
Also, according to Assumption B.I], we have

g, > 0. (3.11)

According to the system setting in Fig. B, we have w; = 7, and 3, = uy. Hence,
(B.I1) can be rewritten as u2 7, > 0, which contradicts (3.I0). Thus, we can conclude
that W(zy,25) cannot remain zero unless (z1,25) = (0,0). Thus, according to
LaSalle’s invariance principle (see Corollary 2.2), W (xq,x2) will keep decreasing
until W(xy,z9) = 0. Hence, the equilibrium at (x1,2z5) = (0,0) of the closed-loop

interconnection is asymptotically stable. O
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Remark 3.1. In Theorem [3], the positive definiteness of the candidate Lyapunov
function (32) is one of the conditions of the theorem. In the linear case, the DC gain
condition implies the positive definiteness of the candidate Lyapunov function of the
interconnection of an NI system and an SNI system (see, for example, [2]). How-
ever, in the nonlinear case, the positive definiteness of (3.3) does not automatically
follow from Assumption[3.3, which is a nonlinear version of the DC' gain condition.
This is due to the nonlinear nature of the problem and the non-quadratic nature of
the storage function (3.4). However, since the purpose of controller synthesis is to
find suitable controllers for given plants, this positive definiteness condition and the
assumptions on the controllers pose no restriction on the nonlinear plants to which
this theorem can be applied. The theorem is applicable to all nonlinear NI plants
given in (3.1) satisfying Assumptions[3.1], and[3.4], which, as has been explained,

are all mild assumptions.

We consider feedback stability for the system H; as given in (3.1]) in the case that it
is nonlinear NI with a positive definite storage function. This excludes systems with
free body motion. However, such a system can be stabilized using a nonlinear OSNI
controller without a direct feedthrough. Also, instead of requiring Assumptions
[B.1] and to be satisfied for H; and Hs respectively, we suppose the open-loop
interconnection of H; and H, satisfies Assumption in the following.

Assumption 3.5. Given any nonzero constant input u; for the system Hp, we
obtain a corresponding output y,(t). Set the input of the system Hy to be us(t) =
y1(t) in the open-loop interconnection shown in Fig.[3.2 If the corresponding output

of the system Hj is constant; i.e., ys(t) = Yy, we suppose that

@ £ T (3.12)

Y

Figure 3.2: Open-loop interconnection of a nonlinear NI system and a nonlinear
OSNTI system.

Theorem 3.2. Suppose the system Hy given in (31]) is nonlinear NI with a positive
definite storage function Vi(x1), and the system Hsy given in (33) has Dy = 0
and is nonlinear OSNI with a positive definite storage function Va(xs). Suppose
Assumptions [3.3—3.3 are satisfied and the function

W (1, 9) := Vi(z1) + Va(xa) — hi(21)" ha(my), (3.13)
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is positive definite, then the closed-loop interconnection of the systems Hy, and Ho

as shown in Fig. [3.1] is asymptotically stable.

Proof. We apply Lyapunov stability theorem and use W(:cl, x9) given in (BI3) as a
candidate Lyapunov function. Taking the time derivative of the function W (zy, x9)

with (3.2]) and (3.4)) also used, we obtain:

W (21, 22) = Vi(a) + Va(wz) — uftn — uz o < —eflge|® < 0. (3.14)

This inequality shows that the system is Lyapunov stable. We will prove in the
following that the equilibrium point at (x1,x2) = (0,0) is asymptotically stable.

According to (3.14), W (z1,22) = 0 can only hold when g, = 0. In other words,
W(:Ul,xg) cannot remain zero unless 1, remains zero. According to Assumptions
B.3 and B4 ¢2(t) = 0 implies @5(t) = 0, which implies that us(t) remains constant.
According to the system setting uq(t) = yi(t), we have that ¢;(¢) = 0, which implies
#1(t) = 0 and in the sequel that 4, (¢) remains constant. Since uy(t) and y»(¢) both
remain constant; i.e., ui(t) = w; and y»(t) = y,. If w3 # 0, then according to
Assumption B.5] 7, # Uy, which contradicts the system setting that wuq(t) = ya(t).
Therefore, we have w; = 7, = 0. Then according to Assumptions [3.3] and [B.4]
y2(t) = 0 implies that x9(t) = 0, which implies us(t) = 0. Also, y1(t) = ua(t) =0
implies x1(t) = 0. In this case, the system is already at the equilibrium. This implies
that W (z1,z,) cannot remain zero unless (z1,25) = (0,0). Hence, W (zy,z5) will
keep decreasing until z; = x5 = 0. According to LaSalle’s invariance principle, it
follows that the equilibrium point of the closed-loop interconnection of H; and Hs

at (x1,22) = (0,0) is asymptotically stable. O

3.4 Illustrative Examples

We provide two illustrative examples for the stability results presented in Theorems

B.1 and 321

3.4.1 Example: stabilizing a nonlinear NI system with free

body motion

Consider a nonlinear single integrator with the state-space model:

i=u (3.15a)
y =z, (3.15b)
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where z,u,y € R. This system is nonlinear NI with the storage function

which is positive semidefinite and satisfies
V(z)=0<u®=ujg.

We aim to find a nonlinear OSNI controller of the form (33) to stabilize the nonlinear

NI system (B.I5]). We consider the following system

Te = — X, + U, (3.16a)
Yo = T, — 10u,, (3.16Db)

where z., u., y. € R. This system is nonlinear OSNI with the storage function

c?

1
‘/c(xc) - §l‘2

which satisfies

Vc(:pc) < Uplp — €02

c)

for e € (0,1]. Now we show that Assumption 1] is satisfied by the system (B.13]).
Given a constant input w, if the the output is also a constant 7, then we have that
0=9 =4 =1u Hence, u =0 and 2’y > 0. Now we show that Assumption
is satisfied by the system (BI6]). If both u. and 7, are constants, then x. is also
a constant, which we denote by Z.. Considering 0 = . = —7%. + u., we have that
U, = T.. Therefore, 3, = 7. — 107, = —97.. We have that u!y, = —97% < —72 for
some v € (0,9]. Assumptions B.3] and B:4] are also satisfied. We now construct the
candidate Lyapunov function W using the formula ([3.5). We have

1
W(z,z.) = 5:53 — xx, + 52,

which is positive definite and hence the interconnection of the systems (3.I5]) and
(B16) is asymptotically stable according to Theorem Bl This can be verified using
a simulation. Let the initial state of the plant be x = 2 and the initial state of the
controller be x. = 0. It can be observed from Fig. that the state trajectories
of the closed-loop system converge to the origin. Because of the cubic nonlinearity
in the plant, its state have different rates of convergence in the domains where the

state are far and close to zero. Therefore, a log scale is used for the time axis in
Fig. B3l
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State Trajectories

x1
Lc

15r .

State

0.5 i

10—4 10—2 100 102

Time (s)

Figure 3.3: The state trajectories of the closed-loop interconnection of the systems

(BI3) and ([B.16) converge to the origin.

3.4.2 Example: stabilizing a nonlinear NI system without

free body motion

Consider a mass-spring system with an additional nonlinear spring, which has the

following state-space model:

.jfl = X9, (317&)
iy = — a7} — 71 + U, (3.17b)
y = a1, (3.17¢)

where x1, 2o, u, y € R. This system is nonlinear NI with the positive definite storage

function . )
V(.Tl, 1’2) = Z.Téll + 51’% + 51’3,

which satisfies

V(1 29) = 2309 + 2129 + 29(—2% — 21 + 1) = uwy = uy.
We aim to find a nonlinear OSNI controller to achieve closed-loop asymptotic sta-
blility. A suitable such system is

3
T = — e + U, (3.18a)

Ye = e, (318b)
where z., u., y. € R. This system is nonlinear OSNI with the storage function

3
‘/c(xc) = sza

32



New Results in Negative Imaginary Systems Theory

which is positive definite and satisfies
‘/c(xc) S ucyc - 6937

for e € (0, 1]. Assumptions B.3]and B4 are satisfied by the systems (3.17) and (BIF]).
We now show that Assumption is satisfied. Suppose that the systems ([B.17) and
(BI8)) are interconnected as shown in Fig. B2 i.e., u. = y. In this case, if y. is a
constant, then so is x,. Then 7, = 0 and hence u, is a constant and u, = 3z, = %yc.
Therefore, according to the open-loop setting, we have y = u, = %yc. This implies
that z; = y is also a constant, which implies x5 = 0. According to (B.I7h]), we have
that u is also a constant and u = 23+ = %y§+%yc. If u = y., then %yg’+%yc =0,
which implies y. = 0 and, in the sequel, u = 0. Therefore, Assumption is
satisfied. We now construct the function W as given in (3.13).

4 2

1 1 1 3
W(zy, 29, 7.) = 2] + =27 + =23 + ~ 27

AT T T g T e T Tie

which is positive definite and hence is a Lyapunov function which establishes the
stability of the closed-loop interconnection of the systems (8.17) and (BI8). This
can be verified using a simulation. Let the initial states of the plant be =

1
) -1

and the initial state of the controller be x. = 0. It can be observed from Fig. 3.4]

T

that the state trajectories of the closed-loop system converge to the origin.

State Trajectories

1.5
z1
1 T2
Tc
o 0.5 |
=
+ 0r mﬁ; —
s \>(/
_05 i
-1 |
71.5 1 1
0 5 10 15 20 25 30
Time (s)

Figure 3.4: The state trajectories of the closed-loop interconnection of the systems

BI7) and ([BI8) converge to the origin.

3.5 Conclusion

In this chapter, we provided a new definition of nonlinear NI systems. We also
provided the definition of nonlinear OSNI systems, which are applied as feedback
controllers to stabilize NI plants. We provided two stability results for the stability
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of nonlinear NI systems with and without free body motion. The stability results

are then illustrated using two examples.
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Chapter 4

State Feedback Equivalence to

Negative Imaginary Systems

4.1 Introduction

In Chapters [[H3] we have shown that NI systems theory is useful because (i) the
NI property arises in many control applications; (ii) the NI property has physical
interpretations both in mechanical systems and electrical circuits; (iii) feedback
stability results have been established for NI systems. Considering the importance
of NI systems theory, we wonder whether it can be applied to a broader class of
systems. In other words, we would like to make a system NI so that system analysis
and controller synthesis can follow from the framework established for NI systems. In

this chapter, we aim to use state feedback control to make a linear system NI.

A similar problem, which considers making a system PR using state feedback con-
trol, has been investigated in many papers (e.g., see [63,64]) in order to achieve
stabilization. For example, [64] renders a linear system PR and this result is then
generalized to nonlinear systems in [65] using passivity theory. Further nonlinear
generalizations of these ideas are presented in the papers [66H69]. In these papers,
such PR or passivity state feedback equivalence results are then applied to stabilize

systems with specific nonlinearities.

One of the necessary and sufficient conditions for state feedback equivalence to a
passive or PR system is that the original system must have relative degree one. This
restriction stems from the nature of passivity and PR systems and, as a result, rules
out a wide variety of control systems with relative degree two, such as mechanical
systems with force actuators and position sensors. Since NI systems can have relative

degree less than or equal to two, the results in the present chapter can overcome
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this limitation.

We investigate necessary and sufficient conditions under which a linear system with
the minimal realization (A, B,C) is state feedback equivalent to an NI system. Sup-
pose the system has no zeros at the origin. We show that such a system can be
made NI via the use of state feedback control if and only if (a) it can be output
transformed into a system with relative degree less than or equal to two; and (b)
the transformed system is weakly minimum phase. The idea of applying an output
transformation comes from the fact that a system in general does not always have a
relative degree vector and hence does not always have a normal form (see e.g. [14]).
However, we show that the property of NI state feedback equivalence is invariant
under a nonsingular output transformation because its effect can be compensated
for by an additional input transformation. Moreover, we show that a system can be
made OSNI if and only if it can be made NI. In particular, we show that a system
is state feedback equivalent to a strongly strictly negative imaginary (SSNI) system
if and only if it has a relative degree vector {1,--- ,1} and is minimum phase. The
proposed NI state feedback equivalence results are then applied to asymptotically

stabilize an uncertain system with SNI uncertainty.

This work is important because simple necessary and sufficient conditions for NI
state feedback equivalence are provided for a general linear system. The conditions
are stated as a relative degree and minimum phase condition, which is easy to verify.
We also provide results for the special cases in which a system has relative degree
of either one or two. This work also contributes in providing a method to stabilize
systems with SNI uncertainty by making the plant NI. Indeed, the problem of making
a system NI using state feedback was also considered in [3] and [70]. However, the
NI state feedback control results in [3] and [70] are given in terms of the existence
of solutions to LMIs or Riccati equations, which may be difficult to solve. Also, we
provide necessary and sufficient conditions while [3] and [70] only provide sufficient
conditions. In addition, we provide explicit formulas for the construction of the
required state feedback control input. The contents of this chapter are included in
the papers [71] and [72].

4.2 NI State Feedback Equivalence

In this section, we provide the main results of this chapter by deriving necessary
and sufficient conditions under which a system is state feedback equivalent to an NI

system and an OSNI system, respectively. Consider a system with the state-space
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model:

t = Az + Bu, (4.1a)
y = Cux, (4.1b)

where z € R” is the state, u € RP is the input and y € RP is the output. Here,
A e R B e R and C € RP*". We assume that rank(B) = rank(C) = p.

It will be shown later in this section that one essential condition for NI state feedback
equivalence is on a system’s relative degree. We provide the following definition of

the relative degree vector for the system (4.1]).

Definition 4.1. (see also [14},[73]) A vector r = {ry,---,r,} € NP is called the
relative degree vector of system ({.1) if the following conditions are satisfied:

1. Forallt=1,---,p,

CAB=0 for G=0,-- 1 —2;
and  H(r); == CA"'B#0. (4.2)

2. det(H(r)) # 0.

Here C; denotes the i-th row of the matrix C € RP*™ and

ClAhilB
H(r) = c | (4.3)
A 1B

Condition 1 in Definition d.Tlindicates that the i-th output has its r;-th time deriva-
tive depending explicitly on the inputs.

As is explained in [73], in the case that (A1) is a MIMO system; i.e., p > 2,
Condition 2 in Definition [4.1]is not always satisfied. The components in the relative
degree vector r are invariant under a nonsingular state transformation. However,
a nonsingular output transformation can change the components in the vector r
and in some cases transform the realization (A, B,C) to (A, B, 5), where C = T,C,
T, € RP*P and det(T,) # 0, which satisfies Condition 2 in Definition .11

Note that in general there does not always exist an output transformation for a
system of the form (4.J]) such that the resulting system has a relative degree vector.
In what follows, we need the following notion of a leading incomplete relative degree
vector [73].
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Definition 4.2. [73] A vector r = {ry,...,r,} € NP is called a leading incomplete
relative degree (LIRD) wvector of the system (4.1)) if the following conditions are
satisfied:

1. Forallt=1,---,p,

CAB=0 for j=0,--,r;—2;
and  CAB £ 0,

2.1, <rigq fori=1,--- p—1.
3. For any set of pairwise distinct indices i1,---,i, € {1,2,---,p} such that
T = Ti, = -+ = 1, the rows H(r);,---,H(r);, are linearly independent,

where H(r) is defined in {{.3) and H(r); is defined in (4.2).

As is explained in [73] and [74], if a LIRD vector is such that all rows in H(r) are
linearly independent, then this LIRD vector is a relative degree vector as defined in

Definition .1l This relationship can also be observed by comparing Definitions [4.1]
and [4.2

Lemma 4.1. [7]] For any controllable system with the realization (A, B,C), there
exists a nonsingular output transformation such that the resulting system has an
LIRD wvector.

Proof. This follows directly from Remark 4 and Lemma 4 in [74]. O

We consider systems whose relative degree vector only consists of components that
are less than or equal to two. We show later that this is one of the necessary

conditions for state feedback equivalence to NI systems.

Definition 4.3. The system ({.1]) is said to have relative degree less than or equal
to two if it has a relative degree vector r = {ry,--- ,r,}, where 1 < r; <2 for all

i=1,-,p.

4.2.1 State feedback equivalence to NI systems

In this section, we derive conditions for the NI state feedback equivalence of the
system (4.J]) by investigating an auxiliary system. The auxiliary system is obtained
by transforming the system (4.1)) into a form which has a relative degree vector via
the use of an output transformation. The existence of such an output transformation
will be shown later to be a necessary condition for NI state feedback equivalence.

First, we show in the following that the property of NI state feedback equivalence
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is invariant under a nonsingular output transformation. State feedback equivalence

to an NI system is defined as follows.

Definition 4.4. A system in the form of (4.1]) is said to be state feedback equivalent

to an NI system if there exists a state feedback control law
u= K,z + K,v,

with K, € RP*™ and K, € RP*P, such that the resulting closed-loop system with the

new input v € RP is minimal and NI

Note that state feedback equivalence problems do not allow for a change of output.
However, they allow for a free change of inputs. We show in the following two
lemmas that for system (1)), its NI state feedback equivalence property is invariant

under a nonsingular output transformation.

Lemma 4.2. Suppose T € RP*P is nonsingular. Then the transfer function matriz
TG(s)TT is NI if and only if G(s) is NI.

Proof. The proof is based on Definition G(s) is NI if and only if Conditions
1, 2 and 3 in Definition are satisfied. However, the positive definiteness (semi-
definiteness) of the matrices in Conditions 1, 2 and 3 in Definition is invariant
under the transformation G(s) — T'G(s)T™. O

The following lemma shows that state feedback equivalence to an NI system is
invariant under state, input and output transformations, which will be used in the

process of making a system NI.

Lemma 4.3. Consider the system ({-1) and the state, input and output transfor-
mations * = Tyx, v = T,u and y = Tyy, where T, € R™", T, T, € RP*P are
nonsingular. Then the system ({.1)) is state feedback equivalent to an NI system if

and only if the transformed system is also state feedback equivalent to an NI system.

Proof. If the transformed system with state z, input u and output y is state feedback

equivalent to an NI system, then there exists a control law
u= K,z + K,v,

under which the system with input v and output ¥y is minimal and NI. According
to Lemma .2, now the system with output y = T, 17 and input v = TyT v is also
minimal and NI. This means that the original system with state x, input v and

output y is also state feedback equivalent to an NI system. The corresponding
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feedback control law can be derived as shown in the following:
uw=T"u=T, " (K,& + K,0) = T, (K, T,» + K, T, "v). (4.4)

This completes the sufficiency part of the proof. Since the state, input and output
transformation matrices 17, T,, and T}, are all nonsingular, the necessity part of the
proof follows in the same manner as the sufficiency part with the inverses of the

transformations considered. O

Consider the case that there exists an output transformation y = T,y, where
T, € RP*P and det T, # 0, that transforms the system (41 into a form with a
relative degree vector r = {ry,---,7,}. Let C= T,C € RP*™ then we can write the

transformed system in the form:

& = Ax + Bu, (4.5a)
7y =Cuz, (4.5b)
where rank(B) = rank(C) = p. For ease of presentation of our main NI state

feedback equivalence results, we aim to transform the system (4.5) into a normal
form. We show in the following lemma that this is always achievable via input and
state transformations in the case that the system (4.0]) has relative degree less than

or equal to two.

Lemma 4.4. Suppose the system ({.5) has relative degree less than or equal to
two. Then there exist input and state transformations that transform (4.5) into the

following normal form:

2= Az + Anxr + Agexy + Agszs, (4.6a)
.jfl = Aloz + Allxl + A12.§L’2 + A13$3 + uq, (46b)
To = xs, (46(3)
&g = Agoz + Ag1x1 + Aspwo + Agzzs + ug, (4.6d)
|z
y = ! ) (466)
T2
B 1T B T
where T = |27 o 2T 2T| € R is the state, u = [ulT uQT} € RP is the

input and § € RP is the output of the transformed system. Here, x1,u; € RP
and xa,T3,us € RP2 where 0 < py < p and py := p — p1. Also, z € R™, where

m:=n—p—ps.
Proof. Without loss of generality, suppose the components in the relative de-
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gree vector r of the system (A7) are sorted in nondecreasing order, ie., r =
{1,---,1,2--- 2}. Let p; (0 < p; < p) be the number of ones in r and ps = p — p;

be the number of twos in r. Also, define the following matrices:

Cl CP1+1
Co=|: | eR™ and Cr= : € RP2X"

Cy Cp

where 5@ is the i-th row in the matrix C. Hence, 50 is the block matrix in C which
determines the output entries corresponding to the ones in r. Cr is the block matrix
in C which determines the output entries corresponding to the twos in r. According
to Definition ELI] we have that rank(CoB) = p1, CrB = 0 and rank(CrAB) = ps.
Also, Condition 2 in Definition [4.1] implies that

CoB

CrAB

det # 0. (4.7)

are linearly independent. Since rank(C) =

C
Therefore, the rows of the matrix [5 ©
T

p and det T}, # 0, then 'r’cmk((?) — p. Hence, Cr has full row rank. Also, according
to Condition 1 in Definition .1 we have that CrB = 0. Then we can prove by
Co

contradiction that the rows of Cr are linearly independent of the rows of | ~ ] .

CrA

Indeed, suppose there exists a row (5T)K of Cy, which is a linear combination of the

rows of | ~ |. Then (Cr) B # 0 according to (@7, which contradicts the equation

T
Co
CrB = 0. Therefore, the matrix | Cp | has full row rank. Define the new state as
CrA
xry = 5037,
To = 5TSL’,
T3 = l"g = 5T.Al‘
We also need a complementary state z € R™ where m := n —p —py > 0. Let
C.
5 5 5 . Co|. .
z = C,z, where C, is such that C.B = 0 and the matrix T, = 5 is nonsingular.
T
CrA

41



Chapter 4. State Feedback Equivalence to Negative Imaginary Systems

Ce
Let = T,z be the new state. Also, let u = e I I According to (4.7),
U2 CT.A
. . . Col i
the input transformation matrix T, = | ~ M B is nonsingular. The new system has
T
a state-space model
z z 0
d
SN = At | | (4.8)
dt To i) 0
T3 xs3 U2
o
- 101 00
7= ol (4.8D)
0 0 I Of |2
T3

By considering the blocks of T, AT, ! including the relation &5 = x3, we can write

(4.38)) in the form (4.4]). O

We now consider necessary and sufficient conditions under which the system (4.0) is
state feedback equivalent to an NI system. For the system (.0]), choose the control

inputs u; and us to be

uy = vy + (Ko — A10)z + (K11 — An)ay + (K — App)xs + (K3 — Ais)zs; (4.9)
Uy = Vg + (Koo — Ago)z + (Ko1 — Asz1)xy + (Koo — Aso)xe + (Kaog — Ass)zs, (4.10)

which allows the system (0] to be represented by the form

T = A% + B, (4.11a)
7= C7, (4.11b)

~ U1
where v = [

] is the new input and
U2

A= , (4.12)
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(0 0
I

-1 Y, (4.13)
00
0 I
0 1

e L (4.14)
00 10

We need to find the state feedback matrices

Kip € RPV™ Ky € RPVPL K, € RPVP2 K3 € RPVP2 DK, € RP2™ Ky, € RP2XPY
K22 € RpQXpQ, and K23 € RpQXpQ (415)

such that the system (4I1]) is minimal and NI. The following lemma provides nec-

essary and sufficient conditions for such state feedback matrices to exist.

Lemma 4.5. Suppose the system ([4.0) satisfies det Aoy # 0. Then it is state feed-
back equivalent to an NI system if and only if it is controllable and Aqg is Lyapunov
stable.

Proof. The system (4.0) is state feedback equivalent to an NI system if and only if
there exist state feedback matrices (L.I5]) such that the system (AIT]) is NI and the
realization (A, B, C) in (L12)-(#£I4) is minimal.

First, we prove that the controllability of the system (4.0]) is equivalent to the
controllability of the system (AI1). Let

A Aor Aoz Aoz
A A A A
0 0 0 I
Azo Az Az Asz

AJ.:

Then we need to prove that the controllability of (/vl, B) is equivalent to that of
(A, B). Applying the eigenvector test for controllability (see Lemma 25), (A, B)
is controllable if and only if any non-zero vector in the kernal of BT is not an

eigenvector of AT. Considering the structure of B in (£I3), a non-zero vector

T
n € ker(BT) must take the form n = |7 0 7l 0] , where 1y # 0 or n3 # 0.
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Therefore, for any scalar \., we have that zlen # A\e1. Substituting for A, we obtain

AoTonl T
AT 0
U Y (4.16)
Agom 3
Afsm + 3 0

for any scalar A.. This condition depends only on the matrices Agy, Ag1, Aoz and
Aps, which form the common first block row of the matrices A and A. Hence, the
controllability of (A, B) is equivalent to that of (A, B).

Sufficiency. The condition (A0 is satisfied if and only if for any eigenvector 7,
AOTin
A0T3711 + 73
condition A%\m; # 0 holds if and only if (Ago, Ag1) is controllable. The condition

AT

; 02" 2\ n3
Agsm + 13
AL # Aengy = =N\ ALm = —AL AL ny. That is (AL AL + AL)m # 0, which holds
if and only if (Agg, AgoAos + Aoz) is controllable. Therefore, we conclude that (A, B)
is controllable if and only if (Agg, A1) or (Ago, AooAos + Aoz) is controllable.

of A%, with eigenvalue ., we have that AL nm # 0 or

"y %3] The

holds if and only if for any 13 = —Aln;, we have that

We now derive necessary and sufficient conditions under which (A, C) is observable.

Given the structure of C' in ([@I4]), any non-zero vector o € ker(C') must take the

T
form o = [JlT 00 O':{] , where 01 # 0 or 04 # 0 . According to the eigenvector

test for observability (see Lemma [20]), (A, C') is observable if and only if Ao # A\,0
for any scalar A,. Substituting A from (4.I2]), we obtain

Apoor + Apzoy o1
K K 0
ot fasoal . (4.17)
04 0
_K2001 + K23<T4_ | 04|

When o4 # 0, (AI7) is always true. Now we consider the case that o; # 0 and
o4 = 0. In this case, ([LIT) becomes

A000'1 01
K 0
1001 ?é )\O ’
0 0
K20<71

which holds if and only if Kjgo1 # 0 or Kyo; # 0 for any eigenvector oy of
Ago.  Therefore, we conclude that (A,C') is observable if and only if (A, Kio)

44



New Results in Negative Imaginary Systems Theory

or (Ago, Ka9) is observable.

The nonsingular matrix Ay is Lyapunov stable if and only if there exists a state

transformation Agy — SAgS~! which allows Ay to be represented, without loss of

generality, as Aoy = diag(AS,, A%,), where

spec(Afy) C JR\{0},  spec(Agy) C OLHP,

and A%, + (A5,)" = 0.

(4.18)

Here A%y € R™eXma and Ab) € R™*™ where 0 < m, < m and my := m — m,.

The conditions in (£I8) are achievable according to the proof of Proposition 11.9.6

in [55]. Decomposing Ag1, Aoz, Aoz, K10 and Ky accordingly using the same state-

space transformation, we can write (LI1) as

2 a a a a

: b b b b

iy = K&z + Kbz + Ky + Kiowy + Kyss + vy,

Tog = T3,

.’t3 = KQGOZl + KQbO,ZQ + K21.T1 + KQQZL’Q + K23.T3 —+ Vo,

21
22
y=0C |z,

X2

xs3

C:OOIOO_
00010

Since A%, is Hurwitz, there exist J? = (J?)T > 0 and @, = Qf > 0 such that

Let K5y be defined as

where

AgI1 + W1(Ag)" = —Qs.

Ky = [Kgo Kgo} )

Kgo = (Agz)T (Ago)il - <A83)T§

K30 = (=(Ag2) " (Ago) ™" = (Agy)" +H) (V1) -

1

Here, H is a matrix that belongs to the set

Sy = {H e Rrz*™ | 4TH < Q).

45

(4.20)

(4.21)

(4.22)



Chapter 4. State Feedback Equivalence to Negative Imaginary Systems

If (Ago, AgoAos + Ag2) is controllable, we can always find H such that (Agg, Ko) is
observable. This is proved in the following. According to Lemma 2.5 the control-
lability of (Ago, AgoAos + Ag2) implies that no eigenvector of diag ((AgO)T, (ASO)T)
is in the kernel of [(Agg)T(Ago)T + (Ag)T (A5)T(A5)T + (AgZ)T] This implies
that both (A%, A% Ad + A%,) and (Af,, A5 AL, + Ab,) are controllable, which can

Tla
0

] , where 7, and n;, are eigenvectors of (A%,)T and (A4,)7, respectively. The

be proved by applying the eigenvector test for controllability to the vectors

and
Ul

da .
pair (Ago, Ka9) is observable if and only if for any non-zero vector dx = [5 ] , which
b

is an eigenvector of Agy, we have Kydx # 0. Since Ag, and A}, have no common
eigenvalues, then dx is an eigenvector of Agg only if , = 0 or §, = 0. We consider

two cases:

Case 1. 6, # 0 and ¢, = 0. In this case, J, is an eigenvector of Af,; i.e.,

A8y0y = i, for some scalar \,. Considering ([£LI8), 4, is also an eigenvector of
(A2))T. Because (A, A% Agy + Aly) is controllable, ((A%)T(Ad)T + (Agy)T) 6. # 0.

Therefore,

Kopdx = K504

= ((A8)" (430) " — (A8)") b,

= (A5 — (A8)" A%) (A30) 5,
(487 + (A5 (45)7)
“0

where (AI8)) is also used.

Case 2. ), = 0 and 6, # 0. In this case, d, is an eigenvector of Ago. Because
— (A5 )T (AT — (AB)T in ([@2]) is fixed, and Sy has nonempty interior due to
the positive definiteness of (), then we can always find H such that

Kaox = Kgoéb = (_<A82)T<A80)7T - <A83)T + H) (yf)iléb # 0,

for all ¢, that are eigenvalues of A%). We conclude that there exists H such that

(Ago, Ka0) is observable. We choose such a matrix H in the following proof.

Let Ky be defined as
Kio= Ky K|, (4.23)
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where
Kiy = (Agl)T(Ago)_1§
Ky = — ((A5)" (Age) " + KagH) (V7).
Here K5 is contained in the set
Sr = {K13 € RP*P2 | K 3Kl < 21}, (4.24)

If (Ago, Ao1) is controllable, we can always find K13 such that (Agg, K19) is observable.
This is proved in the following. The controllability of (Agg, Ap1) implies that no
eigenvector of diag ((Agy)", (A%)T) is in ker <[(A81)T (ASI)T] ) This implies that
both (A%, A%,) and (A}, AS,) are controllable, which can be proved by applying the
%] and 0] , where 7, and 7, are
0 us

eigenvectors of (A%)T and (A4,)7, respectively. The pair (Ag, K10) is observable if

eigenvector test for controllability to the vectors

a

and only if for any non-zero vector ¢ = [ ] , which is an eigenvector of Agyy, we

b
have that Kjgdx # 0. Since A%, and Aj, have no common eigenvalues, then ¢y is

an eigenvector of Ay only if ¢, = 0 or ¢, = 0. We consider two cases:

Case 1. ¢, # 0 and ¢, = 0. In this case, ¢, is an eigenvector of Af; i.e.,
Al ba = padq for some scalar p,. Considering (£I8)), ¢, is also an eigenvector of
(AZ)T. Because (A%, A3,) is controllable, (A3,)? ¢, # 0. Therefore,

_ 1, .
Koo = Kjgda = (A3)"(AG)) ¢ = M—(Am)Téba # 0,

a

where (£I8)) is also used.

Case 2. ¢, = 0 and ¢, # 0. In this case, ¢, is an eigenvector of AY,. Because
(A )T(AL,)~T is fixed and the set Sk has a nonempty interior, then we can always
find K3, together with an H that makes (Agg, Ko) observable, such that

Kiodr = Koo, = — ((A5)7 (4h) ™" + Kigh) ()6 £ 0,

for all ¢, that are eigenvectors of A%). Therefore, with this particular choice of K3,
we have that (Agg, K10) is observable.

Now recall that (A, B) is controllable if and only if (Agg, Ao1) or (Ago, Aoo Aoz + Ao2)
is controllable. Also, (A,C) is observable if and only if (Agg, K10) or (Ago, Ka0)
is observable. Since the controllability of (Agg, Ap1) implies the observability of
(Ao, K10) and the controllability of (Agg, AgoAos + Ag2) implies the observability
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of (Ao, K20), then the controllability of (A, B) implies the observability of (A, C),
when suitable H and K3 are chosen. Therefore, with those choices of H and K3,
the controllability of the system (4.6]) implies that the realization (A, B, C') in (4.12)),
(#13) and (4.14) is minimal. Choose the other state feedback matrices as follows:

K = KioAy Aot — V5, (4.25)
K1y = K1pAg) Ag, (4.26)
Koy = KAy Ao, (4.27)
Koy = KAy Aox — V5 ', (4.28)
1
Ka=-31, (4.29)
where ), € RP1*Pr and )5 € RP?*P2 can be any symmetric positive definite matrices;
ie, Vo = y2T > 0 and Y3 = y3T > 0. We will apply Lemma 2.3 in the following in

order to prove that the system (£I1) is an NI system. We construct the matrix Y

as follows:
Y1 —A801A01y2 —A801A02y3 0
— YV, AL AT 0
Yy — y2 2} O_OT y2 0 ’ (430)
—yBAoono 0 Vs 0
0 0 0 I

where Y1 = V) + Ao‘olAmyzAglAgOT + AgolezygAngo—oT. Here, Y1 = diag(y$1, V?)
with y§ > 0 being a scalar. It can be verified that Y > 0 using the Schur complement

theorem.

In order to verify Condition 1 in Lemma [2.3] we note that for the determinant of
the matrix A in (£12) we have

KIO Kll K12 K13

(—1)P2 det A =det
Koo Ko Kz Ko

Agp Ao Ap
=det | K9y K1 Ky
| Koo Ko Ko
K K K
=det AOO det 1 12 - 10 Aaol |:A01 AOQ]
Ky Ka Ky
1
_ 0
=det AOO det y2 _1
0 —Ys5
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=det Ago det(—Y, ') det(—=Y51) # 0,

where the equalities also use (£.20)-(Z28). Also, the input feedthrough matrix in
the system (4.I1]) is zero, and hence symmetric. Hence, Condition 1 in Lemma 2.3]
is satisfied. For Condition 2 in Lemma [2.3] with Y defined in (430), we have

[ Y1 Ao 0 0 0 A83_
0 ARy 00 Af
AY = 0 —Ki3H —I 0 Ki3]|. (4.31)
0 0 0 0 1
|—(A5)" H—(Ag)" 0 —T —51]

Therefore, we have that

AYCT = - B; (4.32)
[0 0 0 0 0]
0 -9 —-H'KL 0 #HT
AY +YAT = |0 —Ki3H -2 0 K3
0 0 0 0 0
0 H KL 0 —-I

-Q, —HTKL HT
Let M = | -K3H —2I  Ki3|, where (429)) is used. For the matrix —M, we
" KL -1
have that I > 0 and the Schur complement of the block I is

9, HTKY HT
—M)/I = - T
(=M)/ KMo 2l Kis [H K“”}

(A T
Oy —H'H 0 >0,
0 21 — Ki3K1,

where (£.22)) and ([A24]) are also used. Therefore, we have that M < 0. Hence
AY + YAT < 0, and Condition 2 in Lemma is satisfied. Hence, the system

(£11) is an NI system with a minimal realization.

Necessity. If the realization (A, B,C) in (£12]), ({I3) and ([EI4]) is minimal and
NI, then according to the proof of Lemma [2.3] (see Lemma 7 in [I7]), there exists an
X = X7 > 0 such that

XA+ATX  XB-ATCT
B'X —CA —(CB+ BTCT)

49



Chapter 4. State Feedback Equivalence to Negative Imaginary Systems

Therefore, for any z, x1, x2, x3 and v, we have

_ - T _ -
yA VA
= XA+ ATX  XB— ATCT = ~0 (.33)
e e . .
’ B'X —CA —(CB+ B"CT) I
x3 €3
— ,I_} - — /l) -

X1 X Xiz Xy
Xl X Xog Xoa
XL XL X3z X3
XL xI, X1, Xu

Let X = and substitute (4.12)-(4.14) into (4.33). Also, let

— K

x1:0,x2:x320and5:[ z. We get

— Ky
ZT<X11A00 + AgoXll)Z < 0

for any z, which implies that X;;Ag + AgOXH < 0. Considering X = X7 > 0, we
have X1; > 0. Also, since det Agg # 0, then Agyy is Lyapunov stable. O

To facilitate the description of the conditions for NI state feedback equivalence to a
system in the general form (@1]), we recall the following terminology (see [14,15]).
In the case when the system (43]) has relative degree less than or equal to two, the
system ([4.6)) is said to be the normal form of (L35]). The dynamics (d.6al), which are
not controlled by the input u directly or through chains of integrators, are called
the internal dynamics. The other part of the state, described by (4.6D)—(4.6d), are
called the external dynamics. Setting the states described by the external dynamics

to be zero in the internal dynamics, we obtain the zero dynamics:

We now provide the definition of the weakly minimum phase property.

Definition 4.5. (Weakly Minimum Phase) [64,[65] The system (4.3) of relative
degree less than or equal to two is said to be weakly minimum phase if its zero

dynamics (4.34)) are Lyapunov stable.

We present the main NI state feedback equivalence result of this chapter in the

following.

Theorem 4.1. Suppose the system ({.1]) satisfying rank(B) = rank(C) = p is

minimal with no zero at the origin. Then it is state feedback equivalent to an NI
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system if and only if there exists an output transformation y = Ty, where T,y € RP*P
and det T}, # 0, such that the transformed system has relative degree less than or

equal to two, and the transformed system is weakly minimum phase.

Proof. Sufficiency. The sufficiency part of the proof directly follows from Lem-
mas (4.3 E.4] and According to Lemma [£4], the system (4J]) can always be
transformed into the form (6] using nonsingular input, output and state transfor-
mations. Since the system (4.1]) has no zero at the origin, then det Agg # 0 because
nonsingular input, output and state transformations do not change the zeros of a
system. Also, since the transformed system is weakly minimum phase, then Agyq is
Lyapunov stable. Since the input, output and state transformations are all non-
singular, the minimality of the system (4.1]) is preserved in (46). According to
Lemma [L5] the output transformed system (Z£.0) is state feedback equivalent to an
NI system. According to Lemma [£.3] the original system (4.1]) is also state feedback

equivalent to an NI system. This completes the sufficiency part of the proof.

Necessity. We first prove that if the system (4J) is state feedback equivalent to
an NI system, then there exists an output transformation y = T,y that transforms

the system (A1) into a system with relative degree less than or equal to two.

If the system (4)) is state feedback equivalent to an NI system, then according to
Lemma 2] it is still feedback equivalent NI after a nonsingular output transfor-
mation. We apply an output transformation to the system (A, B,C) in order that
the transformed system has a leading incomplete relative degree vector. Since the
output transformed system is feedback equivalent to an NI system, then under a

state feedback control law, we can make it NI with a minimal realization (A\, B , C ).

Since the system with the realization (121\, é,é) has a leading incomplete relative
degree vector r, we denote by p; > 0 the number of components in r that equal

to one; ie., r1, -+ ,7p = 1, and 7, 41, -+, 7, > 2. We decompose the matrix C

Co

~

G

as C = , where 60 € RP>*™ and 6(; € Re-rUxn  Here, 60 determines the

output entries corresponding to the ones in r, and 60 determines the output entries
corresponding to the components greater than one in r. According to Definition 4.2],
rank(CoB) = p, and CeB = 0.

According to the proof of Lemma 23 (see [I7]), the fact that (A, B, C) is NI implies
that there exists X = X7 > 0 such that

XA+ ATX  XB-— ATCT

~ IS 4.3
BTX —CA —(CB+ BTCT) (4.35)

o1



Chapter 4. State Feedback Equivalence to Negative Imaginary Systems

Decomposing B accordingly as B = [EO B\G} where EO e R™P1 and EG €
R™(P=P1) the inequality (E35) can be expanded to be

XA+ ATX  XBo-ATCE  XBg-— ATCE

BSX — 6'0;1\ —(aogo + ES@CT)) —aogg <0, (4.36)
BEX - CgA ~BECE 0

where the condition CqB = 0 is also used. The condition (£30) implies that
GOEG = 0 and égX — 6(;//1\ = 0. We have that rank(f?(;) = p — p; because
rcmk(é) = rank(B) = p. Then, égX—a(;A\ = 0 implies that CqABg = EgXEG >
0. The positive definiteness of GGXEG implies that the largest component in the
leading incomplete relative degree vector r of the system is two. Moreover, we have
that L

CoBo 0
CaABo CuABg

CoB
CoAB

. (4.37)

Since é\ogg =0 and rank(@oﬁ) = p1, we have that det(@oéo) # 0. Considering

that CoBo and CgABg in ([A37]) are both nonsingular, we have that det o OA\B\ =+
a
0. This implies that the leading incomplete relative degree vector r of the realization

(121\,35 , 6’) is indeed a relative degree vector, whose components are either one or
two. Therefore, we conclude that the system (4.1]) can be output transformed into
a system with a relative degree vector r = {ry,---,r,} with 1 < r; < 2 for all
i =1,---,p. Therefore, the system (4J]) can be transformed into the form (4.6])
using input, output and state transformations. The necessity part of Lemma
implies that the weakly minimum phase property of the output transformed system

is another necessary condition. This completes the necessity part of the proof. O

We provide in the following the necessary and sufficient conditions for systems
with relative degree of either one or two to be state feedback equivalent to NI

systems.

Corollary 4.1. Suppose the system (4.1)) is minimal and of relative degree one; i.e.,
r={1,---,1}, or relative degree two; i.e., r = {2,---,2} and has no zero at the
origin. Then it is state feedback equivalent to an NI system if and only if it is weakly

minimum phase.

Proof. This corollary considers two special cases of Theorem [£.1] and hence the proof
directly follows from Theorem 4.1l O
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4.2.2 State feedback equivalence to OSNI systems

We also derive necessary and sufficient conditions under which the system (4.1]) can
be rendered OSNI.

Definition 4.6. A system in the form of (4.1]) is said to be state feedback equivalent
to an OSNI system if there exists a state feedback control law

u= K,z + K,v,

where K, € RP*™ and K, € RP*P, such that the closed-loop system with the new
mput v € RP 45 minimal and OSNI.

Similar to Lemma [4.2] we show in the following that the OSNI state feedback equiv-

alence property is invariant under a nonsingular output transformation.

Lemma 4.6. If the transfer matriz G(s) is OSNI, then TG(s)TT is also OSNI,
where T € RP*P and det T # 0.

Proof. The proof follows from Definition 29 If G(s) is OSNI, then we have that
jwlG(jw) = G(jw)"] = ew*G(jw) G (jw) = 0,

Vw € RU {00} where G(jw) = G(jw) — G(cc). We have that TTT < Ao (TTT)I.
Therefore,

JIG ) = (GU))') = §— g Gl TT TG )

> julGw) ~ (G))) = sy

n moﬂé( J) (TTT = Ao (T T) N G ()

= jwlG(jw) — G(jw)"] — w’G(jw) G (jw) > 0. (4.38)

WG () TTTG (jw)

The transfer matrix TG(s)T? satisfies Definition via (A38)). Therefore, the

transformed system TG(s)T? is OSNI with the output strictness m O

We show in the following that the same conditions in Theorem [4.1] are also neces-
sary and sufficient for the state feedback equivalence of system (4.1) to an OSNI

system.

Lemma 4.7. Suppose the system (4.0) has det Aoy # 0. Then it is state feedback
equivalent to an OSNI system if and only if it is controllable and Ay is Lyapunov
stable.
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Proof. The necessity part of this lemma follows from the necessity part of Lemma
because OSNI systems belong to the class of NI systems.

For the sufficiency part, we need to show that the condition
AY + YAT + €(CAY)TCAY <0

in Theorem [2.1]is satisfied for some scalar € > 0 in addition to what is shown in the
sufficiency proof of Lemma L3l Following from the sufficiency proof of Lemma [£.35]
we add restrictions on the choices of K13 and H such that K%Klg =J]and H € g’}-{,
where

(- RP2X™
S {H < 1—2¢

2 _
"HT”HS ﬁ@b}.

2_

Here, we have that % € (0,1) for e € (0, % (3 — \/5)) Note that this additional

restriction does not change the results in Lemma Using C and AY in (4.191)
and (A3T), we have that

oy — |0 —KwH =1 0 K|
0 0 0 I
Therefore,
[0 0 0 0 0 ]
0 H™M H'KL 0 —HT
(CAY)'CAY = [0 KpH I 0 —Ky
0 0 0 0 0
0 —H -—-K{, 0 2I |
Hence,
AY + YA 4 e(CAY)TCAY
0 0 0 0 0 |
0 —Q+eH™ —(1—-eH'KL 0 (1—eH”
= |0 _<1 —€)K13H —(2—6)[ 0 (1—€)K13
0 0 0 0 0
0 (1—e)H (1—e)KL 0 —(1—2¢)]
Let
—Q+eHTH —(1—eHTKL (1 —eHT
M= —(1 — E)Klg?’[ _<2 - €>[ (1 - €)K13
(1—eH 1-eKL —(1-2¢)I

We apply the Schur complement theorem in the following to find the range of e. We
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choose € € (0, 3) and therefore —(1 — 2¢)I < 0. The Schur complement of the block
(1—26)I of —M is

— @ -en™H 1—oHTKL] (1o [HT r
(—M)/[(1 —2¢)]] = (1—OKiH  (2—ol ] 1—2¢ [KLJ [H K13]

(0, — (e+ &)1 H (1-e— L) H KT,
(1—6—M>K13H (2—6—H>I ’

1—2¢ 1—2¢

which is positive semi-definite when € € (0, % (3 — \/3)) In this case, AY + Y AT +
e(CAY)TCAY < 0. Therefore, the system with the realization (A, B, C) in ([£I12),

(AI3) and (£I4)) is OSNI. O

Theorem 4.2. Suppose the system ({-1]) is minimal with no zero at the origin. Then
it 1s state feedback equivalent to an OSNI system if and only if there exists an output
transformation y = Ty, where T, € RP*P and det T), # 0, such that the transformed
system has relative degree less than or equal to two, and the transformed system is

weakly minimum phase.

Proof. This proof is similar to the proof of Theorem [Tl except that Lemmas
and 4.7 are used instead of Lemmas 2] and A5l O

Considering the results in Theorem [41] and [£.2] we have the following corollary
which shows that the same necessary and sufficient conditions are shared for NI and

OSNI state feedback equivalence.

Corollary 4.2. Suppose the system (4.1) is minimal with no zero at the origin.

Then the following statements are equivalent:
1. The system (4.1) is state feedback equivalent to an NI system;
2. The system (4.1) is state feedback equivalent to an OSNI system;

3. There exists an output transformation y = T,y, where T, € RP*P and det T, #
0, such that the transformed system has relative degree less than or equal to

two, and the transformed system is weakly minimum phase.

Remark 4.1. Although the necessary and sufficient conditions for state feedback
equivalence to NI and OSNI systems are the same, as shown in Corollary[{.3, dif-
ferent state feedback matrices are required. That is, additional restrictions on state
feedback matrices should be satisfied in order to make a system OSNI. Considering
that under certain assumptions, the interconnection of an NI system and an OSNI
system is asymptotically stable [27,28], we can decide to make a system NI or OSNI

depending on the other system in the interconnection.
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4.3 State Feedback Equivalence to an SSNI Sys-

tem

In this section, we derive necessary and sufficient conditions under which a system
in the form of (41]) is state feedback equivalent to an SSNI system. First, we define

state feedback equivalence to an SSNI system as follows.

Definition 4.7. A system in the form of (4.1]) is said to be state feedback equivalent
to an SSNI system if there exists a state feedback control law

u= K,x+ K,v,

where K, € RP*™ and K, € RP*P, such that the closed-loop system with the new
imput v € RP 45 SSNI.

It will be shown later in this section that having a relative degree vector r =
{1,---,1} is one of the necessary conditions for this system to be state feedback
equivalent to an SSNI system. Therefore, we start with the derivation of the normal

form for the system (4.J]) with a relative degree vector r = {1,--- ,1}.

Lemma 4.8. Suppose the system ({{.1) satisfying rank(B) = rank(C) = p has a rel-
ative degree vectorr = {1,--- ,1}. Then there exists input and state transformations

such that the resulting transformed system is of the form

z = A(]()Z + A(]ly, (439&)

jfl = Aloz + Allxl + ’lj, (439b)
z

y=1o 1] ] . (4.39¢)
T1

Proof. 1f (A1) has a relative degree vector r = {1,--- 1}, then det(CB) # 0. The
rest of the proof follows from Lemma (4.4 with p; = p and py, = 0. 0

Choose the input u to be
ﬂ =0+ (Kl — Alo)Z + (KQ — A11)y,
and the system (4.39)) takes the form

2= Agoz + Aoy, (4.40a)
y = Kiz+ Ky +v, (4.40b)
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: (4.40c¢)
Y

y=1[0 I [Z

We need to find the state feedback matrices K; € RP*™ and K, € RP*P such that
the system (4.40]) is SSNI.

Lemma 4.9. Suppose the system ({{.40) has (Ao, Ao1) controllable. Then the fol-

lowing statements are equivalent:
1. Aqgo is Hurwitz;

2. There exist Ky and Ky such that the system ({.40) is an SSNI system with
realization (A, B,C), where A is Hurwitz, and the transfer function G(s) =
C(sI — A)™'B is such that G(s) + G(—s)* has full normal rank.

Proof. Let us define the following:

(A A
A=|"% 70 (4.41)
K K
[0
B=||, 4.42
, (4.42)
c=lo 1], (4.43)

From the proof of Lemma A5 (A, B) is controllable if and only if (Ago, Ao1) is

controllable. Therefore, there are no observable uncontrollable modes in this system.
Sufficiency. Let Agy be Hurwitz. Then we can always find a matrix ), > 0 such

that !
Ao r + %Ago + §A601A01A51A60T <0

is satisfied. In the sequel, we will find a matrix K; such that
v, 1 T -1 T 4-T

is satisfied. One possible choice is K; = —A%L Ay Yrt, which simplifies (E44) to
be Ay + ylAgO < 0. Let Ky = KlAaolAm - y;l, where ), € RP*P can be any
symmetric positive definite matrix; i.e., Yo = VI > 0. We apply Lemma 2.4 in
the following to prove that the system (Z.40) is an SSNI system. We construct the

matrix Y as follows:

_ Wi+ Agg A b AL Ayl — At Ao s

Y
— W AL Ay Vo
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We have Y > 0 because )» > 0 and the Schur complement of the block )s is )y,
which is positive definite. Now, we have B + AYC? = 0 and

Ao + VAL, VKT + A501A01

AY + Y AT =
Klyl + AglAaOT —21

We have —21 < 0 and the Schur complement of the block 27 in the matrix —(AY +
Y AT) is
(—(AY + Y AT))/(21)

1
=— Agpr — ylAgo — é(lef + A601A01)(K1y1 + A(j;lAaoT) > 0,

according to (£44)). Hence AY + Y AT < 0 and AT is Hurwitz. Therefore A is
Hurwitz. Now we prove that G(s) + G(—s)T has full normal rank. For A, B and C
given by (L41)—(£43)), we have
G(s)=C(sI —A)'B
-1
I-A —A 0
_ [O [} S 00 01
—K1 sl — K2 I

= (SI — Kl(SI — Aoo)_lA()l — Kg)il

(4.45)
Substituting s = 0 in (£45]), we have
G(0) = (K1Ag Ag — Ka) ™' = Y, > 0.

Hence G(s) + G(—s)” must have full normal rank. Therefore, according to Lemma
24 the system (Z40) is SSNI.

Necessity. If A is Hurwitz, G(s) + G(—s) has full normal rank and the system
(@40Q) is SSNI, then according to Lemma 2.4] there exists a matrix Y = YT > 0
such that B = —AYCT and AY + Y AT < 0.

Letting X = Y ! then X = X7 > 0. Also letting Q = —(AY + Y AT), then
we have Q = Q7 > 0 and XA+ ATX = —XQX < 0. Since B = —AYCT,
we have OB + BTCT = —CAYCT — CYATCT = CQCT. Also, XB — ATCT =
—XAXICT — ATOT = —( XA+ ATX)XICT = XQXXI1CT = XQCT. Since
Q=Q">0,let H:= Q%. Hence H = HT > 0. We have

XA+ATX XB- ATCT LT

BTX —CA —(CB+ BTCT) W
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where L = HX and W = —HCT. (&48]) implies that for any z € R™, y € R? and

v € RP, we have

z
XA+ATX XB - ATCT
[ZT yT ,UT} y
BTX —-CA —(CB+ BTCT)
v
L i
—— 7 7 V] o Low]ly| <0, (4.47)
v
z
z
where equality holds if and only if [L W] y| =0. That is L +Wwv = 0, which
Y

v

is equivalent to H (X ?

— CTU> = 0. Because H > 0, this equation holds if and

Yy
only if
X |7 —cTv=0. (4.48)
Y
X111 Xio . .
Let X = and choose y = 0 and v = —K;2. With C given by (£43),
X1, X
([#48)) becomes
X
; 11 —
Xy + Ky

which holds only if X1,z = 0. Since X = X7 > 0, then X;; = X, > 0. Hence
X112z = 0if and only if z = 0. This implies that with the choice y = 0 and v = —K; z,
strict inequality holds in (£47) for all z # 0. Substituting (£41)-(443) together
with y = 0 and v = —K; z into (£47]), we obtain

ZT(XllAOO + AgOXll)Z <0

for all 2 # 0. This implies that X3 Ao+ Ay X11 < 0. Therefore, Ay is Hurwitz. O

We provide in the following the definition of the minimum phase property, which is

needed in the presentation of the SSNI state feedback equivalence result.

Definition 4.8. (Minimum Phase) [15,[65] A system ({-1) satisfying rank(B) =
rank(C) = p with relative degree vector {1,---,1} is said to be minimum phase if

its zero dynamics z = Agoz are asymptotically stable.

Theorem 4.3. Suppose the system ({.1]) satisfying rank(B) = rank(C) = p is
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minimal. Then the following statements are equivalent:
1. The system has a relative degree vector r = {1,--- 1} and is minimum phase;

2. The system is state feedback equivalent to an SSNI system with realization
(A, B,C), where A is Hurwitz, and the transfer function G(s) :== C(s[—A)"'B
is such that G(s) + G(—s)T has full normal rank.

Proof. The proof from Statement 1 to Statement 2 follows directly from Lemmas
4.8 and [4.9] Note that the minimum phase condition is equivalent to the condition
that Agy is Hurwitz in Lemma [£.9 Now we prove that Condition 2 implies that the
system has a relative degree vector r = {1,---,1}. SSNI systems form a subclass
of all NI systems according to Definition The analysis in the necessity proof
of Theorem [41] also holds for SSNI systems except that strict inequalities hold
for both (£35) and (£30]), where this additional restriction comes from the strict
inequality in Lemma 24l Strict inequality for (£36]) holds only if the zero block
matrix has zero dimension, which is true only if p, = 0. This implies that statement
2 is true only if the original system (1)) with realization (A, B,C) can be output
transformed by a nonsingular matrix 7}, € RP*? into a system with a relative degree
vector 7 = {1,---,1}. According to Definition [L ], that is, the output transformed
system satisfies det((?B) # 0, where C = T,C. Since detT, # 0, we have that
det(CB) # 0. This means that the original system (A1) itself is already in a form

with a relative degree vector r = {1,---,1}. Therefore, according to Lemma 4.8
(#.39) is the normal form of the system (4.I]). The rest of the proof follows directly
from Lemma 0

Remark 4.2. Note that SSNI systems belong to the class of OSNI systems and also
the class of SNI systems (see [29]). Therefore, based on the control objective and
conditions on the systems of interest, we can decide on whether to achieve the SSNI

property or the OSNI property via the use of state feedback control.

4.4 Control of Systems with SNI Uncertainty

One useful application of state feedback equivalence to NI systems is to robustly
stabilize systems for a class of uncertainties. More precisely, for a system having
SNI uncertainty, we can render the nominal closed-loop system NI with the DC gain
condition satisfied when full state measurement is available. A similar controller
synthesis problem is investigated in [3], where the existence of such a state feedback

controller depends on the solvability of a series of LMIs. However, in this chapter,
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A(s) |« A(s) |
w J w Nominal Yy
v u omina
D= Controller Y —>| Closed-Loop [—
j x G(s)
R Nominal
” Plant

Figure 4.1: A feedback control system. The plant uncertainty A(s) is SNI and
satisfies Apaz(A(0)) < . Under some assumptions, we can find a controller such
that the closed-loop transfer function G(s) is NI with G(00) = 0 and Ae.(G(0)) <
1/~. Then the closed-loop system is aymptotically stable.

the LMI conditions in [3] are replaced by some simpler conditions with respect to

the relative degree vector and the weakly minimum phase property.

Consider the uncertain feedback control system in Fig. 5.1l and suppose that full
state feedback is available. Then Theorem [4.1] can be used in order to synthesize a
state feedback controller such that the nominal closed-loop system is NI. Suppose

the state-space model of the uncertain system in Fig. 5.1l is

&= Az + B(u + w), (4.49a)
y = Cuz, (4.49b)
w = A(s)y, (4.49¢)

where x € R", u € RP and y € R? are the state, input and output of the nominal
plant. Here, (£49d) models the uncertainty, and the uncertainty transfer function
A(s) is assumed to be SNI satisfying Apa.(A(0)) < v for some constant y > 0.
Here, since A(s) is SNI, A(0) must be positive semidefinite.

The general idea used to stabilize the system (4.49)) is to choose a control law u such
that the system described by (£49al) and (4.49h) is NI with input w and output y.
Therefore, since A(s) is SNI, the system (4.49) forms a positive feedback intercon-
nection of an NI system and an SNI system, whose equilibrium is asymptotically
stable if the DC gain condition in Corollary 2.1l is satisfied.

Theorem 4.4. Consider the uncertain system (4.49). Suppose the realization
(A, B,C) is minimal with no zero at the origin. If there exists an output trans-
formation y = T,y, where T, € RP*? and detT, # 0, such that the realization
(A,B,T,C) has relative degree less than or equal to two and is weakly minimum
phase, then there exist K, € RP*™ and K,, € RP*P such that the control law

u= K,z + K,w
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stabilizes the system ({{49).

Proof. According to Theorem (1] and its proof, the conditions here imply that the
nominal plant in (£49), described by

T = Az + Bu,
y = Cx,

is state feedback equivalent to an NI system. Suppose the corresponding state

feedback control law is
u= K,x + K,v. (4.50)

Therefore, the nominal plant, described by (4.49al) and (£.49D]), is NI with input w

and output y under the control law
u= K,z + K,w, (4.51)

where
K,=K,—1. (4.52)

Now the system (£.49]) is an interconnection of the nominal closed-loop NI system
and the SNI uncertainty. To stabilize this interconnection, we investigate the DC
gain conditions of Corollary 2.1l As is shown in the proof of Theorem [4.1], the output
transformed system (A, B,T,C) is rendered NI with a transfer function G (s) where
G(s) = C(sI — A)™ B with A, B and C given by (12), (EI3) and (ZI4). We have
that @(oo) = 0. With the state feedback matrices given in the proof of Theorem
4.1l we also have that

G(0)=—CA'B=CcA'AYCT =Y (T = -
3

Y, 0]

where we also use ([A30) and ([£32]). Since the NI state feedback equivalence of the
realization (A, B,C) follows from the NI state feedback equivalence of the output
transformed system (A, B,T,C), using Lemma [£.2] then the nominal closed-loop
system can be rendered to be an NI system whose transfer function is G(s) =

Tyflé(s)Ty*T. Since ), and )5 can be any positive definite matrices, we choose

them to be such that
0 1
Aaa | T ” " < -
0 Vs Y
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Therefore, \..(G(0)) < % Hence, A\pna:(G(0)A(0)) < 1. According to Corollary
211 it now follows that the system (€.49]) is asymptotically stable. This completes
the proof. O

Remark 4.3. In the case that the uncertainty ({4.49d) in the system (4.49) is NI,
we can make the nominal closed-loop system (({.49d) and OSNI using the
results of Theorem[{.Z in order to achieve asymptotic stability (see [27,128] for the
corresponding OSNI stability results).

4.5 Illustrative Example

y ko —
e c

¢ m —]

7 - 0 —

g — M ——
‘? Co___ u
| S .

; |

Uncertainty A(s)

Figure 4.2: The top view of a mass-spring-damper system containing uncertain
parameters. The system consists of three masses, which move rectilinearly on a
frictionless floor. The known parameters are mo = M = lkg, kg = 1N/m and
¢p = ¢ = 1Ns/m while the parameters mA, ka and ca are unknown. A force input
u is applied to the mass M and the displacement of M is measured as y.

In this section, we illustrate our results provided in Section (4.4l using a real-world
control example. As shown in Fig. 4.2] we consider three masses that slide on a
frictionless floor. Mass myq is connected to a wall on its left by a spring ky and a
damper ¢y, and is connected to another mass M on its right by a damper ¢. The
parameters myg, ko, ¢o, M and ¢ are known; i.e., mg = M = lkg, kg = 1N/m and
cp = c¢=1Ns/m. We apply a force u to the mass M and measure its displacement
y. A mass ma is connected to M via a spring ka and ma is connected to the wall
via a damper ca. The parameters ma, ka and ca are unknown. This system can
be regarded as arising in a vehicle suspension system (e.g., see [75]) or a vibration

isolation system.

In Fig.[4.2] the part contained in the dashed rectangle can be regarded as the system
uncertainty A(s). The uncertainty A(s) takes the displacement of M as its input
ua and produces a force output w, which is the force applied to M by the spring

ka. Denoting the displacement of ma by d, we obtain the equation of motion for
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the uncertainty A(s) using Newton’s law as follows
mAd. = k’A(y — d) — CAd.

Letting xa1 = d and xas = Ta1, We obtain a state-space model for the uncertainty
A(s) as:

Tal = Taz, (4.53a)
k c
Tas = — —aal — —Tpg + U, (4.53b)
ma ma ma
w = kASL’Al — kAUA- (4.53C)

Therefore, the transfer function of the uncertainty A(s) given in (53] from input
ua = 9y to output w is
kA

MAS2 + cas + ka

A(s) = ka. (4.54)

Let 2y denote the displacement of my. Using Newton’s law, we obtain the following

dynamic equations for the masses my and M, respectively.

moZo = c(y — Z0) — coto — koZo; (4.55)

Mij=u+w+c(Z—79). (4.56)

Using these two equations of motion, we can derive a state-space model for the
system in Fig. with input « and output y. Letting z; = 29, 1 = y and x5 = 17,
and substituting the values of mg, M, ko, co, ¢ into (4.53]) and (L56]), we have

20 = 21, (4.57a)
2 =— 20— 221 + X9, (4.57Db)
T = To, (4.57¢)
To =21 — X9 + (u+ w), (4.57d)
Y= 1. (4.57e)

This system is a system of the form (4.49al), (4.49b). Hence, the system can be de-
scribed by the left diagram in Fig. [5.1], where (£57) is the nominal plant and (Z53))
is the uncertainty A(s). We aim to apply the NI state feedback equivalence stabi-
lization method in Theorem [£.4] to asymptotically stabilize this uncertain system.

The system (457 is of relative degree two and is minimum phase since its internal
dynamics described by (£57a), (4.57D) is asymptotically stable when zy = 0. We
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first make the system (£57]) NI by following the procedure given after Theorem A1
The system ({L.57) is already in the form of (£). Indeed, the equations (L57al)

and (457D correspond to (AGal). The equations (E57d) and (L.57d) correspond to
(#£6d) and (4.6d)), respectively. Note that in this example, the equation (4.6Dl) is ir-

relavant. For the system (€.57), the corresponding matrices in the normal form (Z.6))
0 1 0
are Ay = [

1 s Ago = |:0 1:|, Agg = 0 and Agg = —1.
Since the matrix Agy is Hurwitz, then according to (A.I8) and (4.20), we construct
the matrix Koo using (L2T]). Since Ao is Hurwitz, we can always find )} such that
3 =2

5 , Ao =0, Agz =

A1 + V1AL, < 0. For example, we choose Y, = [ . Then we have that

-4 3 4 =3
3 -4 -3
([#22]), choose H = [0 O]. Therefore, according to ([A.21]), we have

Agpdr + AL, = —Q = According to

Therefore, Q@ = [

Ky = —Aosyfl = [—1 —1.5] )

The pair (Ag, Ko0) is observable. Now, we construct the matrices Ksy and Ks3 using
([E28) and (29), respectively. Since Ags = 0, we have Koy = —Y; " and Kp3 = —11,
where V3 < 0. Choosing V3 = 1, then we have K9, = —1 and K33 = —0.5. According
to (AI0) and (£50), we construct the state feedback control input as

u=v+ (Ko — Aszp)z + (Koo — Aso)z1 + (Ka3 — Asz)zo
=v+ 1 25|z =21 — 053, (4.58)

T
where z = [zo zl] . According to Theorem ATl the system (457) is made NI
by the control input (£58). Under the control input (A58]), the system (A57) now

becomes

20 = 21, (4.59a)
2= — 29 — 221 + X9, (4.59Db)
1 = T9, (4.59¢)
To=—20— 1.521 — 21 — 0.529 + v + w, (4.59d)
Yy = 1. (4.59)

Let G(s) denote the transfer function of the system (4.59) from v to y. We have

65



Chapter 4. State Feedback Equivalence to Negative Imaginary Systems

that
(s+1)?

OO = T eEd T ase 1 3ms 1 1
It can be verified that G(s) satisfies Definition We aim to let the system (A.57)
have the form of (£359) but with input w instead of v. Then we implement a
controller of the form (LE1]) using ([@52) as described in the proof of Theorem A4l
Based on (£58), we obtain the corresponding control input

u=—zy—2.521 — 11 — 0.529, (4.60)

since in this example K,, = K, — 1 = 0. Now the entire closed-loop system be-
comes the interconnection of G(s) and A(s); ie., y = G(s)w and w = A(s)y.
We have that G(oco) = 0, and A(0) = 0 for any ma, ka and ca. Therefore,
A(G(0)A(0)) =0 < 1. The closed-loop interconnection of G(s) and A(s) is asymp-
totically stable. Hence, the state feedback control input (4.60]) asymptotically sta-
bilizes the system shown in Fig. 4.2 which is described by (457) with w = A(s)y,
where A(s) is given in (L54). This can also be verified via simulation. Since
all of the parameters need to be known in the simulation, we let ma = 0.5kg,

ka = 0.5N/m and ca = 0.1Ns/m. Let the initial state variables of the sys-
T

T

tem (L57) and (A53) be [20(0) z1(0) 21(0) xQ(O)} = [—0.5 1 2 —1| and
T T

xa1(0) xA2<O)] = [1 —1} , respectively. The state trajectories of the uncertain

system shown in Fig,. are shown in Fig. It can be observed that all of the

state variables converge to zero.

4.6 Conclusion

In this chapter, we provide necessary and sufficient conditions under which a system
can be made NI using state feedback control. To be specific, a minimal system
without zeros at the origin is state feedback equivalent to an NI system if and only
if there exists a nonsingular output transformation such that the resulting system
has relative degree less than or equal to two and is weakly minimum phase. We
provide a formula for the construction of such a state feedback controller. The
OSNI and SSNI state feedback equivalence problems are also investigated. Using
the proposed results, we provide an approach for the stabilization of a system with an
SNI uncertainty. The proposed results are then illustrated using a physical system

example.
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State trajectories of the closed-loop uncertain system
2 T T T

20
21
z1
T2

=

TA1
TA2

State variable
y

|
—

1 1 1 1
0 5 10 15 20 25
Time (s)

Figure 4.3: The state trajectory of the closed-loop system corresponding to the
system shown in Fig. @2l which is also described by (A57) and ([A53]). Using the
results in Theorems [Tl and [£.4], we construct the state feedback control input (4.60).
Under the input (4.60), all of the state variables converge to zero. This verifies that
the system in Fig. is asymptotically stabilized by the controller defined in (4.60).
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Chapter 5

State Feedback Equivalence to
Nonlinear Negative Imaginary

Systems

5.1 Introduction

In the previous chapter, the NI state feedback equivalence problem has been investi-
gated for linear systems. Considering the nonlinear nature of most control systems,
this chapter investigates the problem of making nonlinear systems nonlinear NI using
state feedback, in order to provide a method of stabilization for nonlinear systems
of relative degree less than or equal to two. The main contribution of this chapter
is in providing sufficient conditions under which an input-affine system can be ren-
dered nonlinear NI or OSNI. Formulas for the corresponding control laws are also
provided. Roughly speaking, if an input-affine nonlinear system of relative degree
less than or equal to two can be transformed into a normal form (see [66,[76] for a
description of the normal form), then there exists state feedback control such that
the resulting system is NI or OSNI. If, in addition, the internal dynamics of the nor-
mal form are input-to-state stable (ISS), then there exists a state feedback controller
that stabilizes the system. Furthermore, such a system with a nonlinear NI plant
uncertainty can also be stabilized if in addition there exists a storage function for
this system, which is positive definite with respect to a specific subset of the state
variables. These results are presented in Sections £.2], (5.3 and are illustrated
using an example in Section

In Section (.6l we consider the state feedback equivalence problem for a nonlinear
system that is already in a particular normal form. Although the normal form is not

as general as the system considered in Section [5.2] the NI state feedback equivalence
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results in Section is still significant for the following reasons. (i). Many control
applications can still fit into the special normal form in spite of its specialty. (ii).
Necessary and sufficient conditions are provided for the system in Section to be
state feedback equivalent to a nonlinear NI system while only sufficient conditions

are provided for the general input-affine system in Section 5.2

From the technical point of view, the contribution of this work is in providing
an alternative approach to the passivity-based state feedback stabilization results
(e.g., [65]) to overcome their limitations by allowing systems with output entries
of relative degree two. This broadens the class of systems to which nonlinear NI
systems theory is applicable. Although there might be other control approaches that
can achieve closed-loop robust stability for the systems of interest, our approach is
straightforward to follow and easy to understand due to the physical interpretations
of NI systems theory [20]. The contents of this chapter are included in the papers
[77,78].

5.2 State Feedback Equivalence to Nonlinear NI

Systems

Consider the following general input-affine nonlinear system:

Y &= f(z)+g(2)u, (5.1a)
y = h(z), (5.1b)

where x € R"™ is the state, u € RP is a locally integrable input and y € RP is
the output. The function f : R® — R" is globally Lipschitz, g : R® — R™*? and
h : R® — RP. Here, f,h and the columns ¢',---, g? are of class C°°. We suppose
that the vector field f has at least one equilibrium. Then without loss of generality,

we can assume f(0) =0 and h(0) = 0 after a coordinate shift.
Definition 5.1. [76] A multivariable nonlinear system of the form (21) has vector
relative degree {ry,--- ,rm} at a point x° if
1. Lng}hi(ZE) =0 forall k < r;—1, forall1 < i < p and for all x in a
netghbourhood of x°.

2. The p X p matrix
Lo L't~ hy ()
Az) = : (5.2)
Ly Ly hy(z)
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1s nonsingular at x = x°.
Here hi(x) denotes the i-th entry of the vector h(x) € RP.

Definition 5.2. [66/ The system (21) is said to have uniform relative degree

{ry,---,rp} if it has vector relative degree {ry,--- ,7,} at all x € R".

Definition 5.3. [1J] A continuous function « : [0,a) — [0,00) is said to belong to
class IC if it is strictly increasing and «(0) = 0. It is said to belong to class Ky if

a =00 and o(r) — 00 asr — oo.

Definition 5.4. [15] A continuous function B : [0,a) X [0,00) — [0,00) is said to
belong to class KCL if for each fized s, the mapping B(r,s) belongs to class K with
respect to r and for each fixed r, the mapping (r, s) is decreasing with respect to s

and B(r,s) — 0 as s = oc.

Let us consider a nonlinear system of the form (B.I). We aim to use state feedback
control to make it a nonlinear NI system or even a nonlinear OSNI system. One
condition required for the system (5.1)) to be nonlinear NI is that it has relative
degree less than or equal to two, as also shown in Chapter @ Hence, we provide
the following definition of relative degree less than or equal to two for nonlinear

systems.

Definition 5.5. A system of the form ({51 is said to have relative degree less than or
equal to two if it has a vector relative degree r = {ry,--- ,r,}, wherer; € {1,2} for all
1=1,---,p. Without loss of generality, assume the components of the output vector
are sorted such that the components in the vector relative degree are in nondecreasing
order; 1.e., r; =1 fori=1,2,--- ;py andr; =2 fori=p; + 1,p1 +2,--- ,p, where
p1 is the number of ones in the vector relative degree r.

The paper [66] provides conditions for a system with a vector relative degree to have
local and global normal forms. Here, we focus on the specific case that the system

has relative degree less than or equal to two.

Lemma 5.1. (see also [66]) Suppose the system (5.1) has relative degree less than

or equal to two at x = 0. If the distribution

G = span{gl,g2,-~- 7gp} (53)

is involutive, then the system (2.1]) can be described locally around x = 0 by the

following normal form:

S = f(z6), (5.4a)
él = CL1<Z,£) + b1<Z,£)u, (54b>
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& =&, (5.4c)
53 = CL2<Z, é) + 62<Z7 f)u7 (54d>

Ja .
y = LJ (5.4e)

where u and y are still the input and output of the system. The vector [2T &7 is
the new state of the system, where z € R™ (m > 0) and & = [ € €T, The vector
&1 € RPY contains the state vector entries corresponding to the ones in the vector
relative degree. The vector £ € RP? (py := p — p1) contains the state vector entries
corresponding to the twos in the vector relative degree and &3 € RP? is defined as the

derivative of &. Here, f* aq,by,as,by are functions of suitable dimensions. Also,

Lghy(x) Lihy,41(2)
ay(z,§) = : ;o aa(2,6) = : :
Liyhy, (x) Lihy(x)
and
L,hy(x) LyLihy, 41(x)
bi(z,€) = : . bo(z,8) = :
Lyhy, (x) LyLyhy(x)
Hence,

[b1<z7 é) _ A(l‘)

b2(27 5)
as in (2.2) and is nonsingular for (z,£) at (0,0).

Proof. The proof directly follows from Propositions 3.2a and 3.2b in [66] as this
lemma is a special case in which the vector relative degree only contains components
with values one and two. Note that there are differences between the notation used
here and in [66]. O

In the normal form (5.4)), the dynamics described by (5.4al) are called the internal
dynamics of the system. When the output is identically zero, the internal dynam-
ics are called the zero dynamics [15,[66,[76]. In the case of system (5.4]), y being

identically zero implies & = 0. Therefore, the zero dynamics are described by
zZ = f"(z,0).

Lemma 5.2. (see [66]) The system (51)) is globally diffeomorphic to a system having
the normal form (574)) if:
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H1: the system has uniform relative degree less than or equal to two;
H2: the vector fields

Xf=adi'g, 1<i<p, 1<k<n

are complete;
H3: (X!, X[]=0 foralll1<i,j<p.
Here,
L hy ()
f=1f—gA () Lo g=9A (2.
L}Php(x)

Proof. See Corollary 5.6 in [66]. Note that here the non-singularity of A(z) follows
from condition H1, according to Definitions [5.1] and O

bl(zag)

b2 (Z, f)
can be rendered a nonlinear NI system as in Definition [3.1] using the state feedback

Lemma 5.3. Consider the system (5.4)) where [ is nonsingular. Then it

control law

-1 A
Y [bl(z, f)] o ai(z,§) + ( 861’]") (5.5)
by(z, €) as(z, €) + (322—5(52)) NG

where v € RP is the new input, V1(&1) and Va(&) can be any positive semidefinite
functions, and X\ > 0 is a scalar. Moreover, if X > 0, then the resulting system
is a nonlinear OSNI system as per Definition [3.2 with degree of oulput strictness
e = min{1, A\}. The storage function of the nonlinear NI (OSNI) system is

V(z.6) = V() = Vi(6) + Va(6a) + 5876 (5.

Proof. Let v = [vl 117 in (5.H), where v; € RP* and v, € RP2. With the state
feedback control (5.5]), the system (5.4]) now becomes

2= 1"(z6), (5.7a)
& =v — (a%éf”)T, (5.7b)
2 = &3, (5.7¢)
€3 = vy — (a%éfQ))T — A&, (5.7d)
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Y= E;] : (5.7¢)

The nonlinear NI inequality is satisfied for the resulting system with the positive

semidefinite storage function (5.6]), which is shown in the following;:

WV (zE) . V(). IWV(zE . V(). T.
o T on Mo Mo 0TV

P A N N A AR WA
=0+ %, <U1 ( €, ))—l— 96,

il (o () oe) 1 (o () ) -t
— - (o - 2308} (m - (Wa—f))T) g

= — ||l = Al
< —ellgll”, (5.8)

V(Zv g) - va =

£3

where € = min{1,A\}. The system is a nonlinear NI system as per Definition Bl
Moreover, if A > 0, then € > 0. In this case, the system is a nonlinear OSNI system

and € is the degree of output strictness of the system. O

Theorem 5.1. Suppose the system (51]) has relative degree less than or equal to
two at x = 0 and the distribution {5.3) is involutive. Then the system (5.1) can be
rendered a nonlinear NI (OSNI) system locally around x = 0 using the state feedback

control
Ly () (av1_<a>>T
u=A(x)" | v- : - o , (5.9)
"y (222) 1 g
Lf hy(x) 92

where A(x) is defined in (52.2), v € RP is the new input, V1(&) and Va(&2) can be any
positive semidefinite functions, and A > 0 (A > 0) is a scalar. Also, the function
(58) is a storage function for the resulting nonlinear NI (OSNI) system.

Proof. This result directly follows from Lemmas [£.1] and O

Theorem 5.2. Suppose the system (5.1) satisfies H1, H2 and H3. Then the system
(21) can be globally rendered a nonlinear NI (OSNI) system using the state feedback
control (5.9). Also, the function V(z,€) defined in (54) is a storage function for
the resulting nonlinear NI (OSNI) system.

Proof. See the proof of Theorem [B.1] using Lemma instead of Lemma 5.1l [
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Considering Condition 2 in Definition [5.1] a system does not have a vector relative
degree in general. However, for a system without a vector relative degree, sometimes
there exists an output transformation that transforms it into a system with a vector
relative degree. This has also been discussed for linear systems in Chapter @l We
generalize Theorem [5.J] by showing that the result is invariant to a nonsingular
output transformation. The following lemma can be regarded as a nonlinear version
of Lemma [£.2]

Lemma 5.4. A system with output y and input u is a nonlinear NI (OSNI) system
if and only if the system with output y = T,y and input u = Ty_Tu 15 a nonlinear NI

(OSNI) system. Here T, is a nonsingular constant matriz.

Proof. Consider the following equation:
uﬁg = uTTy_lTyg) =uTy.

This implies that the nonlinear NI inequality (3.2)) is satisfied for one of these two
systems if and only if it is satisfied for the other. Also, we have that

191° = 9" T Ty < Avnae (T T) 1911

Therefore, if the system with input « and output y is a nonlinear OSNI system, then

there exists a positive semidefinite storage function V' (z) such that

Viz) < ulo — ellall2 < il — €
() < T = gl S5~ 5

I3711%.
This implies that the system with input @ and output ¥ is also a nonlinear OSNI
system. The sufficiency part can be proved similarly by considering the inverses of

the transformations. O

Lemma 5.5. Consider a system of the form (51) and an output transformation
y = T,y where T,, € RP*P is a nonsingular constant matriz. If there exists a state
feedback control law

u=ky(z)r + ky(x)v,

under which the system with the new input v € RP is a nonlinear NI (OSNI) system,
then the output transformed system; i.e., the system with input w and output y = Ty,
can also be rendered a nonlinear NI (OSNI) system using the state feedback control
law

u=ky(z)r + k‘u(x)Tf'ﬁ,

where v € RP is the new input.
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Proof. According to Lemma [5.5] the system with input v and output y is nonlinear
NI (OSNI) if and only if the system with input v = T, "v and output § = T,y is
nonlinear NI (OSNI). This completes the proof. O

Corollary 5.1. Suppose the system (5.1) can be output transformed into a system

with relative degree less than or equal to two at x = 0 using the output transformation
i =T, (5.10)

where T, € RP*P is a nonsingular constant matriz. Also, suppose the distribution
(2.3) is involutive. Then the system (5.1]) can be rendered a nonlinear NI (OSNI)

system locally around x = 0 using state feedback control.
Proof. The proof follows directly from Theorem [5.1]l and Lemma [5.5 O

Corollary 5.2. Suppose the system (51 can be output transformed into a system
satisfying H1, H2 and H3 using the output transformation (2.10). Then the system
(21) can be globally rendered a nonlinear NI (OSNI) system using state feedback

control.
Proof. The proof follows directly from Theorem and Lemma [5.5] O

Remark 5.1. In the state feedback control law (5.9) applied in Theorems[5.1 and
and Corollaries[51] and[2.2, the only choice of A that makes the resulting system
nonlinear NI but not nonlinear OSNI is A = 0. Since full state feedback is available,
we can simply choose A > 0 and render the system a nonlinear OSNI system in
order to obtain more strictness. This strictness is helpful in the stabilization of the

system.

5.3 Stabilization of systems having relative de-

gree less than or equal to two

The motivation and objective for addressing the problem of state feedback equiva-
lence to nonlinear NI systems is to stabilize systems that have relative degree less
than or equal to two. Based on the dissipativity property of nonlinear NI systems,
in the case that a system can be made NI, we can attempt to stabilize it if some
additional conditions are satisfied. To be specific, consider the system (G.1]). If it is
rendered a nonlinear OSNI system with a storage function which is positive definite
with respect to &, then according to the dissipation inequality (3.4)), giving zero

input to the system will result the boundedness of the state £. Indeed, as will be
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shown later, the state £ will converge to zero under zero input. Given the stability
of the state &, we consider the question of what additional conditions are needed in
order to make the state z also stable. First, we need to provide several definitions

regarding to the internal dynamics in the normal form of a nonlinear system.

Definition 5.6. [65,[76] A nonlinear system which has a normal form is said to
be (globally) minimum phase if its zero dynamics have a (globally) asymptotically

stable equilibrium at the origin.

In the case of system (5.4]), the minimum phase property guarantees that when
¢ =0, if z is finite, it will also converge to zero. In other words, if we view the state
¢ as the input to the internal dynamics Z = f*(z,§), then (globally) minimum phase
property implies that the internal dynamics are (globally) asymptotically stable with
zero input, namely 0-AS (0-GAS) for short. However, examples in [I5,[79,80] show
that for systems that are 0-AS (0-GAS), its state may diverge under a bounded input
that converges to zero. This phenomena motivated the concept of input-to-state
stability (ISS) [79,80]. As is discussed in [81], the asymptotic stability of the zero
dynamics is sometimes insufficient for control design purposes until it is combined
with the ISS property of the internal dynamics. This is a common requirement (see
for example [82]). Let us now recall the definitions of ISS and locally ISS (LISS)

systems.

To avoid introducing new system models, let us consider the system of the form

(54al). Let us rewrite it in the following as a seperate system:

5= (20, (5.11)

where ¢ acts as the input to this system.

Definition 5.7. [15,[76,79,[80,[83] The system (211) is said to be input-to-state
stable (1SS) if there exist a class KL function B and a class K function v such that
for any initial state z(ty) and any bounded input (t), the solution z(t) exists for all
t >ty and satisfies

21 < B(l=(o)ll, t = to) +7( sup ||§(T)||) : (5.12)

to<t<t
Definition 5.8 (Locally Input-to-State Stability). [84] The system (211) is said
to be locally input-to-state stable (LISS) if there ezist a class KL function B, a class
IC function v and constants p,,pe > 0 such that for any initial state z(ty) with

|2(to)|| < p= and any bounded input &(t) with sup, <., |£(7)]| < pe for all t > 1,
the solution z(t) exists and satisfies (Z12) for all t > t,.
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Lemma 5.6. [15,[83] Suppose the system (511)) is ISS. If £(t) — 0 ast — oo, so
does z(t).

Proof. (See also Exercise 4.58 in [15] and its solution manual). We show that for
any € > 0, there exists a T" > 0 such that ||z(t)|| < €, V¢ > T. Since 7 is a class
KC function, then given € > 0, there exists €¢; > 0 such that v(e;) < 5. Since
limy 00 £(t) = 0, given € there is a T} > 0 such that ||£(t)]] < € for ¢t > T. Take

ty > T;. Then for t > t;, we have

Iz < BUE)E =) + 7 (1) < Blet =) + g

where ¢ = ||z(t1)]| is a constant. Since  is a class KL function and ||z(¢1)|| is
bounded, then ||5(c,t —t1)|]] — 0 as t — 0. There exists a 75 > 0 such that
1B(c,t —t1)|| < 5, for all t > T5. Thus,

lz(t)]| <€Vt >T =max{T, 1>},

which shows that lim; ., z(¢) — 0. O

Lemma 5.7. [15/83] If the system (5.11) is LISS, then there exist constants p, pe >
0 such that for any initial state z(to) with ||z(to)]| < p. and any bounded input &(t)
With SUpy, <, <o 1§(7)]] < pe and £(t) — 0 as t — oo, we have z(t) — 0 as t — oo,

Proof. Suppose the system is LISS, then there exist p, and p, such that for any initial
state z(to) with |[z(%o)|| < p. and any bounded input u(t) with sup, ., < [[£(7)[| < p¢
for all ¢ > to, we have that z(t) exists and satisfies (512]). Considering that v is a
class K function, then there exists pe < pe such that

Pz

v (pe) < bR

Also, considering (3 is a class KL function, there exists p, < p, such that

- Jon

Let ||z(to)[| < p- and supy, <, [|£(7)]| < pe. According to the LISS property, for
all t > to, 2(t) exists and satisfies

Iz < Bl=(to)l, ¢ = to) +7( sup |!§(T)H)

to<7<

< B(7.,0) +7 (7)< ..
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Since ||z(t)|]] < p., the property in (B.I2]) still holds if ¢, is substituted by any
t1 > to. The rest of the proof follows as in the proof of Lemma [5.6] using Definition
(.8 instead of Definition B.7] O

As is proved in [84], ISS implies 0-GAS and LISS implies 0-AS. We now introduce a
new version of the (global) minimum phase property in the following, in which the
0-AS (0-GAS) requirement is replaced by an LISS (ISS) requirement. Hence, the
new definition is stricter than Definition

Definition 5.9. A system is said to be (globally) strictly minimum phase if its

internal dynamics of the form
i=f"(z¢)
are LISS (ISS) with respect to €.

Theorem 5.3. After possible output transformation (2.10), suppose the system (2.1])
satisfies the following:

1. It has relative degree less than or equal to two at x = 0.
2. The distribution ([5.3) is involutive.
3. The system (2.1 is strictly minimum phase around x = 0.

Then the system (2.1 can be locally asymptotically stabilized using the state feedback

control law

L}I h1<SL’) <3V1(§1)>T
= —A(z)™! : 2% 5.13
u (2) : <8V2(§2)>T el | (5.13)
L;”hp(a:) 082 3

where A(z) is defined in (2.2), Vi(&1) and Va(&2) can be any positive definite func-

tions, and A > 0 is a scalar.

Proof. Note that the functions V(&) and V5(&) are now positive definite. Under
the state feedback (B5.13), the system becomes the system (5.7) but with v = 0. We
define the storage function V(€) of this system to be the same as that in (5.6) but
with V4 (&) and V(&) positive definite. Therefore, V(€) is positive definite. The
inequality (B5.8]) implies that .

V() < —ellgll*,

where € > 0. This means that 17(5 ) = 0 is only possible if y = 0. This implies that
& =0, & = 0 and therefore & = 0. According to (5.7D) and (5.Zd) and considering
that v = 0, this is only possible if 8\2_6(151) = 0 and 8‘2—5(252) = 0. Since V;(&;) and
Va(&2) can be any positive definite functions, then we can choose V(&) and V(&)
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such that ‘Wal—g(fl) = 0 only at & = 0 and 8‘2—5(52) = 0 only at & = 0. For example, a
suitable choice is V(&) = 3£7¢& and Vo(&) = 2¢7¢. Therefore, with these V(&)
and V5(&>) used in the state feedback, y = 0 only at £ = 0. Otherwise, \7(5 ) cannot
remain zero and ‘7(@ will keep decreasing until £ = 0. In both cases, & — 0 as
t — o0o. Since the system is strictly minimum phase, then the internal dynamics
(5.7a) are LISS. According to Lemma [5.7], z will also converge to 0. Therefore, the

system is asymptotically stabilized locally around z = 0. O

Remark 5.2. In Theorem[5.3, if the strictly minimum phase requirement in Condi-
tion (111) is replaced by the standard global minimum phase requirement as defined in
Definition 5.6, then Theorem[5.3 still holds. This is because 0-GAS implies LISS as
is proved in [8]], and hence global minimum phase implies strictly minimum phase.
Reference [8])] includes many equivalences and implications between different stabil-
ity properties. Here, we only use one of these equivalent properties as a requirement

in our stability result.

Theorem 5.4. After possible output transformation (5.10), suppose the system (2.1)
satisfies H1, H2 and H3. Also, suppose the system (51l) is globally strictly min-

imum phase. Then the system (51]) can be globally asymptotically stabilized using
the state feedback ([5.13).

Proof. See the proof of Theorem [£.3], using Lemmas and instead of Lemmas
B and 5.7 for a global result. O

5.4 Controller Synthesis for a system with non-

linear NI Uncertainty

Suppose a system of the form (G5 has uncertainty that can be modelled as a

nonlinear NI system. Denote the uncertainty by H.. The system model of H, is

H.: .= fo(xe ue), (5.14a)
Ye = he(xe), (5.14b)

where z. € R" is the state, u. € R? is a locally integrable input, and y. € R? is the
output, f.: R x RP — R" is a Lipschitz continuous function and A, : R" — RP
is a class C! function. Suppose the system has at least one equilibrium. Then
without loss of generality, we can assume f.(0,0) = 0 and h.(0) = 0 after a possible

coordinate shift.
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H, < H,
w w . Y
v u J Nominal
D= Controller Y Closed-Loop
. ;
o Nominal
” Plant X

Figure 5.1: A feedback control system. The nominal plant ¥ has a plant uncertainty
H., which can be described as a nonlinear NI system. Under suitable assumptions,
we can find a state feedback control input such that the resulting closed-loop system
is guaranteed to be asymptotically stable.

When full state information is available, we aim to stabilize the uncertain system
using a state feedback controller as shown in the left-hand side (LHS) of Fig. 5.1l

The interconnection can be described by the following equations:

&= f(x) +g(z)(u+w), (5.15a)
y = h(z), (5.15Db)
o = fo(te, ue), (5.15¢)
Yo = he(we), (5.15d)
w = Ye, (5.15¢)
Ue = (5.15¢f)

Theorem 5.5. Suppose the nominal plant 2 of the form (21) is strictly minimum
phase and has relative degree less than or equal to two around x = 0 and the dis-
tribution (2.3) is involutive. Let & = [yf .-yl 1" and & = [y} 11, -+ yt|" denote
the vectors containing the output entries corresponding to the ones and twos in the
vector relative degree, respectively. Let &5 = &. Suppose that the systems (5-17)) is
nonlinear NI with storage function V.(z.). If there exist positive definite functions

Vi(&1) and Va(&s) such that the function defined as

&1

2

W(E ) = Vi) + Va(6a) + 5E565 + Vilee) — helo)” [ ] (5.16)

is positive definite, then the system (2.11) is locally asymptotically stabilized by the
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state feedback control law

L;lhl(x) (3V1(§1))T
. 061

: T fovaien”
. Ma(&) )" 4 )
L7 hy(x) (752) +2e

where A(x) is defined in (3.2), w € RP is the output of the uncertainty H., and X is

a positive scalar.

u=(Ax)" = w—A(z)™ . (b.17)

Proof. With the state feedback control (5.17), the nominal plant (5.15al), (5.15D)
now becomes the nominal closed-loop system H,, as shown on the right-hand side
(RHS) of Fig. 5.1l The system H,, has a normal form similar to (5.7)), where v; and
vy are replaced by w; and ws, respectively. w = [wl wl]?. According to Theorem

[£.11 the system H, is a nonlinear OSNI system with the storage function

V(. = V(6) = Vil6) + Va(6) + 3636,

which is positive semidefinite because V(z,§) = W(&,0). This storage function
satisfies the nonlinear OSNI inequality:

V(z,&) < w'y — €|y,

where € > 0 quantifies the output strictness of the system. For the interconnection
of the nonlinear OSNI system H,, and the nonlinear NI system H, that is shown on
the RHS of Fig. 5.1l we use the function (5.16) as a Lyapunov function. Since H. is

a nonlinear NI uncertainty with storage function V.(xz.), we have that
Velwe) < g

according to Definition B.Jl We show in the following that the stability of this
interconnection is guaranteed according to Lyapunov’s stability theorem. We have
that

W(ga xc) = V(Z,f) + ‘/;(xc) - hc(xc)T [é:] - hc(xc)T [é:]

< W'y = ellgl? + ulhe(w) = helr)” H ~ he()" H
3 &

=—€[lylI* <0,

where the equality also uses (G.15D), (B.15d), (GI5€) and (B.I15f). Therefore,
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W(y,a:Q) = 0 is only possible if y = 0. In this case, él = 0 and 52 = 0. This
implies that &, & remain constant and &3 = 0. Also, according to (5.7D]) and (5.7d),

T T
we have that w; = (6\/81_6(151)> and wy = (avg—g(252)> , which now both remain constant.

Considering the setting (B.15€) of the interconnection, the output . of the nonlinear
NI uncertainty H. now remains constant. For the nonlinear NI uncertainty H.,, its

input u. = y and output y. = w both remain constant. Moreover, given constant in-

put [€F €17 to the system H,, we get constant output [mg—g(fl) 8\;)2_6(252)]T

the following that this situation can be avoided. Suppose steady-state input-output

. We prove in

relationship of the uncertainty H, is described by some function § = k(u), where 7
and u are the constant output and input respectively in steady state. Then we can
always add additional positive definite functions to V;(&;) and V2(&2) such that the

curve of [avl—(fl) 5‘/2_(52)]T

g6~ —ae, ) intersects with the curve of r( S ) only at the origin. That

2
is, the entire closed-loop system cannot remain in a steady state unless y = 0. Note

that this will not affect the positive definiteness of W (¢, z.) because we are adding
positive definite functions to V;(&1) and V5(&s). Otherwise if y does not identically
remain zero, W(f ,T.) cannot remain zero. It will keep decreasing until y = 0 and
. = 0. This means that eventually & — 0. Since X is strictly minimum phase, z
will also converge to zero. Therefore, the closed-loop system as described in (5.15])

is asymptotically stabilized locally around x = 0. O

Theorem 5.6. Suppose the nominal plant 3 of the form (&1l) is globally strictly
manimum phase and satisfies H1, H2 and H3. Let & = [y],---y) |" and & =
[?/gﬁh e ,y;;r]T denote the vectors containing the output entries corresponding to
the ones and twos in the vector relative degree, respectively. Let &3 = ég. Suppose
that the system (5.14)) is nonlinear NI with storage function V.(x.). If there exist
positive definite functions V1(&1) and Va(&2) such that the function (2.16) is positive
definite, then the system ([513) is globally robustly stabilized by the state feedback

control (5.17).

Proof. See the proof of Theorem [5.5] using Lemmas and instead of Lemmas
b1 and B.7. O

5.5 Illustrative Example

In this section, we illustrate the stabilization process for a system with nonlinear NI
uncertainty. We show that if the conditions in Theorems and are satisfied
by choosing a suitable state feedback, the uncertain system can be asymptotically
stabilized.
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As the conditions for the existence of normal forms provided in Lemma [E.1] and
are not the main focus of this work, we investigate an uncertain system whose
nominal plant is already in its normal form. Consider an uncertain system as shown

in the LHS of Fig. 51l Suppose the nominal plant ¥ has the state-space model:

Y i= —z-224€ (5.18a)
& = sinz+ (u +wy), (5.18Db)
& =&, (5.18¢)
& =84+ + &+ (uz+w), (5.18d)
3!
= ) 5.18
Yy L2 (5.18e)

where © = [z & & &]T, u = [u; us)T and y = [§; &]T are the state, nominal input
and output of the system, respectively. Also, w = [w; wy]? is the output of the
plant uncertainty. The sum of the nominal input and the uncertainty output; i.e.,
u+w, acts as the actual input of the system (L.I8]). Here z, &5, &2, &3, ug, U, wy, we €
R. This system is globally strictly minimum phase because the internal dynamics
(E.I8al) are ISS with respect to the state £ (see for example [I5, Theorem 4.19], using
the Lyapunov function V(z) = 2?%).

Suppose the plant uncertainty is a nonlinear NI system and has the model:

Teg = — Tep + Ucl, (519&)

jﬁ'cg = — 1’32 -+ U2, (519b)

Yo = [“] , (5.19¢)
T2

where 7, = (1 7|7, e = [te uw]? and y, = v, 7] are the state, input and
output of the system, respectively. Here, x.1, Zco, U1, ez € R. The system (5.19) is

nonlinear NI with the positive definite storage function

1 1
Ve(xe) = 53731 + Zﬂfgza
which satisfies the nonlinear NI property

V(z) < ulye.

The interconnection between the nominal plant (5.I8) and the plant uncertainty, as

83



Chapter 5. State Feedback Equivalence to Nonlinear Negative Imaginary Systems

shown in Fig. B5.1], is
u.=y; and w =y, (5.20)

We choose positive definite functions V;(&;) and V5(&2) to be

Vi6) =€ and V(&) = €5,

which makes the storage function of the entire system, constructed using the formula
(5.16]), positive definite. The storage function is

4 1 1 1
W (& x) =€+ + 553 + 556’31 + 13732 — &1 — §2T . (5.21)

The corresponding state feedback control input, according to (5.17), is

sin z + 2&;

1 . 5.22
&1+ &+ 365 + 263 522)

U= —

We show in the following that this state feedback control law stabilizes the system.
Under the state feedback (£.22]), the nominal plant (5.I8]) now becomes the nominal
closed-loop system H,,, as shown in the RHS of Fig. 5.1l It has the following system

model

Hy: i=—-z2-2+¢, (5.23a)
&1 =—26 +wy, (5.23b)
& = &, (5.23¢)
€3 =— %é — &3+ wo, (5.23d)
&
— 5. 5.23
y LJ (5.23¢)

Using Lyapunov’s direct method, the time derivative of the storage function (5.21])

1S

W(E xe) = — BE2 + 66120y — 222 — €2 — 28 + 223,6, — €2

=—l9II° = (& = va)?® = (&2 — 2)°
< 0. (5.24)

It can observed from (5.24)) that W (¢, z,) = 0 only if § = 0, &, = 2.4 and & = 23,
1 1

This implies that 2§, = w; = x4 = & = 0 and %f; = Wy = Teo = & = 0,

where (5.20) and (5.23D)-(5.23€) are also used. This implies that W (¢, z..) will keep
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decreasing until £ = 0 and ., = 0. According to Lemma [5.6] z will also converge to
zero. We also simulate this uncertain system under the state feedback (5.22]). Let
the initial state of the nominal plant (5I8) be z(0) = [2(0) &(0) &(0) &(0)]F =
[10, 3, =5, 7]T and the initial state of the plant uncertainty (5.I9) be x.(0) =
[21(0) z2(0)]T =[-8, 2]T. Fig. shows the state trajectories of the nominal
closed-loop system H,; i.e., the nominal plant (5.18]) under the state feedback (5.22]).
Despite the presence of the nonlinear NI uncertainty H. as described by (£.19), the

plant states still converge to zero.

State Trajectories of the Nominal Plant

10
z
— =g
&2
p — — &
51\ .
% \
= \
e
-5 1 L
0 ) 10 15

Time (s)

Figure 5.2: State trajectories of the uncertain system (5.I8) under the state feedback
control (5.22)) constructed according to Theorem Starting from nonzero initial
values, the states of the nominal closed-loop system converge to zero, despite the
presence of a nonlinear NI plant uncertainty (5.19]).
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5.6 NI State Feedback Equivalence for a Class of

Nonlinear Systems

In this section, we provide the necessary and sufficient conditions for the following
special normal form to be state feedback equivalent to a nonlinear NI system with

a positive definite storage function.

z2=Anz+p(y), (5.25a)
& = uy, (5.25b)
& =&, (5.25¢)
& = ua, (5.25d)
&1
— |5 5.25
Y [ J (5.25¢)

T
where u = [ulT ug] € RY is the system input, y € R? is the system output and

T
[zT f] is the system state. Here, z € R™ is a complementary state variable.

£ = [ng T §3T}T, where & € R™ and &,&3 € R2 (¢ :=q—q1). p(0) = 0. Due to
the complexity of nonlinear systems and the fact that NI systems can have relative
degree two, only sufficient conditions are derived for the input-affine system (G5.1I) to
be made nonlinear NI using state feedback control. However, for the special normal
form (5.28), we can provide necessary and sufficient conditions. Also, we aim to not
only make a system nonlinear NI but also let the resulting system have a positive
definite storage function. The motivation for guaranteeing the positive definiteness
of the storage function of the resulting system is to make it easy to construct a posi-
tive definite closed-loop Lyapunov function for feedback controller synthesis (see for
example [I5] for Lyapunov’s direct method). Many passivity feedback equivalence
results also require the positive definiteness of the storage function of the resulting
systems in order to achieve stability (see for example [65]). With the help of a posi-
tive definite storage function for the resulting closed-loop system, the ISS condition
required in Section [B.3] is no longer required. The trade-off, on the other hand, is
that internal dynamics (see [I5L166,76] for internal dynamics) of the original system
in question should have a constrained nonlinearity. From a different perspective, the
results presented in this section can be regarded as a generalization for the NI state
feedback equivalence results provided in Chapter [ in the case that the system (4.1)

is already in its normal form.

Besides the necessary and sufficient conditions under which the system (5.25)) is state
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feedback equivalent to a nonlinear NI system or a nonlinear OSNI system, formulas
for the corresponding state feedback controllers are also provided. In the case that
the system (5.25]) has a nonlinear OSNI uncertainty, the NI state feedback equiva-
lence results can be applied to achieve stablization. The process of making a system
nonlinear NI and stabilizing it against nonlinear OSNI uncertainty is illustrated in

a numerical example.

5.6.1 State Feedback Equivalence

First, let us provide the definition for state feedback equivalence to a nonlinear NI

system with positive definition storage function.

Definition 5.10. A system of the form (5.23) is said to be state feedback equivalent
to a nonlinear NI (OSNI) system with a positive definite storage function if there

exists a state feedback control law
u=k(z)+wv, (5.26)

where v € R? is the new input, such that the system with the input v and the output

y is a nonlinear NI (OSNI) system with a positive definite storage function.

In the case of system (5.25), it is said to be weakly minimum phase if Aq; is Lya-
punov stable (see [I5L66,76]). We provide necessary and sufficient conditions for the

nonlinear NI state feedback equivalence of the system (5.25]).
Theorem 5.7. Suppose the system (2.23) satisfies det Ay # 0. Then the following

statements are equivalent:
1. Ay 1s Lyapunov stable.

2. The system ([(5.27) is state feedback equivalent to a nonlinear NI system with

a positive definite storage function.

3. The system (2.21) is state feedback equivalent to a nonlinear OSNI system with

a positive definite storage function.

Proof. Statement 1 implies Statements 2 & 3. Given that Z = A2 is Lya-
punov stable, there exists a storage function Vj(z) > 0 under which for any z we

have that (see [15])
OVi(2)
0z

Auz S 0. (527)

Let us define a function V(z,¢) as
1
V(z,§) = Vila) + Valy) + 55:{53, (5.28)
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where Vi (+) satisfies (5.27)) and V5(y) can be any class C! positive definite function.

Here, a new vector « is defined as
a=z+ Ag'p(y). (5.29)

In this case, V(z, &) is a positive definite function. Consider the following inequality,
which will be used later. According to (5.27)), we have that

Vv (z,§)
0z

Anz+ o)) = 25 a0

oV,
_ 5(20‘);111(1 <0. (5.30)

Let us consider the following change of input. We change the input entries u; to be

o <ava(;,§))T7 (5.31)

and we change the input entries uy to be

T
U9 = Vg — <%§2’§)) - )\gg, (532)

where A > 0 is an arbitrary constant. Here, v; € R? and v, € R%?, and v =
T

[UIT ol } is the new system input. The resulting new system has the model:

Z2=Anz+py), (5.33a)
T
€ = — <8Va(§1’ 5)) , (5.33)
& = &, (5.33¢)
T
€y = vy — <8Va(;’ 5)) S (5.334)
&
= . 5.33
§2] (5.33¢)

Now, let us verify the nonlinear NI property of the new system (533]). We have that

V(Zv g) - va

N7 LT

S gy + T+ e TS gt
ov : ov .oV .

<= (-t e- (1Tt e e
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T aV(z,f) 8V<Z,£) ! T 8V(Z,£)
S‘(vl T o ) (‘( o6 ) )‘( T )&‘”
T
+& <U2 - (%ZO) - )\€3>

— (o - 29) - (229)) et

= — [[&all* = Alléa]?
< —elly]”
0,

IA

where € = min{1, A\}. For all A > 0, the new system is nonlinear NI. For A > 0, we
have that e > 0. Hence, the new system is nonlinear OSNI. Note that Statement 2

implies Statement 3 since nonlinear OSNI systems are also nonlinear NI systems.

Statement 3 implies Statement 1. Note that nonlinear OSNI systems belong to
the class of nonlinear NI systems. Therefore, suppose the system is state feedback
equivalent to an NI system with a positive definite storage function. This implies

that there is a state feedback control law
y — Uy _ kfl(zag) + v
U2 /{;2(,2 € ) + Vo

such that the resulting system

I

2= Anz+py),
él =+ kl(’zvg)u

&=,
& = vy + ka(2,€),
. [51

3

T
with the new input v = [vlT vl } is a nonlinear NI system with a positive definite

storage function V(z,£) that satisfies

oV ov :
éz,£)2+ é‘?£>§ < o7y, (5.34)

Choose v such that y stays identically at zero. In this case, £ = 0, £ = 0 and
p(y) = p(0) = 0. Then V(z,0), which is a positive definite storage function of z,
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shows the Lyapunov stability of the system Z = Aj;z according to (B.34]). O

Remark 5.3. The system considered in Theorem [5.7 is in normal form where a

change of input is already applied. A more general version of the normal form is

Z=Anz+ply), (5.35a)
51 = j1(2,§)+l1(2’,§)a1, (535b)
& =&, (5.35¢)
53 = j2(2,§)+12(2,§)ﬂ2, (535d)
&1
= , 5.35
y LJ (5.35¢)
ll (Zv g) . . . . .
where by(2.€) is nonsingular for all (z,£) in the region of interest, e.g., near the
2\~

equilibrium point (0,0) or globally. Then, the system (2.33) can be transformed into
the form (2.23) using the following change of input:

H _ [h(z,@] B [m i §)]
Uy lr(2,€) uy — ja(2,6)|

1s the new input.
Uz

Uy
where u = [

Remark 5.4. Although the form (5.23) is not as general as the input-affine system
(21) in Section[2.2, it still includes many control applications. If we consider the
potential state, input and output transformations operated before achieving the nor-
mal form (2.21), then a larger set of systems are included. The constraints in the
normal form [L28) exist in the internal dynamics only. Indeed, the constraints are
automatically satisfied if the system is linear. Also, the constraints do not rule out

any system with zero dimensional internal dynamics; i.e., m = 0.

5.6.2 Stabilization of Uncertain Systems with nonlinear

OSNI uncertainties

Consider a system X of the form (5.28) having a system uncertainty H, that can
be described as a nonlinear OSNI system. We show in the following that such
an uncertain system can be asymptotically stabilized using a state feedback con-
troller, as shown on the LHS of Fig. 5.3l that makes the nominal closed-loop system
nonlinear OSNI. Suppose the uncertainty H, can be described by the following
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H, [« H,
w Yy
X Nominal — v Nominal 4
& —
A Plant X — Closed-Loop
U x Hyp
Controller |«

Figure 5.3: A feedback control system. The plant uncertainty H, is a nonlinear
OSNT system. Under some assumptions, we can find a state feedback controller
such that the closed-loop system is asymptotically stable.

equations:

Ho : jjo = f0<x07u0)7
Yo = ha<x0)7

where z, € R™ is the state, u, € R? is the input, and y, € R? is the output,
fo : R xR? — R" is a Lipschitz continuous function and h, : R™ — R? is a class
C! function. Suppose the system has at least one equilibrium. Then without loss

of generality, we can assume f,(0,0) = 0 and h,(0) = 0 after a possible coordinate

shift.

The closed-loop interconnection of the nominal plant ¥ and the uncertainty H, can

be described as follows:

z=Anz+ply), (5.36a)
& = (uy +wr), (5.36b)
o = &, (5.36¢)
€5 = (uy + wy), (5.36d)
&1

Y= LJ , (5.36e)
To = folTo, o), (5.36f)
Yo = ho(Ts), (5.36g)
W= Yo, (5.36h)
Uy =Y, (5.361)

where w; contains the first ¢; entries of the output w of the uncertainty H, and ws

w
contains the rest of the output entries; i.e., w = [ 1] )
W2
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Theorem 5.8. Consider the interconnection of the uncertain system Y and the
system uncertainty H, as described by (5.36) and shown in Fig. [.3.  Suppose
det Ayy # 0 and Ay is Lyapunov stable. Also, suppose the system H, is OSNI
with the storage function V,(x,). If the function, given by

2
with V(z,€) defined in (2.28), is positive definite, then the system (2.30) is asymp-
totically stabilized by the state feedback control laws

u = — (%ZO)T, (5.38)

and

(V9N

where A > 0 is a scalar.

Proof. After applying the state feedback control laws (5.38) and (5.39), the nominal
plant 3 becomes the nominal closed-loop system H,,, which is shown on the RHS of
Fig. The input of the system #, is the output w of the uncertainty H,. As is
shown in Section 5.7, under the control laws (5.38)) and (5.39), the resulting nominal
closed-loop system H,, is a nonlinear OSNI system with input w. The corresponding

positive definite storage function V' (z, £) satisfies
V(&) <w'y — el

where ¢ = min{1, A\}, as is shown in the proof of Theorem 0.7l Also, because H,, is

also a nonlinear OSNI system, its storage function V,(x,) satisfies

Vo(20) < uljs — €6

= y'w — e[,

where the equality also uses the equations (5.36h) and (5.361). Here, the scalar
¢, > 0 quantifies the level of output strictness in H,. Now, we use Lyapunov’s
direct method to prove the stability of the interconnection shown on the RHS of
Fig. 5.3l Let us consider W(z,&, x,) given in (5.37) as the storage function of the
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interconnection. Taking the time derivative of W (z, &, z,), we have

W (z,€,) = V(2,€) + V(wg) = hol)" H — ho ()" H

L . . . 3 3
< w'y —€ellgl)* + ulvo — e l¥oll* = ho(zs)" [ o= he(a) |

=w'y —elygl® +y" i — e [0]]* —wy —w'y
= — ellyl* — €]

<0. (5.40)

We have that W (z, &, x,) < 0 and W(z, &, 2,) = 0 only if § = 0 and w = 0. We
apply LaSalle’s invariance principal in the following. Observing (5.40), it is possible
for W (z, €, x,) to remain at zero only if = 0 and 1 = 0 hold over a time interval
[ta,tp] with t, < t; ie.,, y = 0 and w = 0. And y = 0 implies that él = 0 and
€ = & = 0. Consider (B33), with vy and v, replaced by w; and ws, respectively.

We have that
oV (z, 5))?
0&; ’

T
=0 = wy = (LV&)ZO) )

Also, since w = 0, the system H,, is in steady state. That is, given constant input

5150:>w15<

¢ (avcz,g))T
u = [ 1], the system H, also has constant output y, = a\f(&g) 1. Consider
: (%5&2)

&

that
v\ T T T T
("52) | _ (ave0\" _ (om@)\" |, (9
( OV (2,6) ) T Oy Dy Dy ’
0&2
T
which is a function of z and y. Also, since ¢y = 0, we have that ((W;—y(y)) is constant.

Therefore, the term

WVi(a) _9Vi(a) O 9Vi(a) (32 - 5’1?(@/))

y Oa 8_y_ oo 8_y 9y

must be constant. Since y is constant, then z must also be constant; i.e., 2 =0. We
prove in the following that under the situation that ¥ = 0 and Z = 0, we also have
z =0 and £ = 0 if a suitable V5(y) is chosen. Suppose the steady state input-output

relation of the system H, can be described by some function § = x(u), where 7
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and u are the constant output and input in steady state, respectively. Then we

can always add additional positive definite function Va(y) to W(z, €, z,) such that
IV (2,8)

T
the curve of <ava(£zl £)> r| intersects with x( F;] ) only at the origin. In this case,
(*56%)
the interconnection shown on the RHS of Fig. cannot remain in steady state
unless & = 0 and & = 0. Therefore, & = fg = 0 and y = 0. This implies that
p(y) = p(0) =0 and 2 = A;2. Since Z = 0, we have that z = A;'2 = 0. Therefore,
in the case that y and w are zero, the system state is already at the origin. Otherwise,
W(z,&,z,) will keep decreasing until z, &, z, all become zero. This completes the

proof. O

5.6.3 Example

We illustrate the process of making a system of the form (5.25]) nonlinear NI with a

positive definite storage function using state feedback control. Consider the following

system:

F= —z+ £, (5.41a)

&1 = uy, (5.41b)

& = &, (5.41c)

& = ua, (5.41d)
&

= . 5.41

N ene

T
where © = [ul uQ] € R? is the system input, y € R? is the system output and

[z & & §3]T is the system state. Here, z, &, &, &3, up, us € R. The correspond-
ing A;; matrix is —1. According to Theorem [B.7] the system is state feedback
equivalent to a nonlinear NI (OSNI) system with a positive definite storage func-
tion. We show in the following the corresponding state feedback control and we

prove that the resulting system is nonlinear NI. We construct
Vi(a) = o?,

where « is defined as
a=z+AFES =2 — 6,
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according to (5:29). We also construct
Valy) =& +8.
Therefore, the function V(z,£) as given in (5.28)) is
V(8= -8y +& +8+58 = #-2ga g e + 8438 G4)

We apply the control laws

oV T 41
w=u- () —urnaa-gg-gd. G
and
T
s — v — (%;Q) LN = w4 2262 — 206, — 2%, — &, (5.44)

T
where v = [vl 'U2i| is the new input. We choose A = 1 in (5.44]). The resulting

system now becomes

Z= —z+ &, (5.45a)
51 = vy + 42685 — 4519’53 - 251%7 (5.45D)
& =&, (5.45¢)
53 = V2 + 22{% — 2&;15’2 — 262 — 53, (545d)

&1
= . 5.45
y [ 52 (5.45e)

We prove that this system is nonlinear NI (OSNI) with the positive definite storage
function (5.42)). Taking the derivative of V(z,¢), we get

V(2,6
= 228 — 23616 — 426,66 — 22676 + AGGE + 2666 + %51%5'1 + 26560 + &8s
= (22 — 26]&)% + (46765 — 42616 + %fé)fl + (2816 + 285 — 226160 + E363

= — 252+ (v — £)& + E3(vy — E3 — £3) + Eaés
=23+ vlél — ff + a3 — &3

=28 4016 + vl — & — &

<oy —|lylI*.
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Therefore, the system (5.45) is nonlinear OSNI and hence also nonlinear NI.

Now we consider an uncertainty for the system (5.41]). Suppose the uncertainty H,

has the following model:

To1 = — 23, + Uy, (5.46a)

i‘ag = — Ts2 + Us2, (546b)

Yu = [x‘ﬂ] : (5.46¢)
Lo2

where Z5 = [Ty1 Toa], Uy = [Ug1 Ugz)T and y, = [T41 Z42]T are the state, input and
output of the system, respectively. Here, x,1, T2, Ug1, Ugo € R. The system (5.40])

is nonlinear OSNI with the positive definite storage function

1 1
Vo(rs) = inl + ixiza

which satisfies the nonlinear OSNI property since

V(xU) = xiljjal + x02:t02
= (ual - jjol)jjol + <u02 - 3'702):1'702

. . . .9 .9
= Us1To1 + Ug2To2 — Lo1 — Lo2

= U?;yg - ”y0”2

Suppose the uncertain system has a structure shown on the LHS of Fig. 5.3 we
apply the state feedback control laws (5.43]) and (5.44]) to the system, with w; and
wy replacing vy and wve, respectively. Then the entire system becomes the system
shown on the RHS of Fig. 5.3 We show in the following that this interconnection
is asymptotically stable. We construct the storage function of the interconnection

using the formula given in (B.37):
W(Z, 57 xa) = V(Z, 5) + Va(xa) - Slxal - §25L‘02-

It can be verified that this storage function is positive definite. Then

W (2,6 20) = V(2,6) + Vo(2s) = &1201 — Eator — €11 — Enry

= — 222 Wi+ was — & — & + Uo1Bior + Uoiin — B2y — i25 — E1T01
- 525502 — §1%01 — Sadio2

= =22 + 0161 + Toaby — £ — § + Griior + Epion — B2 — iy — S1700

— &0 — §1T51 — Eapo
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<2 L2 L2 -2 -2
=—2z _61 _§2 —Ty1 — Tyo

<0.

Using LaSalle’s invariance principal, W(z,&,x,) remains at zero only if

z‘,él,&,a}ol, Zoo = 0. In this case, we have that

2:—z+§f§250,

. 4 1

&1 = v + 4266 — 468 — 5513 =0,

=620 = {=0+22 - 206 — 26— & =0,
To1 :—x§1+u01 =0,

Too = — Tgo + Ugso = 0.

Solving the equations, we have z, &1, &, &3, To1, To2 = 0. Otherwise, W (z, &, z,) will
keep decreasing until z, &, x, all become zero. Therefore, the interconnection is

asymptotically stable.

We also illustrate that the uncertain system is asymptotically stabilized
via simulation. Let the initial state of the nominal plant be z(0) =
2(0) &(0) &(0) 53(0)] = [3 1 -1 2} and the initial state of the uncertainty
be zero. It is shown in Fig. [5.4] that despite the presence of the uncertainty, the
system (5.47]) is asymptotically stabilized by the state feedback control (5.43]) and

62D,

State Trajectories of the Nominal Plant

4
_&1
2 &2 ||
3 &3
[y 1 ]
A \
0 \/ -
_1 1 1 1 1
0 2 4 6 8 10

Time (s)

Figure 5.4: State trajectories of the uncertain system (5.41]). The uncertainty of
the system is described by (£.4€) and stability is achieved using the state feedback
control (543)) and (5:44]) constructed according to Theorem B8  Starting from
nonzero initial values, the state variables of the nominal closed-loop system converge
to zero, despite the presence of nonlinear OSNI plant uncertainty (5.46]).
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5.7 Conclusion

In this chapter, we investigated the problem of state feedback equivalence to a non-
linear NI (OSNI) system in two cases. First, for an input-affine nonlinear system, we
provided sufficient conditions under which it can be made NI. Using the dissipativity
of NI systems, we proposed state feedback controllers that can stabilize nonlinear
systems by making them NI (OSNI). For a system with a nonlinear NI uncertainty,

we use the NI state feedback equivalence results to asymptotically stabilize it.

We also provided the necessary and sufficient conditions for a special normal form
to be state feedback equivalent to a nonlinear NI system with a positive definite
storage function. This result is also used in addressing a stabilization problem for a
system with a nonlinear OSNI uncertainty. Examples are provided to illustrate the

results for both cases.
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Chapter 6

Output Feedback Consensus for
Networked Nonlinear Negative

Imaginary Systems

6.1 Introduction

In this chapter, we investigate the output feedback consensus problem for networked
nonlinear NI systems. Cooperative control for multi-agent systems has been a highly
active research area over the past two decades [85]. This control paradigm enables
multiple systems to perform team missions and has been applied to autonomous
vehicles including mobile robots, unmanned air vehicles (UAVs), autonomous un-
derwater vehicles (AUVs) and other applications [86]. Consensus, that is conver-
gence to an agreement through information sharing among agents, is one of the most
important problems in the area of cooperative control [87]. Consensus algorithms
were first studied for first-order dynamics (see [88,[89], etc) and then extended to

second-order systems (see [90-92], etc).

As NI properties arise naturally in autonomous vehicles and a wide variety of other
applications [93], consensus problems were investigated in [32,133] for networked NI
systems. Using NI systems theory, the consensus algorithms in [33] only require
outputs to be shared among agents, and consensus is guaranteed if a simple DC
gain condition is satisfied. The theoretical results in [33] have already been applied

to real-world cooperative control problems (see [35,94.95]).

Considering that many control systems have a nonlinear nature, we aim to find
a control framework in order to achieve output feedback consensus for networked

nonlinear NI systems. The output consensus problem is investigated for three types
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of networked systems: (i) We first consider a network consisting of multiple identical
nonlinear NI systems. (ii) Then we consider a network of multiple heterogeneous NI
systems. (iii) Finally, we consider a network of multiple heterogeneous NI systems
with free body motion. The systems of interest in the cases (i) and (ii) are nonlinear
NI with positive definite storage functions, which means, they do not have free body
motion. Case (iii) allows for systems in a network to be nonlinear NI with positive
semidefinite storage functions. This allows them to have free body motion. Indeed,
it can be observed that Case (i) can be regarded as a subset of Case (ii) and Case
(ii) can be regarded as a subset of Case (iii). However, due to the relevance of the
cases (i) and (ii), we still present them as different control frameworks, which can
be used as alternative approaches to achieve output consensus. The results in this

chapter have been published in the papers [61,62,96].

6.2 Problem statement

Consider N heterogeneous nonlinear plants Hy, (i = 1,2,---, N) with the system

model
H

it Bpi(t) = fpi@pi(t), upi(t)),
Ypi(t) = hpi(@pi(?)),
where z,;(t) € R™ is the state, uy(t) € R™ is the input, and y,;(t) € R™ is the

output, fp; : R™ x R™ — R™ are Lipschitz continuous functions and h,; : R"" —

(6.1)

R™ are class C' functions. These systems operate independently in parallel, as
shown in Fig. The subscript “p” indicates that this system will play the role of

a plant in what follows.

Hy
Up1 f Hp | Y
Up Hy Yp2
UpN H,n YpN

Figure 6.1: A plant H, consisting of N independent systems H,; (i = 1,2,---,N)
of the form (6.1]), with independent inputs and outputs combined as the input and
output of the networked system H,,.

To describe the networked plants using a single system model, we combine their

states, inputs and outputs respectively as vectors X, = [:L‘gl, o ,:EZN]T € R",
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N m m
where ny, = 300 ngi, Up = [ul), - jul )" € RY™ and Y, = [y}, -, yly]" € RV™.
We denote by #, the network of nonlinear NI plants consisting of systems H,; (i =

1,2,---,N). The system H, is formally defined by the following equations:

Jor(Tp1; up1) hp1 (1)
H,: X, = : Y, = : : (6.2)

fon (Zpn, Upn) hpn (TN )

We would like to find an output feedback control framework so that the outputs of
the systems H,, are synchronized to the same limit trajectory. Now we give a defi-

nition of output feedback consensus for a network of systems H,; (i =1,2,---,N)
of the form (6.1]).

Definition 6.1. A distributed output feedback control law achieves output feedback
consensus for a network of systems if ||yyi(t) — yp; ()| — 0 as t — +o0, Vi,j €
{1,2,---,N}.

We aim to find control frameworks for the output feedback consensus of three types
of networked system: networked identical nonlinear NI systems with positive defi-
nite storage functions, networked heterogeneous nonlinear NI systems with positive
definite storage functions and networked heterogeneous nonlinear NI systems with

positive semidefinite storage functions.

6.3 Output feedback consensus for networked
identical nonlinear NI systems with positive

definite storage functions

In the case that all the plants in the network are identical, they share the same
system model. That is, the system model (6.1]) is the same for all the plants; i.e.,
fpi = fp; and hy; = hy,; for all ¢, 7 < N. Suppose the information exchange between

agents in the network can be modelled as an undirected connected graph G.

To achieve output feedback consensus, we apply N identical linear OSNI systems as
controllers, which have the transfer function matrix R(s) and the following minimal

realization.
:tci = Axci + Bucia
(6.3)
Yei = Cxcia

where x.; € R? is the state, u,; € R™ is the input and y.; € R™ is the output. Here,

the subscript “c” indicates that the system will play the role of a controller in what
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follows. We choose the controller such that det A # 0. We consider the control
framework shown in Fig. to achieve consensus, where £y denotes the Laplacian

matrix of the graph G.

Up W, Y,
R(s) 0
— Ly ® 1, : :
Y, " Y, U.
0 R(s)

_________________________________________

Figure 6.2: Networked identical nonlinear NI systems with identical OSNI controllers
connected according to a specified graph topology.

We show in the following that the system #, in Fig. is a nonlinear NI system if
each individual plant of the form (6.]) is nonlinear NI.

Lemma 6.1. Consider the parallel combination of multiple nonlinear NI plants as
shown in Fig. (6.1 If for all i < N, the plant H,; is nonlinear NI with a positive
definite storage function, then the system H, is also a nonlinear NI system with a

positive definite storage function.

Proof. Tt follows from the assumption of the lemma that for all © < N, there exists a
positive definite storage function V,;(x,;) such that Vpi(xpl-) < u;;ypi. For the system
H,, we define its storage function as V,(X,) := Zf\il Vpi(2p;) > 0. Then

N

N
Vo(Xp) = Z Vii(@pi) < Z ngy'pz’ = UpY,, (6.4)

i=1 i=1

which satisfies Definition 3.1l Therefore, H,, is a nonlinear NI system with a positive
definite storage function. O
Then we show that the controller £y ® R(s) has an OSNI-like property.

Lemma 6.2. Suppose R(s) with the minimal realization (6.3) is OSNI. Then the
system L, @ R(s) shown in Fig. has an OSNI-like property in the sense that

there exists a storage function V. such that

. BN 1 . .
VeSUYe—ge Y llger — bl (6.5)

(U’ivvj)eg
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where € > 0 is the level of output strictness of R(s).

Proof. According to Definition B:2] there exists a storage function V,;(x.;) for the
system (B.3) such that V;(2) < u5ge — €||9e]|?. For any two identical controllers
with the state-space model (6.3]), denote their states, inputs and outputs by z.;, x.;,
Uci, Uejy Yeir Yej, Tespectively. Then the system described by the model
d
E(xci - xcj) = A(xcz - xcj) + B(ucz - ucj)7
Yei = Yej = C(xcz - xcj)a

also has the transfer function matrix R(s) and hence is also OSNI. Therefore, we

have that
Vei(@ei — 2¢j) < (ue — ch)T(?)ci — Yej) — €|V — ?)cj||2-

Note that V,; is identical for all i < N. Now for the networked controllers £y ® R(s),

we construct its storage function V, as follows:

1
Ve = 2 Z Vci(l’cz‘ - SL’cj)-

(vi,vi)€€

We introduce the coefficient % because the each edge is counted twice in the sum-

mation. Now taking the time derivative of V., we have that

. 1 .
Ve= 5 Z Vci(%i - %j)

(Ui,’l}j)Eg
1 . . 1 . .
< ) Z (tei = Ues) " (Jei = Je) — 5€ Z [Gei = gl
(Ui7vj)65 (vi,Uj)ES
N N 1
- Zuci Zaz‘j(ya — Yej) — € Z 19ei — s 1
=1 =1 (vi,v;)€E
5 1
_ T 1 S
- Uc Yc - 26 Z ||ycz ycj” )
(Ui,’l}j)Eg
where A = [a;;] is the adjacency matrix of the graph G (see Section 2.7)). O

Before we present the main result, we suppose that the networked system satisfy

the following assumption.

Assumption 6.1. Consider the parallel combination H, of the networked identical
plants. Given an input U, to the system H,, if the corresponding output of H, is
such that

YJ; =1y ® (pIm) +?D>
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where p € R is a constant scalar and Y p € RN™ is a nonzero constant vector, then
U, # (Ly ® R(0))Y p.

Assumption considers the case in which the outputs of the networked plants have
constant differences. In this case, the control inputs u,; generated by the controller
Ly @ R(s) will also have constant differences between each other. Assumption
rules out the case that given the corresponding control input U, to the open-loop

interconnection of H, and Ly ® R(s), the system still produces the same signal; i.e.,

~

Y. =U,.

Theorem 6.1. Consider an undirected and connected graph G that models the com-
munication links for a network of identical systems with the model H,,; given in (6.1))
where fpi = fp; and hy; = hy; for all i,5 < N. Suppose the system H,; is a nonlin-
ear NI system with a positive definite storage function. Consider an OSNI transfer
function matriz R(s) with the minimal realization (6.3) where det A # 0. Suppose
H,; satisfies Assumptions [3.3 and [3.4. Also, suppose Assumption [6.1] is satisfied,
and the function

W=V, +V,-YY. (6.6)

is posjtive definite, where V,(X,) = Zﬁl Vii(zy:) >0, Vo = %Z(vi,vj)ee Vei(%ei — Tej)
and Y, = Ln @ R(s)Y,. Then output feedback consensus is achieved via the control
law

Up = (L @ R(s))Y,

as shown in Fig. [0.2.

Proof. Taking the time derivative of W in (6.4), we have that
~ v . TS T/‘\
. Y 1 o~ A
SURY, +UYe—ce Y e — 3l = ¥ Ye - Y)Y
(’U,’,Uj)eg
1 . .
==z > e — el
(Ui,Uj)EE

<0

I

where the system settings Y, = U, and SA/C = U, are also used. Hence, the system
is stable in the sense of Lyapunov. We apply LaSalle’s invariance principle in the
following. In the case that W stays at zero, we have that y.; — v.; stays at zero for

all (v;,v;) € €. Since the system (6.3]) is minimal, we have that &, — Z.; = 0 due to
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observability and then 1. — t.; = 0 due to controllability. Therefore, we have
0= :tci - :tcj - A(xcz - xcj) + B(ucz - ucj)7

which implies z.; — 2. = —A™'B(uy — uc;) given that A is nonsingular. In the
sequel, we have that y.; — yo; = —C A B(ue — uej) = R(0)(ue — ue;). The constant
differences between u,.; and u.; implies that U, = 1y ® (pl,,) + Y p. Therefore, we
have U, = Y, = (Ly @ RO0)U, = (Ly ® R(0))Y p. If §o; — Ycj stays at zero, then Y,
will remain a constant matrix (£y ® R(0))Y p. This violates Assumption [6.1] unless
Y = 0. In the case Y, = 0, we have Y, = U. = 1y ® (pl,,), which implies that
output consensus is already achieved. Otherwise, .; — y.; cannot remain zero and
W cannot remain zero. Hence, it will keep decreasing until W= 0, which will also

guarantee output consensus. ]

6.4 Output feedback consensus for networked

heterogeneous nonlinear NI systems

In this section, we provide a control framework for the output feedback consensus
for networked heterogeneous nonlinear NI systems with positive definite storage
functions. Consider a series of heterogeneous nonlinear OSNI controllers H., (k =

1,2,---,1). The controllers have the following state-space models:

Hep oo op(t) = for(@en(t), uer(t)),

(6.7)
Yek (t) = hck(xck(t))a

where z.(t) € R™* is the state, uc(t) € R™ is the input, and y.(t) € R™ is the
output, fer : R"*# x R™ — R"* are Lipschitz continuous functions, h. : R"+ —
R™ are class C! functions. These systems operate independently in parallel. The
subscript “¢” indicates that this system will play the role of a controller in what
follows. We combine the states, inputs and outputs respectively as vectors X, =
[L,--  2L]T € R, where n, = 22:1 Newy, Ue = [uly, -+ Jul]T € R™ and Y, =
[yL, -+ yL]T € R™. We denote by H, the network of nonlinear OSNI controllers
consisting of systems Hg, (k= 1,2,---,1), as is shown in Fig. 63 The system H,.

is formally defined by the following equations:

fcl (xch ucl) hcl (xcl)
Ho: X, = : LY, = : . (6.8)
fcl(xclu ucl) hcl (xcl>
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He
Uel H cl Ye1
Ue2 H c2 Ye2
Uel H cl Yel

Figure 6.3: System H.: a nonlinear system consisting of [ independent and heteroge-
neous nonlinear systems H., (k= 1,2,--- 1), with independent inputs and outputs
combined as the input and output of the networked system H..

Lemma 6.3. If the controllers H., are nonlinear OSNI systems for all k =

1,2,--- 1, then the networked controller H. is also a nonlinear OSNI system.

Proof. For every nonlinear OSNI system H_x, we have a positive semidefinite storage

function Vi (zq) and a constant €, > 0 such that

Viro(@er) < ulytion — en|verc ]|, (6.9)

where €, is the level of output strictness of the system H.. For the system H.,
we define its storage function V, as the sum of the storage functions of all the
networked controllers; i.e., V. := ka:l Ver(Zex ), which is positive semidefinite. The

time derivative of V. is:

l
Vc = Z Vck(ilfck)
k=1

! !
< Z Uchyck - Z €k‘Hyck‘H2
k=1 k=1
l l
S Z Uz;g?/ck — €min Z ||yck||2
k=1 k=1
= UcTYc - 6min”}.fcwa (6.10)
where €, = min{ey, ez, -+, ¢} > 0. Hence, the system H, satisfies the definition

of a nonlinear OSNI system and €,;, quantifies the level of output strictness of this

system. ]

We model the communication links between the networked nonlinear NI plants H,;

(1 =1,2,---,N) using a weakly connected directed graph G, which has the corre-
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sponding incidence matrix Q defined by (Z8]). Note that the we allow information
exchange in both direction for each edge in the directed graph. Indeed, this directed
graph can be obtained by arbitrarily assigning directions to the edges of an undi-
rected graph that models the network topology. In this section and the next section,
output consensus of heterogeneous nonlinear NI plants is achieved by constructing
a control system with the block diagram shown in Fig. and choosing suitable
controllers that satisfy certain conditions. The plants and controllers correspond to
the nodes and edges of the directed graph, respectively. Each controller takes the
difference between the outputs of the two plants connected to it as input. Each
plant takes the sum of the outputs of the controllers connected to it with suitable

signs as input. As is shown in Fig. [6.4] the input to the system H, in (6.8) is given

H,
U, . U Y, LY
pl‘ oI, P ", P owl, . p
Y, Ue

Figure 6.4: Positive feedback interconnection of heterogeneous nonlinear NI plants
and nonlinear OSNI controllers according to the directed graph network topology.

by
U, = (Q®I,)Y,. (6.11)

Then U, is defined as
U,=(Q"®1,)Y., (6.12)

where Y, is the corresponding output of the system H,. defined in (G.8)). Equivalently,
the distributed control protocol for the plant Hy; (i =1,2,---,N) is defined by the

equations

xck<t) = fck («rck<t>7 uck) ) (613)

Yer(t) = her(xex(t)) + Degticr, (6.14)

k=1

where gi; and gx; are the j-th and i-th elements in the A-th row of the incidence
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matrix Q, respectively, as defined in (Z.8)). Here, u = Zjvzl QkjYp; represents the

difference between the outputs of the two plants connected by the edge e.

We illustrate the connections between the plants and controllers using an example
in Fig. 6.5

Hc5

Figure 6.5: An example of a weakly connected directed graph where the nodes
correspond to the plants and the edges correspond to the nodes.

In Fig.[6.5, the nodes Hy; (i = 1,---,5 in this example) represent the heterogeneous
nonlinear NI plants, while the heterogeneous nonlinear OSNI controllers H.;, (k =
1,---,5 in this example) correspond to the edges. We illustrate in Fig. how
the controller H.; influences the dynamics of the two plants that correspond to the
nodes linked to it. The controller H,.; takes the difference between the outputs of
H,, and H, as its input; i.e., ue1 = Yp1 — Yp2. Then the corresponding output of
H., given by its dynamics (6.7)) is fed into H,, and H,, with opposite signs. Since
H,, is only connected to the edge correspond to H. and it is the initial vertex,
then u,1 = y.1. The plant Hpy is connected to three nodes via three edges, which
correspond to controllers H.;, H., and H.. Therefore, the outputs of these three
controllers all contribute in the input of Hy,. Since H, is the terminal vertex of the
edge corresponding to H.; and the initial vertices of the edges corresponding to H .o

and H.s, then uy = —ye1 + Ye2 + Yes.

Yp1 + - Yp2
M
Hy N Hp?
Uel
Up1 , Up2
Hcl
1
Ye Ye2 + Yes
@)
< O
- +

Figure 6.6: Detailed block diagram that shows the interconnection between the
plants H,;, Hy, and the controller H,; in Fig.

We have the following lemma for the system ’ﬁp:
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Lemma 6.4. If the plants H,, are nonlinear NI systems with a positive definite
storage function for allt=1,2,--- N, then the system ”;Qp as shown in Fig. 18

also a nonlinear NI system with a positive definite storage function.

Proof. According to Definition B the storage function Vj;(x,;) of each nonlinear
NI system H,; (i =1,2,---, N) must satisfy

Voi(pi) < i (6.16)

We define the storage function for the system ’ﬁp as \//; = Ef\il Vyi(p;), which is
positive definite. Then

. N
Vp= Z Vpi(@pi) < Zugz‘ypi = UpTY;)- (6.17)

i=1 =1

According to the system setting in Fig. [6.4]
U,= (9" ® 1)U, and Y,=(Q®I,)Y, (6.18)
Therefore, we have
UyY, =[(Q" @ 1,)0,)"Y, = U] (Q® I.)Y, = U Y, (6.19)

According to (6.17)) and (6.19), we obtain the nonlinear NI inequality for the system
Hy: . '
V, <UY,. (6.20)

Therefore, ”;Qp is a nonlinear NI system with a positive definite storage function. [

Before presenting the main result, we require the following assumption to be satis-
fied. For the open-loop interconnection of the systems ”;El\p and H,. shown in Fig. [6.7,

suppose:

Assumption 6.2. Given any nonzero constant input ﬁp(t) = Ep for the system
";Zp, we obtain a corresponding output ?p(t). Set the input of the system H. to be
Ut) = }/}p(t) in the cascade interconnection shown in Fig.[0.7 If the corresponding
output of the system H. is a constant; that is Y.(t) = Y., then we have ﬁp £Y,.

Theorem 6.2. Consider a weakly connected directed graph G with the incidence ma-
trix Q that models the communication links for a network of heterogeneous nonlinear
NI systems Hy; (i =1,2,---, N) which have positive definite storage functions and
are of the form (61]). Also, consider the heterogeneous nonlinear OSNI control laws
Hey (k=1,2,--- 1) of the form (6.7) for all of the edges. Suppose the plants Hy
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Y. (¢ U,(t Y,
i »(t) () n

=
S

Figure 6.7: Open-loop interconnection of the networked nonlinear NI plants ’ﬁp and
the networked nonlinear OSNI controllers H..

and controllers H.. satisfy Assumptions and[3.4], and Assumptionl6.2 is satisfied
for the open-loop interconnection of the networked plants and controllers shown in

Fig. [607 Also, suppose the storage function, defined as

N l

W= Vialay) + ) Varlaa) = ¥, Y, (6.21)

1=1 k=1

is positive definite, where V,; and Vg, are the corresponding storage functions that
satisfy (G10) for the system H,; and (6.3) for the system H.x, respectively. Here,
}Afp and Y, are the outputs of the system ?:l\p and H., respectively. Then output
feedback consensus can be achieved via the controller defined by equations (6.11),

(68), (€13), or equivalently (613)-(G15) in a distributed manner for each plant
H,;, as shown in Fig.[6.4)

Proof. We apply the Lyapunov’s direct method and take the time derivative of the
storage function W. Define \A/p = ZN Vyi(zy;) and V, := 22:1 Ver(Zer) as in the

i=1
proofs of Lemmas [6.4] and [6.3] respectively. According to (6.I7) and (G.10), we have

~

. . AT e
W=V, +V.-Y, Y.-Y]Y.

o~ A . .2 AT o~
T T T
.12
= — €min Y;
<0, (6.22)

where the system setting ﬁp =Y.and U, = 5//; is also used. Hence, the closed-loop

system is at least Lyapunov stable. Now we apply LaSalle’s invariance principle.
2

According to ([6.22), W can remain zero only if € HYC‘ remains zero, which means
that . (t) remain zero for all k = 1,2, -+ . According to Assumptions and [3.4],

for the system H., yo.(t) = 0 implies () = 0, which holds only if u(t) = Ue.

In other words, for all £k = 1,2,--- [, the controllers H., are in steady-state; i.e.,
Uek(t) = Uek, Ter(t) = Tex and yep(t) = Y. This implies that U.(t) and Y.(¢) in
Fig.[6.4] are both constant vectors; i.e., U.(t) = U, and Y,(t) Efc. According to the

~

closed-loop setting that U,(t) = Y.(t), we have that U,(t) = U, is also a constant
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vector. According to Assumption [6.2] this can only hold if Ep = 0, which implies
Y. = 0. Hence, g, = 0 for all k = 1,2,---,1. According to Assumptions 3.3 and
B.4 y., = 0 implies T, = 0 and then %, = 0 for all £k = 1,2,--- [. This implies
Ypi(t) = yp;(t) for all (v;,v;) € £, which means output consensus is achieved for all
of the heterogeneous nonlinear NI plants. Otherwise, W cannot remain at zero and
W will keep decreasing until output consensus is achieved or W = 0, which also

implies output consensus. This completes the proof. O

6.5 Output feedback consensus for networked
heterogeneous nonlinear NI systems with free

body motion

In this section, we allow the plants (6.I]) in the network to have free body motion.
That is, we allow the plants H,;, to be nonlinear NI with a positive semidefinite
storage function, as in Definition 3.1l In this section, output feedback consensus is
also achieved using the control framework in Fig. as described in Section [6.4],
except that the controllers H, used in the framework have slightly different system

models.

Consider a series of heterogeneous nonlinear OSNI controllers Ho, (kK =1,2,---,1).

The controllers have the following state-space models:

Hep o op(t) = for(@en(t), uer(t)),

(6.23)
yck(t) - hck(xck(t)) + Dckuck(t)a

where z.4(t) € R"* is the state, uc(t) € R™ is the input, and y.(t) € R™ is the
output, fe : R"* x R™ — R"* are Lipschitz continuous functions, h. : R+ — R™
are class C! functions and D, € R™*™ are symmetric matrices. These systems

operate independently in parallel as shown in Fig.[6.3. We combine the states, inputs

and outputs respectively as vectors X, = [z1,---  zT]T € R", where n, = 22: | Mk
UC = [ug‘la o 7u£]T S le and ch = [ygh e 7yg;]T = HC + DCUC € leu where
M. = [ha(ze)”, - ha(za)T] € R, (6.24)
D, = diag{D.,,--- ,Dy} € Rm*im, (6.25)

We denote by H. the network of nonlinear OSNI controllers consisting of systems H
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(k=1,2,---,1). The system H, is formally defined by the following equations:
fcl (xch ucl) hcl (xcl) + Dclucl
H,: X, = : LY, = : . (6.26)
fcl(xclu ucl) h'cl<xcl) + Dclucl
The following lemma is similar to Lemma

Lemma 6.5. If the controllers H., are nonlinear OSNI systems for all k =

1,2,--- 1, then the networked controller H. is also a nonlinear OSNI system.

Proof. For every nonlinear OSNI system Hj, we have a positive semidefinite storage

function Vi (z) and a constant € > 0 such that

Vir(zer) < ub e — el Tl (6.27)

where Yo, = her(zer) and € is the level of output strictness of the system H,.
For the system H., we define its storage function V, as the sum of the storage
functions of all the networked controllers; i.e., V, := 22:1 Ver (2 er), which is positive

semidefinite. The time derivative of V is:
I
Vo= Z Ver(wer)
k=1

l l
< Z uz;sgck - Z EICchkH2
k=1 1

k=
l . l .
< Zuz—l;:gck — €min Z ”gck”2
k=1 k=1
= UTTI, — emin||11|1%, (6.28)
where €, = min{ey, €9, , ¢} > 0. Hence, the system H, satisfies the definition

of a nonlinear OSNI system and €,;, quantifies the level of output strictness of this

system. ]

Lemma 6.6. If the plants Hy; are nonlinear NI systems for allt =1,2,--- | N, then
the system 7:[\1, as shown in Fig. 15 also a nonlinear NI system.

Proof. See the proof of Lemma Since the storage function of each plants is
positive semidefinite, then the storage function of the networked plant #,, which is

the sum of the storage functions of all the plants H,;, is also positive semidefinite. [
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We need the following assumption for the networked plant H,. This assumption can

be regarded as a networked version of Assumption 3.1l

Assumption 6.3. Given a constant input U H(t) = U to the system ’Hp, zf its output
1 also constant; i.e. Y( ) = Yp, then we suppose U and Y satisfy U Y > 0.

In fact, Assumption 3.1l applied to all the plants H,, implies Assumption in the
case that H,, are in a steady state for all = 1,2, .--, N. This is because when all

the plants satisfy Assumption B.Iland are in a steady state, we have UZ?p > 0 and
accordmg to the system setting in Fig. [6.4] we have U Y =[(QT®1I )TU 7Y, =

(Q ®1,)Y, = U Y similarly to (6.19). Hence U Y > 0. However, Assump-
tion [6.3] is made for the networked plants ’Hp in the following theorem instead of
Assumption [B.1] for each individual plant because Assumption also allows for
the situation in which the input and output of the system ”;Qp are constant, but
the individual plants H,; are not all in a steady state. This situation is possible
because the matrix Q ® I,,, takes the difference between the outputs of the plants.
Under constant inputs, if the plants oscillate with a constant difference between

their outputs, then this situation is allowed under Assumption (.3

Theorem 6.3. Consider a weakly connected directed graph G with the incidence ma-
trix @ that models the communication links for a network of heterogeneous nonlinear
NI systems Hy; (i =1,2,--- ,N) of the form (61). Also, consider the heterogeneous
nonlinear OSNI control laws He, (k= 1,2,--- 1) of the form (G23) for all of the
edges. Suppose Assumptions[3.3 and are satisfied for the plants H,;, Assump-
tions [3.2, [3.3 and are satisfied for the controllers He, (with v = ~ for the
controller H in Assumption [3.2) and Assumption [6.3 is satisfied by the system
?:l\p. Also, suppose the storage function, defined as

N l

W= > Viilay) + Y Varlwa) — ¥, I — %?pTDc?p, (6.29)

i=1 k=1

is positive definite, where Vy,; and Vg, are the corresponding positive semidefinite
storage functions that satisfy (6.16) for the system Hy and (6-27) for the system
Her, respectively. Here, }//\;, is the output of the system ’}:l\p. II. and D. are terms in
the output Y. of the system H. and are defined in (6.24]) and (6.23). Then output
feedback consensus can be achieved via the control defined by equations (6.11), (ZZE)

(613), or equivalently (6.13)-(6.13) in a distributed manner for each plant Hy,;, a
shown in Fig. [6.4.

Proof. Define 171, = SN Voi(ay) and V, := 34 V() as in the proofs of Lem-
mas [6.6] and [6.5] respectively. According to ([6.20), (6.28]) and the system setting
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Up =Y. and U, = }/i, shown in Fig. [6.4] we have

By P~ PN =T =T ~
V,<UMY,=Y!Y,=Y,[l.+DU]=Y,[I+ D.Y,], (6.30)
and
"/c S UCTHC - 6min”l;[c”2 = }//\;)THC - EmlnHHC”2 (631)

According to ([630), (631) and the symmetry of D, in (€25]), the time derivative of

the storage function W satisfies the following inequality:

— ~

. T o~ s 17T ~
W:Vp+Vc—YpHc—YpTHC—§Yp(Dc+DCT)Yp

=T ~ ~r - . =T ~r - T
S Yp [Hc + Dc}/p] + Y;;THC - EminHHcHZ - Yp Hc - Y;;THC - Yp Dc D
S 6min”l;[cH2
<0.

Hence, the closed-loop system is at least Lyapunov stable. Moreover, W =0 can
hold only if IT, = 0. In other words, W can remain zero only if hck(xck(t)) remains
zero for all k = 1,2,---,[. According to Assumptions and B4, Ao (zes(t)) =
0 = &x(t) =0 = wug(t) = ux. Hence, Hy is in a steady state for all
k =1,2,---,1. We have U.(t) = U, and Y,(t) = Y,.. According to the system
setting in Fig. that (/]\p(t) = Y. (t) and U.(t) = }/}p(t), we also have ﬁp(t) = Ep
and ?p(t) = ?p. According to Assumption [6.3]

=T=

U,Y,>0. (6.32)

According to Assumption B.2l we have
. ! l
Uc YC = Zﬂ,fkyck S - Z/yk||ECk||2 S _VminHUCHz?
k=1 k=1

where Ypin = min{y;,72- -+, }. In the case that U, # 0,
U'Y. <o,

which contradicts ([632]) because UCT?c = EZ?I,. In the case that U, = 0, all con-
nected plants have the difference between their system outputs being zero. Hence,
output consensus has already been achieved. Otherwise, W cannot remain zero. Ac-
cording to LaSalle’s invariance principle, W will keep decreasing until either U, = 0

or W = 0. Thus, output consensus is achieved in both cases. O
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Remark 6.1. The controllers proposed in Theorem [6.]), and are robust
against parameter perturbation for nonlinear NI plants connected in a network. In-
deed, for physical systems, the NI property is invariant to parameter variations so

that consensus can be always guaranteed as long as the required conditions are sat-
isfied.

6.6 Illustrative example

1100
0 1 —1 0

es €4 =19 1 o0 -1
00 1 -1

Figure 6.8: A weakly connected directed graph G consisting of four nodes, and its
incidence matrix Q.

The example given below illustrates the consensus result presented in this chapter.
Since the case considered in Section covers those considered in Sections and
6.4 we use the results in Theorem to synchronize the outputs of networked

heterogeneous nonlinear NI systems with free body motion.

Consider four nonlinear NI plants H,; at the vertices v; of the graph in Fig. [6.8]
where the directions of the edges are e; = (v1,v2), e = (v, v3), €3 = (v2,v4) and
es = (vs,vq). Then Q in Fig. is the incidence matrix of the directed graph
G. The plants are nonlinear single integrators which have the following state-space
models:
Hyi: o dpi(t) = ping(t)’,
Ypi(t) = zpilt), =1,2,---,4,

where p; = 10, po = 30, us = 25 and pg = 5 are constant coefficients. Such plant

(6.33)

models involve free body motion. The storage functions for these four plants are all
Vpi(2,;) = 0. The states 1, T2, Tp3 and z,4 of these four plants have initial values
30, 15, —5 and —10, respectively. We aim to synchronise the outputs of these four
plants to the same limit trajectory by using nonlinear OSNI controllers H,; at the
edges e;, of the graph in Fig. [6.8.

Hy o da(t) = — arzer(t) — Brzen(t)® + uek(t),

(6.34)
Yor(t) = e (t) — ue(t), k=1,2,--- 4,

where o4, and S are constant coefficients. a; =5, as =8, a3 =7, ay = 3; f1 = 3,
By = 2, B3 = b and B4 = 2, respectively. Controllers 1, 2, 3 and 4 are nonlinear OSNI
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systems Wlth storage functions V,; =

5 2
2 cl_'_ cl?V

2 1,..4 7.2 5
4xc2+§xc27 ‘/03 - §x03+1x03

and V.4 = 2 2, + 2%47 respectively. We now construct the networked plant system
'Hp for the plants (6.33]) using (6.I8]) with m = 1. Substituting the equations

Up1 ﬂpl
Up2 | _ or Up
upg apg
Up4 ﬂp4

Z/J\pl Yp1
and ?i” ol - o) Yp2
Yp3 Yp3
371)4 Ypa

into the system model (6.33) and letting Z,; := ¥, we can obtain the state-space

model for the system 7:[\1, as follows.

jfpl = 10@3 + 30(ap1 - a p2 ap?))ga

Ty = 30(—Tp1 + Upz + Ups)® + 25(Tps — Tpa)?,
Tps = 30(—Tp1 + Tpy + TUp3)® + 5(Tps + Tpa)*, (6.35)
Tpa = 25(—Tpo + Upa)® + 5(Ups + Upa)?,
Yot = Tp1,  Yp2 =Tp2, Yps =Tps, Ypa = Tpa.
Note that here we also have
Yps = Yp3 — Up2, (6.36)

which expresses the output difference between H,3 and H,, in terms of the output
difference between H,, and Hp3 and the output difference between H,, and H4.
However, for ease of calculation for the candidate Lyapunov function, we keep the
redundant state 7,4 in (6.35]).

The candidate Lyapunov function of the closed-loop system provided by Theorem
can be constructed using the formula (6.29) and also the equations (6.24) and

6.2):

xpl L1 xpl xpl
1 4 z T2 1 |[Zpe Tpo
=D Vet Vat |7 T =5 L) (I |
i=1 k=1 Lp3 Le3 2 Tp3 Lp3
/x\p4 Lea /x\p4 /x\p4
5 3 1 7 5 3 1, .
=3 cl + 4:501 + 43:62 + 23: 5+ 23: 3+ 4;1: 3+ 21’64 + 2:5 — Tp1Tel — TpaZen
R 1. 1. 1. 1.
- xpgl‘cg l‘p4x04 +5 2 pl +3 9 p2 +5 2 p3 + 21‘])47
1 1 =~ 1 1 ~
A Lot [aa] 3 RN
= [SUpl xcl} 21 52 + = cl + [SUpz ll?cz} 21 2 7 + _xgz
—3 3 4 -3 4 ) 2
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+ [fps xcs} [_2 : ] ; ]

which is positive definite. We show in the following that the assumptions required in
Theorem [6.3] are satisfied. For the plants (6.33)), y,; = 0 if and only if &,, = 0, which
implies u,; = 0. Moreover, if y,; = 0, then z,, = 0. Therefore, the plants (6.33)
satisfy Assumptions and 3.4l For the controllers (6.34]), the auxiliary output

with the feedthrough term removed is heg(2ex) = xep. Therefore, hep(zer) = 0 if

+—l‘4 + |:/$L’\p4 .Tc4] [

L4

and only if x,, = 0. When z,4 = 0, we have that @, = 0, which implies that
Uk = e, + Prrd, is constant. Moreover, in the case that he(xe,) = 0, we have
Zep = 0 and ue, = 0. Hence, the controllers (6.34)) also satisfy Assumptions and
B4l We show in the following that the controllers (6.34]) also satisfy Assumption
In the case that the inputs u. and outputs y.. are both constant, the state
Tek = Yok + Uer 18 also a constant. Denote the constant state, input and output by

Teky Uek, and ¥, respectively. We have
Uek = QiTer, + PrToy, (6.37)
because ©., = 0. We also have that
Yok = Tek — Uek = (1 — )Tk — BrTip. (6.38)

We want the inequality
UekTer < Vil Tek]” (6.39)

to be satisfied for some v, > 0. That is
(T + BrTo) (1 — a)Ter — BiTig) < = ((QwTer, + 5@2})2 : (6.40)
Substituting (637)) and (6.3]) in (640), we have that
(1= ) BeTey, + ((2 = Vo) oS — Bi) Ty + (0 — o — W) Ty, > 0. (6.41)

We require the existence of a constant 7, > 0 such that (641 is satisfied for all
T € R. Considering that 7%, > 0, let & := T2, then (G.4I)) is satisfied for all
Tq € R if and only if

(1 — )8Rk + (2 — ) awbe — Br)éx + (0f — ap — i) = 0 (6.42)

is satisfied for all £ > 0. The graph of the LHS of (6.42]) as a function of & is a
parabola for v, # 0. To let ([6.42]) to be satisfied, we want the parabola to open to
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the top. Therefore, we let 1 — v, > 0, which implies 0 < 7, < 1. Also, in the case
that & = 0, we want a2 — ay — yr; > 0. That is, 7 < 1 — aik considering that
ag > 0. To let 7 exist, we need ay > 1, which is the case in the controllers (6.34]).
Hence, 0 < v, <1 — i Considering that & > 0, then (6.42]) is satisfied if the axis
of symmetry of the function of the parabola is nonpositive. That is

_(2 — Ye)ouSBr — B <0

Q=B —
which is satisfied if (2—~y)awfr—Br > 0. Also, considering that 5 > 0, then we need
(2= )ar—1 > 0. That is 3, < 2— aik, which is always satisfied for 0 < v, < 1— a—lk
Therefore, Assumption is satisfied for all the controllers (6.34)) in this example.
We show in the following that Assumption is satisfied for the networked plant

~

H, given in (6.35). In the case that the system ﬁp has a constant input (A]p =
S T

_ 1T = _ _ _ _
[upl Upa  Up3 up4] and also a constant output Y, = [ypl Upr Ups Upm
_ _ _ _ 1T . . . .
[xpl Tpa Tp3 xp4} , we have that 7,1 = Zps = Tp3 = Tps = 0. According to the
state equations in (6.35]), we have that

0
= 1| =
Up = 1 Up4.-
1
Then using ([6.3€]), we have
T = T —
0 ypl 0 ypl
TTT _ ~ _ ~
0,7, = Gins L Y2 g, (6.43)
-1 Yp3 -1 Yp3
1 /y\p4 1 /y\p?; - /y\p2

Assumption is satisfied. Since all the required conditions in Theorem are

satisfied, we expect to achieve output feedback consensus.

This was illustrated using a simulation. As is shown in Fig. [6.9] the output trajec-
tories of all the plants converge to the same limit trajectory. Because of the cubic
nonlinearity in the plants and the controllers, their outputs have different rates of
convergence in the domains where the states are far and close to their limit values.

Therefore, a log scale is used for the time axis in the plot shown in Fig.
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Output Feedback Consensus
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Figure 6.9: Outputs of four nonlinear single integrator plants (6.33]), which are
synchronized by controllers (6.34]). The figure shows the trajectories of the outputs
of the plants from the time that the proposed control law is applied to the time that
the outputs converge to the same limit trajectory. Starting from different initial
conditions, the outputs of the plants converge to the same limit trajectory under
the effect of the proposed control framework in Section

6.7 Conclusion

We have provided control frameworks to achieve output feedback consensus for a
network of identical nonlinear NI plants, a network of heterogeneous nonlinear NI
plants and a network of heterogeneous nonlinear NI plants with free body motion.
In the case of identical plants, we model the networked system using an undirected
connected graph. We apply identical linear OSNI controllers to each plant and
the controller outputs are distributed to the plants via the Laplacian matrix of the
graph. In the case of heterogeneous plants, we model the networked system using
a weakly connected directed graph. The controllers take the output differences of
the plants and distribute the corresponding controller outputs to the plants accord-
ing to the graph topology. For these three different networks, we require different
assumptions to be satisfied. In addition, we require certain candidate Lyapunov
functions to be positive definite. Then output feedback consensus is achieved. As
the result for networked heterogeneous nonlinear NI plants with free body motion

is also applicable in the other two cases, it is illustrated using an example.
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Chapter 7

Switched Nonlinear Negative

Imaginary Systems

7.1 Introduction

In this chapter, we consider extending NI system theory to switched systems.
Switched systems, which form an important class of hybrid systems, have drawn
much attention because many real-world dynamical systems are of hybrid nature;
e.g., see [83,07]. Such systems are organized as continuous-time systems with
discrete-time switching events and arise in many control applications [98-100]. Be-
sides this, the study of switched systems is also motivated by the improvement of

control performance that can be achieved using switched controllers [TOTHI04].

Stability problems for switched systems have been investigated in many books and
papers for general systems (e.g., see [83,[105,106] and also specifically for dissipative
systems including passive systems [I07H109]. However, control problems for switched
nonlinear NI systems have never been investigated. As nonlinear NI systems theory
complements passivity theory by allowing systems to have relative degree two, and
such systems arise in many control applications (see [93] and references therein), it is
worth investigating the class of switched nonlinear NI systems and the corresponding

stability problems.

In this chapter, we provide definitions of switched nonlinear NI and OSNI systems.
A switched nonlinear system is said to be NI if all the subsystems being switched
to are NI, and in addition, the storage functions for the subsystems in the switch-
ing sequence are nonincreasing. Switched nonlinear OSNI systems are also defined
accordingly. It is shown that with external inputs and outputs considered, the

closed-loop interconnection of two switched nonlinear NI (OSNI) systems is also
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switched NI (OSNI). Under suitable assumptions and zero input, the interconnec-
tion of two switched nonlinear NI systems are stable in the sense of Lyapunov. The
main result of this chapter is that the closed-loop interconnection of a switched
nonlinear NI system and a switched nonlinear OSNI system is asymptotically stable
under some assumptions. This stability result is illustrated by an example where
a nonlinear mass-spring-damper system is asymptotically stabilized by a certain
switched nonlinear NI controller. The results in this chapter have been published in
the paper [110].

7.2 Switched nonlinear NI systems

In this section, we provide definitions of nonlinear NI and OSNI properties for
switched systems. We show that the positive feedback interconnection of two
switched nonlinear NI systems, with external inputs and outputs considered, is also
a switched nonlinear NI system. A similar result holds for switched nonlinear OSNI

systems.

Consider a continuous time switched system of the following form (e.g., see [83L[106],
111]):

T = fo(x,u), (7.1a)
y = h(x), (7.1b)

where x(t) € R"™ is the absolutely continuous state, u(t) € R? is a locally integrable
input, and y(t) € R? is the output. Here, h : R® — RP is a class C'! function and
{fi : R"xRP — R™, ¢ € T} is a family of Lipschitz continuous functions parametrized
by an index set Z = {1,2,--- N}. The switching signal o : [0,00) — Z is a
piecewise constant function of time. The index i = o(¢) is called the active mode at
time . We assume that o is right continuous everywhere; i.e., o(t) = lim,_ 4+ o(7)
for each ¢ > 0. In general, the value of ¢ at time ¢ can depend on t, z(t) or
both, or be generated using hybrid feedback with memory in the loop. Since the
state z(t) of (Z1J) is an absolutely continuous function of time, it does not jump
at switching instants. We assume that the system switches only a finite number of
times on any finite time interval; i.e., there is no chattering. Then, we can denote
by {(io, o), (i1,t1), -, (i, tg), - - }, (k € N) the switching index sequence. Here, t,
is the initial time and N denotes the set of nonnegative integers. This means that
at time ¢, the state equation of the system becomes & = f;, (z,u). Note that the
switched system has a common state, a common input and a common output, while

the dynamic equation of the system switches to another map f at every switching
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instant.
Now, we define switched nonlinear NI systems as follows.

Definition 7.1. The switched nonlinear system (7.1)) is said to be a switched non-

linear NI system if the following two conditions hold:
1. For all i € I, there exist positive semidefinite functions V;(x) such that for

any input w and any solution x to (7.1) with o = 1,

OVy(x)
ox

filz,u) < uTaha—:Ufi(:c,u). (7.2)

2. Forallk e N,V () <V () for all z € R".
Similarly, we define switched nonlinear OSNI systems as follows.

Definition 7.2. The switched nonlinear system (7.1) is said to be a switched non-
linear OSNI system if the following two conditions hold:

1. For all i € I, there exist positive semidefinite functions V;(x) such that for

any input v € RP and any solution v € R™ to (71]) with o = 1,

IVi(x)
ozr

Oh(z)

ox

fw,w) — D e (73)

fi(z,u) <u”

2. Forallk e N,V (x) <V (x) for all z € R™.

Remark 7.1. Definitions [71] and [73 state that a system is switched nonlinear NI
(OSNI) if every subsystem satisfies the reqular nonlinear NI (OSNI) system def-
inition as given in Definitions [3.1 and [3.2 and in addition, the system switches
in a pattern such that the storage functions of the subsystems in the switching in-
dex sequence are nonincreasing. That is, the function V; (xz) —V;,, (v) is positive
semidefinite. Note that inequalities (7.3) and (7.3) correspond to inequalities (3.3)
and (34)) in Definitions [31 and [3.2 for non-switching systems, respectively. The
time derivatives are expressed using the directional derivatives in order to specify the
NI and OSNI inequalities for the subsystem that corresponds to the current switching

mdex i,.

We investigate in the following the switched nonlinear NI (OSNI) property for the
interconnection of two switched nonlinear NI (OSNI) systems with external inputs
and outputs, as shown in Fig. [[Il In what follows, the symbol “tilde”, that is ™,

indicates the variables associated with the system H.

Suppose the switched systems H; and Hs in the closed-loop interconnection shown
in Fig. [Tl have, without loss of generality, synchronized switching instants. This

also applies to the interconnection shown below in Fig. [7.2

122



New Results in Negative Imaginary Systems Theory

~ Hy %@%

Y e u

Figure 7.1: Closed-loop interconnection of switched nonlinear systems H; and H,
with external inputs u, w and external outputs y, ¥.

Theorem 7.1. Suppose the systems Hy and Hs in the positive feedback intercon-
nection in Fig.[71] are switched nonlinear NI (OSNI) systems of the form (7.1]) with
states © € R™", 7 € R, inputs e,e € RP and outputs v,y € RP, respectively. Also,
suppose that for all i, € Z,

Vie(2) + Vi (@) = h(2)"R(@) > 0, (7.4)
for all x € R",7 € R", where V; () and lzk(f) are positive semidefinite storage
functions that satisfy Definition [7.1] (Definition [7.2) for the systems Hy and Ho,

T
respectively. Then the closed-loop system with input © = [uT HT] and output

T
y= [yT @“T] is also a switched nonlinear NI (OSNI) system.

Proof. We first prove the OSNI part of the theorem. Suppose H; and Hs are
switched nonlinear OSNI systems. Then according to Definition [7.2], there exists
positive semidefinite functions V;, (z) and V;, (%) for every switching index i), € Z
such that

Mol p ey < P g 0 0) ) 220 g, )
oV, (@) ~ 0 <> ) 5 (o o2
b @8 <TG R @R — AT RGP

for all e, € and x, z. In order to satisfy the conditions in Definition [Z.2] we construct

the storage function for the closed-loop system to be
Wi (. 7) := Vi, (2) + Vi, (@) = h(2)"h(7) (7.5)

for the switching index i, € Z. According to (Z.4]), the function W;, (z, ) is positive
semidefinite. For Condition 1 in Definition [7.2] we have that

Wi (2,8) = Vi, + Vs, — h(@)"h(F) — h(2)"h(Z)
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< ey —elgl’ + ey —elyll* - " - y"y

= (ut+ 9"y —elgl® + @+ )y -yl - "5 -y"y
="+ a"y —e|g)* — <yl

= 0"y — eunll9®, (7.6)

where the system settings e = u+y and € = u+y as shown in Fig. [Z. 1l are also used.
Here, €, = min{e, €} > 0 is the level of output strictness for the interconnection of
H, and H,. For Condition 2 in Definition [7.2] we have that

Wi (2, 7) < Wi (2, ) (7.7)

for all k& € N because V., (z) < Vi, (), Vi, (@) < V; (%), and h(z) and h(%) are
continuous. Therefore, since Conditions 1 and 2 in Definition are both satisfied,
then the system shown in Fig. [[1lis a switched nonlinear OSNI system. In the case
when H; and H, are both switched nonlinear NI, the proof of the switched nonlinear
NI property for their interconnection follows from a similar analysis in the limiting

case of e =€ = 0. O

7.3 Stability for the interconnection of switched

nonlinear NI systems

In this section, we show that the interconnection of two switched nonlinear NI
systems without external inputs is Lyapunov stable. Also, under some assumptions,
the interconnection of a switched nonlinear NI system and a switched nonlinear

OSNTI system is asymptotically stable.

H, <

Figure 7.2: Closed-loop interconnection of switched nonlinear systems H; and H,.

Theorem 7.2. Suppose the systems Hy and Hy in the interconnection in Fig. [7.2
are switched nonlinear NI systems of the form (71) with states x € R*, T € R",
inputs u,u € RP and outputs y,y € RP, respectively. Also, suppose for all iy, € T,
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the function
Viy(2) + Vi (@) — h(2)"h(Z) (7.8)

is positive definite for all x € R*, T € R™, where V;

- (2) and V; (Z) are storage
unctions satisfying Definition or systems Hy and H,, respectively. Then the
ying Y p Y

interconnection of Hy and Hy shown in Fig. 1s Lyapunov stable.

Proof. According to Theorem [Z.I] the interconnection of two switched nonlinear
NI systems is also a switched nonlinear NI system. The function in ([TH]) satisfies
Wik (z,7) < 0 when there is no external input, according to (6. Assuming the
function given by (Z.8) to be positive definite ensures that W; (z,7) is a Lyapunov
function for every switching index . Also, since W;, (x,7) satisfies (7)), then
we conclude that Wo,)(2,2) < Woq(z,Z) for any to > t; > 0. Therefore, the

interconnection of H; and H, is Lyapunov stable. O

It is natural to ask whether the interconnection of H; and Hs shown in Fig.
is asymptotically stable if H; and H, are both switched nonlinear OSNI systems.
Indeed, the interconnection in Fig. is asymptotically stable if at least one of
the systems H; and Hj is OSNI. This is shown in Theorem [7.3] where we require
Assumptions given in Chapter (Bl

Theorem 7.3. Consider a switched nonlinear NI system Hy and a switched non-
linear OSNI system Hy, both of the form (7)) with states v € R", 7 € R", inputs
u,u € RP and outputs y,y € RP, respectively. Suppose for all iy, € T, Hy and Hy sat-
isfy Assumptions[3.3 and[3.4) and their cascade interconnection as shown in Fig.[3.2
satisfies Assumption[3A. Also suppose the function

Wi (. 7) := Vi, (2) + Vi, (@) — h(2) h(@), (7.9)

is positive definite for all x € R", 7 € R", where V; (z) and XN/,k(f) are positive
semidefinite storage functions satisfying Definition [7.1] for the system Hy and Def-
inition [7.3 for the system Hs, respectively. Then the closed-loop interconnection of

the systems Hy and Hy in Fig. is asymptotically stable.

Proof. We apply Lyapunov’s direct method. The candidate Lyapunov function de-
fined in (7.9)) is positive definite for all switching indices i, € Z. Therefore, the
candidate Lyapunov function for the closed-loop system W, (x,Z) is positive defi-
nite. We need to prove that W, (x,7) keeps decreasing until it reaches zero. We
break the proof into two parts. First we show that for ¢ € (¢, tx41) where k € N,

the function W;, (z,7) keeps decreasing unless = 0. Taking the time derivative of
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Wi, (z,7), we have

Wi (2,7) = Vi, (2) + V,, (@) — h(z)Th(@) — h(z)h(3)

v, (x) v, (), Oh(z) T
= 28 g, o+ 2o, 0 - (B ) @
~ nay" )
L Oh(x) @~ @~
>~ o f%(wvu)—i_u T f%(wv >_€ szk(l’au)"
Oh(x) T . 2 Oh(F) ~
(%2 t0) @) - w2 )
lov@ ~ |
— € OF ik<x7 )"
<0, (7.10)

where the equalities also use the closed-loop setting that v = y = 71(%) and u =
y = h(z). The inequality (ZI0) implies that W (z,) is non-increasing. Now we
apply LaSalle’s invariance principle. According to (ZI0), W;, (z,T) remains zero
only if %ﬁk(ﬁ u) remains zero. This implies that T remains constant according
to Assumption B.3l According to Assumption 3.4 r remaining constant implies
that @ remains constant. Considering the setting u© = y as shown in Fig. [7.2] we
have that y also remains constant. This implies that both x and u remain constant
according to Assumptions and 3.4l Therefore, the system is in a steady state.
In this case, the inputs u(t), u(t), states x(t), z(t) and outputs y(t), y(t) are all
constant vectors, which we denote by @, U, Z, ¥, T, J, respectively. According to
Assumption B3] if @ # 0, then @ # 7, which contradicts @ = 3. This implies that
(ZI0) can hold only if @ = 7 = 0. According to Assumptions and [3.4] we have
that y =0 = 2=0 = u =7 =0 = 7 = 0. This means that the system is
already in equilibrium. Otherwise, W;, (x,7) keeps decreasing until it reaches zero.

This completes the first part of the proof.

We also need to prove that W, (z,z) does not increase at all switching instants .
At a switching instant ¢, the switching index changes from i, to 7,1, which leads
to a .]ump of Wo<x75§) from Wi (x(tk+1)7:f<tk+l)) to Wik+1<x(tk+1)75<tk+1))' Note
that there is no jump in the states z and z. Therefore, using (7.9)), we have that

Wi (@(tri1), T(teyr)) — Wi (2(trra), T(thg))

= Viers (@(tei1)) + Vi (8(ts1)) = h(@(ten)) A(E (b1)) — Vi (2 ()
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— Vi (@(th1)) + h(@(ten) TM(E (trg)
e (T(tes1)) = Vi (@(tsn)) + Vi, (F(trgr)) — Vi (F(tsr))
0,

IN

according to Condition 2 in Definitions [Z.1] and Therefore, we conclude that
the storage function W, (z, x) keeps decreasing monotonically except when (z,z) =
(0,0). Since Wy (z,x) > 0, then W, (z, Z) is bounded from below and hence W, (x, T)
has a limit ¢ as t — oo. We prove by contradiction that ¢ = 0. Suppose ¢ > 0, then

T
it implies that [x(t)T x(t)T} # 0 for all ¢ > 0. In this case, (z,7) converges to a
limit set S such that (z,7) € S implies W, (z, %) = 0. However, as is proved above,

T
W, (2, ) remains zero only at (x,Z) = (0,0). This contradicts [x(t)T E(t)T] # 0.
Therefore, ¢ = 0 and the system is asymptotically stable. O

Remark 7.2. A special case of Theorem[7.5 is when there exists a common storage
function for all switching indices for the system Hy, and respectively the system Hy;
that is Vi(-) = V;(-) for all i,j € T and Vi(-) = V;(-) for all i,j € Z. Although this
special case is included in Theorem|[7.3, it is important for switched systems because
it allows a switched system with a finite index set I to have infinite and arbitrary

switching sequence. Hence, we provide a stability result for this particular case.

Corollary 7.1. For the system setting in Theorem [7.3, suppose Vi(-) = V;(-) for
all i,5 € T and 172() = ‘7]() foralli,5 € 7. Also, suppose Assumptions I-I1I are

satisfied, and the storage function given by

W(x,7) = V(z)+ V(%) — h(z)Th(Z),

is positive definite for all z € R*, % € R™, where V(z) and V(Z) are the common
positive semidefinite storage functions satisfying Definition[71] for the system Hy and
Definition 7.9 for the system Hs, respectively. Then the closed-loop interconnection

for the systems Hy and Hy in Fig. 1s asymptotically stable.

Proof. Since Corollary [Z.1] considers a special yet important case of Theorem [7.3]
the proof follows directly from that of Theorem O

7.4 Illustrative example

In this section, we provide a numerical example demonstrating the stability of the
interconnection of a switched nonlinear NI system and a switched nonlinear OSNI

system using the results given in Section [[3. Here, we apply a state dependent
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switched nonlinear NI system called hybrid integrator-gain system (HIGS) as a con-
troller to a mass-spring-damper system with a nonlinear spring. We will investigate
HIGS as an NI controller in particular later in Chapter @ The HIGS was developed
in [I03] to improve low-frequency disturbance rejection behaviour and to reduce
high-frequency amplification and overshoot [104]. This is realized by a switching
mechanism between an integrator mode and a gain mode. The system model of a
HIGS is given in the following (see [103]):

p(t) = wpe(t), if(e(t),u(t),é(t)) € Fy
HeQan(t) = kne(t), if(e(t),u(t),é(t) € Fo (7.11)
u(t) = zn(t)

where xp,(t),e(t), u(t) € R denote the HIGS state, input and output, respectively.
For convenience, we omit the time arguments in what follows. Here, é is the time
derivative of the input e which is assumed to be continuous and piecewise differen-
tiable. The parameters w;, € [0,00) and kj, € (0,00) are the integrator frequency
and gain value, respectively. The sets F;, F, € R? determine the HIGS modes of
operation; that is, the integrator and gain modes, respectively. By construction,
F = F1 U F;, represents the sector [0, kp,| as (see [103])

2
F={(e,u,¢) € R3| eu > Z—},
h

and F; and F5 are defined as

flizf\fg;

Fo={(e,u,¢) € R*u=kpe and wpe? > kpeé}.

The HIGS primarily operates in the integrator mode. It will be switched to the gain
mode once the system dynamics reach the boundary of F and tend to leave F if it

stays in the integrator mode.

The two modes of the HIGS (7.I1)) satisfy the inequality (7.2) with a common

Lyapunov function
Ly

= Q—k:hl'h.

We consider a nonlinear OSNI mass-spring-damper system of the following form to

V(z)
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be the plant

H1 . Ii‘lzl‘g,
Ty = — 25 — 11 — Ty + u, (7.12)
Yy==a.

The system is a nonlinear OSNI system with the storage function

1 1 1
Vi(z) = Zﬁ + 5$% + §$§,
which satisfies inequality ([B4). According to Theorem [[3] if the required condi-
tions are satisfied, then the system H; of the form (TI2) can be asymptotically
stabilized by applying the HIGS H of the form (ZI1) in positive feedback, as shown

in Fig. T2

It can be verified that Assumptions and [3.4] are satisfied. For Assumption [3.5]
given any nonzero input u to the system H;, suppose the HIGS output remains
constant x; = Ty, then in the case of integrator mode, we have e = 0. This implies
that 1 = ¢ = 0. Hence, 5 = 2; = 0 and @y = 0. Therefore, u = 23 + z; = 0.
In this case, the system must be in the gain mode. We have e =€ = éfh. This
éfh. Similarly, we have ro = 0 and &5 = 0, which

implies that w = 7% + 7;. Hence, we need to show that

implies that ;1 =7, =€ =

T+ T # kT

By choosing kj, € (0, 1], this inequality is satisfied except for T; = 0. This implies
that Assumption [3.5lis satisfied. Since k;, < 1, then the candidate Lyapunov function

of the interconnection given by

1 1 1 1

W = Zx‘f + éx% + ng + Z—khxi — TpTy

is positive definite. According to Theorem [7.3] the interconnection of the system
H; and the HIGS of the form (T.I1]) with k;, < 1 is asymptotically stable.

By choosing k;, = 0.8 and w, = 20 and letting the system H; have an initial
displacement x; = 5, the state trajectories of the closed-loop interconnection of
the system H; and the HIGS H are obtained via simulation and are shown in
Fig. 73l

129



Chapter 7. Switched Nonlinear Negative Imaginary Systems

State Trajectories
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Figure 7.3: State trajectories of the state variables of the closed-loop interconnection

of the system H; given by (ZI2)) and the HIGS #H given by ([Z.I1).

7.5 Conclusion

In this chapter, the nonlinear NI systems theory has been extended to switched
systems. We have provided definitions for switched nonlinear NI and OSNI systems.
It has been shown that the closed-loop interconnection of two switched nonlinear
NI systems with external inputs and outputs is also switched nonlinear NI, and
the closed-loop interconnection is Lyapunov stable under zero input. Under some
assumptions, the closed-loop interconnection of a switched nonlinear NI system and
a switched nonlinear OSNI system has been shown to be asymptotically stable.
This stability result has been illustrated using an example where a nonlinear mass-
spring-damper system is asymptotically stabilized by a HIGS controller, which is a

switched nonlinear NI system.
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Chapter 8

Discrete-Time Negative Imaginary
Systems from Zero-Order Hold
Sampling

8.1 Introduction

In Chapters BH7, the systems we studied are all continuous-time systems. How-
ever, in practice, digital computers are almost always used in the control of physical
systems [I12]. Therefore, it is important to establish a discrete-time NI systems the-
ory. In this chapter, we provide a definition of discrete-time NI systems and propose

positive feedback control approaches to achieve stability for such systems.

A different definition of discrete-time NI systems for linear systems has already
been introduced in [39,40]. Inspired by the discrete-time PR systems theory [113],
discrete-time NI systems were defined by analogy to continuous-time NI systems.
It is shown in [39,[40] that the continuous-time NI systems definition as well as
the stability results can be mapped to the discrete-time case using a bilinear trans-
form. However, as pointed out by many papers (see e.g. [IT4HIT7]), the definition
of discrete-time passive systems [118] and PR systems [I13] lead to several issues as
compared to their original continuous-time analogues. A commonly observed issue is
that discretizating a continuous-time passive system using a zero-order hold (ZOH)
device does not in general yield a discrete-time passive system [13]. This issue is
also present in the discrete-time NI systems definition introduced in [39,40] due to

the use of bilinear transform.

In the digital control of a continuous-time physical system, a computer reads the

output signal of the plant at discrete instants of time and obtains a discrete sig-
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nal [I12]. Then the computer generates a discrete control signal according to a
certain control law. The discrete control signal is fed into the plant as a constant
continuous-time signal for an entire sampling period until the next control signal is
generated. This process is termed ZOH sampling. Therefore, in order to develop
digital controllers for physical systems with NI properties, it is useful to find a defi-
nition such that the property of NI systems is preserved under ZOH sampling. This
would provide a practical approach to digital controller synthesis for NI systems.
Also, as mentioned above, the results in [39//40] were obtained from continuous-time
results using a bilinear transform, which is a frequency-domain method and hence
is only applicable to linear time-invariant systems. Therefore, it is useful to develop
an alternative time-domain formulation of discrete-time NI properties for nonlinear

systems with a clearer link to work-energy balance relations.

In this chapter, we provide a new discrete-time NI systems definition that describes
the energy property of a ZOH sampled continuous-time NI system. Nonlinear sys-
tems are allowed in this definition. We propose a feedback control framework to
stablize a system that satisfies this definition. To be specific, we introduce discrete-
time output strictly negative imaginary (OSNI) systems, which is similar and yet
different to continuous-time OSNI systems defined in Definition .2l A modification
of an OSNI system, which takes one step advance (yet is physically realizable), is
called a step advanced output strictly negative imaginary (SAOSNI) system. We
prove that the closed-loop interconnection of an NI system and an SAOSNI sys-
tem is asymptotically stable, if certain assumptions are satisfied. A similar stability
result also holds for the interconnection of a step advanced negative imaginary sys-
tem and an OSNI system. In the case of linear systems, we provide linear matrix
inequality (LMI) conditions and frequency-domain conditions under which a sys-
tem is NI, which are different from, yet related to, the conditions provided in [39].
For linear systems, the assumptions used in the stability results can be replaced by
a simple DC gain condition. We also provide an example, where a ZOH sampled
mass-spring system, that is shown to be NI, is stabilized using an SAOSNI controller
according to the proposed results. The results in this chapter are included in the

paper [119].

8.2 Discrete-time NI systems

Consider the following discrete-time system

Hy:  wpp1 = fag, ug), (8.1a)
Yr = h(zy), (8.1b)
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where f: R” x R? — R"™ and h: R" — RP. Here ug,yr € RP and x;, € R" are the
input, output and state of the system, respectively, at time step k € N.

Definition 8.1. The system (81]) is said to be a discrete-time negative imagi-
nary (NI) system if there ezists a continuous positive semidefinite storage function

V:R"™ = R such that for arbitrary states x; and inputs ug,

V(@per) = Vize) < uf (o1 — yr) s (8.2)

for all k.

We show in the following that discretizing a continuous-time NI system yields a

discrete-time NI system. Consider a continuous-time system

y(t) = blx(t)) (8.3)

with state z € R”, input v € R? and output y € RP. Here, f: R" x RP — R" is a

Lipschitz function and h: R™ — RP is a continuously differentiable function.

Proposition 8.1. Suppose the system (8.3) is NI, then discretizing the system (8.3)
using ZOH sampling yields a discrete-time NI system.

Proof. According to Definition B] the system (83)) is said to be NI if there exists a
continuously differentiable positive semidefinite function V': R® — R such that for

any locally integrable input u and any solution z to (8.3),
V(x(t) < ut)y(t), (8.4)

for almost all ¢ > 0. Using ZOH sampling, we keep the input of the system constant
over the time interval [ty,tg.1); i.e., u(t) = uy for t € [tg, tx+1). Then, integrating

the NI inequality (84]) over the time interval [ty, tx 1) yields

/ " () < / T

i 173

That is
V(zri1) — Vo) < ul (kg1 — W),

which is the discrete-time NI inequality (82]) in Definition R, with zp = x(tx),
yr = y(tx) and similarly defined zx,1 and yyy. O

Inspired by the above discrete-time negative imaginary systems definition, we pro-

vide a different version of the definition of continuous-time NI systems, which is
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equivalent to Definition B.11

Definition 8.2 (continuous-time NI system). The system (8.3) is said to be negative
imaginary if there exists a continuously differentiable positive semidefinite storage
function V: R™ — R such that for any time T > 0, initial condition x(0) and any

constant input vector u(t) = v,

V(2(T)) = V(2(0)) < o"(y(T) - y(0)),

fort € [0,T].

An advantage of this definition is that it does not involve any derivative or integral
terms (though it is obtained by integration over [0,7), in comparison to Definition

B and the definition of passive systems [15].

Remark 8.1. Definition [81] does not reduce to the definition of discrete-time NI
systems in [39] in the linear time-invariant case. This is because [39] considers
a bilinear transform for conversion of a continuous-time system to a discrete-time
system, while this chapter considers the ZOH sampling. Throughout the remainder
of the chapter, the term “NI” refers to the discrete-time NI property as defined in
Definition [8.1, unless stated otherwise.

8.3 The NI property for linear systems

In this section, we investigate the conditions for a linear system to satisfy Defini-
tion Bl Consider the case where the system (81]) is linear and has a state-space

realization as follows

Tpe1 = Axy + Buy, (8.5a)
Yk = Cy,. (8.5D)

The following theorem provides necessary and sufficient conditions under which the

system (8.) is NI, with a quadratic storage function.

Theorem 8.1. The linear system (810) is NI with a quadratic storage function of

the form

1
V(zy) = 5:5;{ Py, (8.6)

satisfying the dissipation inequality (8.2), if and only if the following matriz is pos-
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itive semidefinite:

P— ATPA (AT — )CT — ATPB
M = . (8.7)
C(A—1I)—B"PA CB+ B'CT — B'PB

Furthermore, in the case when
det(I — A) #0, (8.8)

the NI property (8.3) with the storage function (8.0) for the system (8.4) is equivalent
to the fulfillment of the following two conditions:

C=B'I-A)7TP (8.9)
P—ATPA>0. (8.10)

Proof. In view of the system dynamics (83]), the NI property (82]) can be repre-
sented by the inequality

u'C(Az 4+ Bu —2) — (V(Ax + Bu) — V(z)) > 0 (8.11)

for any state x € R™ and input u € RP. This inequality is obtained by subtracting
the left-hand side of (82]) from its right-hand side. In application to the quadratic
storage function (8.6]), the condition (8.I1]) takes the form

0 <u'C((A—I)x+ Bu) + %xTP:c - %(A:c + Bu)" P(Az + Bu)
= %(xT(P — ATPA)x +u"(CB+ B'CT — B"PB)u) + u" (C(A—1) — BTPA)x

= %gTMg, (8.12)

where M is defined as in (8.7)) and the right-hand side is a quadratic function of the
augmented state-input vector
€= H : (8.13)
u

which can take any value in R"*?. The inequality (8I2]) holds for arbitrary £ if and

only if the matrix M is positive semi-definite:
M > 0. (8.14)

Therefore, the NI property (82]) with the quadratic storage function (86) is indeed
equivalent to (814). We will now prove that, under the condition ([88]), the inequal-
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ity (814 is equivalent to (89) and (8I0). Note that (814 implies (810) regardless
of (8.8) because P — AT PA is a diagonal block of M. Now since (814]) implies the

NI property (8I1), the latter holds, in particular, when the system state x is related

to an arbitrary input u € R? by
= (I — A)™'Bu, (8.15)

where, this time, we have used (8.8). Since the relation (8.I5]) is equivalent to
Az 4+ Bu = x, any such pair (x,u) makes the left-hand side of (811]) and the right-
hand side of (8.12) vanish. Therefore, the corresponding vector £ in (8I3]) takes the

form

(I — A)~'Bu

u

(I =A)~

, e RHPXP  (8.16)

£= = Fu, where F :=

which satisfies ETME = 0 (recall that (8I4) holds), and hence, belongs to the null

space of the positive semi-definite matrix M:
0=M¢= MFu. (8.17)
Since u € RP was arbitrary, the relation (8I7) implies
MF = 0. (8.18)

In particular, (81I8) implies the product of the first block-row Mj, of the matrix M
in (87) and the matrix F' from (8.10]) vanish:

0= M F
—|p—amPa (AT - ATPB]
= (P—-ATPAYI - A)"'B+ (A" - I)CT - ATPB

=PI —-A)"'B-A"P(I-A)"'~1)B+ (A" —1)CT - A"PB
= P(I-A)"'B-A"P(I-A)'B+ (AT —1)CT
= (AT —)(CT - P(I - A)'B),

which leads to (89) due to the nonsingularity of AT — I which follows from (8.8).
This completes the proof that (88)), (8I14) imply (89), (8I0). It now remains to

prove that (88), (89), (RI0) imply (8I4). To this end, we note that (88]) ensures
(B9 is well-defined, and the substitution of (8.9) into the appropriate blocks of (81
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yields

My = CB+ B'C" — B"PB

=B"(I—-A)TPB+B"P(I-A)'B-B"PB

=BTI-AT(PI-A+T-AHP - (I —-AHPI - A)I—-A)'B

= BT(I - A)(P—-ATPA)(I - A)7'B, (8.19)
My, = (AT — NCT — A"PB

= (AT - )P(I - A)'B-ATPB

= (A"—DP—-ATP(I-A)(I-A)"'B

= —(P—-ATPA)I - A)'B. (8.20)

By substituting (819) and (820) along with My = M{, into (87), it follows that

the matrix M can be factorized as
M =GT(P - ATPA)G, (8.21)

where G := [—] (]—A)*lB} € R™(+P)  The factorization (82I)) shows that
(BI0) implies (814). Thus (8S), B9), (8I0) imply (8I4]). This completes the

proof of the theorem. O
Theorem below gives conditions under which a linear system will have the NI
property. This theorem uses the following preliminary result.

Lemma 8.1. Suppose the system (83) is minimal and satisfies det(I + A) # 0 and
det(I — A) # 0. Then there exists X = XT > 0 satisfying

X —-ATXA>0,and C=BT(I - A)TX(A+1)

if and only if the transfer matriz G(z) = C(zI — A)~'B satisfies the following

conditions:
1. G(2) has no poles in |z| > 1.

2. i [G(e") — G(e)*] >0 for all 0 € (0,7) except for the values of  for which
z =€ is a pole of G(2).

3. If zp = €%, with 0y € (0,7), is a pole of G(2), then it is a simple pole and the

normalized residue matriz

Ky = E lim (z — 20)iG(z)

ZO Z—r20

1s Hermitian and positive semidefinite.
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Proof. See Lemma 3.2 and Theorem 3.2 of [39]. Note that the cases considered in
Conditions (iv) and (v) in Lemma 3.2 in [39] where zy = —1 and 2z, = 1 are exclueded
here. This is because of the assumptions det(I + A) # 0 and det(/ — A) # 0 in
Theorem 3.2 in [39]. O

The following theorem provides frequency-domain conditions for a linear system to

be NI.

Theorem 8.2. Suppose the minimal system (873) satisfies det(I + A) # 0 and
det(I —A) # 0. Then it is NI if and only if its transfer matriz G(z) = C(2I—-A)"'B
satisfies the following conditions:

1. G(z) has no poles in |z| > 1.

2. i [(e? +1)G(e?) — (e7® + 1)G(e"®)* — L+ LT] > 0 for all § € (0,7) except
for the values of 0 for which z = € is a pole of G(2). Here,

L = lim zG(2). (8.22)
Z—r00
3. If zg = e, with 6, € (0,7), is a pole of G(z), then it is a simple pole and the
normalized residue matrix

Ko = (1 + i) lim (2 — 20)iG(2) (8.23)

ZO Z—20
1s Hermitian and positive semidefinite.

Proof. By comparing the LMI conditions in Theorem 8.1] and Lemma [R.I] we have
that the system (83) is NI if and only if the transfer matrix G(z) of the realization
(A, B,C(A+1)) satisfies the frequency-domain conditions in Lemma[RIl By letting
Ur = C(A+ I)xy, we have

Ur = CAzp + Cap = Yry1 + Yp — C Buy.

This implies that
G(z) = (z+1)G(2) — CB. (8.24)

The matrix C'B can be represented as CB = lim,_,, 2G(z). We show in the fol-
lowing that G(z) satisfies Conditions 1-3 in Lemma B if and only if G(z) satisfies
Conditions 1-3 in the present Theorem. We substitute (824)) into the correspond-
ing conditions in Lemma BI More precisely, the transfer matrix G(z) satisfies

Condition 1 in Lemma [R.1]if and only if Condition 1 in the present theorem is satis-

fied. Condition 2 is established by substituting (824) into i [G(e'?) — G(e?)*] > 0.
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Condition 3 is established via the following derivation

Ky = B lim (2 — 20)iG(z2)
ZO Z—r20
1
= lim (z — 2z0)i ((2 + 1)G(2) — CB)
0 Z—20
_ ol lim (z — 20)1G(2).

ZO Z—r20

8.4 Stability for the interconnection of NI sys-

tems

In this section, we investigate the stability of the feedback interconnection of NI sys-
tems with positive definite storage functions. First, we introduce several variations

of NI systems. Consider a system with the model

Hy:  Fpr = f(@e ), (8.25a)
h

~

Y. = h(@), (8.25b)
where f: R™ x R? — R™ and h: R™ — R?. Here Ui, Y € R? and 7, € R™ are the
input, output and state of the system, respectively, at time step k € N.

Definition 8.3. The system (8.27) is said to be a discrete-time output strictly neg-
ative imaginary (OSNI) system if there exists a continuous positive semidefinite
storage function V:R™ = R and a scalar e > 0 such that for arbitrary states Ty,

and inputs Uy,
V(Zgr) = V(@) < U Grsr — Un) — €llTrrr — Tell?,

for all k. In this case, we also say that system (8.24) is OSNI with degree of output

strictness e.

Remark 8.2. Note that wunlike the relationship between continuous-time and
discrete-time NI systems definition, discrete-time OSNI systems are not defined in a
way such that ZOH sampling a continuous-time OSNI system yields a discrete-time
OSNI system. The purpose of defining OSNI systems is to use the output strictness
to achieve stability. Such discrete-time OSNI systems exist and can be applied in the

control of discrete-time NI systems, which is shown in the example in Section [8.4.

We show in the following that the NI system H; can be asymptotically stabilized by
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an auxiliary system associated with the OSNI system H, in positive feedback. The
auxiliary system, denoted by Ha, is described by (B25a) and

~

Uk = h(f @, W) = Trsr. (8.26)

For an OSNI system (8.25]), we call the auxiliary system given by (825al), (8.26])
a step advanced output strictly negative imaginary (SAOSNI) system. A formal

definition of SAOSNI systems is as follows.
Consider the system

~ ~

H2: /x\k+1 = f(fk, ﬂk), (827&)
U = (@, W), (8.27b)

where f: R™ x R”? — R™ and h: R™ x R? — RP?. Here Uk, Yr € R? and 7, € R™ are
the input, output and state of the system, respectively, at time step k € N.

Definition 8.4. The system (8.27) is said to be a discrete-time step advanced output

strictly negative imaginary (SAOSNI) system if there exists a continuous function
/i;(ic\k) such that:

1. W@k, Tx) = h(f @, Tp)).-

2. There exists a continuous positive semidefinite storage function V:R™ 5 R

and a scalar € > 0 such that for arbitrary states T) and inputs uy,
V(@) = V(@) < (@) = (@) = ellh@) = b

for all k.

Ug Yk

~ u
Yk i, 5 k

Figure 8.1: Closed-loop interconnection of the NI system H; and the SAOSNI system
H,.

Consider the feedback interconnection in Fig.[R.1], which is described by the following

equations:

Uk = Yk;
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Uk = Yk-

In order to present the stability result, we need to make the following assumption for

the open-loop interconnection of the systems H; and H, as shown in Fig.

Assumption 8.1. Giving an input up = u for the system Hy which is constant for
all time steps k > k., we obtain a corresponding output yi. Also, setting the input
of the system fIQ to be up, = yi in the open-loop interconnection shown in Fig. [8.2
with corresponding output Yy. If = y remains constant for all k > k., and § = 1,

then xy, T, = 0 for all k > k*, where k* is some integer such that k* > k..

-~ ~

U U =~
k H, Yk k} i, Yk

Figure 8.2: Open-loop interconnection of the NI plant H; and the SAOSNI controller
H,.

We have the following stability result.

Theorem 8.3. Consider the NI system Hy given by (81) and the SAOSNI system
Hy given by (8-27). Also, suppose Assumption[81 is satisfied and the function

~

is continuous and positive definite, where V (xy) and 17(519) are the storage functions
of the systems Hy and fIQ, respectively. Then the closed-loop interconnection of the

system Hy and the system Hy shown in Fig. [8.1] is asymptotically stable.

Proof. Using Lyapunov’s direct method [120], consider the increment of the function

Wz, ) in (B28)):

W (i1, Begr) = W(an, ) = Vizesn) + V(@) = Vize) = V@) — ybTen
+ Yi Uk
< i (Yrpr = yi) + Uy, Geer = Gr) = €llGrsr — il
- ?/gﬂ?//\kﬂ + y;?@k
= ?7/?+1 (Yr+1 — yx) + ?/1? (k1 — Yk) — €llYrs1 — ?//\kHQ
- ?//?H?//\kﬂ + y;fﬁk
= — e||Ter1 — Till?

<0.
The closed-loop system is stable in the sense of Lyapunov. Moreover, W (xy, T)) —
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W (zk, Zx) = 0 implies that yr.1 — yp = 0. We use LaSalle’s invariance principle in
the following; e.g., see Theorem 1 of Reference [121]. In the case that W (xy, T)) —
W (xy, 7)) stays at zero for all future time steps k, we have yri1 — yp = 0. Since
Ui is the output of the OSNI system associated with the SAOSNI system ﬁg; ie.,
Ut = Yr+1, we also have that 7, = y,_; for all future time steps k. That is 11 = U
for all future time steps. In this case, according to the system setting u, = v, the
input u; also remains constant and it equals to . According to Assumption B.1],
this implies that z;, and 7 equal to zero after some time step k*. Otherwise, the
function W (zy, zx) will keep decreasing until W (zy, z) = 0. That is, x = 0 and

T = 0, which is the equilibrium of the closed-loop interconnection. O

We consider the linear case of Theorem in the following corollary. The positive
definiteness condition of the closed-loop Lyapunov function (828)]) is reduced to a

DC gain condition.

Consider a minimal system
Trp1 = Arxg + Brug;  yx = Cray, (8.29)

where x;, € R™, ug, yr € RP is the state, input and output, respectively. Consider

another minimal system
§k+1 = AQ%]C —+ BQﬁk; gk = CQZEk —+ Dgﬂk (830)

where 7 € R™, uy, . € RP is the state, input and output, respectively.

Corollary 8.1. Consider the minimal systems (8.29) and (8.30) with transfer func-
tion matrices G(z) and H(z), respectively. Suppose G(z) is NI and H(z) is SAOSNI,
both with positive definite quadratic storage functions. If A (G(1)H (1)) < 1, then
the closed-loop interconnection of the systems (829) and (8.30) is asymptotically
stable.

Proof. Since the system (830) is SAOSNI, then according to Definition [R4] there
exists an OSNI system of the form

5k+1 = Agfk + BQ?jk; @\k = C'\ka (831)

where Cy = 6’2/12 and Dy = 5232. In other words, yx = Yrr1. Due to the step
advance, the system (B3I) has transfer matrix H(z) such that H(z) = zH(2).
Therefore, H(1) = H(1). According to Theorem B3, a Lyapunov function for the
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closed-loop interconnection of the systems (829) and (830) is given by

P —CTC,

W(z,7) = [:cT fT] _&re, P

T

f] (8.32)

where  and T are the states of the state-space realizations of G(z) and ]/-\I(z),
respectively. Also, P and P are symmetric positive definite matrices satisfying
condition () for the state-space realizations of G(z) and H(z), respectively. Note
that the existence of such P and P follows from the NI properties of G(z) and
H(z) according to Theorem Bl We prove that if A,..(G(1)H(1)) < 1, then the
Lyapunov function given by (832]) is positive definite. We have that

G()H(1) = G(1)H(1)
= C1(I — A1) 'B1Cy(I — Ay) ' By
- C'1P*1C'1T(/7\2]5*162T,

where the last equality follows from condition (89]). Therefore, A\pq.(G(1)H (1)) < 1
implies

Amaz(P1CTC,P'CECy) < 1.

This implies that
P> CIC,P'\CrCy. (8.33)

By considering the Schur’s complement, inequality (8.33]) and the fact P > 0 imply
P —CIC,
—Cfc, P
Note that in this case, Assumption 8.1]is satisfied because the DC loop gain is less
than unity. The rest of the proof follows from Theorem R.3l O

that > 0. Hence, W(z,) given in (832) is positive definite.

In a similar manner to the above, an OSNI system can be stabilized using an aux-
iliary system for an NI system, which we call a step advanced negative imaginary
(SANTI) system. We provide the definition for SANI systems as follows. Consider
the system

Hy: xpgr = f(e,ug), (8.34a)
U = Mk, wp), (8.34h)

where f: R" x R? — R” and h: R” x R? — RP. Here uy,7, € R? and x;, € R" are
the input, output and state of the system, respectively, at time step k£ € N.

Definition 8.5. The system (834)) is said to be a discrete-time step advanced nega-
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tie imaginary (SANI) system if there exists a continuous function h(xy) such that:
1. h(wg, ug) = h(f(zg, up)).

2. There exists a continuous positive semidefinite storage function V:R"™ — R

such that for arbitrary states xy and inputs uy,

V(wper) = Vi) < uf (h(@pgr) — hla))

for all k.

Remark 8.3. Definition[83 can be regarded as a variant of Definition[81 in a way
such that the system output y,, takes the next step output value; i.e., h(xyy1). To be
specific, suppose the system (81) is NI as per Definition[81. Then a system with the
same state equation (8.1d) and an output equation y(k) = h(x(k+1)) = h(f (g, ux))
is an SANI system. Note that this does not affect the causality of the system because

h(f(zg,ug)) is a function of the state x) and input uy at the current step k.

U _
k i, Yy

HQ <

Figure 8.3: Closed-loop interconnection of the SANI system H; and the OSNI sys-
tem H.

The feedback interconnection setting to be considered is shown in Fig. R and is

described by the following equations:

We make the following assumption for the open-loop interconnection of the systems
H, and H, as shown in Fig. B4l

Assumption 8.2. Giving an input uy, = U for the system H, which is constant for
all time steps k > k., we obtain a corresponding output y,.. Also, setting the input
of the system Hjy to be uy = 7, in the open-loop interconnection shown in Fig.
with corresponding output Yy. If Ui = y remains constant for all k > k., and § = 1,

then xy, T, = 0 for all k > k*, where k* is some integer such that k* > k..
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U - Yk U Yk
—> H; > Hy —

Figure 8.4: Open-loop interconnection of the SANI plant H, and the OSNI controller
H,.

Theorem 8.4. Consider the SANI system H; given by (8.34) and the OSNI system
Hy given by (823). Also, suppose Assumption 82 is satisfied and the function

~

W zn, T) = Vi) + V(@) — h(zr)Th(Z)

is continuous and positive definite, where V (x),) and V (Z),) are the storage functions
of the systems Hy and H,, respectively. Then the closed-loop interconnection of the

system H, and the system Hy shown in Fig.[8.3 is asymptotically stable.

Proof. The proof of Theorem [8.4]follows a similar derivation to the proof of Theorem
3.0l 0

Corollary 8.2. Consider the minimal systems (8.29) and (8.30) with transfer func-
tion matrices G(z) and H(z), respectively. Suppose G(z) is SANI and H(z) is OSNI,
both with positive definite quadratic storage functions. If Apa.(G(1)H (1)) < 1, then
the closed-loop interconnection of the systems (8.29) and (8.30) is asymptotically
stable.

Proof. The proof is similar to that of Corollary 81l with Theorem B4 used instead
of Theorem [R.3l O

Remark 8.4. For the case of a linear SANI system with transfer matriz H(z), the
conditions in Definition[8.0 reduce to the condition that H(z) = zH,(z) where Hy(2)
is an NI system. Under the assumptions of Lemma (81, H(z) is SANI if and only
if (14 2)H(2) —lim._,oc H(2) satisfies Conditions 1-3 in Lemma 81

8.5 Illustrative example
In this section, we provide an example to illustrate the proposed results. To be spe-
cific, we apply an SAOSNI controller to asymptotically stabilize an NI plant.

Consider a mass-spring system shown in Fig. The system has mass m = 0.04kg
and spring constant kK = 1N/m. A discrete-time model of the system is obtained by
sampling the continuous-time system with period A = 0.02s using the ZOH method
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k=1N/m
MW m = 0.0dkg —— F

//////////////////////////////////////////////////////////////////////////////

Figure 8.5: A mass-spring system with mass m = 0.04kg and spring constant k =
IN/m.

(see also [112]).

Tht1 = Al‘k + Buk, (835&)
yr = Cy, (8.35b)
where
A [ cos(wh) sin(wh)| | cos0.1 sin0.1
B | —sin(wh) cos(wh) | =sin0.1 cos0.1]’
B _% (1 — cos(wh)) _ 1 —cos0.1
+ sin(wh) sin0.1 |

c=[1 0,

T

with w = /k/m = 0.5rad/sec. Here, x; = [%k xbk} € R?, uy,yr, € R are the
state, input and output of the system, respectively. This system is NI according to
Definition Rl with the storage function

Vizy) = (wik + xgk) :

DO | =

Note that here x, corresponds to the position of the mass and x; corresponds to
the displacement of the mass in \/m = 0.2sec. This scaling of the state variables
is used in simplifying the system model. The NI property of the plant can also be
verified using Theorem The transfer function of the system (833 is

(1 —cos0.1)(z+1)

Gle) = 22 —2cos0.1 z+1°

This transfer function has a pair of complex conjugate poles at z = cos0.1£¢sin0.1.
Therefore, Condition 1 is satisfied. We have that

i[(€”+1)G(e”) — (e +1)G(e”) — L+ L] =0,
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for all § € (0,7) such that ¢ is not a pole of G(z). Here, L = C'B according to
(B22). Hence, Condition 2 is satisfied. As for Condition 3, the pole z = cos0.1 +
isin 0.1 is of the form ¢! with 0.1 € (0, 7). This is a simple pole and the residue
matrix is Ky = sin 0.1 according to (823). Therefore, the system (835]) satisfies all
the conditions in Theorem and hence is NI. This can also be seen in the Bode
plot of the transfer function (z + 1)G(z) shown in Fig. .6l

Bode Diagram of (z + 1)G(z)
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s
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Figure 8.6: Bode plot of the system with transfer function (z + 1)G(2). From the
phase plot, we can see that its phase is in the range [—, 0] for frequencies in (0, 7).

According to Theorem B3] we can use the following controller, which is SAOSNI
according to Definition [8.4}

. .o 1.

Thy1 = Zl’k + §Uk, (836&)
~ 1. 1.
Y = Zxk + iuk (836b)

where Ty, Uy, yr € R are the state, input and output of the system, respectively.
This system is SAOSNI with the storage function
3

V(@) = 7%,

and € € (0,3]. The system (830) has the transfer matrix

2z

H(z) = 4z —1

and is SAOSNI, which implies that it is also SANI. Hence, according to Remark
B4, (1+ 1)H(z) should satisfy the Conditions 1-3 in Lemma Bl The Bode plot of
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(1+ 1)H(z) is shown in Fig. B

Bode Diagram of (1+ )H ()
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Figure 8.7: Bode plot of the system with transfer function (1 + 1)H(z). From the
phase plot, we can see that its phase is in the range (—, 0) for frequencies in (0, 7).

Consider the positive feedback interconnection of the plant (8.35]) and the controller
([B36). It can be verified that Assumption [8.1]is satisfied. We construct the Lya-
punov function of the interconnection as follows according to (828)),
W(xg, =x) = lxik + lxik + §/x\2 — Tk Tk,
2 2 4

which is positive definite. We set the initial states of the systems to be xy =
[5 —3}T and 7o = 2. We can see that the states z; and 7, converge to zero
as shown in Fig. 8.8 Starting from nonzero initial values, the states converge to
zero, which implies that the system is asymptotically stable. This is consistent
with our expectations according to Theorem B3l The stability of the closed-loop
interconnection can also be concluded from Corollary BIlbecause G(1)H (1) = 2 < 1

in this case.

Remark 8.5. Closed-loop stability in this example can also be analyzed in the
frequency-domain. Let the transfer functions of the systems (8.33) and (8.30)
be denoted by G(z) and H(z), respectively. Since G(z) is NI, then Go(z) =
(z + 1)G(2) + lim,_,oo G(2) satisfies Conditions 1-8 of Lemma [83. Since H(z)
is SAOSNI, then it is also SANIL. Hence, Ho(z) = (1 + 2)H(2) — lim,_ o H(z)
satisfies Conditions 1-8 of Lemma [81. In the case of SISO systems, we need
Gi(z) = (2 + 1)G(2) and Hy(z) = (1 + L)H(2) to satisfy those conditions.
Now we consider the loop gain G(z)H(z) of the interconnection. We have that

148



New Results in Negative Imaginary Systems Theory

State Trajectories

T

Ta

0 500 1000 1500 2000

k

Figure 8.8: State trajectories for the feedback interconnection of the systems (8.33])

and (8.36]).

L(z) = G(2)H(2) = z55G1(2)Hi(2). Let z =", Hence,
i i i 1 i i
L(e 6) =Gl(e G)H(e 6) = mGl(e G)Hl(e 6)
_ 1 if i0
2 (:059+2Gl(6 JH1(e). (8.37)

Since G1(z) and H,(z) satisfy Condition 2 in Lemma [82, then for § € (0,7),
we have arg(G1(e?)) € [—m,0] and arg(H,(e”)) € [-m,0]. If Hi(2) is such
that arg(H,(e?)) € (—m,0) for 0 € (0,7), then arg(Gi(e?)H,(¢?)) € (—2m,0).
Since 2cosf +2 > 0 for all § € (0,7), then according to (8-37), we also have
arg(G1(e”)H,(¢?)) € (=2m,0) for 6 € (0,7). Hence, the closed-loop interconnec-
tion must be asymptotically stable according to the discrete-time Nyquist criterion.
The phase of G(z)H (z) is shown in the Bode plot in Fig.[8.9.

8.6 Conclusion

In this chapter, we provided a new definition of the NI property for discrete-time
systems. According to this definition, ZOH sampling of a continuous-time NI system
yields a discrete-time NI system. We also provide LMI conditions and frequency-
domain conditions for this definition to be satisfied in the case of linear systems.
We prove that the closed-loop interconnection of an NI system and an SAOSNI
system is asymptotically stable, under certain assumptions. Under similar assump-
tions, asymptotic stability is also proved for the closed-loop interconnection of an
SANI system and an OSNI system. These assumptions reduce to a simple DC gain

condition in the linear case. We show in an example that a discrete-time mass-
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Bode Diagram of G(z)H (z)

Magnitude (dB)

Phase (deg)

Eis L
0 1 2
y

Frequency (rad/s)

Figure 8.9: Bode plot of the open-loop interconnection of the NI system (8.35]) and
the SAOSNI system (8.36]). The interconnection has the transfer function G(z)H (z)
whose phase is in the range (=2, 0) for frequencies in (0, ) according to the above
explanation and also the Bode plot. Hence the positive feedback interconnection is

asymptotically stable.

spring system, which is NI, can be asymptotically stabilized using the proposed

results.

150



Chapter 9

Negative Imaginary Systems
Control Using Hybrid

Integrator-(GGain Systems

9.1 Introduction

In Chapter [l we have investigated the NI property for switched systems and pro-
posed a feedback stability result. In the example given in Section [.4] we applied
a switched controller called a hybrid integrator-gain system (HIGS) to a nonlinear
mass-spring damper system to achieve stability. In this chapter, we study the ap-
plication of HIGS controllers in the control of linear NI systems. Besides the HIGS
of its original form, we also investigate a multi-HIGS, the cascade of two HIGS and
a discrete-time HIGS.

The motivation of using this specific controller in the control of NI systems is that the
HIGS may overcome some of the limitations of linear controllers. Linear feedback
control has inherent limitations which have been discussed in [122,[123]. Bode’s
phase-gain relationship shows a trade-off between control system performance and
robustness [124,[125]. That is, the desired large low-frequency gain and small high-
frequency gain can only be achieved at the cost of a lower stability margin [126].
To be specific, an integrator, which is commonly used to eliminate steady-state
error [127] introduces a 90° phase lag. The time delay caused by such a phase
lag will unavoidably lead to an overshoot and even instability [128,[129]. Clegg
introduced a nonlinear integrator in [129], known as a Clegg integrator, to overcome
these limitations. The output of the Clegg integrator is reset to zero whenever its
input crosses zero. With such a resetting mechanism, the input and output of a Clegg

integrator always have the same sign. The describing function of a Clegg integrator

151



Chapter 9. Negative Imaginary Systems Control Using Hybrid Integrator-Gain
Systems

has a magnitude slope identical to a linear integrator but a phase lag of only 38.1°.
In comparison to a linear integrator, the reduction of 51.9° of phase lag will lead to
a significant reduction in time delay and, as a consequence, overshoot. The concept
of output resetting was generalized to a first-order filter with the transfer function
1/(s+b) in [I30]. This is known as the first-order reset element (FORE); see [131132]
for a discussion of reset control systems. A concrete example provided in [133] shows
that a reset control system can meet control objectives that are unachievable for any
linear controller: under FORE control, the plant tracks a unit step reference with no

overshoot even for a large rise time; i.e., when the bandwidth is low (see [122]).

A drawback of conventional reset control systems such as Clegg integrators and
FOREs is that they generate discontinuous control signals when the reset happens.
Discontinuous control signals can cause chattering which may excite high-frequency
dynamics and lead to poor performance or even instability [15,134]. To overcome
this drawback of reset control systems, the HIGS was introduced in [103]. Instead
of resetting the state to zero, the HIGS alternates between integrator and gain
modes resulting in a continuous (but non-smooth) control signal. This prevents
the excitation of high-frequency harmonics induced by conventional reset control
systems. The input-output relation of the HIGS is also restricted to a sector in which
the HIGS operates as an integrator. The tendency to violate the sector constraint
in the integrator mode enforces switching to the gain mode, ensuring that the input
and output of the HIGS would have identical signs [135]. The frequency response
of the describing function of a HIGS has the same 38.1° of phase lag as the reset
control system [103]. Hence, the HIGS has similar advantages as the reset control
systems described above in terms of overcoming the limitations of linear controllers.
The paper [136] illustrated the advantages of HIGS using a concrete example where
overshoot is completely eliminated by HIGS control, which is unachievable by any

linear controller.

The demand for high-precision, high-speed, and reliable mechatronics systems has
increased tremendously, and to address this need, the HIGS element has been ex-
ploited successfully in the semiconductor industry for motion tracking [103[137138],
vibration isolation and damping [I35,[139,[140]. In [I03], a HIGS-based proportional
double integral derivative (PI?D) controller is designed and applied to a wafer stage
system of an industrial wafer scanner. Owing to the enhanced phase behaviour of
HIGS-based filters compared to the linear counterparts, HIGS-based second-order
low-pass filters [137] and HIGS-based notch filters [141] are proposed to achieve sub-
stantial low-frequency disturbance rejection and increase the bandwidth of a wafer
scanner. A HIGS-based bandpass filter is also constructed in [I35], featuring a se-

ries connection of two HIGS elements applied for vibration isolation. By replacing a
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standard integrator with the HIGS element, [136] demonstrates a novel application
of the HIGS in reducing overshoot in linear time-invariant plants with a real un-
stable pole. The HIGS is also studied in a multivariable configuration [139] applied
to a multivariable active vibration isolation system in the form of a HIGS-based

bandpass filter.

Stability and performance analysis of closed-loop systems featuring HIGS is chal-
lenging due to the nonlinear nature of this hybrid system. Based on the stability
analysis of reset control systems in general [142], a frequency-domain approach is
proposed in [I03] to graphically verify the stability of a controlled system with the
HIGS using measured frequency response data of the linear part of the system and
the Kalman-Yakubovich-Popov lemma. In this approach, the closed-loop system is
rearranged in Lur’e form by isolating the nonlinearity from the linear counterpart
of the system. Then the input-to-state stability (ISS) of the closed-loop system is
guaranteed based on the detectability of the HIGS element and the circle criterion.
This results in frequency-domain conditions, less stringent than the strictly positive
criterion [I142]. Using a modified version of the circle criterion, the stability of the

closed-loop system in a MIMO configuration is also investigated in [139].

Since the switching strategy in HIGS is not taken into account in the proposed
stability analysis of the controlled systems featuring HIGS, frequency-domain con-
ditions give a conservative estimate of stability. This has been addressed in [143] by
proposing novel conditions that guarantee the existence of the Lyapunov functions
in subregions of the state-space where the HIGS is active. The stability of nonlinear
closed-loop systems with the HIGS element is also explored through a time-domain
approach where an ISS condition is proposed in terms of LMIs that guarantee the
existence of a piecewise quadratic Lyapunov function [I44]. This approach is less

conservative compared to the frequency-domain approach of [144].

In this chapter, we investigate the application of HIGS on the control of linear NI
systems. We propose different types of variations of the original HIGS which was
introduced in [103]. To be specific, we investigate a single HIGS, a multi-HIGS, and
the cascade of two HIGS elements. We show that all these three types of HIGS are
nonlinear NI systems, and they can be applied in the control of linear NI plants. We
provide an intuitive description of the multi-HIGS, which was originally introduced
in [139]. A multi-HIGS, which is a parallel combination of multiple HIGS, can be
used in the control of a MIMO NI plant. The cascade connection of two HIGS can
be used as an alternative to the single HIGS. We do not consider a cascade of more
than two HIGS because NI systems can only have relative degree less than or equal

to two and each HIGS can have a relative degree of one.

153



Chapter 9. Negative Imaginary Systems Control Using Hybrid Integrator-Gain
Systems

The NI property of HIGS elements motivates a methodology of using HIGS in the
control of flexible structures with colocated force actuators and position sensors.
This methodology is applied in this chapter to control a microelectromechanical
system (MEMS) nanopositioner. A real-world experiment was implemented, where
a 2-DOF MEMS nanopositioner was controlled by a multi-HIGS controller.

In addition, we investigate a discrete-time HIGS using the results proposed in Chap-
ter [§] for the purpose of digital control. The discrete-time HIGS, which was intro-
duced in [145], is shown to be a discrete-time SANI system as defined in Definition
We prove that discrete-time HIGS controllers can be used to control linear
discrete-time NI systems. This result is then illustrated using an example of a mass-

spring system. The results in this chapter are included in the papers [146-148)].

9.2 A single HIGS

In this section, we provide the system model of the original form of HIGS. We prove
that a HIGS is a nonlinear NI system. Also, we show that for any minimal linear
NI system, there exists a HIGS that can stabilize it.

9.2.1 System description

A SISO hybrid integrator-gain system (HIGS) H is represented by the following
differential algebraic equations [103]:

T =wpe, if(e,u,é) € F
H:Qxy, =kpe, if(e,u,é) € Fo (9.1)

U = Th,

where x,,e,u € R denote the state, input, and output of the HIGS, respectively.
Here, é is the time derivative of the input e, which is assumed to be continuous and
piecewise differentiable. Also, wy, € [0, 00) and kj, € (0, 00) represents the integrator
frequency and gain value, respectively. These tunable parameters allow for desired
control performance. The sets F; and F, € R3 determine the HIGS modes of
operation; i.e. the integrator and gain modes, respectively. The HIGS is designed

to operate under the sector constraint (e, u, é) € F (see [103,139]) where

1
F ={(e,u,¢) € R*|eu > k—u2}, (9.2)
h
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and F; and F5 are defined as

fl = .F\.FQ;
Fo:={(e,u,¢) € R*u=kpe and wpe? > kpeé}. (9.3)

The HIGS (@) operates in the integrator mode unless the HIGS output u is on
the boundary of the sector F, and tends to exit the sector; i.e. (e,u,é) € Fy. In
this case, the HIGS is enforced to operate in the gain mode. At the time instants
when switching happens, the state x; still remains continuous, as can be seen from
@1.

In this section, we show that a single HIGS, represented by (@.]), is nonlinear NI.
Then, we show that a single HIGS can be used as a controller for a SISO NI system
by proving that the positive feedback interconnection of an NI system and a HIGS
is asymptotically stable.

9.2.2 Nonlinear NI property of SISO HIGS

We first present a property of the HIGS (0.1]) in Lemma [0.1], which is implied by the
sector constraint (@.2). This property will be used later in the proofs of the main

results.

Lemma 9.1. Consider a HIGS element with the system model (). This system
satisfies

exy — kpe® <0,
where the equality only holds when xp = kpe.

Proof. Consider the following inequality

2
1
( k—l’h -\ /{Zh€> Z O,
h

where equality only holds when z;, = kjpe. Therefore,

1
—xi — 2exy, + kpe® > 0.
kn

Considering the condition in F as given in (@.2)), this implies that
2 _ 1 9
exy, — kpe” < —x; —exp <0,
kn

where equality only holds when x;, = kye. O
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The nonlinear NI property of a SISO HIGS is shown in the following theorem.
Theorem 9.1. Consider a SISO HIGS as in (91), then the HIGS is a nonlinear

NI system from input e to the output u with the positive definite storage function

formulated as

1
V(xn) = %xi
satisfying
V(xy) < et (9.4)

Proof. The storage function V'(xy,) is positive definite since kj, > 0. Here, we prove
that (@.4]) holds in both integrator and gain modes. Taking the time derivative of

V(zy), we have that
V(.Th) = k—SL’hSL’h.
h
Case 1. The HIGS operates in the integrator mode; i.e., (e,u,é) € F;. In this

case, we have that @), = wye. Therefore, V is obtained as

. 1
V(zp) = k—hwhe:ph < wpe? = etl. (9.5)

where the inequality follows from Lemma Q.11
Case 2. The HIGS operates in the gain mode; i.e., (e,u,é) € F,. In this case, we

have that u = xz;, = kpe. Therefore,

. 1
V(l‘h) = k—hk’hei‘h = el. (96)

According to (@.5) and (@.6]), and Definition 3.1}, the HIGS is a nonlinear NI system.
U

9.2.3 Stability for the interconnection of a SISO NI system
and a HIGS

Consider the interconnection of a SISO linear NI plant G(s) and a HIGS controller
‘H as shown in Fig. We analyze the stability of the closed-loop system in the
following. Note that here and also in Sections [0.3] and [@.5] HIGS controllers are
applied in positive feedback, according to the control framework used in NI systems
theory [2,162].

Consider a SISO NI system with the transfer function matrix G(s) and the minimal

realization:

& = Az + Bu, (9.7a)
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1 Gls)

A

HIGS H
Th (&

Figure 9.1: Closed-loop interconnection of a linear NI system and a HIGS.
y=Cuz, (9.7b)
where z € R", u,y € R are the state, input and output of the system, respectively.

Here, A € R™", B € R™! and C' € R,

Theorem 9.2. Consider the SISO minimal linear NI system (9.7). There exists a
HIGS element H of the form (@1) such that the closed-loop interconnection of the
system (9.7) and the HIGS H as shown in Fig.[91l is asymptotically stable.

Proof. This result is a special case of Theorem [@0.4l Since (0.7)) is a minimal real-
ization of the linear NI system G(s), then according to Lemma 2.3 we have that
det A # 0 and there exists Y = Y7 > 0, Y € R™" such that

AY +YAT <0, and B+ AYCT =0. (9.8)

Using Lyapunov’s direct method, let the storage function of the closed-loop inter-

connection be

1 _ 1 1 y=! —-CT| |z
W(ZL‘,$‘h) = §$‘TY 11‘ + %ZL'%L - Cl‘{L‘h = 5 |:;(,’T ,j(;h] _C ki xh] . (99)
h

Using Schur Complement theorem, W (z, z;) > 0 for all (z, z) # (0,0) if

1
— —CcYycT >o. (9.10)
kp,

Using (@.8), we have that CYCT = —CA™'B = G(0). Then, (@.I0) becomes
/{JhG(O) < 1.

Taking the time derivative of W (z, z;,) defined in (@.9]), we have

. 1
W(Jf, SL’h) = ZL’Tyiljf + k—l’hi’h - C.T.Th - C’:m:h
h
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1
— (;pTY_l _ ZL‘hC) T+ (k—:ph — C’x) Th
h
Ty —1 . 1 .
:(x Y —uC’)er (—xh—e) T
kn
1
==Y +uBTATTY ) i+ (k—xh — e) i
h
1
= (:UTAT + uBT) (ATTYHi + (k—xh - e) Tp,
h
Lo oy —1 4—1y,; 1 .
= (ATY "+ YA )i+ | —xp —e ) @,
2 kp
where u = x;, and e = y = Cz are also used. We have that
( 1 ) ‘ (éxh — e) wre, if (e,yn, €) € F
—Tp — €| Tp =
Kn <é:ph - e) kpé, if (e,yn,é) € Fo
“h (e, — kpe?), if (e,yp,€) € F
_ ) (exs ne) (€, Yn, €) 1 (9.11)

é ('rh - khe) ) if <e7yh7 6) € F2-

In F3, according to (@3], we have that x;, = u = kpe. Hence, (éxh — e) T, =
é(xp, — kpe) = 0. In Fi, according to Lemma 0T we have that

exy — kpe® <0,

where equality holds only if z;, = kpe. Therefore, following from (O.IT]), we have

that )
<k—hl‘h — 6) {i‘h S 0,
1

(Ewh — e) Zp, = 0 only if x, = kpe. We also have that %Q‘CT(A*TY*I +
Y 1A )i < 0 because A~TY ™! + Y1471 < 0 according to (@.8). Therefore,
Wz, z,) < 0and W(z,x,) = 0 only if 2, = kye and &7(ATY 1+ Y 1A )i = 0.

Using LaSalle’s invariance principle, W(:p,xh) stays at zero only if z;, = kpe and
i (ATTY 1+ Y 1A™Y4 = 0. The condition z;, = kje implies that

and

u = kpy = k,Cr,

according to the setting of the interconnection u =y, = x; and e = y = C'z. The
condition 27 (A~TY 1 +Y"1A~1)4 = 0 holds in the following two cases:

Case 1. & = 0. In this case, z(t) = T is constant and so is u(t) = w. Since
AZ + Bu = 0, we have that 7 = —A~' Bu. Recall that u = k;,C7, then we have u =
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k,CT = —k,C A~ Bu = k;G(0)u # u according to the assumption that k,G(0) < 1.
This means that W (x, x;,) cannot stay at zero.

Case 2. i # 0 and i is an eigenvector of A~TY "1 4+ Y1 A~! that corresponds to a
possible zero eigenvalue of A~TY "1 + Y1 A~! and 4 changes along this eigenvector.

In this case, we have that
(ATTY T +Yy AT i =04 =0,

where & = Ax + Bu = (A + k,BC)z. And we have two subcases:

Subcase 2a. i is constant. That is
&= (A+ k,BC)x = const.

This only holds if x is an eigenvector of the matrix A + kj, BC' which corresponds to
the zero eigenvalue. However, in this case, £ = 0, which contradicts the condition
Z # 0 and falls into Case 1.

Subcase 2b. i is not constant. Then, (A~TY 1 + Y 1A~1)i stays at zero only if

% changes along a line. That is & = a: for some scalar a # 0. Since we have
&= (A+k,BC)z,

we may conclude that A + k, BC' = ol must hold. (i). In the case that A = [
for some constant vy, we have that v < 0 according to (@.8). In this case, we have
that A=TY -1 Y- 1A~ = %Y‘l < 0. This contradicts with the assumption that
A7TY =1 4+ Y1 A~1 has a zero eigenvalue. (ii). Otherwise, if A # ~I, since the set
{kn, € R|k,G(0) < 1 and kj, > 0} has nonempty interior, then there always exists ky,
such that A + k, BC # ol for all o # 0. In this case, W (z, ;) cannot stay at zero.

Therefore, with k, > 0 satisfying k,G(0) < 1 and (A + k, BC) # ol for all a # 0,
we have that W (z, ;) cannot stay at zero. Thus, W (x,z;,) will keep decreasing

until z = 0 and z;, = 0. Hence, the interconnection is asymptotically stable. O

9.3 Multi-HIGS

In this section, we provide a description of a multi-HIGS and show that a multi-
HIGS is a nonlinear NI system. Also, we prove that for any MIMO linear NI system,
there exists a multi-HIGS controller such that their closed-loop interconnection is

asymptotically stable.
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9.3.1 System Description

Consider N HIGS of the form (@) with different integrator frequencies

Wh, " ,wpy and gain values kj1,- -, kyn, connected in parallel as shown in
Fig. 021 The HIGS are denoted by Hi, Hs, - ,Hxy while their inputs, outputs
and states are denoted by ey, eq, -+ ,en, U1, Uz, - ,uy and Tp 1, Tpo, -, Ty N, TE-

spectively. The entire system denoted by 7 is called a multi-HIGS (see also [139]).
The input, output and state of the system H are

En = [61 €y - GN]T ) (9-12)
T
U, = [ul Uy -+ uN] , (9.13)
and .
Xn = [%,1 Tho - $h,N] ) (9-14)
respectively.
H
€1 Ha Uy
€ Ho Usg
EN Hn uN

Figure 9.2: A multi-HIGS 7:[\, which is constructed by connecting N HIGS of the
form (O.1)) in parallel.

The system can also be described by the following equations:

(
_ T
T = Whi€, if (€;, Tp,, &) € Fu
H S Thi = kni€i, if (e, Tn, €i) € Foy (9.15)
T
Xp = [SUh,hJ?h,z, T th,N] )
\Uh - Xh7

where 0; € RY is a standard unit vector; i.e., the i-th element of §; is one and all

other elements are zeros. Also, F;; and F»; are given by:

Fri = Fi \ Fags

160



New Results in Negative Imaginary Systems Theory

Foi = {(ei,Tns, ;) € R?|wp,; = kpe; and wy €7 > kyie,6;},

where .
‘Fi = {(62‘, SL’h,i, 62) € R3‘ eixh,i Z k—xfm} (916)
h,i

9.3.2 Nonlinear NI property of multi-HIGS

Consider the system H in Fig. It is shown in the following that if for all
t=1,2,---, N, the system H,; is nonlinear NI, then the system H is also nonlinear
NI

Lemma 9.2. Consider N nonlinear NI systems connected in parallel with inputs
U, Uy« -, Un, OULPULs yi,Ys, -+ ,yn and states xy,xs,--- ,xyn. They have stor-

age functions Vi(xy1), Va(xs), -+, Vn(xy) that satisfy Definition [31) i.e., Vi(x;) <
u;() Ty (t), vt > 0, Vi = 1,2,---,N. Then the nonlinear system having in-

T T
put U = [ulT ul .- u%] , output U = |yb' oI ... y%}] and state X =
T
[af{ ko x%] 15 also nonlinear NI with the storage function
V(X) =3, Vi) (9.17)

Proof. The storage function V(X ) defined in (@I7) satisfies
V(X) =3, Vi) < Sl = UTY.

Therefore, the system with input U and output Y also satisfies Definition 3.1 O

Theorem 9.3. Consider the multi-HIGS H represented by (II3), which is also
shown in Fig.[9.2. The system H with input By, output Uy, and state Xy, defined
in (913), (913) and (9-1]) respectively, is a nonlinear NI system with the storage
function

Tu(X0) = S, Vilans) = g XK X

where Ky, = diag{kna,kno, -+ knn}. Here, e;, u;, xp; and Vi(zn,) are the in-
put, output, state and storage function of the i-th SISO HIGS H;, respectively,
i=12--- N.

Proof. The proof follows directly from Lemma and the nonlinear NI property of
SISO HIGS of the form (@), as given in Theorem 0.1l Specifically, we have

~

V(X)) = SN Vi(an,) < BN eu;, = EIU,, (9.18)
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which satisfies Definition 3.1l O

9.3.3 Stability of the interconnection of a MIMO linear NI
system and a multi-HIGS

1 Gls)

4

X, HIGS ‘H B,

Figure 9.3: Closed-loop interconnection of a MIMO linear NI plant G(s) and a
multi-HIGS controller H.

Lemma 9.3. Consider the multi-HIGS of the form (913) shown in Fig. [0.2 If
‘/}h(Xh) = EgUh, then Xh = KhEh.

Proof. Considering (Q.I8]), we have ?h(Xh) = E,?Uh only if V,(xhz) = ejl; = €;Tp,
for all i = 1,2,---,N. For a HIGS of the form (O.1), V,(xhz) = e;Tp,; implies
ﬁ’ixh,ii’h,i = e;Tp,;. This holds if ,;, = 0 or x,; = kj,;e;. Consider the condition
that @, = 0, in F7; mode, @, = 0 implies e; = 0. According to (Q.I6), ¢; = 0
implies that z;; = 0. In this case, x,;, = kp,e; = 0. In Fy; mode, x,; = Ky e;.
Hence, xp,i = kpie; always holds in the case that Vz(schz) = e;u; = €;Tp,;. Therefore,

V(X)) = ELU, implies that X, = K, E},. O

Consider a MIMO linear NI system with the transfer function matrix G(s) and the

minimal realization

& = Az + Bu, (9.19a)
y = Cu, (9.19Db)

where u,y € RY and x € R™ are the input, output and state of the system, respec-
tively. Here A € R™" B € R and C' € RV*",

Theorem 9.4. Consider the MIMO minimal linear NI system (919). There al-
ways exists a multi-HIGS 7:[\, gien in (913) and Fig.[92, such that the closed-loop
interconnection of the system (919) and the multi-HIGS H as shown in Fig. 18
asymptotically stable.
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Proof. Since the system (9.19) is minimal and NI, then according to Lemma 23], we
have that det A # 0 and there exists Y = YT > 0, Y € R™" such that

AY +Y AT <0, and B+ AYCT =0. (9.20)

Using Lyapunov’s direct method, let the storage function of the closed-loop inter-

connection be

1 1
Wiz, Xp) = =27y o+ §X,? K, 'X, — X[Cx

Y-t 07| |2
-C K;'| | Xa

Using Schur complement theorem, W (z, Xj) > 0 for all (z, Xj,) # (0,0) if

2
1
=5 |+ x|

K,'—cyc” >o. (9.21)

Using (@.20), we have that CYCT = —CA™'B = G(0), where G(s) = C(s[ —A)"'B
is the transfer function matrix of the system (@.19) Then, (9.21]) can be written as

K; ' — G(0) > 0.
Since both Y~! and K, ' are positive definite, the condition (@.21)) is equivalent to
Y- CTK,C > 0. (9.22)
Take the time derivative of W (z, X}), we have
Wz, Xp) = 2"Y i+ X, K, ' X, — X[ Cw — X1 Cd
= (xTY’I — XhC) T+ ij; (K;th — C.T)
= ("Y' —uC) i+ X[ (K, ' Xy, — Ey)
= (@'Y '+ uBTATTY Y i+ X (KX, — Ey)
= (2T AT +uB") (ATTY Vi + XL (K, ' X5, — Ey)
1 )
— 5ch(A—TY—l +Y '"A e+ X[ (K, X, — En)
where u = X}, and Ej, = y = Cz are also used. We have that X/ (K, ' X — Ep) =
Vh(Xh) - E,F{Uh < 0 and equality holds only if X, = K}, F), according to Lemma [0.3]
We also have that 17(A™7Y 1 + Y PA™1)i < 0 because A~TY 1+ Y1471 <0

according to (@.20). Therefore, W (x, X;) < 0 and the equality W (z, X;) = 0 holds
only if Xj, = KBy, and 27 (A~TY 1+ Y1A1)i = 0. We apply LaSalle’s invariance
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principle in the following to prove that there exist ky,; and wy; (i = 1,2,---,N)
such that the closed-loop system is asymptotically stable. We only consider the
case that x # 0. The function W(x,Xh) stays at zero only if X;, = K, F), and
T (ATTY 1+ Y1A Y3 = 0. The condition X;, = K, E), implies that

u= Ky = K;Cx, (9.23)

where the system settings u = U, = X, and Ej, = y = C'z as shown in Fig. are

also used. In the sequel, we have that
&= Ax + Bu= Az + BK;,Cx = (A+ BK,C)z. (9.24)
According to (@.20), we have that
A+ BK,C =A—-AYCTK,C = AY(Y ! - CTK,,0),

which is nonsingular due to (@.22) and the non-singularity of the matrices A and Y.
Therefore, according to ([@.24]), & # 0 for any nonzero x. Also, & cannot remain a

constant vector because

i = (A+ BK,C)i #0,

for any nonzero i. The condition &7 (A~TY "1 +Y~1A1)i = 0 implies that & must
stay in the null space of A=TY 1 4+ Y~1A-L

With the above information about & known in the case that W (z, X;,) = 0, we now
prove that W(a:, X},) cannot remain zero forever. We first prove by contradiction
that none of the single HIGS can stay in integrator mode unless both of the HIGS
input and output remain zero. Suppose that there is a HIGS H; staying in the
integrator mode F ;. Then we have that @,; = wp.e; = wp,y; according to (O.13),
and xp,; = ky;y; according to (Q.23)). Here, y; denotes the i-th output element in y.

Therefore, we have that

Thi = Whili = knili (9.25)

over a nonzero time interval [t,, t] where ¢, < t,. With wy,; > 0 chosen, for nonzero

yi(te), @25) implies that y;(t) = yl-(ta)ea:p(zj:ft) for t € [tq,tp]. This means that

the closed-loop system is unstable, which contradicts its Lyapunov stability proved

above. For HIGS with an input e; = y; that does not remain zero, it must stay in
the gain mode F,;. Now we prove that we can force it to exit the gain mode by
choosing suitable HIGS parameters. Now we consider the condition Whu’e? > kp,jejé;
in F3 ;. This condition cannot be satisfied for all HIGS #; in gain mode over time

via satisfying e;é; < 0 because then Vi, ; < ejin; = knjejé; < 0, where Vj,; is
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the storage function of the HIGS H;. Hence y; = ¢; = ﬁjxhd will converge to
zero. This implies that eventually y = 0, which is not the case considered here.
Considering those e; that eventually satisfy e;é; > 0, since the trajectories of ¢é;
and e; in gain mode are independent of wy, ;, we can always choose sufficiently small
wh,j > 0 such that wyje? < kyje;é;, in order to violate the condition Fs ; for some
H; in gain mode. These H; will then enter integrator mode for at least some finite
time. Thus, we can eventually force all HIGS to switch into integrator mode and
have their inputs remaining zero, except for those staying in the gain mode by
remaining in F; ; via é; = 0. In this case, y = 0, which implies that £ = 0 according
to observability. This contradicts with the fact that # cannot remain zero, which
has been proved above. We conclude that W (z, X},) = 0 will eventually be violated,

and W (x, X},) will decrease monotonically until it reaches zero. O

Remark 9.1. The multi-HIGS model (9.13) allows the integrator frequencies wy,; to
be zero. However, we need to choose strictly positive integrator frequencies in some
cases. For example, a lossless NI plant G(s) cannot be stabilized by a pure gain
feedback. Hence, we need wy; > 0 at least for some i, or even for all i, to ensure
the HIGS controllers will work properly. Similar remarks also apply to the results
in Theorems and [9.0.

9.4 The cascade of two HIGS

In this section, the cascade of two HIGS elements is considered as a controller for
SISO linear NI systems. We prove that the cascade of two HIGS is a nonlinear NI

system and its interconnection with a linear NI system is asymptotically stable.

9.4.1 System description

We first provide a description for the cascaded HIGS. As shown in Fig. [0.4] it is
a simple open-loop interconnection of two HIGS where the output of one HIGS is
used as the output of the other HIGS.

€1 4 €2 X2
HIGS #H; HIGS Ho[———>

A

Figure 9.4: A cascade of the HIGS H; and the HIGS H,. The output z; of H; is
fed into Hs as its input es.
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The system models of the two HIGS systems H; and Hy are as follows:
& =wier, if (e1,y1,61) € F
Hl : T, = klel, if (el,yl, 61) € FQ (926)

yl = T,

where x1,e1,y; € R are the state, input and output of the system, respectively.

Here, w; € [0,00) and ky € (0,00) are system parameters. Also, we have that

. 1
F = {(61791761) € R’|eyy > k—y%}, (9.27)
1
Fi=F\F,
Fo={(e1,y1,€1) € Fly1 = krer and wie] > kiérer } . (9.28)

In addition,

Ty = woey, if(es,ys,é2) € -7?1
Ho xy = ks, if(es, ya, é2) € Fy (9.29)
Y2 = T2,

where xs,e5,72 € R are the state, input and output of the system, respectively.

Here, wy € [0,00) and ky € (0, 00) are system parameters. And we have that

= ) 1
F= {(62792762) S R3|62y2 > k—yi}, (9.30)
2
F-AR
Fo = {(627?/2>é2) € j':|?/2 = koey and woe3 > k2é262} . (9.31)

The interconnection of these two systems can be described by the equation

€2 = Y1.

9.4.2 Nonlinear NI property of the cascade of two HIGS

The following lemma is required in the presentation of the main results.

Lemma 9.4. Consider the HIGS of the form (91]). Suppose ex; = éxi over a

time interval [t,,ty], where t, < ty, then xy, = kpe for allt € [ty t).

Proof. We have that ex; = ih:cfl implies z;, = 0 or x;, = kpe. We only consider the
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case rp = 0 in the F; mode, because xj, = kjpe always holds in the F, mode. In the
JF1 mode, up, = x; = 0 implies that £, = 0. This implies that e = 0. Therefore,
x, = xn, = kpe = 0. ]

1

o r7 has two solutions

Note that Lemma is nontrivial since the equation ex; =
xp, = 0 and x;, = kpe.
Theorem 9.5. Consider two HIGS H, and Hy having the system models (9.20)

and (@29), respectively. Suppose kowy < kiws, then the cascade of Hy and Hs as
shown in Fig. 1s a nonlinear NI system with the Lyapunov storage function

kg — 2ak1
\% —ax?+ =42 9.32
('T17 x2) axl _'_ lek% x27 ( )
satisfying
V(ZL‘l,I‘Q) S Gli‘z. (933)
Here, 0 < a < Qk—]jl 1s a parameter. Moreover, if V(xl,xg) = e1Ty over a time

interval [tq,ty], where t, < ty, then for all t € [t,,ty] we have that ©1 = kiey and

To — k2€2 = kgklel.

Proof. Since 0 < a < 2’%, we have that V(z1,z5) in (@32]) is positive definite.
Because both H; and Hs have two modes, i.e., integrator mode and gain mode, the
cascaded system has four modes. We prove in the following that (@.33) holds in

these four modes. Note that es = x; will be used in the following.

Case 1. H, in F; and Hs in ;. According to (@27) and (@30), we have that

1

e1r; > —a?, (9.34)
ky
1

T1Tg > k—x% — 1179 < ko?, (9.35)
2

where the deduction in (9.35]) uses Lemma Since kow; < kjwe and 0 < a < 2%,
we have that 2aw; — ws < 0 and ky — 2ak; > 0. Taking the time derivative of
V (1, x2), we get
V(l‘l,l‘z) - 611‘2 = 2(1@‘11‘1 + %
1o
]{ZQ — 2&/{?1
kik3

ToTg — €172

= 2axiwie; + ToWoX] — Wo€1 X1

]{ZQ — 2&/{?1
Jor k2
2 k’g — 2(1]{?1

1
< (2aw; — wg)k—lxl + e

= (2&&]1 — w2)€1l’1 + Wol1T9

WQI{?Q.T%
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1 9 kg — 2ak1
= — Qaw, — =
k:lxl ( aw; — Wy + o w2)
2
= al‘% w1 k—w2
k1 ko
<0, (9.36)

where the first inequality uses (@.34)), (9.35) and also the fact that 2aw; — wy < 0.
This implies that V (21, 23) — e1d = 0 in (@36) is possible only if the equalities in
(@.34) and (@.35) hold. If these equalities hold over the time interval [¢,, %], then
according to Lemmas and 0.4, we have that z; = kie; and 25 = kses in [t,, t).
That is 9 = k1koe;.

Case 2. H, in F, and H, in .7?2. Taking the time derivative of V (x1, xs), we get:

- . . ko —2ak, .
V(.Tl, 1’2) — €e1T9 = 2(11’11’1 -+ %I‘QZL’Q — €1X2
1ho
ko — 2ak
= 2ak%61é1 + 27;11]{3%]{/’%6161 — kflkfzelél

kg — 2ak1

= €1é1 (2&]{5% -+ 2 k2
1ho

K22 k:lk:z)
= 0.

In Case 2, x1 = kieq and x5 = koey automatically holds.

Case 3. H; in F; and H, in .7?2. According to (@.27)), in this case we have that

1
e > k—x% — e1r; < k€, (9.37)
1

where the deduction uses Lemma Also, according to (@.31]), we have that

wzeg > koéaes.

We now take the time derivative of V' (z1, x5), which yields:

. ko — 2ak
V(w1,22) — e1®2 = 20213 + %wﬂz — €Ty
172
ko — 2ak
= 2(1!L‘1W161 + 272011]{?21‘1]{32&)161 — 61]432&)161
klkz
k
= ad 237161 — wlkgef
ki
k
S @ 2]{316% — wlk:ge%
ki
=0, (9.38)
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where the inequality also uses (I37). Therefore, V (21, 25) — e145 = 0 in (2.38) over
a time interval [t,, ;] only if 21 = kje; in [t,, tp], according to Lemma [0.1l Also, as

Ho is in ]?2 mode, x9 = koey automatically holds. This implies that xo = kikse;.

Case 4. Hi in F, and Hy in Fy. According to (@28) and (@30), in this case we
have that

wle% > klélel,

1
1Ty > k—l‘% = 112y < le‘% = e11y < k?lkfgei
2

Taking the time derivative of V' (z1, x2) yields:

. . . ko —2aky .
V(xy, 22) — €189 = 2ax131 + g ez el
1hg
ko — 2ak
= 2&]{3%61é1 + 2]{;7];11'2002]{3161 — 61@2]{3161
1hg
ko — 2ak
< 2&/{?1(,016% + QT];HUleklkgef — Wleef
2
2 k1
= 2akyei(wy —wo—)
ko

< 0.

In Case 4, V(xl, T9) < ey and hence the case V(xl, T9) = e1dy does not occur. We
conclude that in all four cases, we have that V(:L’l,a:Q) < ey1dy. Also, if V(:cl, Tg) =
e1d9 over a time interval [t,, tp], where t, < t, then x; = kjeq and xy = koey = kikoey
for all t € [tq, ). O

9.4.3 Stability for the interconnection of an NI system and
two cascaded HIGS

T2 €2 X €1

Ho Hy |«

Figure 9.5: Closed-loop interconnection of a linear NI system and the cascade of
two HIGS.

Theorem 9.6. Consider the SISO minimal linear NI system (9.7). There exist
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two HIGS elements Hy and Ha, given in (9.20) and (9.29), respectively, such that
the interconnection of the system (9.7) and the cascade of Hy and Ha as shown in
Fig. is asymptotically stable.

Proof. Since the system (0.7)) is minimal and NI, then according to Lemma 2.3 we
have that det A # 0 and there exists Y = YT > 0, Y € R™*" such that

AY +YAT <0, and B+AYCT =0. (9.39)

Using Lyapunov’s direct method, let the storage function of the closed-loop inter-

connection be

1
Wz, 1, x9) = axTY_lx + V(zy,x9) — Cxzy

1 _ kg — 2ak1
— §$TY 1x+al’%+legfL'g —CZL'.I’Q
1 y-t —C7 x
_ 2 T
=0z} + 5 [ o : (9.40)
1 2 —C _kaligkl 1‘2]

where V(z1,25) as given in (0.32), is the storage function of the cascade of H; and

H,. Here, a € R is a constant parameter that satisfies

ko
0<a< —. 9.41
TS (9.41)
Using the Schur complement theorem, W (x, z1,x9) > 0 for all (z,x1,22) # (0,0,0)
if
kg — 2ak1
k2
Using (@.39), we have that CYCT = —CA™'B = G(0), where G(s) = C(s[ —A)™'B
is the transfer function matrix of the system (@.7)). Then, (@.42]) becomes

—Ccyor >o. (9.42)

kg — 2ak1
—F— > G(0). 9.43
There exist an @ in the region (9.47]) such that ([@.43]) holds if

ks

Tk > G(0).

This implies that
]{ZleG(O) < 1.

According to Schur complement theorem, the positive definiteness of W (x,xy, z2)

170



New Results in Negative Imaginary Systems Theory

in (@.40) also implies
kik3

B ]{ZQ — 2&/{?1
which is equivalent to the condition (@.42). Considering (9.41]), we have that

y—! ctc > o,

Jo k2

Y !~ kkCTCO>Yy - —2
e - ]{32—2(1,]{31

ctc >o. (9.44)
Taking the time derivative of W (z, z1, x2), we have

W(x, r1,10) =2 Y i+ V(xl, x9) — Cixy — Cwdy
= (SL’TY_l — .’L'QC) T+ V(.Tl, 1’2) - 61j72
SL’TY71 — UC) T+ (V(l’l, 1’2) - €1j3‘2>

=
= (:L‘TY_l + UBTA_TY_l) T + (V(l‘l, IL‘Q) - 61l“2>
= (:L‘TAT + UBT) (A_TY_l)i‘ + (V(ZL‘l, l‘g) - 61:1’02)
1

= ST (ATTY T YT A i+ (V(xl, Ts) — elx'2> , (9.45)

where u = x5 and e; = y = Cx are also used. According to Theorem [0.5] we have
that for ki, ko, wy,ws satisfying kew; < kjws, the inequality V(:pl,xg) — ety <0
always holds. Also, #7(A7TY ! + Y 1A"1)i < 0 because A TY 1 + Y1471 <
0, according to (@39). Therefore, W (x,x1,25) < 0. Using LaSalle’s invariance
principle, W (z, 1, 25) remains zero if both 7 (A~TY "1+ Y " 1A~)i and V (zy, z5) —
e1Zo remain zero. According to Theorem [9.5] V(xl, T9) — €1@9 remains zero only if

x1 = ki1e; and x9 = koey = k1koe;. That is
u = k1koCr. (9.46)

We only consider the case that  # 0 in the following. This is because z = 0 implies
that 9 = u = 0 according to ([@.46]). Also, z = 0 implies e; = y = 0, which then
implies z; = 0 according to (9.27)). Here, the system settings of the interconnection
in Fig. are also used.

In this case of x # 0, the state equation (Q.7al) of the system G(s) becomes

According to (@.39),

A+ kkoBC = A — kiky AYCTC = AY (Y ! — k1 kp CTC),
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which is nonsingular due to (@.44]) and the positive definiteness of the matrices A
and Y. This implies @ # 0 for all x # 0. The condition &7 (A~TY 14+ Y 1A )i =0
implies that & must stay in the null space of A~7Y ™! + Y~1A~!. We now prove
that W(:U, x1,T2) cannot remain zero forever. First, we prove by contradiction that
neither 7 nor Hs can stay in the integrator mode. Suppose H; is in the integrator
mode F, then &1 = wje; = wyy according to ([Q.26). Also, since x1 = kie; = kyy,
we have that

1 = wiy = k1. (9.47)

Since the system G(s) is observable and x does not remain zero, then y does not
remain zero. Choose w; > 0, (@47) implies that for a nonzero time interval [t,, tp]

where t, < t;,, we have

y(t) = y(%)exp(jj—llt).

This contradicts the fact that the closed-loop interconnection is Lyapunov stable,
as is shown by (@45). Similarly, if Hy is in the integrator mode, then we have
To = weey = wokyy and xo = kiksey = ki1koy. Following a similar analysis, this also
leads to a contradiction. Then we conclude that both of the HIGS H; and H, are
in the gain mode. We now prove that we can force them to eventually exit the gain
mode. In this case, the condition wie? > kjeié; is satisfied according to (@.31). This
condition cannot always be satisfied over time via satisfying e;é; < 0 because then
the NI inequality Vl(a:l) < ex1 = kieré; < 0 implies that x; converges to zero and
so does y since 1 = kyy. This is not the case considered here. Therefore, e; and
¢; will eventually satisfy e;é; > 0 at some time. Since the trajectory of é; and e;
is independent of wy, we can choose sufficiently small w; such that wle% < kieqéq,
in order to violate the condition F,. Then H; will enter the integrator mode for at
least some finite time. Following a similar analysis, we can choose suitable wy to
force Ho to eventually enter the integrator mode. As is proved above, the function
W(a:, x1,Z2) cannot remain zero in the integrator mode. Therefore, W (z, x1, x2) will

decrease monotonically until it reaches zero. O

9.5 Experiment: using a multi-HIGS in the con-

trol of a MEMS nanopositioner

The NI properties of the HIGS elements shown in Theorems [O.1] [0.3] and the
stability results shown in Theorems [0.2], 0.4] motivate a methodology of using
HIGS in positive feedback to control flexible structures with colocated force actu-

ators and position sensors. Omne example of such flexible structures is a MEMS
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nanopositioner. In this section, we apply this methodology experimentally on a
2-DOF MEMS nanopositioner, which can be modelled as a two-input two-output
(TITO) linear NI system. Under the control of a TITO multi-HIGS controller in
positive feedback, the MEMS nanopositioner can track a reference signal quickly

and accurately.

Figure 9.6: Experimental setup with the MEMS nanopositioner mounted on a
custom-designed PCB. The close-up view shows the SEM image of the MEMS
nanopositioner reported in [1].

9.5.1 2-DOF MEMS nanopositioner

A 2-DOF MEMS nanopositioner is a flexible structure with colocated force actuators
and position sensors, which can be modelled as an NI system [1]. The nanopositioner
features a stage at the center with dimensions of 1.8 mm x 1.8 mm. Four electro-
static comb-drives move the stage bidirectionally in X and Y directions. On-chip
piezoresistive sensors measure lateral displacements of the stage. The close-up view
in Fig. depicts the scanning electron microscope (SEM) image of the MEMS
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nanopositioner. To alleviate the quadratic nonlinearity between the induced elec-
trostatic force and the stage displacement, this device uses a bilateral actuation
mechanism. A maximum linear displacement range of 13 ym can be achieved in
each axis. The nanopositioner was previously designed and characterized in [1] and

employed as the scanner stage of a video-rate atomic force microscope [149].

9.5.2 Frequency response
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2 2 g 2 }
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Figure 9.7: Frequency response of the MEMS nanopositioner in open loop and closed
loop with the HIGS element in TITO configuration.

The TITO Frequency response function of the MEMS nanopositioner is obtained
from actuator input to sensor output using an ONOSSOKI FFT Analyzer (CF-
9400) with single channel excitation. For this purpose, a wideband chirp signal is
applied to the actuators through a high-voltage amplifier with a gain of 20, and the
frequency response of the 2-DOF nanopositioner is recorded up to 25 kHz. Fig.
shows the measured open-loop frequency response of the device. The fundamental
resonance frequencies of the X and Y axis are 3665 Hz and 3680 Hz, respectively.
We observe that the frequency responses of both axes of the MEMS nanopositioner
are almost identical, with negligible cross-couplings at low frequencies. Typically, a
flexure-guided nanopositioner with compatible collocated actuator-sensor pairs has
NI property. Although the MEMS nanopositioner is NI in theory, it can be seen
from Fig. that some high-frequency dynamics slightly violate the conditions of
the NI property. This is unavoidable due to the fabrication tolerances and signal

conditioning in the read-out circuits, which cause the discrepancy from the ideal
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model. However, as discussed in [I50], the 2-DOF MEMS nanopositioner can be
considered an NI system for frequencies up to 3976 Hz. We show in the following
that the stability results in Theorem [0.4] remain effective even in the presence of these
spillover dynamics. The transfer function of the nanopositioner in TITO format can
be described by

Gaa(s) Gayls)
Gya(s) Gyy(s)

where G;;(s) denotes the transfer function from input j to the sensor output 7. A

G(s) =

minimal state-space realization of the transfer function matrix is constructed using
the frequency response data (FRD) model obtained from the frequency response
measurement and MATLAB system identification toolbox. Accordingly, the state-

space model of the nanopositioner in lateral axes can be written as

y(t) = Cx(t), (9.48)

where

[ 6989.99  22987.75  4565.46 —1067.36]
_25554.20 —7675.92 —1058.081 —4147.69

A= 30021 50553 775892 2447097 |
| 56957 —1001.98 —24272.18 7329.32 |
[ 157.81 2458

5 | 19795 1253
33.58  —89.97
| -18.69  —86.94

o |-9883 —710.75 1751 2131
| 17.07  —27.97 —155.24 161.47 |

As described in [I51], the NI property of G(s) can be assessed using the Hamiltonian
method since CB+ BTC?T > 0. According to Theorem 1 in [I51], the square transfer
function G(s) is NI if and only if the Hamiltonian matrix, Ny described by ([@.49),

has no pure imaginary eigenvalues with odd multiplicity.

[ A+ BQ;'cA BQy'BT

_ , 9.49
—ATCTQF'CA —AT — ATCTQ;' BT (9.49)

0

where

Qo= —(CB + BTC™).
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The eigenvalues of the Hamiltonian matrix in (@.49) for the state-space matrices of
the system (9.48)) are obtained as

+1.068 x 10®
+38.45
—0.0043 £41.33¢| ,
4.68 x 1073
+9.56 x 10%

which reveals no pure imaginary eigenvalues, thus the transfer function matrix G(s)
with the state space realization of the form (@.48)]) is NI. It should be noted that the
NI property of the nanopositioner can be also investigated using the measured fre-
quency response through the eigenvalues of the matrix j[G(jw) — G*(jw)] [151]. The
NI property of the identified system model obtained from the measured frequency
response data implies that the NI property is satisfied over the frequency range of
interest. Considering this, we aim to verify whether a HIGS controller can stabilize
a TITO MEMS nanopositioner although its dynamics violate the NI property at

high frequencies.

9.5.3 Controller design

According to stability results presented in Section 0.3 a stabilizing TITO multi-
HIGS is required to satisfy the following conditions

K —G(0) > 0.

Accordingly, K}, is determined by solving a feasibility problem formulated in MAT-
LAB using the YALMIP toolbox [152] and solved with the MOSEK [153]. Since wy,
plays no role in stability analysis, it is tuned to achieve a desired performance level.

Therefore, we have

(05617 0
Kh = )
0 0.6003
[1.1516 x 10* 0
Wy, = rad/s).
" 0 11560 x 10¢| 2%

The closed-loop interconnection of the TITO multi-HIGS and the TITO MEMS
nanopositioner is shown in Fig. [0.8] where 7 is the reference signal. The closed-
loop frequency response of the MEMS nanopositioner in positive feedback with the

TITO multi-HIGS is shown in Fig. The frequency response is obtained using
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Figure 9.8: Closed-loop interconnection of a TITO multi-HIGS H and the TITO
MEMS nanopositioner G(s).

the frequency response data model of the nanopositioner and the describing function
of the multi-HIGS.

9.5.4 Experiments

To assess the controller performance and the stability of the MEMS nanopositioner
in closed-loop interconnection with the multi-HIGS element in TITO configuration,
we implement the multi-HIGS controller in real time and perform closed-loop ex-
periments in the time domain. Fig. shows the experimental setup, including
the MEMS nanopositioner mounted on a custom-designed PCB with actuation and
sensing signal paths, a dSPACE rapid prototyping system, and high-gain voltage

amplifiers.

The multi-HIGS element and the feedback loop were digitally implemented in a
dSPACE rapid prototyping system with a sampling rate of 80 kHz. The X and Y
axis sensor outputs were recorded in open loop and closed loop while a sequence of
pulses with a frequency of 10 Hz and amplitude of 0.1V was applied to the device
as an external disturbance. Fig. shows the nanopositioner sensor outputs in the
X and Y axes, respectively. We observe that the closed-loop system with the multi-
HIGS is asymptotically stable. This means that a MEMS nanopositioner can be
stabilized by a multi-HIGS controller. These experimental results are consistent with
our expectations. The reason that the out-of-bandwidth non-NI dynamics do not
destabilize the closed-loop system is that at high frequencies, deviations from NI are
too insignificant to cause instabilities. This property was observed and explained for
the same plant in [150]. Furthermore, from Fig. 0.7 we observe that the magnitude
of the frequency response of the MEMS nanopositioner is bounded below a certain
level when the frequency is greater than 3976 Hz. Hence, the stability is guaranteed
via the small-gain theorem; see [12,154] for the stability of systems with “mixed”
NI and small-gain properties. It can be seen in Fig. that in comparison with
the open-loop performance, applying the multi-HIGS in positive feedback improves
the performance of the MEMS nanopositioner. From the close-up views, it is clear

that fast settling time and reduced overshoot are achieved in both axes. To further
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improve the overshoot, w;, can be further reduced, which in turn limits the closed-

loop bandwidth.
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Figure 9.9: Time-domain response of the MEMS nanopositioner in X and Y axes in
open loop and in positive feedback interconnection with the multi-HIGS element in

TITO configuration in experiments.
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9.6 Discrete-time HIGS

In this section, we use discrete-time HIGS as controllers for NI systems. We show
that a discrete-time HIGS is an SANI system. Furthermore, we establish the fol-
lowing stability result: for any discrete-time NI system, there exists a discrete-time
HIGS controller that ensures closed-loop asymptotic stability. An illustrative exam-
ple is provided, where a ZOH sampled mass-spring system is asymptotically stabi-
lized using a discrete-time HIGS controller. This section contributes in providing a
specific digital control framework for physical systems with the NI property. The
implementation process of a HIGS controller only involves selection of parameters
in order to satisfy a simple condition. In comparison to the continuous-time design
approach where a continuous-time controller is constructed based on the continuous-
time model of the plant and subsequently discretized [155], the advantages of the
framework in the present approach are two-fold: (i) the design and implementation

processes are simpler; (ii) closed-loop stability is more rigorously guaranteed.

9.6.1 System description

Discrete-time HIGS were introduced in [145]. We adapt the model in [145] to fit the
discrete-time system model (8J]) in the following:

zp(k+ 1) = xp(k) + wpe(k), if(zn(k),e(k)) €
H: q wn(k+1) = kne(k), if (x5, (k), e(k)) ¢ F (9.50)
yn(k) = zn(k + 1)

Here, e(k),zn(k),yn(k) € R are the system input, state and output, respectively.
The constant parameters wy > 0 and k;, > 0 are called the integrator frequency
and the gain value, respectively. The HIGS is designed to operate under the sector

constraint (xy(k),e(k)) € F, where F is given by
F = {(xn(k),e(k)) € R*|(zn (k) + wre(k))e(k) > kih(xh(k:) +wre(k))?}.  (9.51)

The HIGS is designed to operate primarily in the integrator mode if the input
e(k) leads to an output y(k) within the sector [0, k;] under the integrator mode
dynamics. Otherwise, the system operates in the gain mode so that y, (k) = kne(k),
which automatically satisfies the sector constraint [0, k3]. In what follows, we denote

e(k), zy(k) and y,(k) by eg, Tx and y respectively for convenience.
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9.6.2 SANI property of the discrete-time HIGS

We show in the following that the HIGS given in (@.50]) is an SANI system.
Theorem 9.7. The system given in (950) is an SANI system with the storage

function
~ 1 _
V() = %xi (9.52)
satisfying
V(@kt1) = VI(Zx) < ex(@pr1 — T), (9.53)

for any input e, and state Ty,.

Proof. According to Definition and Remark B3] the HIGS is an SANI system
if it is NI from the input e to the state x,. Hence, we prove in the following that
([@.53) is satisfied in both integrator mode and gain mode. Substituting (9.52) into

([@53) yields
1, 1

Q—khxk-f—l - Q—kh

which is required to be satisfied in both modes.

Zi:z S €k<§k+1 - ZLik), (954)

Case 1. In the integrator mode, we have the state equation Zj .1 = T} + wpep and
also (7, ex) € F. In this case, (0.54) becomes

kaek S <2kh — wh)ez, (955)

which is always satisfied when e, = 0. When e, # 0, (@.55]) can be rewritten as

275 < 2k, — wp. (9.56)
€k

The condition (T, e;) € F implies
T3+ 2wy, — k) Trer + (wp, — kpw)er < 0.

This implies that for e; # 0,

~ N\ 2 ~

x x

(e—k) —+ (2wh — kh)—k + (w,% - khwh) S 0. (957)
k

By solving (@.57), we have that operating in the integrator mode requires the HIGS

input e, and state xj to satisfy

Ty,
—wp < — < ky — wp.
a8
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Such a pair of T and e always satisfies (9.50]).

Case 2. In the gain mode, we have that T = kpe, and (7, ex,) ¢ F. In this case,

([@54) becomes

fz — Qkhfkek + ]{3]2162 Z 0,

which always holds because
i‘% — 2kh§k€k + k:,%ei = (fk - k‘hek)Q Z 0.

Since condition ([@.53) is satisfied in both modes, then the system (9.50) is an SANI
system. ]

U Yk

Y
Q
—~
N
~—

A

= HIGS H
Yk &3

Figure 9.10: Closed-loop interconnection of a system with transfer function matrix

G(z) as given in (Q58)) and the HIGS H given in (@.50).

9.6.3 Stability for the interconnection of a linear NI system
and a HIGS

Motivated by the SANI property of the HIGS, we investigate whether a HIGS con-
troller can be applied in the control of a minimal SISO linear NI system. Consider

a SISO system with transfer function matrix G(z) and a minimal realization

¥ rpy = Axp + Buy, (9.58a)
Y = CZL‘k, (958b)

where z;, € R", ug, yr € RP are the system state, input and output, respectively.
We show in the following that if the system ¥ in (@.58) is NI, then there exists
a HIGS controller H such that the positive feedback interconnection of ¥ and H
shown in Fig. is asymptotically stable. The setting of the interconnection can

be described as follows:
€k = Yk,
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Uk = Yk-

This means the HIGS H takes the output of the system X as its input and feeds
back its output to the system ¥ as its input.

Theorem 9.8. Suppose the SISO minimal system (9.58) with transfer function
matriz G(z) is NI and satisfies det(I — A) # 0. Also, suppose the HIGS H of the

form (.20) satisfies that 0 < wy, < ky, < ﬁ Then the closed-loop interconnection

of G(z) and H as shown in Fig. [910 is asymptotically stable.

Proof. According to Theorem Bl the minimal system (9.58) is NI if and only if
there exists a matrix P = PT > 0 such that

ATPA—-P <0, and C=B"(I-A)"P
We construct the following Lyapunov function for the closed-loop interconnection:

~ ~ - 1 1 ~
W(zg, 2x) = V(xg) + V(Tg) — CapZy = ixZPSL’k + %xz — Cz7p.
h

Rewriting this as a quadratic form, we have that

a4
o 1| |n

Using the Schur complement theorem, to ensure that W (zy, Zy) is positive definite,

Wz, z1) = % [xz ka}

we need .
— —CP'c" > 0. (9.59)
kp,

Since C' = BT (I — A)~TP, then (@.59) can be rewritten as

1
— _C(I-A)"B>0,
kn

which is satisfied because G(1) = C(I — A)~'B and
knG(1) < 1. (9.60)

Note that G(1) # 0 according to the positive definiteness of P and the fact that C'
is not a zero row vector, which is guaranteed by the minimality of the system. We
use Lyapunov’s direct method [120] in the following. Taking the difference between

W(2pi1, Trr1) and W (xy, Tx), we have
W(xpy1, Tryr) — Wiy, Tg)
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= V(@pr1) + V(@er1) — Cop1@iors — Vi) — V(E) + Cxd
< up(Yetr1 — Yk) + ex(Tpp1 — Tk) — Crpi1Tp1 + Cap Ty,
= ZTpp1(ers1 — €x) + ex(Thpy1 — Tn) — €py1Thp1 + €Tk

—0 (9.61)

which implies that the system is Lyapunov stable. Furthermore, W (xgi1, Txi1) —
W (zy, 1) = 0 only if the inequality in (@.61]) is an equality. That is

Vi(zk) = Vi(wk) = wn(Yrer — Yu); (9.62)

V(§k+1) — V(ZL:]?) = ek<§k+1 — ZLik) (963)

We prove in the following that (0.62) and (@.63) cannot hold together at all time
indices k unless (zx, %) = (0,0). We consider the case that (@.62) and ([@.63)) hold
for some index k and all future indices k+ 1, k42, - --. When (@.63)) holds, we have

that
1, 1

%%H - %@

We consider the following two cases, where the HIGS is assumed to work in the

= ex(Tpr1 — Tk)- (9.64)
integrator mode and the gain mode, respectively.
Case 1. Integrator mode. In this case, (Ty, ;) € F and
Tpi1 = Tp + WhEp. (9.65)
Substituting (@.65]) in (O64]) yields
(wi, — 2ky)e; + 2Tep, = 0. (9.66)

Case 1a. Suppose ¢;, # 0. Then we have 7, = (kj,— %)ek, which can be substituted
in the inequality in (@.5]]) and yields

w
(ke + 56k >
This, after simplification, becomes

w,zl + 2khwh S 0.

Considering the fact that k, > 0 and w > 0, the above condition can never be

satisfied. Hence, Case 1a can never happen.

Case 1b. Suppose e, = 0. Then (0.60) is always satisfied. In this case, (Zy, e) € F
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implies that T = 0. According to (Q.65), we have that Z;y; = 0 as well. The

condition for (Ty41,exr1) € F can be simplified to be
(kn — wh)eisr > 0.

The fact that k, — wy, > 0 guarantees that the next active mode is the integrator
mode. Note that this condition is irrelevant to the HIGS input or state. Indeed,

since Case 1a can never happen, then the system will fall in Case 16 for all future

time indices k + 1, k 4+ 2, - - -. Following from a similar analysis, we have that

0= € = €pt+1 = Cpyo2 = -+, (967)
and also

0 == ik; == Ek-ﬁ-l == §k+2 = . (968)

Since uy = Yy = Tr41, then according to (O.68) and ([@.58al), we have that
Th+1 = A{L‘k, Tp4o = Axk-i—l = AZZL‘k, cee (969)
Since ey, =y, = Czy, then according to ([0.67) and (@.69), we have that

C
CA

CAnfl

This implies that z; = 0 due to the observability of G(z). In this case, (g, Ty) =

(0,0). Hence, the closed-loop system is already in its equilibrium.

Case 2. Gain mode. In this case, (T, ;) ¢ F, and we have that
Tpi1 = kney. (9.70)
Substituting (@70) in (@64]), we have that
(T — kpex)* = 0.

That is

Ek = k:hek = f[ﬁ.l. (971)
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The condition (T, ex) ¢ F implies that

(k‘h + wh)ei > 0.

This implies that ex # 0. We only need consider the case that the HIGS operates in

the gain mode for all future indices. This is because that under the constraints (@.63)),

if it enters the integrator mode, it will never exit the integrator mode, according to

the analysis in Case 1b. Then it falls into Case 1. In the case that the system keeps

operating in the gain mode, following from the same derivation as (Q.71]), we have

that

Thy1 = kn€ri1 = Tryo.

(9.72)

Comparing (O.71)), (O.72) and similar equations for future time indices, we have that

Ty = knep = Tp1 = knepy1 = Thpo = Kkplpyo = -+

That is

This implies that

Yk = Yk+1 = Yk+2 = -

In this case, we have that

Tpy1 = Axy + Buy, = Axy, + By, = Axy, + BTy
= Az, + Bkrer, = Axi, + kp, BCuxy,

Similarly, we have

Tpyo = (A -+ khBC)xk+1 = (A -+ /{ZhBC)2SL’k,

Lhdn—1 = (A + thBC)nill‘k.
According to (Q.73), we have that

Yk+1 — Yk

Yk+2 — Yk+1

Yk4+n — Yk+n—1
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which implies
C
C(A+ k,BC)

C(A —+ khBC)n—l

We use eigenvector test to prove that observability of (A, C') implies that of (A +
k,BC,C'). Suppose n # 0 is a vector in the kernel of C; i.e., Cn = 0. Then it is not
an eigenvector of A; i.e., An # An for all scalars A\. Then 7 is not an eigenvector
of A+ k,BC as well because (A + k,BC)n = An + k,BCn = An # An for all A,
considering Cn = 0. Hence, (A + k,BC,C) is observable and (0.74) implies that
Tpy1 = xg. That is, xp is an eigenvector of A + k, BC' with an eigenvalue \ = 1.

This implies that

l‘k:xk+1:xk+2:..

In this case, we also have that

Tk = Tgr1 = ASL’k —+ Buk = ASL’k + ng = ASL’k + B.%/k+1
= Az, + Bkney..

This implies that
Tl — k‘h(l — A)_lBek.

Also, we have that
€ — C.Tk = /{ZhC([ — A)ilBek. (975)

Since we have e # 0 in Case 2, then (O.75) implies that
k,C(I — A)'B =1,

which 1is

knG(1) = 1.

This contradicts (@.60). To conclude, we have shown that if ([0.62) and (©.63]) hold
together for all future time indices, then the HIGS cannot stay in the gain mode
according to the analysis in Case 2. It will eventually switch to the integrator mode.
Then, according to the analysis in Case 1, the HIGS will stay in the integrator mode.
However, we have shown in Case 1b that this is only possible if the system is already
at the equilibrium. In other words, if the system is not at the equilibrium, then (9.62))
and (@.63) cannot hold together for all future indices, and W (xy, 7x) will eventually

decrease again until the system reaches its equilibrium. This means that the system
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is asymptotically stable. O

9.7 Illustrative example: using a discrete-time
HIGS in the digital control of a mass-spring

system

In this section, we demonstrate the feasibility of the proposed stability results in
Theorem Consider a mass-spring system shown in Fig. .11l

//////////////////////////////////////////////////////////////////////////////

Figure 9.11: A mass-spring system with masses m; = 0.04kg, ms = 0.02kg and
spring constants k; = 2N/m and ky = 1N/m. x, and z. denote the displacement of
the masses m; and mo, respectively. A force input u is applied on the mass m,.

Sampling the system with the period h = 0.04s using a ZOH device, we obtain the

following discrete-time model (see also [112]).

P Tl = A.I‘k —+ Buk, (976&)
where
B %61 + %CQ %81 + %582 %61 — %62 %81 — 3*1082_
*281*%82 %ClJr%Cz *%314’%32 %01*%62
A= ,
ja-3e 551 — 7552 jatze 1551 1 3052
_*%)SlJr%SQ %01*%02 *17?81*17?82 %ClJr%CQ _
[ 2 1 1
3C1 + 6C2 + B}
10, _ 5
B— 3 51 — 352
4. _ 1 3
301~ 5215
20 5
3517 352
c=[o 01 0,
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with

¢1 =cos(bh) = co0s(0.2); ¢o = cos(10h) = cos(0.4);
s1 =sin(bh) = sin(0.2); se = sin(10h) = sin(0.4);

Here, 1, = |Zur Tk Ten xdk} ! € R*, uy, yi € R are the state, input and output of
the system, respectively. z,. and xp. are the displacement and velocity of the mass
my while z., and x4 are the displacement and velocity of the mass ms, respectively,
at time step k. This system is NI according to Definition Bl with the storage
function
V(zy) = z} Py,
where
3 0 -1 0
0 004 0 0
-1 0 1 0
0 0 0 0.02

P =

We apply a HIGS controller of the form (@.50) in positive feedback with the plant
(@.7G). For the plant (Q.76), we have that G(1) = C(I — A)"'B = 3. Hence, we
choose the HIGS parameters to be w, = 0.1, k;, = 0.6, which satisfies the condition

0<w, <k,< ﬁ as required in Theorem A simulation is implemented with

T
the initial values z¢ = [3 -2 5 —1] . The state trajectories of the plant and the
HIGS controller are shown in Fig.

State Trajectories

| 'i'““”‘”!l!;!m“‘::iw‘,f;!:‘,;:;!ff}1;5:1;1:%"‘,1;“‘;:‘.u', :
‘ HW’”"‘ u

State

0 500 1000 1500

k

Figure 9.12: State trajectories of the plant (O.76) and the HIGS (@.50), which are
interconnected in positive feedback. Starting from nonzero initial conditions, all the
state variables converge to zero. The closed-loop system is asymptotically stable,
which is consistent with our expectation according to Theorem
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9.8 Conclusion

In this chapter, it is shown that a single HIGS, a multi-HIGS, and the cascade of
two HIGS are all nonlinear NI systems. Using nonlinear NI systems theory, these
HIGS can be applied as controllers to stabilize linear NI systems. For a linear NI
system with a minimal realization, there always exists a HIGS controller such that
their positive feedback interconnection is asymptotically stable. We illustrate by a
hardware experiment that HIGS can improve the control performance of a MEMS

nanopositioner.

For the purpose of digital control, we also investigate the discrete-time HIGS. We
show that a discrete-time HIGS has SANI property and can be used in the control
of a discrete-time NI system. This result is then illustrated using an example where
a discrete-time mass-spring system obtained using ZOH sampling is stabilized by a
discrete-time HIGS.
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Conclusions and Future Work

10.1 Conclusions

We have provided several new results in NI systems theory in this thesis. A defi-
nition of NI systems property is given for MIMO nonlinear systems with free body
motion. According to this definition, a system is said to be nonlinear NI if there
exists a positive semidefinite storage function such that its time derivative is less
than or equal to the inner product of the system input and the time derivative of
the system output. We apply nonlinear OSNI controllers to achieve stability for
nonlinear NI systems. Under some assumptions, the interconnection of a nonlinear
NI system and a nonlinear OSNI system is proved to be asymptotically stable. Also,
we investigated the conditions for linear and nonlinear systems to be state feedback
equivalent to NI systems. A linear system with a minimal realization is found to
be state feedback equivalent to an NI system if and only if there is a nonsingular
output transform such that the resulting system is of relative degree less than or
equal to two and is weakly minimum phase. The required state feedback control law
is provided. We also provide conditions for state feedback equivalence to an OSNI
system or an SSNI system. We provide sufficient conditions for an input-affine non-
linear system to be made nonlinear NI using state feedback control. We also provide
the necessary and sufficient conditions for a particular normal form to be made non-
linear NI with a positive definite storage function. In both the cases of linear and
nonlinear systems, we use the state feedback equivalence results to stabilize systems
with NI uncertainties. We also provide control frameworks for the control of three
types of networked nonlinear NI systems, including networked identical nonlinear
NI systems, networked heterogeneous nonlinear NI systems, and networked hetero-
geneous nonlinear NI systems with free body motion. The information exchange

between the plants is modelled using graphs. The nodes in the graph correspond
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to the plants, while the edges correspond to the controllers. OSNI controllers are
applied, whose outputs are distributed to the plants as inputs via the Laplacian ma-
trix or the incidence matrix, respectively, in different cases. We extend NI systems
theory to switched systems. A switched system is said to be NI if each subsystem
satisfies the NI property, and in addition, the storage functions of the subsystems
in the switching sequence are nonincreasing. Under some assumptions, the inter-
connection of a switched NI system and a switched OSNI system is asymptotically
stable. We provide a new definition for discrete-time NI systems property so that
a ZOH sampled continuous-time NI system automatically satisfies the discrete-time
NI systems definition. We also provide a definition of discrete-time OSNI systems,
which is similar yet different to the continuous-time OSNI systems definition. We
prove that under certain assumptions, the interconnection of a discrete-time NI sys-
tem and a discrete-time step advanced OSNI system is asymptotically stable. Also,
a similar stability result is proved for the interconnection of a discrete-time step ad-
vanced NI system and a discrete-time OSNI system. We investigate HIGS elements,
as well as their variants, the multi-HIGS and the cascade of two HIGS. We show
that all of these three types of HIGS elements are nonlinear NI systems and they can
be applied to asymptotically stabilize NI plants. Also, we investigate discrete-time
HIGS elements, which is shown to be an SANI system. It can be used in the digital
control of a discrete-time NI system. We provide illustrative examples in all the
chapters containing the results mentioned above. In particular, a hardware experi-
ment was implemented where a multi-HIGS is applied on a MEMS nanopositioner

in order to improve the control system performance.

10.2 Future work

The results in this thesis can be potentially extended in the following direc-

tions.

1. The networks considered in Chapter [6l are all static networks. However, in
practice, the information flow in a network may inevitably experience link
failure and creation. Also, time delays are not negligible in real-world net-
worked systems. Therefore, it is important to investigate consensus problems
for networked nonlinear NI systems with switching network topology and time
delays. For the purpose of digital control, we can also consider the consen-

sus problems for networked discrete-time NI systems based on the results in
Chapter [8

2. Although the discrete-time NI systems theory proposed in Chapter 8 is dif-

ferent from that given in [39], where a bilinear transform is used for the con-
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version between continuous time and discrete time, it is also important to
investigate the nonlinear generalization of the discrete-time NI systems theory
given in [39]. The difficulty is that bilinear transform is a frequency domain

approach and hence is not applicable to nonlinear systems.

. We only apply the HIGS elements in Chapter [@to control linear NI plants. Due
to the nonlinear nature of many control systems, it is important to generalize
the results in Chapter [ to allow for nonlinear NI plants. Another possible area
of future work is to investigate closed-loop stability when there are external
disturbances acting on the system. In this case, instead of asymptotic stability,

we would need to determine the ISS of the system.
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