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Abstract 
We develop a theory that explains the difference between public and private ownership for the 
case of firms that are well approximated by an owner\managed or closely held form of firm.  The 
theory is based on government monitoring and control of actions that potentially allow managers 
to divert value to themselves.  More ‘public’ firms are synonymous with greater control of such 
actions, but generate greater bureaucracy costs.  Therefore managers of public firms face flatter 
commercial incentives than managers of private firms.  Flat incentives can be socially desirable 
when commercially productive activities generate large social harms relative to profit, but are 
undesirable when these activities are either benign or create external social benefits.  The model 
we develop is flexible and has wide practical application.  We provide a mapping between the 
qualitative characteristics of an asset, its main use – including public goods characteristics, and 
spillovers to other assets values – and the optimal ownership and management regime.  The 
model is applied to single and multiple related assets.  We address questions such as; when is it 
optimal to have one of a pair of related assets public and the other private; when is joint 
management desirable; and when should a public asset be managed by the owner of a related 
private asset?  We show that while private ownership can be judged optimal in some cases solely 
on the basis of qualitative information, the optimality of any other ownership and management 
regimes relies on quantitative analysis.  Application to emergency services, toxic waste disposal, 
retail product innovation, and vertical production chains (such as airports and water provision) are 
discussed. 
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Sulydwh ru SxeolfB D Wd{rqrp| ri Rswlpdo
Rzqhuvkls dqg Pdqdjhphqw Uhjlphv�

Vwhskhq Nlqj| Urkdq Slwfkirug}

Mxo| 5334

Devwudfw

Zh ghyhors d wkhru| wkdw h{sodlqv wkh gl�huhqfh ehwzhhq sxeolf dqg sulydwh
rzqhuvkls iru wkh fdvh ri �upv wkdw duh zhoo dssur{lpdwhg e| dq rzqhuqpdqdjhg
ru forvho| khog irup ri �up1 Wkh wkhru| lv edvhg rq jryhuqphqw prqlwrulqj
dqg frqwuro ri dfwlrqv wkdw srwhqwldoo| doorz pdqdjhuv wr glyhuw ydoxh wr wkhp0
vhoyhv1 Pruh csxeolf* �upv duh v|qrq|prxv zlwk juhdwhu frqwuro ri vxfk dfwlrqv/
exw jhqhudwh juhdwhu exuhdxfudf| frvwv1 Wkhuhiruh pdqdjhuv ri sxeolf �upv
idfh  dwwhu frpphufldo lqfhqwlyhv wkdq pdqdjhuv ri sulydwh �upv1 Iodw lqfhq0
wlyhv fdq eh vrfldoo| ghvludeoh zkhq frpphufldoo| surgxfwlyh dfwlylwlhv jhqhudwh
odujh vrfldo kdupv uhodwlyh wr sur�w/ exw duh xqghvludeoh zkhq wkhvh dfwlylwlhv
duh hlwkhu ehqljq ru fuhdwh h{whuqdo vrfldo ehqh�wv1 Wkh prgho zh ghyhors lv
 h{leoh dqg kdv zlgh sudfwlfdo dssolfdwlrq1 Zh surylgh d pdsslqj ehwzhhq
wkh txdolwdwlyh fkdudfwhulvwlfv ri dq dvvhw/ lwv pdlq xvh 0 lqfoxglqj sxeolf jrrgv
fkdudfwhulvwlfv/ dqg vslooryhuv wr rwkhu dvvhwv ydoxhv 0 dqg wkh rswlpdo rzq0
huvkls dqg pdqdjhphqw uhjlph1 Wkh prgho lv dssolhg wr vlqjoh dqg pxowlsoh
uhodwhg dvvhwv1 Zh dgguhvv txhvwlrqv vxfk dv> zkhq lv lw rswlpdo wr kdyh rqh ri
d sdlu ri uhodwhg dvvhwv sxeolf dqg wkh rwkhu sulydwh> zkhq lv mrlqw pdqdjhphqw
ghvludeoh> dqg zkhq vkrxog d sxeolf dvvhw eh pdqdjhg e| wkh rzqhu ri d uhodwhg
sulydwh dvvhwB Zh vkrz wkdw zkloh sulydwh rzqhuvkls fdq eh mxgjhg rswlpdo
lq vrph fdvhv vroho| rq wkh edvlv ri txdolwdwlyh lqirupdwlrq/ wkh rswlpdolw| ri
dq| rwkhu rzqhuvkls dqg pdqdjhphqw uhjlphv uholhv rq txdqwlwdwlyh dqdo|vlv1

�Vshfldo wkdqnv wr Oxljl ]lqjdohv iru klv lqvljkwixo frpphqwv dv d glvfxvvdqw dw wkh DHD phhw0
lqjv1 Zh zrxog dovr olnh wr wkdqn Uxvvhoo Frrshu/ Gkdpplnd Gdupdsdod/ Mrvkxd Jdqv/ Rolyhu
Kduw/ Sklolssh Mhklho/ Pdufr Rwwdyldqql/ sduwlflsdqwv dw wkh DHD phhwlqjv lq Fklfdjr dqg wkh Dxv0
wudodvldq hfrqrphwulfv vrflhw| phhwlqjv/ hfrqrplfv wkhru| zrunvkrs sduwlflsdqwv dw wkh Dxvwudoldq
Qdwlrqdo Xqlyhuvlw|/ dqg vhplqdu sduwlflsdqwv dw Xqlyhuvlw| Froohjh Orqgrq/Wkh Xqlyhuvlw| ri Pho0
erxuqh/ Prqdvk Xqlyhuvlw| dqg Wkh Xqlyhuvlw| ri Zhvwhuq V|gqh| iru wkhlu ihhgedfn rq ydulrxv
pdqlihvwdwlrqv ri wklv sdshu1

|Ghsduwphqw ri Hfrqrplfv/ Xqlyhuvlw| ri Phoerxuqh1
}QFGV/ Dvld0Sdfl�f Vfkrro ri Hfrqrplfv dqg Pdqdjhphqw/ Dxvwudoldq Qdwlrqdo Xqlyhuvlw|1

Hpdlo=Urkdq1SlwfkirugCdqx1hgx1dx1
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Dssolfdwlrqv wr hphujhqf| vhuylfhv/ wr{lf zdvwh glvsrvdo/ uhwdlo surgxfw lqqr0
ydwlrq/ dqg yhuwlfdo surgxfwlrq fkdlqv +vxfk dv dlusruwv dqg zdwhu surylvlrq,
duh glvfxvvhg1
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4 Lqwurgxfwlrq

�111wkh Jryhuqphqw sursrvdov duh d pdvvlyh ehwud|do ri rxu Qdwlrqdo Lq0

whuhvw djdlqvw zklfk wkh dfwlylwlhv ri ^frog zdu vslhv` Exujhvv/ Pdfohdq/

Skloe| dqg Eoxqw duh yhu| plqru pdwwhuv1�4

Ilhufh sdvvlrqv duh durxvhg e| ghedwh ryhu sxeolf yhuvxv sulydwh rzqhuvkls1 Vxs0

sruwhuv ri sulydwl}dwlrq dujxh wkdw sulydwh rzqhuvkls lpsuryhv h!flhqf| wkurxjk lq0

fuhdvhg sur�wdelolw|/ zkloh rssrqhqwv fodlp wkdw sxeolf rzqhuvkls ehwwhu vhuyhv wkh

zlghu vrfldo lqwhuhvw1 Wr khos uhfrqfloh wkhvh frqwudvwlqj ylhzv/ wklv sdshu ghyhorsv

d prgho wkdw lghqwl�hv vrph ri wkh edvlf fkdudfwhulvwlfv wkdw glvwlqjxlvk sxeolf dqg

sulydwh rzqhuvkls1

Wkh prgho zh ghyhors xvhv dq lqfrpsohwh frqwudfwlqj iudphzrun wr h{soruh v|v0

whpdwlfdoo| wkh uhodwlrqvkls ehwzhhq rzqhuvkls/ lqfhqwlyhv/ dqg wkh sxeolf jrrgv fkdu0

dfwhulvwlfv ri �up surgxfwlrq1 Jryhuqphqwv duh olplwhg lq wkhlu delolw| wr shuihfwo|

uhjxodwh wkh rshudwlrqv ri hlwkhu sxeolf ru sulydwh �upv1 Dv d uhvxow/ sxeolf pdqdjhuv

whqg wr idfh uhodwlyho|  dw frpphufldo lqfhqwlyhv frpsduhg zlwk sulydwh pdqdjhuv1

Iodw lqfhqwlyhv fdq eh vrfldoo| ghvludeoh zkhq frpphufldoo| surgxfwlyh dfwlylwlhv jhq0

hudwh odujh vrfldo kdupv uhodwlyh wr sur�w/ exw duh xqghvludeoh zkhq wkhvh dfwlylwlhv

duh hlwkhu ehqljq ru fuhdwh h{whuqdo vrfldo ehqh�wv1 Iurp wklv edvlf lqvljkw zh gh0

yhors d wd{rqrp| ri rswlpdo rzqhuvkls uhjlphv dqg dsso| lw wr d ydulhw| ri uhdo zruog

h{dpsohv1

Wkh edvlf prgho frqvlghuv pdqdjhuldo frqwuro ri d vlqjoh/ lqglylvleoh dvvhw1 Wklv lv

h{whqghg wr wkh rzqhuvkls dqg pdqdjhphqw ri pxowlsoh dvvhwv1 Zh frqvlghu pl{hg ru

vhsdudwh sxeolf dqg sulydwh rzqhuvkls/ dqg mrlqw ru vhsdudwh pdqdjhphqw � uhjlphv

wkdw kdyh zlghvsuhdg sudfwlfdo dssolfdelolw|1 Wr wkh ehvw ri rxu nqrzohgjh/ wkhvh

srvvlelolwlhv kdyh qrw ehhq h{soruhg lq suhylrxv olwhudwxuh1

Wkh vwduwlqj srlqw ri rxu dqdo|vlv lv wkh olwhudwxuh rq lqfrpsohwh frqwudfwv/ ehjlq0

qlqj zlwk Jurvvpdq dqg Kduw +4<;9, dqg Kduw dqg Prruh +4<<3,1 Wkhvh sdshuv zhuh

wkh �uvw wr suhvhqw d irupdo prgho wkdw h{sodlqv zklfk djhqwv vkrxog kdyh rzqhuvkls

ri dq dvvhw/ zkhq sulydwh �upv vkrxog phujh dqg zkhq wkh| vkrxog vwd| vhsdudwh1

Pruh uhfhqwo|/ Vfkplgw +4<<9,> Kduw/ Vkohlihu dqg Ylvkq| +4<<:,> dqg Erowrq dqg [x

4Wkh Uljkw Krqrxudeoh Pu1 Wrq| Ehqq/ lq wkh Eulwlvk sduoldphqwdu| ghedwh ryhu wkh vdoh ri
wkh Eulwlvk Qdwlrqdo Rlo Frusrudwlrq/ Sduoldphqwdu| Ghedwhv/ Vl{wk Vhulhv/ Yroxph 5/ Krxvh ri
Frpprqv/ R!fldo Uhsruw Vhvvlrq 4<;40;5/ sdjh 8331
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+4<<:e,/ dqg Od�rqw dqg Wluroh +4<<6, kdyh h{whqghg wkh uhdvrqlqj ri wkhvh hduo|

slhfhv wr wkh fkrlfh ehwzhhq sxeolf dqg sulydwh rzqhuvkls15

D fuxfldo dvvxpswlrq lq Jurvvpdq dqg Kduw +4<;9,> Kduw dqg Prruh +4<<3,>

Kduw/ Vkohlihu dqg Ylvkq| +4<<:,> dqg Erowrq dqg [x +4<<:e, lv h{0srvw yhul�delo0

lw| dqg edujdlqlqj1 Wkh sduwlhv zlwk dq lqwhuhvw lq wkh �up edujdlq dqg frqwudfw

ryhu surgxfwlrq yduldeohv wkdw duh fkrvhq diwhu vrph vxevhw ri wkhp kdv pdgh d vsh0

fl�f lqyhvwphqw1 Krzhyhu/ zkloh wkh hduo| rzqhuvkls olwhudwxuh dvvxphg wkdw sduwlhv

zhuh sulydwh lqglylgxdov/ wkhvh sdshuv h{whqg wkh srzhu ri h{0srvw revhuydelolw| wr

jryhuqphqw/ ru dw ohdvw wr d vrfldoo|0plqghg jryhuqphqw uhsuhvhqwdwlyh1

Lq frqwudvw/ zh dvvxph wkdw jryhuqphqw fdq frpplw wr d vhw ri frduvh uxohv uh0

vwulfwlqj wkh dfwlrqv pdqdjhuv fdq wdnh wkdw hqdeoh wkhp wr glyhuw ydoxh1 H{dpl0

qdwlrq ri wkh ohjlvodwlrq jryhuqlqj sxeolf �upv surylghv sohqwlixo hylghqfh ri wkhvh

frduvh uhvwulfwlrqv1 Iru h{dpsoh/ wkh Ihghudo Dyldwlrq Dgplqlvwudwlrq �glg qrw frq0

wuro lwv exgjhw dqg zdv irufhg wr ryhufrph exughqvrph surfxuhphqw uhjxodwlrqv iru

hyhu| pdmru sxufkdvh�16 Pdqdjhuv ri wkh jryhuqphqw rzqhg Eulwlvk Vwhho Frusrud0

wlrq qhhghg wkh frqvhqw ri wkh Vhfuhwdu| ri Vwdwh wr xqghuwdnh vxevwdqwldo fkdqjhv lq

dfwlylwlhv17/8 H{dpsohv ri wkh nlqgv ri frduvh uxohv wkdw zh kdyh lq plqg lq rxu prgho/

lqfoxgh uxohv lqwhqghg wr suhyhqw sxeolf pdqdjhuv iurp glyhuwlqj ixqgv wr wkhpvhoyhv

ru wr wkhlu shw surmhfwv/ uxohv jryhuqlqj glvsrvdo ri dvvhwv/ dqg uxohv wkdw uhvwulfw wkh

w|shv ri lqsxwv wkdw fdq eh sxufkdvhg1

Zh prgho sulydwh �upv zkhuh lqfhqwlyhv duh zhoo dssur{lpdwhg e| wkh ehkdylru

ri d vlqjoh rzqhu0pdqdjhu1 Wkdw lv/ zh gr qrw frqvlghu djhqf| sureohpv wkdw pljkw

h{lvw ehwzhhq pdqdjhphqw dqg vkduhkroghuv1 Wklv dvvxpswlrq lv vwdqgdug lq wkh

5Wkh olwhudwxuh rq rxwvlgh rzqhuvkls/ iru h{dpsoh Udmdq dqg ]lqjdohv +4<<;,/ dqg GhPh}d dqg
Orfnzrrg +4<<;,/ fdq dovr eh dssolhg wr wkh fkrlfh ehwzhhq sxeolf dqg sulydwh rzqhuvkls/ li rqh
lqwhusuhwv wkh rxwvlgh rzqhu lq wkhlu vhwwlqj dv jryhuqphqw1

6Dpdq/ 4<<9/ s68
7Vwdwxwhv lq Irufh/ R!fldo Uhylvhg Hglwlrq/ Lurq dqg Vwhho Dfw 4<;5/ Fkdswhu 58/ Sduw L/ 50+5,/

70+5, dqg +6,/ 80+4, dqg +6,1
8Rwkhu h{dpsohv derxqg1 Pdqdjhuv ri wkh jryhuqphqw rzqhg Wudqv0Dxvwudoldq Dluolqhv zhuh

xqdeoh wr dftxluh uljkwv ru surshuw|/ vhoo uljkwv ru surshuw|/ ru hqwhu lqwr d frqwudfw iru frqvwuxf0
wlrq/ zlwkrxw sulru dssurydo ri wkh plqlvwhu/ li wkh dprxqw lqyroyhg h{fhhghg '583/333 +Dxvwudoldq
Qdwlrqdo Dluolqhv Dfw 4<78/ Glylvlrq 4/ vhfwlrq 55,1 Vlplodu frqwurov zhuh dovr sodfhg rq wkh delolw|
wr ohdvh ru sxufkdvh odqg1 Pdqdjhuv ri Dpwudn/ wkh WYD dqg zkhq sxeolfo| rzqhg/ Eulwlvk Whoh0
frp/ dv zhoo dv qxphurxv vpdoohu vwdwh0rzqhg �upv idfh uhvwulfwlrqv rq wkhlu delolw| wr glvsrvh ri ru
sxufkdvh dvvhwv +h1j1 Sduw 4/ vhfwlrq 9 ri wkh Eulwlvk Whohfrppxqlfdwlrqv Dfw 4<;4,1 Dv dq h{wuhph
h{dpsoh/ pdqdjhuv ri Whohfrp Dxvwudold/ dw rqh vwdjh/ zhuh uhtxluhg wr dvn iru plqlvwhuldo dssurydo
iru vwdqgdug exvlqhvv dfwlylwlhv vxfk dv wkh urxwlqh sxufkdvh ri fdeoh1
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hphujlqj olwhudwxuh rq wkh wkhru| ri sulydwh yv1 sxeolf rzqhuvkls1 Wkh dvvxpswlrq

lv d uhdvrqdeoh dssur{lpdwlrq lq vrph fdvhv dqg qrw rwkhuv1 Olplwhg sduwqhuvklsv/

vpdoo �upv/ dqg ri frxuvh rzqhu0pdqdjhg �upv �w wklv fdwhjru|1 H{dpsohv pljkw

lqfoxgh hphujhqf| vhuylfhv/ sulvrqv/ zdvwh glvsrvdo/ vpdoo vfdoh xwlolwlhv/ dqg vpdoo

vfdoh uhvhdufk dqg ghyhorsphqw1 Rxu prgho lv qrw lqwhqghg wr uhsuhvhqw odujh sxeolfo|

olvwhg frusrudwlrqv zlwk glvsdudwh vkduhkroglqj/ h{fhsw wr wkh h{whqw wkdw wkhvh �upv

kdyh vroyhg djhqf| sureohpv19

Zhprgho sxeolf dqg sulydwh rzqhuvkls dv glvwlqfw vhwv ri uxohv wkdw olplw srwhqwldo

ydoxh0glyhuwlqj dfwlylwlhv wkdw wkh pdqdjhu lv deoh wr xqghuwdnh1 Zlwk sxuh sulydwh

rzqhuvkls wkhuh duh qr uxohv wr olplw ydoxh glyhuvlrq1 Lq h�hfw/ ydoxh lv qrw glyhuwhg/

exw jrhv wr wkh rzqhuqpdqdjhu dv lw lv lqwhqghg1 Lq frqwudvw/ sxeolf rzqhuvkls lv frq0

vlvwhqw zlwk juhdwhu uhvwulfwlrqv rq srwhqwldo ydoxh0glyhuvlrq wkdq sulydwh rzqhuvkls1

Wklv lv qrw frvwohvv1 Iru h{dpsoh/ d uxoh wkdw vwlsxodwhv dq h{whqvlyh frpplwwhh0edvhg

surfhvv iru wkh vdoh ri dvvhwv fdq hqwdlo d vxevwdqwldo uhvrxufh frvw1 Zkloh dexvhv fdq

eh suhyhqwhg/ wlph dqg uhvrxufhv duh h{shqghg lq vxfk surfhvvhv1 Zh dvvxph wkdw

wkh h{whqw ri sxeolf rzqhuvkls lv v|qrq|prxv zlwk d olvw ri surfhgxuhv � ru edqv rq

dfwlylwlhv � frqwlqjhqw rq vshfl�f vwdwhv ri qdwxuh wkdw pd| eh uhdol}hg +h1j1/ li vdoh

ri dq dvvhw lv qhhghg/ li lqsxwv pxvw eh sxufkdvhg/ ru li d shuvrqqho sureohp pxvw eh

vroyhg,1 Vxfk edqv uhgxfh wkh iudfwlrq ri dvvhw ydoxh pdqdjhuv duh deoh wr h{wudfw/

exw hqwdlo d exuhdxfudf| frvw1 Wkh jryhuqphqw frpplwv wr wklv h{0srvw lqh!flhqf|

wr lpsuryh wkh h{0dqwh lqfhqwlyhv ri sxeolf pdqdjhuv1

D frvw ri edqqlqj ydoxh glyhuvlrq lv wkdw wkh sxeolf pdqdjhu lv jlyhq  dwwhu lq0

fhqwlyhv iru frpphufldo dfwlylwlhv1 Dv phqwlrqhg wklv fdq eh vrfldoo| ghvludeoh li

frpphufldo dfwlylwlhv duh lq frq lfw zlwk h{whuqdo h�hfwv1 Wkxv wkh Jryhuqphqw

idfhv d wudgh0r� ehwzhhq ydoxh glyhuvlrq/ frpphufldo lqfhqwlyhv dqg h{whuqdo h�hfwv

lq lwv fkrlfh ehwzhhq sxeolf dqg sulydwh rzqhuvkls1 Zkloh wklv wudgh0r� ehduv vrph

vlplodulw| wr lqirupdo frqyhqwlrqdo zlvgrp frqfhuqlqj sulydwl}dwlrq/ zh duh qrw dzduh

ri dq| olwhudwxuh wkdw irupdoo| prghov wkhvh skhqrphqd iurp wkh shuvshfwlyh ri wkh

lqfrpsohwh frqwudfwv dssurdfk wr dvvhw rzqhuvkls1 Dv zhoo dv h{dplqlqj rzqhuvkls/

rxu prgho lv vx!flhqwo|  h{leoh wr hqdeoh xv wr uhsuhvhqw wkh Jryhuqphqw*v fkrlfh

ri d uhjxodwru| v|vwhp1 Iru wkh vdnh ri euhylw|/ wklv h{whqvlrq ri wkh edvlf prgho

9Od�rqw dqg Wluroh +4<<4, lv wkh rqo| wkhruhwlfdo dqdo|vlv ri zklfk zh duh dzduh/ wkdw lqfoxghv
wkh pxowlsoh djhqf| lqwurgxfhg e| vkduhkroghuv1 Wkh uhvw ri wkh olwhudwxuh flwhg khuh hvvhqwldoo|
dvvxphv �upv duh uxq e| d vlqjoh rzqhu pdqdjhu1

8



lv suhvhqwhg lq wkh dsshqgl{1 Dprqj rwkhu wklqjv/ zh vkrz wkdw li lw lv rswlpdo

wr sulydwl}h d �up/ exw wkh �up lv nhsw lq sxeolf rzqhuvkls/ wkhq lqwhuyhqwlrq e|

jryhuqphqw +uhjxodwlrq, ri wkh sxeolf �up zloo rswlpdoo| eh khdylhu1

Wkh rzqhuvkls iudphzrun zh ghyhors h{whqgv wkh lqfrpsohwh frqwudfwv sulydwl}d0

wlrq olwhudwxuh +Kduw/ Vkohlihu dqg Ylvkq| +4<<:,> Erowrq dqg [x +4<<:e,> dqg Udmdq

dqg ]lqjdohv +4<<;,/ dqg GhPh}d dqg Orfnzrrg +4<<;, � dv dssolhg wr sulydwh rzq0

huvkls,1 Lq hdfk ri wkhvh sdshuv/ gl�huhqfhv ehwzhhq sulydwh dqg sxeolf rzqhuvkls

hphujh ehfdxvh jryhuqphqw dffrxqwv iru frqvxphu vxusoxv exw qrw surgxfhu sur�wv

h{0srvw1 Li surgxfhu sur�wv duh dovr lqfoxghg lq h{0srvw zhoiduh/ wkhq wkh olwhudwxuh

suhglfwv wkdw wkhuh lv qr gl�huhqfh ehwzhhq sulydwh dqg sxeolf rzqhuvkls1 D frqwul0

exwlrq ri wkh suhvhqw sdshu wr wkh olwhudwxuh/ lv wr h{sodlq gl�huhqfhv ehwzhhq sulydwh

dqg sxeolf rzqhuvkls lq d prgho zkhuh wkh jryhuqphqw pd{lpl}hv wrwdo vrfldo vxusoxv

lqfoxglqj surgxfhu sur�wv/ h{0dqwh dqg h{0srvw1

Wkh edvlf prgho lq vhfwlrq 5 kdv rqh dvvhw dqg rqh pdqdjhu1 Zh irupdoo| prgho

wkh fkrlfh ri rzqhuvkls lq wklv vhfwlrq1 D pdsslqj lv ghulyhg ehwzhhq wkh frpphufldo

fkdudfwhulvwlfv ri wkh fruh dfwlylw| dvvrfldwhg zlwk wkh dvvhw/ wkh h{whuqdo h�hfwv jhq0

hudwhg e| wkh dfwlylw|/ dqg rswlpdo rzqhuvkls1 Lq wkh dsshqgl{/ zh vkrz krz sulydwh

dqg sxeolf rzqhuvkls fdq eh ghulyhg hqgrjhqrxvo|/ dv hlwkhu d eodqnhw edq/ ru wdflw

dffhswdqfh ri srwhqwldoo| ydoxh0glyhuwlqj dfwlylwlhv/ dqg zh glvfxvv lqwhulru vroxwlrqv

+zkhuh vrph srwhqwldoo| ydoxh glyhuwlqj dfwlrqv duh edqqhg dqg rwkhuv duh doorzhg,1

Diwhu suhvhqwlqj edvlf uhvxowv/ zh vkrz krz rxu prgho fdq h{sodlq vrph ri wkh nh|

uhvxowv lq Kduw/ Vkohlihu dqg Ylvkq| +4<<:, dqg Vfkplgw +4<<9,1

Wkh prgho lv h{whqghg lq vhfwlrq 6 wr doorz iru wzr dvvhwv dqg wzr srwhqwldo

pdqdjhuv1: Wklv ohdgv wr d frqvlghudeo| ulfkhu vhw ri uhvxowv frpsduhg zlwk wkh rqh

dvvhw 0 rqh pdqdjhu prgho1 Kdylqj wzr dvvhwv lqwurgxfhv wkh srvvlelolw| ri vsloo0

ryhuv ehwzhhq dvvhw ydoxhv lq wkh wzr �upv/ dqg doorzv xv wr h{dplqh lvvxhv ri mrlqw

dqg vhsdudwh rzqhuvkls wkdw kdyh qrw ehhq irupdoo| h{soruhg e| rwkhu dxwkruv1 Iru

h{dpsoh/ zh dgguhvv wkh iroorzlqj txhvwlrqv= Zkhq sulydwl}lqj uhodwhg dvvhwv/ vkrxog

wkh| eh vrog wrjhwkhu ru vrog dv vhsdudwh �upvB Li lw lv ghvludeoh wr vhsdudwh dvvhwv/

zkhq grhv lw pdnh vhqvh iru rqh wr eh sxeolfo| rzqhg dqg wkh rwkhu sulydwhB

D jhqhudo sdwwhuq hphujhv iurp rxu iudphzrun1 Zkloh wkh fdvh iru sulydwh rzq0

:Wkh rzqhuvkls dqg uhjxodwlrq ri pxowlsoh dvvhwv lv lpsruwdqw lq sudfwlfh1 Iru h{dpsoh/ wkh euhdn0
xs ri wkh Ehoo jurxs lq wkh XV +vhh Euhqqdq 4<;:,/ jdv sulydwl}dwlrq lq wkh XN +vhh Dupvwurqj/
Frzdq dqg Ylfnhuv 4<<8 dqg Ylfnhuv dqg \duurz 4<;;, dqg udlo dqg whohfrppxqlfdwlrqv uhirup lq
Mdsdq +vhh Wdnhxfkl/ Lpdkdvkl dqg \dpdxfkl 4<<:,1

9



huvkls fdq vrphwlphv eh pdgh rq wkh edvlv ri txdolwdwlyh fkdudfwhulvwlfv +wkdw lv/ wkh

gluhfwlrq ri wkh h{whuqdo/ frpphufldo dqg vsloo0ryhu h�hfwv, sxeolf rzqhuvkls uhtxluhv

txdqwlwdwlyh dqdo|vlv1 Iurp d srolf| pdnhu*v shuvshfwlyh/ wklv phdqv wkdw wkh fdvh iru

sxeolf rzqhuvkls lv pruh gl!fxow wr hvwdeolvk1 Pruhryhu/ wkh vhw ri srwhqwldoo| rswl0

pdo uhjlphv h{sdqgv zkhqhyhu sulydwh dqg vrfldo h�hfwv pryh lq gl�huhqw gluhfwlrqv1

Iru h{dpsoh/ zh vkrz wkdw zkhq wkh fruh dfwlylwlhv lpsuryh dvvhw ydoxh dqg jhqhudwh

vsloo0ryhuv � exw fdxvh h{whuqdo kdup � dq| rzqhuvkls ru pdqdjhphqw uhjlph fdq

eh rswlpdo1 Zkhq wkhuh duh frq lfwv ehwzhhq h�hfwv/ phdvxuhphqw lv uhtxluhg wr

ghwhuplqh wkh ehvw uhjlph1

D fhqwudo remhfwlyh ri wklv sdshu lv wr surylgh srolf| pdnhuv zlwk dq rujdql}lqj

iudphzrun dqg d phwkrg wr ghwhuplqh rswlpdo rzqhuvkls dqg pdqdjhphqw1 Wr dlg

wklv surfhvv/ wkh sdshu lqfoxghv dssolfdwlrqv wkdw zh ihho duh uhohydqw1 Dprqj rwkhu

wklqjv/ wkh prgho lv deoh wr h{sodlq zk| lq vrph fdvhv glvsrvdo ri wr{lf zdvwh pljkw

ehvw eh ghdow zlwk e| d sxeolf djhqf|/ dqg zk| vrph nlqgv ri lqqrydwlyh dfwlylw|

duh ehvw nhsw lq wkh sulydwh vhfwru1 Zh glvfxvv dssolfdwlrqv wr hphujhqf| vhuylfh

surylvlrq/ uhwdlo surgxfw lqqrydwlrq/ dlusruw rzqhuvkls/ dqg vsloo0ryhuv lq yhuwlfdo

surgxfwlrq fkdlqv1

5 Wkh vlqjoh dvvhw fdvh

514 Wkh Prgho

Wkhuh duh wzr sod|huv lq wkh prgho � d jryhuqphqw C dqg d pdqdjhu � 1 C fkrrvhv

wkh rzqhuvkls uhjlph 5 5 ifc �j1 Wkh phfkdqlfv ri wklv uhjlph duh h{sodlqhg lq

vhfwlrq 51414 ehorz1; Rqfh wkh rzqhuvkls vwuxfwxuh lv ghwhuplqhg/ � lv kluhg iurp d

krprjhqrxv srro ri pdqdjhuv wr uxq wkh �up1 Diwhu wkh �up kdv ehhq hvwdeolvkhg/�

fkrrvhv d surgxfwlrq yduldeoh ru h�ruw e 5 Un dw shuvrqdo frvw � Ee�/ zklfk ghwhuplqhv

dq h{whuqdo ehqh�w +ru frvw, KEe�/ dqg wkh ydoxh ri wkh �up*v dvvhw @ Ee�1

Whfkqlfdo dvvxpswlrqv dqg whuplqrorj| uhodwlqj wr ec @c �c dqg K duh dv iroorzv=

Dvvhw Ydoxh @ Ee� lv wzlfh frqwlqxrxvo| gl�huhqwldeoh dqg frqfdyh1

Pdqdjhuldo H�ruw e lv

;Wkh ixoo yhuvlrq ri glyhuvlrq irxqgdwlrqv/ dqg dq h{whqvlrq ri wklv edvlf prgho wr uhjxodwlrq duh
suhvhqwhg lq wkh dsshqgl{1

:



+l, frpphufldoo| surgxfwlyh li @�Ee� : f ; e/ dqg *�4e<f @
� Ee� ' 4> dqg

+ll, frpphufldoo| xqsurgxfwlyh li @�Ee� 	 f ; e1

Zh doorz @ wr eh hlwkhu lqfuhdvlqj ru ghfuhdvlqj lq e lq rughu wr doorz iru d ydulhw|

ri sudfwlfdo dssolfdwlrqv1 Iru h{dpsoh/ li wkh surgxfwlrq yduldeoh e lv uhvhdufk dqg

ghyhorsphqw wkhq wklv frxog eh hperglhg lq kljkhu dvvhw ydoxh1 Dowhuqdwlyho| li

kljkhu e ohdgv wr d idoo lq @/ e fdq eh lqwhusuhwhg dv dq dfwlrq wkdw czhduv grzq* wkh

�up*v fdslwdo1 Lq hphujhqf| vhuylfh surylvlrq/ iru h{dpsoh/ dvvhwv frqvlvw ri yhklfohv/

phglfdo dqg uhvfxh vxssolhv1 Juhdwhu hphujhqf| vhuylfh dfwlylw| zhduv wkhvh dvvhwv

grzq1

H�ruw Frvw � Ee� =

+l, lv wzlfh frqwlqxrxvo| gl�huhqwldeoh dqg frqyh{> dqg

+ll, kdv � Ef� ' f/ ��Ef� �qlwh dqg ��Ee� : f iru e vx!flhqwo| odujh1

Zkhq � : f/ wklv uh hfwv wkh vwdqgdug frvw ri pdqdjhuldo dfwlylw|1 Zh doorz

wkh srvvlelolw| wkdw � 	 f/ dqg lqwhusuhw wklv dv wkh pdqdjhu hlwkhu hqmr|lqj wkh

dfwlylw| ru lqfuhdvlqj khu kxpdq fdslwdo wkurxjk crq wkh mre wudlqlqj*1 Iru h{dpsoh/

lq hphujhqf| vhuylfhv/ � 	 f frxog fruuhvsrqg wr � rewdlqlqj wudqvihudeoh vnloov

iurp ehlqj d uhvfxh vhuylfh pdqdjhu1

H{whuqdo ehqh�w K Eec r� lv

+l, d srvlwlyh h{whuqdolw| zkhqhyhu KeEe� � f iru doo e>

+ll, d qhjdwlyh h{whuqdolw| li KeEe� 	 f iru doo e>

+lll, wzlfh frqwlqxrxvo| gl�huhqwldeoh dqg frqfdyh>

Dq h{dpsoh ri d qhjdwlyh h{whuqdolw| lv dq| nlqg ri srooxwlrq1 Lqfuhdvhg frp0

pxqlw| vdihw| iurp lqfuhdvhg hphujhqf| vhuylfh dfwlylw| lv dq h{dpsoh ri d srvlwlyh

h{whuqdolw|1 Zh gr qrw olplw wkh lqwhusuhwdwlrq ri K wr wkh lpsdfw rq d jurxs ri frq0

vxphuv ri wkh dfwlylw|1 Wkh ixqfwlrq K fdswxuhv dq| ehqh�w h{whuqdo wr wkh �up wkdw

wkh sodqqhu fduhv derxw1 Iurp d srvlwlyh srolwlfdo hfrqrp| shuvshfwlyh/ iru h{dpsoh/

lw frxog eh lqwhusuhwhg dv dq| h�hfw ri wkh pdqdjhu*v dfwlrq rq uh0hohfwlrq fkdqfhv1

Iroorzlqj wkh olwhudwxuh rq lqfrpsohwh frqwudfwv/ zh dvvxph wkdw hdfk ri ec �c @c

dqg K duh qrq0yhul�deoh1 Wklv lv d vwdun dvvxpswlrq/ dqg zh uhod{ wkh dvvxpswlrq wkdw

;



wkhvh yduldeohv duh dozd|v qrq0yhul�deoh lq wkh dsshqgl{1 Wkh  dyru ri uhvxowv lv qrw

vxevwdqwldoo| fkdqjhg e| wklv prgl�fdwlrq/ dqg vrph dgglwlrqdo uhvxowv rq uhjxodwlrq

duh rewdlqhg1

51414 Rzqhuvkls

Diwhu rxwsxw kdv ehhq surgxfhg dw gdwh 4/ wkh pdqdjhu fdq wdnh dfwlrqv dw gdwh 5

zklfk zh wklqn ri dv �qdqfldo pdqdjhphqw dfwlrqv/ udwkhu wkdq gluhfwo| surgxfwlyh

dfwlrqv1 Rzqhuvkls frqvlvwv ri d vhw ri uxohv wkdw uhvwulfw wkh w|shv ri dfwlrqv � fdq

wdnh1 Iru h{dpsoh/ d uxoh frxog vwlsxodwh wkh surfhgxuhv wkdw � pxvw iroorz zkhq

vkh vhoov dvvhwv/ ru zkhq vkh sd|v fuhglwruv ru rwkhuzlvh glvshuvhv uhyhqxh1 Lq vrph

vlwxdwlrqv/ uhvwulfwlrqv � iru h{dpsoh rq dvvhw vdohv surfhgxuhv � zloo suhyhqw � iurp

glvsrvlqj ri dq dvvhw wkdw gholyhuv khu vrph ydoxh +h1j1/ xqghu0vhoolqj lq uhwxuq iru

shunv ru  dyruv,1 Krzhyhu/ wkh uxoh fdq dovr kdyh d vlgh0h�hfw wkdw wkh vdoh surfhvv

lv erxqg xs lq uhg0wdsh/ zklfk hqwdlov d orvv lq h!flhqf|1 Uxohv pd| dovr ghwhuplqh

wkh nlqgv ri shutxlvlwhv wkdw wkh pdqdjhu fdq jhqhudwh/ h1j1 uhvwulfwlrqv rq wudyho/

phdo dqg r!fh h{shqvhv1 Djdlq/ wkhvh uxohv zloo suhyhqw dexvh/ exw zloo dovr hqwdlo

vrph frvw/ iru h{dpsoh li d exvlqhvv wuls lv lpsruwdqw lq uhvroylqj d frvwo| shuvrqqho

sureohp1 Wkhuh duh pdq| rwkhu h{dpsohv zkhuh uhvwulfwlrqv fdq kdyh wkh gxdo h�hfw ri

suhyhqwlqj ydoxh glyhuvlrq/ exw dovr ri suhyhqwlqj vrph h!flhqf| iurp ehlqj uhdol}hg1

Iru h{dpsoh/ uxohv rq vhohfwlrq ri ixwxuh surmhfwv pljkw suhyhqw wkh pdqdjhu iurp

vhohfwlqj d shw surmhfw/ ru rqh wkdw jlyhv khu prqhwdu| ehqh�wv1 Krzhyhu/ lw zloo dovr

uhgxfh wkh h!flhqf| zlwk zklfk jrrg surmhfwv duh vhohfwhg1 Wkh pdqdjhu pd| dovr

eh uhvwulfwhg lq wkh w|sh ri wkh r!fh htxlsphqw vkh fdq sxufkdvh1 Djdlq wklv lv jrrg

iru suhyhqwlqj zdvwhixo h{shqglwxuh/ exw edg li wkh ehvw htxlsphqw fdqqrw wkhuhiruh

eh erxjkw1

Doo ri wkhvh h{dpsohv duh vlwxdwlrqv zkhuh wkh pdqdjhu lv suhyhqwhg iurp rewdlqlqj

vrph srvlwlyh dvvhw ydoxh1 Li wkh �uppdnhv d orvv/ uxohv fdq eh lqvwlwxwhg wkdw suhyhqw

wkh pdqdjhu iurp wudqvihuulqj wkhvh orvvhv wr wkh jryhuqphqw1 Iru h{dpsoh/ uxohv

frxog ghwhuplqh wkh w|sh ri h{shqvhv wkdw duh sdlg e| jryhuqphqw/ dqg wkrvh zklfk

duh qrw1 Ghwhuplqlqj h{shqvhv wkdw zloo qrw eh sdlg e| jryhuqphqw hqwdlov frvwo|

lqyhvwljdwlrq1<

Wkh hylghqfh zh kdyh jdwkhuhg rq sxeolf �upv vxssruwv wkhq qrwlrq wkdw wkh| duh

<D yhu| vwudljkwiruzdug h{dpsoh zkhuh orvvhv fdq eh wudqvihuuhg wr wkh jryhuqphqw/ lv li wkh|
duh wkh kroghuv ri wkh �up*v zruq grzq dvvhwv zkhq rxwsxw kdv ehhq surgxfhg1

<



hqfxpehuhg zlwk pruh uxohv wkdw uhvwulfw pdqdjhuv* ehkdylru wkdq sulydwh �upv1 Wklv

lv hvshfldoo| wuxh iru wkh sulydwh �upv lq rxu prgho/ vlqfh wkh| duh prghohg dv rzqhu

pdqdjhg= rxu sulydwh �upv gr qrw vx�hu iurp djhqf| sureohpv/ vxfk dv wkrvh zklfk

pljkw h{lvw ehwzhhq glvsdudwh vkduhkroghuv dqg pdqdjhuv1 Zh dujxh wkhuhiruh wkdw

zlwk sxeolf �upv/ jryhuqphqwv sodfh vxevwdqwldo uhvwulfwlrqv rq ydoxh glyhuvlrq e|

wkh pdqdjhu zklfk phdqv wkdw wkh| duh zruvh dw uhdol}lqj sudfwlfdo h!flhqflhv wkdq

sulydwh �upv1 Sxuh sulydwh �upv duh uxq e| rzqhuqpdqdjhuv/ dqg gr qrw qhhg wr vhw

uxohv wr suhyhqw glyhuvlrq/ vlqfh doo ydoxh hqgv xs lq wkh kdqgv ri wkh rzqhuqpdqdjhu

uhjdugohvv143

Lq wkh dsshqgl{ vhfwlrq 71414/ zh h{srvlw wkh ydoxh glyhuvlrq irxqgdwlrqv ri rxu

prgho/ dqg h{whqg wkh prgho wr vlwxdwlrqv lqyroylqj uhjxodwlrq dqg rzqhuvkls1 Zh

kdyh lqfoxghg rqo| wkh glvfxvvlrq rq sxuh sxeolf dqg sxuh sulydwh rzqhuvkls lq wkh

pdlq erg| ri wkh sdshu iru wkh vdnh ri fodulw|1 Wkxv/ zh gh�qh d sxuh sulydwh

�up dv rqh zkhuh wkhuh duh qr uxohv uhvwulfwlqj ydoxh glyhuvlrq/ vr wkdw wkh sulydwh

rzqhuqpdqdjhu ohjdoo| uhfhlyhv d iudfwlrq 5 ' � ri dvvhw ydoxh @1 D sxeolf �up

lv rzqhg e| wkh jryhuqphqw/ dqg dq| dfwlylwlhv wkdw pljkw doorz wkh pdqdjhu wr

glyhuw ydoxh duh edqqhg1 Wkxv/ wkh pdqdjhu uhfhlyhv d iudfwlrq 5 ' f ri dvvhw ydoxh

@1 Zh dvvxph wklv surfhvv lv frvwv dq dprxqw ,1 Zh ghulyh wkh vroxwlrqv 5 ' fc �

hqgrjhqrxvo| lq vhfwlrq 71414 ri wkh dsshqgl{1

Vroylqj wkh jdph Wlplqj lq wkh jdph lv uhsuhvhqwhg lq �jxuh 41 Iluvw/ 5 5 ifc �j

lv fkrvhq1 Dw wkh wlph � fkrrvhv e/ vkh dqwlflsdwhv ehlqj deoh wr glyhuw 5 5 ifc �j ri

dvvhw ydoxh1 Wkxv/ vkh fkrrvhv e dv iroorzv=

e5 ' @h}4@ i5@ Ee�� � Ee�j +4,

Wkh pdqdjhu ri d sxuh sxeolf �up zloo fkrrvh e ' ef/ wkh ydoxh wkdw plqlpl}hv

�Ee�1 Li wkh dfwlylw| lv frpphufldoo| surgxfwlyh wkhq e5 lv lqfuhdvlqj lq 51 Lq sdu0

wlfxodu/ wkh pdqdjhu ri d sxuho| sulydwh �up fkrrvhv h�ruw e� : ef1 Zkhq e lv

frpphufldoo| xqsurgxfwlyh e5 lv ghfuhdvlqj lq 5 dqg e� 	 ef li ef : f1 Qrwh wkdw zh

dvvxph erwk sxeolf dqg sulydwh pdqdjhuv kdyh wkh vdph frvw ri h�ruw1 Wklv holplqdwhv

dq| eldv wrzdugv rqh iru ri rzqhuvkls ru wkh rwkhu144

43Sxuh sulydwh rzqhuvkls lv gh�qhg dv wkh jryhuqphqw kdylqj qr uxohv rq glyhuvlrq1
44Zh frxog dvvxph/ iru h{dpsoh wkdw sxeolf pdqdjhuv duh pruh dghsw dw fruuhfwlqj h{whuqdolwlhv1

Dowhuqdwlyho|/ zh frxog vlpso| dvvxph wkdw sxeolf pdqdjhuv fduh derxw h{whuqdowlhv shu0vh1 Erwk
ri wkhvh dvvxpswlrqv zrxog eldv wkh vwduwlqj srlqw lq frpsdulqj rzqhuvkls uhjlphv/ vr zh pdnh d
pruh qhxwudo dvvxpswlrq1

43



Vxemhfw wr � *v fkrlfh e5/ C fkrrvhv 5 wr pd{lpl}h wkh h{shfwhg ydoxh ri d xwlol0

wduldq vrfldo zhoiduh ixqfwlrq=45

.` ' KEe5� n @Ee5�� �Ee5�� E�� 5�, +5,

Wkh �uvw wkuhh hohphqwv ri .` duh h{whuqdo ehqh�w/ dvvhw ydoxh dqg h�ruw frvw

hydoxdwhg dw e5 fkrvhq e| � 1 Wkh odvw whup E�� 5� , lv wkh orvv iurp lpsrvlqj edqv

rq � �r srwhqwldoo| ydoxh glyhuwlqj dfwlrqv= zh qrupdol}h , ' f iru vlpsolflw|/ vlqfh

srvlwlyh ydoxhv ri , rqo| vhuyh wr sxvk wkh rswlpdo uhjlph wrzdugv sulydwh rzqhuvkls

lq doo fdvhv1

Khuh/ zh frqfhqwudwh rq frpsdulvrqv ehwzhhq sxuh sxeolf dqg sxuh sulydwh rzqhu0

vkls1 Wkhvh rswlrqv duh pljkw eh wkh rqo| sudfwlfdo dowhuqdwlyhv li lw lv rqo| srvvleoh wr

hvwdeolvk yhu| frduvh uxohv rq srwhqwldo ydoxh glyhuwlqj dfwlylwlhv � l1h1 d edq +5 ' f,

ru doorzlqj wkh dfwlrqv +5 ' �,146 Dv phqwlrqhg/ wkh dsshqgl{ vhfwlrq 71414/ frqvlghuv

vlwxdwlrqv zkhuh sxuh sxeolf ru sxuh sulydwh rzqhuvkls uhpdlqv rswlpdo hyhq li pl{hg

rzqhuvkls lv ihdvleoh +l1h1 5 5 dfc �o,1

515 Uhvxowv

51514 Wudgh0r�v ehwzhhq sxuh sulydwh dqg sxuh sxeolf rzqhuvkls

Lq wkh iroorzlqj glvfxvvlrq/ gh�qh Z5 ' @Ee5� � � Ee5� dqg K5 ' KEe5� dv �up sur�wv

dqg h{whuqdo ehqh�wv xqghu uhjlph 51 Qrwh wkdw sur�wv duh dozd|v dw ohdvw dv kljk

xqghu sxuh sulydwh rzqhuvkls dv wkh| duh xqghu sxuh sxeolf rzqhuvkls/ l1h1 Z� � Zf1

Wkxv C*v ghflvlrq wr sulydwl}h lq wkh fdvh zkhuh 5 lv rqo| hlwkhu }hur ru xqlw|/ ghshqgv

zkhwkhu wkh lqfuhdvh lq �up sur�wv Z�� Zf soxv wkh h!flhqf| jdlq , h{fhhgv wkh orvv

lq h{whuqdo ehqh�w Kf � K�1 Sulydwh rzqhuvkls lv suhihuuhg wr sxeolf rzqhuvkls l�

Z� � Zf n , : Kf � K�

45Wklv uhsuhvhqwv d xwlolwduldq jryhuqphqw wkdw zhljkv wkh groodu ydoxh ri h{whuqdo kdup dqg �up
sur�wv htxdoo|1 Zh frxog pdnh d ydulhw| ri dowhuqdwlyh dvvxpswlrqv derxw J*v remhfwlyh ixqfwlrq1
Ghqrwh Z dv wkh zhoiduh ixqfwlrq h{foxglqj h!flhqf| frvwv1 Wkhq Z @ e uhsuhvhqwv d sodqqhu zkr
pd| eh fdswxuhg e| wkh frqvwlwxhqf| wkdw idfhv wkh h{whuqdo ehqh�w1 Li Z @ d � #/ wkhq J frxog
eh frqvlghuhg uhyhqxh pd{lpl}lqj/ vlqfh J lv xqfrqfhuqhg derxw h{whuqdo ehqh�wv wkdw fdqqrw eh
prqhwl}hg dqg fdq fdswxuh doo sur�wv xqghu hlwkhu rzqhuvkls uhjlph1 Zlwk Z @ e. +4� �,�/ wkh
sodqqhu lv frqfhuqhg derxw wkh frqvwlwxhqf| wkdw idfhv wkh h{whuqdo ehqh�w/ exw kdv dq hpsluh0
exloglqj suhihuhqfh iru sxeolf rzqhuvkls1

46D wulwh/ exw whoolqj h{dpsoh frphv iurp shrsohv frpplwwphqwv wr vwrs vprnlqj1 Lw lv hdv| wr whoo
wkdw vrphrqh kdv ehhq vprnlqj/ exw gl!fxow wr whoo krz pdq| fljduhwwhv wkh| kdyh kdg1 Wkxv d edq
rq vprnlqj lv hdv| wr hqirufh/ frpsduhg wr dq h{solflw olplw rq wkh qxpehu ri fljduhwwhv frqvxphg1

44



D wd{rqrp| ri srvvleoh fdvhv lv suhvhqwhg lq Wdeoh 41 Zkhq wkh dfwlylw| lv frp0

phufldoo| surgxfwlyh dqg fdxvhv d srvlwlyh h{whuqdolw|/ +fhoo +LLL,,/ sulydwh rzqhuvkls

lv rswlpdo1 Lq wklv fdvh/ e� : ef1 Wkh pdujlqdo frpphufldo jdlq iurp wkh dfwlylw|

lv srvlwlyh/ vr d sulydwh pdqdjhu fkrrvhv d kljkhu ohyho ri wkh dfwlylw|1 Vlqfh wkh

h{whuqdolw| lv srvlwlyh/ h{whuqdo ehqh�wv duh dovr kljkhu xqghu sulydwh rzqhuvkls1 Iru

frpphufldoo| xqsurgxfwlyh dfwlylwlhv wkdw jhqhudwh qhjdwlyh h{whuqdolwlhv +fhoo +LY,,/

sulydwh rzqhuvkls lv dovr rswlpdo1 D sulydwh pdqdjhu kdv d frpphufldo lqfhqwlyh wr

fxw edfn wkh dfwlylw| vr wkdw e� 	 ef1 Vlqfh e dovr jhqhudwhv dq h{whuqdo kdup/ sulydwh

rzqhuvkls lv xqdpeljxrxvo| suhihuuhg1

Uhwdlo surgxfw lqqrydwlrq lv d ohdglqj h{dpsoh ri d frpphufldoo| surgxfwlyh df0

wlylw| wkdw jhqhudwhv srvlwlyh h{whuqdolwlhv1 Dq lqqrydwlrq wkdw lv sulydwho| sur�wdeoh

fdq surylgh vsloo0ryhu ehqh�wv wr rwkhu exvlqhvvhv1 D sxeolf vhfwru �up idfhv qr frp0

phufldo lqfhqwlyh wr lqqrydwh1 Wkh odfn ri surgxfw lqqrydwlrq lq wkh iruphu Vrylhw

Xqlrq dqg rwkhu fhqwudoo| sodqqhg hfrqrplhv lv looxvwudwlyh ri wklv fdvh1 Iru frp0

phufldoo| xqsurgxfwlyh dfwlylwlhv wkdw jhqhudwh qhjdwlyh h{whuqdolwlhv/ rqh h{dpsoh

pljkw eh shuvrqdo eldv1 Vxssrvh d pdqdjhu kdv suhihuhqfhv wkdw duh eldvhg djdlqvw

d sduwlfxodu jurxs ri shrsoh rq jurxqgv ri udfh/ uholjlrq ru shuvrqdolw|147 D sxe0

olf pdqdjhu idfhv qr frpphufldo lqfhqwlyh wr uhiudlq iurp glvfulplqdwru| ehkdylru/

zkhuhdv d sulydwh pdqdjhu pd| �qg lw d prqh| orvlqj vwudwhj|1 Sulydwh rzqhuvkls

zloo wkhuhiruh eh suhihuuhg1

Fhoov +LLL, dqg +LY, suhvhqw vlwxdwlrqv zkhuh txdolwdwlyh lqirupdwlrq rq wkh qd0

wxuh ri wkh dvvhw lv vx!flhqw wr ghwhuplqh wkh rswlpdolw| ri sulydwh rzqhuvkls1 Wkh

uhpdlqlqj fhoov lq Wdeoh 4 lqyroyh dpeljxrxv fdvhv zkhuh uhodwlyh pdjqlwxghv pxvw

eh frpsduhg1 Frqvlghu fhoov +L, dqg +LL, zkhuh d frpphufldoo| surgxfwlyh dfwlylw|

jhqhudwhv d qhjdwlyh h{whuqdolw|1 Vlqfh e� : ef/ sulydwh rzqhuvkls fuhdwhv d odujhu

h{whuqdo kdup wkdq sxeolf rzqhuvkls1 Fohduo|/ ehqh�w ixqfwlrqv K E�� h{lvw zkhuh wkh

lqfuhphqw lq kdup lv odujhu wkdq wkh jdlq lq sur�wv/ dqg wkhuh duh rwkhuv zkhuh wklv

lqfuhphqw lv vpdoohu1 Wkh iruphu frxog eh fdoohg uhodwlyho| vwurqj qhjdwlyh h{whu0

qdolwlhv/ dqg wkh odwwhu/ uhodwlyho| zhdn qhjdwlyh h{whuqdolwlhv148 Dq h{dpsoh lq wklv

47Lw pd| eh gl!fxow iru wkh jryhuqphqw wr suhyhqw vxfk glvfulplqdwlrq1 Uxohv idyrulqj plqrul0
wlhv zkhq fdqglgdwhv duh ri chtxdo delolw|* duh gl!fxow wr hqirufh zkhq wkh sxeolf pdqdjhu mxgjhv
fdqglgdwh delolw|1 Dovr/ glvfulplqdwlrq pd| rshudwh ryhu pdq| glphqvlrqv dqg uxohv fdqqrw suhyhqw
glvfulplqdwlrq li wkh jryhuqphqw grhv qrw nqrz h{dfwo| zklfk jurxsv wkh pdqdjhu lv eldvhg djdlqvw1

48Iru h{dpsoh/ vxssrvh e+h, � �E+h,/ iru Eh A 3/ E+3, @ 31 Wkhuh h{lvw qhjdwlyh � vxfk wkdw
�
�
E4 �E3

�
? �4 � �3 . o/ dqg dovr wkhuh h{lvwv srvlwlyh � vxfk wkdw wkh uhyhuvh lv wuxh1
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fdwhjru| lv glvsrvdo ri wr{lf zdvwh/ zkhuh h�ruw lv wlph vshqw wklqnlqj derxw fkhdshu

phwkrgv ri frqwdlqphqw ru gxpslqj1 Vxssrvh wkh h�hfwv ri srru zdvwh glvsrvdo zloo

qrw eh ihow xqwlo idu lq wkh ixwxuh/ vr lw lv qrw srvvleoh wr krog d pdqdjhu shuvrqdoo|

oldeoh149 D sxeolf pdqdjhu lv xqfrqfhuqhg derxw wkh frvwv ri glvsrvdo1 Krzhyhu/ d

sulydwh rzqhu zloo kdyh dq lqfhqwlyh wr fxw fruqhuv dqg nhhs frvwv orz1 Zlwk zdvwh ri

voljkw wr{lflw|/ vdylqjv iurp fkhdshu glvsrvdo frxog rxwzhljk h{shfwhg hqylurqphqwdo

frvwv/ vkliwlqj wkh edodqfh lq idyru ri sulydwh rzqhuvkls1 Krzhyhu/ li wkh zdvwh lv

h{wuhpho| wr{lf/ sxeolf rzqhuvkls zloo eh suhihuuhg1

Fhoov +Y, dqg +YL, uhsuhvhqw rswlpdo rzqhuvkls zkhq wkhuh lv d frpphufldoo|

xqsurgxfwlyh dfwlylw| wkdw jhqhudwhv d srvlwlyh h{whuqdolw|1 Vlqfh e� � ef/ sxeolf

rzqhuvkls ohdgv wr dw ohdvw dv juhdw h{whuqdo ehqh�w dv sulydwh rzqhuvkls1 Dv ehiruh/

wklv jdlq pxvw eh zhljkhg djdlqvw wkh orvv lq sur�wv1 Zkhq wkh srvlwlyh h{whuqdolw| lv

uhodwlyho| vwurqj/ sxeolf rzqhuvkls lv suhihuuhg/ rwkhuzlvh sulydwh rzqhuvkls lv ehwwhu1

Hphujhqf| vhuylfhv/ vxfk dv �uh/ dpexodqfh dqg uhvfxh duh jrrg h{dpsohv ri wklv

wudgh0r�1 Zkloh d sxeolf vslulwhg pdqdjhu pljkw suhihu wr dwwhqg doo fdoov/ d sulydwh

dpexodqfh ru �uh vhuylfh idfhv d �qdqfldo glvlqfhqwlyh zkhq wkh fxvwrphu fdqqrw

surylgh hylghqfh ri delolw| wr sd|1 Wkh fkrlfh ehwzhhq rzqhuvkls vwuxfwxuhv ghshqgv

rq zkhwkhu wkh frvw ri dwwhqglqj idovh hphujhqflhv rxwzhljkv wkh frvw ri xqdwwhqghg

hphujhqflhv1 Dpexodqfh vhuylfhv duh sulydwh lq pdq| sduwv ri wkh Xqlwhg Vwdwhv/ dqg

sxeolf lq wkh Xqlwhg Nlqjgrp dqg Dxvwudold14:

Rxu dqdo|vlv zlwk d vlqjoh dvvhw dqg 5 ' � ru 5 ' f vxjjhvwv wkdw txdolwdwlyh

lqirupdwlrq lv vx!flhqw wr hvwdeolvk wkh grplqdqfh ri sulydwh rzqhuvkls lq wzr fdvhv1

Lq frqwudvw/ txdqwlwdwlyh lqirupdwlrq lv dozd|v qhhghg wr hvwdeolvk wkh grplqdqfh

ri sxeolf rzqhuvkls1 Vlqfh hvwlpdwlrq ri h{whuqdo ehqh�wv iru qrupdwlyh sxusrvhv lv

w|slfdoo| gl!fxow/ rxu prgho vxjjhvwv wkdw wkh fdvh iru sxeolf rzqhuvkls zloo jhqhudoo|

eh pruh gl!fxow wr hvwdeolvk1 Qhyhuwkhohvv/ wkh csulydwl}dwlrq lqgh{*/ R � K�3Kf

Z�3Zfn,
n�/

49Wkh grfwulqh ri vxffhvvru oldelolw|/ zkhuh vxevhtxhqw rzqhuv ri wkh dvvhwv duh khog oldeoh iru
ixwxuh hqylurqphqwdo frvwv dvvrfldwhg zlwk wkh dvvhw/ zloo doohyldwh wkh sureohp lq vrph/ exw qrw doo
flufxpvwdqfhv1 D vxffhvvru lv rqo| khog oldeoh li wkh frqwdplqdwlrq lv ghwhfwhg/ dqg wklv pd| rffxu
zhoo diwhu wkh �up kdv fhdvhg rshudwlrqv1 Sduwlhv pd| dovr xvh edqnuxswf| wr ehfrph mxgjhphqw
surri dqg dyrlg idflqj wkh ixoo frvwv ri wkh frqwdplqdwlrq1 Slwfkirug +4<<8, ghprqvwudwhv wkdw wkh
srwhqwldo iru mxgjhphqw0surriqhvv hqvxuhv wkdw dq luuhgxfleoh h{whuqdo vrfldo frvw uhpdlqv1

4:Wkh glvlqfhqwlyh fuhdwhg e| rzqhuvkls lq wklv h{dpsoh lv vlplodu lq vslulw wr Udmdq dqg ]lqjdohv
+4<<;,1 Lq wkhlu prgho/ rzqhuvkls pd| uhgxfh +vrfldoo| ghvludeoh, lqyhvwphqw e| xqghuplqlqj dq
djhqw*v h{ srvw edujdlqlqj srvlwlrq1 Lq rxu prgho/ sulydwh rzqhuvkls pd| uhgxfh vrfldoo| ghvludeoh
dfwlylwlhv zkhq wkh| gluhfwo| jhqhudwh sulydwh frvwv1 Zh duh judwhixo wr Oxljl ]lqjdohv iru srlqwlqj
rxw wklv dqdorj|1
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pljkw eh d xvhixo frvw ehqh�w udwlr wr hvwlpdwh zkhq rswlpdo rzqhuvkls lv dpeljxrxv1

R : f lqglfdwhv sulydwh rzqhuvkls lv rswlpdo dqg R 	 f phdqv sxeolf rzqhuvkls

lv rswlpdo1 Wkh lqgh{ lv dovr xvhixo dv d vxppdu| ri txdolwdwlyh idfwruv wkdw idyru

sulydwl}dwlrq1 Zkhq R : �/ h{whuqdo ehqh�wv dqg sur�w duh kljkhu xqghu sulydwl}dwlrq1

Iru rwkhu ydoxhv ri R/ wkh pdjqlwxghv ri sulydwh dqg h{whuqdo ehqh�wv qhhg wr eh

phdvxuhg dqg frpsduhg14;

Zh h{whqg wkh prgho wr wkh fdvh ri uhjxodwlrq lq wkh dsshqgl{1 Wkh edvlf  dyru ri

uhvxowv lq sursrvlwlrq 4 duh pdlqwdlqhg lq sursrvlwlrq 6 lq wkh dsshqgl{1 Zh vkrz wkdw

zlwk frvwohvv uhjxodwlrq/ wkhuh lv qr gl�huhqfh ehwzhhq rzqhuvkls uhjlphv> frqyhuvho|/

vrph frvw ri uhjxodwlrq lv qhhghg iru rzqhuvkls wr pdwwhu1 Zh ghprqvwudwh wkdw li

d �up lv nhsw lq rqh irup ri rzqhuvkls zkhq wkh rwkhu lv rswlpdo +h1j1 sxeolf zkhq

sulydwh lv rswlpdo,/ wkhq wkh ruljlqdo +h1j1 sxeolf, �up zloo rswlpdoo| eh pruh wljkwo|

uhjxodwhg1

516 Frpsdulvrqv zlwk Fxuuhqw Olwhudwxuh

Wr wkh ehvw ri rxu nqrzohgjh/ Vfkplgw +4<<4> 4<<9, zdv wkh �uvw sdshu wr glvwlqjxlvk

ehwzhhq sxeolf dqg sulydwh rzqhuvkls lq dq lqfrpsohwh frqwudfwv prgho zkhuh wkh

jryhuqphqw kdv vrfldo zhoiduh dv lwv remhfwlyh14< Wkh pdqdjhu ri wkh �up lq klv

prgho lv dvvxphg wr pdnh d qrq0frqwudfwleoh sulydwh lqyhvwphqw e dw gdwh 3 wkdw

lqfuhdvhv wkh suredelolw| wkdw frvwv zloo eh orz zkhq surgxfwlrq wdnhv sodfh dw gdwh

41 Xqghu sxeolf rzqhuvkls/ wkh jryhuqphqw fdq revhuyh frvwv dw gdwh 4/ dqg fkrrvhv

d surgxfwlrq sodq wkdw lv h{0srvw h!flhqw1 Wklv/ krzhyhu/ uhgxfhv wkh pdqdjhu*v

lqfhqwlyh wr lqyhvw dw gdwh 31 Xqghu sulydwh rzqhuvkls/ wkh jryhuqphqw lqgxfhv pruh

h!flhqw lqyhvwphqw h{ dqwh/ exw dw wkh frvw ri glvwruwlrqdu| h{ srvw uhjxodwlrq1 Wkxv/

Vfkplgw +4<<4> 4<<9, h{sodlqv zk| sxeolf �upv fdq vx�hu iurp [0lqh!flhqf|/ zkhuh

sulydwh �upv vx�hu iurp glvwruwlrqdu| uhjxodwlrq1 Wkh rswlpdo uhjlph lv irxqg e|

frpsdulqj wkhvh h�hfwv1

Wkh edvlf dvvxpswlrq lq Vfkplgw*v prgho/ lv wkdw wkh rzqhu � eh lw d sulydwh

4;Gl�huhqw remhfwlyh ixqfwlrqv iru J dowhu wkh uhvxowv vrphzkdw1 Zkhq J lv fdswxuhg e| wkh
frqvwlwxhqf| idflqj wkh h{whuqdo ehqh�w +Z @ e,/ rswlpdo rzqhuvkls lv vwudljkwiruzdug wr suhglfw1
Fhoov +L,/ +LL,/ +Y, dqg +YL, kdyh sxeolf rzqhuvkls dv rswlpdo1 Sulydwh rzqhuvkls lv rswlpdo lq fhoov
+LLL, dqg +LY,1 Zlwk Z @ e. +4� },�/ dvvxplqj �3 A 3/ sxeolf rzqhuvkls lv suhihuuhg lq fhoov +L,/
+LL,/ +Y, dqg +YL,/ dqg pd| eh suhihuuhg lq +LLL, dqg +Y, li �3 rxwzhljkv wkh orvv e4 � e31

4<Wkhuh duh dovr d qxpehu ri sdshuv wkdw dqdo|}h sulydwl}dwlrq lq d srvlwlyh srolwlfdo hfrqrp|
iudphzrun1 Iru h{dpsoh/ Er|fr/ Vkohlihu dqg Ylvkq| +4<<9,1 Vhh dovr Orsh}0gh0Vlodqhv/ Vkohlihu dqg
Ylvkq| +4<<:,1
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rzqhu ru d jryhuqphqw � lv deoh wr revhuyh wkh vdph yduldeohv dv wkh pdqdjhu153

Rxu prgho fdq eh xvhg wr h{sodlq vlplodu rxwfrphv lq vlwxdwlrqv zkhuh C kdv qr

lqirupdwlrqdo dgydqwdjh xqghu sxeolf rzqhuvkls1 Frqvlghu wdeoh 4 zkhq wkh dfwlylw|

lv frpphufldoo| surgxfwlyh1 Xqghu sxeolf rzqhuvkls/� fkrrvhv d orzhu ohyho ri h�ruw

wkdq dq htxlydohqw sulydwh pdqdjhu ehfdxvh vkh lv odfnlqj d frpphufldo lqfhqwlyh1

Wklv lv dqdorjrxv wr wkh {0lqh!flhqf| ri wkh sxeolf �up lq Vfkplgw1 Wkh lqh!flhqw

uhjxodwlrq dvshfw ri Vfkplgw*v uhvxowv fdq dovr eh fdswxuhg1 Xqghu sulydwh rzqhuvkls/

h�ruw lv kljkhu gxh wr wkh frpphufldo lqfhqwlyh/ exw pd| eh lqh!flhqwo| kljk li

surgxfwlrq jhqhudwhv d qhjdwlyh h{whuqdolw|1 Wklv fdq eh lqwhusuhwhg dv dq lqdelolw|

wr shuihfwo| uhjxodwh wr dffrxqw iru wkh h{whuqdo h�hfw1

Kduw/ Vkohlihu dqg Ylvkq| +4<<;, hpskdvl}h wkh idfw wkdw gl�huhqw lqfhqwlyhv wr

lpsohphqw frvw dqg txdolw| lqqrydwlrqv kdyh ehhq fhqwudo wr wkh sulydwl}dwlrq ghedwh

lq wkh lqirupdo olwhudwxuh1 Wkh| ghyhors d prgho/ zlwk h{ srvw uhqhjrwldwlrq ehwzhhq

wkh jryhuqphqw dqg wkh sxeolf ru sulydwh pdqdjhu1 Rqh ri wkhlu nh| uhvxowv lv wkdw

uhodwlyh wr sxeolf rzqhuvkls/ sulydwh rzqhuvkls fdq jlyh vwurqjhu +dqg vrfldoo| h{fhv0

vlyh, lqfhqwlyhv wr orzhu frvwv dw wkh h{shqvh ri txdolw|1 Exw ryhudoo/ txdolw| xqghu

sulydwh rzqhuvkls fdq eh kljkhu ru orzhu wkdq xqghu sxeolf rzqhuvkls1

Zkloh Kduw/ hw do *v dqdo|vlv lqyroyhv wzr glvwlqfw dfwlylwlhv/ vlplodu uhvxowv fdq eh

ghulyhg lq wkh rqh0dvvhw yhuvlrq ri rxu prgho1 Frqvlghu wdeoh 4 zkhq wkh pdqdjhu

fdq hqjdjh lq dq dfwlylw| wkdw lv frpphufldoo| surgxfwlyh exw jhqhudwhv d qhjdwlyh

h{whuqdolw|1 Iru h{dpsoh/ wkh dfwlylw| uhgxfhv surgxfwlrq frvwv exw dovr uhgxfhv

surgxfw txdolw|1 Li wkh sulydwh pdqdjhu fdqqrw eh pdgh wr ehdu wkh ixoo vrfldo frvwv

ri wkh txdolw| uhgxfwlrq � iru h{dpsoh lq d sulvrq zkhuh wkh txdolw| ri uhkdelolwdwlrq

lv kdug wr revhuyh � wkhq wkh dfwlylw| zloo jhqhudwh d qhjdwlyh h{whuqdolw|154 Iurp rxu

uhvxowv deryh/ d sulydwh rzqhu zloo fkrrvh d kljkhu ohyho ri wklv dfwlylw| wkdq d sxeolf

pdqdjhu1 Rswlpdo rzqhuvkls ghshqgv rq wkh uhodwlyh vl}h ri erwk wkh frvw uhgxfwlrq

dqg wkh ghwhulrudwlrq lq txdolw| +fhoov L dqg LL lq wdeoh 4,1 Li wkhuh lv uhodwlyho|

olwwoh uhgxfwlrq lq txdolw| exw d vxevwdqwldo frvw vdylqj iurp wkh dfwlylw| wkhq sulydwh

rzqhuvkls zloo eh ghvludeoh1 Frqyhuvho|/ zkhuh frvw vdylqjv duh rxwzhljkhg e| wkh

qhjdwlyh h�hfwv ri txdolw| ghwhulrudwlrq/ sxeolf rzqhuvkls zloo eh suhihuuhg1

53Zh pdnh d pruh frqvhuydwlyh dvvxpswlrq/ ehfdxvh wkh suhplvh wkdw rzqhuvkls frqihuv dq delolw|
wr revhuyh udlvhv d qxpehu ri wkhruhwlfdo txhvwlrqv1 Iluvw/ li rzqhuvkls lv frqgxfwhg dw dupv ohqjwk/
zk| lv prqlwrulqj srvvleohB Li dupv ohqjwk prqlwrulqj lv srvvleoh/ wkhq zk| lv wklv qrw vhsdudeoh
iurp rzqhuvklsB Vhh Kduw +4<<4/4<<8, iru ghwdlov1

54Vxfk dq dfwlylw| lv htxlydohqw wr wkh lqyhvwphqw h lq Kduw/ hw1 do1
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Rxu prgho fdq dovr eh xvhg wr h{sodlq krz sulydwh rzqhuvkls fdq |lhog kljkhu

ohyhov ri txdolw| dqg orzhu qhw frvwv1 Lq wkh wdeoh/ frqvlghu dq dfwlylw| wkdw lv frp0

phufldoo| surgxfwlyh dqg jhqhudwhv d srvlwlyh h{whuqdolw|1 Iru h{dpsoh/ wkh pdqdjhu

pd| eh deoh wr udlvh surgxfw txdolw|1 Li wkh pdqdjhu fdq +lpshuihfwo|, fdswxuh wkh

ehqh�wv ri dq| txdolw| lpsuryhphqw wkurxjk lqfuhdvhg uhyhqxhv/ wkhq udlvlqj txdo0

lw| zloo jhqhudwh erwk lqfuhdvhg dvvhw ydoxh dqg h{whuqdo vrfldo ehqh�wv155 D sulydwh

pdqdjhu zloo fkrrvh d kljkhu ohyho ri wkh dfwlylw| wkdq d sxeolf pdqdjhu1 Sulydwh

rzqhuvkls udlvhv txdolw| dqg dvvhw ydoxh/ dqg lv xqdpeljxrxvo| ghvludeoh1

Rxu iudphzrun fdq fdswxuh wkh  dyru ri wkh frvw yhuvxv txdolw| wudgh0r� lq Kduw/

hw do/ dqg h{whqgv wkhlu uhvxowv wr pruh jhqhudo jryhuqphqw remhfwlyh ixqfwlrqv1 Kduw/

hw do dvvxph wkdw wkh jryhuqphqw*v xwlolw| ixqfwlrq dw wkh wlph ri h{0srvw edujdlqlqj

lv jlyhq e| wkh zhoiduh ri vrflhw| h{foxglqj wkh xwlolw| ri wkh pdqdjhu1 Wklv fdq eh

mxvwl�hg lq whupv ri d yrwlqj prgho zkhuh wkh pdqdjhu kdv lqvljql�fdqw srzhu wr

hohfw wkh jryhuqphqw1 Krzhyhu/ li d sxuho| qrupdwlyh dssurdfk lv wdnhq/ C*v xwlolw|

dw wkh wlph ri h{ srvw edujdlqlqj zloo eh lghqwl�hg zlwk h{ srvw vrfldo zhoiduh1 Dv

Kduw/ hw1 do qrwh/56 li wkh jryhuqphqw vhhnv wr pd{lpl}h wrwdo h{ srvw vrfldo zhoiduh/

wkh �uvw ehvw fdq eh dfklhyhg1 Lq wklv fdvh/ sxeolf dqg sulydwh rzqhuvkls duh lghqwlfdo1

Wklv uhvxow rffxuv hovhzkhuh lq wkh rzqhuvkls olwhudwxuh1 Li wkh jryhuqphqw +d, kdv wkh

delolw| wr revhuyh dqg qhjrwldwh ryhu h{ srvw yduldeohv/ dqg +e, kdv d sxuho| qrupdwlyh

remhfwlyh ri pd{lpl}lqj vrfldo zhoiduh erwk h{ srvw dqg h{0dqwh/ wkhq wkh �uvw ehvw

fdq eh dfklhyhg157 Wkh uhdvrq lv wkdw zlwk vrfldo zhoiduh dv dq remhfwlyh/ C jdlqv

xwlolw| zlwk wkh pdqdjhu rq d rqh0iru0rqh edvlv1 Wkhuhiruh/ C zloo eh zloolqj wr jlyh

� doo wkh vxusoxv lq dq| edujdlq/ zlwk wkh uhvxow wkdw� idfhv wkh ixoo pdujlqdo vrfldo

lqfhqwlyh wr lqyhvw1

Lq rxu prgho/ C fdq frpplw wr d vhw ri uxohv wkdw vrphwlphv uhvwulfw wkh dfwlrqv�

fdq wdnh wr glyhuw ydoxh @ Ee�1 Zlwkrxw frpplwphqw wr wklv exuhdxfudwlf vwuxfwxuh/ C

zrxog kdyh dq lqfhqwlyh wr uhqhjrwldwh diwhu e lv fkrvhq/ dqg doorz� wr glyhuw doo ydoxh

vr wkdw wkh h!flhqf| jdlq , lv uhdol}hg1 Krzhyhu/ d sxeolf pdqdjhu zrxog dqwlflsdwh

wklv dqg fkrrvh wkh sulydwh surgxfwlrq ohyho e ' e�1 Frpplwphqw wr exuhdxfudwlf

zdvwh lv wkh phwkrg wkdw C xvhv lq rughu wkdw sxeolf pdqdjhuv eh jlyhq dssursuldwh

h{0dqwh lqfhqwlyhv1 Vxfk frpplwphqw jhqhudwhv wkh nh| gl�huhqfh ehwzhhq sxeolf dqg

55Wklv lv htxlydohqw wr wkh lqyhvwphqw l lq Kduw/ hw1 do1
56Kduw/ Vkohlihu dqg Ylvkq| +4<<:, sdjh </ irrwqrwh 91
57Vhh iru h{dpsoh/ wkh rxwvlgh rzqhuvkls dqdo|vhv ri Udmdq dqg ]lqjdohv +4<<;,/ dqg GhPh}d dqg

Orfnzrrg +4<<;, � uh0lqwhusuhwhg dqg dssolhg wr wkh lvvxh ri sulydwh yhuvxv sxeolf rzqhuvkls1
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sulydwh rzqhuvkls wkdw glvwlqjxlvkhv rxu prgho iurp wkh olwhudwxuh1

Rqh pljkw dujxh wkdw lq rxu iudphzrun/ wkh jryhuqphqw frxog plplf sxeolf lq0

fhqwlyhv xqghu sulydwh rzqhuvkls li lw uhtxluhg wkdw wkh �up zdv rzqhg e| d sulydwh

sduw| zkrvh uroh zdv wr hqirufh wkh uxohv wkdw lqklelw ydoxh glyhuvlrq1 Vxfk d sduw|

zrxog uhfhlyh dvvhw ydoxh dqg zrxog rqo| eh uhvsrqvleoh iru pdnlqj vxuh wkdw wkh

pdqdjhu grhv qrw xqghuwdnh srwhqwldoo| ydoxh glyhuwlqj dfwlrqv1 Xqghu wklv lqwhusuh0

wdwlrq/ rxu prgho zrxog dsso| wr dq| dupv0ohqjwk rzqhuvkls udwkhu wkdq jryhuqphqw

rzqhuvkls � dqg vr pljkw qrw eh frqvlghuhg d wkhru| ri sxeolf rzqhuvkls1 Wkh  dz

lq wklv dujxphqw lv wkdw vxfk d sulydwh rzqhu grhv qrw fduh derxw K E�� dqg wkhuhiruh

kdv dq lqfhqwlyh wr frooxgh zlwk wkh pdqjhu wr hqdeoh khu wr fdswxuh d kljkhu qhw

uhwxuq/ iru h{dpsoh e| doorzlqj ydoxh0glyhuwlqj dfwlrqv lq uhwxuq iru d vlgh0sd|phqw1

C zrxog wkhq qhhg wr prqlwru wkh sulydwh rzqhu wr hqvxuh wkdw uxohv duh iroorzhg/ dqg

vr pdnlqj wklv vwuxfwxuh htxlydohqw wr wkh ruljlqdo sxeolf �up1 Wkh glvwlqjxlvklqj

ihdwxuh ri d sxuho| sulydwh �up lv wkdw C grhv qrw qhhg wr pdnh dq| uxohv/ dqg vr kdv

qr qhhg wr prqlwru � dw doo1

6 Wkh wzr dvvhw fdvh

H{whqglqj wkh prgho wr wzr dvvhwv/ wzr surgxfwlyh h�ruwv/ dqg wzr srwhqwldo pdq0

djhuv/ doorzv xv wr dqdo|}h rswlpdo rzqhuvkls zkhq dfwlrqv wdnhq e| rqh �up d�hfw

wkh sur�wdelolw| ri wkh rwkhu1 Rzqhuvkls dqg pdqdjhphqw uhjlphv duh vljql�fdqwo|

pruh frpsoh{ lq wkh wzr dvvhw fdvh1 Vshfl�fdoo|/ zh fdq h{dplqh wkh ghwhuplqdqwv

ri zkhq dvvhwv vkrxog eh mrlqwo| ru vhsdudwho| rzqhg xqghu hlwkhu sulydwh ru sxeolf

rzqhuvkls1 Iru h{dpsoh/ zkhq frqvlghulqj d udlozd| v|vwhp/ vkrxog wkh wudfnv dqg

uroolqj vwrfn eh sulydwh ru sxeolfB Li sulydwh/ vkrxog wkh| eh mrlqwo| rzqhg ru vhsd0

udwhgB Udwkhu wkdq h{dplqh wkh jhqhudo fdvh/ wklv vhfwlrq zloo irfxv rq wzr h{dpsohv

wkdw looxvwudwh wkh wudgh0r�v lq wkh jhqhudo fdvh158

Zh ghqrwh wkh pdqdjhuv e| � dqg � dqg lqgh{ wkh dvvhwv e| � 5 i�c 2j1 Rwkhu

wkdq wkhlu odeho/ wkh pdqdjhuv duh lghqwlfdo1 Wr dyrlg h{fhvvlyh qrwdwlrq dqg wr pdnh

wkh dqdo|vlv wudfwdeoh/ zh frq�qh dwwhqwlrq sxuh sxeolf ru sulydwh rzqhuvkls dqg

dvvxph , ' f159 Ghqrwlqj 5� dv wkh rzqhuvkls uhjlph iru dvvhw �/ zh wkhuhiruh pdnh

wkh uhvwulfwlrq 5� 5 ifc �j iru � ' �c 21

58D frpsohwh dqdo|vlv ri wkh wzr0dvvhw fdvh lv dydlodeoh lq Nlqj dqg Slwfkirug 4<<;1
59Srvlwlyh o eldvhv wkh rswlpdo uhjlph wrzdugv sulydwl}dwlrq1
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Lqlwldoo|/ C ghflghv zkhwkhu hdfk lqglylgxdo dvvhw zloo eh sxeolfo| ru sulydwho|

rzqhg dqg dvvljqv pdqdjhu � 5 i�c�j wr dvvhwv1 C pd| fkrrvh hlwkhu d vlqjoh

pdqdjhu iru erwk dvvhwv ru gl�huhqw pdqdjhuv iru hdfk dvvhw1 Pdqdjhphqw fdq eh

hlwkhu cxql�hg* ru cvhsdudwh* ghshqglqj rq zkhwkhu C dssrlqwv rqh pdqdjhu iru erwk

dvvhwv ru gl�huhqw pdqdjhuv iru hdfk dvvhw uhvshfwlyho|1 Rzqhuvkls lv csxeolf* ru

csulydwh* li 5� ' 52 ' f ru 5� ' 52 ' � uhvshfwlyho|1 Li rqh dvvhw lv sulydwh zkloh wkh

rwkhu lv sxeolf zh uhihu wr rzqhuvkls dv cpl{hg*1 Wkxv/ ryhudoo/ vl{ rzqhuvkls dqg

pdqdjhphqw uhjlphv duh dydlodeoh wr wkh jryhuqphqw1

Diwhu wkh uhjlph lv vhohfwhg/ pdqdjhuv fkrrvh wkhlu dfwlylwlhv1 Wkh pdqdjhu ri

dvvhw � fkrrvhv h�ruw e� 5 Un1 Wklv h�ruw d�hfwv wkh ydoxh ri dvvhw � wkurxjk wkh

dvvhw ydoxh ixqfwlrq @�Ee��nk�Ee&�/ & 9' �1 Dv lq wkh vlqjoh dvvhw fdvh/ @�Ee�� uhsuhvhqwv

wkh gluhfw h�hfw ri wkh pdqdjhuldo dfwlylw| rq dvvhw ydoxh1 Lq dgglwlrq/ k�Ee&� lv d

vsloo0ryhu h�hfw iurp wkh h�ruw dvvrfldwhg zlwk wkh rwkhu dvvhw1 Ohw @�Ee�� ' e� dqg

k�Ee&� ' U�k�e& zkhuh k� 5 Efc �� dqg U� 5 i��cn�jc & 9' �1 Pdqdjhuldo dfwlylwlhv

duh frpphufldoo| surgxfwlyh lq wklv h{dpsoh +wkdw lv/ @�� : f,1 Wkh dfwlylwlhv kdyh

srvlwlyh vsloo0ryhuv li U� ' U2 ' n� dqg qhjdwlyh vsloo0ryhuv li U� ' U2 ' ��1 Lq hdfk

fdvh/ zh dvvxph k� 	 �/ vr wkdw vsloo0ryhu h�hfwv duh czhdnhu* wkdq gluhfw h�hfwv rq

dvvhw ydoxh1

Dfwlylwlhv jhqhudwh h{whuqdolwlhv wkurxjk wkh h{whuqdo ehqh�w ixqfwlrq KEe�c e2� '

q�e� n q2e21 Dfwlylw| e� jhqhudwhv d qhjdwlyh h{whuqdolw| li q� 	 f dqg d srvlwlyh

h{whuqdolw| li q� : f1 Wkh uhodwlyh vwuhqjwk ri dq h{whuqdolw| lv phdvxuhg e| wkh vl}h

ri wkh frh!flhqw q�1

Dfwlylw| e� fuhdwhv glv0xwlolw| �Ee�� '
�

2
e2� iru wkh pdqdjhu ri dvvhw �1 Li � pdqdjhv

erwk dvvhwv/ wkhq wrwdo glv0xwlolw| lv � �

2
e2� n

�

2
e221

5:

Iluvw frqvlghu wkh fdvh ri srvlwlyh vsloo0ryhuv EU� ' U2 ' n��1 Iljxuh 6 looxvwudwhv

wkh vrfldoo| rswlpdo rzqhuvkls uhjlphv iru ydulrxv ohyhov ri h{whuqdolwlhv q� dqg q21
5;

Wkh txdgudqw zlwk q�c q2 : f ohdgv wr xql�hg sulydwh rzqhuvkls1 Li frpphufldoo|

surgxfwlyh dfwlylwlhv lqyroyh srvlwlyh h{whuqdolwlhv dqg srvlwlyh lqwhu0dvvhw vsloo0ryhuv/

wkhq xql�hg sulydwh rzqhuvkls zloo hqfrxudjh wkh vrfldoo| ghvludeoh dfwlylwlhv1 Wklv

lv dqdorjrxv wr wkh vlqjoh dvvhw fdvh zkhuh li doo sulydwh dqg vrfldo lqfhqwlyhv duh

doljqhg +xql�hg, sulydwh rzqhuvkls lv rswlpdo1 Wkhuh lv rqh pdmru gl�huhqfh zlwk

5:Zh dvvxph dgglwlyh vhsdudelolw| ri h�ruw frvw ehfdxvh wklv holplqdwhv dq| whfkqlfdo eldv wrzdugv
vhsdudwh ru mrlqw pdqdjhphqw1

5;Wkh vrfldo zhoiduh frpsdulvrqv xvhg wr jhqhudwh �jxuh rqh duh jlyhq lq wkh dsshqgl{1
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wkh vlqjoh dvvhw fdvh= Zh zloo vkrz ehorz wkdw wkh idfw wkdw vsloo0ryhuv duh srvlwlyh

lv fuxfldo1 Qrwh dovr wkdw/ dqdorjrxv wr wkh vlqjoh dvvhw fdvh/ C rqo| qhhgv wr kdyh

txdolwdwlyh lqirupdwlrq derxw h{whuqdolwlhv dqg vsloo0ryhuv wr ghwhuplqh wkdw xql�hg

sulydwh rzqhuvkls lv rswlpdo1

Dlusruw pdqdjhphqw surylghv dq h{dpsoh ri wklv vlwxdwlrq1 Jrrg dgplqlvwudwlrq

lpsuryhv wkh uhwxuq dw d jlyhq dlusruw/ exw dovr kdv d srvlwlyh vsloo0ryhu wr rwkhu

dlusruwv1 Li d sodqh*v ghsduwxuh lv ghod|hg gxh wr srru pdqdjhphqw dw dq ruljlqdwlqj

dlusruw/ wkhq lwv duulydo lv dovr ghod|hg/ pdnlqj rshudwlrq ri wkh whuplqdwlqj dlusruw

pruh gl!fxow15< Wklv vxjjhvwv wkdw wkh xql�hg vdoh ri wkh Eulwlvk Dlusruwv Dxwkrulw|

lq 4<;: zdv dssursuldwh1 Wkh Ihghudo Jryhuqphqw ri Dxvwudold uhfhqwo| sulydwl}hg

wkh dlusruwv lq doo pdmru flwlhv h{fhsw V|gqh|1 Krzhyhu/ frqwudu| wr rxu prgho/ lw

fkrvh vhsdudwh sulydwh rzqhuvkls163

Frqvlghu wkh txdgudqw lq �jxuh 6 zlwk q� : f dqg q2 	 f1 Rq wkh grwwhg olqh

ehjlqqlqj dw q� ' �q�/ li q2 lv forvh wr }hur/ wkh ehqh�wv ri hqfrxudjlqj e� rxwzhljk wkh

frvwv ri hqfrxudjlqj e2 dqg xql�hg sulydwh rzqhuvkls lv rswlpdo1 Dv q2 idoov/ vhsdudwh

sulydwh rzqhuvkls ri dvvhw 5 ehfrphv rswlpdo1 Wklv uhjlph uhgxfhv wkh pdqdjhuv*

lqfhqwlyh wr xqghuwdnh e2 dqg e�/ dv vsloo0ryhuv duh qrw lqwhuqdol}hg1 Dv q2 ghfuhdvhv

ixuwkhu/ dvvhw 5 vkrxog eh sxeolfo| rzqhg lq rughu wr ixuwkhu ghfuhdvh e21 Krzhyhu/

ehfdxvh ri wkh zhdn vsloo0ryhu ri e2 rq dvvhw 4*v ydoxh/ lw lv zruwkzkloh kdylqj wkh

rzqhu ri dvvhw � dovr pdqdjh dvvhw 21 Wkdw lv/ xql�hg pl{hg rzqhuvkls zlwk dvvhw �

sulydwh lv rswlpdo1 +H�ruw e2 lv wrr orz li wkh rwkhu pdqdjhu lv lq fkdujh ri dvvhw 21,

Ilqdoo|/ zlwk q2 vx!flhqwo| qhjdwlyh/ wkh vwurqjhvw srvvleoh lqfhqwlyh wr glvfrxudjh

e2 qhhgv wr eh jlyhq dqg vhsdudwh sxeolf rzqhuvkls ri dvvhw 5 lv rswlpdo1

5<Lw lv gl!fxow wr zulwh frqwudfwv wr doorfdwh oldelolw| iru ghod|v/ ehfdxvh rwkhu idfwruv vxfk dv
zhdwkhu/ ru ghod|v dw rwkhu dlusruwv fdq eh eodphg1

63Ylfnhuv dqg \duurz +4<;;, glvfxvv wkh sulydwl}dwlrq ri wkh EDD1 Vhh 4<<: dqg 4<<; lvvxhv ri
Sxeolf Xwlolw| Uhjxodwruv Iruxp/ sxeolvkhg e| wkh Dxvwudoldq Frpshwlwlrq dqg Frqvxphu Frpplv0
vlrq/ iru ghwdlov rq wkh vdoh dqg uhjxodwlrq ri Dxvwudoldq dlusruwv1 Lq erwk fdvhv/ sduwlhv dujxhg
iru vhsdudwh sulydwh rzqhuvkls wr lpsuryh frpshwlwlrq1 Wklv dujxphqw lv txlwh zhdn lq wkh Dxv0
wudoldq fdvh1 Prvw  ljkwv duh grphvwlf/ hdfk pdmru flw| kdv rqo| rqh pdmru dlusruw dqg glvwdqfh
suhfoxghv frpshwlwlrq e| frpelqlqj dlu dqg jurxqg wudqvsruw1 Wkhuh lv olnho| wr eh vrph frpshwl0
wlrq ehwzhhq dlusruwv uhsuhvhqwlqj wkhlu uhjlrqv dv wrxulvw ghvwlqdwlrqv1 Krzhyhu/ wkh pdujlqv vhhp
wrr vpdoo iru pdq| wrxulvwv wr dowhu wkhlu ghflvlrqv edvhg rq wkh idflolwlhv dqg sulfhv fkdujhg e|
dq dlusruw1 Vhsdudwh sulydwl}dwlrq ri dlusruwv lq wkh vdph flw| lv dqrwkhu pdwwhu1 Lq wklv fdvh/ d
frpshwlwlrq dujxphqw lv vwurqjhu/ vlqfh wkh dlusruwv gr lq idfw frpshwh zlwk hdfk rwkhu1 D frpsh0
wlwlrq edvhg frqfoxvlrq frxog eh pdgh lq odujh frxqwulhv ru uhjlrqv wkdw kdyh frpshwlqj kxev1 Iru
h{dpsoh/ lq wkh XN/ frpshwlwlrq ehwzhhq Eulwlvk dlusruwv pxvw eh sodfhg lq wkh frqwh{w ri zlghu
Hxurshdq dlusruw frpshwlwlrq1
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Wkh uhpdlqlqj txdgudqw lv q�c q2 	 f/ zklfk looxvwudwhv d vlwxdwlrq zkhuh dq|

uhjlph pd| eh rswlpdo1 Frqvlghu wkh grwwhg olqh lq wklv uhjlrq1 Dw orz ohyhov ri

q� dqg q2/ frqwulexwru| vsloo0ryhuv rxwzhljk wkh h{whuqdolwlhv dqg xql�hg sulydwh

rzqhuvkls lv rswlpdo1 Prylqj grzq wkh olqh/ wkh h{whuqdolwlhv ehfrph pruh qhjdwlyh

dqg rxwzhljk wkh srvlwlyh h�hfw ri lqwhu0dvvhw vsloo0ryhuv1 Vhsdudwh sulydwh rzqhuvkls

lv suhihuuhg1 Dv q� dqg q2 frqwlqxh wr idoo/ lw lv ghvludeoh wr kdyh sxeolf rzqhuvkls ri

wkh dvvhw zlwk wkh pruh vhyhuh h{whuqdolw|1 Prylqj ixuwkhu/ vhsdudwh pl{hg rzqhuvkls

zlwk 2 sxeolf lv rswlpdo/ dv wklv uhjlph pruh h�hfwlyho| glvfrxudjhv e2 wkdq xql�hg

pl{hg rzqhuvkls1 Hyhqwxdoo| li erwk dfwlylwlhv jhqhudwh vx!flhqwo| vwurqj qhjdwlyh

h{whuqdolwlhv/ sxeolf rzqhuvkls ri erwk dvvhwv lv rswlpdo1

Dqwl0frpshwlwlyh dfwlylw|/ vxfk dv ghwhuulqj ru eorfndglqj hqwu|/ lv fdswxuhg e|

wkh pryhphqw dorqj wkh olqh zlwk q� dqg q2 qhjdwlyh1 Wklv dfwlylw| ehqh�wv rwkhu

lqfxpehqw �upv exw pdnhv frqvxphuv zruvh r�1 Wkh fkrlfh ehwzhhq xql�hg dqg

lqghshqghqw sulydwh rzqhuvkls ghshqgv rq wkh vhyhulw| ri wkh h�hfw rq frqvxphuv1

Li wkh qhjdwlyh h�hfwv ri wkhvh dqwl0frpshwlwlyh dfwlylwlhv duh vx!flhqwo| vhyhuh/ wkhq

sxeolf rzqhuvkls pljkw eh frqvlghuhg1

Dowhuqdwlyh wudgh0r�v duh looxvwudwhg zkhq U� ' U2 ' �� vr wkdw wkhuh duh qhjdwlyh

vsloo0ryhuv ehwzhhq �upv1 Iljxuh 7 looxvwudwhv wkh vrfldoo| rswlpdo rzqhuvkls uhjlphv

iru ydulrxv ohyhov ri h{whuqdolwlhv q� dqg q2 zkhq k 5 E�
2
c ��164 Li h{whuqdolwlhv duh

uhodwlyho| vpdoo/ wkhq xql�hg sulydwh rzqhuvkls lv rswlpdo1 Li q� dqg q2 erwk lqfuhdvh/

krzhyhu/ wkhq vhsdudwh sulydwh rzqhuvkls lv suhihuuhg wr hqfrxudjh wkh dfwlylwlhv1

Wklv lv lq frqwudvw zlwk wkh srvlwlyh vsloo0ryhuv fdvh/ zkhuh xql�hg sulydwh rzqhuvkls

zdv dozd|v rswlpdo zkhq q�c q2 : f1 Zkhq vsloo0ryhuv duh qhjdwlyh dqg srvlwlyh

h{whuqdolwlhv duh odujh/ vhsdudwh rzqhuvkls phdqv wkh vsloo0ryhuv duh qrw lqwhuqdol}hg/

vr hqfrxudjlqj kljkhu h�ruw/ dqg wdnlqj dgydqwdjh ri wkh srvlwlyh h�hfw rq rxwvlgh

sduwlhv1

Li q� dqg q2 duh vx!flhqwo| qhjdwlyh wkhq sxeolf rzqhuvkls lv suhihuuhg wr uhwdug

wkh frpphufldo dfwlylwlhv1 Wklv fdvh lv uhohydqw iru vsloo0ryhuv lq yhuwlfdo surgxfwlrq1

Vxssrvh wkhuh duh wzr dvvhwv/ zdwhu vxsso| dqg zdwhu glvwulexwlrq1 Qhjdwlyh vsloo0

ryhuv ehwzhhq dvvhw ydoxhv duh jhqhudwhg e| uhgxfwlrqv lq zdwhu txdolw|1 Zkloh wklv

uhgxfhv frvwv dqg lv frpphufldoo| surgxfwlyh/ lw kdv d qhjdwlyh h{whuqdo h�hfw rq

frqvxphuv1 Ehfdxvh ri wkh vsloo0ryhu h�hfw ehwzhhq wkh xsvwuhdp dqg grzqvwuhdp

surgxfhuv/ vhsdudwh sulydwh rzqhuvkls lv dozd|v vrfldoo| grplqdwhg e| xql�hg sulydwh

64Wkh vrfldo zhoiduh frpsdulvrqv xvhg wr jhqhudwh �jxuh wzr duh jlyhq lq wkh dsshqgl{1
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rzqhuvkls1 Li wkh uhgxfwlrq lq zdwhu txdolw| dw erwk surgxfwlrq vwdjhv lv vx!flhqwo|

kdupixo/ dv phdvxuhg e| q� dqg q2/ wkhq sxeolf rzqhuvkls fdq grplqdwh dq| irup

ri sulydwh rzqhuvkls1 Vlplodu lvvxhv dulvh lq udlo sulydwl}dwlrq dqg wkh vhsdudwlrq ri

wudfn dqg wudlq frpsdqlhv lq wkh XN kdv ohg wr frqvlghudeoh frqfhuq derxw yhuwlfdo

vsloo0ryhuv dqg lqgxvwu| shuirupdqfh1

7 Frqfoxvlrq

Lq wklv sdshu zh kdyh ghyhorshg d iudphzrun iru frpsdulqj sxeolf dqg sulydwh rzqhu0

vkls1 Wkh nh| ihdwxuh xqghuo|lqj rxu prgho wkdw gl�huhqwldwhv lw iurp wkh olwhudwxuh

lv wkdw jryhuqphqw fdq frpplw wr d vhw ri uxohv wkdw frqwuro wkh pdqdjhuv delolw|

wr glyhuw ydoxh1 Wkh vlpsoh prgho wkdw uhvxowv iurp wklv k|srwkhvlv lv dssolfdeoh wr

d zlgh ydulhw| ri vlwxdwlrqv lqyroylqj vlqjoh dqg pxowlsoh dvvhwv1 Zkloh rxu uhvxowv

kdyh frqvlghudeoh lqwxlwlyh dsshdo/ wkh frpsoh{lw| ri lqwhudfwlrqv ehwzhhq rzqhu0

vkls/ lqwhu0dvvhw vsloo0ryhuv dqg vrfldo h{whuqdolwlhv vkrzv wkh qhhg iru fduhixo irupdo

dqdo|vlv1

Rxu prgho lv dlphg dw surylglqj dq rujdql}lqj iudphzrun iru srolf| pdnhuv1 Zh

vkrz wkdw wkh rswlpdolw| ri sulydwh rzqhuvkls +zlwk lqwhjudwhg pdqdjhphqw zkhuh

uhohydqw, pd| eh mxgjhg sxuho| rq txdolwdwlyh idfwruv1 Lq frqwudvw/ wkh rswlpdolw|

ri doo rwkhu rzqhuvkls dqg pdqdjhphqw uhjlphv zloo ghshqg rq vshfl�f txdqwlwdwlyh

lqirupdwlrq1 Lq wkh fdvh ri d vlqjoh dvvhw/ wklv pdnhv wkh fdvh iru sxeolf rzqhuvkls

lqwulqvlfdoo| pruh frpsoh{ wkdq wkdw iru sulydwh rzqhuvkls1 Vlploduo|/ iru pxowlsoh

dvvhwv/ uhjlphv lqyroylqj sxeolf rzqhuvkls ru vhsdudwh pdqdjhphqw pxvw eh edvhg

rq vwurqjhu hylghqfh wkdq lv vrphwlphv qhfhvvdu| wr vkrz rswlpdo lqwhjudwhg sulydwh

rzqhuvkls1

Rxu dqdo|vlv pdnhv fohdu wkh w|sh ri lqirupdwlrq wkdw qhhgv wr eh jdwkhuhg wr

hvwdeolvk zklfk uhjlphv duh suhihudeoh1 Sudfwlwlrqhuv pxvw frqvlghu krz d vkliw lq

rzqhuvkls lqwhudfwv zlwk pdqdjhuldo lqfhqwlyhv1 Lq vrph fdvhv/ lw pd| eh ghvludeoh

wr frqvlghu cqrq0vwdqgdug* frpelqdwlrqv ri rzqhuvkls dqg pdqdjhphqw/ iru h{dpsoh

zkhuh d sulydwh rzqhu dovr pdqdjhv d sxeolf �up1

D nh| lpsolfdwlrq ri rxu prgho lv wkh ehqh�w ri frqvlghulqj sulydwl}dwlrq rq d

fdvh0e|0fdvh edvlv1 Zkloh lw pd| eh hdvlhu wr pdnh wkh fdvh iru sulydwh rzqhuvkls

udwkhu wkdq sxeolf rzqhuvkls/ srolf| pdnhuv vwloo idfh wkh exughq ri surylqj wkhlu

fdvh1 Li wkh jryhuqphqw*v dlp lv wr pd{lpl}h vrfldo zhoiduh/ wkhq d jhqhudo rzqhuvkls
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srolf| lv xqolnho| wr eh dghtxdwh1

Dsshqgl{

714 H{whqvlrqv dqg Irxqgdwlrqv

71414 Irxqgdwlrqv= D Prgho ri Glyhuvlrq

Wlplqj lq wkh jdph lv dv iroorzv= C kluhv � / wkh rzqhuvkls uhjlph 5 5 dfc �o lv
ghwhuplqhg/� fkrrvhv surgxfwlyh h�ruw e/ dqg wkhq qdwxuh uhyhdov wkh w|sh ri dfwlrqv
� fdq wdnh wr glyhuw ydoxh1 Vhh Iljxuh 51

Ohw wkh udqgrp yduldeoh l 5 dfc �o ghwhuplqh wkh qdwxuh ri dfwlrqv wkh pdqdjhu
fdq wdnh wr glyhuw ydoxh1 Zh dvvxph wkdw l lv xqlirupo| glvwulexwhg zlwkrxw orvv ri
jhqhudolw|1 Rzqhuvkls lv prghohg dv iroorzv= Dw wkh ehjlqqlqj ri wkh jdph/ C fdq
frpplw wr uxohv wkdw edq srwhqwldoo| ydoxh glyhuwlqj dfwlrqv lq vwdwhv l � 51 Wkxv 5
ghwhuplqhv d sduwlwlrq ehwzhhq vwdwhv zkhuh wkh dfwlrqv duh doorzhg/ dqg zkhuh wkh|
duh qrw doorzhg1 Qrwh wkdw d cedq* rq dq dfwlrq lv htxlydohqw wr vhwwlqj xs d surfhvv
+h1j1 d frpplwwhh/ ru vrph rwkhu nlqg ri vfuxwlq|, wkdw suhyhqwv vrph dfwlrq iurp
ehlqj wdnhq1 Wklv surfhvv lv dvvxphg wr frvw ,1 Wklv frvw fdq eh wkrxjkw ri dv d gluhfw
frvw ri vfuxwlq|/ ru d iruhjrqh h!flhqf| iurp wkdw uhvxowv iurp edqqlqj dfwlrqv165 Li
5 ' �/ wkhq C grhv qrw edq dfwlrqv lq dq| vwdwh1 � uhfhlyhv doo ri @/ dqg zh ghvfuleh
wklv dv d sxuh sulydwh �up1 Li 5 ' f/ wkhq C ghflghv wr edq dfwlrqv lq doo vwdwhv � wklv
lv rxu gh�qlwlrq ri d sxuh sxeolf �up1 � uhfhlyhv qrqh ri dvvhw ydoxh @1 Zh doorz
wkh srvvlelolw| ri k|eulg uhjlphv zkhuh f 	 5 	 �/ zkhuh � uhfhlyhv iudfwlrq 5@ ri
dvvhw ydoxh1 Krzhyhu/ lw lv yhu| lpsruwdqw wr qrwh wkdw lq sudfwlfh lw pd| eh gl!fxow
wr �qho| ghvfuleh dfwlrqv lq hdfk vwdwh/ vr wkdw rqo| pruh frduvh rzqhuvkls vwuxfwxuhv
pd| eh ihdvleoh lq sudfwlfh1 Zh frqvlghu vxfk d fdvh lq wkh pdlq erg| ri wkh sdshu
+h1j1 rqo| 5 5 ifc �j lv ihdvleoh1,66

Zh dvvxph wkdw li dq dfwlrq lv qrw edqqhg +l1h1 l 	 5,/ wkhq � lv deoh wr glyhuw
vrph iudfwlrq ri dvvhw ydoxh @ wr khu rzq xvh1 Wklv lv dvvxphg wr eh 433( iru hdvh
ri qrwdwlrq � wkh txdolwdwlyh qdwxuh ri rxu uhvxowv lv xqfkdqjhg li zh dvvxph wkdw d
srvlwlyh exw qrq0}hur iudfwlrq lv glyhuwhg1 Li dq dfwlrq lv edqqhg +l1h1 zkhq l � 5,/
wkhq qr glyhuvlrq rffxuv/ exw d orvv , lv vx�huhg167

Iljxuh 5 vxppdul}hv wkh edvlf vwuxfwxuh ri wlplqj lq wkh glyhuvlrq jdph1 Iluvw
wkh rzqhuvkls vwuxfwxuh 5 lv fkrvhq/ dqg C kluhv � 1 Wkhq � fkrrvhv e dw frvw �

65Qrwh wkdw zkhq wkh dfwlylw| lv frpphufldoo| xqsurgxfwlyh dqg d ? 3/ zh lqwhusuhw } dv iroorzv=
J pxvw vfuxwlql}h dfwlrqv wkdw P wdnhv wkdw vhhn wr wudqvihu dvvhwv rxw ri wkh �up1+vxfk dv wkurxjk
wkh wudqvihu edfn wr J ri zruq grzq dvvhwv/ ru wkh ghsohwlrq ri vwrfnv ri rwkhu lqsxwv,1 Iru vwdwhv
� � }/ P zloo uhfhlyh dxwkrul}dwlrq iru vxfk wudqvihuv dw frvw o1 Iru vwdwhv � ? }/ dxwkrul}dwlrq zloo
qrw eh jlyhq/ vr P pxvw ehdu wkh orvv1 Mxvw dv lq wkh fdvh d A 3/ lw lv lpsruwdqw wkdw wkh ydoxh ru
orvv P uhdol}hv lv qrq0yhul�deoh1

66Qrwh wkdw P kdv wkh uhvlgxdo uljkw wr glyhuw ydoxh lq doo wkrvh flufxpvwdqfhv zkhuh glyhuvlrq lv
qrw suhyhqwhg1 Wklv suhflvho| �wv wkh gh�qlwlrq ri rzqhuvkls dv jlyhq lq Jurvvpdq dqg Kduw +4<;9,1
Zkhq } fdq rqo| eh fkrvhq iurp d frduvh sduwlwlrq/ h1j1 } 5 i3> 4j/ } @ 4 jlyhv P wkh uhvlgxdo uljkw
wr nhhs ydoxh lq doo vwdwhv ri qdwxuh1 Li } @ 3/ wkhq P kdv qr rzqhuvkls uljkwv dv zh kdyh gh�qhg
wkhp1 Lq wklv fdvh/ J lv frqvlghuhg wr eh wkh rzqhu1

67Wkxv/ J lv fkrrvhv wr ghvfuleh wkh vhw � � } lq ohjlvodwlrq dv dfwlylwlhv wkdw duh qrw doorzhg1
Wklv lv dovr whfkqlfdoo| htxlydohqw wr d udqgrp edq rq glyhuvlrqdu| dfwlylw| zlwk suredelolw| 4� }/
wkrxjk wkh lqwhusuhwdwlrq lq wkh wh{w lv pruh sudfwlfdo1
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zklfk ghwhuplqhv @ dqg K1 Diwhu wklv/ l lv uhdol}hg dqg � glyhuwv ydoxh li srvvleoh1
Ehorz zh suhvhqw uhvxowv iru wkh rswlpdo fkrlfh ri 5 5 dfc �o1 Zh ghulyh frqglwlrqv

xqghu zklfk sxuh sxeolf ru sxuh sulydwh rzqhuvkls uhpdlq rswlpdo hyhq wkrxjk wkh
jryhuqphqw fdq �qho| frqwuro glyhuvlrqdu| dfwlylwlhv +lh fkrrvh 5 dv dq| iudfwlrq
ehwzhhq f dqg �,1 Iru hdvh ri h{srvlwlrq/ zh dvvxph , ' f1 Odujhu ydoxhv ri , � wkh
h!flhqf| jdlq iurp qrw edqqlqj ydoxh0glyhuwlqj dfwlrqv � lqfuhdvhv wkh vhw ri fdvhv
zkhuh sulydwh rzqhuvkls lv rswlpdo1

Sursrvlwlrq 4 Vxssrvh rzqhuvkls fdq eh �qho| frqwuroohg E5 5 dfc �o� dqg gh�qh
}E5� ' KeEe

5� n @eEe
5�

+4, Sulydwh rzqhuvkls E5 ' �� lv rswlpdo li Ke � @e : f iru doo r/ e1

+5, Sxeolf rzqhuvkls E5 ' f� lv rswlpdo li

+l, e lv frpphufldoo| xqsurgxfwlyh/ kdv d srvlwlyh h{whuqdolw| dqg } Ef� : f/ ru

+ll, e lv frpphufldoo| surgxfwlyh/ kdv d qhjdwlyh h{whuqdolw| dqg } Ef� 	 f1

+6, K|eulg rzqhuvkls E5 5 Efc ��� lv rswlpdo li

+l, e lv frpphufldoo| xqsurgxfwlyh/ kdv d srvlwlyh h{whuqdolw| dqg } Ef� 	 f/ ru

+ll, e lv frpphufldoo| surgxfwlyh/ kdv d qhjdwlyh h{whuqdolw| dqg } Ef� : f1

Surri1 Wklv lv d vshfldo fdvh ri sursrvlwlrq 6 ehorz1
Wkh lqwxlwlrq iru hdfk ri wkhvh uhvxowv lv yhu| vlplodu wr wkh lqwxlwlrq iru wkh

glvfuhwh fdvh 5 ' � ru f1 Iru +4, Ke � @e : f phdqv wkdw frpphufldo dqg h{whuqdo
h�hfwv duh lq wkh vdph gluhfwlrq1 Sulydwh rzqhuvkls dqg vrfldo lqfhqwlyhv frlqflgh
dqg d fruqhu vroxwlrq 5 ' � pxvw eh rswlpdo/ vlqfh doorzlqj ydoxh glyhuvlrq surylghv
wkh vwurqjhvw srvvleoh dydlodeoh lqfhqwlyh1 Iru +5, dqg +6, wkh h{whuqdolw| dqg wkh
frpphufldo h�hfw duh lq gl�huhqw gluhfwlrqv1 Frqvlghu sduw +ll, iru hdfk ri +5, dqg
+6,/ zlwk Ke 	 f/ @e : f1 Wklv lv wkh ohdglqj fdvh iru d wudgh0r� ehwzhhq sulydwh dqg
sxeolf rzqhuvkls/ vlqfh wkhuh lv d qhjdwlyh h{whuqdolw| dvvrfldwhg zlwk d frpphufldoo|
surgxfwlyh dfwlylw|1 Wkh ixqfwlrq } Ef� lv wkh vxp ri wkh h{shfwhg pdujlqdo h{whuqdolw|
KeEe

f� dqg wkh pdujlqdo frpphufldo h�hfw @eEe
f� xqghu sxuh sxeolf rzqhuvkls1 Qrwh

wkdw lw pxvw eh wuxh wkdw ef 	 e5 iru doo 5 : f e| frqwlqxlw| ri wkh pdqdjhu*v
remhfwlyh dqg rxu dvvxpswlrqv rq pdqdjhuldo h�ruw dqg h�ruw frvw1 Vlqfh Kee 	 f/
wkh pdujlqdo qhjdwlyh h{whuqdolw| ehfrphv vwurqjhu li e : ef1 Krzhyhu/ vlqfh @ee 	 f/
wkh +srvlwlyh, pdujlqdo frpphufldo h�hfw ehfrphv zhdnhu li e : ef1 Frqvlghu +5,+ll,1
Sxeolf rzqhuvkls lv rswlpdo li }Ef� 	 f/ vlqfh dq| lqfuhdvh lq wkh pdqdjhuldo dfwlylw|
ohdgv wr juhdwhu pdujlqdo h{whuqdo kdup wkdq pdujlqdo frpphufldo jdlq1 Krzhyhu/ lq
+6,+ll, zkhuh }Ef� : f/ lw lv ghvludeoh wr vhw 5 : f wr surylgh vrph sulydwh lqfhqwlyhv1
Orrvho| vshdnlqj/ wkh rswlpdo ohyho ri 5 zloo whqg wr idoo dv wkh qhjdwlyh h{whuqdolw|
ehfrphv cvwurqjhu*1 Wkh uhdvrqlqj iru sduw +l, ri fdvhv 5 dqg 6 lv dqdorjrxv1 Fohduo|/
wkh lqwxlwlrq wkdw zh jdlq iurp wkh fdvh zkhuh 5 5 ifc �j dqg rqo| sxuh uhjlphv
duh srvvleoh/ fduulhv ryhu vwurqjo| wr wkh fdvh zkhuh pruh �qho| wxqhg uhjlphv duh
srvvleoh1
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71415 H{whqvlrq= Wkh Prgho zlwk Uhjxodwlrq dqg Rzqhuvkls

Wkh rqh dvvhw prgho lv prgl�hg e| lqwurgxflqj d uhjxodwru| vwdwh ri qdwxuh r 5 dfc �o/
glvwulexwhg dffruglqj wr d FGI/ 8 Er�1 Uhdol}dwlrq ri wklv yduldeoh ghwhuplqhv wkh
h{dfw w|sh ri h{whuqdolw| wkdw lv jhqhudwhg lq frqmxqfwlrq zlwk wkh �up*v surgxfwlrq1
Frqvlghu wkh wlplqj gldjudp �jxuh 61 Wkh uhjxodwru| uhjlph lv prghohg dv iroorzv=
Zh dvvxph wkdw e| yluwxh ri khu gd| wr gd| uxqqlqj ri wkh �up/ � lv dozd|v deoh wr
revhuyh wkh uhjxodwru| vwdwh ri qdwxuh r dw gdwh �*21 Wkhuhiruh/ � fdq ghwhuplqh wkh
h�hfw wkdw e zloo kdyh rq h{whuqdo ehqh�wv K Eec r� dw gdwh 41 C lv qrw deoh wr frvwohvvo|
revhuyh r dqg e1 Lqvwhdg/ C vhwv xs d uhjxodwru| uhjlph j 5 dfc �o dw frvw S Ej� dw
gdwh 3 wkdw hqdeohv khu wr prqlwru � *v fkrlfh ri e lq doo vwdwhv ri qdwxuh r � j dw
gdwh �*21 Wkh frvw S E�� lv lqfuhdvlqj dqg frqyh{1 Wkxv/ kljkhu vwdwhv duh kdughu wr
prqlwru dqg khqfh uhjxodwh/ exw lq vwdwhv r � j/ C zloo uhtxluh wkdw � fkrrvh wkh
�uvw0ehvw ohyho ri e dw gdwh 41

Wkh �uvw srlqw wr qrwh lv wkdw li uhjxodwlrq lv frvwohvv/ wkhq rzqhuvkls lv luuhohydqw=

Uhpdun 5 Li S Ej� � f/ wkhq wkh �uvw ehvw lv rewdlqhg/ dqg h{shfwhg vrfldo zhoiduh
grhv qrw ghshqg rq rzqhuvkls1 Lq sduwlfxodu/ wkhuh lv qr gl�huhqfh ehwzhhq sxuh
sxeolf dqg sxuh sulydwh rzqhuvkls1

Surri1 C fdq yhuli| e iru doo r � j/ dqg vlqfh j lv frvwohvv/ vkh zloo fkrrvh j ' �1
Wkxv/ C vhwv e ' eWEr�/ wkh �uvw ehvw ohyho/ iru doo r1

Krzhyhu/ li uhjxodwlrq lv frvwo|/ sulydwh dqg sxeolf rzqhuvkls zloo gl�hu lq wkhlu
lpsdfw rq vrfldo zhoiduh= Zlwk uhjxodwlrq/ sursrvlwlrq � lv prgl�hg dv iroorzv=

Sursrvlwlrq 6 Vxssrvh glyhuvlrq fdq eh �qho| ghvfulehg E5 5 dfc �o� dqg gh�qh

}E5c j� '
U �

j
KeEe E5� c r�_8 Er� n @eEe E5�� d�� 8 Ej�o

+4, Sulydwh rzqhuvkls E5 ' �� lv rswlpdo li Ke � @e : f iru doo r/ e1

+5, Sxeolf rzqhuvkls E5 ' f� lv rswlpdo li

+l, e lv frpphufldoo| xqsurgxfwlyh exw kdv d srvlwlyh h{whuqdolw| dqg } Efc j� : f
iru doo j 5 dfc �o/ ru

+ll, e lv frpphufldoo| surgxfwlyh/ kdv d qhjdwlyh h{whuqdolw| dqg } Efc j� 	 f
iru doo j 5 dfc �o

+6, K|eulg rzqhuvkls E5 5 Efc ��� lv rswlpdo li

+l, e lv frpphufldoo| xqsurgxfwlyh exw kdv d srvlwlyh h{whuqdolw| dqg } Efc j� 	 f
iru doo j 5 dfc �o/ ru li

+ll, e lv frpphufldoo| surgxfwlyh/ kdv d qhjdwlyh h{whuqdolw| dqg } Efc j� : f
iru doo j 5 dfc �o1

Wkhvh uhvxowv sdudooho wkh fdvh zlwkrxw uhjxodwlrq1

Surri ri Sursrvlwlrq 61 Dw gdwh 4/ wkh pdqdjhu*v sureohp iru vwdwhv ri qdwxuh
deryh j lv

4@ 
e

5@ Ee�� �Ee�
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zklfk |lhogv wkh vroxwlrq e E5� vdwlvi|lqj

e�E5� '
�@�

5@�� � ���

vr wkdw
r}? Ee� E5�� ' r}? E@�Ee�� 1 +6,

C�r sureohp +zlwk , ' f iru vlpsolflw|, lv wr vhohfw 5 dqg j wr vroyh

4@ 
5cj

�
.T '

] j

3"

�WEr( q�_8 Er� n

]
"

j

� EeE5�c r( q� _8 Er�� S Ej�

�
� +7,

Zkhuh

�WEr( q� ' qKEeWc r� n @EeW�� �EeW�

eW ' @h}4@ 
e

iqKEec r� n @EeW�� �EeW�j

dqg
�Ee E5� c r(q� ' qK EeE5� c r� n @Ee E5��� �EeE5���

Zh lqwhusuhw q 5 Un dv wkh vwuhqjwk ri wkh h{whuqdolw|1 Xvlqj wkh hqyhorsh wkhr0
uhp iurp wkh pdqdjhu*v sureohp/ wkh �uvw0rughu0frqglwlrq zlwk uhvshfw wr 5 iru wklv
surjudp lv

Y.T

Y5
'

�]
"

j

qKe EeE5� c r�_8 Er� n E�� 5� @e Ee E5�� d�� 8 Ej�o

�
e�E5� ' f +8,

Frqvlghu wkh iroorzlqj whup lq +8,=

�Ejc 5� '

]
"

j

qKe EeE5� c r�_8 Er� n E�� 5� @e Ee E5�� d�� 8 Ej�o 1

Vlqfh e� 9' f/ wkh surshuwlhv ri � zloo ghwhuplqh wkh rswlpdo rzqhuvkls vwuxfwxuh1 Lq
sduwlfxodu/ qrwh wkdw

�5Ejc 5� '

�]
"

j

qKee_8 Er� n E�� 5� @ee d�� 8 Ej�o

�
e� � @e d�� 8 Ej�o 1

Vlqfh e| +6, r}? Ee�� ' r}? E@��/ zh pxvw kdyh �5 Ejc 5� : f lq wkh fdvh +5,+l, vlqfh
ke 	 f/ dqg Kee 	 f/ @ee 	 f1 Krzhyhu/ +5,+l, vshfl�hv Ke : f/ dqg } Ej� ' � Ejc f� : f
iru doo j/ vr wkdw iurp +8,/ Y.T

Y5
' �e� 	 f iru doo j/ vr 5 ' f pxvw eh rswlpdo1

Fdvh +5,+ll,/ Ke 	 f/ ke : f zlwk } Ej� 	 f iru doo j 5 dfc �o kdv dq dqdorjrxv
surri1 Frqvlghu +6,+l, lq zklfk k|eulg rzqhuvkls +5 5 Efc ��, lv rswlpdo li Ke : f/
ke 	 f/ dqg } Ej� 	 f iru doo j1 Iurp +5,+l,/ zh kdg wkh vdph frqglwlrqv h{fhsw wkdw
} Ej� : f1 Zlwk � dq lqfuhdvlqj ixqfwlrq ri B/ wkh frqglwlrq } Ej� ' � Ejc f� 	 f/
dqg wkh idfw wkdw � Ejc �� '

U
"

j
qKe EeE5� c r�_8 Er� : f/ phdqv wkdw wkh frqwlqxrxv

ixqfwlrq �Ejc 5� htxdov }hur iru vrph 5 5 Efc ��1 Wkh surriv iru wkh �uvw sduw ri +6,+ll,
duh dqdorjrxv1 Ilqdoo|/ qrwh wkdw wkhuh duh uhdvrqdeoh flufxpvwdqfhv xqghu zklfk
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} Ej� fdq eh srvlwlyh ru qhjdwlyh/ iru h{dpsoh/ vxssrvh K lv lqghshqghqw ri r1 Wkhq
}Ej� ' �Ejc 5� ' dqKeEe

fc r� n @e Ee
f�o d�� 8 Ej�o1

Lq dgglwlrq wr frq�uplqj wkdw wkh vwuxfwxuh ri uhvxowv lv pdlqwdlqhg zlwk uhjxod0
wlrq/ zh fdq pdnh vwdwhphqwv derxw wkh lqwhudfwlrq ehwzhhq uhjxodwlrq dqg rzqhu0
vkls1 Iru vlpsolflw|/ dvvxph wkdw 8 Er� lv frqwlqxrxvo| gl�huhqwldeoh zlwk dq dvvrfldwhg
suredelolw| ghqvlw| ixqfwlrq sEr�1 Ixuwkhu/ sEr� kdv d �qlwh xsshu erxqg1 Wkhq/ li
*�4j<� SEj� ' 4/ lw zloo qhyhu eh rswlpdo wr ixoo| uhjxodwh hlwkhu d sxeolf ru d sulydwh
�up +l1h1 vhw j ' �,1 Dvvxph wkdw .T Ejc 5� lv vwulfwo| frqfdyh lq j iru dq| 51 Iluvw
frqvlghu wkh elqdu| fdvh 5 5 ifc �j1 Rswlpdo rzqhuvkls uhjlphv iru d jlyhq ohyho ri
uhjxodwlrq j e| wkh jryhuqphqw sdudooho wkh fdvh zkhuh uhjxodwlrq lv qrw srvvleoh=
zh vlpso| frqvlghu wkh uhvlgxdo xquhjxodwhg fkrlfhv e| � xqghu gl�huhqw rzqhuvkls
uhjlphv1 Fohduo|/ li rqh uhjlph grplqdwhv iru doo srvvleoh fkrlfhv ri j/ wkhq lw zloo
grplqdwh xqghu dq| fkrlfh ri uhjxodwlrq1 Krzhyhu/ wkh fkrlfh ri rswlpdo uhjxodwlrq
surylghv vrph dgglwlrqdo lqvljkwv1 Frqvlghu wkh h{suhvvlrq iru .T lq +7,/ dqg gli0
ihuhqwldwh zlwk uhvshfw wr j wr vroyh iru fulwlfdo srlqwv j/ zklfk zh vkdoo ghqrwh dv
j5=

_.T Ej5c 5�

_j
' d�WEj5�� �5Ej5�o sEj5�� S� Ej5� ' f +9,

Wr lqwhusuhw wklv htxdwlrq/ vxssrvh iru h{dpsoh/ wkdw sulydwh rzqhuvkls grplqdwhv
lq doo uhjxodwru| vwdwhv ri qdwxuh/ vr wkdw ��Ej� : �fEj� iru doo j1 Wklv rffxuv/ iru
h{dpsoh/ zkhq Ke@e : f iru doo r/ e1 Wkhq iurp +9,/ lw pxvw eh wkdw jf : j�/ l1h11
d �up wkdw uhpdlqv sxeolf zloo eh pruh khdylo| frqwuroohg wkdq wkh sulydwl}hg �up1
Wkh lqwxlwlrq lv wkdw wkh zhoiduh lv orzhu lq dq| jlyhq vwdwh lq wkh sxeolf �up/ vr wkdw
lw lv zruwk frqwuroolqj wkh �up pruh wljkwo| dqg jdlqlqj �W lq d juhdwhu sursruwlrq
ri vwdwhv/ l1h1/ li zh vxssrvh �5 Ej� : �5�

Ej� iru doo j/ dqg 5 9' 5�/ wkhq j5 : j5�

1

Ghulydwlrq ri gldjudpv=

Ohw `-5�52 uhihu wr vrfldo zhoiduh xqghu uhjlph -5�521 Iljxuh 4 lv ghulyhg iurp
wkh iroorzlqj 54 uhodwlrqvklsv1

7`L�� � 7` U�� ' kn q� n q2
7`L�� � 7` U�f ' kq� n E� n k�q2 n

�

2
n kE� n k�

7`L�� � 7` Uf� ' kq2 n E� n k�q� n
�

2
n kE� n k�

7`L�� � 7`L�f ' kq� n q2 n
�

2
n �

2
k2

7`L�� � 7`Lf� ' kq2 n q� n
�

2
n �

2
k2

7`L�� � 7`Lff ' q� n q2 n � n k
7` U�� � 7` U�f ' q2 n

�

2
n k

7` U�� � 7` Uf� ' q� n
�

2
n k

7` U�� � 7`L�f ' q2 n
�

2
kn �

2

7` U�� � 7`Lf� ' q� n
�

2
kn �

2

7` U�� � 7`Lff ' q� n q2 n � n 2k
7` U�f � 7` Uf� ' 7`L�f � 7`Lf� ' q� � q2
7` U�f � 7`L�f ' �q2 � �� �

2
k

7` U�f � 7`Lf� ' q�E�� k�� q2 � k� �

2
k2
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7` U�f � 7`Lff ' q� n
�

2
n k

7` Uf� � 7`L�f ' q2E�� k�� q� � k� �

2
k2

7` Uf� � 7`Lf� ' �q� � �� �

2
k

7` Uf� � 7`Lff ' q2 n
�

2
n k
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�

2
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2
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2
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2
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Iljxuh 5 lv ghulyhg iurp wkh iroorzlqj 54 uhodwlrqvklsv1

7` U�f ' 7`L�f

7` Uf� ' 7`Lf�

7`L�� � 7` U�� ' k� q� � q2
7`L�� � 7` U�f ' 7`L�� � 7`L�f ' q2E�� k�� kq� n

�

2
� kE�� k�

7`L�� � 7` Uf� ' 7`L�� � 7`Lf� ' q�E�� k�� kq2 n
�

2
� kE�� k�

7`L�� � 7`Lff ' E�� k� n q� n q2
7` U�� � 7` U�f ' 7` U�� � 7`L�f ' �

2
� kn q2

7` U�� � 7` Uf� ' 7` U�� � 7`Lf� ' �

2
� kn q�

7` U�� � 7`L�� ' q� n q2 n �� 2k
7` U�f�7` Uf� ' 7` U�f�7`Lf� ' 7`L�f�7` U�f ' 7`L�f�7`Lf� ' q��q2
7` U�f � 7`L�� ' 7`L�f � 7`L�� ' �

2
� kn q�

7` Uf� � 7`Lff ' 7`Lf� � 7`L�� ' �

2
� kn q2

Uhihuhqfhv

Dpdq/ D1 +4<<9, �Joredol}dwlrq dqg grphvwlf odz= X1V1 dgplqlvwudwlyh odz iru d
qhz fhqwxu|�/ Sdshu suhvhqwhg dw Dgplqlvwudwlyh Odz Frqihuhqfh/ Vdvndwrrq/
Vdvndwfkhzdq/ Fdqdgd/ Rfwrehu 4:04<1

Dupvwurqj/ P1/ Frzdq/ V1 dqg Ylfnhuv/ M1 +4<<8, Uhjxodwru| uhirup= Hfrqrplf
dqdo|vlv dqg wkh Eulwlvk h{shulhqfh/ PLW Suhvv/ Fdpeulgjh +PD,1

Erowrq/ S1/ dqg [x/ F1 +4<<:d, �Rzqhuvkls dqg frpshwlwlrq= dq dssolfdwlrq wr
vfkrrov�/ Plphr1

Erowrq/ S1/ dqg [x/ F1 +4<<:e, �Rzqhuvkls dqg pdqdjhuldo frpshwlwlrq= hpsor|hh/
fxvwrphu ru rxwvlgh rzqhuvkls�/ Plphr1

Er|fnr/ P1/ Vkohlihu/ D1/ dqg Ylvkq|/ U1 +4<<9, �D wkhru| ri sulydwl}dwlrq�/ Wkh
Hfrqrplf Mrxuqdo/ 439/ 63<064<1

Euhqqdq/ W1 +4<;:, �Zk| uhjxodwhg �upv vkrxog eh nhsw rxw ri xquhjxodwhg pdunhwv=
xqghuvwdqglqj wkh glyhvwlwxuh lq Xqlwhg Vwdwhv y1 DW)W�/ Dqwlwuxvw Exoohwlq/
65/ :740<61

Gh Ph}d/ G1/ dqg Orfnzrrg/ E1 +4<<;, �Grhv dvvhw rzqhuvkls dozd|v prwlydwh pdq0
djhuvB Rxwvlgh rswlrqv dqg wkh surshuw| uljkwv wkhru| ri wkh �up�/ Txduwhuo|
Mrxuqdo ri Hfrqrplfv/ iruwkfrplqj1

5:



Jurvvpdq/ V1 dqg Kduw/ R1/ +4<;9, �Wkh Frvwv dqg Ehqh�wv ri Rzqhuvkls= D Wkhru|
ri Odwhudo dqg yhuwlfdo Lqwhjudwlrq1� Mrxuqdo ri Srolwlfdo Hfrqrp| <71

Kduw R1/ dqg Prruh/ M1 +4<<3,/ Surshuw| Uljkwv dqg wkh Qdwxuh ri wkh Ilup/ Mrxuqdo
ri Srolwlfdo Hfrqrp|/ <;+9,/ Ghfhpehu/ 444<08;1

Kduw R1/ dqg Prruh/ M1 +4<<9, �Ghidxow dqg Uh0qhjrwldwlrq= D g|qdplf prgho ri
ghew�/ Plphr1

Kduw/ R G1/ Vkohlihu/ D1/ dqg Ylvkq|/ UZ1 +4<<:, �Wkh Surshu Vfrsh ri Jryhuqphqw=
Wkhru| dqg Dssolfdwlrq wr Sulvrqv�/ Txduwhuo| Mrxuqdo ri Hfrqrplfv/ Yroxph
445/ Lvvxh 7/ Qryhpehu1

Mrugh/ W1 dqg Whhfh/ G1 +4<<3, �Lqqrydwlrq dqg frrshudwlrq= lpsolfdwlrqv iru frp0
shwlwlrq dqg dqwlwuxvw�/ Mrxuqdo ri Hfrqrplf Shuvshfwlyhv/ 7/ :80<91

Ndw}/ P1 +4<;9, �Dq dqdo|vlv ri frrshudwlyh uhvhdufk dqg ghyhorsphqw�/ UDQG
Mrxuqdo ri Hfrqrplfv/ 4:/ 85:0761

Nlqj/ V1 dqg Slwfkirug/ U1 +4<<;d, �Sulydwh ru sxeolfB D wd{rqrp| ri rswlpdo rzq0
huvkls dqg pdqdjhphqw uhjlphv�/ Uhvhdufk Sdshu Qxpehu 958/ Ghsduwphqw ri
Hfrqrplfv/ Wkh Xqlyhuvlw| ri Phoerxuqh1

Nlqj/ V1 dqg Slwfkirug/ U1 +4<<;e,/ �Rzqhuvkls dqg uhjxodwlrq�/ Plphr/ Wkh Xql0
yhuvlw| ri Phoerxuqh1

Od�rqw/ M1M1 dqg Wluroh/ M1 +4<<4, �Sulydwl}dwlrq dqg lqfhqwlyhv�/ Mrxuqdo ri Odz/
Hfrqrplfv dqg Rujdql}dwlrq/ y:/ s;704381

Orsh}0gh0Vlodqhv/ I1/ Vkohlihu/ D1/ dqg Ylvkq|/ U1 +4<<:, �Sulydwl}dwlrq lq wkh Xqlwhg
Vwdwhv�/ Wkh UDQG Mrxuqdo ri Hfrqrplfv/ 5;/ 77:07:41

Pduwlq/ V1 +4<<7, �Sulydwh dqg vrfldo lqfhqwlyhv wr irup U)G mrlqw yhqwxuhv�/ Uhylhz
ri Lqgxvwuldo Rujdql}dwlrq/ </ 48:0:41

Slwfkirug/ U1 +4<<8, �Krz oldeoh vkrxog d ohqghu ehB Wkh fdvh ri mxgjphqw0surri
�upv dqg hqylurqphqwdo ulvn�/ Dphulfdq Hfrqrplf Uhylhz/ ;8/ 44:4044;91

Udmdq/ U1/ dqg ]lqjdohv/ O1 +4<<;, �Srzhu lq wkh wkhru| ri wkh �up�/ Txduwhuo|
Mrxuqdo ri Hfrqrplfv/ iruwkfrplqj1

Vfkplgw/ N1 +4<<9, �Wkh frvwv dqg ehqh�wv ri sulydwl}dwlrq= dq lqfrpsohwh frqwudfwv
dssurdfk�/ Mrxuqdo ri Odz/ Hfrqrplfv dqg Rujdql}dwlrq/ 45/ 40571

Vkdslur/ U1/ dqg Zloolj/ U1G1 +4<<3, �Rq wkh dqwlwuxvw wuhdwphqw ri surgxfwlrq mrlqw
yhqwxuhv�/ Mrxuqdo ri Hfrqrplf Shuvshfwlyhv/ 7/ 460631

Vx}xpxud/ N1 +4<<5, �Frrshudwlyh dqg qrqfrrshudwlyh U)G lq dq roljrsro| zlwk
vsloo0ryhuv�/ Dphulfdq Hfrqrplf uhylhz/ ;5/ 463:0531

Wdnhxfkl/ N1/ Lpdkdvkl/ U1 dqg \dpdxfkl/ K1 +4<<:, �Sulydwl}dwlrq ri Mdsdq Qd0
wlrqdo Udlozd|�/ Rvdnd Vfkrro ri Lqwhuqdwlrqdo Sxeolf Srolf|/ Rvdnd Xqlyhuvlw|1
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Ylfnhuv/ M1 dqg \duurz/ J1 +4<;;, Sulydwl}dwlrq= dq hfrqrplf dqdo|vlv/ PLW Suhvv/
Fdpeulgjh +PD,1

\l/ V0V1 +4<<9, �Wkh zhoiduh h�hfwv ri frrshudwlyh U)G lq roljrsro| zlwk vsloo0
ryhuv�/ Uhylhz ri Lqgxvwuldo Rujdql}dwlrq/ 44/ 9;409<;1
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