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Abstract: We derive the new infinite Sasa—Satsuma hier-
archy of evolution equations using an invariant densities
approach. Being significantly simpler than the Lax-pair
technique, this approach does not involve ponderous
3 3 matrices. Moreover, it allows us to explicitly obtain
operators of many orders involved in the time evolution of
the Sasa—Satsuma hierarchy functionals. All these opera-
tors are parts of a generalised Sasa—Satsuma equation of
infinitely high order. They enter this equation with inde-
pendent arbitrary real coefficients that govern the evo-
lution pattern of this multiparameter dynamical system.

Keywords: Evolution Equations;
Sasa—-Satsuma.

Integrable System;

1 Introduction

An integrable hierarchy is an infinite sequence of par-
tial differential equations that starts with a particular
case. The starting equation could be the Korteweg—de
Vries (KdV) equation [1, 2], nonlinear Schrédinger equa-
tion (NLSE) [3], Toda lattice [4], certain classes of Painlevé
equations [5], etc. Each successive equation in the hierar-
chy normally takes a more complex form than the previous
one. An integrable hierarchy can be considered as a system
of commuting Hamiltonian flows [6]. An infinite number
of commuting flows can be obtained recursively. Most of
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the works on integrable hierarchies are written by mathe-
maticians and may not be easily accessible. Consequently,
purely mathematical results may not be easily used in
practical applications. Even if recursive rules for deriv-
ing higher-order equations of a particular hierarchy are
provided, obtaining explicit forms of these equations is a
different matter. A countable number of these equations
have been presented so far. Moreover, some of these hier-
archies remain unknown because of obscurities in the def-
inition of “integrability”. The Painlevé criterion can be
useful in finding these special cases [7]. However, using
it does not exclude the possibility that another integrable
case, not covered by the technique, remains hidden. In
mathematical terms, the Painlevé criterion is a necessary
but not sufficient condition for finding integrable equa-
tions.

One important observation is that members of the
hierarchy can be written in the form of one general equa-
tion, which combines all individual equations into a single
one [8, 9]. This general equation can have an infinite
number of operators controlling the time evolution of a
system [8, 9]. It includes all equations of the hierarchy
as particular cases with arbitrary real coefficients, which
govern the contribution of each operator to the whole.
The convenience of such representation lies in the arbi-
trariness of these coefficients. When all of them are zero
except one, we obtain an individual equation of the hier-
archy. Having two or more coefficients being nonzero pro-
vides more complicated equations that can be of interest
due to the special case in physics that such an equation
can describe. One example is the Heisenberg spin chain
dynamics [7].

Such general equations could be of great importance
for physics because higher-order terms in this equation
may describe finer effects such as higher-order dispersion
or higher-order nonlinearities in wave propagation phe-
nomena. They become important only beyond the basic
approximation that is usually described by the lowest-
order equation. The brightest example of such approach
is soliton science, which started with the KdV equa-
tion [10] and NLSE [11]. Clearly, the basic properties of
solitons have to be known before we can move to such
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elaborations as pulse compression [12], self-frequency
shift [13], wave breaking [14], etc. Particular cases of such
step-by-step improvements in wave description are well
known in optics. Starting from simple theory [15], the
soliton approach has been advanced with the contribu-
tions of higher-order terms in later works [16-18]. Similar
“upgrades” of the soliton approach [19] have been pro-
vided in water wave theory [20-22]. Higher-order equa-
tions are no less important in the theory of rogue waves.
Several equations admitting rogue waves have been pre-
sented so far. In addition to the NLSE, we can men-
tion coupled three-wave equations [23], vector NLSEs [24],
Davey-Stewartson equations [25, 26], evolution equations
in quadratic media [27], Kadomtsev-Petviashvili equa-
tion [28], etc. Extensions to higher-order versions can be
expected for integrable cases.

Unfortunately, not all higher-order terms in these
upgrades result in integrable equations. A specific set of
coefficients is required for these very special cases. It is
indeed fortunate when such an “upgrade” belongs to a
general equation of an integrable hierarchy. The chances
are low if there is only one hierarchy that starts with the
given base equation. Finding new hierarchies is thus an
important task, which may significantly improve the accu-
racy of modelling physical phenomena. Luckily, there are
at least two “general equations” that have the NLSE as a
base. One of these is a Hirota hierarchy [8, 9], while the
other one, found recently [29], is a Sasa—Satsuma hierar-
chy. Both start with the NLSE as the base evolution equa-
tion. Thus, both of them could be called NLSE hierarchies.
In order to avoid confusion and distinguish them explic-
itly, we label them here as the generalised Hirota and
generalised Sasa—Satsuma equations (SSEs).

The first few equations of the Hirota hierarchy are the
NLSE [11], the third-order Hirota equation [30], the fourth-
order Lakshmanan-Porsezian-Daniel (LPD) equation [31],
and the quintic extension of this sequence [32, 33]. Higher-
order extensions (to sixth-order, etc.) have been presented
in explicit forms in [8, 9]. On the other hand, the two start-
ing equations of the Sasa—Satsuma hierarchy are the NLSE
and the third-order SSE [34-36]. Higher-order extensions
(fourth-order, etc.) have been discovered in [29].

In the present work, we make further progress in
dealing with the general SSE. Namely, we derive many
equations in the hierarchy using invariant densities. This
approach is significantly simpler than the original Lax pair
technique developed in [29]. It does not require operations
with cumbersome3 3 matrices. Moreover, recurrent rela-
tions in this technique are straightforward and require
only the knowledge of the infinite set of invariant densities
H;. These can be found by representing any given evolution
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equation in the form of continuity equations:

oH; _o; _
a5t o T ®
of various orders j, where J; is the corresponding invariant
flow of the order j. These continuity equations can be con-
structed in the same way as for the NLSE [37]. This process
requires nothing more than purely algebraic transforma-
tions. For the SSE in the form:
. Uxx P . h ) so2 i
iug + = +juj u = i€ uxxx + 3(Uj7)xu + 6jujuy ,

for the first order, we have
Hy = juj?

and
i h 2 S -4i
Ji=Suue uww) e Uy 4ud” + 6

When the free real parameter £ = 0, these densities
are the same as for the NLSE [37]. The whole infinite set
of higher-order invariant densities and flows can be found
easily. An alternative way of obtaining the invariant densi-
ties is using the generating function technique [38]. Below,
we consider the invariant densities to be known. As we can
see from Section 2, with this approach, the whole set of
calculations occupies only one page. Integrability of the
higher-order equations is guaranteed, as it is based on the
invariants of the SSE.

Our present technique confirms that all terms in the
SSE hierarchy found in [29] are correct, and it provides an
independent and simple way of working with these highly
nontrivial extensions of the NLSE and SSE. Again, we
stress that the general equation related to this hierarchy
contains an infinite number of real parameters. The prac-
tical benefit of such approach is that this general equation
contains higher-order terms with adjustable coefficients,
and these could describe wave propagation phenomena
with higher accuracy.

2 Derivation of Generalised
Sasa-Satsuma Equation from
Invariant Densities

As noted above, the results of our first article [29] can be
derived using an even simpler technique that uses invari-
ant densities of the SSE. This can be done in a way that is
related to that used in [9] for the Hirota (previously called
NLSE) hierarchy. The difference lies in using the set of
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invariant densities of the SSE instead of invariant densities
of the NLSE. Let us write the hierarchy, containing an
infinite set of equations, in the form:

>
iur+  (anSan
n=1

ia2n+152n+1) = 09 (2)

where §; is the functional of the order j for the envelope
function u(x, t), and a; are arbitrary real coefficients. We
stress that the coefficients a; are not small parameters.
They are finite real numbers, thus making our approach
far from being just another perturbation analysis. In (2),
we explicitly separated even and odd terms for the reason
that will be clear in the following.
The SSE functional can be written in the form:

3 ..
S3 = uxJuJ 2 u(Jqu)X + Uxxx. 3)

bZ
Other forms [34-36] follow from (3) after simple trans-
formations. The inclusion of the arbitrary real constant
b in (3) follows from free scaling on the variable x. In
the normalisation of [2% b = 1, but here we find it more
appropriatetouse b = = 2.
The first density of the integral invariant of the SSE is

Hi = juj’. (4)

The transverse integral (i.e. over x) of this expression
represents the conserved energy during evolution.
We define the variational (Frechet) derivative as

) 0 9 o 0
_ — - 4 - "
ou OX OUy,  OX2 Ollyy

)

The second invariant density (integrand) of the SSE,
divided by b, is

1
H, = S Wt (6)

The Frechet derivative of H; is zero.
The third invariant density of the SSE divided by b? is

U Uxx Uu xx
2 2

H; = szuJ @)
Its integral with respect to x is the Hamiltonian.
Taking the variational derivative produces the NLS

term:

4
F(HB) =S = bz u]u] + Uxx. (8)
Wenowtake b = pi to get the usual form of the NLSE,

iug + azsz =0, i.e.

fur + a2 Qujuj” + ux) = 0. ©)
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Note that this normalisation matches the form
used in [9], K> = 2ujuj® + uxx.
The fourth invariant of the SSE, divided by b?, is

1 10

H, =
4T 2 2

uxu(u ) + UxxxU

+ 1(2)u u (U )+ uu o - (10)

b

The Frechet derivative of H, is also zero.
The invariant density Hs of the SSE, divided by b* is:

6 2
= B4 Au ()’ |, 4 )k
b4 b2 b2
L4juj’juxi® | 7u juj’uxx
TR b2
7ujuj2uxx U Uxxxx UU xxxx
+ —+ —+ 11
b2 2 2 (D
Setting b* = 2, we get
Hs = 2u2(ux)2 +2 u zu,z( + 7juj2ju,(j2
+ zjujzu Uxx + U oo
2
4 MU xooc 2juj® + gjujzuuxx. (12)

We obtain the higher-order terms by using the opera-
tor F from (5). Thus,

F(H5) = 34.
The fourth-order functional is thus
24 . 6 12
S, = FJu]“u + puzuxx 7 ujuxj

14. .
+ —zjujzuxx + —u U)2< + Uxxxx. (13)

b b2
Then, the functional (13) resembles the one in the LPD
equation [9] with the form of the terms but has different
coefficients in front of each of them.
The sixth invariant is

0 = 44(u ) wu, 14(u )ZuxuXX
6~ b4 b2
11u u,%ux U Usx
b2 2
" 4
2 44(u )3ux + T4uyuy, = U U xxx
U b b? b2
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24U uxUyy . 24u (Ux) Uxx + I(u )2uxxx
b2 b2 b2
5 #
11u;((ux) Usy
+ 2 4+ 2% 1

The Frechet derivative of Hg is also zero.
The seventh invariant density in the set is

u
) ﬁ 73UxUyxx + 98UxxU xx + 73Uy Uxxx

7. 94
+ g e+ iy

220 Pitorns + o + 3 (1)
+u b2 143U uxxx + 97Uy Uxx]
+ 22 Uil + (u ) Uix + Ugx
Zgjuj +2u b4h76u Uyy + 97(ux)2i
1 ‘,;—fuxuxxx+ T2 i + DL Vune
U (U)® + u Unorx

We again obtain the sixth-order functional by taking
the variational derivative of H7:

55 45 32
S¢ = Ugy + FHB( X)Z + B2 )Zcuxx + ﬁuuxuxxx

53
75 UlboxUxy

43 17
+ U UxUxxx + 7(“ )2 ux b

b? b*
31

+ 2w ul + jujlu + @'u'(’u

b2 xx bzl ) Uxxxx b6j J

110, 0 . .. 170. .4
"'Wu u Uxx"'ﬁu U Jux)” + WJUJ Uxx

2
+ ﬁu uXXXX szuXJ uXX bz u(ux) Uxxx-

(15)

Clearly, this process can be continued indefinitely,

generating the infinite hierarchy of operators of the gen-
eral SSE (2).
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2.1 Operators S; with Normalisation b*> = 2

In conclusion, we can give explicitly the general (2). We use
b? = 2 throughout. The lowest-order functional S;[u(x, ¢)]
in (2) is given by

Sy = ey + 2ujuj’, (16)

while (3) gives

- 3 ..
S3 = 3ux]uJ2 + Eu(]ujz)x + Uxxx- (17)

Using (13), we obtain
S4 = 6jujiu + 3ul Uy + 6uju,(j2
+ TjujP U + 4U UE + Unrxx. (18)

Renormalising the form given in [29], we obtain

S5 = U5y + 20juj4ux + guzuxxx
2 .
+ ;u(uxuxx + Uy Uyy) + 1OJu12u2uX

. 15. .
+ 10juxjux + ;jujzuxxx + 15u uxuxx. (19)

Using (15), we obtain

4
Se = %lf(ux)z + ;uiuxx + 16Ul Uy

1
+ ?u UxUxxx + %(“ )zuu)z(_'_

1 .
+ %uuxxuxx + 3711 u,z(x + 10]ujzuxxxx

+ 20juj6u + %u Wiy

165 L 85. .
+ Tu uzjusz + 7juj4uxx + 4u2uxxxx

95. . 37
=+ TJuszuxx =+ 7u(ux) uxxx =+ u6x. (20)

3 Reduction to Real-Valued Forms
for Odd Terms Only

For the moment, let us restrict ourselves to the odd-order
functionals only. If we additionally specify that the func-
tions u(x, t) should be real valued, then (2) reduces to
higher-order forms of the modified KdV (mKdV) equation.
In this case, (17) reduces to the basic mKdV equation,

ur a3S3 =0,
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with
M3 = Upx + 6uxu’. 1)
For the fifth order, we obtain
ur asSs; =0,
from (18):
Ms = usy + 10(Uxoctd® + Gulixlixy + u,3( +3uut). (22)

The basic soliton solution of the SSE hierarchy with
odd terms only, viz.
-=0, (23)

ur  a3S3  asSs

is

u = psech [p(x + st)], (24)
where s = | op+1 p*" represents a velocity. Equa-
tion (24) is real, and in this case, the SSE and its basic solu-
tion are the same as for the lowest-order mKdV equation,
viz.

ur + az(Uxx + 6U2ux) =0.

The general (23), with odd-numbered functionals
only, is essentially the mKdV hierarchy [39] of equations.
Thus, it is a (real) subset of the Sasa—Satsuma hierarchy.
We expect the form of the solution (24) to be valid for all
these equations. Moreover, if u(x, t) is an mKdV solution,
then scaling shows that u’ = qu(g x, ¢° t) is also its solu-
tion for any real g, so we can just set p = 1 in the above,
without loss of generality.

4 Relations between SSE, Hirota
(NLS), and mKdV Hierarchies

To find the relation between SSE, Hirota (NLS), and mKdV
hieraéchies, we need a consistent normalisation and use
b = 2intheresults found above; we note that this is dif-
ferent from that used in the earlier article [29]. We denote
our previously found [9] functionals for the Hirota (NLS)
hierarchy by Kj, so that the equations of the infinite hier-
archy are

X
iu + (a2n1(2n
n=1

i ton+1Kan+1) = 0. (25)
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The NLSE is obtained from (25) when all real coeffi-
cients except a, are zero. Thus,
ius + arK; =0, (26)
where the functional K> = uxx + 2u juj?.

If u(x, t) in (26) is real, this gives the real form D, of the
functional K>,

D2 uxx + 2u3. (27)
We can take the derivative of D, with respect to x
M3 = @ = uxxx -+ 6uXu2 (28)
ox
to get the mKdV equation,
iu[ ia3M3 =0.
From [9], we have
K3 = uXxx + 6uxjuj2. (29)
Plainly, S3 and K3 are related through
u u
S3 K3 = Eu = Eu(uux U Uy) = iu Wy,
Us U 2 2
X X

where the determinant W is defined as

u u
W1 = .
Ux Uy

If u is real, this determinant is zero.
For u real, the SSE

2

ur as uxxx"'% juj u+3juj2ux =0
X

reduces to the basic mKdV equation
ur  a3(usy + 6u uy) =0,

ie.us a3M; =0, where M3 = usy + 6u? uy. The Hirota
functional, K3 = uxxx + 6juj2ux, also reduces to M3 for u
real.

Converting (13) to its b*> = 2 form, we get

Su = 3upu’ + 6ujuj* + 6juxj2u
A 2
+ 7Juj uxx + 4u Uy + Uxxxx.
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It is clear that (30) has the form of the fourth member
of the Hirota (NLS) hierarchy, which is known as the LPD
equation, but has different coefficients. Now, from [9]:

K4 = 2upu® + 6ujuj4 + 4juxj2u
+ 8juj’ Uy + 6U UZ + Unxxx. (30)

The difference between S; and K4 is

jui* e,

Sy Ki= 2juxj2u 2u u,z( + uxxu2

so the two fourth-order equations differ only by two terms:

u u
M K= = uau? i uu’
ox ¥ ox ¥
0 0
=ug wu’  u x wu® (31
o)
Sy K4 =uWjy +2u, W,
where
u u
W2 = .
Upx Uy

Ifuisreal, thenS; K, is also zero.
If we take u to be real, then we clearly have
S, K4 = 0, and we get

34 = I<4 = 1Ouxxu2 + 6u5 + 10uu§ + uXxxx D4. (32)

Now D, is the real form, which can be used to obtain
the fifth-order mKdV equation [40],

Ut 0(5M5 =0.

Thus,

% = 30uyu” + 10Ut + 40UxuuxxU + 10U; + Usy
= M5.

(33)

This is the same as the functional M5 found by other

means. It is also the same as (22) of the real-valued SSE

hierarchy, Ss, found here, and it is the same as the real-
valued form of K5 found in [9].
Indeed, from [9], we have

K5 = usy + 10juj2uxxx + 10(ujuxj2)x

+ 20U UxUxx + 30juj*uy. (34)
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We furthermore find that S5 and Ks are related as
follows:

5 5
Sy Kg = EMW3 + EuXWZ

+ guz,(+10ujuj2 Wy,

where

u u
W3 = ,
U3x U3y

and W; and W, defined above. We can generalise these
definitions as follows:

u u
Wj = N

ujx u]-x
so that the W; determinant involves the j™ derivatives of
u and its complex conjugate, u . When u is real, then
each W; is zero. If u is real, then S5 K is also zero, so
S5 = K5 = Ms, as noted above.

The real scaled form of Sg from this present work is

S¢ = 20u’ + 70U’ Uy + 140u3u)2( + 14U U

+ 14U AUxUxxx + 3Usy  + 70U U + Ugy.  (35)
The real form of K¢, given in [9], is exactly the same
as (35). These two functionals are clearly identical, and
we label them Dg. Now, we can obtain the seventh-order
mKdV equation, uy a;M; = 0, where
0Dg

2 3
—— = U7x + 14u° usy +30u
X 7x 5x X

+ 140u’uy + 70u U + 560U Uyt +
+ 28“(3“){“}(}(){){ + SuXXuXXX)
2 2
+ 182uUxUyy + 126Uy Uxxx
- M7.

This is the seventh-order mKdV functional. It is the
same as the real form of K7. The forms of the mKdV func-
tionals, M,;+1, agree with those found from the recursion
operator.

Also, from [9], we have

h i
K¢ = ugx +2 30u jusz +25(u )zuxx + Uxxxx u’
h i
+u 12U Uxxxx + BUxlUyyyx + 22juxxj2
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h i
+ U 18Uty + 70(u )u2

+ 20(ux)2uxx + 10uyx SuxxUy + 3U Uxxx
h i
2 3 2
+ 20U Uy, +10U” Uy T+ 2U Uy
+ 20ujuj®. (36)

We furthermore find that S and K¢ are related as
follows:

S¢ K¢ =2uW, + 8uxWs

1 -

+ = OQupx + 15ujuj2 + éu)z( w»
2 u
1 2 .2

+ Z[15u U, + 105juj”ux

10
juxuxx + 2Uxx | W1, 37
If u is real, then each W; is zero, and thus, S = K.

In the expressions S;  K;, the first term is propor-
tional to uW; ,, while the second term is proportional

Table 1: Relations between hierarchies, summarising the results of
Section 4.

density  Sj(complex) realform NLS(complex)
H3 —> 52 —> Dz — Kz[NLS] = 52
2
&
Y%
53[SSE] —> M3 — K3[Hirota]
Hs —> S, —> Dy —— K4[LPD]
2
V&
Y35
Ss — Ms <—  Ks[quintic]
H, —> Se —> De¢ — Kg[sextic]
2
&
yﬂ

Hyjwr — Sy — Dy — K>
?B
yﬂ
52;+1 — M2/+1 — K2i+1

Here H,j41 [(7), (13) and (15)] indicates invariant density of basic
SSE, K; indicates j*"-order functional of NLS hierarchy, S; indicates
jth-order functional of the SSE hierarchy (newly presented here), M;
(33) indicates jt"-order functional of mKdV hierarchy. If the function
uis specified as being real, then both K,; and S,; reduce to the same
functional, viz. Dy; [(27), (32) and (35)] for each j. Each vertical arrow
indicates a%, so that aaDXZf = Myj+q; for example, see (28), (33)

and (36).
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to ux W; 3. Of course, when the K; and differences are
known, the set S; can be generated. So, the pattern of these
hierarchies is now more evident. The results of this section
are illustrated schematically in Table 1.

5 Conclusions

Using densities, we have derived a new general multipa-
rameter equation that contains, as particular cases, the
Sasa-Satsuma and mKdV hierarchies of equations. Real
arbitrary parameters in this equation allow one to select
any particular equation of these hierarchies and any com-
bination of them. While we have presented the operators
involved in this equation in explicit forms up to order 6,
the technique given here in principle allows one to conve-
niently obtain the equation of any even order.

This generalised SSE (2), in addition to the generalised
Hirota equation [8, 9], will be useful in improving the accu-
racy of modelling solitons, breathers, and rogue waves
and even turbulent phenomena in integrable systems [41].
It will allow inclusion of higher-order effects into math-
ematical modelling of systems using the form with any
number of real parameters to control the dynamics being
investigated.

Finding solutions of the original SSE is not easy
[42-45]. It would be even more difficult to find them for the
whole generalised (2). Nevertheless, integrability means
there is a way to find solutions in analytic form. An exam-
ple of a soliton solution for the whole infinite equation has
been given in [29]. We believe this work can be continued,
and, in a few years, we will be able to see more detailed
analysis along this path. This immense work needs collec-
tive efforts.
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