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Abstract

We construct a faithful categorical action of the type B braid group on the bounded homotopy category
of finitely generated projective modules over a finite dimensional algebra which we call the type B zigzag
algebra. This categorical action is closely related to the action of the type B braid group on curves on
the disc. Thus, our exposition can be seen as a type B analogue of the work of Khovanov-Seidel [KS02].
Moreover, we relate our topological (respectively categorical) action of the type B Artin braid group to their
topological (respectively categorical) action of the type A Artin braid group.

Then, we prove Rouquier’s conjecture [Rou06, Conjecture 9.8] on the faithfulness of Type B 2-braid
group on Soergel category following the strategy used by [Jenl4] with the diagrammatic tools from [EW16a].

In the final part of the thesis, we produce a graded Fock vector in the Laurent ring Z[t, t ~!] for each crossin-
gless matching using Heisenberg algebra. We conjecture that the span of such vectors forms a Temperley-Lieb
representation, and hence, a new presentation of Jones polynomial can be obtained.
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Preface

“ Categorification is the modern approach to natural science. ”

In search of the truth of life, humans have been unceasingly employing mathematics to explain the
mechanics of the universe ''. Galileo, in the 17th century, famously stated that the universe is written in this
grand book, which stands continually open before our eyes, communicating in mathematical language. Dating
back to the days of ancient Greece, a clear example is written in the dialogue Timaues, where Plato made a
direct metaphysical one-to-one correspondence between five Platonic solids (tetrahedron, cube, octahedron,
dodecahedron, and icosahedron) and five basic elements (earth, air, fire, water and quintessence'?) to classify
matters using geometry. Those assignments seem to be wrong in many ways, but could there be a merit to
the idea? (What about the symmetry of the solids? The McKay correspondence'®.) Another philosopher,
Pythagoras, is perhaps, the earliest human being who believes that everything in the world is made up of
numbers (or in the modern view, the world is digital), according to Aristotle. No one then could expect
that the every-high-school-students-must-know formula — a2 + b = ¢ — formed the cornerstone of modern
differential geometry when it was first established as Pythagoras’ theorem on right-angled triangles'®. Tt
determines what form of geometry a space could possibly exhibit; we now know it is either Euclidean,
hyperbolic, or spherical.

For a long time, we thought that we were creatures living in a flat Euclidean setting. It was not until 1915
that Einstein found out that the spacetime where we inhabit in is actually a stitch of various geometries,
using his widely celebrated theory of general relativity, and astoundingly, gravity can be described as the
physical manifestation of a mathematical object known as the curvature! This is one of the greatest triumphs
of modern science in the twentieth century; it replaces Newton’s law of universal gravitation that fails to
explain minute anomalies in the orbit of Mercury. Since then, people have started the journey of searching
the grand quest - a theory of everything - in order to unify the four fundamental natural forces, namely the
gravity, the strong force, the weak force, and the electromagnetic force. The last three mentioned forces are
quantum mechanics in nature and are successfully unified under the main attribution to Yang-Mills theory
through the representation theory of SU(3) x SU(2) x U(1), that is, the Standard Model. On the other
hand, general relativity deals with objects of gigantic scale, for example, Mercury, Sun, and a black hole.
Hence, it is unclear how an atomic (negligibly small relative to that of celestial bodies) mass of an electron
or photon can even interact with the theory.

Driven by this mission, Crane [Cra95] reinterpreted quantum mechanics in a general relativistic context
by probing into the algebraic structure governing the quantum theory of gravity and conjectured that quan-
tum gravity is a 2-category which emerges as a “categorification” of the 1-category (modular tensor category)
[Cra91] formulating Chern-Simons-Witten theory [Wit89]. To make sense of categorification mathematically,
Crane'® worked together with Frenkel'® to outline a combinatorial method to enhance an algebraic structure
with categorically higher morphisms and, what is more, the original algebraic structure can be retained by
the process of decategerification, forgetting the newly-introduced morphisms in the categorified algebraic
structure [CF94]. It is in this author’s birth year 1994 when the idea of categorification [CF94]| was offi-

Hinterested readers can get a flavour of the modern views on the mathematical universe from [Teg08; Sch20; Pen05].

12Plato remarked, “...the God used for arranging the constellations on the whole heaven.”

13Please see related references [McK80; Ste08; Nak99] on classification by the symmetry of Platonic solids.

MPythagoras’ theorem was proved twice in Euclid’s Elements [Euc56, (Book I, Proposition 47), (Book VI, Proposition 31)].

15His earlier ideas [CY98; Cra94; BC98; Cra06; CC05; Cra07; Cra97| related to (combinatorial /diagrammatic) categorification
rooted from approaches to quantum gravity.

16Frenkel’s students wrote about his fundamental work on categorification [Dun+14] which later blossomed into an active
field of research in higher representation theory through him.
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cially conveyed in precise mathematical terms and illustrated in the example of categorification of Lusztig’s
idempotented version of quantum algebra U, (slz). At a generic value of the quantum parameter, this was
done by Lauda [Laul0O; Laull; Kho+12; Laul2], although the case at the root of unity still remains open
today. Some recent work has been done along this line; Khovanov (a math descendant of Frenkel) laid the
first path [Khol6], suggesting ways to categorify at a prime root of unity, which was then picked up by Qi
(a math descendant of Khovanov) et al. [Qil3; Qil4; KQ15; EQ16b; EQ1l6a; QS17|. For more discussion
on the subject of categorification, the readers are welcome to refer to [L.S22; Maz12; Sav15; Sav19b; LM14;
BD98; BHW10; BD01; BL11].

To date, categorification has proven fruitful in various research fields such as representation theory,
algebraic topology, link homology, mathematical physics, et cetera. For instance, it provides a framework for
Kontsevich’s homological mirror symmetry [Kon95|, which was announced at the International Congress of
Mathematicians, Zurich, in 1994. Motivated by the mirror symmetry in string theory, Kontsevich conjectured
that the derived Fukaya category of a Calabi-Yau manifold (deemed a symplectic manifold) is equivalent
to the derived category of coherent sheaves on its dual manifold (deemed a complex algebraic variety). A
gentle introduction to homological mirror symmetry and mirror symmetry can be found in [Boc21] and
[Hor+03; CK99; Quil5|, respectively. Around the same time, as noted in [KT12], Arnold [Arn95| suggested
the realisation of symplectomorphism by the monodromy of Milnor fibres. This was then picked up by
Kontsevich and Donaldson, where they categorified it to the monodromy action on the Fukaya category of
Milnor fibres.

Consequently, powered by homological mirror symmetry, Khovanov, together with Seidel and Thomas
(both math descendants of Donaldson), initiated the study of categorical braid group action on the derived
category of Fukaya category of type A Milnor fibres. This was done in relation to the categorical braid group
action on the bounded derived category of coherent sheaves on the minimal resolution of higher dimensional
type A Kleinian singularity [ST01] and the categorical braid group action on the bounded derived category
D®(o/-g,mod) of graded modules over the type A zigzag algebra o/ [KS02|. Here, we refer to the complex
d-dimensional type A, Kleinian singularities [Slo80a; Slo80b| as the variety defined by the zero set of the
functions

9(x0, 71, .., 1) = xF + 27+ 2y + it (0.0.1)
—2d+2

while the type A, Milnor fibre, by a theorem of Milnor [Mil68], as the intersection of the closed ball B (¢)
of sufficiently small radius € > 0 around the origin in C%*! and the symplectic manifold defined by the zero
set of the deformation of the type A,, singularities

g(w0, w1, .., xq) = x5 + 23+ -+ 25| + hy(zg) (0.0.2)

where hy,(2) = 2" + w2 + -+ + w1z + wy € C[2] for w = (wo, wy, ..., w,) in the interior B2+2(§) of
B (0) for sufficiently small § > 0 such that the intersection of the symplectic manifold and the boundary

S2d+1(¢) of §2d+2(e) remains transverse. Moreover, the zero set of the function h,, is referred to as the
bifurcation diagram by Arnold [Arn72; AGV12a; Arn+98|. Since & is of finite homological dimension [KS02,
Proposition 2.1], the bounded derived category D(</-g,mod) of graded modules over .27 is isomorphic to
the bounded homotopy category Komb(% -prgrmod) of the graded projective modules over 7.

This project leads to [KS02] the faithfulness of braid group representations in low dimensional topol-
ogy due to categorification. Seidel [Sei99] first took the initiative to define a type A, chain of Lagrangian
spheres from a set of generating geodesics in bifurcation diagrams associated with the type A,, singularities.
Moreover, the symplectomorphisms defined by such Lagrangian spheres satisfy the braid relations in Artin’s
(n 4 1)-strand braid group, or the type A,, braid group. He has also shown that those bifurcation diagrams
are topologically punctured discs D4 [KS02, Lemma 6.10], and subsequently, the Milnor fibres are Lefschetz
fibrations over the punctured discs D?. Recall that the Dehn twists, which generate the mapping class group
of punctured discs [FM12], also form the type A,, braid group. This way, Seidel and Khovanov employed cer-
tain bimodule functors in the bounded homotopy category Komb(.ngn—prgrmod) of graded projective modules
over the Fukaya algebra of type A,, chain of Lagrangian spheres, that is the geometric interpretation of type
A, zigzag algebra. Following this, they formed a correspondence between geodesics connecting the punc-
tures in D4 and minimal complexes in Komb(gfn—prg,.mod). In particular, they proved that the topological
braid group action intertwines with the categorical bimodule braid group action, so that the dimension of
graded module homomorphism space agreed with the graded curve intersection number (inspired by graded
Lagrangian manifold [Sei00]). The faithfulness of the graded topological braid group action on a certain
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covering space of the punctured disc and following that, the faithfulness of graded symplectic braid group
action on the Fukaya category of the Milnor fibre follows from the unique bigrading in Komb(ngn—prgrmod).

Symplectic geometry Low-dimensonal topology Homological Algebra
bifurcation diagram (n + 1)-punctured disc bounded homotopy category
exact Lagrangian isotopy curve isotopy complex homotopy
Fukaya algebra disc bounding combinatorics zigzag algebra
Lagrangian sphere geodesics projective modules(p,mod)
symplectomorphism Dehn twist bimodule functor
Lagrangian intersection curve intersection prmod morphism
vanishing cycle intersection form curves intersection numbers Cartan matrix
Floer cohomology dimension bigraded intersection number | p,mod morphism dimension
graded Lagrangian Grassmannian graded projective space graded projective modules

Table 1: List of Comparison of Terminology in type A setting.

See Table 1 for a comparison of the terminology appearing in [KS02]. A few categorification results follow:
the categorical braid group representation on Komb(dn—pTngod) categorifies the classical reduced Burau
representation [KT08; AKO09|, and the dimension of graded endomorphism algebra of projective modules
categorifies the intersection form of vanishing cycles in type A singularities, which is also the Cartan matrix
of type A Dynkin diagram. It is known that Burau representation of the type A braid group is equivalent
to the homological representation!” of the mapping class group of the punctured disc [KTO08] and is not
faithful for n > 5 [Moo091; LP93; Big99]. By lifting the punctured disc to a bigraded covering space inspired
by graded Lagrangian Grassmannian, the graded mapping class group of punctured disc acts faithfully on
the bigraded covering space. Similarly, the type A braid group injects into the graded symplectic mapping
class group of Milnor fibre because the graded dimension of Floer cohomology is related to the dimension of
graded module homomorphisms, which is also linked to the graded curve intersection numbers.

In Chapter 1 of this thesis, we generalise the results of the type A braid group in [KS02] to that of
the non-simply-laced type B braid group. We focus on the result in [HN19] where we utilise the strength
of degree 2 field extension to build a new zigzag algebra, as mentioned in the title, the type B zigzag
algebra to categorify the intersection form of vanishing (hemi)cycles in type B singularities and the type B
non-symmetric integral Cartan matrix (see Corollary 1.8.4) under the interpretation of dimension of graded
modules over different fields (see Corollary 1.8.2). Inspired by the folding of Dynkin diagrams'®, at Kiola
Conference 2019, Heng!? and the author defined a type B zigzag algebra %,, which, after a degree two scalar
extension, is isomorphic to 7, = C Qg %, (see Proposition 1.4.1). Subsequently, we defined the bounded
homotopy category Komb(%n—prgrmod) and the type B braid bimodule functors acting on the category.
The type B braid bimodule functors indeed defined the type B generalised braid group action on Komb(%’n—
prgrmod) (see Proposition 1.3.9 and 1.3.12). As in [KS02], the bimodules we used (see Proposition 2.6.7)
provided a functor realisation to the type B Temperley-Lieb algebra [Gre9§|.

Echoing the philosophy in the thesis title, the author is inclined to extend the story to the topology
analogous to what Khovanov and Seidel did. In the 1980s, Slodowy [Slo80b; Slo80a| introduced simple
singularities associated to inhomogeneous Dynkin diagrams using the Kleinian singularities together with
certain automorphisms on them. In particular, a type B simple singularity is defined as the type A singularity
associated with a Z/2Z-automorphism on it. While studying critical points of differential functions on
manifolds with boundary, Arnold also gave a definition for type B simple singularity on surfaces [Arn78;
AGV12b; AGV12a]. On the complex surface 22 +?" = 0, it is the involution (z,y) — (z, —y). After a generic
deformation of the complex surface, we were bound to consider the quotient space of the 2n-punctured disc
D4 by a m-rotation. Unsurprisingly, after some trials and errors, we worked out a similar map Lp (ref. the

17As an aside, homological representation refers to the study of the representation on the first fundamental group of the
punctured disc. On the contrary, homological algebra refers to the study of homology on chain complexes of modules.

18With a hint from Peter McNamara, University of Queensland.

19Heng is being acknowledged in the Acknowledgements section.
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left map in Theorem 0.0.1), which to curves in the quotient disc D%, | associates complexes in Komb(%n—
prgrmod). In addition, the type B braid group A(B,) appears in at least two ways as a subgroup of the
mapping class groups of punctured disc; one is a classical injection A(B,) — A(A,) into type A braid
group A(A,) and the other one A(B,) — A(A2,—1) with A(A2,-1) is given by Crisp [Cri99] from the
Dynkin diagram viewpoint or Birman and Hilden [BH73a| from the topological viewpoint. The latter helps
in connecting the categorical algebraic construction and the topological setting between type A and type B,
providing us with the following big intertwining picture:

Theorem 0.0.1 (= Proposition 1.5.5). The following diagram is commutative, and the four maps on the
square are A(By,)-equivariant:

AB.)  A(Aga) & A(By)
' )\/’ ‘\} !

Isotopy classes of admissible m Isotopy classes of admissible

. - . _ “ad
trigraded curves €% in Dﬁﬂ bigraded multicurves ga " in D2,
LBJ

|2
Komb(%n—prgrmod) Komb(%n,l—prgrmod)

RN PSRN
/ \ f \

\ 7 \ !
N _ o ~_ 7

A(B) A(Asn_1) & A(By)

%nfl ®.§3n -

Figure 0.0.0.1: The commutative diagram of Theorem 0.0.1. The first row is from Proposition 1.2.10 and
the second row is from Theorem 1.4.3.

It follows from the commutative diagram and the faithful type A categorical action that we indeed construct
a faithful type B categorical action.

Actually, we could have done the same as Khovanov and Seidel where the faithfulness result relies on
the intersection numbers, and we did! The author introduced the trigraded covering space for DZ 1 (in
Section 1.2.4) and graded intersection number for curves in D2 1 motivated by the homomorphism space of
corresponding module complexes (in Section 1.2.5). Not included in [HN19], the author just established that
the type B zigzag algebra 4, in fact, sit as an invariant algebra inside the type A zigzag algebra <%, 1
under the Z/2Z-action of the product group of Z/2Z-complex conjugation and the Z/2Z-automorphism of
the type A Dynkin diagram.

Theorem 0.0.2 (=Theorem 1.8.1). The type B zigzag algebra %, is the R-algebra of the invariant subal-
gebra, in other words, _

B Zr Hyn "y
under the Z/2Z-action of the product group of Z/27Z x 7./27 where the first group factor is coming from the
symplectic consideration and the second group factor is coming from the algebraic consideration.

This serves as another algebraic interpretation of definition of the type B zigzag algebra which seems rather
ad hoc at first sight. This result came out from the author’s effort in finding the geometric meaning of the
type B zigzag algebra in collaboration with Qiao?°.

Practising the chant of categorification, the bimodule category (4,, 2, )-bimod and similarly, (%,,, %, )-
bimod can be interpreted as a 2-category where the object is the single index n, the morphisms are bimodules,
and the 2-morphisms are the bimodule homomorphisms. Since the Temperley-Lieb algebra is a quotient alge-
bra of Hecke algebra and the bimodule functors in Komb(mfn—prgrmod) and Komb(%n— prgrmod) categorify a
(quotient of ) Temperley-Lieb algebra of an appropriate type, it is natural to look into their relations with the
category of Soergel bimodules. Originally, Soergel [Soe07] first introduced the category of Soergel bimodules
through the combinatorics of Harish-Chandra modules [Soe92] to categorify the Hecke algebra. This fact
here was first conjectured by Soergel (he verified it for finite Weyl group over field of certain characteristic)

20Qjiao is being acknowledged in the Acknowledgements section.
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and fully verified through a collective work [EK10; Elill; Elil6a; Elil6c; EW16a] mainly from Elias (a math
descendant of Khovanov) and Williamson (a math descendent of Soergel) using diagrammatic category de-
scription which finally led them to positivity conjecture of the Kazhdan-Lusztig polynomial?* [EW14]. A
nice introduction to Soergel bimodules can be found in the textbook [Eli4-20] and Libedinsky’s note [Lib19].

In Chapter 2 of this thesis, we upgrade the faithfulness result in Chapter 1 to a faithful 2-categorical
braid group action on the Soergel category. Building on his work [CRO8] with Chuang, Rouquier constructed
Rouquier complexes [Rou06] which he called the 2-braid group. He conjectured [Rou06, Conjecture 9.8] that
the 2-braid group categorifies the generalised braid group where he outlined a proof for the type A case in
[Rou06, Remark 9.9]. This proof for the type A braid group was carried out by Jensen (a math descendant of
Williamson) in his Master thesis [Jen14]| and subsequently extended in [Jenl7| using combinatorial methods.
Since we have type B zigzag algebra at our disposal, the content of Chapter 2 illustrates the use of the same
technique in [Jenl4] to construct a monoidal functor from the diagrammatic Soergel category [EW16a] to
our bimodule category (%, %, )-bimod and hence, the faithfulness result is carried across to the 2-category,
thereby proving the Rouquier conjecture for type B:

Theorem 0.0.3 (=Corollary 2.7.4). The type B 2-braid group decategorifies to the type B braid group.

In Chapter 3 of this thesis, we finally consider the wreath product zigzag algebra analogue of [KS02],
which is inspired by another 2-category, the Heisenberg category. In 2012, Licata (a math descendant of
Frenkel; my supervisor) and Cautis (a math descendant of Harris) defined a 2-category called Heisenberg
category [CL12|, which categorifies Heisenberg algebra and, together with Sussan (a math descendant of
Frenkel), constructed a braid group action on that category [CLS14]. The bimodule functors employd in the
braid group action there was regarded as a wreath analogue of the bimodule functor considered in [KS02].
Please refer [Khol4; LS12; LS13; LS15] for related definitions of Heisenberg category, [KLM19; Cau-+18b;
Cau-+18a] for algebras arising from Heisenberg category and paper series [Sav17; RS17; BSW20a; BSW21;
Sav19a; BSW20b; BSW22; MS18; QSY18; RS15a; RS15b; SY15; LS21] by Savage (a math descendant of
Frenkel) et al. on recent developments of Heisenberg category in more general settings.

However, it is the conjectural braid group action emerging from the categorified vertex operator [CL14]
with a similar line of argument generating braid group action from exponential of quantum algebra Cheval-
ley generators by Lusztig [Lusl0] that is related to the link homology. We are currently working on a
thick /idempotented calculus for the type A quantum lattice Heisenberg category in order to fully develop
the homological algebra part of the category [Pen71; Cvi08; Gon20; KS14; AW17a; AW17b; AW17¢c]. Even
on the chain group level, it heavily uses combinatorial gadgets like symmetric functions [Rut48; Macl5;
Mac98; Sta99; Eggl9; Pro07], tableaux identities [Ful97; Sag01; FHI1; GW09; Tun85|, g-calculus [Sta97;
AE04; HWO08], basic hypergeometric series [Ernl12], and many more that the author is still searching...

The final question we will answer in this chapter is whether a chain complex can be associated to a
multicurve analogue of [KS02] via Heisenberg categorification. In the last chapter, we give a partial solution
to the problem posed by my supervisor, Licata. Instead of a chain complex, we associate a set of chain
groups to a crossingless matching without differential (in Section 3.6). In other words, we construct a graded
Fock vector living in Fock space representation of Heisenberg algebra over the Laurent ring Z[t,t~!] given
a crossingless matching. This is done by using combinatorial tools like Gaussian polynomial [AE04| and
partition statistics from Kostka polynomial [Hag08].

We conjecture that the span of the graded Fock vector coming from crossingless matchings forms a
Temperley-Lieb representation (see Conjecture 3.6.5). Since every link can be represented by a braid plat
closure [Bir74], we may potentially obtain a new presentation of the Jones polynomial [Jon85; Jon91] from the
above Temperley-Lieb representation lying in the Fock space representation of Heisenberg algebra (see Con-
jecture 3.6.6). This is done through Kauffman’s diagrammatic braid group representation into Temperley-
Lieb algebra [Kau87; Kaul3] inspired by state models [Kau83].

Conjecture 0.0.4 (=Conjecture 3.6.5 and 3.6.6). The span of the graded Fock vector coming from crossin-
gless matchings forms a Temperley-Lieb representation and hence, produces a new presentation of the Jones
polynomial in Fock space representation.

The entire construction above admits a 2-category description where the endomorphism of certain modules
can be related to Khovanov arc algebra [Kho02], which in fact, is the original motivation of the project.

21Kazhdan-Lusztig polynomial is the coefficient of Kazhdan-Lusztig basis element expressed in terms of the basis elements
indexed by Coxeter group generators [KL79].
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Chapter 1

The Type B Zigzag Algebra.

1.1 Background and Outline of the Chapter

Eager readers can skip this section for the subsequent result sections. This section consists of part of the
introduction in [HN19]. The background here provides a detailed comparison between the existing literature
for the recent development of the subject after the publication of [KS02] and a more concise summary of the
chapter, which was not covered in the preface. We also inform some upcoming works inspired by the work
of this chapter.

In the seminal work [KS02|, Khovanov-Seidel introduced a categorical action of the type A, Artin
braid group A(A,,), where the group acts faithfully by exact autoequivalences on Komb(ﬂm—pTgrmod),
the homotopy category of projective (graded) modules over the type A,, zigzag algebra «,. Moreover,
they showed that this braid group action on Komb(ﬁfm—prgrmod) is fundamentally related to the mapping
class group action on curves on the punctured disc. More precisely, they constructed a map L4 that
associates complexes of projective o7,-modules to isotopy classes of curves in the disc, and showed that L4
intertwines the categorical action of A(A,,) on complexes with the mapping class action of A(A,,) on curves.
Furthermore, the geometric intersection number between two curves ¢; and ¢y can be computed from the
dimension of their corresponding total Hom space HOM* (L 4(c1), La(c2)). This may be seen as a bridge
connecting two fundamental appearances of the same group: the former as the Artin group associated to
the type A Coxeter group, and the latter as the mapping class group of the punctured disc.

Another family of Artin groups which also appear as mapping class groups, are the type B Artin groups
A(B,,). To this end, Gadbled-Thiel-Wagner developed a type B analogue of the Khovanov-Seidel construc-
tion in [GTW17]. However, their story is more accurately stated using extended affine type A Artin groups
A(A,_1). Although the groups A(B,,) and A(A,,_;) are indeed isomorphic, they have rather different origins;
both algebraically and topologically. When interpreted as Artin groups, they are given by different Artin
presentations corresponding to different Coxeter diagrams. Although they are both mapping class groups of
an (n + 1)-punctured disc (fixing one of the punctures), their corresponding natural affine configurations of
the disc are different (see Figure 1.1.0.1).

The goal of the present chapter is to develop a proper (non-simply-laced) type B analogue of the construc-
tions given by Khovanov-Seidel and Gadbled-Thiel-Wagner. To this end, we introduce a (finite dimensional)
quotient of a quiver algebra %, over R, which we call the type B,, zigzag algebra. Unlike in type A and
extended affine type A, the root system of type B is no longer simply-laced. As a result, the definition of
the type B zigzag algebra is somewhat subtle — the indecomposable projective %,,-module whose class in
the Grothendieck group is a short simple root will only have the structure of a R-vector space, while all the
other indecomposable projective %,,-modules whose classes are long simple roots will actually be C-vector
spaces. Note that this is somewhat reminiscent of the following non-simply-laced extension in quiver theory:
by studying representations of K-species [Gab73] instead of quivers (the base field are allowed to be differ-
ent at each vertex), the finite type K-species are characterised by all (including non-simply-laced) Dynkin
diagrams [DR75, Theorem B]. The relevance of %,, to Coxeter theory is provided by the following theorem:

Theorem 1.1.1 (= Theorem 1.3.13 and Theorem 1.4.6). The homotopy category of projective graded modules
Komb(%n—prgrmod) carries a faithful (weak) action of the type B,, Artin group A(By,).

1



2 CHAPTER 1. THE TYPE B ZIGZAG ALGEBRA.

(a) For type B. (b) For extended affine type A.

Figure 1.1.0.1: Two different affine configurations of the (n + 1)-punctured disc corresponding to the action
of A(B,) and A(A,,_), where the puncture labelled ‘0’ is fixed.

Similar to the works of Khovanov-Seidel and Gadbled-Thiel-Wagner, we establish the following results that
relate the categorical notions to low-dimensional topology:

Theorem 1.1.2 (= Theorem 1.5.7 and Proposition 1.7.3). There exists a map L that associates complezes
in Kom®(Bp-prgrmod) to curves in the (n+ 1)-punctured disc. This map Lp is A(By)-equivariant, inter-
twining the A(B,)-action on curves and the A(By)-action on complezes in Komb(%n-prgrmod). Moreover,
the (trigraded) intersection number between two curves ¢ and co is given by the Poincaré polynomial of the
total Hom space between Lp(c1) and Lp(cz).

One main feature of our work contrasting that of Gadbled—Thiel-Wagner is an explicit realisation of a
well-known connection between type B and type A. To explain this, recall that the type B, Artin group
is known to be a (proper) subgroup of the type A,,_;1 Artin group: algebraically the embedding is induced
from a folding of Coxeter diagrams [Bri73]; topologically the embedding is obtained by lifting through
the double-branched cover of a (n + 1)-punctured disc DZ,; by a 2n-punctured disc D4, [BH73b|. The
topological interpretation induces a A(By,)-equivariant map m that takes curves in the (n 4+ 1)-punctured
disc to multicurves in the 2n-punctured disc, defined by taking the preimage of the covering map. Our work
includes a categorical interpretation of this map m, given by a scalar extension functor:

Theorem 1.1.3 (= Proposition 1.4.1 and Theorem 1.5.1). The type B zigzag algebra %, (over R) algebra
is isomorphic to Khovanov-Seidel type A zigzag algebra o5, 1 after extending scalars to C, namely

CRr By = ooy_1 as C-algebras.

This induces a scalar extension functor otan_1 @, —, which renders the diagram in Figure 1.1.0.2 commu-
tative, with all four maps on the square A(By,)-equivariant.

We would like to mention here that the construction of the type B zigzag algebra in this chapter can be
easily modified to allow for other Lie-type Dynkin diagrams, particularly for types C, Fy, and G5 (where for
label 6 one uses a field extension of degree 3 instead). Together with the simply-laced constructions [HKO01;
LQ21], this (only) covers all of the Lie-type Dynkin diagrams. To the best of our knowledge, there is no easy
generalisation of this construction via (finite-dimensional) algebras that encapsulates all Cozeter diagrams;
not even for the finite types H and Is(k). A different construction via algebra objects in fusion categories
that allows for arbitrary Coxeter diagrams will be provided in Heng’s PhD thesis.

Finally, recall that the type A,, zigzag algebra has a geometric origin: it is quasi-isomorphic as a differ-
ential graded algebra (dga) with zero differential to the dga associated to an A, -chain of spherical objects
[STO1]. In particular, it is quasi-isomorphic to the Fukaya A..-algebra of the Donaldson-Fukaya category
corresponding to the Milnor fibre of type A singularities [Sei08]. Type B singularities have also been studied;
from Arnold’s symplectic point of view [Arn+98; AGV12b] as boundary singularities and from the algebraic
geometry point of view by Slodowy [Slo80a; Slo80b] as simple singularities associated with a Z/2Z-group
action. We expect our type B zigzag algebra to have a similar geometric origin as in the type A case. This
is an ongoing work of the author with Qiao.
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A(Br) A(Azp-1) <= A(Bn)
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Figure 1.1.0.2: The commutative diagram of Theorem 1.1.3. The map m is obtained by lifting curves in
DB 1 to multicurves in D4, through the double-branched cover D%, — D2 1. The map Lp (resp. Ly) is as
in Theorem 1.1.2 (resp. [KS02, Theorem 4.3]).

Outline of the chapter

Section 1.2 contains all the topological side of this chapter. We describe the double-branched cover of DZ,
by D4, which induces an injection of groups ¥ : A(B,) < A(As,_1). Within this section, we also make
explicit the definition of curves and admissible curves, and also introduce the notion of trigraded curves —
the type B analogue of the bigraded curves for type A. The construction of the A(B,,)-equivariant map m,
which lifts trigraded curves to bigraded multicurves can be found in Section 1.2.8. We also introduce the
notion of a trigraded intersection number of trigraded curves — the type B analogue of bigraded intersection
number of bigraded curves, and relate the two through the map m.

Section 1.3 is where the zigzag algebras are defined. We start by recalling the type As,_1 zigzag C-
algebra o, _1 as defined in [KS02] (with a minor change in grading) and describe the A(As,_1)-action on
Komb(%n,l—prgrmod). We then define our type B, zigzag R-algebra %, and describe the corresponding
A(By,)-action on Komb(%n—prgrmod). We end this section by describing the functor realisation of the type
B,, Temperley-Lieb algebra given by certain (48,,, %, )-bimodules.

In Section 1.4, we develop the algebraic analogue of m, given by an extension of scalar functor %, 1 ®g,,
—. In particular, we show that there is an injection %, — 9%,_1 of R-algebras, which induces an extension
of scalar functor @%,,_1®z, — : Bn-mod — b, _1-mod and thus on their homotopy categories. We will then
show that the functor o, 1 ®¢, — is A(B,,)-equivariant, with the A(B,,)-action on Komb(%n_l-prngod)
induced by the injection ¥ as defined in Section 1.2. This in turn, allows us to deduce the faithfulness of
the A(B,,) categorical action by using the faithfulness of the A(As,_1) categorical action proven in [KS02].

Section 1.5 is where we prove the remaining pieces of Theorem 1.1.3. We recall the A(A,,)-equivariant
map L4 that associates admissible complexes to curves as in [KS02| and construct the type B analogue
map Lp in a similar fashion. To show that Lp is A(B, )-equivariant and that the diagram in Theorem 1.1.3
commutes, we will begin with the latter, which will allow us to derive the former.

Section 1.6 contains the decategorified version of the main theorem (see Theorem 1.6.3 for the corre-
sponding diagram). Namely, just as the A(A,,) action on Kom®(.%,-p,g,mod) categorifies the Burau rep-
resentation (which can be described as a representation on the first homology of an explicit covering space
of D4 ), we show that the categorical action of A(B,) on Kom®(Z,-p,g,mod) categorifies a representation
on (a submodule of) the first homology of an explicit covering space of D 1

Section 1.7 is where we relate the trigraded intersection numbers of (admissible) curves and the Poincaré
polynomial of the homomorphism spaces of their corresponding complexes.

Section 1.8 is where we prove the type B zigzag algebra as an invariant algebra over R of the type A zigzag
algebra (see Proposition 1.4.1). Moreover, we show that the endomorphism space of projective modules over
the type B zigzag algebra categorifies the type B intersection form (see Corollary 1.8.2) and the type B
Cartan matrix (see Corollary 1.8.4).
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1.2 Artin Groups of Type B, and Type A,, 1 as Mapping Class
Groups

In this section, we will first describe type A and type B Artin groups using generators and relations.
After that, we associate these two Artin groups to mapping class groups of surfaces. We then introduce
trigraded curves and trigraded intersection numbers as trigraded analogues of bigraded curves and bigraded
intersection numbers in [KS02, Section 3b]. Finally, we construct a A(B,,)-equivariant lift of the isotopy
classes of trigraded curves to the isotopy classes bigraded multicurves.

1.2.1 Artin groups by generators and relation

An Artin group associated to a Coxeter graph I' is a group defined by generators and relations according to
the data of the graph I'. In this chapter, we shall only concern ourselves with the Artin groups associated to
the type A and type B Coxeter graphs. As such, we shall explicitly define them below, and refer the reader
to [KT08] and [BBO05| for a more extensive theory on Artin groups.

For m > 2, the type A,, Artin group A(A4,,) associated to the type A,, Coxeter graph

O R o0—0—0
1 2 3 4 m-2 m-1 m
is the group generated by
01,02, 7071141
subject to the relations
UJAJ]? O']?(TJA, for |j — k| > 1; (1.2.1)
0;4034+1aj‘4 ;4+10A0j+1, forj=1,2,...,m—1. (1.2.2)

Note that A(A,,) is the usual (m + 1)-strand braid group Bry,11.
For n > 2, the type B,, Artin group A(B,,) associated to the type B,, Coxeter graph

4
0 O—---m--- O0—O0—0
1 2 3 4 n-2 n-1 n
is the group generated by
01,02, 705
subject to the relations
oBoloBol = 6BoPeBob, (1.2.3)
olof =opo), for [j — k| > 1; (1.2.4)
ofob ol =oP oPal |, for j =2,3,...,n—1. (1.2.5)

1.2.2 Mapping class groups of discs with marked points

Suppose S is a compact, connected, oriented surface, possibly with boundary dS, and A C S\9S a finite set
of marked points. We denote such a surface as (S, A) and we will just write S if the associated A is clear
from the context. Let A C A be a subset. Denote by Diff(S, 8S; A™) as the group of orientation-preserving
diffeomorphisms f : S — S with f|ssuaie = id and f(A) = A. If A = (), then we write Diff(S,dS) :=
Diff(S, 0S;0) for simplicity. We then define the mapping class group MCG(S, A¥) of the surface S with
a set A of marked points fixing elements in A pointwise by MCG(S, A™) := 7 (Diff(S, 0S; A™)). In a
similar fashion, if A" = (), we denote the mapping class group of S by MCG(S) := MCG(S, #). We will just
write MCG(S) if those conditions are clear from the context. The elements of MCG(S) are called mapping
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classes. We shall see that both Artin groups from Section 1.2.1 appear as mapping class groups, where we
refer the reader to [FM12] for a more detailed exposition on this.

Branched covering of DZ,, by D,

Consider the following closed disc D4, := {z € C : ||z|| < n + 1} embedded in C, equipped with the set
={-n,...,—1,1,...,n} of 2n marked points, as drawn in Figure 1.2.2.1a.

Let r : D2 — D4 be the half rotation of the disc D4, defined by r(z) = —x for x € D4, . Consider the
group R = 7./27 generated by r and its action on D4 . It is clear that each € D4 \{0} has a neighbourhood
U, such that (U,) N U, = (). In this way, the quotient map g, : D, — D4\ /(Z/27Z) to its orbit space is a
normal branched covering with branched point {0} [Pie96]. From now on, we will denote D5, as the orbit
space (D4,) /(Z/2Z), and A = {[0],[1],[2], - ,[n]} as the set of n + 1 marked points in DZ, ;. To simplify
notation and to help us picture the orbit space D5 1, to each equivalence class in DB 1 we always pick the
element with positive real part as the representative whenever possible (i.e. as long as the equivalence class
does not contain points on the imaginary line). This way, we shall abuse notation and denote the set of
marked points A as {0,1,2,--- ,n}. Figure 1.2.2.1b illustrates how we will be picturing DEJFD where the two
oriented green lines are identified.

(b) The orbit space DY, := (D3,)/(Z/2Z) with
(a) The disc D3, with marked points A. marked points A.

Figure 1.2.2.1: The affine configurations of the two discs.

Artin groups as mapping class groups
By construction, the marked points on D2, and DZ, ; are subsets of Z. Therefore, we enumerate the marked

points on the disc by increasing sequences of points. Let g; (resp. b;) be the horizontal curve connecting the
j-th marked point and (j + 1)-th marked point in D2, (resp. DZ, ) for 1 < j < 2n (resp. 1 < j <n+1).

CQD

) A half twist ¢ (similarly ¢? ) A full twist (£ )>.

Figure 1.2.2.2: The twists in D4, and ]D)

The group A(Asz,-1) is isomorphic to the mapping class group MCG(D’QL‘n) of a closed disc D2, with

2n marked points. The generator ¢4 corresponds to the half twist [ .| along the arc o;. Here, t is a

J
diffeomorphism in D4, rotating a small open disc enclosing the j-th and ( j—i—l) th marked points antlclockvvlse
by an angle of 7, permutmg the two enclosed marked points, whilst leaving all other marked points fixed;
see Figure 1.2.2.2a.

Similarly, the group A(B,) is isomorphic to the mapping class group MCG(DZ,;, {0}) of a closed disc

D3 1 with n + 1 marked points, fixing the point {0} pointwise. The generator 0P corresponds to the full

twist [(t7 )?] along the arc by, and for 2 < j < n, each generator o correspond to the half twist [t{fj | along

J
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the arc b;. Here, th; is a diffeomorphism in Dfﬂ rotating a small open disc enclosing the j-th and (j + 1)-th
marked points by an angle of 7 anticlockwise as illustrated in Figure 1.2.2.2a. As a result, it interchanges
the j-th and (j + 1)-th marked points and leaves the other points fixing pointwise. Consequently, (¢}})? is a
diffeomorphism rotating a small open disc enclosing the marked points 0 and 1 anticlockwise by an angle of
27 leaving all the marked points fixed, as shown in Figure 1.2.2.2b.

Injection of MCG (DZ,,,{0}) into MCG (D%},)

A diffeomorphism fZ in Diff(DZ,,,{0}) can be lifted to a unique fiber-preserving diffeomorphism f4 in
Diff(D4.,) via the branched covering map qp,. Similarly, an isotopy in D2 1 can be lifted to an isotopy in
D%, \{0}. As such, we have a well-defined map ¥ on the mapping class groups from MCG(DZ, ,,{0}) —
MCG (]D)g‘n) defined by lifting the mapping class of fZ to the mapping class of f4. More concretely, using the
standard presentation of the groups, ¥ is given by o mapping to o4 and af mapping to Uﬁ—&-j—lo—ff(g’fl) for
J > 2. In fact, the image of the map ¥ is generated by fiber-preserving mapping classes in MCG,, (]D)QAn) . By
[BH73b, Theorem 1], we know that any fibre-preserving diffeomorphism f# which is isotopic to the identity
possesses a fiber-preserving isotopy to the identity, which can then be projected to D2 1 to get the isotopy
fB ~id. Therefore, we have the following well-known result:

Proposition 1.2.1. The homomorphism ¥ : MCG (DB, |, {0}) — MCG(D4),) defined by

[tfn}, fori=1;
A

A .
bn+'i71tbn—(i—l):| ’ fO’/‘ i>2

18 injective.

U([ty]) = {

1.2.3 Curves and geometric intersection numbers

Here we collect the definitions of curves and geometric intersection numbers as defined in [KS02, Section 3a].
Let (S,A) be a surface with marked points as in Section 1.2.2. A curve ¢ in (S, A) is a subset of S that is
either a simple closed curve in the interior §° := S\(9S U A) of S and essential (non-nullhomotopic in §°),
or the image of an embedding v : [0,1] — S which is transverse to the boundary 98 of S with its endpoint
lying in OSUA, that is, y"1(OSUA) = {0, 1}. In this way, our defined curves are smooth and unoriented. A
multicurve in (S, A) is the union of a finite collection of disjoint curves in (S, A). We say two curves ¢y and
¢y are isotopic if there exists an isotopy in Diff(S,9S8; A) deforming one into the other, denoted by ¢o ~ ¢;.
Note that the points on dS U A cannot move during an isotopy. Therefore, we can partition all curves in
(S, A) into isotopy classes of curves. Two multicurves cg, ¢; are isotopic if they have the same number of
disjoint curves, and each curve in ¢ is isotopic to one and only one curve in ¢;. Two curves cg, ¢; are said to
have minimal intersection if given two intersection points z_ # zy in ¢g N ¢y, the two arcs ag C ¢p, a1 C 1
with endpoints z_ # z4 such that ap Na; = {2_, 24} do not form an empty bigon (the bigon contains no
marked points) unless z_, z; are marked points. Two multicurves cg, ¢; are said to have minimal intersection
if any two curves ¢y C ¢p and ¢; C ¢; have minimal intersection (see Figure 1.2.3.1).

Figure 1.2.3.1: The dotted curves and solid curves belong to different multicurves. The multicurves in (A)
and (B) do not have minimal intersection, whereas the multicurves in (C) and (D) do.

Observe that given two arbitrary curves cg, ¢y in (S, A), we can always find a curve ¢} ~ ¢; such that cg
and ¢} have minimal intersection. Given two curves ¢y and ¢ in (S, A), we define the geometric intersection
numbers I(co,c1) € %Z as follows:

I(co,e1) = { 2, if ¢y, c1 are closed and isotopic; (1.2.6)

[(co NEAD\Al+ 31(con ) NA|, if conch NoD = 0.
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By [KS02, Lemma 3.2] and [KS02, Lemma 3.3], the definition is indeed independent of the choice of ¢].
Moreover, note that the definition above doesn’t depend on the orientation of S and is symmetric. We
extend the definition of geometric intersection numbers for multicurves by just adding up the geometric
intersection numbers of each pair of curves ¢y C ¢g and ¢; C ¢;.

1.2.4 Trigraded curves in D7,

In this subsection, we shall extend the notion of bigraded curves and bigraded intersection numbers defined
in [KS02, Section 3d] to trigraded curves and trigraded intersection numbers (see also Section 1.2.7).

Let us remind the reader that we equipped the disc D4, with the set of marked points A = {—n,..., —1,
1,...,n} and the disc ]D)EH with the set of marked points A = {0,1,...,n}. Consider another set of marked
points Ag = AU {0} in the disc Dj,. Fix the notation as follows: D¥ := PT (DF,; \ A), and D3, :=
PT (D%, \ Ag) where PT(-) denotes the real projectivisation of the tangent bundle of the respective discs
by taking an oriented trivialisation of its tangent bundle. We can then identify @ﬁo =~ RP' x (D4, \ Ag) .
In D4\ Ag, pick a small loop A; winding positively around the puncture j € Ag. In this way, the classes
[point x \;] and [RP' x point] form a basis of H; (DA,; Z). From [Hat02, The Universal Coefficient Theorem
for Cohomology], we can then build the covering space f)’go of Z)go classified by the cohomology class
Co € H(DR,;Z x Z) defined as follows:

Co([point x Xg]) = (0,0); (1.2.7)
Co([point x A\;]) = (-2,1), forj=-—n,...,—1,1,...,n; (1.2.8)
Co([RP* x point]) = (1,0). (1.2.9)

In fact, 5&0 is a covering for D¥ with group of deck transformation Z x Z x Z/27Z, as explained in the
following lemma.

Lemma 1.2.2.

1. Under the action of the rotation group R generated by the half rotation r, the quotient map q : Dg \
Ag — ]DDEH \ A is a normal covering space with deck transformation group R = Z/27.

2. The composite 5&0 LN @go 3, @E is a normal covering, where q is the normal covering map induced
by the quotient map q on the disc component and the identity map on the RP* component.

8. The group of deck transformations for the covering space 35&) RALN DB is Zx 7 x 7L)27.

Proof. The proofs of (1) and (2) are straightforward and we leave them to the reader.

We will now prove (3). Since the covering q o p is normal, its deck transformation group G is given by

T B
G ()IEQA(%A)) Observe that we have the following commutative diagram of short exact sequences:
g«0Px )| m1 Ao
1 1 1

1 — m(D4,) 2 m(94,) Lo zxz — 1

lq * l’q‘I

1 — m(@4,) &5 n(9F)

-l

—_
—— O —

N

~

[\)

N

N

~

[\)

N

—
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where Z x Z is the deck transformation group of the covering p, Z/27Z is the deck transformation group of
the covering ¢, and g, is the map induced by q.. We shall show that the rightmost column of short exact
sequence is left-split; namely we shall construct a map ¢ : G — Z X Z such that @ o g, = id:

1*>Z><Z£>G*>Z/2Z—>l,
-
7

which shows that G =2 Z x Z x Z/27 as required.

We shall first define a map ¢ : m (D) — wl(Dﬁo) and show that Cj o ¢ factors uniquely through the
quotient G, which we will define to be our map @ : G — Z x Z. We pick loops A; C D4\, \Ag and ¢; C DB, |\ A

as in Figure 1.2.4.1.

Figure 1.2.4.1: The loops chosen for the fundamental groups of D3, \ Ao (left) and DZ, , \ A (right).

The induced map g, : m (D4, \ Ag) — m1(DZ; \ A) on the fundamental groups satisfies

[€o o Lo], for j = 0;
@ (\]) = [(Goly - )5 (652 - 071 )], for —n < j < —1;
(A, for1<j<n.

Now define ¢ : m (DF) — 7r1(©£0) by sending

[point x £y] — [point x Aol;
[point x £;] — [point x A, for all j € {1,...,n}, and;
[RP! x point] — [RP' x point].

We claim that Cy o 9 o q. = Cy. Firstly, note that Cy o ¢ o q.([point x Ag]) = 0 = Cy([point x Ao]), and
@ 0 q.([RP" x point]) = [RP* x point] by construction. Moreover, for j € {—n,...,—1,1,...,n},

(poq.)[point x \;] =
[point x XAy - -+ Aj_1][point x X;)][point x oAy -+~ Aj_1]7t, for —n < j < —1;
[point x A, for 1 <j <n.

Since Cy maps to Z x Z, which is abelian, we have that, from (1.2.8),
(Co o poq.)[point x \j] = Co[point x ;)] = Colpoint x \;].

This shows that Cy o poq, and Cy agrees on all generators of 7T1(©£0)7 and so are equal. This implies that

(Coopoq.op) (m®L,)) = (Coop.) (m(DL,) =0.

As such, Cy o ¢ factors uniquely through the quotient G, and we denote this map by ¢ : G — Z x Z. By
definition, g, is uniquely determined by the images of [point x \{], [RP! x point] € ﬂl(Qﬁo) under q. It is
easy to see now that @ o q, = id by the construction of @. Q.E.D.

Note that every f € Diff(DF;,{0}) preserves the class Cj and therefore can be lifted to a unique
equivariant diffeomorphism f of @gg that acts trivially on the fibre of @goover all points in T,DZ |, for
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z € ODP ;. Furthermore, every curve ¢ in DZ, ; admits a canonical section s, : c\A — @gg defined by

sc(z) = T,c. We define a trigrading of ¢ to be a lift ¢ of s, to 5&) and a trigraded curve to be a pair (¢, ¢)
consisting a curve and its trigrading; we will often just write ¢ instead of (¢, ¢) when the context is clear.

We denote the Z X Z x Z/2Z-action on ’}5&) by xZ. On top of that, we can easily extend the notion of
isotopy to the set of trigraded curves where x® and MCG (D%, ,,{0}) have induced actions on the set of
isotopy classes of trigraded curves. In particular, for [f] € A(B,) = MCG(D5,,,{0}) and a trigraded curve

& [f1(6):=foeo f71: f(e)\A = DY,
Lemma 1.2.3.
1. A curve ¢ admits a trigrading if and only if it is not a simple closed curve.

2. The Z x Z x Z/2Z-action on the set of isotopy classes of trigraded curves is free. Equivalently, a
trigraded curve ¢ is never isotopic to x(r1,72,73)¢ for any (r1,712,73) # 0.

Proof. This is essentially the same proof as in [KS02, Lemma 3.12 and 3.13]. Q.E.D.

Lemma 1.2.4.

1. Let c be a curve in DE | which joins two points of A\{0}, t. € MCG (DE,,,{0}) the half twist along
it, and L. its preferred lift to @go. Then, t.(¢) = xB(—1,1,0)¢ for any trigrading & of c.

2. Let ¢ be a curve in ]D)EH which joins two points of A with one of them being {0}, t. € G the full twist
along it, and t. its preferred lift to ’D’go. Then, t.(¢) = xB(—1,1,1)¢ for any trigrading ¢ of c.

Proof. The proof of (1) is as in [KS02, Lemma 3.14]. We will now prove (2). Let 3: [0,1] — DZ,; \ A be an
embedded vertical smooth path from a point 8(0) € 9D, , to the fixed point 3(1) € ¢ of ¢.. Note that we
have £.(¢) = x(r1,72,73)¢ as t.(c) = c. Consider the closed path & : [0,2] — @go given by

o {PL®IW), i<
TWEIRg2 -1, it

where RG'(s) C TB(S)Dg‘n. The above situation is illustrated in Figure 1.2.4.2. Then, we compute (r1,72,73) =
C([k]) = C([RP* x points]) + C([points x o] + C([points x A;]) = (—1,1,1). Note that [x] only picks up
one copy of [RP" x points] due to the nature of the disc D5, ;. Q.E.D.

0.1 .
Bl

Figure 1.2.4.2: The action of full twist around curve joining {0} and another point in A.

1.2.5 Local index and trigraded intersection numbers

Mimicking the definition of local index for bigraded curves in [KS02, pg. 225|, we shall define the local index
of an intersection between two trigraded curves. Suppose (¢, ) and (c1, ¢1) are two trigraded curves, and
z€DE \ODE,, is a point where ¢y and c; intersect transversally. Take a small circle ¢ C DZ ; \ A around
z and an embedded arc « : [0, 1] — ¢ which moves clockwise around ¢ such that «(0) € ¢g and «(1) € ¢; and
a(t) ¢ coUcy for all t € (0,1). If z € A, then « is unique up to a change of parametrisation, otherwise, there
are two choices which can be told apart by their endpoints. Then, take a smooth path & : [0,1] — D% with

k(t) € (Df)a(t) for all ¢, going from x(0) = Ty gyco to k(1) = T,(1yc1 such that k(t) = Tyl for every t.
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One can take £ as a family of tangent lines along a which are all transverse to £. After that, lift  to a path
£ :[0,1] — DF with %(0) = é((0)); subsequently, there exists some (u1, po, 13) € Z x Z x Z/27 such that

er(a(1)) = X (1, pz, p3)(1), (1.2.10)

as ¢1(a(1)) and &(1) are the lift of the same point in D¥. To this end, we define the local index of ¢y, & at

Z as
utrigr(éo,él;z) = (1, po, pu3) € Z X Z X 7 27Z.

It is easy to see that the definition is independent of all the choices made.

The local index has a nice symmetry property similar to [KS02, pg. 227], namely:

Lemma 1.2.5. If (¢, ¢o) and (c1,¢1) are two trigraded curves such that ¢y and ¢1 have minimal intersection,

then .
) (17070) - ,ut”gr(éo»él;z)7 ZfZ ¢ A7
,utrlgr(élaéo; Z) = (07 170) - IU/t”:gT(éO)él; 2)7 ZfZ S A\{0}7
(la 07 1) - :ut’mgr(é();él; Z)a ’LfZ € {O}

Proof. The first two formulae are essentially the same as in [KS02, pg. 227] and can be proven in a similar

fashion, which we omit the details. The third formula can be verified using Figure 1.2.5.1. Q.E.D.
4 co
K
0
C1

Figure 1.2.5.1: Two curves ¢y, ¢1 intersecting at {0}.

Let ¢y and ¢; be two trigraded curves that do not intersect at ODZ ;. Pick a curve ¢} ~ ¢; which intersects
minimally with ¢y. Then, by Lemma 1.2.3, ¢} has a unique trigrading & of ¢} so that ¢ ~ ¢ . We define the
trigraded intersection number 11797 (¢y,¢1) € Z[qfl, q27%1,q3)/{q3 — 1) of &y and & as follows:

o if ¢; ~ x(r1,72,73)C0 With (r1,72,73) € Z X Z X Z/27Z and ¢o N ¢; N {0} non-empty, then

179" (G, 1) = ' 0557 (1 + ) (1:211)

e otherwise

It”gT(éo,él) _ (1 + Q3)(1 + ql_qu) Z q,lltl(Z)qétz(Z)qgs(Z)
z€(coNc))\A

++g) > PP (1.2.12)
z€(coNecy)NA\{0}

z€(coney)N{0}

The fact that this definition is independent of the choice of ¢} and is an invariant of the isotopy classes of
(Co, ¢1) follows similarly as in the case of ordinary geometric intersection numbers.

Lemma 1.2.6. The trigraded intersection number has the following properties:

(T1) For any f € Diff (DY 1,{0}), I'"9"(f(¢0), f(¢1)) = I'"9" (G, &1).

(T2) For any (r1,r2,73) € Z X L X Z/2Z,
I (Eg, x(r1,m2,73)¢1) = I (x (=11, —7T2,73)C0, ¢1) = q1 @52 q5* 19" (¢o, ¢1).
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(T3) If ¢, c1 are not isotopic curves with {0} as one of its endpoints, coNey ﬂl(“)]D),EfH =0, and 197 (¢g, &) =
—T1 —T2 T3

T1 T2 T3 trigr (s, x ) —
Zrl,m,rg Qry,rarsdy 427437 then I™9 (Cl,Co) - 27"1,1”2,7"3 Qry,rarsd; 92 a3
If co, c1 are isotopic curves with {0} as one of its endpoints, coNep N GDE_H =0, then I*"97(&1,¢0) =
Izﬁmgr(é07 él)

Proof. For (T1) and (T2) these can be proven using a simple topological argument which we omit. For (T3),
this is a consequence of Lemma 1.2.5. We point out that the term (1+¢; 1q2q53) in the definition of trigraded
intersection numbers for two curves that intersect at the point {0} is essential for property (T3). Q.E.D.

1.2.6 Admissible curves and normal form in D7,

Following [KS02, Section 3b and 3e|, we introduce the notion of (trigraded) admissible curves in DZ, ; and
their normal forms. Other than the extra consideration of trigradings, the main difference lies in the normal
forms of (trigraded) admissible curves in the region containing the marked point 0; see Figure 1.2.6.4.

We fix the set of basic curves by, ...,b, and choose vertical curves dy,...,d, as in Figure 1.2.6.1, which
divide DZ,; into regions Dy, ..., D,1. Note that unlike in [KS02], none of our basic curves touches the
boundary of the disc D%, ;.

A curve c is called admissible if it is equal to f(b;) for some 0 < j < n and some diffeomorphisms
f € Diff (D, {0}). Note that the endpoints of ¢ must then lie in {0,...,n}; conversely, every curves which
start and end at {0, ...,n} are admissible. Moreover, the two (distinct) orbits O([b1]) and O([b2]) under the
action of A(B,) = MCG(DE,,,{0}) partition the set of isotopy classes of admissible curves.

If an admissible curve c in its isotopy class has minimal intersection with all the d;’s among its other
representatives, then we say that c is in mormal form. A normal form of ¢ is always achievable by performing
an isotopy.

di da ds

Figure 1.2.6.1: The curves b; and d; in the aligned configuration with regions D;.

Let ¢ be an admissible curve in normal form. We use the same classification as in [KS02, Section 3e]
to group every connected components of ¢ N D; into finitely many types. For 1 < j < n, the classification
is exactly the same as in [KS02, Section 3e|: there are six types for the case 1 < j < n — 1 as depicted
in Figure 1.2.6.2; whereas for j = n, there are two types as shown in Figure 1.2.6.3. At j = 0, we have
two possible types as depicted in Figure 1.2.6.4, where they are drawn slightly different due to the nature
of Dy; compare Type 2’ in Figure 1.2.6.2 and Type 2” in Figure 1.2.6.4'. Note that an admissible curve ¢
intersecting all the d; transversely with each connected component of ¢ N D; belonging to Figure 1.2.6.2,
Figure 1.2.6.3, and Figure 1.2.6.4 is already in normal form.

For the rest of this section, ¢ will be an admissible curve in normal form. We call the intersections of ¢
with the curves d; crossings and denote them cr(c) = c¢N(dgUdy U...Ud,_1). Those intersections ¢ N d;
are called j-crossings of c. For 0 < j < n, the connected components of cN D; are called segments of c.
If the endpoints of a segment are both crossings, then it is essential.

I Technically, the difference between Type 2’ and Type 2” lies in the their trigradings when we consider trigraded curves
later on.
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(r1,r2,r3) (r1t1rora)
PY [ J
(r1+1,rg-1,rg) (r17r2,r3)
Type 1 Type 1’
(r1,r2,r3) (r1+1,rp-1,r3)
(r1+1,r2-1,r3) (r1,r2,r3)
Type 2 Type 2’
(r1,r2,13) h—{ (r1,r2,13)
Type 3 Type 3’

Figure 1.2.6.2: The six possible types of connected components ¢ N Dj, for ¢ in normal form and 1 < j < n.

(r1,r2,r3)
)
(r1+1,r2-1,r3)

(r1,r2,r3)

+

Type 2

Type 3

Figure 1.2.6.3: The two possible types of connected components ¢ D,,.

(r1,r2,r3+1)

—— (r1,r2,r3)

O0— (r1,r2,r3)

Type 2"

Type 3’

Figure 1.2.6.4: The two possible types of connected components ¢ N Dy.

Now, we will study the action of half twist tli on normal forms. In gerenal, t,ﬁ (¢) won’t be in normal

form even though c is a normal form. Nonetheless, t{f; (¢) has minimal intersection with all d; for j # k. In
order to get tﬁ (¢) into a normal form, one just need to isotope it so that its intersections with dj, is minimal.
The same argument used in [KS02, Proposition 3.17] gives us the following analogous result:

Proposition 1.2.7.

1. The normal form of t}} (c) coincides with ¢ outside of Dy_1 U Dy. The curve t} (c) can be brought into
normal form by an isotopy inside Dy_1 U Dy.
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2. Suppose that tli (¢) is in normal form. There is a natural bijection between j-crossings of ¢ and the j-
crossings of t{i (¢) for j # k. There is a natural bijection between connected components of intersections
of ¢ and t}} (c) inside Dy_1 U Dy.

A connected component of ¢N (D;j_ U D;) is called j-string of c. Denote by st(c, j) the set of j-string
of c. In addition, we define a j-string as a curve in D;_; U D; which is a j-string of ¢ for some admissible
curve ¢ in normal form.

Two j-strings are isotopic (equivalently belong to the same isotopy class) if there exists a deformation of
one into the other via diffeomorphisms f of D’ = D;_; U D; which fix d;_ and d;1; as well as preserves
the marked points in D’ pointwise , that is, f(d;j—1) = dj—1, f(dj+1) = dj41, and flanpr = id.

(r1,r2,r3) ) [ (r1,ra+1,r3)
Type Ip
(r1,r2,r3) (r1+1,ra-1,r3)
EBR » &
(r1+1,ro-1,r3) (r1,r2,r3)
Type 1T Type 11
(ry,r2,r3) —@ ) ° ©6— (r1,r2,r3)
Type 111, Type III
(r1,r2,r3) (ri+2,r9,r3)
° ° ° °
(r1+2,r9-2,r3) (r17r2,r3)
Type IV Type IV’
(r1,r2,r3) (r1+3,r2-2,r3)
[ J o) (o [ ]
(r1+3,r3-2,r3) (r1,r2,r3)
Type V Type V’
o—
Type VI

Figure 1.2.6.5: The isotopy classes of j-strings, for 1 < j < n.

For 1 < j < n, isotopy classes of j-strings can be divided into types as follows: there are five infinite
families I, I'T,,, 11, II1,, 111, (w € Z) and five exceptional types IV, IV’ V, V" and VT (see Figure 1.2.6.5).
When j = n, there is a similar list, with two infinite families and two exceptional types (see Figure 1.2.6.6).
The rule for obtaining the (w + 1)-th from the w-th is by applying tﬁ . For 1-string, there are instead
four infinite-family types: II;,II;JF%,III{U,III;HF%(w € Z) and two exceptional types V" and VI (see
Figure 1.2.6.7). As for segments of curves, these are drawn slightly different due to the nature of the disc;
compare Type V' in Figure 1.2.6.5 and type V" in Figure 1.2.6.7. Note that for 1-strings, the rule for
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obtaining the (w + 1)-th from the w-th is instead by applying (t,ﬁ)Q.

Based on our definition, j-strings are assumed to be in normal form. As before, we can define crossings
and essential segments of j-string as in the case for admissible curves in normal form and denote the set of
crossings of a j-string g by cr(g).

(1‘1,1"2,r3)
° (r1,r2,13) —0 o
(r1+1,ra-1,r3)

v

Type Il Type 11l
(r1,r2,r3)
[ J e) e—
(r1+38,rp-2,r3)

Type V Type VI

Figure 1.2.6.6: The isotopy classes of n-strings.

(r1+1,rp-1,r3) — (r1r2r3 D)

(rl T2 ,1‘3)

0/— (r1,r2,r3)
(o) ©e— (r1,r2,r3) °

Type 11T} Type HI',

(r1+2,rp-1,rg+)

(rl T2 71‘3)

Type V" Type VI

Figure 1.2.6.7: The isotopy classes of 1-strings.

Now, let us adapt the discussion to trigraded curves. Choose trigradings Ej,dj of bj,d;j for 1 < j < m,
such that o S
197 (dy,b5) = (1+g3)(L+ a7 ta2), 1797 (bj,bj40) = 1+ g3 (1.2.13)

These conditions determine the trigradings uniquely up to an overall shift xZ(ry, 72, 73).

Suppose ¢ is a trigrading of an admisible curve ¢ in normal form. If ¢ C ¢ is a connected component
of ¢ M D; for some j, and a is ¢|q\a, then a is evidently determined by a together with the local index
,umg”(dj_l, a;z) or ,u“’ig’"(dj, a; z) at any point z € (dj—1 Ud;) Na. Moreover, if there is more than one such
point, the local indices determine each other.

In Figure 1.2.6.2, Figure 1.2.6.3, and Figure 1.2.6.4, we classify the types of pair (a,a) with the local
indices. For instance, consider the Type 1(r1,r2,7r3) with (k — 1)-crossing zg € dx—1 Na and k-crossing z1 €
diNa. We have that the local index at zg and at z; are ut"igr(dk,l, a; zp) = (r1,r2,73) and /ﬁ"“””(d;€7 a;21) =
(r1 + 1,79, r3) respectively.

We recall from Section 1.2.4, that there is a unique lift f~that is the identity on the boundary for any
diffeomorphism f € Diff (]D)f 15 {0}) to a diffeomorphism of @go. Similarly, we can lift mapping classes in
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D3 1 to mapping classess in 5&. Denote by fbAj the canonical lift of the twist t;)“j along the curve b; in D4 .

Proposition 1.2.8. By considering BSQO as a subset of ég the map ¢ : A(B,) - MCG (35&)) defined by

R 1 e F Y fori=1;
voP) = N
[ iz © bn,—(i—1)|520}’ fori=>2,
s an injective group homomorphism.
Proof. This can be proven similar to Proposition 1.2.1. Q.E.D.

A crossing of ¢ will be also a crossing of ¢, and we denote the set of crossings of ¢ by ¢r(¢). Note that as
set, cr(¢) = er(c). However, a crossing of ¢ comes with a local index in Z x Z x Z/27Z.

Moreover, to each crossing y of ¢ we assign a 4-tuple (yo,y1,¥2,y3) where yo denotes the index of the
vertical curve which contains the crossing y € dy, N¢, and (y1,y2,ys3) is the local index (1, pa, p3) of the
crossing y.

We define the essential segments of ¢ as the essential segments of ¢ together with the trigradings which
can be obtained from local indices assigned to the ends of the segments.

We also define a j-string of ¢ as a connected component of ¢ N (D;_1 U D;) together with the trigrading
induced from ¢. Denote the set of j-string of ¢ by st(¢, ).

On top of that, we define a trigraded j-string as a trigraded curve in D;_; U D; that is a connected
component of ¢N (D;_; U D;) for some trigraded curve ¢.

In Figure 1.2.6.5, Figure 1.2.6.6, and Figure 1.2.6.7 we depict the isotopy classes of trigraded j-strings.
Since j-strings of type VI do not intersect with d;_1 U d;41, we say that a trigraded j-string g with the
underlying j-string g of type VI has type VI(r1,7a,73) if § = xZ(r1,72,73)b;.

The next crucial lemma is the type B analogue of [KS02, Lemma 3.20], allowing the computation of
trigraded intersection numbers between b; and any given trigraded curve.

Lemma 1.2.9. Let (¢, ¢) be a trigraded curve. Then, ItTigT(Bj, ¢) can be computed by adding up contributions
from each trigraded j-string of ¢. For j > 0, the contributions are listed in the following table:

15(0,0,0) | 11y(0,0,0) | 115(0,0,0) | 1114(0,0,0)
g1+ q2 + G293 + q1g3 ‘ @1+ g2+ q293 + q1g3 ‘ 1+ qig3 " + a3+ @143 @143 ‘ g2 + 293
I115(0,0,0) | IV | IV' |V | V' |  VI(0,0,0)
I+gs | 0] 010 0 ]1+a+a+aqs

and the remaining ones can be computed as follows: to determine the contribution of a component of type,
T T2 T3

say, I,(r1,r2,73), one takes the contribution of 1(0,0,0) and multiplies it by ¢1* g5 g5 (q7 'qo)®. Forj =0,
the relevant contributions are

114(0,0,0) | 173 (0,0,0) | 1173(0,0,0) | I114(0,0,0) | V" | VI(0,0,0)
It@a+asn +ad e | l+a+a e+ra es| 1+a | g etes | 0] 1+e

and the remaining ones can be computed as follows: to determine the contribution of a component of type,
T, T2 T2

say, II (r1,79,73), one takes the contribution of 1T5(0,0,0) and multiplies it by ¢} q5>¢5* (q1 *q2q3)™

Proof. Apply Lemma 1.2.4 as well as (T2) and (7'3) of Lemma 1.2.6. Q.E.D.

1.2.7 Bigraded curves and bigraded multicurves in 5&

We briefly remind the reader the definition of a bigraded curve in CSSQO; refer to [KS02, Section 3d] for a more
detailed construction. Consider the projectivisation D4 := PT (D4, \ A) of the tangent bundle of D4}, \ A.
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The covering 55§ of D4 is classified by the cohomology class C € HY(D4;7Z x Z) defined as follows:

C([point x \;]) = (-2,1), fori=-n,---,—1,1,-- n; (1.2.14)
C([RP! x point]) = (1,0). (1.2.15)

A bigrading of a curve ¢ € D4 is a lift ¢ of s2 to @ where s4 : ¢\ A — ’D is the canonical section given
by s4(z) = T.c. A bigraded curve is a pair (c é), where sometimes we abbrev1ate as ¢.

A bigraded multicurve ¢ is a union of a finite collection of disjoint bigraded curves. There is an obvious
notion of isotopy for bigraded multicurves.

1.2.8 Lifting of trigraded curves to bigraded multicurves

Our goal is to define a map m : ¢ — E from the set € of isotopy classes of trigraded curves to the set E
of isotopy classes of bigraded multicurves. Let ¢ be a curve in D2 1 with trigrading ¢. First consider the
case when ¢ N {0} = (. Recall the map g, : D2, — DZ | as defined in Section 1.2.2. Then, ¢;'(c) has
two connected components in D3 ; denote them as ¢, ¢, such that ¢\ A = 7 opoélc\ A) and ¢\ A =
7 o poxB(0,0,1)é(c\ A). Define ¢ : ¢\ A — D4 as ¢ := F oo Gor|a\a; similarly ¢ : ¢\ A — DR is
defined by ci=Fo x2(0,0,1)¢ o Qor |\ a Where 7 : ng — @‘g is the unique map induced by the inclusion
T @A — @A. It is easy to check that these are indeed bigradings of their respective curves. On the other

hand, if ¢ contains 0 as one of its endpoints,we define ¢ := ¢\ {0} I {0} II c\ {0}, which is Just a single

connected component. Furthermore, the ¢ is defined to be the unique continuous extension of ¢ \ {0}1I¢ \ {0},
which is again an easy verification that it is a bigrading of ¢.

In total, we define the map m: ¢ — é as follows: for a trigraded curve (¢, ¢) in f)ﬁo,

(S 0), if ¢ has {0} as one of its endpoints;
(¢,¢) 11 (¢,&), otherwise.

Due to the isotopy lifting property of the space, m is well-defined on the isotopy classes of trigraded curves.
Recall the natural induced action of A(B,) = MCG(ID)n '.1,{0}) on € given in the paragraph before

Lemma 1.2.3. Since A(As, 1) = MCG(D4,) acts on ¢, there exists an induced action of A(B,) on €
through the injection ¥ as given in Proposition 1.2.1.

Proposition 1.2.10. The map m : ¢ — E from isotopy classes of trigraded curves in 5& to isotopy classes

of bigraded multicurves in 35§ is A(Bp)-equivariant:

A(Bn) A(A2n—1) (E) -A(BTL)

/ N / \
\ ! ' /

~ </ \} -
Isotopy classes € 0£ m Isotopy classes Eﬁ of
trigraded curves in D, bigraded multicurves in D3,

Proof. This follows directly from the definition m and the actions. Q.E.D.

1.2.9 Bigraded intersection number and bigraded admissible multicurves in 55£

The local index for bigraded curves in 35£ is defined in the same spirit as the local index for trigraded curves
in @go. For a more detailed explanation, we refer the reader to [KS02, Section 3d|.

We recall from [KS02, Section 3d] that the bigraded intersection number of two bigraded curves &, ¢;
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that do not intersect at OD4}, is defined by

Ibigr(é07 &) = (1+ q;1q2) Z qiLl(z)qéw(z) + Z qitl(z)qém(z) ) (1.2.16)

z€(coNc))\A z€(coNech)NA

We extend the definition of bigraded intersection number of bigraded curves to bigraded multicurves by
adding up the bigraded intersection numbers of each pair of bigraded curves.

To talk about bigraded admissible curves in D4, and their normal forms, we need to fix a set of basic
bigraded curves. To do so, first recall the set of trigraded basic curves (bj,b;) and the set of trigraded vertical
curves (d;, d;) as defined in Section 1.2.6. Denote this set of basic trigraded curves as B. Consider, for each
(c,¢) € B, its lift to bigraded multicurves in D :

m(C, é) — év:?)ﬂ . lf (676).: (blai)l);
(¢,e) I (¢, &), otherwise,
where ¢ denotes the curve whose points have positive real parts; so points in ¢ have negative real parts. We
shall fix the set of bigraded basic curves (g, §;) and bigraded vertical curves (8;,0;) as follows:

e choose (0,,0,) = (51,51)5

o choose (0n4j—1,0ntj—1) = (d},c@) and (0p—j+1,0n—j41) := (dj,d.j), for 2 <j < m;

e choose (0ntj—1;0n4j-1) = (Eﬁgj) and (0n—jt1,0n—j41) := (bj,b;), for2<j<m;

e choose (op, 0n) := (EJ’EJ)
The following figure illustrates the (underlying) basic curves p; and vertical curves 6; chosen:

—
9n+1 9n+2

Dn Dn+2
Onf+1 O

I

Figure 1.2.9.1: The basic curves §; and g; in the aligned configuration with regions D; for D3 .

Remark 1.2.11. We warn the reader of two slight differences here in comparison to [KS02]: the underlying
set of basic curves {p;} chosen are the same as in [KS02] minus the one curve connected to the boundary of
the disc; moreover, the bigradings of the basic curves and veritical curves are also slightly different. Compare
our equations (1.2.18) and (1.2.19) to the defining equations in [KS02, pg. 252].

Lemma 1.2.12. The bigradings we choose for the set of basic curves and vertical curves in D3\, satisfy the
following by properties:

19765, 6;) = 14 47 o, Jor1<j<2n-1; (1.2.17)
Ibz’gr(éj7 Gjv1) = 1, formn<j<2n-—2; (1.2.18)
197 (55, 65-1) = 1, for2<j<n. (1.2.19)

Proof. This follows immediately from the construction. Q.E.D.
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Similar to curves in D ,, a curve ¢ in D3, is called admissible if ¢ = f(p;) for some —n < j < n
and some f € Diff (Dg,,0D3, ). Note that unlike in [KS02], admissible curves in D4}, will not touch the
boundary of the disc (none of our basic curves g; does). An admissible curve ¢ in its isotopy class that has
minimal intersection with all the 6;’s among its other representatives is said to be in normal form. We
define crossings, essential segments, j-strings and bigraded j-strings in a similar fashion to the trigraded
case (see Section 1.2.6). In particular, given a j-crossing x of a bigraded curve ¢, we fix o := j and (x1,x2)
is the local index (1, o) of the crossing y. All these notions can be extended to that for multicurves and
bigraded multicurves naturally.

Suppose ¢y and ¢; are two admissible curves in D5 1 intersecting at z € DB +1- If z = 0, we require
co # c1. Their preimage g;,'(co) and g;,'(c1) in D2, under the map gy : D4, — DZ, | would then intersect
minimally. However, if ¢g Ne; N {0} # 0, and ¢ ~ ¢;, they will not intersect minimally as illustrated below:

-1
9y (e1)

12

a5, (co)

Figure 1.2.9.2: The preimages g, (co), g;," (c1) in D3,.

As such, we obtain the following proposition:

Proposition 1.2.13. Let ¢y and ¢1 be two trigraded curves intersecting at z € ]DDEH, with local index
wtriar (&g, é1, 2) = (r1,72,73). If co Ner NA{0} # 0, we require co % c1. If z # 0, further suppose that
m(co, ¢o) = (o, o) U (co, o) and m(cy,¢1) = (¢1,¢1) I (c1,¢1) such that ¢o Ny =2 and coNcy = z. Then

Mbig’r(;c:(h éla z) = (rlv TQ) = /J/bigr(é()v éh%% fO’I" z 7é Oa
ublgr(@, c1,0) = (r1,72), for z=0.
Furthermore, this proposition allows us to relate trigraded intersection numbers and bigraded intersection
number in the following way.

Corollary 1.2.14. For any trigraded admissible curves (co,¢o) and (c1,¢1)
197 (g, &1)|gz=1 = 1797 (m(é), m(ér)) -

In particular, $1"9" (¢y, ¢1)|qy=go=gs=1 = L(m(co), m(c1)), i.e. 2I797 (&g, ¢1)|qy—gsmge—1 cOUNts the geometric
intersection number of the lifts of co and cy in D3\, under the map m.

Proof. The case when ¢y % ¢; in ID),Sg 11 or when at least one of ¢y and c¢; does not have its endpoint
at {0} follows directly from Proposition 1.2.13. The other case follows from a direct computation. The
last statement relating trigraded intersection number and geometric intersection number follows from the
property of bigraded intersection number (see [KS02, pg.227, property (B1)]). Q.E.D.

We shall abuse notation and also allow m to lift crossings of a trigraded admissible curve (¢, ¢) to crossings
of the bigraded admissible multicurves m((c, ¢)) = (¢, é)H(g, ¢). Suppose z is a j-crossing of ¢, for j > 1. Then,
qb_rl(z) = {Z,z} where Z € ¢and z € ¢. If z is a 1-crossing of ¢, then we also have qb_r1 = {Z, z}; in this case we
shall pick Z to be the unique element in {Z, 2}N@,,. So, if z is a j-crossing of ¢ with ™97 (dy, ¢, z) = (r1,72,73),
We define m(z) = {Z, z}, both Z and z with local index (r1,72) for j > 1; otherwise m(z) = {Z} for j = 1,
with local index (r1,72) by Proposition 1.2.13. Let h be a connected subset of ¢ within some connected
region given by unions of D;’s, equipped with the trigrading given by local indices of crossings of h induced
from crossings of ¢. We define m(h) to consist of q(;_l(ﬁ), with bigradings given by local indices of crossings
of g;," (k) induced from crossings of m(¢).
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1.3 Type Ay, 1 and Type B, Zigzag Algebras

In this section, we recall the construction of the type A,, zigzag algebra 47, as given in [KS02] (with slight
change in gradings) and recall the A(A,,) action on the bounded homotopy category Kom®(.47,,-p,.g,mod) of
complexes of projective graded modules over «7,,. We then construct a type B,, zigzag algebra %,,, following
a similar construction, and show that A(B,,) acts on Kom®(%,-p,g,mod). We shall assume that the reader
is familiar with projective modules over finite-dimensional (graded) algebras, and refer the unfamiliar readers
to [SY11, Chapter 1]. Note that throughout this whole paper, all complexes are bounded.

1.3.1 Type A,, zigzag algebra <7,

Consider the following quiver T',,:

12 2|3 3]4 m—1|m
|7 g g T T
2|1 3|2 4]3 m|m—1

Figure 1.3.1.1: The quiver I'y,.

We can take its path algebra CI',, over C; CT',, is the C-vector space spanned by the set of all paths in
T, with multiplication given by concatenation of paths (the multiplication is zero if the endpoints do not
agree). We denote the constant path at each vertex j by e;.

In this chapter, we will only consider m odd, and the grading we put on CI',,, will be slightly different to
[KS02]; we set

e the degree of (j|j—1)is 1 for j > %H and 0 for j < %,

e the degree of (j|j + 1) is 1 for j < ™+ and 0 for j > ’”T'H, and

e the degree of e; = 0, for all j,
where the grading is extended to all paths via multiplication. In this way, this path algebra is Z-graded

with the grading shift denoted by {—} and unital with a family of pairwise orthogonal primitive central
idempotent e; summing up to the unit element.

Let 7, be the quotient of the path algebra of the quiver I';,, by the relations:
(317 + 1) = (7l = 115
G—1li+1) =0=(G+1[jli—1),
for all 2 < j < m—1. It is easy to see that these relations are homogenous with respect to the above grading,

so that <7, is a Z-graded algebra. As a C-vector space, it has dimension 4m — 2 with the following basis
{e1, .- vem, (1]2),...,(m —1|m), (2]1),... (m|m — 1), (1]2]1),..., (m|m — 1jm)}.

The indecomposable projective, Z-graded ,,-modules are denoted by PJA = “me;, and we denote the
(additive) category of projective, graded ,,-modules by 27,-p,g-mod. We recall the following results from
[KS02]:

Theorem 1.3.1. For each j, the following complex of graded (y,, Syy,)-bimodule
R :=0— P} @c ;P* ﬁwfm—ﬂl

with &y, in cohomological degree 0 is invertible in the homotopy category Kom®((y,, &y )-bimod) of graded
(Ao, Spy)-bimodules and satisfies the following relations:

R @Rk 2R, @Ry,  forl|j—k[>1;
Ri®Rj+1OR; 2Rjt1OR; @ Rjt1.
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Proof. See [KS02, Proposition 2.4 and Theorem 2.5]. Q.E.D.

Proposition 1.3.2. There is a (weak) A(A,,)-action on Kom® (<, -p, g, mod), where each standard generator
03-4 of A(Ap,) acts on a complex M € Komb(,dm—prngod) via Rj:

oM (M) =R @, M.

Proof. See [KS02, Proposition 2.7]. Q.E.D.

A

We will abuse notation and use 07" in place of R; whenever the context is clear.

1.3.2 Type B, zigzag algebra %,

Consider the following quiver €2,,:

ieo ies

12 D 2|3 O 34 n—1ln 'Cn
2|1 4|3 nin—1

Figure 1.3.2.1: The quiver Q,.

Take its path algebra R, over R and consider the two gradings on R2,, given as follows:

(i) the first grading is defined following the convention in [KS02] where we set

o the degree of (j +1|j) to be 1 and (j]j+ 1) tobeOforall 1 <j<mn-—1, and
o the degree of ¢;, ie; (blue paths in Figure 2.6.1.1) to be 0 for all 1 < j < n,

extending to all paths.
(ii) the second grading is a Z/2Z-grading defined by setting

o the degree of iej as 1 for all 1 < j <n, and
e the degree of all other paths in Figure 2.6.1.1 and the constant paths as zero,

extending again to all paths.

We denote a shift in the Z-grading by {—} and a shift in the Z/2Z-grading by (—).
We are now ready to define the zigzag algebra of type B,,:

Definition 1.3.3. The zigzag path algebra of B,,, denoted by %B,, is the quotient algebra of the path algebra
RS, modulo the usual zigzag relations given by

Ul =D —15) = (7 + DG+ 115), 3.1)
(G —UNGli+1)=0=(+17)(li — 1), (1.3.2)
for 2 < j <n—1; in addition to the relations
(iej)(ie;) = —ej, forj>2; (1.3.3)
(ie;-)( — 1) = (G — j)iey),  forj >3 (1.3.4)
el =1 = Gl = lies ). for 2 (1.3.5)
(112)(ie2) 2I1) = 0; (1.3.6)
(ie2)(2[1]2) = (2[1[2)(ie2). (1.3.7)

We shall also denote the (non-trivial) loop on vertex j by X; := (j|j £1)(§ £ 1|j). The relations above are
homogeneous with respect to both the Z and Z/2Z gradings, so B, is a bigraded algebra.
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Proposition 1.3.4. As a R-vector space, B, has dimension 8n — 6.

Proof. Using the relations (1.3.1) to (2.6.5), the vector subspace (over R) spanned by paths that do not
pass through the vertex 1 is isomorphic to &7, 1 viewed as a R-vector space, which has R-dimension
2(4(n — 1) — 2) = 8n — 12. Combined with the remaining relations, one can check that the remaining
paths that passes through the vertex 1 (modulo relations) are exactly eq, (1]2), (2|1), (1]2)(iez), (ie2)(2]1) and
X;i. Hence, dimg(4%,,) = 8n — 12 + 6 = 8n — 6; in particular, the set {eq,...,e,,i€a,... i€, (1]2),...,(n —
1n), (2]1),...,(n|n=1), (ie2)(2[1), (1|2)(iez2), (ie2)(2]3),..., (ien—1)(n—1|n), (3|2)(iez), ..., (njn—1)(iep—_1),
X1,...,Xn, (iea)Xa, ..., (ie,) X, } forms a R-basis of 4,,. Q.E.D.

The indecomposable (left) projective, bigraded £,,-modules are given by PjB = %Bnej, and we denote
the (additive) category of projective, bigraded Z,-modules by %, -p.g,mod. For j = 1, ij is naturally
a (%A,,R)-bimodule; there is a natural left %,-action given by multiplication of the algebra and the right
R-action induced by the left (commutative) R-action. But for j > 2, we shall endow PjB with a right
C-action.

To this end, let us view C as a Z/2Z-graded algebra over R by endowing the reals with degree 0 and the
complex imaginary ¢ with degree 1 over Z/27Z and extend linearly. Note also that (2.6.3) in Definition 1.3.3 is
analogous to the relation satisfied by the complex imaginary number i. We define a right C-action on PJB by
p*(a+1ib) = ap+bp(ie;) for p € PJB, a+1b € C. It follows from the definition that this right action restricted
to R agrees with the natural right (and left) R-action. This makes PJB into a bigraded (4, C)-bimodule for
j > 2. Dually, we shall define ;PP := ¢;%,,, where we similarly consider it as a bigraded (R, %, )-bimodule
for j =1 and as a bigraded (C, %,,)-bimodule for j > 2.

Proposition 1.3.5. Denote ;PP := ;PP @4, PP. We have that

bimodules, for j,k € {2,...,n} and k — j = 1;
bimodules, for j,k € {2,...,n} and j —k =1;

cCec, as bigraded
cCc{1}, as bigraded

(

(

B cCc @ cCc{l}, as bigraded (
pE =

(

(

(

7

bimodules, for j =k=2,3,...,n;

C,0)-

C,C)-

C,C)-
rCc, as bigraded (R, C)-bimodules, for j =1 and k = 2;
cCr{1}, as bigraded (C,R)-
R,R)-

rRr & rRgr{l}, as bigraded

bimodules, for j =2 and k = 1;

9

bimodules, for j =k = 1.

7

Proof. The case where j, k € {2, ...,n} follows as in type A. By identifying ; Py as the R-vector subspace of %,
spanned by paths starting at vertex j and ending at vertex k, we see that ; P» has basis {(1/|2), (1|12)(ie2)}; 2 P2
has basis {(2|1), (ie2)(2]1)} and 1 P; has basis {e1, X1}. The fact that the bimodule and bigrading structures
agree follows from the definition and is left as a simple exercise to the reader. Q.E.D.

Remark 1.3.6. Note that all the bigraded bimodules in Proposition 1.3.5 can be restricted to bigraded (R, R)-
bimodules by identifying xRCr = R @ R(1). For example, 1 P restricted to an (R,R)-bimodule is generated
by (1|2) and (1]2)iea, and it is isomorphic to R @& R(1) = gCg.

Lemma 1.3.7. Denote K; := R and K; := C when j > 2. The maps
Bj: PP @, ;PP — B, and v; : B, — PP ®g, ;PP{-1}
defined by:
Bi(z ®@y) = zy,
Xj®ej+e;©X;+ (5 + 1) ® (i +1)
+(—iej+1) (7 + 1|7) @ (4l + 1) (iej41), forj =1;

Xi®ej+e; X+ —1U)@Gli -1+ G+1i)@Gli+1), forl<j<mn;
Xj@ej+e;0X;+ (5 —17) @ (li—1), forj=n

75(1) =
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are (B, By)-bimodule maps.

Proof. It is obvious from the definition that the 3; are maps of (%,, %, )-bimodules for all j. The fact that
7; is a (Bn, Br)-bimodule map also follows from a tedious check on each basis element, which we shall omit
and leave it to the reader. Q.E.D.

Definition 1.3.8. Define the following complexes of bigraded (A, $y)-bimodules:
R; = (0— PP oy, ;PP 2 3, 0), and
R, := (0 = B, % PP @k, ;PP{-1} - 0).
for each 1 < j < n, with both %, in cohomological degree 0, K; =R and K; = C for j > 2.

Proposition 1.3.9. We have the following isomorphisms in the homotopy category Komb((%’n7 By)-bimod)
of complezes of projective graded (P, By)-bimodules:

R; ® R; 2%, = R, ® R;; (1.3.8)

R;® Ry 2 R, ® R;, for |k—j| > 1; (1.3.9)

Ri®@Rj11 QR 2 Rj11 QR ® Rjqq, for j > 2. (1.3.10)

Proof. These relations can be verified similarly as in [KS02, Theorem 2.5]. Q.E.D.

1.3.3 Adjunctions and Dehn Twist

To show the last type B, relation (the 4-braiding relation), we shall introduce a larger family of invertible
complexes that will aid us in our calculation. This construction mirrors the notion of Dehn twists in topology
and uses the theory on adjunctions (we highly recommend [Kho10] for an amazing exposition on expressing
adjunctions using planar diagrammatics). Throughout this section we will denote K; := R and K; := C for
i>2

Definition 1.3.10. Let X € Kom"((#,,K;)-bimod) and X*, X" € Kom"((K;, B,)-bimod) such that X'® 5,
— and X" ®g, — are left and right adjoints of X @k, — respectively. We define the twist of X as the complex
of (B, Br)-bimodule

ox = cone (X ®k; X" 5 %n) ,

with € the counit of the adjunction X 4 X". Similarly, the dual twist of X is given by
ro._ n L
o' = cone (%’n — X ®k; X )

with 1 the unit of the adjunction X = X*¢. The twist ox is said to be spherical if the twist and dual twist are
inverses of each other, namely ox ®gz, 0y = By Z 0y Qa, 0x.

One can verify from the definition of the adjunctions that the twist (resp. dual twist) is uniquely defined
up to isomorphism, i.e. X =Y implies ox = oy (resp. o’ = 0%). On the other hand, the shift functors
(1], {1} and (1) are autoequivalences, so we also have that ox = oxrj{s}(). More generally, given a pair of
adjunctions (X, X*, X") on X with Y 2 ¥ ®4_ X where ¥ an invertible object in Kom®((%,, %,)-mod),
we also have a pair of adjunctions (Y,Y*,Y") on Y given by Y := X/ @4 Y 7! and Y™ := X" ®4, L1
Furthermore, the twists and dual twists are related by: oy 2 X ®4, ox @, X!, and 0}, X X ®g, ok @,
>

Lemma 1.3.11. The functor PjB @k, — is a left adjoint of ;PP @4, — and a right adjoint of ;PP{-1}®4, —.

Proof. To show that the P]-B ®gk, — is a left adjoint to jPB ®a, —, take the counit to be the functor induced

by PP @k, ;PP LN B, and the unit is instead induced by K; % ;PP @4, PP, where ¢ is defined by
©(1) = e; @, e;. To show ;PP{-1} ®z, — is a left adjoint to P @k, —, take the counit to be the functor
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induced by ;P? ®g, PP{-1} e, K; where ¢’ is defined by ¢'(e; ® e;) = 0,¢'(X; ® e;) = 1 (note that

X, ®e; =e; ® X;), and the unit is instead induced by 2%, 2, P]-B @k, ;PP{—1}. We leave the verification
of the conditions required to the reader. Q.E.D.

Using this, we shall now prove the last type B, relation required:

Proposition 1.3.12. We have the following isomorphism of Komb((%n,%n)-bimod):

Ry ®p, R @z, B2 ®s, R = R Qas, Ry @, R @42, R.

Proof. We shall drop the tensor products for the sake of readability: RoR1RoR; = RiRoR1R,. Using
Proposition 1.3.9, note that this relation is equivalent to (RaRyR2)R1(R,R 1 R)) = Ry. By the adjunctions
shown in Lemma 1.3.11, note that Ry and R} are by definition the same as the twist ops and dual twist
ab 5 of PP respectively. As such, we get that

TRy Ry Ry (PP) = (R2R1R2)ops (RO R Ry) = ops.

It is now sufficient to show Ry Ry Ry(PP) and PP are isomorphic in Kom®((4,,, R)-bimod) up to cohomolog-
ical or internal gradings shifts. This is shown in the following series computation (note that we have omitted
the cohomological grading since it does not matter).

Ro(PEY =0 PP @c PP - PP 00— PP{1} 2 PE 50 (by Proposition 1.3.5)

RiRs(PP) = R, <0 ~ PPy B0, pE 0>

PP{1}®R1PQBM>PP®R1P1B
= cone J J
PPy — & pp
B B [1?:1 8] B B
PP{1} © PP{1}(1) ——— P° © P°{1}
= cone J{[(ug) (112)i] J[id X1] (by Proposition 1.3.5)
PP{1) = PP

~0 - PP U2 pBr) S0

PP @c o PP{1}(1) ——— PP @c PP {1}

RoRiRo(PP) = cone J J
PP{1}(1) — 2 PP(1)
ppiyy 1 pppye ppiy )
>~ cone J@u) J[ id Xi] (by Proposition 1.3.5)
PP{1}(1) — 2 PP{1}.

= PP{1}1)

Q.E.D.



24 CHAPTER 1. THE TYPE B ZIGZAG ALGEBRA.

Theorem 1.3.13. We have a (weak) A(By,)-action on Kom®(%B,-p,g-mod), where each standard generator
of for j >2 of A(By) acts on a complex M € Kom®(B,,-prgrmod) via Rj, and of acts via Ry(1):

ol (M) :=R; ®g, M, and ()" (M) := R} ®4, M,

oB(M):= Ri(1) @, M, and (¢P)"H(M) := R} (1) @, M.

Proof. This follows directly from Proposition 1.3.9 and Proposition 1.3.12, where the required relations still
hold with the extra third grading shift (1) on R; and Rj. Q.E.D.

From now on, we will abuse notation and use af and (U;3 )~" in place of R; and R (with an extra grading
shift (1) for j = 1) respectively whenever it is clear from the context what we mean.

1.4 Relating Categorical Type B, and Type A, 1 actions

In Section 1.2, we have defined m that lifts isotopy classes of trigraded curves in D2 1 to isotopy classes
of bigraded multicurves in D4,. Furthermore, we showed that the map m is equivariant under the A(B,,)-
action. In this section, we shall develop the algebraic version of this story. We will first relate our type B,
zigzag algebra %, to the type As,_1 zigzag algebra o7, 1 by showing that C Qg %, = o, 1 as graded C-
algebras (forgetting the Z /27 grading in %,,). Through this, we have an injection %,, — CQr %, = ooy 1 as
graded R-algebras. Thus, we can relate the two categories Komb(%n—prgrmod) and Kom® (., _1-p,g,mod)
through an extension of scalar o%,,_1®g, — We end this section by showing that the functor %, _1®g, — is
A(B,,)-equivariant, which also allows us to deduce that the A(B,)-action on Kom®(Z,-p,g,mod) is faithful.

Let Q be a left C-module. Throughout this section, we shall denote z@Q to be the left C-module with a
deformed left action, given by multiplication its with complex conjugate:

a(c) = ac. (1.4.1)
Similarly for @ a right C-module, we use Q¢ to denote the right C-module with the deformed action.

Proposition 1.4.1. Consider the graded R-algebra ,93’”, where B, is Just By, without the Z/2Z-grading (—).
The Z-graded C-algebras C ®@r %y, and tap_1 are isomorphic.

Proof. Note that as C-vector space, we have the following decomposition:

Cer %, =2 (PCor (ijB ® ;PG e (.j—l)PjB> ® (Cor1P’)

j=2
= @ ((C ®r ijB) &) EB ((C QR jP(?_l)) @ @ ((C ®r (_j_l)PjB) @ (C®g 1 PP).
Jj=2 Jj=2 j=2

Firstly, for each 7 > 2, note that ijB is itself a C-algebra with unit e; ® 1. Moreover, after tensoring
with C over R, C ®g ijB has idempotent v; := %(1 ®ej +1i®ie;). We shall define a C-linear morphism

® : CQp By, — Son_1 by specifying the images of the basis elements of C Qg %,,. It will be easy to see that
® is grading preserving and we leave the routine check that ® is an algebra morphism to the reader. For
J=1

Ceog PP — P2

1®e; = €.

For 2 < j <n,
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L C@g PP = noj1 Pl iy @ nyjm1 Py

(1 Xj)Vj = Xn—jt1;
(1eX;)1ee —v;) = Xnyj1;
Vj — €n—j+1;
(1@e;—v;) = enij-1,

2. C®r 1 PP = njiaPl i @ nij2Ply
(1@ G —113)v = ((n—j+2)| (n—j+1));
(te@-1))dee—v) = (n+i-2)|n+i-1),

B
3. Cer ;P2 — n—j+1P 2 Dntj- 1Pn+j 2

v;(1®(jl7—1)) = (=g +1) | (n—7+2);
Qoej—v)A@3Gli-1) = ((n+i-1)](n+j-2).
Tt is easy to see that this map is surjective and dim¢(C ®g %’n) = dimg¢ (Php—1)- Q.E.D.

Let 7 : %:’7,, — C ®r @n be the canonical injection of Z-graded R-algebras. Proposition 1.4.1 allows us
to view %’ as a Z-graded subalgebra over R of %, _; through ® oi. Thus, every %, _i-module can be
restricted to a %,-module. In particular, %, _1 as a Z-graded (%, _1, %%,—1)-bimodule can be restricted
to a Z-graded (efap,—1, B, )-bimodule. This gives us an extension of scalar functor %, 1 ®, 4, —» sending

Z-graded @n—modules to Z-graded @%,_1-modules.
Let § denote the functor which forgets the Z/2Z-grading of the bigraded %,-modules. We define

52{27171 ®38n - = %nfl ®@n (g(_))
The proposition below identifies the indecomposable projectives under the functor %, ®g, —

Proposition 1.4.2. Recall the deformed action of C given in (1.4.1). We have the following isomorphisms
of Z-graded bimodules:

Hon_1 R, PE = (PR, as Z-graded (a1, R)-bimodules; and
on—1 R, PjB = (PA i 1)) D P HG—1) as Z-graded (9tap—1, C)-bimodules.

Proof. Define ®, : o, | ®gp, PP — (P2)gr and D, Ayt Qp, PJB (Pﬁq G- 1)> @ PA e (i—1) 88 the

maps given on the basis elements by a ® b — a®(1 ® b) and extend linearly. It is easy to check that @4 is a
graded (%%;,—1,R)-bimodule morphism and ®; is a graded (<#2,,—1, C)-bimodule morphism; the only detail

that one should be aware of is that ®; maps into (Pn (j— 1)) ® PA i (—1) instead of Pn (-1) @ PA e (—1)"
The fact that they are isomorphisms follows easily from lookmg at the dimensions. Q.E.D.
It follows from the above proposition that <%, 1 ®z, — sends prOJeCtheS to projectives. Therefore

San—1 R, — extends to a functor from Kom® (%’n prgrmod) to Kom” (AHop—1-prgrmod). We will denote the
functor

%nfl ®%” - = %nfl ®ggn (S’(_)) : Komb(%n'prgrm()d) — Komb(%nfl'prgrmOd)-

Recall the injection ¥ : A(B,) — A(As,—1) as defined in Proposition 1.2.1; the image of standard
generators are explicitly given by:

4 for j = 1;
w(oB) =7 . rj=1
= G=1)Tnt(j—1)? otherwise.
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We have previously shown that A(B,,) acts on Komb(%’n—pT grmod) and similarly A(As,_1) acts on Komb(%n,l—
prgrmod). Through ¥, we have an induced action of A(B,) on Komb(,;z{gn,l-prgrmod). We will now prove

the algebraic version of Proposition 1.2.10.

m Korrzb((,nggn_l7 B,)-bimod).

n

Theorem 1.4.3. Forall1l < j < n, we have an isomorphism szzn_1®ggnafg = ‘I’(Uf)gg
In particular, the functor oo, _1 ®@a, — is A(By)-equivariant:

A(By) A(Agn_1) & A(B)

’ N / \
) | )

~ L/b %n_l ®.%”_ \ S
Kom’(A,,-prgrmod) ——— Kom’(Hap_1-prgrmod),

i.e. for any o € A(By,) and any complex C € Komb(%7b—p7.97.m0d),
%nfl ®@n (J ®@,L C) = \II(U) ®ﬂ2n71 (%ﬂfl ®=@n C)

Before we start with the proof, we will need the following lemma:

Lemma 1.4.4. Recall the deformed C-action given in (1.4.1). We have that

C®r PP = (,PY)g,, as Z-graded (C, $,,)-bimodules; (1.4.2)
;PP = (,H_(j_l)PA)@n , as Z-graded (C, %,,)-bimodules; (1.4.3)
PB =g (n,(j,l)PA)(@n , as Z-graded (C, B,,)-bimodules; (1.4.4)
cC ®g Ce = ¢Cq, as Z-graded (C, C)-bimodules. (1.4.5)

Proof. We will only define the maps; the proofs that they are isomorphisms respecting the required structures
follows from a simple verification.

For (1.4.2) take the morphism ¢; : C®g 1 PP — (,,P4) 4, as the restriction of ® constructed in the proof
of Proposition 1.4.1. Note that ¢; does indeed map into (,, P?), since

Plcab)=0(c@erd) =2(1Re1)(c®b) =P(1Re)P(c®D) =e,P(c@b).
For (1.4.3) and (1.4.4), consider the morphisms
6451 PP = (ar-0P?) 4, and 651 iPP = ¢ (a-G-0P") 4,
b= enyt(j—1)P(1®@D), b ep_(j—®(1 ®0).
Finally for (1.4.5), consider the morphism ¢ : ¢C ®z Cc — C uniquely defined by 1 ® 1 — 1. Q.E.D.

Proof of Theorem 1.4.3. We shall show the required statement by showing it for each generator, namely
U(0P) s = o ©g o) as complexes of (&, %)-bimodules for each j.

Let j > 2. Using the relevant isomorphisms in Lemma 1.4.4, we have the following chain of bimodule
isomorphisms:

Py @ (--0P) ) @ (Plhgon Oc (arG-0P") )
= (Pf—(j—n ®¢ (n—(j—l)PA)gg) S (Pf+(j—1) ®c ("-‘r(j—l)PA)gg> (by (1.4.5))
(P, ©cPP) & (P ©c ,PP) (by (1.4.3) and (1.4.4))
= ((Pffufl))@ ® Pln) @c PP
Using Proposition 1.4.2; we have that

A ~Y
((PTI;‘*(J’*U)@ @ Pn+(j71)) ®c jPB = A Oz PJB ®c jPB'
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Let us denote the composition of this chain of isomorphisms by
=1 (P oy @ (--0P) ) @ (Pony ®c (ar-yP?) ) = o @2 Pf @c PP,
Since we have that

B A A
‘I’(Uj ) = (Unf(j71)‘7n+(j71))gg

[Br—G—1) Buvii-v ]
= (Pf—(j—n ®c (n—(j—l)PA)ga> & (Pf+(j—1) ®dc (n+(j—1)PA)ga> : : Az
and
BE
A @m0y = Wz (PJB ®c ;PP - %)
id®s 87
— o/ ®4 PP oc PP 220, o 0, 8,
all that is left is to show that the following diagram commutes:
" " " A { n—Gi-1) 53+<j—1>}
(Pnf(jfl) & (n-(-nP )gg) @ (PnJr(jfl) 2 (n+(-nP )gg) Az
\L B id®,@ﬁ]]'3 J
A ®a Py Qc ;P g Rz B,
which we leave for the reader to verify.
The proof for j = 1 is simpler and follows from a similar argument. Q.E.D.

Remark 1.4.5. Define U; := P]»B ® ;PP and U; := PJA ® jPA, Proposition 1.4.2 implies that

Un) ., » for j=1;

Loy U; =
2n—1 B2z, Uj {(un(jl) @unﬁjil))%l ,  otherwise.

When n = 2, this also relates our bimodules to the ones given in [MT19], where Us = O and Uy & Us = Oy
in [MT19, Example 2.12] for the As graph (up to a difference in grading).

We may now use this relation to deduce that the categorical action of A(B,,) is faithful:
Theorem 1.4.6. The (weak) action of A(B,,) on the category Kom® (%, -p,g-mod) given in Theorem 1.3.13
18 faithful.

Proof. Assume that we are given o € A(B,) such that o (C) = C for all C' € Kom®(%,-p,g,mod). We will
show that this implies o is the identity. In particular, take C' = @?ZleB so that we have

g (@?:1133'3) = @?:1PJB'
Applying the functor o#%,,_1 g, —, we obtain
Gon—1 ®, 0 (D=1 P]) = dhon 1 O, (B PP) = &7 P (1.4.6)
Applying Theorem 1.4.3 to the LHS of (1.4.6), we get
on—1 Dz, 0 (D]_1 P]) = U(0) (Fan-1 @z, (B, P)) = ¥(o) (&727'P). (1.4.7)
Combining the two equations (1.4.6) and (1.4.7) above we deduce that

V(o) (@72 Pf) = @2 P
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Since it was shown in [KS02, Corollary 1.2] that the type A categorical action is faithful, we conclude that
U(o) =id.

Suppose ¥(o) # id, then ¥ (o) must contain at least one term of P; ® ; P in the non-zeroth cohomological
degree of its complex. It is not hard to deduce that ¥(o)(P;) = P; for all j given ¥(o) (@?ZIleA) v
EB?ZIleA and ¥(o) is an indecomposable complex. If P; ® ;P only existed in the zeroth cohomological,
then ¥(c) is no longer an indecomposable complex which contradicts the fact that autoequivalences send
indecomposable complexes to indecomposable complexes. Since ¥(co) is a bounded complex, without loss
of generality, we pick j in the bimodule term P; ® ;P appearing in the greatest non-zeroth cohomological

degree. Then, ¥ (o) acting on P; will produce an extra copy of shifted P; contradicting the assumption.

But ¥ is injective, so we must have that ¢ = id as required. Q.E.D.

1.5 Main Theorem

Let us state the main theorem that we aim to prove:

Theorem 1.5.1. The diagram in Figure 1.5.0.1 is commutative, where the mapsm, Lp, Lo and 2an_1Q2, —
are all A(B,,)-equivariant.

AB.)  A(Agu) & A(By)
' )\/’ ‘\} !

Isotopy classes of admissible m Isotopy classes of admissible
i sadm ; A — . . Zadm | B
trigraded curves € in Dy, bigraded multicurves € in D3,

e Jo

Komb(%n—prgrmod) Komb(%n,l—prgrmod)

RN N
/ \ [ \
\ ; \ /
~_. «_~-

A(B) A(Asn_1) & A(By)

%nfl ®.@n -

Figure 1.5.0.1: The commutative diagram of Theorem 1.5.1. The first row is from Proposition 1.2.10 and
the second row is from Theorem 1.4.3.

In Section 1.2, we introduced and showed that m is A(B,,)-equivariant. In Section 1.4, we showed that the
functor 2,1 @, — is also A(B,)-equivariant. Thus, the missing pieces are:

1. the definitions of the maps Lg and L 4;
2. the fact that the maps L and L4 are A(B,,)-equivariant; and

3. the commutativity of the diagram.

We shall start by recalling the definition of L4 from [KS02, Section 4a] and their result that L 4 is A(A2,—1)-
equivariant. We then define Lp in Section 1.5.2, where the (technical) proof that the diagram commutes
and that Lpg is A(B,)-equivariant are given in Section 1.5.3.

1.5.1 Complexes associated to admissible multi-curves (Type A)
Here we state the constructions and results shown in [KS02, Section 4|, which can be easily extended to

admissible multicurves. Note that we added a subscript L4 instead of L used in [KS02| to differentiate
between type A and type B later on. Let ¢ be a bigraded admissible curve in normal form. We associate
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to ¢ an object L 4(¢) in the category Komb(%n,l—prgrmod). Start by defining L 4(¢) as a bigraded o, _1-
module:

La(&)= @ P(a), (1.5.1)

x€cr(E)

where P(z) = Pjl[—z1]{xz2}, with [-] denoting the cohomological dfegree shift; see the paragraph after

Remark 1.2.11 for the definition of (xg,z1,x2). For every z,y € cr(é) define 9y, : P(x) — P(y) by the
following rules:

e If z and y are the endpoints of an essential segment and y; = 1 + 1, then
1. If 9 = yo (then it must be that zo = y2 + 1) then
Oy : P(x) = P(y) = P(x)[-1]{1}

is the multiplication on the right by X,, € %%,_1.
2. If &y = yo £ 1, then 9,, is the right multiplication by (zo|yo) € “on—1;

e otherwise 9y, = 0.

We define the differential 9 as 9 := 3, Oyz. See [KS02, Lemma 4.1] for a proof that this defines a complex.
Moreover, it follows easily that

La(xa(ri,re)é) = La(é)[—r]{r2}. (1.5.2)

For ¢ a bigraded j-string of ¢, we can also assign a complex L4(g) to g, where as a bigraded abelian group,
La(§) = @Brcer(e) PA(z) and the differentials are obtained from essential segments of §j the same way as for

admissible curves. We can easily extend this to define L4(h) for h C ¢ a connected subset of ¢ such that
h = Uga,; with each g, ; some bigraded j-string of ¢. The following theorem is proven in [KS02, Theorem
4.3]:

Theorem 1.5.2. For a braid o € A(A,,) and a bigraded admissible curve ¢ in D4, , we have oL A(¢) =

La(o(&)) in the category Kom® (<l -prgrmod), i.e. La is A(Ay)-equivariant.

We extend L4 to admissible multicurves as follows: given bigraded multicurves ]_[j 5,
LA<Héj> =P La(é)).
J J

It follows easily that this defines a complex, and both (1.5.2) and Theorem 1.5.2 still hold for admissible
multicurves.

1.5.2 Complexes associated to admissible curves (Type B)

Consider a trigraded admissible curve ¢. We associate to ¢ an object Lg(¢) in the category Komb(,@n—
prgrmod). Start by defining Lg(¢) as a trigraded %,,-module:

Lp(¢) = @ P(y)

y€Ecr(e)

where P(y) = P2 [—y1]{y2}(ys) (see the second paragraph after Proposition 1.2.8 in Section 1.2.6 for defini-
tion of yo,y1,y2 and ys3).

We now define maps 9, : P(y) — P(z) for each y,z € cr(¢) using the following rules (note that these
are not the differentials yet):

e If y and z are the endpoints of an essential segment in D; for j > 1 and z; = y; + 1, then
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1. If yo = 2 (then also yo = 202 + 1 and y3 = 23), then
02y : Py) = P(z) = P(y)[-1]{1}

is the right multiplication by the element X, , € %,.
2. If yo = 20 £ 1, then 0., is the right multiplication by (yo|20) € %n.

e Otherwise, dy, = 0.

We will modify some of these maps before using them as differentials. Define the following equivalence
relation on the set of 1-crossings:

y~1y <= yandy are connected by an essential segment in Dj.

Consider the partitioning of the set of 1-crossings using the equivalence relation above. Referring to the
possible normal forms in Dy given by Figure 1.2.6.4, every equivalence classes under this relation consists
of either one element (Type 3') or two elements (Type 2”). For each equivalence class [y] of 1-crossings, we
modify the some of the maps given previously by the following rule:

o If [y] = {y}, we modify nothing;

e otherwise, [y] = {y,y’} has two distinct 1-crossings. Note that at least one of the 1-crossings must
be an endpoint of some essential segment in D; (otherwise ¢ is clearly not be admissible). Up to
relabelling, we may assume that y is always a 1-crossing that is an endpoint of an essential segment
in D;. Note that v cannot have both y and 3’ as endpoints (this will imply that ¢ is a simple closed
curve, which is not admissible). As such, let us label the other endpoint of v connecting y as z # y'.
Consider the two possible cases for z:

1. z is a 2-crossing:

(a) if y1 = 21 + 1, then we have that 9,, : P(z) — P(y) is given by the right multiplication by
(2|1). We modify 9, : P(z) = P(y") = P(y)(1) (which was necessarily 0 previously) so that
it is now the right multiplication by —i(2|1);

(b) otherwise, we have instead z; = y; + 1. In this case, 0., : P(y) — P(z) is given by the right
multiplication by (1]2). We modify 9., : P(y") = P(y)(1) — P(z) (which was necessarily 0
previously) so that it is now the right multiplication by (1|2):.

2. z is a l-crossing:

(a) if y1 = 21 + 1, we modify nothing;

(b) otherwise, we have instead z; = y1 + 1. In this case 0., : P(y) — P(z) is given by the right
multiplication by X;. Once again consider the two possible cases of the equivalence class [z]:
(i) If [z] = {z}, we modify nothing;

(ii) otherwise [z] = {z,2'} with z # 2. We then modify 9., : P(y)(1) = P(y') = P(%') =
P(z)(1) (which was necessarily 0 previously) so that it is now the right multiplication by
X1

Similarly, if the other 1-crossing 3’ in [y] is also an endpoint of an essential segment in D; (distinct
from «y), we shall repeat the same process above for y'.

Finally, we define the differential as 9 = where 0, are the modified version above.

z,y€cr(é) 8933!’
Lemma 1.5.3. (Lg(¢),0) is a complex of projective graded %B,,-modules with a grading-preserving differen-
tial.

Proof. For x,y,z € cr(¢) with g, yo, 20 > 2, the same argument as in the type A shows that the product of
02Oy : Pr — P, is always 0. The only occurrence of 0.,0,, # 0 is when 0,y = Ouc, Oua a0d Oyg = Odb, Och
with a, b, ¢, d the crossings of the following type of 1-string labelled below:
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Note that the two non-zero composition 9,404, and 9,.0., always occur as a pair. Moreover, we see that
their sum is equal to 0: OqqOup + OacOcp = Xoi — Xoi = 0, thus showing that % = 0 as required. Q.E.D.

Lemma 1.5.4. For any triple (r1,72,73) of integers and any trigraded admissible curve ¢ we have:

Lp(x(r1,r2,73)¢) = Lp(¢)[=ri]{ra}(rs).

Proof. This follows directly from the definition. Q.E.D.

1.5.3 Some rather technical results

This subsection is where we complete the proof of Theorem 1.5.1 by proving that the diagram commutes
(Proposition 1.5.5) and that Lg is A(B,)-equivariant (Theorem 1.5.7). The proof of these two statements,
first of which is technical, will occupy the rest of this section.

Proposition 1.5.5. The diagram in Figure 1.5.0.1 commutes, i.e. for each trigraded admissible curve ¢ in
]D)f+1 we have that an—1 g, Lp(¢) = La(m(¢)) in Komb(m/gn,l—prgrmod).

Remark 1.5.6. The theorem is stated in the context of homotopy category since the group actions of
A(Asn—1) and A(B,,) live there. In fact, we will show that on_1 @, Lp(¢) = La(m(¢)) in the cate-
gory C’omb(ﬂn -prgrmod) of bounded complezes (no homotopy will be required).

Proof of Proposition 1.5.5. Let x be any j-crossing of ¢. If j > 2, we have that m(x) consists of a (n+(j—1))-
crossing = and a (n — (j — 1))-crossing z of m(¢); if j = 1, m(x) consists of a single n-crossing = of m(¢).
In either cases, we have isomorphisms ®; : s, 1 ®z, PP(z) - PA(Z) ® PA(z) = P;L“ijl) ® P;i(jfl)
or & : by, 1 ®p, PB(x) - PA(Z) = P given in the proof of Proposition 1.4.2. Putting together
these isomorphisms for each crossing = of ¢, we obtain a cohomological and internal grading preserving
isomorphism of .o%;,,_1-modules between the underlying modules of @%,,_1 @4, Lp(¢) and L4(m(¢)); denote
this isomorphism by 7. Denoting the complexes %, 1 ®z, Lp(¢) as (Q,d) and La(m(¢)) as (Q',d') (so n
is an isomorphism from @ to Q’), it follows that 7 induces an isomorphism of complexes:

(Q7 5) = (Q/a 50)7

with 8y = nén~'. We now aim to show that (Q’,dp) = (Q',4") in Kom®(e#,_1-p,g,mod). In fact, we
will show that they are isomorphic in the ordinary category Com’ (e, _1-p,rg-mod) of complexes in o, ;-
prgrmod. Before we proceed with the proof, we will need to introduce some (substantial amount of) notation.

(Slicing ¢) Recall that ¢, being admissible, must have both of its end points at two distinct marked points,
so at least one of its end points is not 0 and let m be such an end point. Orient the curve ¢ so that it starts
from m and ends at its other end point. Following this orientation, we can slice ¢ into distinct connected
components ¢; C ¢N (Uj>2D;) and g;7 C ¢N (Do U D1) (note that g; are the 1-strings of ¢) enumerated as
follows: following the orientation of ¢, g; denotes the (j — 1)-th 1-string component of ¢; whereas ¢; is the
component of ¢ that has a total of i 1-strings components before ¢;. In other words, if m # 1, we start from
co to gg to 1 and so on; otherwise m = 1 and we start from gy to ¢y to g1 and so on. Note that if ¢ has
no 1l-string component, ¢ = ¢y. Following the same orientation, we shall also enumerate the 2-crossings r; of
¢ (if any), starting the enumeration with ¢ = 0 if m = 1; otherwise we start with ¢ = 1. The figure below
illustrates two examples with different starting point m.
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(a) A slicing with starting point m = 2 # 1. (b) A slicing with starting point m = 1.

Figure 1.5.3.1: Examples of slicings of curves.

Now consider the following subsets of (graded) crossings of m(¢):

Cj:=m(&) N (U; 6,); )
Cj:=m(¢)N (U.i.;énfl,nfl ei?}
Gj/ = m(vj/) n Gn; and

Rj = m(f])

Note that by definition, the subsets of crossings Cj, R; and G|, are pairwise disjoint, and (HJ C_’j) 1T (]_[J Rj) 11
(]_[ ;G j) is the set of all crossings of m(¢). On the other hand, C; and G/ contains all the crossings of m(c;)
and m(g;/) respectively, which may contain common crossings R;.

For K a subset of crossings of m(¢), we define Q% := @,k PA(x) C Q. If K is empty, Q) will be the
0 module by convention. Using this, we can decompose @’ as follow: when m € A\ {0,1}, we have

Qg
Q' =Q¢, ®Qr, ®Qp, ®Qr, ®Qp, DQp, O ; (1.5.4)
———
Co e
whereas when m = 1, we have instead
Qc,
Q' =Qq, ®Qk, ®Qp, ©QR, ©QG, ®QR, ... . (1.5.5)
———
5o Qa,

In general, given a decomposition of modules M = @®;cy Mg, and a complex (M, d), we can then write
0 as a block matrix. We will use the notation Jk, k, to denote the block of 9 that maps from My, to M,
where we use the shorthand notation Ok, for the block of 0 that maps from M, to itself. We will also use
the notation Og, vk, for the block of @ that maps from ®;cx Mk, to itself. To illustrate, consider the
decomposition of Q" as in (1.5.4) and let (Q’, 9) be a cochain complex with differential 9. We will then write
the differential 0 as the matrix

ey IRrecy| 9aocy Omice 9c1c,

Ocoro [ Oro | 9Gory ORiRo| OciRo

aéoéo aROGO 8@0 8R1 GO 8C‘l GO

9¢or, ORor: 9Gor, | Or, | 90\ R,

9cycy Orocn 9Goc, Oricy  Oc,
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where the blocks d¢, corresponding to the summands Q’c]_ are the blocks in red and similarly blocks dg;
corresponding to the summands Q’Gj are the blocks in blue.

After our lengthy notational digression, let us return to the proof and analyse the difference between
the matrices of the two differentials g and ¢’ corresponding to the two possible decomposition of Q' as in
(1.5.4) and (1.5.5). By looking at how the components ¢; and g; are connected, it follows that the non-zero
entries of the matrix of dy are all contained in the block matrices (dg)c, and (do)q, for all k; similarly the
connection between the components m(c;) and m(g;) dictates that the non-zero entries of the matrix of ¢’
are all contained in the block matrices 5le and 6’Gk for all k. One can show from a direct computation that

(G0)c, = dc,, for all k. (1.5.6)

So between the differentials dp and &', only the block matrices (do)c, and dg, may differ. As such, if we
were in the case where ¢ has no 1-string, i.e. ¢ = ¢g, then we are done. In the rest of the proof, we shall
assume otherwise and treat the rest of the cases.

As we will only need to focus on the module summand Q’ later on, for each j let us simplify both the
decompositions of @’ in (1.5.4) and (1.5.5) into

Q' =Qy, ®Qx, ®Qy, ®Qr,,, ®Qw,, (1.5.7)
QL

J

where Q’VJ (resp. Q{/VJ) consists of all the module summands before Q'Rj (resp. after Qﬁ.%j“) for both
decompositions (1.5.4) and (1.5.5). From here on we will use this simplified decomposition for the matrix of
any differential on Q.

Let go, g1, -..,gs—1 be the 1-strings in ¢. To show (Q’,do) = (Q’,d), by (1.5.6) and (1.5.7) it is sufficient
to construct a cohomological and internal grading preserving isomorphism of modules p; : Q" — @’ for each
0 < j <s—1, so that we have an induced chain of isomorphisms in Comb(,%n,l—prgrmod):

(leéo) = (Q/’él) == (leésfl) = (Q/ads) = (le(sl);

with 641 := p;d; ,uj_l, where each §; for 1 < j < s satisfies the following property:

{(@)GM =0y, and -

(5]‘)XY = (5j_1)Xy, for all XY e {Vj_l,Gj_l,Wj_l} such that (X, Y) 75 (Gj_l,Gj_l).

In other words, each p; will be constructed in a way that the conjugation of J; by uj_l only alters
the differential component (J;)g,, so that (§;11)q, = 1;(05)g, ,u;l = 5/G,~ without affecting the rest of the

differential components. In particular, if o, satisfy ( ) forall 1 < ¢ < j—1, then we have that (§;)c, = (do)g,
Moreover, property (*) will guarantee that 65 = ¢’

What remains is to define the required p; : Q" — Q. We will define p; according to the type of 1-string
g;. Within each possible type of 1-string §;, we will show the following:

1. For j = 0, we show that we can always construct g to get (Qp,d0) = (Q}, 1) such that §; = podopg *
satisfies (*).

2. For j > 1, we show that given (Q',d0) = - = (@}, ;) with d1,...,d; satisfying (*) for j > 1, we can
construct p; : Q" — @’ such that §;41 = ujdj,uj_l satisfies (*).

By an induction on the total number of 1-strings components (over j), we can always construct a chain of
isomorphisms p; with property (*) and hence complete the proof of this theorem.

The rest of the proof is an extensive case-by-case analysis. The list below shows that given each type of
gj, we can construct p; : Q" — Q' satisfying (*). We shall start with the simple cases: types IV, III} and
II,, followed by the types V", III} 1 and IT/ bl that requires some further analysis; refer to Figure 1 2.6.7
for the list of possible types of 1- strmgs Within the list, we will omit the gradings when writing out the
modules in @’ as it will be obvious from construction that p; preserves both the cohomological and internal
gradings. We will also use solid arrows for differentials and dashed arrows for the isomorphism p; : Q" — @Q'.
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1. g is of Type VI

This case is only possible when j = 0 and g; = c. But in this case (Q’,d) is given by 0 — P2 — 0,
which is already the complex (Q’,0") as required (5o =0 = §’).

. gj is of Type III}, for k € Z:

The case when k = 0 is straightforward, where we just pick u; to be the identity.

Now consider the case when k > 0. If j = 0, we get that (0;)q, = (do)g,. For j > 1, §; satisfies (*)
by our inductive assumption, so we have that (0;)c, = (do)g,. Thus for all j, we can draw the part of
(Q',6;) that contains (Qg,, (d;)c,) = (g, (do)g,) as follows:

2X,, 2X,,

PA PA PA PA E PA,

s o o > @ / = (@.5))
2X,,

PﬁA P7IL4 PA P n+1

where F' = [EZIZ;B *(Srl::l;zl} = [(”l’sfl) (n|7?+1):| [17"] and where V denotes the rest of the complex
(@', 6;) containing the modules complement to Q’Gj. In particular, for j = 0, V is the part of (Q’, o)
that contains the module Q/Wo; if 5 > 1, then this case is only possible when j = s — 1 and V is the
part of (Q',d0) that contains the module Q7. . Nevertheless, the construction of y; below depends

only on the form above, so the construction will work for all j. Denote

M .= E ﬂ (1.5.8)

and I as the 2 x 2 identity matrix. We define p, |Q/ to be the following dashed map, with u; acting
as the identity map on the rest of the modules in V!

2X, 2X,
pAZinpa . painpa Fops Ly
° _® o a>xe =@
2X, 2X,
P P P P Py
| | | | |
257100 1282 2M | M, I
v X’I’L v N Xn nn— M
pA =t pa pA = pAttpa sy
S¥) S¥) 5> S>) S¥) = (Q/,(Sj+1).
A Xn A A Xn A(n|n+1 A
pA T pA_ P P! PA,

The arrows in the last two rows shows the differential component (6j+1)(;j in 6;41, induced by the
conjugation of u;l. Hence, the required condition (*) follows directly.

Now consider when £ < 0. As before, we have that (§;)c, = (do)g, for all j, so the analysis of the
part of (Q’,d;) that contains (Qg,(d;)c,) will be the same. Similarly the construction of 1; below

will work for both cases. We draw the part of (@', ;) that contains (QG (05)a;) = (Q’Gj, (do)a,) as
follows:

2X, 2X,
Pl Py P S P P}
/ >< @ @ ® @ =(Q',5;)
Xn pA L. pA 2Xn pA

(n+1|n) (n—1|n)
modules complement to Q’Gj. Denote

with E = {7(”“‘")1‘ ("7””)1} and where V denotes the rest of the complex (Q’,d;) containing the

N = {_ZZ ﬂ (1.5.9)
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and I as the 2 x 2 identity matrix. Note that N[_((:i_ll\L:L))i ((’;__11\&))1} = 2{(n+01\n) (n_Ol‘n)] We define

,uj|Q/G ; to be the following dashed map, with f; the identity map on all modules in V:

pa, s pa 255 pa pa 22 pa
/ @ >< ® ® @ @ =@,
V+— P4, PA 2Xn PA PA 2Xn PA
Ii 32-1N 32 2N Qk“Ni QkN:
P5+1(n+1|n)Pf Xn ];A ];;4 X, 1;;4
® ® ® ® ® = (Q',6;41)-
Ve pA mWpa Xny pa pa Xn, pa

The arrows in the last two rows shows the differential component (J;11)c; in d;41, induced by the
conjugation of ,uj_l. It follows directly that the required condition (*) is satisfied.

3. g; is of Type II) for k € Z:
As before, we have that (J;)g, = (do)g, for all j by our inductive assumption, so the part of (Q’,d;)
that contains (Qg;, (0;)c;) will be of the same form. As such, the construction of 11; below will work
for all j.

We shall start with & = 0. We draw the part of (Q',d;) that contains (Q/Gj, (95)a,) = (Q/Gj, (d0)a,) as
follows:

VPl —> P, «—V
D D = (Qlafsj)’
anl

where either V or V' is the part of (Q',d;) that contains the module QV , whereas the other contains

Qw w,- However, in this case we already have that (d;)q, = 5ij thus we just choose p1; to be the identity
map.

For k > 0, the part of (Q’,d;) containing (QG ,(05)a;) = (QG ,(00)c,) is as follows:

2X, 2Xn 2Xn
PA PA PA e PA P dl P2 \Y%
<> > @ D D < /
A n A 2Xn A A 2Xn A A
Pn Pn Pn P P Pn+1
@ o o o =(Q',95),
2Xn
PA PA e PA E PA
o o @ >< /
A 2Xn A A
Pn Pn e Pn+1

where either V or V'’ is the part of (Q’,d;) that contains the module QV and the other contains Q’
We define p; |Q’c- to be the following dashed map:
J
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painpa?inpa o palinpa Fopa Ly
@\33( @ ® T + >< o
pA X pa 22 pa pa 22X, pa pA

n n n n n+1

oM ® @
PA 2% PA PA PA
R A A A e I

pa K P:? X P:? P';;‘ ", pa Y pa v

& ® ® P = (Q,9;41),
X\ pa X pa pAtt=)pa A

& ® ® P

Pf Xn P{;‘ Pf(n\n-Fl)Pf—’—l

where M is as in (1.5.8). For the rest of the modules in @', u; sends v to 2~*~Dy (resp. v to 27 F=2)y)
for any v belonging to the modules in V (resp. V’). The black arrows in the last four rows show the
differential component (d;41)g, in d;41, induced by the conjugation of uj_l. It is easy to see that the
required condition (*) is satisfied.

The construction for k < 0 is similar, using the map N (from (1.5.9)) in place of M.

. gj is of Type V"":

Recall the definitions of g;,¢; and r; from the paragraph (Slicing ¢) and recall the subsets of crossings
of m(¢) as defined in (1.5.3). Let h; be the connected component of (¢ \ g;) U (g; N d2) that contains
the point m, so that g; intersects h; at the point r;. To illustrate, hg = cp and hy = co U go U c1
in Figure 1.5.3.1a; whereas hg = 0, h1 = go U ¢1, and hy = go U ¢; U g1 U ¢ in Figure 1.5.3.1b. Let
m(h;) = h; [[hj and m(r;) = 7; [ [ ; so that the curves of m(g;) and h; intersect at the point 7; € 6,41
and the curves of m(g;) and h; intersect at the point r; € 6,_1.

Now recall the decomposition of Q" given in (1.5.7). By definition, {r;,r;} is the subset of crossings
R; C Gj. We get that
PA) © PAr) = Q.

First consider the case when j = 0. Then g; = go is of this type only when m € A\ {0,1} since
go N {1} = 0, so we have Qy, o, = Q¢,- Furthermore, (1.5.6) implies that (do)c, = d¢,, giving us

(Qv, ® QRry» (d0)vomr,) = (Qey» (90)cy) = (Qcys dc,) = La(m(co))

with the last equality following from the definition of (Q’,¢") = La(m(¢)). By definition of h;, it follows
that cg = hg, so we can conclude that

(@, ® Qo (01 vowro) = La(m(ho)) = La(ho) ® La(hy),

where the last equality follows from the fact that m(hg) = ho L1 ho-

Now consider when j > 1. In this case §; satisfies property (*) by our induction hypothesis, allowing
us to conclude that

(05)v; =0y, (9j)v;m; = Oy, R,» and ()R, v; = Og,v;-
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Thus we have that (J;)v,er, = 0y, ¢, giving us

(Qv, ® Qk,, (6j)v;er;) = (Qy, ® Qk,,0v,0r,) = La(m(hy)) = LA(EJ') @ La(hy),

where the second equality follows from the definition of (Q’,d’) = La(m(¢)) and the third equality
follows from the fact that m(h;) = h I hy.

Thus for all j, we obtain
(Qv, ® Qk, (§)v;0r,) = La(hy) ® La(hy). (1.5.10)

Furthermore, note that h and h; contain the points 7; and 7 respectively, so L A(h ) contains P4 (r;)
as a submodule and L A(h-) contains PA(T‘J) as a submodule. Let us now understand the relation
between (Qg,, (d;)c;, ), (Q’ ®© Q% ,(9;)v,or,) and (Q',d;). As before our inductive hypothesis gives

us (05)a, = (do)a; for all 5. "So the part of (@', d;) that contains (Qg;, (6;)c,) will be the same for all
j, and it has either of the following two forms:

PA \vi

A e EK: S )

V s PA(rj) — P! — P, | (Qf,, (9))c,)

or
(Q/G_Is((s,j)(l]) Pr,Lqul PA F A )4———>V
/ o >< y / — (@5,
V' < Pt | — P& — PA(F; )

where V denotes the rest of the complex (Q’,d;) that contains the module QQ/J_ and V'’ denotes the
rest of the complex (Q’',d;) that contains the module QlVV"

Using (1.5.10), the part of (Q’,d;) that contains (QG ,(05)a;)s LA(@) and LA(h ) has either of the
following two forms:

AN

o > o> e =@
3 e 9j)a;

or
(Qg,, (9))a; ) PA, _E pPA _— r PA(Q) — VL4 (@)
/ >< >< =@
v e p —>PA PA(F <———>V‘LA (il,j)

Thus for all j, we conclude that (Q’,d;) must be of the above two possible forms. It is now sufficient
to give a construction of p; for each of the two possible forms.
We begin with the construction of p; for the first possible form of (Q’,d;). Firstly, recall M from

(1.5.8) and note that M E = Qi[("+01|n) (n Ol‘n)] [oh9]. We define MJ|Q' to be the following dashed
map:
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o >< o > e / —(@.5)

I
-1 0 b
2,,[0 1i A[: I:
~ . (n+1n nln —1
v PA(T']')< +1] >PT‘;4< \ )PT_,L471 v/

@ @ @ / = (Q,8j41).

For the rest of the modules in @', we define p; as the identity for modules contained in V', and pu,

sends v to —2iv (resp. v to 2iv) for any v belonging to the modules in v (resp. V). The black arrows
in the last two rows shows the differential component (0;41)g, in d;11, induced by the conjugation of
uj_l. It is easy to see that ;41 does indeed satisfy the required property (*).

The construction of p; for the second form is similar, changing pj|pagpa to N from (1.5.9) instead of
M.

. g; is of Type HI;H_% for k € Z:

Note that the case for £ = 0 is straightforward: p; is just the identity. We will provide the analysis
and construction of u; for K > 0 and k < 0.

As in other types, the equations (d;)c; = (do)c, holds for all j by the induction hypothesis. Using the
same argument in Type V", one can show that (1.5.10) hold for all j in this type as well. So the part

of (Q',0;) that contains (Qg, (6;)c,), La(h;) and La(h;) will be of the same form for all j. It follows

that the construction of p; below will work for all j.

Let us start with & > 0. Using the same notation as in the analysis of Type V" we can draw the part

of (Q’,4;) that contains (Qg, (6;)c,) = (Qg;, (do)a,), La(h;) and LA(th) as either of the two forms:

(Qe,» (9)c;) ® @ ® >< @ = (Q',4;)

2Xn 2Xn ~ — o
pa =25 pa pp 228 pa L pagy) — V|14 (1)
or
2X,, 2X.,
PAZSPA A T P L pAG) Y L (@-)

(Qc,, (05)c;) @ o ® >< @ = (Q', ).
2X,,

PA —— PA(F) = V| La (@)

We will construct ; for the first form; the second form is a mirrored construction. Define p;]q,, to
J

be the following dashed map:
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2X,
=(Q',4;
A 2Xn 69A GBA 2Xn 6914 ><A A®~ — (Q, J)
2R M 2JM | JM | J!
. | \% Xn ¥ Xn ¥ Y
T, RY S — R s PAry) «—— ¥
Ve X ® ¢ 9 ® B =:(Q',0;+1)
P P P P PA) < ¥

with J = [ ! 9]. For the rest of the modules in @', 1; sends v to —v (resp. v to v) for any v belonging
to the modules in V (resp. %) The black arrows in the last two rows shows the differential component
(0j+1)G, in dj41, induced by the conjugation of u;l. It is easy to see that u; does indeed satisfy the
required property (*).

Similarly for k < 0, we draw the part of (Q',d;) that contains (Qg,, (6;)c,) = (Qg, (do)c,), LA(E]-)
and L4 (h;) as either of the two forms: ' '

La (};) V < PA(R) E pA 2Xn PA pA (Qg,» (d5)a;)
o e o @ = (@)
La ()| T A PR b P 255 P e P2 T
or
La (ﬁ,) V < PA(7) E pPA 20, pA PA 2Xn pA
@ >< @ ® ® —(Q'.4;).
La (b)Y« PHry) — P i (@, (5),)

Once again we construct p; for the first form; the second form is a mirrored construction. Note that

NE = 2[(n+01|n) (nfolln)} We define ,uj|%j to be the following dashed map, with p; acting as the

identity on the rest of the modules in both V and V:

. E 2X,
V < PA(r) P P P
® >< ® ® @ = (Q',5;)
92X, 2X,,
Ve PYNrj))— P} —PA — ...— pA — pA
I | 271N | 272N 2k N | |
VHPA(/F‘;)(n-%—l\n)Pf Xn PnA P;? 32k+1
X, |
® ® ® o " | = (Q',0;41).
n — n .Xn X’ﬂ Y
V o PA(r) "= pA PA pA pA

The black arrows in the last two rows shows the differential component (d;41)c, in d;41, induced by
the conjugation of u;l. The required condition (*) follows directly.

. gj is of Type H;H% for k € Z:

As in other types, the equations (d;)c; = (do)c, holds for all j by the induction hypothesis. Using the
same argument in Type V", one can show that (1.5.10) hold for all j in this type as well. So the part
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of (Q',0;) that contains (Qg, (6;)c,), La(h;) and La(h;) will be of the same form for all j. It follows
that the construction of ;; below will work for all j.

Let us start with k¥ = 0. With the same notation as in the analysis of Type V", we can draw the part

of (Q',4;) that contains (Q;, (0;)c;) = (Qg,, (d0)c;), La(h;) and La(h;) as follows:

Pl «—— V'
/ 2] 1/
Py Pl
(@, (3)a,)| @ ® — (@.5)),

where the first map is given by [ /|, with F’ defined by [ ' ¢]F" = [("‘%ﬂ) (n|7?71):|M' We define

uj|Q/Gj to be the following dashed map:

P Py
@ ® =(Q',9;)
P PA(F;) <V
| @
\ PA(rj) «— Y
]
L e

® >< ® = (Q',0j+41),

where J = [_01 (1)], p; is the identity on all modules contained in V' and p; sends v to —iv (resp. iv)
for any v belonging to the modules in V (resp. V). The black arrows in the last four rows shows
the differential component (;41)g, in d;41, induced by the conjugation of pj_l. Thus, the required
condition (*) is easily satisfied.

For k > 0, we can draw the part of (Q',d;) that contains (Q’Gj, (6)a,) = ( ’Gj, (60)a,), La(h;) and
L 4(h;) as follows:
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P 25 P 25 el Tl SR
= o ® ® o >< ® [/
A A 2Xn A A 2Xn A A
Pn 9 Pn Pn Pn Pn Pn+1
@ @ B ® @ La <17J) =(Q',5;).
n 2Xn 2Xn ! ~ —
PAEE Pl s P 0 Pt T P ©
@ ® ® @ ®
2, 2X,
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Similarly, we define “J'|Q’c. to be the following dashed map:

= (le(sj)

= (Qla 6j+1)a

where p; is the identity on all modules contained in V' and p; sends v to —iv (resp. iv) for any v
belonging to the modules in V (resp. V). The black arrows in the last four rows shows the differential
component (d;41)g, in d;41, induced by the conjugation of u;l. Thus, the required condition (*) is
easily satisfied. The construction for & < 0 is similar, using the map N in place of M.

This completes the list of u; for all possible types of 1-string §; for all j, and thus completing the proof.
Q.E.D.

Using this result, we can now deduce a type B,, version of Theorem 1.5.2:

Theorem 1.5.7. For 0% € A(B,) and an admissible trigraded curve ¢ in DB, we have that
0% (Lp(e) = Lp(a”(2)),
in the category of Komb(%’n-prgrmod), i.e. the map Lp is A(B,)-equivariant.

Proof. Let ¢ be a trigraded curve in Dfﬂ and o be an element of A(B,,). By Proposition 1.5.5, the diagram
in Figure 1.5.0.1 commutes. Together with the three other maps being equivariant, we can conclude that

on 1 @, (Lp(0P(6))) = on_1 @, (0P (Lp(©))). (1.5.11)
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Recall that the functor %, _1 ®g, — was defined as 2%, _1 ® %, §(—) (see paragraph after Proposition 1.4.1
for the definitions). Since @, 1 = C ®g B, as graded C-algebras, (1.5.11) together with the fact that both

categories Komb(%n—prgrmod) and Komb(%n,l—prgrmod) are Krull-Schmidt implies that
Lp(cP(¢)) = oB(Lp(&))(s), (1.5.12)

with s =0 or 1.

We aim to show that s = 0 for all cases. First consider the case when ¢N{0} = 0. As ¢ ~ x(r1,79,73)5(b2)
and PP = PB(1), it follows easily that (Lp(¢))(0) = (Lp(¢))(1), and so we are done. Now consider when
c has one of its end points at 0. Note that it is sufficient to prove the statement for ¢ = J;B for each

j. We assign to each complex C' in Komb(%n—prgrmod) an element of Z/2Z denoted by sgn(C'), by taking
the sum of the third grading (—) over all modules P; in C. One can easily show that sgn is invariant
under isomorphisms in Komb(%n-prgrmod), where using Lemma 1.5.8 below, we get that s must be 0 as
required. Q.E.D.

Lemma 1.5.8. For any trigraded curve ¢ with one of its endpoint at {0} and any generating braid Uf, we
have sgn (UJB(LB(é))) = sgn(LB(UJB(é))).

Proof. For j > 2, it is clear that sgn (af(LB(é))) =sgn(Lp(¢)) = sgn(LB(af(é))).

Now fix j = 1. First consider the case when ¢ is of type VI, i.e. ¢ = xZ(r1,72,73)b1. Then oP(¢) =
xB(r1 — 1,72 + 1,73 + 1)by by Lemma 1.2.4(2). So, Lg(c£(¢)) = PE[—r1 + 1]{ra + 1}(r3 + 1). Besides,

0P (L((e))) = (meu} & PPy L, PP) =] {ra}(rs + 1)
= PiB[—’I"l + 1]{7‘2 + 1}<7"5 + 1>

Thus, sgn (O'J-B(LB(é))) =r3+1=sgn(Lp(cF(¢))).

Otherwise, we analyse sgn based on the number of 2-crossing in ¢. Note that, for 1-strings g,

sgn (Lp(g)), when ¢ is of type II,, II’:U+%7IIII/U+% and V",

sen (Lp(oP(g))) =
gn (Lp(a7 (7)) {sgn(LB(f]))-l-l, when § is of type III,.

Note that of won’t change the number of 2-crossings of ¢ and as ¢ N {0} = {0}, & contains 1-string of type
I1I}, if and only if ¢ has even number of 2-crossings. Since sgn (Lp(of (€))) can be computed by summing
over all 1-strings of ¢, we conclude that

sgn (Lp(¢)), if ¢ has odd number of 2-crossings;

sgn (Lp(o7(¢))) = {

sgn (Lp(¢)) + 1, if ¢ has even number of 2-crossings.

On the other hand, note that ¢ and o2 (¢) both have an odd number of 1-crossings. Moreover, sgn(C(1)) =
sgn(C) + 1 if and only if C has an odd number of underlying PZ’s. As such, we have that

sgn (Lp(¢)), if Lp(¢) has odd number of modules PP;
sgn (Lp(¢)) + 1, if Lp(¢) has even number of modules PP,

sgn (o7 (Lp(0))) = {
since of = Ry (1), 1PP @5, PP 2R&R{1}, 1 PP @4, Py X R&R(1) and PP @4, PP =0 forall j >3
(see Proposition 1.3.5 and Remark 1.3.6). Thus, we get sgn (o (Lp(¢))) =sgn (Lp(cf(¢))) . Q.E.D.
1.6 Categorification of Homological Representations

In this section, we shall relate the categorical representations of type As,_1 and type B, Artin groups to
their representations on the first homology of surfaces.
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Throughout this section we will use K4 := Komb(%n,l—prgrmod) and Kg := Komb(%n—prgrmod) as
shorthand notations. We will also use Z4, Zp s and Zp . to denote the rings Z[gT], Z[¢*!, s]/(s*> — 1) and
Z[q*, 7]/ {r? — 1) respectively. We denote the Grothendieck group of K4 and Kp as Ko(K4) and Ko(Kp)
respectively; recall that they are the abelian groups freely generated by the isomorphism classes of objects,

quotient by the relation [cone(A ER B)] = [B] — [A].

1.6.1 Representations on Grothendieck groups

First, consider the Grothendieck group Ky(K4). The functor {1} makes Ky(K4) into a Z4-module defined
by [X{1}] = ¢[X]. Note that Ko(K4) is isomorphic to the split Grothendieck group K (%%, —1-p,g,mod)
(see [Rosl5, Theorem 1.1]), so Ko(K4) is a free module over Z4 of rank 2n — 1, generated by {[PJA] | 1<
j <2n —1}. The action of A(As,—1) on K4 preserves cones; namely for all o € A(A2,—1),

o(cone(A L5 B)) = cone(o(4) 2P o(B)).

Moreover, the action commutes with the grading shift functor, so we have an induced Z4-linear representation
of A(Az2n—1) on Ko(K4), which we denote by pra : A(A2,—1) = Autz, (Ko(K4)).

Now consider the Grothendieck group K(Kp). The functors {1} and (1) make Ky(Kp) into a module
over Zp . As PP(1) = PP for all j > 2, we have that s[P;] = [P;] for all j > 2. It is easy to see now that

Ko(Kp) 2 Zps® (Zp,s/(s — 1>)€Bn—1

as Zp-modules, generated by {[P/] | 1 < j < n}. As before, the action of A(B,) on Kp preserves cones
and it commutes with the grading shift functors, so we have an induced Zp s-linear representation of A(B,,)
on Ko(Kp), which we denote by pxp : A(B,) = Autz,  (Ko(Kp)).

1.6.2 Homological representations

It is well-known that the reduced Burau representation of A(As,_1) can be realised as a homological rep-
resentation (see for example [KT08, Theorem 3.7 and Theorem 3.9]). Nonetheless, we shall spell out the
construction here as it will shed some light on the construction of the homological representation for type
B,, and also clarify the relationship between them.

Consider the covering space Ds, classified by the cohomology class Cp € H!(Dsy, \ A,Z) defined by
[Mi] — Lforall k € A = {-n,..,—1,1,...,n}, where each \; is a closed loop around the puncture k. It is
easy to see that the space Dy, is homotopy equivalent to the infinite graph I'z given below:

Figure 1.6.2.1: The infinite graph I'z homotopy equivalent to Da,.

The action of A(Ag,_1) on D2, \ A lifts to an action on Dy, that commutes with the deck transforma-
tion group Z, so it induces a Z[Z]-linear action of A(As,—1) on Hi(Day,,Z), which we denote by prma :
A(Agnfl) — AutZ[Z] (Hl (Dgn, Z))

Now let Ay := AU {0} and consider the covering space %, 1 of DZ, \ Aq classified by the cohomology
class Cy € H' (D4, \ Ay, Z) defined by

1, for j #0;
0, forj=0,
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where each ) is a closed loop around the puncture j. Note that the composition of coverings
Dont1 — Dén \Ag — DE-H \A

is a normal covering space of DZ ; \ A, with its group of deck transformation isomorphic to Z x Z/2Z (cf.
Lemma 1.2.2).

Let I; be a closed loop around each puncture j € A of D2, ;. Note that in H; (D4, \ Ao, Z) we have that

(Aol = [lo] + r{lo];
(A_;] = r[l], for j > 0; (1.6.1)
A= [, for j > 0.

As such, the space %a,41 is homotopy equivalent to the space given below:

rqlq rq?ly
/%\ rq°p //%\

rqly rq°l,

a 'l I qla q°l

gty P e ap T @Pp = ¢p -
q Tl n qin q“ln

Figure 1.6.2.2: The infinite graph I';,z /27 homotopy equivalent to Zon 1.

The action of A(B,) on DZ , \ A lifts to an action on %s,1 that commutes with deck transformation

group Z[Z x Z/2Z) = Zg ., so it induces a Zp ,-linear action on Hi(Zsy41,Z), which we denote by PRHB °
.A(Bn) — Authyr(Hl(.@gn_H, Z))

1.6.3 Relating the representations on Grothedieck groups and homology groups

It has been shown in [KS02, Section 2e.1] that the induced action of A(Asz,—1) on the Grothendieck group
Ky(K4) is isomorphic to the reduced Burau representation, but we shall spell it out here before dealing
with the type B case. Recall that 7, and Ky(Kp) are modules over Zp, and Zp s respectively, whereas
H1(D2y,,Z) and Ky(K4) are modules over Z4.

Proposition 1.6.1. The two Z4-linear representations pra : A(Aan—1) = Autz, (Ko(K4)) and prua :
A(Azn—1) — Autgz)(H1(Dan,Z)) are isomorphic. In particular, the categorical action of A(Az,—1) on Ka
categorifies the reduced Burau representation.

Proof. One can check that Hi(Day,Z) is a free module over Z[Z] = Z,4 of rank 2n — 1, with basis
{[71], ceey [’727171]} defined by:

A1) =[], for j = n;
5] = 4 (U s ) = D))y forj <1, (162
()" (M=ntjl = Aongjma],  forj>n+1.

Similarly, {P{}, Pst, ..., P51} is a Za-basis for Ko(K4).

Under both of these bases, both pxa and prya are given by the same matrices for each generator of
A(Az,—1) as follows:
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0

0 -1 —q —gq , for2<j<n-—1;
0 0 0 0

0 0 0 In_j_1

0 0 0 0
UJA = 0 -1 —q -1 0 ) for j = n;

0 0 0 1 0

| 0 0 0 0 In—j]

[, 0 0 0 0 ]
0 1 0 0 0
0 —qg —q -1 0 , forn+1<j5<2n-2.
0 0 0 1 0

| 0 0 0 0 In—j]

It follows that px 4 and prmga are isomorphic representations. Q.E.D.

Proposition 1.6.2. Under the identification Zp s = Zp, given by s — —r and q¢ — q, the Zp s-linear
representation pxp : A(Bn) — Autz,  (Ko(Kp)) is isomorphic to a Zp s-linear subrepresentation of prEB :
.A(Bn) — Auth,S(Hl (@2n+1; Z))

Proof. Consider the sub Zg ,-module 4, C H1(%Pan+1,Z) generated by {[&1], ..., [(n]}, where:

€] = (1- q)[‘ZO] — (1 =7r)[lh] for j = 1;
! ()" (1 =r)([lj=1] = [lj])  for j > 2.

Note that [¢;] = —r[¢;] for all j > 2, so that 7, = Zp, @ (Zp.,/(r +1))¥" ! as Zg ,-modules.

It is easy to verify on the generators that /%, C Hy(%Pan+1,7Z) is closed under the action of A(B,,), so we
obtain a Zp ,-linear subrepresentation on J#,, which we denote by prup : A(B,) — Autz, (/).

Using the set of generators {PZ, PP, ..., PB} for Kp, pxp is given by the following matrices for each
generator of A(B,):

[—sq —(1+s) 0 In—2 0 O
prp(or)=| 0 1 0 |5 prplog)=] 0 1 0f;
0 0 I o 0 -9 —q

Ii_5 0 0 0 0
0 1 0 0 0
0 —q —q -1 0
0 0 0 1 0
0 0 0 0 In_j—1

pKB(UJB) = , for j # 1,n.

One can check that using the set of generators {[£1], ..., [§n]} for 47, prup is defined by associating the
above matrices to the generators of A(B,,) with s = —r. Thus, under the identification Zp ; = Zp , given
by s — —r and ¢ — ¢, the two representations are isomorphic. Q.E.D.

Denote evyi : Z,s — Z4 as the Z[qil]—linear evaluation maps defined by s — +1. Throughout the
rest of this section, we shall view Hq(Da,,Z) as a Zp s-module through ev_; and K(K4) as a Zp s-module
through ev;.

The functor o%,_1 ®z, — as in Proposition 1.4.2 preserves cones, hence it induces a map on the
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Grothendieck groups Ko(ean—1 ®2, —) : Ko(Kp) = Ko(K4), given by

[P;‘L for j=1;

[Pri(jq

Ko(an—1 ®a, —)([P]]) = i
J )] + [Pf+(j71)}, otherwise.

On the other hand, the natural inclusion map ¢ : D4, \ Ay — D%, \ A induces a map on the homology
v Hy(Dg\ Ao, Z) — Hy (D3, \ A,Z) that sends

0 for j = 0;
[A]] H ) or ] ] Y
[\j], otherwise.

Thus, ¢ lifts uniquely to 7 : Zs,4+1 — Day, which induces a map on the homology 7 : Hi(%ap+1,Z) —
H1(D2y,,Z). We shall now show a “decategorified” analogue of Theorem 1.5.1:

Theorem 1.6.3. Consider the action of A(B,) on #,, and Ko(Kg) given by prup = p/I_%\I;E|yfn and px B

respectively as in Proposition 1.6.2; similarly consider the action of A(B,) & A(Asn—1) on Hy(Dayn,Z)
and Ko(KC4) given by prua and pxa respectively as in Proposition 1.6.1. Then there exists Zp -linear
isomorphisms © 4 and ©p such that following diagram is commutative with all four maps Zp s-linear and
A(By,)-equivariant:

A(Bn) - AAzn1) & ABy)
e ¢ H,y (Do, 2)
gleB %lGA
Ko(kp) — P12, 7) e
O A
AB) T AAan) & ABL)

Proof. We use isomorphisms © 4 and ©p which identify the respective generators chosen in the proof of
Proposition 1.6.1 and Proposition 1.6.2 respectively.

The functor <%, _1 ®z, — commutes with the grading functor, so Ko(%,_1 @z, —) is Zp s linear. The
fact that it is A(By, )-equivariant follows from Theorem 1.4.3. On the other hand, it follows immediately from
the construction of the covering spaces %o, 41 and Dy, that U'is a Zp s-linear map and is A(B,, )-equivariant.

Using (1.6.1) and (1.6.2), the restriction of 7 to 7%, is given by

() = {””]’ A

[Yn—G—1)] + [VnsG-1)), forj>2.

It now follows immediately that © 4 07 = Ko(%%,—1 ®p, —) 0 Op. Q.E.D.

1.7 Trigraded Intersection Numbers, Graded Dimensions of Homo-
morphism Spaces

In this section, we shall relate the trigraded intersection number and the Hom spaces between the correspond-
ing complexes. Throughout this section, we will fix the following shorthand notations: Kp := Kom®(Z,-
prgymod), K4 := Kom® (e, _1-prgrmod), Bm := B,-mod and &/m := oy, _1-mod.

For V' = @, s)ezxz/22V(rs) 17 }(5) & (Z x Z/27Z)-graded R-vector space, we denote its bigraded dimension
as
bigrdim(V) := Y dim(V,,s))g545-
(r,s)EZXZL/2Z
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Recall that for each pair of objects (C*,0¢), (D*,0p) in Kp, one can consider the internal (bigraded)
Hom complex HOMj. , (C, D) defined as follows: for each cohomological degree s; € Z,

HOME (C, D) = @ Homg,,, (C™, D™{s2}(s3)){—s2}{s3)
(82,83)ELXZL/2Z,
m—+n=si

is a Z x Z/2Z-graded R-vector space and the differentials are given by
d(f)=0po f—(-1)"fodc,

for each f € HOMg (C,D). It follows that each H" (HOMy_(C, D)) is a (Z x Z/27Z)-graded R-vector
space. We define the Poincaré polynomial S3(C, D) € Z[q1, 47, a2, 45 q3)/{q3 — 1) of HOMj , (C, D) as

P(C, D) := > g;'bigrdimg (H** (HOMy(C, D))).
S1€EZL

Lemma 1.7.1. For any trigraded admissible curve ¢, the following internal Hom compleres are quasi-
isomorphic:
(HOMy.,, (PP, Lp(®),ds) = @) (HOMy (PP, Lg(g)),dg),
gest(e,5)

forall1 < j<n and (s1,S2,53) € Z X Z x L/2.

Proof. To simplify notation, denote (C*,9¢) := Lp(¢) and (G*,0¢) = @yes(e ) LB (9)- Note that G
can be obtained from C* by discarding the modules PP in Lp(¢) for |k — j| > 1. In particular, for all
m € Z, C™ = G™ & U™ where U™ consists of all indecomposable PP in C™ with |k — j| > 1. Using the
decomposition above, let us write 9% : C™ = G™ @ U™ — GM L @ UM = O™+ as:

T/"L *
mo__
so that 7™ : G™ — G™*1. Also note that the differential 9% : G™ — G™*! can be obtained from 7™ by

8’ x . . . .
modifying the differentials P (z) —= PP (y) to 0 whenever z and y are crossings of two different j-strings
of ¢. Since

D Homyn (PP, PP[s1){s2}(s3)) = 0, (17.1)
(81,82,83)€Z><Z><Z/QZ

for all k such that |j — k| > 1, it follows that

D Hom g, (PP, U {57} (s3)) = 0. (1.7.2)
(s1,82,53)ELXLXL]2T

and thus
HOMY', (PF,C*) = HOME, (P, G*), (1.7.3)

for each m € Z as underlying graded vector space. Moreover, we know that % = (0fF o—) and dfy = (0% o—)
by definition of the HOM complex. But (1.7.2) allows us to conclude that d} = (7™ o —). Therefore to prove
the proposition, it is sufficient to show that d = (7" o —) and d{¥ = (0% o —) have isomorphic kernels and
isomorphic images for each m € Z. For the rest of the proof, let m € Z be arbitrary.

Let us first consider the simple case when j # 2. We claim that d¥ = d%. Note that when j # 2, 0y, in
7™ that are modifed to 0 in 92 are always right multiplication by loops X;_1 or X;;1. But for such maps,
the corresponding induced maps on the HOM complex (dy, o —) are always 0, so (7" o —) = (0g o —) as
required.

Now let us consider the case when j = 2. The types of maps 0y, : P(z) — P(y) in 7™ that are modifed
to 0 in O% are of the following types:

(1) ()W = X1 or Xg;
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(i) Dye = (112)i or Byp = —i(2]1).

Moreover, 0, of type (ii) does not exist in 9¢% by definition of Lp. By the same argument in the case j # 2,
the induced differential in the HOM complex by 9, of type (i) is 0. So can relate d% and di as follows:

2= ("o —) = (9 o)+ (60 —) = df + (50 ), (L7.4)

where ¢ := " 0y, summing over all 9,, in 7™ that are of type (ii).

Before we analyse the kernel and image of both d% and d¢, we shall consider a decomposition of G™ and
G™*! using 7™. Denote ™ and &™ ! as the subset of all crossings of ¢ such that G™ = @, m P(z) and
G™ =@, gm+1 P(2). We shall reorganise the direct summands of G™ and G™*! in the following way:

1. Set
o a=1,
e c:=9,
o X =06
e H™ . =G™,

o Y =& and
° Hm+1 — Gm+1.

2. If e = 0, then skip to step (3); otherwise let J,, be one of the summands in §. Consider the smallest
subset X’ C X and Y’ C Y such that

e x X/,
e ycY' and

e 0., =0,X; or X3 whenever w € (X')%,z€Y orwe X',z € (Y')".

We organise the direct summands of H™ in the following way:

H"=Qre | P P |, amdH™ ' =Qrta | P Py
re(X')e ye(Y)e

where QI = @,y P(z) and Q! = @D,cv P(y). Let e = > 0y,, summing over all Jy, =

(112)é,—i(2|1) with z € X' and y € Y.
Redefine

e av:=a+1,
e c:=¢€—",

o H™ :=P,c(xn. Pz), and
o HMH = @ye(w)c P(y).
Repeat step (2).
3. If H™ # 0, then set Q™ := H™, else if H™*! 0, then set QM ! := H™+1L,

4. Output G™ = @, 4 QT and G = P, .5 Q7 with the appropriate index sets S = {1,..., M} and
S ={1,...,M'}.

Now consider 7 and 9¢% as block matrices corresponding to the decomposition obtained above:

m

T = [(Tm)s’,s](s/,s)ES/X5'7 32? = [(381)5’,5}(5/,3)65%&
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Note that by the construction of the decomposition we have that the block (7),  only have entries X1, X3
or 0 for all s # s’. On the HOM complexes, the decompositions also give us

HO ;gB (PJB7 C*) = HOM%B (Pij G*) = @Hom@m(Pij Q;n)» and
ses
HOMH (PP, C*) = HOME ! (PP, G*) = @ Homgs (PP, Q).

S/
s'eS’

Similarly consider the two differentials df¥ and di7 written as block matrices corresponding to the decom-
positions: df = [(d})s s](s,s)es7xs,  dE = [(dF)s sl(s',s)es7xs- The construction of the decomposition
guarantees the property that (d@)s s = (d@)s,s = 0 whenever s # s’ (recall that the induced maps (X7 0—)
and (X3o0—) are 0). So to show that df7 = (7™ o—) and d% = (9¢% o—) have isomorphic images and isomorphic
kernels, it is now sufficient to show them for each block (d@¥)s.s = ((7™)s,s0—) and (di)s s = (0% )s/,s0—)
where s = §'.

To simplify notation, for the rest of this proof we shall drop the subscript s and denote:
Q™ :=Q"; Q"M :=QmY doi=(dR)ss; dgi=(dE)ss; Ti= Tos; and Jg := (¢ )s,s-

We shall now look at the possible types of maps 7 : Q™ — Q™*! which gives us all possible dc = (70 —),
where dg = (0g o —) can be obtained by dg = (70 —) — (§ 0 —) (following from (1.7.4)).

If do = dg, i.e. 7 has no entry of type (ii) so that § = 0, then there is nothing left to show. Otherwise,
T contains at least one entry dy, of type (ii). The two possibilities of Jy, of type (ii) are (1|2)i and —i(2|1).
We will only explicitly show the classification method used to obtain all possible types of Q™ = Q™! when
Oyz = (1]2)¢, where the same method can be applied to the case when 0,, = —i(2|1).

So let us consider the case when 7 has an entry with 0, = (1|2)i. Recall that by the definition of Lp,
for any 0y, of type (ii), there must be a corresponding 1-crossing &’ of ¢ such that

e 2/ and x are connected by an essential segment in Dy, and

e 2/ and y are endpoints of an essential segment of ¢ in D;.

So in the case 9y, = (1]2)i, 2’ and y are connected through an essential segment in D; of type 1 (refer to
Figure 1.2.6.2) and the map 0y, : P(2’) — P(y) is the right multiplication by (1|2). By the construction
of Q™ and Q™*!, @™ must then at least contain the direct summands P(z) and P(z’) and Q™! must at
least contain the direct summand P(y), so the differential Q™ = Q™! must contain at least two entries
Oye = (1|2)¢ and Oy, = (1]2). Thus the crossings x, 2" and y must be contained in the corresponding partial

curve of ¢ below:

Figure 1.7.0.1: The crossings z, 2’ and y of the partial curve of ¢.

As seen from Figure 1.7.0.1 above, x and y are the only crossings that can be in a another distinct
essential segment of ¢.

Let us now first consider the subcase when z is not in another distinct essential segment. If y is also not
in another distinct essential segment, then we have that Q™ = Q™! is of the form:

P(z') (112)

@
P(z)

P(y)

(112)d



50 CHAPTER 1. THE TYPE B ZIGZAG ALGEBRA.

If instead y is part of another essential segment of ¢ with its other endpoint some crossing w, then the
essential segment must be in Dy. Since P(y) is a direct summand of Q™*!, w must have the property
wy = y1 — 1 so that P(w) is an entry of Q™ and 0y, is an entry of 7. The only two such possibilities are:

IR

X X

Figure 1.7.0.2: The two possible essential segments from y.

Now note that if w is a 2-crossing (left picture in Figure 1.7.0.2, then one sees that w can not be connected
to any other crossing z through another distinct essential segment in ¢ with P(z) a direct summand of Q™*1;
if instead w a 3-crossing (right picture in Figure 1.7.0.2, then the only possibility for P(z) to be a direct
summand of Q™! is when w is also a 3-crossing, with w and z endpoints of an essential segment of ¢ in Ds
of type 2, giving us d,. = X3. Recall the chosen decomposition of G™ and G™*!, where Q™+ C G™m+!
corresponds to the smallest subset of crossings in &™*+! which contains y, with the property that maps
between the direct summands of the decompositions of G™ and G™*! are either 0 or X; or X3. Thus P(2)
must be excluded from Q™*!. We can therefore conclude that for the subcase when z is not connected to
any other distinct essential segments, we have 3 possible forms for Q™ - Q™1

P(w)
P(x/) (1‘2) P(y) oy Xo or (3|2)
(112)
or / .
<) oy P(z'y —= P(y)
P(z) @ AQ)I’
P(x)

To analyse the maps d¢ and dg, let us identify the morphism spaces as

HOMR, (PY,G*) = €D  Homgn (P, (P(z') ® P(x) ® P(w)){s}{t)){s}()
(s,t)EZLXTL]Z
= (R{(2[1)}{xs) ® R{i(2[1) } (w3 + 1)) {w2 + 1}
® (R{(211) }z5) @ R{i(2(1) Ha + 1)) {5}
D Z,

where Z = 0 for the first type of Q™ 5 Q™! and

HOME (PP,G*) = @ Homgm(Py, P(y){sh(t){s}t)
(s,t)EZXZL]Z

= (R{X2}(y3) ® R{X2i}(ys + 1)) {52 + 1}
® (R{id}(ys) ® R{i}(ys + 1)) {2}

Using this identification, we can write dc and d¢g as the corresponding matrices:

-1

dC = and dG =

S O O
[l el W)
o O oo
o O OO
S O+ O

1
0
0
0

SO O
o o= O
o o= O
o O O

where dg is obtained from de by removing maps that were induced by (1|2)i. It follows that do and dg
have the same image and have isomorphic kernels.

Now consider the other subcase where x is in another essential segment of ¢ with its other endpoint some
crossing 7/’. Note that since x is already part of an essential segment in Dy, the essential segment connecting
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x and 3 can only be in D;. As before, we must have y} = 21 — 1 so that P(y’) is a direct summand of Q™!
and that 0y, is an entry of 7. Furthermore, if 2 and gy’ is connected by the essential segment of Type 2 in
Figure 1.2.6.2, then 0,/, = X;. Therefore such P(y’) is excluded from Q™*!. Collecting the results, the only
possible essential segment connecting = and y’ with yj = 1 — 1 and 9,/, # X1 is the essential segment of
Type 1. Thus the crossings z,z’,y and 4’ must be contained in the corresponding partial curve of ¢ below:

x’ y
o f

X

Figure 1.7.0.3: The crossings z,z’,y and 3’ when z is in another essential segment.

The same analysis in the previous subcase on the possible essential segments connected to y can be

om
applied similarly to the crossings y and y’ here. Thus we conclude that for this subcase, Q™ =< Q™ 1! is
equal to one of the following 6 types (there are 3 possible combinations of X5 and (3|2) maps in the rightmost
diagram):

~ - N (112)
@ apRi @& » Pl@)—> Py O @& (@i @
- ~ > -
’ ; /
/
P(z) 12 P(y) @ Aor (312)

swapping = with 2’ (and correspondingly y with y') if necessary. Let us again identify the morphism spaces
as:

HOMR, (PY,G*) = @)  Homg, (PP, (P(x') & P(x) @ P(2)){s}(t){s}()
(s,t)EZXZ/T
= (R{(2[1) Hzs) ® R{i(2[1)} (w3 + 1)) {w2 + 1}
& (R{(2[1) Has) @ R{i(2[1) }{ah + 1)) {5}
G Z,

where Z = 0 for the first type of Q™ 5 Q™! and

HOMPM (PP, G*) = @ Homu, (P, P(y){s}(t){s})

(s,t)EZXZ/)Z

= (R{X2}(y3) ® R{Xai}{ys + 1)) {y2 + 1}
@ (R{X2}{(ys) ® R{Xai}(y5 + 1)) {yo + 1}
© (R{id}(ys) ® R{i}(ys + 1)) {52}
@ (R{id}(y3) © R{i}(y5 + 1)) {2}

= (R{X2}(ys) ® R{X2i}(ys + 1)) {y2 + 1}
© (R{X2}{(ys) ® R{Xai}(ys + 1)) {yo + 1}
e V.
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Writing do and dg as the corresponding matrix, we get

-1 €

1 0 1000 e
01 1 0 f 0100 f
de=10 -1 1 0 ¢| and de=1[0 0 1 0 ¢/,
1 0 0 1 W 0001 W
00 0 0 0 0000 0

which also have the same image and same kernel. Thus for 9,, = (1|2)3, all possible cases of d¢ and dg have
isomorphic images and isomorphic kernels as required.

Alpplying the same classification method to the case when 9y, = —i(2|1), the posssible types of Q™ 5
Q™! is given by:

3
<
)

P(y) e

TN o p(a) O, piy)

/
P(x) =2 P(y) oo N, @
P(z)
when y is not part of another distinct essential segment of ¢, and
P(2)
pa) A Py T s
~N P
Pa) 2 Py) @ iem e P) 2 Py)
~ o1 “ , ~ >
& -2y @& » Ple)—= PW) O @ -ien &
P(a) 21 pyy ® P(a) 21 py)
Yy X, or (2]3) Yy
P o @
P(z)

when y is part of another distinct essential segment of ¢, where as before we swap y with ¢’ (correspondingly
2 with ') if neccessary. By identifying the morphism spaces and comparing the corresponding matrices of
dc and dg as before, it follows that dc and dg have isomorphic images and isomorphic kernels. This covers
all cases of ¢ and dg, completing the proof. Q.E.D.

Lemma 1.7.2. The Poincaré polynomial B(PP, Lp(g)) of HOMy (PP, Lg(g)) is equal to the trigraded
intersection number Itrigr(l}j, g) for any trigraded j-string g.

Proof. This follows exactly as in [KS02, Lemma 4.11]. Q.E.D.

Proposition 1.7.3. For any o and 7 in A(B,), and any 1 < j, k < n, the Poincaré polynomial of

HOM,(o(P7), 7(P7))

is equal to the trigraded intersection number I'"97(5(b;), 7(by.)).

Proof. By Lemma 1.2.9, we get that 1797 (b;,¢) = Y sest(ad) It7i97(b;, §). Using Lemma 1.7.1, we instead
get that f,B(PJB, Lp(0) = > jesi(e) ‘B(P]B,LB(Q)). By Lemma 1.7.2, each &B(PJB, Lp(g)) = I'"(b;,g), thus
we can conclude that I*797(b;,¢) = ‘B(PJB ,Lp(¢)). The proposition now follows from the fact that the

categorical action of A(B,,) respects morphism spaces and similarly the topological action of A(B,,) respects
trigraded intersection number. Q.E.D.
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Remark 1.7.4. Note that we can also use Proposition 1.7.3 to prove the faithfulness of the A(B,,) categorical
action. The proof is similar to [KS02, the paragraph before Section 5] modulo the center of A(B,), which
is an easy check that elements of the centre act by shifting degrees and therefore are not isomorphic to the
identity functor.

1.8 What is actually Type B Zigzag Algebra?

1.8.1 Type B zigzag algebra as a subalgebra of type A zigzag algebra

One might wonder if the the Type B zigzag algebra has any geometric incarnation. Is Type B zigzag algebra
“Fukaya algebra” in some Fukaya category? Here is one answer to it on the cohomology level. As in [Sei0§],
we will consider the Floer cohomology of type A Milnor fibre in complex coefficient. Then, the type A zigzag
algebra we considering would be over C :

A, = @ HF*(Li, L;;C). (1.8.1)
i,j=1
by associating

e; — HFO(Ll,Ll)
X; = (ili + 1|i) = (ili — 1]i) — HF"(L;,

(ili = 1) = HF(Ls, 21) i<
(ili = 1) = HF"™(L;, Li_1),i > n;
(i)i + 1) = HF°(L;, Lit1),i > n;
(ili + 1) = HF™(L;, Li11),i < n.

Some words of caution here: This isomorphism assume that the A..-algebra of Floer cochain complexes
underlying the right hand side is formal (see [ST01; Sei08] for more treatment), type A zigzag algebra in the
left hand side (1.8.1) has to be regarded as a differential graded algebra, and although the associations on
the right hand side are vector spaces, they are of dimension one.

Consider the type As,_1 Milnor fibre
ME = {(wo,...,zq) €CT [ 2f + ...+ 2 + 23" =0}.

The Z/2Z-action on the last coordinate x4 — —xz4 of type A Milnor fibre induces a Z/2Z-action on the
Lagrangian spheres

L, — Ly;

For 2 < j <mn,
Lyp_jt1+ Lngj—1;
Lyptj1+ Lp_ji1.

Please refer to [KS02] for the construction of Lagrangian spheres from the bifurcation diagram of Milnor
fibre which is proven to form a disc as the topological model for the mapping class group to act on. Note
that if you consider the symplectic Dehn twist generated by the disjoint union of Lagrangian spheres which
are in the same orbit under the action above, they forms the type B symplectomorphism on the Type A
Milnor fibre. This is the [BH73a| embedding on A(B,,) in A(Ag,—_1). Based on [Sei99], the symplectic Dehn
twist defined is dependent on the Lagrangian spheres, but not its orientation.

On the cohomology level, we could also consider a conjugation action i — —i on the coefficient field, that
is given by the non-trivial element o € Gal(C/R) & Z/27Z.
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Theorem 1.8.1. The type B zigzag algebra B, is the R-algebra of the invariant algebra

2n—1 2n—1

ot = HE™ (D L @ 1
i=1 j=1

under the 7Z./2Z-action of the product group of 7./27 X 7./27 where the first group factor is coming from the
symplectic consideration and the second group factor is coming from the algebraic consideration as explained
in the preceding paragraph;

%n g]R 42{21331

Proof. We split oo,_1 = HF (@2” YL@ Ly <c) = HF (Lo, L) © @,y HF(Ly—s41, Luyj1). We

then consider the invariant part of the Z/2Z-action from the Z/2Z-symplectic action and from the Z/27Z-
algebraic action.

Then, the R-linear morphism ®r : %B,, — o, _1 defined as follow:

€1 > €n,
X1 — Xn,

For 2 < j <n,
€j > en—jt+1 + entji—1;

Xj = Xon—jr1 + Xngj—1;

1€ > 1€ _j41 — 1€n4j_1;

1X; = 1 X1 — 1 Xngj—1;
(G —113) = (= G+ 2=+ 1)+ ((n+j — 2)|(n+j — 1);
G =1pi—=i((n—j+2)ln—j+1)—i((n+j—2)n+j-1));
(Gli—1) = (n =+ Dln = +2) + ((n+ = Dl(n+j —2);
i(G17 = 1) > in — j + Dl(n— j +2)) = il(n+j — Dl(n+j - 2).

It is not hard to verify that ®g is a grading preserving R-algebra morphism (It is actually implicit in the
proof of Proposition 1.4.1).

This map is particularly injective as the images of the map are linearly independent. The diagonal

7. /2Z-action of the product group on the Type A Fukaya algebra is

en — €n,
X, = Xa;

For2<j<n,
en—j+l t entj—1+r> €ntj—1+ €n—j+1;
Xpjri + Xoqpjm1 = Xogjo1 + X jt1s

i€n—jt1 — nyj—1 7 lenpj1 — i€n_jt1 = —(i€n_j41 — i€nyj-1);

iXnjr1 =i Xnpj1 = i X1 — 1 X 1 = —(1Xnj1 —iXny1);
(n=j+2)[n—j+1)+((n+j=2)|n+j-1) = ((n+j-2)[(n+j-1)+((n—j+2)|(n—Jj+1));
i((n — J+2)|(n—j+1))—i((n+J—2)|(”+j—1))'—>i((”+j—2)\(n+J 1) —i((n—7+2)|(n—j+1));
(n=j+Dln-7+2)+((n+j-Dln+j—-2))=((n+j-Dln+j-2))+(n—j+1)|(n—7j+2));
((n—J+1)|(n—j+2))—i((n+j—1)|(n+j—2))'—>i((n+j—1)\(n+3— 2)) —i((n—j+1Dl(n—j+2)).

The basis is notably invariant under the Z/2Z-action. Hence, %, sits as an invariant R-algebra inside
Dop_1. Q.E.D.
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1.8.2 Categorifying intersection form and Cartan matrix

In [Arn78], Arnold studied the degenerate critical points of functions on a manifold with boundary. Here,
a manifold with boundary is a smooth manifold with a fixed smooth hypersurface. More accounts on the
subject can be found in [Arn+98] and [AGV12b]. One theorem Arnold achieved in [Arn78] is that the simple
crititcal points of functions on the boundary of a manifold with boundary is classified by the simple Lie
algebras B,,, C,, and Fy. The Type B,, singularities is the function

g(xo,x1,..., 2" = a2 + 22+ .. 22 |+l (1.8.2)

on manifold with boundary x4 = 0. The diffeomorphisms of a manifold with boundary are the diffeomor-
phisms of the manifold that fix the boundary. Let C?*t! = C%*! be the double branched covering of the
space C?*! along the hyperplane {z4 = 0} = C¢ defined by, on coordinate,

. - 2
Ty =209, L1 = T1y-..,Lg = l'd,
Under the natural involution (Zg,Z1,...,2q4) — (Zo, &1, - - 5 —Zq), the function g(xo,z1,...,27) induces a
function §(Zo, 1,...,24) = 9(Zo, 21, - - ,:%3) on the space C?*! which is invariant under the action of the

group Z/2Z. A locally analytic automorphisms of the space C%*! preserving the subspace C? induces a
locally analytic automorphisms of the space Co*! which commutes with the action of the group Z/27. As
a result, a singularity of a function on a manifold with boundary is equivalent to a singularity of a function
on its covering which is invariant under the invariant. So, studying (1.8.2) is equivalent to study

9(Z0,21, ..., &a) = &0 + &1,... + 27", (1.8.3)
on Cd+1, Then, the (d — 1)-th homology of the non-singular level manifold
Vi={zeC"|g=e¢l|z| <6}, (1.8.4)

contain a subspace H~ which is anti-invariant under the involution. The basis of H~ which are the long
vanishing cycles corresponding to the preimage of the vanishing cycles constructed by the paths joining
the critical values of the perturbed g and the short vanishing cycles corresponding to the preimage of the
vanishing hemicycles constructed by paths joining the critical values of the perturbed g|,, o The Type B
intersection form is defined using the type B Dynkin diagram. Following [Bou02, Chapter VI|, the type B
root system has the length of the long root is v/2 of the length of the short root with the associated Dynkin
diagram

where the inequality sign is oriented to the shorter root. Now, the the long vanishing cycles corresponding
to the long roots have self-intersection number —4 and the short vanishing cycle corresponding to the short
root has self intersection number —2. The intersection number of distinct vanishing cycles corresponding to
the edges joining two roots is two times the multiplicity of the edge which is 2 if both roots are long and
equals to the multiplicity of the edge which 2 if one root is short and the other is long. In short, the type B
intersection form is

0
0o 2 -4 2
0 0 0o 2 -4

On the other hand, the type B Cartan matrix ([Bou02, Chapter IV.1.3], [BB05, Chapter 4.3]) is
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o 0o -~ 0 -1 2
Corollary 1.8.2. The type B zigzag algebra categorify the intersection form of the type B boundary singu-

larities.

Proof. By (1.3.5), the path-length-graded dimension matrix associated to the Type B zigzag algebra when
t=—-1is

grdimg 1P1 grdimg 2P grdimg 3P grdimg Py
grdimg 1P grdimg 2Py grdimg 3P grdimg P»
grdimg 1P grdimp 2 P3  g.dimp 3P grdimg nPs ‘t:—l
grdimR 1Pn grdim]R 2Pn grdim]R 3Pn grdim]R nPn
1+1¢2 2t 0 . 0
2t 2(1+t?) 2t 0 e 0
0 2t 201 +12) 2t :
= . . . . . lt=—1
. . . . . . . . . 0
: 0 2t 2(1+t%) 2t
0 0 e 0 2t 2(1+t%)
2 =2 0 0
-2 4 =2 0 0
0o -2 4 =2
B 0
0o -2 4 =2
0 O 0 -2 4
which is the minus of the Type B intersection form. Q.E.D.

Remark 1.8.3. This is in accordance with the idea the singularities corresponding to the Lie algebras B,
arises as an invariant germ of a function relative to the linear action of a finite group G on the space C™. It
would be best if the algebraic action can come from geometry as well, perhaps one could naturally consider
the Pin structure on the Lagrangian submanifold. In particular, Seidel considered, in his book, a Z/27Z-action
on Fukaya category which induces a non-trivial action on the Pin structure of the Lagrangian submanifold.
There we have a pair of isomorphisms bearing the identities f o f' = —e where f and f' are isomorphisms
transforming the Lagrangian submanifold with its Pin structure and —e is the nontrivial element in the
Ker(Pin — O,,). The conjugation action on the cohomology seems more natural on K-theory. Since there
is a Chern character map from the K-theory to cohomology theory, are there any connection between them?
Note that the category of vector bundle and category of coherent sheaves are equivalent. Otherwise, we need
to make sense of a negative of a generator in Floer cohomology, in order to give a geometric interpretation.

Corollary 1.8.4. The type B zigzag algebra categorify the type B Cartan matriz.

Proof. By Proposition 1.3.5, the path-length-graded left module dimension matrix associated to the Type
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B zigzag algebra when t = —1 is

grdimg 1Py grdimc 2Py gpdimc 3Py -+ grdime o Py
grdimg 1P grdimc o P> gyrdimge 3P -+ grdimg o Ps
grdimz 1Ps  grdime 2P gedime 3P oo gedime o Py ||,
grdimR 1Py, grdim«: 2P, grdim(c 3P, - grdimc nPn
1+t t 0 . 0
2t 14 t2 t 0 e 0
0 t 1+t2 ¢
= : . . . . lt=—1
. .. .. . . O
0 t 1+t t
0 0 0 t 1+¢2
2 -1 0 0
-2 2 -1 0 0
o -1 2 -1
- 0
o -1 2 -1
0 0 0o -1 2
which is the minus of the type B Cartan matrix. Q.E.D.

Remark 1.8.5. There is a subtle difference between the choice of Type B Cartan matrix above and in the
next chapter (see Theorem 2.7.2), but they “play” the same number game in [BB05/.
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CHAPTER 1.

THE TYPE B ZIGZAG ALGEBRA.



Chapter 2

The Faithfulness of the Type B 2-Braid
Group.

2.1 Background and Outline of the Chapter

From the first chapter, we know that a categorical braid group action realised by Khovanov-Seidel [KS02] for
type A braid group uses complexes of bimodules over a zigzag algebra. Following their work, Licata-Queffelec
[LQ21] similarly defined the simply-laced type ADFE zigzag algebras, which provides categorical actions for
the corresponding generalised braid groups. In our previous chapter, we suggested a suitable candidate for
the type B zigzag algebra, which similarly allows a categorical action of the type B generalised braid group.
Note that in all of the above cases, the faithfulness of the braid group actions is known.

Another way to construct the categorical actions of Artin groups is through the theory of Soergel bimod-
ules. This was introduced by Rouquier in [Rou06] as the 2-braid groups, where the braid generators act on
the category of Soergel bimodules via tensoring with the Rouquier complexes. Rouquier also conjectured
that this categorification is faithful, which was later proven by Brav-Thomas [BT11] for type ADE, and
then generalised to all finite types by Jensen [Jenl4; Jenl7]. In type A, the categorical actions via zigzag
algebras can be described as a “quotient” of the ones via Soergel bimodules, as shown in the work of Jensen
in his Master thesis [Jen14]. We shall briefly describe this relationship here. Firstly, note that the zigzag
algebra for type A leads to a categorification of (a further quotient of) the type A Temperley-Lieb algebra,
using certain (monoidal, additive) subcategory of 27-bimodules [KS02]. Just as Temperley-Lieb algebras are
quotients of Hecke algebras (categorified by Soergel bimodules), this relation can be understood categorically
through a full and essentially surjective (quotient) functor from the category of Soergel bimodules to this
subcategory of «7-bimodules, as described in [Jen14|. Our construction of the type B zigzag algebra % also
fits into this whole construction, where a certain subcategory of %-bimodules categorifies (a further quotient
of) the type B Temperley-Lieb algebra and is also a quotient category of Soergel bimodules. This provides
an alternate proof to Rouquier’s conjecture for the type B case, in addition to serving as a piece of evidence
for the type B zigzag algebra constructed being a correct candidate.

Outline of the chapter

In Section 2.2, we recall the definition of Soergel bimodules. We first define Coxeter systems by generators
and relations as well as the corresponding generalised braid groups. A combinatorial tool known as the
two-coloured quantum number is introduced before defining a realisation of the Coxeter system. Demazure
surjectivity is mentioned for general theory to hold and for the purpose of computation later.

Section 2.3 is where we introduce the Temperley-Lieb category, and subsequently, its souped-up ver-
sion, the two-coloured Temperley-Lieb 2-category. We also provide a recursive formula for the Jones-Wenzl
projectors and the two-coloured Jones-Wenzl projectors.

In Section 2.4, we recall the whole definition of diagrammatic category for Soergel bimodules from
[EW16a] where they proved the equivalence between the diagrammatic category with the original algebraic

99
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combinatorial Soergel bimodule category introduced by Soergel himself.
Section 2.5 is where we recall the construction of 2-braid groups introduced by Rouquier [Rou06].

To make this chapter self-contained, in Section 2.6, we extract the algebraic construction of the type B
2-braid group from Section 1.3.2 in Chapter 1.

Section 2.7 is where we present the faithfulness of the type B 2-braid group by constructing a monoidal
functor from the diagrammatic Soergel bimodule homotopy category to type B bimodule homotopy category.
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2.2 Soergel Bimodules

2.2.1 Coxeter systems by generators and relations and its corresponding gen-
eralised braid groups

Recall from [KTO08| that a Cozeter matric M = (ms+)ses is a symmetric matrix where S is a finite set,
mss = 1 for every s in S and my ¢ € {2,3,--- ,00}. Equivalently, m can be represented by a Cozeter graph,
or Cozeter diagram with its node set as S and its edges determined by the unordered pairs s, ¢ such that
ms: > 3. For edges with m,; > 4, we will label them by that number where the label will be dropped if
Mg = 3. When s and ¢ commute, we have m,; = 2, and they are not connected in the Coxeter graph.

To every Coxeter matrix M, we can associate a group Wy, with presentation: the generators being the
elements of S and the relations being (st)™=t = e, for all s,¢ in S such that ms; # co where e is the identity
element in Wy,. By convention, m, s = 1 Subsequently, we will call the pair (W, S), a Coxeter system
where Wy, is a group, or more specifically a Coxeter group, with a set S of its generators subject to the
following relations:

st=e for all s € S, (2.2.1)
(Braid relation) sts---=tst--- for all s,t € S, (2.2.2)
—— =

where 2 < my,; < co and mgy = my . If ms; = 0o, then the braid relation is omitted. The rank of (W, .S) is
defined to be the cardinality of S . We might use the words index and colour to refer to an element s € S.
An ezpression for an element w € W is a finite sequence of indices, denoted by w.

If we now remove the relation (2.2.1), then the group A(Wj) generated by S and the braid relations
(2.2.2) is called the generalised braid group® associated to Wys. In which case, there is a surjective map
m: AWp) = Wy

Example 2.2.1. Forn > 2, the type B,, braid group A(B,,) associated to the type B,, Coxeter graph

4
o O === - - O0——0—0
1 2 3 4 n-2 n-1 n
or the type B, Cozeter matriz
T 3 2 2 2]
3 1 3 2
2 3 1 3 2
2 2 3 1 2
- 3
|2 2 2 3 1]
s generated by
oo, o8
subject to the relations
oPoBoPob = olaPolal; (2.2.3)
ofop =oplo? for|j —k| > 1; (2.2.4)
0]]-30;34_10;3 = JJBHU;BJJJ-BH forj=2,3,...,n. (2.2.5)

1 Also known as Artin group or Artin-Tits group.
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2.2.2 Two-coloured quantum numbers

Remember that the quantum numbers, as defined by [m] = [m], := q::qq;m for m € Zso. In particular,

2l =q¢+q ', [1], =1, and [0], = 0. The subscript ¢ will be suppressed in general, but one point to bear in
mind is that if ¢ = €? is a root of unity, we have a familiar number [2]2 = 4cos?@ from the representation
theory of Coxeter graphs.

Let § be an indeterminate, such that the ring Z[d] is a subring of Z[q, ¢!] under the specialization & + [2].
Next, we introduced the subring Z|[x,y] of Z[§] where the corresponding subring Z[z,y] can be identified
with the subring Z[§?] via xy = §%2. Subsequently, the two-coloured quantum numbers is defined to be the
elements in Z[x,y] inductively as follows:

(i) [0, =[0]y =0, [1], = [1], = 1, and [2], = =, [2], = y;
(ii) [Q]I[m]y = [m + 1]m + [m - 1}z§

(i) [2y[m]e = [m + 1)y + [m —1],.

For m odd, since [m], = [m],, we shorten the notation to [m].

We also have the following two-coloured analogue of quantum number equations: for m > a,

[m — aly + [m + 1];[aly = [m]y[a + 1], and [m —al, + [m + 1]y[a]. = [m].[a + 1], (2.2.6)

For instance, we have [2], = z and [2], = y; [3], = 2y — 1 = [3],; 4], = 2%y — 22 and [4], = 2y® — 2y;
(5] = 22y — 3zy + 1 = [5y; [6], = 23y? — 42y + 2z and [6], = 2%y® — dzy® + 2y.

2.2.3 Definition of Soergel bimodules
Realisation of Coxeter System

Let k be a commutative ring and (W, .S) be a Coxeter system. A realisation of (W, S) over k is a free, finite
rank k-module b, together with a choice of simple co-roots {a | s € S} C b and roots {a; | s € S} C h* =
Homy (h, k) having a Cartan matrix (as¢)s tes where as; := (), oy) satisfying:

(i) ass =2 forall s € S,
(ii) for any s,t € S with mg < 00, let © = a,, and y = a5, then [myl, = [mg], = 0;

(iii) the assignment s(v) :=v — (v, as)a) for all v € b yields a representation of W.

We call a realization symmetric if a5, = a; s for all s, € S.

A realization is balanced if for each s,t € S with mg < oo, one has [mg — 1], = [mg — 1], = —1 for my
odd or [mg — 1] =1 for mg; even.

Remark 2.2.2. Note that we use a slightly different definition of a balanced realization from [Eli16b; EW16b]
because our circle in the Temperley-Lieb algebra (refer Section 2.3.1) evaluates to § instead of -6.

Given a realization (h,{a)},{as}) of (W,S) over k, we can look at its Cartan matriz ({o),o))s es
which is symmetric if and only if the realization is. Conversely, suppose we start with a matrix (as)s tes
such that as s = 2. We can construct the free k-module h = P, ¢ kY, and define the roots a5 € h* by the
formula (o), o) = as¢. If this yields a realization of (W, S), then the matrix (as¢)s es is the Cartan matriz
for (W, S) over k. We call a realization minimal if the basis {a)} of h can be recontructed from its Cartan
matrix from the above way.

With such a realization (b, {a)}, {as}) of (W, S), we define R := @, -, S*(h*) to be the Z-graded k-
symmetric algebra on h* with deg h* = 2. We consider the action of W on h* via its geometric representation,
that is, for all,os(y) = v — (o, v)as, and subsequently, extend it to an action on the whole R by graded
automorphisms. In one way, we can see R as the algebra of regular functions on b.



2.2. SOERGEL BIMODULES 63

Example 2.2.3. Let (W, S) be a Coxeter system of finite rank. Let k = R and h = @
the following realization by defining the elements {as} C h* by

v ,
ses Ray . Consider

\% = _9 ﬂ-
(o), o) cos (ms,t

) (2.2.7)

with the convention that ms s = 1 and w/oco = 0. We get the geometric representation in [Hum90] Moreover,
this is a balanced symmetric realization of (W, S).

Example 2.2.4. Consider the geometric representation of the type B Coxeter graph, as defined in [BB05].
Letk =R. For msy = 4, we define a;y = —2 and a, s = —1 whereas for msy = 3, we define ag s = —1 = a4 s.
This is a balanced non-symmetric realization of the type B,, Coxeter system.

Demazure Surjectivity and Soergel bimodules

For n € Z, we denote the grading shift by (n) such that given a Z-graded (bi)module M = @, M*, the shifted
object is defined by the formula M (n)? = M**". We wish to view the category of (R, R)-bimodules, denoted
by (R, R)-bimod, as the graded, abelian, monoidal category of Z-graded (R, R)-bimodules that are finitely
generated as left and as right R-modules with grading-preserving bimodule homomorphisms as morphism.
For any two graded (R, R)-bimodules M and N, we denote the graded Hom space by Hom™(M,N) =
Drez Hom(r,r)—bimod(M, N ().

Fixa s € S, Let R° C R be the invariant subring under the action of s, and we will extend the evaluation
map (a),-) : h* — k to the Demazure operator 5 : R — R*(—2), by the formula

f*US(f)'

Qs

9s(f) = (2.2.8)

Observe that both the numerator and denominator is s-antiinvariant, so that the fraction will lie in the sub-
ring R® of s-invariants. But, in order for the fraction to be well-defined, we still need Demazure Surjectivity
on our realization, or rather on the base ring k, so that k contains certain algebraic integers. Since the base
rings we considered in this chapter are R and C, we have the following assumption:

Assumption 2.2.5 (Demazure Surjectivity). For all s € S, the map a5 : h — k and the the map 95 : h* — k
are surjective.

As long as Demazure Surjectivity holds, as # 0, so that there exist some § € h* such that («Y,d) =1
and 05(0) = 6 — a5 # 0. The well-definedness of Demazure Operator will be answered by following lemma:

Lemma 2.2.6. Any element f € R can be written uniquely as f = g6 + h for g,h € R®.
Proof. Please refer to [EW16b, Claim 3.9]. Q.E.D.

Using this lemma, we could could have just defined d5(f) := g. One can also see that the above definition
is well-defined irrespective of the choice of § by a similar argument.

What is interesting about Lemma 2.2.6 is that it also shows R is free of rank 2 over R® with basis {1,d}.

For all s, we define the (R, R)-bimodule By := R ®gs R(1) Given an expression w = s183--- Sk, the
corresponding Bott-Samelson bimodule is the tensor product

By = By, ®r B, ®r -+ ® By, = R®ps1 R®ps2s R®pss --- Qrax R(k).

The category of Bott-Samelson bimodules, denoted by BS-bimod, is the full monoidal subcategory of (R, R)-
bimod generated by B, for s € S. Take the additive closure of BS-bimod and then its Karoubi envelope, we
form the category of Soergel bimodules, denoted by S-bimod.
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2.3 Temperley-Lieb 2-Category

2.3.1 The (uncoloured) Temperley-Lieb category

We define (uncoloured) Temperley-Lieb category T L as having coefficients which lie in Z[4]. It is a monoidal
category with objects n € N which can be seen as n points on a line. Its morphisms from n to m are
the Z[6]-module spanned by crossingless matchings with n points on bottom to m points on top. The
multiplication is given by vertical concatenation of diagrams, and resolving any circles with the scalar ¢.
Note that End(n) = T'L,, is called the uncolored Temperley-Lieb algebra on n strands with the identity
element 1,,.

Jones-Wenzl Projectors

Consider the representation of the quantum group Uy (slz) with irreducible representations Vj, having highest
weight ¢*. In [FK97|, the category TL governs the representations of quantum group U,(sly) by serving
as the algebra of intertwining operators of tensor products of the fundamental representation V;. As a
result, after doing the base change to Q(q) under the map § — g + ¢~ !, the category TL is equivalent to
the full subcategory of U, (sly)-representations, such that Homr.(n,m) ®z Q(q) = Hom(V;*", V™). Since
every V1®” contains an indecomposable representation V,, with multiplicity one as one of its summands,
there exists a canonical idempotent JW,, € Endr.(n) ® Q(¢q) = Endy, (s1,)(Vi®") called the Jones-Wenzl
projectors projecting from V" to V,,. Performing another base change § [2], again, we can equally use
quantum numbers to express them, provided certain n-th quantum numbers appearing as quantum binomial
coefficients are invertible.

Proposition 2.3.1. The Temperley-Lieb algebra T L,,, after extension of scalers, contains canonical idempo-
tents which project V1®” to each isotypic component. Given a choice of primitive idempotents, T L,, contains
maps which realize the isomorphisms between the different irreducible summands of the same isotypic com-

ponent. These maps can be defined in any extension of Z[d] where the quantum numbers [2],[3],...,[n] are
invertible.
Proof. Please refer to [Elil6b, Prop 4.2]. Q.E.D.

For more properties of Jones-Wenzl projectors, please refer to [Elil6a; Morl7; Elill]. But, we will write
down one recursive formula which allows us to get our desired Jones-Wenzl projectors which sums over the
possible positions of cups:

e e W

1] TWo_1

‘ ‘ (2.3.1)

Example 2.3.2.

[2

||1\J
M
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2.3.2 The two-coloured Temperley-Lieb 2-category

We define two-coloured Temperley-Lieb 2-category 2T L as having coefficients which lie in Z[x,y]. This cat-
egory 2T L has two objects: red and blue. It has two generating l-morphisms: a map from red to blue
and a map from blue to red. The 2-morphisms are the Z[z,y]-module spanned by appropriately-coloured
crossingless matchings. The multiplication is given by vertical concatenation of diagrams, and replacing any
closed component (i.e. circle) with a scalar indeterminate; a circle with red (resp. blue) interior evaluates
to z (resp. y).

We can obtain the usual uncoloured Temperley-Lieb category 7 L by letting x = y = 6 and removing the
colours. On the other hand, any crossingless matchings in JW,,_; will divide the planar strip into m + 1
regions which can be coloured alternatingly across strands with two different colours, say red and blue.

Two-coloured Jones-Wenzl Projectors

The corresponding two-coloured Temperley-Lieb algebra in 27 £ also contains Jones-Wenzl projectors, but
with each coming in two flavours with different coefficients depending on whether it is left-blue-aligned or
left-red-aligned. The other flavour can be acquired by switching the colours as well as switching = and y.

Example 2.3.3.

JWy = _]

JWy = L
Y L

IW, = *y_1U*$_1U+1_1 u+1_1u
d (N M 4 M d N

As dicussed before, the fact that [m|, = [m], = 0 guaranteed that JW,,_; is well-defined, that is, the
denominators [m — 1], [m — 1], are invertible.

Rotation of Jones-Wenzl Projectors

A rotation of JW,,_1 by a single strand is obtained by cupping on the leftmost bottom and capping on the
rightmost top. It is known that a rotation of JW,,,_1 by two strands will produce JW,,,_;. If a rotation of an
uncolored morphism JW,, 1 by a single strand returns JW,,_1, then JW,,,_1 is said to be rotation-invariant.
Note that the following property is provided by a balanced realization.

Proposition 2.3.4. Rotating the left-blue-aligned Jones- Wenzl projectors JWp,_1 by one strand yields the

left-red-aligned Jones-Wenzl projectors if and only if [m — 1] = 1 for m even or [m — 1], = [m — 1], = —1
for m odd.
Proof. See [Elil6b] for more information. Q.E.D.

This property of rotational invariant is to ensure the well-definedness of certain Soergel graphs whose
definition will be made explicit in the next section.

2.4 Diagrammatic Category for Soergel Bimodules

2.4.1 Soergel graphs

A planar graph in the strip is a finite graph (I', 0T") embedded in (R x [0,1],R x {0,1}). In other words, all
vertices of the graph I' lie in the interior R x (0,1), and removing the vertices we have a 1-manifold with
boundary whose intersection with R x {0, 1} is precisely its boundary. In particular, this allows edges that
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connect two vertices, edges that connect a vertex to the boundary, edges that connect two points on the
boundary, and edges that form circles (closed 1-manifolds embedded in the plane).

The boundary R x {0,1} consists of two components, the top boundary R x {1} and the bottom boundary
R x {0}. A boundary edge is a local segment of an edge which hits the boundary; there is one such boundary
edge for every point on the boundary of the graph. A connected component of a graph with boundary might
just be referred as component.

A Soergel graph is an isotopy class of a planar graph in the strip, though the isotopy we considered must
preserve the top and bottom boundary. The edges in this graph are labelled/coloured by an element s of
S. The edge labels meeting the boundary provide two sequences of colours labelling the top and bottom
boundary of the Soergel graph. The vertices in this graph are of three types:

(i) Univalent vertices (dots);
(ii) Trivalent vertices connecting three edges of the same colour;

(iil) 2mge-valent vertices connecting edges which alternate in colour between two elements s, ¢ of S with

Mg < 00.
1 A
(i) (

(4)

mz) For ms = 3

Figure 2.4.1.1: The vertices in a Soergel graph.

A region of the graph is a connected component component of the complement of the Soergel graph in
R X [0,1]. We may place a decoration of boxes each labelled with a homogeneous polynomial f in R inside
every region of the Soergel graph; they can be regarded as 0O-valent vertices with labels. A Soergel graph
has a degree, which accumulates +1 for each dot (i), —1 for each trivalent vertex (i¢), 0 for each 2m-valent
vertex (iii), and the degree of each polynomial.

2.4.2 Jones-Wenzl projectors as Soergel graphs

Continuing the spirit of Section 2.3.2, we do the following construction. Fix two indices s,t € S and
a 2-coloured crossingless matching. We produce a Soergel graph on the planar disc by first deformation
retracting each region into a tree composed out of trivalent and univalent vertices and colouring these trees
appropriately. With this process, we will always obtain a Soergel graph of degree +2. We also specialise
Z[z,y] to k under the map sending = — as; and y — a; 5. We then call the linear combination of Soergel
graphs associated to a Jones-Wenzl projector, the Jones- Wenzl morphism. As usual it comes in two colour-
flavours.

Example 2.4.1.

IW1 = g @

// \\

/ \
IWo = @ | @= —

! / at’s\ I /

\ \

\\ // \\ 7//

\ Gt s

JW3:’. -

' ! astats_]-

\ / ’ ’ \
N ,

- ~
’ \
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2.4.3 Soergel bimodules as a diagrammatic category

We should stress that the diagrammatic category we described here are not in complete generality, but
rather suits our purpose for type A and B Coxeter system. Let Dg, or simply D denote the k-linear
monoidal category defined as follows;

i. Objects: finite sequences w = s;, 5, ... S;,, sometimes denoted B,,, with a monoidal structure given by
concatenation.

ii. Homomorphisms: the Hom space Homp(w,v) is the free k-module generated by Soergel graphs with
bottom boundary w and top boundary v modulo the relations listed below. Hom spaces will be graded
by the degree of the Soergel graphs, and all the relations below are homogeneous.

(a) The polynomial relations:

e the barbell relation

//7\\ //7
/ N /
/ \ / \
I = |
] = Qg
N s 2.4.1
N N (2.4.1)

e the polynomial forcing relation

(2.4.2)

(b) The one colour relations:

e the needle relation

RSN B (2.4.3)
e the Frobenius relations

X = H general associativity
(2.4.4)
|—- = | general unit
(2.4.5)

(¢) The two colour relations:

e the two colour associativity

if mer = 4

K
XK ¥

(2.4.7)

e the dot-crossing relations

® = — ifmg =2

(2.4.8)
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if mgy = 3

(2.4.9)

if mgy = 4

(2.4.10)
(d) The three colour relations or “Zamolodzhiko” relations:
e Coming from a finite parabolic subgroup of rank 3 of type A; X I2(m), that is, the Coxeter

graph of the parabolic subgroup genetated by (s,t,u) is .ﬁ. °
s t wu

(B x Ay) if my =4

(2.4.11)

(A x Ay) ’X\ = * if my =3
(2.4.12)

(Al X A1 X Al)
(2.4.13)

(43) =

~ \ (2.4.14)

(2.4.15)

This concludes the definition of D.

Note that the one colour relations from (2.4.4) to (2.4.5) encode the data of B, being a Frobenius object.
For practical reason, we will provide those one colour relations required for a Frobenius object. These
relations are expressed in term of cups and caps defined as follows:

The definition of cap m = A
The definition of cup l ' = Y

The trivalent vertices give multiplication or comultiplication while the dots provide unit or counit. To obtain
(2.4.4), we can rotate (2.4.16) (resp. (2.4.17)) using a cup (resp. a cap) and apply (2.4.22) (resp. (2.4.21)).
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On the other hand, (2.4.21) to (2.4.24) records the cyclicity of all morphisms. Therefore, (2.4.5) can be
replaced by (2.4.18) and (2.4.19). Here is the list of them:

the associativity of the multiplication.
(2.4.16)

the coassociativity of the comultiplication.
(2.4.17)

the enddot as counit for the comultiplication.
(2.4.18)

the startdot as unit for the multiplication.
(2.4.19)

the self-biadjointness of By.
(2.4.20)

the mult. is a “half rotation” of the comult.

:A:

N o
ij — Y — the comult. is a half “rotation” of the mult.
(2.4.22)
q = I = p the counit is a “rotation” of the unit
(2.4.23)

d = l = L} the unit is a “rotation” of the counit
(2.4.24)

This marks the end of the supplementary one colour relations.

Consider a monoidal functor F : D — BS-bimod defined by sending the sequences w in D to the Bott-
Samelson bimodules B,, in BS-bimod on generators. On morphism, it is given by the table belows:
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\

N ’

,:/i\/\; degl +—— B, - R f@g— fg

,\’/I\/\; degl +— R — B, 1o 3, ®14+1®ay)
,\’Y} deg -1 +—— B, — B.B, 1l—11®1
* deg -1+ B.B, — B, 10g®1—0,g®1
f deg f R R 1 f

% deg 0 Bth-~-M>BtBS-~-
/ N, s’ —  —

Table 2.1: The correspondence between generating morphisms in D and BS-bimod.

Note that the bimodule homomorphism for 2m.-valent vertex is not presented because its formula is
difficult and unenlightening to write down in general. Suppose B; ; is the indecomposable Soergel bimodule
indexed by the longest element of the finite rank two parabolic subgroup generated by s and t. Then,
B;; appears as a direct summand of both B;B;--- and B;B;--- with multiplicity one. In principal, the
2mg-valent vertex is just the projection and inclusion of this indecomposable summand B ;.

By construction, this functor is essentialy surjective, so it suffices to show that it is fully faithful. By a
Light Leaves Basis theorem from Libedinsky [Lib08], the collection of the morphisms in the right hand side
of Table 2.1 forms a basis of Bott-Samelson bimodule homomorphisms. As a result, F is full. It can be
argued that the graded dimensions of the homomorphism spaces in D and BS-bimod coincide, and therefore
F induces an isomorphism on Hom spaces as a consequence of being a surjection betweeen graded vector
spaces of the same finite dimension in each graded component. Finally, F is fully-faithful, as desired. Since
idempotent completion preserves equivalences, we get the following theorem:

Theorem 2.4.2. Consider the Karoubi envelope Kar(D) of the graded additive closure D of D. Then, the
two idempotent completions Kar(D) and S-bimod are equivalent as monoidal categories.

Proof. [EW16b, Theorem 6.28] Q.E.D.

2.5 The 2-Braid Group

Let (M, e) be a monoid with unit e and C be a category. A weak action of M on C consists of a family of
functors {Fy : C - C | f € M} and a natural isomorphism ¢, : F, =, id from F, to the identity functor
such that Fgp =2 F; o Fj, for all g,h € M.

An action of M on C is a weak action of M on C together with natural isomorphisms of functors

crg  FpFy =N Fy, for all f,g € M such that cf. and c. s are induced by c. and such that the following
diagram commutes:

thk _ th o Fy

Eo, ok

FgOFhk i) F'gof’jhof‘j},C
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An action of M on C is called faithful, if the functors Fy; and Fj, are not isomorphic for g # h € G. An
action of a group G on C is an action of the underlying unital monoid on C.

We define the elementary Rouquier complexes corresponding to a simple reflection s € S as in [Rou06]:

Fs:=0— B; — R(1) - 0, and

$

E;=F,1:=0— R(-1) = B, — 0
with both B, in cohomological degree 0.
Rouquier proves the following result:
Proposition 2.5.1. Suppose s #t € S with mg < 0o. Then, we obtain the following morphisms:

F;Q Es =R=FE; Q Fy;
FS®Ft®FS®gFt®FS®Ft®

mgeterms mgtterms

in the bounded homotopy category K®(S-bimod) of Soergel bimodules. Moreover, the map s — F, extends
to a morphism from A(W) to the group of isomorphism classes of invertible objects of K°(S-bimod). The
composition with the group homomorphism into the group of isomophism classes of autoequivalences on
K" (S-bimod) defines a weak action of Bw,sy on K (S-bimod).

Moreover, the weak action of B(y,s) can be upgraded to an action on K ®(S-bimod) as explained in
[Rou06, Thm 9.5].

This implies that we have a monoidal functor from the strict monoidal category with set of objects
B, sy, with only arrows the identity mapds and with tensor product given by multiplication to the strict
monoidal category of endofunctors of K?(S-bimod). We then define the 2-braid group, denoted by 2-Br as
the full monoidal subcategory of K?(S-bimod) generated by E, and F, for s € S. Observe that the set of
isomorphism classes of objects in 2-Br, denoted by Pic(2-Br), forms a group called the Picard group of the
monoidal category 2-Br under tensor product composition. Finally, Rouquier conjectures the following:

Conjecture 2.5.2. Pic(2-Br) is isomorphic to By,s).

Jensen proved this conjecture for type A Coxeter group in his master’s thesis following the work of [KS02]
and for all arbitrary finite type Coxeter groups in [Jenl7] inspired by the work of [BT11].

2.6 Categorified Action of Type B

For completeness of this chapter, we recall some essential construction and result from Chapter 1, but the
grading we employed here is the path length grading. Proof of statements will follow similarly.

2.6.1 Type B, zigzag algebra %,

Consider the following quiver @,,:

12 ﬁ 2|3 ﬁ 34 n—1|n ien
k‘/ kl/ r\_/ v ’
2|1 3|2 4|3 nln—1

Figure 2.6.1.1: The quiver Q.

Take its path algebra R@Q,, over R and consider the path gradings on RQ,, denoted by (—) where the
“Imaginary” path ie; has grading 0. For the purpose of this chapter, (1) is a grading shift down by 1.
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We are now ready to define the zigzag algebra of type Bj:

Definition 2.6.1. The zigzag path algebra of B,,, denoted by A, is the quotient algebra of the path algebra
RQ, modulo the usual zigzag relations given by

Uli=D0G -1 =0l+D0+1) (= X5); (2.6.1)
(G =HNGL+1) =0= (G +17) (7 — 1);

for 2 < j <n-—1, in addition to the relations

(iej)(iej) = —ej,  forj =22 (2.6.3)
(iej—1)(J — 107) = (j — 1)) (ie;),  forj =3; (2.6.4)
(ie;)(Jli —1) = (jlj — D(iej—1),  forj=3; (2.6.5)
(1]2)(ie2)(2[1) =0, (2.6.6)
(te2) X5 = Xy(ieg). (2.6.7)

Since the relations are all homogeneous with respect to the given gradings, %, is also a bigraded algebra.
As a R-vector space, %, has dimension 8n — 6, with basis {e1,...,en,i€a, ..., i€y,
(1|2)7 SRR (Tl - 1|Tl), (2|1)7 s (n|n - 1)7 (ie2)(2|1)a (1|2)(i62)7 (262)(2|3)7 KRR (ien—l)(n - 1|Tl), (3|2)(162)7
oo (nn = 1) (ien—1), (112]1),...,(2n — 1|2n — 2|2n — 1), (ie2)(2]1]2), . .., (ien)(n|n — 1|n) }.

The indecomposable (left) projective %B,-modules are given by PjB = Pne;. For j =1, PjB is naturally
a (%, R)-bimodule; there is a natural left %,-action given by multiplication of the algebra and the right
R-action induced by the natural left R-action. But for j > 2, we shall endow PjB with a right C-action. Note
that (2.6.3) is the same relation satisfied by the complex imaginary number i. We define a right C-action
on PjB by p * (a + ib) = ap + bp(ie;) for p € PJB,a + ib € C. Further note that this right action restricted
to R agrees with the natural right (and left) R-action. This makes PJB into a (%,,C)-bimodule for j > 2.
Dually, we shall define ; PP := e;%,,, where we similarly consider it as a (R, %, )-bimodule for j = 1 and as
a (C, #,)-bimodule for j > 2.

It is easy to check that we have the following isomorphisms of Z-graded bimodules:

Proposition 2.6.2 (= Proposition 1.3.5).

cCc as (C,C)-g,bimod, for j,k € {2,...,n} and k — j =1;
cCe(-1) as (C,C)-g,bimod, for j,k € {2,...,n} and j — k =1;
5 5 cCc @ cCc(-2) as (C,C)-g.bimod, for j =k=2,3,...,n;
iPi = iP7 ®p, Py = : . s
rCc as (R, C)-g,bimod, for j =1 and k = 2;
cCr(-1) as (C,R)-g,bimod, for j =2 and k = 1;
rRr & rRgr(—2) as (R,R)-g.bimod, for j =k =1.

Note that all the graded bimodules in Proposition 2.6.2 can be restricted to a (R,R)-bimodule. By
identifying gCgr = R ® R as Z/2Z-graded (R, R)-bimodules, the bimodules in (2.6.2) restricted to just the
R actions are also isomorphic as bigraded (Z and Z/2Z) (R,R)-bimodule. For example, 1 PP as a (R,R)-
bimodule is generated by (1|2) and (1]2), so it is isomorphic to R @ R = rCg.

Lemma 2.6.3 (= Lemma 1.3.7). Denote k; := R when j =1 and k; :== C when j > 2. The maps

Bj: PP @y, ;PP — By and vy, : B, — PP @y, ;PP (2)
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defined by:
Bi(z @ y) ==y,
Xi®ej+e; @ X;+ (G +17)@(jlj+1)
2i(1) = +(—iejr1)(J + 117) @ (j17 + 1)(iej41), forj=1,
! X;®ej+e;@X;+ (-1l —D)+G+1j)@(li+1), forl<j<n
X;®e;+e;®X;+ (5 —105) ® (jlj - 1), for j =mn,

are (B, Byn)-bimodule maps.

Proof. It is obvious that ; are for all j. The fact that v, is a (%, %, )-bimodule map also follows from a
tedious check on each basis element, which we shall omit and leave it to the reader. Q.E.D.

Definition 2.6.4. Define the following complexes of graded (B, B)-bimodules:
R; = (0— PP &g, ;PP 25 2, 5 0), and
R := (0 — %, 5 PP @, ;PP(2) = 0).
for each j € {1,2,--- ,n}, with both A,, in cohomological degree 0, F1 =R and F; = C for j > 2.

Proposition 2.6.5. There are isomorphisms in the homotopy category, Kom®((Bn,B,)-bimod), of com-
plexes of projective graded (B, By)-bimodules:

R; ® R; 2%, 2 R, ® R;; (2.6.8)

R;® R, 2 R, ®R;, for|k—j|>1; (2.6.9)

Ri®Ri11®R; ZRj11 ®Rj @ Rjpq1, forj>2 (2.6.10)

Ry ®z, R1®s, R ®s, 1 = R ®g, Ry @z, R ®z, R (2.6.11)

Proof. Please refer to Proposition 1.3.9 and Proposition 1.3.12. Q.E.D.

Theorem 2.6.6. (=Theorem 1.3.13) We have a (weak) A(B,)-action on Kom®(#,-p,g-mod), where each
standard generator o for j > 2 of A(By) acts on a complex M € Kom"(B,,-p,g,mod) via R;j, and of acts
via Ry(1):

O'JB(M) =R; ®g, M, and ajB_l(M) =R ®%, M,

oB(M) = R\(1) ®5, M, and o8~ (M) := R\ (1) @4, M.

Proof. This follows directly from Proposition 1.3.9 and Proposition 1.3.12, where the required relations still
hold with the extra third grading shift (1) on R; and Rj. Q.ED.

2.6.2 Functor realisation of the type B Temperley-Lieb algebra

In [KS02, section 2b], Khovanov-Seidel showed that the (&7, %, )-bimodules U; := P{* ®c ;P* provides
a functor realisation of the type A,, Temperley-Lieb algebra. We will see that we have a similar type B,
analogue of this.

Recall that the type B, Temperley-Lieb algebra T'L,(B,) over Z[v,v~!] can be described explictly as
(see [Gre98, Proposition 1.3]) the algebra generated by Ey, ..., E, with relation

E} =vE; +v 'Ej;
E;Ey = ExE;, if|j—k| > 1;
E;ExE; = E;, if|j—kl=1and jk>1;
E,EyE;E), = 2E;Ey, if {j,k} = {1,2}.
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To match with the above, for this subsection only, we shall adopt the path length grading on our algebra
%, instead, where we insist that the blue paths ie; in Figure 2.6.1.1 have length 0. We shall denote this
path length grading shift by (—) to avoid confusion. Define U := PjB @, jPP(1), where F; =R and F; = C
when j > 2. It is easy to check that:

Proposition 2.6.7. The following are isomorphic as (path length graded) (%, B,)-bimodules:

U = U;(1) @ Us(—1)
Ui, =0 if [j — k| > 1,
Ul = Uy if |j— k| =1 and j,k > 1,
Uiy = Uithy & ULy if {j. k) = (1,2}

Comparing this with the relations of T'L,(B,,) above, it follows that U; provides a (degenerate) functor
realisation of the type B Temperley-Lieb algebra.

Theorem 2.6.8 (=Theorem 1.4.6). The (weak) action of A(By) on the category Kom(%,,-prgrmod) given
in 1.8.13 is faithful.

Proof. Please refer to Theorem 1.4.6 and Remark 1.7.4. Q.E.D.

2.7 Faithfulness of the 2-Braid Group in Type B

The aim of this section is to construct a faithful 2-representation of the type B 2-braid group using the
action of A(B,,) on K*(%,-g,mod).

Fix n > 2. Denote by £ the additive monoidal subcategory of (£, %, )-bimod generated by the U, for
1 <4 < n with morphisms being their grading shifts with bimodule homomorphisms of all degrees. Let % be
the graded version of 4. In this way, 2 is a full additive graded monoidal subcategory of (%,,, %,,)-bimod
generated by the U; for 1 < i < n where objects are direct sums of tenor porducts of copies of the U;’s and
morphisms are grading-preserving bimodule maps.

Fix the realization in Example 2.2.4 and consider its diagrammatic category D. We want to construct a
functor G : D — % which induces a grading-preserving functor G : K*(Kar(D)) — K®(Kar(%)) macthing
the Rouquier and the Khovanov Type B complexes associated to a braid word up to a perverse shift. Since
D is a strict monoidal category with generators and relations, it suffices to define the functor G on the
generating objects and morphisms as well as to verify that all relations in D hold in .

In the following section, we use red or violet for a simple reflection s;, blue for an adjacent simple
reflection s;41, and for a distant simple reflection s, with |j — k| > 1. We are going to define G on
generating objects by sending s; in S to U; and on generating morphisms as in the proof of Theorem 2.7.2
where the following (4,,, %, )-bimodule homomorphisms are defined as follows:

a; 0 U — U;(-1)®dU;(1) =N Ui @, U; of degree -1,
€j®€j — (O,€j®6]‘) — €j®6j®€j®€j
;¢ U; ®m, U; N Ui(—1) ®U;(1) - U, of degree -1,
ej®Xj®ej®ej — (6]‘@6]',0) *—>€j®€j
6j®6j®6j®6j — (O,6j®ej) — 0
€ Br, — B of degree 2,
(C1)X, +2X;41), for j = 1.

1— (71)i+1(2Xj +X]‘_1 +Xj+1), for 1 <j<my
(C1)* 2 + X, ), for § =,
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and, recall from Lemma 2.6.3,

Bj : U; — By, of degree 1,

e;Qej—e;

v+ Bn — U; of degree 1,
Xj®ej+e; @ X+ (G +1He0l+1)

(1) = +(—iejr) (G + 1) @ (417 + D (iej), for j =1;
Xj@e;+e;@X;+ (- 1H @0l —1)+G+1j)@(li+1), forl<j<mn
Xj@ej+e;0X;+(G -1 e0li-1), for j = n,

Lemma 2.7.1. Denote k; := R when j = 1 and k; := C when j > 2. The space of (B, $Br)-bimodule
homomorphism:

1. U; — By, of degree 1 is isomorphic to k;B3;;

2. By — U; of degree 1 is isomorphic to k;v;;

3. Uy — U; @z, U; of degree —1 1is isomorphic to kjoy;

4. Uy ®a, Ui — U; of degree —1 is isomorphic to k;d;;

5. By — By of degree 2 is isomorphic to ©1<j<nk; X, where X; is interpreted with left multiplication or

right multiplication with X; giving an %, -bimodule homomorphism as all paths of lengths > are killed
in By.

Proof. This is an easy verification. Q.E.D.

Recall that, in previous section (Definition 2.6.4), we define the following complexes of graded (4,,, %, )-
bimodules: for each j € {1,2,--- ,n},

R; = (0 — U;(~1) Zs &, — 0),and
R = (0 — B, 5 Uj(1) — 0).
with both Z%,, in cohomological degree 0, F; = R and F; = C for j > 2.
Theorem 2.7.2. G : D — £ is a well-defined monoidal functor sending
(i) the empty sequence in S to Ay, the monoidal identity in B, s; in B,
(ii) s; in S to Uy

(1) a sequence $;, S, -+ Siy, in S of length k > 2 to Go(8i,8i, +*+ Sip_, ) @, Go(Si,,)-

For two sequences w and w' in S, the coherence morphism Go(w) ®4, Go(w') = Go(ww') is given by
either a chosen sequence of associator morphisms moving all parentheses of the right block corresponding to
the left to match the configuration of parenthese on the right hand side or a left or right unitor depending
on whether w or w' is the empty sequence in S.

Proof. The assignment on objects is done in the theorem statement whereas on generating morphisms is
carried out as follows:
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/ T Vo biB; i U; — By, of degree 1
; 1 Vo vyt B — Uj of degree 1
,/Y\» —  ajoy U — U @, U of degree -1

v/*\» —  djd; :U; R, Uy — U; of degree -1

n .
D, \/» — € B — By, 1= > fil Xy of degree 2
k=1

,/X\» — 0 asU; g, U, =0, for |j — k| > 1

where a;, bj, ¢;, d;, f,g € R for j =1 and € C for j > 1. Next, we want to find a set of scalars such that the
restrictions imposed by the relations in D are satisfied.

To illustrate, let us consider the barbell relation (2.4.1) for s;:

By definition,

1= a[Xi®e +e1®X1+ (211) @ (1)2) + (—ie2)(2|1) ® (1]2)(ie2)]
= c1bi [ X1 + X1 + Xo + X0
= Clb1[2X1 -|-2X2]

Equating with the right hand side, we get ¢1b1[2X7 +2X5] = Y_1_, fi X which, in turn, implies 2¢1b; = f{
and 2c1b; = f3.

By the same token, let us look at the type B 8-valences relation (2.4.10) again: suppose red encodes s;

and blue encodes s,
— _ Osys  Osys
a’SQ Slasl ED) ]- aS2 Slasl S2

1
— +—
Asy,51As1,80 — 1 r \ Qsy,51Asy,80 1 r
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which, by construction, is equivalent to

0 — T T ‘
T Qsy,51Asy,80 — T (l52 s1Qsy,80 1 T
e
Asy,51Asy,s5 — 1 [\ a82,51a‘81,82 - 1 T

Observe that there are five terms of Soergel graphs on the right hand side. One thing to note here is
that Uy ® Us @ Uy ® Uy is spanned by e; ®r (1|2) ®z, €2 ®c e2 Rz, (2|1) ®r (1]2) Rz, e2 ®c ez and
e1 ®r (112) ®gx, ez Qc e2 Rz, (—iex)(2|1) ®r (1|2) @z, e2 Q¢ e2. Without the coefficients, looking at the
second term in the above equation and applying appropriate, we get

e1® (12) ®ea ®ea ® (2]1) ® (1]12) ® €2 ® e LN b1(112) ® e2 ® (2]1) ® (1|2) ® e2 ® €2
L 12(112) ® Xo ® €2 @ €2
'6—2> dzb%(1|2) ® e
2y apdab?(1]2) ® €3 ® ea ® ey
P cragdab?(1]2) @ en @ (—ie)(2]1) @ (1]2)(ieg) ® e2 @ en
+ c1a9d2b?(12) ® €2 ® (2]1) ® (1]2) ® €2 @ eo.

Similarly,

® (1]2) ® 2 ® e2 ® (—ie2)(2[1) ® (1]2) ® e2 ® ez

> cragdab? [(112) @ ea @ (2|1) @ (1]2)(—ie2) ® ea @ eg + (1]2) @ e2 @ (—ie2)(2]1) @ (1]2) ® e2 ® €3] .
Once the calculations for all the five Soergel graphs, comparing coefficients coming from four basis elements
in the codomain will yield four defining equations.

Before giving you all the relations, we will deal with the unnecessary or overlapped relations. For (2.4.3),
it says b;d;ja;B;0;a; = 0 which is true as §;o;; = 0. On the other hand, (2.4.4) (equiv. (2.4.16) and (2.4.17))
do not impose any restrictions on the coefficients whereas (2.4.5) is replaced by (2.4.18) and (2.4.19). In
addition, (2.4.6), (2.4.7), (2.4.11) (2.4.12), (2.4.13), (2.4.14), and (2.4.15) are all trivially satisfied as the
2mg-valents vertices are killed for every s,t € S. Moreover, (2.4.8) has both side equal as a zero object in
B,.

Now, we summarise all the relations: (Mostly, the same from the type A case, except the two colour
relation.)

(24.1) = fl=2bicy, f3 =2bier, f] = 2bjc;, fliy = bje;, fL =0 for j,k > 2 and [j — k| > 1,
(2.4.2) = fi =2bic1, f3 = —2bsca, f] = 2bje;, fI7 = —bjc;, fl =0 for j,k > 2 and [j — k| > 1,
2.4.9) (Type A 6-valences relation) = d;+1bjc; = —b;41 for suitable j,

J J=7 J

(2.4.10) (Type B 8-valences relation) = Since as, s,0s,,s, — 1 = (—2)(—1) — 1 = 1, we will simplify the
denominator first.

For U; left-aligned, we get
bl — a31732b?d2a261 — a32,31b2d102 + b2d1b1a201 + bldQCQ = 0,

2 2 2
by — a51752b1d2a201 =0, —asl’32b1d2a201 + badibrascy = 0, —a81’52b1d2a201 + bidaco =0,

while for Us left-aligned, we get

bg — CLSz,Slb%dlalCQ — asl,52b1d201 + b1d2a1b202 + b2d101 = O,
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by — as, s,b1d2ct =0, —as, s,b1d2c1 + bidaaibaca =0, —as, s,bidacy + badicy =0,

ajb; =1foralll <j<n,
cjdj =1forall 1 <j<m,
ajbjcid; =1 forall 1 <j<mn,
ajbjd; =d; for all 1 < j <mn,
ajcid; = aj; for all 1 < j < n,
bjcjd; =bj; for all 1 < j <m,
2424) = ajbjci=c;forall<j<n.

The solution a; = b; = (—1)7T ¢; =d; = 1, f3 = 2,f; = (_1>j+12affi1 = (=1)*! and f] = 0 for
|7 — k| > 1 gives our desired functor. Q.E.D.

i
A A

Corollary 2.7.3. There is a well-defined additive, monoidal functor G : K*(Kar(D)) — K"(Kar(%))
which sends Fs; to R;[—1](1) and Es, to R}[1](—1) and thus matches Rouquier and the Khovanov Type B
complex associated to a braid word in Br,i1 up to inner grading shift and cohomological shift.

Corollary 2.7.4 (Faithfulness of the 2-braid group in type B). Let (W, S) be a Cozeter group of type By,
forn > 2. For any two distinct braids o # 8 € Brwy,s) the corresponding Rouquier complexes Fy and Fpg in
the 2-braid group are non-isomorphic.

Proof. This is due to the faithfulness result of the type B zigzag algebra in Theorem 2.6.8 and the type B
2-braid group action factors through the faithful map. Q.E.D.



Chapter 3

A Graded Fock Vector for a Crossingless
Matching.

3.1 Background and Outline of the Chapter

In [Jon85], Vaughan Jones introduced a polynomial invariant for knots, thanks to the uniqueness of the trace
on a class of von Neumann algebras called the type I1; factors. This is the well-known Jones polynomial.
He introduced the Jones polynomial via a representation of braid groups through the representation of
Temperley-Lieb algebra. More on the the relation between Jones polynomial and Temperley-Lieb algebra
can be found in [Jon87; Jon90; Jonl6].

The goal of this chapter is to seek a new presentation of Jones polynomial via the Heisenberg algebra. This
comes from a conjectural braid group action on the Fock space, which is a representation of the Heisenberg
algebra. The braid group action has its origin in Lusztig’s braid group action constructed from a quantum
group [Lus10] in the form of vertex operators [CL14], which is categorical in flavour. Though it still remains
a basic conjectural statement that the newly-defined braid operators in this chapter indeed braid, we start
off the program by identifying a vector subspace of Fock space which is conjectured to be a Temperley-
Lieb representation. Recall that the Temperley-Lieb algebra 7 £,,+1 has a graphical interpretation with the
following assignment to its generator u;:

U; =

_/

N

1 2 i-1 1 i+1lif2 n n+1

and this generator acts on the set of crossingless matchings. We devise a way to assign each crossingless
matching a graded vector in the Fock space.

On the other hand, the (n + 1)-strand braid group or the type A, braid group, A(A,,) has a graphical
interpretation with the following assignment to its generators s; :

X

1 2 i-1 1 i+1i42 n n41

Following [Kau87], note that there is a representation 7 of the (n+1)-strand braid group into the Temperley-
Lieb algebra which is given by

/ /
. — A . -+ A—l .
/ M
1 2 i-1 1 i+1i42 n ni1 1 2 i-1 1 i41i42 n ni1 1 2 -1 1 iH1lif2 n ni1

79
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The choice of scalar here is due to the requirement of the invariant under type II Reidemeister move. As a
side note, through state models, Kauffman’s series of papers [Kau88; Kau98a; Kau98b; Kau97; Kau91] draft
an outline of the importance of graphical calculus to Jones polynomial.

Hence, the vector subspace spanned by the crossingless matchings is conjectured to be preserved by the
braid operators via the Temperley-Lieb representation.

Outline of the chapter

In Section 3.2, we introduce various definitions of combinatorics related to tableaux which are essential to
the theory in the chapter.

Section 3.3 is where we recall and reconcile the definition of type A quantum lattice Heisenberg algebra
from various literature.

In Section 3.4, we present the main battlefield of the theory — the Fock space representation of the
Heisenberg algebra.

Section 3.5 is where we define the braid operator in the Fock space representation coming from private
communication with my supervisor, Licata [Lic19].

Section 3.6 is the key section where we introduce a graded Fock vector for a crossingless matching. We
also make two conjectures on these graded Fock vectors.
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3.2 Combinatorics of Partitions of a Number

For the general study of Young tableaux, the readers are encouraged to read [Ful97; Sag01; Sta97]. In this
section, we will also recall a specific combinatoric tool from [CL16].

Let A = (A1, Ag, ..., Ap,...) with an infinite number of non-zero terms satisfying Ay > Ag > - > A > -+ -
be a partition of a natural number n € N5. We identify a finite sequence (A1, A2, ..., A.) with the infinite
sequence obtained by setting A; = 0 for ¢ > r. These \; are called the parts of \. We then have the sum
Al := A1+ A2 + -+ + A = n. We also denote A F n. We could also write A = (1™12™2 ... ) where m; is the
number of parts of A\ equals to i. For example, A = (3,2,2,1) = (1-22-3).

To each A, we can associate a Young diagram (in English notation) which is a collection of boxes arranged
in left-justified rows with a weakly decreasing number of boxes in each row. We define the conjugate partition
or the transpose of a partition \! to be the Young diagram obtained by reflection in the main diagonal, in
other words, interchanging rows and columns. It follows that if A = (A1, A2,..., A;), then the number of
parts of A\! that equals to i is A\;11 — \;. For example, if A = (3,2,2,1), then \' = (4,3,1). We write u C A
if the Young diagram of y is contained in that of A, or equivalently p; < A; for all 4. If 4 C A, we can then
form a skew diagram A — p by removing p from A in such a way that the first u; boxes are removed from
the part \; for all 4.

Next, we want to introduce the lattice permutation. A Young tableau or a semistandard Young tableau
is a filling of a Young diagram by positive integers that is weakly increasing across each row and strictly
increasing down each column and denote a Young tableau by SSYT(A). If the Young diagram is filled with
the natural numbers 1,2,. .., k, then it is called the standard Young tableau and denoted by SYT(A). The
word w(Ar) of a tableau T is the set of numbers in the diagram read from right to left and top to bottom.
On the other hand, the content w(\) of a partition is the word of the tableau of shape A with i-th row filled
with the number i. The word aqas - - - a, is a lattice permutation’ if for any i and k < 7, the number of i’s in
aias - - a, is at least as great as the number of i 4+ 1’s. For example,

11112
2|3
= A =
A T=1 T
L E
w(A\) = 11122334 w(Ar) = 21132445
It is a lattice permutation. It is not a lattice permutation

because of the first 2.

A skew partition is a pair of partitions (A,v) such that the Young diagram of A contains the Young
diagram of v, and is denoted by (A — v). A skew Young diagram of a skew partition (A — v) are the set of
boxes that belong to the Young diagram of A but not to that of v. The definition of a skew (semi)standard
Young tableau follows similarly from its non-skew counterpart. We denote the set of skew Young tableaux
(A — v)p with content w(u — k) whose concatenation of words w(k)w((A — v)r) are lattice permutations as
p(XA — v, — k). We also define t- Young tableau A\ as a filling of monomials of the form at® for a > 1 and
b € {0,1} with a total order given by

at’ < ct? < b<dorb=dand a<c. (3.2.1)

The word of t-Young tableau reads the coefficients of the monomials from right to left and top to bottom
with the monomials of the form at” read before the monomials of the form at!. We denote the set of skew
t-Young tableaux(A — v)z with monomials having coeflicient in content w(u — k) and whose concatenation
of words w(k)w((A —v)g) are lattice permutation as t-lp(A — v, u — k). We also define a statistic on ¢t-Young

1Also known as Yamanouchi word or ballot sequence in different literature.
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tableau by
IT (3.2.2)
atbeds

For example, let A = (3,2,2,1),v = (3,1),u = (3,1,1),x = (1). Then, w(p — k) = 1123. Below is the list of
elements in t-Ip(A — v, u — k) with the its first element in [p(A — v, u — K).

| 1 | 1 | 1
1 211 2 1|3t
3] 3] 3] 2]
w = 11213 w = 11231 w=11213 w = 11123
c=1 c=1 c=t c=t
2 1 1 1
3 21t 3t 2t
] 31 1] 31
w = 12311 w = 11213 w = 11231 w = 11123
c =t c=1t? c=1t? c =t
2 2
1 113t
3] ]
w = 12113 w = 12131
c =t c=t?
1 t 2 t
t |2t 2t t|t t |2t
3] 3] 3] 3]
w = 11213 w = 11123 w = 12113 w = 11213
c=1t c=1t c=1t3 c=1t

3.3 Type A Quantum Lattice Heisenberg Algebra, h4

We now give an explicit description of h 4. Fix an orientation e of the type A Dynkin diagram. Denote I4 to
be the set of vertices in the type A Dynkin diagram. Given two vertices i, j, we set their inner product to be

0 if 7, j are not connected by an edge;
(t,7) =41 if 7, j are connected by an edge with tail 4 and head j agree with the orientation ¢;

—1 if 4,5 are connected by an edge with tail 4 and head j disagree with the orientation e.

It is thus apparent that (i, 7) = —(j, ).

Let [r+1] =t "4+t " 24 4t7 2417 = L

t T t
quantum Heisenberg algebra b 4 to be the unital C[t, ¢ !]-algebra with generators D,

" be the shifted quantum integer. We define the type A

(n )7% )fOI‘ZGIF7TL€N>0
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and relations
q"p" = Z ol + l]pgm_r)qz("—”,

qf")pﬁm) = p§ )qf"), if i — j] > 1,

pz(n)pgm) pgm)p(n),
(n)qj(m) _ q](m)qz(n).

By convention, pgo) = qi(o) =1 is the identity element in h4.

Alternatively, hr can be generated by a;(r), for i € It and r, s € Z — 0, satisfying

[s

[ai(r), aj(s)] = &r,—s[s(i, 7))~

For any partition A - n, we can define p; using generating functions involving a;(r). For example,

:Zpgs)zs and exp Z [ Z (#) s

r>1 [ ] s>0 r>1 s>0

exp | = ai(_]r) 2 = (=12 and eap [ - “Eg) o) = Sy,

s>0 r>1 s>0

In general, for partition A = (A1, Az, ..., A;) = (1™1272 ... ), we first define ap , = a;(A1)a;(X2) - - ai(As), and

similarly a _ = a;(—A1)ai(—=A2) -+ ai(—As). Let [2]x = [1]™m![2]™2my!- -+, and A}, = Z/\Fn[z]glaf"i.
We define
P} = det(hi,— kH)kz 1, and g} = det(hj,ﬂ:kﬂﬁc,z:r

Note that this resembles the Jacobi-Trudi identity for expressing Schur functions in terms of complete
homogeneous symmetric function. In fact, as pointed out in [CL16], there is an isometric isomorphism
between the Heisenberg algebra generators a;(r) and the power sum symmetric functions. Combining with
the transition matrix between complete homogeneous symmetric function, we obtain the formula for the
Schur functions. We could have defined pg\7 q;\ using the character table of the symmetric group which serves
as the transition matrix between the Schur functions and the power symmetric functions as explained in
[Macl5]. However, we found that the definitions given above made the required coefficients apparent and
therefore, are practical for computations.

Consequently, deriving from [CL16], we will then have the commuting relation between q{\ and p? :

qg:zpéi; Zyc,\ HC A = |v|=|pul—x| 6’5,@( )Zzé:) (7::) o
qz(u)P(A) Z(;)c?; wCrusl N ==l —|n| CLR Di ; ?f J= Z'i 1,
4"'p; i if [i —j| > 1,
pz( )p()\) _ p(A)pEH),

P = .

where
or = > 1, and (3.3.1)
Ar€lp(A—v,p—r)
Qﬁg(t) _ Z t*(|)\\*\’/|)c()\p)(t2). (3.3.2)

Az €t-Ip(A—v,u—kK)
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3.4 Fock Space Representation of hy

In this section, we recall the main construction of Fock space representation in [LS12].

Consider the subalgebra h; C h4 generated by the qgn) foralli € I4,n > 0.1If hz is the subalgebra of
ha generated by the pI',n > 0, then hg = hj ® b7, as vector spaces. Let trivg be the trivial representation
of b, where 1 acts as the identity and q§") acts by 0 for n > 0. Then, the h4-module

Fa = Indbf(tm'vo) =ha ®y- trivg
bA A

is the Fock space representation of h4. Let vy be the vacuum vector in the Fock space where q§”) -vg = 0 for
n > 0. This will help to distinguish between the elements of h 4 and its representation F4.

Note that the only relation that holds in §; and f)X respectively is the abelian multiplication of generators.
One can readily see that the Fock space JFr is naturally isomorphic to the space of polynomials in the

commuting variables {p\"vo }iey.-

3.5 Braid Operator in the Fock Space Representation

We define an integer statistic dy associated to a partition X as follows: if X C A is the largest (r x r) square,
also known as the Durfee square, whose Young diagram fits properly inside of A, then the complement A\ X
is a skew partition with the top horizontal component « and the bottom vertical component 3 and we set

dy = |a] = |8 +r.

For example, let A = (5,5,3,3,1,1) be the following Young diagram.

3
3 (6%
d(5,5,3,371,1)
—4-5+3
Bl _5

We will concentrate on the Heisenberg algebra h4,, , associated to the type As,—1 Dynkin diagram.
The type As,_1 Dynkin diagram has its vertices labelled by {1,2,...,2n — 1} and only ¢ and ¢ + 1 vertices
are connected by one edge. Then, we consider the Fock space representation Fa,, , of ha,, ,. It is known
that the Fock space Fla,, , is a graded vector space which is isomorphic to ®men.,F1, _,, with

A

m _ A1, A Aon—1
FAzn_l = Spall {p11p22 ©**Pap—1 Y0

3

For each m € N> ¢ € I, we define the distinguished element ¢; ,, € ha,,_, to be

_ T
G = Y, (=D)BBpig)
(A0<TN <m}

where AT denotes the transpose of A and the other distinguished element ()" € ha,,_, to be

T T
Som = > (—1)B P + > (—1) T2 T2pig)
[0 |A|<mA=AT} A0 |A|<mAEAT }
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Note that ¢; ,,, € ha,, , can be expressed as the truncation of the generating function

(zyt)®
P(z,y,t) = 1+Z < TTpy (1 — (zyt)?) (1 — (ayt=1)?)

where the P is a variant of Euler partition function enumerated based on Durfee square of partitions.

Next, we introduce the braid operators ¥, ,,, ¥, @ Fii.

L = Ft of multiplying with ¢; </,
respectively:

Zi,m(x) = Gi,m T, Z;,m($> = gz{,m © T, HAS F?znfl'

Conjecture 3.5.1. These braid operators define a braid group action representation on the Fock space.

Strategy of Proof. Prove the following identity

— T T .
> (B hprg) > (—1)Bthprg) + > (1) B+ 2pA AT | — g
(0> A<n} (MO IA[nA=AT ) {MOSIAZmAAAT )
(DB hprg)” ST Cnhehpd g ST (nBehpig
R0 [A<n} {(MOZ[A<n) R0 A <0}
_ T _ T - T
= > ()PP g > (B hpig) > (DR B g
(MO0 IN<n) (R0 [A<n} (0= A<n}

We first realize the braid operators as generating functions. Then, we require generating functions for
operation on (generalised) Littlewood-Richardson rule. Next, we probably need appropriate basic hyper-
geometric series identity, partition identity, or g-series identity (might be from Ramanujan) to help us do
cancellation. Do the maths and find out the unnecessary terms cancelled nicely. The author has checked the
braid relations to n = 3 case by brute force.

3.6 Crossingless Matching to Algebra

Recall that a crossingless matching c on a three-sphere S3 consist of multiple curves ¢, with endpoints up to
ambient isotopy. Given a crossingless matching c of 2n points, we construct a graded Fock vector v. € F} |
as follows.

3.6.1 Crossingless Matching to Cross Diagram

In this section, we introduce some essential terminology and describe steps obtaining cross diagrams from
crossingless matchings.

A crossingless matching is called decomposable if there exists a vertical line v; that doesn’t intersect any
curves. Subsequently, a decomposable crossingless matching is partitioned into disjoint parts. A subcross-
ingless matching is a crossingless matching obtained by successively removing the curves with the largest
difference of endpoints (it is possible to have more than one curve of such property) or curves in the other
disjoint parts of a decomposable crossingless matching. A crossingless matching is called nested if it contains
a decomposable subcrossingless matching, but it is not decomposable.

1. Enumerate the crossingless matching c¢ starting with curve possessing the least difference of endpoints
from left to right by
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2. Draw 2n — 1 vertical lines v; that bisect perpendicularly the horizontal line connecting i-th and (i+1)-
th vertices from left to right, for i € {1,...,2n — 1}. Note that every curve in crossingless matching
intersects the vertical lines in odd number 2m + 1. Then, we define n — m to be the level of a curve.

3. We shall label each intersection point ¢,MNv; with a triple (r,i,(, ;) where ¢, ; € N>( enumerates inter-
sections on each v; from top to bottom. This intersection points are called the distinguished crosses.

4. A cross diagram is a set of distinguished crosses sitting in Z x Z lattice. Replace the multicurves
diagram (e.g. Figure 3.6.1.1) with a cross diagram (e.g. Figure 3.6.1.2) labelled by the triples (r,i,(; ;);
a distinguished cross (z,y) is picked for each intersection point in a way that x is the level of the curve
where it lies and y is subscript 7 of the vertical line it intersects. Note that the crosses are arranged
in a floating pyramid-like arrangement reflecting their relative positions in the original crossingless
matching.

U1 V2 U3 V4 Us Ve vr Ug V9 V10 V11

11§ 12

Figure 3.6.1.1: An example of crossingless matching c in a 2n-punctured 3-sphere.

X! X X
(1,4,0): (2,7,0), 1(3,11,0),
X X X S
( 7370): 7471):( 75a0)
X X X X X X

Figure 3.6.1.2: A cross diagram for the example with counting fence in purple dashed line.

A counting rectangle is a Z x Z sublattice containing either complete rows of distinguished crosses or
empty rows of distinguished crosses. The rows of distinguished crosses contained in a counting rectangle
are called the lattice segments. A marked distinguished cross, or marked cross for simplicity is a choice of
distinguished cross. Given a cross diagram and a choice of b marked distinguished crosses, we can form the
(possibly empty) smallest counting rectangle containing the b marked distinguished crosses. A lattice segment
is effective if it contains marked crosses and potential if it doesn’t. Observe that a counting rectangle could
have more potential lattice segments than effective lattice segments. When b = 1, the smallest counting
rectangle is the one-by-one grid by definition. Now, for 1 < a < b, we consider the set of all counting
rectangles coming from possible a-wise marked crosses but remove those rectangles that are contained in a
larger one. This particular set of counting rectangles is called a counting fence.

In particular, we are interested in the set of sets of marked crosses where each of them comes from
different curves in a crossingless matching ¢, denoted by X,.. To give an overview of the remaining chapter,
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we provide our end goal here without going into the details. Details will be laid out in the future sections.
Every elements in X, will be realised as a vector in the Fock space via a map . Finally, we will associate ¢
to a vector v, defined as

o A1 Ao A2n—1 A1 Ao A2n 1
Ve = Z 5p(pi1 piz .. 'pi2n—1 'Uo) . pi1 pi2 .. .pi2n—1 Vo (361)
A1 A Aop—
P P2 it fuo € (Xe)

where sp is called the spreading polynomial of the vector in a given crossingless matching. The spreading
polynomial sp lives in the Laurent ring Z[t, ¢ ~!] and will be defined based on several combinatoric invariants.

3.6.2 Cross Diagram to Fock Vector

In this section, we will lay out the details of constructing the the spreading polynomial sp, and subsequently,
introducing a graded Fock vector for a crossingless matching. At the end, we present some conjectures
relating to the vectors we established.

5. Given a crossingless matching ¢ with curves ci,co, - , ¢y, pick exactly one intersection point from
each curve ¢, in ¢. These are n marked crosses each lying on distinct curves with the label (r,i,¢, ;).
Consider the set Z;, . ; containing them:

Iil,ig...,in = { ( ailagl.i) ( ,i27€2,i)3 T ( 7ina‘€'n,i) ‘ 1 S ir S 2n — 1; 0 S 4 S n— 1}7

which we call a marked cross configuration. We associate a Fock vector p;,p;, - - - pi, vo to each set
Ii17i21"'1in'
For example, the two set Iy 711453 = {(1,4,0),(2,7,0),(3,11,0),(4,4,1), (5,5,1), (6,3,2)} # {(1,4,0),

( 3770)7( 711,0)7( ,3,0),( ,472)3( 7572) } = I4,7,11,3,4,5 give P4apPrP11P4P5P3V0 and P4aP7P11P3P4P5Vo respec-
tively. But, we want to remark that the two vectors are equal in the Fock space by the Heisenberg

algebra relations.

6. Next, we define the sets

Ko g, = L] Z,, and X.= L] X,
s€Perm(i1,i2,...,0n) pE{(i1,%2,...,in)}
where the first set is taking the disjoint union over all permutations of (41,42, ...,,) and the second
set is taking the disjoint union of all combinations of (41,42, . ..,%,) in X, 4, i, . Then, X, is the set of

all marked cross configurations of c. By previous step, there exists a a map ¢ : X, — F}{,  sending
ZLiy ig e in F* DiyPis =+ Pi, V0. By abuse of notation, we set X X;

i1 Pig " Pin "7 1522500500 °

7. After that, we will associate a spreading polynomial sp to each Fock vector plfl p§2 . pgfb"_’f v which
are defined based on its preimage
_ Kon_
T (p}flpgz --~p2i—1lv0)
following the steps below:
(a) First, we would like to compute the cardinality ‘w_l (plflp;c2 ...pgfl"_’f vo)‘ of the preimage of

a Fock vector plflpg"’ ...pgfl’ff under the map v . We outline a series of steps to express the

cardinality as a specific product of binomial coefficients, that is the total number of a Fock
vector pfiph? . .pgfl":fvg appearing in ¢ will be in the form of [[, (%) for some y; and z;. It
amounts to compute the number of ways getting each p; or the correspc])nding j-crosses. We start
by choosing one element in the preimage 1! (p’f1 péQ . plch;ff vo> .

Starting with a cross diagram of ¢, for curves that has only one intersection with v;, it is clear

that the sole choice we can make is p;, in other words, they contribute G) We can then delete

those marked crosses/rows of crosses with the same r-label from the diagram.
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After that, we form a counting fence for the remaining marked crosses. If the counting fence
consists of one and only one counting rectangle, it is obvious that the number of effective lattice
segments, in this case, the number of rows of the unique rectangle counts the possible combination
of marked cross configuration in the form of product of binomial coefficients.

When p; is present in an intersection of more than one counting rectangles, this implies that there
exists other marked crosses not in the lattice segment of the same counting rectangle containing
pj. The counting of possible p; combination will then be dependant on multiple rectangles. In
fact, each p; can only be contained in one and only one counting triangle or in the intersection
of two counting rectangles. Since if it is in the intersection of more than two counting rectangles,
there must exist a marked cross configuration such that it is only contained in the intersection of
two counting rectangles by the nature of crossingless matching.

Hence, we can always find a ¢ and at least one p; of pf such that p; lies in curve of the highest or
lowest level among the other p;’s lie and stays in one and only one counting rectangle. We would
call it a single p;. In particular, p;’s coming from curves that has only one intersection with v;
are single. We should start by counting the pfi which contain single p;. Let y; be the number of
effective lattice segments in the unique counting rectangle. Then, we have (k) way to pick p
from that unique counting rectangle containing p;. We will then delete all the smgle pi’s and the
rows containing it. We continue to do the same for the other single p;’s in the unique counting
rectangle containing p;. Collectively, the remaining p;’s including p; will all contain in this unique
counting rectangle containing p; and we will regard them as coming from the same column when
forming the next counting fence. In principle, by counting and deleting the single p;’s, we have
fixed a configuration that they could appear in another counting rectangle that intersects with
the original unique rectangle and subsequently, the column p; present become irrelevant.

We will keep picking out the single p;’s until we reach a counting fence consisting of one and

only one counting rectangle. Taking the product of the possible (%) for some y; and z;, we had
J

computed the desired cardinality.

To justify this, this is the least upper bound for the cardinality since to turn any potential lattice
segments into effective lattice segments, it must be the case that there are other marked crosses in
the lattice segments below or above the potential segments. These are counted in the maximality
of a counting fence. On the other hand, it is also the greatest lower bound because it realises the

number of distinct combinations of set of marked crosses.

For example, in Figure 3.6.1.1, there are (i’) (f) of way realising pspapsprp11vo. Depending on

whether we count p3 or py first, we have (?) = (g) of way realising psp3prp11v0 in c.

Then, we associate a Fock vector pf*ph? ...pgf;ff vp a polynomial ¢ in Z[t,t~!] based on an

=T, (¥ ) of its preimage obtained from item 7a.

expression of the cardinality =1

X k1 ko kon—1
Py P2"-Pan—1

To that expression, we can associate the product ¢ of the graded dimension of the cohomology of
Grassmannian Gr(z;,y;), or the Gaussian polynomial, that is,

k
-
Gy 5 - pany vo) = ngdlmGr %5, 9;) H{ ]

j=1 =1

where [n] := 11:"‘: =1+t+t2+--+t" 0! =T]_,lj] = > wes, ginv(w) {y] = 7@],@]! =

j=1 z y—2]!

A=At (=t ) Note that th tum integer defined here is not the shifted i
(1715)(17152)--4(17752) . ote a e quan um 1n eger ernne ere 1S no € snirted one as 1n

Section 2.2.2.
At first sight, it might be lured that different expressions could give different ¢. For example,

d(p3piprp11vo) = B} =14t+t2= [ﬂ . To explain it, we need the foloowing lemmas.

Lemma 3.6.1. Suppose w € S,,. Then,

{Jﬁ +Jjo -+ +jn:| . []i +j2] [j1:| _ |:jw(1) + Juw) + - +jw(n)] o |:jw(1) +jw(2)] [jw(l)}
Jn J2 J1 Jw(n) Jw(2) Ju(1)
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is is trivi bittin] it tiin]
Proof. This is trivial as GGl = Gl Dwoo Tt
Q.E.D.
Lemma 3.6.2. [r * S} = [r * s] .
S r
Proof. This is left as an exercise. Q.E.D.

By the Lemma 3.6.1, the Gaussian polynomial of a Fock vector associated to a crossingless match-
ing is an invariant of the cardinality obtained in item 7a. We need to argue why the order of
“t-counting” doesn’t matter. If there are only two choices to make in the counting rectangle, then
it is equivalent to Lemma 3.6.2. If there are more than two choices exist in the counting rectangle,
then it is covered by Lemma 3.6.1. It is not hard to extend the argument to p;’s containing in
the intersection of two rectangles.

Lemma 3.6.3. The spreading polynomial ﬁp(pg\llpf‘; ...pj‘;n":llvo) of a Fock vector doesn’t de-

pend on the order you taking the p;;, or in another word, il does not depend on the preimage
—1/ ki k Ko -
P 1(pi11pi22 .- -pi22n711 UO)'

As mentioned before, a single Fock vector can be further decomposed into the basis of Fock space
in terms of multipartitioned Fock vector p}'pd? ... pa2"'vo, Ai b k.
Each basis element will also be associated to a polynomial § € Z[t,t~!] based on the major
statistic with standard Young tableaux fillings on multipartition.
For each partition A F n, the total number of standard Young tableaux associated can be in-
terpreted as the dimension of irreducible representation of S,, or more directly the number of
Gelfand-Tsetlin basis. We now define a major statistic to these standard Young tableaux. Given
a standard Young tableau Ag of A, a descent of T is defined to be a value of i, 1 < i < |\| for
which ¢ + 1 occurs in a row below i in Ag. A major statistic my4 associated to a standard Young
tableau Ag is the sum

Mg 1= z 7.

i€descent of g

Let ¢ be the dimension of irreducible representation of A\. Then

q
Oy = t"™si
i=1

and, for multipartitioned case,

A1 A Aop
6(p11p22 . 'pQrztfllvo) = 9)\19)\2 e 6‘)\21171'

2
For example, in the Fock space representation, p3p3p5p7p11v0 = pgpf)pspwuvo—i—pgpil )p5p7p11110.

2
Then, 6(psp{?psprp11vo) = 1 and 8(psp’' 'psprpi1ve) = t. In the case of p{>") prp11peve, we get

2 2
0(p§2’1)p7p11p9v0) = t+t2. Another example would be pf)pél )p7p111)0, we get H(pf)pél )p7p111)0) =

1-t=t.
It can be shown(Lemma 3.6.4) that, all the elements in a single set of intersection points has the

same total sum £ of /, ;. Then, we will assign the spreading polynomial sp (pf‘l1 pf‘; . pf‘;;fll vg) €

Z[t,t7'] of an existing basis element p}! p;\21 .. p?;:’:ll vg in ¢ by

A1, A A2n— A1, A Aoy A A Aop— ¢
sp(pillpi;) "'pi;n—llvo) =90 (pillp’izl "'pi;n—llUO) ¢(p‘111‘p|222| "’pLj—ll‘Uo) e

tr>t2

Note that the definition of sp can be extended linearly, so that sp(pfl1 pfj e pf;::; vg), for k; € Z
is defined to be the sum of the spreading polynomial of the basis elements that it decomposes
into.
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For examp1e7 {( 7470)7( 77a0)7( 71170)7( 74a1)7( 7571)7( a372)}
# {(1,4,0),(2,7,0),(3,11,0),(4,3,0),(5,4,2), (6,5,2)}, but 0+04+04+1+1+2 =4 =04+0+0+0+2+2.
So, ¢ = 4. Then,

Papipspmu vo

Tt =t 272 2 4 82

t—t2

sp (P3p4(12)175p7p11v0) =1-(1+2t+2t>+3)

and

(?

sp (p3p4 )P5P7P11U0) =t (1+2t+2%+ 1) T =T 24202

t—t2

We can extend the definition as a homomorphism to a general Fock vector piph? ... pgfl"jf. For
example,

2 12
5P(P3PZP5P7P11UO) = s5p (p?)pz(; )p5p7p1100> + sp (pspz(; )p5p7p11110>

=t 44372 +4+3t2+ ¢4

which has 5 = ¢ + 1 terms. This is a fact that we will prove in Lemma 3.6.4.

8. Consider all such sets of intersection points. We will associate a crossingless matching c a finite sum
F(c) of Fock vectors based on the set

U{(¢,,vi,L,.;)| no repeated r}.
T
The set above will give us a list of Fock vectors contained in ¢. We then have
PP Ao — A1 A Ao —
Ve = Z sp(P;,) iy - Dy 00) - DDE D o
PP 2t L oo € (Xe)

Lemma 3.6.4. The spreading polynomial Z/\l}fkl7)\2}”927"')\21L—1|7k2n—1 sp(pf‘llpf‘; .. .pj‘;":ll vo) has £+1 terms.

. . A1, A2 Aan—1
Moreover, the spreading polynomial > Al,_kl7)\2H€2’“_A%/_l,_k%_l5]J(pi1 Piy o Pig ) vO)‘t:l counts the total
; ; (A1l | Az [A2n—1]
number of basis elements required to express p; "'p;” ... p;"  vo.

Proof. Suppose ¢ = 0. That means there is only one possible choice of pg\llpf‘; .. .pl’.\;:f llvo. Note that in

this case A; € {0,1}. Then, by construction, it is a single graded vector over Z. Suppose now, we only
look at a Fock vector pf consisting of a repeated indices i. Then, we have pf = Z/\ﬁki pf‘ Then, /+ 1 =
0+142+---+k;—24k;—14+1, but 5p(pf”) = Z/\ﬁki ﬁp(pf‘f’) = [k;]! which has k; —1+k; —2+k; —3+---+1,
as desired.

For the rest of the case, note that we can reduce the case of a single non-decomposable crossingless match-
ing since the function sp is multiplicative on the decomposable crossingless matchings. First, we discuss the
case when the crossingless matching is non-nested. Consider its associated lattice diagram where it is noticed
as a pyramid with the tip, say py. By discussion before, we can pick a specific representative of the vector
by marking the crosses from top to the bottom in the following sequence: pg’“, pz’i 1 pzﬁl , pz’i’;, p}c\fz?, e
Forming the counting fence, we see that the counting rectangles are those with top vertices having ¢-label

i : o
as 0. Note that, by precious paragraph, ¢-label on pij’ carries the contribution of \;; =1+ A;; —2+---+ 1.

Then, from the desingated sequence, it is easy to see that the f-label on p:\J is the total contribution from
the way to choose p;; in the lattice diagram and the spreading polynomial function. To see it, we could start
counting the way to choose the last term p;. in the sequence since it is not in the intersection with other
counting rectangles or, in other words, choosing it is independent of choosing the other. The ¢-label of the

¢ —;Ai" > choices of it which its Gaussian polynomial
ij

0+ N,
A

g

first appearing p;; indicates there are (
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has degree £ \;,. Here, we recall that a degree of a polynomial with one indeterminate is the highest power
attaining by the indeterminate appearing in the summand. Similarly, we apply the method to all the other
pi;- We then obtained the desired result.

For the case of nested crossingless matching, it might be the case that all the counting rectangles has
nontrivial intersections on marked crosses. However, it is not hard to extend the argument to get the desired
result.

Statement 2 is obvious. Q.E.D.
Conjecture 3.6.5. The span of the graded vectors v. in F}, _ form a Temperley-Lieb representation.

Conjecture 3.6.6. By realising a link in 3-sphere as a plat closure of a braid [Bir7j], through Temperley-
Lieb representation [Kau87] , it consists of a combination of gluing crossingless matchings ¢ and upside down
crossingless matchings ct. This topological gluing can be interpreted as multiplying the vector v (replacing
the generator p with q) with the vector v.. Then, one can recover the Jones polynomial of the link by counting
the graded vacuum vectors in the Fock space.
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