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Abstract

By considering arbitrary finite G-sets for a finite group G rather than just the orbits
G/ H for subgroups H we realise the norm functor of Hoyer and the box product of Tam-
bara functors as instances of the same construction. Using similar constructions and
a new bicategorical framework we give characterisations of incomplete Mackey func-
tors and bi-incomplete Tambara functors as coherent monoids. A recent conjecture
of Blumberg and Hill is a corollary of our characterisation of bi-incomplete Tambara
functors. In particular, our characterisation of (O, O, )-Tambara functors as coherent
(0., 0!,)-monoids in (O, Op,)-Tambara functors allows both additive and multiplica-
tive structure to be added simultaneously.

We also provide a notion of module category over a tight symmetric bimonoidal
category and use this to relate our characterisation to work of Hill and Hopkins on

equivariant symmetric monoidal structures.
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Chapter 1

Introduction

In his 1967 paper [4] defining equivariant cohomology theories Bredon introduced co-
efficient systems to encode cohomological information in a way recognising the action
of a discrete group G on a G-CW complex. Equivariant algebraic topology has devel-
oped significantly in the half-century since; a good survey is [21]. More recently, the
solution of Hill, Hopkins, and Ravenel [11] to the Kervaire invariant one problem (in
all dimensions except 126) has lead to increased research activity in equivariant stable
homotopy theory (ESHT). They have recently published a primer [12] on the solution
and the ESHT background required to understand it.

Coefficient systems come with restriction (and conjugation) maps. Mackey functors
were defined by Green [9] and Dress [8] as axiomatisations of the representation theory
of finite groups; they are coefficient systems equipped with transfer maps. The transfer
and restriction maps interact according to a Mackey decomposition formula, similar
to how induction and restriction interact in representation theory. Equivariant coho-
mology theories are represented by genuine G-spectra, stabilisation introduces transfer

maps so equivariant cohomology is Mackey functor valued.

In [23] Tambara introduced TNR functors (now called Tambara functors) which are
Mackey functors equipped with multiplicative transfer maps (now called norm maps).
Norm maps generalise tensor induction. In particular, norm maps interact with restric-
tion and transfer maps via relations analogous to the interactions of tensor induction
with restriction and ordinary induction respectively in representation theory. Brun
[5] showed that 7y of any commutative G-ring spectrum has the structure of a Tam-
bara functor and conversely Ullman [24] showed that there is an Eilenberg-MacLane

commutative G-ring spectrum for any Tambara functor.

A key construction in the solution to the Kervaire invariant one problem was that
of the norm functor from H-spectra to G-spectra for H a subgroup of G. Ullman
described this norm algebraically on Tambara functors in [24] in a way that still passed

through a category of spectra. Mazur’s thesis [22] contains an explicit description of
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the norm functor on Mackey functors for cyclic groups of prime power order: their
construction does not involve topology; it is purely algebraic. A construction for the
norm functor from H-Mackey functors to G-Mackey functors for H a subgroup of G
was given in Hoyer’s thesis [14] as a left Kan extension. This norm functor was key
to Hoyer’s characterisation of G-Tambara functors as a sort of coherent monoid in the
category of G-Mackey functors.

In [19] and [20] Lewis considers incomplete Mackey functors, that is Mackey functors
which are missing some transfer maps. Bousfield localisation can cause some norm maps
to disappear and so Blumberg and Hill consider incomplete Tambara functors, which
are missing some norm maps in [1]. They also consider incomplete Mackey functors in
[3]. Considering the possibility of missing some transfers and some norm, Blumberg
and Hill define bi-incomplete Tambara functors in [2].

The objects in equivariant algebra can be defined either with reference of the cat-
egory of finite G-sets Set® or, because finite G-sets are disjoint unions of orbits, the
full subcategory Orbg containing only the orbits G/H for H a subgroup of G. A com-
mon slogan in equivariant topology is that “orbits are points”, for instance the 0-cells
in G-CW complexes are orbits of points. It is also the case that the orbit approach
lends itself to a natural representation on the page (at least for relatively small finite
groups) in the form of Lewis diagrams. Hence there has been a bias toward the Orbg
definitions. In this thesis we will see that by considering slice categories of Set” rather
than Orby for subgroups of G we can make more general constructions and in so doing
unify some concepts and simplify some proofs. One instance of this is our definition
of the norm functor of incomplete Mackey functors where O is an appropriate wide

subcategory of Set.

Definition 1.1. Given a map ¢ : X — Y of G-sets so that if py : A - X € O then
Ty : (A, pa) = Y, (y,0) = y is also in O, and M € sMack§ we define N,M to be
the left Kan extension of M along II,.

M
A0 Mg
11
wl Lanry,, M=N,M
AP

If O = Set® then when ¢ is the quotient map G/H — G/G our norm recovers
the norm Ng of Hoyer, and when ¢ is the fold map * II * — % our norm recovers
the box product of Mackey functors. Hence our definition unifies these two important
constructions.

The two main results of this thesis are characterisation results along the lines of
Hoyer’s characterisation on G-Tambara functors, the second one being a generalisation

of it. Our first main theorem characterises incomplete Mackey functors.



Theorem 1.2. For a finite group G and a pair O, O’ of indexing categories such that
O is a subcategory of O, the O'-Mackey functors are precisely the coherent O'-monoids
m Mack?. That is, there is an equivalence between the category of coherent O'-monoids
mn Mack? and the category Mack*o/.

It is a corollary that G-Mackey functors are a type of coherent monoid in the
category of G-coefficient systems. Our second main theorem is a characterisation of

bi-incomplete Tambara functors.

Theorem 1.3. Let be a finite group G, and let (Oq, Op,) and (O, O),) be compatible
pairs of indexing categories such that (O4, O,) is a compatible pair of indexing cate-
gories, O is a subcategory of O, and Oy, is a subcategory of O... Then (O, O )-
Tambara functors are precisely the coherent (O, O} )-monoids in Tamb{®°™) . That
is, there is an equivalence between the category of coherent (O, Ol )-monoids in
Tambﬁom@m) and the category Tambgkoé’oi").

Hoyer’s characterisation is a corollary of this theorem. Another corollary of this
theorem is a conjecture of Blumberg and Hill [2, Conjecture 7.94] which is the case
where O, = O/, While this thesis was in preparation Chan [6] provided a proof of this
conjecture by proving [2, Conjecture 7.90]. We note that our approach is different and
our result more general.

In order to compare our results to previous work we develop a notion of module
category over a tight symmetric bimonoidal category which is a categorification of the
notion of a module over a ring. We see that the approach of previous work should also
work to prove Theorem 1.3 when O,, = O),, but it is not clear how one would prove

the general statement with that approach.
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Chapter 2

Coefficient Systems and Module

Categories

In this chapter we explain what coefficient systems and module categories are, showing
that the category of the former is one of the latter.

In Section 2.1, we describe change of base functors between slice categories over
finite G-sets and important relationships between them.

In Section 2.2, we define coefficient systems and some constructions on them.

In Section 2.3, we give a definition of module category over a tight symmetric bi-
monoidal category and use this to construct a new definition of a G-symmetric monoidal
structure on a category. We show that there is such a structure on the category of co-

efficient systems.

2.1 (-set Preliminaries

Throughout this thesis G will always refer to a finite group and Set® will always refer
to the category of finite G-sets and G-equivariant functions between them. We write
Setg;( for the slice category of finite G-sets over a finite G-set X. In this first section we
describe some important functors between such slice categories and their properties.
These change of base functors will be the basis of important constructions on our objects

of interest.

Notation 2.1. Objects in slice categories Setg*; are pairs (A,p4) withpg : A — X a

G-equivariant map. For the sake of readability we will often suppress pa.

Definition 2.2. Given morphisms f: A — B and g : B — C of G-sets the dependent
product of f along g is the set

ceC,o:g71(C) — Ais a function of sets such that
fo(b) =10 for all b '

Iy (A, f) = {(C’ 0)

5
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This is a G-set via the action 7 - (c,0) = (y¢,v - o) where (v - o)(b) = v(o(y~1b)) for
all b € g~ (ve).

Definition 2.3. A morphism ¢ : X — Y of G-sets induces base change functors

P

Set}G/ Ay, Set)G(

I,
defined as follows:

o On objects we have ¥, (A4,pa) = (A4, ¢pa) and on morphisms

A— 1 3B A— 71  .p

o RN ] RN

e On objects we have A, (U,py) = (X xy U,prx) where prx : (z,u) — =z is the
pullback of pyy along ¢ (that is projection onto the X coordinate) and on morphisms

v—7J vy XXYUIdX—XYf>X><yV

B \ / - \ /
pry ¥ pry

o On objects we have that 1I,(A,p4) is the dependent product of p4 along ¢ and on

morphisms

A % B I, A —> I, B
e m A ~ \ /
X
where 7y : (y,0) — y is projection onto the Y coordinate, and f, : (y,0) — (y, fo).

Remark 2.4. For any subgroup H of GG the categories Setg JH and Set!? are equivalent
via the functors

Setg/H — Set, A — p ' (eH)
Set” — Setg/H,A — (G xg A, lg,x] — gH).

Across this equivalence are functors

Set@ i SetH

\/

MapH(Gv_)

where, for the collapse map ¢ : G/H — G/G, the functors ¥, A, and II, correspond
to G xg —, z'%, and Mapg (G, —) respectively.
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Proposition 2.5. For any morphism of G-sets ¢ : X — Y, the functor A, is right
adjoint to ¥, and left adjoint to 1l,.

Proof. We construct an isomorphism
® : Set(S,A4, B) = Set$ (4, A,B)
natural in (A,p4) and (B, pg) by

EA—>B A—>AB

i NI I BN

where f :a— (pa(a), f(a)). The inverse isomorphism is given by

A—7 A,B X, A —4 B
ot \ / — \ /
where g : a — prp(g(a)).
We construct an isomorphism
U : Set§ (A, B, A) = Set$ (B, 11, A)
natural in (A,p4) and (B, pgp) by

AB—>A B—>HA

N B N A

where f : b+ (pg(b), — f(x,b)). The inverse isomorphism is given by

I

B—% 1,4 AB—F A
where g : (z,b) — 7,(g(b))(z) and 7, : (y,0) — 0. O

The unit of the adjunction A, - IL, has components
np: B = Il,(X xy B),b~ (pp(b),x — (x,b)).

Where necessary to distinguish between unit maps coming from different adjunctions

we will write n%5.
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The following relationship between the change of base functors and pullback squares
is the source of double coset formulas like the Mackey decomposition formula from

representation theory. It will play a significant role in the later chapters.

Lemma 2.6. Let

Xx, vV 2y

prxi iﬂ

X —— 7

be a pullback square in Set®. Then there are natural isomorphisms Ao = Xpry Apry
and Aglly =1y Apry -
Proof. We have

AgYa(A,pa) = Ag(A,apa) = (A xz Y, pry)

and

EpTyApTx(Ava) = 2pTy<A XX (X ><Z Y)vaXXZY) = (A XX (X ><Z Y)apTY)

These objects are naturally isomorphic in Setg via the inverse maps
AxzY = Axx (X xzY),(a,y) — (a, (pa(a),y))

A XX (X Xz Y)7 (CL, (‘T)y)) = (a)y)'

We have
Ag Ho(A,pa) =Y xx 11, (A, pa)

and

Wy Apry (A,pa) =Ty (A xx (X X2 Y),prxx,v)-

These objects are naturally isomorphic in Setg via the inverse maps

Y Xx HQ(A,])A) — HpTY(A Xx (X Xz Y),pTXXZy),
(v, (2,0)) = (y, (z,y) = (0(2), (2,9)))

and

Iy (Axx (X xz2Y),prxx,y) =Y xz14(A,p4),
(3/70) = (y7 (6(3/)71' = pT’A(J(.’E,y)>)). 0

Remark 2.7. Typically one would replace A xx (X xzY) with A xz Y because the
universal properties they satisfy are equivalent so there is a unique isomorphism between
them which preserves these universal properties. However, when we start considering
things bicategorically in Section 3.3 it will be important that our machinery encodes

these isomorphisms.
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Definition 2.8. Given morphisms f : X — Y and ¢ : Y — Z in Set® the commutative

diagram
Prig (X, f)
Y xz T,(X, f) otz (X, f)
evl \Lﬂ'z
X 7 Y 7 A

where ev is the evaluation map (y,0) — o(y) is called the canonical exponential
diagram generated by f and g. An exponential diagram is a diagram in Set which
is isomorphic to a canonical exponential diagram. Exponential diagrams encode the

distributivity of multiplicative structures over additive structures.

Proposition 2.9. Let f: X =Y and g : Y — Z be morphisms in Set®. Then the

functors Ily Xy and Yr, 11 Aey are naturally isomorphic.

PTTg X
Proof. We have
Hg Ef(AﬂpA) - (HQ(A7 gpA)7 (Za U) = Z)

and
ZWZ HPTngx ABW(AapA) = Eﬂ'z Hangx(A XX (Y Xz Hg(X> f))?pTYxZHg(X,f)>
= (HpmgX(A xx (Y xz I, (X, f)),pryXZHg(va)), ((z,0),w) — 2).

These objects are naturally isomorphic in Setg via the inverse maps

Iy (A, gpa) — Hprngx(A xx (Y xz (X, f))apTYXZHg(X,f))
(z,0) = ((2,y = pac(y)), (y, (9(y), ) = (a(v), (y, (9(¥),¥))))

and

HPTHQX(A XX (Y Xz Hg(Xv f))’pTYXZHg(X,f)) - Hg(Aapr)
((z,a),w) = (Z,y = pTA(w(:% (Z,O')))) O

2.2 Coefficient Systems

We will develop the story of coefficient systems as a warm up to Mackey and Tambara

functors.

Notation 2.10. As with objects in Set§ for objects (A4, pa) € (Set§)°P we will usually

just write A suppressing the p4 to improve readability.

Definition 2.11. Let GG be a finite group and let X be a G-set. A G-semi-coefficient
system over X is a product-preserving functor from (Setg’;)"p to the category of com-

mutative monoids
C : (Set$)”? — CMon.
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The collection of G-semi-coefficient systems over X and natural transformations be-
tween them forms a category which we will denote sCoeff§. The product in (Set$)?
is disjoint union so, because C' is product-preserving, C(()) is always a singleton. For
f: A — Bin Set§ we write res; for the map C(f) : C(B) — C(A) which we call the
restriction map along f.

A G-coefficient system over X is a G-semi-coefficient system C over X such
that C(A) is an abelian group for all A € (Setg’;)"p. This is equivalent to requiring
that C be a product-preserving functor (Set§) — Ab. We write Coeff§ for the full
subcategory of G-coefficient systems over X in sCoeffg*;. We will write sCoeff¢ and
Coefff for sCoeffg /G and Coeffg /G respectively, and drop “over G/G” when referring
to their objects. We note that because Setg JH and Set!! are equivalent the categories
sCoeffg/H and sCoeff are also equivalent, as are the categories Coeffg/H and Coeff.

Coefficient systems first appeared in [4] as a replacement for abelian groups as the
appropriate notion of coefficients for equivariant cohomology. It is common to define
them as a functor out of the category Orbg, the full subcategory of Set® containing
the orbits of G, that is, finite G-sets of the form G/H for H a subgroup of G. We can
do this because every finite G-set is a disjoint union of orbits and any G-equivariant
map between them can be written in terms of morphisms in Orbg, so the product-
preserving condition means that C € sCoeff)G( is determined by what it does on Orbg.
This approach is natural from the view of equivariant topology where G-CW complexes
are built from n-cells of the form G/ H x D™, and so 0-cells are G/ H x D = G/ H leading
to the slogan “orbits are points”. However we will see that for coefficient systems, and
later Mackey and Tambara functors, that considering Set® unifies some constructions
that appear distinct from the Orbg perspective.

The change of base functors from Definition 2.3 induce functors on the opposite
categories, we will use the same notation for these functors. For purely formal reasons
these functors still form adjoint pairs as in Proposition 2.5 but with the directions of
the adjunctions reversed, so that A is left adjoint to ¥, and right adjoint to IL,. For

instance

(Setg)op(Uv E‘PA) = SetSG’(ZSOAa U)
= Set§ (A, AL,U) = (Set§)P (AU, A).

A similar argument shows I, 4 A, between (Set§ ) and (Set$)7P.
Now we describe the restriction and transfer functor constructions on semi-coefficient
systems, and prove some basic properties about them. These functors will be used to

show that Coeffg’; is a module category.

Definition 2.12. Let ¢ : X — Y be a morphism in Set® and C € sCoeff§{’. We define
R,C as the left Kan extension of C along A.
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SetG op % CMon

A
l Acm

(Set$)

Write ac : C — A,(R,C) for the universal map of the left Kan extension. Given a

morphism C' EN D in sCoeff§ there is a morphism R, (f) : R,C — R,D such that
R,(f)ac = apf by the universal property of ac. This gives a functor R, : sCoeff§! —

sCoeff)G(; we call this the restriction functor along ¢.
The restriction functor admits a convenient explicit description.
Proposition 2.13. Given C € sCoeﬂ'}g andp: X =Y in Set® we have R,C =C%,.

Proof. This is a direct application of enriched Yoneda reduction [17, 4.28]. That is, the
enriched version of Lemma A.2, setting K = A,, H =X, and F = C. O

Lemma 2.14. Let C € sCoeff§ and ¢ : X — Y in Set”, then R,C € sCoeff§.

Proof. We note that ¥, preserves products, so as a composition of product-preserving

functors R,C is product-preserving. O
The restriction functor takes coefficient systems to coefficient systems.
Lemma 2.15. If C € Coeff then R,C € Coeff§.

Proof. Given A € (Set§)” we have R,C(A) = C(X,A) which is an abelian group
since C € Coeff§. O

Definition 2.16. Given a morphism ¢ : X — Y in Set” and C € sCoeff§, we define
T,C as the right Kan extension of C' along ¥.

Set$ )op é CMon
X

E“"l Rang,, C=:T,C
(Setg)"p

Write ag : £,(R,C) — C for the universal map of the right Kan extension. Given

a morphism C ER D in sCoeft§ there is a morphism 7,(f) : T,C — T,D such that
apT,(f) = fac by the universal property of ap. This gives a functor 7, : sCoeff)G( —

sCoeff{; we call this the transfer functor along ¢.
The transfer functor admits a convenient explicit description.

Proposition 2.17. Given C € sCoeffg’; and ¢ : X =Y in Set® we have T.,C =CA,
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Proof. Using the objectwise formula for a right Kan extension the value on objects is

given by
TCp) = [ [(54§)7(4,5,8),C(8) 4B
Set$)or

~ / [(Set§)P(ApA, B),C(B)] dB
(Set§)or
>~ O(Ay,A) = C(X xy A,prx)

where the second isomorphism uses the adjunction A, 4 X, and the third uses the
enriched (co)Yoneda lemma. So 7,C and CA, agree on objects. As each of the
isomorphisms are natural in (A,p4) they also agree on morphisms. The above is an

application of the dual statement to the enriched version of Lemma A.2. O
Lemma 2.18. Let C € sCoeff§ and ¢ : X — Y be in (Set®)°P, then T,C € sCoeft{.

Proof. As A, is a right adjoint it preserves limits and so in particular preserves prod-

ucts. So as a composition of product-preserving functors 7,C preserves products. [
The transfer functor takes coefficient systems to coefficient systems.
Lemma 2.19. If C € Coeff§ then T,C € Coeff}.

Proof. Given (A,pa) € (Set$)? we have T,C(A,pa) = C(Ay(A,pa)) which is an
abelian group as C € Coeff§. O]

Proposition 2.20. Let

Xx, vV 2y

prxi iﬂ

X —— 7

be a pullback square in Set®. Then the functors RgTa and Tpry Rpry are naturally

isomorphic.

Proof. By applying the natural isomorphism AgX, = 3, A, from Lemma 2.6 we
have
RpTal = CApYa = C¥pry Apry = Tpry Rpr C. [

Definition 2.21. For (A,p4) € Set§ and C € sCoeff§ define
Aol := EARPAQ'

This gives a functor — ® — : (Set§ )~ x sCoeff§ — sCoeff§.
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Lemma 2.22. For the fold map V : X I1 X — X we have
(XIOX,V)©C(A,pa) = C(A,pa) ® C(A,pa).
Proof. We have

(XIX)OC(A,pa) ZTvRvC(A,pa) = RyC(Av(A,pa))
2 RyC(AL A, pallpy) =C(Ev(ALLA,paIllpa))
= C(AIT A, (pa,pa)) = C(A,pa) © C(A,pa) O

Definition 2.23. The sum of two G-coefficient systems C and D is the G-coefficient
system C @ D with (C @ D)(A) = C(A) ® D(A).

We let 0 be the G-coefficient system with 0(A) = 0 for all A € (Set®)°?. Then 0

acts as as identity object with respect to &.

Lemma 2.24. Both (sCoeff$, ®,0) and (Coeff$, ®,0) are symmetric monoidal cate-

gories.

2.3 Module categories over bimonoidal categories
In [22] a G-symmetric monoidal structure on C is defined to be a functor
(=) X (=) : Set€ xC — C,
where Set& is the wide subcategory containing only isomorphisms, such that
e (XIIY)KXC is isomorphic to (X X C) ® (Y W C), naturally in X, Y, and C,

e when X has a trivial G-action X X — is the canonical exponentiation functor with
XRC =X

o and X X (Y X C) is isomorphic to (X x Y) X C, naturally in X, Y, and C.

We have an alternate definition which is stricter but includes all cases the author is
aware of. The following definition is [16, Volume 1, Definition 2.1.2] and is a categori-
fication of the notion of a commutative ring. Our definition of G-symmetric monoidal
(and generalisations) will be a categorification of the notion of a module over a ring for

a specific tight symmetric bimonoidal category.

Definition 2.25. A tight symmetric bimonoidal category is a tuple
(Ca (@7 Oa ()é@, )\@7 :0@7 B@)’ (®7 17 Oé®, )\®> ;0®7 /8®)’ ()‘.7 p.)7 (6L7 6R))

consisting of the following data:
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o Additive Structure: The tuple (C,®,0,a®, A%, p® 3P) is a symmetric monoidal

D

structure where o is the associator, \¥ and p® are the left and right unitors

respectively, and 3% is the commutator.

o Multiplicative Structure: The tuple (C,®,1,a®, X%, p®, 39) is a symmetric monoi-
dal structure with a® is the associator, A* and p® are the left and right unitors

respectively, and 3% is the commutator.

o Multiplicative Zero: The natural isomorphisms A* and p* with components A% :
0®X = 0 and P X ®0 =0 for X € C are the left and right multiplicative zero

respectively.

« Distributivity: The natural isomorphisms 6% and 6% with components
Kyz: XoYaZ) S (XeY)s (X e2),

By, (Xa)0Z S (Xe2) e (Y o2)
are left distributivity and right distributivity respectively.

This data is required to satisfy coherence axioms in the form of commutative diagrams.
We do not list these here but the interested reader can find them under [16, Volume 1,
Definition 2.1.2].

Our definitions of incomplete Mackey functors and bi-incomplete Tambara functors

involve subcategories of Set® satisfying the following properties.
Definition 2.26. Let C be a category. A subcategory A of C is
o wide if it contains all objects in C;

« pullback stable if for any morphism f in .4 and any morphism ¢ in C, the pullback

of f along g is contained in A;

« finite coproduct complete if for any finite set of objects {X1,..., X, } in A their
coproduct ][I ; X is contained in A and agrees with the coproduct in C, this includes

the empty coproduct.

Following [1], if O is a wide, pullback stable, finite coproduct complete subcategory
of Set® we call it an indexing category. Indexing categories will be used to define
incomplete Mackey functors and bi-incomplete Tambara functors in later chapters. The
following lemma is an immediate consequence of [1, Lemma 3.2] and [1, Proposition
3.1].

Lemma 2.27. If O is an indexing category then O contains all monomorphisms.
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Definition 2.28. Let O be an indexing category and X be a finite G-set. We write
Ox for the slice category of O over X.

We will see that these slice categories Ox are tight symmetric bimonoidal categories.

Definition 2.29. A symmetric monoidal category (C,®,1,a, A, p, 8) is distributive

if C has all finite coproducts and the natural morphisms

XeII(X®Z) - Xe(YIZ) (2.30)
(X@Z)II(Y®Z) - (XUY)®Z (2.31)
D - X0 (2.32)
l—-0eX (2.33)

where () is the empty coproduct are isomorphisms for all X,Y, Z € C.
The following proposition is [16, Volume 1, Proposition 2.3.2].

Proposition 2.34. If (C,®,1,a, A\, p, B) is a distributive symmetric monoidal category

then C has the structure of a tight symmetric bimonoidal category where we have:

e Additive Structure: Is given by the coproduct functor with the empty coproduct as
the identity object, (C, 11,0, o, X!, pt B1). The structure natural transformations

are given by the universal properties of coproducts.

e Multiplicative Structure: Is the symmetric monoidal structure we started with,
(C7®7 ]‘7a7)\7p7/8)'

o Multiplicative Zero: Are the inverse maps to 2.32 and 2.33.
o Distributivity: Are the inverse maps to 2.80 and 2.31.

Proposition 2.35. For O an indexing category and X a finite G-set, the category Ox
is a tight symmetric bimonoidal category with respect to disjoint union and pullback

over X.

Proof. There is a symmetric monoidal structure (Ox, X x,idx,a*, A%, p*, %) on Ox
where X x is pullback over X, which is the categorical product in Ox. The structure
natural transformations are given by the universal properties of products. The cate-
gorical coproduct in Ox is disjoint union, and we note that there are obvious natural
isomorphisms

(Axx B)II (Axx C) = Axx (BILC)
(Axx C)I1 (B xx C) = (AIIB) xx C

@i}AXX(D
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@i@XX_A

so (Ox, X x,idx,a”, A%, p*, %) is a distributive symmetric monoidal category, and
hence is a tight symmetric bimonoidal category with the structure described in Propo-
sition 2.34. O

Note that the maximal groupoid (the wide subcategory containing precisely the
isomorphisms) in Ox still contains all the structural morphisms and so is also a tight

symmetric bimonoidal category, we will write (Ox )=~ for this category.

Corollary 2.36. The groupoid of finite G-sets over X, (Set)G()g, is a tight symmetric

bimonoidal category under disjoint union and pullback over X.

Now that we have defined our tight symmetric bimonoidal categories of interest we

need to define what it means for a category to be a module over such a thing.

Definition 2.37. A module category over a tight symmetric bimonoidal category
(C7 (@7 07 a@a )\@7 PEB, 6@)7 (®7 17 a®7 )\®7 p®7 B®)7 ()‘.7 p.)a (5L7 5R)) iS a tuple

(A, (1,8,a%,07, 07, 87), (+, X%, %), (d", d"), (¢", "))
consisting of the following data:

o Symmetric Monoidal Structure: The tuple (A, 1, 0,a", A", p°, 37) is a sym-
metric monoidal structure where o is the associator, A® and p” are the left and

right unitors respectively, and 8- is the commutator.

e Module Structure: A functor * : C x A — A together with a (left) unit natural
isomorphism A* : 1x— =N id 4 and for each triple (X,Y, A) with X, Y e Cand A € A
an associativity isomorphism a% y 4 : X * (Y x A) =N (X ®Y) * A natural in XY,
and A.

o Distributivity Constraints: For X,Y € C and A, B € A left and right distributiv-
ity isomorphisms d%Y,A (X@Y)xA = (X+xA)O(YxA) and dﬁ%AB : X*(AOB) =
(X * A)O(X * B) natural in X,Y, A, and B.

¢ Multiplicative Zero: For X € C and A € A natural isomorphisms with compo-
nents&ﬁ:O*AiHand{f}:X*Hi]l.

This data is required to satisfy coherence axioms which take the form of diagrams which
must commute for any X,Y,Z € C and any A, B € A:

¢ Braiding and Distributivity

(XBY)*A -2 (X % A)O(Y * A) X+ (A0B) — (X % A)O(X « B)

ﬂ@ﬂdl lﬁﬂ id *5% lﬂ‘:'

(Y@X)*AT(Y*A)D(X*A) X*(BDA)?(X*B)D(X*A)
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e Associativity and Distributivity:

(XaY)e2)+ A (XaY)* A)0(Z  AHY(X « A)D(Y * A)0(Z * A)

a® *idl lau

(Xo(Y@z)«A 3 (X« A0((Y ©2)xA) — (X x AD((Y x A)D(Z » 4))

X % ((ADB)OC) —2 (X % (AOB)O(X * €) 24 (X « A)D(X * B))O(X * C)

id *aml lam

X x (ADO(BOCQ)) —r (X * A)O(X * (BOC)) —— (X * A)O((X * B)O(X = C))

iddd

(X ®Y) * (AOB) d" (X®Y)*A)D(X @Y) % B)

a*l lau Oal

X (Y« (ADB))imRX x (Y« A)O(Y x B)) Y (X * (Y * A)O(X % (Y * B))

¢ 2-by-2 Distributivity

(X ©Y) * (AOB) an (X @Y)*A)D(X BY)* B)
dt dtodt
(X * (AOB))O(Y % (AOB)) (X xA)O(Y = A)O((X « B)O(Y « B))
dRfoadr ol
(X« A)O(X = B))O((Y « A)O(Y = B)) (X xA)O(Y « A)O((X « B)O(Y = B)))
P ido(a”)~1!
(X« A)O((X = B)O((Y = A)O(Y x B))) (X« A)O(((Y « A)O(X = B))O(Y = B))
ido(a”)~?! ido(B°Oid)

(X« A)D(((X«*B)O(Y *A)O(Y *«B)) — (X * A)O((X « B)O(Y « A))O(Y * B)

£L
o Multiplication of Additive Units: 0«1 —=< I
ER

¢ Multiplication by Additive Unit and Distributivity:

0% (A0B) — (0 A)D(0 * B) (XoV)*I —4 (X «D)O(Y #1)
sLl lsLDsL sRl l&RmsR
i - 101 i - )|

e Multiplication by Additive Unit and Associativity:

* id xeL
(X®O)*AL>X*(O*A)d*§>X*]I

0° *idJ/ l& R
I

0xA

é-L
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(0®X)*A*>O* (X xA) (X®Y)*]IL>X*(Y*H)
A® *idl lgL 5% lid xR
O*AT]I H<TX*]I

¢ Multiplication by Additive Unit and Distributivity:

X % (I0A) —=— (X *x)O(X * A) * (AOD) —— (X * A)O(X *1)
id *,\Dl l&RD id id *pf’l J/id ogR
X*AA%]ID(X*A) X*A<p—D(X*A)D]I
0@ X)* A~ (0% A)O(X % A) (X@0)+ A Ly (X« A)D(0  A)
A@*idl lgL Oid p@l lid oel
X*A)#]ID(X*A) X*A<p—D(X*A)DH

e Multiplicative Unit and Distributivity:

+ (ADB) dr (1% A)O(I  B)

e Multiplicative Unit and Associativity:

(IeX)xA * (X x A)
Am /
(X®1)xA x (1% A)
m A*

XxA

Definition 2.38. A G-symmetric monoidal category over X for X a finite G-set
is a module category over (Setg)g. We note that our definition is non-standard, there

are a few different notions of G-symmetric monoidal category in the literature.

Theorem 2.39. Let X be a finite G-set and O be an indexing category. The category of
G-coefficient systems over X is a module category over (Ox )~ with the action functor

@ : (Ox)= x Coeff§ — Coeft§ given by (A, ) ® C = T,R,C.

Proof. By Lemma 2.24 (CoeffG ,0) is a symmetric monoidal category. Noting that
on objects we have (C & D)( ) = C(X) & D(X) the structure natural isomorphisms
have the component maps o, : ((a,b),c) — (a, (b)), AS : (0,a) — a, p% : (a,0) —

BX : (a,b) — (bya). For (A,p),(B,) € (Ox)~ we declare the following structure

natural isomorphisms:
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o Let A9 :idx ©C = Tigy Riay C — C be the map specified on objects by
TidxRidx C(V) = CEiq Ay (V) =C(X xx V) = C(V)
which is C applied to (the opposite of) the map V =X xx V,u — (py(v),v) of
G-sets.
o Let a®: Y 0 (¢ ®C) = TyRyToRoC — Typry RepraC = (¥ X x ) ® C be the map
%Rw’ﬁonQ i> %%rBRpTAng i> Tipr Ropral
where the first natural isomorphism comes from Proposition 2.20.
o Let d5 : (91 9) © C = TonypRonyC — ToReC & TyRyC = (¢ © C) & (v © C)

be the map coming from applying C to the isomorphism (A xx V) II (B xx V) =N
(ATl B) xx V, we have

Tory Ry C(V) = CX i) A i) (V) = C((ATLB) xx V)
gQ((AXxV) (BXXV) (AXXV)@C(BXXV)
= OB AL(V) 8 CEy Ay (V) = ToReC(V) © TyRuC(V)
= (ToReC & TyRyC)(V).
» Let dff : 0O (COD) = ToR,(COD) = TR,CHTR,D = (¢ ©C) & (p© D) be
the natural identity. We have
ToR,(COD)(V) = (C®D)E,Ap(V) = (C @ D)(Axx V)
=CAxxV)BDAxxV)=CE,A,(V)® DESAL(V)
=ToReC(V) ® ToReD(V) = (ToRuC & TR D) (V)
. Notethatif(:(Z)—>Xthen’TCRCQ:Qsolet §é:(®Q:T<RCQ:Q%Qbethe
identity natural transformation.
e Let fg 9 ©®0="T,R,0=0— 0 be the identity natural transformation.
It remains to check that the coherence diagrams from Definition 2.37 are satisfied. This

is a straightforward but lengthy exercise and is left to the interested reader. O

Finally, we define the notion of a monoid in a module category which we will refer

back to in later chapters.

Definition 2.40. Let A be a module category over the maximal groupoid C~ of a tight
symmetric bimonoidal category C with action functor * : C~ x A — A, a C-monoid is
an object X € A together with an extension — x X to C.

g

—xX
%A
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Notice that if A is a monoidal category, C is the category of finite sets, and we take

S % X = X®ISI then a C-monoid is precisely a monoid object in A.



Chapter 3
Incomplete Mackey Functors

Mackey functors, which are often considered an equivariant analogue for abelian groups,
are coefficient systems equipped with transfer (or induction) maps corresponding to
the restriction maps. Transfer maps are morphisms with the opposite variance to the
restriction maps, and which satisfy a relation determined by pullback when composed
with them. An incomplete Mackey functor is one which does not have all possible
transfer maps. In this chapter we provide a characterisation of incomplete Mackey
functors as less complete Mackey functors equipped with an appropriate pseudofunctor

which encodes the information of the extra transfer maps.
In Section 3.1 we define Lindner categories.

In Section 3.2 we define (incomplete) Mackey functors and some constructions on
them. In particular, we see that our approach to the norm functor realises previously
defined norm functors of Mackey functors and the box product of Mackey functors as

the same construction.

In Section 3.3 we define some bicategorical gadgets that are used for the main result

of the chapter.

In Section 3.4 we prove the main result of the chapter: the category of coherent
O'-monoids in the category of O-Mackey functors is equivalent to the category of O'-
Mackey functors. A corollary of this result is that G-Mackey functors are precisely the

coherent Set“-monoids in the category of G-coefficient systems.

In Section 3.5 we show that the category of O-Mackey functors is a module cate-
gory over a tight symmetric bimonoidal category determined by O. We also provide
a comparison to another characterisation of O-Mackey functors by modifying some

definitions appearing in [10].

21
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3.1 (O-Lindner categories

Definition 3.1. Let X be a finite G-set, and O be a wide, pullback stable, finite co-
product complete subcategory of Set®. Following [1], we call O an indexing category.

An O-transfer span over X from (4,p4) to (C,pc) is a diagram in Set” of the form

Al _B_9%,¢

oo o e

such that g is in O. An isomorphism of O-transfer spans over X from (A, p4) to (C,pc)

is an isomorphism ¢ : B — B’ of G-sets such that the following diagram commutes

Definition 3.2. The O-Lindner category AS? over X is the category whose objects
are pairs (A,p4) where A is a finite G-set and p4 is a G-equivariant map A — X, and
whose morphisms are isomorphism classes of O-transfer spans over X. Composition
in an O-Lindner category is defined by pullback; given a pair of morphisms in .Ag)(
represented by transfer spans over X, (A L B4 C) and (C L p b E), their
composition is represented by the transfer span over X, (A <fp£ B x¢ D N E).
We note that iprp is in O because prp is the pullback of g and O is pullback stable.
Further, this composition is associative because we are considering isomorphism classes

of transfer spans over X.

Notation 3.3. For objects (A,p4) in O-Lindner categories will usually just write A,

suppressing p4 to improve readability.

Notation 3.4. When O = Set® we write Ag;( for A?( and call it the G-Lindner

category over X. More generally whenever O = Set® we will replace O with G.

Lemma 3.5. Products and coproducts in Ag)( are both given by disjoint union. The
structure maps for the product X1 11 Xy are represented by (X111 Xy <= X; = X;). The
structure maps for the coproduct X1 11 Xo are represented by (X; = X; — X7 II X5).

The initial object in ASQ( is (), which has the unique O-transfer span to any other
object, A, (0 =0 — A).
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Remark 3.6. Let H be a subgroup of G, then given an indexing category O in Set®
we get an indexing category ;O in Set” which contains those morphisms f € Set?

such that G x g f € O. We can apply the equivalence of categories Setg = Set” from
Remark 2.4 to see that we also have an equivalence of categories Ag /o= A?IO. Note

that the objects in .AiH © are H-sets over a point and the morphisms are i7;O-transfer

spans, whose legs are H-equivariant maps.

There are a pair of functors

Ag)( X A}Q — ASD(]_[Y
(4,B) — (ATI B)

(A&BL o), (DEELF)—AuD LY pue % cnr

and

Ay — AR x AP
(A) = (P31 (X),p4 (V)
(AL BE 0y e (071(X) & p5h(X) L pg (X)), (071 (V) < pt(vV) 2 pgt (V).

Lemma 3.7. The two functors above are inverse to each other, defining an equivalence
of categories AQ x A ~ ALy -

Under this equivalence a pair of O-Mackey functors (M, N) in Mack§ x Mack$
corresponds to an O-Mackey functor which takes STIT B, X11Y to M(S)eN(T) =

M(S) x N(T'), we write M@&N for this O-Mackey functor over X I1Y.

Definition 3.8. A morphism ¢ : X — Y of G-sets the base change functors from

Definition 2.3 can induce functors

e
—
A9 A, AQ
\_/
Iy

which agrees on objects with the original functors on slice categories of Set®. On
morphisms we apply the base of change functor to each leg of the O-transfer span over
X. The functors ¥, and A, are well-defined for any ¢, however Il is only well-defined
if fo: U, A—1l,B,(0,y) = (fo,y)isin O forall f: A — B € O. So for example we

have

Al B 9, ¢ (A, pa) <2 T, (B,pg) — T,(C, pc)
H<p : \LPA \LPB lpc — lw}f} lw{f iwg
X=—"X=— X Y Y Y
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It is immediate that ¥, is functorial as applying this functor to a span does not change
the spanning maps, it changes the G-set the span is over. Given spans (A «+ B — ()
and (C <~ D — E) we have (B xy X) X(cox,x) (D xy X) = (B x¢ D) xy X, along
with the fact that pullbacks preserve identity morphisms we see that X, is functorial.

Similarly, we have an isomorphism Il, B x1, ¢ I, D — Il, (B x¢ D) given by

((J,y) , (U',y')) — (1‘ — (a(x), 0'(:E)) ,y)

(noting that the definition of the domain requires that y = ') with inverse

(w,y) = ((prpw,y) , (prow,y)) -

The following lemma is important because it allows us to define both the transfer
functor and the restriction functor on categories of Mackey functors as left Kan ex-
tensions, recall that in the case of coefficient systems we defined the transfer functor
as a right Kan extension. This greatly simplifies some proofs by allowing us to take

advantage of Lemmas A.4 and A.5.

Lemma 3.9. The functors X, and A, defined above form an ambidextrous adjunction.
That is, they are both left and right adjoints to each other, A, 43, 4 A,.

Proof. Given A € AY and B € A we have a natural isomorphism A?((A¢A,B) =
AP (A, ¥,B) given by

XxyAel o L,p Abal o g
\ lpc,/ ~ \ FV
prx PB pA ¥YPB
X Y
with inverse

PBg2,91
X Xy A(

Al o2, ‘o=, B
lpc s PBY2
pa PR P
Y X
Similarly, there is a natural isomorphism AY(Z B, A) = AO(B A,A) given by

f1 (pBf1,f2)

B <; C *> B+———(C—=FXxy A
\ lpc/ N pBf1
PPrX
X
with inverse
B g1 g2 X Xy B C pPrags A
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3.2 (O-Mackey functors

Definition 3.10. An O-semi-Mackey functor M over X is a product-preserving
functor ASQ( — Set. We write sMackg% for the category of O-semi-Mackey functors and
natural transformations between them. As the product in Ag)( is disjoint union and
M is product-preserving, M () is always a singleton. For A € A the set M(A) is
naturally a commutative monoid with unit map M () = ) — A), and binary operation
M(AITA = ATTA Y, A). Here we are using that M is product-preserving so M (AITA) =
M(A) x M(A). For any O-transfer span (A <~ B — C) over X the corresponding map
M(A) — M(C) is a monoid homomorphism. Given a map f : A — B of finite G-sets
we write try for the map M(A=A EN B) from M(A) to M(B), and we write resy for
the map M (B La= A) from M(B) to M(A). We call try the transfer along f, and

resy the restriction along f.

Definition 3.11. An O-Mackey functor, M, over X is an O-semi-Mackey functor
over X such that M(A) is an abelian group for all A € AQ. We write Mack{} for the
category of O-Mackey functors and natural transformations between them. We call an
O-Mackey functor an incomplete Mackey functor whenever @ # Set®. When G is the
trivial group the category of G-Mackey functors is equivalent to the category of abelian
groups, because such Mackey functors are determined up to isomorphism by the value

they take on a singleton (and the spans which determine the structure maps).

Now we will describe the restriction, transfer, and norm functor constructions on
(semi-)Mackey functors, and prove some basic properties about them. The transfer
and restriction functors will play a key role in the main theorem of Chapter 3, and all

three will play a similar role in the main result of Chapter 4.

Definition 3.12. Given a morphism ¢ : X — Y in Set” and M € sMack{ we define
the restriction R, M of M along ¢ to be the left Kan extension of M along A,.

M
AP ——— Set

A“Dl /al;AW M="R,M
AR

Write ay : M — (Ro M)A, for the universal map of the left Kan extension. Given
a morphism M i> N in sMack%? there is a morphism R, (f) : R,M — R,N such
that R, (f)oar = anf by the universal property of aps. This makes R, a functor
sMacke — sMack% we call this the restriction functor along ¢.

When G is the trivial group a G-Mackey functor over X, M, is an X-parameterised
family of abelian groups. We write M (A), for the abelian group in M(A) correspond-

ing to € X. In this case we have R,M(A), = M(A)w(x).
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The restriction functor admits a convenient explicit description.

Proposition 3.13. Given M € sMack;@ and ¢ : X =Y in Set® we have R, M =
MY,.

Proof. This is a direct application of Yoneda reduction, setting K = A, H = X, and
F = M in Lemma A.2. O

Remark 3.14. The restriction functor could also have been defined using right Kan
extensions because ¥, and A, form an ambidextrous adjunction. An alternative proof
of the above proposition uses the objectwise formula for a right Kan extension which

is described as an end rather than a coend.
Lemma 3.15. Let M € sMack$ and ¢ : X — Y in Set®. Then RoM € sMack§ .

Proof. As ¥, is a right adjoint it preserves limits and so in particular preserves prod-

ucts. So as a composition of product-preserving functors R, M preserves products. [
The restriction functor takes Mackey functors to Mackey functors.
Lemma 3.16. If M € Mack{ then R,M € MackY.

Proof. Given any A € A§ we have RyM(A) = M(X,A4) = M(A, ¢pa) which is an
abelian group since M € Mack$. O

Definition 3.17. Given a morphism ¢ : X — Y in Set® and M € sMack§ we define
ToM as the left Kan extension of M along 3.

M
A9 M g
zwl
Lanzw M=T,M
AP

Write ap : M — (T,M)%, for the universal map of the left Kan extension. Given
a morphism M EN N in sMack§ there is a unique morphism To(f) « ToM — TN
such that 7,(f)ay = an f by the universal property of aps. This makes 7, a functor
sMack§ — sMack{; we call this the transfer functor along .

When G is the trivial group and M is a G-Mackey functor over X we have T,M (A), =
@xef_l (y) M(A)JI
The transfer functor admits a convenient explicit description.

Proposition 3.18. Given M € sMackS? and ¢ : X =Y in Set® we have T, M =
MA,.
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Proof. This is a direct application of Yoneda reduction, setting K = X,, H = A, and
F =M in Lemma A.2. O

Lemma 3.19. Let M € sMack and ¢ : X =Y be in Set®. Then ToM € sMack$.

Proof. As A, is a right adjoint it preserves limits and so in particular preserves prod-

ucts. So as a composition of product-preserving functors 7,0 preserves products. [

The transfer functor takes Mackey functors to Mackey functors.
Lemma 3.20. If M € Mack§ then T,M € Mack$.

Proof. Given A € AY we have T,M(A) = M(A,A) = M(X xy A,prx) which is an
abelian group as M € Mackg)(. O

Definition 3.21. Let ¢ : X — Y be a map of G-sets so that if p4 : A — X € O then
ﬂé (A, pa) = Y, (y,0) — yis also in O, and let M € SMack?(. We define N,M to
be the left Kan extension of M along IL,.

M
A M g
ml
Lany,, M=N,M
(@]
Ay

This gives a functor N, : sMackSQ( — sMack%?; we call this the norm functor along ¢.

When G is the trivial group and M is a G-Mackey functor over X we have N,M(A), =
®x€f‘1(y) M(A)s.

Lemma 3.22. Let M € sMack§ and ¢ : X — Y in Set®. Then NoM e sMack$.

Proof. By Lemma A.6 left Kan extensions of product-preserving functors are product-

preserving. O

The norm functor does not have a convenient explicit description along the lines
of Propositions 3.13 and 3.18. However it does have an explicit description, by the
objectwise formula for a left Kan extension we can write

AR
N,M(A) = A (11, B, A) x M(B) dB.

Elements in this coend are represented by elements of the form (II, B Eph A,m)
where the first coordinate is an O-transfer span over Y and the second coordinate is
an element of M (B). We write [II, B LAY RN A,m] for the element represented by
(M,BLEE D Am).
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Given a span (S L Q% B) € AS and m € M(S) we say that

(,BEEL Aot (5L Q% B),m) =

(M ())pri, @
%

(1L, S M, Q xu, 5 E "2 A,m) € AG(T1, S, A) x M(S)

and

(,BEEL A MGS L QL B)(m) =
(I, B <& E 2 Atrgresp(m)) € AS(11, B, A) x M(B)

are identified along

(I, B L E DS Am) e AG(TT, B, A) x M(S)
via (S L Q % B). So the two identified elements are representatives of the same
element in the coend.
Recall that for M € sMacng( and A € ASQ( the monoid structure is given by try_,4 =
M@ =10 — A) for the unit map, and try = M(AITA=AIT A Y, A) for the binary
operation. The additive structure on N,M(A) is given by

NLM(A) x Np,M(A) = N,M (AT A) 255 N, M(A)

where the first map is the isomorphism from lemma A.6. On elements this map is given
by

(I, B &2 ¢ 22 A0, [, D & B 25 4, 4))

— [IL(BI D) «> (I, B) I (I, D) <% o1 g 2212, A11 A, (b, d)]

(c2lIB2)
=

— [I,(BII D) < (I, B) I (I, D) <™ o1 g Y A, (b, d)].

Recalling that N,M (D) is necessarily a singleton we know that () = 0 = 0),%) is a
representative of the only class. We can use this to pick out a representative of the
additive identity in N, M (A) using the unit map N,M () Tooa, NoM(A), under this
map
D=0=0,%—[0=0— A,

If Op is the identity element in M (B) then [II, B < C — A,05] = [0 = 0 — A, «].
We can identify these two representatives along (II, B < C' — A, x) via the span
(0 =0 — B). We also have [II, B < 0 — A,b] = [} «+ 0 — A, x], identified along
(0«0 — Ab) via (B <+ 0 — 0).

The norm functor takes Mackey functors to Mackey functors.

Lemma 3.23. If M € Mack$ then N,M € Macky.
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Proof. 1t suffices to show that every element of N,M (A) has an additive inverse. Let
[Il, B < C' — A,b] € Np,M(A). Consider the pullback P = II,(B1I B) x11, g C' in the

following diagram.

P—— C
1, (B 11 B) . I, (B)
There are two subsets in P which are isomorphic to C' as G-sets over Y. These corre-
spond to elements (y,o0) € Il,(B II B) where the image of ¢ in fully contained in one

of the copies of B C BII B. Let C’ be the subset corresponding to those (y, o) such

that the image of o is contained in the second copy of B. We have

I, (BIIB) « (P~ C") = A, (=b,b)] + [Il, B + C' — A, }]
= [I,((BII B)II B) < (Il,(B1I B)) 11 (I, B) + (P~ C') 11 C" — A, ((—b,b),b)]
= [T, (BIIB)II B) « P — A, ((—b,b),b)].

Now [II,(BLI B)II B) +~ P — A,((=b,b),b)] = [I,(BUO B) < P — A,(=b,b)] by
identification along
(II,((BIB)IIB) < P — A,(=b,b))

(BB <Y BII(BIIB)~ (B1IB)II B).

Finally we have II,(BII B) <~ P — A,(-b,b)] = I, B -~ C — A,(=b) + b = 0p]
by identification along (I, B < C' — A, (—b,b)). As shown above this is the identity
element. Hence [II,(B I B) < (P~ C") — A,(—=b,b)] is the additive inverse for
I, B < C" — A,b]. O

If we consider the map ¢ : G/H — % then the above description of additive inverses
in NyM is an instance of in [13, Theorem 2.4]; Tambara reciprocity for sums. As
we will see at the end of this chapter, N, and N, g are the same functor across an
equivalence of categories. The Tambara reciprocity formula in [13] is NG (a + b) =
N§(a)+N§(b)+T(—) where T(—) is a polynomial in transfers from proper subgroups,
norms, and restrictions that depends only on G. In the case where a = —b we have
NE(b) = —N§(=b) — T(—), we can think of [IlI, B + C’" — A,b] as N§(b) and
[[,(BILB) < (P~ C") — A, (=b,b)] as N§(—b) + T(—) where NG (—b) corresponds
to the subset of II,(B II B) corresponding to the (y,o) such that the image of o is
contained in the first copy of B and and T'(—) corresponds to the (y, o) such that the

image of ¢ is not contained in either copy of B.

Lemma 3.24. Given ¢ : X — Y in Set® the functors T, and Ry form an ambidextrous
adjunction. That is, they are both left and right adjoints to each other, T, 4 Ry, = 7T,.
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Further the norm functor Ny is left adjoint to precomposition with dependent product

functor, 1I7,.

Proof. From Propositions 3.18 and 3.13 we know that the 7, and R, are naturally
isomorphic to precomposition by A, and precomposition by ¥, respectively. Noting
that 7, and R, are defined as Lany, and Lana, respectively, the first claim is an
application of Lemma A.7. The second claim is an immediate application of Lemma
A.7 as N, is defined as Lanp,,. O

Notation 3.25. For any finite G-set X we will write Ty, Rx, and Nx for the transfer,

restriction, and norm functors respectively along the map X — x to a point.

The following two propositions take advantage of being able to define the transfer,
restriction, and norm functors as left Kan extensions. In particular, in the case of the

transfer functor this is a consequence of Lemma 3.9.
Proposition 3.26. Let

Xx, vV 2y

prxl lﬂ

X —— 7

be a pullback square in Set®. Then the functors RgTa and Tpry Rpry are naturally

isomorphic. Similarly, the functors RgNy and Npry Rpry are naturally isomorphic.

Proof. Composing natural isomorphisms from Propositions 3.13 and 3.18, and Lemma
2.6 we have RgToaM = MAgYy = MY,y Apry = Tpry Rpry M.
By Lemma A.5 we have that

RN M = Lana, (Lang, M) = Lana 1, M

and
Npry Rpryy M = Lanyy,, (Lana,, M) = Lanry,, A

M.
prYX — prx —/

We have Agll, = I, A, by Lemma 2.6, hence by Lemmas A.4 and A.5,

RaNo M = Lana,m, M = Lannpry Apry M

= N pry RPTX M H

Proposition 3.27. Let

Y xg My X — 0% 1, X
1 b
X Y Z
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be an exponential diagram in Set®. Then the functors ﬁerangXRev and Ng7} are

naturally isomorphic.

Proof. We have ¥, I1 Aey = 115 Xy by lemma 2.9, hence by lemmas A.4 and A.5,

DTy X

ﬁerprng XRevM = Lany, Aey M = Laan PO M= NgﬁM O

g Uprmy x

There are two symmetric monoidal structures on the category of semi-Mackey func-

tors that come from Day convolution.

Definition 3.28. Given a pair M and N of O-semi-Mackey functors over X we define
their sum M @ N to be the left Kan extension of the functor M x IN along the functor
I: AQ x AQ — AQ.

AS x AQ UL Got « Set —*—; Set

1)

AR

Lany (M x N)=:M®&N

As M x N is product-preserving, by Lemma A.6 M & N is also product-preserving.
Hence this defines a functor @ : sMack$ x sMack{ — sMack§.
We define

MEN : AQpx 2 AL x AQ 25 Set

where €2 is the equivalence from Lemma 3.7. Note that the functors involved are all
product-preserving, so MGN € sMack{yx. Moreover, (MEGN)(A) = M(p;'(X1)) @

N(p,'(X2)) where the index determines a copy of X in the coproduct. Hence if M, N €
Mack$ then M@®N € MackQyy.

We can realise the sum operation on semi-Mackey functors as application of the

transfer functor along the fold map.
Proposition 3.29. The functors M & N and Ty (M®N) are naturally isomorphic.

Proof. We have that 112 and ¥y are naturally isomorphic functors AS%H x = Ag. The

result follows from the fact that €2 is an equivalence and Lemmas A.4 and A.5. O
We can explicitly describe the sum of two semi-Mackey functors.

Lemma 3.30. For M, N € sMack§ we have (M @ N)(A) = M(A) @ N(A).

Proof. We have

To(MBN)(A) = (MBEN)(AvA) = (M & N)(ALA)
— (M x N)(A, A) = M(A) x N(A)
=M(A)® N(A). O
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The category of Mackey functors is closed under the sum operation.
Lemma 3.31. If M, N € Mack§ then M & N € Mack§.

Proof. As M@ N and Ty (M@N) are naturally isomorphic and M@®N € Mack?{u ¥ we
have that M @& N is an O-Mackey functor over X by Lemma 3.20. 0

Notice that if we let 0 be the O-Mackey functor over X with 0(A4) = 0 for all
A€ ASQ( then 0 acts as an identity with respect to &. This is what we should expect
from Day convolution as 0 is isomorphic to the functor A{ — Set, A — AL [0, A] = {0}
corepresented by ) which is the identity in Ag with respect to II. As M & N was
defined by Day convolution [7] of the symmetric monoidal category (A, 11, #) we have
the following.

Lemma 3.32. Both (sMackg,@,Q) and (Mackg,@,g) are symmetric monoidal cate-

gories.

Definition 3.33. Given O-semi-Mackey functors over X, M and N, we define their
box product MON to be the left Kan extension of the functor M x N along the
pullback over X functor X x : ASQ( X .A)O( — .Ago(.

AL x AQ UL Sot « Set —*—; Set

|

AR

Lany y (M xN)=:MON

As M x N is product-preserving, as a left Kan extension of a product-preserving functor
M @ N is also product-preserving by Lemma A.6. Hence this defines a functor O :
sMack§] x sMack§ — sMack§.

The box product on semi-Mackey functors can be realised as an application of the

norm functor along the fold map.
Proposition 3.34. The functors MON and Ny (M@&N) are naturally isomorphic.

Proof. We have that x xQ and Ily are naturally isomorphic functors ASQ(H x — Ag.

The result follows from the fact that € is an equivalence and lemmas A.4 and A.5. [
The category of Mackey functors is closed under taking box products.
Lemma 3.35. If M, N € Mackg then MON € Mackg?(.

Proof. As MON and Ny (M@N) are naturally isomorphic and M@&N € Mack?m y the
result follows by Lemma 3.23. O
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Remark 3.36. When G is the trivial group and M and N are G-Mackey functors
the left Kan extension in Definition 3.33 is equivalent to the left Kan extension for the
tensor product of abelian groups, so that (MON)(x) = M (*) ® N (x).

As with the sum operation there is an identity semi-Mackey functor with respect
to the box product, however in the case of the box product this unit is not a Mackey

functor.

Definition 3.37. The group completion Gr(M) of an O-semi-Mackey functor M
over X is the O-Mackey functor over X with Gr(M)(C) = Gr(M(C)), the group

completion of the commutative monoid M (C').

Definition 3.38. We call the O-semi-Mackey functor over X that is corepresented by
X the Burnside O-semi-Mackey functor over X,

By : AG — Set, Y — AQ(X,Y).
The Burnside O-Mackey functor over X is the group completion of By,
Ay = Cr(By) : AL — Set, Y — Gr(A9(X,Y))

As MON was defined by Day convolution (sMackSQ(, 0, By ) is a symmetric monoidal
category. It can also be shown that (Mack?(, 0, Ay ) is a symmetric monoidal category.

As with coefficient systems there is an equivalent definition for Mackey functors
where one only considers the full subcategory of A® containing the finite G-sets G/H
where H is a subgroup of G. These definitions are useful for explicit calculations but
make proving general statements artificially difficult.

Let H be a subgroup of G. Following Remark 3.6 we have that O-Mackey functors
over G/H are equivalent to i};O-Mackey functors. In particular, G-Mackey functors
over G/H are equivalent to H-Mackey functors. Across the equivalence Ag JH A?’O
with the quotient map ¢ : G/H — G/G we recover functors NG : Mack? — Mack®
from N, Tg : Mack” — Mack® from T,, and Rg : Mack® — Mack? from Ry, as
left Kan extensions along the functors Mapy (G, —), G xg —, and zg respectively. In
particular, the norm defined by Hoyer on Mackey functors [14, Definition 2.3.2] and
the box product on Mackey functors are both instances of our norm functor, along the
quotient map and the fold map respectively. That the norms Ng are strong monoidal

with respect to the box product is now an immediate consequence of Lemma A.5.

3.3 Bicategorical Setup

In the following bicategorical framework it is important to fix a specific choice of pull-

back object for every pullback diagram, so for any pair morphisms o : X — Z and
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B:Y — Zin Set” when we write X X, Y we mean the set of ordered pairs (x,y) such
that x € X,y € Y and a(z) = B(y) together with projection maps pry : (z,y) — x
and pry : (z,y) — y.

Definition 3.39. The O-Burnside bicategory for a O a wide, pullback stable, finite-
coproduct complete subcategory of Set” is a bicategory @ with

¢ Objects: The 0-cells of the bicategory are finite G-sets

e Hom Categories: For X,Y a pair of finite G-sets O(X,Y) is the category whose
objects (1-cells of the bicategory) are O-transfer spans X < A — Y and whose
morphisms (2-cells of the bicategory) are isomorphisms of O-transfer spans. That
is, a morphism v : (X Las Y) = (X A Y') is an isomorphism ¢ : A — B

such that the following diagram commutes.

Composition in O(X,Y) (called vertical composition) is composition of the under-
lying morphisms of G-sets. The identity 2-cell of an O-transfer span (X Las, Y)
isidy.

e Identity 1-cells: The identity 1-cell of a finite G-set X is the O-transfer span
Ix(x) = (X =X =X).

e Horizontal Composition: For each triple of G-sets, X,Y, Z we have a horizontal
composition functor c¢xy,z : O(Y,Z) x O(X,Y) = O(X, Z). On 1-cells we have

exyz: (V€ B52),(X & A5 Y))m (X % Axy B2 7)

and on 2-cells we have

v B s A g Axy B

] N YN oA e
CXyz:|Y Jw 7z X lw Yy |7 | X “ J(w,w)\ Z

’/\ /6’ /\ // a’'pr /& /5’[77" ’

7B “ B F Y AxyB TP

e Associator: For each quadruple of G-sets, W, XY, Z there is a natural isomor-

phism, called the associator,

awxy,z : cwx.z(cxy.z X idowx)) = cwy.z(idoy,z) Xew.x,y)

of functors
OY,Z) x O(X,Y) x O(W,X) = O(W, Z)
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whose component on the triple
(Y+~C—2),(X+<~B—-Y),(W+ A—- X))
is the invertible 2-cell is given by the isomorphism
Axx (BxyC)— (Axx B)xy C,(a,(bc)) — ((a,b),c).
e Unitors: For each pair of G-sets X, Y there are natural isomorphisms
Ixy :exyy(ly xidoxy)) = idox,y)
XYy : CX,X7Y(idQ(X7y) xly) = ido(x,v)

called the left unitor and right unitor respectively, whose components on the O-
transfer span (X < A — Y) are the invertible 2-cells given by the isomorphisms
AxyY — A (a,y) —~aand X xx A — A, (z,a) — a respectively.

It is straightforward to check that the unity and pentagon axioms are satisfied.

Notation 3.40. Given an O-transfer span f = (X JELR'REEN Y) we write Ay for the
functor T, R, : Mack§ — Macky.

Definition 3.41. Let CAT be the bicategory of categories, functors, and natural trans-
formations and let © and O be wide, pullback stable, finite-coproduct complete sub-
categories of Set such that O is a subcategory of . We define the pseudofunctor
(Mack3', (Mack$ )2, (Mack$ )0) : ©' — CAT to be the triple consisting of the following
data

« Objects: The assignment Mack3 (X) = Mack§ for all finite G-sets X.

e Hom Categories: For each pair of G-sets X,Y the functor

Mack3 : O'(X,Y) — CAT(Mack$, Mack)

with
Mack$ (X <X A L2 v) = A, : Mack§ — Mack?
and
1 !
Mackg X / fb\ Y = <1/J:Af—>Af/)
~ T
1B 2

where ) has components 1y (B) : AsM(B) — Ap M(B) given by

[(C, fopc) €= D 2 B,c] = [(C, fopc) <~ D £ B, .
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o Pseudo functoriality constraint: Write f and g to denote (O'-transfer spans
(X ELNNREEN Y) and (Y <~ B %5 Z) respectively. The pseudo functoriality
constraint is a natural isomorphism (Mackg/)2 with component 2-cells given by the

composite
AgAf =TpRg: 7}2Rf1 = Tgo Tprs RpraRyp — Tgoprs Rpvpra = Agf

where the first map is the natural isomorphism described in Proposition 3.26 and the
second is two applications of the fact that left Kan extension respects composition,

see Lemma A.5.

¢« Pseudo unit constraint: A natural isomorphism, (Mackg/)o, with component 2-
cells id[MaCkg,Mackg] — Ajq, which have components M = Aija, M. On objects this
is given by M (V I XxxV=2Xxx V) where o is the isomorphism X xx V —
V, (x,v) — v.

o Pseudo associativity and unity axioms: For f = (W ELRYIEEN e ), 9= (X &
B2, v), and h = (Y PSRN Z), the pseudo associativity axiom is satisfied
because the associator in O is the natural isomorphism between the functors along
which Ay and Ajgr) are left Kan extensions. It is straightforward to check that

the pseudo unity axioms are satisfied.

Definition 3.42. The Grothendieck construction on Mackgl is the bicategory [ Mackgl
with

e Objects: The 0-cells of the bicategory are pairs (X, M) where X is a finite G-set
and M is an O-Mackey functor over X.

+ Hom Categories: For a pair of 0-cells (X, M) and (Y, N) the category

/ Mackg (X, M), (Y,N))

has objects (1-cells of the bicategory) pairs (f,a) where f is an O'-transfer span
XL ALy anda AyM — N is a morphism in Macky and for morphisms
(2-cells of the bicategory) (f,a) — (g, ) has isomorphisms 1 of O’-transfer spans
such that the following diagram commutes.

ApM — " AM

\ / (3.43)

o Identity 1-cells: The identity 1-cell of a pair (X, M) is the pair

(Lx (+), (Mack§ )*)3)
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where 1x(x) is the span X = X = X (that is, the identity 1-cell of X in O') and
( (1\/[8«31{8/)0)1;11 is the M component of the inverse of the pseudo unity constraint for
Mackgl.

o Horizontal Composition: For each triple of 0-cells (X, M), (Y, N), and (Z, P) we

have a horizontal composition functor ¢ x a),(v,n),(z,P)
/Mackg’ ((Y,N),(Z,P))X/Mackg’ (X, M), (Y,N)) — /Mackg’ (X,M),(Z,P)).

For (f,) € [Mack§ (X, M), (Y,N)) and (g, 8) € [Mack§ (Y, N), (Z, P)) a pair

of 1-cells, the functor ¢ x ), (v,n),(z.p) returns the pair

(ex,v.2(9: ), B(Aga)(Mack8); 1)3/)

where cxy,z is the horizontal composition functor in @’ and /3 (Aga)((Mackgl); f)_Ml

is the composite map

(Mack")? 1)/ o
AgpM ——C 20 g A B9 A N B P

» Associator: The components of the associator aw,r) x,m),(v,N),(z,p) are 2-cells

which, on a given triple of composable 1-cells
f1 J2 g1 g2 h1 ha
(W= A= X),a), (X=B=Y)p), (Y—C—=2))

is the associator aw xy,z in O'. That is, the invertible 2-cell between (0’-transfer
spans ¥ : A xx (B xy C) = (A xx B) xy C,(a, (b,¢)) — ((a,b),c). Our definition
of 2-cells requires Diagram 3.43 to commute, for the associator this is the outside of

the following diagram.

>

R| S

Ang)r L » AngnL

~| E

ApghfL — ApAGAfL «=— ApAypL

Ahgozl ApAga

v

ApgM —=— ApAgM

An(Bo(Aga)o(Mack3)2 1)
ApB

AN
8

P

The pentagon is the pseudo associativity diagram for Mackgl (backwards). The
square is a naturality square for (Mackgl)%’ g~ The triangle is functoriality of Ay,
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o Unitor: For each pair of 0-cells, (X, M) and (Y, N) we have unitor natural isomor-
phisms
Ixan, vy and T, )
whose components on a 1-cell (X & A f—2> Y, Ar M 45N ) are the isomorphisms
l:AxyY = A (a,y) waand r: X xx A — A, (x,a) — a respectively. In order
for [ to be a 2-cell we require relevant version of Diagram 3.43 to commute, this is

the outside of the following diagram.

)
Aidy tM —=— AyM

<

Aiay A M o

\LAidY (6

Aigy N ——— N

The triangle commutes by one of the pseudo unity axioms for Mackg/ and the square
commutes because it is a naturality square for ((Mack3 )?)~!. Showing that  is a

2-cell is similar.
It is straightforward to check that the unity and pentagon axioms are satisfied.

There is a projection pseudofunctor [ Mackgl — O’ given by

(X,M)— X
(fia) = f
=,

3.4 (O'-Mackey functors as O-Mackey functors

We want to consider specific sections of the projection pseudofunctors. Given a section
F:0 =/ Mack3' for the projection pseudofunctor with F(X) = (X, M) and F(Y) =
(Y, N) we will write

FX & alyy—((x & alnyyuh o AM - N).

When it is clear what transfer span we are referring to we will write ,u? instead.

Definition 3.44. A coherent O'-monoid in Mack? is an O-Mackey functor M
together with a strict functor (the pseudo functoriality and unity constraints are natural
identities) F : O’ — [ Mackgl that is a section of the projection pseudofunctor such
that:
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e F(X)=(X,RxM) for all G-sets X,

f2

o for all O-transfer spans f = (X JELRR/REEN Y) we have ,u? :AfRxM — Ry M is

given by
,u?(B) [C &~ DL B, ] v trg,res,, ().

A morphism (M, F) — (N, H) of coherent O©’-monoids in Mack? consists of a morphism
¢ : M — N in Mack? together with the strong transformation « : ' — H such that:

Component 1-cells: For X a finite G-Set, the component 1-cell in
[ Mackd ((X,RxM),(X,RxN)) is

ay = (X =X=X,ax : Aigy,RxM — RxN),
where ax is the composite

(Mackg)9, . )~1
© ML RaM B RN

Aiay Rx M

Pseudo Naturality Constraints: For an O'-transfer span f = (X ELRRELN Y)
the component 2-cell af : (Hf)ax — ay(Ff) in fMackgl((X, RxM),(Y,RyN))
isY: X xx A— AxyY,(x,a) — (a, f2(a)) which has inverse (a,y) — (fi(a),a).
That is ¢ = [~'r. Note that being a 2-cell imposes the condition that the following

diagram commutes.

VM

Apiay Rpry Rx M = > Nigy fRx M
ArANay Rx M Aiay Ay Rx M
Afax Aiay nf (3.45)
AfRx N Aiay Ry M

R /
Ry N

For a to be a strong transformation there are axioms which must be satisfied. Checking

the strong unity axiom boils down to noting that for any finite G-set X the map

p—1 tdxx ¢ x

! X xx X X% X v X

X xx X X

(z,z)—x x—(z,x)

is equal to the map

1dx x v X idx x v X
Xxxy X —E 5 Xxy X —X X xx X.
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The strong naturality axiom is satisfied because, for any pair f = (X /RN Y) and

g= (Y & B Z) the map

~ ((x,a),b)H((a,fg(a)),b) ~
X Xx (AXyB) R (X XxA) Xy B —— (AXYY) Xy B —— AXy(YXyB)

(a,(b.92(b))) (. (y,)) >

AxY(BxZZ)é (AXYB)XZZi—d> (Axy B)xz Z

is equal to the map

id
X xx(Axy B) = X xxy (Axy B A xy B) Xz Z.
x (Axy B) X Ay B) e ey, A B) Xz

Given (M, F') the identity morphism id s y consists of id s together with the strong
transformation it determines. Given two morphisms (¢, «) : (M, F) — (N, H) and
(w,B) : (N, H) — (P, I) of coherent @'-monoids in Mack? we define their composite

to be (wy, fa) : (M, F) — (P,I) where (fa)x is the composite

(Mackg )%, )~1 "
AiayRx M O R pM B R P,

This is different from the usual composition of strong transformations, but is equivalent
up to the invertible modification X xx X — X, (z,z) — =.

Remark 3.46. Note that the information of a was entirely determined by ¢, with the
requirement that ¥ : (x,a) — (a, f2(a)) be a 2-cell encoding a compatibility condition
involving F' and H.

Definition 3.47. Let (X JELRG/RELN Y') be a O-transfer span over X. There is a functor
Er : MackQ — Set with £(M) = M(idx) and &;(p) = ¢x. We also have a functor
Fp : Mack§ — Set with Fy(M) = A;M(idy) with Fs(¢) = Af(piay, ). There is a
natural transformation wy : £ — Fy with components M (idx) — AfM (idy) given by

x»—>[X<£Af—2>Y,x].

We now state and prove the main result of this chapter; our characterisation of

incomplete Mackey functors.

Theorem 3.48. For a finite group G and a pair O, O’ of indexing categories such that
O is a subcategory of O, the O'-Mackey functors are precisely the coherent O'-monoids
mn Mack?. That is, there is an equivalence between the category of coherent O'-monoids
in Mack® and the category Mack*ol.

Proof. This proof proceeds as follows:

1. Define ® (one direction of our equivalence) on objects.
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. Define ® on morphisms.
. Show & is functorial.
. Define ¥ (the other direction of our equivalence) on objects.

2
3
4
5. Define ¥ on morphisms.
6. Show W is functorial.

7

. Finally, show that ® and ¥ are inverse functors.

We will define a functor ® from the category of O'-Mackey functors to the category of
coherent (’-monoids in O-Mackey functors.

1. Define ® on objects

Let M be a an O'-Mackey functor. We get an O-Mackey functor, which we will call

J M by precomposition with the inclusion functor
o o M
IM A7 — A7 — Set.
We describe a strict functor F: O' — [ Mackgl consisting of the following data:
o Objects: The assignment F(X) = (X, Rx | M).
e Hom Categories: For each pair of G-sets X,Y the functor
F:0(X,Y)— /Mackg’((x, Rx M), (Y, Ry | M))

with
FX & alyy—((x & alyyuf)

on 1-cells, where ufi (C) is given on elements by

(& D% B~ trg, (resq, (c)).

la. Show F is well-defined on 1-cells
We note that if ¢ : D — D’ is an isomorphism between O'-transfer spans (C &

D % B) and (C & p 2y B) then trg,resy, = tryres, hence ,uJIZ; p is well-
defined.
1b. Finish defining F'

On 2-cells we have

N hodNg
Fl x l‘” y |=| x lw Y
f{\ A /J[‘é f’{\ A /J'cé
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We note that the condition of 2-cells in [ Mackgl is satisfied by the commutativity
of the following diagram.

AfRx M v ApRx LM

uf\tt/u?

Ry M

We have

iEQ(C &8 D 25 B,d) = uh(1C & D & B,d)
= trgy(resy, (c) = uF ([C < D 25 B, d)

so the diagram commutes as required.

We note that, because F' is a strict functor, commutativity of the required pseudo
associativity and unity diagrams reduces to the requirement that the images under F
of the associator and unitors in (O’ are precisely the associator and unitors in f Mackgl.
This is immediate.

2. Define ® on morphisms

We let ®(M) = (| M, F'). Given a morphism ¢ : M — N of O'-Mackey functors, we let
O(p): (M,F) — (N, H) be ¢ in the first coordinate and o : F' — H as determined
by .

2a. Show & is well-defined on morphisms

In order for a to be a strong transformation we need to check for all O’-transfer spans,
(X EINyRELN Y'), that af does define a 2-cell. We consider following diagram.

’ o’
Af(Mack§ )%XM (Mackg )%foﬂ

ApNiay Rx M +———— ARxM ———— Aigy AyRx M

“F
f2,f1 Aidy/J"If?

~ M kO/ 0
R —>( - Z)RYM Aiay Ry M (3.49)

Ayax Ry M

Ry e

+ H +

AfRxN — 5 Ry N

Noting that the top row of the diagram is the same morphism as the top two rows of
diagram 3.45 we see that the outside of this diagram is equivalent to Diagram 3.45,
so to confirm that ay is a 2-cell it suffices to show that this diagram commutes. The
bottom right triangle commutes by the definition of @y . The top left triangle commutes

because it is the image under A of the definition of @x. The right square commutes

A0
because it is a naturality square for <Mack8 ) . On objects the middle triangle is the
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following square.

uf (B)
AfRxM(B) —— Ry M(B)

AfRXW(B)i lRYW(B)
AfRxN(B) —— RyN(B)
wy (B)
Going around the top of the square we have [C' <~ D %5 B ¢| = @(trg,(resy (c)))
and going around the bottom we have [C <~ D % B, c] v try,(resy, (¢(c))) =
@(trg,(resg, (c))) because ¢ commutes with O-transfers and with all restrictions. The
square commutes, and as the diagram is natural with respect to B so does the middle
triangle in 3.49. Hence 3.49 commutes and therefore oy is a 2-cell as required.
3. Show @ is functorial
Note that ®(idys) = idg(ar). Given ¢ : M — N and v : N — P we have that ®(v)®(¢p)
and ®(y¢) are both vy in the first coordinate and both

(Mack)%  a) ™" Rx ()

Aiaxy Rx M RxM ———— RxP

in the second. Hence ® is a functor.

Now we construct a functor ¥ from the category of coherent (O’-monoids in O-Mackey
functors to the category of O'-Mackey functors.

4. Define ¥ on objects

Let (M, F) be a coherent @’-monoid in Mack?. We will extend M to an O’-Mackey
functor, 1 M. On objects we let 10 M(X) = M(X). Given a morphism in A%’
represented by the O'-transfer span (X ELRREEN Y) we let Tp M(X ELRREEN Y) be
the map 1 M(X) —Tr M(Y) given by the composition

w Fid
M(X) = Ry (idy) 2L A;Rx M(idy) AN Ry M(idy) = M(Y),

. . / . .
Because the morphisms in A9 are isomorphism classes of (’-transfer spans we need

to check that this composite is equal on isomorphic O’-transfer spans. If we have an
isomorphism 1) : A — A’ of O’'-transfer spans (X ELRRELR Y) and (X <£ A’ f—2> Y)

then we consider the following diagram.

AfRxM(idy)

(X) —— RxM(id X) =[5 Ry M(idy) —— M(Y)

wy /u?/

ApRxM(idy)

=
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Here zZ is Mackgl (¢). The right triangle by the defining condition of 2-cells in [ Mackg/.
The bottom map in the left triangle is

xH[X&A'iY,x]
and going around the top of the left triangle we have
x— [X ELRREEN Y, x]
o (X LA By g
S AYUEL N

where the equality comes from the isomorphism . As this diagram commutes T M
is well-defined on morphisms.

We need to check that Tp M is functorial. Given O'-transfer spans (X ELRRELN Y)
and (X <~ B % Z) we consider the following diagram.

M(X) M
| |

w F(idy)
'Rxﬂ(idx) —f> AfR)(M(idy) W—Y> RyM(idy)

. Ag#?(idz) .
Wy f AgAfoM(ldz) —_— AgRyM(ldz)

I
F

Hos s Ry M (idy)

1%

AgrRxM(idz)

M(Z)
The bottom region is the pseudo functoriality constraint for F' and so commutes because

F' is a strict functor. the top right region commutes because it is a naturality square

for wy. Going around the right side of the remaining region we have

:Er—>[X<£Af—2>Y,x]
S Y& B2z x DAy
> [X A A sy B 2B, 7 g
= wgf(x)

so the region commutes.
On an identity O’-transfer span (X = X = X) we have Tp M (X = X = X) given by

the composition

= [X =X =X, 2] triay (resiay (2)) = .
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Hence 1 M is a functor A?" — Set. Note also that M takes values in abelian groups
and is product-preserving because tp M (X) = M(X). Hence T M is an O'-Mackey
functor. We let W(M, F) =tr M.

5. Define ¥ on morphisms

Given a morphism (¢, @) : (M,F) — (N, H) of coherent O’-monoids in O-Mackey

functors we let U(p,a) = ¢ on objects, which is sufficient to describe a morphism

Tr M —1g N. To see that this is sufficient we need to confirm that ¢ is natural in
A9’ That is, given (X RN Y) an O’-transfer span we require that the following

diagram commutes.

w pf (idy)
M(X) == RxM(idx) —— ARxM(idy) A Ry M(idy) == M(Y)
J@(X) an(idx) JAJ‘RX p(idy) JRY p(idy) J@(Y)
w pi (idy)

The second square commutes because it is a naturality square for wy. The third square
is the middle triangle of Diagram 3.49 applied to idy, because we know that oy is a
2-cell we know that the outside of this diagram commutes. The other regions of 3.49
commute for the same reasons as before and hence the middle triangle of 3.49 commutes.
Hence the diagram above commutes, therefore ¢ is a morphism of O’-Mackey functors,
tr M —Tu N.

6. Show W is functorial

The functoriality of ¥ is immediate.

7. Show that ® and ¥ are inverse

Ta. ®V is isomorphic to the identity

Given a coherent O’-monoid (M, F) in Mack® we have ¥(M,F) =tp M with 1p
M(X) = M(X) and for f = (X ¢~ A 2 V) in A9 (X,Y) the map 1 M(f) is given
by

w (id
M(X) L ARy M(idy) 22 Ry M(idy) = M(Y).

Then we have ®(U(M, F)) = &(tr M) = ( (tr M), F) with | (tr M)(X) =15
M(X) = M(X) and for an O-transfer span f = (X ELRRELR Y) the map | (Tr M)(f)
is given by

w (id
M(X) s ARy M(idy) 22 Ry M(idy) = M(Y),

as M?(idy) is the map
[C I p Y, C] = 1rg, (Tesgl (C))

we see that | (tp M)(f) = try,resy. Hence | (tp M) = M. Now we have F'(X) =
(X,Rx{d(tr M)) = (X,RxM). Given an O'-transfer span f = (X JELR'REEN Y) we
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have F'(f) = (f, ufjl) where MJ};,(B) is given by

(€<= D% B,d] — (tp M)(C <= D %5 B)(c) = pifwy(e)
=k ([C & D % B,d)

which agrees with ,uff(B). Hence M?/ = ,u?. Therefore @V (M, F) = (M, F).

Tb. U is isomorphic to the identity

Given on O’-Mackey functor M we have ®(M) = (| M, F) with | M(X) = M(X) and
for f = (X JELNR LN Y) in A9(X,Y) the map | M(f) = try,ress,. Now we have
F(X)=(X,Rx|IM) = (X,RxM) and for O'-transfer spans f = (X ELRREEN Y) we
have u]}; (B) given by

[C &~ D 25 B, ] s try,(resy, (c)).

Now we have T (| M)(X) =l M(X) = M(X). For an O’'-transfer span (X Ly RELN Y)
the map 1 (M) (f) is given by
wr . M?(idY) .
M(X) — Afoﬂ(ldy) E— Ryﬂ(ldy) = M(Y)
which on elements is z — [X ELRREEN Y,x] = tryresy (x). Sotp ((M)(f) = M(f).
Hence 1r (| M) = M. Hence Y®(M) = M. O

Corollary 3.50. G-Mackey functors are precisely the coherent Set®-monoids in the

category of G-coefficient systems.

3.5 Mackgg as a module category

We will now see that categories of Mackey functors are module categories over index-
ing categories. Recall Definition 2.37 of a module category over a tight symmetric

bimonoidal category.

Notation 3.51. Given a map ¢ : A — X of G-sets we will write @ for the span
(X £ 45 X).

Theorem 3.52. Let O and O be indexing categories and X be a finite G-set. The
category of O-Mackey functors over X is a module category over (O )~ with the action
functor ® : (Ol )~ x Mack§Q — Mack§ given by (A, ) © M = AzM.

Proof. By Lemma 3.32 (Mackg, @,0) is a symmetric monoidal category. Noting that
on objects we have (M & N)(X) = M(X) ® N(X) the structure natural isomorphisms
have the component maps o : ((a,b),c) — (a, (b,c)), AS : (0,a) — a, p% : (a,0) — a,
8% ¢ (a,b) — (b,a). For (A,¢),(B,y) € (O%)=~ we declare the following structure

natural isomorphisms:
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e Let \Y :idy OM = AgM — M be the inverse of the M component of (Mack%etc)o.

e Let a®: 9O (pO M) = AGAGM — Ap M = (1 xx ¢) ® M be the M component

of the pseudo functoriality constraint (MacksoetG)Q.

e Let df : (0 ) OM = AgpM — AgM & AgM = (p © M) & (¢ © M) be
the isomorphism from Lemma A.4 induced by the natural identity transformation

between the functors

Aprry) E(puy)
AR — ASup —— AS

and

Ao, A
BB 40 A2 Iy 40

AQ EX AL x AS
e Let dff : 9 O (M ®N) = Ag(M ® N) = AgM & AgN = (9 © M) ® (¢ © N) be
the isomorphism from Lemma A.4 induced by the natural isomorphism between the

functors

AQ x AQ B AQ 2%y A9 Ty 4Q

and

A ) Z({NEAP

AQ x AQ BBl o 40 BeZe) 4o 40 1 40

. Notethatif(:@%XthenAZM:Qsoletéé:C@M:AEM:Q%Qbethe

identity natural isomorphism.
e Let fg 9 ©®0=Az0 =0 — 0 be the identity natural isomorphism.

It remains to check that the coherence diagrams from Definition 2.37 are satisfied. This

is a straightforward but lengthy exercise and is left to the interested reader. O

Recall Definition 2.40 of a C-monoid in a module category A over C~ for C a tight

symmetric bimonoidal category.

Proposition 3.53. Let O and O indexing categories such that O is a subcategory
of O'. If (M, F) is a coherent O’ -monoid in Mack? then RxM is an O'-monoid in
Mack?( as a module category over (O )~ for all finite G-sets X .

Proof. We are asking for an extension of the functor — © RxM : (O')~ — Mack?{ to
O’

(O )~ _—ORxM Mack$

O
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Because (O )=~ is a wide subcategory of O’ we only need to describe what happens
on the extra morphisms. Given o : (4, ¢) — (B, ) in O we need a map AgRxM —
A@RXM- We let this map be

tro'x i
AFRxM(C) = M(A xx C) =% M(B xx C) = AgRxM
where 75  id. is the transfer in Tp M from Theorem 3.48. ]

It is possible to have an O-Mackey functor M together with extensions of the functor
— ©® RxM to O for all finite G-sets X that do not assemble into a coherent O'-
monoid. We get objects equivalent to this (what we might call incoherent O'-monoids)
by replacing O throughout Section 3.3 with the sub-bicategory containing all objects,
with hom categories the full subcategories of O(X,Y’) containing only those 1-cells of
the form (X = X —Y).

The following definition is equivalent to one appearing in [10, Definition 4.4] with

the modification that we have replaced the orbit category Orbg with Set®.

Definition 3.54. Let O be an indexing category. A symmetric monoidal O-
Mackey functor is a pseudofunctor F' : O — Sym landing in the bicategory of
symmetric monoidal categories, strong monoidal functors, and monoidal natural trans-

formations.

Definition 3.55. Let O be an indexing category. A tight symmetric bimonoidal
O-Mackey functor is a pseudofunctor F' : O — Bi’Y _ such that F(X) is a tight

m,s
symmetric bimonoidal category for all finite G-sets X anii Bij¥ ,, is the bicategory of
symmetric bimonoidal categories, strong symmetric monoidal functors, and monoidal
natural transformations. Let O~ be the sub-bicategory of O containing all objects, with
the hom category O~ (X,Y’) being the full subcategory of O(X,Y) containing only the
invertible 1-cells. The core of a tight symmetric bimonoidal O-Mackey functor F' is

the pseudofunctor Fx~ : O~ — Bif¥ such that F~(X) = F(X)~ and which on a 1-cell
f=X ELRREEN Y) is the restriction of F(f) to F(X)x.

Definition 3.56. Let F' be a tight symmetric bimonoidal O-Mackey functor. A mod-
ule over F is a symmetric monoidal O-Mackey functor H together with a strong
transformation X : F~ x H — H (considered as pseudofunctors O~ — Sym) such that
the component 1-cell Kx : F(X)~ x H(X) — H(X) is an action functor which makes
H(X) a module category over F/(X )~ for all finite G-sets X.

Definition 3.57. Let (H,X) be a module over a tight symmetric bimonoidal O-Mackey
functor F. Given an object M € H(x) we have a pseudofunctor — X M : F~ — H
with components — X Mx : F(X)~ — H(X) where My is the image of M under the
functor H(x <~ X = X). An F-monoid in H is an object M € H(x) together with an
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extension of this pseudofunctor to F. When such an extension exists we will still refer
to it by — X M.

-

-
-
-
-
-
-
-
-
-

We write O for the symmetric monoidal O-Mackey functor with O(X) = Ox and
[0]0.4 JELRREER Y)=XpAp : Ox — Oy. On isomorphisms of O-transfer spans (that
is, 2-cells) O is the obvious natural isomorphism. If O and O’ are indexing categories
such that O is a subcategory of O’ then Mackgl (Definition 3.41) is a symmetric
monoidal O’-Mackey functor. By Theorem 3.52 we see that (Mackol, ®) is a module
over O,

The following two propositions show that we now have two equivalent characteri-

sations of O@’-Mackey functors.

Proposition 3.58. If (M, F) is a coherent O'-monoid in Mack® then M is an O'-
module in Mackg/.

Proof. By Proposition 3.53 we see that the required extension of — ® M exists object-
wise. We only need to check that these commute with the structure functors in the O’
and Mackgl. That is, given a O’-transfer span (X ELRRELN Y') we want the following

diagram to commute (up to natural isomorphism).

O —ORxM Mack§
Eszhl lleQRfl (359)
04 —ORvM Mack$

Given (C, ¢) € Oy going around the bottom of the diagram we have
(C, SD) — (A XX C, f2PT‘A) = ngprAngprARYM = ﬁgprARAXXCM
and going around the top we have

(Crp) = %RWRXM = 7}2Rf17:PR<PRXM = 7}27;’TARP7'CR<PRXM = nszARAXXCM'
L]

Commutativity of Diagram 3.59 is what we mean when we say that (M, F) is a

coherent @'-monoid functor.

Proposition 3.60. If M is an O'-module in Mackgl then M is a coherent O'-monoid
n Mackf?.
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Proof. We need to describe a strict functor F: O’ — [ Mackgl as per Definition 3.44.
Because F' is required to be a section we only need to describe ,u? from F(f) = (f, ,u? )

for O'-transfer spans f = (X JELRRELN Y). From the Y component O} — Mack§

of the extension of — ® M and the map (A4, f2) ELN (Y,idy) in Of we get a map
o:TpRpRyM — Ry M in Mack%?. We let ,u? be the composite

7}2Rf1 RXM i TfQRf2RYM i> RYM

The commutativity of diagrams like Diagram 3.59 for any O’-transfer span ensures that

phy = g (Aguf). O



Chapter 4
Bi-Incomplete Tambara Functors

Extending the analogy of Mackey functors as the equivariant analogue for abelian
groups, Tambara functors are the equivariant version of commutative rings. These are
Mackey functors with a multiplicative structure encoded by norm maps which corre-
spond to the transfer maps. Compositions of restrictions and norms satisfy the same
pullback-induced relation as compositions of restrictions and transfers. Compositions
of transfers and norms satisfy a complicated relation encoded by exponential diagrams
which describe distributivity. Similarly to incomplete Mackey functors, an incomplete
Tambara functor is one which does not have all norm maps. A bi-incomplete Tam-
bara functor is one which is missing some transfer maps and some norm maps. In
this chapter we provide a characterisation of bi-incomplete Tambara functors as more
bi-incomplete Tambara functors equipped with an appropriate pseudofunctor encod-
ing the information of the extra transfer and norm maps. This chapter follows a very
similar path the previous chapter, with more complicated but similar statements and
proofs.

In Section 4.1 we define bispan categories of compatible pairs of indexing systems.

In Section 4.2 we define (bi-incomplete) Tambara functors and some constructions
on them.

In Section 4.3 we define some bicategorical gadgets that are used for the main result
of the chapter.

In Section 4.4 we prove the main result of the chapter: the category of coherent
(0., 0;,)-monoids in the category of (O, Oy, )-Tambara functors is equivalent to the
category of (O), O, )-Tambara functors. A conjecture of Blumberg and Hill [2, Conjec-
ture 7.94] is a corollary of our main result. It also immediately follows that G-Tambara
functors are precisely the coherent (SetG, SetG)—monoids in the category of G-Mackey
functors.

In Section 4.5 we show that the category of (O, O,,)-Tambara functors is a module

category over a tight symmetric bimonoidal category determined by (Og4, O,,). We also

51
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provide a comparison to another characterisation of (O, O,,)-Tambara functors but

see that it is less general than the characterisation given for our main result.

4.1 (O, O,,)-bispan categories

Definition 4.1. We say a pair of indexing categories, (Oq, Oy, ), is compatible if for
any pair of morphisms f: A — X in O, and g : X — Y in O,, the dependent product
ny 1g(A, f) = Y, (y,0) = y is in O,.

Let X be a finite G-set, and (Og4, Op,) be a compatible pair of indexing categories.
An (Og4, 0,,) bispan over X from (A4,p4) to (D, pp) is a diagram in Set® of the form

such that g is in O,, and h is in O,. An isomorphism of (O, O,,) bispans over X from
(A,pa) to (D,pp) is a pair of isomorphisms ¢p : B — B, pc : C — C’ of G-sets such

that the following diagram commutes.

P&O“’Om), is the category whose objects are

The (O,, O,,)-bispan category over X,
pairs (A, pa) where A is a finite G-set and py4 is a G-equivariant map A — X, and whose
morphisms are isomorphism classes of (O,, O,,) bispans over X. When (O,, O,,) =
(SetG,SetG) we write P)Cé for P&O“’O’”) and call it the G-bispan category over X.
Given two (Og, Oy, )-bispans over X, v = (A JELRY; JEENYGTELN D)andw= (D& E %2
F 2 fg ), their composition w7 is extracted from the top of the following diagram,

where ‘pb’ indicates a pullback square and ‘exp’ indicates an exponential diagram.
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B x¢ (E xplly,(C xp E))

(b,(e,(f,0)))—(b,e) PrEx pllgy (CxpE)
PTlg, (Cx pE)

BXDE EXFHgQ(CXDE *)HQQCXDE
2><D'LdE
\ %
pPrB CXDE p CXDE

ﬁj

f2 g2
\/fl / 93
H

The composition w7y is (the isomorphism class of) the (Og, Op,)-bispan over X,

93 CXDE
(C xp E) 25 5 |
g2

Prig, (CxpE)
—_—>

AJi’iB—Bxc(ExFH(CxDE))

Remark 4.2. Asking for (O,, O,,) to be compatible is precisely what is required to
ensure that for any pair of morphisms f: A - X in O, and g : X — Y in O,, the

exponential diagram

Pring A

X xy I, A I, A
C'Ul \Lﬂ'}é
A 7 X —Y
describes an (Og, Oy,)-bispan (A <~ X xy 11, A Pt I, A —) Y’). Hence ensuring

that the composition described above is well-defined.

Lemma 4.3. Products in P&O“’Om) is are given by disjoint union. The structure maps
for the product X1 11 Xo are represented by (X1 11 Xy <~ X; = X; = X;).

Remark 4.4. Let H be a subgroup of GG, then given compatible pair of indexing
systems (Oq, O,,) in Set® we get a compatible pair of indexing systems (1504, 15 0m)
in Set’. Via the equivalence of categories Setg = Set” from Remark 2.4 we have an

. . Oa,Om 051 Oasi3 Om
equivalence of categories P(G H )~ PiZH 'H ).

There are a pair of functors

Pg(oaaom) P(anom) N Pg((?jl}’/om)

((Ava)? <B7pB)) = (AHvaA HpB)

hopy, B L o M pry)

, hIIR

sAana M pup M cne MY pup)
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and

,P‘g(%l%o”n) % P&O(Imom) X ’P(YOG«7O7’H)

A (p7H(X), 3 (Y))
Al Bsol b
= (02 (X)L P (X)L pat (X)L pp (X)), 03 (V) Lot (V) Lot (V) Bppt (1))

Lemma 4.5. The two functors above are inverse to each other, defining an equivalence
(0a,0m) % P(Oa,om) ~ P(Oa,om)
- y '

of categories Py v g
Definition 4.6. Given a morphism ¢ : X — Y of G-sets the base change functors

from Definition 2.3 induce functors

which agrees on objects with the original functors on slice categories of Set® and on
morphisms we apply the base of change functor to each leg of the (O, O,,)-bispan over
X. For ¥, we have

Al B0l p Al -p-4y0- D
DI lpA lpB lpc lpp — l‘PPA lwa lsopc lsopp
X X X X Y Y Y Y

and it is immediate from this that ¥, is functorial. For A, we have

Acl B9 ,0c_h,p

A(p : PA \LPB lpc \LPD

Y Y Y Y

Axy XY g x oy o o xvide oo x

= lprx J/prx \LPTX lp?“x

X X X X

To see that this is functorial we must check that applying A, commutes with compo-

sition of bispans. This boils down to providing isomorphisms
Q%@<EanmeE0>xYXE+
92

(@3xy,X)xKMYX)(QEXng)x@yYX)HéﬂjxyuK)X@MYX)QEXY;Y»>>

g2’ Xyldx
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and

(C XD E) —)H (C Xy X) X(DXyX) (E Xy X)) .

g2 g2 Xyidx

The first isomorphism is given by

(b, (e, (f,0))),2) = ((b,z), ((e;2), ((f,2), (¢',2) = ((preo(e), @), (¢, 2)))))

with inverse

((b,2), ((e,2), ((f,2),0))) = ((b, (e, (f,¢ = (prea(€),€)))) @)

The second isomorphism is given by

((f,0),x) — ((f,a:) , (e',x) > ((prco(e’),x) , (e',:n)))

with inverse

((f;2),0) = ((f.€ = (preo(e),€)) ).
Lemma 4.7. The functor A, is left adjoint to X.

Proof. Given A € 733(/ @Om) and D € P(O“’Om) we have a natural isomorphism
P(O“’Om)(A@A, D)= PX(/O“’O’”)(A, Y,D) given by

XxyAdell B L2yc B,p Abah g oo B p
\ J/ZDB l / = \ YPB  PPC /
pra Pa ¥PD

X =—X Y —Y
with inverse
92 0 9B, p X (pD9392791) 9 “ .
\ lpB l / — PDY392
\ PDY3 PD
— v — X

4.2 (0, O,,)-Tambara functors

Definition 4.8. An (O,, O,,)-semi-Tambara functor S over X is a product-preserving
functor P&O“’O’”) — Set. We write sTambg?“’Om)

Tambara functors and natural transformations between them. As the product in
P§(Oa,(9m)

for the category of (Og, Oy, )-semi-

is disjoint union and S is product-preserving, S()) is always a singleton.
For A € PO the set S (A) is naturally a commutative semiring with additive unit
map S(0 = 0 = 0 — A), multiplicative unit map S() = ) — A = A), additive bi-
nary operation S(AITA=AITA=AITA Y, A), and multiplicative binary operation
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S(AITA = AITA VoA = A). For any map f : X — Y of G-sets, the corresponding map
resf =S(Y Lx=x= X):S(Y)— S(X) is a morphism of semirings. For any map
g : X =Y in O, the corresponding map nmy = (X = X Ly =Y):5X)—S(Y)
is a monoid homomorphism with respect to the multiplicative operation. For any map
h: X —Y in O, the corresponding map tr, = S(X =X =X LN X):8(X)— S(Y)

is a monoid homomorphism with respect to the additive operation.

Definition 4.9. An (O,, O,,)-Tambara functor over X is an (O, O,,)-semi-Tambara
functor S such that S(A) is a ring for all A € P(Oa Om) - We write Tambg?“’o'”) for
the category of (O, O,,)-Tambara functors over X and natural transformations be-
tween them. We call an (Og, Op,)-Tambara functor incomplete when O, = Set® and
O # Set®, and bi-incomplete when both O, #* Set® and O,, =+ Set®. When G is
the trivial group the category of G-Tambara functors is equivalent to the category of
commutative rings, because such Tambara functors are determined up to isomorphism

by the value they take on a singleton (and the bispans which determine the structure

maps).
Definition 4.10. We can define a forgetful functor, Uy : sTamb(O“’Om) — sMack?(“
via precomposition by the “inclusion” functor ¢ : .Ag)( — P& ©Om) which is the identity

on objects and on morphisms is
XAy =(x L a=aLy).

That is, any (Oq, O, )-Tambara functor contains an O,-Mackey functor.

bg/oa,Om)

Definition 4.11. Given a morphism ¢ : X — Y in Set® and S € sTam we

define the restriction R, S of S along ¢ to be the left Kan extension of S along A,,.

PplOaOn) 5, gey

l A&p S=R,S

Oa Om)

Write ag : S —> (Rp8)A, for the universal map of the left Kan extension. Given

a morphism S = T in sMaCk there is a morphism Ry(f) : RoS — R,T such
that Ry(f)as = arf by the universal property of ag. This makes R, a functor

(Oa,0m),

sTamb,- — sTamby, ; we call this the restriction functor along ¢.

When G is the trivial group a G-Tambara functor over X, S, is an X-parameterised
family of commutative rings. We write S(A), for the commutative ring in S(A) corre-

sponding to z € X. In this case we have R,S(A4), = S(A)y(2)-
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The restriction functor admits a convenient explicit description.
Proposition 4.12. Given S € sTambe and p: X —Y in Set® we have RS = S3,.

Proof. This is a direct application of Yoneda reduction, setting K = A,, H = X, and
F =5 in Lemma A.2. O

Lemma 4.13. Let S € STambg,O“’Om) and ¢ : X =Y then R,S € sTamb(O“’Om)

Proof. We note that X, preserves products in Pg( @Om) (given by disjoint union) and

so, as a composite of product-preserving functors, RS is product-preserving. O

Definition 4.14. Given a morphism ¢ : X — Y in Set” and S € sTamb(O“’Om) we

define the transfer 7,5 of S along ¢ to be SA, € sTamb(O“’O’")
(Oavom)

. Precomposition
with A, is natural in S so 7T, defines a functor sTamb'y — sTambg,O“’Om) which

we call the transfer functor along .

When G is the trivial group and S is a G-Tambara functor over X we have
EE(A)?J = Hmeffl(y) §(A)x

Lemma 4.15. Let S € sTambg?”’Om) and p: X =Y then 7,5 € sTamb(OavOm)

Om)

Proof. We note that A, preserves products in P&O“’ and so, as a composite of

product-preserving functors, 7,5 is product-preserving. O

Lemma 4.16. There are natural isomorphisms R,Uy = UxR, and T Ux = Uy Ty,.

That is, up to natural isomorphism the following diagrams commudte.

sTaumb(O“’O m) sTamb(O“’O m) sTamb(O“’O m) sTamb(O“’O m)
o 2 o] o
sMackg" — sMack% sMack% ﬁ sMackga
@ 2

Proof. Commuting forgetful functors with restriction and transfer functors are immedi-
ate because they are naturally isomorphic to precomposition by ¥, and A, respectively,

for both Mackey functors and Tambara functors. O

(Oa,0m)

Definition 4.17. Given a morphism ¢ : X — Y in Set® and S € sTamb we

define the norm N,,S of S along ¢ to be the left Kan extension of S along X,.

(©a,0m) H Set

l AE@S NS

Oa,Om)

Py
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Write ag : S — (N,8)E, for the universal map of the left Kan extension. Given a
bg?“’om) there is a morphism N, (f) : NS — N,T such
that N,(f)as = arf by the universal property of ag. This makes N, a functor
sTamb(O“’Om)

morphism S i> T in sTam

— sTamby"*""™’; we call this the norm functor along ¢.

When G is the trivial group and S is a G-Tambara functor over X we have

Nwﬁ(A)y = ®;p€f*l(y) E(A)x-

Notice that this norm functor is defined differently from the norm functor on Mackey
functors. Unlike in the Mackey functor case there are no compatibility restrictions

controlling which norm functors are well-defined for Tambara functors.

Om) Om)

Lemma 4.18. Let S € sTambg?“’ and ¢ : X =Y. Then NS € sTambg,O“’

Proof. By Lemma A.6 left Kan extensions of product-preserving functors are product-

preserving. [

The norm functor does not have a convenient explicit description along the lines of
Proposition 4.12. However, similar to describing the norm on Mackey functors, there
is an explicit description by the objectwise formula for a left Kan extension. We have

Pé(oa,om)

N,S(A) = / PO+On)(2 B, A) x S(B) dB

Elements in this coend are equivalence classes of elements of the form (X,B <— YGRELN

22, A,b) where the first coordinate is an (O, O,,)- blspan over Y and the second
coordinate is an element of S(B). We write [, B LoPip g , b] for the element
represented by (X,B Iotp L5 ALD).

Oa;Om) d P(Oa,om)

Recall that for S € Tamb( D e the unit of the additive monoid
structure is given by trg_,p = S (@ ) = 0 — D), and the binary operation by
try=S(ODUD=DUD = DHD—)D)

by

The additive structure on N,S (D) is given

NpS(D) x N;S(D) = N,S(D 1 D) <% N, S(D)
where the first map is the isomorphism from Lemma A.6. On elements this map is
given by
([A&B%C%D,a} [A’ Lop 2o B p a]>
o A &5 pup 225 oo S5 DD, (a,0)|

c V(a3llBs)

H[AHA’&%BHB’“—QHEACH D,(a,a’)}
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Recalling that NM,S(0) is necessarily a singleton we know that () = 0 = 0 = 0, %) is
a representative of the only class. We can use this to pick out a representative of the

additive identity in M,S(D), under the unit map we have
D=0=0=0,«] = [0=0=0— D,x].

If 04 is the additive identity in S(A) then [A +~ B — C — D,04] = [0 =0 =0 — D, %].
We can identify these two representatives along (A <~ B — C' — D, x) via the bispan

D=0=0—A).

Lemma 4.19. Let ¢ : X = Y be a map of finite G-sets. Given S € Tambg?“’om) we

have T,S € Tambg,oa’om) and /\/Zpﬁ S Tambg/oa’om). Given T € Tambg/oa’om) we have
R,T € Tamb{&+Om),

Proof. By Lemma 4.16 restriction and transfer functors commute with the forget-
ful functor. So restriction and transfer functors take (Og, Oy, )-Tambara functors to
(Oq, O)-Tambara functors, because they take O,-Mackey functors to O,-Mackey func-
tors.

Given any element [A <~ B — C — D, a] € N,S(D) we have

[A«<~B—C—D,a]+[A+ B—C — D,—d]
=[A0IA+~ BIUB—-CUC — D,(a,—a)]
=[A<~ B—C— D,a+ (—a)]
=[A« B—C — D,04]

where the representatives are identified across the second quality along (A <+ B —
C—>D,(a,—a))viathebispan(AHA:AHA:AHALA). O

The norm functor on Tambara functors is compatible with the norm functor on

Mackey functors in the following way.

Theorem 4.20. Let (O4,O,,) be a compatible pair of indexing categories, and let
p: X =Y be amap in Set such that given any morphism v : A — X in O the
dependent product wy : I, A — Y is in Oq. Then there is a natural isomorphism
0 : NoUx = UyN,. That is, up to a natural isomorphism the following diagram

commutes.

N,
sTambg?“’om) —7, STambg/Oa’Om)

u Xl llxly

Ogq Oq
sMack s T sMacky
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Proof. For S € sTambg?‘“Om) the map g : Mpu S — Z/ly./\f@ﬁ has components

N¢UX§(D) —>Uy/\/‘¢§(D),
[IIB ELNGIELN D,z]— [X xy C=X xy C X% C f—2>D,resfl(x)}
)

where fi : X xy C — B, (z,¢) — (72(fi(c))(z)) is the adjoint map to fi across the

adjunction A, 4 II,. The inverse natural transformation, 6!, is given by

Uy NoS(D) = NoUxS(D),

BLECEEZ D) [E(X xy E) <2 E 25 D,nmpy 00 00) (T3, (2))]

where 7g is the £ component of the unit of the adjunction A, - II, and (ppg1, g2) :
C — X xy E,c — (ppgi(c),g2(c)). The map C — X xy C,c — (ppgi(c),c) is a
monomorphism so is in O,, by Lemma 2.27. The map X xy C — X xy E,(x,¢) —
(x,g2(c)) is in O, as it is a pullback of go which is in O,,. As the map (ppgi, g2) is
the composite of these two maps it is also in O,,, so 87! is well-defined.

To check these are inverse to each other we note that (prx idxx,c,prc) = idxx, ¢ and
so we can identify (II, B FELRYORELN D, z) with (Il,(X xy C) << C ELN D,resj, (x))
along (II,(X xy C) PR GRELN D, x) via the span (B Iox xy C =X xy C). In
the other direction we note that 7 = idxx, r and so we can identify (B 2o %
E %y D.z) with (X xy E = X xy E 25 B % D, nm g, g0y (1€, ())) along
(X xy E=X xy E "2 E % D 2) via (B &~ ¢ PP9%), ¥« E= X xy E). O

Remark 4.21. In the above proof we established the existence of useful representatives
for elements in normed Mackey and Tambara functors. In particular, for M a Mackey
functor every element of N,M(A) can be written

(X xy B) <2 B % A, 1],
©

Similarly, for S a Tambara functor every element of N,S(A) can be written
X xy B=X xy BZ2 B 5 A2

We note that the adjunction relationships in the following Lemma are different from
those in the Mackey functor case where 7, 4 R, 4 7, (Lemma 3.24).

Lemma 4.22. Given ¢ : X — Y in Set® the functor T, is left adjoint to the functor
R which is left adjoint to N,. That is, T, 4 Ry 4 No,.

Proof. The first claim is an immediate application of Lemma A.7 as R, is defined as
Lana, and 7, is defined as precomposition by A,. By Proposition 4.12 we know that
R, is naturally isomorphic to precomposition by ¥,. Noting that N, is defined as

Lany,, second claim is an application of Lemma A.7. O
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As in the Mackey functor case, on Tambara functors the transfer and norm functors

satisfy a pullback condition with respect to composition with the restriction functor.
Proposition 4.23. Let

Xx, vV 2y

prxi LB

X —— 7

be a pullback square in Set®. Then the functors RpTa and Tpry Rpry are naturally

isomorphic. Similarly, the functors RNy and Npry Rpr are naturally isomorphic.

Proof. By the natural isomorphism Ag¥, = ¥, Ap. in Lemma 2.6 we have Rg7,S =
SAYq = S¥pry Apry = Tpry RpryS. By Lemma A.5 we have that

RgNoS = Lana, (Lans, S) = Lana,s,, S

and

Ay S

prx =

Npry Rpr S = Lany,, (Lana,,  S) = Lany

prx = Pry

We have Ag¥, = ¥, Apr by Lemma 2.6, hence by Lemmas A.4 and A.5,

RgNaS = Lana,s, S = Lang,, S = Npry Rprxc S. =

Apry 2

Again, as in the Mackey functor case, the transfer, norm, and restriction functors
on Tambara functors satisfy an exponential diagram relation. The proof is less straight-
forward in this case as the transfer functor is no longer a left Kan extension. Instead we
take advantage of the norm, transfer, and restrictions functors being compatible with

the forgetful functors.

Lemma 4.24. Let (O, Oy,) and (O, OL,) be compatible pairs of indexing categories
such (Oq,Ol) is also a compatible pair of indexing categories, and such that O, and

Op, are subcategories of Ol and O),. If

prog x

Y xz T, X I, X
o I
X ——Y =12

is an exponential diagram in with f € Ol and g € O, then Tr,NyRe,S(A) = NyT;S(A)
for any A € Set(Z;. We will write q for the projection map Y xz Ilg X — 11, X for
readability.
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Proof. Because the transfer, norm, and restriction functors commute with the forgetful

functors we can check this at the level of Mackey functors. We have
Uz TryNgRewS(A) = U, x NyRewS(A X 7 1g]X)
2~ Nglly s ;11, x RevS(A X 7 IgTX) = Tr, NgReoslUx S(A)
= ./\/'97}2/{)(@(14) = uZNﬂ}ﬁ(A)
where the isomorphisms are acting on elements by

LD EE Ax,nx
g

q
— [T((Y xz T X) ngXE)ﬁEf—%AxZHX,e]
q g g

[ X 7‘d* P
o [T % LX) xx (Y %2 TTX) %, x B)) (Pry x z11g X,id)« g g prafs, A,é]
q g g

s [TH((Y xz T1X) xq1, x BE) & B %A,é]
L9 g
> _Y xzE=Y x; EX5 B praks, A,nm(prypcfhh)(resjcl(c))} .

Here we have ¢ = nmy y(resy, (c)) and we note that w is 1%, when postcomposed

pc fi.f2
with the isomorphism I, ((Y x 7z II; X) x11, x E) 21, (Y xz E). O

Remark 4.25. The compatibility conditions in the previous lemma and the following
proposition are there to ensure that the norm functors in question exist at the level of

Mackey functors.

Proposition 4.26. Let (O4, Op,) and (O, 0),) be compatible pairs of indexing cate-
gories such (Oq, OL.) is also a compatible pair of indexing categories, and such that O,

and Oy, are subcategories of Ol and O),. If

DTy X

Y xz 1, X , X
B’Ul \Lﬂ'z
X ——Y =2

is an exponential diagram in with f € Ol and g € O), then ﬁszngXRev and NyTy

are naturally isomorphic functors Tambg?a’om) — Tamb(ZO“’Om).

Proof. As the transfer, norm, and restriction functors commute with the forgetful func-
tors we have that uZﬁerprng Rev = ﬁerprng < Reollx = NyTiUx = UzNyTy and so
ﬁerang «Rev and Ny Ty agree on objects, and transfer and restrictions. So it remains

to check that they agree on norm maps. That is, we need to show that the following
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diagram commutes. Note the top isomorphism is the one described in the preceding

lemma.

uZﬁerprng xRevS(A) - MZNQ’Y}ﬁ(A)

lnmw J/’I’Lm(p

UZﬁerprnngevﬁ(B) i> uZNg’]}ﬁ(B)

We go on to show explicitly that this diagram commutes, however it suffices to note
that the horizontal isomorphisms act on element (representatives) on both coordinates,
in particular by precomposition in the first and the vertical norm maps act on the first
coordinate by postcomposition and do not act on the second coordinate.

The norm maps act by postcomposition of bispans with (A = A “ B=2B ). Going

around the top of the diagram we have
f1 P f2
[C«—D-—=FE-—=AxzIIX, (|
g

= [V x5 B2y o (Axp TTE) 25 TTE ™5 B nmy, pefr gy (res s (€))]
© ©

:[ MDXYXZE(Y Xz(A XBHE))W—¢E>HEﬁ—B>B,C]
4 ®

idy X zev

Y Xz (A XB
YXZE:YXzE).

where the equality comes from identifying along (Y xz E
I, E) e B, I, E 2, B, ¢) via the bispan (C Ip 4>(pryp0f1’f2)

Going around he bottom of the diagram we have

D2 E 2 Ak, X,
g

PTBT(Bx 4lg

X)
= [YXZHE =Y XxzIIE e 1 E B, nm(PTchflpTD,p?"nE)(resflpTD (C))]

VX zidrg x X ziding x  pxzidng x

PTBT(Bx zIIg X)

— MDXE((AXZEX)XBXZHQXHE) LN i) B, (|

pXzidngx  ¢xzidng x

= [0 2 Doy 5 (Y xz (AxpIE)) 5 1E ™2 B, d.
© ©

where the fist equality comes from identifying along

PTBT(Bx 51Ig X)

(Y xz;IE=Y x;, IE X5 IE

pXzidmn, x pXzidng x  eXzidng x

B, ¢)

via the bispan

PTBT(Bx 51g X)
\

(€ &2 D s ((A %2 T1X) (8, x) 1) PIE TR B).

PoXzidng x  @xzidn, x
The second equality comes from the obvious isomorphism of bispans. O

The forgetful functors commute with the important natural transformations be-

tween restriction, transfer, and norm functors.
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Lemma 4.27. Let

be a pullback square in Set®. Then the following square commutes for any Tambara
functor S.

uZRg,E”ﬁ i> UZ%T‘ZRPT)(E

«| |=

RyTiUxS —=— Tpr, RprxUx S

Proof. This follows immediately from the fact that restriction functors, R.,, and trans-
fer functors, 7, are naturally isomorphic to precomposition be ¥, and A, respectively

for both Mackey and Tambara functors. O

Lemma 4.28. Let (O4, Oy,) and (O, Ol,) be compatible pairs of indexing categories
such (O, OL)) is also a compatible pair of indexing categories, and such that O, and
Oy, are subcategories of Ol and O),. If

s
X xy 7 22,

SR

XﬁY

is a pullback square in Set® with f € O).. Then the following square commutes for any
(Ou, O )-Tambara functor S.

Uz RGNS —— Uz N, Ry S

~| F

RyNjUxS —=— Npr, RprxUx S

Proof. Recall from Remark 4.21 that we have nice representatives for elements of

normed Mackey and Tambara functors. On objects the top natural isomorphism,



4.2.

(04, 0)-TAMBARA FUNCTORS 65

UzRGNS(A, h) = Uz Npr, Rpr S(A, h), is given by

XxYB:XxYB”—B>Bi>A,a]

—

ZxYAMA:A:A,[XXYBZXXYB”—%BAA,aH

[ (idx xy B,hjpre) prB
%

(X xy B) xy Z X><yB—>Bi>A,a}

(idx xy B,(prx,hjpre))

(X xy B) xx (X xy Z) XxYBi&A,a]

(dx xy B,(prx hjprs))

(X %ty B) xx (X xy Z) X xy B 4, [idAWmeBwH

(idx x4 B,(Prx,hjpre))

(X xy B) xx (X xy Z) X xYBAA,respTXXYB(a)].

In order, we are using natural isomorphisms from Lemmas A.2, A.5, A.4, A.5, A.2. On
objects the bottom natural isomorphism, ReNUxS(A, h) = Npr, RprxUx S(A, k), is
given by

f .
I;(I(X xy B) <2 BLA,a}

r . f .
o (2 xy AL gy [g(XxYB)ﬁBAA,aH

[ (himh)
— ZXyl}I(X Xy B) «———— B 5 A«

= | I (X xy B) xx (X xYZ))ﬁBi&A,a]
|prz

s | T (X xy B) xx (X xy 2)) & B 4, [idAmX(XXYB),aH

|PTz

[T ((X xy B) xx (X xy 2)) &£ B A,reserXyB(a)]

|Prz

where ¢ : b — (hj(b), (z,z) — ((x,b),(z,2))). In order, we are using natural isomor-
phisms from Lemmas A.2, A.5, A4, A.5, A.2. Around the bottom of the square we

have
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where the first map is from Theorem 4.20. Around the top of the square we have
[XXYB:XXYB%BAA,a]

id x ,(prx ,hjpr
r—)[(XXyB)xX(XxYZ) (idx xy B,+(prx hjprs))

X xy B A,reserXYB(a)]
- [(X xy Z) xz B= (X xy Z) xz B "% B 4, A,nm((p,nx,hjprB),p,ﬂB)(a)]

:[XXyB:XXprT—B>Bi>A,Oz]

np"“Z .
— |:p1;[Z ((X Xy Z)) Xz B <B— B i) A,nm((p,ﬂx,hjprB)’pTB)(a)}

rrz .
— [n (X xy Z)) xz B<2— B 2 A,res(,,,.xm)(a)}
prz

The first equality is changing to the nice representative from Remark 4.21. The second
equality is an identification using the bispan

(XxYB:XxYBi(XxYZ) xz B=(X xy Z) xZB)

note that this is not putting it into normal form. The second map is from Theorem

4.20. The third equality holds because we have the following isomorphism of bispans.

XxyB———— (X xyZ)xzB

/ \
X xy B ~ lﬁ H (X XyZ) Xz B
R /
(XXyZ) XzB: (XXyZ) XzB

Finally the elements

[H (X xy B) xx (X xy 2)) & B L 4, reserXYB(oz)}
prz

and

pPrz .
[H (X xy Z)) xz B<2— B2, A,TGS(pTX,prB)(a)}
prz
nPTZ .
are identified along (IT,,., (X Xy Z)) xz B <2— B % A, reSpry ., p(@)) via the span
(X xy B) xx (X xy Z)) & (X xy Z) xz B = (X xy Z) xz B) where 4 is the

composite

o

idx x ) Jhj
(X Xy Z)xz B = X xy B ((dxxy B,(prx hjprs)))

((X Xy B) Xx (X Xy Z)) ]

Lemma 4.29. Let (O4, Oy,) and (O, OL,) be compatible pairs of indexing categories

such (Ogq, OL)) is also a compatible pair of indexing categories, and such that O, and
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O, are subcategories of Ol and O),. If

Y oxy My X — 0% 11, X
evl J/ﬂ'z
X ———Y —— 7

is an exponential diagram with f € O, and g € O), then the following square commutes
for any (Oq, Op,)-Tambara functor S.

uZﬁszrngXRevﬁ i> uZNg’Tfﬁ

- ;

Ty Norsy < Renldx S —— Ny Tz S

z7Vprig x

Proof. This is immediate because the exponential diagram isomorphism was defined at
the level of Tambara functors in Lemma 4.24 by passing over the forgetful functor and

using the exponential diagram isomorphism at the Mackey functor level. O

Lemma 4.30. Let f : X - Y and g : Y — Z be maps in Set®. Then for S and T
Tambara functors the following diagrams commudte.

~

UxRRyT 5 UxRyfT Ur Ty TS S Uy TyrS Uz N NS 5 UzN, s S

I

RiRUZT = RygpUzT ToTeUxS 2 TofUx S NgNyUx S z NgsUx S

IR

The commutativity of the third diagram is contingent on Ny and Ny existing at the
level of Mackey functors.

Proof. The first diagram commutes because ¥,y = Xgf and the second diagram
commutes because there is a natural isomorphism AyAgy = Agp.
Recall from Remark 4.21 that we have nice representatives for elements of normed

Mackey and Tambara functors. Around the top of the diagram we have

[YXZB:YXZB”—B>B£>A, XxYCZXxYC”—C>Ci>YxZB,a”

i PTriip,
o [XXYCMXXY((YXZB)XB I c) e, HCIW—B>A,04}
prBp prB

nng _
(X xz 11 C) 2% 11 ¢ 228 A

gf prB prp

~ PYXPTllpr o) (resiax Xyev(a)>]

’hglfr c k
E(X Xz plgg C) —2 plgg ¢ i A, TGS(PTX((fPTxﬂTB),(WBﬂTv)))(residx Xyev(a))]

7]gfr -
II(X xz II C) SLLRN' oRuiL A, resy())

gf pre pre
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where the first map is an application of Lemma A.5, the second is from the proof of
Theorem 4.20, the first equality holds because we have the following isomorphism of

bispans, and the second equality is composition of restriction maps with ¢ : (x, (b,0)) —

(z, 0(f(x),b))-

X xy (Y xz B) xg I, C) =5 X x5z 1, C

= Y~

X><y ((Y XzB) XBHprBC)

R
s
X
N
=
%
Q

\

X xzlpp C ——= X xz1I,,, C
Around the bottom of the diagram we have
pre k prc J
[YXZB:YXZB—>B—>A[X><YC X xy C 2 C—>Y><ZB,aH

g
> [H(YXZB)LBQA [ (X><yC)<—C—>Y><ZBa”
g

prB

L (XXYC)e HC—>A a]

where ¢ : (b,0) — (hk(b),z — (z,0(f(x),b))) is the composition

prig ¢

e

IIc

pre

f ~
LLC X, (v, B e o Mg II(X xy 0) 5 (X xy ),

Finally, the elements

gf pre prB

nng
(X xz T C) 225 11 ¢ 2 A res,(a ))]

and
{f(XxYC)e mcha, a]
g

pre

qf
are identified along (IL, (X x z 11, C) <LBC I1,.,C — LLEN , &) via the span (X xy

C & X Xz, C =X xz10,, C). O
Notation 4.31. Given a bispan f = (X <+ A EENY S JELN Y) we write I'y, g, , or I'y
(Oa7o'm) (Oa,O

for the functor Ty, Ny, Ry, : Tamby ™ and T;,Np, Ry, : MackQ —
Mackg. The later requires a compatibility condition is satisfied so that Ny, exists.

— Tamby,

Lemma 4.32. Let (O, Oy,) and (O, O},) be compatible pairs of indexing categories
such (Oq, OL,) is also a compatible pair of indexing categories, and such that O, and O,
are subcategories of O and O),. Given (O, O} )-bispans f = (X Lol hy Y)
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and g = (Y &o 2 p 5 Z) and an (O, Op)-Tambara functor S the following
diagram commutes.
Uy TS —=— UT ;S

|

T, Uy TS

|

FgFfZ/{X§ ?} Fng/{X§

1%

Proof. This follows from applications of the results for forgetful functors commuting
with restriction, transfer, and norm functors, and the natural transformations involving
combinations of them. That is, Theorem 4.20 and Lemmas 4.16, 4.27, 4.28, 4.29,
4.30. On the following page we have included the relevant commutative diagram. The
diagram has been rotated and its rows zigzagged to make it fit on the page. The
columns of the diagram consist of isomorphisms moving a forgetful functors across
another functor. The rows consist of isomorphisms applying composition, pullback,
and exponential diagram lemmas to combinations of restriction, norm, and transfer

functors. O



CHAPTER 4. BI-INCOMPLETE TAMBARA FUNCTORS

70

Uz Tg3Ngs Ry q‘\w\/\xmﬁb Sﬁw?@ﬁﬂo‘\/\xmx&‘uﬁniwﬁi

/\ /

UTg3 Ny Tore Rprg Ny Rpy

q\mw S.\/\mm qNS q..ww \/Qm qND x\.mw N\.Z‘mm q\wﬁQ .Z.E xXido ﬁvﬁ» \\N?

T~ \zb 7 /

> Tg3UNg, Tpro ﬁwﬁmmeﬁ} =

l | |

UTg3Ngy Torc Niaxidc Rfypra

= Tg3UNgy ﬁiQ?\\wxEQ Riipra

N\NQ\Q,‘WQ\AU ﬁ%ﬂxmc\/\xwxu&ﬁua\uﬁwx— N\Q\mws. .>\.

:ﬂmmdﬁ.\/\quﬁm:\/\%wXiQ‘\N%::,b

ﬁuiﬁqb.\/&@ad RevNy, xido Rf1pra

\

\Ww

TgsmpUNpr Rev Ny xide Rfipra =

T 1

—

q‘nuaDS\/\.S:Zanxdﬁvﬁ/\,xoa.ﬁwﬁb

Zﬁﬂmxdﬁﬁ@xoﬁbﬁi

W/

UTggmp Nornn Rorax o Rfrpra

/

UTggrp Nprn Rfypra

=

It

TosmpUNpr RoraxcRp PTA

/

ﬁm.\/@miﬁﬁdw\/\xmﬁb % Ta3 mesﬁiolxoﬁmx&q RpraRyy H Ta3 T pUNpriy RevN o xide Rypra H ﬁwaU\,\wﬂwQZﬁﬁOxdﬁﬁixoﬁx:is H TosmpUNprip R pry
q.mw.\/\cm@\q.?o‘ N:w.Z.\qu? @wZ&wEﬂv‘QZ\MXEQ\\N?YS & ﬂmw:b.?.?diﬁm:\/\wmXSAQ\\Nx::;b ﬁ\w:D\/\EEE\\NbeQ\\NDvﬂ\, >
L |- ~ |
q\mw\/\nwaﬁﬁﬂww\/@maﬁ ﬂmw?mmﬁ“@i.\/\wmxiolﬁvaqu? q\mwﬁqwzhcﬁdiqwmc.\/\. quN,w:;b q\mmabZﬁ%dZ@ﬁQdeavabea?ﬁﬁb q\nwaU\/\wﬂEN\ﬁN?wﬁ»
T9sNga TorcURprg N, R gy = TagNao TorcUNfa xidg Ripra TosmpNorn RevlUNfyxidg Rfipra TosmpNorn Rorax cUR f1pr g
/ﬁ 7 ~_ BX 7 R&
o, o~ -
TagNgs Ry TrsUN ;3 R gy ﬁw.\/@wﬁﬂo\/\xmximsﬁu; Rpy = TogTapNprg ReoltNpy xiag Riypr g > ﬁwau.\,\wﬂw\,\gnxdﬁnﬁxyxmtﬁbﬁ; TosmpNorn Rpprall
= TgsNga Tpre RporgUNf, Rpy TasNag ﬁEQZ.Sf.QOEEJuS = TaznpNprn RevNsy xidg UR f1pr g TasnpNorn Rorasc Rrpralt
/ﬁ 7 ~_ /ﬁ T T
o, = e
Tg3Nga Ry q.?.z‘xmiﬁb = q.SZ@ﬂWO?.SxEQ RpraURfy Tgs T p Nprp RevN o xid g UR £y pr g ﬁmaD\,\.@ﬁw\,\.@ﬁexdNvabxoﬁ,rvibi

—~, ] _—

T3 N g2 Tpre Rprp >\xm URfy

TgsNgaRgy ﬂxwzxm/ﬁﬁi Q\f\/\nmdﬂn{/\xmx&@ RprpaRp U

Ta3Ngy Tore Rprg Ny Ry U

q\mw\/\mm ﬁ%Q\/\\w xido Rfppr U

Tagnp Nprip Rev Ny xidg Ry prgU
—

o, \WX

T93 Trp Nor RevNpa x ide RpppraU
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We get a symmetric monoidal structure on the category of semi-Tambara functors

by taking the pointwise product.

Definition 4.33. Given (O, O,,)-semi-Tambara functors S and T over X we define
their box sum SHT to be the functor P&O“’Om) — Set with (SHT)(A) = S(A)xT(A)
and for an (O, O,,)-bispan (A LN NELNGRELN D) over X we have (SBT)(f) =
S(f) x IT'(f). We have

(SBT)(AIB) = S(AIlB) x T(AIl B) = (5(A) x 5(B)) x (L(A) x I(B))
= (5(4) x I(A4)) x (S(B) x I(B)) = (SET)(A) (SBT)(B).

So SHT is product-preserving and hence is an (O, O, )-semi-Tambara functor.

Categories of Tambara functors are closed under taking box sums.

Oa7o'm) O O’m)

Lemma 4.34. If S, T € Tamb( then SHT € Tamb(

Proof. For any (z,y) € S(A) xT(A) = (SHBT)(A) we have (z,y)+ (—z,—y) = (0,0) €
(SHT)(A), so SHT has additive inverses. O

Notice that if we let 0 be the (Og4, Oy, )-Tambara functor over X with 0(A4) = 0 for
all A GP)((O“’O"’) then 0 acts as an identity with respect to H.

Lemma 4.35. Both (sTamb(Oa’Om) ,0) and (Tamb(oa Om), 8, 0) are symmetric mono-

idal categories.

There is a symmetric monoidal structure on the category of semi-Tambara functors

that comes from Day convolution.

Definition 4.36. Given (O, O,,)-semi-Tambara functors over X, S and T, we define
their box product SOT to be the left Kan extension of the functor S x T along the

functor PLOm) x pPaOm) _y pOaOm)

POaOm) o plOaOm) ED, gop o Set <, Set

1)

Pg(oayom)

Lang (SxT)=:S0T

By Lemma A.6 the box product SOT is product-preserving, as it is the left Kan ex-

tension of S x T" which is product-preserving. Hence we have a functor

(OCHO""’L) (anom)

O: sTambg?“’Om) x sTamb — sTamby,

We define

SET : PG 2 PO s pPOm) 2L, Gt
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where the Q is the equivalence from Lemma 4.5. Note that all the functors involved
are product-preserving, so SRT € sTambg?H“’)?m). Moreover, S®T(A) = S(p'(X1)) x
T(p,;* (X2)) where the index determines a copy of X in the summand. Hence if S,T €

Tambg?”’om) then S®T € Tambg?ﬁ‘}?m).

We can realise the box product on semi-Tambara functors as an application of the

norm functor along the fold map.

Proposition 4.37. The functors SOT and Nv(S®T) are naturally isomorphic.

(Oa,0m)

Proof. We have that IIQ2 and Yy are naturally isomorphic functors Py 1y ™ — pOOm)

The result follows from the fact that 2 is an equivalence and Lemmas A.4 and A.5. [

Categories of Tambara functors are closed under taking box products.

Lemma 4.38. If 5, T € Tamb\C"“™) then SOT € Tamb(& ™).
Proof. As SOT and Ny (S®T) are naturally isomorphic and SRT € Tambg?ﬁ’)?m) we
have that SOT is an (O, O,,)-Tambara functor over X by Corollary 4.19. O

Remark 4.39. When G is the trivial group and S and T are G-Tambara functors the
left Kan extension in Definition 4.36 is equivalent to the left Kan extension describing
the tensor product of commutative rings as Z-algebras, so that (SOT)(x) = S(*) QT (x).
The tensor product is the coproduct in the category of commutative rings, similarly

the box product is the coproduct in the category of Tambara functors.

Definition 4.40. The group completion Gr(S) of an (O, O, )-semi-Tambara func-
tor S over X is the (Og, Op,)-Tambara functor over X with Gr(S)(C) = Gr(S(C)), the

group completion of S(C) as a commutative monoid so that it is a commutative ring.

It is immediate that group completion commutes with restriction and transfer func-

tors.

Lemma 4.41. Group completion commutes with norms. That is, there is a natural
isomorphism Gr N, = N, Gr.

Proof. For S € sTambg?”’Om) the isomorphism is given on objects by
GrN,S(D) — N, Gr S(D)
AL B o Da—AadB2 05D
AL BB Do Al BE B D - O

Definition 4.42. We call the (O, O,,)-semi-Tambara functor over X that is corepre-

sented by @ the Burnside (Og, O,,)-semi-Tambara functor over X,

By : PEO™ 5 Set, v s PO (0, ).
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The Burnside (O,, O,,)-Tambara functor over X is the group completion of By,
— . (Oa?o’m) (anom)
Ax = Gr(By): Py — Set, Y — Gr(P (0,Y)).

Remark 4.43. When (O,, 0,,) = (Set®, Set®) the elements of B, () are isomorphisms
of bispans of the form () < @ — A — x). That is, the elements of B,(x) are in
bijection with the isomorphism classes of finite G-sets, so we will write A for the element
[0 < 0 — A — x]. Addition in B,(*) is given by postcomposition with (x 1T = T =
f 1% % x) so A+ A = AJ] A. Multiplication in B, (x) is given by postcomposition
with (% IT% = % IT % Z>>|<:>|<) so A-A=Ax Abecause IlIy(AIT A) = A x A. We see
from this that by taking the group completion A, (x) is isomorphic to the free Z-module
on isomorphism classes of orbits G/H. That is, A, (%) is the Burnside ring of G.

As SOT was defined by Day convolution (STamb(O“’Om), O, By) is a symmetric

monoidal category.
Lemma 4.44. (Tamb(O“’Om), 0, Ay) is also a symmetric monoidal category.

Proof. We only need to see that Ay acts as an identity with respect to the box product.
Let S € Tamb({*“™) then Ay0S = GrByOGrS = Gr(By0S) 2 GrS = S where
we are using Lemma 4.41 to commute Gr with O (which by Proposition 4.37 can be

realised as a norm). O

Following Remark 4.4 if H is a subgroup of G, then (O, O,,)-Tambara functors
over G/H are equivalent to (i5;0g,75; O, )-Tambara functors. In particular, G-Tambara
functors over G/H are equivalent to H-Tambara functors. Across the equivalence

POaOm) o plHCaiOmn) Gih the quotient map ¢ : G/H — G/G we recover functors

G/H
Ng : Tamb” — Tamb® from N, and R% : Tamb® — Tamb? from R, as left Kan
extensions along the functors G xg —, and zg respectively. In particular, the norm

functor on Tambara functors defined by Hoyer in [14] and the box product on Tambara
functors are both instances of our norm functor, along the quotient map and the fold
map respectively. That the norms Ng are strong monoidal with respect to the box

product is now an immediate consequence of Lemma A.5.

4.3 Bicategorical Setup

Definition 4.45. The (O,, O,,)-bispan bicategory for (O,, O,,) a compatible pair

of transfer systems is a bicategory, (Og, Oy,) with
e Objects: The 0-cells of the bicategory are finite G-sets

« Hom Categories: For X,Y a pair of finite G-sets (Og, Op,)(X,Y) is the category
whose objects (1-cells of the bicategory) are (Og, Oy, )-bispans X <+ A — B — Y and
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whose morphisms (2-cells of the bicategory) are isomorphisms of (O, Oy,)-bispans.
That is, a pair of morphisms ¢ : (X LN/ NS R N Y)— (X <£ A’ f—2> B’ f—3> Y)
is a pair of isomorphisms 91 : A — A’ and 1 : B — B’ such that the following

diagram commutes.

Composition in (O4, Op,)(X,Y) (called vertical composition) is composition of the
underlying morphisms of G-sets. The identity 2-cell of an (O, O,,)-bispan (X RIS
AL B2 vy s (ida, idp).

Identity 1-cells: The identity 1-cell of a finite G-set X is the (O, Oy,)-bispan
Ix(¥) = (X = X = X = X).

Horizontal Composition: For each triple of G-sets, X,Y, Z we have a horizontal
composition functor c¢xy,z : O(Y,Z) x O(X,Y) = O(X, Z). On 1-cells we have

exvz (Y E-C 2 D2 7y (x &4l BBy
BxyC

(BxyC) £ 7)

g2

Priig, (Bxy0)
_—>

s (X P A g (Cx pTI(B xy C))
g2
and on 2-cells we have

c-—",p A .pB

g1 93 fi f3
exyz:| Y /%81 % 2\‘ 75 X /%al %aa\ Y
e - |

fh ' —— D" Y I — ;

’ ’
9o 2

2\

Priig, (Bxy ©)

A XB (C XD HgQ(B Xy C)) E— HQQ(B Xy C)

— X = = 7
m /E’,”D’

A’ X B! (Cl X p/ Hgé(B/ Xy C/)) — Hgé(B’ Xy C/)

pri , (B'xyC’)
92

where the map Iy, (B xy C) — Il (B xy ') is

(d,0) = (Ba(d), ¢ = (azprpo(Br (), )
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and the other isomorphism is
(a, (¢, (d, 0))) = (a1 (a), (Bi(e), (Ba(d), ¢ = (azprpa (B (<)), ).

e Associator: For each quadruple of G-sets, W, X,Y, Z there is a natural isomor-

phism, called the associator,

aw,xy,z : ewx.z(exy,z X ido, 0, yw,x)) = cw,y,z(1d(0,,0..)v,2) Xew,x,v)

of functors

(Oas Om) (Y, Z) X (Og, O)(X,Y) X (O, Or)) (W, X) = (O, Op)(W, Z)

whose component on the triple

h1

(v & fi

E2r! ) (X & 0B D5 y),wdalphx)
is an invertible 2-cell between (O, O,,)-bispans

X fipra
— Axp((Cxp(Explly,(Dxy E))) XHhQHerh2(B Xx (Cxp(Expll,(DxyE)))))

hampmm,  (Dxy B)

7, pryy, (B xx (C xp (B xp I, (D xy E))))

and

X Jipra (A X B (C XD Hg2(B XX C))) ><1‘[g2 (E XF Hh2<(H92(B XX C)) XYE))
25 Ty, (T, (B xx ©)) xy B) 2275 7.

Because the middle map for each of these is a projection, it is sufficient to describe

the isomorphism just on the second term. The isomorphism is given by

(a, ((¢, (e, (f,0))), ((f,0),%)))
= ((a, (¢, (92(c), e = (fa(a), 6)))), (e, (f, € = ((g2(c), & = (f2(a), 8))))))

e Unitors: For each pair of G-sets X, Y there are natural isomorphisms

Ixy exyy(ly X id(o,,0,)xy)) = 1d(0,,0m)(x,Y)

rxy ex xy (1do,,0m)x,y) X1x) = 1d(0,,0m)x7)

called the left unitor and right unitor respectively. The left unitor has compo-
nent on the (Og, Op,)-bispan (X ELRNREENS  JELN Y) given by the invertible 2-
cell (pra,(y,o0) — o(y)). The right unitor has component on the (O, Op,)-bispan
(X ELRRELNY S JEEN Y') given by the invertible 2-cell (pra, p).
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It is straightforward, if painful, to check that the unity and pentagon axioms are sat-
isfied.

Definition 4.46. Let C' AT be the bicategory of categories, functors, and natural trans-
formations. Let (O, Op,) and (0!, Ol,) compatible pairs of indexing categories such
that (O, 0),) is a compatible pair of indexing categories, O, is a subcategory of O/,

and Oy, is a subcategory of O], . We define a pseudofunctor

(04,00, (04,0402 ©5,0,)\%\ .
(Tamb(omom), (Tamb(oa’om» ,(Tamb(omom)) > : (0),0!) — CAT to be the

triple consisting of the following data

e Objects: The assignment Tambggi’gi:g()() = Tambg?“’om) for all finite G-sets X.

e Hom Categories: For each pair of finite G-sets X,Y the functor

Tamb(QaOm) . (0,,0.)— CAT (Tambg?“’om),Tambg,O“’Om))

(0a,0m) * w2 Zm)

with
Tambggé:gi:;()( Lalply)= Ty : Tamb ™) — Tamb{¥*

and

(01,01,) fl/AHB\fi’ .
Tambiolon) | X me ~Jw2 y | =(¢:1,=1p)
) e
fi A — B f3
f3

where 1& has components @ZA)E given by

TS(C) = TpS(C) : ((D, fapp) - E 5 F 5 (C xy B,prp),d)

— <(D,féw1pD) (B, apr) L5 (Fybapr) {progs yaprngs), (C xy B',pTB')ad> .

Note that we are identifying elements in the second coordinate across the isomor-
phisms Ry, S(D,pp) = S(D, fipp) = Ry S(D, fitipp).

o Pseudo functoriality constraint: Write f and ¢ to denote (O, O], )-bispans
(X JELRR LN s JELN V) and (Y & ¢ £ D % 7) respectively. The pseudo

functoriality constraint is the natural isomorphism (Tambggégizg) with component
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2-cells given by the composite

Fgrf = E3N92Rgl7}3Nf2Rf1 — 7-93N927;7TCRPTBNf2Rf1
7-93N927;T0NfzxyichprARf1 — 7-93N927;T0Nfzxyidc72f1pm
7;37;FDNPTH92(BxyD)RevaQXYidCRflpTA

3T DYV Prng, (BxYD)ReUNfz xyide R fipra

S

3TDI VP, (BXYD)NPTCXDHQZ (Bxy D) RPTAXYCRflpTA

R L NS N
S

S

37D pTHQQ(BxYD)RflpTB =TLgy

where the isomorphisms are from Propositions 4.23 and 4.26.

’ oy 0
o Pseudo unit constraint: A natural isomorphism <Tambgg“’gmg> with compo-
nent 2-cells id[Tambg?“’Om>,Tambg?“‘Om>] — I'ia, which have components S(A) =N

Ia, S(A). On objects this is given by a — [A = A = A = A, a]. The inverse natural
isomorphism has components given by [B ELGIEENG JELN A, b] = trgmmy,resy (b).
Note that [A = A = A = A trpnmy,resy (b)] = [B FLRNGREENS JRELN A, b] be-
cause we can identity the two representatives along (A = A = A = A,b) via
(BL oD By g,

We now define a bicategory [ Tambggégimn; Unlike in Chapter 3, where [ Mackgl
was the Grothendieck construction on Mackgl, the bicategory [ Tambggzzg:; is not the
(04:05,)

Grothendieck construction on Tamb(oa on)

due to the inclusion of forgetful functors in

the description of its 1-cells.

Definition 4.47. We have a bicategory [ Tambggé’gin; with

o Objects: The 0-cells of the bicategory are pairs (X,S) where X is a finite G-set

and S is an (Og4, O, )-Tambara functor over X.

o« Hom Categories: For a pair of 0-cells (X, S) and (Y,T) the category
S Tambggi’g;mn;((X, S), (Y, T)) has objects pairs (f,a) where f is an (O}, O,,)-bispan
=X LN REENS S JELN Y) and a : UT'sS — UT is a morphism in Mack9e, and for
morphisms (f,«) — (g, 3) has isomorphisms 1 of (O,, Ol )-bispans such that the
following diagram commutes.

y
Ur;s S ur,s

N % (4.48)
ur
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Defining « to be a morphism of underlying Mackey functors rather than the Tam-
bara functors themselves is the reason that f TambEgZ’gzg is not the Grothendieck
(0,,01,)

construction on Tamb((,)a Om)"

Identity 1-cells: The identity 1-cell of a pair (X, .S) is the pair

Y 0 -1
<1X(*),Z/l <<Tambggzg:g> > )
S

where 1x(*) is (X = X = X = X), the identity 1-cell of X in (O),0),) and

X
Y 0 -1
<<Tambggz’8’;§) > is the S component of the inverse of the pseudo unity con-

S
70”!”)
oy

7m)

straint for Tamb (gi

Horizontal Composition: For each triple of O-cells (X, 5), (Y, T),(Z,V) we have

a horizontal composition functor ¢(x ) (v.r),(zv) :

o! ,O;n O;,O;n
[ T (G5 (.2, (2.)) [ Tawb( GGl (X, ), (v 1)

o, 7(9;11,
= [ Tamb( ) (X8, (2.1)).
On a pair of 1-cells

! 70;77‘
“Om((Y. 1), (Z2.V)

(fraye [ Tamb(GG (X, 9), (v.1)) and (g.8) € [ Toanb( G0

the horizontal composition returns the pair

C o2 \ 7!
(CX,Y,Z(gv f)7 ﬁ (FgOé) Z/{ <(Tambggzzg:;)g f> >
S

where cx v,z is the horizontal composition functor in (O}, O,) in the first coordinate,

and in the second coordinate is the composite map

—1

©4.000\?
U((Tamb(oa,om))
9.f/ s o~

UT,;S S UT,T S S5 TN S 255 DUl S ur,s 2 v

Associator: The components of the associator aww py (x,0),v.s),(z1) are 2-cells

which, on a given triple of composable 1-cells
(W a2p Ly x)0), (X & 02 D2 y),5), (V& B P2 7))

is the associator aw, x,y,z in (O, O,,). That is, the invertible 2-cell between (O}, O}, )-

bispans. Our definition of 2-cells requires Diagram 4.48 to commute, for the associ-
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ator this is the outside of the following diagram.

Upp
UL (g) 2 = > UT o) P
U, D P —=— UT, T TP == UT, [ TP +—— UT,Tyr P

N

DpgUD P —=— TpLDgUT P «—— TRUT TP «——— TpUD P

thOC thFga
UpUQ ——— DpDUQ ——= [, [ UQ
UT 1y Q —— UTTyQ —— ThUT,Q
I'np
C,US
Ur,S
Y
UT

Eg‘zgi; (backwards).

The remaining regions commute for one of the following reasons: naturality of

The top region is the pseudo associativity diagram for Tamb
(04,0402 - I
Tamb(o om) ) functoriality of ', applications of Lemma 4.32.
@i/ hg

e Unitor: For each pair of O-cells, (X, S) and (Y,T") we have unitor natural isomor-

phisms

l(x,9),(v:1) and  7(x.8),v,T)

whose components on a 1-cell f = (X & A f—2> B f—3> Y, uryS e UT) are the pairs

of isomorphisms
(i =pra: Axp(Y xyllia, BxyY) = A,ly : Iliq, (BxyY) = B, (y,0) — preo(y))
and

(rm=pra: X xx (Axpl(X xx A)) = A;rg =7np: (X xx A)) = B

respectively. In order for [ to be a 2-cell we require Diagram 4.48 to commute, this
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is the outside of the following diagram.

)
UTiq, S ———— UT ;S

1%
1%

Ul'g, I'S

Y

o)

Tig, UT ;S —— UTS

Fidy (7 \La

i, UT ———— UT

(05,07,)
(O Om)» the
middle region commutes by Lemma 4.32, and the bottom region commutes because

The triangle commutes by one of the pseudo unity axioms for Tamb

Iy (A
it is a naturality square for <(Tambggzg:i;) )

It is straightforward to check that the unity and pentagon axioms are satisfied.

There is a projection pseudofunctor [ Tambggé:g;’zg — (O,0!)) given by

(X, 8) — X
(fra) = f
Y = 1.

4.4 (0,0 )-Tambara functors as coherent (O,, O,,)-monoids

We want to consider specific sections of the projection pseudofunctor. Given a section
F :(Oq,0n) — fTambEg‘/;g% for the projection pseudofunctor with F(X) = (X, S)
and F(Y) = (Y,T) we will write

F (X LRy REENYSRELN Y) - ((X JELRREENG SRR Y) T :uyrfs,b,flﬁﬁuyz) :

when it is clear what bispan we are referring to we will write ,u? instead. Note that
Ffﬁ(C) = 7}3./\/}27?,]01&(0) = NngflﬁAfS(C) = ./V’fQ'Rflﬁ(C Xy B) SO Ffﬁ(C) has
elements of the form [D <~ E £ F %, C xy B, d] where the first coordinate is an
(Oq, Op)-bispan over B and d € Ry, S(D) = S(D).

Definition 4.49. A coherent (O), O, )-monoid in Tamb?*“™) is an (O, Op)-
Tambara functor S together with a functor F : (0, 0),) — [ Tambggizgiz; that is a
section of the projection pseudofunctor such that:

e F(X)=(X,RxS) for all G-sets X,
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o for all (O,, Oy,)-bispans f = (X AN RELN JELR Y') we have that on objects ,u,]If is
UT RxS(C) — URyS(C),[D &~ E 25 F 25 O xy B, d] — trg,(nmg,(resq, (d))).
Recall that gs = progs. We note that MJE is a map of Mackey functors, this claim is
demonstrated in part la of the proof of Theorem 4.53.

A morphism (S, F) — (T, H) of coherent (O}, O, )-monoids in Tamb{“*°™) consists

of a morphism ¢ : S — T in Tamb&oa’om) together with the strong transformation

«: F'— H such that:

e Component 1-cells: For X a finite G-Set, the component 1-cell in

J Tamb(g>0m) (X, RxS), (X, RxT)) is

axy = (X =X=X=X,ax: UFidXRXE%URXI)

where ax is the composite

) 0 -1
Z/I<(Tambgg;’8:z;) )
’ RxS URx (¢

X ()

UTay Rx S

URxS URXT.

« Pseudo Naturality Constraints For an (O),, O, )-bispan

f=(x & alphy)
the component 2-cell ay : (H f)ax — oy (Ff)in [ Tambgg‘/;’g%((X, RxS),(Y,RyT))
is given by [~ 17, the right unitor followed by the inverse of the left unitor. Note that

being a 2-cell imposes the condition that the following diagram commutes.

Z/[’l[)ﬁ

UFfidXRxﬁ z/{Fidyf’RXﬁ
Ur'ig Rx S Ul 'R xS
U acRx S g, UT R x S

Ff@ FidY ,U';? (450)

F'iURxT Figy URy S

L{FfT\’,Xz Z/IFidyRY§

u?\ A
URyT

There are strong unity and strong naturality axioms which a must satisfy to be a strong
transformation. We omit them here because they are similar to case for coherent (’'-

monoids in O-Mackey functors but using isomorphisms of different representatives of
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a fixed bispan isomorphism class which are difficult to parse and ultimately unenlight-
ening.

Given (S, F) the identity morphism id (g r) consists of idg together with the strong
transformation it determines. Given two morphisms (p,a) : (S, F) — (T,H) and

(w,B) : (T,H) — (V,I) of coherent (O, O}, )-monoids in Tamb{“*“™) we define their

composite to be (wy, fa) : (S, F) — (V,I) where (Sa)x is the composite
e 0 -1
I/{<(Tan1bzg;:gz%) >
RxS

This is different from the usual composition of strong transformations, but is equivalent

UR x (w
x (wep)

UTqRxS URxS URXYV.

up to an invertible modification.

Definition 4.51. Let f = (X ELRREENY SJELN Y) be an (Og, Oy, )-bispan. There is a
functor &; : Tambg?”’om) — Set with £7(S) = S(idx) and Ef(p) = px. We also have
a functor Fy : Tambg?“’om) — Set with F¢(S) = I'tS(idy) with Ff(¢) = I't(¢iay )-
There is a natural transformation wy : £ — F; with components S(idx) — I'tS(idy)
given by

(f3,idB)

:Er—>[A:Af—2>B Y xy B,resy (x)).

Remark 4.52. The proof of the following theorem is structurally similar to the proof
of Theorem 3.48, the main result of Chapter 3. Rather than being the Grothendieck
construction on the nose [ Tambggézgizg is complicated by including forgetful functors
in the description of its 1-cells, see Definition 4.47. This necessitates cluttering the
diagrams in the following proof with isomorphisms passing forgetful functors across
I' functors. By Lemma 4.32 the regions these isomorphisms add the diagrams all
commute. To ensure readability we will suppress these extra regions, so that some
morphisms will have the correct domain or codomain only up to commuting forgetful

functors.

We now state and prove the main theorem of this thesis; our characterisation of

bi-incomplete Tambara functors.

Theorem 4.53. Let be a finite group G, and let (On, Op,) and (O, O),) be com-
patible pairs of indexing categories such that (O, Ol)) is a compatible pair of indexing
categories, Oy is a subcategory of O, and O, is a subcategory of O.,. Then (O, 0! )-
Tambara functors are precisely the coherent (O, Ol )-monoids in Tamb®* ™) That
is, there is an equivalence between the category of coherent (O.,O..)-monoids in

Tamb&oa’om) and the category TambSﬁO;’O;”).

Proof. This proof proceeds as follows:

1. Define ® (one direction of our equivalence) on objects.
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2. Define ® on morphisms.

3. Show @ is functorial.

W

. Define ¥ (the other direction of our equivalence) on objects.
5. Define ¥ on morphisms.

6. Show ¥ is functorial.

7. Finally, show that ® and ¥ are inverse functors.

We will define a functor ® from the category of (O, O, )-Tambara functors to the
category of coherent (0!, O! )-monoids in the category of (Og, O, )-Tambara functors.
1. Define ® on objects

Let S be a an (O}, O0),)-Tambara functor. We get an (O, O, )-Tambara functor, which

we will call | S by precomposition with the inclusion functor

15 pLO=Om) , plOuOn) B, gep

Given an (O, 0. )-Tambara functor S we describe a strict functor F : (0, O.,) —

J Tambgg:::gf:g consisting of the following data:

e Objects: The assignment FI(X) = (X, Rxl]S).
e Hom Categories: For each pair of G-sets X,Y the functor
F (0 0,)(X,Y) = [ Tamb( §7)(X. Ry 1S), (V. Ry L9))
with
Fxdi Al BBy = ((XJLA&BQY),M?:Z/{Ffoiﬁﬁlﬂayiﬁ)
on 1-cells, where u? (C) is given on element representatives by

D& E 2 F 25 O xy B, d] — trg,(nmy, (res,, (d)))

where d € R4 | S(D), and g3 = pregs : F — C is the adjoint to g3 across the
adjunction Xy, 4 Ay, at the level of G-sets.

la. Show F' is well-defined on 1-cells
We note that if (¢1,)2) is an isomorphism between (O, Oy, )-bispans g and g’ then

(11,12) also describes an isomorphism between g = (D &~ E £ F £ ) and

/ / ~
91 p) g3 .
7 ! ! 5 _ F
g = (D < E —= F' = () so trgnmg,resy, = trgymmgresy hence py is
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well defined. We need to check that ,u? is a map of O,-Mackey functors. Let
h=(C IRy N K) be an Og,-transfer span then we have

(ufoRXw )([D(ﬂE&F&CxYB,dD)

([DM E xcwyp (J xy B)

(g2p7rE,(Prs,prB)) F xcxy (J Xy B) (hapry,prB) K xy B,d])
= UThypr, (nm(gzprE,(prJ,pr‘B)) (resglpTE (d)))

Going the other way, we have

Uy Ry | S(h) (uf([D&E&F&(JxYB,dD)

= Uy Ry | S(h)(trg; (nmg,(resg, (d))))

= trp, (resp, (trg (nmg, (resg, (d)))))

)
= tthp"'J (nm(gzprE pTy) (TesglpTE (d)))
These are equal by the following isomorphism of bispans.

(g2p7E,(Pry,prB))
E XCxyB (J Xy B) — F XCxyB (J Xy B)

D =\ (pre,pry) =\ (prr,pry) K

m %

E Xc J F Xc J
(g2p7rE,p77)

Hence pf is a map of O,-Mackey functors as required.
Hy

1b. Finish defining F’

On 2-cells we have

f2 f2
s A—B \f3 n A—DB \fg
o x EJ o=k Y [T X % 12| Y
ioaA B /}5 oA B /’Lé
f3 f3

The condition on 2-cells in Tambgoa’om; requires that the following diagram com-

mutes.
P

UT'Rx 1S » U Rx 1S

m/u?

ULRyS
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We have

WED(D &L B2 B 25 O xy Byd) = ph(D &8 B 2y p WOBER), o g g)

= trg,(nmg,(resq, (s))) = ,u?(D L B2 P Cxy B,d)
so the diagram commutes as required.

We let ®(S) = (S, F).

2. Define ® on morphisms

Given a morphism ¢ : S — T of (O}, O),)-Tambara functors, we let ®(¢) : (| .S, F) —
(T, H) be ¢ in the first coordinate and « : F — H as determined by .

2a. Show @ is well-defined on morphisms

We need to check that ay defines a 2-cell for all (O}, O},)-bispans, f = (X ELRTRELN

B Y’). Consider the following diagram.

DfUTiay Rx LS «——— UTfRx | S —— Tia, UT Rx | S

uf lridy pf
FiURx

ryax URy|S ——— Tiq,URy |8 (4.54)

~

URy

H

DURN LT — 5 URy | T

Noting that the top row of the diagram is the same morphism as the top two rows of
4.50 we see that the outside of this diagram is equivalent to 4.50. Showing that this
diagram commutes we confirm that ay is a 2-cell. The bottom right triangle commutes
by the definition of @&y . The top left triangle commutes because it is the image under
I'; of the defining diagram of arx. The right square commutes because it is a naturality
square for (Tambggfi:g:’"n;)(). For C € 773(/0“’0’”) the map I'yRx¢(C) is given on element

representatives by
(D&EQ—%FQ—%CXYB,d) o (D&E&F&CXYB,ap(d)>.
For any such element representative we have

trgy (nimyg, (resq, (9(d)))) = @(trg(nmg, (resg, (d))))

because ¢ is a map of (O, O;,)-Tambara functors and so commutes with transfers,
norms, and restrictions. Hence the middle triangle commutes. So the diagram com-
mutes and therefore o is a 2-cell as required.

3. Show @ is functorial

Note that ®(idg) = idg(s). Given ¢ : S = T and w: T — V we have that ®(w)®(y)
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and ®(wyp) are both we in the first coordinate and both

©4,000\°
((Tambwa,om)) Rl
Fiay RS b RxS

—1

Rx (wp) RxV

in the second. Hence ® is a functor.

Now we construct a functor ¥ from the category of coherent (O, ), )-monoids in
(Og, Op)-Tambara functors to the category of (O, O, )-Tambara functors.

4. Define ¥ on objects

Let (S, F) be a coherent (O, O, )-monoid in Tamb{?*™). We will extend S to an
(0., 0,,)-Tambara functor, 1p S. On objects we let 1Tp S(X) = S(X). Given a
morphism f € P(©aOm) represented by the (O, @' )-bispan (X ELIN/REENS JELN Y)
we let 10 S([X <X A 22 B L V) be the function 15 S(X) —1p S(Y) given by the

composition

F
S(X) = RyS(idy) <5 TRy S(idy) = UT Ry S(idy) ~L URy S(idy) = S(V).

(06,05,

Because the morphisms in P ) are isomorphism classes of (O, )-bispans we

need to check that this composite is equal on isomorphic (O), Q! )-bispans. Given an
isomorphism v of (O}, O!,)-bispans (X Lalph Y) and (X JEARTREENY SN Y)

then we consider the following diagram

UT R xS(idy)
y \#?
S(X) == RxS(idx) Uy URyS(idy) == S(Y)
by _
UT ;Rx S(idy)
Here 1) = Tambgg‘l;g%(d)) The right triangle by the defining condition on 2-cells in
i Tambggzzgzg. The bottom map in the left triangle is

idgr)

z A=A fa, pr Ualder), xy B',resp ()]

and going around the top of the left triangle we have

es[A=A L g Uy B res; (a)]
(A=A B Iy o B res ()
= [A/ (ﬂ A E) B —(f37w2')) Y XY B/7T65¢;1T68f1 (1")]

= [A’& Al B M>Y><y B’ resp ()]
fi

/ ly‘d f
=[A =4 Loy g Usddsn), Xy B/,Tesf{(x)].



4.4. (0),04,)-TAMBARA FUNCTORS AS COHERENT (O4,Oy)-MONOIDS 87

As this diagram commutes T S is well-defined on morphisms. We need to check that

1r S is functorial. Given (O), O}, )-bispans (X JELR/RE N RN Y)and (Y &~ C %

D%z ) we consider the following diagram.
5(X) S(Y)

H w /LF(idy) H

RxS(idx) —— UyT RxS(idy) —— Uy Ry S(idy)

b b

. Fg#?(idz) .
Wy f FguYPfoﬁ(ldz) — FguYRyﬁ(ldz)
- |k
= /"‘Ff
UyT, R S(idz) : Uy R 2S(idy)

5(%)
The bottom region is the pseudo functoriality constraint for F’ and so commutes because

F' is a strict functor. The top right region commutes because it is a naturality square

for wy. Going around the right side of the remaining region we have

rs[X AL p UE v LB g
Sy Lo 2y p i) g px LA L p BBy L B

im”l‘lg2 (BxyC)

S [X P A 5 (Ox pII(B Xy C)) (BxyC) L™, 7 (BxyC), 1]
92 g2

g2

= wyr ()

so the region commutes.

On an identity bispan, idx, we have Tr S(idx) given by

z—> [ X=X =X =X xx X,z] = trig,nmiqa resia, () = z.
Hence 1r S is a functor 7750;’0;”) — Set. Note also that 1r S takes values in com-
mutative rings and is product-preserving because Tr S(X) = S(X). Hence 17 S is an
(0., 01,)-Tambara functor. We let ¥(S, F) =1 S.
5. Define ¥ on morphisms
Given a morphism (¢, «) : (S, F) — (T, H) of coherent (O, O.,,)-monoids in (O, Oy,)-

Tambara functors we let U(p,a) = ¢ on objects, which is sufficient to describe a

morphism 17 S =71y T. To see that this is sufficient we need to check that ¢ is natural
in P((gfg:)) . That is, given (X ELRREENY JELN Y) an (O, O,,)-bispan we require the

following diagram to commute.
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y " (idy)
S(X) == RxS(idy) —7 Uy T RxS(idy) T Uy Ry S(idy) =—— S(Y)
MX) faxsa(idx) |t Racptian) lvaysoody) }om
kb (dy

The second square is a naturality square for w; and so commutes. Note that the outside
of Diagram 4.54 commutes because « is a strong transformation F' — H, hence the
middle triangle of Diagram 4.54 commutes. The third square in the above diagram
is the middle triangle of Diagram 4.54 applied to idy and so commutes. Therefore
¢ 1r S =1y T is a morphism of (O, O),)-Tambara functors.

6. Show V is functorial

The functoriality of ¥ is immediate.

7. Show that ® and ¥ are inverse

Ta. ®V is isomorphic to the identity

Let (S, F) be a coherent (O, O}, )-monoid in Tamb® %) We have U(S, F)=tr S
with 1p S(X) = §(X) and for (X <X A 2 B 55 vy in PO the map 15 S(f) is
given by

w F(id
S(X) < Uy T R S(idy) 2L Uy Ry S(idy) = S(V).

Then we have ®(V(S, F)) = ®(1r S) =l (tr S, F’) with | (tr S)(X) =tr S(X) =
S(X) and for (X ELRREENY ; JELN Y) in PLO=Om) the map 15 S(f) is given by

w (id
S(X) =5 U RxS(idy) L0, Uy Ry S(idy) = 5(Y),
as f is an (O, Op,)-bispan and (S, F) is a coherent ((O7,, 0., ))-monoid this map is

r—[A=A EENY?) Y xy B,resy (z)] = trg,(nmy,(resy, ()))

0L (1F 8)(f) = trggnmpyresy,. Hence (15 8) = 5. Now we have F/(X) = (X, R |
(tr S) = (X,RxS). Given an (O, O, )-bispan (X IooaLyphy Y) we have
F'(f) = (/. Hflﬂ) where M?I(C) is given by

D& E 2 F % O xy Bd]~ (1r S)(D & E 25 F 55 C)(d) — pFuw,(d)
= (D& B2 F 25 C xy B,d).

Hence u?/ = ,u? and so F' = F. Therefore ®¥ (S, F) = (S, F).
7b. U is isomorphic to the identity
Let S € Tamb{%* %), We have &(S) = (1. S, F) with | S(X) = S(X) and for (X <

AL By Y) an (O, Op,)-bispan the map | .S(f) is the map S(f). The strict functor
F has F(X) = (X,Rx | S), and on an (O, O,,)-bispan (X JELNR R ENG LN Y) we

have F(f) = (f,u?) where pf: I'yRx 1S — Ry 1S with

pi(C) (D& B2 F 25 C xy Bd] - trg,(nmg,(resg, (d))).
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Then we have ¥(®(S)) = V(S ) r (.S) with 17 (1.9)(X) =l S(X) = S(X), and
for an (O}, O),)-bispan (X i A f—3> Y') the map 1t (1 S)(f) is

F
S(X) s Uy TR S(Gdy) 0 1 Ry S(idy) = S(V)

which, on elements, is

r—[A=A>S fx, g Usids), Xy B,resg (x)] = tre,(nmy, (resg (x))).

Hence 1r (1 S)(f) = S(f), so trlS = S. Therefore ¥®(S) = S. O

As a corollary of this theorem we have an equivalent statement to [2, Conjecture
7.94]

Corollary 4.55. The (O, O)))-Tambara functors are precisely the (Og, O,)-monoids
in the category of (Ou, Om)-Tambara functors.

We note that an equivalent statement to [14, Theorem 2.7.4] is also a corollary.

Corollary 4.56. The G-Tambara functors are precisely the coherent (SetG,SetG)-

monoids in the category of G-Mackey functors.

Remark 4.57. When G is the trivial group this is equivalent to the statement that
the category of commutative rings is equivalent to the category of monoid objects in
the category of abelian groups In this case given a G-Tambara functor S we find that
given a bispan [ = (X Ioa gLy Y) the map ,u,f UTtRxS — RyS in the
construction of the coherent monoid structure from Theorem 4.53 is determined by a

map ¢, of abelian groups for each y € Y. This map is

B[ &R Sx|—SH

f3(0)=y \f2(a)=b

(®f2(a):b'7a))f3(b):y = H Ya

We end this section with two conjectures:

Conjecture A. The compatibility conditions for Proposition 4.26, and Lemmas 4.28
and 4.29 are unnecessary. That is, the claimed isomorphisms hold for the relevant

diagrams without requiring any morphisms to belong to a specific indexing category.

If this is true then the compatibility condition that (O, O),) is a compatible pair of
indexing categories in Definition 4.46 can be removed. In this case the proof, without

any modification, of Theorem 4.53 is a proof of the following.
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Conjecture B. Let be a finite group G, and let (Oq, Op,) and (O, O)) be compatible
pairs of indexing categories such that O, is a subcategory of O, and Oy, is a subcategory
of Ol,. Then (O,,0,,)-Tambara functors are precisely the coherent (O, Ol )-monoids

(Oa,0m)
* .

in Tamb That is, there is an equivalence between the category of coherent

(0., 0L.)-monoids in Tambsko“’om) and the category TambiO;’O;”).

4.5 Tambg?‘“o"’) as a module category

We will now see that categories of Tambara functors are module categories over in-
dexing categories. Recall Definition 2.37 of a module category over a tight symmetric

bimonoidal category.

Notation 4.58. Given an Set-transfer span f = (X JELER/RELN Y) we write Oy, f,

or O for the functor Ny, Ry, : Tambg?"’om) — Tambgfoa’om). As we did for Mackey
functors, we write Ay for the functor 73, Ry, : Tambg?mom) — Tambg,o‘“om). Given a

map ¢ : A — X of G-sets we will write 3 for the span (X <= 4 % X).

Theorem 4.59. Let O be an indexing category, (Oq,Onm) be a compatible pair of
indexing categories such that O, is a subcategory of O, and X be a finite G-set. The

a’

category of (Oq, Op,)-Tambara functors over X is a module category over ((O))x )= with

the action functor ® : ((O))x)= x Tambg?”’om) — Tambg?"’om) given by (A, ) © 8 =
AgS.
Proof. By Lemma 4.35 (Tambg?“’om),EEl,Q) is a symmetric monoidal category. For

(A, ¢), (B,¥) € ((0))x)~ we declare the following structure natural isomorphisms:
o Let A9 :idy ©S = AsgoS — S be the isomorphism

trprc

A S(C) = S(X xx €) 22 5(0)
for pre : X xx C — C, (z,c) — c.
o Let a® 90 (p®S) = AEAgﬁ — A@¢§ = (¢ xx ¢) ©® S be the isomorphism
TyRyToRe = TpTors RpraRe = Typrs Repra

where the first map is the natural isomorphism described in Proposition 4.23 and

the second isomorphism follows from X, ¥, , = Xopr, and App Ay = Ay
o Letdf: (p11¢) ©8 = AyyS = ApSBAZS = (¢ © ) B (¥ © ) be
nuwnwulpﬁ(C) = ﬁ((AH B) XX C) = ﬁ((A XXx C) 11 (B Xx C))
= (A xx €) x S(B xx C) = TR,S(C) x TyRyS(C)
where the isomorphism is ¢r, for the obvious isomorphism

o

Wi(AHB) XXc%(AXXC)H(BXXC).
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e Let dg c @ (SHT) = Az(SBT) — AgSBAZT = (¢©S)B (¢ ®T) be the identity

because

ToR,(SBT)(C)=(SBT)(Axx C)=8S(Axx C)xT(AxxC)
=ToReS(C) x ToRGL(C) = (TyReSBTL,RLIL)(C).

e For ¢ : (0 — X we have AzS = 0 s0 let ¢icos= AzS — 0 be the identity.
e Forany ¢ : X — Y we have Az0 = 0 so let fg 1 ®0 = Az0 — 0 be the identity.

It remains to check that the coherence diagrams from Definition 2.37 are satisfied. This

is a straightforward but lengthy exercise and is left to the interested reader. O

Theorem 4.60. Let O], be an indexing category, (Oq, On) be a compatible pair of
indexing categories such that Oy, is a subcategory of O, and X be a finite G-set. The
category of (Oq, On,)-Tambara functors over X is a module category over ((O,) x )~ with
the action functor X : ((O),)x)=~ X Tambg?“’om) — Tambg?“’om) given by (A, )X S =

O35S.
Proof. By Lemma 4.44 (Tambg?“’o"‘), 0, Ay) is a symmetric monoidal category. For

(A, 0), (B,¥) € ((0),)x)~ we declare the following structure natural isomorphisms:

o Let \¥:idxy RS = @Eﬁ — S be the isomorphism

0-—S(C) = S(O),[D & E 2 F 55 ¢ d) s trp, (nmy, (resy, (d))

idx2
which has inverse c— [C =C =C = C, (.
o Let o™ : X (pKRS) = 050955 — ©75.5 = (¢ xx ) WS be the natural isomorphism
NyRyNeRo = NyNors Rpra R = Nuprs Rpra

where the first map is the natural isomorphism described in Proposition 3.26 and

the second is two applications of Lemma A.5.

e Letdl: (pllyp) XS = O — 05005 = (p W .S)0(y W .S) be the isomor-
phism from Lemma A.4 induced by the natural identity transformation between the

functors

(00,0m) Ae)  (00,0m) Ze) 1 (Oa,Om)
PX PAHB PX

and

—(id,i A, A
7Dg(oa,om) A=(id,id) Pg(oa,om)xpg(oa,om) (Ap,Ay) pgoa,om)xpgoa,om) E)P;oa,om)‘
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o Let dg X (S0T) = 05(S0T) = 0550051 = (¢ W S)0(p KW T') be the isomor-

phism from Lemma A.4 induced by the natural isomorphism between the functors

A
P§<Oa70m) X choayom) £> P;(Oaaom) _‘P> P{(qomom) E_‘P> P‘g(oayom)

and

Ao, A
P&oa,om)xp)((oa,om) (Ap,Ap) Pﬁ‘oa,om)xpgoa,om) (Ze,30) P)((oa,om)xp;oa,om)g)P)((oa,Om)‘

e For ¢ : ) — X we have @Zﬁ = Ay so let §§ (XS = G)Eﬁ — Ay be this natural

isomorphism.

e Forany p: X — Y we have O34 = Ay solet {8 : g R Ay = O34y — Ay be

this natural isomorphism.

It remains to check that the coherence diagrams from Definition 2.37 are satisfied. This

is a straightforward but lengthy exercise and is left to the interested reader. O

Recall Definition 2.40 of a C-monoid in a module category A over C~ for C' a tight

symmetric bimonoidal category.

Proposition 4.61. Let (O, Op,) and (O, Oy,) be pairs of compatible indexing cat-
egories such that O is a subcategory O). If (S,F) is a coherent (O, Op,)-monoid
n Tambioa’om) then URx S is an O!-monoid in Mack?(“ as a module category over

((OL)x )~ for all finite G-sets X.

Proof. We are asking for an extension of the functor —OUR xS : ((O))x)~ — Mack%
to (OZ)X

—QURxS

((04)x)= Mack§”

j o
(O0)x
Because ((O))x)~ is a wide subcategory of (O))x we only need to describe what

happens on the extra morphisms. Given o : (A, ) — (B,1) in (O))x we have a map
AGUR xS — AEL{Rxﬁ given on objects by

tro‘X i
AFURXS(C) = S(A xx ) =X S(B xx C) = AjURxS(C)
where the transfer map is the one in 1 S. O

Proposition 4.62. Let (O, O.,) and (O, OL.) be pairs of compatible indexing cate-
gories such that Oy, is a subcategory O),. If (S, F) is a coherent (Og, O.,)-monoid in
Tambioa’om) then RxS is an O}, -monoid in Tambg?“’om) as a module category over

((OL,)x)= for all finite G-sets X.
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Proof. We are asking for an extension of the functor —-XR xS : ((O),)x)~— Tambg?‘“om)

to (O;n)x

(Oh)x)a — X2, Tamb{ O™
\[ /,/7
(Oh)x

Because ((0),)x)~ is a wide subcategory of (O),)x we only need to describe what
happens on the extra morphisms. Given o : (A, ) — (B,4) in (O),)x we have a map
I'zRxS — FET\’,Xﬁ given on objects by

IeRxS(H) = I'yRxS(H),
(Cope) &~ D ZE L H o) — [(Cope) &~ D L5 B2 H (). O

We write Tamb%a o) for the symmetric monoidal '-Mackey functor

I
Tamb!Ca:Om)

O, < (0, 0p) — 222, CAT

where Oy includes into (O, Op) by taking 1-cells (X FELRRRELR Y) to (X L=
A ﬁ) Y) and 2-cells to the obvious corresponding 2-cells. By Theorem 4.59 we see that
(Tamb%mom), M) is a module over O,.

Om

(OoOm) for the symmetric monoidal O’-Mackey functor

Similarly, we write Tamb

(0a,07,)
, , Tamb(oa,om)
O, = (Oa, 0p,)) ——— CAT
where O}, includes into (04, Oy,) by taking 1-cells (X ELRRREEN Y) to (X ELERELN
Y =Y) and 2-cells to the obvious corresponding 2-cells. By Theorem 4.60 we see that
(Tamb%’;’om), X) is a module over O/, .

Proposition 4.63. If (S, F) is a coherent (O, Op,)-monoid in Tamb®*°™) then US

. -7 . (o)
is an Oy -module in Macky?.

Proof. By Proposition 4.61 we see that the required extension of — ®US exists object-
wise. We only need to check that these commute with the structure functors in O/,
and Mackgz. That is, given a O -transfer span (X ELRRELN Y') we want the following

diagram to commutes (up to natural isomorphism).

(Oh)x —BXE NackQe
zfQAfll leQRfl (4.64)
(OL)y % Mackga
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Given (C,¢) € (O),)x going around the bottom of the diagram we have
(C, QO) = (A xx C, fszA) = ngrAngprAURYﬁ = quszARAXXc§
and going around the top we have

(Ca 80) HERWRXﬁ'_} 7}2Rf1 ERLPUR)(ﬁ = uﬁz%TARpTcRSORXﬁ = MEQPTARAXXCE'
O

Proposition 4.65. If S € Tambioa’om) and US is an @—module mn Mackg‘z then S
(Oa7o7n)

is a coherent (O, O.,)-monoid in Tamb,

Proof. We need to describe a strict functor F' : (O, Op) — [ Tamb ’"g as per

Definition 4.49. Because F' is required to be a Sectlon we only need to describe u?
from F(f) = (f,,ujlf) for (O, O,,)-bispans f = (X JELRR LNy SRELN ~— Y). From the
Y component (O))y — Mack{* of the extension of — ® US and the map (B, f3) ELN
(Y,idy) in O} we get a map 5 : UTp, R Ry S =UTp RS — URy S in Mackg“. Let
ap :UN,RAS — URRS given on an object K by

C&EDEEE K - trg,nmg,resg, (c).

We let u? be the composite

UTL N R RxS S UTN LR AS 2 uT RS 25 URy S.

The commutativity of diagrams like Diagram 4.64 for any O)-transfer span ensures
that ,ugf = ug(Fgu?). O

Proposition 4.66. If (S, F) is a coherent (O, O}, )-monoid in Tamb{“*Om)

is an O’ -module in Tamb(é’;om)

then S

Proof. By Proposition 4.62 we see that the required extension of — X S exists object-
wise. We only need to check that these commute with the structure functors in Of,
and Tamb%:; Om)’ That is, given a O] -transfer span (X — A= /2 Y) we want the

following diagram to commutes (up to natural isomorphism).

(Oh)x — 222, Tamp O
EszhJ/ lengl (4.67)
(O;n)y —&Ryﬁ Tambnga,Om)

Given (C, ) € (0),)x going around the bottom of the diagram we have

(C> 80) = (A xx C, fQPTA) = NfszARfQPT’ARY§ = NfszARAXXC§
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and going around the top we have

(C,0) P NpRyRx S N, R NoReR xS = Ny Npr s Rpre ReR xS 2 Nypr , R ax x0S.
O

Proposition 4.68. If S is an O’ -module in Tamb(om Om) then S is a coherent
(Ou, OL,)-monoid in Tamb{Z*°™).

Proof. We need to describe a strict functor F' : (Oa,O’ — [ Tamb 8‘1’@’"% as per
Definition 4.49. Because F' is required to be a section we only need to describe uf f
from F(f) = (f,uF) for (Ou, @),)-bispans f = (X <~ A & B 55 v). From the
B component O — Tamb(oa’om) of the extension of — X S and the map (A, f2) f—2>
(B,idg) in O we get a map o5 : N, Rf,RpS — RpS in TambSBO“’Om). Let v :
UTRBS — URyS given by

UT;RES(C) =US(B xy 0) 2 US(C) = URy S(C).

We let u? be the composite

u7}3Nf2Rf1RXS —>U7}3Nf2Rf2RBS Z/[T RBS —)URyS

The commutativity of diagrams like Diagram 4.67 for any O] -transfer span ensures

that ugf = ug(f’gu?). O

Corollary 4.69. If (S F) is a coherent (O, O}, )-monoid in Tamb® ™) then S is

an O -module in Macko and an O -module in Tamb((,)a Om)*

Proof. Restricting F' to the appropriate sub-bicategories makes (S, F') both a coherent
O’ -monoid in Mack% and a coherent (O, @/, )-monoid in Tamb{®*“™) . The result

follows by Propositions 4.63 and 4.66. O

Corollary 4.70. Let (O, Op,) and (O, OL.) be compatible pairs of indexing categories
such that (O, OL,) is a compatible pair of indexing categories, O, is a subcategory of
0!, and O,, is a subcategory of O!,.. If S is an O! -module in Tamb(o Om) and US is
an O, -module in Mackg:‘i then S is a coherent (O, Ol )-monoid in Tambgoa’om).

Proof. We need to describe a strict functor F' : (0),0,,) — fTambggi‘:g;m”; as in
Definition 4.49. Because F' is required to be a section we only need to describe u? from
F(f) = (f,,ujlf) for (O, O},)-bispans f = (X Lalph Y). We let M? be the

composite

o7

L{7}3Nf2RfIRXS —)U'Evd./\/fQRAS U'E%RBS —>URyS
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where o is the map from Proposition 4.68 and [ is the map from Proposition 4.65. The
commutativity of Diagrams 4.64 and 4.67 for any O)-transfer spans and O),-transfer

spans respectively ensures that ,ug ;= uff (Fgu? ). O

We see that under the formalism of this section when can either extend the additive
structure or the multiplicative structure, but not both simultaneously. The formalism

from Sections 4.3 and 4.4 allows us to extend both structures at the same time.



Appendix A

Left Kan Extensions

We collect some basic results about left Kan extensions. We will restrict our attention
to left Kan extensions of functors valued in Set as all the left Kan extensions appearing
in this thesis of this form, and it allows us to describe the relevant maps explicitly in

terms of element representatives.

Lemma A.1. Let C be an essentially small category, D be a locally small category.
Giwven K : C — D and F : C — Set the left Kan extension, Lang F' of F' along K is
given on an object X € D by the coend formula

C
LanKF(X):/ D(KA,X) x FAdA.

Elements of Lang F(X) are represented by pairs (p,a) where ¢ : KA — X in D and
a € FA. Two pairs (¢,a) and (¢',a’) represent the same element in Lang F(X) if
there exists a morphism o : A — A’ in C such that ¢ = ¢'Ko and F(o)(a) = d’, we
say that (p,a) and (¢',ad") are identified along (¢',a) via o.

Given a morphism w : X —'Y in D the map Lang F(w) is given by [(,a)] — [(we,a)].

Lemma A.2 (Yoneda Reduction). Let C be an essentially small category, D be a locally
small category. If K : C — D and F : C — Set such that K is left adjoint to some
functor H :D — C. Then Lang F = FH.

We have

C
LanKF(X):/ D(KA,X) x FAdA

C
g/ D(A, HX) x FA dA
>~ FH(X)

where the first isomorphism acts on elements by [(KA % X, a)] — [(A 2, HX,a)
where ¢ is the adjoint map to ¢ across the adjunction K - H, and the second isomor-

phism is given by [(4 Y HX ,a)] = F(¢)(a). The inverse to the second isomorphism

97
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is given by z +— [(idgx,x)]. So the isomorphism FH(X) = Lang F(X) is given by
z— [(KH(X) 25 X, x)] where ¢ is the counit of the adjunction K - H.

Corollary A.3. Let C be an essentially small category, D be a locally small category.
If K:C— D and F : C — Set such that K is left adjoint to some functor H : D — C
then every element of Lang F(X) has a representative of the form (KHX =, X, x).

Specifically, the maps Lang F(X) — FH(X) — Lang F(X) in the previous lemma
send [(KA 5 X, a)] — [(KHX =5 X, F($)(a))]. The two representatives are identi-
fied along (KHX =X X, a) by the map @, noting that ex K (@) = .

Next we see that left Kan extensions along isomorphic functors are isomorphic.

Lemma A.4. Let C be an essentially small category, D be a locally small category. If
K,K':C — D and F : C — Set such that 6 : K — K’ is a natural isomorphism then

Lang F' is naturally isomoprhic to Lang: F.

In particular, the natural isomorphism between left Kan extensions has components
given by

g—1
Lang F(X) — Lang F, (KA % X,a)] — [(K'A 225 X, q)).

We will also need that taking left Kan extensions respects composition.

Lemma A.5. Let C and D be essentially small categories, D and € be locally small
categories. If K :C — D, J:D — & and F : C — Set then Lanj(Lang F') is naturally
isomorphic to Lan ji F.

The natural isomorphism between Lan;(Lang F') and Lan i F' has components given

by

(JB S X, (KAY B,a) — [(JKA LY JB % X, a))]

with inverse
(JEKAS X,a)] > [(JKA S X, (KA ¥4 KA, a))].

Another important property is that left Kan extensions of product-preserving functors

are product-preserving. For a proof of the following lemma see proposition 2.5 in [18].

Lemma A.6. Let C be an essentially small category, D be a locally small category.
If K : C — D and F : C — Set such that F is product-preserving then Lang F'
is product-preserving. That is, there is a natural isomorphism Lang F(X x Y) 2
(Lang F(X)) x (Lang F(Y)).

This natural isomorphism is given on elements by

(KAS X xY,a)] — ((KAZZS X a)], (KA 225 Y, 0)])
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with inverse

« g

((KA = X,a)],[(KB = Y,b)]) — [(K(A x B) (aK (pra),BK(prg))

X xY,(a,b))]

noting that we are abusing notation by writing (a,b) to represent the image of (a,b) €
F(A) x F(B) under the isomorphism F(A) x F'(B) = F(A x B). In particular the map
Lang F(X xY) — Lang F(X) x Lang F(Y) — Lang F(X x Y) acts on elements by

(KA S X x Y,a)] s [(K(A x A) PXeE@roeryeker)), w oy q))]

which is the identity, the two representatives are identified along

(K(A x A) (prx K (pr1),pry K (prz)) X % Y,a)

via the diagonal map A : A — A x A. In the other direction the map Lang F(X) x
Lang F(Y) — Lang F(X xY) — Lang F(X) x Lang F(Y) acts on elements by

(KA 2 X,a)l, [(KB 5 Y,b)))
oK (pra) BK(prp)
= ([(K(Ax B) ——— X, (a,0))], [(K(A x B) ——— Y, (a,0))])
which is the identity we identity the first coordinate along (KA % X, (a,b)) and
the second along (KB E) Y, b) via the projection maps prs and prp out of A x B

respectively.

Lemma A.7. Let C be an essentially small category, D be a locally small category.
Given K : C — D the functor Lang(—) : [C, Set] — [D, Set| is left adjoint to the
precomposition by K functor (—) o K : [D, Set] — [C, Set].
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Appendix B

Bicategorical Background

We collect some basic bicategoical definitions following [15].

Definition B.1. A bicategory is a tuple (B,1,¢,a,l,r) consisting of the following
data:

e Objects: B is equipped with a class By of objects or 0-cells.

o« Hom Categories: For each pair of objects X,Y the hom category B(X,Y) is a
category whose objects are called 1-cells and whose morphisms are called 2-cells.
The composition in a hom category is called vertical composition and the identity

morphisms are called identity 2-cells.

o Identity 1-cells: Each object X in B has a functor 1x : 1 — B(X, X) from the
category with one object and one morphism. The 1-cell that 1x picks out is called
the identity 1-cell of X.

e Horizontal Composition: For each triple of objects X,Y, Z € B there is a hori-

zontal composition functor
CX)Y,Z : B(Y, Z) X B(X,Y) — B(X, Z).
On 1-cells we write cxy,z(g, f) = gf and on 2-cells we write cx,y,z(8, ) = * a.

e Associator: For each quadruple of objects W, X,Y, Z € B there is a natural iso-

morphism
aw,x,y,z : cwx,z (cxy,z X idguw.x)) = cwy.z(ids, , Xew,x,y)
which are functors B(Y, Z) x B(X,Y) x B(W, X) — B(W, Z).

e Unitors: For each pair off objects X,Y € B there two natural isomorphisms, the

left unitor

Ixy :exyy(ly xidgxy)) — idgx,y)

101
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and the right unitor
rxy ex,xy(idgxy) X1x)
which are both between endofunctors of B(X,Y).
We will use the subscripts for the components of the natural transformations in the

following axioms. The data above is required to satisfy the following axioms for

any quadruple of horizontally composable 1-cells f € B(V,W),g € B(W,X),h €
B(X,Y), ke B(Y,Z):

e Unity Axiom: The following diagram in B(V, X) commutes.

(9lw)f ot g(lw f)

Tgm /g*lf

af

o Pentagon Axiom: The following diagram in B(V, Z) commutes.

/(kh)(gf)

Qkh,g,f wgf
((kh)g) f k(h(g1))
lahh’g*lf 1k*ah,gyf1\
(k(hg))f o] k((hg)f)

When it is clear from context a bicategory (B, 1, ¢, a,l,r) may be referred to by B alone.

Definition B.2. Let (B,1,¢,a,l,7) and (B',1',,d’,l’,r") be bicategories. A pseud-
ofunctor from B to B’ is a triple (F, F2,F°) : B — B’ consisting of the following
data:

o Objects: A function F' : By — B, on objects.
¢ Hom Categories: For each pair of objects X,Y € B a functor

F:B(X,Y) - B(FX,FY).

¢ Pseudo Functoriality Constraint: For each triple of objects X,Y,Z € B a nat-

ural isomorphism

F?.d(FxF)— Fc

between functors B(Y, Z) x B(X,Y) — B'(FX, FZ) with component 2-cells
FgQ’f :Fgo F'f — F(gf).
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e Pseudo Unity Constraint: For each object X € B a natural isomorphism
FO: 1%y — Flx
between functors 1 — B/(FX, FX) with component 2-cells F : 1%, — Flx.

The above data is required to satisfy the following axioms for any triple of horizontally
composable 1-cells f € B(W,X),g € B(X,Y),he€ B(Y,Z):

o Pseudo Associativity Axiom: The following diagram in B'(FW, FZ) commutes.

(FhoFg)oFf%Fho(FgoFf)

\LF}%’Q*].FJC lth*F;’f

F(hg)o Ff Fho F(gf)

2 2
lF R, f lF hoaf

F((hg)f) —— F(h(gf))

o Pseudo Left and Right Unity Axioms: The following diagrams in B'(FW, FX)

commute.

V. oFf —L  Ff Ffolly, — " Ff
Fg(*lFfl TFI IFf*F‘(/)Vl TF?"
1x.f Flw

A strict functor is a pseudofunctor in which F? and F© are identity natural transfor-

mations.

Definition B.3. Let (F, F?, F?) and (G, G?, G°) be pseudofunctors B — B'. A strong

transformation o : F' — G consists of the following data:

o Component 1-cells: For each object X € B a 1-cell ax € B/(FX,GX).

e Pseudo Naturality Constraints: For each pair of objects X,Y € B a natural

isomorphism « : %G — (ay )« F, with component 2-cells
ar: (Gf)ax — ay(Ff).
The above data is required to satisfy the following axioms for any pair of horizontally
composable 1-cells f € B(X,Y),g € B(Y, Z):
o Strong Unity Axiom: The following diagram in B'(F X, GX) commutes.

r—1

!
laxax ax axlpx

lGO*laX lmX*FO

(Glxax) = ax(Flx)
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o Strong Naturality Axiom: The following diagram in B'(FX,GX) commutes.

1 ag*lpf

(Gg) (ayFf) —“— ((Gg) ay) Ff ——= (azFg)Ff

1Gg*osz la

(Gg) ((Gf) ax) az ((Fg) (Ff))

zzT \LLIZ*F2
Gz*lax

((Gg) (Gf)) ax —%5 G(gf)ax —L—s azF(gf)
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