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“My only enemy is time.”
— Charlie Chaplin, 1972 Oscar Introduction Speech

“Learn from yesterday, live for today, hope for tomorrow. The important thing is
not to stop questioning.”

— Albert Einstein

“Remain faithful to your first resolve, for only then can you reach the end; beginnings
are simple, but enduring to the finish is rare.”

— Buddhāvatam. saka Sūtra
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Abstract

This thesis develops a unified framework for decision-making problems with un-
known future costs, providing both theoretical guarantees and empirical evaluations
of its performance. We begin by studying the online Linear Quadratic (LQ) optimal
control problem for the cases where (i) future costs are unknown beyond a certain
preview horizon and sequentially revealed over time; and (ii) costs are unknown and
must be inferred from observed optimal trajectory data. We then extend the frame-
work to dynamic LQ games with sequentially revealed (and potentially previewed)
costs. In all settings, the proposed framework is based on predicting and tracking a
candidate optimal trajectory using the available costs.

We begin by applying the proposed framework to the online LQ optimal control
problem with sequentially revealed cost. We adopt the notion of regret as the
decision quality measurement. We show that the regret of the proposed method is
upper bounded by terms that decay exponentially fast as the preview horizon of
future costs increases. Simulations verify this exponential decay and demonstrate
that our controller outperforms state-of-the-art methods that do not leverage cost
feedback.

We then consider the case where the costs must be inferred from observed optimal
trajectory data. This is a new framework for solving the learning from demonstra-
tion problem. We establish a theoretical connection between the regret and the
estimation error of the estimated optimal control gain. A regret bound is derived
under an Extended Kalman Filter(EKF)-based parameter estimation scheme, and
its performance is validated through numerical experiments.

We then apply this framework to a new dynamic LQ game problem, where the
costs are sequentially revealed to the players (and may be previewed). We introduce
the notion of price of uncertainty (PoU) that generalises the notion of regret to
multi-agent settings. We establish bounds on the PoU incurred when all players are
adopting the designed controller using our framework. Simulation results validate
the theoretical bounds on PoU.
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Chapter 1

Introduction

In many real-world problems that range from portfolio optimisation [1], robotic plan-
ning [2] to demand-side management [3] and control systems [4–7], decisions must be
made sequentially under uncertainty. In such settings, the decision maker often has
access only to partial or delayed information about the environment. For example,
only historical data and limited foresight of future conditions may be available. The
fundamental challenge of sequential decision making under uncertainty has spurred
extensive research across various disciplines, including engineering, economics and
artificial intelligence [7–17]. In particular, a dominant research area for engineering
related to sequential decision making is optimal control theory and dynamic game
theory. The former one focuses on decision making by a single decision maker, while
the latter one extends to the setting involving multiple decision makers.

Optimal control provides a formal approach to designing policies that minimise
cumulative cost over time, subject to constraints imposed by system dynamics [18].
The archetypal optimal control problems assume that the decision maker has full
knowledge of the system dynamics and cost functions across the entire decision
horizon. However, in many practical settings, the decision maker does not have
complete access to the full cost information, but still aims to achieve performance
close to that of the optimal policy [19–21]. To capture these, we reformulate the
optimal control problem into the following settings,

i. The decision maker has access only to past and partial future cost information,
rather than complete foresight

ii. The decision maker aims to emulate an expert who optimises a certain objec-
tive, by online inferring the objective from the expert’s sequentially revealed
trajectories.

In the absence of full cost information, the best achievable outcome for the deci-
sion maker is inherently suboptimal. Classical results in online convex optimisation
provide rich theoretical frameworks for finding suboptimal solutions under cost un-
certainty [22,23]. However, these works focus on decoupled decision variables and do
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2 Chapter 1. Introduction

not account for system dynamics constraints arising from state evolution in control
problems. To evaluate performance, we adopt the concept of regret, which mea-
sures the suboptimality of decisions made with cost uncertainty compared to an
omniscient decision maker with full information. Several definitions of regret have
been proposed in the literature [7–17], and we will review these variants to identify
the most suitable one for our context.

While optimal control theory focuses on a single decision maker, many applications
such as macroeconomic policy making [1] and demand-side management [3], involve
multiple agents that each seek to optimise their own objective. The mathematical
framework that generalises optimal control problems to multiple rational decision
makers is noncooperative dynamic game theory [24]. In this framework, agents seek
equilibria, where no agent can unilaterally improve their outcome. As in the sin-
gle decision maker case, we impose informational constraints whereby each decision
maker only observes past and partial future cost information. Moreover, we ex-
tend the notion of regret to the multi-agent setting, quantifying the suboptimality
between the decisions made by agents with unknown future cost and those of an
omniscient group of agents acting at their equilibrium.

In the following sections, we begin by introducing optimal control problems, followed
by the two scenarios, (i) and (ii), of the online LQ optimal control problems. We
then introduce the dynamic LQ potential games. Next, we summarise the main
contributions of each chapter. Finally, we provide an outline for the thesis.

1.1 Online LQ Optimal Control

In this thesis, we begin by investigating decision making under unknown future costs
in the single decision maker setting. We specifically consider a decision maker gov-
erned by linear time-invariant dynamics, aiming to minimise a cumulative quadratic
costs. This leads to an online Linear Quadratic problem, which extends the archety-
pal Linear Quadratic (LQ) problem. We introduce the LQ optimal control problem
in the following.

The LQ control problem is the archetypal optimal control problem. Consider a
controllable linear time-invariant (LTI) system

xt+1 = Axt +But + wt, x0 = x̄0 (1.1)

where t is a non-negative integer, A ∈ Rn×n and B ∈ Rn×m are system matrices,
xt ∈ Rn are states, ut ∈ Rm are controls, wt ∈ Rn are disturbances, and x̄0 ∈ Rn is
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the initial state.

In the disturbance-free case, wt = 0 for all 0 ≤ t ≤ T − 1 and the LQ problem
involves finding a feedback control policy Π∗ := {π∗

t }T −1
t=0 , consisting of feedback

control laws satisfying ut = π∗
t (xt), to minimise the quadratic cost function

T −1∑
t=0

xT
t+1Qt+1xt+1 + uT

t Rtut, (1.2)

subject to (1.1) for a given finite horizon 1 ≤ T < ∞ and initial state x̄0. Here,
the time-varying cost matrices Qt ∈ Sn

+ and Rt ∈ Sm
++ are from the sets of posi-

tive semi-definite symmetric and positive definite symmetric matrices Sn
+ and Sn

++,
respectively. Under assumptions on the controllability of the system (1.1) and the
positive (semi-)definiteness of the cost matrices, it is well-known that an optimal
policy Π∗ exists and is unique [18, Chapter 2.4]. We denote J∗

LQ as the (minimum)
value of (1.2) under the optimal policy Π∗, and let x∗

t and u∗
t denote the associated

optimal states and controls. In the (typical) case of stochastic disturbances, wt for
0 ≤ t ≤ T − 1 are independent and identically distributed (i.i.d.) random variables
with E(wt) = 0 and E(wtw

T
t ) = Covw where E(·) is the expectation operator.

The stochastic LQ problem is then to design a feedback control policy Π∗ :=
{π∗

t }T −1
t=0 , consisting of feedback control laws satisfying ut = π∗

t (xt, {wτ }t−1
τ=0)1, that

minimises the (expected) cost

E
(

T −1∑
t=0

xT
t+1Qt+1xt+1 + uT

t Rtut

)
, (1.3)

subject to (1.1) where we note that at time t the state xt and past disturbances
{wτ }t−1

τ=0 are available. Again, under assumptions on the controllability of the system
(1.1) and the positive (semi-)definiteness of the cost matrices, the existence and
uniqueness of the optimal policy Π∗ are guaranteed [25, Chapter 5]. We denote
J∗

LQG as the value of (1.3) under the optimal policy Π∗.

In classical LQ optimal control problems, the cost matrices {Qt}T
t=0 and {Rt}T −1

t=0

are known a priori, and the optimal control policies can be found in closed form
(cf. [18, Chapter 2] and [25, Chapter 5]). However, in many real-world applications,
such as real-time energy pricing [26], building energy management [27], power control
for wireless transmission [28], data-centre load balancing [29] and large-scale electric
vehicle charging [30], decisions must be made with limited information about future
costs.

1For time t = 0, 1, · · · , T − 1, the state xt is a sufficient statistic for the disturbances {wτ }t−1
τ=0,

but we retain them as an argument of the policy to highlight the control’s dependence on them.
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For example, suppose we wish to control a solar-powered uncrewed vehicle to effi-
ciently track a planned trajectory {xtrack

t }T
t=0 by using most control effort at times of

the day and in weather conditions that lead to high solar irradiation levels in the ve-
hicle’s vicinity and less control effort when the irradiance is low. This objective can
be modelled via cost matrices Rt that induce control costs uT

t Rtut that are inversely
proportional to the solar irradiance level. Since weather conditions will influence the
irradiance levels, the cost matrices Rt are time-varying, sequentially revealed, and
may only be previewed over a short window of time. Such a problem was considered
in [21] within the framework of online optimisation rather than optimal control by
ignoring the constraints imposed by the vehicle’s dynamics.

Motivated by problems with sequentially-revealed costs, we consider an online LQ
control problem in which at any time t, only the cost matrices {Qτ+1, Rτ }t+W

τ=0 from
the past and over a short preview window of (potentially zero) length 0 ≤ W ≤ T−1
are known to the decision maker (in addition to the initial state x̄0, horizon T , system
matrices A and B and past disturbances {wτ }t−1

τ=0). This corresponds to scenario (i)
for online LQ control problems mentioned previously. The cost and disturbance
information available to the decision maker at time t is thus

Ht,W := {{Qτ+1, Rτ }t+W
τ=0 ,Dt, x̄0}, (1.4)

where Dt = ∅ without the presence of disturbances and Dt = {wτ }t−1
τ=0 with the

presence of disturbances in (1.1). Note that Ht,W with t ≥ T − 1 − W contains all
the cost matrices usually assumed available in the classical LQR problem. The main
focus of our work is to propose a novel framework for selecting controls ut using the
information available at time t (i.e., Ht,W ) such that the cost they incur compared
to optimal controls selected in hindsight is bounded. Our framework adopts the
notion of dynamic regret to capture the difference between sequentially incurred
and optimal-in-hindsight (cumulative) costs. In contrast to previous treatments of
online LQ control (e.g., [31]), our approach exploits the feedback of cost matrix
information to predict and track the optimal trajectory. Furthermore, we establish
corresponding regret bounds without consideration of “worst-case” costs.

The above introduces the archetypal LQ problems, the online LQ optimal control
problem when the costs are a priori unknown to the decision maker. This corre-
sponds to scenario (i) in the previous introduction. In the following, we introduce
scenario (ii), the online LQ problem when costs are inferred online by observations
of the optimal states and control trajectories of an expert.
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1.2 Online LQ Optimal Control with Sequentially
Inferred Cost

The previous section introduced a scenario of an online LQ problem in which cost
matrices are revealed over time. In this section, in contrast, we introduce the online
LQ optimal control problem when the cost matrices are no longer revealed perfectly.
The decision maker has to learn the cost based on data from the expert’s optimal
control demonstration.

A motivating example that arises in the context of autonomous driving systems is to
learn from human demonstrations. These systems aim to personalise their driving
behaviour by adapting to individual driving styles. Human driving behaviour can be
modelled as an LQ control problem [32], with the cost matrices capturing the indi-
vidual driving style (e.g., tracking capabilities and vehicle comfort). However, these
cost matrices are latent and not observable, even to the human driver. Therefore,
direct cost matrix information will not be available, which requires the autonomous
driving systems to infer cost matrices from the driving data released during the hu-
man demonstration. Most existing works in learning from demonstration focus on
inferring parameters when full trajectories are given [citations]. However, this pre-
vents the possibility of real-time learning on a moving vehicle, where the autonomous
system needs to apply control without the cost function fully learned.

In this thesis, we will investigate this real-time learning and control problem by
proposing a framework for a copycat that aims to mimic an expert’s behaviour. We
again adopt the notion of dynamic regret to quantify how similar the behaviour of
the copycat is to the expert.

The above two sections introduced different scenarios of online LQ optimal control
problems with uncertain cost matrices. The technical results will be discussed in
Chapter 2 and 3, respectively. In the next section, we introduce the problem of
decision-making with sequentially revealed costs, which extends scenario (i) from the
single to the multiple decision-makers case. In particular, the costs and dynamics
of the decision-makers form a noncooperative dynamic LQ potential game.

1.3 Dynamic Potential Game with Sequentially
Revealed Costs

In this section, we introduce noncooperative dynamic LQ games and the problem
of dynamic potential LQ games with sequentially revealed costs.
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Noncooperative dynamic game theory is a mathematical framework for decision-
making among rational players in dynamic environments [24,33]. It has been widely
adopted for modelling interactions between agents in applications including net-
worked controls and communications [34, 35], economics [1, 36, 37], and power sys-
tems [38–41]. In these applications, the players try to minimise a cost functions that
depend on decisions of their own and other players. The aim of the game is often
set to seek a Nash equilibrium, where no player can gain by unilaterally changing its
strategy. Finding the Nash equilibrium for general dynamic games is difficult due
to the dependencies of coupled dynamics among different players. Discussions on
properties related to Nash equilibrium under certain dynamic game structures have
been discussed in [42–45].

Dynamic Potential LQ Games are a class of dynamic games in which feedback Nash
equilibria can be determined by solving multivariate optimal control problems [46].
The recent development of dynamic potential LQ games has improved the tractabil-
ity of noncooperative dynamic game models in many applications by enabling the
use of well-established optimal-control solutions techniques to find Nash equilib-
ria [3, 46]. It has been proven invaluable since it has been adopted for formulating
many practical studies, such as energy demand-side management [3, 47], commu-
nity battery management [48, 49], decentralised formation control of multi-vehicle
systems [2] and macroeconomic policy making [1]. These problems are modelled
as finite-horizon multiplayer linear quadratic dynamic games, where the full cost
information is known to the players in advance.

From a theoretical standpoint, our consideration of dynamic potential games with
sequentially revealed costs extends recent online LQ optimal control problems [8,
9, 12, 50] from a single-player setting to a multi-player noncooperative setting. The
extension is, however, nontrivial. In online LQ control problems, the concept of
regret is used to measure suboptimality of an algorithm against the optimal solution
in hindsight. In a dynamic game setting, similar concepts of best-performance-
in-hindsight are more difficult to define because the concept of optimality is itself
ambiguous in noncooperative competitive settings, leading to equilibria solution
concepts. Similarly, any proposed algorithms for solving online dynamic games
must be tailored to the specific solution concept. To the best of our knowledge,
these challenges have not been overcome in generalising results and algorithms from
online LQ control problems to online LQ dynamic game problems. Importantly,
while other decision quality measures have been explored in Markov games [51–53],
these notions offer limited insight into LQ settings with continuous state and action
spaces.
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We consider feedback Nash equilibria as the solution concept of interest, and adopt
and modify the notion of price of uncertainty (PoU) from static game [54] to dynamic
game as an indication of decision quality.

In general, the existence and uniqueness of a Nash equilibrium (and hence the PoU
performance measure) in a noncooperative dynamic game is not guaranteed, even
if the cost functions of all players are strictly convex [24, Chapter 6, Section 6.2.2].
However, we shall impose specific conditions on the parameters of LQ feedback po-
tential games so that we may define both our algorithm and performance guarantees
with respect to a unique feedback Nash equilibrium.

1.4 Contributions

We propose a prediction and tracking framework for problems when the costs are a
priori unknown. The framework comprises the decision maker predicting a candi-
date optimal trajectory, then tracking it. Specifically, our trajectory prediction step
uses the feedback of the cost matrix information. As more cost matrix information
is revealed, a trajectory that is closer to the optimal trajectory is tracked. This
ensures that the control policy fully utilises all cost information received at each
time step.

We first examine this framework in the online LQ control problem with sequentially
revealed costs. We characterise the performance of this framework theoretically and
numerically using the notion of dynamic regret. Our theoretical analysis shows that
the incurred regret upper bound decays exponentially fast as the preview window
length increases. We provide a sufficient condition under which our regret bound is
less than that of the state-of-the-art methodology [12]. In simulations, we demon-
strate the decays of regret when the preview horizon increases, and our proposed
framework leads to controllers with improved performance compared to the state-
of-the-art. In addition, our framework leads to methods that outperform those that
do not use the feedback from cost matrix information.

Next, we apply this framework and use inverse optimal control to infer the cost ma-
trices online. We establish the first dynamic regret upper bound under this proposed
framework for the online LQ control problems, where costs are a priori unknown
and must be inferred from an expert’s sequentially revealed optimal trajectory.

Finally, we apply this framework in the dynamic potential LQ games with sequen-
tially revealed costs. Since this is the first work that explores such a problem, we
first extend the notion of dynamic regret from online LQ control problems to the
dynamic potential game case. Inspired by the notion of price of uncertainty (PoU)
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from static games, we develop a version of PoU for dynamic games as an indication
of decision quality, and provide a connection between PoU and the notion of price
of anarchy (PoA). We establish lower and upper bounds for the PoU incurred by
the proposed framework. Our analysis shows that the PoU lower and upper bounds
grow and decay, respectively, as the preview window length increases. In the sin-
gle player case, the PoU upper bound specialises the regret bounds established in
the online LQ control problem with sequentially revealed costs. Furthermore, we
quantify how close a (general) control policy is to the feedback Nash equilibrium
if it has a bounded PoU. Lastly, the numerical simulation shows the PoU decays
exponentially, which matches our theoretical regret analysis.

1.5 Thesis Outline

The thesis consists of four chapters and is organised as follows:

In Chapter 2, we present our proposed new framework for solving online linear
quadratic (LQ) control problems with time-varying cost matrices that are known
only up to the current time or over a short preview window. Our framework in-
volves using revealed cost matrices to predict the unknown optimal trajectory, and
then using a tracking controller to drive the system towards this prediction. We
adopted dynamic regret to measure and bound the resulting quality of control de-
cisions with and without system disturbances, and present a constructive tracking
controller design approach based on deadbeat control in a lifted space. Our analy-
sis reveals that the regret of controllers designed using this proposed framework is
upper bounded by terms that decay exponentially with the number of time steps
over which future cost matrices can be previewed. Our simulations show that our
proposed framework leads to controllers with improved performance compared to
previously proposed online LQ methods that do not use revealed cost matrices. The
exponential decay of dynamic regret with respect to the preview window length
present in our regret bounds is also observed in simulations.

In Chapter 3, we investigate an online LQ control problem where the cost matrices
depend on an unknown parameter. An expert agent that has access to the true
parameter, sequentially reveals optimal trajectories to a copycat agent that is not
aware of the true cost parameter. To estimate the unknown parameter, the copycat
employs an extended Kalman filter (EKF) based method, using the optimal trajec-
tories revealed by the expert. We then incorporate the estimated parameter into the
proposed framework as the control policy for the copycat. We adopt dynamic regret
to measure and bound the resulting quality of control decisions made by the copycat



1.5. Thesis Outline 9

against those of the expert. We established regret bounds associated with an EKF-
based method. In our simulations, we show that the copycat’s trajectory approaches
the expert’s optimal trajectory over time, while the regret remains constant as the
time horizon increases.

In Chapter 4, we investigate a novel finite-horizon linear-quadratic (LQ) feedback
potential dynamic game with a priori unknown cost matrices played between N -
players. The cost matrices are revealed to the players sequentially, with the poten-
tial for future values to be previewed over a short time window. We propose an
algorithm that enables the players to predict and track a feedback Nash equilibrium
trajectory, and we measure the quality of their resulting decisions by introducing
the concept of price of uncertainty. We show that under the proposed algorithm,
the price of uncertainty is bounded by horizon-invariant constants. The constants
are the sum of two terms; the first term decays exponentially as the preview window
grows, and another that depends on the magnitude of the differences between the
cost matrices for each player. Through simulations, we illustrate that the resulting
price of uncertainty initially decays at an exponential rate as the preview window
lengthens, then remains constant for large time horizons.



Chapter 2

Chapter 2. Online LQ Optimal
Control

In this chapter, we introduce the online LQ optimal control problem with sequen-
tially revealed costs. We begin by reviewing the related works for this problem,
followed by the presentation of our proposed new framework, and the constructive
deadbeat controller based on this framework. We then provide the regret analysis for
both the framework and the associated deadbeat controller. Finally, we demonstrate
the empirical performance of our proposed methods through numerical simulations,
comparing the incurred regret with that of the state-of-the-art online LQ optimal
control methods.

2.1 Related Works

Various formulations of online optimal control with unknown costs have been con-
sidered in systems and control theory [4–6, 10–12, 15, 55–57], machine learning and
artificial intelligence [8, 13, 14, 58–60]. Table 2.1 summarises key features of repre-
sentative works and outlines the contributions of this work. In the following, we
compare and contrast our work with these existing works in more detail.

Table 2.1: Summary of related online optimal control works. Functions fτ , gτ denote
state and control costs at time τ , respectively.
Works Systems Costs Optimal Time-varying Regret Available Information Causal Preview

of Disturbances
Cost Matrix
Feedback

Stochastic
Disturbances

Regret w.r.t.
Preview

[8, 10, 11] Linear Quadratic ✗ – only with respect to class of stabilising
linear controllers in [8, Definition 3.4] {{Qτ+1, Rτ}tτ=0, {wt}t−1

τ=0, x̄0}
✓ ✓ ✓ ✗

[12] LTI Quadratic ✓ {{Qτ+1, Rτ}t+Wτ=0 , {wt}t+Wτ=0 , x̄0}
✗ ✗ ✗ ✓

[13] Nonlinear-TI Strongly
Convex ✓ {{fτ+1, gτ}t+Wτ=0 , {wt}t+Wτ=0 , x̄0}

✗ ✗ ✗ ✓

[14] LTI Strongly
Convex

✓ {{fτ+1, gτ}t+Wτ=0 , x̄0}
✗ ✗ ✗ ✓

[15] LTI Strongly
Convex ✓ {{fτ+1, gτ}tτ=0, x̄0}

✓ ✓ ✗ ✗

[17] Nonliner Strongly
Convex ✓ {{fτ+1, gτ}tτ=0, {wt}t−1

τ=0, x̄0}
✓ ✓ ✗ ✗

Ours LTI Quadratic ✓ {{Qτ+1, Rτ}t+Wτ=0 , {wt}t−1
τ=0, x̄0}

✓ ✓ ✓ ✓

Recent work in [8,10,11] has focused on quadratic cost functions with linear systems

10
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without preview of future costs, with stabilising regret used as the quality measure
of decisions.1 The notion of stabilising regret compares costs incurred by a proposed
method and the least costs incurred by a fixed linear controller (i.e., ut = −Kxt for
∀t) chosen from a set of stabilising controllers when all cost information is given.
However, optimal finite-horizon LQ control laws for time-varying costs are generi-
cally time-varying and may include unstable feedback gains at some time instances
in the horizon. Thus, the aforementioned set of stabilising time-invariant controllers
does not include the optimal control policy obtained from knowing all the cost ma-
trices. Hence, a more natural measure of decision quality is the difference in cost
incurred by decisions based on sequential cost information and decisions based on
optimal control laws constructed with full cost information (only available in hind-
sight). This leads to the notion of dynamic regret from online optimisation [27, 28]
which is a performance measure that compares the cumulative loss of an online algo-
rithm against a sequence of optimal decision. However, the main point of difference
between formulations found in the online optimisation literature and this chapter is
the fact that optimal decisions and states in LQ optimal control problems are not
just dependent on the cost at the decision time step, but are also coupled with the
previous decisions and future and past costs.

Online LQ optimal control problems similar to the one considered in this chapter
are studied in [12] via an approach inspired by model predictive control (MPC).
Specifically, future cost matrices and disturbances are assumed to be available over
a preview window of length W ≥ 0. It is further assumed that the cost matrices
Qt and Rt satisfy uniform (in time) upper and lower bounds. The approach of [12]
then involves formulating an MPC problem using the known future cost matrices
and disturbances, and a pessimistic tail cost estimate based on the upper bounds
of Qt and Rt. Since the tail cost estimate is not updated using the cost-matrix
information that becomes progressively available, the approach’s performance and
regret bounds are overly dependent on the ex ante assumptions made about the cost
matrices. In contrast, we propose an alternative approach that uses revealed cost
information to reduce the dependence of its performance on the ex ante assumptions
made about the cost matrices.

The problem considered in [13] extends that of [12] by allowing non-quadratic cost
functions and limited preview of future system matrices, disturbances, and costs.
However, the dynamic regret upper bound presented in [13] is only valid when the
preview window is longer than some minimum length, which is restrictive when

1As a side note, [8, Algorithm 1] may not even yield a feasible solution for a controllable linear
systems, see [50, Footnote 2].
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future information is unavailable. Moreover, similar to [12], the regret bound of [13]
is overly reliant on assumptions related to bounded costs.

Considerations of online optimal control in the systems and control literature has
addressed controller design with sequentially revealed costs under a variety of (po-
tentially restrictive) technical conditions and without considering preview. For ex-
ample, [15, 17] consider states and controls constrained within a (potentially time-
varying) compact space, employ online convex optimisation algorithms, and relate
dynamic regret upper bounds to path length to quantify changes in optimal controls
or gains over consecutive time steps, without considering preview. Similarly, [56]
considers the specialised control problem of tracking sequentially revealed targets,
which is a special case of our online LQ optimal control problem without pre-
view. The interplay between stability and dynamic regret has also been examined
in [55].

Most recently, both [6] and [58] consider apparent generalisations of our online LQ
optimal control problem, but under additional restrictive conditions. For example,
[58] considers general nonlinear systems but with controller design simplified to
selecting from a finite set of stabilising controllers, and regret defined with respect
to the same set. We impose no such constraints on controller design and define regret
with respect to all possible (uncountably infinite) controllers. Similarly, [6] considers
a problem in which the controller only has partial or distributional knowledge of the
costs. In contrast, we examine what is achievable when entire cost matrices are
a priori unknown and sequentially revealed, without imposing any distributional
assumptions.

Contributions This chapter proposes a framework for online LQ optimal control
that uses cost-matrix feedback and causal disturbance information to predict and
track the a priori unknown optimal trajectory. This framework enables us to de-
velop: (i) methods that do not exploit knowledge of (potentially pessimistic) bounds
on the cost matrices (in contrast to [12]); (ii) regret upper bounds that are well-
defined when there are infinitely many available policies (in contrast to [58]); and,
(iii) regret upper bounds that hold without the requirement of a minimum preview-
horizon length (in contrast to [13]). Moreover, (i) we provide a sufficient condition
under which our regret bound is less than that of the state-of-the-art methodol-
ogy [12]; and (ii) demonstrate in simulation that our methods with cost-matrix
feedback outperforms methods that do not exploit the feedback of cost informa-
tion (e.g., those of [12] and [17]). We also provide (expected) regret bounds in the
presence of stochastic disturbances.
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Outline The rest of the chapter is organised as follows. In Section 2.2, we for-
mulate the online LQ optimal control problem that we consider. In Section 2.3,
we introduce our proposed framework and develop general dynamic regret bounds.
In Section 2.4, we exploit the proposed framework to develop a deadbeat controller
design methodology for online LQ optimal control with associated regret bounds. In
Section 2.5, we provide numerical comparison results between algorithms designed
with our framework and existing state-of-the-art approaches. Conclusions are pro-
vided in Section 2.6.

2.2 Problem Formulation

Consider the controllable LTI system (1.1), the quadratic cost function (1.2), and
suppose the cost matrices Qt and Rt satisfy the following assumption given T ≥ 1
and 0 ≤ W < T − 1.

Assumption 2.2.1. There exist symmetric positive definite matrices
Qmin, Qmax, Rmin, Rmax such that

Qmin ⪯ Qt+1 ⪯ Qmax, Rmin ⪯ Rt ⪯ Rmax, (2.1)

for all 0 ≤ t ≤ T − 1 where F ⪯ G denotes G − F being positive semi-definite for
symmetric matrices F and G.

For the disturbance-free case, we aim to design a feedback policy Π = {πt}T −1
t=0 that

selects controls ut = πt(xt,Ht,W ) for the system (1.1) using the state xt and the
currently available information Ht,W in (1.4) with Dt = ∅. Given Π, we consider the
following notion of dynamic regret to measure decision quality

RegretT (Π) :=
T −1∑
t=0

xT
t+1Qt+1xt+1 + uT

t Rtut − J∗
LQ, (2.2)

where {xt+1, ut}T −1
t=0 with ut = πt(xt,Ht,W ) satisfies (1.1) and we recall that J∗

LQ is
the cost in (1.2) under the optimal policy Π∗ (with perfect knowledge of the cost
matrices). This regret captures the difference between the cost incurred by the
decision maker with partial cost information Ht,W and that of the best decisions in
hindsight with all information HT −1,W .

We specifically seek to design a cost-feedback control policy Π, that is independent of
the bounds given in Assumption 2.2.1 (in contrast to [12]). We aim to show that the
regret (as defined in (2.2)) associated with our proposed feedback policy is sublinear
with respect to the time horizon T for the case where wt = 0 for 0 ≤ t ≤ T − 1, i.e.,
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RegretT (Π) ≤ o(T ), where o(T ) satisfies limT →∞
o(T )

T
= 0.

For the case of stochastic disturbances, we consider designing a feedback policy
Π = {πt}T −1

t=0 such that ut = πt(xt,Ht,W ) with Dt = {wτ }t−1
τ=0. We use the notion of

expected regret as the measure of decision quality

ExpRegretT (Π) := E
(

T −1∑
t=0

x⊤
t+1Qt+1xt+1 + u⊤

t Rtut

)
− J∗

LQG, (2.3)

where {xt+1, ut}T −1
t=0 with ut = πt(xt,Ht,W ) satisfies (1.1) and we recall that J∗

LQG

is the cost in (1.3) under the optimal policy Π∗ (with perfect knowledge of the
cost-matrices but not the disturbances).

We aim to show that our proposed control policy yields controls such that the
expected regret satisfies ExpRegretT (Π) ≤ (CERγ

2W + C
′
ER)T for positive scalars

CER, C
′
ER and γ ∈ (0, 1)2.

We begin by establishing regret upper bounds for the general case of the pro-
posed control design framework. Later, we will provide a constructive approach
to controller design leading to deadbeat controllers with regret bounds in a lifted
space.

2.3 Approach and Regret Analysis

In this section, we introduce our proposed framework (or approach) for online LQ
optimal control using revealed cost matrix information to predict and track optimal
state and control trajectories. We also characterise its performance.

2.3.1 Cost-Feedback Controller via Prediction and Track-
ing

Our proposed online LQ approach involves first using the information available to
the decision maker at each time t to predict the optimal state x∗

t+1 and control u∗
t

by solving a LQ optimal control problem of the form in (1.2) with (unknown) future
cost matrices replaced by their most recently revealed values. We then use a tracking
controller to track towards this prediction.

Prediction of Optimal Trajectory without Disturbances In the
disturbance-free case, at each time t, we predict the optimal trajectory starting
from the (known) initial state x̄0 using the revealed cost matrices up to time t+W

2The exact definition of γ will be presented in Theorem 2.3.1
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and setting all (unknown) future matrices to equal their most recent (known) values
at time t+W . Specifically, at time t where 0 ≤ t ≤ T −W −1, define Jt(·, ·) as

Jt({ξτ+1}T −1
τ=0 , {υτ }T −1

τ=0 )

:=
t+W∑
k=0

[ξT
k+1Qk+1ξk+1 + υT

kRkυk] +
T −1∑

k=t+1+W

[ξT
k+1Qt+W +1ξk+1 + υT

kRt+Wυk],

and Jt({ξτ+1}T −1
τ=0 , {υτ }T −1

τ=0 ) := JT ({ξτ+1}T −1
τ=0 , {υτ }T −1

τ=0 ) for T − W ≤ t ≤ T − 1.
We predict the optimal states and controls for 0 ≤ t ≤ T − 1, denoted(
{xτ+1|t}T −1

τ=0 , {uτ |t}T −1
τ=0

)
, by solving

min
({ξτ+1}T −1

τ=0 ,{υτ }T −1
τ=0 )

Jt({ξτ+1}T −1
τ=0 , {υτ }T −1

τ=0 )

subject to ξτ+1 = Aξτ +Bυτ , ξ0 = x̄0.

(2.4)

Recall that at time 0 ≤ t ≤ T − 1, the available information is Ht,W and xt.
Importantly, solving (2.4) at each time t is equivalent to solving an LQ (regulator)
problem, as detailed in the following proposition.

Proposition 2.3.1. Let

Qτ+1|t :=

Qτ+1 if τ ≤ min(t+W,T − 1)

Qt+W +1 if min(t+W,T − 1) < τ ≤ T − 1,

and Rτ |t :=

Rτ if τ ≤ min(t+W,T − 1)

Rt+W if min(t+W,T − 1) < τ ≤ T − 1.

For 0 ≤ t, τ ≤ T − 1, the solution to the optimal control problem (2.4) is given by

Pτ |t = ATPτ+1|tA+Qτ |t + ATPτ+1|tBKτ |t,

Kτ |t := −(Rτ |t +BTPτ+1|tB)−1BTPτ+1|tA,

uτ |t = Kτ |txτ |t, xτ+1|t = Axτ |t +Buτ |t

with PT |t = QT |t. The matrices Pτ |t for 0 ≤ t, τ ≤ T − 1 are positive definite under
Assumption 2.2.1. Moreover, the control sequence that minimises the cost in (2.2)
can be found by solving (2.4) given Qτ+1|T −1 and Rτ |T −1 for 0 ≤ τ ≤ T − 1.

Proof. See Appendix A.1.

Prediction of Optimal Trajectory with Disturbances In the case of distur-
bances, recall that the decision maker knows the past disturbances Dt = {wτ }t−1

τ=0
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at each time t, where 0 < t ≤ T − 1. We therefore compute the predicted states
and controls, xt+1|t and ut|t, as elements of the sequences

(
{xτ+1|t}T −1

τ=0 , {uτ |t}T −1
τ=0

)
,

by

uτ |t = Kτ |txτ |t for 0 ≤ τ ≤ T − 1,
xτ+1|t = Axτ |t +Buτ |t + wτ for 0 ≤ τ ≤ t− 1, (2.5)
xτ+1|t = Axτ |t +Buτ |t for t ≤ τ ≤ T − 1.

Here the control gains Kτ |t are those given by Proposition 2.3.1 that solve the
LQ optimal control problem (2.4), and the predicted states xτ+1|t incorporate the
(known) past disturbances Dt.

Tracking of Predicted Optimal Trajectory The second part of our approach
involves selecting controls, ut, for the system (1.1) to track towards the predicted
optimal states, xt+1|t, and controls, ut|t, obtained by solving either (2.4) in the
disturbance-free case or (2.5) in the case of disturbances. To this aim, we propose a
control policy Π = {πt}T −1

t=0 with

ut = πt(xt,Ht,W ) = Kt(xt − xt|t) + ut|t, (2.6)

where Kt ∈ Rm×n are control gain matrices for which there exist constants Cf > 0
and 0 < q < 1 such that

∥
t1∏

τ=t0

(A+BKτ )∥ ≤ Cfq
t1−t0+1 (2.7)

for any 0 ≤ t0 ≤ t1 ≤ T − 1, and ∥ · ∥ denotes either the 2-norm of a vector or
the spectral norm of a matrix, depending on its argument. Intuitively, such control
gains Kt lead to contraction of the distance between xt+1 given by (1.1) and xt+1|t

given by either (2.4) or (2.5).

We now show that this approach leads to bounded regret in both disturbance-free
and (stochastic) disturbance cases.

2.3.2 Regret Analysis without Disturbances

We first present a regret upper bound for the disturbance-free case with controls,
ut, generated by (2.6). For any matrix Γ, we further define λmin(Γ) as the minimum
eigenvalue of Γ and λmax(Γ) as the maximum eigenvalue of Γ. We also require
the following lemma establishing a property of the optimal control problem (2.4).
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Specifically, we show that the matrices Pτ |t from Proposition 2.3.1 are upper and
lower bounded if the time-varying control gain is bounded and the cost matrices Qτ

and Rτ are upper and lower bounded.

Lemma 2.3.1. Consider the optimal control problem (2.4), the controllable linear
system (1.1), and suppose that Assumption 2.2.1 holds. Then there exists a positive
definite matrix Pmax such that Qmin ⪯ Pτ |t ⪯ Pmax for 0 ≤ t, τ ≤ T − 1 where

Pmax = Qmax + ATPmaxA− ATPmaxB(Rmax +BTPmaxB)−1BTPmaxA. (2.8)

Proof. See Appendix A.1.

Finally, let us define the following constants:

CK :=
∥∥∥(Rmin +BTQminB)−1

∥∥∥2 ∥∥∥RmaxB
T
∥∥∥ λ2

max(Pmax)
λmin(Qmin) , (2.9)

η :=

√√√√1 − λmin(Qmin)
λmax(Pmax) , D :=

∥∥∥Rmax +BTPmaxB
∥∥∥ , (2.10)

α := λmax(ATPmaxA), β := λmin(Qmin),

γ := α

α + β
, (2.11)

C := λmax(Pmax)
λmin(Qmin) , (2.12)

αK := 2[(σmax(A)
σmin(B) )2 + (Cf + ∥A∥

σmin(B) )2], (2.13)

along with the composite constants: g1 := ηγ(q(q − ηγ))−1 − ηq−1(q − η)−1, g2 :=
(ηγq−1(q − ηγ)−1)2, g3 := (ηq−1(q − η)−1)2 and g4 := (γ(1 − γ)−1)2.

Our main result for the disturbance-free case follows.

Theorem 2.3.1. For a given horizon T ≥ 1 and preview window length 0 ≤ W ≤
T − 1, consider the linear system in (1.1) and the control policy Π = {πt}T −1

t=0 with
πt defined in (2.6) and (2.4). Under Assumption 2.2.1, the regret defined by (2.2)
satisfies

RegretT (Π) ≤ γ2W Ψ, (2.14)

where γ ∈ (0, 1) is defined in (2.11), and Ψ is a positive scalar that is monotonically
increasing with respect to ∥x̄0∥, D, αK , C, Cf , CK , g1, g2, g3 and g4.

Proof. See Appendix A.1.
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Remark 2.3.1. For any T , there exists a Λ ∈ R that is independent of T such that
Ψ ≤ Λ. Thus, limT →∞

RegretT (Π)
T

= 0, which RegretT (Π) ≤ o(T ). This implies that
the control sequence described by (2.6) yields sublinear regret.

The regret upper bound presented in [12, Theorem 1, Equation (15)] also establishes
exponential decay with respect to the preview window W and sublinear growth
with respect to the time horizon T under their proposed control policy. However,
their policy relies on prior knowledge of the extrema of the cost matrices Qt+1

and Rt for 0 ≤ t ≤ T − 1, rather than operating solely on the realised costs. As
a consequence, the resulting control policy can be overly conservative when the
realised cost sequence deviates significantly from these extrema.

In the following proposition, we state a condition in terms of the bounds given in
Assumption 2.2.1 and the cost matrices sequence extrema under which the bound
in Theorem 2.3.1 is smaller than that of [12, Theorem 1, Equation (15)].

Proposition 2.3.2. Adopt the hypothesis of Theorem 2.3.1. If

λ10
max(Qmax) ≥

5
[
(1 + αK

(1−γ)2 )( 1
1−η2 ) + 10C2

f

3q2(q−η)2

(
1

(q−η)2(1−q)2 + 2
(1−η2)

)]
6(C2

Kλ
2
min(Rmin)λ4

min(Qmin))−1∥A∥2∥B∥2∥BR−1
minB

T∥2 , (2.15)

where Qmax is given in Assumption 2.2.1, then the RHS of inequality in [12, Theorem
1, Equation (15)] is greater than the RHS of inequality (2.2) in Theorem 2.3.1.

Proof. See Appendix A.2.

We next present a regret bound with disturbances.

2.3.3 Regret Analysis with Disturbances

To bound the regret of our approach (2.6) in the presence of disturbances, recall
that we still consider the controls ut = πt(xt,Ht,W ) given by (2.6) but with xτ |t and
uτ |t obtained by solving (2.5).

Theorem 2.3.2. For a given time horizon T ≥ 1 and preview window length 0 ≤
W ≤ T − 1, consider the system defined by (1.1) and policy Π = {πt}T −1

t=0 with πt

defined in (2.6) and (2.5). Under Assumption 2.2.1, the expected regret defined by
(2.3) satisfies

ExpRegretT (Π) ≤ (CERγ
2W + C

′

ER)T, (2.16)

where γ ∈ (0, 1) is defined in (2.11), and CER and C ′
ER are positive scalars that are
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monotonically increasing with respect to Tr(Covw), ∥x̄0∥, D, αK , C, Cf , CK , g1, g2, g3

and g4.

Proof. See Appendix A.3.

Theorem 2.3.2 implies that in the disturbance case, the expected regret can, at
worst, grow linearly with the horizon T .

The above provides a framework for online LQ optimal control. We next develop a
possible approach to construct Kt in (2.6).

2.4 Regret Analysis of Deadbeat Tracking Con-
troller

A natural question that arises in the design of the tracking controller (2.6) is the
choice of the gain Kt. In principle, it could chosen to minimise the regret bounds,
(2.14) or (2.16), with cost matrices replaced by their bounds. However, this approach
may not guarantee small empirical regret. Motivated by move blocking in MPC, in
this section we instead propose using a deadbeat controller to track the predicted
trajectory at every d-steps when the system (1.1) is d-step controllable.

2.4.1 Lifted Space

In this section, we suppose that the linear system (1.1) is d-step controllable
[61, Equation (6.15)], i.e., there exists an integer 1 ≤ d ≤ n, such that

rank([B,AB, · · · , Ad−1B]) = n. Specifically, let d be the minimal integer that
system (1.1) is d-step controllable. For time horizon T and preview horizon W ,
we assume that T mod d = 0 and W mod d = 0. Let Td := T

d
, Wd := W

d
,

and assume that Td ≥ 1, 0 ≤ Wd ≤ Td. Let ⊕ denote the direct sum operator,
such that given a sequence of matrices Ui ∈ Rk1×k2 , for any positive integer p,

⊕p
i=1Ui :=


U1 0k1×k2 . . . 0k1×k2

0k1×k2 U2 . . . 0k1×k2
... . . .

0k1×k2 . . . . . . Up

. For 0 ≤ kd, td ≤ Td, define the following
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notation for a ‘lifted space’ rewriting of (1.1), (1.2) and (1.3),

Â := In(d+1) −

 0n,nd 0n,n

⊕d−1
j=0A 0nd,n

 , B̂ :=
 0n,md

⊕d−1
j=0B

 ,
Φ :=

[
0n,nd In

]
Â−1

 In

0nd,n

 ,Γ :=
[
0n,nd In

]
Â−1B̂,

Ckd|td
:= Q

1
2
kd|td

, Ĉkd|td
=
[
⊕d−1

j=0Cdkd+j|td
0nd,n

]
,

R̂kd|td
:= ⊕d−1

j=0Rdkd+j|td
, (2.17)

Ξkd|td
:= Ĉkd|td

Â−1

 In

0nd,n

 , (2.18)

∆kd|td
:= Ĉkd|td

Â−1B̂, (2.19)
Q̃kd|td

:= Ξ⊤
kd|td

Ξkd|td
− Ξ⊤

kd|td
∆kd|td

R̃−1
kd|td

∆⊤
kd|td

Ξkd|td
,

R̃kd|td
:= R̂kd|td

+ ∆⊤
kd|td

∆kd|td
,

Ãkd|td
:= Φ − ΓR̃−1

kd|td
∆⊤

kd|td
Ξkd|td

, B̃ := Γ,

Âw :=
[
Ad−1 Ad−2 · · · 1

]
, w̃t :=

[
wt wt+1 · · ·wt+d−1

]⊤
.

The ‘unlifted’ space equations established in Proposition 2.3.1 correspond to the
following ‘lifted’ space equations,

P̃Td|td
= Q̃Td|td

= PdTd|dtd
,

(R̃τd|td
+ B̃⊤P̃τd+1|td

B̃)K̃τd|td
+ B̃⊤P̃τd+1|td

Ãτd
= 0, (2.20)

x̃τd+1|td
= Ãτd

x̃τd|td
+ B̃ũτd|td

+ Âww̃τd
, (2.21)

ũτd|td
= K̃τd|td

x̃τd|td
, x̃0|td

= x̄0. (2.22)

By [5, Proposition 3], we have the following relationships

Pdτd|dtd
= P̃τd|td

, xdτd|dtd
= x̃τd|td

, (2.23)

and (Ãτd
, B̃) is one-step controllable for 0 ≤ τd, td ≤ Td. We use these lifted space

results to describe a constructive design of the tracking controller (2.6).

2.4.2 Proposed Method In Lifted Space

To introduce a lifted-space method for constructively designing the tracking con-
troller (2.6), note that at time td where 0 ≤ td ≤ Td, we can predict the optimal
trajectory using the available information given in H̃td,Wd

(= Hdtd,dWd
). Let x̃td+1|td

denote the estimate of the optimal state at time td + 1 based on H̃td,Wd
. Given the
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d-step controllability of the system (1.1), we can then track (exactly) to the state
x̃td+1|td

by time td. Our approach in lifted space follows.

Prediction in Lifted Space

In the disturbance-free case, similar to (2.4), at time td let

J̃td
({x̃τd|td

}Td
τd=0, {ũτd|td

}Td−1
τd=0 )

:=
Td−1∑
τd=0

x̃⊤
τd|td

Q̃τd|td
x̃τd|td

+ ũ⊤
τd|td

R̃τd|td
ũτd|td

+ x̃⊤
Td|td

Q̃Td|td
x̃Td|td

,

where ({x̃τd|td
}Td

τd=0, {ũτd|td
}Td−1

τd=0 ) satisfy (2.21). We predict the optimal (lifted) tra-
jectories {x̃τd|td

}Td
τd=0, {ũτd|td

}Td−1
τd=0 by solving

min
{ũkd|td

}Td−1
kd=0

J̃td
({x̃τd|td

}Td
τd=0, {ũτd|td

}Td−1
τd=0 ) (2.24)

subject to (2.21). Similarly, in the case of (stochastic) disturbances, similar to (2.5),
at time td, H̃td,Wd

is available to the decision maker and we predict the optimal
(lifted) trajectories {x̃τd|td

}Td
τd=0, {ũτd|td

}Td−1
τd=0 via

ũτd|td
= K̃τd|td

x̃τd|td
for 0 ≤ τd ≤ Td − 1,

x̃τd+1|td
= Ãτd

x̃τd|td
+ B̃ũτd|td

+ Âww̃τd
for 0 ≤ τd ≤ td − 1, (2.25)

x̃τd+1|td
= Ãτd

x̃τd|td
+ B̃ũτd|td

for td ≤ τd ≤ Td − 1,

with w̃0 := [0, 0, · · · , 0].

Tracking in Lifted Space

Given the prediction of the optimal state trajectories (in lifted space), we drive the
system state (1.1) to them in d-steps using a deadbeat controller in lifted space.
For any vector x, let dim(x) be the dimension of x, we use [x]i:j where 1 ≤ i ≤
j ≤ dim(x) to denote the (sub)vector consisting of the i-th to j-th components
(inclusive) of x. For time 0 ≤ t ≤ T − 1, let td := ⌊ t

d
⌋, tm,d := 1 + m(t mod d)

and t̄m,d := m(1 + t mod d), we proposed the policy Π̃ = {π̃t}T −1
t=0 with deadbeat

controllers

ut = π̃t(x̃td
, H̃td,Wd

) := [(B̃⊤B̃)−1B̃⊤(x̃td+1|td
− Ãtd

x̃td
)]tm,d:t̄m,d

(2.26)

where the predicted states and controls are given by (2.24) in the disturbance-free
case or (2.25) in the case of disturbances.
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We next show that using deadbeat controllers (in the lifted space) yields regret
bounds similar to those we established in Theorems 2.3.1 and 2.3.2.

2.4.3 Deadbeat Regret Analysis without Disturbances

In this section, we present the result for the disturbance-free case where the control
inputs are generated by (2.26). As demonstrated in the following theorem, the
prediction-tracking method in lifted space also provides a sublinear regret.

Theorem 2.4.1. Given T ≥ 1 and W such that 0 ≤ W ≤ T − 1, T mod d = 0
and W mod d = 0, consider the LTI system (1.1) and the (lifted-space) policy
Π̃ = {π̃t}T −1

t=0 with π̃t defined in (2.26). Under Assumption 2.2.1, the regret defined
by (2.2) satisfies

RegretT (Π̃) < Ψ̃γ2max(0,W −d),

where γ ∈ (0, 1) is defined in (2.11) and Ψ̃ is a positive scalar that is monotonically
increasing with respect to ∥x̄0∥, d, ∥Pmax∥, C and CK, and monotonically decreasing
with respect to γ and η.

Proof. See Appendix A.4.

2.4.4 Deadbeat Regret Analysis with Disturbances

The result presented in the following theorem addresses the disturbance case.

Theorem 2.4.2. For a given horizon T ≥ 1 and preview window length W where
0 ≤ W ≤ T −1 satisfy T mod d = 0 and W mod d = 0, consider the linear system
defined by (1.1) and control policy Π̃ = {π̃t}T −1

t=0 with π̃t defined in (2.26). Under
Assumption 2.2.1, the expected regret defined by (A.13) satisfies

ExpRegretT (Π̃) < (C̃ERγ
2max(0,W −d) + C̃ ′

ER)T,

where γ ∈ (0, 1) is defined in (2.11), and C̃ER and C̃ ′
ER are positive scalars that are

monotonically increasing with respect to ∥x̄0∥, d, ∥Pmax∥, C and CK, and monoton-
ically decreasing with respect to Tr(AdCovwA

d⊤), γ, and η.

Proof. See Appendix A.5.

We next illustrate the (empirical) regret of our methods.
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2.5 Numerical Simulations

We numerically3 compare: (i) the state-of-the-art approach (OnlineMPC) of [12,
Algorithm 1]; (ii) prediction-tracking controllers (Tracking) given by (2.6) with
(time-invariant) stabilising gains Kt = K; (iii) deadbeat controllers (Deadbeat)
given by (2.26); (iv) the Safe-OGD approach of [17, Algorithm 1]; and, (v) simple
constant stabilising feedback controllers (Constant) such that ut = Kxt. We use
RegretT,W to denote the average regret over trials of experiments given a time horizon
T and preview window length W .

2.5.1 Linearised Inverted Pendulum

We first consider the (slightly modified) controllable linearised inverted pendulum
system from [62, Chapter 2.13]:

xt+1 =


0.1 1 0 0
0 −0.1818 2.6727 0

0.2 0 0 1
0 −18.1818 31.1818 0

xt +


0

1.8182
0

4.5455

ut.

We vary the preview horizon W from 0 to 7, and the horizon T from 8 to 50. The cost
matrices are chosen uniformly satisfying by Assumption 2.2.1 with Qmin = 103I4×4,
Qmax = 104I4×4, Rmin = 10, and Rmax = 102. The gains K in the Tracking
controller (2.6) and the Constant controller (i.e., ut = Kxt) are both chosen by
placing the pole at p = [p1, · · · , p4] with pi ∼ U(0, 0.5), 1 ≤ i ≤ 4. We note that the
system is 4-step controllable.

Figure 2.1 reports the average of RegretT,W over 500 trials of the approaches with
T = 30. Note that the Safe-OGD algorithm requires finding a control gain K̄ that
satisfies ∥A+BK̄∥ ≤ 1 − ζ where 0 < ζ < 1. However, in this scenario, there is no
such K̄. Therefore, the Safe-OGD algorithm is not applicable. In the disturbance-
free case, the horizon T does not have a significant impact on the regret. Thus, limit
the presentation to the case where T = 30. From Figure 2.1 we see that the (aver-
age) regret incurred by the simple Constant controller is much larger than regret
incurred by all other methods and unsurprisingly independent of the preview window
length. For short preview window lengths W ≤ 3, the regret incurred by all methods
is similar. However, for preview window lengths W > 3, the Tracking controller
incurs a lower regret than all other methods, with it being 103 − 105 times smaller

3Code at https://github.com/u7361886/OnlineLQR
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than OnlineMPC. The Deadbeat controller performs similarly to OnlineMPC across
all preview window lengths, but performs worse than the (bespoke) Tracking con-
troller. This result highlights that whilst the Deadbeat controller design of Section
2.4 is constructive, its relative inflexibility in tracking gain compared to the general
Tracking controller (2.6) can come with an associated increase in regret. More-
over, the exponential decay of the average regret for the Tracking and Deadbeat
controllers illustrates the relation between the preview window length W and the
regret bounds established in Theorem 2.3.1 and 2.4.1, respectively.

To quantify the dispersion of this result, we adopt the maximum coefficient of vari-
ation. Let StdRegretT,W denotes the standard deviation regret under given time
horizon T and preview window length W over the 500 trials. We define the maxi-
mum coefficient of variation as

MaxCV := max
W

StdRegretT,W

RegretT,W

. (2.27)

Here, the preview window length W is restricted to the range [0, 7], and the time
horizon T = 30, specified by the experimental setting. In this experiment, the
MaxCV for Tracking, OnlineMPC and DeadBeat are 2.035, 5.8486 and 2.3986, re-
spectively.

Remark 2.5.1. For W = 0, the average regret incurred by OnlineMPC is different
from the regret incurred by the Tracking controller. This discrepancy arises because
OnlineMPC estimates the tail cost using Pmax, whereas in the Tracking controller,
at any given time, a candidate trajectory generated by solving an optimal control
problem using the costs observed up to that time instance is tracked. The impact of
the tail-cost construction for OnlineMPC on the observed performance is significant
if the “future” costs are not close to their assumed extremal values of Qmax and
Rmax.

2.5.2 Random Linear Systems without Disturbances

We next consider random linear systems with the elements of A and B drawn uni-
formly from the interval (0, 10). We examine two cases: (i) scalar A and B; (ii)
matrix-valued A ∈ R9×9 and B ∈ R9×3. For case (i), we randomly draw the system
parameters according to A,B ∼ U(0.1, 0.9). For case (ii), the elements are drawn
uniformly from the interval (0, 10), followed by normalisation of their singular val-
ues. The horizon T is varied between 10 and 50, and the preview horizon W varies
from 0 to 9. The cost matrices are sampled uniformly in the ranges Qmin = 103In×n,
Qmax = 104In×n, Rmin = 10Im×m and Rmax = 102Im×m, where the n and m are
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Figure 2.1: Average regret versus preview window length W for disturbance-free lin-
earised inverted pendulum with T = 30.
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Figure 2.2: Average regret versus preview window length for disturbance-free with T = 30
for random scalar systems on the left and random systems with A ∈ R9×9 and B ∈ R9×3

on the right.
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Figure 2.3: Average regret versus preview window length with T = 30 for random scalar
systems with disturbances wt ∼ N (0, 1) with T = 30 on the left and random systems with
system matrices A ∈ R9×9, B ∈ R9×3, and disturbances wt ∼ N (0, I9×9) on the right.
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chosen depending on the system matrices dimensions. Note that only 1-step con-
trollable and 3-step controllable systems are used in simulations for cases (i) and
(ii), respectively.

The gains K in the Tracking controller (2.6), the Constant controller (i.e., ut =
Kxt) and the initial gain K0 in Safe-OGD are chosen by placing the pole(s) randomly
uniformly in the circle with radius 0.5. In addition, we choose step size 10−6, impose
a bound of 10 for ∥Kt∥ (i.e., ut = Ktxt), and constraint ∥A + BKt∥ to be at most
0.9 during gradient descent and projection for Safe-OGD.

Figure 2.2 reports the average RegretT from 500 trials of the four approaches in
the case where A and B are scalars. Similar to Section 2.5.1, we again only show
results for T = 30 due to insignificant changes of regret in terms of T . The figure
suggests that both our proposed Tracking and Deadbeat controllers outperform
OnlineMPC and Safe-OGD (as well as the Constant controller) for all preview window
lengths W ≥ 0. Note that at any time step t, Safe-OGD only uses the cost function
x⊤

t+1Qt+1xt+1 + u⊤
t Rt+1ut, therefore the regret remains the same regardless of the

preview length. Moreover, in this experiment, the MaxCV for Tracking, OnlineMPC
and DeadBeat are 4.3007, 4.3391 and 4.3039, respectively.

Figure 2.2 also reports the average RegretT from 500 trials of the four approaches
in the case where A ∈ R9×9 and B ∈ R9×3, with gains K in the Tracking controller
(2.6) and the Constant controller (i.e., ut = Kxt) are both chosen by placing the
pole(s) at p = [p1, p2, · · · , p9] with pi ∼ U(0, 0.5), 1 ≤ i ≤ 9. Similar to Section 2.5.1,
we again only show results for T = 30 due to insignificant changes of regret in terms
of T . The figure suggests that both our proposed Tracking controllers outperform
OnlineMPC (as well as the Constant controller and the Safe-OGD controller) for
all preview window lengths W ≥ 0. Moreover, the regret incurred by Deadbeat
controller is slightly higher than the regret than OnlineMPC while still outperforming
all other methods except the Tracking controller. To report the dispersion across
the 500 trials of experiments, the MaxCV for Tracking, OnlineMPC and DeadBeat
are 2.9032, 4.1016 and 4.3589, respectively.

Furthermore, the results from both figures suggest that the regret of both our pro-
posed Tracking and Deadbeat controllers decay exponentially with the preview
window length W , which align with the regret bounds in Theorems 2.3.1 and 2.4.1,
respectively.

2.5.3 Random Linear Systems with Disturbances

We finally consider the two systems with system matrices selected according to
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Section 2.5.2 with disturbances wt ∼ N (0, 1) for 0 ≤ t ≤ T − 1. Cost matrices are
selected uniformly within bounds that are identical to Section 2.5.2. The selection
of the preview window length, time horizon, the pole of gain K for the Tracking
controller (2.6) and the Constant controller (i.e., ut = Kxt) are identical to the
experiment in Section 2.5.2.

Figure 2.3 reports the average of regret from 500 trials of the five approaches for
the scalar systems case (for T = 30 due to the regret for other horizons T differing
only by multiplicative factors). From Figure 2.3 we see that our proposed Deadbeat
controller outperforms OnlineMPC (as well as the Constant and Safe-OGD controller)
for all W ≥ 0. Moreover, the regret incurred by our proposed Tracking controller is
slightly higher than OnlineMPC while still out performing all other methods except
the Deadbeat controller. We note, however, that due to the presence of disturbances
in these simulations the performance difference between the methods is smaller than
that observed in the disturbance-free results of Figure 2.2.

The average of regret from 500 trials of the five approaches for matrix-valued systems
A ∈ R9×9 and B ∈ R9×3 (for T = 30 due to the regret for other horizons T differing
only by multiplicative factors) is depicted in Figure 2.3 where it can be observed
that our proposed Tracking controller outperforms all other methods for all W ≥ 0.
To quantify the dispersion across these experiments, for the random scalar systems
case, the MaxCV for Tracking, OnlineMPC and DeadBeat are 7.1834, 8.4131 and
1.4144, respectively. In addition, for the random systems with A ∈ R9×9 and B ∈
R9×3, the corresponding MaxCV values for Tracking, OnlineMPC and DeadBeat are
7.2512, 7.2453 and 6.2450, respectively.

The Deadbeat controller regret also exhibits exponential decay, albeit at a much
slower rate and with much larger coefficient. This is due to the fact that when
the candidate trajectory in (2.25) at time step t is computed, it only incorporates
disturbance information up to time step t− d. As a result, the most recent d-steps
of disturbances are ignored during tracking, causing the regret not to decay until
the next step in the lifted space.

The exponential decay of the average regret for the Tracking and Deadbeat con-
trollers with the preview window length W is consistent with the decay of the regret
bounds in Theorems 2.3.2 and 2.4.2, respectively. As the number of controllable
steps d increases, the terms C̃ER and C̃

′
ER in Theorem 2.4.2 grow exponentially,

leading the expected regret to have a larger coefficient.
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2.6 Summary

This chapter proposes a new online LQ optimal control design framework that uses
cost matrix feedback and only causal disturbance information to predict and track
an optimal trajectory. Contrary to the state-of-the-art, and are well defined when
there are infinite control policies in the search space. Moreover, we do not require
a minimum (nonzero) preview window length W . The effectiveness of controllers
designed using our proposed framework compared to existing state-of-the-art and
fixed stabilising controllers is demonstrated in numerical simulations.



Chapter 3

Chapter 3: Online LQ Optimal
Control with Sequentially Inferred
Cost

In this chapter, we introduce the online LQ optimal control problem via inferring
costs from expert’s optimal demonstration. We begin by reviewing the related works
for this problem. Then, we apply the framework designed in Chapter 2, with the cost
inferred by inverse optimal control methods. We then provide the regret analysis of
this framework. Finally, we demonstrate the empirical performance of our proposed
methods through numerical simulations to validate the theoretical guarantee.

3.1 Related Works

To the best of our knowledge, the most closely related work is [6]. In their setting,
the decision maker aims to replicate the performance of an N -step oracle, where
the oracle solves an N -step receding horizon problem with known parameters. In
contrast, their regret compares the performance between the decision maker and the
N -step oracle.

Although the amount of studies that directly addressing our setting is limited, there
are studies in inverse optimal control that are related to the parameter inference
method of the copycat. For example, [63] proposed an unscented Kalman filter to
estimate cost parameter online using the observed optimal trajectories, and [64] pro-
posed an online computationally efficient extended Kalman filter (EKF) algorithm
along with theoretical error bound guarantees. Motivated by these works, we adopt
an EKF-based method for parameter estimation by the copycat and propose a solu-
tion for solving the online LQ optimal control problem where the cost matrices are
inferred online.

29
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Notation Let Sn
++ be the set of n× n positive definite matrices. Define NT −1 :=

{0, 1, · · · , T − 1}. We use ∥ · ∥ to denote the 2-norm of a vector or a matrix,
depending on its argument. Similarly, the infinity norm is denoted by ∥·∥∞. For any
symmetric matrix X ∈ Rn×n, we let λmin(X) and λmax(X) denote its smallest and
largest eigenvalues, respectively. We use In×n to denote a n-dimensional identity
matrix. We use 0n to denote an n-dimensional vector where all elements are 0.
Lastly, suppose M is a positive integer. For an arbitrary squared matrix sequence
(Ei)M

i=1, where each Ei for 1 ≤ i ≤ M has the same dimension. For 1 ≤ p1 ≤ M and
1 ≤ p2 ≤ M , define the product operator as

p2∏
j=p1

Ej :=


Ep2Ep2−1 . . . Ep1 if p1 < p2

Ep2 if p1 = p2

I if p1 > p2,

For a symmetric matrix X ∈ Rn×n we note that ∥X∥ = |λmax(X)|.

3.2 Problem Formulation

Consider an expert controlling a discrete-time linear time-invariant (LTI) sys-
tem

xt+1 = Axt +But, (3.1)

with state xt ∈ Rn, input u ∈ Rm and discrete time steps t ∈ {0, 1, . . . , T − 1} for
T ∈ N. The system matrices A ∈ Rn×n and B ∈ Rn×m are known to the expert,
and the initial state satisfies x0 = x̄0 ∈ Rn.

Similarly, consider a copycat controlling the LTI system

ξt+1 = Aξt +Bνt (3.2)

with the same system matrices A and B, and initial state ξ0 = x̄0, as (3.1), but with
(different) states ξt ∈ Rn and inputs νt ∈ Rm.

Throughout this chapter, we rely on the following controllability assumption.

Assumption 3.2.1. The matrix pair (A,B) defined in (3.1) and (3.2), respectively,
is stablisable.

To introduce the concept of optimality used in this chapter, we consider running
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costs

Q : Rp → Rn×n, R : Rp → Rm×m, (3.3)

characterized through a parameter θ ∈ Rp, i.e., θ 7→ Q(θ) and θ 7→ R(θ). For a
sequence of inputs ut ∈ Rm, t ∈ {0, . . . , T − 1}, and an initial condition x̄0 ∈ Rn, we
define the costs incurred over the discrete-time window T as

JT (x̄0,{ut}T −1
t=0 , θ) =

T −1∑
t=0

x⊤
t+1Q(θ)xt+1 + u⊤

t R(θ)ut

s.t. x0 = x̄0, xt+1 = Axt +But.

(3.4)

Based on the definition of the cost functions (3.4), minimal costs and a corresponding
optimal input sequence are defined as

J∗
T (x̄0, θ) = min

{ut}T −1
t=0

JT (x̄0, {ut}T −1
t=0 , θ), (3.5)

{u∗
t (x̄0, θ)}T −1

t=0 = argmin
{ut}T −1

t=0

JT (x̄0, {ut}T −1
t=0 , θ). (3.6)

To ensure that (3.5) and (3.6) are well-defined we impose the following assumptions
on functions Q(·) and R(·) in (3.3).

Assumption 3.2.2. There exist Lipschitz continuous functions DQ : Rp → Rn×n

and DR : Rp → Rm×m with Lipschitz constant LQ, LR ∈ R>0, and positive parame-
ters εQ, εR ∈ R>0 such that the running costs in (3.3) can be written as

Q(θ) = DQ(θ)⊤DQ(θ) + εQIn×n, (3.7)
R(θ) = DR(θ)⊤DR(θ) + εRIm×m, (3.8)

where εQ and εR are positive scalars.

Lipschitz continuity of DQ and DR implies that the inequalities

∥DQ(θ0) −DQ(θ1)∥ ≤ LQ∥θ0 − θ1∥, (3.9)
∥DR(θ0) −DR(θ1)∥ ≤ LR∥θ0 − θ1∥, (3.10)

are satisfied for any θ0, θ1 ∈ Rp. Since DQ(·)⊤DQ(·) and DR(·)⊤DR(·) are positive
semi-definite, (3.7) and (3.8) ensures that Q(·) and R(·) are positive definite and
bounded away from zero.
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Instead of open-loop input sequences {ut}T =1
t=0 , we are interested in time- and

parameter-dependent feedback policies

π : {0, . . . , T − 1} × Rn+p → Rm, (t, x, θ) 7→ πt(x, θ). (3.11)

and we note that based on the assumption on the system dynamics (3.1) and As-
sumption 3.2.2, there exists an optimal feedback policy such that

π∗
t (xt, θ) = u∗

t (x̄0, θ), t ∈ {0, . . . , T − 1}. (3.12)

In the following we will thus use the notation π∗
t (·, θ) and u∗

t (·, θ) interchange-
ably.

While the expert can solve (3.5) and (3.6) for arbitrary parameters θ∗ ∈ Rp to obtain
a corresponding feedback policy π∗

t (·, θ∗), by assumption, the copycat is not aware
of the expert’s parameter selection, but intends to recover θ∗ and the performance
of the feedback policy π∗

t (·, θ∗) based on output measurements

yt = St

xt

ut

+ vt, (3.13)

where St ∈ Rq×(n+m) with q ∈ {1, . . . , n + m}, and vt is unknown (potentially
stochastic) noise.

In particular, at time t ∈ {0, . . . , T − 1}, based on the observed measurements
{yτ }t

τ=0, the copycat intends to infer the optimal parameter θ∗, and thus the optimal
policy used by the expert to define its feedback policy π∗

t (·, θ∗) used to generate the
measurements (3.13). The copycat additionally relies on the assumption that it
knows the expert’s dynamics (3.1) through (3.2).

Remark 3.2.1. An additional valid interpretation of the problem under considera-
tion is, that the expert also does not know the optimal parameter θ∗, but only knows
a feedback policy π∗

t (·, θ∗) implicitly characterized through θ⋆. In this interpretation,
the copycat intends to infer the parameter θ∗ ∈ Rp to understand with respect to
which running costs (3.3) the experts feedback policy is optimal.

Mirroring the definition (3.11), we denote the copycat’s policy, which will be designed
in the following sections, by

κ : {0, . . . , T − 1} × Rn+p → Rm, (t, ξ, θ̂) 7→ κt(ξ, θ̂). (3.14)

Here, we use κ, ξ and θ̂ to indicate a policy corresponding to the copycat, depending
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on an estimated parameter θ̂ ∈ Rp. To be able to compare the performance of an
input trajectory {νt}T −1

t=0 , implemented by the copycat, with the optimal feedback
policy π∗(·, θ∗), we define the regret

RegretT ({νt}T −1
t=0 ) := JT (x̄0, {νt}T −1

t=0 , θ
∗) − J∗

T (x̄0, θ
∗) (3.15)

where JT (x̄0, {νt}T −1
t=0 , θ

∗) denotes the costs in (3.4) incurred through the input se-
quence {νt}T −1

t=0 .

The overall algorithm to iteratively define the closed-loop input sequence {νcl
t }T −1

t=0

implemented by the copycat is summarised and illustrated in Algorithm 3.1. In

Algorithm 3.1 Expert-Copycat Online LQ Optimal Control
1: Expert Initialization: x0 = x̄0
2: Copycat Initialization: ξ0 = x̄0, θ̂−1 = θ̄
3: for t = 0 to T − 1 do
4: Expert Selects Inputs:
5: ut = π∗

t (xt, θ
∗)

6: Copycat:
7: Receives Measurements yt = St [ xt

ut ] + vt

8: Updates estimate:

θ̂t = ft(θ̂t−1, {yτ }t
τ=0)

9: Selects input: νcl
t = κt(ξt, θ̂t)

10: Expert and Copycat Apply Inputs:
11: xt+1 = Axt +But

12: ξt+1 = Aξt +Bνcl
t

13: end for

Section 3.3, we focus on the definition of the function ft(·) in line 8 (which updates
the parameter estimate θ̂t) and on the definition of the feedback policy κt(·) in line
9. Based on the definition of {νcl

t }T −1
t=0 , we analyse the regret

RegretT ({νcl
t }T −1

t=0 ), (3.16)

in Section 3.4, to derive upper bounds in terms of closed-loop performance estimates
of the copycat controller.

3.3 Implementation of Algorithm 3.1

To be able to implement Algorithm 3.1 the function ft(·) in line 8 and the definition
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κt(·) in line 9 needs to be made precise. Here, we rely on a generic observer design to
define ft(·) and the definition of κt(·) relies on the idea of a tracking controller.

3.3.1 Parameter Estimation θ̂

For the parameter update, we use a generic estimator of the form

θ̂t = θ̂t−1 + Lt

yt − St

xt(θ̂t)
ut(θ̂t)

 , (3.17)

where {uτ (θ̂t)}T −1
τ=0 = arg min{ũτ }T −1

τ=0
J(x̄0, {ũτ }T −1

τ=0 , θ̂t), state sequence {xτ (θ̂t)}T −1
τ=0 is

generated by {uτ (θ̂t)}T −1
τ=0 from dynamic (3.1) and {Lt}T −1

t−0 defines observer gains
specific to the estimator selection. While we do not insist on a specific observer gain
selection, we rely on the following assumption.

Assumption 3.3.1. For a given observer gain selection {Lt}T −1
t=0 and for a bounded

disturbance sequence {vt}T −1
t=0 , ∥vt∥ ≤ vθ ∈ R≥0, there exist scalars Cθ, r ∈ R>0,

ηθ ∈ (0, 1) and α ∈ K such that the estimator of the form (3.17) satisfies 1

∥θ̂t − θ∗∥ ≤ Cθ∥θ̂0 − θ∗∥ηθ
t + α(∥vθ∥), ∀ t ∈ {0, . . . , T} (3.18)

for all ∥θ̂0 − θ∗∥ ≤ r.

Under additional technical regularity assumptions on (3.5) and (3.6) as functions
of θ, a particular method with such estimation form satisfying Assumption 3.3.1 is
the extended Kalman filter (EKF) [64,65]. The estimate θ̂t always lies in a compact
set for ∀t ∈ {0, 1, · · · , T − 1}. The EKF is used for the numerical experiments in
Section 3.5.

3.3.2 Definition of the Policy κt(·)

The feedback policy κt(·) at time t ∈ {0, . . . , T − 1} used by the copycat in line 9
of Algorithm 3.1 is comprised of two components: a prediction component and a
tracking component.

For the prediction component at time t we consider {ν̂∗
τ |t(x̄0, θ̂t)}T −1

τ=0 defined as the
solution of the optimal control problem

{ν̂∗
τ |t(x̄0, θ̂t)}T −1

τ=0 = argmin
{ντ }T −1

τ=0

J(x̄0, {ντ }T −1
τ=0 , θ̂t), (3.19)

1A continuous function f : [0, a) → [0, ∞) for some positive scalar a is said to belong to class
K if it is strictly increasing and f(0) = 0.
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based on the current estimate θ̂t. As highlighted before, existence and uniqueness
of the optimal solution is guaranteed through the properties of Q(·) and R(·) and
Assumption 3.2.2. Using the predicted input {ν̂∗

τ |t(x̄0, θ̂t)}T −1
τ=0 the predicted state

trajectory {ξ̂τ |t}T −1
τ=0 is defined through ξ̂0|t = x̄0 and

ξ̂τ+1|t = Aξ̂τ |t +Bν̂∗
τ |t, ∀τ ∈ {0, . . . , T − 1} (3.20)

based on the dynamics (3.2).

For the tracking component we define Γ ∈ Rm×n such that

Acl = A+BΓ (3.21)

is a Schur matrix and which implies the following corollary.

Corollary 1. Let Acl ∈ Rn×n be a Schur matrix. Then there exist Cq ∈ R≥0 and
ηq ∈ (0, 1) such that

∥∥∥At
cl

∥∥∥ ≤ Cqη
t
q (3.22)

for all t ∈ N.

Proof. According to [66, Thm. 5.8], Acl Schur implies that there exists a positive
definite matrix P such that

A⊤
clPAcl = P − I = (I − P−1)P ⪯

(
1 − 1

λmax(P )

)
P (3.23)

and where P1 ≤ P2 means that the matrix P2 −P1 positive semi-definite. Using the
estimate (3.23) iteratively, implies that

λmin(P )∥At
cl∥2 ≤ (A⊤

cl)tPAt
cl ≤ (1 − 1

λmax(P ))
tP ≤ λmax(P )(1 − 1

λmax(P ))
t

for all t ∈ N and thus

∥At
cl∥2 ≤ λmax(P )

λmin(P ) (1 − 1
λmax(P ))

t

completing the proof for Cq =
√

λmax(P )
λmin(P ) and ηq =

√
1 − 1

λmax(P ) .

Based on the definition of the prediction and the tracking controller components the
overall copycat controller κt(·) is defined as

κt(ξt, θ̂t) = Γ(ξt − ξ̂t|t) + ν̂t|t. (3.24)
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The definition of κt(·) presented here, follows the ideas in [67] and in particular the
definition [67, Eq. (14)].

Note that Γ ∈ Rn×m can be designed offline while ξ̂t|t and ν̂t|t need to be updated
online by solving (3.19) at every time step.

3.4 Regret Analysis Under Cost Matrices Esti-
mation

In this section, we present an upper bound on the regret incurred under the control
policy (3.24). We first define key operators and quantities that characterise the
regret under this policy.

We begin by introducing the algebraic Riccati operator Fτ : Rp → Rn×n and the
associated control gain Kτ : Rp → Rm×n, both of which are standard in LQR
formulations and will be used to express both the optimal and estimated control
laws corresponding to (3.6).

For τ ∈ {0, . . . , T − 1}, we define

FT (θ) := Q(θ)
Fτ (θ) := Q(θ) + A⊤(Fτ+1(θ)−1 +BR(θ)−1B⊤)−1A,

(3.25)

Kτ (θ) := (R(θ) +B⊤Fτ+1(θ)B)−1B⊤Fτ+1(θ)A, (3.26)

where Q(θ) and R(θ) are defined in (3.7) and (3.8), respectively. Since Q(θ) and
R(θ) are positive definite by definition, Ft are well-defined and positive definite for
all τ ∈ {0, . . . , T − 1}. With the definition of Kτ (θ), we can state the following
result, providing a representation of the optimal input in terms of the feedback gains
Kτ (θ).

Proposition 1. Under Assumptions 3.2.1 and 3.2.2, for θ ∈ Rp and x̄0 ∈ Rn

consider the optimal control problem (3.6). Then, with the definition (3.26), it holds
that

u∗
t (x̄0, θ) = Kt(θ)xt, xt+1 =

t∏
τ=0

(A+BKτ (θ))x̄0, (3.27)

for all t ∈ NT −1.

Proof. The optimal control solution u∗
t (x̄0, θ) can follow directly from [18, Chapter

2.4] by replacing Qt and Rt with Q(θ) and R(θ), respectively. This implies that
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xt+1 = (A+BKt(θ))xt. Expanding this directly yields xt+1 = ∏t
τ=0(A+BKτ (θ))x̄0.

Using estimation θ̂t, for τ ∈ {0, . . . , T − 1}, we define the plug-in estimated control
gain K̂τ |t and cost-to-go matrix P̂τ |t as

K̂τ |t := Kτ (θ̂t), P̂τ |t := Fτ (θ̂t). (3.28)

In addition, for the optimal parameters θ⋆, we use the notation

K∗
t := Kt(θ∗), t ∈ NT −1. (3.29)

To quantify the estimation error, for τ ∈ {0, . . . , T − 1} and t1, t2 ∈ {0, . . . , T − 1}
we introduce the following terms

Φ̂τ |(t1,t2) := ∥K̂τ |t1 − K̂τ |t2∥, (3.30)
Φ̄∗

τ |t1 := ∥K̂τ |t1 −K∗
τ ∥, (3.31)

These quantities measure the variability in estimated control gains across time and
the deviation from the optimal control gain, respectively.

We also need several constants that are related to eigenvalue and matrix norm
bounds on the cost and cost-to-go matrices,
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Q∗ := Q(θ∗), R∗ := R(θ∗), Q̂t := Q(θ̂t), (3.32a)
R̂t := R(θ̂t), P ∗

t := Ft(Q∗, R∗), (3.32b)
λQ

min := minλmin(Q∗), λP
max := max

τ∈NT −1
λmax(P ∗

τ ), (3.32c)

λ̂Q
min := min

t∈NT −1
λmin(Q̂t), λ̂P

max := max
τ,t∈NT −1

λmax(P̂τ |t), (3.32d)

D := ∥R∗∥ + ∥B∥2λP
max, (3.32e)

β := max
τ∈NT −1

λmax(A⊤P ∗
τ A), β̂ := max

τ,t∈NT −1
λmax(A⊤P̂τ |tA)

γ := β

β + λQ
min

, γ̂ := β̂

β̂ + λ̂Q
min

, (3.32f)

C :=
√√√√λP

max

λQ
min

, Ĉ :=

√√√√ λ̂P
max

λ̂Q
min

(3.32g)

η :=
√

1 − 1
C
, η̂ :=

√
1 − 1

Ĉ
, (3.32h)

∆ := max
t∈NT −1

∥K∗
t − Γ∥ . (3.32i)

Note that the matrices Q∗, P ∗
τ , Q̂τ |t and P̂τ |t are positive definite, implying

λQ
min, λ

P
max, λ̂

Q
min and λ̂P

max positive, therefore C, Ĉ ∈ R≥0. Moreover, C ≥ 1 and
Ĉ ≥ 1, this implies that 1 − 1

C
and 1 − 1

Ĉ
are non-negative, which implies that

η, η̂ ∈ R≥0.

We are now ready to present a key lemma that provides the relationship between
the regret incurred by policy (3.24) to the estimation errors captured by Φ̂t|(p,q) and
Φ̄∗

τ |t.

Lemma 3.4.1. Let T ≥ 1 and consider the copycat system defined in (3.2) together
with the control law (3.24) relying on the sensor measurements {yτ }t

τ=0 in line 8,
Algorithm 3.1. Moreover, assume that Γ ∈ Rn×m is selected such that A + BΓ is
a Schur matrix and let Assumptions 3.2.2 and 3.3.1 be satisfied. Then the regret
defined in (3.15) satisfies

RegretT ({νt}T −1
t=0 ) ≤ 2D∥x̄0∥2

T −1∑
t=1

(Ĉη̂tΦ̄∗
t|t)2 + (∆CqĈ

2∥B∥ηt−1
q

t∑
j=1

j−1∑
n=0

( η̂
ηq

)jΦ̂n|(j−1,j))2

(3.33)

and where the individual components of the bound are defined in (3.32).

The bound in Lemma 3.4.1 characterizes the regret incurred by (3.24) in terms of
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how accurately the optimal gains Kt(θ∗), t ∈ NT −1, are estimated over time. The
first term in the summation depends on the distance from the estimated control gain
K̂t|t, t ∈ NT −1 to the optimal gains at each time step, while the second term in the
summation depends on the difference of estimated gains defined in (3.26).

Building on Lemma 3.4.1, we now derive an explicit regret bound by using the
convergence property from Corollary 1. In particular, we substitute upper bounds
on Φ̄∗

t|t and Φ̂n|(j−1,j) into the right-hand side of inequality (3.33), yielding a regret
bound that depends on the previous stated constants and system parameters.

Before we present the main theorem, we need additional constants related to the
estimation method, define in the following.

Under Assumption 3.3.1, it follows directly that ∥θ̂t∥ ≤ ∥θ∗∥ +Cθrηθ
t + α(∥vθ∥) for

appropriately selected θ̂0 ∈ Rp. With the definition

DO = BCθr+α(∥vθ∥(θ∗) (3.34)

In addition, since ∥DQ(·)∥ and ∥DR(·)∥ defined in (3.7) and (3.8) are continuous,
they attain their maximum in the compact set DO, i.e.,

MR := max
θ∈DO

∥DQ(θ)∥ and MQ := max
θ∈DO

∥DR(θ)∥ (3.35)

are well-defined.

Our main result is stated as follows.

Theorem 3.4.1. Adopt the hypothesis from Lemma 3.4.1, the regret satisfies

RegretT ({νt}T −1
t=0 )

≤ 4D
[
Ĉ2C2

ϕ∗([Cθ∥θ̂0 − θ∗∥]2E1((η̂ηθ)2) + [α(∥vθ∥)]2E2(η̂2)) + (∆Cq∥B∥Ĉ2Cϕ̂

η̂

ηq

)2

(
(Cθ∥θ̂0 − θ∗∥
ηq − η̂ηθ

)2[E1(η̂ηθ) + ηq(E2(η̂q) − E2(η̂ηθ))]2

+ (α(∥vθ∥)
ηq − η

)2[E1(η̂) + ηq(E2(η̂q) − E2(η̂))]2
)]
, (3.36)

where both C̄ and Cϕ̂ depend on MQ,MR and ∥B∥, with C̄ and Cϕ̂ additionally
depending on λmin(Q∗) and mint∈NT −1 λmin(Q̂t), respectively. The coefficients Cθ

and ηθ, the vector vθ, and the function α(·) are defined in Assumption 3.3.1. The
functions E1(·) and E2(·) are given by E1(z) := ∑T −1

t=0 tz
t and E2(z) := ∑T −1

t=0 z
t for

z ∈ R. All remaining coefficients are taken from the list in 3.32.
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Remark 3.4.1. The regret upper bound from the above theorem quantifies the re-
lation between regret and the estimation error of cost matrices with EKF. From the
right-hand side of (3.33) and the associated term defined under the inequality, the
regret upper bound monotonically increases with respect to Cθ and vθ. Thus, to po-
tentially lower the regret via decreasing the regret upper bound, one way is through
designing the EKF with small Cθ and vθ. In particular, for the case of vt = 0 where
vt is the observation noise from the sensor, with the initial θ̂0 chosen sufficiently
close to the true parameter θ∗, we have vθ = 0. Further, Cθ depends on the choice
of filter parameters [65]. In addition, the regret bound can also be reduced by ap-
propriately choosing the sequence of Kt to yield optimal Cq and ηq that reduces the
right-hand side of (3.33).

Remark 3.4.2. Suppose 0 < z < 1, then E1(z) < 1
1−z2 and E2(z) < 1

1−z
. This im-

plies that the regret upper bounded (3.36) is independent of the time horizon T . For
fixed Q∗ and R∗, it is expected that the regret grows up when T increases. Therefore,
herustically, we will observe the regret grows monotonically then saturates at a level
when T is sufficiently large.

Next, we illustrate the (empirical) regret for our proposed methods.

3.5 Numerical Simulations

In this section, we numerically evaluate the regret incurred by the copycat under

the proposed policy. We consider system matrices A =
 0.7 0.2
−0.1 0.8

 and B =
0
1

 for

both the expert and the copycat, with the initial condition being x̄0 = [100, 100].
The cost parameter for the expert is θ∗ = [5, 5]⊤ and the cost matrices are computed
by DQ = diag([θ∗]1, [θ∗]2), DR = 0, εQ = 0.01 and εR = 10, where [·]i denotes the
i-th element of a vector, and diag(·) returns a diagonal matrix from its arguments,
with all the off-diagonal elements set to 0. For t ∈ {0, 1, · · · , T − 1}, at each time

step t, the sensor value for the copycat is given by yt =
I2×2 0

0 0

 xt

ut

.

We demonstrate the performance of the copycat by illustrating the (i) convergence
of θ̂t to θ∗; (ii) comparison of trajectories generated by the expert and the copycat,
and (iii) regret vs. T .

Figure 3.1 reports the estimated parameter value θ̂t from the copycat for the case
of T = 15. The plot indicates that under EKF, the value θ̂t converges to the true
value at time step t = 8.

Figure 3.2 reports the trajectories generated by the expert and copycat for T = 15.
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The state and control trajectories are closely aligned after time step t = 4. This
demonstrates that the copycat’s control actions closely follow those of the expert
over time.

Figure 3.3 reports RegretT ({νt}T −1
t=0 )

T
incurred by the copycat under different time-

horizon T . The regret saturates at a constant when T = 15. The result suggests
that the regret is sublinear to T , which aligns with the regret bound in Theo-
rem 3.4.1.
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Figure 3.1: Copycat’s estimated parameters θ̂t over time

3.6 Summary

This chapter introduces a new online LQ optimal control problem with sequentially
inferred costs. We established the regret bounds associated with an EKF-based
estimator. The numerical results demonstrate the effectiveness of our proposed
estimation and control algorithm and show that the regret is sublinear with respect
to the time horizon.
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Figure 3.2: Comparison of expert and copycat trajectories. (Left) State trajectories x1
and x2 for both expert and copycat over time steps. (Right) Control input trajectories u1
for the expert and the copycat.
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T of the copycat with respect to different time horizons T .



Chapter 4

Chapter 4. N-player Dynamic
Potential LQ Games with
Sequentially Revealed Costs

In this chapter, we introduce the dynamic potential LQ game problem with sequen-
tially revealed costs. We begin by reviewing the related works for this problem. We
then apply the framework proposed in Chapter 2 for this multi-agent setting. We
extend the notion of dynamic regret from the single-player case to the multi-player
case as price of uncertainty (PoU), then provide the PoU analysis of the frame-
work. Finally, we demonstrate the empirical performance of our proposed methods
through numerical simulations, validating the theoretical guarantee from the PoU
analysis.

4.1 Related Works

Works concerning similar problems include repeated games with sequentially re-
vealed costs [19], equilibrium tracking via online state measurement [68], and cost
parameters estimation via sequentially revealed state measurement [20]. However,
none of these works have studied the problem of a noncooperative LQ dynamic po-
tential game with sequentially revealed costs. The only study that considers a similar
setting as ours is [69, Chapter 2 and 3], where they investigate a linear-quadratic(LQ)
pursuit evasion game in which each player aims to play at the feedback Nash equi-
librium via minimising their own cost function despite lacking knowledge of their
opponent’s cost matrices. At each time t, the players aim to act at the feedback
Nash equilibrium by estimating the cost-to-go matrices (Qi

t and Ri
t from the Al-

gebraic Riccati equation) for τ ≥ t, using state information potentially corrupted
with measurement noise. However, this work does not consider using any notion
that captures the performance quality in the absence of cost information from their

44
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opponents.

4.2 Problem Formulation

This chapter is based on our preliminary work [70] for the two-player case. The key
contributions of this chapter are:

1. The formulation of a novel N -player LQ dynamic feedback potential game
problem with sequentially revealed costs and a price of uncertainty (PoU)
performance measure;

2. The proposal of an algorithm that enables all players to predict and track
a feedback Nash Equilibrium in an N -player dynamic potential game with
sequentially revealed costs;

3. The lower and upper bounds on the PoU achieved by our proposed algorithm.

4. The relationship between PoU and price of anarchy (PoA), and how close the
policy is to the feedback Nash equilibrium if it has a bounded PoU.

5. Numerical simulation on community battery scheduling problem based on [47].
Results show that the absolute value of PoU initially decays exponentially as
the preview window increases, then remains constant for large time horizons,
which matches our theoretical lower and upper bounds.

This chapter is structured as follows. In Section 4.2.1, we formulate the problem of
N -player LQ dynamic feedback potential game with sequentially revealed costs. In
Section 4.3, we present our proposed algorithm and lower and upper bounds on its
price of uncertainty. In Section 4.5, we illustrate the performance of the proposed
algorithm applied to a three-player community battery scheduling problem. We
present concluding remarks and future directions in Section 4.6.

Notation For a matrix H with N block-rows and N block-columns, i.e., H =
H11 H12 · · · H1N

H21 H22 · · · H2N

... . . . ... ...
HN1 HN2 · · · HNN

, we define the ij-th block of H by [H]ij := Hij. We use

∥ · ∥ to denote the 2-norm of a vector or a matrix, depending on its argument. For
any symmetric matrices F,G ∈ Rn×n, F ⪯ G denotes G−F being positive definite.
Let ρ(·) be the spectral radius operator. We use λmin(·) and λmax(·) to designate the
minimal and the maximal eigenvalue of a symmetric matrix, respectively. Similarly,
σmin(·) and σmax(·) denote the minimal and the maximal singular value of a matrix.
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We use λ+
min(·) and σ+

min(·) to refer to the minimal positive eigenvalue and singular
value of the matrix, respectively. In addition, for any symmetric matrices F ∈ Rn×n

and G ∈ Rn×m, we consider convention λ1(F ) ≥ · · · ≥ λn(F ) and σ1(G) ≥ · · · ≥
σm(G). For an integer k ≥ 1, define Nk to be the set {1, 2, . . . , k}. Let Sn

++ denote the
set of n×n positive definite matrix. Lastly, for a given T ≥ 1 and i ∈ {1, 2, · · · ,N},
we consider Πt being (πi,t)N

i=1, (πi
t, π

−i∗
t ) being (π1∗

t , · · · , πi−1∗
t , πi

t, π
i+1∗
t , · · · , πN∗

t ),
and we use Πn:m to refer to the sequence of Πn,Πn+1, · · · ,Πm when 1 ≤ n ≤ m ≤ N ,
or Πn when 1 ≤ m ≤ n ≤ N .

4.2.1 N-Player Potential LQ Dynamic Game with Sequen-
tially Revealed Costs

LQ dynamic potential game and its feedback Nash equilibrium

Let us first define a (non-cooperative) N -player LQ dynamic feedback game (LQ-
DFG). Consider

xt+1 = Axt + But, x1 = x̄1, (4.1)

where t is a non-negative integer, A ∈ Rn×n and B = [B1, · · · , BN ], B1, · · · , BN ∈
Rn×m are system matrices, xt ∈ Rn is the state, ut = [u1⊤

t , · · · , uN⊤
t ]⊤ where

u1
t , · · · , uN

t ∈ Rm are player controls, and x̄1 ∈ Rn is the initial state. Let Λ denote
the set of all measurable maps from Rn to Rm and Πt := (π1

t , · · · , πN
t ). Each player

i, i ∈ {1, 2, · · · ,N}, at time t ∈ NT −1, selects a feedback control policy, πi
t ∈ Λ, such

that their controls satisfy ui
t = πi

t(xt), with the aim of minimising a quadratic cost
function

J i
T (x̄1, (Πt)T −1

t=1 ) :=
T −1∑
t=1

x⊤
t+1Qt+1xt+1 + u⊤

t R
i
tut (4.2)

subject to (4.1) where ut = [π1
t (xt)⊤, · · · , πN

t (xt)⊤]⊤ = Πt(xt), and matrix Ri
t admits

the following block structure:

Ri
t :=


[Ri

t]11 [Ri
t]12 · · · [Ri

t]1N

[Ri
t]21 [Ri

t]22 · · · [Ri
t]2N

... . . . ... ...
[Ri

t]N1 [Ri
t]N2 · · · [Ri

t]NN

 ∈ RNm×Nm, (4.3)

with [Ri
t]jk ∈ Rm×m for j, k ∈ {1, 2, · · · ,N} for all t ∈ NT −1.

We consider three examples.
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Example 1 (Community Battery). Consider a community battery example between
a group of three users motivated by [3]. Let xt := x̃t − dt be the state where x̃t ∈ R
is the state of charge and dt ∈ R is the desire battery level at time t. The state
dynamics is governed by

xt+1 =
a 0

0 0.9

xt +
−b1 −b2 −b3

0 0 0

ut, (4.4)

where a ≥ 1 is the constant recharge rate of the battery, and ui
t for i = {1, 2, 3} is

user i’s electricity usage at time t.

The objective for each user is to minimise the total electricity and state of charge
cost over a period. Similar to [49] or [3], such costs can be modelled in the quadratic
form as (4.2), subject to the battery dynamics in (4.1), where matrix Qt ∈ S2

++

represents the degradation cost due to the battery deviates from the nominal level,
and Ri

t ∈ R3×3 is the cost of electricity for the i-th user. This captures the objective
of maintaining a desired battery level while minimising the individual energy usage
costs. In realistic scenarios for a solar-powered community battery, weather-related
external factors will influence the cost matrices Qt and Ri

t, where the future quan-
tities are known over a limited forecast horizon. Mathematically, at time t, agent i
may have access to Qτ and Ri

τ for 1 ≤ τ ≤ t + W , where W denotes the preview
window of the future.

Example 2 (Decentralised Formation Control). Consider a formation control prob-
lem considered in [2]. Let xt := x̃t − dt be the state where x̃t ∈ RN represent the
positions of all N vehicles in a team at time t, with x̃i

t ∈ R denotes the positioning
of the i-th vehicle, and dt ∈ RN denotes the desire formation position at time t

with di
t ∈ R be the desire position of the i-th vehicle. The evolution of the states is

governed by the linear relation

xt+1 = xt + But,

where ui
t denotes the control of the i-th vehicle. The objective for each vehicle is to

minimise the cumulative formation error and the energy consumption in the form of
(4.2), where the matrix Qt ∈ SN

++ represents the formation error matrix that defined

component-wise as [Qt]ij =

w
ij
t if i = j

−wij
t if i ̸= j

with wij
t ∈ R be the error weights for

i, j ∈ {1, 2, · · · ,N}. Moreover, the energy consumption of the i-th vehicle is modelled
by the quadratic cost u⊤

t R
i
tut. In practical implementations, such as decentralised

formation control over solar-powered vehicles, the cost matrices Qt and Ri
t depend
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on environmental factors such as current solar irradiance level. Since weather con-
ditions are only partially predictable, it is reasonable to assume that at time t, agent
i has access to Qτ and Ri

τ for 1 ≤ τ ≤ t+W with a preview horizon W .

Example 3 (Macroeconomic Policy Making). Consider a generalised macroeco-
nomic policy-making problem similar to that considered in [1]. Let xt := [x̃t, x̃t−1]⊤ ∈
R2n be the state where x̃t is the value of monetary instrument and ut ∈ Rm is the
level of tax and spending policy at time t, respectively. The state and controls are
governed by a linear dynamic (4.1), where the state transition matrix A maps how
the lagged policy instruments affect the next period’s lags, and the control matrix B
introduces the contribution of current policy decisions to the state.

The objective for each policy-maker is minimising the cost function in the form of
(4.2), where Qt ∈ S2n

++ penalises rapid changes in the monetary instrument (reflecting
the assumption that such changes are costly), and Ri

t ∈ R2m×2m is the cost associated
with tax and spending policies for policy maker i. The cost matrices Qt and Ri

t are
influenced by the economic conditions that change over time. Given that economic
environment is only partially predictable in the short term, it is reasonable to assume
that at time t, each policy maker i has access to Qτ and Ri

τ for 1 ≤ τ ≤ t+W with
a preview horizon W .

The preceding examples illustrate the practical relevance of our dynamic LQ games
with sequentially revealed costs. The systems and cost parameters under certain
conditions outlined in [46] will fall within the class of dynamic LQ potential games.
These conditions will be later formally stated in our assumptions.

The players do not (explicitly) cooperate, and thus we shall consider the solution
that arises to be a feedback Nash equilibrium. To ease our presentation, let (πi∗

t )N
i=1

denotes the feedback Nash equilibrium policy, and Π∗
t := (π1∗

t , · · · , πN∗
t ). The feed-

back control policies (πi∗
t )N,T −1

i=1,t=1 with πi∗
t ∈ Λ, where Λ is the set of measurable

function, constituent a feedback Nash equilibrium if, for any given t ∈ NT −1 and
i ∈ {1, 2, · · · ,N}, it satisfies the inequality below [24, Equation (3.27)-(3.28)]

J i
T (x̄1, (Π1:t−1,Π∗

t ,Π∗
t+1:T −1)) ≤ J i

T (x̄1, (Π1:t−1, (πi
t, π

−i∗
t ),Π∗

t+1:T −1)), (4.5)

for all feedback control policies (πi
t)

N,T −1
i=1,t=1 with πi

t ∈ Λ. The state dynamics (4.1),
player cost functions (4.2), and feedback Nash equilibrium solution concept (4.5),
together define an N -player LQ-DFG. For notational convenience, define DFG as an
operator that returns state and control sequences under a feedback Nash equilibrium
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solution of this LQ-DFG, i.e.,

((x∗
t )T

t=1, (u∗
t )T −1

t=1 ) = DFG(I, T, A,B), (4.6)

where u∗
t = Π∗

t (x∗
t ), and I := (x̄1, (Qτ+1, (Ri

τ )N
i=1)T −1

τ=1 )) is the tuple of the initial
state and cost-function information necessary to compute a feedback Nash equilib-
rium.

Before presenting the parameter assumptions, we first introduce the concept of LQ
dynamic potential games, starting with the definition of an LQ optimal control
problem (LQ-OCP) as follows.

Definition 4.2.1 (LQ-OCP). An LQ-OCP is the problem of finding a policy (Π̄t)T −1
t=1

solving

min
Π̄

T −1∑
t=1

x⊤
t+1Q̄t+1xt+1 + u⊤

t R̄tut (4.7)

s.t. ut = Π̄t(xt), and (4.1).

for a given positive integer T ≥ 1, and positive definite cost matrices (Q̄t)T
t=1 and

(R̄t)T −1
t=1 .

Remark 4.2.1. A special case of the LQ game is [Ri
t]ii = [Rj

t ]jj, [Ri
t]ij = [Rj

t ]ji and
Bi = Bj for i, j ∈ {1, 2, · · · ,N}. In this scenario, the LQ dynamic game reduces to
an optimal control problem. In our work, we consider a more general setting beyond
this optimal control case.

We specifically leverage a recent result on the connection between LQ-DFGs and LQ-
OCPs that gives rise to the following recently developed concept of linear-quadratic
dynamic feedback potential games (LQ-DFPGs).

Definition 4.2.2 (LQ-DFPG [46]). An LQ-DFG is referred to as an LQ-DFPG, if
there exists an LQ-OCP such that the solution of the LQ-OCP is a feedback Nash
equilibrium of the LQ-DFG.

We next introduce an assumption that an LQ-DFG with parameters
A,B, (Qt)T

t=1, (Ri
t)

N,T −1
i=1,t=1 that satisfy the conditions given in [46, Theorem 6] is suf-

ficient to constitute an LQ-DFPG.

Assumption 4.2.1. Let Qt ∈ Sn
++ and Θt ∈ SNm

++ ,

[Ri
t]ij +Bi⊤P i

t+1B
j = ([Rj

t ]ji +Bj⊤P j
t+1B

i)⊤, (4.8)
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and
B⊤P i

tA = B⊤P j
t A, (4.9)

where
P i

T = QT , (4.10)

[Θt]ij := [Rt]iij +Bi⊤P i
t+1B

j, (4.11)

Kt = −Θ−1
t


B1P 1

t+1

B2P 2
t+1

...
BNPN

t+1

A, (4.12)

P i
t = Qt +K⊤

t R
i
tKt + (A+BKt)⊤P i

t+1(A+BKt). (4.13)

for t ∈ NT −1 and i, j ∈ {1, 2, · · · , N}.

Remark 4.2.2. Under Assumption 4.2.1, the LQ-DFG with parameters
A,B, (Qt)T

t=1, (Ri
t)

N,T −1
i=1,t=1 is an LQ-DFPG and has a unique feedback Nash equilib-

ria. The proof is identical to the proof of [46, Theorem 6].

The positive definiteness of Θt guarantees that the diagonal block elements [Ri
t]ii +

Bi⊤P i
t+1B

i are positive definite. This ensures that the player i’s objective in (4.2)
is strictly convex in ui

t, and K∗
t is the unique feedback Nash equlibrium solution to

the LQ-DFG given parameters (Qt)T
t=1, (Ri

t)
N,T −1
i=1,t=1. Equations (4.8)-(4.9) yield the

relation of
∂2Ji,T

∂ui,t∂uj,t

= ( ∂2Jj,T

∂uj,t∂ui,t

)⊤, (4.14)

which is a necesarry and sufficient condition for the existence of a twice-differentiable
potential function. This is analogue to the well-known result from [71, Theorem 4.5]
or [46, Theorem 4], and we can ensure that the LQ-DFG parameters is an LQ-DFPG
in the sense of Definition 4.2.2. Detail proof see Lemma C.1.1 from Appendix.

When the cost-matrices are known a priori to the players, the (Nash-equilibrium)
solution of an LQ-DFPG can be found in closed form (cf. [46] and [24, Chapter 6]).
However, in practice full information about the cost matrices over the whole time
horizon T may be unavailable to the players in advance. Hence, in this chapter,
we suppose that at any time t ∈ NT −1−W where W ∈ NT −1 ∪ {0}, only the initial
condition of the system (4.1) and the (partial) sequences of cost matrices (Qτ+1)t+W

τ=1

and (Ri
τ )N,t+W

i=1,τ=1 are known to the players. Let the cost-function information available
to the players at time t be

Ht := (x̄1, (Qτ+1, (Ri
τ )N

i=1)
min(t+W,T −1)
τ=1 ). (4.15)



4.2. Problem Formulation 51

Our focus will be to propose a novel control policy for each player in an LQ-DFPGs
that uses the information available to them only at time t. For i ∈ {1, 2, · · · ,N},
we specifically consider player-feedback control policies πi

t(·, ·) of the form

ui
t = πi

t(xt,Ht), (4.16)

Note that the feedback Nash equilibrium solution u∗
t can be written as u∗

t =
π∗

t (x∗
t ,HT −1).

Motivated by the concept of the price of uncertainty (PoU) [54, Section 3.2] in static
games, which captures discrepancies between expected payoffs in environments with
complete and incomplete information, we introduce an analogous notion for dynamic
feedback potential games to measure the difference between a decision made with
causal cost information and a policy that achieves a feedback Nash equilibrium in
hindsight.

Definition 4.2.3 (Price of Uncertainty). Given an LQ-DFPG, for a player feedback
control policy (Πt)T −1

t=1 with available information Ht in the form of (4.16), we define
the price of uncertainty (PoU) as

PoUT ((Πt)T −1
t=1 ) := 1

N
[

N∑
i=1

J i
T (x̄1, (Πt)T −1

t=1 ) −
N∑

i=1
J i

T (x̄1, (Π∗
t )T −1

t=1 )].

Remark 4.2.3. The price of uncertainty coincides with dynamic regret in online
optimal control (cf. [50, Eq. (9)]) when there is only a single player.

Next, we establish the relationship between PoU and the notion of price of anarchy
(PoA) of [72, Definition 2]. Define the PoA in the following.

Definition 4.2.4 (Price of Anarchy). For any N-player dynamic game that satisfies
Assumption 4.2.1, define

J̃ := min
(Π̃t)T −1

t=1

N∑
i=1

J i
T (x̄1, (Π̃t)T −1

t=1 ),

subject to dynamic (4.1). The Price of Anarchy (PoA) is

PoAT :=
N∑

i=1
J i

T (x̄1, (Π∗
t )T −1

t=1 )/J̃. (4.17)

Note that in the original definition of PoA from [72, Definition 2] considers the
Nash equilibrium that attained the smallest social cost. Under Assumption 4.2.1,
there is a unique (feedback) Nash equilibrium, so we do not have to specify a Nash
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equilibrium for computing the PoA. The following proposition relates PoA and PoU
for any given policy.

Proposition 2. For any policy (Πt)T −1
t=1 , we have

J̃(1 − PoAT ) ≤ PoUT ((Πt)T −1
t=1 ).

Remark 4.2.4. All the proofs can be found in the appendix.

Remark 4.2.5. A negative PoU indicates that the players have behaved cooperatively
in retrospect under limited access to the cost parameters. In this case, the players
may have sacrificed the chance of optimising their own pay-offs. Conversely, a policy
that yields a large positive PoU suggests that players have acted noncooperatively.
For example, in the context of demand-side management for a community battery,
such a policy may reflect players selfishly drawing energy from the battery without
caring about their own and their shared objective, potentially leading to energy de-
pletion and undermining the shared objective of maintaining the battery’s state of
charge to a certain level. A policy that yields PoU near 0 indicates that the policy
from players in retrospect aligned with their objectives while collective efficiency is
met.

We aim to show that the PoU associated with our proposed policy decays exponen-
tially with respect to the preview window W , and is sublinear with respect to the
time horizon T , i.e., PoUT ((Πt)T −1

t=1 ) = o(T ), where o(T ) satisfies limT →∞
o(T )

T
= 0.

This implies that, on average, the algorithm performs as well as the strategy that
leads to feedback Nash equilibrium in hindsight, evaluated from the perspective of
average costs.

We also require additional assumptions on the systems and cost parameters for
our results. The following (mild) assumption is on the system dynamics matrices
(4.1).

Assumption 4.2.2. The state transition matrix A from (4.1) has full rank, and
(A,B) is stablisable.

The next corollary states a property associated with cost matrices Ri
t for i ∈

{1, 2, · · · ,N}.
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Corollary 2. Under Assumption 4.2.2, the matrix

Rp
t :=


[R1

t ]11 [R1
t ]12 · · · [R1

t ]1N

[R2
t ]21 [R2

t ]22 · · · [R2
t ]2N

... . . . ... ...
[RN

t ]N1 [RN
t ]N2 · · · [RN

t ]NN

 (4.18)

is symmetric for t ∈ NT −1.

We further make assumptions on the conditions and bounds of time-varying cost
matrices Qt and Ri

t.

Assumption 4.2.3. For any given t ∈ NT −1, there exist Qmin, Qmax ∈ Sn
++ and

Rmin, Rmax ∈ Sm
++ that Qt, Rp

t and Ri
t satisfy Qmin ⪯ Qt ⪯ Qmax, Rmin ⪯ Rp

t ⪯
Rmax and 0 ⪯ Ri

t ⪯ Rmax.

Assumption 4.2.4. For any given t ∈ NT −1, let qt := σmax(A)
σ+

min(B)λmax(Rp
t −R1

t ). There
exists a positive constant εQ, such that matrices Qt and Rp

t satisfy λmin(Qt) > |qt| +
εQ.

Assumption 4.2.3 ensure that the eigenvalues for all cost matrices are positive and
finite. This guarantees that all cost matrices (R̄t)T −1

t=1 in the LQ-OCP associated with
the LQ-DFG are bounded and positive definite, which coincides with the standard
assumption in LQR control literature, e.g., [50, Assumption 1], [4, Assumption 1].
See Corollary 4 in the Appendix. Assumption 4.2.4 ensures that the cost matrices
(Q̄t+1)T −1

t=1 in the LQ-OCP associated with the LQ-DFG are positive definite, see
Lemma C.1.5 from the Appendix.

For a given preview horizon W ∈ NT −1 ∪ {0} , define

Qτ+1|t :=

Qτ+1 if 1 ≤ τ ≤ min(t+W,T − 1)

Qt+W +1 if min(t+W + 1, T − 1) ≤ τ ≤ T − 1,
(4.19)

and

Ri
τ |t :=

R
i
τ if 1 ≤ τ ≤ min(t+W,T − 1)

Ri
t+W if min(t+W,T − 1) ≤ τ ≤ T − 1,

(4.20)

for i ∈ {1, 2, · · · ,N}. Our final assumption is then as follows.

Assumption 4.2.5. The LQ-DFG with parameters (Qτ |t)T
τ=1 and (Ri

τ |t)
T −1,N
τ=1,i=1 is an

LQ-DFPG for all t ∈ NT −1.

The above assumption ensures that when the last known cost matrices are repeated
at time t for the next T − t stages, the LQ-DFG corresponds to an LQ-DFPG. In
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many cases, we find that this assumption holds and can be verified using the struc-
ture of Qt+1, (Ri

t)N
i=1, A,B for t ∈ NT −1 (with knowledge of their specific numerical

values). A particular example is presented in Section 4.5.

In the next section, we present our algorithm for finding controls and provide the
PoU upper bound under such an algorithm.

4.3 Proposed Approach and PoU Analysis

In this section, we propose an algorithm for solving our proposed LQ-DFPG problem
and analyse its PoU.

4.3.1 Algorithm

Our algorithm involves two steps at each time step t (for each player) — a prediction
step and a tracking step.

Prediction

We first predict a candidate feedback Nash equilibrium trajectory using the current
cost matrices and setting the future unknown cost matrices equal to the known
value at time t + W . That is, define H̄t := (x̄1, (Qτ+1|t)T −1

τ=1 , (Ri
τ |t)N

i=1)T −1
τ=1 ), where

Qτ+1|t, (Ri
τ |t)N

i=1 are defined in (4.19) and (4.20). Note that the above cost matrices
provide a valid structure for the LQ-DFG to be LQ-DFPG based on Assumption
4.2.5. Moreover, when T −W < t ≤ T −1, H̄t = I. This suggests that when enough
information is provided, we can find such candidate trajectory that is identical to
the feedback Nash equilibrium trajectory obtained with full information I. The
predicted feedback Nash equilibrium trajectories given the information available at
t are

((xτ |t)T
τ=1, (uτ |t)T −1

τ=1 ) = DFG(H̄t, T, A,B), (4.21)

where the operator DFG defined in (4.6) that uses H̄T to generate the trajecto-
ries and controls corresponding to the feedback Nash equilibrium solution from N

players.
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Tracking

Given the predicted feedback Nash equilibrium state and control trajectories (4.21),
we propose tracking them using a feedback control policy of the form

ut =


π1

t (xt, H̄t)
π2

t (xt, H̄t)
...

πN
t (xt, H̄⊔)

 =


[K]1
[K]2

...
[K]N

 (xt − xt|t) +


[ut|t]1
[ut|t]2

...
[ut|t]N

 , (4.22)

where K ∈ Rm×n is a gain matrix satisfies ρ(A + BK) < 1, πi
t(xt, H̄t) is the policy

for the i-th player for i ∈ {1, 2, · · · ,N}, t ∈ NT −1, [K]i ∈ Rm×m and [ut|t]i ∈ Rm

have appropriate dimensions. In the next section, we show the PoU bounds for
this algorithm. Intuitively, any LQ-DPG has a corresponding LQ-OCP. Thus, at
each time t, there is a common value function V̄t(·) for all players coordinating to
minimise subject to the system dynamics (4.1). The state xt|t, is the best possible
minimiser for V̄t(·) with information tuple Ht,W .

4.3.2 PoU Analysis

The following theorem establishes PoU lower and upper bounds for our proposed
algorithm.

Theorem 4.3.1 (PoU Bounds). Consider the linear system (4.1), a given time
horizon T ≥ 1, a preview window length W ∈ NT −1 ∪ {0} and a number of players
N ≥ 1. Under Assumptions 4.2.1–4.2.5, with adopting policy in (4.22), the PoU
defined by (4.17) satisfies

−C ′

1γ
2W−C ′

2γ
W−C ′

3εK <PoUT ((Πt)T −1
t=1 ) <C1γ

2W +C2γ
W +C3εK , (4.23)

where γ ∈ (0, 1) and εK is monotonically increasing w.r.t. γ, ∥ B ∥, λmax(Rmax),
λmax(Qmax) and λmax(Rmax) − λmin(Rmin). Moreover, constants C1, C2, C3, C

′
1, C

′
2

and C
′
3 are monotonically increasing w.r.t. ∥x̄1∥, λmax(Rmax), λmax(Qmax) and

λmax(Rmax) − λmin(Rmin), and the inverse of ρ(A+ B K̄) and εQ.

Remark 4.3.1. Following Remark 4.2.1, in the special case of LQ optimal control,
C

′
2 = 0, C ′

3 = 0, εK = 0, and C2 = 0:

0 ≤ PoUT ((Πt)T −1
t=1 ) < C1γ

2W .

Remark 4.3.2. If C1, C2 and C3 are equal to 0, this implies the corresponding
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coefficients C ′
1, C

′
2 and C ′

3 are equal to 0. Consequently, if the upper bound is 0, then
the PoU under policy (4.22) is 0.

Remark 4.3.3. Based on Proposition 2, J̃(1 − PoAT ) is the largest lower bound
on PoU given an LQ-DFPG. Combining with Theorem 4.3.1, we immediately have
J̃(1 − PoAT ) ≤ −C ′

1γ
2W−C ′

2γ
W−C ′

3εK.

Theorem 4.3.1 provides an insight into the relationship between PoU and the
preview-window length W . Specifically, we see that for a fixed I, the terms
C

′
1γ

2W , C
′
2γ

W , C1γ
2W and C2γ

W in the PoU bound decays exponentially fast as the
preview-window lengthW increases. Moreover, whenW is sufficiently large, the PoU
lower and upper bounds are dominated by −C ′

3εK and C3εK , respectively.

4.4 Relationship Between PoU and Feedback
Nash Equilibrium

Suppose there exists (Π̂t)T −1
t=1 such that PoU((Π̂t)T −1

t=1 ) ≤ δ2 for scalar δ2 ≥ 0. Our
goal is to quantify the relationship between this policy and the feedback Nash equi-
librium policy (Π∗

t )T −1
t=1 in terms of δ2, coefficients that are system-dependent param-

eters, and the state trajectory generated by the policy (Π̂t)T −1
t=1 .

To proceed, we introduce the following notation. Let {x̂t}T −1
t=1 and {ût}T −1

t=1 be the
states and controls generated by applying (Π̂t)T −1

t=1 to the system (4.1). Define:

ũt := Ktx̂t,

bt(x̂t) := 2
N

[(Ri
t + B⊤P i

t+1B)Kt + B⊤P i
t+1A]x̂t,

Ht := 1
N

(Ri
t + B⊤P i

t+1B),

Û :=


û1

û2
...

ûT −1

 , Ũ :=


ũ1

ũ2
...

ũT −1

 , b̂ :=


b1(x̂1)
b2(x̂2)

...
bT −1(x̂T −1)

 ,

z̃ := Û − Ũ and H̃ := diag(H1, H2, · · · , HT −1), where diag is the block-diagonal
matrix concatenation operator.

The following proposition characterises an upper bound on ∥z̃∥ under the assumption
that PoU((Π̂t)T −1

t=1 ) ≤ δ2 and ∥b̂∥ ≤ δx for some δx ≥ 0, potentially dependent on
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state sequence (x̂t)T −1
t=1 . We bound ∥z̃∥ as a function of δ2, δx, and system-dependent

parameters.

Proposition 3. Consider a policy (Π̂t)T −1
t=1 and associated state trajectory (x̂t)T −1

t=1

generated by applying it to (4.1). Suppose that there exists δ2 ≥ 0 and δx ≥ 0, such
that

PoU((Π̂t)T −1
t=1 ) ≤ δ2, and ∥b̂∥2 ≤ δx.

Define δ̄2 := δ2 + 1
2λmax(H̃)δx, then ∥z̃∥2 ≤ δ̄2.

Next, we discuss the sub-optimality of the policy (Π̂t)T −1
t=1 under the assumptions

from the above proposition. Define the potential function:

Φ(x̄1, (Π̄t)T −1
t=1 ) :=

T −1∑
t=1

x⊤
t+1Q̄t+1xt+1 + u⊤

t R̄tut, (4.24)

where ut = Π̄t(xt) for any given policy (Π̄t)T −1
t=1 , and (xt,ut) satisfying (4.1). The

matrices Q̄t and R̄t are the stage cost matrices defined in the corresponding LQ-OCP
as in Definition 4.2.1.

Proposition 4. Consider the potential function (4.24) with cost matrices
(Q̄t+1, R̄t)T −1

t=1 . Define ε̄2 := ∆maxδ2, and let ∆max be a positive real number
monotonically increasing with ∥Rmax∥ and σmax(A)

σ+
min(B) (λmax(Rmax)−λmin(Rmin)). Con-

sider the policy (Π̂t)T −1
t=1 satisfying the conditions described in Proposition 3. Then,

Φ(x̄1, (Π̂t)T −1
t=1 )−Φ(x̄1, (Π∗

t )T −1
t=1 ) ≤ ε̄2, where (Π∗

t )T −1
t=1 is the feedback Nash equilibrium

policy satisfying (4.5).

The above proposition shows that if the policy PoU(Π̂t)T −1
t=1 ) is upper bounded, then

it yields ε̄ sub-optimality gap in the potential function. The sub-optimality gap ε̄

is inversely proportional to δ2 and δx. In other words, the policy (Π̂t)T −1
t=1 is close to

the feedback Nash equilibrium policy if δ2 and δx are close to zero.

4.5 Numerical Simulations

In this section, we illustrate the performance of our proposed algorithm. We revisit
the community battery application from Example 1 and provide conditions in which
the system matrices and cost matrices satisfy Assumptions 4.2.1-4.2.5. Before spec-
ifying values of a, b1, b2 and b3 for matrices A and B defined in (4.4), consider the
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cost matrices below

Qt =
 lt −dt

−dt 0

 , R1
t =


r1,t 0 0
0 0 0
0 0 0

 ,

R2
t =


0 0 0
0 r2,t 0
0 0 0

 , R3
t =


0 0 0
0 0 0
0 0 r3,t

 ,
(4.25)

where

b2
1

r1,t

= b2
2

r2,t

= b2
3

r3,t

= ζt. (4.26)

It can be easily verified that the matrices A and B satisfy Assumption 4.2.2. In
the next proposition, we claim that such system matrices and the cost matrices
will lead to an LQ potential dynamic game (Assumption 4.2.1) with satisfaction of
Assumption 4.2.5.

Proposition 5. Consider matrices A and B from Example 1, and cost matrices
Ri

t, Qt are defined in (4.25). For integers T ≥ 1, N ≥ 1, 0 ≤ t ≤ T − 1 and
i, j ∈ {1, 2, · · · ,N}, if b2

i

ri,t
= b2

j

rj,t
, then parameters Pt,Θt defined in (4.13) and (4.11),

respectively, satisfy conditions that described in Assumptions 4.2.1 and 4.2.5.

For i ∈ {1, 2, 3}, by using the conditions of parameters bi and ri,t from the above
proposition, we consider a = 1.6, and bi ∼ U [1, 10] for i ∈ {1, 2, 3} in the simula-
tions. The preview window W varies from 0 to 5, and the time horizon T ranges
from 1 to 25. We consider cost matrices drawn randomly according to ζt ∼ U [1, 16],
lt ∼ U [20, 110] and dt ∼ U [15, 25] in (4.26), where U [·, ·] denotes the uniform dis-
tribution. Such choices of systems and cost parameters will lead the LQ potential
dynamic game to satisfy Assumptions 4.2.3 and 4.2.4, along with the rest of the
assumptions.

Before presenting our figures, we introduce a slightly modified notion of PoU, termed
the log-relative PoU, that quantify the relative error between the decisions made from
the algorithm and the (value of the) feedback Nash equilibrium solution. Specifically,
for any sequence of policies (Πt)T −1

t=1 , we define the log relative PoU as

logRelPoU((Πt)T −1
t=1 ) := log

∣∣∣∣∣ PoUT ((Πt)T −1
t=1 )

1
N

∑N
i=1 Ji,T (x̄1, (Π∗

t )T −1
t=1 )

∣∣∣∣∣,
where the policy (Π∗

t )T −1
t=1 generates the feedback Nash equilibrium trajectory as
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Figure 4.1: Performance measure PoUT in case N = 3. (a) LogRelPoU vs. Time Horizon
with W = 5; (b) LogRelPoU vs. Preview Window Length in T = 26.

defined in (4.5). In certain scenarios, the cost incurred by the actual feedback Nash
equilibrium may be large due to the selection of the system and cost matrices. Thus,
logarithmic relative PoU can be a more practical measure of the quality of decisions
when we are interested in numerical results.

Figure 4.1(a) reports the log relative average PoU over 1000 trials with W = 5.
From Figure 4.1(a) we see that the (average) log relative PoU appears to remain at
3 × 10−5 from T = 13 when W = 5. This result illustrates that the average PoU
will be bounded regardless of the choice of time-horizon, which validates the PoU
bounds established in Theorem 4.3.1.

Figure 4.1(b) reports the log relative average PoU over 1000 trials with T = 26. From
Figure 4.1(b) we see that the (average) log relative PoU shows an exponential decay
as W grows from 0 to 5. The exponential decays of the (average) PoU illustrate
the relation between the preview window W and the PoU bounds established in
Theorem 4.3.1.

4.6 Summary

This chapter introduces the N -player dynamic potential LQ game with sequentially
revealed costs problem, and proposes a novel algorithm for solving this problem,
which extends the preliminary work in [70] from 2-player case to the general N -
player setting. In addition, we establish the connection between the proposed notion
of Price of Uncertainty (PoU) and the Price of Anarchy (PoA), and quantify the
sub-optimality gap of the potential function for any policy whose PoU is upper
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bounded. We provide numerical simulations to validate our PoU bounds established
in Theorem 4.3.1.



Chapter 5

Conclusions

This thesis introduces a novel framework for decision making with unknown future
costs, along with its theoretical guarantees and empirical evaluation across multiple
settings. We first apply this framework to the online LQ control problem with
sequentially revealed costs, this has discussed in Chapter 2. Then we apply this
framework to the online LQ control problem, where the costs must be inferred from
the expert’s optimal trajectory data, this has discussed in Chapter 3. Lastly, we
apply this framework to the dynamic potential LQ game problem, where it extends
the setting in Chapter 2 to a multi-agent setting. In this chapter, we will summarise
each chapter in detail and outline possible future research directions.

5.1 Summary of Contributions

In this section, we will summarise and discuss the research presented in this the-
sis.

5.1.1 Chapter 2: Online LQ Optimal Control Problem

In the first technical chapter of this thesis, we present a novel framework for decision
making under unknown future costs, and apply it to the online LQ optimal control
problem with sequentially revealed costs. Unlike the classical LQ control setting
where cost matrices are known a priori, the online setting assumes that, at any time
t, the controller only has access to past cost matrices and a short preview window
of length W , i.e., {Qτ+1, Rτ }min(t+W,T −1)

τ=0 , with 0 ≤ W ≤ T − 1.

To address this problem, we propose a framework that predicts a candidate optimal
trajectory using the history Ht,W defined in (1.4), and estimates the tail costs using
the most recent available matrices Qt+W +1 and Rt+W for the horizon t + W ≤ τ ≤
T−1. The controller tracks the estimated next state xt+1|t based on this prediction as
given in (2.6). We adopt this framework to design a constructive deadbeat controller
given in (2.26) and analyse its performance using the notion of dynamic regret (2.2),

61
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as detailed in Theorems 2.3.1–2.4.2. These analyses show that the regrets are upper
bounded by terms that decay exponentially with the preview horizon. Furthermore,
we propose a sufficient condition in Proposition 2.3.2 that our framework achieves
a tighter regret bound than the state-of-the-art method in [12].

We validate the regret analysis results of our methods through numerical simulations,
comparing the proposed framework (2.6) and deadbeat controller (2.24) against
algorithms from [12] and [17], as well as a trivial constant linear controller. The
results confirm the exponential decay in regret predicted by theory and demonstrate
that our methods consistently outperform those that do not exploit feedback from
cost information.

In conclusion, Chapter 2 establishes both theoretical guarantees and empirical ad-
vantages of the proposed framework. It illustrates the benefit of exploiting feedback
from cost information and paves the possibility for extending this framework to more
general decision-making problems.

5.1.2 Chapter 3: Online LQ Optimal Control with Sequen-
tially Inferred Costs

In Chapter 3, we apply the proposed framework to the online LQ optimal control
problem, where the cost function is not directly observable but must be inferred
from an expert’s optimal demonstrations in the form of optimal trajectories. This
setting models practical scenarios such as learning from demonstration, where the
decision maker has access only to observed behaviours and must infer the underlying
objectives that generated them.

To address this problem, we incorporate an Extended Kalman Filter (EKF)-based
estimator [64, 65] into our decision-making framework. At each time step, the con-
troller uses the observed expert trajectories to estimate the unknown cost parame-
ters, then adopts the control framework proposed in Chapter 2 to plan a candidate
trajectory using this estimation and tracking towards it. We establish a regret bound
that quantifies the impact of parameter estimation error on control performance, and
derive a regret upper bound that holds under the EKF-based estimation scheme in
Lemma 3.4.1 and Theorem 3.4.1. Our analysis shows that as the accuracy of the
parameter estimates improves over time, the regret incurred by the controller de-
creases quadratically. The analysis also shows the regret yields a sublinear growth
with respect to time. We validate our theoretical guarantee with numerical simula-
tions. The simulation results in Figures 3.1 to 3.3 demonstrate that the proposed
EKF-based controller effectively learns the underlying cost function and improves
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its performance over time.

In conclusion, Chapter 3 illustrates how learning from expert demonstrations can
be seamlessly integrated into online control using our proposed framework, and
opens the door to future work on learning and control under uncertain or latent cost
structures.

5.1.3 Chapter 4: Dynamic Potential LQ Games with Se-
quentially Revealed Costs

In Chapter 4, we apply the proposed framework to the dynamic potential LQ game
with sequentially revealed costs problem, where it extends the setting from the single
agent case in Chapter 2 to the multi-agent case. The formulation of this problem is
introduced in detail in Section 4.2.

To address this problem, we introduce the notion of price of uncertainty (PoU)
(4.17) as a performance measure defined in (4.17), that extends the notion of regret
(2.2) from the online LQ optimal control problem to the dynamic game setting. We
then extend our proposed framework for N players, as defined in (4.22), and apply
it to the dynamic game problem formulated in 4.2. The PoU analysis establishes
lower and upper bounds that are incurred under (4.22), where the bounds consist of
terms that decay exponentially as the preview horizon of costs increases, and another
term that depends on the magnitude of the differences between the cost matrices for
each player (details are given in Theorem 4.3.1. Through simulations, we illustrate
that the resulting price of uncertainty initially decays at an exponential rate as the
preview window lengthens, then remains constant for large time horizons. This has
illustrated in Figures 4.1(b) and 4.1(a), respectively.

5.2 Future Research Directions

In this thesis, the system dynamics for the controllers are linear time-invariant. A
natural extension is to consider (potentially sequentially revealed) time-varying or
nonlinear dynamics. Another immediate extension is to extend the cost functions
from quadratic to non-quadratic settings. There are a few interesting long-term
extensions to all our respective problems. We outline these in detail in the follow-
ing.
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5.2.1 Chapter 2: Online LQ Optimal Control

In Chapter 2, we provide a sufficient condition under which our regret bound is less
than that of the state-of-the-art methodology. However, this sufficient condition does
not necessarily imply superior empirical performance. The analysis of realised regret
(rather than bounds) incurred by different control algorithms appears important, as
it provides a more practical way to help people select an appropriate method for a
corresponding scenario.

The proposed framework in (2.6) employs a time-varying control gain Kt to track
towards the candidate trajectory. A particular choice of this gain is the deadbeat
controller defined in (2.26). While deadbeat control ensures rapid convergence to the
target trajectory, it is inherently a high-gain control (needs citation). Consequently,
it can result in excessive control effort and be sensitive to disturbances, which leads
to high costs. This has been shown empirically in Figures 2.3 where the regret decays
in a significantly slower rate and with much larger regret coefficients compared to
Figures 2.2. Therefore, a more effective approach would be to design the time-
varying tracking controller adaptively, taking into account the time step t and the
preview horizon W . This is motivated by the observation that, as the time step t

increases or the preview horizon W lengthens, the candidate trajectory progressively
gets closer to the optimal trajectory. The adaptive tracking strategies can potentially
achieve better trade-offs between performance and robustness.

5.2.2 Chapter 3: Online LQ Optimal Control with Sequen-
tially Inferred Costs

In Chapter 3, we used a constant controller for tracking the predicted trajectory in
(3.24). As the copycat observes more expert trajectories, the candidate trajectory
progressively converges toward the optimal one. This progression, similar to the
observation in the previous section, motivates the development of adaptive, time-
varying tracking controllers that are based on the closeness between the predicted
and the expert’s trajectories.

Throughout this work, we assumed that the copycat must act immediately after
observing the optimal trajectory. However, in many learning from demonstration
tasks, immediate imitation is not required. For example, in autonomous navigation
tasks [73], the copycat may act after a delay, following the expert’s demonstra-
tion. This delay allows the copycat to access additional data, enabling the use of
smoothing techniques that can tighten the regret upper bound.

Moreover, we specifically consider the cost parameter that is fixed over time in the



5.2. Future Research Directions 65

problem formulation. A natural extension is to allow the cost parameter to evolve
over time.

Another promising direction is to investigate the regret under the presence of dis-
turbances for the linear system, which could provide robustness guarantees for the
copycat’s policy.

5.2.3 Chapter 4: Dynamic Potential LQ Games with Se-
quentially Revealed Costs

In Chapter 4, we study the performance of our proposed framework within the con-
text of dynamic potential LQ games. A general dynamic game can be decomposed
into three components: a potential dynamic game component, a harmonic compo-
nent and a non-strategic component. To extend our framework to more general
dynamic game settings, a natural next step is to design controllers for dynamic LQ
harmonic games. These controllers can then be integrated with those developed
for dynamic LQ potential games, which enable the extension of our framework to a
more general dynamic LQ game setting.

Another promising direction is to investigate the PoU in the presence of disturbances
within the linear system, which would provide further insights into the robustness
of the proposed framework.
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Appendix A

Appendix. Proof for Online LQ
Optimal Control

A.1 Proof of Theorem 2.3.1

Before stating the proof of the theorem, we introduce several necessary propositions
and lemmas describing properties of the matrices in Proposition 2.3.1. We first start
with proofs of Proposition 2.3.1 and Lemma 2.3.1.

Proof of Proposition 2.3.1: Follows directly from [18, Chapter 2.4]. ■

Proof of Lemma 2.3.1: The proof is identical to that of [12, Appendix D, Proposition
11]. ■

The following lemmas reveal a matrix-norm upper bound for Pτ |t0 −Pτ |t and Kτ |t −
Kτ |t0 for any 0 ≤ τ ≤ t ≤ t0 ≤ T − 1. These upper bounds imply the exponential
decays of ∥Kτ |t −Kτ |t0∥ and ∥Pτ |t0 − Pτ |t∥ with respect to t− τ .

Lemma A.1.1. For any T ≥ 1 and 0 ≤ τ ≤ t ≤ t0 ≤ T − 1. Consider γ defined by
(2.11), Qmin and Pmax defined by (2.1) and (2.8), respectively. The distance between
Pτ |t and Pτ |t0 from Proposition 2.3.1 satisfies

∥∥∥Pτ |t − Pτ |t0

∥∥∥ ≤ λ2
max(Pmax)

λmin(Qmin)γ
t+1−τ , and

the distance between Kτ |t and Kτ |t0 satisfies
∥∥∥Kτ |t −Kτ |t0

∥∥∥ ≤ CKγ
t−τ .

Proof. Before proceeding with the proof, we first define the Thompson metric δ∞(·, ·)
as δ∞(X, Y ) := ∥ log

(
X− 1

2Y X− 1
2
)
∥∞ for positive semi-definite matrices X and Y

[74, Section 2], where ∥ · ∥∞ denotes the matrix infinity-norm. The following steps
show that as t − τ increases, under the metric δ∞, the distance between Pτ |t and
Pτ |t0 is contracting with a rate between 0 and 1. Since Qτ , Rτ , Pτ |t0 , Pτ |t are positive
definite, by applying [75, Lemma D.2], the recursive relation between δ∞(Pτ |t, Pτ |t0)
and δ∞(Pτ+1|t0 , Pτ+1|t) is such that δ∞(Pτ |t, Pτ |t0) ≤ γδ∞(Pτ+1|t0 , Pτ+1|t), where γ is
defined by (2.11). Furthermore, we have δ∞(Pτ |t0 , Pτ |t) ≤ γt−τ+1δ∞(Pt+1|t0 , Pt+1|t).

75
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From [12, Lemma 6],

δ∞(Pτ |t0 , Pτ |t) ≤ γt−τ+1 log
(
λmax(Pmax)
λmin(Qmin)

)
=: c.

To upper bound ∥Pτ |t0 − Pτ |t∥, we can replace A,B, U and c from [12, Lemma 7]
with Pτ |t0 , Pτ |t, P and γt−τ+1 log

(
λmax(Pmax)
λmin(Qmin)

)
, respectively, that yields ∥Pτ |t0 −Pτ |t∥ ≤

γt−τ+1 λ2
max(Pmax)

λmin(Qmin) . To upper bound ∥Kτ |t −Kτ |t0∥, note that

∥Kτ |t −Kτ |t0∥ =∥ − (Rτ +BTPτ+1|tB)−1BTPτ+1|tA

+ (Rτ +BTPτ+1|t0B)−1BTPτ+1|t0A∥.

Let G1 = (Rτ +BTPτ+1|tB) and G2 = (Rτ +BTPτ+1|t0B), we have

∥Kτ |t −Kτ |t0∥ = ∥G−1
1 BTPτ+1|t −G−1

2 BTPτ+1|t0∥

= ∥G−1
1 G−1

2 G2B
TPτ+1|t −G−1

2 G−1
1 G1B

TPτ+1|t0∥

≤ ∥G−1
2 G−1

1 ∥∥(G1G2)(G−1
1 G−1

2 )G2B
TPτ+1|t −G1B

TPτ+1|t0∥

≤ ∥G−1
2 G−1

1 ∥(∥(G1G2 −G2G1)G−1
1 BTPτ+1|t∥ + ∥G2B

TPτ+1|t −G1B
TPτ+1|t0∥)

≤ ∥G−1
2 G−1

1 ∥∥G2B
TPτ+1|t −G1B

TPτ+1|t0∥, (A.1)

where the last two inequalities are due to G1 and G2 being symmetric matrices,
G1G2 −G2G1 being skew symmetric, and the induced 2-norm of a skew symmetric
matrix being 0. Moreover,
∥∥∥G2B

TPτ+1|t −G1B
TPτ+1|t0

∥∥∥
≤ ∥RτB

T(Pτ+1|t − Pτ+1|t0)∥ + ∥B∥∥Pτ+1|t0(BBT)Pτ+1|t − Pτ+1|t(BBT)Pτ+1|t0∥

≤ ∥RτB
T∥∥Pτ+1|t − Pτ+1|t0∥, (A.2)

where the last step is due to Pτ+1|t0(BBT)Pτ+1|t − Pτ+1|t(BBT)Pτ+1|t0 being skew
symmetric. Remember that CK = ∥G−1

2 G−1
1 ∥∥RmaxB

T∥λ2
max(Pmax)

λmin(Qmin) . Substituting
(A.2) into (A.1) gives that ∥Kτ |t −Kτ |t0∥ ≤ CKγ

t−τ .

Lemma A.1.2. For any T ≥ 1 and 0 ≤ τ ≤ t ≤ T − 1, consider matrices A and B
from (1.1), Kτ |t from Proposition 2.3.1, η defined by (2.10) and C defined by (2.12),
respectively. For any 0 ≤ t0 ≤ t1 ≤ T −1, we have

∥∥∥∏t1
τ=t0(A+BKτ |t)

∥∥∥ ≤ Cηt1−t0+1.

Proof. Similar to that of [12, Proposition 2].

Lemma A.1.3. Consider the optimal control problem (2.4) and suppose that As-
sumption 2.2.1 holds. Then the control gain matrix Kτ |t for 0 ≤ t, τ ≤ T−1 satisfies
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∥Kτ |t∥ ≤ σmax(A)
σmin(B) .

Proof. By Assumption 2.2.1 and Proposition 2.3.1, respectively, matrices Rτ |t and
Pτ+1|t are positive definite. Then, by [70, Lemma 6, Appendix], and the fact that
B is full-rank, we have σmin(B) ̸= 0 and ∥(Rτ |t + B⊤Pτ+1|tB)−1Pτ+1|tB∥ ≤ 1

σmin(B) .
Thus,

∥Kτ |t∥ ≤ ∥(Rτ |t +B⊤Pτ+1|tB)−1Pτ+1|tB∥∥A∥ ≤ σmax(A)
σmin(B) .

Lemma A.1.4. Consider the tracking control gain Kt defined in (2.7) for 0 ≤ t ≤
T − 1. Then the norm of Kt satisfies ∥Kt∥ ≤ Cf +∥A∥

σmin(B) .

Proof. By (2.7), we have ∥A+BKt∥ ≤ Cf for any 0 ≤ t ≤ T − 1. This immediately
implies ∥BKt∥ ≤ Cf + ∥A∥. Then,

∥BKt∥ =
√
λmax(K⊤

t B⊤BKt)
(i)=
√
λmax(BKtK⊤

t B⊤)
(ii)
≥
√
λmax(K⊤

t Kt)σmin(B) = ∥Kt∥σmin(B).

Step (i) uses the property that the maximum eigenvalue of H⊤H is the same as the
maximum eigenvalue of HH⊤ for any real matrix H. Step (ii) is a direct consequence
of [76, Theorem 4.5.9] (taking θk from the theorem as the minimal singular value
of B). Thus, ∥Kt∥ ≤ Cf +∥A∥

σmin(B) . As B is full-rank, σmin(B) ̸= 0 and the bound is
well-defined.

The next lemma bounds the distance between the states generated by (2.6) and the
optimal states generated by solving (1.2), together with the distance between the
predicted states generated by (2.4) and the optimal states generated by (1.2).

Lemma A.1.5. For any T ≥ 1, 0 ≤ W ≤ T − 1 and 0 ≤ t ≤ T , consider state xt

that generated by (2.6) and the optimal state x∗
t as an element of the solution from

solving (1.2). Then for C,CK , γ and η from Theorem 2.3.1, the distance between
state xt and optimal state x∗

t satisfies

∥xt − x∗
t ∥ ≤ (A.3)

C2CK∥x̄0∥γW

γ − 1 (ηt−1γ(γt − 1) + Cf (ηγ
q

(q
t−1 − (ηγ)t−1

q − ηγ
) − η

q
(q

t−1 − ηt−1

q − η
)).

Moreover, the distance between the predicted state xt|t as an element of solution from
(2.4) and the optimal state x∗

t satisfies
∥∥∥xt|t − x∗

t

∥∥∥ ≤ C2CK∥x̄0∥γW

γ−1 ηt−1γ(γt − 1).
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Proof. The following proof provides closed-form expressions for the differences xt−x∗
t

and xt|t − x∗
t using the recursive definition of xt and xt|t via the LTI system (1.1),

then uses Lemma A.1.2 to establish upper bounds on their norms. Note that the
computation of xt depends on xt|t, so we upper bound ∥xt −xt|t∥ and ∥xt|t −xt|T −1∥,
then use the relation xt − x∗

t = xt − xt|T −1 = xt − xt|t + xt|t − xt|T −1 to upper bound
∥xt − x∗

t ∥ along with the triangular inequality. Define

yt := xt − xt|t and θi|p,q := xi|p − xi|q, (A.4)

where 0 ≤ p ≤ q ≤ T − 1 and 0 ≤ i ≤ T − 1. Consequently, y0 = 0, and via
inspection we have yt+1 = ∑t+1

j=1
∏t−j

τ=0(A+BKτ )θj|j−1,j. A closed-form expression for
θi|p,q, noting θ0|p,q = 0, is then

θi+1|p,q = xi+1|p − xi+1|q

= (A+BKi|p)xi|p − (A+BKi|q)xi|q

= (A+BKi|p)(θi|p,q + xi|q) − (A+BKi|q)xi|q

= (A+BKi|p)θi|p,q +B(Ki|p −Ki|q)xi|q.

In the following, for any given matrices {a0, · · · , aN}, let I be the identity matrix,
define the product operator

m2∏
n=m1

an =


I if m1 > m2,

am1 if m1 = m2,

am1am1+1 · · · am2 if m1 < m2.

The term θi+1|p,q can thus be further expanded as

θi+1|p,q =
i∑

n=0

(
i∏

m=n+1
(A+BKm|p)

)
B(Kn|p −Kn|q)

(
n−1∏
m=0

(A+BKm|q)
)
x̄0.

By Lemma A.1.2, we have ∥∏i
m=n+1(A + BKm|p)∥ ≤ Cηi−n and ∥∏n−1

m=0(A +
BKm|q)∥ ≤ Cηn. By Lemma A.1.1, we have ∥B(Kn|p − Kn|q)∥ ≤ CKγ

p−n. Thus,
∥θi+1|p,q∥ ≤ C2CKγpηi

1− 1
γ

(1 − 1
γi+1 ). Choosing i = t, p = t, and q = T − 1, results in

∥θt|t,T −1∥ ≤ C2CK∥x̄0∥ηt−1γW +1

γ − 1 (γt − 1). (A.5)

Moreover, ∥θi|i−1,i∥ ≤ C2CK∥x̄0∥ηi−1γW

γ−1 (γi − 1). Define µi,t = ∥∏t−i−1
τ=0 (A + BKτ )∥.
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Combining the above, we have

∥xt − xt|t∥ ≤
t∑

i=1
∥

t−i−1∏
τ=0

(A+BKτ )θi|i−1+W,i+W ∥

≤ C2CK∥x̄0∥γW

γ − 1

t∑
i=1

µi,tη
i(γi − 1). (A.6)

Thus, ∥xt − x∗
t ∥ ≤ C2CK∥x̄0∥γW

γ−1

(∑t
i=1 µi,tη

i(γi − 1) + ηt−1γ(γt − 1)
)
.

Furthermore, it is given that µs,r = ∥∏r
τ=s(A+BKτ )∥ ≤ Cfq

r−s from the choice of
gains Kτ in (2.6).

Therefore, the upper bound of the distance between the state vector and the optimal
state vector is given by

∥xt − x∗
t ∥ ≤ C2CK∥x̄0∥γW

γ − 1

(
ηt−1γ(γt − 1) + Cf [ηγ

q
(q

t−1 − (ηγ)t−1

q − ηγ
) − η

q
(q

t−1 − ηt−1

q − η
)]
)
.

The proof is complete.

Lemma A.1.6 (Cost Difference Lemma [12]). For any T ≥ 1 and 0 ≤ t ≤ T ,
consider B from (1.1), Rt from (1.2), K∗

t be Kt|T and P ∗
t be Pt|T from Proposition

2.3.1, respectively. Let Π = {πt}T −1
t=0 be the control policy defined in (2.26), states

{xt}T −1
t=0 be generated from control sequence {ut}T −1

t=0 for the linear system (1.1) where
each control being ut = πt(xt,Ht,W ). Setting ūt = K∗

t xt, the regret defined by (2.2)
satisfies

RegretT (Π) =
T −1∑
t=0

(ut − ūt)T(Rt +BTP ∗
t+1B)(ut − ūt).

We also need the following elementary result.

Lemma A.1.7. For any a1, a2, a3 ∈ R, (a1 + a2 + a3)2 ≤ 10
3 (a2

1 + a2
2 + a2

3).

Proof. Note (a1 + a2 + a3)2 ≤ 2(a1 + a2)2 + 2a2
3 ≤ 4a2

1 + 4a2
2 + 2a2

3. Similarly,
(a1 + a2 + a3)2 ≤ 4a2

1 + 2a2
2 + 4a2

3 and (a1 + a2 + a3)2 ≤ 2a2
1 + 4a2

2 + 4a2
3. Combining

these gives (a1 + a2 + a3)2 ≤ 4+4+2
3 (a2

1 + a2
2 + a2

3).

Proof of Theorem 2.3.1: In light of Lemma A.1.7:

∥ut − ūt∥2 ≤ 10
3 (∥Kt|t −Kt∥2∥xt|t − x∗

t ∥2 (A.7)

+ ∥K∗
t −Kt∥2∥xt − x∗

t ∥2 + ∥K∗
t −Kt|t∥2∥x∗

t ∥2).
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By Lemmas A.1.1 and A.1.5, the summation of ∥xt − x∗
t ∥2 from t = 1 to t = T is

upper bounded by

2(C
2CK∥x̄0∥γW +1

(γ − 1) )2
(
γ2ST (η2γ2) − 2γST (η2γ) + ST (η2))

+
10C2

f

3 (( ηγ

q(q − ηγ) − η

q(q − η))2ST (q2) + (ηγ)2ST (η2γ2)
q2(q − ηγ)2 + η2ST (η2)

q2(q − η)2 )
)
. (A.8)

The summation of ∥xt|t − x∗
t ∥2 from t = 1 to t = T is upper bounded by

γ2ST (η2γ2) − 2γST (η2γ) + ST (η2). (A.9)

By Lemma A.1.2, we have

T∑
t=1

∥x∗
t ∥2 ≤ (C2∥x̄0∥)2η2ST (η2). (A.10)

Substitute (A.8), (A.9) and (A.10) in (A.7). By Lemmas A.1.3 and A.1.4, we have
∥Kt|t − Kt∥2 ≤ αK and ∥K∗

t − Kt∥2 ≤ αK , where αK is defined in (2.13). From
Lemma A.1.6 and taking summation of the RHS of (A.7) from t = 1 to t = T , the
RegretT (Π) can be upper bounded by γ2W Ψ, where

Ψ = 10D∥x̄0∥2

3

[
(α1 + α2)

(C2CKγ)2

(γ − 1)2 [γ2ST (η2γ2) − 2γST (η2γ)

+ ST (η2)] +
10C2

f

3 [( ηγ

q(q − ηγ) − η

q(q − η))2ST (q2)

+ (ηγ)2ST (η2γ2)
q2(q − ηγ)2 + η2ST (η2)

q2(q − η)2 ] + (CKC
2)2η2ST (η2)

]
. (A.11)

The proof is complete. ■

A.2 Proof of Proposition 2.3.2

Let F and F ′ represent the right-hand sides of (2.14) and [12, Theorem 1, Equation
(15)], respectively. Note that

F
′ ≥ 4∥x̄0∥2D∥A∥2∥B∥2λ10

max(Pmax)C4
(

∥BR−1
minB

T∥2(1 + ∥BR−1
minB

T∥2)(γW + ηW )2

λ2
min(Rmin)λ4

min(Qmin)(1 − η)2

)

≥ 4∥x̄0∥2D∥A∥2∥B∥2λ10
max(Qmax)C4∥BR−1

minB
T∥2γ2W

λ2
min(Rmin)λ4

min(Qmin) ,
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and

F ≤ 10Dγ2W ∥x̄0∥2C4C2
K

3

[
(1 + αK

(1 − γ)2 )( 1
1 − η2 )

+
10C2

f

3q2(q − η)2

(
1

(q − η)2(1 − q)2 + 2
(1 − η2)

)]
.

Thus, if

λ10
max(Qmax) ≥

5
[
(1 + αK

(1−γ)2 )( 1
1−η2 ) + 10C2

f

3q2(q−η)2

(
1

(q−η)2(1−q)2 + 2
(1−η2)

)]
6(C2

Kλ
2
min(Rmin)λ4

min(Qmin))−1∥A∥2∥B∥2∥BR−1
minB

T∥2 ,

then it follows that F ≤ F ′. ■

A.3 Proof of Theorem 2.3.2

We first state a stochastic cost difference lemma.

Lemma A.3.1 (Stochastic Cost Difference Lemma). For any T ≥ 1 and 0 ≤ t ≤ T ,
consider B from (1.1), Rt from (1.2), and let K∗

t = Kt|T and P ∗
t = Pt|T with Kt|T and

Pt|T given in Proposition 2.3.1. We further consider the random sequence {wt}T −1
t=0

where wt ∈ Rn, E(wt) = 0 and E(wtw
⊤
t ) = Covw. Let Π = {πt}T −1

t=0 be the control
policy defined in (2.26), and the states {xt}T −1

t=0 be generated by the system (1.1) with
controls ut = πt(xt,Ht,W ). The regret defined by (2.2) satisfies

ExpRegretT (Π) = E[
T −1∑
t=0

(ut − ūt)T(Rt +BTP ∗
t+1B)(ut − ūt)],

where ūt = K∗
t xt.

Proof. With a slight abuse of notation, for any given x, define VT (x) = x⊤QTx,
Φt(x, u) := x⊤Qtx+u⊤Rtu+E(Vt+1(Ax+Bu+wt)), and Vt(x) := minπ Φt(x, π(x)).
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The expected regret in terms of Φt(xt, ut) and Vt(xt) is thus

ExpRegretT (Π) = E[
T −1∑
t=0

x⊤
t Qtxt + u⊤

t Rtut + x⊤
TQTxT ] − V0(x̄0)

= E[
T −1∑
t=0

x⊤
t Qtxt + u⊤

t Rtut] +
T −1∑
t=0

E(Vt+1(xt+1)) − E(Vt(xt))

= E[
T −1∑
t=0

x⊤
t Qtxt + u⊤

t Rtut + Vt+1(xt+1) − Vt(xt)]

= E[
T −1∑
t=0

Φt(xt, ut) − Vt(xt)]. (A.12)

Given state xt and control ut, following the proofs in [25, Chapter 5, Page 230], we
have Φt(xt, ut) = x⊤

t Qtxt + u⊤
t Rtut + E(x⊤

t+1P
∗
t+1xt+1 +∑T −1

τ=t w
⊤
τ P

∗
τ+1wτ ) ,

and Vt(xt) = x⊤
t Qtxt + ū⊤

t Rtūt +E((Axt +Būt)⊤P ∗
t+1(Axt +Būt)+∑T −1

τ=t w
⊤
τ P

∗
τ+1wτ ).

Substituting the above into (A.12), we have

E[
T −1∑
t=0

Φt(xt, ut) − Vt(xt)]

= E[
T −1∑
t=0

x⊤
t Qtxt + u⊤

t Rtut − x⊤
t Qtxt − ū⊤

t Rtūt + E(x⊤
t+1P

∗
t+1xt+1 +

T −1∑
τ=t

w⊤
τ P

∗
τ+1wτ )

− E((Axt +Būt)⊤P ∗
t+1(Axt +Būt) −

T −1∑
τ=t

w⊤
τ P

∗
τ+1wτ )]

= E[
T −1∑
t=0

(ut − ūt)⊤(Rt +B⊤P ∗
t+1B)(ut − ūt) + 2(ut − ūt)⊤(Rt +B⊤P ∗

t+1B)(ūt +B⊤P ∗
t+1Axt)]

= E[
T −1∑
t=0

(ut − ūt)⊤(Rt +B⊤P ∗
t+1B)(ut − ūt)].

From the above lemma, we have

ExpRegretT (Π) ≤ D
T −1∑
t=0

E(∥ut − ūt∥2). (A.13)

To establish the preceding lemmas for proving Theorem 2.3.2, we require the closed-
form expression of xt|q, yt and θt|p,q for 0 ≤ t ≤ T − 1 and 0 ≤ p ≤ q ≤ T − 1. The
state variable xt|q can be expressed as

xt|q =
t−1∏
j=0

(A+BKj|q)x̄0 +
t−1∑
r=0

(
t−1∏

j=r+1
(A+BKj|q)

)
wr. (A.14)
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To calculate yt, note that x0 = x0|t = x̄0, we again have y0 = 0 and θ0|p,q = 0. By
repeating the calculation of yt+1 as in Lemma A.1.5, we have

yt+1 =
t+1∑
j=1

t−j∏
τ=0

(A+BKτ )θj|j−1,j. (A.15)

To calculate θt|p,q, for the case of 1 ≤ t ≤ p,

θt|p,q = (A+BKt−1|p)xt−1|p + wt−1

− (A+BKt−1|q)xt−1|q − wt−1

= (A+BKt−1|p)(θt−1|p,q + xt−1|q)
− (A+BKt−1|q)xt−1|q (A.16)

= (A+BKt−1|p)θt−1|p,q +B(Kt−1|p −Kt−1|q)xt−1|q

=
t−1∑
n=0

(
t−1∏

m=n+1
(A+BKm|t−1)

)
B(Kn|t−1 −Kn|t)xn|q.

We also need the closed-form expression for the special case of p = t − 1 and
q = t,

θt|t−1,t = (A+BKt−1|t)xt−1|t−1 − (A+BKt−1|t)xt−1|t − wt−1

= (A+BKt−1|t−1)θt−1|t−1,t +B(Kt−1|t−1 −Kt−1|t)xt−1|t − wt−1

=
t−1∑
n=0

(
t−1∏

m=n+1
(A+BKm|t−1)

)
B(Kn|t−1 −Kn|t)xn|t − wt−1. (A.17)

We use the above calculations to help us establish the following two lemmas, and
they will prove helpful for bounding the expected regret.

Lemma A.3.2. Consider i.i.d. random variables {wt}T −1
t=0 where wt ∈ Rn, E(wk) =

0 and E(wkw
T
k ) = Covw. Consider the linear system (1.1), initial condition x̄0 = 0

and policy Π given by (2.6), there exist positive scalars CR2 and C
′
R2 such that the

expected regret defined by (A.13) satisfies

ExpRegretT (Π) ≤ (CR2γ
2W + C

′

R2)T. (A.18)

Proof. The technique of proving the upper bound of this expected regret is similar
to how we established the upper bound for Regret for the disturbance-free case.
By Lemma A.1.7, A.3.1 and (A.13), we have ExpRegret(Π) ≤ D

∑T −1
t=0 E(∥ut −

ūt∥2) = D
∑T −1

t=0 E(∥(Kt|t −K)(xt|t − x∗
t ) − (K∗

t −K)(xt − x∗
t ) + (K∗

t −Kt|t)x∗
t ∥2) ≤

10D
3
∑T −1

t=0 ∥(Kt|t − K)∥2 E(∥xt|t − x∗
t ∥2) + ∥K∗

t − K∥2 E(∥xt − x∗
t ∥2) + ∥K∗

t −
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Kt|t∥2 E(∥x∗
t ∥2). Term ∥K∗

t −Kt|t∥2 can be upper bounded by using Lemma A.1.1,
and the upper bound of ∥Kt|t − Kt∥2, ∥K∗

t − Kt∥2 are referring to α1 and α2 from
Theorem 2.3.1. Therefore, we can prove the lemma by establishing the upper bound
of E(∥xt|t − x∗

t ∥2), E(∥xt − x∗
t ∥2) and E(∥x∗

t ∥2).

We start with upper bounding E(∥xt|t − x∗
t ∥2). Recall that xt|t − x∗

t = θt|t,T from
definition (A.4). Substituting (A.14) to (A.16) and let x̄0 = 0, we have

E(∥θt|t,T −1∥2)

= E(∥
t−1∑
n=0

n−1∑
r=0

(
t−1∏

m=n+1
(A+BKm|t)

)
B(Kn|t −K∗

n)
(

n−1∏
j=r+1

(A+BK∗
j )
)
wr∥2)

≤ (C2CK)2γ2Wη2tγ2t

η2

t−1∑
n1=0
n2=0

n1−1∑
r1=0

n2−1∑
r2=0

E(wr1w
T
r2)

γn1+n2ηr1+r2
=: κwθ. (A.19)

Furthermore, the above summation can be written as the form of γ2W (Cκwθ
+

Lκwθ
(ηt, γt, η2t, γ2t)), where Cκwθ

is a non-negative scalar that independent of t, and
Lκwθ

(ηt, γt, η2t, γ2t) is a linear combination of ηt, γt, η2t and γ2t.

To bound E(∥xt − x∗
t ∥2), substituting (A.17) into (A.14) gives

E(∥xt − x∗
t ∥2)

≤ 2 E(∥xt − xt|t∥2) + 2 E(∥xt|t − x∗
t ∥2)

≤ E(2∥
t−1∑
i=1

t−i−1∏
τ=0

(A+BKτ )
i−1∑
n=0

n−1∑
r=0

(
i−1∏

m=n+1
(A+BKm|i−1+W )

)

B(Kn|i−1+W −K∗
n)
(

n−1∏
j=r+1

(A+BK∗
j )
)
wr − wi−1∥2) + 2κwθ

≤ κwx, (A.20)

where

κwx := 2κwθ + 2(C2CK)2η2t
t−1∑

i1,i2=1
n1,n2=0

n1−1,n2−1∑
r1,r2=0

E(wr1w
T
r2)γi1+i2−n1−n2

ηr1+r2
. (A.21)

Moreover,

E(∥x∗
t ∥2) = E(∥

t−1∑
r=0

[
t−1∏

j=r+1
(A+BK∗

j )]wr∥2) ≤ κwx∗ , (A.22)

where κwx∗ := C4∑t−1
r1=0
r2=0

E(wr1w
T
r2)η2t−r1−1η2t−r2−1. Terms κwx and κwx∗ are of the

form C
′
κwx

+γ2W (Cκwx+Lκwx(ηt, γt, η2t, γ2t)) and Cκwx∗ +Lκwx∗ (ηt, γt, η2t, γ2t), respec-
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tively, where Cκwx , Cκwx∗ and C ′
κwx

are non-negative scalars that are independent of
t, Lκwx(ηt, γt, η2t, γ2t) and Lκwx∗ (ηt, γt, η2t, γ2t) are linear combinations of ηt, γt, η2t

and γ2t.

Recall α1, α2 andD defined in Theorem 2.3.1. By applying the elementary inequality
from Lemma A.1.7, we can upper bound the expected regret as follows,

ExpRegretT (Π)

≤ 10D
3

T −1∑
t=0

(α1 E(∥xt|t − x∗
t ∥2) + α2 E(∥xt − x∗

t ∥2) + C2
Kγ

2W E(∥x∗
t ∥2))

≤ 10D
3

T −1∑
t=0

α1κwθ + C2
Kγ

2Wκwx∗ + α2κwx

= (CR2γ
2W + C

′

R2)T. (A.23)

where γ2WCR2 = 10D
3 (C2

Kκwx∗ +α1κwθ +α2(Cκwx +Lκwx(ηt, γt, η2t, γ2t))) and C ′
R2 =

10D
3 α2C

′
wx. The last inequality holds by substituting (A.19) and (A.20) in (A.13).

Lemma A.3.3. Consider the sequence of i.i.d. random variables {wk}T −1
k=0 where

wk ∈ Rn, E(wk) = 0 and E(wkw
T
k ) = Covw. Consider the linear system (1.1) and

policy Π from (2.6), then for any x̄0 ∈ Rn, the expected regret defined in (A.13)
satisfies ExpRegretT (Π) ≤ RHS of (2.14) + RHS of (A.18).

Proof. Let κt,θ, κωθ, κt,x, κωx, κt,x∗ , κωx∗ and Fexp denote the RHS of (A.5),
(A.19), (A.6), (A.21), (A.10), (A.22) and (A.18), respectively. Rewrite state xt|q

defined in (A.14) as xt|q = χ0
t|q + χ1

t|q, where χ0
t|q = ∏t−1

j=0(A + BKj|q)x̄0 and

χ1
t|q = ∑t−1

r=0

(∏t−1
j=r+1(A + BKj|q)

)
wr. Note that χ0

t|q does not contain any terms

involving random variables. Then, we can calculate and upper bound E(∥xt|t −x∗
t ∥2)

by

E(∥xt|t − x∗
t ∥2)

= E(∥
t−1∑
n=0

(
t−1∏

m=n+1
(A+BKm|t)

)
B(Kn|t −K∗

n)x∗
n∥2)

= ∥
t−1∑
n=0

(
t−1∏

m=n+1
(A+BKm|t)

)
B(Kn|t −K∗

n)χ0
n|T ∥2

+ E(∥
t−1∑
n=0

(
t−1∏

m=n+1
(A+BKm|t)

)
B(Kn|t −K∗

n)χ1
n|T ∥2)

≤ κt,θ + κwθ, (A.24)
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where the last two lines hold since the expectation of χ1
n|T , and of cross terms between

χ0
n|T and χ1

n|T , is 0.

To upper bound E(∥xt − x∗
t ∥2), note that E(∥xt − x∗

t ∥2) ≤ 2 E(∥xt − xt|t∥2 + ∥xt|t −
x∗

t ∥2), and the upper bound of term E(∥xt|t − x∗
t ∥2) is given by (A.24). Therefore,

it remains for us to upper bound E(∥xt − xt|t∥2). By (A.15), we have

E(∥xt − xt|t∥2) = E(∥
t−1∑
i=1

t−i−1∏
τ=0

(A+BKτ )θi|i−1,i∥2). (A.25)

By (A.17), for all 1 ≤ i ≤ t − 1, θi|i−1,i can be written as ∑i−1
n=0

(∏i−1
m=n+1(A +

BKm|i−1)
)
B(Kn|i−1 −Kn|i)[χ0

n|i + χ1
n|i] − wi−1. For k ∈ {0, 1}, let

Xk
i−1|i−1,i :=

i−1∑
n=0

(
i−1∏

m=n+1
(A+BKm|i−1)

)
B(Kn|i−1 −Kn|i)χk

n|i.

Substitute the above into (A.25), we have

E(∥xt − xt|t∥2)

= E(∥
t−1∑
i=1

t−i−1∏
τ=0

(A+BKτ )(X0
i−1|i−1,i +X1

i−1|i−1,i − wi−1)∥2)

= ∥
t−1∑
i=1

t−i−1∏
τ=0

(A+BKτ )X0
i−1|i−1,i∥2 (A.26)

+ E(∥
t−1∑
i=1

t−i−1∏
τ=0

(A+BKτ )(X1
i−1|i−1,i − wi−1)∥2). (A.27)

The above equality is due to (A.26) not containing any terms involving random
variables. Note that (A.26) is upper bounded by κt,x given in (A.6), and (A.27) is
upper bounded by κwx in (A.21). Therefore,

E(∥xt − xt|t∥2) ≤ κt,x + κwx. (A.28)

Furthermore,

E(∥x∗
t ∥2) = E(∥χ0

t|T + χ1
t|T ∥2)

= ∥χ0
t|T ∥2 + E(∥χ1

t|T ∥2) ≤ κt,x∗ + κwx∗ . (A.29)
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Substituting (A.24), (A.28) and (A.29) into (A.13), we have

ExpRegretT (Π)

≤ 10D
3

T −1∑
t=0

(α1 E(∥xt|t − x∗
t ∥2) + α2 E(∥xt − x∗

t ∥2) + C2
Kγ

2W E(∥x∗
t ∥2))

≤ 10D
3

T −1∑
t=0

α1(κωθ + κt,θ) + α2(κt,x + κwx) + C2
Kγ

2W (κwx∗ + κt,x∗).

Recall that F and Fexp denote the RHS of (2.14) and the last term in the inequality
(A.23), respectively. Rewriting F and Fexp with κt,θ, κωθ, κt,x, κωx, κt,x∗ , κωx∗ ,
we have F = 10D

3
∑T −1

t=0 α1κt,θ + α2κt,x + C2
Kγ

2Wκt,x∗ and Fexp = 10D
3
∑T −1

t=0 α1κwθ +
α2κwx + C2

Kγ
2Wκwx∗ . Therefore, ExpRegretT (Π) ≤ F + Fexp.

Now, we are ready to prove Theorem 2.3.2.

Proof of Theorem 2.3.2: Based on the expression of F and Fexp from Theorem 2.3.1
and Lemma A.3.2, there exist positive scalars CR1, CR2 and C

′
ER, such that F ≤

γ2WCR1T and Fexp ≤ (γ2WCR2 +C
′
ER)T for T ≥ 1 and 0 ≤ W ≤ T − 1. By Lemma

A.3.3, the expected regret under control policy (2.6) yields ExpRegretT (Π) ≤ F +
Fexp ≤ γ2W (CR1 +CR2T )+C ′

ERT . Let CER = CR1 +CR2, we have ExpRegretT (Π) ≤
(γ2WCER + C

′
ER)T . ■

A.4 Proof of Theorem 2.4.1

To lay the groundwork for proving Theorem 2.4.1, we first study the special case of
one-step controllable systems.

One–Step Controllable Systems with No Disturbance

In this section, we consider the case where for any given x0, x1 ∈ Rn, there exists a
controller K, such that u = Kx0 and x1 = Ax0 +Bu. At each time t, we select Kt so
that Axt +BKtxt = xt+1|t, where xt+1|t is calculated from (2.4) for the disturbance-
free case. The control design is similar to the case with disturbances but with xt+1|t

predicted via (2.25).

Proposition A.4.1. For any T ≥ 1, 0 ≤ W ≤ T − 1 and 0 ≤ t ≤ T − 1. Consider
optimal feedback gain K∗

t as Kt|T defined in Proposition 2.3.1. Let controls {ut}T −1
t=0

and states {xt}T
t=0 be generated by control policy (2.6) for the linear system (1.1).

Then the square of the distance between control ut and K∗
t xt satisfies ∥ut −K∗

t xt∥2 <

2(C2C2
K + C2

KAC4C2
K

(1−γ)2 )η2tγ2W , where constants C,CK , η, γ are defined in Theorem 2.3.1
and CKA is defined in Theorem 2.4.1.
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Proof. To calculate ut −K∗
t xt,

ut −K∗
t xt = (B⊤B)−1B⊤(xt+1|t − Axt|t−1) −K∗

t xt|t−1

= (B⊤B)−1B⊤(Axt|t − Axt|t−1 +BKt|txt|t) −K∗
t xt|t−1

= (Kt|t −K∗
t )xt|t + (K∗

t + (B⊤B)−1B⊤A)(xt|t − xt|t−1),

By ∥xt|t∥ ≤ C2η2t, ∥xt|t − xt|t−1∥2 <
C4C2

Kγ2W

(1−γ)2 η2t, the elementary inequality (a1 +
a2)2 ≤ 2(a2

1 + a2
2) and ∥Kt|t − K∗

t ∥2 ≤ C2
Kγ

2W , we have ∥ut − K∗
t xt∥2 < 2(C2C2

K +
C2

KAC4C2
K

(1−γ)2 )η2tγ2W .

Remember that ∥Rt + B⊤Pt+1B∥2 ≤ D (cf. (2.10)). Invoking the Cost Difference
Lemma (Lemma A.1.6) and Proposition A.4.1 that yield

RegretT (Π) ≤
T −1∑
t=0

∥Rt +B⊤Pt+1B∥2∥∥ut −K∗
t xt∥2

< D∥x̄0∥2
T −1∑
t=0

2(C2C2
K + C2

KAC
4C2

K

(1 − γ)2 )η2tγ2W

= 2D∥x̄0∥2γ2W [C2C2
K + C2

KA

C4C2
K

(1 − γ)2 ]1 − η2T

1 − η2 . (A.30)

Lifted Space Case

We start by stating the next two propositions to help us upper bound the regret for
adopting the deadbeat tracking controller in disturbance free case.

Proposition A.4.2. Suppose t is a positive integer. For any pair of real square
matrix sequences of the same dimensions {aτ }t

τ=0 and {bτ }t
τ=0, we have

atat−1 · · · a0 − btbt−1 · · · b0 =
t∑

m=0
[

t∏
r=m+1

ar](am − bm)
m−1∏
r=0

br.

Proof. Define ϕt+1 = atϕt, ψt+1 = btψt, and ϕ0 = ψ0 = I, where I is the identity
matrix. We have

(
t∏

τ=0
aτ −

t∏
τ=0

bτ ) = ϕt+1 − ψt+1 = atϕt − btψt

= at(ϕt − ψt + ψt) − btψt = at(ϕt − ψt) + (at − bt)ψt

=
t∑

m=0

(
t∏

r=m+1
ar

)
(am − bm)

(
m−1∏
r=0

br

)
.

The last equality follows from the recursive relation between ϕt+1 − ψt+1 and ϕt −
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ψt.

Proposition A.4.3. Suppose (1.1) is a d-step controllable system. Consider T ≥ 1
and 0 ≤ W ≤ T − 1 where T mod d = 0 and W mod d = 0. For 0 ≤ τd ≤ Td, the
distance between matrices K̃τd|τd

and K̃∗
τd

as K̃τd|Td
defined in (2.20), respectively,

satisfies ∥K̃τd|τd
− K̃∗

τd
∥2 < CK̃γ

2 max(0,W −d), where CK̃ := γ2C4C2
K

1−γ2+∥B∥2

1−γ2
γ2d−η2d

γ2−η2 ,
with C,CK , γ and η defined in (2.12),(2.9),(2.11) and (2.10), respectively.

Proof. From [5, Equation (22)], we have

K̃τd|τd
= (R̂τd|τd

+ ∆⊤
τd|τd

∆τd|τd
)−1∆⊤

τd|τd
Ξτd|τd

+
Kdτd|dτd

Kdτd+1|dτd
(Adτd|dτd

+Bdτd|dτd
Kdτd|dτd

)
...

Kd(τd+1)−1|τd
(∏d(τd+1)−1

n=dτd
An|dτd

+Bn|dτd
Kn|dτd

)

 .

By definition of R̂τd|τd
, ∆τd|τd

and Ξτd|τd
per (2.17), (2.18) and (2.19), with the

assumption on preview window length W in Theorem 2.4.1, we have (R̂τd|τd
+

∆⊤
τd|τd

∆τd|τd
)−1∆⊤

τd|τd
Ξτd|τd

= (R̂τd|Td
+ ∆⊤

τd|Td
∆τd|Td

)−1∆⊤
τd|Td

Ξτd|Td
. Hence, we only

need to bound the following term:


Kdτd|dτd
−K∗

dτd

Kdτd+1|dτd
(A+BKdτd|dτd

) −K∗
dτd+1(A+BKdτd|dτd0)

...
Kd(τd+1)−1|τd

[∏d(τd+1)−1
n=dτd

(A+BKn|dτd
)]

−Kd(τd+1)−1|τd
[∏d(τd+1)−1

n=dτd
(A+BKn|dτd0)]


.

To this aim, note that the square of 2-norm of

Kdτd
+r|dτd

dτd+r−1∏
n=dτd

(A+BKn|dτd
) − K̃∗

dτd
+r

dτd+r−1∏
n=dτd

(A+BK∗
n) (A.31)

is less than or equal to C4C2
Kη

2r(γ2(dWd−r) + ∥B∥2γ2(dWd−r) 1−γ2(r+1)

1−γ2 ). In light of
Proposition A.4.2 and Lemma A.1.1:

∥K̃τd|τd
− K̃∗

τd
∥2

≤
d−1∑
r=0

∥Kdτd
+r|dτd

dτd+r−1∏
n=dτd

(A+BKn|dτd
) − K̃∗

dτd
+r

dτd+r−1∏
n=dτd

(A+BK∗
n)∥

< C4C2
Kγ

2γ2 max(0,W −d) 1 − γ2 + ∥B∥2

1 − γ2
γ2d − η2d

γ2 − η2 =: CK̃ .
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The next lemma is the lifted space version of Lemma A.1.6.

Lemma A.4.1 (Cost Difference Lemma in Lifted Space). For any T ≥ 1 and
0 ≤ t ≤ T , consider B̃ from (2.21), R̃t from (2.24), K̃∗

t be K̃τd|Td
in (2.22) and P̃ ∗

t

be P̃t|T from (2.23), respectively. Let Π̃ = {π̃t}T −1
t=0 be the control policy defined in

(2.26), states {x̃td+1}Td−1
td=0 be generated from control sequence {ũtd

}Td−1
td=0 for the linear

system (2.21), where each control being ũtd
= [udtd

, udtd+1, · · · , udtd+d−1] and ut is
defined in (2.26). The regret defined by (2.2) satisfies

RegretT (Π̃) =
Td−1∑
τd=0

(ũτd
− K̃∗

τd
x̃τd

)⊤(R̃τd
+ B̃⊤P̃t+1B̃)(ũτd

− K̃∗
τd
x̃τd

).

To state the proof of Theorem 2.4.1, we define Ĉmax :=
[
⊕d−1

j=0Q
1
2
max, 0nd,n

]
, ∆max :=

ĈmaxÂ
−1B̂, and R̃max := ⊕d−1

j=0Rmax + ∆⊤
max∆max.

Proof of Theorem 2.4.1: By applying the Cost Difference Lemma in Lifted Space, the
upper bound of ∥K̃τd|τd

− K̃∗
τd

∥2 from Proposition A.4.3, the elementary inequality
of (a1 + a2)2 ≤ 2(a2

1 + a2
2) and repeating the steps leading to (A.30) yields

RegretT (Π̃) ≤ 2D̃
Td−1∑
τd=0

(∥K̃τd|τd
− K̃∗

τd
∥2∥x̃τd|τd

∥2

+ ∥K̃∗
τd

+ (B̃⊤B̃)−1B̃⊤Ãτd|τd−1∥2∥x̃τd|τd
− x̃τd|τd−1∥2)

< Ψ̃γ2 max(0,W −d).

where Ψ̃ := 2D̃γ2∥x̄0∥2[C2CK̃ +C̃KA
C4C2

K

(1−γ)2 ]1−η2T

1−η2d with CK , η, γ, C, and CK̃ defined in
(2.9), (2.10), (2.11), (2.12), and Proposition A.4.3, respectively, and D̃ := ∥R̃max∥+
d∥B̃∥2∥Pmax∥ and C̃KA := ∥B̃∥∥Â∥ + dσmax(A)

σmin(B) . The above uses inequalities from
Proposition A.4.3, and Lemmas A.1.2 and A.1.5, respectively.

A.5 Proof of Theorem 2.4.2

Similar to the above regret analysis for the lifted space disturbance-free case, we first
establish the regret for the one-step controllable case in the disturbance case.

One–Step Controllable Systems with Disturbance

Proposition A.5.1. For any T ≥ 1, consider i.i.d. random variable {wt}T −1
t=0 where

wt ∈ Rn, E(wt) = 0 and E(wtw
⊤
t ) = Covw. We further consider 0 ≤ W ≤ T −1 and
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1 ≤ t ≤ T . Suppose states xt|t and xt|t−1 are determined by solving Problem (2.24)
at time d⌊ t

d
⌋ given Ht,W and Ht−1,W , respectively. Then, E(∥xt|t∥2) < C2∥x̄0∥2(η2t +

Tr(Covw)
1−η2 ) and E(∥xt|t − xt|t−1∥2) < C4∥x̄0∥2∥B∥2C2

K

1−γ2 (η2(t−1) + Tr(Covw)
1−η2 ), where constants

C,CK , η and γ are defined in Theorem 2.3.1.

Proof. By using

xt|t =
t−1∏
τ=0

(A+BKτ |t)x̄0 +
t−1∑
τ=0

t−1∏
n=t−1−τ

(A+BKn|t)wt−1−τ ,

we have E(∥xt|t∥2) < C2∥x̄0∥2(η2t + Tr(Covw)
1−η2 ). To upper bound E(∥xt|t − xt|t−1∥2),

note

xt|t − xt|t−1 = wt−1 +B(Kt−1|t −Kt−1|t−1)xt−1|t−1 + (A+BKt−1|t)

[
t−2∑
n=0

t−2∏
m=n+1

(A+BKm|t)B(Kn|t −Kn|t−1)xn|t−1].

By adopting Lemma A.1.7, E(∥xt|t − xt|t−1∥2) can be upper bounded by

E(∥xt|t − xt|t−1∥2)

≤ 10
3 E[∥(A+BKt−1|t)(xt−1|t − xt−1|t−1)∥2 + ∥B(Kt−1|t −Kt−1|t−1)xt−1|t−1∥2 + ∥wt−1∥2]

≤ 10
3 [Tr(Covw) + (C

2
Kγ

2W ∥x̄0∥2C2

1 − γ2 )(C4 + ∥B∥2)(η2(t−1) + Tr(Covw)
1 − η2 )].

We also need a lifted-space expected cost difference lemma.

Lemma A.5.1. For any T ≥ 1 and 0 ≤ t ≤ T , consider B̃ from (2.21), R̃t

from (2.24), K̃∗
t be K̃τd|Td

in (2.22) and P̃ ∗
t be P̃t|T from (2.23), respectively. We

further consider the random sequence {wt}T −1
t=0 where wt ∈ Rn, E(wt) = 0 and

E(wtw
⊤
t ) = Covw. Let Π̃ = {π̃t}T −1

t=0 be the control policy defined in (2.26), states
{x̃td+1}Td−1

td=0 be generated from control sequence {ũtd
}Td−1

td=0 for the linear system (2.21),
where each control being ũtd

= [udtd
, udtd+1, · · · , udtd+d−1] and ut is defined in (2.26).

The regret defined by (2.2) satisfies

ExpRegretT (Π̃) = E(
Td−1∑
τd=0

(ũτd
− K̃∗

τd
x̃τd

)⊤(R̃τd
+ B̃⊤P̃t+1B̃)(ũτd

− K̃∗
τd
x̃τd

)).

Proof. The proof mirrors that of Lemma A.3.1.
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The next theorem presents the expected regret upper bound in a one-step control-
lable system under policy (2.26).

Theorem A.5.1. Adopt the hypothesis of Theorem 2.3.2. The expected regret satis-
fies ExpRegretT (Π̃) < (CEROγ

2W +C
′
ERO)T , where policy Π̃ is defined in (2.26) and

CERO := 2∥x̄0∥2C2
KC

2[1 + Tr(Covw)
1−η2 ][1 + C2

KAC2∥B∥2

1−γ2 ].

Proof. From the previous lemma, we have that ExpRegretT (Π̃) ≤ D
∑T −1

t=0 E(∥ut −
K∗

t xt∥2). To bound E(∥ut −K∗
t xt∥2), note

E(∥ut −K∗
t xt∥2)

= E(∥(Kt|t −K∗
t )xt|t + (K∗

t + (B⊤B)−1A)(xt|t − xt|t−1)∥2)
≤ 2(∥Kt|t −K∗

t ∥2 E(∥xt|t∥2) + ∥K∗
t + (B⊤B)−1A∥2 E(∥xt|t − xt|t−1∥2).

Based on Proposition A.5.1, the above inequality can be upper bounded by
2γ2W [C2

KC
2∥x̄0∥2(η2t + Tr(Covw)

1−η2 ) + C2
KAC4∥x̄0∥2∥B∥2C2

K

1−γ2 (η2(t−2) + Tr(Covw)
1−η2 )]. Tak-

ing summation above that t varies from 0 to T − 1, let CERO :=
20
3 C

2
KA∥B∥2C2

K∥x̄0∥2C2
[
∥B∥2 + C4

1−γ2

][
1 + Tr(Covw)

1−η2

]
and C

′
ERO = 20Tr(Covw)

3 , the ex-

pected regret can be upper bound by ExpRegretT (Π̃) < (CEROγ
2W + C

′
ERO)T.

We need another proposition associate with the disturbances in the lifted space to
proof Theorem 2.4.2.

Proposition A.5.2. Suppose i.i.d. random variables wn satisfy E(wn) = 0 and
E(wnw

⊤
n ) = Covw (also E(wnw

⊤
m) = 0 for n ̸= m), then ∑d−1

n=0 E(∥Anwn∥2) ≤
Tr(I−AdCovwAd⊤)

1−
∑d

i=1 σi(A)
.

Proof. Note that ∑d−1
n=0 E(∥Anwn∥2) = ∑d−1

n=0 E(w⊤
nA

n⊤Anwn) =∑d−1
n=0 E(Tr(An⊤Anwnw

⊤
n )) = ∑d−1

n=0 Tr(An⊤AnCovw) = ∑d−1
n=0 Tr(AnCovwA

n⊤) =
Tr(∑d−1

n=0 A
nCovwA

n⊤) := G. Moreover, G − AGA⊤ = I − AdCovwA
d⊤. Using

the cyclic property of trace, we have Tr(G)(1 − ∑d
i=1 σi(A)) ≤ Tr(G − AGA⊤) =

Tr(I − AdCovwA
d⊤). Therefore, Tr(G) ≤ Tr(I−AdCovwAd⊤)

1−
∑d

i=1 σi(A)
.

Proof of Theorem 2.4.2: Similar to the proof of Theorem A.5.1 for the one-step
controllable case, we have

E ∥x̃td
∥2 ≤ E(∥

td−1∏
n=0

(Ã+ B̃K̃n|td
)x̄0 +

td−1∑
τd=0

td−1∏
n=td−1−τd

(Ã+ B̃K̃n|td
)Ãww̃td−1−τd

∥2),
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E(∥x̃τd|τd
− x̃τd|τd−1∥2)

≤ 10
3 [∥B̃(K̃τd−1|τd

− K̃τd−1|τd−1)∥2 E(∥x̃τd−1|τd
∥2) + E(∥Ãww̃τd−1∥2)

+ ∥(Ã+ B̃K̃τd−1|τd−1)∥2 E(∥x̃τd−1|τd
− x̃τd−1|τd−1∥2)].

By (A.24) and (A.28), we have

∥B̃(K̃τd−1|τd
− K̃τd−1|τd−1)∥2 E(∥x̃τd−1|τd

∥2)

≤ ∥B̃∥2C2∥x̄0∥2γ2(1−d+dWd)(η2d(τd−1) + Tr(I − AdCovwA
d⊤)

(1 − η2)(1 −∑d
i=1 σi(A))

),

E(∥(Ã+ B̃K̃τd−1|τd−1)(x̃τd−1|τd
− x̃τd−1|τd−1)∥2)

≤ C2η2dC
4∥x̄0∥2∥B∥2C2

Kγ
2dWd

1 − γ2 [η2d(τd−2) + Tr(I − AdCovwA
d⊤)

(1 − η2)(1 −∑d
i=1 σi(A))

],

and E(∥Ãww̃τd−1∥2) ≤ Tr(I−AdCovwAd⊤)
1−
∑d

i=1 σi(A)
. Therefore,

ExpRegretT (Π̃)

≤
Td−1∑
td=0

E(∥(K̃td|td
− K̃∗

td
)x̃td|td

+ (K̃∗
td

+ (B̃⊤B̃)−1Ã)(x̃td|td
− x̃td|td−1)∥2)

≤ (C̃ERγ
2 min(0,dWd−d) + C̃ ′

ER)dTd

= (C̃ERγ
2 max(0,W −d) + C̃ ′

ER)T,

where C̃ER := 2γ2C2∥x̄0∥2[1 + Tr(I−AdCovwAd⊤)
1−
∑d

i=1 σi(A)
][CK̄ + 10η2dC4∥B∥2C2

K C̃KAγ2dWd

3(1−γ2)(1−η2) ], and

C̃ ′
ER := 20

3 (1 + Tr(I−AdCovwAd⊤)
1−
∑d

i=1 σi(A)
)(1 + ∥B∥2C2∥x̄0∥2). ■



Appendix B

Appendix. Proof for Online LQ
Optimal Control with Sequentially
Inferred Costs

B.1 Preparatory Results for the Proof of Lemma
3.4.1

In this section, we discuss auxiliary results and their proofs used in the proofs of the
main results of this paper.

From Proposition 1, we observe that the states ξ̂τ |t and x∗
τ can be expressed as

ξ̂τ+1|t :=
τ∏

m=0
(A+BK̂m|t)x̄0, (B.1)

x∗
τ+1 :=

τ∏
m=0

(A+BK∗
m)x̄0, (B.2)

for τ ∈ NT −1 and where K∗
τ and K̂τ |t are defined in (3.29) and (3.26), respec-

tively.

The following lemma provides upper bounds of ∥∏τ
m=0(A+BK̂m|t)∥ and ∥∏τ

m=0(A+
BK∗

m)∥.

Lemma B.1.1. Let Assumptions 3.2.1 and 3.2.2 be satisfied and let t, τ ∈ NT −1,
τ ≤ t. Moreover, consider K∗

τ , K̂τ |t, η, η̂ C and Ĉ defined in (3.28), (3.29), (3.32h)

94
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and (3.32g). Then, for all t0, t1 ∈ NT −1, t0 ≤ t1, it holds that
∥∥∥∥∥∥

t1∏
τ=t0

(A+BK̂τ |t)
∥∥∥∥∥∥ ≤ Ĉη̂t1−t0+1, (B.3)

∥∥∥∥∥∥
t1∏

τ=t0

(A+BK∗
τ )
∥∥∥∥∥∥ ≤ Cηt1−t0+1. (B.4)

Proof. The proof is identical to the proof of [12, Proposition 2] by replacing Bu, Kt

from the proof of [12, Proposition 2] with B, K̂τ |t defined in (3.1) and (B.1), respec-
tively. The proof of the second inequality follows same procedures, but replacing Kt

from the proof of [12, Proposition 2] with K∗
τ .

In the next lemma, we bound the distance between x̂τ |t and x∗
τ in terms of Φ̂t|(p,q)

and Φ̄∗
τ |t defined in (3.30) and (3.31), respectively.

Lemma B.1.2. Let the assumptions of Lemma B.1.1 be satisfied, let Γ ∈ Rn×m be
defined such that A + BΓ is a Schur matrix, and recall the definitions of ξ̂τ |t and
x∗

τ in (B.1), (B.2). Then it holds that1

∥ξ̂t|t − x∗
t ∥ ≤ CĈη̂(t−1)∥B∥∥x̄0∥

t−1∑
n=0

ηn

η̂n
Φ̄∗

n|t, (B.5)

∥ξt − ξ̂t|t∥ ≤ CqĈ
2∥B∥∥x̄0∥

ηq

η̂
ηt−1

q

t∑
j=1

j−1∑
n=0

( η̂
ηq

)jΦ̂n|(j−1,j), (B.6)

where Φ̂n|(j−1,j) and Φ̄∗
n|t are defined in (3.30) and (3.31), respectively.

Proof. For τ, t ∈ NT −1, we define wτ |t := ξ̂τ |t − x∗
τ . Note that w0|t =

ξ0|t − x∗
0 = x̄0 − x̄0 = 0 for all t ∈ NT −1 according to (B.1), (B.2). When τ = 1,

we have

w1|t = ξ̂1|t − x∗
1 = (A+BK̂0|t)ξ̂0|t − (A+BK∗

0)x∗
0 = B(K̂0|t −K∗

0)x̄0. (B.7)

1The first inequality will not be used throughout the proof, but we still keep it and the proof.
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For 2 ≤ τ ≤ T − 1, using (B.1) and (B.2) it holds that

wτ |t = ξ̂τ |t − x∗
t

= (A+BK̂τ−1|t)ξ̂τ−1|t − (A+BK∗
τ−1)x∗

τ−1

= (A+BK̂τ−1|t)(wτ−1|t + x∗
τ−1) − (A+BK∗

τ−1)x∗
τ−1

= (A+BK̂τ−1|t)wτ−1|t +B(K̂τ−1|t −K∗
τ−1)x∗

τ−1

= (A+BK̂τ−1|t)wτ−1|t +B(K̂τ−1|t −K∗
τ−1)

τ−2∏
n=0

(A+BK∗
n)x̄0

and we have thus rewritten wτ |t in terms of wτ−1|t and x̄0. If τ − 1 > 0, we can thus
apply the same step to replace wτ−1|t with an expression depending on wτ−2|t and
x̄0, i.e.,

wτ |t = (A+BK̂τ−1|t)
(

(A+BK̂τ−2|t)wτ−2|t +B(K̂τ−2|t −K∗
τ−2)

τ−3∏
n=0

(A+BK∗
n)x̄0

)

+B(K̂τ−1|t −K∗
τ−1)

τ−2∏
n=0

(A+BK∗
n)x̄0

=
τ−1∏

n=τ−2
(A+BK̂n|t)wτ−2|t

+
τ−1∑

n=τ−1

(
τ−1∏

m=n+1
(A+BK̂m|t)

)
B(K̂n|t −K∗

n)
(

n−1∏
m=0

(A+BK∗
m)
)
x̄0.

Using this argument iteratively and applied to τ = t, it follows that

wt|t =
t−1∑
n=0

(
t−1∏

m=n+1
(A+BK̂m|t)

)
B(K̂n|t −K∗

n)
(

n−1∏
m=0

(A+BK∗
m)
)
x̄0.

By using the triangle inequality and the fact that the 2-norm is sub-multiplicative,
for 2 ≤ t ≤ T − 1, we have

∥ξ̂t|t − x∗
t ∥ ≤

t−1∑
n=0

∥∥∥∥∥
(

t−1∏
m=n+1

(A+BK̂m|t)
)∥∥∥∥∥ ∥B(K̂n|t −K∗

n)∥
∥∥∥∥∥
(

n−1∏
m=0

(A+BK∗
m)
)∥∥∥∥∥ ∥x̄0∥.

By Lemma B.1.1, ∥∏t−1
m=n+1(A + BK̂m|t)∥ ≤ Ĉη̂t−1−n and ∥∏n−1

m=0(A + BK∗
m)∥ ≤

Cηn, and by recalling the definition (3.31), the last expression can be further upper
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bounded by

∥ξ̂t|t − x∗
t ∥ ≤

t−1∑
n=0

CĈη̂(t−1)η
n

η̂n
∥B∥∥K̂n|t −K∗

n∥∥x̄0∥

= CĈη̂(t−1)∥B∥
t−1∑
n=0

ηn

η̂n
∥K̂n|t −K∗

n∥∥x̄0∥

≤ CĈη̂(t−1)∥B∥
t−1∑
n=0

ηn

η̂n
Φ̄∗

n|t∥x̄0∥.

For t = 1, note that C ≥ 1 and Ĉ ≥ 1 by (3.32g), using (B.7), yields

∥w1|1∥ = ∥B(K̂0|1 −K∗
0)x̄0∥ ≤ ∥B∥Φ̄0|1∥x̄0∥,

and the first inequality in Lemma B.1.2 follows.

For the second inequality in Lemma B.1.2 consider 0 ≤ t ≤ T−1, 0 ≤ p ≤ q ≤ T−1,
and let

ϕt|p,q = ξ̂t|p − ξ̂t|q. (B.8)

Similar to the calculation of wt|t, it follows that

ϕt|(p,q) = ξ̂t|p − ξ̂t|q

= (A+BK̂t−1|p)ξ̂t−1|p − (A+BK̂t−1|q)ξ̂t−1|q

= (A+BK̂t−1|p)(ϕt−1|(p,q) + ξ̂t−1|q) − (A+BK̂t−1|q)ξ̂t−1|q

= (A+BK̂t−1|p)ϕt−1|(p,q) +B(K̂t−1|p − K̂t−1|q)ξ̂t−1|q

= (A+BK̂t−1|p)ϕt−1|(p,q) +B(K̂t−1|p − K̂t−1|q)
t−2∏
n=0

(A+BK̂n|q)x̄0.

Expanding the above recursion as in the case of wτ |t, we have that

ϕt|(p,q) =
t−1∑
n=0

(
t−1∏

m=n+1
(A+BK̂m|p)

)
B(K̂n|p − K̂n|q)

(
n−1∏
m=0

(A+BK̂m|q)
)

∥x̄0∥.

Further, by applying the triangle inequality to the right-hand side of the above
equality for j ∈ NT −1, we have

∥ϕj|(j−1,j)∥ ≤ Ĉ2η̂j−1∥B∥
j−1∑
n=0

Φ̂n|(j−1,j)∥x̄0∥. (B.9)

Next, we upper bound the distance between ξt+1 and ξ̂t+1|t+1 for t ∈ NT −1. Using
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(3.24), we have

ξt+1 = Aξt +Bνt = Aξt +B(Γ(ξt − ξ̂t|t) + ν̂t|t).

By (3.19), we have νt|t = K̂t|tξt|t. Combining the calculations above, we can derive
an estimate for ∥ξt+1 − ξ̂t+1|t+1∥ as follows. Using the system dynamics (3.1), (3.2)
and the definition of ϕ·|· in (B.8) it holds that

ϕt+1|(t+1,t+1) = ξt+1 − ξ̂t+1|t+1= Aξt +Bνt − ξ̂t+1|t+1

= Aξt +B(Γ(ξt − ξ̂t|t) + K̂t|tξ̂t|t) − ξ̂t+1|t+1.

With the definition of Acl in (3.21) and the definition of ϕ·|· in (B.8) this expression
can be further rewritten as

ϕt+1|(t+1,t+1)

= (A+BΓ)ξt +B(K̂t|t − Γ)ξ̂t|t − (A+BK̂t|t)ξ̂t|t + ξ̂t+1|t − ξ̂t+1|t+1

= Aclξt +B(K̂t|t − Γ)ξ̂t|t − (A+BΓ +B(K̂t|t − Γ))ξ̂t|t + ξ̂t+1|t − ξ̂t+1|t+1

= Acl(ξt − ξ̂t|t) + ϕt+1|(t,t+1)

= Aclϕt|(t,t) + ϕt+1|(t,t+1)

Thus, applying this argument iteratively, we can conclude that

ϕt+1|(t+1,t+1) = ξt+1 − ξ̂t+1|t+1 =
t+1∑
j=1

At+1−j
cl ϕj|j−1,j.

Therefore, from Corollary 1 the estimate ∥ξt+1−ξ̂t+1|t+1∥ ≤ ∑t+1
j=1 Cqη

t+1−j
q ∥ϕj|(j−1,j)∥

follows, which can be further rewritten as

∥ξt+1 − ξ̂t+1|t+1∥ ≤ CqĈ
2∥B∥ηt+1

q η̂−1
t+1∑
j=1

j−1∑
n=0

( η̂
ηq

)jΦ̂∗
n|(j−1,j)∥x̄0∥

using (B.9), and which completes the proof.

Before we continue with a proof of Lemma 3.4.1 we state the following result from
[50], providing an alternative representation of the regret in (3.15).

Lemma B.1.3 (Regret representation [50, Lemma 11]). Let T ≥ 1, consider the
linear system (3.2) and assume that Assumption 3.2.1 satisfied. Moreover, under
Assumption 3.2.2 let R∗, (K∗

t )t∈NT
and (P ∗

t )t∈NT
in (3.32) be defined according to

(3.25). For ξ0 ∈ Rn arbitrary, let (ν̄t)t∈NT −1 be defined through ν̄t = K∗
t ξt and the
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dynamics (3.2). Then, for {νt}T −1
t=0 arbitrary, the regret in (3.15) satisfies

RegretT ({νt}T −1
t=0 ) =

T −1∑
t=0

(νt − ν̄t)⊤(R∗ +B⊤P ∗
t+1B)(νt − ν̄t).

With the help of Lemma B.1.3, we proceed with a proof of Lemma 3.4.1, which
establishes the regret bound (3.33).

B.2 Proof of Lemma 3.4.1

Proof of Lemma 3.4.1: Let (ν̄t)t∈NT −1 be defined according to Lemma B.1.3. Then,
according to Lemma B.1.3, we have

RegretT ({νt}T −1
t=0 ) =

T −1∑
t=0

(νt − ν̄t)⊤(R∗ +B⊤P ∗
t+1B)(νt − ν̄t)

≤ D
T −1∑
t=0

∥νt −K∗
t ξt∥2, (B.10)

and where D is defined in (3.32e). By definition of νt= κt(ξt, θ̂t) = Γ(ξt − ξ̂t|t) + ν̂t|t

in (3.24), and by using the identity ν̂t|t = K̂t|tξ̂t|t, which follows from the represen-
tation in Proposition 1, we have

∥νt −K∗
t ξt∥ = ∥Γ(ξt − ξ̂t|t) + ν̂t|t −K∗

t ξt∥

= ∥Γ(ξt − ξ̂t|t) + K̂t|tξ̂t|t −K∗
t ξt∥.

With the triangle inequality and the sub-multiplicativity of the 2-norm this expres-
sion can be upper bounded by

∥νt −K∗
t ξt∥ = ∥(Γ −K∗

t )(ξt − ξ̂t|t) + (K̂t|t −K∗
t )ξ̂t∥

≤ ∥(Γ −K∗
t )∥∥(ξt − ξ̂t|t)∥ + ∥(K̂t|t −K∗

t )∥∥ξ̂t|t∥.

With (B.1) (for τ = t − 1), inequality (B.3) in Lemma B.1.1, inequality (B.6) in
Lemma B.1.2 as well as the definitions of Φ̄∗

t|t and ∆ in (3.31) and (3.32i), respec-
tively, the following inequalities hold

∥νt −K∗
t ξt∥ ≤ ∥(K̂t|t −K∗

t )∥∥
t−1∏
n=0

(A+BK̂n|t)x̄0∥ + ∥(Γ −K∗
t )∥∥(ξt − ξ̂t|t)∥

≤ ∥x̄0∥
(

Φ̄∗
t|tĈη̂

t + ∆CqĈ
2∥B∥ηt−1

q

t∑
j=1

j−1∑
n=0

( η̂
ηq

)jΦ̂n|(j−1,j)

)
.
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Finally, combining this estimate with (B.10), we arrive at

RegretT ({νt}T −1
t=0 )

≤ D
T −1∑
t=0

∥νt −K∗
t ξt∥2

≤ 2D∥x̄0∥2
(

T −1∑
t=1

(Ĉη̂tΦ̄∗
t|t)2 +

∆CqĈ
2∥B∥ηt−1

q

t∑
j=1

j−1∑
n=0

( η̂
ηq

)jΦ̂n|(j−1,j)

2 )

and where we have additionally used the fact that (a1 + a2)2 ≤ 2(a2
1 + a2

2) for
a1, a2 ∈ R. ■

B.3 Preparatory Results for the Proof of Theo-
rem 3.4.1

To go from the regret bound in Lemma 3.4.1 to the regret bound in Theorem 3.4.1
we need to derive estimates on Φ̂n|(j−1,j) and Φ̄∗

t|t. To this end, we first recall the
Thompson metric δ∞(·, ·) defined as

δ∞(X, Y ) := ∥ log
(
X− 1

2Y X− 1
2
)
∥∞ (B.11)

for positive semi-definite matrices X and Y [74, Sec. 2].

We first establish a relationship between δ∞(·, ·) and ∥ · ∥.

Lemma B.3.1. For any X, Y ∈ Sn
++, it holds that

∥X − Y ∥ ≤ max(λmax(X), λmax(Y ))δ∞(X, Y ).

Proof. From [77, Rem. 2.2], we have

δ∞(X, Y ) = max[log
(
λmax(Y − 1

2XY − 1
2 ), λmax(X− 1

2Y X− 1
2 )
)
]

and thus

δ∞(X, Y ) = max
(

log
(

sup
∥ξ∥=1

ξ⊤Xξ

ξ⊤Y ξ

)
, log

(
sup

∥ξ∥=1

ξ⊤Y ξ

ξ⊤Xξ

))
(B.12)

= max
∥ξ∥=1

| log
(
ξ⊤Xξ

)
− log

(
ξ⊤Y ξ

)
|.

To proceed, we consider the mapping s 7→ log
(
ξ⊤[X + s(Y −X)]ξ

)
. By the mean
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value theorem, there exists s̄ ∈ (0, 1), such that

max
∥ξ∥=1

| log
(
ξ⊤Xξ

)
− log

(
ξ⊤Y ξ

)
| = max

∥ξ∥=1

∣∣∣∣∣ dds log
(
ξ⊤[X + s(Y −X)]ξ

)∣∣∣∣∣
∣∣∣∣∣
s=s̄

.

Thus, computing the derivative of the mapping evaluated at s̄, we have

max
∥ξ∥=1

∣∣∣log
(
ξ⊤Xξ

)
− log

(
ξ⊤Y ξ

)∣∣∣ = max
∥ξ∥=1

∣∣∣∣∣ ξ⊤(Y −X)ξ
ξ⊤[X + s̄(Y −X)]ξ

∣∣∣∣∣ .
For any ∥ξ∥ = 1 and any s̄ ∈ (0, 1), we have

ξ⊤[X + s̄(Y −X)]ξ ≤ λmax(X + s̄(Y −X))
= λmax(s̄Y + (1 − s̄)X).

By Weyl’s inequality (see [76, Theorem 4.3.1], for example) and the property
λmax(s̄H) = s̄λmax(H) for s̄ ∈ [0, 1] and H ∈ Sn

++, we have

λmax(s̄Y + (1 − s̄)X) ≤ s̄λmax(Y ) + (1 − s̄)λmax(X)
≤ max(λmax(X), λmax(Y )).

Therefore, combining all the above, yields

δ∞(X, Y ) = max
∥ξ∥=1

| log
(
ξ⊤Xξ

)
− log

(
ξ⊤Y ξ

)
|

≥ max
∥ξ∥=1

|ξ⊤(X − Y )ξ|
max(λmax(X), λmax(Y ))

= |λmax(X − Y )|
max(λmax(X), λmax(Y )) ,

where the last equality follows from the fact that X − Y is symmetric and thus
|λmax(X − Y )| = ∥X − Y ∥ and which concludes the proof.

According to [75, Lem. D.2], for V1, X, Y ∈ Sn
++ it holds that 0 < δ∞(V1+X,V1+Y )

δ∞(X,Y ) < 1.
Next, we extend this result to find an upper bound of δ∞(V1+X,V2+Y )

δ∞(X,Y ) for any V2 ∈
Sn

++.

Lemma B.3.2. Consider X, Y, V1, V2 ∈ Sn
++. Then, with

α
′

1 := λmax(V1 +X), α
′

2 := λmax(V1 + Y ),

γ := max(α′
1, α

′
2)

λmin(V1) + max(α′
1, α

′
2)
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the Thomson metric in (B.11) satisfies

δ∞(V1 +X, V2 + Y ) ≤ γδ∞(X, Y ) + ∥V1 − V2∥
min{λmin(X + V2), λmin(Y + V1)}

.

Proof. Due to the symmetry of the Thomson metric, i.e. δ∞(X + V1, Y +
V2) = δ∞(Y + V2, X + V1), we can assume without loss of generality that
sup∥ξ∥=1

ξ⊤(X+V1)ξ
ξ⊤(Y +V2)ξ ≥ 1.

Using this assumption, from [77, Rem 2.2] and the expression in (B.12), we have

δ∞(X + V1, Y + V2) = log
(

sup
∥ξ∥=1

ξ⊤(X + V1)ξ
ξ⊤(Y + V2)ξ

)
. (B.13)

Note that

sup
∥ξ∥=1

ξ⊤(X + V1)ξ
ξ⊤(Y + V2)ξ

≤ sup
∥ξ∥=1

ξ⊤(X + V1)ξ
ξ⊤(X + V2)ξ

sup
∥ξ∥=1

ξ⊤(X + V2)ξ
ξ⊤(Y + V2)ξ

,

and thus, proceeding with (B.13), we have

δ∞(X + V1, Y + V2)

≤ log
(

sup
∥ξ∥=1

ξ⊤(X + V1)ξ
ξ⊤(X + V2)ξ

)
+ log

(
sup

∥ξ∥=1

ξ⊤(X + V2)ξ
ξ⊤(Y + V2)ξ

)

≤ log
(

1 + sup
∥ξ∥=1

ξ⊤(V1 − V2)ξ
ξ⊤(X + V2)ξ

) + δ∞(X + V2, Y + V2

)
.

Before we proceed with the last expression, we note that

sup
∥ξ∥=1

ξ⊤(V1 − V2)ξ
ξ⊤(X + V2)ξ

≤ |λmax(V1 − V2)|
λmin(X + V2)

.

and by applying the inequality log(1 + r) ≤ r for r ∈ R≥0, we have

log
(

1 + sup
∥ξ∥=1

ξ⊤(V1 − V2)ξ
ξ⊤(X + V2)ξ

)
≤ |λmax(V1 − V2)|

λmin(X + V2)

= ∥V1 − V2∥
λmin(X + V2)

.

Finally, by [75, Lem. D.2], we have δ∞(X+V2, Y +V2) ≤ γδ∞(X, Y ) and combining
the above inequalities we can conclude that

δ∞(X + V1, Y + V2) ≤ ∥V1 − V2∥
λmin(X + V2)

+ γδ∞(X, Y ).
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With the assumption sup∥ξ∥=1
ξ⊤(X+V1)ξ
ξ⊤(Y +V2)ξ ≥ 1, which we have used at the beginning

of the proof, this completes the proof.

With Lemma B.3.2, we are ready to establish upper bounds for Φ̄∗
t|t and Φ̂t|(t,t0).

Lemma B.3.3. For t, j ∈ NT −1 and i ∈ Nj−1, consider K̂·|· and K∗
· defined in

(3.28) and (B.2), respectively. There exist positive constants CQ, CR, ĈQ, ĈR∈ R>0,
such that

Φ̄∗
t|t < CQ∥Q̂t −Q∗∥ + CR∥R̂t −R∗∥, (B.14)

Φ̂i|(j−1,j) < ĈQ∥Q̂j−1 − Q̂j∥ + ĈR∥R̂j−1 − R̂j∥. (B.15)

Moreover, the constants CQ and CR depend on λmin(Q∗), λmax(Q∗) MQ, MR and
∥B∥, where MQ, MR are defined in (3.35), and the constants ĈQ and ĈR depend
mint∈NT −1 λmin(Q̂t), MQ, MR and ∥B∥, respectively.

Proof. We start with a derivation of (B.14). The proof relies on the following steps.
We first apply Lemma B.3.1 toX = P̂t|t and Y = P ∗

t to obtain a bound on ∥P̂t|t−P ∗
t ∥.

Then, as a second step, it will be sufficient to establish an upper bound on ∥K̂t|t−K∗
t ∥

to show (B.14).

We now start upper bounding δ∞(P̂t|t, P
∗
t ) as follows. For 0 ≤ t ≤ T − 1, define

H1 := min{ min
t∈NT −1

[λmin(Q∗ + A⊤(P̂−1
t+1|t +BR̂−1

t B⊤)−1A)]−1,

min
t∈NT −1

[λmin(Q̂t + A⊤(P−1∗
t+1 +BR−1∗B⊤)−1A)]−1},

H2 := min{ min
t∈NT −1

[λmin(P̂−1
t+1|t +BR∗−1B⊤)−1]−1,

min
t∈NT −1

[λmin(P−1∗
t+1 +BR̂−1

t B⊤)−1]−1},

α1 := max
t∈NT −1

(λmax(A⊤(P ∗−1
t+1 +BR∗−1B⊤)−1A),

λmax(A⊤(P̂−1
t+1|t +BR̂−1

t B⊤)−1A),

α̂1 := max
t∈NT −1

(λmax(P ∗
t+1), λmax(P̂t+1|t)),

β̂1 := min
t∈NT −1

(λmin(BR∗−1B⊤), λmin(BR̂−1
t B⊤)),

γ1 := α1

λmin(Q∗) + α1
, γ2 := α̂1

α̂1 + β̂1
.
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By definition of P̂t|t and P ∗
t , we have

δ∞(P̂t|t, P
∗
t ) = δ∞(Q̂t + A⊤(P̂−1

t+1|t +BR̂−1
t B⊤)−1A,Q∗ + A⊤(P ∗−1

t+1 +BR∗−1B⊤)−1A)

Then, applying Lemma B.3.2 to the above, we have

δ∞(Q̂t + A⊤(P̂−1
t+1|t +BR̂−1

t B⊤)−1A,Q∗ + A⊤(P ∗−1
t+1 +BR∗−1B⊤)−1A)

≤ γ1δ∞(A⊤(P̂−1
t+1|t +BR̂−1

t B⊤)−1A,A⊤(P ∗−1
t+1 +BR∗−1B⊤)−1A) +H1∥Q̂t −Q∗∥

(B.16)

By [75, Lemma D.1 (i)], we have

δ∞(A⊤(P̂−1
t+1|t +BR̂−1

t B⊤)−1A,A⊤(P ∗−1
t+1 +BR∗−1B⊤)−1A)

= δ∞((P̂−1
t+1|t +BR̂−1

t B⊤)−1, (P ∗−1
t+1 +BR∗−1B⊤)−1).

By substituting the above to (B.16), we have

γ1δ∞(A⊤(P̂−1
t+1|t +BR̂−1

t B⊤)−1A,A⊤(P ∗−1
t+1 +BR∗−1B⊤)−1A) +H1∥Q̂t −Q∗∥

= γ1δ∞(P̂−1
t+1|t +BR̂−1

t B⊤, P ∗−1
t+1 +BR∗−1B⊤) +H1∥Q̂t −Q∗∥.

By applying Lemma B.3.2 to the above again, we further yield

γ1δ∞(P̂−1
t+1|t +BR̂−1

t B⊤, P ∗−1
t+1 +BR∗−1B⊤) +H1∥Q̂t −Q∗∥

≤ γ1(γ2δ∞(P̂−1
t+1|t, P

−1∗
t+1 ) +H2∥R̂t −R∗∥) +H1∥Q̂t −Q∗∥.

Again by [75, Lemma D.1 (i)], we have δ∞(P̂−1
t+1|t, P

−1∗
t+1 ) = δ∞(P̂t+1|t, P

∗
t+1).

Combining the above, yield

δ∞(P̂t|t, P
∗
t ) ≤ γ1γ2δ∞(P̂t+1|t, P

∗
t+1) + γ1H2∥R̂t −R∗∥ +H1∥Q̂t −Q∗∥.

By expanding the recursion between δ∞(P̂t|t, P
∗
t ) and δ∞(P̂t+1|t, P

∗
t+1) using the above

inequality, we have

δ∞(P̂t|t, P
∗
t ) ≤[(γ1γ2)T −tδ∞(Q̂t, Q

∗) +H1γ1∥R̂t −R∗∥
T −1∑
k=t

(γ1γ2)k]

+H2∥Q̂t −Q∗∥
T −1∑
k=t

(γ1γ2)k.

Note that P̂τ |t for τ ∈ NT −1 are computing using Q̂t and R̂t according to (3.25)
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(with the argument of Fτ (·) being θ̂t). Therefore, the above recursion expansion
only involves Q̂t and R̂t, given estimation of θ∗ at time t.

In the above, we established an upper bound of δ∞(P̂t|t, P
∗
t ). By using Lemma B.3.1,

we can establish an upper bound of ∥P̂t|t − P ∗
t ∥. Let

HP := max
t∈NT

(λmax(P̂t|t), λmax(P ∗
t )),

then applying Lemma B.3.1 to δ∞(P̂t|t, P
∗
t ), we have

∥P̂t|t − P ∗
t ∥ ≤ HP δ∞(P̂t|t, P

∗
t )

≤ HP ([(γ1γ2)T −tδ∞(Q̂t, Q
∗) +H1γ1∥R̂t −R∗∥

T −1∑
k=t

(γ1γ2)k] +H2∥Q̂t −Q∗∥
T −1∑
k=t

(γ1γ2)k).

Furthermore, applying Lemma B.3.1 to δ∞(Q̂t, Q
∗), let HQ :=

maxt∈NT −1(λmax(Q̂t), λmax(Q∗)), we have

∥Q̂t −Q∗∥ ≤ HQδ∞(Q̂t, Q
∗).

We continue establishing upper bound of ∥P̂t|t − P ∗
t ∥ as follows

HP ([(γ1γ2)T −tδ∞(Q̂t, Q
∗) +H1γ1∥R̂t −R∗∥

T −1∑
k=t

(γ1γ2)k] +H2∥Q̂t −Q∗∥
T −1∑
k=t

(γ1γ2)k)

≤ [HPHQ(γ1γ2)T −t +H2∥Q̂t −Q∗∥
T −1∑
k=t

(γ1γ2)k] +H1γ1∥R̂t −R∗∥
T −1∑
k=t

(γ1γ2)k.

By the property of the geometric sum, due to γ1, γ2 ∈ (0, 1), the series ∑∞
k=t(γ1γ2)k

converges to a finite value. Thus,

T −1∑
k=t

(γ1γ2)k <
∞∑

k=t

(γ1γ2)k = 1
1 − γ1γ2

.

Additionally, we have (γ1γ2)T −t < 1. Thus, we have

[HPHQ(γ1γ2)T −t +H2

T −1∑
k=t

(γ1γ2)k]∥Q̂t −Q∗∥ +H1γ1

T −1∑
k=t

(γ1γ2)k∥R̂t −R∗∥

< [HPHQ + H2

1 − γ1γ2
]∥Q̂t −Q∗∥ + H1γ1

1 − γ1γ2
∥R̂t −R∗∥.
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Therefore,

∥P̂t|t − P ∗
t ∥ < [HPHQ + H2

1 − γ1γ2
]∥Q̂t −Q∗∥ + H1γ1

1 − γ1γ2
∥R̂t −R∗∥.

Next, we establish an upper bound of ∥K̂t|t −K∗
t ∥. Note that

∥K̂t|t −K∗
t ∥ = ∥ − (R̂t +B⊤P̂t+1|tB)−1B⊤P̂t+1|tA+ (R∗ +B⊤P ∗

t+1B)−1B⊤P ∗
t+1A∥.

Let G1 := (R̂t +B⊤P̂t+1|tB) and G2 := (R∗ +B⊤P ∗
t+1B), we have

∥K̂t|t −Kt|t∥ = ∥G−1
1 B⊤P̂t+1|t −G−1

2 B⊤P ∗
t+1∥

= ∥G−1
1 G−1

2 G2B
⊤P̂t+1|t −G−1

2 G−1
1 G1B

⊤P ∗
t+1∥. (B.17)

Note that

G−1
1 G−1

2 G2B
⊤P̂t+1|t −G−1

2 G−1
1 G1B

⊤P ∗
t+1

= G−1
2 G−1

1 ((G1G2)(G−1
1 G−1

2 )G2B
⊤P̂t+1|t −G1B

⊤P ∗
t+1.

Adding to and subtracting from G2B
⊤P̂t+1|t the right-hand-side of the above, and

note that G2B
⊤P̂t+1|t = G2G1G

−1
1 B⊤P̂t+1|t, we have

((G1G2)(G−1
1 G−1

2 )G2B
⊤P̂t+1|t −G1B

⊤P ∗
t+1

= ((G1G2)G−1
1 B⊤P̂t+1|t −G1B

⊤P ∗
t+1 +G2B

⊤P̂t+1|t −G2B
⊤P̂t+1|t

= ((G1G2)G−1
1 B⊤P̂t+1|t −G1B

⊤P ∗
t+1 +G2B

⊤P̂t+1|t −G2G1G
−1
1 B⊤P̂t+1|t

= ((G1G2 −G2G1)G−1
1 B⊤P̂t+1|t −G1B

⊤P ∗
t+1 +G2B

⊤P̂t+1|t.

Therefore, by the sub-multiplicative property of matrix norm, with the above cal-
culations, (B.17) can be upper bounded by

∥G−1
1 B⊤P̂t+1|t −G−1

2 B⊤P ∗
t+1∥ ≤

∥G−1
2 G−1

1 ∥∥((G1G2 −G2G1)G−1
1 B⊤P̂t+1|t −G1B

⊤P ∗
t+1 +G2B

⊤P̂t+1|t∥

Applying the triangle inequality, we have

∥G−1
2 G−1

1 ∥(∥(G1G2 −G2G1)G−1
1 B⊤P̂t+1|t +G1B

⊤P ∗
t+1 −G2B

⊤P̂t+1|t∥)
≤ ∥G−1

2 G−1
1 ∥(∥(G1G2 −G2G1)G−1

1 B⊤P̂t+1|t∥ + ∥G1B
⊤P ∗

t+1 −G2B
⊤P̂t+1|t∥)
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Since G1 and G2 are real symmetric matrices, we have G1G2 − G2G1 being skew
symmetric. Furthermore, by the property that the norm of a skew-symmetric matrix
is zero, we have ∥G1G2 −G2G1∥ = 0. Therefore, by the sub-multiplicative property
of matrix norm, we have

∥G−1
2 G−1

1 ∥
(

∥(G1G2 −G2G1)G−1
1 B⊤P̂t+1|t∥ + ∥G1B

⊤P ∗
t+1 −G2B

⊤P̂t+1|t∥
)

≤ ∥G−1
2 G−1

1 ∥
(

∥G1G2 −G2G1∥∥G−1
1 B⊤P̂t+1|t∥ + ∥G2B

⊤P̂t+1|t −G1B
⊤P ∗

t+1∥
)

= ∥G−1
2 G−1

1 ∥∥G2B
⊤P̂t+1|t −G1B

⊤P ∗
t+1∥. (B.18)

Moreover, by substituting G1 and G2, and applying the triangle inequality to the
above, we have

∥∥∥G2B
⊤P̂t+1|t −G1B

⊤P ∗
t+1

∥∥∥
=
∥∥∥(R∗ +B⊤P ∗

t+1B)B⊤P̂t+1|t − (R̂t +B⊤P̂t+1|tB)B⊤P ∗
t+1

∥∥∥
=
∥∥∥R∗B⊤P̂t+1|t − R̂tB

⊤P ∗
t+1 +B⊤P ∗

t+1BB
⊤P̂t+1|t −B⊤P̂t+1|tBB

⊤P ∗
t+1

∥∥∥
≤ ∥R∗B⊤(P̂t+1|t − P ∗

t+1)∥ + ∥(R∗ − R̂t)B⊤P ∗
t+1∥+

+ ∥B∥∥P ∗
t+1(BB⊤)P̂t+1|t − P̂t+1|t(BB⊤)P ∗

t+1∥

= ∥R∗B⊤∥∥P̂t+1|t − P ∗
t+1∥ + ∥(R∗ − R̂t)∥∥B⊤P ∗

t+1∥, (B.19)

where again the last step is due to P̂t+1|t(BB⊤)P ∗
t+1 − P ∗

t+1(BB⊤)P̂t+1|t being real
skew symmetric and the matrix 2-norm is 0. Therefore,

∥K∗
t − K̂t|t∥

≤ ∥G−1
2 G−1

1 ∥
(

∥R∗B⊤∥∥P̂t+1|t − P ∗
t+1∥ + ∥(R∗ − R̂t)∥∥B⊤P ∗

t+1∥
)

< ∥G−1
2 G−1

1 ∥(
∥R∗B⊤∥(HPHQ + H2

1 − γ1γ2
)∥Q̂t −Q∗∥ + ∥(R̂t −R∗)∥( H1γ1

1 − γ1γ2
+ ∥B⊤P ∗

t+1∥)
)
.

Let

λr
max := λmax(R∗),

λg
max :=

(
max

t∈NT −1
λmax([(R̂t +B⊤P̂t+1|tB)−1], λmax[(R∗ +B⊤P ∗

t+1B)−1])
)2

, and

λp
max := max

t∈NT −1
λmax(P ∗

t ).
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Note that,

∥G−1
2 G−1

1 ∥ ≤ λg
max and ∥R∗B∥ ≤ λr

max∥B∥.

Furthermore, let

CQ := ∥B∥λg
maxλ

r
max(HPHQ + H2

1 − γ1γ2
),

CR := ∥B∥λg
maxλ

p
max

H1γ1

1 − γ1γ2
,

we have

∥G−1
2 G−1

1 ∥[
∥R∗B⊤∥

(
HPHQ + H2

1 − γ1γ2

)
∥Q̂t −Q∗∥ + ∥(R̂t −R∗)∥

(
H1γ1

1 − γ1γ2
+ ∥B⊤P ∗

t+1∥
)]

≤ CQ∥Q̂t −Q∗∥ + CR∥R̂t −Q∗∥.

The upper bound of Φ̄i|(j−1,j) = ∥K̂i|j−1 − K̂i|j∥ will be followed by a very similar
procedure to the above. We provide some key steps as follows. Let Ĝ1 := R̂j−1 +
B⊤P̂i|j−1B and Ĝ2 := R̂j + B⊤P̂i|jB, follow by the calculations in (B.17), (B.18)
and (B.19), we have

∥K̂i|j−1 − K̂i|j∥ = ∥Ĝ−1
1 Ĝ−1

2 Ĝ2B
⊤P̂i+1|j−1 − Ĝ−1

2 Ĝ−1
1 Ĝ1B

⊤P̂i+1|j∥

≤ ∥Ĝ−1
2 Ĝ−1

1 ∥∥Ĝ2B
⊤P̂i+1|j−1 − Ĝ1B

⊤P̂i+1|j∥

≤ ∥R̂jB
⊤∥∥P̂i|j−1 − P̂i|j∥ + ∥R̂j − R̂j−1∥∥B⊤P̂i|j∥.

Let

λ̂g
max :=

(
max

i≤k≤T −1
max

j∈NT −1
(R̂j +B⊤P̂i+1|jB)−1

)2

,

λ̂p
max := max

i,j∈NT −1
λmax(P̂i|j),

we have

∥Ĝ−1
2 Ĝ−1

1 ∥ ≤ λ̂g
max, and ∥R̂jB

⊤∥ ≤ λ̂r
max∥B∥.
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Define

ĈQ := ∥B∥λ̂g
maxλ̂

r
max(HPHQ + H2

1 − γ1γ2
),

ĈR := ∥B∥λ̂g
maxλ̂

p
max

H1γ1

1 − γ1γ2
,

combing all the above, yield

∥K̂i|j−1 − K̂i|j∥ ≤ ĈQ∥Q̂j−1 − Q̂j∥ + ĈR∥R̂j−1 − R̂j∥.

The above proposition suggests that Φ̂n|(j−1,j) and Φ̄∗
t|t depend on the distances

∥Q̂t − Q∗∥, ∥Q̂j−1 − Q̂j∥, ∥R̂t − R∗∥ and ∥R̂j−1 − R̂j∥, these are associated with
errors ∥θ̂t − θ∗∥ and ∥θ̂j−1 − θ̂j∥.

To bound the terms ∥Q̂t−Q∗∥ and ∥R̂t−R∗∥ from the right-hand side of the inequal-
ity (3.36), we establishing related properties in the following. We first introduce an
elementary inequality that is related to the matrix infinity norm.

Proposition 6. For any real symmetric matrices H1, H2 ∈ Rn, we have

∥H⊤
1 H1 −H⊤

2 H2∥ ≤ (∥H1∥ + ∥H2∥)∥H1 −H2∥.

Proof. Note that

∥H⊤
1 H1 −H⊤

2 H2∥

≤ ∥(H1 +H2)⊤(H1 −H2) + (H⊤
1 H2 −H⊤

2 H1)∥
≤ ∥(H1 +H2)⊤(H1 −H2)∥ + ∥(H⊤

1 H2 −H⊤
2 H1)∥

Matrix (H⊤
1 H2 − H⊤

2 H1) is real skew-symmetric. For any skew-symmetric matrix
H, we have ∥H∥ = 0. Thus, ∥(H⊤

1 H2 −H⊤
2 H1)∥ = 0, and

∥H⊤
1 H1 −H⊤

2 H2∥ = ∥(H1 +H2)⊤(H1 −H2)∥
≤ (∥H1∥ + ∥H2∥)∥H1 −H2∥.

We next establish inequalities to characterise the upper bounds of Φ̄∗
t|t and Φ̂i|(j−1,j)

using the above Proposition 6 and Assumption 3.3.1.



110
Appendix B. Appendix. Proof for Online LQ Optimal Control with Sequentially

Inferred Costs

Lemma B.3.4. For any T ≥ 1, i, t ∈ NT −1 and 1 ≤ j ≤ T − 1, consider Φ̄∗
t|t and

Φ̂i|(j−1,j) defined in (3.31), we have the following inequalities

Φ̄∗
t|t ≤ (CQM̄Q + CRM̄R)(Cθ∥θ̂0 − θ∗∥ηt

θ + α(∥vθ∥)), and

Φ̂i|(j−1,j) ≤ 2(ĈQM̄Q + ĈRM̄R)(Cθ∥θ̂0 − θ∗∥ηj−1
θ + α(∥vθ∥)),

where LQ and LR are defined in (3.9), MQ and MR are defined in (3.35), Cθ, ηθ,
α(·) and ∥vθ∥ are defined in Assumption 3.3.1, CQ, ĈQ, ĈR and CR are defined in
Lemma B.3.3, with M̄Q := MQLQ and M̄R := MRLR.

Proof. By definition of Q∗ and Q̂t from (3.7), we have

∥Q̂t −Q∗∥ = ∥DQ(θ̂t)⊤DQ(θ̂t) −DQ(θ∗)⊤DQ(θ∗)∥.

By Proposition 6 and the Lipschitz property of DQ in Assumption 3.2.2, the above
can be upper bounded by

∥DQ(θ̂t)⊤DQ(θ̂t) −DQ(θ∗)⊤DQ(θ∗)∥
≤ (∥DQ(θ̂t)⊤∥ + ∥DQ(θ∗)⊤∥)∥DQ(θ̂t) −DQ(θ∗)∥
≤ MQLQ∥θ̂t − θ∗∥.

Finally, by Assumption 3.3.1, we have ∥θ̂t − θ∗∥ ≤ Cθ∥θ̂0 − θ∗∥ηt
θ + α(∥vθ∥). This

implies ∥Q̂t −Q∗∥ ≤ M̄Q(Cθ∥θ̂0 − θ∗∥ηt
θ + α(∥vθ∥)).

Repeat the above steps to matrices R̂t and R∗, we have ∥R̂t − R∗∥ ≤ M̄R(Cθ∥θ̂0 −
θ∗∥ηt

θ + α(∥vθ∥)). Substitute the above to the right-hand-side of (B.14), we have

Φ̄∗
t|t ≤ (CQM̄Q + CRM̄R)(Cθ∥θ̂0 − θ∗∥ηt

θ + α(∥vθ∥)).

Repeat the above steps to upper bound ∥Q̂j − Q̂j−1∥ and ∥R̂j − R̂j−1∥, we have

∥θ̂j − θ̂j−1∥ ≤ Cθ∥θ̂0 − θ∗∥(ηj−1
θ + ηj

θ) + 2α(∥vθ∥)
≤ 2(Cθ∥θ̂0 − θ∗∥ηj−1

θ + α(∥vθ∥)).

Thus,

Φ̂t|(j−1,j) ≤ 2(ĈQM̄Q + ĈRM̄R)(Cθ∥θ̂0 − θ∗∥ηj−1
θ + α(∥vθ∥)).
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B.4 Proof of Theorem 3.4.1

By Lemma 3.4.1, the regret incurred by the copycat defined in (3.15) satisfies

RegretT ({νt}T −1
t=0 ) ≤ 2D∥x̄0∥2

T −1∑
t=1

(Ĉη̂tΦ̄∗
t|t)2 + (∆CqĈ

2∥B∥ηt−1
q

t∑
j=1

j−1∑
i=0

( η̂
ηq

)jΦ̂n|(j−1,j))2.

Then, we substitute the upper bounds of Φ̂i|(j−1,j) and Φ̄∗
t|t established in Lemma

B.3.4 to the right-hand-side of the above, let E1(z) := ∑T −1
t=0 tz

t and E2(z) := ∑T −1
t=0 z

t

for z ∈ R, yields

RegretT ({νt}T −1
t=0 )

≤ 2D
T −1∑
t=0

(Ĉη̂tΦ̄∗
t|t)2 + (∆Cq∥B∥Ĉ2ηt−1

q

t∑
j=1

j−1∑
i=0

( η̂
ηq

)jΦ̂i|(j−1,j))2

< 4D
[
Ĉ2C2

ϕ∗(C2
θE1((η̂ηθ)2) + v2

θE2(η̂2)) + (∆Cq∥B∥Ĉ2Cϕ̂

η̂

ηq

)2

(
(Cθ∥θ̂0 − θ∗∥
ηq − η̂ηθ

)2[E1(η̂ηθ) + ηq(E2(η̂q) − E2(η̂ηθ))]2

+ (α(∥vθ∥)
ηq − η

)2[E1(η̂) + ηq(E2(η̂q) − E2(η̂))]2
)]
,

where Cϕ∗ = CQM̄Q + CRM̄R and Cϕ̂ = 2(ĈQM̄Q + ĈRM̄R).
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Appendix. Proof for Dynamic
Potential LQ Games

C.1 Auxiliary Lemmas

Before stating the proof of Theorem 4.3.1, in the following, we introduce several
necessary lemmas and propositions.

Proof of Proposition 2: For any policy (Πt)T −1
t=1 , define J(x̄1, (Πt)T −1

t=1 ) :=∑N
i=1 J

i
T (x̄1, (Πt)T −1

t=1 ). The PoU can be rewritten as PoUT (x̄1, (Πt)T −1
t=1 ) =

J(x̄1, (Πt)T −1
t=1 ) − J(x̄1, (Π∗

t )T −1
t=1 ). Note that

J̃(1 − PoAT ) = J̃ − J(x̄1, (Π∗
t )T −1

t=1 )
≤ J(x̄1, (Πt)T −1

t=1 ) − J(x̄1, (Π∗
t )T −1

t=1 )
= PoUT (x̄1, (Πt)T −1

t=1 ).

This completes the proof of Proposition 2. ■

Proof of Corollary 3: Nota that matrix A is full-rank due to Assumption 4.2.2. From
(4.8) and (4.9), we have [Ri

t]ij − [Rj
t ]⊤ji + Bi⊤(P i

t+1 − P j
t+1)Bj = [Ri

t]ij − [Rj
t ]⊤ji = 0.

■

Lemma C.1.1. for i ∈ {1, 2, · · · ,N} and t ∈ NT , consider LQ-DFG parameters
A,Bi, Qt, R

i
t that satisfy Assumption 4.2.1. Then, the LQ-DFG parameters are an

LQ-DFPG in the sense of Definition 4.2.2.

Proof. At time instant T , set Q̄T = Q1
T . By (4.10), we have P̄T = P 1

T , then by (4.9),

112
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for i = {1, · · · , N}, we have B⊤ P̄TA = B⊤ P̄ i
TA. Consider Kt in (4.12), define

R̄t := Θt − B⊤ P̄t+1 B,

Q̄t := Q1
t +K⊤

t (R1
t − R̄t)Kt, (C.1)

P̄t := Q̄t +K⊤
t R̄t Kt

K̄t := −(R̄t + B⊤ P̄t+1 B)−1 B⊤ P̄tA,

we claim that for i ∈ {1, 2, · · · ,N}, t ∈ NT −1, we have Kt = K̄t and P̄t = P 1
t , and

as consequence B⊤ P̄t A = B⊤ P i
tA. We start with verifying the case of t = T − 1.

Since R̄T −1 = ΘT −1 − B⊤ P̄T B, by (4.12), we have

KT −1 = −Θ−1
T −1


B1⊤P 1

T

B2⊤P 2
T

...
BN⊤PN

T

A
(i)= −Θ−1

T −1 B⊤ P 1
TA

(ii)= −(R̄T −1 + BT P̄T B)−1 B⊤ P̄T A = K̄T −1 .

Steps (i) and (ii) follow from (4.9) and (4.8), respectively. Then, we have

P̄T −1 −P 1
T −1 = Q̄T −1 −Q1

T −1 +K⊤
T −1(R̄T −1 −R1

T −1)KT −1

+ (A+ BKT −1)⊤(P̄T −P 1
T )(A+ BKT −1)

= 0.

Following a similar procedure as above, we can verify by induction that Kt = K̄t for
t = NT −1. The above proof is similar to the proof of [46, Theorem 6].

The above lemma is the N -player case of [46, Theorem 6] when Qi
t = Qj

t for t ∈
NT , i, j ∈ {1, · · · , N}.

Lemma C.1.2. Consider an LQ-OCP and an LQ-DFPG described by Defi-
nitions 4.2.1 and 4.2.2, respectively. Under Assumption 4.2.3, the feedback
Nash Equilibrium for the LQ-DFPG defined in Definition 4.2.2 by parameters
{x̄1, {Qt}T

t=1, {Ri
t}

N,T −1
i=1,t=1}, is identical to the solution of LQ-OCP defined in Defi-

nition 4.2.1, by parameters {x̄1, {Q̄t}T
t=1, {R̄t}T −1

t=1 }, if for i, j ∈ {1, 2, · · · ,N} and
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t ∈ NT −1,

P̄T = Q̄T ,

Θ̄t = R̄t + B⊤ P̄t+1 B,

K̄t = Θ̄−1
t B⊤ P̄t+1A,

P̄t = Q̄t + K̄⊤
t R̄tK̄t + (A+ B K̄t)⊤P̄t+1(A+ B K̄t),

Θ̄t ∈ SNm
++ ,

[Ri
t]ii +Bi⊤P i

t+1B
i = [R̄t]ii +Bi⊤P̄t+1B

i,

Bi⊤P i
t+1A = Bi⊤P̄t+1A,

[Ri
t]ij +Bi⊤P i

t+1B
j = [R̄t]ij +Bi⊤P̄t+1B

j, i ̸= j,

[Ri
t]ij +Bi⊤P i

t+1B
j = ([Rj

t ]ji +Bj⊤P j
t+1B

i)⊤.

Proof. The proof of the above lemma follows the proof of [46, Theorem 5] with
replacing the cost function that penalises decisions made by 2-players from [46, (21c)]
to the objective function x⊤

t Qtxt +∑N
n=1

∑N
m=1 u

n⊤
t [Ri

t]nmu
m
t for an N -player setting.

Then, applying [46, Theorem 3] establishes the result of the lemma.

Lemma C.1.3. For integer T ≥ 1, define

Ω := {(Q̄1, Q̄2, · · · , Q̄T , R̄1, · · · , R̄T −1)|K},

where K is the set of conditions that, at time instant T , Q̄T is such that B⊤Q̄TA =
B⊤QTA. Consider P̄T that satisfies B⊤P̄TA = B⊤QTA, and t ∈ NT −1, define R̄t as

R̄t := Θt − B⊤P̄t+1B, (C.2)

where Θt ∈ SNm
++ , with Q̄t such that Q̄t = Qt + K⊤

t (R1
t − R̄t)Kt, where Kt =

Θ−1
t


B1⊤P 1

t+1

B2⊤P 2
t+1

...
BN⊤PN

t+1

A. Then, every element in Ω leads to an LQ-OCP which is equiva-

lent to an LQ-DFPG. Further, Ω is non-empty.

Proof. The proof of the above Lemma is similar to the proof of [46, Theorem 7].

To help us present preceding remarks and lemmas, with slight abuse of notations,
we define the following operators associated with the computation of parameters in
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Assumption 4.2.1,

Kt := K((Qτ+1, (Ri
τ )N

i=1)T −1
τ=t , A,B), (C.3)

R̄t := R̄((Qτ+1, (Ri
τ )N

i=1)T −1
τ=t , A,B). (C.4)

The operators K and R̄ are defined through coupled discrete algebraic Riccati equa-
tions, as given in (4.13). These equations are used to compute the matrices P i

t for
each time step t ∈ NT and players i ∈ {1, 2, · · · ,N}, based on the specified system
dynamics and cost parameters. The returning matrices of the operators depend
on the input arguments and the computed matrices P i

t , following their respective
formulas.

Corollary 3. For 1 ≤ τ ≤ t ≤ T − 1, under Assumptions 4.2.1, 4.2.2 and 4.2.5,
consider R̄τ defined in (C.2) and let R̄τ |t be R̄((Qk+1|t, (Ri

k|t)N
i=1)T −1

k=τ , A,B), we have
R̄τ = Rp

τ , R̄τ |t = R̄τ and R̄τ |t symmetric.

Proof. We first rewrite R̄t defined in (C.2) as


[R1
t ]11 [R1

t ]12 · · · [R1
t ]1N

[R2
t ]21 [R2

t ]22 · · · [R2
t ]2N

... ... . . . ...
[RN

t ]N1 [RN
t ]N2 · · · [RN

t ]NN

+


B1⊤P 1

t+1

B2⊤P 2
t+1

...
BN⊤PN

t+1

B −


B1⊤P̄t+1

B2⊤P̄t+1
...

BN⊤P̄t+1

B

By Assumption 4.2.2, matrix A defined in (4.1) is full-rank. By (4.13), (4.8) and
(4.9) from Assumption 4.2.1, for i ∈ {1, 2, · · · ,N}, t ∈ NT , P i

t are symmetric and
Bi⊤P i

t = Bi⊤P j
t , we have [Ri

t]ij = ([Rj
t ]ji)⊤, and Bi⊤P i

t+1 = Bi⊤P̄t+1. Therefore,

R̄t =


[R1

t ]11 [R1
t ]12 · · · [R1

t ]1N

[R2
t ]21 [R2

t ]22 · · · [R2
t ]2N

... ... . . . ...
[RN

t ]N1 [RN
t ]N2 · · · [RN

t ]NN

 = Rp
t . By Corollary 2, we have R̄t is sym-

metric. Moreover, by repeating similar procedures as the calculations above, we
have

R̄τ |t =


[R1

τ |t]11 [R1
τ |t]12 · · · [R1

τ |t]1N

[R2
τ |t]21 [R2

τ |t]22 · · · [R2
τ |t]2N

... ... . . . ...
[RN

τ |t]N1 [RN
τ |t]N2 · · · [RN

τ |t]NN

 .

By Ri
τ |t = Ri

τ for 1 ≤ τ ≤ t ≤ T − 1, we have R̄τ |t = R̄τ .
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Lemma C.1.4. Suppose m ≤ n. Consider matrices R ∈ Sm
++, P ∈ Sn

++ and
F ∈ Rn×m, the 2-norm of matrix K = (R+F⊤PF )−1F⊤P satisfies ∥K∥ ≤ 1

σ+
min(F ) .

Proof. Let λR := λmin(R), we immediately have λRI ⪯ R, and (R + F⊤PF )−1 ⪯
(λRI+F⊤PF )−1. By definition of matrix 2-norm ∥·∥, we have ∥K∥2 = λmax(K⊤K).
Therefore,

λmax(K⊤K) = λmax(PF (R + F⊤PF )−1(R + F⊤PF )−1F⊤P ).

For any H1, H2 ∈ Sn
++ and G ∈ Rm×n, if H1 ⪯ H2, we have

λmax(GH1G
⊤) ≤ λmax(GH2G

⊤).

Applying this property, we have

λmax(PF (R + F⊤PF )−1(R + F⊤PF )−1F⊤P )
= λmax(PF (R + F⊤PF )−2F⊤P )
≤ λmax(PF (λR + F⊤PF )−2F⊤P )

For any H ∈ Rn×m, we have λmax(H⊤H) = λmax(HH⊤). Using this property for
H = (λRI + F⊤PF )−1F⊤P , we yield

λmax(PF (λRI + F⊤PF )−2F⊤P )
= λmax((λRI + F⊤PF )−1F⊤P 2F (λRI + F⊤PF )−1).

Let us consider the singular-value-decomposition (SVD) of F be F = UF ΣFV
⊤

F ,
where UF ∈ Rn×n and VF ∈ Rm×m are orthogonal and ΣF is a rectangular diagonal
matrix. Consider r to be the rank of F , i.e., rank(F ) = r, 1 ≤ r ≤ min(n,m). The
matrix ΣF (from SVD of F ) can be written as

ΣF =
 ΣF r 0r,m−r

0n−r,r 0n−r,m−r,


where ΣF r = diag(σ1(F ), · · · , σr(F )).By substituting the SVD of F , the previous
step becomes

λmax((λRI + F⊤PF )−1F⊤P 2F (λRI + F⊤PF )−1)
= λmax((λRI + Σ⊤

F P̄ΣF )−1Σ⊤
F P̄

2ΣF (λRI + Σ⊤
F P̄ΣF )−1), (C.5)
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where P̄ = U⊤
F PUF . Rewrite P̄ as block matrix form

P̄ =
[P̄ ]11 [P̄ ]12

[P̄ ]21 [P̄ ]22

 ,
where [P̄ ]11 and [P̄ ]22 are square matrices comprised of the first r rows and columns
and the last n − r rows and columns of P̄ , respectively. Since ΣF r is symmetric,
Σ⊤

F P̄ΣF can be rewritten in block matrix form as

Σ⊤
F P̄ΣF =

 ΣF r 0r,n−r

0m−r,r 0n−r,n−r,

[P̄ ]11 [P̄ ]12

[P̄ ]21 [P̄ ]22

 ΣF r 0r,m−r

0n−r,r 0n−r,m−r,


=
ΣF r[P̄ ]11ΣF r 0r,m−r

0m−r,r 0m−r,m−r

 .
Similarly,

Σ⊤
F P̄

2ΣF =
ΣF r[P̄ ]211ΣF r 0r,m−r

0m−r,r 0m−r,m−r

 .
Substituting the block matrix form of Σ⊤

F P̄ΣF and Σ⊤
F P̄

2ΣF to (C.5), we have

λmax((λRIrr + Σ⊤
F P̄ΣF )−1Σ⊤

F P̄
2ΣF (λRIrr + Σ⊤

F P̄ΣF )−1)

= λmax(
λRIrr+ΣF r[P̄ ]11ΣF r 0r×m−r

0m−r×r σRIm−r×m−r

−1 ΣF r[P̄ 2]11ΣF r 0r×m−r

0m−r×r 0m−r×m−r


λRIrr+ΣF r[P̄ ]11ΣF r 0r×m−r

0m−r×r λRIm−r×m−r

−1

)

= λmax((λRIrr + ΣF r[P̄ ]11ΣF r)−1ΣF r[P̄ 2]rrΣF r(λRIrr + ΣF r[P̄ ]11ΣF r)−1)
= λmax((λRΣ−1

F r[P̄ ]−1
11 + ΣF r)−1(λR[P̄ ]−1

11 Σ−1
F r + ΣF r)−1)

= λmax(ΣF r(λR[P̄ ]−1
11 + Σ2

F r)−2ΣF r).

Since [P̄ ]11 is positive definite, this implies [P̄ ]−1
11 is also positive definite. Therefore,

(λR[P̄ ]−1
11 + Σ2

F r) ⪰ Σ2
F r.

Taking the inverse of both sides of the above, this implies

(λR[P̄ ]−1
11 + Σ2

F r)−1 ⪯ Σ−2
F r, and

(λR[P̄ ]−1
11 + Σ2

F r)−2 ⪯ Σ−4
F r.
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The last step above is due to the conclusion from [76, Chapter 8.1, Exercise 8.1.12].

Then, we left and right multiply ΣF r to both sides of the last inequality above, we
have

ΣF r(λR[P̄ ]−1
11 + Σ2

F r)−2ΣF r ⪯ ΣF rΣ−4
F rΣF r = Σ−2

F r.

Lastly, by definition of singular value, for any real matrix H, the relationship be-
tween the maximum singular value and the maximum eigenvalue is σ2

max(H) =
λmax(H⊤H), we have

λmax(Σ−2
F r) = (σmax(Σ−1

F r))2 = 1
(σmin(ΣF r))2 = 1

(σ+
min(F ))2 .

Therefore, ∥K∥2 ≤ 1
(σ+

min(F ))2 .

The next corollary establishes a matrix upper bound for the control gain Kτ |t using
the lemma above.

Corollary 4. Suppose the cost matrices (Qt)T
t=1 and (Ri

t)
N,T −1
i=1,t=1 satisfy the condi-

tions described in (4.8), (4.9), and Assumption 4.2.3. Consider operator K de-
fined in (C.3). For a given preview horizon W ∈ NT −1 and time step τ ∈ NT ,
the control uτ |t defined in (4.21) is given by uτ |t = Kτ |txτ |t, where Kτ |t =
K((Qk+1|t, (Ri

k|t)N
i=1)T −1

k=τ , A,B), and ∥Kτ |t∥ ≤ σmax(A)
σ+

min(B) .

Proof. By using [76, Theorem 4.5.9] (see also the discussion on [76, p. 284]), we have
∥Kτ |t∥ ≤ σmax(A)∥(R̄τ |t + B⊤ P̄τ+1|t B)−1 B⊤ P̄τ+1|t∥. By applying Lemma C.1.4, we
can conclude that ∥Kτ |t∥ ≤ (σ+

min(B))−1σmax(A).

Intuitively, the maximal energy of the control gain in an LQ potential dynamic game
is the energy of the deadbeat controller’s gain.

Lemma C.1.5. For any τ, t ∈ NT −1, εQI ⪯ Q̄τ |t ⪯ Qmax + [σmax(A)
σ+

min(B) (λmax(Rmax) −
λmin(Rmin))]I, where Q̄τ |t is defined in (C.1).

Proof. Applying the Weyl’s inequality to Q̄τ |t yields

λmin(Q̄τ |t) = λn(Q̄τ |t) ≥ λn(Qτ |t) + λn(K⊤
τ |t(R1

τ |t − R̄τ |t)Kτ |t).

By [76, Theorem 4.5.9], there exists a positive scalar θn such that λn(K⊤
τ |t(R1

τ |t −
R̄τ |t)Kτ |t) = θnλmin(R1

τ |t − R̄τ |t), where σmin(Kτ |t) ≤ θn ≤ σmax(Kτ |t) < σmax(A)
σ+

min(B) .
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The last inequality is due to Corollary 4. Moreover,

max(0, σmax(A)
σ+

min(B)λmax(R̄t −R1
t )) > −λmin(K⊤

τ |t(R1
t − R̄t)Kτ |t).

Thus, by Assumption 4.2.4, we have

0 < εQ < λmin(Qτ |t) − max(0, σmax(A)
σ+

min(B)λmax(R̄t −R1
t ))

< λmin(Qτ |t +K⊤
t (R1

τ |t − R̄τ |t)Kτ |t) = λmin(Q̄τ |t).

To prove the RHS, note that εQI ⪯ Q̄τ |t, Qτ |t ⪯ Qmax and

K⊤
τ |t(R1

τ |t −Rp
τ |t)Kτ |t ⪯

[
σmax(A)
σ+

min(B) (λmax(Rmax) − λmin(Rmin))
]
I.

Combining the above inequalities, the proof is complete.

Definition C.1.1. For any X, Y ∈ Sn
++, define the operator δ∞(·, ·) as the Thomp-

son metric defined in [74, Section 2], where δ∞(X, Y ) := ∥ log
(
Y − 1

2XY − 1
2
)
∥∞ , and

∥ · ∥∞ denotes the matrix infinity-norm.

The above corollary suggests that, if the costs and system matrices satisfy Assump-
tion 4.2.4, then the matrices Q̄τ |t are positive definite. The next lemma establishes
the existence of constant matrices P̄min P̄max independent of t, that serve as lower
and upper bound for P̄t for t ∈ NT .

Lemma C.1.6. Consider A,B from (4.1), R̄t and Q̄t from Lemma C.1.3 that satisfy
Assumption 4.2.3. For all t ∈ NT −1, let P̄T = Q̄T and

K̄t = −(Rt +B⊤P̄t+1B)−1B⊤P̄t+1A,

P̄t = Q̄t + K̄⊤
t R̄tK̄t + (A+BK̄t)⊤P̄t+1(A+BK̄t),

for t ∈ NT −1. There exist positive definite matrices P̄min and P̄max that is indepen-
dent of t, such that P̄min ⪯ P̄t ⪯ P̄max.

Proof. By Lemma C.1.5, we have Q̄min ⪯ Q̄t ⪯ Q̄max. By Assumption 4.2.3 and
Corollary 3, we have Rmin ⪯ R̄t ⪯ Rmax. Repeat the procedure that is identical
to the proof of [12, Proposition 11] with matrices Qmin, Qmax, Rmax, Qmax

t , Rmax
t

and Pmax replaced by Q̄min, Q̄max, λmax(Rmax)I, Q̄max, λmax(Rmax)I and P̄max,
respectively, completes the proof.
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Lemma C.1.7. For T, S, V1, V2 ∈ Sn
++, if m ≥ 1+ λmax(V1−V2)

λmin(T +V2) , then for any non-zero
x, we have

xT(T + V1)x
xT(S + V2)x

≤ m
xT(T + V2)x
xT(S + V2)x

. (C.6)

Proof. For any nonzero x, we have

m ≥ 1 + λmax(V1 − V2)
λmin(T + V2)

≥ 1 + xT(V1 − V2)x
xT(T + V2)x

= xT(T + V1)x
xT(T + V2)x

.

Due to xT(S + V2)x > 0 and the fact that T, V2, V1 are positive definite, we have
that mxT(T +V2)x

xT(S+V2)x ≥ xT(T +V1)x
xT(S+V2)x .

Proposition 7. For any X, Y ∈ Sn
++,

δ∞(X, Y ) = max(log
(

sup
ξ ̸=0

ξ⊤Xξ

ξ⊤Y ξ
, log

(
sup
ξ ̸=0

ξ⊤Y ξ

ξ⊤Xξ

))
).

Proof. Consider matrices X, Y ∈ Sn
++. From [77, Remark 2.2.], we have δ∞(X, Y ) =

max(λmax(Y −1X), λmax(XY −1)) = max(log
(
supξ ̸=0

ξ⊤Xξ
ξ⊤Y ξ

)
, log

(
supξ ̸=0

ξ⊤Y ξ
ξ⊤Xξ

)
).

Remark C.1.1. For T, S, V1, V2 ∈ Sn
++, without the loss of generality, suppose

supx ̸=0
xT(T +V1)x
xT(S+V2)x ≥ 1. Based on Lemma C.1.6, C.1.7 and Proposition 7, consider

a positive scalar m that satisfies m ≥ 1 + λmax(V1−V2)
λmin(T +V2) . We now investigate δ∞(T +

V1, S + V2). By using Proposition 7, we have

δ∞(T + V1, S + V2) = log
(

sup
x̸=0

xT(T + V1)x
xT(S + V2)x

)

≤ log(m) + log
(

sup
x ̸=0

xT(T + V2)x
xT(S + V2)x

)
≤ log(m) + δ∞(T + V2, S + V2)
≤ log(m) + rδ∞(T, S),

where r = λmax(T )
λmin(V2)+λmax(T ) and 0 < r < 1.

Before presenting our next lemma that establishes bounds for ∥P̄τ |t − P̄τ |t0∥ and
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∥K̄τ |t − K̄τ |t0∥ for 1 ≤ τ ≤ t ≤ t0 ≤ T , we introduce the following constants:

α := λmax(A⊤(P̄−1
max +BR−1

maxB
⊤)−1A), (C.7)

γ := α

α + εQ

, (C.8)

h := log
(
λmax(P̄max)

εQ

)
, (C.9)

CP = λ2
max(P̄max)

εQ

, (C.10)

ω̄ = λmax(A⊤(P̄−1
max +BR−1

maxB
⊤)−1) (C.11)

− λmin(A⊤(ε−1
Q I +BR−1

minB
⊤)−1),

ε1 := log
(

1 + ω̄

εQ

)
, (C.12)

εP = ε1λmax(P̄max)(exp(h) − 1)
h(1 − γ) , (C.13)

Gmax := ∥(Rmin + εQ B⊤ B)−1∥, (C.14)
C

′

K = G2
max∥Rmax B⊤ ∥CP , (C.15)

ε
′

K = G2
max∥Rmax B⊤ ∥εP . (C.16)

The next lemma establishes the contraction of ∥Kτ |t −Kτ |t0∥ with respect to τ .

Lemma C.1.8. For 1 ≤ τ ≤ t ≤ t0 ≤ T , suppose W ∈ NT −1 is the preview
window length. Consider scalars εP , εK , CP , C

′
K and γ ∈ (0, 1) defined in (C.8),

(C.10), (C.13), (C.15), and (C.16), respectively. The distance between P̄τ |t and P̄τ |t0

satisfies ∥P̄τ |t − P̄τ |t0∥ ≤ CPγ
t−τ+W + εP , and the distance between K̄τ |t and K̄τ |t0

satisfies ∥K̄τ |t − K̄τ |t0∥ ≤ C
′
Kγ

t−τ+1+W + ε
′
K.

Proof. For 1 ≤ τ ≤ t ≤ t0 ≤ T , by [75, Lemma D.2], Lemmas C.1.6 & C.1.7, and
Remark C.1.1, we have

δ∞(P̄τ |t, P̄τ |t0) = δ∞(Q̄τ |t + A⊤(P̄−1
τ+1|t +BR̄−1

τ |tB
⊤)−1A,

Q̄τ |t0 + A⊤(P̄−1
τ+1|t0

+BR̄−1
τ |t0
B⊤)−1A)

≤ γδ∞(P̄τ+1|t, P̄τ+1|t0) + ε1

≤ γt−τ+W δ∞(P̄t+W |t, P̄t+W |t0) + ε1

t−τ+W∑
p=0

γp

≤ CP1γ
t−τ+W + ε1

1 − γ
,

where ε1 is defined in (C.12). By monotonicity of function ex−1
x

for x > 0 and
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h > 0, we have exp(δ∞(P̄τ |t,P̄τ |t0 ))−1
δ∞(P̄τ |t,P̄τ |t0 ) ≤ exp(h)−1

h
. Thus, ∥P̄τ |t − P̄τ |t0∥ < CPγ

W + εP .
By repeating procedures as the proof in [67, Lemma 8, (20) and (21)] by replacing
B,Rτ , Pτ+1|t and Pτ+1|t0 from [67, Lemma 8, (20) and (21)] to B, R̄τ , P̄τ+1|t and
P̄τ+1|t0 , we have ∥K̄τ |t − K̄τ |t0∥ < C

′
Kγ

t−τ−1+W + ε
′
K .

Remark C.1.2. When τ = t and t0 = T , we have ∥K̄t|t − K̄∗
t ∥ ≤ C

′
Kγ

W −1 + ε
′
K.

Lemma C.1.9. For integers 1 ≤ τ ≤ t0 ≤ t1 ≤ t ≤ T − 1, consider A, B from
(4.1) and K̄τ |t = K((Qk+1|t, (Ri

k|t)N
i=1)T −1

k=τ , A,B) where operator K is defined in (C.3).

Consider scalars Cfb = λmax(P̄max)
λmin(Q̄min) and η =

√
1 − λmin(Q̄min)

λmax(P̄max) , matrices K̄τ |t satisfies∥∥∥∏t1
τ=t0(A+ BK̄τ |t)

∥∥∥ ≤ Cfbη
t1−t0+1.

The proof mirrors that of [12, Appendix E, Proposition 2].

Lemma C.1.10. For any T ≥ 1, W ∈ NT −1 ∪ {0} and t ∈ NT , consider state xt

that generated by control policy (4.22) and the state xt|t as an element of the solution
from (4.21). Let εK := ∥ B ∥ε′

K and CK = ∥ B ∥C ′
K, where C

′
K and ε

′
K are as in

Lemma C.1.8. Then, the distance between state xt and xt|t satisfies

∥xt − xt|t∥ ≤ C2
fbCq∥x̄1∥qt

CKγ
W

γ − 1

(1 − (ηγ
q

)t

1 − ηγ
q

−
1 − (η

q
)t

1 − η
q

)

+εK

((t− 1)(η
q
)t+1 − t(η

q
)t + η

q

(1 − η
q
)2

) .
where γ is defined in Lemma C.1.8, η is defined in Lemma C.1.9, together with
q := ρ(A+ BK) and Cq := supn≥0

∥(A+BK)∥n

qn .

Proof. Suppose M is a positive integer. For an arbitrary matrix sequence (ai)M
i=1.

For 1 ≤ p1 ≤ M and 1 ≤ p2 ≤ M , define the product operator as

p2∏
j=p1

aj :=


ap2ap2−1 . . . ap1 if p1 < p2

ap2 if p1 = p2

I if p1 > p2,

Define ωt := xt − xt|t, θτ |p1,p2 := xτ |p1 − xτ |p2 , where τ ≤ p1 ≤ p2 ≤ T . Consequently,
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θ1|p1,p2 = 0, and

θτ |p1,p2 = xτ |p1 − xτ |p2

= (A+
N∑
j

BjK̄j,τ |p1)xτ−1|p1 − (A+
N∑
j

BjK̄j,τ |p2)xτ−1|p2

= (A+
N∑
j

BjK̄j,τ |p1)θτ−1|p1,p2

+ [
N∑

j=1
Bj(K̄j,τ−1|p1 − K̄j,τ−1|p2)]xτ−1|p2

...

=
τ−1∑
i=1

(
τ−1∏

j=i+1
(A+

N∑
m=1

BmK̄m,j|p1)
)

[
N∑

m=1
Bm(K̄m,i|p1 − K̄m,i|p2)

]
xi|p2

=
τ−1∑
i=1

(
τ−1∏

j=i+1
(A+

N∑
m=1

BmK̄m,j|p1)
)[

N∑
m=1

Bm(K̄m,i|p1 − K̄m,i|p2)
]

(
i−1∏
n=1

(A+
N∑

m=1
BmK̄m|p2)

)
x̄1

=
τ−1∑
i=1

(
τ−1∏

j=i+1
(A+ BK̄j|p1)

)[
BT(K̄T

j|p1 − K̄T
j|p2)

]
(

i−1∏
n=1

(A+ BK̄n|p2)
)
x̄1.

Moreover, ω1 = 0, and for t ∈ NT , we have

ωt = (A+
N∑

j=1
BjKj)(xt−1 − xt−1|t−1)+xt|t−1−xt|t

=
t∑

i=1
(A+

N∑
j=1

BjKj)t−iθi|i−1,i.

We now investigate the dynamics of θτ |p1,p2 . Note that θ0|p1,p2 = 0, and

θτ+1|p1,p2 = xτ+1|p1 − xτ+1|p2

= (A+ BK̄τ |p1)xτ |p1 − (A+ BK̄τ |p2)xτ |p2

= (A+ BK̄τ |p1)(θτ |p1,p2 + xτ |p2)
− (A+ BK̄τ |p2)xτ |p2

= (A+ BK̄τ |p1)θτ |p1,p2 + B(K̄τ |p1 − K̄τ |p2)xτ |p2 .
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This implies that

xτ+1|p1 − xτ+1|p2 =
τ∑

n=1

(
τ∏

m=n+1
(A+ BK̄m|p1)

)
B(K̄n|p1 − K̄n|p2)

(
n−1∏
m=1

(A+ BK̄m|p1)
)
x̄1.

By Lemma C.1.9, we have ∥∏τ
m=n+1(A + BK̄m|p1)∥ ≤ Cfbη

τ−n. By Lemma C.1.8,
we have ∥B(K̄n|p1 − K̄n|p2)∥ ≤ CKγ

p−n+W + εK . Thus,

∥θτ+1|p1,p2∥ = ∥xτ+1|p1 − xτ+1|p2∥

≤ C2
fb∥x̄1∥(

τ∑
n=1

ητ (CKγ
p−n + εK))

= C2
fb∥x̄1∥[CKγ

p+Wητ

1 − 1
γ

(1 − ( 1
γ

)τ+1) + εKτη
τ ].

Choosing τ = t, p1 = t and p2 = T , results in

∥θt|t,T ∥ ≤ C2
fb∥x̄1∥[CKγ

t+Wηt

1 − 1
γ

(1 − ( 1
γ

)t+1) + εKtη
t]

= C2
fb∥x̄1∥[CKγ

1+Wηt

γ − 1 (γt − 1) + εKtη
t].

Moreover, ∥θi|i−1,i∥ ≤ C2
fb∥x̄1∥[CKηi−1γW

γ−1 (γi − 1) + εK(i − 1)ηi−1]. Similar to the
argument following [50, Lemma 10, (25)], we have that ∥(A + BK)t−i∥ ≤ Cqq

t−i.
Conclude the above, we have

∥xt − xt|t∥

≤
t∑

i=1
∥(A+ BK)t−iθi|i−1,i∥

≤ C2
fbCq∥x̄1∥

t∑
i=1

qt−i[CKη
i−1γW

γ − 1 (γi − 1) + εK(i− 1)ηi−1]

= C2
fbCq∥x̄1∥qt[CKγ

W

γ − 1

(1 − (ηγ
q

)t

1 − ηγ
q

−
1 − (η

q
)t

1 − η
q

)
+ εK

((t− 1)(η
q
)t+1 − t(η

q
)t + η

q

(1 − η
q
)2

)
].

Before presenting the Cost Difference Lemma that is essential for the proof of The-
orem 4.3.1, we introduce the following definitions.

Consider any policies (πi
t)

N,T −1
i=1,t=1 and (π̃i

t)
N,T −1
i=1,t=1 where πi

t, π̃
i
t ∈ Λ. We state the
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convention Π̄t0
t := (Πτ )t0

τ=t for t, t0 ∈ NT −1 and t ≤ t0. We again define

gi
t(xt,ut) := x⊤

t Qtxt + u⊤
t R

i
tut,

V
Π̄T −1

t
i,T,t (xt) :=


∑T −1−t

l=0 gi
t+l(x

Π̄t+l+1
t+l

t+1+l (xt+l),Πt+l(xt+l)) 1 ≤ t < T − 1

0 t ≥ T − 1,

Q
Π̄T −1

t
i,T,t (xt,ut) := gi

t(xt,ut) + V
Π̄T −1

t+1
i,T,t+1(x

Π̄t+1
t+1

t+1 ).

where ui
t = πi

t(xt) and x
Π̄t+l+1

t+l

t+1+l (xt+l) = Axt+l + BΠt+l(xt+l) for i ∈ {1, 2, · · · ,N}.
Now we present our Cost Difference Lemma.

Lemma C.1.11 (Cost Difference Lemma). Given a positive integer T ≥ 1, for t ∈
NT −1 and i = {1, 2, · · · ,N}, consider policies (πi

t)T −1
t=1 ,(π̃i

t)T −1
t=1 such that πi

t, π̃
i
t ∈ Λ.

Let (Πt)T −1
t=1 = (πi

t)
N,T −1
i=1,t=1 and (Π̃t)T −1

t=1 = (Π̃i
t)

N,T −1
i=1,t=1. Then, we have

Ji,T (x̄1, (Πt)T −1
t=1 ) − Ji,T (x̄1, (Π̃t)T −1

t=1 ) =
T −1∑
t=1

Q
Π̃T −1

t
i,T,t (xt,ut) − V

Π̃T −1
t

i,T,t (xt), (C.17)

where xt and (ui
t)N

i=1 satisfy (4.1).

Proof. Starting from the RHS of (C.17) we have:

T −1∑
t=1

Q
Π̃T −1

t
i,T,t (xt,ut) − V

Π̃T −1
t

i,T,t (xt)

=
T −1∑
t=1

gt(xt,ut) + V
Π̃T −1

t+1
i,T,t+1(xt+1) − V

Π̃T −1
t

i,T,t (xt)

=
T −1∑
t=1

gt(xt,ut)︸ ︷︷ ︸
Ji,T (x̄1,(Πt)T −1

t=1 )

−V Π̃T −1
1

i,T,1 (x1)

= Ji,T (x̄1, (Πt)T −1
t=1 ) − Ji,T (x̄1, (Π̃t)T −1

t=1 ).

Proposition 8. For i ∈ {1, 2, · · · ,N} and t ∈ NT −1, consider

∆′ = ∥ B ∥∥P̄max∥,∆1 = ∥R̄max∥ + ∥ B ∥2∥P̄max∥,

∆2 = σmax(A)∆1

σ+
min(B) + ∥A∥∥ B ∥∥P̄max∥.



126 Appendix C. Appendix. Proof for Dynamic Potential LQ Games

We have the following inequalities

∥Ri
t + B⊤P i

t+1B∥ ≤ ∆1, (C.18)
∥(Ri

t + B⊤P i
t+1B)K̄∗

t + B⊤P i
t+1A∥ ≤ ∆2. (C.19)

Proof. If costs (Ri
t)

N,T −1
i=1,t=1 and {Qt}T

t=1 from LQ-DFG is an LQ-DFPG. By Lemma
C.1.2, we have ∥ B⊤ P i

t+1∥ = ∥ B⊤ P̄t+1∥ ≤ ∆′ , where P̄t+1 is defined in Lemma
C.1.2. Due to Assumption 4.2.3, matrix ∥Ri

t∥ is upper bounded uniformly w.r.t. t
and i. Applying Corollary 4 and triangle inequality, we yield the inequalities (C.18)
and (C.19).

C.2 Proof of Theorem 4.3.1

Consider (πi,t)N,T −1
i=1,t=1 as the control policy defined in (4.22), and (π̃i,t)N,T −1

i=1,t=1 as the
control policy that compute the feedback Nash equilibrium defined in (4.5). By
applying the Cost Difference Lemma (Lemma C.1.11), we have

PoUT ((ut)T −1
t=1 )

= 1
N

N∑
i=1

T −1∑
t=1

Q
Π̃T −1

t
i,T,t (xt,ut) − V

Π̃T −1
t

i,T,t (xt)

= 1
N

N∑
i=1

T −1∑
t=1

x⊤
t Qtxt + u⊤

t R
i
tut + (Axt + But)⊤P i

t+1(Axt + But)

− x⊤
t Qtxt − ũ⊤

t R
i
tũt − (Axt + Bũt)⊤P i

t+1(Axt + Bũt)

= 1
N

N∑
i=1

T −1∑
t=1

u⊤
t (Ri

t + B⊤P i
t+1B)ut − ũ⊤

t (Ri
t + B⊤P i

t+1B)ũt + 2x⊤
t A

⊤P i
t+1 B(ut − ũt)

= 1
N

N∑
i=1

T −1∑
t=1

(ut − ũt)⊤(Ri
t + B⊤P i

t+1B)(ut − ũt)

+ 2(ut − ũt)⊤
(

(Ri
t + B⊤P i

t+1B)ũt + B⊤P i
t+1Axt

)

= 1
N

N∑
i=1

T −1∑
t=1

(ut − ũt)⊤(Ri
t + B⊤P i

t+1B)(ut − ũt) + 2(ut − ũt)⊤
(

(Ri
t + B⊤P i

t+1B)K̄∗
t + B⊤P i

t+1A

)
xt.

Since

∥ut − ũt∥ = ∥Kxt + (K̄t|t −K)xt|t − K̄∗
t xt∥

= ∥(K̄∗
t −K)(xt|t − xt) + (K̄t|t − K̄∗

t )xt|t∥

≤ ∥K̄∗
t −K∥∥xt|t − xt∥ + ∥K̄t|t − K̄∗

t ∥∥xt|t∥,
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and from the fact that for any a1, a2 ∈ R, (a1 + a2)2 ≤ 2(a2
1 + a2

2), we have

∥ut − ũt∥2 = ∥Kxt + (K̄t|t −K)xt|t − K̄∗
t xt∥2

≤ 2(∥K̄∗
t −K∥2∥xt|t − xt∥2 + ∥K̄t|t − K̄∗

t ∥2∥xt|t∥2),

By Proposition 8, there exist ∆1 > 0 and ∆2 > 0, such that

PoU((ut)T −1
t=1 )

= 1
N

N∑
i=1

T −1∑
t=1

(ut − ũt)⊤(Ri
t + B⊤P i

t+1B)(ut − ũt)

+ 2(ut − ũt)⊤
(

(Ri
t + B⊤P i

t+1B)K̄∗
t + B⊤P i

t+1A

)
xt

≤
T −1∑
t=1

(ut − ũt)⊤
[

N∑
i=1

1
N

(Ri
t + B⊤P i

t+1B)
]
(ut − ũt)

+ (ut − ũt)⊤
N∑

i=1

(
(Ri

t + B⊤P i
t+1B)K̄∗

t + B⊤P i
t+1A

)
xt

≤ ∆1

T −1∑
t=1

∥ut − ũt∥2 + ∆2

T −1∑
t=1

∥ut − ũt∥(∥xt − xt|t∥ + ∥xt|t∥)

≤ 2∆1

T −1∑
t=1

(
∥K̄∗

t −K∥2∥xt|t − xt∥2 + ∥K̄t|t − K̄∗
t ∥2∥xt|t∥2

)

+ ∆2

T −1∑
t=1

(
∥K̄∗

t −K∥∥xt|t − xt∥ + ∥K̄t|t − K̄∗
t ∥∥xt|t∥

)
(

∥xt − xt|t∥ + ∥xt|t∥
)
, (C.20)

By Lemma C.1.10, we have

∥xt − xt|t∥ ≤ C2
fb∥x̄1∥qt[CKγ

W

γ − 1

(1 − (ηγ
q

)t

1 − ηγ
q

−
1 − (η

q
)t

1 − η
q

)

+ εK

((t− 1)(η
q
)t+1 − t(η

q
)t + η

q

(1 − η
q
)2

)
].
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To simplify the presentation of the main result, define

C∗ := σmax(A)
σ+

min(B) + ∥K∥,

DK(γW , εK) := CKγ
W qη(γ − 1)

(q − ηγ)(q − η) + εKqη

(q − η)2 ,

Cx := C2
fbDK(γW , εK),

∆a(γW , εK) := 2(∆1 + ∆2)C2
∗DK(γW , εK)C2

x,

∆b(γW , εK) := 4∆1C
2
fb(C

′2
Kγ

2W + ε2
K

∥ B ∥2 ) + 2∆2(C
′

Kγ
W + εK

∥ B ∥
),

∆c(γW , εK) := 2CxCfb∆2(C
′

Kγ
W + εK

∥ B ∥
+ C∗DK(γW , εK)),

where constants C ′
K , εK , and Cfb are from Lemmas C.1.8 to C.1.10. The distance

between xt and xt|t can be simplified as ∥xt−xt|t∥ ≤ Cx∥x̄1∥qt. Continue calculations
from (C.20), we have

PoUT ((ut)T −1
t=1 )

< ∥x̄1∥2
[
∆a(γW , εK′ )1 − q2T

1 − q2 + ∆b(γW , εK′ )1 − η2T

1 − η2 + ∆c(γW , εK′ )1 − (qη)T

1 − qη

]
.

To simplify (C.20), let

DK := CKqη(γ − 1)
(q − ηγ)(q − η) + εKqη

(q − η)2 ,

Cx := C2
fbDK ,

∆a(z, y) := 2(∆1 + ∆2)DK(z, y)C2
x,

∆b(z, y) := 4∆1C
2
fb(C2

Kz
2 + y2) + 2∆2(CKz + y),

∆c(z, y) := 2CxCfb∆2(CKz + y +DK),

and

Γ1(t) := C2
∗DK(γW , εK)C2

xq
2t + 2(C ′2

Kγ
2W + ε

′2
K)C2

fbη
2t,

Γ2(t) := C∗DK(γW , εK)Cxq
t + (C ′

Kγ
W + ε

′

K)Cfbη
t,

Γ3(t) := Cxq
t + Cfbη

t.
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By Lemmas C.1.8 and C.1.9, we have

∥K̄∗
t − K̄∥2∥xt|t − xt∥2 + ∥K̄t|t − K̄∗

t ∥2∥xt|t∥2 ≤ ∥x̄1∥2Γ1(t)
∥K̄∗

t −K∥∥xt|t − xt∥ + ∥K̄t|t − K̄∗
t ∥∥xt|t∥ ≤ ∥x̄1∥Γ2(t)

∥xt − xt|t∥ + ∥xt|t∥ ≤ ∥x̄1∥Γ3(t).

Moreover, using the geometric series sum, observe

T −1∑
t=1

Γ1(t) ≤ Γ1,
T −1∑
t=1

Γ2(t)Γ3(t) ≤ Γ2,

where

Γ1 = C2
∗DK(γW , εK)C2

x

1 − q2T

1 − q2 + 2C2
fb(C

′2
Kγ

2W + ε
′2
K)1 − η2T

1 − η2 ,

Γ2 = C∗DK(γW , εK)C2
x

1 − q2T

1 − q2 + C2
fb(C

′

Kγ
W + ε

′

K)1 − η2T

1 − η2

+ [DK(γW , εK)CxCfb + CxCfb(C
′

Kγ
W + ε

′

K)]1 − (qη)T

1 − qη
.

Note that the right hand side of (C.20) then can be bounded by Γ where

Γ = ∥x̄1∥2
(
2∆1Γ1 + ∆2Γ2

)
= ∥x̄1∥2

[
∆a(γW , ε

′

K)1 − q2T

1 − q2 + ∆b(γW , ε
′

K)1 − η2T

1 − η2 + ∆c(γW , ε
′

K)1 − (qη)T

1 − qη

]

upper bounds the PoU by

2∆1∥x̄1∥2
T −1∑
t=1

(
C2

∗DK(γW , εK)C2
xq

2t + 2(C ′2
Kγ

2W + ε
′2
K)C2

fbη
2t

)

≤ 2∆1∥x̄1∥2
(
C2

∗DK(γW , εK)C2
x

1 − q2T

1 − q2 + 2C2
fb(C

′2
Kγ

2W + ε
′2
K)1 − η2T

1 − η2

)
,
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and

T −1∑
t=1

(
∥K̄∗

t −K∥∥xt|t − xt∥ + ∥K̄t|t − K̄∗
t ∥∥xt|t∥

)(
∥xt − xt|t∥ + ∥xt|t∥

)

≤ ∥x̄1∥2
T −1∑
t=1

(
C∗DK(γW , εK)Cxq

t + (C ′

Kγ
W + ε

′

K)Cfbη
t

)
(Cxq

t + Cfbη
t)

≤ ∥x̄1∥2
(
C∗DK(γW , εK)C2

x

1 − q2T

1 − q2 + C2
fb(C

′

Kγ
W + ε

′

K)1 − η2T

1 − η2

+ [DK(γW , εK)CxCfb + CxCfb(C
′

Kγ
W + ε

′

K)]1 − (qη)T

1 − qη

)
.

Conclude the above, the PoU can be upper bounded by,

PoUT ((ut)T −1
t=1 )

< ∥x̄1∥2
[
2∆1

(
C2

∗DK(γW , εK)C2
x

1 − q2T

1 − q2 + 2C2
fb(C2

Kγ
2W + ε

′2
K)1 − η2T

1 − η2

)

+ 2∆2

(
C∗DK(γW , εK)C2

x

1 − q2T

1 − q2 + C2
fb(C

′

Kγ
W + ε

′

K)1 − η2T

1 − η2

+ [C∗DK(γW , εK)CxCfb + CxCfb(C
′

Kγ
W + ε

′

K)]1 − (qη)T

1 − qη

)]

= ∥x̄1∥2
[
∆a(γW , ε

′

K)1 − q2T

1 − q2 + ∆b(γW , ε
′

K)1 − η2T

1 − η2 + ∆c(γW , ε
′

K)1 − (qη)T

1 − qη

]
.

By inspection, the PoU upper bound, Γ, can be expressed as C1γ
2W +C2γ

W +C3εK ,
where C1, C2 and C3 are monotonically increasing w.r.t. ∥x̄1∥, λmax(Rmax),
λmax(Qmax) and λmax(Rmax) − λmin(Rmin), and the inverse of ρ(A + BK) and
εQ.

We next find the lower bound of PoU. Let Ft := 2(ut − ũt)⊤
(

(Ri
t + B⊤P i

t+1B)K̄t +

B⊤P i
t+1A

)
xt. Note that

PoU((Πt)T −1
t=1 ) ≥

T −1∑
t=1

Ft

≥
T −1∑
t=1

−2∥ut − ũt∥(Ri
t + B⊤P i

t+1B)K̄t + B⊤P i
t+1A∥∥xt∥

≥ −∆2Γ̄2.

By inspection, the PoU lower bound −∆2Γ̄2, can be expressed as −C ′
1γ

2W −C
′
2γ

W −
C

′
3εK , where C ′

1, C
′
2 and C

′
3 are positive scalars that also monotonically increasing

w.r.t. ∥x̄1∥, λmax(Rmax), λmax(Qmax) and λmax(Rmax)−λmin(Rmin), and the inverse
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of ρ(A+ BK) and εQ.

We begin with an elementary result to help us the derivation of an upper bound on
∥z̃∥.

Proposition 9. Consider Z ∈ Sn
++, c > 0, the maximal distance l between the

origin to the set

x⊤Zx+ d⊤x ≤ c,

d⊤d ≤ ν,

satisfies ∥x∗∥2 ≤ c+ 1
2λmax(Z−1)ν.

Proof. The equation x⊤Zx + d⊤x = c2 can be rewritten as (x + 1
2Z

−1d)⊤Z(x +
1
2Z

−1d) = c + 1
4d

⊤Z−1d. The maximal distance between the centre of the ellipse
and the ellipse is c + 1

4d
⊤Z−1d, and the distance between the origin to the centre

of the ellipse is 1
4d

⊤Z−1d. Therefore, by triangle inequality, the maximal distance
between the origin and the ellipse is less than c + 1

2d
⊤Z−1d, or c + 1

2λmax(Z−1)ν2

due to d⊤Z−1d ≤ λmax(Z−1)ν when d⊤d ≤ ν.

We now ready to prove Proposition 3.

Proof. As stated in Lemma C.1.11, PoU((Π̂t)T −1
t=1 ) can be written as

1
N

N∑
i=1

T −1∑
t=1

(ut − ũt)⊤(Ri
t + B⊤P i

t+1B)(ut − ũt)

+ 2(ut − ũt)⊤
(

(Ri
t + B⊤P i

t+1B)K̄∗
t + B⊤P i

t+1A

)
x̂t,

where ut = Π̂t(x̂t), ũt = K∗
t x̂t and x̂t is generated by (Π̂τ )t−1

τ=1. Rewriting the above
using z̃, H̃ and b̃, yields

z̃⊤H̃z̃ + b̃⊤z̃ ≤ δ2.

Since ∥b̃∥2 ≤ δx, by Proposition 9, ∥z̃∥2 ≤ δ2 + 1
2λmax(H̃)δx.

Before we proceed to prove Proposition 4, we state the cost different lemma for
potential function.

Lemma C.2.1 (Cost Difference Lemma). For any T ≥ 1 and 0 ≤ t ≤ T , consider B
from (4.1), R̄t, P̄t from Lemma C.1.1, and Kt from (4.12), respectively. Let (Π̂t)T −1

t=1

be any feedback control policy among the players and (Π∗
t )T −1

t=1 be the feedback Nash
equilibrium policy defined in (4.5). Further, states {xt}T −1

t=0 be generated from control



132 Appendix C. Appendix. Proof for Dynamic Potential LQ Games

sequence {ut}T −1
t=0 for the linear system (4.1) where each control being ut = Π̂t(xt).

Setting ūt = K∗
t xt, we have the following equality:

Φ(x̄1, (Π̂t)T −1
t=1 ) − Φ(x̄1, (Π∗

t )T −1
t=1 ) =

T −1∑
t=0

(ut − ūt)T(R̄t +BTP̄t+1B)(ut − ūt).

Proof. Proved in the manner of [12, Lemma 5] with Qt, Rt, xπ
t , uπ

t , Vt+1, Bu, Bd

replaced by Q̄t, R̄t, xt, ut, P̄t+1, B, 0, respectively, where Q̄t is defined in the proof
of Lemma C.1.1.

Next, we prove Proposition 4 using Proposition 3.

Proof. From Lemma C.2.1 we have that

Φ(x̄1, (Π̂t)T −1
t=1 ) − Φ(x̄1, (Π∗

t )T −1
t=1 ) ≤ ∆max

T −1∑
t=1

∥Π̂t(x̂t) − Π∗
t (x̂t)∥2 = ∆max∥z̃∥2 ≤ ε̄

where Proposition 3 gives ∥z̃∥2 ≤ δ̄2.

Lastly, we present the proof of Proposition 5.

Proof. Consider the case of N = 2. For t = T , since P 1
T = P 2

T = QT , and

ΘT −1 =
r1,T −1 0

0 r2,T −1

+ B⊤ QT B,

we have ΘT −1 ≻ 0. Then, for t = T − 1,

P 1
T −1 − P 2

T −1 = K⊤
T −1(R1

T −1 −R2
T −1)KT −1.

We next claim that P 1
T −1 = P 2

T −1. Since

det(ΘT −1)2 B Θ−1
T −1(R1

T −1 −R2
T −1)Θ−1

T −1 B⊤ =−b1 −b2

0 0

 r2,T −1 +B2⊤P 2
T −1B

2⊤ B2⊤P 2
T −1B

1⊤

B1⊤P 1
T −1B

2⊤ r1,T −1 +B1⊤P 1
T −1B

1⊤


r1,T −1 0

0 −r2,T −1

r2,T −1 +B2⊤P 2
T −1B

2⊤ B2⊤P 2
T −1B

1⊤

B1⊤P 1
T −1B

2⊤ r1,T −1 +B1⊤P 1
T −1B

1⊤


−b1 0
−b2 0


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Due to α β

β γ

h1 0
0 h2

 α β

β γ

 =
 h1α

2 + h2β
2 h1αβ + h2βγ

h1αβ + h2βγ h1β
2 + h2γ

 ,
and

B2⊤PT −1B
2 = b2

2[QT ]11,

B1⊤PT −1B
1 = b2

1[QT ]11,

substitute h1 = r1,T −1, h2 = −r2,T −1, we have

h1α

−h2γ
= r1,T −1

r2,T −1

r2,T −1 + b2
2[QT ]11

r1,T −1 + b2
1[QT ]11

= r1,T −1

r2,T −1

r2,T −1

r1,T −1
= 1,

therefore, h1αβ + h2βγ = 0. Moreover,−b1 −b2

0 0

 c1 0
0 c2

−b1 0
−b2 0

 =
c1b

2
1 + c2b

2
2 0

0 0

 .
Here, c1 = r1,T −1(r2,T −1 + b2

2[QT ]11), c2 = −r2,T −1(r1,T −1 + b2
1[QT ]11). Apply b2

1
b2

2
=

r1,T −1
r2,T −1

again, we have c1b
2
1 + c2b

2
2 = 0. Therefore, K⊤

T −1(R1
T −1 −R2

T −1)KT −1 = 0.

Let’s assume that P 1
t+1 − P 2

t+1 = 0. Due to

Θt =
r1,t 0

0 r2,t

+ B⊤ P 1
t+1 B,

we have Θt ≻ 0, therefore det(Θt) > 0. Consider

K⊤
t (R1

t −R2
t )Kt = B Θ−1

t (R1
t −R2

t )Θ−1
t B⊤ .

By repeating the steps above and using the relationship of B1⊤P 1
t+1B

1 = b2
1[P 1

t+1]11,
we have

h1α

−h2γ
= r1,t

r2,t

r2,t + b2
2[P 2

t+1]11

r1,t + b2
1[P 1

t+1]11
= 1,

and b2
1

b2
2

= r1,t

r2,t
. Therefore, by induction, we can conclude that for 0 ≤ t ≤ T − 1,

parameters Pt,Θt defined in (4.13) and (4.11), respectively, satisfy Assumptions 4.2.1
and 4.2.5. For the case of N > 2, by setting b2

i

ri,t
= b2

j

rj,t
for i ∈ {1, 2, · · · ,N}, t ∈ NT ,
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we have

R1
t −Ri

t =


r1,t 0 · · · · · · 0
... . . .
0 · · · −ri,t · · · 0
0 · · · 0 · · · 0

 .

We can assert the proposition by repeating the steps for the case of N = 2.
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