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Abstract: We study light propagation in arrays of weakly coupled
nonlinear cavities driven by an inclined holding beam. Wavshnalytically
that both discreteness and inclination of the driving fiedd dramatically
change the conditions for modulational instability in déte nonlinear
systems. We find numerically the families of resting and mgwdissipative
solitons for an arbitrary inclination angle of the drivinglél, both in the
discrete and a quasi-continuous limits. We analyze a cvessoetween
resting and moving cavity solitons, and also observe naaiures in the
soliton collision.
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1. Introduction

The study of light propagation in nonlinear periodic stures has developed as an active re-
search direction which allows for addressing the imporisues of light control and switching
in novel types of discretized systems supporting opticHttsgpped beams (or optical soli-
tons) [1]. Many linear and nonlinear effects, includingfrdi€tion management, modulational
instability (M), and discrete soliton formation, have hawainly studied for discrete Hamilto-
nian systems where the energy is conserved upon light patipadl, 2].

On the other hand, self-localized stateslissipative nonlinear systerhgve attracted a spe-
cial attention because they exhibit many novel and unigatifes introduced by a balance be-
tween linear/nonlinear gain and loss, which is additignadhjuired to the effects of diffraction
and nonlinearity [3]. These spatial dissipative opticditans may exist in different transversely
homogeneous nonlinear systems such as FabérgtRavities (see [4, 5] and for an overview
[6]) and for unidirectional propagation [7, 8].

A paradigm for describing discrete nonlinear dissipatiygems is the discrete cubic com-
plex Ginzburg-Landau equation. For this model, Ml was sidainalytically [9]. Discrete dark
and bright soliton solutions were found for the dissipatreesion of the discrete Ablowitz-
Ladik model [10]. All soliton solutions of these models wahcubic nonlinearity turned out
to be unstable. More realistic physical models, such as ey af coupled semiconductor
lasers, exhibit saturation mechanisms resulting in aufthdi stabilizing quintic terms. As a re-
sult, it was shown that discrete dissipative solitons casthble in the discrete cubic-quintic
Ginzburg-Landau model with both local [11] and nonlocal,[12] nonlinearities. The Ml and
pattern formation were investigated as well [14].
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Fig. 1. Array of coupled waveguide cavities endowed with a Kerr nontityea

Recently introduced and analyzed exampleslistrete dissipative solitonsre associated
with the study of arrays of weakly coupled nonlinear opticavities driven by an external
coherent optical field, whemiscrete cavity soliton€DCSs) have been predicted for Kerr [15]
and quadratic [16] nonlinear waveguide arrays in the sistptase of normal incidence of
a wide holding beam. Beyond controllable diffraction th&aative feature of DCSs is the
possibility to route and drag them externally into a despesdition along the cavity array. For
these aims, the mobility of DCSs, driven by an inclined haoddbeam, have been analyzed in
the limit of strong coupling between adjacent waveguid&$.[1

In this paper, we provide a brief but comprehensive anabfdight localization and dynam-
ics in arrays of weakly couplelerr nonlinear cavitiedriven by an inclined holding beam.
The aim of our study is twofold. First, we analyze MI for ani&ndry inclination angle of the
holding beam and provide a comparison of the respective thenzand related properties of
Ml for dissipative and conservative discrete models. Sdcam find numerically the families
of resting and moving (bright and dark) DCSs, and employ aigoentinuous model, which
accounts for discrete diffraction in terms of a Taylor exgian, to provide a deeper physical in-
sight into the properties ahoving discrete dissipative solitan&/e then study briefly collisions
between resting and moving cavity solitons which may eximstifaneously in this system.

The paper is organized as follows. In Sec. 2, following ouli@astudies [15], we introduce
the model describing light dynamics in an array of coupledegaide cavities. The analysis
of Ml in this model is presented in Sec. 3 for an arbitrary iimation of the holding beam.
Sections 4 and 5 are devoted to the study of resting and m®@1gs, respectively. In Sec. 6
we discuss briefly novel features observed in collisions/beh coexisting resting and moving
DCSs. Finally, Sec. 7 concludes the paper.

2. Discrete model

We consider an array of weakly coupled nonlinear waveguidesre mirrors at the input and
output facets backfold the light path, thus forming an aohgoupled-waveguide resonators,
which is excited by an external driving field (see Fig. 1).

We assume that the operating frequency is close to a reseéigentical high finesse cav-
ities and that the nonlinearly-induced field variation isafirper round trip. Then a mean-field
approach can be applied (for details, see [15]). The apjataby scaled evolution equations for
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the slowly varying envelopes read as

2
oT

In Eqg.(1) all quantities are dimensionless where the eimiuime are scaled by the photon
lifetime and the field amplitudes by the effective nonlineaefficient. NowA accounts for
the detuning from the cavity resonan€efor the next-neighbor evanescent coupling between
cavities, T for time andy for the sign of nonlinearity-{£1 for the focusing and-1 for the
self-defocusing case, respectively). We also allow forredination of the holding beam with
the amplitudeEg and introduce the phase shifbetween the field at adjacent cavity inputs.

Equation (1) exhibits a stationary plane wave (PW) solutigns bexp(ign). The external
phase gradiery can be absorbed in effective detuning¥s= A+ 2C(cosg— 1). Then the PW
amplitude does not depend grprovided that the effective detunidy remains constant. The
PW amplitudeb can be easily obtained from the corresponding cubic algebrpation [18].
ForyA' > —/3, the steady-state solution is single-valued, whereagor: —+/3, we observe
the well-known hysteresis-like dependencies and mutttitya[see Fig. 2(a)].

+C(Uns 14 Un_1 — 2Un) + (i +A)Un =+ y|un|?un = Eo€". (1)

3. Modulational instability in discrete dissipative systems

Modulational instability in nonlinear optical systems nfasts itself in a growth of periodi-
cally modulated perturbations, and in continuous medmriésponsible for a breakup of broad
beams into multiple filaments under the action of self-faegishonlinearity [1]. In periodic
systems as e.g. waveguide arrays, the extended stateogreetBloch modes, which can ex-
perience both normal and anomalous effective diffractiepethding on the band structure [2].
The specific properties of Ml in discrete systems were aralyar an arbitrary phase difference
between adjcent guides for both the discrete Klein-Gordodehand nonlinear Scbdinger
equation [19, 20, 21]. It was shown that discreteness castida#ly change the conditions for
MI, e.g., at small wave numbers a nonlinear carrier wave ipesounstable to all possible mod-
ulations provided the wave amplitude exceeds a certairstioid value. In contrast to Kerr
nonlinear waveguide arrays, a saturable nonlinearity dsulne existence domain for discrete
MI and decreases both the MI gain and the critical spatigjuemcy of perturbation [22]. The-
oretical studies of Ml in discrete lattices have been cordatraxperimentally for waveguide
arrays with Kerr [23] and quadratic [24] nonlinearity as had for a photovoltaic defocusing
nonlinearity [25].

Ml is often related to the formation of a train of equally spdcsolitons, with the soliton
spacing being inversely proportional to the spatial freguyeof the highest Ml gain [1]. In
particular, in a discrete system the development of Ml cadl l® the formation of periodic
arrays of weakly interacting discrete solitons [26, 27].

In order to probe the stability of plane wawgs= bexp(ign), we study the evolution of small
perturbations with amplituda and wavenumbe® and look for solutions in the form,

Un(T) = (b+ae/‘T+‘Q”) gan, )

Substituting the ansatz (2) and the corresponding exjoressiu;,(T) into Eq. (1) and neglect-
ing all nonlinear terms in the perturbation amplitjeve obtain a system of coupled algebraic
equations fom anda®. The solvability conditions define the eigenvalu@, q):

A(Q,q) = —1+i \/(/\+ y|b|2) (A + 3y|b|2) — 2iC sinQ sing, (3)

where the abbreviatioms = 2C(cosQ cosg — 1) + A was used. The PW solution becomes un-
stable if the real part of any eigenvala¢Q, q) is positive. Therefore, the stability boundary is
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Fig. 2. (a) Modulusb| of the plane wave amplitude vs. the holding beam amplitdgle
(the dotted section indicates homogeneous instabiliy= 0); (b) modulationally unsta-

ble plane wave domains iib| — q parameters space; shaded regions between the full and
dashed lines depict Ml domains for varioQsvalues, whereas the dotted lines mark the
boundaries of homogenous instability. Regions of Mtjin Q parameter space for (c) the
upper(|b| = 2) and (d) the lowe(|b| = 1.05) branch; parameterd’ = —3,C = 1.

defined as the point where the real part of the eigenvalueskrasi Using this marginal stability
condition and solving the quadratic equation|tg?, we find the interval of the PW amplitudes,
|ba|? < |b|? < |by|?, for which the PW solution is unstable, where

‘b172|2: 3i (—2/\i LV /\2—3) . 4)
y

First, to analyze MI we exclude the PW solutions that are abistagainst homogeneous
perturbations@ = 0); these solutions correspond to the portion of the brarith amnegative
slope in Fig. 2(a). According to Eqg. (4), these instabilipubdaries coincide with the turning
points of multistable PW solutions f@ = 0 [see Fig. 2(b)].

The spatial modulation of the PW solutid@ £ 0) results in an additional resonance detuning
which can lead to the resonant amplification of periodic vsame the modulationally unstable
background. The boundary of MI depends strongly on thenatibn of the holding beam
g. Indeed, while at normal incidenceg £ 0) and fory = +1 effective self-focusing appears
out-of-phase pumpingy(= m) evokes an effective self-defocusing because discréeiaclions
changes the sign gt= 11/2 [28]. It is clear that in both regimes MI, pattern formatiamd the
formation of localized solutions will differ. For normalfiaction (q < 17/2) the Ml boundaries
shift towards larger values of the PW amplityte where the maximal shift occurs for an "out-
of-phase” (or staggered) perturbatitd@ = ) [see Fig. 2(b)]. Therefore, the upper branch of
the PW solutions is modulationally unstable for the effextelf-focusing regimeg(< 717/2). In
the strong-coupling limit@ >> 1) and for a normally incident holding beaip=£ 0) this finding
coincides with the well-known results for the continuous-@limensional nonlinear cavity [18].
Unlike the continuous case the upper branch becomes statlerde pump amplitudes in the
discrete model [Fig. 2(b)].

Discrete diffraction changes its sign @t= 11/2. As a result, the lower branch of the PW
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Fig. 3. Families of discrete cavity solitons shown as the modulus of the fighlitade at
the centeru| vs. the amplitude of the holding bedgg for different phase shifts (holding
beam inclination)): (a)q=0, (b)q= /2, and (c)g = 1. Plane wave solutions are shown
by black lines where the soliton branches emanate subcritically. The sot&l giahese
branches correspond to stable and the dashed ones to unstable spditanstersd’ = —3
andC = 1.

solution becomes modulationally unstable. At the margieaht g = 71/2 the MI domain dis-
appears completely because far= bexp(ign) the coupling term{un;1 + Un—1) vanishes [see
Eqg. (1)]. The Ml regions are presented in Figs. 2(c) and 2¢dph arbitrary amplitude at the
upper and lower branch of Fig. 2(a), respectively. Unlilkee¢bnservative case [19, 20] the PW
solutions are stable for long-wavelength perturbatiépsck 1) in the dissipative case, except
the branch with the negative slope which remains alwaysabiest

4. Resting discrete cavity solitons

In a previous paper we have shown that for normal incidendkeoholding beamd = 0), the
discrete model (1) gives rise to a family of stabkght DCSsolutions emanating from the sta-
ble lower branch of the PW solutions [15]. These DCSs bifigré@m the turning point of the
bistable PW branch, as shown in Fig.The important question is whether stable DCSs exist
also for an inclined holding beann continuous dissipative systems, solitons start movieg a
soon as a small inclined driving field is applied [29]. In dete systems, solitons are usually
trapped by discreteness (lack of translational symmetdytha respective neutral Goldstone
mode) and remain at rest unless the driving force exceedg soitical value. This critical
value was found in the limit of strong coupling and it was shdw be inversely proportional
to the coupling parameter [17]. In this paper, we find a famoflyesting bright DCSs for mod-
erate coupling depending on the inclination parameter sge4(a) bottom]. For the selected
parameters the DCS is localized at a few array sites only sge4(b)] and, therefore, ef-
fects of discreteness play a major role. This type of statipisolutions exists below a critical
inclination (@ ~ 0.2m).

The PW solution becomes again stable for larger amplituéiéiseoholding beam. For this
case, we expect bifurcations of periodical patterns orlined solutions [30]. We find a stag-
gered pattern emanating supercritically from this boupdédMlI [see Fig. 3(a) top]. The unsta-
ble mode at the bifurcation poinQ(= ) determines the period and staggered structure of this
pattern. We note that staggered dark DCSs can bifurcatetfimboundary of Ml in quadrat-
ically nonlinear cavity arrays [16]. In contrast to that €astable dark DCSs in Kerr media
originate from the turning point of the pattern [see the breaf dark solitons in Fig. 3(a)]. Un-
like other localized modes which exist on a stable PW baakgupthis dark DCS is "frozen”

#79548 - $15.00 USD Received 30 January 2007; accepted 19 March 2007
(C) 2007 OSA 2 April 2007 / Vol. 15, No. 7/ OPTICS EXPRESS 4154



3T T

||

T S S N S B

0 025 05 075 1 19 23 27 31 19 23 27 31
qin waveguides

Fig. 4. (a) Existence domains of stable resting DCSs (red areas)-ifio| (modulus of
background amplitude) parameter space. Arrows point at the sitewherespective DCS
shown in the right panel exist. Profiles of stable resting DCSs: (b) Bbgt$ forEg = 2,

g = 0.12m, (c) dark DCS forEg = 9.4, g = 0; (d) dark DCS forEg = 3, g = 11/2; and (e)
dark DCS forEg = 1.8, g = . Other parameters ar@‘ = —3 andC = 1. The shaded area
displays the Ml domain and the dotted lines mark the limits of homogeneoubiiitgta

into a stable periodic pattern [Fig. 4(c)]. This type of hegtDCS exists up to a large inclina-
tion of the holding beamy(~ 0.53r), i.e. even entering the regime of effective self-defoegsi

[Fig. 4(a)]. The qualitative difference is that in this cdke PW solution is stable; therefore,
dark DCSs exist on the stable homogeneous background [Eidg]- 4he soliton branch is

closed [see "dark” branch in Fig. 3(b)], and it does not hawe@nnection with PW solutions,

as it would happen for usual cavity solitons [6].

According to soliton theory in continuous systems [1], tle#-defocusing regime is usu-
ally associated with the existence of dark solitons. Ingdéselbranch of dark DCSs emanates
from the upper limiting point of bistable PW solutions foetbut-of-phase pumping of the
array [Fig. 3(c)]. As it was shown above, the upper branchable and such solitons do exist,
whereas the lower branch of the PW solutions is modulatipnalstable [Fig. 2(b)]. However,
this stationary solution disappears for small deviatiofhe inclination parametey from the
stationary valueq = i), at least for the set of parameters studied here. Thiscpéati dark
DCS [Fig. 4(e)] is broader than other solitons considerexvaptherefore, discreteness effects
such as trapping in a Peierls-Nabarro potential [27] arekerea

5. Moving discrete cavity solitons

Resting DCSs can start moving for increasing inclinatiaf the holding beam. In continuous
systems, the transverse motion of localized solutionsge@ated with translational symme-
try or the existence of a zero frequency Goldstone mode [29].

In order to facilitate the physical understanding first weidea quasi-continuous model
which retains the peculiarities of discrete diffractiohigtis the decisive difference to a sim-
ple continuous model) and can be employed for describingrtbon of wide DCSs. Thus,
this quasi-continuous model decribes with a reasonableracg the field evolution in a dis-
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Fig. 5. (a) Existence domains of moving DCSs (blue areas)-inb| parameter space
(dashed lines encircle domains of resting DCSs). Arrows point to thewshese DCSs
shown on the right exist. (b,c) Profiles of bright (b) and dark movi@Ss (c) for the in-
clination parameteq = 71/2, calculated both in the quasi-continuous (solid) and discrete
models (diamonds). A movie (2.1MB) shows propagation of bright §)SOther param-
eters areEg = 1.95,A' = —-3,andC =1

crete system for any inclination but with a sufficient widthtlee beam. We introduce a new
transverse coordinateand the continuous functiom(x), which describes the envelope of the
discrete solution of Eq. (1) with the central spatial fremeyeq: u(x = nh) exp(ign) = u,, and
expand the functions,+; into Taylor series up to the third order. As a consequence ag m
replace the set of ordinary equations (1) by an effectivéaalifferential equation,

U ip@Y L p@9% L pE 9%

T TP T TP e TP G
whereDW = 2Chsing, D(?) = Ch? cosg, andD® = 1Ch®sing.

We numerically solve Eq. (5) for different inclinatios For normal incidenceg(= 0 and
DWW, DO = 0) it is obvious that this model must collapse to the ordir@mtinuous one (mean
field equation for a Kerr cavity) [18]. The upper S-shapedbhraof PW solutions is modula-
tionally unstable allowing for pattern formation wherelas stable lower branch is appropriate
for the bright CSs background. DCSs of the quasi-continmeade! (5) bifurcate from the lim-
iting point of bistable PW solutions. Such CSs start movimigainy small field inclination due
to the translational symmetry of the quasi- continuous rhdderefore, we look for stationary
solutions of Eq. (5) in a coordinate system moving with a ¢amtsbut unknown velocity, which
itself is an eigenvalue of our stationary problem. Movinggbt DCSs exist up ta ~ 0.56m
in the quasi-continuous limit [Fig. 5(a), blue area below #&imain] whereas moving dark
DCSs exist in the effective self-defocusing regimgZ < q < 1) where the upper PW branch
becomes modulationally stable [Fig. 5(a), blue area abolvedvhain].

As mentioned above, although the model (5) is continuosisaliton solutions substantially
differ from those in a 1D nonlinear Kerr cavity [cf. Eq. (5)tlvithe basic equation of Ref. [18]].
For example, the second-order diffraction completelymligars in the center of the Brillioun
zone (q = 1/2) where the first- and third-order diffraction terms define DCS profiles. As a

+ (i 4+ A")u+ y|u>u = Ey, (5)
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Fig. 6. Dependence of the velocity of bright DCS vs. the inclinatjorf the holding beam,
calculated for the effective continuous model (5) (solid) and discreidem(1) (rhom-
buses). Parameters ak; = 1.92,A" = —3, andC = 1. Inserts show the soliton profiles.

result, the PW solution becomes modulationally stable.@dwer, both bright and dark DCSs
can be found for the same set of system parameters. MovightliDiCSs belong to the branch
which emanates subcritically from the lower limit point dbtable PW solutions, whereas
moving dark DCSs bifurcate from the upper PW solution [seg B(b)]. In Fig. 5(b,c) we
compare the profiles of DCSs obtained from the discrete (d)gaiasi-continuous (5) models.
We find a very good agreement of moving DCSs of both modelsh Boght and dark soliton
branches are multistable. We note that a special case ofsalitbns, so-called "midband”
solitons, with a spatial spectrum centered at the zeroadiffon point was recently reported for
lasers with saturable absorber in which the refractivexnsiéaterally modulated [31].

6. Coallisionsbetween discrete cavity solitons

The quasi-continuous model (5) correctly describes thélesand velocities of moving DCSs
for sufficiently large inclination of the holding beam (seig.F6). Our studies reveal that dis-
creteness essentially affects those DCSs the transverstckénergy of which compares to or
is less than the Peierls-Nabarro barrier. Therefore, glavdving DCSs can be trapped at a rel-
atively small inclination of the holding beam (Fig.@«< 0.2, note the difference between the
guasi-continuous and discrete models). Thus, we expetirtiiae discrete system DCSs start
moving only for an inclination beyond some critical valueoid importantly, both moving and
resting bright DCSs may exist in the same region of systerarpaters because their existence
domains overlap (see Fig. 6). Both DCS types can be exciteghpsopriately inclined holding
beams. Therefore, for some inclination one DCS can be atuesteas the other one moves.
Figure 7 shows an example of collisions between these twosD@& numerically simulate
that case where the resting soliton, trapped by the arrdygves like a barrier that stops the
moving DCSs creating a multiple-hump DCS with additionaiéaks.
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Fig. 7. A movie (2.5MB) shows collision between a resting and two moving®eand the
formation of multi-soliton bound state. Parameters gre:0.204rT, Eg = 1.92, A" = -3,
andC = 1.

7. Conclusions

We have studied the dissipative dynamics of light in arrdfysenkly coupled optical cavities
endowed with a Kerr nonlinearity and driven by an inclineddirtg beam. We have analyzed
modulational instability of discrete plane waves in suclisaréte system for an arbitrary incli-
nation angle of the holding beam, and identified substadiffdrences between the results for
dissipative and conservative discrete systems. In péatioue have found that modulational in-
stability disappears for some intermediate values of thkniation angle of the holding beam.
We have also numerically found different families of regtind moving (bright and dark)
discrete cavity solitons, including those which do not hidmnagr counterparts in continuous dis-
sipative models. We have described a crossover betweerdsling and moving solitons and
employed a quasi-continuous model with higher-order aliffion to analyze their properties.
We have demonstrated that both resting and moving solit@ysomexist in the same parameter
domain, and we discussed novel features of their inelagtiisions.
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