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Abstract

This thesis develops a unified framework for decision-making problems with un-
known future costs, providing both theoretical guarantees and empirical evaluations
of its performance. We begin by studying the online Linear Quadratic (LQ) optimal
control problem for the cases where (i) future costs are unknown beyond a certain
preview horizon and sequentially revealed over time; and (ii) costs are unknown and
must be inferred from observed optimal trajectory data. We then extend the frame-
work to dynamic L(Q games with sequentially revealed (and potentially previewed)
costs. In all settings, the proposed framework is based on predicting and tracking a

candidate optimal trajectory using the available costs.

We begin by applying the proposed framework to the online L) optimal control
problem with sequentially revealed cost. We adopt the notion of regret as the
decision quality measurement. We show that the regret of the proposed method is
upper bounded by terms that decay exponentially fast as the preview horizon of
future costs increases. Simulations verify this exponential decay and demonstrate
that our controller outperforms state-of-the-art methods that do not leverage cost
feedback.

We then consider the case where the costs must be inferred from observed optimal
trajectory data. This is a new framework for solving the learning from demonstra-
tion problem. We establish a theoretical connection between the regret and the
estimation error of the estimated optimal control gain. A regret bound is derived
under an Extended Kalman Filter(EKF)-based parameter estimation scheme, and

its performance is validated through numerical experiments.

We then apply this framework to a new dynamic LQ game problem, where the
costs are sequentially revealed to the players (and may be previewed). We introduce
the notion of price of uncertainty (PoU) that generalises the notion of regret to
multi-agent settings. We establish bounds on the PoU incurred when all players are
adopting the designed controller using our framework. Simulation results validate
the theoretical bounds on PoU.
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Chapter 1

Introduction

In many real-world problems that range from portfolio optimisation [1], robotic plan-
ning [2] to demand-side management [3] and control systems [4-7], decisions must be
made sequentially under uncertainty. In such settings, the decision maker often has
access only to partial or delayed information about the environment. For example,
only historical data and limited foresight of future conditions may be available. The
fundamental challenge of sequential decision making under uncertainty has spurred
extensive research across various disciplines, including engineering, economics and
artificial intelligence [7-17]. In particular, a dominant research area for engineering
related to sequential decision making is optimal control theory and dynamic game
theory. The former one focuses on decision making by a single decision maker, while

the latter one extends to the setting involving multiple decision makers.

Optimal control provides a formal approach to designing policies that minimise
cumulative cost over time, subject to constraints imposed by system dynamics [18].
The archetypal optimal control problems assume that the decision maker has full
knowledge of the system dynamics and cost functions across the entire decision
horizon. However, in many practical settings, the decision maker does not have
complete access to the full cost information, but still aims to achieve performance
close to that of the optimal policy [19-21]. To capture these, we reformulate the

optimal control problem into the following settings,

i. The decision maker has access only to past and partial future cost information,

rather than complete foresight

ii. The decision maker aims to emulate an expert who optimises a certain objec-
tive, by online inferring the objective from the expert’s sequentially revealed

trajectories.

In the absence of full cost information, the best achievable outcome for the deci-
sion maker is inherently suboptimal. Classical results in online convex optimisation
provide rich theoretical frameworks for finding suboptimal solutions under cost un-

certainty [22,23]. However, these works focus on decoupled decision variables and do
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2 Chapter 1. Introduction

not account for system dynamics constraints arising from state evolution in control
problems. To evaluate performance, we adopt the concept of regret, which mea-
sures the suboptimality of decisions made with cost uncertainty compared to an
omniscient decision maker with full information. Several definitions of regret have
been proposed in the literature [7-17], and we will review these variants to identify

the most suitable one for our context.

While optimal control theory focuses on a single decision maker, many applications
such as macroeconomic policy making [1] and demand-side management (3], involve
multiple agents that each seek to optimise their own objective. The mathematical
framework that generalises optimal control problems to multiple rational decision
makers is noncooperative dynamic game theory [24]. In this framework, agents seek
equilibria, where no agent can unilaterally improve their outcome. As in the sin-
gle decision maker case, we impose informational constraints whereby each decision
maker only observes past and partial future cost information. Moreover, we ex-
tend the notion of regret to the multi-agent setting, quantifying the suboptimality
between the decisions made by agents with unknown future cost and those of an

omniscient group of agents acting at their equilibrium.

In the following sections, we begin by introducing optimal control problems, followed
by the two scenarios, (i) and (ii), of the online LQ optimal control problems. We
then introduce the dynamic LQ potential games. Next, we summarise the main

contributions of each chapter. Finally, we provide an outline for the thesis.

1.1 Online LQ Optimal Control

In this thesis, we begin by investigating decision making under unknown future costs
in the single decision maker setting. We specifically consider a decision maker gov-
erned by linear time-invariant dynamics, aiming to minimise a cumulative quadratic
costs. This leads to an online Linear Quadratic problem, which extends the archety-
pal Linear Quadratic (LQ) problem. We introduce the LQ optimal control problem

in the following.

The LQ control problem is the archetypal optimal control problem. Consider a

controllable linear time-invariant (LTI) system
Tir1 = Al’t -+ B'th -+ Wy, Lo — j’o (11)

where t is a non-negative integer, A € R™™ and B € R™™ are system matrices,

x; € R are states, u; € R™ are controls, wy; € R™ are disturbances, and zy € R" is
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the initial state.

In the disturbance-free case, w; = 0 for all 0 < ¢t < T — 1 and the LQ problem
involves finding a feedback control policy IT* := {7}, consisting of feedback

control laws satisfying u, = 7} (z;), to minimise the quadratic cost function

T—1
Z $:+1Qt+1$t+1 + UIRtUt, (1.2)
=0

subject to (1.1) for a given finite horizon 1 < 7' < oo and initial state Zy. Here,

the time-varying cost matrices ), € S} and R, € ST, are from the sets of posi-

tive semi-definite symmetric and positive definite symmetric matrices S% and S},

respectively. Under assumptions on the controllability of the system (1.1) and the

positive (semi-)definiteness of the cost matrices, it is well-known that an optimal
policy IT* exists and is unique [18, Chapter 2.4]. We denote J}, as the (minimum)
value of (1.2) under the optimal policy IT*, and let =} and wu} denote the associated
optimal states and controls. In the (typical) case of stochastic disturbances, w; for
0 <t <T —1 are independent and identically distributed (i.i.d.) random variables

with E(w;) = 0 and E(w;w; ) = Cov,, where E(-) is the expectation operator.

The stochastic LQ problem is then to design a feedback control policy II* :=
{m:}=!, consisting of feedback control laws satisfying u, = 77 (x4, {w, }._3)!, that

minimises the (expected) cost

T—1
E < > 2 Quirmer + utTRtut>, (1.3)
=0
subject to (1.1) where we note that at time ¢ the state x; and past disturbances
{w, }'_{ are available. Again, under assumptions on the controllability of the system
(1.1) and the positive (semi-)definiteness of the cost matrices, the existence and
uniqueness of the optimal policy IT* are guaranteed [25, Chapter 5. We denote
Jiqc as the value of (1.3) under the optimal policy IT*.

In classical LQ optimal control problems, the cost matrices {Q;}., and {R;}i "
are known a priori, and the optimal control policies can be found in closed form
(cf. [18, Chapter 2| and [25, Chapter 5]). However, in many real-world applications,
such as real-time energy pricing [26], building energy management [27], power control
for wireless transmission [28], data-centre load balancing [29] and large-scale electric
vehicle charging [30], decisions must be made with limited information about future

costs.

'For time t = 0,1,--- ,T — 1, the state z; is a sufficient statistic for the disturbances {wT}tT;}),
but we retain them as an argument of the policy to highlight the control’s dependence on them.
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For example, suppose we wish to control a solar-powered uncrewed vehicle to effi-

ciently track a planned trajectory {zia}T

by using most control effort at times of
the day and in weather conditions that lead to high solar irradiation levels in the ve-
hicle’s vicinity and less control effort when the irradiance is low. This objective can
be modelled via cost matrices R; that induce control costs utTRtut that are inversely
proportional to the solar irradiance level. Since weather conditions will influence the
irradiance levels, the cost matrices R; are time-varying, sequentially revealed, and
may only be previewed over a short window of time. Such a problem was considered
in [21] within the framework of online optimisation rather than optimal control by

ignoring the constraints imposed by the vehicle’s dynamics.

Motivated by problems with sequentially-revealed costs, we consider an online LQ
control problem in which at any time ¢, only the cost matrices {Q,41, R, }:t% from
the past and over a short preview window of (potentially zero) length 0 < W < T'—1
are known to the decision maker (in addition to the initial state Zy, horizon T', system
matrices A and B and past disturbances {w,}:_%). This corresponds to scenario (i)
for online LQ control problems mentioned previously. The cost and disturbance

information available to the decision maker at time ¢ is thus

Ht,W = {{QTJrl;RT}iJ;%VyDt;iO}? (14)

where D; = () without the presence of disturbances and D, = {w,}._{, with the
presence of disturbances in (1.1). Note that H;w with ¢ > T — 1 — W contains all
the cost matrices usually assumed available in the classical LQR problem. The main
focus of our work is to propose a novel framework for selecting controls wu; using the
information available at time ¢ (i.e., H;w ) such that the cost they incur compared
to optimal controls selected in hindsight is bounded. Our framework adopts the
notion of dynamic regret to capture the difference between sequentially incurred
and optimal-in-hindsight (cumulative) costs. In contrast to previous treatments of
online LQ control (e.g., [31]), our approach exploits the feedback of cost matrix
information to predict and track the optimal trajectory. Furthermore, we establish

corresponding regret bounds without consideration of “worst-case” costs.

The above introduces the archetypal LQ problems, the online LQ optimal control
problem when the costs are a priori unknown to the decision maker. This corre-
sponds to scenario (i) in the previous introduction. In the following, we introduce
scenario (ii), the online LQ problem when costs are inferred online by observations

of the optimal states and control trajectories of an expert.
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1.2 Online LQ Optimal Control with Sequentially
Inferred Cost

The previous section introduced a scenario of an online L) problem in which cost
matrices are revealed over time. In this section, in contrast, we introduce the online
LQ optimal control problem when the cost matrices are no longer revealed perfectly.
The decision maker has to learn the cost based on data from the expert’s optimal

control demonstration.

A motivating example that arises in the context of autonomous driving systems is to
learn from human demonstrations. These systems aim to personalise their driving
behaviour by adapting to individual driving styles. Human driving behaviour can be
modelled as an LQ control problem [32], with the cost matrices capturing the indi-
vidual driving style (e.g., tracking capabilities and vehicle comfort). However, these
cost matrices are latent and not observable, even to the human driver. Therefore,
direct cost matrix information will not be available, which requires the autonomous
driving systems to infer cost matrices from the driving data released during the hu-
man demonstration. Most existing works in learning from demonstration focus on
inferring parameters when full trajectories are given [citations]. However, this pre-
vents the possibility of real-time learning on a moving vehicle, where the autonomous

system needs to apply control without the cost function fully learned.

In this thesis, we will investigate this real-time learning and control problem by
proposing a framework for a copycat that aims to mimic an expert’s behaviour. We
again adopt the notion of dynamic regret to quantify how similar the behaviour of

the copycat is to the expert.

The above two sections introduced different scenarios of online L.QQ optimal control
problems with uncertain cost matrices. The technical results will be discussed in
Chapter 2 and 3, respectively. In the next section, we introduce the problem of
decision-making with sequentially revealed costs, which extends scenario (i) from the
single to the multiple decision-makers case. In particular, the costs and dynamics

of the decision-makers form a noncooperative dynamic LQ potential game.

1.3 Dynamic Potential Game with Sequentially
Revealed Costs

In this section, we introduce noncooperative dynamic LQ games and the problem

of dynamic potential LQ games with sequentially revealed costs.
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Noncooperative dynamic game theory is a mathematical framework for decision-
making among rational players in dynamic environments [24,33]. It has been widely
adopted for modelling interactions between agents in applications including net-
worked controls and communications [34, 35], economics [1,36,37], and power sys-
tems [38—41]. In these applications, the players try to minimise a cost functions that
depend on decisions of their own and other players. The aim of the game is often
set to seek a Nash equilibrium, where no player can gain by unilaterally changing its
strategy. Finding the Nash equilibrium for general dynamic games is difficult due
to the dependencies of coupled dynamics among different players. Discussions on
properties related to Nash equilibrium under certain dynamic game structures have
been discussed in [42-45].

Dynamic Potential L) Games are a class of dynamic games in which feedback Nash
equilibria can be determined by solving multivariate optimal control problems [46].
The recent development of dynamic potential L() games has improved the tractabil-
ity of noncooperative dynamic game models in many applications by enabling the
use of well-established optimal-control solutions techniques to find Nash equilib-
ria [3,46]. It has been proven invaluable since it has been adopted for formulating
many practical studies, such as energy demand-side management [3,47], commu-
nity battery management [48,49], decentralised formation control of multi-vehicle
systems [2] and macroeconomic policy making [1]. These problems are modelled
as finite-horizon multiplayer linear quadratic dynamic games, where the full cost

information is known to the players in advance.

From a theoretical standpoint, our consideration of dynamic potential games with
sequentially revealed costs extends recent online L(Q) optimal control problems [8,
9,12,50] from a single-player setting to a multi-player noncooperative setting. The
extension is, however, nontrivial. In online LQ control problems, the concept of
regret is used to measure suboptimality of an algorithm against the optimal solution
in hindsight. In a dynamic game setting, similar concepts of best-performance-
in-hindsight are more difficult to define because the concept of optimality is itself
ambiguous in noncooperative competitive settings, leading to equilibria solution
concepts. Similarly, any proposed algorithms for solving online dynamic games
must be tailored to the specific solution concept. To the best of our knowledge,
these challenges have not been overcome in generalising results and algorithms from
online LQ control problems to online LQ dynamic game problems. Importantly,
while other decision quality measures have been explored in Markov games [51-53],
these notions offer limited insight into LQ settings with continuous state and action

spaces.
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We consider feedback Nash equilibria as the solution concept of interest, and adopt
and modify the notion of price of uncertainty (PoU) from static game [54] to dynamic

game as an indication of decision quality.

In general, the existence and uniqueness of a Nash equilibrium (and hence the PoU
performance measure) in a noncooperative dynamic game is not guaranteed, even
if the cost functions of all players are strictly convex [24, Chapter 6, Section 6.2.2].
However, we shall impose specific conditions on the parameters of LQ feedback po-
tential games so that we may define both our algorithm and performance guarantees

with respect to a unique feedback Nash equilibrium.

1.4 Contributions

We propose a prediction and tracking framework for problems when the costs are a
priori unknown. The framework comprises the decision maker predicting a candi-
date optimal trajectory, then tracking it. Specifically, our trajectory prediction step
uses the feedback of the cost matrix information. As more cost matrix information
is revealed, a trajectory that is closer to the optimal trajectory is tracked. This
ensures that the control policy fully utilises all cost information received at each

time step.

We first examine this framework in the online LQ control problem with sequentially
revealed costs. We characterise the performance of this framework theoretically and
numerically using the notion of dynamic regret. Our theoretical analysis shows that
the incurred regret upper bound decays exponentially fast as the preview window
length increases. We provide a sufficient condition under which our regret bound is
less than that of the state-of-the-art methodology [12]. In simulations, we demon-
strate the decays of regret when the preview horizon increases, and our proposed
framework leads to controllers with improved performance compared to the state-
of-the-art. In addition, our framework leads to methods that outperform those that

do not use the feedback from cost matrix information.

Next, we apply this framework and use inverse optimal control to infer the cost ma-
trices online. We establish the first dynamic regret upper bound under this proposed
framework for the online L(Q control problems, where costs are a priori unknown

and must be inferred from an expert’s sequentially revealed optimal trajectory.

Finally, we apply this framework in the dynamic potential LQ games with sequen-
tially revealed costs. Since this is the first work that explores such a problem, we
first extend the notion of dynamic regret from online L control problems to the

dynamic potential game case. Inspired by the notion of price of uncertainty (PoU)
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from static games, we develop a version of PoU for dynamic games as an indication
of decision quality, and provide a connection between PoU and the notion of price
of anarchy (PoA). We establish lower and upper bounds for the PoU incurred by
the proposed framework. Our analysis shows that the PoU lower and upper bounds
grow and decay, respectively, as the preview window length increases. In the sin-
gle player case, the PoU upper bound specialises the regret bounds established in
the online LQ control problem with sequentially revealed costs. Furthermore, we
quantify how close a (general) control policy is to the feedback Nash equilibrium
if it has a bounded PoU. Lastly, the numerical simulation shows the PoU decays

exponentially, which matches our theoretical regret analysis.

1.5 Thesis Outline

The thesis consists of four chapters and is organised as follows:

In Chapter 2, we present our proposed new framework for solving online linear
quadratic (LQ) control problems with time-varying cost matrices that are known
only up to the current time or over a short preview window. Our framework in-
volves using revealed cost matrices to predict the unknown optimal trajectory, and
then using a tracking controller to drive the system towards this prediction. We
adopted dynamic regret to measure and bound the resulting quality of control de-
cisions with and without system disturbances, and present a constructive tracking
controller design approach based on deadbeat control in a lifted space. Our analy-
sis reveals that the regret of controllers designed using this proposed framework is
upper bounded by terms that decay exponentially with the number of time steps
over which future cost matrices can be previewed. Our simulations show that our
proposed framework leads to controllers with improved performance compared to
previously proposed online LQ methods that do not use revealed cost matrices. The
exponential decay of dynamic regret with respect to the preview window length

present in our regret bounds is also observed in simulations.

In Chapter 3, we investigate an online LQ control problem where the cost matrices
depend on an unknown parameter. An expert agent that has access to the true
parameter, sequentially reveals optimal trajectories to a copycat agent that is not
aware of the true cost parameter. To estimate the unknown parameter, the copycat
employs an extended Kalman filter (EKF) based method, using the optimal trajec-
tories revealed by the expert. We then incorporate the estimated parameter into the
proposed framework as the control policy for the copycat. We adopt dynamic regret

to measure and bound the resulting quality of control decisions made by the copycat
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against those of the expert. We established regret bounds associated with an EKF-
based method. In our simulations, we show that the copycat’s trajectory approaches
the expert’s optimal trajectory over time, while the regret remains constant as the

time horizon increases.

In Chapter 4, we investigate a novel finite-horizon linear-quadratic (LQ) feedback
potential dynamic game with a priori unknown cost matrices played between N-
players. The cost matrices are revealed to the players sequentially, with the poten-
tial for future values to be previewed over a short time window. We propose an
algorithm that enables the players to predict and track a feedback Nash equilibrium
trajectory, and we measure the quality of their resulting decisions by introducing
the concept of price of uncertainty. We show that under the proposed algorithm,
the price of uncertainty is bounded by horizon-invariant constants. The constants
are the sum of two terms; the first term decays exponentially as the preview window
grows, and another that depends on the magnitude of the differences between the
cost matrices for each player. Through simulations, we illustrate that the resulting
price of uncertainty initially decays at an exponential rate as the preview window

lengthens, then remains constant for large time horizons.



Chapter 2

Chapter 2. Online LQ Optimal

Control

In this chapter, we introduce the online LQ optimal control problem with sequen-
tially revealed costs. We begin by reviewing the related works for this problem,
followed by the presentation of our proposed new framework, and the constructive
deadbeat controller based on this framework. We then provide the regret analysis for
both the framework and the associated deadbeat controller. Finally, we demonstrate
the empirical performance of our proposed methods through numerical simulations,
comparing the incurred regret with that of the state-of-the-art online LQ optimal

control methods.

2.1 Related Works

Various formulations of online optimal control with unknown costs have been con-
sidered in systems and control theory [4-6,10-12,15,55-57], machine learning and
artificial intelligence [8,13,14,58-60]. Table 2.1 summarises key features of repre-
sentative works and outlines the contributions of this work. In the following, we

compare and contrast our work with these existing works in more detail.

Table 2.1: Summary of related online optimal control works. Functions f;, g, denote
state and control costs at time 7, respectively.

Works |Systems Costs Optimal Time-varying Regret Available Information Sfagjziliazﬁ::: g;)es;bl;/[j(trix SDtithI}:?liZir(l:ces g:f\fieetww'r.t.
0 [t e 0 (o e ) A
[12] LTI Quadratic | v H{Qrir, R Aw MY 2o} x x X Y
[13] Nonlinear-TI ?;::)si\ v s g3 {w Y 20} x x x v
o m e [Y Wrer 98,20} ¥ s * ’
0 | Stongly |, o 0rY 70} v Y x *
17 Nonliner 2:‘)::]‘&\]\ {1 g ¥, {wi}ochy, @0} v x x
Ours LTI Quadratic | v/ HQr 1-R>}{~tl4§ Aw oy, @0} v v 4 v

Recent work in [8,10,11] has focused on quadratic cost functions with linear systems

10
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without preview of future costs, with stabilising regret used as the quality measure
of decisions.! The notion of stabilising regret compares costs incurred by a proposed
method and the least costs incurred by a fixed linear controller (i.e., u; = —Ku; for
Vt) chosen from a set of stabilising controllers when all cost information is given.
However, optimal finite-horizon L@ control laws for time-varying costs are generi-
cally time-varying and may include unstable feedback gains at some time instances
in the horizon. Thus, the aforementioned set of stabilising time-invariant controllers
does not include the optimal control policy obtained from knowing all the cost ma-
trices. Hence, a more natural measure of decision quality is the difference in cost
incurred by decisions based on sequential cost information and decisions based on
optimal control laws constructed with full cost information (only available in hind-
sight). This leads to the notion of dynamic regret from online optimisation [27, 28]
which is a performance measure that compares the cumulative loss of an online algo-
rithm against a sequence of optimal decision. However, the main point of difference
between formulations found in the online optimisation literature and this chapter is
the fact that optimal decisions and states in LQ optimal control problems are not
just dependent on the cost at the decision time step, but are also coupled with the

previous decisions and future and past costs.

Online LQ optimal control problems similar to the one considered in this chapter
are studied in [12] via an approach inspired by model predictive control (MPC).
Specifically, future cost matrices and disturbances are assumed to be available over
a preview window of length W > 0. It is further assumed that the cost matrices
Q; and R, satisfy uniform (in time) upper and lower bounds. The approach of [12]
then involves formulating an MPC problem using the known future cost matrices
and disturbances, and a pessimistic tail cost estimate based on the upper bounds
of @)y and R;. Since the tail cost estimate is not updated using the cost-matrix
information that becomes progressively available, the approach’s performance and
regret bounds are overly dependent on the ex ante assumptions made about the cost
matrices. In contrast, we propose an alternative approach that uses revealed cost
information to reduce the dependence of its performance on the ex ante assumptions

made about the cost matrices.

The problem considered in [13] extends that of [12] by allowing non-quadratic cost
functions and limited preview of future system matrices, disturbances, and costs.
However, the dynamic regret upper bound presented in [13] is only valid when the

preview window is longer than some minimum length, which is restrictive when

L As a side note, [8, Algorithm 1] may not even yield a feasible solution for a controllable linear
systems, see [50, Footnote 2].
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future information is unavailable. Moreover, similar to [12], the regret bound of [13]

is overly reliant on assumptions related to bounded costs.

Considerations of online optimal control in the systems and control literature has
addressed controller design with sequentially revealed costs under a variety of (po-
tentially restrictive) technical conditions and without considering preview. For ex-
ample, [15,17] consider states and controls constrained within a (potentially time-
varying) compact space, employ online convex optimisation algorithms, and relate
dynamic regret upper bounds to path length to quantify changes in optimal controls
or gains over consecutive time steps, without considering preview. Similarly, [56]
considers the specialised control problem of tracking sequentially revealed targets,
which is a special case of our online LQ optimal control problem without pre-
view. The interplay between stability and dynamic regret has also been examined
in [55].

Most recently, both [6] and [58] consider apparent generalisations of our online LQ
optimal control problem, but under additional restrictive conditions. For example,
[58] considers general nonlinear systems but with controller design simplified to
selecting from a finite set of stabilising controllers, and regret defined with respect
to the same set. We impose no such constraints on controller design and define regret
with respect to all possible (uncountably infinite) controllers. Similarly, [6] considers
a problem in which the controller only has partial or distributional knowledge of the
costs. In contrast, we examine what is achievable when entire cost matrices are
a priori unknown and sequentially revealed, without imposing any distributional

assumptions.

Contributions This chapter proposes a framework for online LQ optimal control
that uses cost-matrix feedback and causal disturbance information to predict and
track the a priori unknown optimal trajectory. This framework enables us to de-
velop: (i) methods that do not exploit knowledge of (potentially pessimistic) bounds
on the cost matrices (in contrast to [12]); (ii) regret upper bounds that are well-
defined when there are infinitely many available policies (in contrast to [58]); and,
(iii) regret upper bounds that hold without the requirement of a minimum preview-
horizon length (in contrast to [13]). Moreover, (i) we provide a sufficient condition
under which our regret bound is less than that of the state-of-the-art methodol-
ogy [12]; and (ii) demonstrate in simulation that our methods with cost-matrix
feedback outperforms methods that do not exploit the feedback of cost informa-
tion (e.g., those of [12] and [17]). We also provide (expected) regret bounds in the

presence of stochastic disturbances.
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Outline The rest of the chapter is organised as follows. In Section 2.2, we for-
mulate the online LQ optimal control problem that we consider. In Section 2.3,
we introduce our proposed framework and develop general dynamic regret bounds.
In Section 2.4, we exploit the proposed framework to develop a deadbeat controller
design methodology for online L(Q optimal control with associated regret bounds. In
Section 2.5, we provide numerical comparison results between algorithms designed
with our framework and existing state-of-the-art approaches. Conclusions are pro-
vided in Section 2.6.

2.2 Problem Formulation

Consider the controllable LTI system (1.1), the quadratic cost function (1.2), and
suppose the cost matrices (); and R; satisfy the following assumption given T > 1
and 0 < W < T — 1.

Assumption 2.2.1. There exist symmetric positive definite matrices
Qmin> Qmaz, Rmin, Rmaz such that

Qmin j Qt+1 j Qma$7 Rmzn j Rt j Rmax: (21>

for all0 <t <T —1 where F = G denotes G — F being positive semi-definite for

symmetric matrices F' and G.

For the disturbance-free case, we aim to design a feedback policy Il = {7Tt}tT:_01 that
selects controls u, = m(zy, Hyw) for the system (1.1) using the state x; and the
currently available information H, w in (1.4) with D, = ). Given II, we consider the
following notion of dynamic regret to measure decision quality

T—1
Regret(I1) := > ] Q121 + u) Ryuy — ARY (2.2)

=0
where {@,41,u}i—g with u, = (4, Hew) satisfies (1.1) and we recall that Jf, is
the cost in (1.2) under the optimal policy II* (with perfect knowledge of the cost
matrices). This regret captures the difference between the cost incurred by the
decision maker with partial cost information H,y and that of the best decisions in

hindsight with all information Hp_1 .

We specifically seek to design a cost-feedback control policy II, that is independent of
the bounds given in Assumption 2.2.1 (in contrast to [12]). We aim to show that the
regret (as defined in (2.2)) associated with our proposed feedback policy is sublinear

with respect to the time horizon T for the case where wy; =0 for 0 <t <T —1, i.e.,
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Regret,(IT) < o(T), where o(T) satisfies limp_, @ =0.

For the case of stochastic disturbances, we consider designing a feedback policy
T = {m}/=' such that u, = m,(y, Hew) with Dy = {w,}:2f. We use the notion of

expected regret as the measure of decision quality

-1
ExpRegret,(I1) .= E (Z Tl 1 Qui T + utTRtut> — Jrgas (2.3)

t=0
where {41, ubi—g with u, = my(zy, Hew) satisfies (1.1) and we recall that J} g
is the cost in (1.3) under the optimal policy II* (with perfect knowledge of the

cost-matrices but not the disturbances).

We aim to show that our proposed control policy yields controls such that the
expected regret satisfies ExpRegret;(I1) < (Cpry® + Cyp)T for positive scalars
Cgr,Cyp and v € (0,1)2.

We begin by establishing regret upper bounds for the general case of the pro-
posed control design framework. Later, we will provide a constructive approach
to controller design leading to deadbeat controllers with regret bounds in a lifted

space.

2.3 Approach and Regret Analysis

In this section, we introduce our proposed framework (or approach) for online LQ
optimal control using revealed cost matrix information to predict and track optimal

state and control trajectories. We also characterise its performance.

2.3.1 Cost-Feedback Controller via Prediction and Track-
ing

Our proposed online LQ approach involves first using the information available to

the decision maker at each time ¢ to predict the optimal state x;,_; and control u;

by solving a LQ optimal control problem of the form in (1.2) with (unknown) future

cost matrices replaced by their most recently revealed values. We then use a tracking

controller to track towards this prediction.

Prediction of Optimal Trajectory without Disturbances In the
disturbance-free case, at each time t, we predict the optimal trajectory starting

from the (known) initial state zo using the revealed cost matrices up to time ¢ + W

2The exact definition of v will be presented in Theorem 2.3.1
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and setting all (unknown) future matrices to equal their most recent (known) values
at time ¢+ W. Specifically, at time ¢t where 0 < ¢ < T —W —1, define J;(-, ) as

Je({&r1}rZo {vr}ro)

t+W

= Z §k+1Qk+1§k+1 + vy Ryvg] + Z [flL—th—&-W—i—lfk—i—l + v Reywur),
k=t-+1+W

and J,({&+1 )20, {vr}i20) == Ir({&m}ise {vr}isg) for T =W <t < T — 1.
We predict the optimal states and controls for 0 < ¢t < T — 1, denoted

({$T+1|t}f=_(}7 {Ur|t}zz_(}>, by solving
i (Y (0
()72 for 2 " ’ (2.4)
subject to &1 = A&+ Bu,, &y = Tp.

Recall that at time 0 < ¢t < T — 1, the available information is H;w and x;.
Importantly, solving (2.4) at each time ¢ is equivalent to solving an LQ (regulator)

problem, as detailed in the following proposition.

Proposition 2.3.1. Let

Qri1 if T <min(t+ W, T — 1)

QT+1|t =
Qt+W+1 Zf mln(t + W,T - 1) <T S T — 17
R if T <min(t+ W, T —1)

and Ry, ==
Riw ifmin(t+W,T—-1)<7<T—1.

For 0 <t,7 <T — 1, the solution to the optimal control problem (2.4) is given by

P = ATPT+1\tA + Q¢ + ATPT+1|tBKr\t7
Ky = —(Rejy + BT Py B) ' BT Py,

Ur)t = K‘r|tx7'\ta Tryipe = A$T|t + Bu‘r\t

with Ppy = Q.. The matrices P, for 0 <t,7 <T — 1 are positive definite under
Assumption 2.2.1. Moreover, the control sequence that minimises the cost in (2.2)
can be found by solving (2.4) given Qry1jr—1 and Ryp—y for 0 <7 <T — 1.

Proof. See Appendix A.1. O

Prediction of Optimal Trajectory with Disturbances In the case of distur-

bances, recall that the decision maker knows the past disturbances D; = {w, }._}
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at each time t, where 0 < t < T — 1. We therefore compute the predicted states
and controls, 441 and ), as elements of the sequences ({x7+1|t}Z;()1 ) {uﬂt Z;()l),
by

Urp = Krppppp for 0 <7 < T —1,
Try1)e = A$T|t + Bu; + w; for0<r<t-—1, (2.5)
Trgip = Az + Buy fort <7 < T — 1.

Here the control gains K, are those given by Proposition 2.3.1 that solve the
LQ optimal control problem (2.4), and the predicted states x,11; incorporate the

(known) past disturbances D;.

Tracking of Predicted Optimal Trajectory The second part of our approach
involves selecting controls, u;, for the system (1.1) to track towards the predicted
optimal states, @41, and controls, u;, obtained by solving either (2.4) in the
disturbance-free case or (2.5) in the case of disturbances. To this aim, we propose a

control policy IT = {m,}/-,} with
up = (e, Hew) = Ki(@p — Type) + U, (2.6)

where K; € R™*™ are control gain matrices for which there exist constants Cy > 0
and 0 < ¢ < 1 such that

t1

I'TT (A+ BR[| < Cpg o™ (2.7)
T=tg
for any 0 <ty < t; < T — 1, and || - || denotes either the 2-norm of a vector or

the spectral norm of a matrix, depending on its argument. Intuitively, such control
gains K; lead to contraction of the distance between x,1; given by (1.1) and x4
given by either (2.4) or (2.5).

We now show that this approach leads to bounded regret in both disturbance-free

and (stochastic) disturbance cases.

2.3.2 Regret Analysis without Disturbances

We first present a regret upper bound for the disturbance-free case with controls,
ug, generated by (2.6). For any matrix I', we further define A, (I") as the minimum
eigenvalue of I' and \,,..(I") as the maximum eigenvalue of I'. We also require

the following lemma establishing a property of the optimal control problem (2.4).
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Specifically, we show that the matrices F;; from Proposition 2.3.1 are upper and
lower bounded if the time-varying control gain is bounded and the cost matrices @,

and R, are upper and lower bounded.

Lemma 2.3.1. Consider the optimal control problem (2.4), the controllable linear
system (1.1), and suppose that Assumption 2.2.1 holds. Then there exists a positive
definite matriz Ppa, such that Quin = Pry = Prae for 0 <t,7 <T — 1 where

Pz = Qmaz + AT PraeA — AT Praa B(Raz + BT Prae B) ' BT P A, (2.8)

Proof. See Appendix A.1. m

Finally, let us define the following constants:

Co = i+ 5 Qi) [ [ 2202, 29
7 = Jl - m D = |Ruaz + BT Par B, (2.10)
0 = A A Praa ), 8= Ain( Qo).

- aiﬁ’ (2.11)
O m (2.12)
ar = 22y (R (213)

L—ngtg—n)""t g =

(mya (g — ) ™")% g5 := (ng (g —n) ") and g4 := (y(1 — )12

along with the composite constants: g1 := nv(q(q — 7))~

Our main result for the disturbance-free case follows.

Theorem 2.3.1. For a given horizon T' > 1 and preview window length 0 < W <
T — 1, consider the linear system in (1.1) and the control policy I1 = {m,} =" with
m defined in (2.6) and (2.4). Under Assumption 2.2.1, the regret defined by (2.2)

satisfies
Regret,(11) < 42V, (2.14)

where v € (0,1) is defined in (2.11), and V is a positive scalar that is monotonically

increasing with respect to ||zol, D, ax, C, C,Ck, g1, g2, g3 and gs.

Proof. See Appendix A.1. n
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Remark 2.3.1. For any T, there exists a A € R that is independent of T such that
U < A Thus, Timp_,e 28T — 0 which Regrety(I1) < o(T). This implies that

the control sequence described by (2.6) yields sublinear regret.

The regret upper bound presented in [12, Theorem 1, Equation (15)] also establishes
exponential decay with respect to the preview window W and sublinear growth
with respect to the time horizon T" under their proposed control policy. However,
their policy relies on prior knowledge of the extrema of the cost matrices (1
and R; for 0 < t < T — 1, rather than operating solely on the realised costs. As
a consequence, the resulting control policy can be overly conservative when the

realised cost sequence deviates significantly from these extrema.

In the following proposition, we state a condition in terms of the bounds given in
Assumption 2.2.1 and the cost matrices sequence extrema under which the bound
in Theorem 2.3.1 is smaller than that of [12, Theorem 1, Equation (15)].

Proposition 2.3.2. Adopt the hypothesis of Theorem 2.53.1. If

a 1 1007 1 2
O () 511+ a2 (=) + st <(q—n)2(1—q)2 + (1—772))]
max >

> - . (2.15)
6(CRNin (Rmin) Nnin (Qumin)) | A2 || B2 | B Ry BT

where Qumaz 15 given in Assumption 2.2.1, then the RHS of inequality in [12, Theorem
1, Equation (15)] is greater than the RHS of inequality (2.2) in Theorem 2.3.1.

Proof. See Appendix A.2. m

We next present a regret bound with disturbances.

2.3.3 Regret Analysis with Disturbances

To bound the regret of our approach (2.6) in the presence of disturbances, recall
that we still consider the controls u; = m (2, Hyw) given by (2.6) but with z,;, and

u-;¢ obtained by solving (2.5).

Theorem 2.3.2. For a given time horizon T > 1 and preview window length 0 <
W < T — 1, consider the system defined by (1.1) and policy I = {m }1=o" with =
defined in (2.6) and (2.5). Under Assumption 2.2.1, the expected regret defined by
(2.3) satisfies

ExpRegret,(I1) < (Cppy®V + Cpp)T, (2.16)

where v € (0,1) is defined in (2.11), and Cpr and Cyy are positive scalars that are
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monotonically increasing with respect to Tr(Couvy,), [|Zo||, D, ak,C,Ct, Ck, g1, G2, g3

and gy.
Proof. See Appendix A.3. m

Theorem 2.3.2 implies that in the disturbance case, the expected regret can, at

worst, grow linearly with the horizon T

The above provides a framework for online LQ optimal control. We next develop a

possible approach to construct K; in (2.6).

2.4 Regret Analysis of Deadbeat Tracking Con-

troller

A natural question that arises in the design of the tracking controller (2.6) is the
choice of the gain K;. In principle, it could chosen to minimise the regret bounds,
(2.14) or (2.16), with cost matrices replaced by their bounds. However, this approach
may not guarantee small empirical regret. Motivated by move blocking in MPC, in
this section we instead propose using a deadbeat controller to track the predicted

trajectory at every d-steps when the system (1.1) is d-step controllable.

2.4.1 Lifted Space

In this section, we suppose that the linear system (1.1) is d-step controllable

[61, Equation (6.15)], i.e., there exists an integer 1 < d < n, such that
rank([B, AB,--- A% 1B]) = n. Specifically, let d be the minimal integer that
system (1.1) is d-step controllable. For time horizon 7' and preview horizon W,
we assume that T"modd = 0 and W modd = 0. Let T, := %, Wy = %,
and assume that T; > 1,0 < W,; < T,;. Let & denote the direct sum operator,
such that given a sequence of matrices U; € RF***2 for any positive integer p,

U Okyxky -+ Okyscis

ef_U; == Okl'Xk? _U2 - Ok . For 0 < ky,ty < Ty, define the following

0k:1><k:2 Up
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notation for a ‘lifted space’ rewriting of (1.1), (1.2) and (1.3),

nnd
A Ondn

T o= [0 ]n] A'B,

A

A= In(d—H) -

nmd

B

?

D= [omd J}A

nd,n

1 A
— 2 — d—1
Okd\td = de‘tdaokdﬁd - [@jzocdkd—&—j\td Ond,n} )

o d—1
de“d = @j:O ded+j|td7

— A A
—kglta +— Okd|tdA

Akd|td = ékd\td/i_léa

deud = E;dudEkdud — E;d|tdAkd|thl;d1|tdAde|tdEkd|td7
deltd = ékdltd + A;udAkdud,

Akd|td =20 FdeltdAkdltd:kd\tw B:= L,

/Alw = {Ad_l Ad=2 1} LWy = [wt Wiy <+ Wiid1

(2.17)
(2.18)

(2.19)

T

The ‘unlifted’ space equations established in Proposition 2.3.1 correspond to the

following ‘lifted’ space equations,

PTd‘td = QTd|td = Pde‘dtda

- -t -~ ot .
(Rlefd + B PTdJrl\tdB)Kletd + B PTd+1|tdATd =0,
'i""d+1|td = AdeTd“d + Ba7d|td + Awad?

a7d|td = KTd\tdde\tda i.()'td = Zo.
By [5, Proposition 3|, we have the following relationships

Pde‘dtd = PTd|td7 xde|dtd = de|td7

(2.20)
(2.21)
(2.22)

(2.23)

and (flm, B) is one-step controllable for 0 < 74,t4 < T,;. We use these lifted space

results to describe a constructive design of the tracking controller (2.6).

2.4.2 Proposed Method In Lifted Space

To introduce a lifted-space method for constructively designing the tracking con-

troller (2.6), note that at time t4 where 0 < t; < T}, we can predict the optimal

trajectory using the available information given in 7-ltd7wd(= Hatgaw,)- Let Ty, iape,

denote the estimate of the optimal state at time ¢y + 1 based on H,, w,. Given the
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d-step controllability of the system (1.1), we can then track (exactly) to the state

Ty 41)¢, by time t4. Our approach in lifted space follows.

Prediction in Lifted Space

In the disturbance-free case, similar to (2.4), at time t4 let

P oofa T, - Ty-1
Jtd({x7d|td}Td=07 {u‘rd\td}-rdzo)
Ty—1
. T A - T 5 - T A -
T Z de|tdQTd|td‘TTd|td + qu\thTdVdqu\td + de\tdQTd\tded\tdv

’Td:O
where ({imud}szo, {ﬂmud}fj;&) satisfy (2.21). We predict the optimal (lifted) tra-

. S Ty g~ Ty—1 :
jectories {Zrj¢, }ri—g, {Trypt, frizo by solving

mianfljtd({deltd}zjz(b {amltd}g;ol) (2'24)

{ﬂkd\td}kdzo

subject to (2.21). Similarly, in the case of (stochastic) disturbances, similar to (2.5),
at time tq, Hy,w, is available to the decision maker and we predict the optimal

(lifted) trajectories {F, i, }oieg, {Tinyjty Joico Via

a'rd|td = KTd|td'%Td‘td for 0 S Td S Td — ]_,
Fryiifty = AryBrgity + By, + Ay, for 0 <75 <ty —1, (2.25)

i‘7'¢1+1|td = ATd‘%Tde + BaTd‘td for Z(:d S Td S Td - 17
with @ := [0,0,---,0].

Tracking in Lifted Space

Given the prediction of the optimal state trajectories (in lifted space), we drive the
system state (1.1) to them in d-steps using a deadbeat controller in lifted space.
For any vector z, let dim(x) be the dimension of z, we use [z];; where 1 < i <
j < dim(z) to denote the (sub)vector consisting of the i-th to j-th components
(inclusive) of z. For time 0 < ¢ < T — 1, let t4 := | ], £,,4 == 1 + m(t mod d)
and ¢,,4 :== m(1 + ¢t mod d), we proposed the policy I = {7, }=' with deadbeat

controllers

w = Ty(Eeg, Hegw,) = (BT B) ' BT (Fy41100 — At (2.26)

tm,djm,d

where the predicted states and controls are given by (2.24) in the disturbance-free

case or (2.25) in the case of disturbances.
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We next show that using deadbeat controllers (in the lifted space) yields regret

bounds similar to those we established in Theorems 2.3.1 and 2.3.2.

2.4.3 Deadbeat Regret Analysis without Disturbances

In this section, we present the result for the disturbance-free case where the control
inputs are generated by (2.26). As demonstrated in the following theorem, the

prediction-tracking method in lifted space also provides a sublinear regret.

Theorem 2.4.1. Given T' > 1 and W such that 0 < W < T —1,T modd =0
and W mod d = 0, consider the LTI system (1.1) and the (lifted-space) policy
T = {7 LY with 7, defined in (2.26). Under Assumption 2.2.1, the regret defined
by (2.2) satisfies

RegretT(fI) < Pry2max(0.W—d),

where v € (0,1) is defined in (2.11) and W is a positive scalar that is monotonically
increasing with respect to ||Zo||, d, || Praz||, C and Ck, and monotonically decreasing

with respect to v and n.

Proof. See Appendix A.4. m

2.4.4 Deadbeat Regret Analysis with Disturbances

The result presented in the following theorem addresses the disturbance case.

Theorem 2.4.2. For a given horizon T' > 1 and preview window length W where
0<W<T—-1satisfyT modd=0and W mod d =0, consider the linear system
defined by (1.1) and control policy 11 = {7, LY with 7, defined in (2.26). Under
Assumption 2.2.1, the expected regret defined by (A.13) satisfies

ExpRegretp(I1) < (Cppy®™™OW=4) 4+ CL )T,

where v € (0,1) is defined in (2.11), and Cggr and Clyp are positive scalars that are
monotonically increasing with respect to ||Zo||, d, || Punazll, C and Ck, and monoton-
ically decreasing with respect to Tr(A¢Cov,A"), 7, and 1.

Proof. See Appendix A.5. H

We next illustrate the (empirical) regret of our methods.
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2.5 Numerical Simulations

We numerically® compare: (i) the state-of-the-art approach (OnlineMPC) of [12,
Algorithm 1]; (ii) prediction-tracking controllers (Tracking) given by (2.6) with
(time-invariant) stabilising gains K; = K; (iii) deadbeat controllers (Deadbeat)
given by (2.26); (iv) the Safe-0GD approach of [17, Algorithm 1]; and, (v) simple
constant stabilising feedback controllers (Constant) such that u; = Kx;. We use
Regrety y, to denote the average regret over trials of experiments given a time horizon

T and preview window length W.

2.5.1 Linearised Inverted Pendulum

We first consider the (slightly modified) controllable linearised inverted pendulum
system from [62, Chapter 2.13]:

01 1 0 0 0
0 —0.1818 2.6727 0 1.8182

S P ) T O
0 —18.1818 31.1818 0 4.5455

We vary the preview horizon W from 0 to 7, and the horizon T" from 8 to 50. The cost
matrices are chosen uniformly satisfying by Assumption 2.2.1 with Q,in = 103144,
Qmaz = 10*L44, Rpin = 10, and Ry, = 102, The gains K in the Tracking
controller (2.6) and the Constant controller (i.e., uy = Kx;) are both chosen by
placing the pole at p = [py, -+, pa] with p; ~ U(0,0.5), 1 <7 < 4. We note that the

system is 4-step controllable.

Figure 2.1 reports the average of Regret,y, over 500 trials of the approaches with
T = 30. Note that the Safe-0GD algorithm requires finding a control gain K that
satisfies ||A + BK| < 1 — ¢ where 0 < ¢ < 1. However, in this scenario, there is no
such K. Therefore, the Safe-0GD algorithm is not applicable. In the disturbance-
free case, the horizon T does not have a significant impact on the regret. Thus, limit
the presentation to the case where 7' = 30. From Figure 2.1 we see that the (aver-
age) regret incurred by the simple Constant controller is much larger than regret
incurred by all other methods and unsurprisingly independent of the preview window
length. For short preview window lengths W < 3, the regret incurred by all methods
is similar. However, for preview window lengths W > 3, the Tracking controller

incurs a lower regret than all other methods, with it being 10* — 10° times smaller

3Code at https://github.com/u7361886/0nlineLQR
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than OnlineMPC. The Deadbeat controller performs similarly to OnlineMPC across
all preview window lengths, but performs worse than the (bespoke) Tracking con-
troller. This result highlights that whilst the Deadbeat controller design of Section
2.4 is constructive, its relative inflexibility in tracking gain compared to the general
Tracking controller (2.6) can come with an associated increase in regret. More-
over, the exponential decay of the average regret for the Tracking and Deadbeat
controllers illustrates the relation between the preview window length W and the

regret bounds established in Theorem 2.3.1 and 2.4.1, respectively.

To quantify the dispersion of this result, we adopt the maximum coefficient of vari-
ation. Let StdRegret;y, denotes the standard deviation regret under given time
horizon T and preview window length W over the 500 trials. We define the maxi-

mum coeflicient of variation as

StdRegret

MaxCV := max
W Regretyy,

(2.27)
Here, the preview window length W is restricted to the range [0, 7], and the time
horizon T" = 30, specified by the experimental setting. In this experiment, the
MaxCV for Tracking, OnlineMPC and DeadBeat are 2.035,5.8486 and 2.3986, re-

spectively.

Remark 2.5.1. For W = 0, the average regret incurred by OnlineMPC is different
from the regret incurred by the Tracking controller. This discrepancy arises because
OnlineMPC estimates the tail cost using Pq., whereas in the Tracking controller,
at any given time, a candidate trajectory gemerated by solving an optimal control
problem using the costs observed up to that time instance is tracked. The impact of
the tail-cost construction for OnlineMPC on the observed performance is significant

if the “future” costs are not close to their assumed extremal values of Qumar and

Rmax .

2.5.2 Random Linear Systems without Disturbances

We next consider random linear systems with the elements of A and B drawn uni-
formly from the interval (0,10). We examine two cases: (i) scalar A and B; (ii)
matrix-valued A € R%? and B € R%*3. For case (i), we randomly draw the system
parameters according to A, B ~ U(0.1,0.9). For case (ii), the elements are drawn
uniformly from the interval (0, 10), followed by normalisation of their singular val-
ues. The horizon T is varied between 10 and 50, and the preview horizon W varies
from 0 to 9. The cost matrices are sampled uniformly in the ranges Qmin = 103, xn,

Qmaz = 10*Lsn, Rmin = 100,xm and Ryee = 10%1,,4m, where the n and m are
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Figure 2.1: Average regret versus preview window length W for disturbance-free lin-
earised inverted pendulum with 7" = 30.
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Figure 2.2: Average regret versus preview window length for disturbance-free with T = 30
for random scalar systems on the left and random systems with A € R%%? and B € R%*3
on the right.
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Figure 2.3: Average regret versus preview window length with 7" = 30 for random scalar
systems with disturbances w; ~ N(0,1) with 7' = 30 on the left and random systems with
system matrices A € R%*?, B € R?*3, and disturbances w; ~ N(0, Igxg) on the right.
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chosen depending on the system matrices dimensions. Note that only 1-step con-
trollable and 3-step controllable systems are used in simulations for cases (i) and

(i), respectively.

The gains K in the Tracking controller (2.6), the Constant controller (i.e., u; =
Kx;) and the initial gain K in Safe-0GD are chosen by placing the pole(s) randomly
uniformly in the circle with radius 0.5. In addition, we choose step size 107%, impose
a bound of 10 for || K| (i-e., vy = Kx;), and constraint ||A + BK|| to be at most
0.9 during gradient descent and projection for Safe-0GD.

Figure 2.2 reports the average Regret, from 500 trials of the four approaches in
the case where A and B are scalars. Similar to Section 2.5.1, we again only show
results for 7" = 30 due to insignificant changes of regret in terms of 7. The figure
suggests that both our proposed Tracking and Deadbeat controllers outperform
OnlineMPC and Safe-0GD (as well as the Constant controller) for all preview window
lengths W > 0. Note that at any time step ¢, Safe-0GD only uses the cost function
xtT 1 Q11 + u: Ry quy, therefore the regret remains the same regardless of the
preview length. Moreover, in this experiment, the MaxCV for Tracking, OnlineMPC
and DeadBeat are 4.3007,4.3391 and 4.3039, respectively.

Figure 2.2 also reports the average Regret, from 500 trials of the four approaches
in the case where A € R%*? and B € R%*3, with gains K in the Tracking controller
(2.6) and the Constant controller (i.e., u; = Kx;) are both chosen by placing the
pole(s) at p = [p1,p2, - -+ , o] with p; ~U(0,0.5), 1 <7 < 9. Similar to Section 2.5.1,
we again only show results for 7' = 30 due to insignificant changes of regret in terms
of T'. The figure suggests that both our proposed Tracking controllers outperform
OnlineMPC (as well as the Constant controller and the Safe-0GD controller) for
all preview window lengths W > 0. Moreover, the regret incurred by Deadbeat
controller is slightly higher than the regret than OnlineMPC while still outperforming
all other methods except the Tracking controller. To report the dispersion across
the 500 trials of experiments, the MaxCV for Tracking, OnlineMPC and DeadBeat
are 2.9032,4.1016 and 4.3589, respectively.

Furthermore, the results from both figures suggest that the regret of both our pro-
posed Tracking and Deadbeat controllers decay exponentially with the preview
window length W, which align with the regret bounds in Theorems 2.3.1 and 2.4.1,

respectively.

2.5.3 Random Linear Systems with Disturbances

We finally consider the two systems with system matrices selected according to
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Section 2.5.2 with disturbances w; ~ N (0,1) for 0 < ¢ < T — 1. Cost matrices are
selected uniformly within bounds that are identical to Section 2.5.2. The selection
of the preview window length, time horizon, the pole of gain K for the Tracking
controller (2.6) and the Constant controller (i.e., uy = Kux;) are identical to the

experiment in Section 2.5.2.

Figure 2.3 reports the average of regret from 500 trials of the five approaches for
the scalar systems case (for 7' = 30 due to the regret for other horizons T' differing
only by multiplicative factors). From Figure 2.3 we see that our proposed Deadbeat
controller outperforms OnlineMPC (as well as the Constant and Safe-0GD controller)
for all W > 0. Moreover, the regret incurred by our proposed Tracking controller is
slightly higher than OnlineMPC while still out performing all other methods except
the Deadbeat controller. We note, however, that due to the presence of disturbances
in these simulations the performance difference between the methods is smaller than

that observed in the disturbance-free results of Figure 2.2.

The average of regret from 500 trials of the five approaches for matrix-valued systems
A € R and B € R%® (for T = 30 due to the regret for other horizons T differing
only by multiplicative factors) is depicted in Figure 2.3 where it can be observed
that our proposed Tracking controller outperforms all other methods for all W > 0.
To quantify the dispersion across these experiments, for the random scalar systems
case, the MaxCV for Tracking, OnlineMPC and DeadBeat are 7.1834,8.4131 and
1.4144, respectively. In addition, for the random systems with A € R and B ¢
R9%3 the corresponding MaxCV values for Tracking, On1ineMPC and DeadBeat are
7.2512,7.2453 and 6.2450, respectively.

The Deadbeat controller regret also exhibits exponential decay, albeit at a much
slower rate and with much larger coefficient. This is due to the fact that when
the candidate trajectory in (2.25) at time step ¢ is computed, it only incorporates
disturbance information up to time step t — d. As a result, the most recent d-steps
of disturbances are ignored during tracking, causing the regret not to decay until

the next step in the lifted space.

The exponential decay of the average regret for the Tracking and Deadbeat con-
trollers with the preview window length W is consistent with the decay of the regret
bounds in Theorems 2.3.2 and 2.4.2, respectively. As the number of controllable
steps d increases, the terms Cpp and C~'/ER in Theorem 2.4.2 grow exponentially,

leading the expected regret to have a larger coefficient.
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2.6 Summary

This chapter proposes a new online L optimal control design framework that uses
cost matrix feedback and only causal disturbance information to predict and track
an optimal trajectory. Contrary to the state-of-the-art, and are well defined when
there are infinite control policies in the search space. Moreover, we do not require
a minimum (nonzero) preview window length W. The effectiveness of controllers
designed using our proposed framework compared to existing state-of-the-art and

fixed stabilising controllers is demonstrated in numerical simulations.



Chapter 3

Chapter 3: Online LQ Optimal
Control with Sequentially Inferred
Cost

In this chapter, we introduce the online L(Q optimal control problem via inferring
costs from expert’s optimal demonstration. We begin by reviewing the related works
for this problem. Then, we apply the framework designed in Chapter 2, with the cost
inferred by inverse optimal control methods. We then provide the regret analysis of
this framework. Finally, we demonstrate the empirical performance of our proposed

methods through numerical simulations to validate the theoretical guarantee.

3.1 Related Works

To the best of our knowledge, the most closely related work is [6]. In their setting,
the decision maker aims to replicate the performance of an N-step oracle, where
the oracle solves an N-step receding horizon problem with known parameters. In
contrast, their regret compares the performance between the decision maker and the

N-step oracle.

Although the amount of studies that directly addressing our setting is limited, there
are studies in inverse optimal control that are related to the parameter inference
method of the copycat. For example, [63] proposed an unscented Kalman filter to
estimate cost parameter online using the observed optimal trajectories, and [64] pro-
posed an online computationally efficient extended Kalman filter (EKF) algorithm
along with theoretical error bound guarantees. Motivated by these works, we adopt
an EKF-based method for parameter estimation by the copycat and propose a solu-
tion for solving the online LQ optimal control problem where the cost matrices are

inferred online.

29
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Notation Let S}, be the set of n x n positive definite matrices. Define Np_; :=
{0,1,---, T —1}. We use || - | to denote the 2-norm of a vector or a matrix,
depending on its argument. Similarly, the infinity norm is denoted by |- ||o. For any
symmetric matrix X € R™" we let Apin(X) and Apax(X) denote its smallest and
largest eigenvalues, respectively. We use [,«, to denote a n-dimensional identity
matrix. We use 0, to denote an n-dimensional vector where all elements are 0.
Lastly, suppose M is a positive integer. For an arbitrary squared matrix sequence
(E))M,, where each E; for 1 <4 < M has the same dimension. For 1 < p; < M and
1 < py < M, define the product operator as

Ep2Ep2_1 ce Epl if P < po

P2
Il B =E, if p1 =po
Jj=p1 )

I if p1 > po,

For a symmetric matrix X € R™"™ we note that || X|| = [Apax(X)|.

3.2 Problem Formulation

Consider an expert controlling a discrete-time linear time-invariant (LTT) sys-

tem
Tir1 = Al't -+ But, (31)

with state z; € R"™, input u € R™ and discrete time steps ¢t € {0,1,...,7 — 1} for
T € N. The system matrices A € R"" and B € R™" are known to the expert,

and the initial state satisfies xg = 1o € R".

Similarly, consider a copycat controlling the LTI system

€01 = A& + By, (3.2)

with the same system matrices A and B, and initial state £, = ¢, as (3.1), but with
(different) states & € R™ and inputs 1, € R™.

Throughout this chapter, we rely on the following controllability assumption.

Assumption 3.2.1. The matriz pair (A, B) defined in (3.1) and (3.2), respectively,

1s stablisable.

To introduce the concept of optimality used in this chapter, we consider running
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costs
QR — R”X”, R:R — Rmxm, (3.3)

characterized through a parameter 6 € RP, ie., 0 — Q(f) and 0 — R(f). For a
sequence of inputs u; € R™ ¢t € {0,...,T — 1}, and an initial condition z, € R", we

define the costs incurred over the discrete-time window T as

T-1
Jr(zofudi=g . 0) = D 2/ Q(0)xesr +u/ R(0)u, (3.4)
t=0 .

st. xo =29, x4y1 = Az + Buy.

Based on the definition of the cost functions (3.4), minimal costs and a corresponding

optimal input sequence are defined as

T3 (20,0) = min Jr(zo, {uc}i ', 0), (3.5)
Utfi—0o

{uf (70, 0) iy’ = argmin Jr(Zo, {us}i=y', 0). (3.6)
{ut}t:B

To ensure that (3.5) and (3.6) are well-defined we impose the following assumptions
on functions Q(-) and R(-) in (3.3).

Assumption 3.2.2. There exist Lipschitz continuous functions D? : RP — R™"
and DT . RP — R™ ™ with Lipschitz constant Lo, Lr € Rso, and positive parame-

ters g, er € Rsg such that the running costs in (3.3) can be written as

Q(0) = D?(0) " D?(0) + e Lnxn, (3.7)
R(9) = D"(0)" D"(0) + erlmxm, (3.8)
where eg and g are positive scalars.
Lipschitz continuity of D? and D implies that the inequalities

ID9(8) — DO < Lol — 6], (3.9)
ID*(60) — D™ (01)|| < Lrl|0o — 64, (3.10)

are satisfied for any 6y, 6, € RP. Since D?(-)TD?(-) and D®(-)" DE(-) are positive
semi-definite, (3.7) and (3.8) ensures that Q(-) and R(-) are positive definite and

bounded away from zero.
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Instead of open-loop input sequences {u;}/=', we are interested in time- and

parameter-dependent feedback policies
7:40,..., T =1} x R"™? - R™ (t,z,0) — m(z,0). (3.11)

and we note that based on the assumption on the system dynamics (3.1) and As-

sumption 3.2.2, there exists an optimal feedback policy such that
7} (2, 0) = uf (%o, 0), te{0,...,T—1}. (3.12)

In the following we will thus use the notation = (-,60) and u;(-,0) interchange-

ably.

While the expert can solve (3.5) and (3.6) for arbitrary parameters 8* € R? to obtain
a corresponding feedback policy 7/ (-,0%), by assumption, the copycat is not aware
of the expert’s parameter selection, but intends to recover 8* and the performance

of the feedback policy 7/ (-, 0*) based on output measurements

Ty

Y = St + (N (313)

Uy

where S, € R+ with ¢ € {1,...,n + m}, and v, is unknown (potentially

stochastic) noise.

In particular, at time ¢t € {0,...,7 — 1}, based on the observed measurements
{y-}L_,, the copycat intends to infer the optimal parameter 6*, and thus the optimal
policy used by the expert to define its feedback policy 7} (-, 0*) used to generate the
measurements (3.13). The copycat additionally relies on the assumption that it

knows the expert’s dynamics (3.1) through (3.2).

Remark 3.2.1. An additional valid interpretation of the problem under considera-
tion is, that the expert also does not know the optimal parameter 6*, but only knows
a feedback policy 7f(-,0%) implicitly characterized through 6*. In this interpretation,
the copycat intends to infer the parameter 6* € RP to understand with respect to

which running costs (3.3) the experts feedback policy is optimal.

Mirroring the definition (3.11), we denote the copycat’s policy, which will be designed

in the following sections, by

A

k{0, T —1} x R™™P 5 R™, (,£,0) — ry(€,0). (3.14)

Here, we use k, £ and 0 to indicate a policy corresponding to the copycat, depending
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on an estimated parameter 6 € Rr. To be able to compare the performance of an
input trajectory {Vt}tT;Ol, implemented by the copycat, with the optimal feedback
policy 7*(+, 0%), we define the regret

Regrety ({1 }15) = Jr(Zo, {1}, 0%) — J5(%0,6") (3.15)

where Jr(Zo, {vi}i', 0) denotes the costs in (3.4) incurred through the input se-

quence {v;}

The overall algorithm to iteratively define the closed-loop input sequence {v}/

implemented by the copycat is summarised and illustrated in Algorithm 3.1. In

Algorithm 3.1 Expert-Copycat Online LQ Optimal Control
1: Expert Initialization: zo =
2: Copycat Initialization: &, = g, 6_,=0
3: fort=0to7T —1do
4:  Expert Selects Inputs:

5: up = (¢, 0%)

6: Copycat:

7 Receives Measurements y; = S [4¢ ] + vy

8: Updates estimate:

O = fi(0—1, {yr }sy)

9: Selects input: v¢h = k(& 0;)

10:  Expert and Copycat Apply Inputs:

11: Tir1 = AIt + But

12: &1 = A&+ Brd

13: end for

Section 3.3, we focus on the definition of the function f() in line 8 (which updates
the parameter estimate 6;) and on the definition of the feedback policy () in line

9. Based on the definition of {r{'}/)!, we analyse the regret
Regret({v1)). (3.16)
in Section 3.4, to derive upper bounds in terms of closed-loop performance estimates

of the copycat controller.

3.3 Implementation of Algorithm 3.1

To be able to implement Algorithm 3.1 the function f;(-) in line 8 and the definition
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k¢(+) in line 9 needs to be made precise. Here, we rely on a generic observer design to

define f;(-) and the definition of k;(-) relies on the idea of a tracking controller.

3.3.1 Parameter Estimation 0

For the parameter update, we use a generic estimator of the form
(6,

+(00) , (3.17)
u(0r)

where {u,(0,)}' 2} = arg min; yr—1 J (%o, {@,}1=3, 0,), state sequence {z,(0,)}1=} is

ét = ét—l + Ly (?Jt -5

generated by {u,(6;)}Z} from dynamic (3.1) and {L;}7" defines observer gains
specific to the estimator selection. While we do not insist on a specific observer gain

selection, we rely on the following assumption.

Assumption 3.3.1. For a given observer gain selection {Lt}f:_ol and for a bounded
disturbance sequence {vi}{_g, ||l < ve € Rso, there ewist scalars Cyp,r € Rsy,
ne € (0,1) and o € K such that the estimator of the form (3.17) satisfies *

10: — 61l < Colldo — 0" In" + allvall). V€ f0,.... T} (3.18)

for all ||6y — 6%]| < r.

Under additional technical regularity assumptions on (3.5) and (3.6) as functions
of 6, a particular method with such estimation form satisfying Assumption 3.3.1 is
the extended Kalman filter (EKF) [64,65]. The estimate 6, always lies in a compact
set for V¢t € {0,1,---,T — 1}. The EKF is used for the numerical experiments in
Section 3.5.

3.3.2 Definition of the Policy r(+)

The feedback policy ki(-) at time ¢ € {0,...,7 — 1} used by the copycat in line 9
of Algorithm 3.1 is comprised of two components: a prediction component and a

tracking component.

For the prediction component at time ¢ we consider {7, (Zo, 0,)}7=4 defined as the

solution of the optimal control problem

{ﬁ:\t<j07 ét)}Z:_Ol = argmjn‘](‘%m {VT}Z:_Ol? ét)v (319)

T-1
{VT}T:O

LA continuous function f : [0,a) — [0,00) for some positive scalar a is said to belong to class
K if it is strictly increasing and f(0) = 0.
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based on the current estimate ;. As highlighted before, existence and uniqueness
of the optimal solution is guaranteed through the properties of Q(-) and R(-) and
Assumption 3.2.2. Using the predicted input {ﬁj‘t(a_ro, ét) T—4 the predicted state
trajectory {éﬂt T~ is defined through émt = Ty and

Eratpe = Al + BOY,, VT e{0,...,T -1} (3.20)

based on the dynamics (3.2).

For the tracking component we define I' € R™*" such that
Ag=A+ Bl (3.21)

is a Schur matrix and which implies the following corollary.

Corollary 1. Let A,y € R™™ be a Schur matriz. Then there exist Cy € R>o and
ng € (0,1) such that

t
HAcl

< Cyn, (3.22)

for allt € N.

Proof. According to [66, Thm. 5.8], Ag Schur implies that there exists a positive
definite matrix P such that

AfPAG=P—T=(I-P P (1-L5)P (3.23)

and where P; < P, means that the matrix P, — P; positive semi-definite. Using the

estimate (3.23) iteratively, implies that

Amin (P)[[A4]1° < (A))'PAL < (1 )'P < A P)(1 — 52!

1
o Amax(P) o Amax(P
for all t € N and thus

Amax (P)
At 2 < Zmax
H clH = )\min(P)

completing the proof for C, = ’;r:a:((g)) and 7, = /1 — m. O

Based on the definition of the prediction and the tracking controller components the

(1- Amai(P))t

overall copycat controller x;(+) is defined as

re(&t, ét) =T(& — ét\t) + Dy (3.24)
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The definition of (-) presented here, follows the ideas in [67] and in particular the
definition [67, Eq. (14)].

Note that I' € R™ " can be designed offline while ft‘t and 7y, need to be updated
online by solving (3.19) at every time step.

3.4 Regret Analysis Under Cost Matrices Esti-

mation

In this section, we present an upper bound on the regret incurred under the control
policy (3.24). We first define key operators and quantities that characterise the
regret under this policy.

We begin by introducing the algebraic Riccati operator F,. : RP — R™"™ and the
associated control gain K, : R? — R™*" both of which are standard in LQR
formulations and will be used to express both the optimal and estimated control

laws corresponding to (3.6).

For 7 € {0,...,T — 1}, we define

FT(Q) = Q(@) <3‘25)
Fo(0) = Q(0) + AT (Frya(8) ' + BR(6) ' BT) ' 4,
K.(0) :== (R(0)+B'F,.1(0)B)'B"F,1(0)A, (3.26)

where Q(0) and R(#) are defined in (3.7) and (3.8), respectively. Since Q(#) and
R(0) are positive definite by definition, F; are well-defined and positive definite for
all 7 € {0,...,7 —1}. With the definition of K,(#), we can state the following

result, providing a representation of the optimal input in terms of the feedback gains

K.(6).

Proposition 1. Under Assumptions 3.2.1 and 3.2.2, for 6 € RP and ro € R"
consider the optimal control problem (3.6). Then, with the definition (3.26), it holds
that

¢

(%0, 0) = K,(0)z,, 1041 = [[(A+BEK,(6))70, (3.27)

7=0

forallt € Np_q.

Proof. The optimal control solution u}(Zg,#) can follow directly from [18, Chapter
2.4] by replacing @; and R; with Q(6) and R(0), respectively. This implies that
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741 = (A+ BK(0))x;. Expanding this directly yields w1 = [T'_o(A+BK,(0))x,.
[

Using estimation 6,, for 7 € {0,...,T — 1}, we define the plug-in estimated control

gain [A(T‘t and cost-to-go matrix ]57|t as
Kooo=K.(0), Py :=F.(0,). (3.28)

In addition, for the optimal parameters 6*, we use the notation

Kt* = Kt(0*>, te NT—l' (329)

To quantify the estimation error, for 7 € {0,..., T — 1} and ¢1,t, € {0,..., T — 1}

we introduce the following terms

oty = 1K = Kool (3.30)
(I);k-|t1 e HKT|t1 - Ki”a (331)

These quantities measure the variability in estimated control gains across time and

the deviation from the optimal control gain, respectively.

We also need several constants that are related to eigenvalue and matrix norm

bounds on the cost and cost-to-go matrices,
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Q"= Q(67). R := R(6"), Q; == Q(h), (3.32a)
R, := R(6,), P} := F,(Q*, R*), (3.32b)
Ain 7= 000 Ain(Q"), Al = X Ao (P7), (3.32¢)
\Q P _ D
Afin = 611}@{;111 Amin(Q), AP = Max Amax (Prit), (3.32d)
= Bl + [ BI* Mnax: (3.32¢)
6::max)\max(ATP* ), B: x)\max(A P, A)
TENT_4
B . B
. A= P 3.32f
ST 2 320
)\gax A 5\gax
S R NN C 3.32h
Ui C,n C, (3.32h)
A= max |K; —T|. (3.32i)
teNp_y

Note that the matrices Q*,PT*,QT“ and pﬂt are positive definite, implying
A NP A9 and AP, positive, therefore C,C' € Rsg. Moreover, C' > 1 and
1 1

C' > 1, this implies that 1 — ¢ and 1 — = are non-negative, which implies that
7, ﬁ S RZO-

We are now ready to present a key lemma that provides the relationship between

the regret incurred by policy (3.24) to the estimation errors captured by (i)t‘(pyq) and
o

Lemma 3.4.1. Let T > 1 and consider the copycat system defined in (3.2) together

with the control law (3.24) relying on the sensor measurements {y,}L_, in line 8,

Algorithm 3.1. Moreover, assume that I' € R"*™ is selected such that A 4+ BT is

a Schur matrix and let Assumptions 3.2.2 and 3.3.1 be satisfied. Then the regret
defined in (3.15) satisfies

t j—1 A
Regretr({vi}iy') < 2D||zo|® Z (CR'®;,)% + (AC,CHI B0t S0 3 (L)1)
7j=1n=0 Nq

(3.33)

and where the individual components of the bound are defined in (3.32).

The bound in Lemma 3.4.1 characterizes the regret incurred by (3.24) in terms of
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how accurately the optimal gains K;(6%), t € Np_;, are estimated over time. The
first term in the summation depends on the distance from the estimated control gain
Kt|t, t € Ny_; to the optimal gains at each time step, while the second term in the

summation depends on the difference of estimated gains defined in (3.26).

Building on Lemma 3.4.1, we now derive an explicit regret bound by using the
convergence property from Corollary 1. In particular, we substitute upper bounds
on @;“t and &)nl(j_l’j) into the right-hand side of inequality (3.33), yielding a regret

bound that depends on the previous stated constants and system parameters.

Before we present the main theorem, we need additional constants related to the

estimation method, define in the following.

Under Assumption 3.3.1, it follows directly that ||6,]| < [|6*|| + Cyrne’ + a(||vg]|) for
appropriately selected 6, € RP. With the definition

Do = Beyr+au (07) (3.34)

In addition, since |[D?(-)|| and ||Df(-)|| defined in (3.7) and (3.8) are continuous,

they attain their maximum in the compact set Do, i.e.,
- Q - R
Mp == max [ D~(9)|| and Mg = max || D(0)]| (3.35)

are well-defined.
Our main result is stated as follows.

Theorem 3.4.1. Adopt the hypothesis from Lemma 3.4.1, the regret satisfies

Regretp({v}=")

< 4| C2C2. (ol — 0 I Eum)?) + fa(lunl) PES(7) + (AC|BICC, Ly
(L=t )+ Eatn) — Bt
" <‘j7(q”ﬁ9l'7) VB (1) + na( Ealiy) — Egm)n?)] , (3.36)

where both C and Cy depend on Mg, Mg and || Bl|, with C and C; additionally
depending on Apin(Q*) and mingen,_, Amin(Q:), respectively. The coefficients Cp
and ng, the vector vy, and the function a(-) are defined in Assumption 3.3.1. The
functions Ey(-) and Ey(-) are given by Ei(z) := Y14 t2* and Ey(2) == Y1t 2t for

z € R. All remaining coefficients are taken from the list in 3.52.
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Remark 3.4.1. The regret upper bound from the above theorem quantifies the re-
lation between regret and the estimation error of cost matrices with EKF. From the
right-hand side of (3.33) and the associated term defined under the inequality, the
regret upper bound monotonically increases with respect to Cy and vy. Thus, to po-
tentially lower the regret via decreasing the regret upper bound, one way is through
designing the EKF with small Cy and vy. In particular, for the case of v, = 0 where
v 18 the observation noise from the sensor, with the initial 0o chosen sufficiently
close to the true parameter 0%, we have vy = 0. Further, Cy depends on the choice
of filter parameters [65]. In addition, the regret bound can also be reduced by ap-
propriately choosing the sequence of K to yield optimal C, and n, that reduces the
right-hand side of (3.33).

Remark 3.4.2. Suppose 0 < z < 1, then E\(z) < = and Ey(z) < 1. This im-
plies that the regret upper bounded (3.36) is independent of the time horizon T'. For
fixed Q* and R*, it is expected that the regret grows up when T increases. Therefore,
herustically, we will observe the regret grows monotonically then saturates at a level

when T is sufficiently large.

Next, we illustrate the (empirical) regret for our proposed methods.

3.5 Numerical Simulations

In this section, we numerically evaluate the regret incurred by the copycat under
0.70.2

—0.10.8
both the expert and the copycat, with the initial condition being z, = [100, 100].

the proposed policy. We consider system matrices A =

and B = (1) for

The cost parameter for the expert is §* = [5,5]" and the cost matrices are computed
by D@ = diag([0%]1,[0"]2), D® = 0, eg = 0.01 and e = 10, where []; denotes the
i-th element of a vector, and diag(-) returns a diagonal matrix from its arguments,
with all the off-diagonal elements set to 0. For t € {0,1,---,7 — 1}, at each time
Ixa 0 iUt]

step t, the sensor value for the copycat is given by y; = 0 0 .
Ut

We demonstrate the performance of the copycat by illustrating the (i) convergence
of 6, to 0*; (ii) comparison of trajectories generated by the expert and the copycat,
and (iii) regret vs. T

Figure 3.1 reports the estimated parameter value 6, from the copycat for the case
of T'= 15. The plot indicates that under EKF, the value 0, converges to the true

value at time step ¢ = 8.

Figure 3.2 reports the trajectories generated by the expert and copycat for T = 15.
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The state and control trajectories are closely aligned after time step ¢ = 4. This
demonstrates that the copycat’s control actions closely follow those of the expert
over time.

T—1
% incurred by the copycat under different time-

Figure 3.3 reports
horizon T'. The regret saturates at a constant when 7" = 15. The result suggests
that the regret is sublinear to 7', which aligns with the regret bound in Theo-

rem 3.4.1.

15 A — 01
92

Parameter value
=
o ul o

I
Ul

0 2 4 6 8 10 12 14
Time step

Figure 3.1: Copycat’s estimated parameters ét over time

3.6 Summary

This chapter introduces a new online L(Q optimal control problem with sequentially
inferred costs. We established the regret bounds associated with an EKF-based
estimator. The numerical results demonstrate the effectiveness of our proposed
estimation and control algorithm and show that the regret is sublinear with respect

to the time horizon.
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) —— Expert x;
----- Copycat X1
o 0] —— Expert x;
q’ "~
s AN N TN Copycat x;
i
OA
Time Sfep
0] ______ P —— Expert u;
5 20 ----- Copycat U,
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Figure 3.2: Comparison of expert and copycat trajectories. (Left) State trajectories 1
and xy for both expert and copycat over time steps. (Right) Control input trajectories uy
for the expert and the copycat.
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of the copycat with respect to different time horizons T



Chapter 4

Chapter 4. N-player Dynamic
Potential LQ Games with
Sequentially Revealed Costs

In this chapter, we introduce the dynamic potential LQ game problem with sequen-
tially revealed costs. We begin by reviewing the related works for this problem. We
then apply the framework proposed in Chapter 2 for this multi-agent setting. We
extend the notion of dynamic regret from the single-player case to the multi-player
case as price of uncertainty (PoU), then provide the PoU analysis of the frame-
work. Finally, we demonstrate the empirical performance of our proposed methods
through numerical simulations, validating the theoretical guarantee from the PoU

analysis.

4.1 Related Works

Works concerning similar problems include repeated games with sequentially re-
vealed costs [19], equilibrium tracking via online state measurement [68], and cost
parameters estimation via sequentially revealed state measurement [20]. However,
none of these works have studied the problem of a noncooperative L(Q dynamic po-
tential game with sequentially revealed costs. The only study that considers a similar
setting as ours is [69, Chapter 2 and 3|, where they investigate a linear-quadratic(LQ)
pursuit evasion game in which each player aims to play at the feedback Nash equi-
librium via minimising their own cost function despite lacking knowledge of their
opponent’s cost matrices. At each time ¢, the players aim to act at the feedback
Nash equilibrium by estimating the cost-to-go matrices (Q¢ and R from the Al-
gebraic Riccati equation) for 7 > t, using state information potentially corrupted
with measurement noise. However, this work does not consider using any notion

that captures the performance quality in the absence of cost information from their

44
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opponents.

4.2 Problem Formulation

This chapter is based on our preliminary work [70] for the two-player case. The key

contributions of this chapter are:

1. The formulation of a novel N-player LQ dynamic feedback potential game
problem with sequentially revealed costs and a price of uncertainty (PoU)

performance measure;

2. The proposal of an algorithm that enables all players to predict and track
a feedback Nash Equilibrium in an N-player dynamic potential game with

sequentially revealed costs;
3. The lower and upper bounds on the PoU achieved by our proposed algorithm.

4. The relationship between PoU and price of anarchy (PoA), and how close the
policy is to the feedback Nash equilibrium if it has a bounded PoU.

5. Numerical simulation on community battery scheduling problem based on [47].
Results show that the absolute value of PoU initially decays exponentially as
the preview window increases, then remains constant for large time horizons,

which matches our theoretical lower and upper bounds.

This chapter is structured as follows. In Section 4.2.1, we formulate the problem of
N-player LQ dynamic feedback potential game with sequentially revealed costs. In
Section 4.3, we present our proposed algorithm and lower and upper bounds on its
price of uncertainty. In Section 4.5, we illustrate the performance of the proposed
algorithm applied to a three-player community battery scheduling problem. We

present concluding remarks and future directions in Section 4.6.

Notation For a matrix H with N block-rows and N block-columns, i.e., H =

Hy Hyp -+ Hin
Hy  Hyp -+ Hon L

_ ‘ . , we define the ij-th block of H by [H];; := H;;. We use
Hyy Hy2 -+ Hywn

|| - || to denote the 2-norm of a vector or a matrix, depending on its argument. For
any symmetric matrices F, G € R"*" F =< G denotes G — F' being positive definite.
Let p(-) be the spectral radius operator. We use A\pin(+) and Apaz(+) to designate the
minimal and the maximal eigenvalue of a symmetric matrix, respectively. Similarly,

Omin(+) and 0,4, () denote the minimal and the maximal singular value of a matrix.
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We use A\, (-) and o, (+) to refer to the minimal positive eigenvalue and singular
value of the matrix, respectively. In addition, for any symmetric matrices F' € R™*"
and G € R™™ we consider convention A\ (F) > --- > A\, (F) and 01(G) > -+ >

0m(G). For aninteger k > 1, define Ny to be the set {1,2,...,k}. Let S’ denote the

set of n X n positive definite matrix. Lastly, for a given 7' > 1 and i € {1,2,--- , N},
we consider 1I; being (Wi7t>i]i1> (71—;7 7Tt_l*) being (7?,51*, o 77r125'_1*7 7T§> 7T1%:+1*7 e 77r£\/*)’
and we use I1,,.,,, to refer to the sequence of I1,,, 11,41, --- ,II,, when1 <n <m < N,

or II,, when 1 <m <n < N.

4.2.1 N-Player Potential LQ Dynamic Game with Sequen-
tially Revealed Costs

LQ dynamic potential game and its feedback Nash equilibrium

Let us first define a (non-cooperative) N-player LQ dynamic feedback game (LQ-
DFG). Consider

Tty1 = A[L‘t + Bllt7 Tr = i’l, (41)
where ¢ is a non-negative integer, A € R"*" and B = [B',--- . BY], B!,... /BN ¢
R™™ are system matrices, T, € R™ is the state, u; = [u; ', -, u}"]T where
ui, -+ ,uY € R™ are player controls, and z; € R" is the initial state. Let A denote
the set of all measurable maps from R™ to R™ and II; := (7}, --- , 7). Each player
i,i€{1,2,---, N}, at time t € Np_y, selects a feedback control policy, wi € A, such
that their controls satisfy u} = 7} (z;), with the aim of minimising a quadratic cost
function

Jp(@n, (M) 5') = Y 21 Qratery + 1) Ry, (4.2)
t=1
subject to (4.1) where uy = 7} (z) ", -+, 7N (2;)"]" = (), and matrix R! admits
the following block structure:
(Rl [Ri)ie [Riliv
R - [Ri]21 [1“.3%]22 Rilan € RNm<Nm. (4.3)
[Rilvt [Rilve - [Rilww

with [Ri];x € R™™ for j, k € {1,2,---, N} for all t € Np_;.

We consider three examples.
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Example 1 (Community Battery). Consider a community battery ezample between
a group of three users motivated by [3]. Let x; := &, — d; be the state where Ty € R
is the state of charge and d; € R is the desire battery level at time t. The state

dynamics is governed by

a 0
Ti41 = T +

0 09

—by —by —b
b 3] u,, (4.4)

where a > 1 is the constant recharge rate of the battery, and u} for i = {1,2,3} is

user i’s electricity usage at time t.

The objective for each user is to minimise the total electricity and state of charge
cost over a period. Similar to [49] or [3], such costs can be modelled in the quadratic
form as (4.2), subject to the battery dynamics in (4.1), where matriz Q, € S%,
represents the degradation cost due to the battery deviates from the nominal level,
and Ri € R3*3 s the cost of electricity for the i-th user. This captures the objective
of maintaining a desired battery level while minimising the individual energy usage
costs. In realistic scenarios for a solar-powered community battery, weather-related
external factors will influence the cost matrices Q; and R:, where the future quan-
tities are known over a limited forecast horizon. Mathematically, at time t, agent @
may have access to Q, and R. for 1 < 17 <t + W, where W denotes the preview

window of the future.

Example 2 (Decentralised Formation Control). Consider a formation control prob-
lem considered in [2]. Let x; = &y — d; be the state where Ty € RN represent the
positions of all N wvehicles in a team at time t, with Ti € R denotes the positioning
of the i-th vehicle, and d, € RY denotes the desire formation position at time t
with d: € R be the desire position of the i-th vehicle. The evolution of the states is

governed by the linear relation
Tip1 = ¢ + Buy,

where ui denotes the control of the i-th vehicle. The objective for each vehicle is to
minimise the cumulative formation error and the energy consumption in the form of
(4.2), where the matriz Q; € SY, represents the formation error matriz that defined
. wij ZfZ = ] . ij .
component-wise as [Q¢)i; = N with wy € R be the error weights for
—wy ifi#]
i,7 €{1,2,---, N}. Moreover, the energy consumption of the i-th vehicle is modelled
by the quadratic cost u] Riv,. In practical implementations, such as decentralised

formation control over solar-powered vehicles, the cost matrices Q; and R: depend
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on environmental factors such as current solar irradiance level. Since weather con-
ditions are only partially predictable, it is reasonable to assume that at time t, agent
i has access to Q. and R. for 1 <1 <t+ W with a preview horizon W .

Example 3 (Macroeconomic Policy Making). Consider a generalised macroeco-
nomic policy-making problem similar to that considered in [1]. Let x; := [Ty, % 1]" €
R2" be the state where Ty is the value of monetary instrument and u, € R™ is the
level of tax and spending policy at time t, respectively. The state and controls are
governed by a linear dynamic (4.1), where the state transition matriz A maps how
the lagged policy instruments affect the next period’s lags, and the control matriz B

introduces the contribution of current policy decisions to the state.

The objective for each policy-maker is minimising the cost function in the form of
(4.2), where Q, € ST, penalises rapid changes in the monetary instrument (reflecting
the assumption that such changes are costly), and Ri € R*™*2™ s the cost associated
with tax and spending policies for policy maker i. The cost matrices Q; and R: are
influenced by the economic conditions that change over time. Given that economic
environment is only partially predictable in the short term, it is reasonable to assume
that at time t, each policy maker i has access to Q, and R. for 1 <1 < t+ W with

a preview horizon W.

The preceding examples illustrate the practical relevance of our dynamic LQ games
with sequentially revealed costs. The systems and cost parameters under certain
conditions outlined in [46] will fall within the class of dynamic LQ potential games.

These conditions will be later formally stated in our assumptions.

The players do not (explicitly) cooperate, and thus we shall consider the solution

that arises to be a feedback Nash equilibrium. To ease our presentation, let (7)Y,
denotes the feedback Nash equilibrium policy, and IT} := (7}*,- -+, 7V*). The feed-

back control policies (7‘(;*)2]1{;:11 with 7i* € A, where A is the set of measurable

function, constituent a feedback Nash equilibrium if, for any given ¢ € Ny_; and
i€ {l,2,---, N}, it satisfies the inequality below [24, Equation (3.27)-(3.28)]

J%(:Elv (Hl:t—lv H:fk’ H;:k-&-l:T—l)) S J%(jlv (Hl:t—la (ﬂ-i’ 7Tt_i*)> H:—i—l:T—l))’ (45)

for all feedback control policies (mf);"7 !, with 7! € A. The state dynamics (4.1),
player cost functions (4.2), and feedback Nash equilibrium solution concept (4.5),
together define an N-player LQ-DFG. For notational convenience, define DFG as an

operator that returns state and control sequences under a feedback Nash equilibrium
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solution of this LQ-DFG, i.e.,
((#})izr: (u){5') = DFG(Z, T, A, B), (4.6)

where uf = II}(z}), and T := (z1, (Qr11, (RN )IZD) is the tuple of the initial
state and cost-function information necessary to compute a feedback Nash equilib-

rium.

Before presenting the parameter assumptions, we first introduce the concept of LQ
dynamic potential games, starting with the definition of an LQ optimal control

problem (LQ-OCP) as follows.

Definition 4.2.1 (LQ-OCP). An LQ-OCP is the problem of finding a policy (I1,)L-}!
solving

T-1

Hlf}l’l Z x;th-l-lxt—l-l + u:fitut (47)
t=1

s.t. w, = I(z,), and (4.1).

for a given positive integer T > 1, and positive definite cost matrices (Qt)thl and
(Ro)(

Remark 4.2.1. A special case of the LQ game is [R]; = [Rl];;, [Ri; = [R]];: and
B'= B’ fori,j € {1,2,---, N}. In this scenario, the LQ dynamic game reduces to
an optimal control problem. In our work, we consider a more general setting beyond

this optimal control case.

We specifically leverage a recent result on the connection between LQ-DFGs and LQ-
OCPs that gives rise to the following recently developed concept of linear-quadratic
dynamic feedback potential games (LQ-DFPGs).

Definition 4.2.2 (LQ-DFPG [46]). An LQ-DFG is referred to as an LQ-DFPG, if
there exists an LQ-OCP such that the solution of the LQ-OCP is a feedback Nash
equilibrium of the LQ-DFG.

We next introduce an assumption that an LQ-DFG with parameters
A,B, Q)L (RHX] L that satisfy the conditions given in [46, Theorem 6] is suf-
ficient to constitute an LQ-DFPG.

Assumption 4.2.1. Let Q; € S, and ©; € S},

[Ril;; + B P B’ = ([R]];i + BT P},,B")", (4.8)
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and
B'PIA=BTP/A, (4.9)
where
P = Qr, (4.10)
[©4i; == [R.]}; + B P, B, (4.11)
B'PL,
K, =-06;" BZ],DE“ A, (4.12)
BYPY,
Pl =Q;+ K/ R.K;+ (A+ BK,;)" P, ,(A + BK,). (4.13)

fort € Np_y andi,j € {1,2,--- ,N}.

Remark 4.2.2. Under Assumption 4.2.1, the LQ-DFG with parameters
A B, (QyL,, (R;)f\;{;:ll is an LQ-DFPG and has a unique feedback Nash equilib-
ria. The proof is identical to the proof of [46, Theorem 6].

The positive definiteness of ©; guarantees that the diagonal block elements [R!]; +
BT P} | B" are positive definite. This ensures that the player i’s objective in (4.2)
is strictly convex in uf, and K; is the unique feedback Nash equlibrium solution to
the LQ-DFG given parameters (Q;)l_,, (Ré)ZJ\LITt;ll Equations (4.8)-(4.9) yield the
relation of

27 27
O Jix (i )7, (4.14)

Ou; 10y N O 10U, 4
which is a necesarry and sufficient condition for the existence of a twice-differentiable
potential function. This is analogue to the well-known result from [71, Theorem 4.5]
or [46, Theorem 4], and we can ensure that the LQ-DFG parameters is an LQ-DFPG
in the sense of Definition 4.2.2. Detail proof see Lemma C.1.1 from Appendix.

When the cost-matrices are known a priori to the players, the (Nash-equilibrium)
solution of an LQ-DFPG can be found in closed form (cf. [46] and [24, Chapter 6]).
However, in practice full information about the cost matrices over the whole time
horizon T" may be unavailable to the players in advance. Hence, in this chapter,
we suppose that at any time ¢ € Npy_;_y where W € Np_; U {0}, only the initial
condition of the system (4.1) and the (partial) sequences of cost matrices (Q,,1)5
and (R;)i\;ﬁ‘g are known to the players. Let the cost-function information available

to the players at time ¢ be

Hy o= (B1, (Qrpr, (RN P, (4.15)
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Our focus will be to propose a novel control policy for each player in an LQ-DFPGs
that uses the information available to them only at time ¢. For ¢ € {1,2,---, N},

we specifically consider player-feedback control policies 7i(+, ) of the form
u; = W;;(Ita %t)a (416)

Note that the feedback Nash equilibrium solution u; can be written as u; =
W:(ZL’:,HT_l).

Motivated by the concept of the price of uncertainty (PoU) [54, Section 3.2] in static
games, which captures discrepancies between expected payoffs in environments with
complete and incomplete information, we introduce an analogous notion for dynamic
feedback potential games to measure the difference between a decision made with

causal cost information and a policy that achieves a feedback Nash equilibrium in
hindsight.

Definition 4.2.3 (Price of Uncertainty). Given an LQ-DFPG, for a player feedback
control policy (I1,)1=" with available information H, in the form of (4.16), we define
the price of uncertainty (PoU) as

PoUr((IL)TY) = ;IZ (Z1, () 5") = D Jp(@, ()5

i=1
Remark 4.2.3. The price of uncertainty coincides with dynamic regret in online
optimal control (cf. [50, Eq. (9)]) when there is only a single player.

Next, we establish the relationship between PoU and the notion of price of anarchy
(PoA) of [72, Definition 2. Define the PoA in the following.

Definition 4.2.4 (Price of Anarchy). For any N-player dynamic game that satisfies
Assumption 4.2.1, define

J:= min ZJT zy, (I,
(Hf)t 1 1=1
subject to dynamic (4.1). The Price of Anarchy (PoA) is

PoAr = i Jp(@, ()51 (4.17)

i=1

Note that in the original definition of PoA from [72, Definition 2| considers the
Nash equilibrium that attained the smallest social cost. Under Assumption 4.2.1,

there is a unique (feedback) Nash equilibrium, so we do not have to specify a Nash
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equilibrium for computing the PoA. The following proposition relates PoA and PoU

for any given policy.

Proposition 2. For any policy (I1,).-', we have

J(1 = PoAr) < PoUp((IL,)T1).

Remark 4.2.4. All the proofs can be found in the appendiz.

Remark 4.2.5. A negative PoU indicates that the players have behaved cooperatively
in retrospect under limited access to the cost parameters. In this case, the players
may have sacrificed the chance of optimising their own pay-offs. Conversely, a policy
that yields a large positive PoU suggests that players have acted noncooperatively.
For example, in the context of demand-side management for a community battery,
such a policy may reflect players selfishly drawing energy from the battery without
caring about their own and their shared objective, potentially leading to energy de-
pletion and undermining the shared objective of maintaining the battery’s state of
charge to a certain level. A policy that yields PoU near 0 indicates that the policy
from players in retrospect aligned with their objectives while collective efficiency is

met.

We aim to show that the PoU associated with our proposed policy decays exponen-
tially with respect to the preview window W, and is sublinear with respect to the
time horizon T, i.e., PoUz((I1;){5') = o(T), where o(T) satisfies limy_,q, O(;) = 0.
This implies that, on average, the algorithm performs as well as the strategy that

leads to feedback Nash equilibrium in hindsight, evaluated from the perspective of

average costs.

We also require additional assumptions on the systems and cost parameters for
our results. The following (mild) assumption is on the system dynamics matrices
(4.1).

Assumption 4.2.2. The state transition matriz A from (4.1) has full rank, and
(A, B) is stablisable.

The next corollary states a property associated with cost matrices R! for i €
{1,2,---, N}.
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Corollary 2. Under Assumption 4.2.2, the matrix

[Riln  [Ri]ie [R;]in
Ry | il i i (4.18)
[RYn1 [RY w2 [RYnw

is symmetric fort € Np_q.

We further make assumptions on the conditions and bounds of time-varying cost

matrices Q; and R;.

Assumption 4.2.3. For any given t € Ny_y, there exist Qumin, Qmas € S and
Rmin;Rmaa: € ST+ that Qt: Rf and Rzzf Satisfy szn j Qt j Qmax; Rmin j Rf j
Ripae and 0 = R < Rppae-

Assumption 4.2.4. For any givent € Np_y, let g, := ZTX((’;; Amax (RY — R}). There

min

exists a positive constant e¢, such that matrices Q¢ and Ry satisfy Amin(Q:) > |q:| +
£Q-

Assumption 4.2.3 ensure that the eigenvalues for all cost matrices are positive and
finite. This guarantees that all cost matrices (R;);_;" in the LQ-OCP associated with
the LQ-DFG are bounded and positive definite, which coincides with the standard
assumption in LQR control literature, e.g., [50, Assumption 1], [4, Assumption 1].
See Corollary 4 in the Appendix. Assumption 4.2.4 ensures that the cost matrices
(Qi1)5! in the LQ-OCP associated with the LQ-DFG are positive definite, see
Lemma C.1.5 from the Appendix.

For a given preview horizon W € Np_; U {0} , define

Qi1 if 1 <7 <min(t + W, T — 1)
Qriap = (4.19)
Qt+W+1 1fmln(t+W+17T—1)§T§T—1,

and
; RUif 1 <7 <min(t+ W, T —1)
|t = ) ) ) (420)
R,y ifmin(t+W, T -1)<7<T -1,
fori € {1,2,---, N}. Our final assumption is then as follows.

Assumption 4.2.5. The LQ-DFG with parameters (Q.;)I_, and ( ;‘t)f;{ﬁl is an
LQ-DFPG for allt € Np_;.

The above assumption ensures that when the last known cost matrices are repeated
at time t for the next T — t stages, the LQ-DFG corresponds to an LQ-DFPG. In
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many cases, we find that this assumption holds and can be verified using the struc-
ture of Qyy1, (RN, A, B for t € Ny_; (with knowledge of their specific numerical

=1

values). A particular example is presented in Section 4.5.

In the next section, we present our algorithm for finding controls and provide the

PoU upper bound under such an algorithm.

4.3 Proposed Approach and PoU Analysis

In this section, we propose an algorithm for solving our proposed LQ-DFPG problem

and analyse its PoU.

4.3.1 Algorithm

Our algorithm involves two steps at each time step ¢ (for each player) — a prediction

step and a tracking step.

Prediction

We first predict a candidate feedback Nash equilibrium trajectory using the current
cost matrices and setting the future unknown cost matrices equal to the known
value at time ¢ + W. That is, define H, := (%1, (Qri1je)7=1, (RL,),)7=1), where
Qrt1)t5 (Ri‘t)i]\il are defined in (4.19) and (4.20). Note that the above cost matrices
provide a valid structure for the LQ-DFG to be LQ-DFPG based on Assumption
4.2.5. Moreover, when T —W < t < T—1, H, = Z. This suggests that when enough
information is provided, we can find such candidate trajectory that is identical to
the feedback Nash equilibrium trajectory obtained with full information Z. The
predicted feedback Nash equilibrium trajectories given the information available at
t are

((zr0)fy, (urp)?Z)) = DFG(H,, T, A, B), (4.21)

T=1

where the operator DFG defined in (4.6) that uses Hr to generate the trajecto-
ries and controls corresponding to the feedback Nash equilibrium solution from N

players.



4.3. Proposed Approach and PoU Analysis 55

Tracking

Given the predicted feedback Nash equilibrium state and control trajectories (4.21),

we propose tracking them using a feedback control policy of the form

7} (24, 7':[t) K]y [yy¢e)q
w = i (xt, Ht) _ [K]2 (xt B l’t\t) n [Ut:t]2 ’ (4'22)
m (1, Hu) [K]n [Wype) v

where K € R™ " is a gain matrix satisfies p(A + BK) < 1, 7i(z;, H,) is the policy
for the i-th player for i € {1,2,--- N}, t € Np_y, [K], € R™™ and [uy]; € R™
have appropriate dimensions. In the next section, we show the PoU bounds for
this algorithm. Intuitively, any LQ-DPG has a corresponding LQ-OCP. Thus, at
cach time ¢, there is a common value function V;(-) for all players coordinating to
minimise subject to the system dynamics (4.1). The state x, is the best possible

minimiser for V() with information tuple Hew.

4.3.2 PoU Analysis

The following theorem establishes PoU lower and upper bounds for our proposed

algorithm.

Theorem 4.3.1 (PoU Bounds). Consider the linear system (4.1), a given time
horizon T > 1, a preview window length W € Np_y U {0} and a number of players
N > 1. Under Assumptions 4.2.1-4.2.5, with adopting policy in (4.22), the PoU
defined by (4.17) satisfies

—CiyW =" —Chek < PoUp((I1)12)') < Ciy™ +Coy" +Csex, (4.23)

where v € (0,1) and ex is monotonically increasing w.r.t. 7y, || B, Amaz(Rmaz),
Amaz(Qmaz) and Amaz(Rimaz) — Amin(Rmin). Moreover, constants C, Cy, Cs, Cy, C,
and Cé are monotonically increasing w.r.t. ||Z1]|, Amaz(Rmaz), Amaz(@maz) and

Amaz(Bmaz) — Amin(Rmin), and the inverse of p(A + B K) and £¢.

Remark 4.3.1. Following Remark 4.2.1, in the special case of LQ) optimal control,
Cy=0,03=0,c =0, and Cy = 0:

0 < PoUp((IL,)15Y) < O1y*W.

Remark 4.3.2. If C,Cy and C5 are equal to 0, this implies the corresponding
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coefficients C’i, C’é and Cé are equal to 0. Consequently, if the upper bound is 0, then
the PoU under policy (4.22) is 0.

Remark 4.3.3. Based on Proposition 2, J(1 — PoAr) is the largest lower bound
on PoU given an LQ-DFPG. Combining with Theorem 4.5.1, we immediately have
J(1 = PoAp) < —Cy?W—CoyW—Cye.

Theorem 4.3.1 provides an insight into the relationship between PoU and the
preview-window length W. Specifically, we see that for a fixed Z, the terms
Cy*W, Coy™, C14*" and Cyy"W in the PoU bound decays exponentially fast as the
preview-window length W increases. Moreover, when W is sufficiently large, the PoU

lower and upper bounds are dominated by —C’ée x and Cseg, respectively.

4.4 Relationship Between PoU and Feedback
Nash Equilibrium

Suppose there exists (II)7 5" such that PoU((I1,)Z5') < &, for scalar 6, > 0. Our
goal is to quantify the relationship between this policy and the feedback Nash equi-
librium policy (IT¥)/=;! in terms of d,, coefficients that are system-dependent param-
eters, and the state trajectory generated by the policy (ﬂt)tT:’ll.

To proceed, we introduce the following notation. Let {Z,}7-;' and {a,}/_;' be the

states and controls generated by applying (ﬂt)tT:’ll to the system (4.1). Define:

a; = Ky,
b(2y) == N[(Rﬁ +B'P B)K; +B' P} Al
H, := ;](Ri +B' P ,B),
iy ol by (24
oo {1 O i, b ba (25 |
Ur_g ur_q bT—l(fT—ﬂ

7:= U —U and H := diag(Hy, H,--- , Hy_1), where diag is the block-diagonal

matrix concatenation operator.

The following proposition characterises an upper bound on ||Z|| under the assumption
that PoU((IT;)75!) < 6, and ||b]| < &, for some 8, > 0, potentially dependent on
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state sequence (#;){_;'. We bound ||Z|| as a function of 8y, §,, and system-dependent

parameters.

Proposition 3. Consider a policy (f[t)f:_ll and associated state trajectory (&)
generated by applying it to (4.1). Suppose that there exists 65 > 0 and 0, > 0, such
that

PoU((TL)I51) < 6, and  ||b])* < 4,
Define by = 0y + %)\maw([f[)(;x’ then H5H2 < by

Next, we discuss the sub-optimality of the policy (ﬁt);f:_ll under the assumptions

from the above proposition. Define the potential function:

T-1
@(El, (Ht)zj:711> = Z 33;_1Qt+1xt+1 + utTRtut, (424)
t=1

where u, = II,(z,) for any given policy (I,)', and (z;,w,) satisfying (4.1). The
matrices Q; and R; are the stage cost matrices defined in the corresponding LQ-OCP
as in Definition 4.2.1.

Proposition 4. Consider the potential function (4.24) with cost matrices
(Qi1, RIS Define &5 := Apaps, and let Apee be a positive real number
monotonically increasing with || Ryqz|| and %()\mmﬂ%mm) — Amin(BRmin)). Con-
sider the policy (f[t)?:jl satisfying the conditiO/ns described in Proposition 3. Then,
O(zy, ()N =@ (7, (1K) 5N < &, where (IT)11 is the feedback Nash equilibrium
policy satisfying (4.5).

The above proposition shows that if the policy PoU(ﬁt)tT:’ll) is upper bounded, then
it yields € sub-optimality gap in the potential function. The sub-optimality gap &
is inversely proportional to d; and d,. In other words, the policy (f[t)tT:_ll is close to

the feedback Nash equilibrium policy if d, and d, are close to zero.

4.5 Numerical Simulations

In this section, we illustrate the performance of our proposed algorithm. We revisit
the community battery application from Example 1 and provide conditions in which
the system matrices and cost matrices satisfy Assumptions 4.2.1-4.2.5. Before spec-

ifying values of a, by, by and b3 for matrices A and B defined in (4.4), consider the
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cost matrices below

I d‘ Tt 0 0
t —ay 1
= L RI=10 0 0,
R IV R
. 0 0 0
_ L - (4.25)
0 0 0 00 0
RP=10 ry, O, RB=10 0 0],
0 0 0 0 0 73,
where
b2 b2 b2
2+ =2 -3 _q, (4.26)

T o 3t

It can be easily verified that the matrices A and B satisfy Assumption 4.2.2. In
the next proposition, we claim that such system matrices and the cost matrices
will lead to an LQ potential dynamic game (Assumption 4.2.1) with satisfaction of

Assumption 4.2.5.

Proposition 5. Consider matrices A and B from Fxample 1, and cost matrices
Ri, Q; are defined in (4.25). For integers T > 1, N > 1,0 <t < T — 1 and

b2

2
i,7€{1,2,--- N}, if = = %, then parameters P, ©, defined in (4.13) and (4.11),

T,

respectively, satisfy conditions that described in Assumptions 4.2.1 and 4.2.5.

For i € {1,2,3}, by using the conditions of parameters b; and r;; from the above
proposition, we consider a = 1.6, and b; ~ U[1,10] for i € {1,2,3} in the simula-
tions. The preview window W varies from 0 to 5, and the time horizon T' ranges
from 1 to 25. We consider cost matrices drawn randomly according to ¢; ~ U[1, 16],
l; ~ U[20,110] and d; ~ U[15,25] in (4.26), where U[-,-] denotes the uniform dis-
tribution. Such choices of systems and cost parameters will lead the LQ potential
dynamic game to satisfy Assumptions 4.2.3 and 4.2.4, along with the rest of the

assumptions.

Before presenting our figures, we introduce a slightly modified notion of PoU, termed
the log-relative PoU, that quantify the relative error between the decisions made from
the algorithm and the (value of the) feedback Nash equilibrium solution. Specifically,

for any sequence of policies (II;)7_;', we define the log relative PoU as

PoUr((T1;); ")
AN T (@, (TN |

logRelPoU((I1,)7-}") := log

where the policy (II¥).' generates the feedback Nash equilibrium trajectory as
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Figure 4.1: Performance measure PoUr in case N = 3. (a) LogRelPoU vs. Time Horizon
with W = 5; (b) LogRelPoU vs. Preview Window Length in 7" = 26.

defined in (4.5). In certain scenarios, the cost incurred by the actual feedback Nash
equilibrium may be large due to the selection of the system and cost matrices. Thus,
logarithmic relative PoU can be a more practical measure of the quality of decisions

when we are interested in numerical results.

Figure 4.1(a) reports the log relative average PoU over 1000 trials with W = 5.
From Figure 4.1(a) we see that the (average) log relative PoU appears to remain at
3 x 1075 from T = 13 when W = 5. This result illustrates that the average PoU
will be bounded regardless of the choice of time-horizon, which validates the PoU
bounds established in Theorem 4.3.1.

Figure 4.1(b) reports the log relative average PoU over 1000 trials with 7' = 26. From
Figure 4.1(b) we see that the (average) log relative PoU shows an exponential decay
as W grows from 0 to 5. The exponential decays of the (average) PoU illustrate
the relation between the preview window W and the PoU bounds established in
Theorem 4.3.1.

4.6 Summary

This chapter introduces the N-player dynamic potential LQ game with sequentially
revealed costs problem, and proposes a novel algorithm for solving this problem,
which extends the preliminary work in [70] from 2-player case to the general N-
player setting. In addition, we establish the connection between the proposed notion
of Price of Uncertainty (PoU) and the Price of Anarchy (PoA), and quantify the
sub-optimality gap of the potential function for any policy whose PoU is upper
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bounded. We provide numerical simulations to validate our PoU bounds established
in Theorem 4.3.1.



Chapter 5

Conclusions

This thesis introduces a novel framework for decision making with unknown future
costs, along with its theoretical guarantees and empirical evaluation across multiple
settings. We first apply this framework to the online LQ control problem with
sequentially revealed costs, this has discussed in Chapter 2. Then we apply this
framework to the online LQ control problem, where the costs must be inferred from
the expert’s optimal trajectory data, this has discussed in Chapter 3. Lastly, we
apply this framework to the dynamic potential LQ game problem, where it extends
the setting in Chapter 2 to a multi-agent setting. In this chapter, we will summarise

each chapter in detail and outline possible future research directions.

5.1 Summary of Contributions

In this section, we will summarise and discuss the research presented in this the-

Sis.

5.1.1 Chapter 2: Online LQ Optimal Control Problem

In the first technical chapter of this thesis, we present a novel framework for decision
making under unknown future costs, and apply it to the online L(Q optimal control
problem with sequentially revealed costs. Unlike the classical LQ control setting
where cost matrices are known a priori, the online setting assumes that, at any time
t, the controller only has access to past cost matrices and a short preview window
of length W, i.e., {Qryq, R Y™ WD with 0 < W < T — 1.

To address this problem, we propose a framework that predicts a candidate optimal
trajectory using the history #H;w defined in (1.4), and estimates the tail costs using
the most recent available matrices ;w11 and Ry for the horizon t + W < 7 <
T'—1. The controller tracks the estimated next state x;;1; based on this prediction as
given in (2.6). We adopt this framework to design a constructive deadbeat controller

given in (2.26) and analyse its performance using the notion of dynamic regret (2.2),

61
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as detailed in Theorems 2.3.1-2.4.2. These analyses show that the regrets are upper
bounded by terms that decay exponentially with the preview horizon. Furthermore,
we propose a sufficient condition in Proposition 2.3.2 that our framework achieves
a tighter regret bound than the state-of-the-art method in [12].

We validate the regret analysis results of our methods through numerical simulations,
comparing the proposed framework (2.6) and deadbeat controller (2.24) against
algorithms from [12] and [17], as well as a trivial constant linear controller. The
results confirm the exponential decay in regret predicted by theory and demonstrate
that our methods consistently outperform those that do not exploit feedback from

cost information.

In conclusion, Chapter 2 establishes both theoretical guarantees and empirical ad-
vantages of the proposed framework. It illustrates the benefit of exploiting feedback
from cost information and paves the possibility for extending this framework to more

general decision-making problems.

5.1.2 Chapter 3: Online LQ Optimal Control with Sequen-
tially Inferred Costs

In Chapter 3, we apply the proposed framework to the online L(Q optimal control
problem, where the cost function is not directly observable but must be inferred
from an expert’s optimal demonstrations in the form of optimal trajectories. This
setting models practical scenarios such as learning from demonstration, where the
decision maker has access only to observed behaviours and must infer the underlying

objectives that generated them.

To address this problem, we incorporate an Extended Kalman Filter (EKF)-based
estimator [64,65] into our decision-making framework. At each time step, the con-
troller uses the observed expert trajectories to estimate the unknown cost parame-
ters, then adopts the control framework proposed in Chapter 2 to plan a candidate
trajectory using this estimation and tracking towards it. We establish a regret bound
that quantifies the impact of parameter estimation error on control performance, and
derive a regret upper bound that holds under the EKF-based estimation scheme in
Lemma 3.4.1 and Theorem 3.4.1. Our analysis shows that as the accuracy of the
parameter estimates improves over time, the regret incurred by the controller de-
creases quadratically. The analysis also shows the regret yields a sublinear growth
with respect to time. We validate our theoretical guarantee with numerical simula-
tions. The simulation results in Figures 3.1 to 3.3 demonstrate that the proposed

EKF-based controller effectively learns the underlying cost function and improves
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its performance over time.

In conclusion, Chapter 3 illustrates how learning from expert demonstrations can
be seamlessly integrated into online control using our proposed framework, and
opens the door to future work on learning and control under uncertain or latent cost

structures.

5.1.3 Chapter 4: Dynamic Potential LQ Games with Se-
quentially Revealed Costs

In Chapter 4, we apply the proposed framework to the dynamic potential LQ game
with sequentially revealed costs problem, where it extends the setting from the single
agent case in Chapter 2 to the multi-agent case. The formulation of this problem is

introduced in detail in Section 4.2.

To address this problem, we introduce the notion of price of uncertainty (PoU)
(4.17) as a performance measure defined in (4.17), that extends the notion of regret
(2.2) from the online LQ optimal control problem to the dynamic game setting. We
then extend our proposed framework for N players, as defined in (4.22), and apply
it to the dynamic game problem formulated in 4.2. The PoU analysis establishes
lower and upper bounds that are incurred under (4.22), where the bounds consist of
terms that decay exponentially as the preview horizon of costs increases, and another
term that depends on the magnitude of the differences between the cost matrices for
each player (details are given in Theorem 4.3.1. Through simulations, we illustrate
that the resulting price of uncertainty initially decays at an exponential rate as the
preview window lengthens, then remains constant for large time horizons. This has

illustrated in Figures 4.1(b) and 4.1(a), respectively.

5.2 Future Research Directions

In this thesis, the system dynamics for the controllers are linear time-invariant. A
natural extension is to consider (potentially sequentially revealed) time-varying or
nonlinear dynamics. Another immediate extension is to extend the cost functions
from quadratic to non-quadratic settings. There are a few interesting long-term
extensions to all our respective problems. We outline these in detail in the follow-

ing.
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5.2.1 Chapter 2: Online LQ Optimal Control

In Chapter 2, we provide a sufficient condition under which our regret bound is less
than that of the state-of-the-art methodology. However, this sufficient condition does
not necessarily imply superior empirical performance. The analysis of realised regret
(rather than bounds) incurred by different control algorithms appears important, as
it provides a more practical way to help people select an appropriate method for a

corresponding scenario.

The proposed framework in (2.6) employs a time-varying control gain K, to track
towards the candidate trajectory. A particular choice of this gain is the deadbeat
controller defined in (2.26). While deadbeat control ensures rapid convergence to the
target trajectory, it is inherently a high-gain control (needs citation). Consequently,
it can result in excessive control effort and be sensitive to disturbances, which leads
to high costs. This has been shown empirically in Figures 2.3 where the regret decays
in a significantly slower rate and with much larger regret coefficients compared to
Figures 2.2. Therefore, a more effective approach would be to design the time-
varying tracking controller adaptively, taking into account the time step ¢ and the
preview horizon W. This is motivated by the observation that, as the time step ¢
increases or the preview horizon W lengthens, the candidate trajectory progressively
gets closer to the optimal trajectory. The adaptive tracking strategies can potentially

achieve better trade-offs between performance and robustness.

5.2.2 Chapter 3: Online LQ Optimal Control with Sequen-
tially Inferred Costs

In Chapter 3, we used a constant controller for tracking the predicted trajectory in
(3.24). As the copycat observes more expert trajectories, the candidate trajectory
progressively converges toward the optimal one. This progression, similar to the
observation in the previous section, motivates the development of adaptive, time-
varying tracking controllers that are based on the closeness between the predicted

and the expert’s trajectories.

Throughout this work, we assumed that the copycat must act immediately after
observing the optimal trajectory. However, in many learning from demonstration
tasks, immediate imitation is not required. For example, in autonomous navigation
tasks [73], the copycat may act after a delay, following the expert’s demonstra-
tion. This delay allows the copycat to access additional data, enabling the use of

smoothing techniques that can tighten the regret upper bound.

Moreover, we specifically consider the cost parameter that is fixed over time in the
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problem formulation. A natural extension is to allow the cost parameter to evolve

over time.

Another promising direction is to investigate the regret under the presence of dis-
turbances for the linear system, which could provide robustness guarantees for the

copycat’s policy.

5.2.3 Chapter 4: Dynamic Potential LQ Games with Se-
quentially Revealed Costs

In Chapter 4, we study the performance of our proposed framework within the con-
text of dynamic potential LQ games. A general dynamic game can be decomposed
into three components: a potential dynamic game component, a harmonic compo-
nent and a non-strategic component. To extend our framework to more general
dynamic game settings, a natural next step is to design controllers for dynamic LQ
harmonic games. These controllers can then be integrated with those developed
for dynamic LQ potential games, which enable the extension of our framework to a

more general dynamic L(Q game setting.

Another promising direction is to investigate the PoU in the presence of disturbances
within the linear system, which would provide further insights into the robustness

of the proposed framework.
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Appendix A

Appendix. Proof for Online LQ
Optimal Control

A.1 Proof of Theorem 2.3.1

Before stating the proof of the theorem, we introduce several necessary propositions
and lemmas describing properties of the matrices in Proposition 2.3.1. We first start

with proofs of Proposition 2.3.1 and Lemma 2.3.1.
Proof of Proposition 2.3.1: Follows directly from [18, Chapter 2.4]. [ |

Proof of Lemma 2.3.1: The proof is identical to that of [12, Appendix D, Proposition
11]. |

The following lemmas reveal a matrix-norm upper bound for Py, — Py, and K, —
Ky, for any 0 < 7 <t <t; < T — 1. These upper bounds imply the exponential
decays of || K — K, || and || Py, — Pr|| with respect to t — 7.

Lemma A.1.1. ForanyT > 1 and 0 <717 <t <ty <T —1. Consider v defined by
(2.11), Qumin and Pra, defined by (2.1) and (2.8), respectively. The distance between

Py and Py, from Proposition 2.5.1 satisfies ‘PTH — Pry || < % =T and
the distance between K., and K, satisfies HKTIt — Kﬂto‘ < CgytT.

Proof. Before proceeding with the proof, we first define the Thompson metric doo (-, -)
as 0oo(X,Y) = || 10g(X*%YX*%>HOO for positive semi-definite matrices X and Y
[74, Section 2], where || - || denotes the matrix infinity-norm. The following steps
show that as ¢ — 7 increases, under the metric d, the distance between P, and
P, is contracting with a rate between 0 and 1. Since @, R;, Py, Py: are positive
definite, by applying [75, Lemma D.2], the recursive relation between oo (Pri¢, Prit, )
and Ooo (Pry1jy, Pri1je) is such that doo(Prie, Prity) < V0o (Priafy, Priaje), where v is
defined by (2.11). Furthermore, we have 0o (Prity, Prit) < 7' 000 (Prtijtys Prtipt)-

75
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From [12, Lemma 6],

Ooo(Pritg: Pryp) <47+ 10g<

To upper bound || P, — Pr||, we can replace A, B,U and c from [12, Lemma 7|

with Py, Py, Pand 471 10g(M), respectively, that yields || Py, — Prye <

min(Qmin)
yt=r L quasBnsl o upper bound ||Kjy — Koy, note that

||Kr\t - K‘r|t0|| :H - (RT + BTPT+1|tB)_1BTPT+1|tA
+ (R- + BTPT+1|t0B)ilBTPT+1‘toAH'

Let Gi = (R, + B Pr114B) and Gy = (R, + BT Py, B), we have

| Krje = Koo | = 1GT BT Pryae — G5 ' BT Prypg|

= |GGy Ga BT Pryay — G5 'GUGUBT Py |

< GGG Go) (G Gy ) Ga BT Py — GiBT Pryapy |

<G GTH(I(G1Ga = G2Gh)GY ' BT Pyl + |G2 BT Priyy — GiBT Py )

< |G G G2 BT Priajy — G1BT P I, (A1)

where the last two inequalities are due to G; and G5 being symmetric matrices,
G1G5 — GG being skew symmetric, and the induced 2-norm of a skew symmetric

matrix being 0. Moreover,

|G2BTPriay = GiBT Py

<NR-BT(Pryaje = Pryajeo) | + 1Bl Praajeg (BBT) Py — Pryrjp(BBT) Pryaj |
< HRTBTHHPT+1|t - PT+1|tO“7 (AQ)

where the last step is due to Priq4y(BBT)Pri1jp — Pri1jy(BBT) Py, being skew
2

symmetric. Remember that Cx = HG;lelHHRmMBTHW. Substituting

(A.2) into (A.1) gives that || Ky — Kry || < Cry' 7. O

Lemma A.1.2. ForanyT > 1 and 0 <7 <t <T —1, consider matrices A and B
from (1.1), K, from Proposition 2.3.1, n defined by (2.10) and C' defined by (2.12),
respectively. For any 0 <ty <t; < T —1, we have HHtleto(A + BKﬂt)H < Cphr—totl,

Proof. Similar to that of [12, Proposition 2]. O

Lemma A.1.3. Consider the optimal control problem (2.4) and suppose that As-
sumption 2.2.1 holds. Then the control gain matriz K., for 0 <t,7 < T'—1 satisfies
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Omaz(A
K] < omest)

Proof. By Assumption 2.2.1 and Proposition 2.3.1, respectively, matrices R, and
P, are positive definite. Then, by [70, Lemma 6, Appendix|, and the fact that
B is full-rank, we have 0., (B) # 0 and ||(R-; + BTPTH“B)* PrieBl <
Thus,

Omin (B) :

_ Umax(A)
IKell < (R + B PriapB) ™ Py Bl | Al < Tl B)’

O
Lemma A.1.4. Consider the tracking control gain K, defined in (2.7) for 0 <t <
T — 1. Then the norm of K, satisfies || K| < SHAL

Tmin (B) :

Proof. By (2.7), we have ||A+ BK;|| < C; for any 0 <t < T — 1. This immediately
implies | BK:|| < Cf + ||A||. Then,

1Bl = \Amar (K7 BTBK) 2 \/Aaa( B, K, BT)
(i)
Z \V /\mam(KtTKt)o-mzn(B) - ||Kt||amzn(B)

Step (i) uses the property that the maximum eigenvalue of H' H is the same as the
maximum eigenvalue of HH ' for any real matrix H. Step (ii) is a direct consequence
of [76, Theorem 4.5.9] (taking 6 from the theorem as the minimal singular value
of B). Thus, ||K] < %. As B is full-rank, 0,,;,(B) # 0 and the bound is

well-defined. 0

The next lemma bounds the distance between the states generated by (2.6) and the
optimal states generated by solving (1.2), together with the distance between the
predicted states generated by (2.4) and the optimal states generated by (1.2).

Lemma A.1.5. ForanyT > 1,0 <W <T —1 and 0 <t < T, consider state x;
that generated by (2.6) and the optimal state x; as an element of the solution from
solving (1.2). Then for C,Ck,~ and n from Theorem 2.3.1, the distance between

state x; and optimal state x; satisfies

|z — 2| < (A.3)

C*Ci || Tl V", (-
————O0"(y —
v—1 q q—ny q q—n

t—1 -
PP ICRLANL (my

Moreover, the distance between the predicted state xy; as an element of solution from

< CCK||$0||7 Ny (4 = 1).

(2.4) and the optimal state x} satisfies Hxﬂt —
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Proof. The following proof provides closed-form expressions for the differences x;—x;
and xy; — o7 using the recursive definition of x; and xy; via the LTI system (1.1),
then uses Lemma A.1.2 to establish upper bounds on their norms. Note that the
computation of z; depends on xy;, so we upper bound ||z; — x| and ||z — zyr-1 ],
then use the relation x; — xf = x; — Tyr—1 = Ty — Ty + Tye — Tyr—1 to upper bound

|z — x| along with the triangular inequality. Define
Y =y — Ty and Oy g 1= Ty — Tiq, (A.4)

where 0 < p < ¢g<T—-1and 0 < ¢ < T — 1. Consequently, yo = 0, and via
inspection we have y; 11 = Z;ill HtT_:%(A +BK;)0j;-1,;. A closed-form expression for

Oijp,q, noting O, = 0, is then

Oit1lpg = Tiv1)p — Tit)q
= (A+ BEjp)zip — (A + BKjjg)ziq
= (A+ BKip)(Oijp,q + ijg) — (A + BEj)i)q
= (A + BKip)Oijpg + B(Kipp — Kijg)ijq-

In the following, for any given matrices {ag,--- ,an}, let I be the identity matrix,

define the product operator

I if my > ma,
ma2
H An = § U, if mi = mao,

n=mi
g Qg1 * Gy 1f M < Mg

The term 6;11), 4 can thus be further expanded as
i % n—1
0i+1|p,f1 = Z ( H (A + BKm|p)>B(Kn|p - Knlq) ( H (A + BKmq))-i'O
n=0 \ m=n+1 m=0

By Lemma A.1.2, we have [[I[},_,.1(A + BK,;)| < Cp™™ and || [T (4 +
BK, )| < Cn™. By Lemma A.1.1, we have ||B(Kyp — Ky)|| < Cgy?™". Thus,
10it11p.qll < %(1 — #) Choosing i =t, p=t, and ¢ =T — 1, results in

C2CKHjO||77t_1’YW+1

H(9t\t,T-1H < o (’yt —1). (A.5)
Moreover, [[fy; ]| < SEslfl2% (i — 1) Define iy = | [125(A + BK.,)]|.
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Combining the above, we have

t t—i—1

lze — el <D N TT (A+ BE)bji—1cwirw||

i=1 7=0
C?Ckl|Zo||[y"V & ifi
< SO 3 et - ). (A6)
i=1

2Cre|lzoly™" i (i -
s, o = ) € SO (£ = 1) 41500 - 1),

Furthermore, it is given that p,, = || [I-_,(A+ BK,)|| < Cq"* from the choice of
gains K in (2.6).

Therefore, the upper bound of the distance between the state vector and the optimal

state vector is given by

020 - w t—1 _ t—1 t—1 _ t—1
o — o] < K”"””O””(nt—ww WA AL el U i ”(q”n).
v—1 q q—ny q q—n
The proof is complete. O

Lemma A.1.6 (Cost Difference Lemma [12]). For any T > 1 and 0 < ¢t < T,
consider B from (1.1), Ry from (1.2), K be Kyp and P} be Pyr from Proposition
2.3.1, respectively. Let 11 = {m,}{ 23" be the control policy defined in (2.26), states
{z, Y= be generated from control sequence {u,}1—' for the linear system (1.1) where
each control being uy = m(xe, Hew). Setting u, = K[ xy, the regret defined by (2.2)
satisfies

T

Regret,(11) = (up — &t)T(Rt + BTP,;‘]rlB)(ut — Uy).
t

|
—

I
=)

We also need the following elementary result.

Lemma A.1.7. For any ay,as,a3 € R, (a1 + az + az)® < 2(ai + a3 + a3).

Proof. Note (a; + as + a3)® < 2(a; + a2)? + 2a2 < 4a? + 4a3 + 2a3. Similarly,
(a1 + as + az)? < 4a? + 242 + 4a? and (a1 + ag + a3)? < 2a% + 4a3 + 4a3. Combining
these gives (a; + az + a3)? < 52 (ad + a3 + a3). O
Proof of Theorem 2.5.1: In light of Lemma A.1.7:

B 10 .
Hut - Ut||2 < g(HKtlt - KtHQH%\t — T ||2 (A7)

G = KolPlle = 2 + 157 = Kol [l7(1%)-
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By Lemmas A.1.1 and A.1.5, the summation of ||z; — x}||* from ¢t = 1 to ¢t = T is
upper bounded by

2 Zo W 2 2 2.2 2 2
2(0 O@”_ !)7 ) <v Sr(n*y?) = 2vSr(n*y) + Sr(n*))
106} v n oo oo )So(*?) | nPSr(n?)
3 ((q(q —my)  qlg— n)) St(q) + Pla—m?2 - n)2>>' (4-8)

The summation of ||zy; — «}||* from ¢t = 1 to ¢ = T is upper bounded by
v Sr(n*y?) = 29Sr(7*y) + S(07°). (A.9)

By Lemma A.1.2, we have

ZH»’L}H2 (C2l|Zoll)*n* Sr(n*). (A.10)

Substitute (A.8), (A.9) and (A.10) in (A.7). By Lemmas A.1.3 and A.1.4, we have
| Ky — Ki||? < ak and [|K} — Ki||* < ok, where ak is defined in (2.13). From
Lemma A.1.6 and taking summation of the RHS of (A.7) from ¢t = 1 to ¢t = T, the
Regret(I1) can be upper bounded by v ¥, where

_10D||z|? (C*Ckn)? 2
‘1’—# (041+042)W{ 2Sr(n*y?) — 2vSr(n*y)
oy 10CF gy oy
BRI T ey e DALY
(U’Y)QST(UQ’VZ) UQST(H2) 2\2, 2 2
TP + TP 77)2] + (CxC?*)°n*Sr(n) |- (A.11)
The proof is complete. [ |

A.2 Proof of Proposition 2.3.2

Let F' and F” represent the right-hand sides of (2.14) and [12, Theorem 1, Equation
(15)], respectively. Note that

| BRyin BTIIP(L + | BR,i, BTII) (4" + ™)

|
F'>4 D||A|I7|| B|*A Praz)C*
H$0H H H H H maa:( ) < )\gnm(Rmm))\fnm(Qmm)(l_77)2
5, TP DIAIP] BIArsas (Qriae) O | B Roin BTI*7*

max

)‘?mn (RmWL))‘;lmn (Qmm> ,

)
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and

10D~y2W ||z ||2C*C% ax 1
< 1

+3¢£€iv<m—nﬁa—qv+<rfwﬂm

Thus, if

a 1 1007 1 2
5 [(1 - (1—§)2)(1—n2) - 3q%(q—n)? <(q—n)2(1—q)2 + (1—772)>]

)\717’?0,50 Qmax > - ,
(Qnae) 2 G o 3e RN Qo)) AP BRI BRL BT

min min

then it follows that F < F”. [ |

A.3 Proof of Theorem 2.3.2

We first state a stochastic cost difference lemma.

Lemma A.3.1 (Stochastic Cost Difference Lemma). ForanyT > 1 and 0 <t <T,
consider B from (1.1), Ry from (1.2), and let K} = Kyp and P} = Pyr with Kyr and
Py given in Proposition 2.5.1. We further consider the random sequence {wt}tTgol
where wy, € R", E(w;) = 0 and E(w,w,") = Cov,. Let I1 = {m}1=y" be the control
policy defined in (2.26), and the states {z;}{_g be generated by the system (1.1) with
controls uy = m(xe, Hew). The regret defined by (2.2) satisfies

T-1

ExpRegrety(I1) = B[ (w, — ) (R, + B Py, B) (u — @),

t=0

where u, = K xy.

Proof. With a slight abuse of notation, for any given x, define Vy(x) = 2" Qrx,
Oy (w,u) == 2" Qur+u' Ryu+E(Viy1 (Az + Bu+wy)), and Vi(z) := min, &,(z, 7(z)).
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The expected regret in terms of ®;(xy, u;) and Vi(x;) is thus
T-1
ExpRegret,.(I1) = E[Z z)] Qury +u) Ry + 21Qrar] — Vo(Zo)
=0

T-1 T-1
=E[>_ 2/ Qe +u Riug] + ) E(Viga (241)) — E(Vi(r))
t=0 t=0
T-1
= E[Z %TQtfﬂt + u:Rtut + Vigr(@e1) — Vi)
=0

= B3 i w) Vil (A.12)

Given state z; and control u;, following the proofs in [25, Chapter 5, Page 230], we
have ®(xy, u) = x] Qi + vl Ryuy + E(:thPH:th + T w! P W),

and ‘4(1}) = I:tht+ﬂ:Rtﬂt+E(<A$t+Bat)TP£:_1(A$t+B’ELt>+Zz TP*_HU}T)
Substituting the above into (A.12), we have

E[Z_ ®, (x4, u) — V()]

T-1 T-1

=E)> 2/ Qv + v Rowy — ) Qury — ) Ryt + Bz Plojwe + Y w! Prw,)
t=0 T=t

— E((Az, + Bu,) " Py, (Az, + Buy) — Z w) Prw,)]

T-1
=E[> (w —w) (R + B P}y B)(u; — w) + 2(u; — w) " (R, + B' P}y, B)(u, + B P}y, Ax,)]
t=0
T-1
=E[>_(u — )" (R + BT P B)(w — ).
t=0
]
From the above lemma, we have
T-1
ExpRegret,(I1) < D > E(|Jus — ). (A.13)
t=0

To establish the preceding lemmas for proving Theorem 2.3.2, we require the closed-
form expression of w4, y; and Oy, for 0 <t <T —1and 0 <p<q<T - 1. The

state variable z;, can be expressed as

t—1 t—1 t—1
Tt)g = H(A—FBKﬂq Ty + Z ( H A—FBKJM ) (A.14)

7=0 Jj=r+1



A.3. Proof of Theorem 2.3.2 83

To calculate y;, note that xo = x¢; = To, we again have yo = 0 and 0, , = 0. By

repeating the calculation of ;.1 as in Lemma A.1.5, we have

t+1 t—j

Yt+1 = Z H A+BK j|j 1,5+ (A15)

j=17=0

To calculate 0y, 4, for the case of 1 <t < p,

Oipg = (A+ BEK_1p)m4_1)p + wi—y

— (A4 BK;_1)q)T¢—1)g — W1
= (A+ BK;1p)(Or—1jpq + Ti-1)q)

— (A+ BK,_y)711, (A.16)
= (A + BEi1p)0i-1jpq + BKio1p — Ki1j)2e-1)q

= Z ( H A -+ BKm|t_1)>B(Kn|t—1 - Kn\t)xnhr

m=n+1

We also need the closed-form expression for the special case of p = ¢t — 1 and

q=t,

Oui—11 = (A+ BEK;_1p)xi—1ji-1 — (A + BKi_1p)Te—1)p — Wea
= (A + BEKy_1jp—1)0i—1jt—1,4 + B(Ki—1p—1 — K1) Be—1jp — Wiy

- Z ( H (A+ BKm|t1)>B(Kn|t1 — Kop)t) e — Wit (A.17)

m=n-+1

We use the above calculations to help us establish the following two lemmas, and

they will prove helpful for bounding the expected regret.

Lemma A.3.2. Consider i.i.d. random variables {w,}{_" where w, € R", E(wy,) =
0 and E(wyw]) = Cov,. Consider the linear system (1.1), initial condition Ty = 0
and policy Il given by (2.6), there exist positive scalars Cry and C’;%Q such that the

expected regret defined by (A.13) satisfies
EzpRegrety(I1) < (Cray®V + Cpy)T. (A.18)

Proof. The technique of proving the upper bound of this expected regret is similar
to how we established the upper bound for Regret for the disturbance-free case.
By Lemma A.1.7, A.3.1 and (A.13), we have ExpRegret(Il) < DX E(||u; —
wll?) = DX B(|(Kiy — K) (zg — 27) — (K = K) (2 — x7) + (K7 = Ky [?) <
0 1y — K)IPE(lzg — 2f1°) + 1K — KIPE(|z. — 27|?) + [IK7 —
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Kye|?E(||lz;]|?). Term || K; — Ky||* can be upper bounded by using Lemma A.1.1,
and the upper bound of ||Ky; — Ki||?, ||K; — K:||* are referring to a; and vy from

Theorem 2.3.1. Therefore, we can prove the lemma by establishing the upper bound
of E(|lzye — 27 1”), B[z — 27]1%) and E(||lz7[*).

We start with upper bounding E(||zy; — x7||*). Recall that zy; — z} = 0y from
definition (A.4). Substituting (A.14) to (A.16) and let zy = 0, we have

E([|0yer-111%)

t—1n—1 t—1 1

* % 2

~ B0 S5 (T (a+ m B~ ) TT 4+ 555 )l

n=0 r=0 m=n+1 j=r+1

(C2CK>2’}/2W772t’}/2t t—1 n1—1ng—1 E w’r T)
= 5 DD D i = Bup. (A.19)
N nip= 8T1 =0 ro= Oﬁy n
na=

Furthermore, the above summation can be written as the form of v (C, , +
Ly,,(n", 7% n?t,+*), where C,,_, is a non-negative scalar that independent of ¢, and
Ly,,(n", 7" n*, 7" is a linear combination of n*, 7%, n* and 2.

To bound E(||z; — z}||?), substituting (A.17) into (A.14) gives

E(||lz: — 27])

< 2E(||zy — zye|*) + 2 E([|lzye — 27]1%)

B [ (A+BE)Y S ( I 4+ BKmh-_HW))

i=1 7=0 n=0r=0 \ m=n+1

n—1
B(Kn|i—1+W — KZ)( H (A + BK;))UJT — w¢_1||2) + 2/iw9

j=r+1
< Kuwzs (A.20)
where
— n1—1l,na—1 E w, wT i1+ig—n1—ng
= 2k + 2(C*Ci)*n* Z > (wn, ’“QZL (A.21)
i1,02=1 11,r2=0 1 e
ni,n2=0
Moreover,
— t—1
E([|lz;]1*) = E(| Z II (A+ BE;)w|?) < Kuar, (A.22)
r=0 j=r+1

where Kype = C* Y1 L E(w,, w] ) In* 7271 Terms Ky and Ky, are of the
ro=0

form C,,  +vW(Cho+ Ly, (0,7 0?1 7)) and C, . +Ls, . (0!, 74, 0%, 7*), respec-

Rwz
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tively, where C

Rwazx?

t, Ly, (', 75 0% 4%) and Ly, . (n',~%,n*,~*") are linear combinations of 7', v, n*

C,,.- and O,;M are non-negative scalars that are independent of

and 2,

Recall oy, ag and D defined in Theorem 2.3.1. By applying the elementary inequality

from Lemma A.1.7, we can upper bound the expected regret as follows,

ExpRegret(II)
10D 1=} “112 2 oW 12
S5 Z (a1 E([|zge — 27 11?) + a2 Bz — 2 [1*) + CEA*" E(ll2 1))
1ODT !

S T Z Q1 Ryp + CIZ(’YQW/{wa:* + Q2Kug
t=0

where v2V Cpy = 192(CF Kyppr + 1 bwp + 02(Clr, + Ly, (0,7, 0%, 7)) and Cry =

Rwaz

020, (C,,,. The last inequality holds by substituting (A.19) and (A.20) in (A.13).

]

Lemma A.3.3. Consider the sequence of i.i.d. random variables {wy}j—o where
wy, € R, E(wy,) = 0 and E(wyw]) = Couv,. Consider the linear system (1.1) and
policy 11 from (2.6), then for any Ty € R", the expected regret defined in (A.13)
satisfies ExpRegret;(11) < RHS of (2.14) + RHS of (A.18).

Proof. Let Kig, Kuwo, Ktz, Kwzs Ktar, Kwer and F,, denote the RHS of (A.5),
(A.19), (A.6), (A.21), (A.10), (A.22) and (A.18), respectively. Rewrite state zy,
defined in (A.14) as xy, = X?m + th‘q, where X?\q = HZ%(A + BKjj4)%o and

thlq =Yl < i A+ BKM))wT Note that Xt\ does not contain any terms

involving random variables. Then, we can calculate and upper bound E(||z; — z}||?)
by

E(|lzy: — 27[1%)

t—1
—EHZ( I A+Bmm03mm—Kmﬁw>
=0 \m=n+1
t—1
—HZ( I A+Bmw03mm—KmﬁmF
=0 \m=n+1

+EHZ< 1 A+B&WQBMW—Kmﬁmm

m=n+1

< Kt + Kuwb, (A.24)
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where the last two lines hold since the expectation of X;‘T, and of cross terms between

X9L|T and X?ll\T7 is 0.

To upper bound E(||z; — z}||?), note that E(||z, — 2} ||?) < 2E(||z¢ — zye)® + ||lzye —
z7]|?), and the upper bound of term E(||z;; — x}||*) is given by (A.24). Therefore,
it remains for us to upper bound E(||z; — z4|*). By (A.15), we have

t—1t—i—1

Bz — zel|*) = E(1 X2 T (A+ BK)0i-14)- (A.25)

i=1 7=0

By (A.17), for all 1 < i <t —1, 0,1, can be written as Zi%( sl A+

m=n+1

BKmi—1>>B(Kn|i—1 — Kn\l)[x(r)m + Xim] — W;—1. For k S {0, ].}, let

i—1 i—1
Xk 1)i-1,4 = Z ( H (A+ Bsz-_l))B(Kn“_l - Kn\i)Xfx\i'

n=0 \ m=n+1

Substitute the above into (A.25), we have

E([|z; — xt‘t||2)
t—1t—i—1
:E<||Z H (A+BK )(XO 1]i— 11+Xz 1li—1,i wi—l)Hz)
i=1 7=0
t—1t—i—1
=112 II (A+BE)X) 1l (A.26)
i=1 7=0
t—1t—i—1
+E(Y [ (A+BE) (X1, —wi)|P). (A.27)
i=1 7=0

The above equality is due to (A.26) not containing any terms involving random
variables. Note that (A.26) is upper bounded by k;, given in (A.6), and (A.27) is
upper bounded by K, in (A.21). Therefore,

E(th - xt|t||2) S Rtz + Kwsz- (A28)
Furthermore,

E([l2711*) = Bl + xarll*)
= Irll® + Bl ) < fear + fue-. (A.29)
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Substituting (A.24), (A.28) and (A.29) into (A.13), we have

ExpRegret(II)
<5 (1 E([lzge — 27 |]7) + ca E(|lzy — 27 ||7) + Cry (lzZ]1%))
t=0
10D =1
< a1 (K + Kro) + ao(Ki e + Kuwz) + O™ (Kuar + Ko )

3 t=0

Recall that F" and F,,, denote the RHS of (2.14) and the last term in the inequality
(A.23), respectively. Rewriting F' and F.p, with kg, Kwg, Kre, Kwws Kta*s Kz
we have F = % S cukieg + agkyp + C2y2Wky 4 and F,y, = % STt ke +

Qokuwe + C2Y*W Ky Therefore, ExpRegrety(I1) < F + F,,. O

Now, we are ready to prove Theorem 2.3.2.

Proof of Theorem £2.3.2: Based on the expression of F' and F,,, from Theorem 2.3.1
and Lemma A.3.2, there exist positive scalars Cry, Crs and C/ER, such that F <
YWCORT and F.pp < (7Y Cro + Cpp)T for T >1and 0 < W < T —1. By Lemma
A.3.3, the expected regret under control policy (2.6) yields ExpRegret,(IT) < F' +
Flop < W(Opi+CroT)+CyxpT. Let Cpr = Cpri+Cro, we have ExpRegret,(IT) <
(V"W Crr + Cpp)T. .

A.4 Proof of Theorem 2.4.1

To lay the groundwork for proving Theorem 2.4.1, we first study the special case of

one-step controllable systems.

One—Step Controllable Systems with No Disturbance

In this section, we consider the case where for any given xq, x; € R", there exists a
controller K, such that u = Kxg and 11 = Axg+ Bu. At each time ¢, we select K; so
that Aw, + BK;xy = 2441}, where 2,11} is calculated from (2.4) for the disturbance-
free case. The control design is similar to the case with disturbances but with x,, ),
predicted via (2.25).

Proposition A.4.1. ForanyT > 1, 0<W <T —1and 0 <t <T —1. Consider
optimal feedback gain Kf as Kyr defined in Proposition 2.3.1. Let controls {u b=t
and states {x;}1_, be generated by control policy (2.6) for the linear system (1.1).
Then the square of the distance between control u, and K;x; satisfies |u,— Kjx|]* <
Z(CQC’%(—I—M)UZWQW, where constants C, Ck,n,~y are defined in Theorem 2.3.1

(1-7)?
and Cg 4 is defined in Theorem 2.4.1.
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Proof. 'To calculate u; — Kz,

u — Kjx, = (BTB)ABT(%HH — Axyo1) — Ky

= (BTB)leT(Axﬂt — Axt\t—l + BKt|t:Ct|t> — K:xﬂt_l

= (Ktlt - K:)xtlt + (K7 + (BTB)ABTA) (xt\t - xt\t—l)a
By [zl < C*n*, ||lzye — zyen|* < C?fiﬂgzwn%, the elementary inequality (a; +
a2)? < 2(a} + a3) and || Ky — K7 ||* < C342V, we have |luy — Kja||* < 2(C*CE +

Cc2 ,04C2
B (e U O

Remember that ||R; + BT P,y B||> < D (cf. (2.10)). Invoking the Cost Difference
Lemma (Lemma A.1.6) and Proposition A.4.1 that yield

T—-1
Regret,(II) < > ||Ry + B Py B|?|||Jue — K 2|?
t=0

~ T-1 02 0402
< Dlizol* 32 2000k + = ™
t=0 Y
cicz 1 —n?T

(A.30)

Lifted Space Case

We start by stating the next two propositions to help us upper bound the regret for

adopting the deadbeat tracking controller in disturbance free case.

Proposition A.4.2. Suppose t is a positive integer. For any pair of real square

matriz sequences of the same dimensions {a,}:_, and {b,;}L_,, we have

t t m—1
aiQg—1 Ay — btbt—l e bO - Z [ H ar](am - bm) H br~
m=0 r=m+1 r=0

Proof. Define ¢y11 = a;py, i1 = bithy, and ¢ = g = I, where [ is the identity
matrix. We have
t t
(H ar — H bT) = Qry1 — Yry1 = @@ — by
7=0 7=0
= ay(¢r — Yy + ) — biby = ay(¢r — ) + (ar — by)y
t t m—1
= Z ( H ar>(am—bm)< H br>.
r=0

m=0 \ r=m+1

The last equality follows from the recursive relation between ¢;,1 — ;.1 and ¢, —
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89

([

Proposition A.4.3. Suppose (1.1) is a d-step

]

controllable system. Consider T' > 1

and 0 < W <T —1 whereT mod d=0 and W modd=0. For0 <71, <Ty, the

distance between matmees KT Iy and K* as KT Ty deﬁned in (2.20), respectively,

satisfies || Kyjr, —

||2 < C- ,YQmaX(OW d) where O

2CA 02 1= —*+|BI? y?4—n?
CC 1—~2 y2-n% "’

with C,Ck,~ and n defined in (2.12),(2.9),(2.11) and (2.10), respectively.

Proof. From [5, Equation (22)], we have

K,

d

= (RTd\Td + Ard\TdATd\Td)

|7a

T =
A’T‘¢|Td'_‘7d‘7'd+

K drgqldry

Kde+1‘de (Adelde + Bde‘de Kde|de)

d(1tq+1)—1
Katrgs 1)1} (TL44D

By definition of }A%Tdm, A, and Z; . per

An|d‘rd + Bn|deKn|d‘rd)

(2.17), (2.18) and (2.19), with the

assumption on preview window length W in Theorem 2.4.1, we have (ﬁ{m\m +

AT

Td|Td:Td|Td

Al ATd|Td)

TalTa
need to bound the following term:

Kd'rd|d7'd -
Kde-l-l\de(A + BKdeW’d) -

d(tq+1)—1
Kd(7d+1)—1|7'd[nn( (ciird)

d(tg+1)—
—Ka(ry+1)—1j7y [Hn( flm

To this aim, note that the square of 2-norm of

K;;Td
K;Td+1 (A + BKde\dTam)

(A + BKjar,)]
(A + BK”WHO)]

(D T —1IAT =
= (Ryyr, + ATd\TdATdITd) AL 1, Zry 1, Hence, we only

drg+r—1 B drg+r—1
Kayiris 11 (A% BEuun) = K3, 11 (A+BK)) (A31)
n=drq n=drq
is less than or equal to C*C%n?r(y2@Wa=r) 4 ||B||272(dwd*7")%:;1)). In light of

Proposition A.4.2 and Lemma A.1.1:

< Z ||Kd7d+r\d7'd H (A + BKn|de> -

d|7'd
d—1

r=0

* H2
drg+r—1

n=drq

B drg+r—1
K@H I (A+BK)I
n=dryq
2d

—-n

< CAC2A22max(OW = d)l_’l?’ + || BJ]” v
-2

=: (%
2 —n? K
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]

The next lemma is the lifted space version of Lemma A.1.6.

Lemma A.4.1 (Cost Difference Lemma in Lifted Space). For any T > 1 and
0 <t <T, consider B from (2.21), R, from (2.24), K; be K., in (2.22) and P}
be PﬂT from (2.23), respectively. Let I = {720 be the control policy defined in
(2.26), states {jtdﬂ}z;d:_ol be generated from control sequence {ﬂtd}z;d:_ol for the linear
system (2.21), where each control being U, = [Uar,, Udty+1, - - » Udty+d—1] and ug is
defined in (2.26). The regret defined by (2.2) satisfies

Regretp(Tl) = Y (ity, — K220, (R + BT B B) (i1, — K3, 2.,).

Ta=0

To state the proof of Theorem 2.4.1, we define C’mm = {@?;é@%nax, Ond,n}, Az =
CA(maCUA_lBe7 a‘nd Rmax = @ Rmax + AT Amax"

maxr

Proof of Theorem 2.4.1: By applying the Cost Difference Lemma in Lifted Space, the

upper bound of ||K,,,, — f(;*d||2 from Proposition A.4.3, the elementary inequality

a|Td

of (a1 + az)? < 2(a? + a2) and repeating the steps leading to (A.30) yields

Ty—1 ~
RegretT(H ) < 2D Z ||Kd\fd K:AFH%IMHZ

T4=0
+ HKZ + (BTB>713TAM|T(1—1HQH;%TMTCI - :E‘Td‘Td—1H2>
< ‘ij/}/QmaX(O,W—d)‘

where U := 2D72||Z0||?[C*C —i—CKA(l 5 ] T - with Ck, 7,7, C, and C defined in
(2.9), (2.10), (2.11), (2.12), and Proposition A 4.3, respectively, and D := || Rz || +
d|| B||?|| Prae || and Cxa == || B|||| Al + diﬁiﬁfé The above uses inequalities from
Proposition A.4.3, and Lemmas A.1.2 and A.1.5, respectively.

A.5 Proof of Theorem 2.4.2

Similar to the above regret analysis for the lifted space disturbance-free case, we first

establish the regret for the one-step controllable case in the disturbance case.

One—Step Controllable Systems with Disturbance

Proposition A.5.1. For any T > 1, consider i.i.d. random variable {w;}{—;' where
w; € R", E(wy) = 0 and E(ww, ) = Cov,. We further consider 0 < W < T —1 and
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1 <t <T. Suppose states xy; and x,,— are determined by solving Problem (2.24)
at time d| L] given Hyw and Hy—yw, respectively. Then, E(||z,.||*) < C?||Zol*(n* +

Trf_cizgw)) and E(||zy, — :Bt\tfl”2) < ww 1) 4 M), where constants

C,Ck,n and v are defined in Theorem 2.5.1.
Proof. By using
t—1 —1 -1

Tyt = H (A+ BK1)Zo + Z H (A + BEKy¢)Wi—1—r,

7=0 7=0n=t—1-—71

we have E(||mt‘t||2) < C?||Zol|*(n?* + M) To upper bound E(||zy; — zy— 11?),

note

Ty — Tepo1 = W1 + B(Kp — Kioqje—1)Te—1jp—1 + (A + BK;_qp)

D" I (A+ BEup) B(Kppy — Kpjp—1)@pji—1)-

n=0 m=n+1

By adopting Lemma A.1.7, E(||zy; — 24;—1]|*) can be upper bounded by

E([|zy: — zge-1?)

10

< S E(I(A+ BE o) (@ =z [P+ 1B = Kemapn)zeoem | + e |
10 C242W||z0|2C? _ Tr(Covy,)

< 3 [Tr(Cov) + (Z5 5= )(C B (0 + == 2]

We also need a lifted-space expected cost difference lemma.

Lemma A.5.1. For any T > 1 and 0 < t < T, consider B from (2.21), R,
from (2.24), K; be K., in (2.22) and P} be Pyr from (2.23), respectively. We
further consider the random sequence {w,}i—} where w, € R", E(w,) = 0 and
E(ww/]) = Cov,. Let TT = {7, }75} be the control policy defined in (2.26), states
{jtd+1}g;d;()l be generated from control sequence {atd}Z};OI for the linear system (2.21),
where each control being Uy, = [Uar,, Udty+15 -+ > Uaty+d—1] and ug is defined in (2.26).
The regret defined by (2.2) satisfies

~ Td_l ~ ~ ~ ~
EzpRegret, (1) = B( Y (i, — K7 &) (Rr, + BT Py B)(itr, — K7, 75,)).

T4=0

Proof. The proof mirrors that of Lemma A.3.1. O
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The next theorem presents the expected regret upper bound in a one-step control-

lable system under policy (2.26).

Theorem A.5.1. Adopt the hypothesis of Theorem 2.5.2. The expected regret satis-
fies ExpRegret;(11) < (Crroy®™ + Crppo)T, where policy 11 is defined in (2.26) and

T T Covy C2 ,C?||B|?
Crro = 2 To|PCRC?1 + F{E][1 + S92,

Proof. From the previous lemma, we have that ExpRegret(I1) < D STLE(|u —
K} z:]|?). To bound E(||us — K;z¢||*), note

E([lue — K} x||?)
= BE(||(Kye — K)oy + (K + (BTB)_lA)(ﬁtlt - $t|t71)||2)
<2(1Kye — KPP E(lzgll?) + 1K + (BT B) AP E([|lzyge — zgea|)?).

Based on Proposition A.5.1, the above inequality can be upper bounded by

_ r(Cove 02 045 2 202 _ " Voo
QVQW[C}Q(C2HQ3OH2(77%+ %712)) + Cika ||1_0!|y2||B|| K(772(t 2) 4 %)} Tak-

ing summation above that t wvaries from 0 to T — 1, let Cgro =

RCRAIBIPCRIalPC? 151 + & | 1+ <] and Clp = 2% the exc

pected regret can be upper bound by ExpRegret,(II) < (Cproy?V + Crpo)T. O

We need another proposition associate with the disturbances in the lifted space to

proof Theorem 2.4.2.

Proposition A.5.2. Suppose i.i.d. random variables w, satisfy E(w,) = 0 and

E(w,w!) = Couv, (also E(w,w,) = 0 for n # m), then Y00 E(||A™w,||?) <
Tr(I— A% Cov,, A?T)

-0 oi(A)

Proof. Note  that 4”0 E(||A™w,|?) = S E(w,] AT AMe,) =
SELE(Tr(AMT Amw,w,)) = S92 Tr(A"T A"Cov,,) = 2928 Tr(A"Cov,, A"T) =
Tr(24Z4 A"Cov,,A"T) := G. Moreover, G — AGA" = I — A%Cov,A?". Using
the cyclic property of trace, we have Tr(G)(1 — 2%, 0y(A)) < Tr(G — AGAT) =

Tr(I — A%Cov,, A4T). Therefore, Tr(G) < Tr(ll_ﬁzcovw(j?). O
T24i=1 7

Proof of Theorem 2.4.2: Similar to the proof of Theorem A.5.1 for the one-step
controllable case, we have

tq—1 tqg—1 tg—1

E |z, |* <E(| H (A+ BEue )70+ 3 I] (A4 BRup ) Auyy-1-0, %),

Tg=0n=tyg—1—74
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E("dele dele 1” )

10, ~ -~ ~ - ~
< S IB(Kr-1pr, Kry g )P B[y 1, [IP) + B Awidr, 1 [%)
+ I(

By (A.24) and (A.28), we have

HB(RH—HM - f(Td—l\Td—l)Hz E(H'i.Td—l‘Td H2)

d dT
< HéHQCQHjoH272(1—d+de)<772d(7-d—1) + TI"(I —A COZwA ) )7
N (1 _772)(1 — i1 Ui<A>>

E((A+ BKyy1jry1)@ry—1jry — Erg—tjra—1)|1%)
< CandC4H~”Z'0H2HBHQC?<’YQM
< 2

4 Tr(I — A%Cov,, A4T) ]
! (1—n)(1— 2L, 0:(A)"

i~ Tr(I—A%Cov,, A%T
and E(|| Ay, 1]]?) < i—Zleai(A) ), Therefore,

ExpRegret.(I1)
T,-1

< Z E(“([(tdﬁd - K:d>3~7td|td + (K:d + (BTB)_lfI)(jtdﬁd - ftdltrl)Hz)
tq=0

<

(CfER,_yQ min(0,dWy—d) + é]/ER)de
_ (CNYERP)/2 max(0,W—d) + CHER)T7

~ _ v (I—AdCovy ATT

where G 1= 29°C |1 + At e
=171

A Tr(I—A%Cov,, A%T _

Cl = 21+ BUELCwtD ) | B2 7).

10n*?C*||B||2C} Cr ay**Wa

3(1—72)(1-1?) J, and

93



Appendix B

Appendix. Proof for Online LQ
Optimal Control with Sequentially
Inferred Costs

B.1 Preparatory Results for the Proof of Lemma
3.4.1

In this section, we discuss auxiliary results and their proofs used in the proofs of the

main results of this paper.

From Proposition 1, we observe that the states éﬂt and x} can be expressed as

T

Ervip = [ (A+ BKo)o, (B.1)
m=0

vt = [] (A+ BK},)Zo, (B.2)
m=0

for 7 € Np_; and where K’ and f(ﬂt are defined in (3.29) and (3.26), respec-
tively.

The following lemma provides upper bounds of || H;ZO(A—l—BI%m‘t) | and || TT},—o(A+
BEL)|-

Lemma B.1.1. Let Assumptions 3.2.1 and 3.2.2 be satisfied and let t,7 € Np_q,
7 < t. Moreover, consider K*, K., n, i C and C defined in (3.28), (3.29), (3.32h)

94
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and (3.32g). Then, for all to,t; € Npy_y, to < ty, it holds that

t1
[[ (A+ BR,,)| < Cqp—to+, (B.3)
T=to
t1
[] (A+ BK?)| < Cyrtott, (B.4)
T=to

Proof. The proof is identical to the proof of [12, Proposition 2| by replacing B, K;
from the proof of [12, Proposition 2| with B, f(ﬂt defined in (3.1) and (B.1), respec-
tively. The proof of the second inequality follows same procedures, but replacing K;
from the proof of [12, Proposition 2] with K. O

In the next lemma, we bound the distance between Z,, and 7 in terms of i)t‘(m)
and ®%, defined in (3.30) and (3.31), respectively.

T|¢
Lemma B.1.2. Let the assumptions of Lemma B.1.1 be satisfied, let I' € R™™™ be

defined such that A + BT is a Schur matriz, and recall the definitions of éﬂt and
x* in (B.1), (B.2). Then it holds that!

T

t—1 ,.n

£ * A A(t— - m <«

1€ — 271l < CCA VB 120l D ﬁ7@n|t7 (B.5)
n=0

~ ~ n t J-1 ﬁ A
2 = —1 j
160 = &uell < CC HBHonHﬁ% ) Z(;)]@nuj—m), (B.6)
]:171:0 q

where i)n|(j_17j) and (i)q*%lt are defined in (3.30) and (3.31), respectively.

Proof. For 7,t € Nr_;, we define w;, := éﬂt — x7.  Note that wg; =

ot — x5 = To — oo = 0 for all t € Np_; according to (B.1), (B.2). When 7 = 1,

we have

Wyt = él|t - ff - (A + BKOU)éOIt - (A + BKék)xS = B(Ko\t - Kf)k)fo- (B~7)

IThe first inequality will not be used throughout the proof, but we still keep it and the proof.
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For 2 <7 <T —1, using (B.1) and (B.2) it holds that

w7'|t = éﬂ"t - x;fk
= (A+ BE,_1))é -1 — (A+ BK;_)ai_,

= (A+ BRT—llt)(wT—llt +ar ) = (A+ BKZ y)r;
= (A + BKT_1|t)wT_1|t + B<KT—1|t - Ki71>$;k_71

T—2
= (A + BKT,”t)wT,”t + B<K7'71|t - K;_k_1> H (A + BK,;:)EO
n=0

and we have thus rewritten w,|; in terms of w,_;; and Zo. If 7 —1 > 0, we can thus

apply the same step to replace w,_;; with an expression depending on w,_s; and

ZTo, i.e.,
. R . T—3
w.,-‘t = (A + BKT—1|t) <(A + BKT_2|t)w7-_2|t =+ B(KT—Q‘t — K:_Q) H (A + BK:;)CCO)
n=0
. T—2
£ B(Rr oy~ Kiy) TLA + BKD)g
n=0

H A + BKn|t Wr 2|t

n=t

+ Zl ( rf (A+Bf(m|t)>B(Km K*)(ﬁ(A+BK;)>5cO.

n=7—1 \m=n+1 m=0

Using this argument iteratively and applied to 7 = ¢, it follows that

wp =Y ( I A+ BKmt)>B(Knt K*) ( T4+ BK;))%.

n=0 \ m=n+1 m=0

By using the triangle inequality and the fact that the 2-norm is sub-multiplicative,
for 2 <t <T —1, we have

e — ] <

t—1 t—1 R R n—1

> ( I <A+BKM>)H B — K| H( H<A+BK:;>)] 1ol
n=0 m=n+1 m=0

By Lemma B.1.1, [ TI:2,,1(A + BKnmp)| < Ci'='=" and || [T5Z0(A + BE;)|| <
Cn", and by recalling the definition (3.31), the last expression can be further upper
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bounded by

t—1 n
N . TRy A N _
€ — 2l < > CCpt 1)*ﬁnIIB|I|IKn|t — K[l Zoll

n=0

t—1 ..n
AN A(t— 77 > * =
= CCiV|B| Y. ﬁanKn\t — K[zl
n=0

t—1 . n
AN A(t— n =z =
<Con VB> — 7 [|Zol]-
n:OT]
For ¢t = 1, note that C > 1 and C > 1 by (3.32g), using (B.7), yields
[wip|l = [|B(Kop — K)ol < ||Bl[o|1Zoll,

and the first inequality in Lemma B.1.2 follows.

For the second inequality in Lemma B.1.2 consider 0 <t <T—-1,0<p<qg<T-1,
and let

¢t|p,q = étlp - gt\q' (B.8)

Similar to the calculation of wy, it follows that

Dtl(p.a) = ét\p - éth

= <A + Bktfl\p)étfllp - (A + Bktfllq)étfllq

= (A+ B[A(t—l\p)(@—ll(p,q) + ét—llq) —(A+ B[A(t—llq%t—llq
=(A+ Bkt—l\p)(bt—ll(p,Q) + B(Kt—l\p - Kt—l\q)ét—llq

t—2
= (A+ BEy_11p)$1-1/(pg) + B(Ki—1jp — Ki—1g) [T (A + BE,j9)%0.
n=0

Expanding the above recursion as in the case of w,|;, we have that

t—1 t—1 n—1
o = 3 ( A+ BKm|p>)B<Kn|p - Km»( T[4+ BKmq>) 1ol
n=0 \ m=n+1 m=0

Further, by applying the triangle inequality to the right-hand side of the above
equality for 7 € Np_;, we have

7j—1
51G-1ll < C*P B Y @1, 1ol (B.9)
n=0

Next, we upper bound the distance between &, and §t+1|t+1 for t € Np_;. Using
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(3.24), we have
§41 = A& + By, = AG + B(I(& — ét|t) + Dy

By (3.19), we have Vyjg = f(t‘tﬁﬂt. Combining the calculations above, we can derive
an estimate for ||&,1 — ét+1|t+1|] as follows. Using the system dynamics (3.1), (3.2)
and the definition of ¢,. in (B.8) it holds that

Oet1)(t41,641) = Et1 — €t+1|t+1: A& + By — ét+1|t+1
= A&+ B(I'(& — €t|t) + Kt\téﬂt) — ét+1|t+1-

With the definition of A in (3.21) and the definition of ¢.. in (B.8) this expression

can be further rewritten as

Gtr1)(t+1,041)
:@4+BFKW+BU%H—F£W—%A+Jﬂ%0§u+§ﬂu—éﬂwu

= Aae + B(Ky, — T)éye — (A+ BT + B(Kye — I))éye + Ev1e — Evtjen
= Aal& — ét\t) + Gri1)(te+1)

= Aady(te) + Dea1|(tt1)

Thus, applying this argument iteratively, we can conclude that

t+1
£ t+1—j
¢t+1|(t+1,t+1) = &1 — §t+1|t+1 = Z Acl j¢jlj—17j~
j=1

Therefore, from Corollary 1 the estimate ||&41 —ftﬂ‘tﬂ | < S5 Canl P 1 d1-1.9)

follows, which can be further rewritten as

t+1j-1 A
o A A URYF¥ —
€41 — ft+1\t+1“ < CqCQHBHUfIHU ! Z Z(*)Jq)nl(j—l,j)HxOH
j=1n=0 "la
using (B.9), and which completes the proof. ]

Before we continue with a proof of Lemma 3.4.1 we state the following result from

[50], providing an alternative representation of the regret in (3.15).

Lemma B.1.3 (Regret representation [50, Lemma 11]). Let T > 1, consider the
linear system (3.2) and assume that Assumption 3.2.1 satisfied. Moreover, under
Assumption 3.2.2 let R*, (K} )ieny and (P)ieny in (3.32) be defined according to
(3.25). For & € R™ arbitrary, let (t4)ien,_, be defined through vy = K}& and the
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dynamics (3.2). Then, for {v,}=g arbitrary, the regret in (3.15) satisfies

T—
Regret,( {Vt} Z — I/t g BTPt*HB)( — ).

t=0

>—‘

With the help of Lemma B.1.3, we proceed with a proof of Lemma 3.4.1, which
establishes the regret bound (3.33).

B.2 Proof of Lemma 3.4.1

Proof of Lemma 3.4.1: Let (4)en,._, be defined according to Lemma B.1.3. Then,

according to Lemma B.1.3, we have

T-1
Regrety({vi}Zy) = D (v — ) (R* + BT P}y, B)(vi — 1t)
=0
T-1
<D} |w— K&l (B.10)
i=0

and where D is defined in (3.32¢). By definition of 1= (&, 0;) = T'(& — éﬂt) + Dy
n (3.24), and by using the identity 2, = Rt|tét|t, which follows from the represen-

tation in Proposition 1, we have

lve = K7€l = IT(& — &ue) + uge — K7
- ||F(§t - gt\t) + f(t\téﬂt - Kt*ftH

With the triangle inequality and the sub-multiplicativity of the 2-norm this expres-

sion can be upper bounded by

lve = K& = (0 = K7)(& = &) + (Ko — K|
< T = EDNIE = &gl + 1 (Ko = ED N Exell

With (B.1) (for 7 = ¢t — 1), inequality (B.3) in Lemma B.1.1, inequality (B.6) in
Lemma B.1.2 as well as the definitions of <I>Z‘|t and A in (3.31) and (3.32i), respec-

tively, the following inequalities hold

t—1
lve — KF&N < (Ko — KO TT (A + BEj)Zoll + [I(T = K& — &)l
n=0

¢ -1 4
_ A B TN
< onH< 3O+ AC,CR||Bllng ™t Y- (n)jq’n(j—l,j))-
j:ln:O q
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Finally, combining this estimate with (B.10), we arrive at

Regrety({vt}i=y )
<D |lln— K&l

T-1

< 2an0”2( S (i) +

t=1

2
AC,C|Bllng 122 Uy, 1J>] )

g1n077q

and where we have additionally used the fact that (a; + a)? < 2(a? + a3) for
ai,as € R. [ |

B.3 Preparatory Results for the Proof of Theo-
rem 3.4.1

To go from the regret bound in Lemma 3.4.1 to the regret bound in Theorem 3.4.1
we need to derive estimates on (i)n\(j—l,j) and @j‘t. To this end, we first recall the

Thompson metric du (-, -) defined as
1 1
0oo(X, V) = [[log (X 2V X 7)o (B.11)

for positive semi-definite matrices X and Y [74, Sec. 2.
We first establish a relationship between 0 (+,-) and || - ||.

Lemma B.3.1. For any X,Y € S, it holds that
1 X = Y| < max(Amax(X), Amax(Y)) 000 (X, V).
Proof. From [77, Rem. 2.2], we have
0o (X, V) = max(log(Amax(Y 2 XY 72), Apax (X 7Y X 77))]

and thus

_ fTX€> ( STY€>>
Joo(X,Y) = max (log (IISﬁhlgl Ye ,log IIihlfl £TXE (B.12)

= ﬁ?”axﬂog( TX@*) log(fTY£)|.

To proceed, we consider the mapping s — log (£T (X 4+ s(Y — X)]g). By the mean
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value theorem, there exists s € (0, 1), such that

4 log (§T[X +s(Y — X))

maX|log(§TXf) - log(fTY§)| = max |-

l€l=1 l€ll=1

S=S8

Thus, computing the derivative of the mapping evaluated at s, we have

max )log(ﬁTXQ*) — log(gTYé)‘ = ﬁ%ﬁi‘i

I€ll=1 ET[X +5(Y — X))¢

co x|

For any ||¢]| = 1 and any s € (0,1), we have

ETX 45 — X)]€ < Apax(X +5(Y — X))

= Amax(5Y + (1 — 5)X).

By Weyl’s inequality (see [76, Theorem 4.3.1], for example) and the property
Amax(5H) = 5Amax(H) for 5 € [0,1] and H € S ,, we have

Amax (Y + (1 — 8)X) < 8Anax(Y) + (1 — 8) Mpax(X)
< max(Amax (X)), Amax(Y))-

Therefore, combining all the above, yields

oo(X, ¥') = x| log (¢ X¢) — log(¢TV¢))]

> max |€T(X - Y)f]
= lgl=1 max(Amax (X), Amax(Y))
p‘max(X - Y)|
max(Amax (X ), Amax(Y))’

where the last equality follows from the fact that X — Y is symmetric and thus
| Amax (X — Y)| = || X — Y|| and which concludes the proof. O

According to [75, Lem. D.2], for Vi, X, Y € S it holds that 0 < % < 1.

Next, we extend this result to find an upper bound of %

n
s,

for any 1V, €

Lemma B.3.2. Consider X,Y,V,,V, € S . Then, with

0/1 = Amax(‘/l + X), 0/2 = )\max(‘/l + Y)7
max (], oy )
min(‘/l) + maX(allv 05/2)
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the Thomson metric in (B.11) satisfies

Vi = V3

6(Vi - X, Vot V) <70 (X,Y) + — .
( ' ? ) 7 ( ) mln{)\min(X + ‘/2), >\min<Y + Vi)}

Proof. Due to the symmetry of the Thomson metric, ie. J0(X + V4,V +

Vo) = (Y + Vo, X + Vi), we can assume without loss of generality that

ET(X+V)¢
SUD|¢|=1 ¢T(v17h)e = 1-

Using this assumption, from [77, Rem 2.2] and the expression in (B.12), we have

doo(X +V1,Y + V5) =log (sup M) . (B.13)

lef=1 §T (Y +V2)¢
Note that

ET(X 4 Vh)e X EV)E  ET(X 4 V)
AP T )e Tl

MﬁﬁVX+%K@£fWY+%K’

and thus, proceeding with (B.13), we have

0o (X + V1, Y + V2)

5@WV%> ( gﬂ*wﬁ>
=105 (“?ﬁfl Tt e) TR ey )

< log (1 + sup £T(Vi = Va)¢

S LT 2y s (X Ve, Y V.
MkﬁwX+%EH_( o +2>

Before we proceed with the last expression, we note that

ap £ —15)
lef=1 §T(X + V2)

P‘max(‘/l - ‘/2)|
)\min(X + ‘/2) ‘

S <
: <

and by applying the inequality log(1 + r) < r for r € R, we have

&N (Vi — V2)§) | Amax (V1 — V)|
log 1+ su <
g( Mﬁ&WX+%K T (X 4+ V3)
_ M=Vl
Amin(X ‘|’ ‘/2)

Finally, by [75, Lem. D.2], we have 0 (X + V5, Y +15) < 705(X,Y') and combining

the above inequalities we can conclude that

Su(X + 1Y 4 1h) < IVl

M Z Rl s (XY,
= Ram(X 1) 1Y)
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; ; £ (X+V1)E ; -
With the assumption supj—; T > 1, which we have used at the beginning

Y+V2)¢
of the proof, this completes the proof. O

With Lemma B.3.2, we are ready to establish upper bounds for @;t and (i)t\(t,to)-

Lemma B.3.3. Fort,5 € Npy_; and i € N;_y, consider [A(.‘. and K* defined in
(3.28) and (B.2), respectively. There exist positive constants Cg, Ch, C’Q,C'RG Ry,
such that

D, < CollQ: — Q|| + Cr|| R, — R*||, (B.14)
O < CollQj—1 — Qjll + CrllRjy — Bjl. (B.15)

Moreover, the constants Cg and Cr depend on Amin(Q*), Amax(Q*) Mg, Mg and
|B||, where Mg, Mg are defined in (3.35), and the constants Co and Cg depend
mingen,_, Amin(Q1), Mo, Mg and | B||, respectively.

Proof. We start with a derivation of (B.14). The proof relies on the following steps.
We first apply Lemma B.3.1to X = P, and Y = P} to obtain a bound on || Py, — P;||.
Then, as a second step, it will be sufficient to establish an upper bound on ||f(t‘t—K;‘ I
to show (B.14).

We now start upper bounding 5oo(pt|t, Py) as follows. For 0 <t <T — 1, define

H, = min{tenl\l]iTril[)\miMQ* + AT(ﬁl;ll't + Bﬁ;lBT)*lA)]*la

min [)\min(QAt + AT(Ptz-ll* + BR?l*BT)ilA)]il}’

teNp_4

Hy := min{ min [Apmn(P2Y, + BR*IBT) 7Y,

teNp— t+1|t

min [Apin(Py + BR'BT)7Y ),

teNp_4
o) = tg@l(kmax(f(ﬂﬁ + BR*'BT)7A),
Amax (AT (P, + BR;'BT) 1 A),
dl = tg%%}fl()\max<Pt11); )\max(ﬁ)t—i—lﬁ))a
By = min Apin(BR*'B"), Amin(BR;'BT)),
teNp_4
(051 dl
M= An T 2=

Amin(Q*) +a17 B é\«41 +Bl
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By definition of Pt|t and P}, we have

Ooo(Bys, PY) = 00o(Qu + AT(PLY, + BR'BT) A, Q" + AT(Pr + BR*'BT) ' A)

Then, applying Lemma B.3.2 to the above, we have

0so(@u+ AT(Py, + BR'BT)TA, Q" + AT(Py + BR'BT) 1 A)

< Y10oo(AT (P + BR'BT) A AT(Pr + BR'BT) T A) + H[|Q, — Q|
(B.16)

By [75, Lemma D.1 (i)], we have
Ay + BRI BT A AT(P + BRIBT) T A)
= doo (( t711|t + Bﬁ)t_lBT)_17 (P;k_ll + BR*_IBT)_I)-
By substituting the above to (B.16), we have

Y10 (AT(PLY, + BRIIBT) A AT (P + BRBT) ™ A) + Hy||Q: — Q7|

t+1]t
= 710s(P, + BR'BT Pri + BR'BT) + Hi[|Qr — Q.
By applying Lemma B.3.2 to the above again, we further yield
Y10oo (PN + BRI'BT, Pi + BR'BT) + Hil|Q: — Q|
<9100 (Py e PY) + Holl By = RY) + Hi|Qu = Q7)1
Again by [75, Lemma D.1 (i)], we have 0. (P2} PLY) = (500(]5t+1‘t, Pr).

t+1t?

Combining the above, yield
Ooc(Lyes ) < 172000 (Prsaies i) + MHa|| Ry — R+ Hi[| Qi = Q7).

By expanding the recursion between 500(]3t|t, P}) and 5oo(ﬁ’t+1‘t, P}, ) using the above

inequality, we have

T-1
5oo(Pt|ta Pt*) S[(%%)T—t(soo(Qt, Q*) + Hl%HRt - R*H Z (7172)k]
k=t

T—1
+ Hy||Qr — Q7| Z(”Yl’)’ﬂk'
k=t

Note that ]57|t for 7 € Np_; are computing using Q, and R, according to (3.25)
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(with the argument of F,(-) being 6,). Therefore, the above recursion expansion

only involves Q; and R,, given estimation of 8* at time .

In the above, we established an upper bound of d, (Pt\n P). By using Lemma B.3.1,
we can establish an upper bound of ||]5t‘t — P}||. Let

Hp = max()\max(pﬂt), Amax(£7));

teNp

then applying Lemma B.3.1 to 0 (Pt‘t, P}), we have

1Py — P < Hpdoo(Pys, PY)
T—1

< Hp([(n72)""0u0(Q1, Q) + Himl| Ry — R Y (1172)¥] + Hal|Q: — Q7 i(%%)k)

k=t

A

Furthermore, applying Lemma B.3.1 to 00(Q:Q%), let Hg =

maXtGNT_l ()\max(QAt)a )\max(Q*))a we have
1Q: — Q*|| < Hodoo(Qy, Q).

We continue establishing upper bound of H]St‘t — P7|| as follows

T-1

Hp([(7172)" " 6:0(Qr, @) + Him || R — (| Y- (mi72)¥] + Ha||Qr — Q7| - (172)%)
k=t =
T—1
< [HpHo(miye)" ™ + Hy||Q: — Q7| Z 172)¥ + Hi|| By — RS ()"
P

By the property of the geometric sum, due to 1,72 € (0, 1), the series 352 . (y172)*

converges to a finite value. Thus,

1

T-1 o)
77Y2) P < 7172 = —.
kzzt( kZ:t I —m72

Additionally, we have (y;92)7 " < 1. Thus, we have

T-1 T-1

[HpHo(v172)" ™" + Hs Z(%Vz)km@t — Q|| + Him Z(%%)kﬂﬁt — R
k=t k=t

< [HpHg + ]||Qt Q||+ HRt R

1—-
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Therefore,

1Py — Pyl < [HpHq + ]”Qt Cl+— 0 ||Rt R*.

1-—
Next, we establish an upper bound of Hkﬂt — K/||. Note that

|Kye — Kf || = || = (Re + BT Pry1eB) ' B PuayA + (R* + B" Py B) "' BT P, Al.
Let Gy := (Rt + BT Pt+1|tB) and Gy := (R* + B" P}, B), we have

1Ky — Kol = |G BT Prarye — Gy ' BT Py |
= |G 'G5 GyB Py — G 'GTIGLBT Py |- (B.17)

Note that

Gi'Gy'GyB Py — G'GTIGIBT P,
:G21G1 ((GlGZ)(Gl Gy )G2B Pt+1|t_Gl t+1

Adding to and subtracting from GQBTpt+1|t the right-hand-side of the above, and
note that GQBT[f’HHt = GQGlGl’lBT]StH‘t, we have

(G1G)(Gy 'G5 )GaBT Py — GiBT Py,

= ((G1G9)GT'B Py — GlBTP;iH + GyB " Py — GoB Py

= ((G1G9)GT'B Py — GiBT Py + GoBT Py — GoGiGT BT Py
= ((G1Ga — G2G)GT BT Py — GlB P!y +GyB Py

Therefore, by the sub-multiplicative property of matrix norm, with the above cal-

culations, (B.17) can be upper bounded by

IGT'BT Py — G5 'BT Py <
”GQ_lGl_lH ”((G1G2 - GQGl)G1 BTﬁt+1|t - GlBTPt*H + GZBTpt+1|t||

Applying the triangle inequality, we have

1G5 G (1(G1Ga — GoGr)GT BT Pryjp + GiBT Pyyy — Go2BT Pryyyel))
<G GTH((G1Ga — GoGh)G ' BT Py + |GLBT Py — GoBT Pryay))



B.3. Preparatory Results for the Proof of Theorem 3.4.1 107

Since GG; and G4 are real symmetric matrices, we have G;Gy — GG being skew
symmetric. Furthermore, by the property that the norm of a skew-symmetric matrix
is zero, we have ||G1Gy — GG || = 0. Therefore, by the sub-multiplicative property

of matrix norm, we have
16565161~ GeGGT B e + 16,5 Py = GaB ™ P

< 1676116162 ~ GGG B Pyl + 1GB™ P = G158

= |G G G2 B  Pray — GiBT Py . (B.18)

Moreover, by substituting GG; and G,, and applying the triangle inequality to the

above, we have

6 P~ G P|
- H(R* +BTP B)B  Byyy — (R, + BTPtH\tB)BTPtZlH
= |R*B" Prysy — ReBT Py, + BT P/ BB Py — B' Pra BB P
<R BT (Praje — Pry)ll + IR — R) BT P |+

+ Bl Py (BBT) Pryae — Praae(BBT) P |
= |R* BT [I1P1e = Pl + [(R* = RN BT Pl (B.19)

where again the last step is due to pt+1|t(BB VP, — P;jrl(BBT)ptH‘t being real

skew symmetric and the matrix 2-norm is 0. Therefore,

IK; — Kyl
< leier (IIR*BTIIIII%Hu P+ I — Ronnﬁmln)
< |G3'GTY|

R H
(HR*BTH(HPHQ Q- @+ R = R HBTRLH)).

1— I —m72

Let

Aax “= Amax ("),

max

2
N = < max /\max([(}?t+BTﬁt+1|tB)_1},)\max[(R* BTP;‘HB)_ ])) , and

max tENT 1

AP = max Apax(F)).

max teNp_1
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Note that,
IGS G| < Moy and [|R*B]| < AL Bl

Furthermore, let

H,

— || B||\ LR
Ll )

max max(HPHQ +

Hyy
max max 1 71,}/2 Y

Cr:= || BN,

we have

GG

H,

* * ® * ny *
BT (ot + 10 @+ - (22 4 1R )

< Coll@Q: — Q*|| + CR”Rt - Q"I

The upper bound of Ci)i‘(j_l,j) = ||Ki|j_1 - Ki‘j|| will be followed by a very similar
procedure to the above. We provide some key steps as follows. Let G, = ]%j,1 +
BTﬁﬂj,lB and Gy = ﬁij + BTHUB, follow by the calculations in (B.17), (B.18)
and (B.19), we have

| Kijjo1 — Kyl = ||G1 G5 GoB T Pryyyjor — G 'GUPGABT Py

<||GF'GTH|G2B T Priajjr — GiBT Py
< ||R;BT||1Pyj—1 — Pyjll + 1R — Ry |[|1 BT Py; .-

Let
2
N9 -1
o
Nthax ”glgglkmax(f’ 45);
we have
IGIGTY < M., and ||R;BT|| < AT B.

max’ max
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Define

Hy

Co = | B[N, Ao (HpHg + ———),
Q= IIBll (HpHq F%y

g 3p Him

max’ ‘max 1 _ ?

Cpr = || BJ|A
combing all the above, yield

| Kijj—1 — Kijl| < CollQj—1 — Qs + CrllRjy — Ryll.
]

The above proposition suggests that qA)m(j_l,j) and i)fu depend on the distances
1Q: — Q*|l, 11Q;—1 — Q;ll, ||R — R*|| and ||R,_; — R,]|, these are associated with

errors |0, — %] and ||éj—1 - éy”

To bound the terms ||Q; —Q*|| and || R, — R*|| from the right-hand side of the inequal-
ity (3.36), we establishing related properties in the following. We first introduce an

elementary inequality that is related to the matrix infinity norm.

Proposition 6. For any real symmetric matrices Hy, Hy € R™, we have
1) Hy — Hy Ho|| < (|[H:| + || Ha|) | Hy — Hol.
Proof. Note that

|H H, — Hy) Hy|
< ||(Hi + H3)"(Hy — Hs) + (H{ Hy, — Hj Hy)||
< |(Hi + Hy)"(Hy — Ha)|| + ||(H{ Hy — Hy Hy)|

Matrix (H, Hy — H, H;) is real skew-symmetric. For any skew-symmetric matrix
H, we have |H|| = 0. Thus, |(H; Hy — Hy Hy)|| = 0, and

|H{ Hy — H) Hy|| = ||(H, + Hs) " (Hy — H>)|
< (| H1|| + | H2ID || H1 — Ha||.

]

We next establish inequalities to characterise the upper bounds of <i>2‘|t and Cﬁﬂ(j_l,j)

using the above Proposition 6 and Assumption 3.3.1.
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Lemma B.3.4. ForanyT > 1, i,t € Np_y and 1 < j <T — 1, consider (i)’tklt and

A

Pji(j—1,5) defined in (3.31), we have the following inequalities

©;, < (CoMg + CrMg)(Cyl|o — 0% ||nh + o(||vg]))), and
O;1(j-14) < 2(CoMg + CrMg)(Col|fo — 6% [lmy " + a(|jva])),

where Lo and Lg are defined in (3.9), Mg and Mg are defined in (3.35), Cy, 1,
a(-) and ||vg|| are defined in Assumption 3.3.1, Cq, Cq, Cr and Cg are defined in
Lemma B.3.3, with ]\ZfQ = MqgLg and Mp := MgLg.

Proof. By definition of Q* and Q, from (3.7), we have

1Q: — Q"I = |ID(8:) "D?(8:) — D(6") T D(67)]-

By Proposition 6 and the Lipschitz property of D% in Assumption 3.2.2, the above
can be upper bounded by

|ID9(8,)" D(8,) — D2(¢") " D (6")|
< (|D?@) || + ID2(6") T NI D (8:) — D(6")|
< MqLq||6: — 67]].

Finally, by Assumption 3.3.1, we have [0, — 6*|| < Cy||6o — 6*||n} + oo(||ve]|). This
implies [|Q; — Q*[| < Mq(Collfo — 67l + au(|lva]))-

Repeat the above steps to matrices R, and R*, we have | R, — R*|| < Mg(Cyl|6o —
0*(|nh + a(]|vg||)). Substitute the above to the right-hand-side of (B.14), we have

©;, < (CoMg + CrMg)(CollOo — 0% |Infh + a(||val])).

Repeat the above steps to upper bound HQJ — @j,lH and H]%J — }A%j,lH, we have

16; — 8;-1]| < Collfo — 0*|| (3" + ) + 2a([|val])
< 2(Cyl|fo — 0%y~ + a([Jval)))-

Thus,

byy5-15) < 2(CoMg + CrMg)(Collfo — 7 m) " + a(|[ve))-
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B.4 Proof of Theorem 3.4.1

By Lemma 3.4.1, the regret incurred by the copycat defined in (3.15) satisfies

T-1 t -1 »

- . - A
Regrety ({1 }i55') < 2D|17o® Y- (C7'@5,)* + (AC,C?|1Bllng ™ 32 § (=) 1)

t=1 j=11=0 q

Then, we substitute the upper bounds of (i)i‘(j_l,j) and (i):lt established in Lemma
B.3.4 to the right-hand-side of the above, let F)(2) := Y1 ' tz! and Fy(2) == Y1 2*
for z € R, yields

Regret({v:}i— )

<2D X (C38;,) + (ACBIC?H, ZZ zj@zu )
< 4D |CPC2(C2EL (Amp)?) + R Ea(%)) + (AC, | BIIC>C 77;>
(I ) + (Bt — Bt
s <‘)M>2[El<ﬁ> T ny(Baliy) — E2<ﬁ>>12)],

where C¢>* = CQMQ + CRMR and ng = Z(OQMQ + C’RMR).



Appendix C

Appendix. Proof for Dynamic
Potential L(Q) Games

C.1 Auxiliary Lemmas

Before stating the proof of Theorem 4.3.1, in the following, we introduce several

necessary lemmas and propositions.

Proof of Proposition 2: TFor any policy (II;)i7', define J(zy, (IL)') =
SN Ji(z, (T)ERY. The PoU can be rewritten as PoUg(Zp, (IL)5') =
J(j.la (Ht)zﬂzill) - J('j_jl? (H:)?:ql) Note that

J(1=PoAr) =J — J(z1, (I})[5)
< J(zy, ()75 — J (@, ()5
= PoUrp(Zy, (IL,);5).

This completes the proof of Proposition 2. |

Proof of Corollary 3: Nota that matrix A is full-rank due to Assumption 4.2.2. From
(4.8) and (4.9), we have [R{];; — [Ri]; + B (Pi, — Pij_i,_l)Bj = [Ri]i; — [Ri];l = 0.
[

Lemma C.1.1. fori € {1,2,--- N} and t € Np, consider LQ-DFG parameters
A, B, Qq, R! that satisfy Assumption 4.2.1. Then, the LQ-DFG parameters are an
LQ-DFPG in the sense of Definition 4.2.2.

Proof. At time instant 7', set Q7 = Q}. By (4.10), we have Pp = P}, then by (4.9),

112
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for i ={1,---,N}, we have B PrA = BT PiA. Consider K, in (4.12), define

R, :=06,—-B'"P,; B,

Q= Q; + K/ (R — R K, (C.1)
P, = Qt +KtT R, K,

K,:=—-R,+B" P B)"'B" PA,

we claim that for ¢ € {1,2,--- , N}, t € Np_;, we have K; = K, and P, = P}, and
as consequence BT P, A =BT PPA. We start with verifying the case of t = T — 1.
Since RT—I = @T—l - ]_3)—r ].ST B7 by (4].2), we have

Blszlw
B2TP2

Ky =—O71, | 1A
BNTPRY

Y _e;1, BT PLA

Y Ry, +BTP;B) "B PpA=Ky,.

—

Steps (i) and (ii) follow from (4.9) and (4.8), respectively. Then, we have

15T—1 _PT171 - QT—l _QITA + KITLl(RT—l _Réfl)KT—l
+(A+BKy_,) (Pr—PH)(A+BKyp_4)
= 0.

Following a similar procedure as above, we can verify by induction that K, = K, for

t = Ny_;. The above proof is similar to the proof of [46, Theorem 6]. O

The above lemma is the N-player case of [46, Theorem 6] when Q! = Q] for t €
NTaiuj € {17 ’N}

Lemma C.1.2. Consider an LQ-OCP and an LQ-DFPG described by Defi-
nitions 4.2.1 and 4.2.2, respectively.  Under Assumption 4.2.3, the feedback
Nash FEquilibrium for the LQ-DFPG defined in Definition 4.2.2 by parameters
{71,{Q:},, {Ri}ZJLTt;ll , s identical to the solution of LQ-OCP defined in Defi-
nition 4.2.1, by parameters {Z,, {Q I, {R:} =Y, if fori,j € {1,2,--- N} and
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te NT—I;

Pr = Qr,

©; =R +B' P, B,

K, =06,'BT P A,

P=Q+ K REK,+(A+BK,) P 1(A+BK),),
0, € Si™,

[Ri]; + B P, B" = [Ry]y; + B"" Py, B,
B”PZHA = BiTptﬂA,

[Rilij + B P/, \B' = [R];j + B P B i # j,
[Rﬂij + BiTPti+1Bj = ([Rg]ﬂ + BjTPtJﬁBi)T-

Proof. The proof of the above lemma follows the proof of [46, Theorem 5] with
replacing the cost function that penalises decisions made by 2-players from [46, (21c)]
to the objective function  Qux, + >N | SN _ ulrT[Ri],,,ul™ for an N-player setting.

Then, applying [46, Theorem 3] establishes the result of the lemma. ]

Lemma C.1.3. For integer T' > 1, define

Q= {(QlaQ%' T aQTaRb" : 7RT—1)|,C}’

where K is the set of conditions that, at time instant T, Qr is such that BT QrA =
B'QrA. Consider Py that satisfies BT PrA =B TQrA, andt € Np_q, define R, as

Rt = @t — BTR+1B, (CQ)

where ©, € SN™, with Q; such that Q; = Qi + K, (R} — Ry)K,, where K, =
BRL,
2T p2

1 B Pt+1
0, ) A. Then, every element in ) leads to an LQ-OCP which is equiva-

NT pN
BT Py

lent to an LQ-DFPG. Further, €2 is non-empty.
Proof. The proof of the above Lemma is similar to the proof of [46, Theorem 7]. [

To help us present preceding remarks and lemmas, with slight abuse of notations,

we define the following operators associated with the computation of parameters in
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Assumption 4.2.1,

Kt = K((QT+17 (Rfr)z]\;l)z;tla A7 B)v (03)
Ry = R((Qrs1, (RD)L1)1Z/ A, B). (C.4)

The operators K and R are defined through coupled discrete algebraic Riccati equa-
tions, as given in (4.13). These equations are used to compute the matrices P} for
each time step t € Ny and players i € {1,2,--- , N}, based on the specified system
dynamics and cost parameters. The returning matrices of the operators depend
on the input arguments and the computed matrices P/, following their respective

formulas.

Corollary 3. For 1 <7 <t < T — 1, under Assumptions 4.2.1, 4.2.2 and 4.2.5,
consider R, defined in (C.2) and let R,; be R((Qry1y1, (R};‘t)f\il)fgj, A, B), we have
R, = RE, R7|t =R, and RT‘t symmetric.

Proof. We first rewrite R, defined in (C.2) as

[Rtl]ll [RI}]IQ e [Rtl]lN BlTR}‘Fl BlTpt+1

(Rila (Rl o [Rilav | | BT P BB
. . il I R I T

[RI{V]Nl [Ri]v]Nz U [RiN]NN BNTPtJ_Y_]_ BNTPt+1

By Assumption 4.2.2, matrix A defined in (4.1) is full-rank. By (4.13), (4.8) and
(4.9) from Assumption 4.2.1, for i € {1,2,--- ,N},t € Ny, P} are symmetric and
B'TPi = B'TP/, we have [Ri];; = ([R}];;)", and BT P}, = BT P,\;. Therefore,

+ 111 + 112 tee + | 1IN
(Rl 1] [Ri]
_ R? R? o [R? _
R, = | t_]21 | 75_]22 _ | t.]ZN = R?. By Corollary 2, we have R; is sym-
[RYInv [BYIve - [RY]vn
metric. Moreover, by repeating similar procedures as the calculations above, we
have
[RYJu [RYJie - [Rhis
R — [R2 )21 [R2)22 oo [R2)on
Tt — . . . .
[RY v [BNIve - [RNInw

ByRilt:Rifor1§T§t§T—1,WehaveRT|t:RT. O]
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Lemma C.1.4. Suppose m < n. Consider matrices R € ST, , P € S, and
F € R™™  the 2-norm of matriz K = (R+ F"PF)"'F' P satisfies | K|| < ——.

Proof. Let Ag := A\nin(R), we immediately have Agl < R, and (R+ FTPF)™! <
(ArI+FTPF)~L. By definition of matrix 2-norm ||- ||, we have || K||*> = Az (KT K).

Therefore,
Amaz(KTK) = Apax(PF(R+ FTPF)"Y(R+ FTPF)'F"P).
For any Hy, H, € S, and G € R™*", if H; =< H,, we have
Amaz(GHIG) < Ao (GH2GT).
Applying this property, we have

Maz(PF(R+FTPF)™(R+ FTPF)"'F'P)
= Anaz(PF(R+ FTPF)2F'P)
< Mmaz(PF(Ap + FTPF)2FTP)

For any H € R™™ we have A\poo(H H) = Apae(HH"). Using this property for
H = (gl + FTPF)"'FTP, we yield

Amaz(PF(Agl + FTPF)2F"P)
= Mnae((A\g] + FTPF) 'FTP?F(\gI + FTPF)™1).

Let us consider the singular-value-decomposition (SVD) of F be F = UpXpVy,
where Up € R™™ and Vr € R™*™ are orthogonal and X is a rectangular diagonal
matrix. Consider  to be the rank of F, i.e., rank(F) = r, 1 <r < min(n,m). The

matrix Xp (from SVD of F') can be written as

Sp =

EFT Or,mfr ]

On—r,r On—r,m—ra

where Y, = diag(oy(F),- - ,0.(F)).By substituting the SVD of F, the previous

step becomes

Amaz (ARl + FTPE) ' FTPPF(\gl + FTPF)™)
= Amaa((Arl + ZEPEp) " SEPPSp(AR + SEPER) ), (C.5)
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where P = U}l PUp. Rewrite P as block matrix form

where [P]y; and [Py are square matrices comprised of the first » rows and columns
and the last n — r rows and columns of P, respectively. Since Lp, is symmetric,

Y LPYp can be rewritten in block matrix form as

ZFr Or,nfr [P]ll [p]12
_Om—r,r On—r,n—m [P]Zl [P]22
EFr[p]ller Or,mfr ]

Om—r,r Om—nm—r

YLPYp =

On—r,r On—r,m—r )

EFr Or,mfr ]

Similarly,

Z;PQEF _ EFT[P]%]_EFT‘ Or,mfr

Om—T,T Om—r,m—’r‘
Substituting the block matrix form of ¥ .PYr and X LP?Yr to (C.5), we have

Mmae(( ALy + 2 PYR) 'S L P2 p (Al + X LPYR) )

-1 =
EFT‘[P ]112F7‘ Orxmfr ]

Om—r><7" Om—rxm—r

)\RITT+2FT [P]HEFT Orxmfr

max(
Om—rxr UR[m—er—r

ArL A X e [Pl Yp, Orxm—r _1)
Om—rxr ArLy—rxcm—r
= Anaz((ArLrr + Spe[Pl1iZr) " Sre [P Srr(Arly + Spe [Pl Se) )
= Mnaz((AREw [Pl + Sr) " O[PS + Zpr) )
= Anaa(Srr(Ar[Pl1 + 2%,) 2.

Since [P]y; is positive definite, this implies [P];}! is also positive definite. Therefore,
(AR[P]l_ll + E%‘r) t E%‘r
Taking the inverse of both sides of the above, this implies

(Ar[Ply +27,)7' 2357, and
ArlPly +25,) 7 2 25
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The last step above is due to the conclusion from [76, Chapter 8.1, Exercise 8.1.12].

Then, we left and right multiply ¥z, to both sides of the last inequality above, we

have
Srr(AR[PIY + 55,) *ESrr X 2p X Ser = Spr

Lastly, by definition of singular value, for any real matrix H, the relationship be-

tween the maximum singular value and the maximum eigenvalue is o2, (H) =
Anaz(H T H), we have

1 1
/\max 2_72« = (Omaz 2_71" 2= - ‘
( F) ( ( F )) (O-min(ZFT))Q (O—r—"r_nn(F'))2
Therefore, ||K||* < m i

The next corollary establishes a matrix upper bound for the control gain K, using

the lemma above.

Corollary 4. Suppose the cost matrices (Q4)_, and (Ré)firft_:ll satisfy the condi-

tions described in (4.8), (4.9), and Assumption 4.2.3. Consider operator K de-
fined in (C.3). For a given preview horizon W € Np_q and time step 7 € N,
the control u,, defined in (4.21) is given by u,, = K, where Ky
K((Quris (Ry)Y)E A B). and | Ky | < 22,

Proof. By using [76, Theorem 4.5.9] (see also the discussion on [76, p. 284]), we have
HKrltH < Umax(A)WRr\t +BT ]37+1\t B)_l B’ pT+1\tH- By applying Lemma C.1.4, we
can conclude that || K || < (07min(B))  0maz(A). O

Intuitively, the maximal energy of the control gain in an L potential dynamic game
is the energy of the deadbeat controller’s gain.

Lemma C.1.5. For any 7,t € Nr_y1, el < Qrip = Qs + [%(Amm(}zmm) _
Amin(Rmin)) |1, where Qﬂt is defined in (C.1).

Proof. Applying the Weyl’s inequality to Qﬂt yields

)\mzn(Qﬂt) = )\n(Qﬂt) > )‘TL(QTH) + /\H(K;r\t(R}ﬂt - R7|t)KT‘t)'

By [76, Theorem 4.5.9], there exists a positive scalar §, such that A, (K], (RL, —
R7|t)KT\t) - en/\mm(Ri‘t - RTlt)? where O-min(KT\t) S en S O-maz(KT\t) < ZimiZ(A)

'mzn(B) '
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The last inequality is due to Corollary 4. Moreover,

Oma$(A)
o (B)

mn

Amaz(Be = R})) > =i (K (R — Re) K 7e).

max (0,

Thus, by Assumption 4.2.4, we have

Umaa: (A) D 1
mm (B) )‘maz(Rt Rt ))

Amin(Qrje + K, (R, — Rje) Krjt) = Anin Qo)

0< eg < )\min(Qﬂt) — maX(O

To prove the RHS, note that el < QT“, Qrt X Qmar and

Omazx (A)
K7-|t(R71—\t - Rﬁ‘t)Kﬂt j m()\m(zz(}%muz) - Amzn(Rmzn)) 1.
Combining the above inequalities, the proof is complete. O

Definition C.1.1. For any X,Y € S, define the operator 6x(-,-) as the Thomp-
son metric defined in [74, Section 2], where 6oo(X,Y) 1= || log(Y_%XY_%> lloo , and

| - loo denotes the matriz infinity-norm.

The above corollary suggests that, if the costs and system matrices satisfy Assump-
tion 4.2.4, then the matrices QT‘t are positive definite. The next lemma establishes
the existence of constant matrices Pn Pmae independent of ¢, that serve as lower

and upper bound for P, for t € Np.

Lemma C.1.6. Consider A, B from (4.1), R, and Q, from Lemma C.1.3 that satisfy
Assumption 4.2.3. For allt € Np_y, let Pp = Qp and

Ky =—(R,+ B"P,;1B) 'BTP 1A,
Pt = Qt + KtTRth + (A + BKt)TPt_H(A + Bf_{t),

fort € Np_q1. There exist positive definite matrices P,in and P.. that is indepen-
dent of t, such that Poin = P, =< Prax-

Proof. By Lemma C.1.5, we have Qmin = Qi = Qmax- By Assumption 4.2.3 and
Corollary 3, we have R,,;, =< R, =< Ryun- Repeat the procedure that is identical
to the proof of [12, Proposition 11] with matrices Qmin, @maz, Rmaz, QF**, R

and Pmax replaced by Qminy Qmax; Amax(Rmax)-L Qmama )\mam(Rmam)I and Pmamv
respectively, completes the proof. O
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Lemma C.1.7. ForT,S,V},V, € ST, if m > 1—}-% then for any non-zero
x, we have

T T

' (T +Vi)x 7 (T + Va)x (C.6)

et (S + Vo)x — m:cT(S + Va)x

Proof. For any nonzero x, we have

_ T _ T
m21+M21+x(V1 VQ)Z/U:$(T—|—V1)ZL‘.

Due to 27(S + Va)z > 0 and the fact that T, V5, Vi are positive definite, we have

T(T+Va)z 2T (T+V1)z
that m T(S+V;):L’ = a:T(S—I—V;)ac' 0

Proposition 7. For any X,Y € 8",

TX %
000 (X, Y) = max(log (sup i‘TYg (sup gT)é) ))

Proof. Consider matrices X,Y € S ,. From [77, Remark 2.2.], we have 6,,(X,Y) =
T T
max(Amaz (Y X)), Mpaz (XY 1)) = max(log (supgs,,é0 %) ,log (sup#o %)) O

Remark C.1.1. For T,5,Vi,V, € ST, without the loss of generality, suppose
Sup, o % > 1. Based on Lemma C.1.6, C.1.7 and Proposition 7, consider
a positive scalar m that satisfies m > 1 + % We now investigate doo(T +

V1, S 4+ Va). By using Proposition 7, we have

(T + V)
5u(T + V4, S +V3) =1 LGNS Vil
THV,5+ V) °g<ii€ﬂ<s+%>

(T + Vo)
<1 1 _
< log(m) + og(sup IR
< log(m) + 6oo(T + V2, S + V2)
<log(m) + 10 (T, S),

Amaz (T)

i (Vs) Dhmanery @A 0 <1 < 1.

where r =

Before presenting our next lemma that establishes bounds for [P, — Py, | and



C.1. Auxiliary Lemmas 121

||I_(T‘t — }_(T|t0|| for 1 <7<t <ty <T, we introduce the following constants:

o= Amal“(AT(Pma:c + BRmaxBT) 1A>’ (07)
(6]
= C.8
7 o+ €Q7 ( )
P,
h = 1Og<>‘"““”<m‘“7)>7 (C.9)
€Q
9 _
Cp = M) (C.10)
€Q
(D = )\maﬂC(AT(Pmam + BRmazBT) ) (Cll)
— Amin(AT(eg' T + BR,},B")™"),
= 10g<1 + w>, (C.12)
€Q
o glAmax(pmax)(eXp(h) B 1)
Ep = h(l — ’7) s (013)
Guaz = ||(Rmin + BT B) [, (C.14)
C;{ - maxHRmax BT HCP7 (Cl5>
8/K = maxHRmal" B ||‘€P' (616)

The next lemma establishes the contraction of || K — K, || with respect to 7.

Lemma C.1.8. For 1 < 7 <t <ty < T, suppose W € Np_; is the preview
window length. Consider scalars ep,ex,Cp, Oy and v € (0,1) defined in (C.8),
(C.10), (C.13), (C.15), and (C.16), respectively. The distance between Py, and Py,
satisfies Hpr|t T|t0|| < Opy'=™W 4 ep, and the distance between KT|,5 and Kﬂto
satisfies || Kyje — Koo || < Oyt W 4 &)

Proof. For 1 <71 <t <ty <T, by [75, Lemma D.2], Lemmas C.1.6 & C.1.7, and
Remark C.1.1, we have

Ooo(Prits Pritg) = 000 (Qrip + AT (P} +1|t + BRTﬁBT) tA,
Q7|to +AT( r+1\t + BR; BT) LA)
< Voo ( T+1|t PT+1\to) &

T‘to

t—T+W
t—r+W 3 3
< AT 0o (Peywits Pywit) + €1 Z ol
p=0
€1

S CPl,Yt—T-‘rW_i_ 1 _,y

Y

where £, is defined in (C.12). By monotonicity of function <! for z > 0 and
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h > 0, we have exp(goo((?t’?'to)))_l < @0l Thys, ||Pyy — Prp |l < Oy + €p.
oo T|ts TtO

By repeating procedures as the proof in [67, Lemma 8, (20) and (21)] by replacing

B,R,,P.y1; and Py, from [67, Lemma 8, (20) and (21)] to B, R,, P,y and

D o 7 Lot 14W
Py iy, we have || Koy — K| < Cpy™ 7Y 4 e H

Remark C.1.2. When 7 =t and ty =T, we have |[K;; — K;|| < CxyV ™1 + el

Lemma C.1.9. For integers 1 < 17 <ty < t; <t <T —1, consider A, B from
(4.1) and K. = K(Qr+1y1» (R};lt)ﬁl);{:—j, A, B) where operator K is defined in (C.3).

Consider scalars Cy, = % andn = /1 — %%, matrices K}‘t satisfies
[Ty, (A + BRy) | < Cppi =ttt

The proof mirrors that of [12, Appendix E, Proposition 2].

Lemma C.1.10. For any T > 1, W € Ny_; U {0} and t € Ny, consider state x;
that generated by control policy (4.22) and the state x,; as an element of the solution
from (4.21). Let e = | B|lex and Cx = | B||Ck, where Cy and €y are as in

Lemma C.1.8. Then, the distance between state x; and xy, satisfies

Crr™ <1 — (B 1- (2)t>

lze = @il < CHColl7a [l [7

e (s
+5K<(t - 1)(13()1”_1 Z—)E(Z)t + 3)

where v is defined in Lemma C.1.8, n is defined in Lemma C.1.9, together with

q = p(A—{—BK) and Cq = Supnzow%.

Proof. Suppose M is a positive integer. For an arbitrary matrix sequence (a;)M,.
For 1 <p; < M and 1 < py < M, define the product operator as

Apypy—1 - .-Gy, 1f D1 < po

p2
IT @ = {a, if p1 = py
Jj=p1 )

I if p1 > po,

Define w; := zy — 244, Orjpy py = Trip, — Trjpy, Where 7 < py < pp < T. Consequently,
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81|p1,p2 = 0, and

97\?14’2 = Tripy — Tripy

N N

=(A+ Z B]KJ’T‘pl)xT*HPI —(A+ Z B]KJ‘,TIpz)fol\pz
J J
N . —

= (A + Z B]Kj,T\p1)‘97—1|p1,pz

Z JT llpr — Kj,f—l\pz)]xf—llpz

= TZ_I ( ﬁ A+ Z BmeJ|P1)>

=141 m=1

<.

Bm(f(m,ilm - Km,ipz)] Li|ps

-1
= ( ' A+ Z B™ Km]|P1 > [ Z B™ ml\pl - Km,i|P2)]
j=i

41 m=1

= (:1 (A+BKj|p1)> lB (K, — KJ|p2>]

Moreover, w; = 0, and for t € Ny, we have

N
=(A+ Z B K7 ) (241 — T—1jt—1) FTefe—1— Tt

=1
t N . . .
= Z(A + Z B]K])tﬂem—l,i-

j=1

We now investigate the dynamics of 0, ,,. Note that O, ,, = 0, and

Ort1lprpe = Tratpy — Trtipe
= (A+ BK )y — (A+BEopp,) 2o,
=(A+ Bkﬂpl)(eﬂpLPZ + Trip,)
— (A+BEr,) .y,
=(A+ BRTlpl)eTlm,m + B<KT|P1 - RT\p2)£C7|p2~
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This implies that

T T n—1
PRI o ( I (4+ BKmm))B(Kmpl - Km)( T[4+ BKmlpn)aél.

n=1 \m=n+1 m=1

By Lemma C.1.9, we have || [1},_,41(A + BKp)| < Cppn™ ™. By Lemma C.1.8,
we have | B(Kjp, — Knjp,)|| < Cxr? "W + . Thus,

||97+1|p1 pz” ||x7+1\171 - xT+1|P2||

< C,%belH(Z N (Cxy"™" +ek))

Cm“WnT L, ;
= Chlla|l[——1—(1 = ()™ +exmn].
1 5 ol

Choosing 7 = t,p; =t and p, = T, results in

B CK,yt-i-Wnt 1
[0ue,rll < C]%belH[l_il(l - (?Hl) + extn']
v
B OK,YH-Wnt
= Chlla[|[——— | (7" = 1) + extn].
i—1. W

Moreover, [|0;;—1| < Cfb||x1\|[cm’77('y‘ — 1) + ex(i — 1)p"Y]. Similar to the
argument following [50, Lemma 10, (25)], we have that ||(A + BK)"|| < C,q'™".

Conclude the above, we have

e = e

t
<D A+ BE) 01,4

=1
t i—1 . W
_ —i CK77 2 i : i—
< CHC TN ¢ [77 —7 (7' = 1) +ex(i—1)n ]
=1

-2y 1- <z>t> N 5K<<t — D@ -3+ 3

Cxy"
t _
_Cbe ||SL’1H [ 1 ( 1_% 1_2 (1_2)2

].

]

Before presenting the Cost Difference Lemma that is essential for the proof of The-

orem 4.3.1, we introduce the following definitions.

Consider any policies (ﬂt)fvth ! and (7 )fvth ! where 7!, 7 € A. We state the
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convention I := (II,)%_, for t,t, € Ny_; and t < t;. We again define

i T T pi
9t (v, wy) ==z, Qe + 1, Ry,
t4+1+1

I
7! Yo gl (), Mo () 1<t <T =1
Vi,T,t (7)==
0 t>T -1,

i i o
Qz:tr’t (ze,0p) := gy (2, 0p) +V TJtrJrl( e ).

. . rpt+i+1
where u; = mj(x,) and z,[1}; (v441) = Az + Bl (@) for i € {1,2,---, N}

Now we present our Cost Difference Lemma.

Lemma C.1.11 (Cost Difference Lemma). Given a positive integer T' > 1, fort €
Nr_y and i = {1,2,---, N}, consider policies (m})i3',(7)[" such that 7}, 7 € A.
Let (I) ' = (Wz)ZJLthll and (IT,)15 = (Hi)fithzll Then, we have

—1 il —1

Jir(Z1, (W)Y = T (@, (L)1 ZQm (o) = Vi, (z),  (C.17)

where z; and (ul)N, satisfy (4.1).

Proof. Starting from the RHS of (C.17) we have:

HT 1 l:[T—l
Z Qi (ve,wy) = Vg, ()
T_]. ~T 1

HT 1
gt(xtuut) +VTt+1(xt+1) ‘/;Tt (xt)

I
ﬂ@#
HuM

=T—1

ge(xe, 1) —VfTﬁ (1)

I
N

~+
=

i,T(517(Ht)Z;1)

J,
Jir (@, (L)1) — Jir (@, (L) 12).

Proposition 8. Fori € {1,2,---, N} and t € Np_y, consider

A/ - || B ||Hpmam||v A= ”Rmam” + || B ||2||Pmafc||a
Umax(A)Al
ot in(B)

mwn

Ay = + AN B 1 Praall
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We have the following inequalities

|R;+B' P B| <A, (C.18)
(R, +B'P/,,B)K; + B' P A|| < As. (C.19)

Proof. If costs (R};)Z]\!{t_zll and {Q;}L, from LQ-DFG is an LQ-DFPG. By Lemma
C.1.2, we have |B" P}, ;|| = || B" Pyi|| < A', where Py, is defined in Lemma
C.1.2. Due to Assumption 4.2.3, matrix || R}|| is upper bounded uniformly w.r.t. ¢
and i. Applying Corollary 4 and triangle inequality, we yield the inequalities (C.18)
and (C.19). O

C.2 Proof of Theorem 4.3.1

Consider (Wzt)fvth !, as the control policy defined in (4.22), and (ﬁzt)f\i?;l as the
control policy that compute the feedback Nash equilibrium defined in (4.5). By
applying the Cost Difference Lemma (Lemma C.1.11), we have

1 XN =T—1
1
~ N - Z Z Qth ze,u) — Vigy ()
=1 t=1
1 N T-1 )
= N Z fL';r t‘rt + u, R + Ut + (ACE't + Bllt) t+1(Axt + But)
i=1 t=1
— Q?;er.ﬁUt — ﬁ;rRzﬁt — (Axt + But) PtJrl (A.Tt + Bﬁt)
1 N T-1 ) )
=2 2w (Bi+B Py Bju, — & (B +B' P B, + 20, A" P, B(w, — )
i=1 t=1
1 N T-1
=N > (w—u) (R +B'PL B)(w — )

+2(uy — 1) " ((R;’ +B'P. B, + BTPfHAxt>

||ut - ﬁt” = ||K$t + (Kt|t - E)fﬂﬂt - K:%H
= [[(K} — K)(zye — m0) + (Kye — K|
<N K} = K[|z — | + | Ko — K | 2gell,

(w; — @) (R +B" P B)(w; — ;) + 2(u; — @) " ((R;’ +B'P. B)K; + BTPfHA) T
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and from the fact that for any aj,as € R, (a1 + a2)? < 2(a? + a2), we have

Ju, — W |* = | Kz + (Kye — Ky — K a|)?
2K = KPP |lwge — zll? + 1Ky — K7 Plwe])?),

By Proposition 8, there exist A; > 0 and Ay > 0, such that

PoU((u,); ")
1 N T-1
—_— Z Z u; — llt RZ + BTPtZ+1B)( — ﬁt)

=1 t=1
+2(u — )" ((Ri +B'P, B)K; + BTPtZHA)
T—-1 N
S Z u; — ut [Z RZ + BTPtZ+1B)‘| (ut - ﬁt)
t=1 =1

N
+ (uy — 1) Z ( (R, +B' P, B)K; + BTP;HA>

T—1 T—1
< ALY = G2+ Ag S e = ell (s = muell + )
t=1 t=1
T—1 _ B _
<oy (HK: — K — ol + 1o — K2‘H2|!:m|!2>
t=1
T—1 _ _ B
ALY (HK: — Kl — ol + 1Koy — K:nnxmn)
t=1

<H$t — Tyl + thtH>7 (C.20)

By Lemma C.1.10, we have

2 — zgell < CFl1Z1lg

LCrAW (1= () 1= ()
[ —1(1 me 1—2)

. <(t — (O = (D) + Z)}
" (1- 1) |
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To simplify the presentation of the main result, define

Tmaz(4)
Cii= +IE],
CxyWV -1 5
Dy ) = K my—1) ek

(q—m)a—n)  (¢—n)?
Cx = C]%bDK(*YW,gK),

Aa(YW ek) == 2(A1 + A0)C2DK (VWY ex)CE,

/ 82 / EK

/ g
AC(’yW,éTK) = QCxCﬂ,AQ(CK’}/W + ﬁ + C*DK<’}/W, 8[()),

where constants C’}(, €k, and Cy, are from Lemmas C.1.8 to C.1.10. The distance
between z, and z, can be simplified as ||z, —zy|| < C,||z1]l¢". Continue calculations
from (C.20), we have

PoUz((u);—')

1—¢*" 1—n*" 1—(gn)”
W oew) —g " Ap(YW e xr) —

<21 | Aaly

To simplify (C.20), let

Cran(y —1) LK
(g—ma—n (¢—n)?
Cx = C‘?bDKj

Aa(za y) = 2(A1 + AQ)DK<Z>Z/)C§7
Ay(z,y) = 4ACF(CRz" + ) + 205(Crz + ),
AC(Z, y) = QCmebAQ(CKZ + Yy + DK),

DK =

and

Li(t) == C2Di (4", ex) Cog® + 2(Cy™" + &) Ciyn™,
Ty(t) := C.Dx (W, ex)Cogt + (Cxh" + sk)C’ﬂ,nt,
[3(t) :== Cq" + Cfbnt.
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By Lemmas C.1.8 and C.1.9, we have

15 — K [P llege — well* + 1Ky — K7zl < [l2]PT0(2)
1K = K[l[wge — 2| + [ Kye — K [[lwge]l < (120 T2(2)
).

|zt — wyell + llzgell < J|72][Ts(

Moreover, using the geometric series sum, observe

T-1 - T-1 _

S Ty, Y Ta(ls() < T

t=1 t=1

where
T, = 2D w o2 1— q2T 202, ((/2~2W gy L — 772T
1=C;Dr(v" ex) xl_qg_l_ fb( K7 +5K)1_772’
_ w 9 1 — q2T 9 / w ’ 1 — 772T
Iy = C.Dk(y aEK)Cxl_iqg + Cp(Cy™ + EK)TnQ
1— (gn)"

+ [Drk(YW, ex)ColClpy + CoCp(C™ + )] 1—qy

Note that the right hand side of (C.20) then can be bounded by I" where

T = ||z (24T + AgTy)

B , 1 q2T , 1 ,'72T , 1 (qn)T
2 w w w

= A, , — +A , — + A, , _—

||z || [ (7", k) 1—¢2 s(V" Ek) 1— 2 (V" ex) 1—q

upper bounds the PoU by

T—1
SMIADS (chmW, ) C2g 4+ 2(C™ + a;>cﬁbn2t)

t=1

1 _ q2T , , 1 2T
< 20, & (OEDmW,eK)c? 20 (Y 4 22 )
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and

T—1
S (HK: _ Kllllows = ool + 1oy — K:||||xt|t||) (th ol + ||xt|t||)
t=1

T—1

<|@|* Y (C*DK(’YW> ex)Cog’ + (Crr™ + €}<)Cfbnt> (Coq' + Cpen")
t=1

AL w N T YR R
W owo =)
+ DO, 2000+ CuO(Cr™ + ) 0.

Conclude the above, the PoU can be upper bounded by,

PoUz((ur);—')

1 — q2T o 1= 772T
< ||z |7 l2A1 (CEDK(7W7 5K>O2_7q2 +203,(CiA™ +e) >

* ] 1=
1-— q2T / s 1= 772T
+2A, (C*DK(7W7 5K)C§1_7q2 + CH(Cr" + 5K)1_7772
w W Fy 1= ()"
+ [CD (7", ex)CaCip + CoCpp(Cy™ + 5K)]W
_ N 1=t L= ()"
_ 2 w % w
= [|24]] lAa(W >5K)1_7q2 + Ay(y 7€K)1_7772 + A" k) T—qn |

By inspection, the PoU upper bound, T, can be expressed as C17v2" +Coy"V + Cse,
where C7,Cy and C3 are monotonically increasing w.r.t. ||Z1]|, Amaz(Rmaz),
Amaz(@maz) and Aoz (Rimaz) — Amin(Rmin), and the inverse of p(A + B K) and
€Q-

We next find the lower bound of PoU. Let F; := 2(u; — ;)" ((Ri +B"P B)K; +

BTIDfHA) z;. Note that

PoU((I) ') > D F

A%

> —2[u = w[|(R, + B' P B)K, + B P Al

t=1
> —Aols.

By inspection, the PoU lower bound —A,Ty, can be expressed as —C; 2" — Cyy"V —
Cyex, where C),Cy and Cjy are positive scalars that also monotonically increasing

w.r.t. ||Z1|], Admaz(Rmaz ), Amaz(@maz) and Mgz (Rmaz ) — Amin (Rimin ), and the inverse
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of p(A+ B K) and ¢¢,.
We begin with an elementary result to help us the derivation of an upper bound on
I1Z]]-

Proposition 9. Consider Z € S, ¢ > 0, the mazimal distance | between the

origin to the set

' Zrx+d'z <e,
d'd<uw,

satisfies ||2*||* < ¢+ 3Amaa(Z7)v.

Proof. The equation 2" Zz + d'x = ¢, can be rewritten as (z + 32 'd)" Z(x +
1Z7'd) = ¢+ 1d"Z7'd. The maximal distance between the centre of the ellipse
and the ellipse is ¢ + idTZ ~1d, and the distance between the origin to the centre
of the ellipse is idTZ ~1d. Therefore, by triangle inequality, the maximal distance
between the origin and the ellipse is less than ¢ + 3d" Z7'd, or ¢ + FAnee(Z7 )12
due to d" Z71d < M\ pao(Z7 1) when d'd < v. O

We now ready to prove Proposition 3.

Proof. As stated in Lemma C.1.11, PoU((IL)75!) can be written as

1 T-1 _ . . _
N “ Z(ut — 1) (R} + BTPt-i—lB)(ut — 1)

i=1 t=1

+ 2<ut - ﬁt)—l— ((R; + BTPtZ—f—lB)Kt* + BTPti—i-lA) ita

where u;, = ﬁt(ﬁt), u; = K%y and &, is generated by (AT)tT_:ll. Rewriting the above

using Z, H and b, yields
FTHZ 4072 < 6.
Since ||b||? < d,, by Proposition 9, ||Z[|? < 62 + 2 Az (H)ds O

Before we proceed to prove Proposition 4, we state the cost different lemma for

potential function.

Lemma C.2.1 (Cost Difference Lemma). For anyT > 1 and0 <t < T, consider B
from (4.1), Ry, P, from Lemma C.1.1, and K, from (4.12), respectively. Let (f[t)f:_ll
be any feedback control policy among the players and (II*)[' be the feedback Nash

equilibrium policy defined in (4.5). Further, states {x,}i_g be generated from control
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sequence {u,}—y" for the linear system (4.1) where each control being u, = 11, (z;).

Setting u, = K;x;, we have the following equality:
O(7y, (I1)751) — (74, (1) F z w — ) (Ry + BT Py B) (uy — ).
t=0

Proof. Proved in the manner of [12, Lemma 5] with Q¢, R, «7, uf, Viy1, By, Ba
replaced by Q,, Ry, xs, us, Piy1, B, 0, respectively, where Q, is defined in the proof
of Lemma C.1.1. |

Next, we prove Proposition 4 using Proposition 3.
Proof. From Lemma C.2.1 we have that

O, ()1 - @0, (1)) Z I1u(80) =TI (@I = Amell2]? < &
where Proposition 3 gives ||Z||? < 6. O
Lastly, we present the proof of Proposition 5.
Proof. Consider the case of N = 2. For t = T, since P} = P% = Qr, and

+ BT QTB7

0 rer

we have ©p_1 > 0. Then, for t =T — 1,
Pil“—l - sz“—l = KJT—1(R1T—1 - R%‘—l)KT—l'
We next claim that P} ; = P2_,. Since

det(@T—l)2 B @;il(R%‘—l - R%—l)@;il B' =

__bl _b2 Tor—1 + BQTP%_lBQT BQTP%_lBlT
0 0 B'"Pr BT rir_1+ B P, BT
T1T-1 0 ror—1+ BT P} B*T B*TpZ BT

0 —To 11 B'TPL BT rir_1 + BT PL_ BT
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Due to
a Bl 0| |a B | ha®+hof> hiaB + hofy
B A |0 ho| |B 7] |maB+hfy mB+hyy |
and
B*" Pr_B* = b3[Q7)11,
B'"Pr_B" = b}[Q7)11,
substitute hy = 7 p_1, he = —re9r_1, we have

hiao rypoarero1+ b3[Q7]11 _ rir-1T2m-1
—hyy  Tor-1riro1 +01Qrlin Tor—1 i

therefore, hiafS + hofy = 0. Moreover,
—bl —bQ C1 0 —b1 0 .
0 0 0 ¢ [—by O

2
Here, ¢1 = rp_1(ror—1 + b3[Qrli1), c2 = —ror_1(rir—1 + bi[Qrl11). Apply % =

:;% again, we have c;b? + cpb2 = 0. Therefore, K. (R}, — R% | )Kr_1 = 0.

0 0|

Clb% —|— Cgb% 0]

Let’s assume that P!, — P4, = 0. Due to

Tt 0

@t - +BT Ptl+1B7

24

we have ©; > 0, therefore det(©,) > 0. Consider
K[ (R} — R))K, =BO; (R, — R))O;'B'.

By repeating the steps above and using the relationship of B'" P}, B! = b}[P} )11,

we have
fnor e+ [P0
—hoy  roprie + B[Pl
and Zé = % Therefore, by induction, we can conclude that for 0 <t < T — 1,
2 ,

parameters P;, O; defined in (4.13) and (4.11), respectively, satisfy Assumptions 4.2.1
2

and 4.2.5. For the case of N > 2, by setting % = Tb—]t fori e {1,2,---, N}t € Np,
7 Js
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we have
rie 0 0
Rl o Rz —
t t e, 0
0 0 0

We can assert the proposition by repeating the steps for the case of N = 2. O
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