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Abstract

By considering arbitrary finite G-sets for a finite group G rather than just the orbits
G/H for subgroups H we realise the norm functor of Hoyer and the box product of Tam-
bara functors as instances of the same construction. Using similar constructions and
a new bicategorical framework we give characterisations of incomplete Mackey func-
tors and bi-incomplete Tambara functors as coherent monoids. A recent conjecture
of Blumberg and Hill is a corollary of our characterisation of bi-incomplete Tambara
functors. In particular, our characterisation of (O′a,O′m)-Tambara functors as coherent
(O′a,O′m)-monoids in (Oa,Om)-Tambara functors allows both additive and multiplica-
tive structure to be added simultaneously.

We also provide a notion of module category over a tight symmetric bimonoidal
category and use this to relate our characterisation to work of Hill and Hopkins on
equivariant symmetric monoidal structures.
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Chapter 1

Introduction

In his 1967 paper [4] defining equivariant cohomology theories Bredon introduced co-
efficient systems to encode cohomological information in a way recognising the action
of a discrete group G on a G-CW complex. Equivariant algebraic topology has devel-
oped significantly in the half-century since; a good survey is [21]. More recently, the
solution of Hill, Hopkins, and Ravenel [11] to the Kervaire invariant one problem (in
all dimensions except 126) has lead to increased research activity in equivariant stable
homotopy theory (ESHT). They have recently published a primer [12] on the solution
and the ESHT background required to understand it.

Coefficient systems come with restriction (and conjugation) maps. Mackey functors
were defined by Green [9] and Dress [8] as axiomatisations of the representation theory
of finite groups; they are coefficient systems equipped with transfer maps. The transfer
and restriction maps interact according to a Mackey decomposition formula, similar
to how induction and restriction interact in representation theory. Equivariant coho-
mology theories are represented by genuine G-spectra, stabilisation introduces transfer
maps so equivariant cohomology is Mackey functor valued.

In [23] Tambara introduced TNR functors (now called Tambara functors) which are
Mackey functors equipped with multiplicative transfer maps (now called norm maps).
Norm maps generalise tensor induction. In particular, norm maps interact with restric-
tion and transfer maps via relations analogous to the interactions of tensor induction
with restriction and ordinary induction respectively in representation theory. Brun
[5] showed that π0 of any commutative G-ring spectrum has the structure of a Tam-
bara functor and conversely Ullman [24] showed that there is an Eilenberg-MacLane
commutative G-ring spectrum for any Tambara functor.

A key construction in the solution to the Kervaire invariant one problem was that
of the norm functor from H-spectra to G-spectra for H a subgroup of G. Ullman
described this norm algebraically on Tambara functors in [24] in a way that still passed
through a category of spectra. Mazur’s thesis [22] contains an explicit description of
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2 CHAPTER 1. INTRODUCTION

the norm functor on Mackey functors for cyclic groups of prime power order: their
construction does not involve topology; it is purely algebraic. A construction for the
norm functor from H-Mackey functors to G-Mackey functors for H a subgroup of G
was given in Hoyer’s thesis [14] as a left Kan extension. This norm functor was key
to Hoyer’s characterisation of G-Tambara functors as a sort of coherent monoid in the
category of G-Mackey functors.

In [19] and [20] Lewis considers incomplete Mackey functors, that is Mackey functors
which are missing some transfer maps. Bousfield localisation can cause some norm maps
to disappear and so Blumberg and Hill consider incomplete Tambara functors, which
are missing some norm maps in [1]. They also consider incomplete Mackey functors in
[3]. Considering the possibility of missing some transfers and some norm, Blumberg
and Hill define bi-incomplete Tambara functors in [2].

The objects in equivariant algebra can be defined either with reference of the cat-
egory of finite G-sets SetG or, because finite G-sets are disjoint unions of orbits, the
full subcategory OrbG containing only the orbits G/H for H a subgroup of G. A com-
mon slogan in equivariant topology is that “orbits are points”, for instance the 0-cells
in G-CW complexes are orbits of points. It is also the case that the orbit approach
lends itself to a natural representation on the page (at least for relatively small finite
groups) in the form of Lewis diagrams. Hence there has been a bias toward the OrbG
definitions. In this thesis we will see that by considering slice categories of SetG rather
than OrbH for subgroups of G we can make more general constructions and in so doing
unify some concepts and simplify some proofs. One instance of this is our definition
of the norm functor of incomplete Mackey functors where O is an appropriate wide
subcategory of SetG.

Definition 1.1. Given a map ϕ : X → Y of G-sets so that if pA : A → X ∈ O then
πY : Πφ(A, pA) → Y, (y, σ) 7→ y is also in O, and M ∈ sMackOX we define NφM to be
the left Kan extension of M along Πφ.

AOX Set

AOY

M

Πφ
LanΠφM=:NφM

If O = SetG then when ϕ is the quotient map G/H → G/G our norm recovers
the norm NG

H of Hoyer, and when ϕ is the fold map ∗ q ∗ → ∗ our norm recovers
the box product of Mackey functors. Hence our definition unifies these two important
constructions.

The two main results of this thesis are characterisation results along the lines of
Hoyer’s characterisation on G-Tambara functors, the second one being a generalisation
of it. Our first main theorem characterises incomplete Mackey functors.
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Theorem 1.2. For a finite group G and a pair O,O′ of indexing categories such that
O is a subcategory of O′, the O′-Mackey functors are precisely the coherent O′-monoids
in MackO∗ . That is, there is an equivalence between the category of coherent O′-monoids
in MackO∗ and the category MackO

′
∗ .

It is a corollary that G-Mackey functors are a type of coherent monoid in the
category of G-coefficient systems. Our second main theorem is a characterisation of
bi-incomplete Tambara functors.

Theorem 1.3. Let be a finite group G, and let (Oa,Om) and (O′a,O′m) be compatible
pairs of indexing categories such that (Oa,O′m) is a compatible pair of indexing cate-
gories, Oa is a subcategory of O′a, and Om is a subcategory of O′m. Then (O′a,O′m)-
Tambara functors are precisely the coherent (O′a,O′m)-monoids in Tamb

(Oa,Om)
∗ . That

is, there is an equivalence between the category of coherent (O′a,O′m)-monoids in
Tamb

(Oa,Om)
∗ and the category Tamb

(O′
a,O′

m)
∗ .

Hoyer’s characterisation is a corollary of this theorem. Another corollary of this
theorem is a conjecture of Blumberg and Hill [2, Conjecture 7.94] which is the case
where Oa = O′a. While this thesis was in preparation Chan [6] provided a proof of this
conjecture by proving [2, Conjecture 7.90]. We note that our approach is different and
our result more general.

In order to compare our results to previous work we develop a notion of module
category over a tight symmetric bimonoidal category which is a categorification of the
notion of a module over a ring. We see that the approach of previous work should also
work to prove Theorem 1.3 when Om = O′m, but it is not clear how one would prove
the general statement with that approach.
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Chapter 2

Coefficient Systems and Module
Categories

In this chapter we explain what coefficient systems and module categories are, showing
that the category of the former is one of the latter.

In Section 2.1, we describe change of base functors between slice categories over
finite G-sets and important relationships between them.

In Section 2.2, we define coefficient systems and some constructions on them.
In Section 2.3, we give a definition of module category over a tight symmetric bi-

monoidal category and use this to construct a new definition of a G-symmetric monoidal
structure on a category. We show that there is such a structure on the category of co-
efficient systems.

2.1 G-set Preliminaries

Throughout this thesis G will always refer to a finite group and SetG will always refer
to the category of finite G-sets and G-equivariant functions between them. We write
SetGX for the slice category of finite G-sets over a finite G-set X. In this first section we
describe some important functors between such slice categories and their properties.
These change of base functors will be the basis of important constructions on our objects
of interest.

Notation 2.1. Objects in slice categories SetGX are pairs (A, pA) with pA : A → X a
G-equivariant map. For the sake of readability we will often suppress pA.

Definition 2.2. Given morphisms f : A→ B and g : B → C of G-sets the dependent
product of f along g is the set

Πg(A, f) :=

{
(c, σ)

∣∣∣∣∣ c ∈ C, σ : g−1(C)→ A is a function of sets such that
fσ(b) = b for all b

}
.

5



6 CHAPTER 2. COEFFICIENT SYSTEMS AND MODULE CATEGORIES

This is a G-set via the action γ · (c, σ) = (γc, γ · σ) where (γ · σ)(b) = γ(σ(γ−1b)) for
all b ∈ g−1(γc).

Definition 2.3. A morphism ϕ : X → Y of G-sets induces base change functors

SetGY SetGX∆φ

Σφ

Πφ

defined as follows:

• On objects we have Σφ(A, pA) = (A,ϕpA) and on morphisms

Σφ :

 A B

X

pA

f

pB

 7→
 A B

Y

φpA

f

φpB

 .

• On objects we have ∆φ(U, pU ) = (X ×Y U, prX) where prX : (x, u) 7→ x is the
pullback of pU along ϕ (that is projection onto the X coordinate) and on morphisms

∆φ :

 U V

Y

pU

f

pV

 7→
 X ×Y U X ×Y V

X
prUX

idX ×Y f

prVX

 .

• On objects we have that Πφ(A, pA) is the dependent product of pA along ϕ and on
morphisms

Πφ :

 A B

X

pA

f

pB

 7→


ΠφA ΠφB

Y

πY

f∗

πY


where πY : (y, σ) 7→ y is projection onto the Y coordinate, and f∗ : (y, σ) 7→ (y, fσ).

Remark 2.4. For any subgroup H of G the categories SetGG/H and SetH are equivalent
via the functors

SetGG/H → SetH , A 7→ p−1A (eH)

SetH → SetGG/H , A 7→ (G×H A, [g, x] 7→ gH).

Across this equivalence are functors

SetG SetHiGH

G×H−

MapH(G,−)

where, for the collapse map ϕ : G/H → G/G, the functors Σφ,∆φ, and Πφ correspond
to G×H −, iGH , and MapH(G,−) respectively.
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Proposition 2.5. For any morphism of G-sets ϕ : X → Y , the functor ∆φ is right
adjoint to Σφ and left adjoint to Πφ.

Proof. We construct an isomorphism

Φ : SetGY (ΣφA,B)
∼=−→ SetGX(A,∆φB)

natural in (A, pA) and (B, pB) by

Φ :


ΣφA B

Y

φpA

f

pB

 7→


A ∆φB

X

f̂

pA prX


where f̂ : a 7→ (pA(a), f(a)). The inverse isomorphism is given by

Φ−1 :


A ∆φB

X

g

pA prX

 7→


ΣφA B

Y

g̃

φpA pB


where g̃ : a 7→ prB(g(a)).

We construct an isomorphism

Ψ : SetGX(∆φB,A)
∼=−→ SetGY (B,ΠφA)

natural in (A, pA) and (B, pB) by

Ψ :


∆φB A

X

f

prX pA

 7→


B ΠφA

Y

f̂

pB πY


where f̂ : b 7→ (pB(b), x 7→ f(x, b)). The inverse isomorphism is given by

Ψ−1 :


B ΠφA

Y

g

pB πY

 7→


∆φB A

X

g̃

prX pA


where g̃ : (x, b) 7→ πσ(g(b))(x) and πσ : (y, σ) 7→ σ.

The unit of the adjunction ∆φ a Πφ has components

ηB : B → Πφ(X ×Y B), b 7→ (pB(b), x 7→ (x, b)).

Where necessary to distinguish between unit maps coming from different adjunctions
we will write ηφB.
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The following relationship between the change of base functors and pullback squares
is the source of double coset formulas like the Mackey decomposition formula from
representation theory. It will play a significant role in the later chapters.

Lemma 2.6. Let

X ×Z Y Y

X Z

prY

prX β

α

be a pullback square in SetG. Then there are natural isomorphisms ∆βΣα ∼= ΣprY∆prX

and ∆β Πα ∼= ΠprY ∆prX .

Proof. We have
∆βΣα(A, pA) = ∆β(A,αpA) = (A×Z Y, prY )

and

ΣprY∆prX (A, pA) = ΣprY (A×X (X ×Z Y ), prX×ZY ) = (A×X (X ×Z Y ), prY ).

These objects are naturally isomorphic in SetGY via the inverse maps

A×Z Y → A×X (X ×Z Y ), (a, y) 7→ (a, (pA(a), y))

A×X (X ×Z Y ), (a, (x, y)) 7→ (a, y).

We have
∆β Πα(A, pA) = Y ×X Πα(A, pA)

and
ΠprY ∆prX (A, pA) = ΠprY (A×X (X ×Z Y ), prX×ZY ).

These objects are naturally isomorphic in SetGY via the inverse maps

Y ×X Πα(A, pA)→ ΠprY (A×X (X ×Z Y ), prX×ZY ),

(y, (z, σ)) 7→ (y, (x, y) 7→ (σ(x), (x, y)))

and

ΠprY (A×X (X ×Z Y ), prX×ZY )→ Y ×Z Πα(A, pA),

(y, σ) 7→ (y, (β(y), x 7→ prA(σ(x, y)))).

Remark 2.7. Typically one would replace A×X (X ×Z Y ) with A×Z Y because the
universal properties they satisfy are equivalent so there is a unique isomorphism between
them which preserves these universal properties. However, when we start considering
things bicategorically in Section 3.3 it will be important that our machinery encodes
these isomorphisms.
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Definition 2.8. Given morphisms f : X → Y and g : Y → Z in SetG the commutative
diagram

Y ×Z Πg(X, f) Πg(X, f)

X Y Z

prΠg(X,f)

ev πZ

f g

where ev is the evaluation map (y, σ) 7→ σ(y) is called the canonical exponential
diagram generated by f and g. An exponential diagram is a diagram in SetG which
is isomorphic to a canonical exponential diagram. Exponential diagrams encode the
distributivity of multiplicative structures over additive structures.

Proposition 2.9. Let f : X → Y and g : Y → Z be morphisms in SetG. Then the
functors Πg Σf and ΣπZ ΠprΠg X ∆ev are naturally isomorphic.

Proof. We have
Πg Σf (A, pA) = (Πg(A, gpA), (z, σ) 7→ z)

and

ΣπZ ΠprΠg X ∆ev(A,pA) = ΣπZ ΠprΠg X (A×X (Y ×Z Πg(X, f)), prY×ZΠg(X,f))

= (ΠprΠg X (A×X (Y ×Z Πg(X, f)), prY×ZΠg(X,f)), ((z, σ), ω) 7→ z).

These objects are naturally isomorphic in SetGZ via the inverse maps

Πg(A, gpA)→ ΠprΠg X (A×X (Y ×Z Πg(X, f)), prY×ZΠg(X,f))

(z, σ) 7→ ((z, y 7→ pAσ(y)), (y, (g(y), ψ)) 7→ (σ(y), (y, (g(y), ψ))))

and

ΠprΠg X (A×X (Y ×Z Πg(X, f)), prY×ZΠg(X,f))→ Πg(A, fpA)

((z, σ), ω) 7→ (z, y 7→ prA(ω(y, (z, σ)))).

2.2 Coefficient Systems

We will develop the story of coefficient systems as a warm up to Mackey and Tambara
functors.

Notation 2.10. As with objects in SetGX for objects (A, pA) ∈ (SetGX)
op we will usually

just write A suppressing the pA to improve readability.

Definition 2.11. Let G be a finite group and let X be a G-set. A G-semi-coefficient
system over X is a product-preserving functor from (SetGX)

op to the category of com-
mutative monoids

C : (SetGX)
op → CMon.
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The collection of G-semi-coefficient systems over X and natural transformations be-
tween them forms a category which we will denote sCoeffGX . The product in (SetGX)

op

is disjoint union so, because C is product-preserving, C(∅) is always a singleton. For
f : A→ B in SetGX we write resf for the map C(f) : C(B)→ C(A) which we call the
restriction map along f .

A G-coefficient system over X is a G-semi-coefficient system C over X such
that C(A) is an abelian group for all A ∈ (SetGX)

op. This is equivalent to requiring
that C be a product-preserving functor (SetGX) → Ab. We write CoeffGX for the full
subcategory of G-coefficient systems over X in sCoeffGX . We will write sCoeffG∗ and
CoeffG∗ for sCoeffGG/G and CoeffGG/G, respectively, and drop “over G/G” when referring
to their objects. We note that because SetGG/H and SetH are equivalent the categories
sCoeffGG/H and sCoeffH∗ are also equivalent, as are the categories CoeffGG/H and CoeffH∗ .

Coefficient systems first appeared in [4] as a replacement for abelian groups as the
appropriate notion of coefficients for equivariant cohomology. It is common to define
them as a functor out of the category OrbG, the full subcategory of SetG containing
the orbits of G, that is, finite G-sets of the form G/H for H a subgroup of G. We can
do this because every finite G-set is a disjoint union of orbits and any G-equivariant
map between them can be written in terms of morphisms in OrbG, so the product-
preserving condition means that C ∈ sCoeffGX is determined by what it does on OrbG.
This approach is natural from the view of equivariant topology where G-CW complexes
are built from n-cells of the form G/H×Dn, and so 0-cells are G/H×D0 ∼= G/H leading
to the slogan “orbits are points”. However we will see that for coefficient systems, and
later Mackey and Tambara functors, that considering SetG unifies some constructions
that appear distinct from the OrbG perspective.

The change of base functors from Definition 2.3 induce functors on the opposite
categories, we will use the same notation for these functors. For purely formal reasons
these functors still form adjoint pairs as in Proposition 2.5 but with the directions of
the adjunctions reversed, so that ∆φ is left adjoint to Σφ and right adjoint to Πφ. For
instance

(SetGY )
op(U,ΣφA) = SetGY (ΣφA,U)

∼= SetGX(A,∆φU) = (SetGX)
op(∆φU,A).

A similar argument shows Πφ a ∆φ between (SetGX)
op and (SetGY )

op.
Now we describe the restriction and transfer functor constructions on semi-coefficient

systems, and prove some basic properties about them. These functors will be used to
show that CoeffGX is a module category.

Definition 2.12. Let ϕ : X → Y be a morphism in SetG and C ∈ sCoeffGY . We define
RφC as the left Kan extension of C along ∆φ.
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(SetGY )
op CMon

(SetGX)
op

C

∆φ
Lan∆φ C=:RφC

Write αC : C → ∆φ(RφC) for the universal map of the left Kan extension. Given a
morphism C

f−→ D in sCoeffGY there is a morphism Rφ(f) : RφC → RφD such that
Rφ(f)αC = αDf by the universal property of αC . This gives a functor Rφ : sCoeffGY →
sCoeffGX ; we call this the restriction functor along ϕ.

The restriction functor admits a convenient explicit description.

Proposition 2.13. Given C ∈ sCoeffGY and ϕ : X → Y in SetG we have RφC = CΣφ.

Proof. This is a direct application of enriched Yoneda reduction [17, 4.28]. That is, the
enriched version of Lemma A.2, setting K = ∆φ, H = Σφ, and F = C.

Lemma 2.14. Let C ∈ sCoeffGY and ϕ : X → Y in SetG, then RφC ∈ sCoeffGX .

Proof. We note that Σφ preserves products, so as a composition of product-preserving
functors RφC is product-preserving.

The restriction functor takes coefficient systems to coefficient systems.

Lemma 2.15. If C ∈ CoeffGY then RφC ∈ CoeffGX .

Proof. Given A ∈ (SetGX)
op we have RφC(A) = C(ΣφA) which is an abelian group

since C ∈ CoeffGY .

Definition 2.16. Given a morphism ϕ : X → Y in SetG and C ∈ sCoeffGX , we define
TφC as the right Kan extension of C along Σφ.

(SetGX)
op CMon

(SetGY )
op

C

Σφ
RanΣφ C=:TφC

Write αC : Σφ(RφC) → C for the universal map of the right Kan extension. Given
a morphism C

f−→ D in sCoeffGX there is a morphism Tφ(f) : TφC → TφD such that
αDTφ(f) = fαC by the universal property of αD. This gives a functor Tφ : sCoeffGX →
sCoeffGY ; we call this the transfer functor along ϕ.

The transfer functor admits a convenient explicit description.

Proposition 2.17. Given C ∈ sCoeffGX and ϕ : X → Y in SetG we have TφC = C∆φ
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Proof. Using the objectwise formula for a right Kan extension the value on objects is
given by

TφC(A, pA) ∼=
∫
(SetGX)op

[(SetGY )
op(A,ΣφB), C(B)] dB

∼=
∫
(SetGX)op

[(SetGX)
op(∆φA,B), C(B)] dB

∼= C(∆φA) = C(X ×Y A, prX)

where the second isomorphism uses the adjunction ∆φ a Σφ and the third uses the
enriched (co)Yoneda lemma. So TφC and C∆φ agree on objects. As each of the
isomorphisms are natural in (A, pA) they also agree on morphisms. The above is an
application of the dual statement to the enriched version of Lemma A.2.

Lemma 2.18. Let C ∈ sCoeffGX and ϕ : X → Y be in (SetG)op, then TφC ∈ sCoeffGY .

Proof. As ∆φ is a right adjoint it preserves limits and so in particular preserves prod-
ucts. So as a composition of product-preserving functors TφC preserves products.

The transfer functor takes coefficient systems to coefficient systems.

Lemma 2.19. If C ∈ CoeffGX then TφC ∈ CoeffGY .

Proof. Given (A, pA) ∈ (SetGY )
op we have TφC(A, pA) = C(∆φ(A, pA)) which is an

abelian group as C ∈ CoeffGX .

Proposition 2.20. Let

X ×Z Y Y

X Z

prY

prX β

α

be a pullback square in SetG. Then the functors RβTα and TprYRprX are naturally
isomorphic.

Proof. By applying the natural isomorphism ∆βΣφ ∼= ΣprY∆prX from Lemma 2.6 we
have

RβTαC = C∆βΣα ∼= CΣprY∆prX = TprYRprXC.

Definition 2.21. For (A, pA) ∈ SetGX and C ∈ sCoeffGX define

A� C := TpARpAC.

This gives a functor −�− : (SetGX)∼= × sCoeffGX → sCoeffGX .
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Lemma 2.22. For the fold map ∇ : X qX → X we have

(X qX,∇)� C(A, pA) ∼= C(A, pA)⊕ C(A, pA).

Proof. We have

(X qX)� C(A, pA) ∼= T∇R∇C(A, pA) ∼= R∇C(∆∇(A, pA))
∼= R∇C(AqA, pA q pA) ∼= C(Σ∇(AqA, pA q pA))
∼= C(AqA, (pA, pA)) ∼= C(A, pA)⊕ C(A, pA)

Definition 2.23. The sum of two G-coefficient systems C and D is the G-coefficient
system C ⊕D with (C ⊕D)(A) = C(A)⊕D(A).

We let 0 be the G-coefficient system with 0(A) = 0 for all A ∈ (SetG)op. Then 0

acts as as identity object with respect to ⊕.

Lemma 2.24. Both (sCoeffGX ,⊕, 0) and (CoeffGX ,⊕, 0) are symmetric monoidal cate-
gories.

2.3 Module categories over bimonoidal categories

In [22] a G-symmetric monoidal structure on C is defined to be a functor

(−)� (−) : SetG∼=×C → C,

where SetG∼= is the wide subcategory containing only isomorphisms, such that

• (X q Y )� C is isomorphic to (X � C)⊗ (Y � C), naturally in X, Y , and C,

• when X has a trivial G-action X � − is the canonical exponentiation functor with
X � C = C⊗|X|,

• and X � (Y � C) is isomorphic to (X × Y )� C, naturally in X, Y , and C.

We have an alternate definition which is stricter but includes all cases the author is
aware of. The following definition is [16, Volume 1, Definition 2.1.2] and is a categori-
fication of the notion of a commutative ring. Our definition of G-symmetric monoidal
(and generalisations) will be a categorification of the notion of a module over a ring for
a specific tight symmetric bimonoidal category.

Definition 2.25. A tight symmetric bimonoidal category is a tuple(
C, (⊕, 0, α⊕, λ⊕, ρ⊕, β⊕), (⊗, 1, α⊗, λ⊗, ρ⊗, β⊗), (λ•, ρ•), (δL, δR)

)
consisting of the following data:
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• Additive Structure: The tuple (C,⊕, 0, α⊕, λ⊕, ρ⊕, β⊕) is a symmetric monoidal
structure where α⊕ is the associator, λ⊕ and ρ⊕ are the left and right unitors
respectively, and β⊕ is the commutator.

• Multiplicative Structure: The tuple (C,⊗, 1, α⊗, λ⊗, ρ⊗, β⊗) is a symmetric monoi-
dal structure with α⊗ is the associator, λ⊗ and ρ⊗ are the left and right unitors
respectively, and β⊗ is the commutator.

• Multiplicative Zero: The natural isomorphisms λ• and ρ• with components λ•X :

0⊗X
∼=−→ 0 and ρ•X : X ⊗ 0

∼=−→ 0 for X ∈ C are the left and right multiplicative zero
respectively.

• Distributivity: The natural isomorphisms δL and δR with components

δLX,Y,Z : X ⊗ (Y ⊕ Z)
∼=−→ (X ⊗ Y )⊕ (X ⊗ Z),

δRX,Y,Z : (X ⊕ Y )⊗ Z
∼=−→ (X ⊗ Z)⊕ (Y ⊗ Z)

are left distributivity and right distributivity respectively.

This data is required to satisfy coherence axioms in the form of commutative diagrams.
We do not list these here but the interested reader can find them under [16, Volume 1,
Definition 2.1.2].

Our definitions of incomplete Mackey functors and bi-incomplete Tambara functors
involve subcategories of SetG satisfying the following properties.

Definition 2.26. Let C be a category. A subcategory A of C is

• wide if it contains all objects in C;

• pullback stable if for any morphism f in A and any morphism g in C, the pullback
of f along g is contained in A;

• finite coproduct complete if for any finite set of objects {X1, . . . , Xn} in A their
coproduct

∐n
i=1Xi is contained inA and agrees with the coproduct in C, this includes

the empty coproduct.

Following [1], if O is a wide, pullback stable, finite coproduct complete subcategory
of SetG we call it an indexing category. Indexing categories will be used to define
incomplete Mackey functors and bi-incomplete Tambara functors in later chapters. The
following lemma is an immediate consequence of [1, Lemma 3.2] and [1, Proposition
3.1].

Lemma 2.27. If O is an indexing category then O contains all monomorphisms.
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Definition 2.28. Let O be an indexing category and X be a finite G-set. We write
OX for the slice category of O over X.

We will see that these slice categoriesOX are tight symmetric bimonoidal categories.

Definition 2.29. A symmetric monoidal category (C,⊗, 1, α, λ, ρ, β) is distributive
if C has all finite coproducts and the natural morphisms

(X ⊗ Y )q (X ⊗ Z)→ X ⊗ (Y q Z) (2.30)

(X ⊗ Z)q (Y ⊗ Z)→ (X q Y )⊗ Z (2.31)

∅ → X ⊗ ∅ (2.32)

∅ → ∅ ⊗X (2.33)

where ∅ is the empty coproduct are isomorphisms for all X,Y, Z ∈ C.

The following proposition is [16, Volume 1, Proposition 2.3.2].

Proposition 2.34. If (C,⊗, 1, α, λ, ρ, β) is a distributive symmetric monoidal category
then C has the structure of a tight symmetric bimonoidal category where we have:

• Additive Structure: Is given by the coproduct functor with the empty coproduct as
the identity object, (C,q, ∅, αq, λq, ρq, βq). The structure natural transformations
are given by the universal properties of coproducts.

• Multiplicative Structure: Is the symmetric monoidal structure we started with,
(C,⊗, 1, α, λ, ρ, β).

• Multiplicative Zero: Are the inverse maps to 2.32 and 2.33.

• Distributivity: Are the inverse maps to 2.30 and 2.31.

Proposition 2.35. For O an indexing category and X a finite G-set, the category OX
is a tight symmetric bimonoidal category with respect to disjoint union and pullback
over X.

Proof. There is a symmetric monoidal structure (OX ,×X , idX , α×, λ×, ρ×, β×) on OX
where ×X is pullback over X, which is the categorical product in OX . The structure
natural transformations are given by the universal properties of products. The cate-
gorical coproduct in OX is disjoint union, and we note that there are obvious natural
isomorphisms

(A×X B)q (A×X C)
∼=−→ A×X (B q C)

(A×X C)q (B ×X C)
∼=−→ (AqB)×X C

∅
∼=−→ A×X ∅
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∅
∼=−→ ∅ ×X A

so (OX ,×X , idX , α×, λ×, ρ×, β×) is a distributive symmetric monoidal category, and
hence is a tight symmetric bimonoidal category with the structure described in Propo-
sition 2.34.

Note that the maximal groupoid (the wide subcategory containing precisely the
isomorphisms) in OX still contains all the structural morphisms and so is also a tight
symmetric bimonoidal category, we will write (OX)∼= for this category.

Corollary 2.36. The groupoid of finite G-sets over X, (SetGX)∼=, is a tight symmetric
bimonoidal category under disjoint union and pullback over X.

Now that we have defined our tight symmetric bimonoidal categories of interest we
need to define what it means for a category to be a module over such a thing.

Definition 2.37. A module category over a tight symmetric bimonoidal category
(C, (⊕, 0, α⊕, λ⊕, ρ⊕, β⊕), (⊗, 1, α⊗, λ⊗, ρ⊗, β⊗), (λ•, ρ•), (δL, δR)) is a tuple

(A, (I,2, α2, λ2, ρ2, β2), (∗, λ∗, α∗), (dL, dR), (ξL, ξR))

consisting of the following data:

• Symmetric Monoidal Structure: The tuple (A, I,2, α2, λ2, ρ2, β2) is a sym-
metric monoidal structure where α2 is the associator, λ2 and ρ2 are the left and
right unitors respectively, and β2 is the commutator.

• Module Structure: A functor ∗ : C × A → A together with a (left) unit natural
isomorphism λ∗ : 1∗−

∼=−→ idA and for each triple (X,Y,A) with X,Y ∈ C and A ∈ A
an associativity isomorphism α∗X,Y,A : X ∗ (Y ∗ A)

∼=−→ (X ⊗ Y ) ∗ A natural in X,Y,

and A.

• Distributivity Constraints: For X,Y ∈ C and A,B ∈ A left and right distributiv-
ity isomorphisms dLX,Y,A : (X⊕Y )∗A

∼=−→ (X∗A)2(Y ∗A) and dRX,A,B : X∗(A2B)
∼=−→

(X ∗A)2(X ∗B) natural in X,Y,A, and B.

• Multiplicative Zero: For X ∈ C and A ∈ A natural isomorphisms with compo-
nents ξLA : 0 ∗A

∼=−→ I and ξRX : X ∗ I
∼=−→ I.

This data is required to satisfy coherence axioms which take the form of diagrams which
must commute for any X,Y, Z ∈ C and any A,B ∈ A:

• Braiding and Distributivity

(X ⊕ Y ) ∗A (X ∗A)2(Y ∗A)

(Y ⊕X) ∗A (Y ∗A)2(X ∗A)

dL

β⊕∗id β2

dL

X ∗ (A2B) (X ∗A)2(X ∗B)

X ∗ (B2A) (X ∗B)2(X ∗A)

dR

id ∗β2 β2

dR
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• Associativity and Distributivity:

((X ⊕ Y )⊕ Z) ∗A ((X ⊕ Y ) ∗A)2(Z ∗A) ((X ∗A)2(Y ∗A))2(Z ∗A)

(X ⊕ (Y ⊕ Z)) ∗A (X ∗A)2((Y ⊕ Z) ∗A) (X ∗A)2((Y ∗A)2(Z ∗A))

dL

α⊕∗id

dL2 id

α2

dL id2dL

X ∗ ((A2B)2C) (X ∗ (A2B))2(X ∗ C) ((X ∗A)2(X ∗B))2(X ∗ C)

X ∗ (A2(B2C)) (X ∗A)2(X ∗ (B2C)) (X ∗A)2((X ∗B)2(X ∗ C))

dR

id ∗α2

dR2 id

α2

dR id2dR

(X ⊗ Y ) ∗ (A2B) ((X ⊗ Y ) ∗A)2((X ⊗ Y ) ∗B)

X ∗ (Y ∗ (A2B)) X ∗ ((Y ∗A)2(Y ∗B)) (X ∗ (Y ∗A))2(X ∗ (Y ∗B))

dR

α∗ α22α2

id ∗dR dR

• 2-by-2 Distributivity

(X ⊕ Y ) ∗ (A2B) ((X ⊕ Y ) ∗A)2((X ⊕ Y ) ∗B)

(X ∗ (A2B))2(Y ∗ (A2B)) ((X ∗A)2(Y ∗A))2((X ∗B)2(Y ∗B))

((X ∗A)2(X ∗B))2((Y ∗A)2(Y ∗B)) (X ∗A)2((Y ∗A)2((X ∗B)2(Y ∗B)))

(X ∗A)2((X ∗B)2((Y ∗A)2(Y ∗B))) (X ∗A)2(((Y ∗A)2(X ∗B))2(Y ∗B))

(X ∗A)2(((X ∗B)2(Y ∗A))2(Y ∗B)) (X ∗A)2(((X ∗B)2(Y ∗A))2(Y ∗B)

dR

dL dL2dL

dR2dR α2

α2 id2(α2)−1

id2(α2)−1 id2(β22 id)

• Multiplication of Additive Units: 0 ∗ I I
ξL

ξR

• Multiplication by Additive Unit and Distributivity:

0 ∗ (A2B) (0 ∗A)2(0 ∗B)

I I2I

dR

ξL ξL2ξL

λ2

(X ⊕ Y ) ∗ I (X ∗ I)2(Y ∗ I)

I I2I

dl

ξR ξR2ξR

λ2

• Multiplication by Additive Unit and Associativity:

(X ⊗ 0) ∗A X ∗ (0 ∗A) X ∗ I

0 ∗A I

α∗

ρ•∗id

id ∗ξL

ξR

ξL
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(0⊗X) ∗A 0 ∗ (X ∗A)

0 ∗A I

α∗

λ•∗id ξL

ξL

(X ⊗ Y ) ∗ I X ∗ (Y ∗ I)

I X ∗ I

α∗

ξR id ∗ξR

ξR

• Multiplication by Additive Unit and Distributivity:

X ∗ (I2A) (X ∗ I)2(X ∗A)

X ∗A I2(X ∗A)

dR

id ∗λ2 ξR2 id

λ2

X ∗ (A2I) (X ∗A)2(X ∗ I)

X ∗A (X ∗A)2I

dR

id ∗ρ2 id2ξR

ρ2

(0⊕X) ∗A (0 ∗A)2(X ∗A)

X ∗A I2(X ∗A)

dL

λ⊕∗id ξL2 id

λ2

(X ⊕ 0) ∗A (X ∗A)2(0 ∗A)

X ∗A (X ∗A)2I

dL

ρ⊕ id2ξL

ρ2

• Multiplicative Unit and Distributivity:

1 ∗ (A2B) (1 ∗A)2(I ∗B)

A2B

dR

λ∗ λ∗2λ∗

• Multiplicative Unit and Associativity:

(1⊗X) ∗A 1 ∗ (X ∗A)

X ∗A

α∗

λ⊗∗id λ∗

(X ⊗ 1) ∗A X ∗ (1 ∗A)

X ∗A

α∗

ρ⊗∗id id ∗λ∗

Definition 2.38. A G-symmetric monoidal category over X for X a finite G-set
is a module category over (SetGX)∼=. We note that our definition is non-standard, there
are a few different notions of G-symmetric monoidal category in the literature.

Theorem 2.39. Let X be a finite G-set and O be an indexing category. The category of
G-coefficient systems over X is a module category over (OX)∼= with the action functor
� : (OX)∼= × CoeffGX → CoeffGX given by (A,ϕ)� C = TφRφC.

Proof. By Lemma 2.24 (CoeffGX ,⊕, 0) is a symmetric monoidal category. Noting that
on objects we have (C ⊕D)(X) = C(X) ⊕D(X) the structure natural isomorphisms
have the component maps α⊕X : ((a, b), c) 7→ (a, (b, c)), λ⊕X : (0, a) 7→ a, ρ⊕X : (a, 0) 7→ a,
β⊕X : (a, b) 7→ (b, a). For (A,ϕ), (B,ψ) ∈ (OX)∼= we declare the following structure
natural isomorphisms:
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• Let λ� : idX �C = TidXRidXC → C be the map specified on objects by

TidXRidXC(V ) = CΣidX∆idX (V ) = C(X ×X V )→ C(V )

which is C applied to (the opposite of) the map V
∼=−→ X ×X V, v 7→ (pV (v), v) of

G-sets.

• Let α� : ψ � (ϕ�C) = TψRψTφRφC → TψprBRφprAC = (ψ ×X ϕ)�C be the map

TψRψTφRφC
∼=−→ TψTprBRprARφC

∼=−→ TψprBRφprAC

where the first natural isomorphism comes from Proposition 2.20.

• Let dL� : (ϕ q ψ) � C = TφqψRφqψC → TφRφC ⊕ TψRψC = (ϕ � C) ⊕ (ψ � C)
be the map coming from applying C to the isomorphism (A×X V )q (B ×X V )

∼=−→
(AqB)×X V , we have

TφqψRφqψC(V ) = CΣ(φqψ)∆(φqψ)(V ) = C((AqB)×X V )

∼= C((A×X V )q (B ×X V ) = C(A×X V )⊕ C(B ×X V )

= CΣφ∆φ(V )⊕ CΣψ∆ψ(V ) = TφRφC(V )⊕ TψRψC(V )

= (TφRφC ⊕ TψRψC)(V ).

• Let dR� : ϕ� (C ⊕D) = TφRφ(C ⊕D)→ TφRφC ⊕TφRφD = (ϕ�C)⊕ (ϕ�D) be
the natural identity. We have

TφRφ(C ⊕D)(V ) = (C ⊕D)Σφ∆φ(V ) = (C ⊕D)(A×X V )

= C(A×X V )⊕D(A×X V ) = CΣφ∆φ(V )⊕DΣφ∆φ(V )

= TφRφC(V )⊕ TφRφD(V ) = (TφRφC ⊕ TφRφD)(V )

• Note that if ζ : ∅ → X then TζRζC = 0 so let ξL� : ζ � C = TζRζC = 0→ 0 be the
identity natural transformation.

• Let ξR� : ϕ� 0 = TφRφ0 = 0→ 0 be the identity natural transformation.

It remains to check that the coherence diagrams from Definition 2.37 are satisfied. This
is a straightforward but lengthy exercise and is left to the interested reader.

Finally, we define the notion of a monoid in a module category which we will refer
back to in later chapters.

Definition 2.40. Let A be a module category over the maximal groupoid C∼= of a tight
symmetric bimonoidal category C with action functor ∗ : C∼= ×A → A, a C-monoid is
an object X ∈ A together with an extension − ∗X to C.

C∼= A

C

−∗X
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Notice that if A is a monoidal category, C is the category of finite sets, and we take
S ∗X = X⊗|S|, then a C-monoid is precisely a monoid object in A.



Chapter 3

Incomplete Mackey Functors

Mackey functors, which are often considered an equivariant analogue for abelian groups,
are coefficient systems equipped with transfer (or induction) maps corresponding to
the restriction maps. Transfer maps are morphisms with the opposite variance to the
restriction maps, and which satisfy a relation determined by pullback when composed
with them. An incomplete Mackey functor is one which does not have all possible
transfer maps. In this chapter we provide a characterisation of incomplete Mackey
functors as less complete Mackey functors equipped with an appropriate pseudofunctor
which encodes the information of the extra transfer maps.

In Section 3.1 we define Lindner categories.

In Section 3.2 we define (incomplete) Mackey functors and some constructions on
them. In particular, we see that our approach to the norm functor realises previously
defined norm functors of Mackey functors and the box product of Mackey functors as
the same construction.

In Section 3.3 we define some bicategorical gadgets that are used for the main result
of the chapter.

In Section 3.4 we prove the main result of the chapter: the category of coherent
O′-monoids in the category of O-Mackey functors is equivalent to the category of O′-
Mackey functors. A corollary of this result is that G-Mackey functors are precisely the
coherent SetG-monoids in the category of G-coefficient systems.

In Section 3.5 we show that the category of O-Mackey functors is a module cate-
gory over a tight symmetric bimonoidal category determined by O. We also provide
a comparison to another characterisation of O-Mackey functors by modifying some
definitions appearing in [10].

21



22 CHAPTER 3. INCOMPLETE MACKEY FUNCTORS

3.1 O-Lindner categories

Definition 3.1. Let X be a finite G-set, and O be a wide, pullback stable, finite co-
product complete subcategory of SetG. Following [1], we call O an indexing category.
An O-transfer span over X from (A, pA) to (C, pC) is a diagram in SetG of the form

A B C

X X X

pA

f g

pB pC

such that g is in O. An isomorphism of O-transfer spans over X from (A, pA) to (C, pC)

is an isomorphism ϕ : B → B′ of G-sets such that the following diagram commutes

B

A B′ C

X

f
g

φpB

pA

f ′ g′

pB′
pC

Definition 3.2. The O-Lindner category AOX over X is the category whose objects
are pairs (A, pA) where A is a finite G-set and pA is a G-equivariant map A→ X, and
whose morphisms are isomorphism classes of O-transfer spans over X. Composition
in an O-Lindner category is defined by pullback; given a pair of morphisms in AOX
represented by transfer spans over X, (A

f←− B
g−→ C) and (C

h←− D
i−→ E), their

composition is represented by the transfer span over X, (A fprB←−−− B ×C D
iprD−−−→ E).

We note that iprD is in O because prD is the pullback of g and O is pullback stable.
Further, this composition is associative because we are considering isomorphism classes
of transfer spans over X.

Notation 3.3. For objects (A, pA) in O-Lindner categories will usually just write A,
suppressing pA to improve readability.

Notation 3.4. When O = SetG we write AGX for AOX and call it the G-Lindner
category over X. More generally whenever O = SetG we will replace O with G.

Lemma 3.5. Products and coproducts in AOX are both given by disjoint union. The
structure maps for the product X1qX2 are represented by (X1qX2 ←↩ Xi = Xi). The
structure maps for the coproduct X1 qX2 are represented by (Xi = Xi ↪→ X1 qX2).

The initial object in AOX is ∅, which has the unique O-transfer span to any other
object, A, (∅ = ∅ → A).
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Remark 3.6. Let H be a subgroup of G, then given an indexing category O in SetG

we get an indexing category i∗HO in SetH which contains those morphisms f ∈ SetH

such that G×H f ∈ O. We can apply the equivalence of categories SetGG/H ' SetH from
Remark 2.4 to see that we also have an equivalence of categories AOG/H ' A

i∗HO
∗ . Note

that the objects in Ai
∗
HO
∗ are H-sets over a point and the morphisms are i∗HO-transfer

spans, whose legs are H-equivariant maps.

There are a pair of functors

AOX ×AOY → AOXqY
(A,B) 7→ (AqB)

((A
α←− B β−→ C), (D

δ←− E γ−→ F )) 7→ (AqD αqδ←−− B q E βqγ−−→ C q F )

and

AOXqY → AOX ×AOY
(A) 7→ (p−1A (X), p−1A (Y ))

(A
α←− B β−→ C) 7→ ((p−1A (X)

α←− p−1B (X)
β−→ p−1C (X)), (p−1A (Y )

α←− p−1B (Y )
β−→ p−1C (Y ))).

Lemma 3.7. The two functors above are inverse to each other, defining an equivalence
of categories AOX ×AOY ' AOXqY .

Under this equivalence a pair of O-Mackey functors (M,N) in MackOX ×MackOY
corresponds to an O-Mackey functor which takes SqT αqβ−−−→ XqY to M(S)⊕N(T ) ∼=
M(S)×N(T ), we write M⊕N for this O-Mackey functor over X q Y .

Definition 3.8. A morphism ϕ : X → Y of G-sets the base change functors from
Definition 2.3 can induce functors

AOY AOX∆φ

Σφ

Πφ

which agrees on objects with the original functors on slice categories of SetG. On
morphisms we apply the base of change functor to each leg of the O-transfer span over
X. The functors Σφ and ∆φ are well-defined for any ϕ, however Πφ is only well-defined
if f∗ : ΠφA→ ΠφB, (σ, y) 7→ (fσ, y) is in O for all f : A→ B ∈ O. So for example we
have

Πφ :

 A B C

X X X

pA

f g

pB pC

 7→


Πφ(A, pA) Πφ(B, pB) Πφ(C, pC)

Y Y Y

πAY

f∗ g∗

πBY πCY

.
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It is immediate that Σφ is functorial as applying this functor to a span does not change
the spanning maps, it changes the G-set the span is over. Given spans (A← B → C)

and (C ← D → E) we have (B ×Y X) ×(C×YX) (D ×Y X) ∼= (B ×C D) ×Y X, along
with the fact that pullbacks preserve identity morphisms we see that Σφ is functorial.
Similarly, we have an isomorphism ΠφB ×Πφ C ΠφD → Πφ (B ×C D) given by(

(σ, y) ,
(
σ′, y′

))
7→
(
x 7→

(
σ(x), σ′(x)

)
, y
)

(noting that the definition of the domain requires that y = y′) with inverse

(ω, y) 7→ ((prBω, y) , (prDω, y)) .

The following lemma is important because it allows us to define both the transfer
functor and the restriction functor on categories of Mackey functors as left Kan ex-
tensions, recall that in the case of coefficient systems we defined the transfer functor
as a right Kan extension. This greatly simplifies some proofs by allowing us to take
advantage of Lemmas A.4 and A.5.

Lemma 3.9. The functors Σφ and ∆φ defined above form an ambidextrous adjunction.
That is, they are both left and right adjoints to each other, ∆φ a Σφ a ∆φ.

Proof. Given A ∈ AOY and B ∈ AOX we have a natural isomorphism AOX(∆φA,B) ∼=
AOY (A,ΣφB) given by X ×Y A C B

X

prX

pC

f1 f2

pB

 7→
 A C B

Y

pA

φpC

prAf1 f2

φpB


with inverse A C B

Y

pA

pC

g1 g2

φpB

 7→
 X ×Y A C B

X

prX

pBg2

(pBg2,g1) g2

pB

 .

Similarly, there is a natural isomorphism AOY (ΣφB,A) ∼= AOX(B,∆φA) given by B C A

Y

φpB

pC

f1 f2

pA

 7→
 B C X ×Y A

X

pB

pBf1

f1 (pBf1,f2)

φprX


with inverse

B C X ×Y A

X

pB

pC

g1 g2

prX

 7→
 B C A

Y

φpB

φpC

g1 prAg2

pA

 .
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3.2 O-Mackey functors

Definition 3.10. An O-semi-Mackey functor M over X is a product-preserving
functor AOX → Set. We write sMackOX for the category of O-semi-Mackey functors and
natural transformations between them. As the product in AOX is disjoint union and
M is product-preserving, M(∅) is always a singleton. For A ∈ AOX the set M(A) is
naturally a commutative monoid with unit map M(∅ = ∅ → A), and binary operation
M(AqA = AqA ∇−→ A). Here we are using thatM is product-preserving soM(AqA) ∼=
M(A)×M(A). For any O-transfer span (A← B → C) over X the corresponding map
M(A) → M(C) is a monoid homomorphism. Given a map f : A → B of finite G-sets
we write trf for the map M(A = A

f−→ B) from M(A) to M(B), and we write resf for
the map M(B

f←− A = A) from M(B) to M(A). We call trf the transfer along f , and
resf the restriction along f .

Definition 3.11. An O-Mackey functor, M , over X is an O-semi-Mackey functor
over X such that M(A) is an abelian group for all A ∈ AOX . We write MackOX for the
category of O-Mackey functors and natural transformations between them. We call an
O-Mackey functor an incomplete Mackey functor whenever O 6= SetG. When G is the
trivial group the category of G-Mackey functors is equivalent to the category of abelian
groups, because such Mackey functors are determined up to isomorphism by the value
they take on a singleton (and the spans which determine the structure maps).

Now we will describe the restriction, transfer, and norm functor constructions on
(semi-)Mackey functors, and prove some basic properties about them. The transfer
and restriction functors will play a key role in the main theorem of Chapter 3, and all
three will play a similar role in the main result of Chapter 4.

Definition 3.12. Given a morphism ϕ : X → Y in SetG and M ∈ sMackOY we define
the restriction RφM of M along ϕ to be the left Kan extension of M along ∆φ.

AOY Set

AOX

M

∆φ
Lan∆φM=:RφM

Write αM : M → (RφM)∆φ for the universal map of the left Kan extension. Given
a morphism M

f−→ N in sMackOY there is a morphism Rφ(f) : RφM → RφN such
that Rφ(f)αM = αNf by the universal property of αM . This makes Rφ a functor
sMackOY → sMackOX ; we call this the restriction functor along ϕ.

When G is the trivial group a G-Mackey functor over X, M , is an X-parameterised
family of abelian groups. We write M(A)x for the abelian group in M(A) correspond-
ing to x ∈ X. In this case we have RφM(A)x =M(A)φ(x).
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The restriction functor admits a convenient explicit description.

Proposition 3.13. Given M ∈ sMackOY and ϕ : X → Y in SetG we have RφM =

MΣφ.

Proof. This is a direct application of Yoneda reduction, setting K = ∆φ, H = Σφ and
F =M in Lemma A.2.

Remark 3.14. The restriction functor could also have been defined using right Kan
extensions because Σφ and ∆φ form an ambidextrous adjunction. An alternative proof
of the above proposition uses the objectwise formula for a right Kan extension which
is described as an end rather than a coend.

Lemma 3.15. Let M ∈ sMackOY and ϕ : X → Y in SetG. Then RφM ∈ sMackOX .

Proof. As Σφ is a right adjoint it preserves limits and so in particular preserves prod-
ucts. So as a composition of product-preserving functors RφM preserves products.

The restriction functor takes Mackey functors to Mackey functors.

Lemma 3.16. If M ∈ MackOY then RφM ∈ MackOX .

Proof. Given any A ∈ AGX we have RφM(A) = M(ΣφA) = M(A,ϕpA) which is an
abelian group since M ∈ MackOY .

Definition 3.17. Given a morphism ϕ : X → Y in SetG and M ∈ sMackOX we define
TφM as the left Kan extension of M along Σφ.

AOX Set

AOY

M

Σφ
LanΣφM=:TφM

Write αM : M → (TφM)Σφ for the universal map of the left Kan extension. Given
a morphism M

f−→ N in sMackOX there is a unique morphism Tφ(f) : TφM → TφN
such that Tφ(f)αM = αNf by the universal property of αM . This makes Tφ a functor
sMackOX → sMackOY ; we call this the transfer functor along ϕ.

WhenG is the trivial group andM is aG-Mackey functor overX we have TφM(A)y =⊕
x∈f−1(y)M(A)x.

The transfer functor admits a convenient explicit description.

Proposition 3.18. Given M ∈ sMackOX and ϕ : X → Y in SetG we have TφM =

M∆φ.
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Proof. This is a direct application of Yoneda reduction, setting K = Σφ, H = ∆φ and
F =M in Lemma A.2.

Lemma 3.19. Let M ∈ sMackOX and ϕ : X → Y be in SetG. Then TφM ∈ sMackOY .

Proof. As ∆φ is a right adjoint it preserves limits and so in particular preserves prod-
ucts. So as a composition of product-preserving functors TφM preserves products.

The transfer functor takes Mackey functors to Mackey functors.

Lemma 3.20. If M ∈ MackOX then TφM ∈ MackOY .

Proof. Given A ∈ AOY we have TφM(A) = M(∆φA) = M(X ×Y A, prX) which is an
abelian group as M ∈ MackOX .

Definition 3.21. Let ϕ : X → Y be a map of G-sets so that if pA : A→ X ∈ O then
πAY : Πφ(A, pA)→ Y, (y, σ) 7→ y is also in O, and let M ∈ sMackOX . We define NφM to
be the left Kan extension of M along Πφ.

AOX Set

AOY

M

Πφ
LanΠφM=:NφM

This gives a functor Nφ : sMackOX → sMackOY ; we call this the norm functor along ϕ.

WhenG is the trivial group andM is aG-Mackey functor overX we haveNφM(A)y =⊗
x∈f−1(y)M(A)x.

Lemma 3.22. Let M ∈ sMackOX and ϕ : X → Y in SetG. Then NφM ∈ sMackOY .

Proof. By Lemma A.6 left Kan extensions of product-preserving functors are product-
preserving.

The norm functor does not have a convenient explicit description along the lines
of Propositions 3.13 and 3.18. However it does have an explicit description, by the
objectwise formula for a left Kan extension we can write

NφM(A) ∼=
∫ AO

X

AOY (ΠφB,A)×M(B) dB.

Elements in this coend are represented by elements of the form (ΠφB
k←− E

h−→ A,m)

where the first coordinate is an O-transfer span over Y and the second coordinate is
an element of M(B). We write [ΠφB

k←− E
h−→ A,m] for the element represented by

(ΠφB
k←− E h−→ A,m).
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Given a span (S
f←− Q g−→ B) ∈ AGX and m ∈M(S) we say that

((ΠφB
k←− E h−→ A) ◦Πφ(S

f←− Q g−→ B),m) =

(Πφ S
(Πφ(f))prΠφ Q←−−−−−−−−− ΠφQ×ΠφB E

hprE−−−→ A,m) ∈ AGY (Πφ S,A)×M(S)

and

(ΠφB
k←− E h−→ A,M(S

f←− Q g−→ B)(m)) =

(ΠφB
k←− E h−→ A, trgresf (m)) ∈ AGY (ΠφB,A)×M(B)

are identified along

(ΠφB
k←− E h−→ A,m) ∈ AGY (ΠφB,A)×M(S)

via (S
f←− Q

g−→ B). So the two identified elements are representatives of the same
element in the coend.

Recall that for M ∈ sMackOX and A ∈ AOX the monoid structure is given by tr∅→A =

M(∅ = ∅ → A) for the unit map, and tr∇ = M(A q A = A q A ∇−→ A) for the binary
operation. The additive structure on NφM(A) is given by

NφM(A)×NφM(A)
∼=−→ NφM(AqA) tr∇−−→ NφM(A)

where the first map is the isomorphism from lemma A.6. On elements this map is given
by

([ΠφB
α1←− C α2−→ A, b], [ΠφD

β1←− E β2−→ A, d])

7→ [Πφ(B qD)←↩ (ΠφB)q (ΠφD)
α1qβ1←−−−− C q E α2qβ2−−−−→ AqA, (b, d)]

7→ [Πφ(B qD)←↩ (ΠφB)q (ΠφD)
α1qβ1←−−−− C q E ∇(α2qβ2)−−−−−−→ A, (b, d)].

Recalling that NφM(∅) is necessarily a singleton we know that (∅ = ∅ = ∅, ∗) is a
representative of the only class. We can use this to pick out a representative of the
additive identity in NφM(A) using the unit map NφM(∅) tr∅→A−−−−→ NφM(A), under this
map

[∅ = ∅ = ∅, ∗] 7→ [∅ = ∅ → A, ∗].

If 0B is the identity element in M(B) then [ΠφB ← C → A, 0B] = [∅ = ∅ → A, ∗].
We can identify these two representatives along (ΠφB ← C → A, ∗) via the span
(∅ = ∅ → B). We also have [ΠφB ← ∅ → A, b] = [∅ ← ∅ → A, ∗], identified along
(∅ ← ∅ → A, b) via (B ← ∅ → ∅).

The norm functor takes Mackey functors to Mackey functors.

Lemma 3.23. If M ∈ MackOX then NφM ∈ MackOY .
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Proof. It suffices to show that every element of NφM(A) has an additive inverse. Let
[ΠφB ← C → A, b] ∈ NφM(A). Consider the pullback P = Πφ(B qB)×ΠφB C in the
following diagram.

P C

Πφ(B qB) Πφ(B)∇∗

There are two subsets in P which are isomorphic to C as G-sets over Y . These corre-
spond to elements (y, σ) ∈ Πφ(B q B) where the image of σ in fully contained in one
of the copies of B ⊂ B q B. Let C ′ be the subset corresponding to those (y, σ) such
that the image of σ is contained in the second copy of B. We have

[Πφ(B qB)← (P r C ′)→ A, (−b, b)] + [ΠφB ← C ′ → A, b]

= [Πφ((B qB)qB)←↩ (Πφ(B qB))q (ΠφB)← (P r C ′)q C ′ → A, ((−b, b), b)]

= [Πφ((B qB)qB)← P → A, ((−b, b), b)].

Now [Πφ((B q B) q B) ← P → A, ((−b, b), b)] = [Πφ(B q B) ← P → A, (−b, b)] by
identification along

(Πφ((B qB)qB)← P → A, (−b, b))

via
(B qB idBq∇←−−−− B q (B qB) ∼= (B qB)qB).

Finally we have [Πφ(B q B) ← P → A, (−b, b)] = [ΠφB ← C → A, (−b) + b = 0B]

by identification along (ΠφB ← C → A, (−b, b)). As shown above this is the identity
element. Hence [Πφ(B q B) ← (P r C ′) → A, (−b, b)] is the additive inverse for
[ΠφB ← C ′ → A, b].

If we consider the map q : G/H → ∗ then the above description of additive inverses
in NqM is an instance of in [13, Theorem 2.4]; Tambara reciprocity for sums. As
we will see at the end of this chapter, Nq and NG

H are the same functor across an
equivalence of categories. The Tambara reciprocity formula in [13] is NG

H (a + b) =

NG
H (a)+NG

H (b)+T (−) where T (−) is a polynomial in transfers from proper subgroups,
norms, and restrictions that depends only on G. In the case where a = −b we have
NG
H (b) = −NG

H (−b) − T (−), we can think of [ΠφB ← C ′ → A, b] as NG
H (b) and

[Πφ(B q B) ← (P r C ′) → A, (−b, b)] as NG
H (−b) + T (−) where NG

H (−b) corresponds
to the subset of Πφ(B q B) corresponding to the (y, σ) such that the image of σ is
contained in the first copy of B and and T (−) corresponds to the (y, σ) such that the
image of σ is not contained in either copy of B.

Lemma 3.24. Given ϕ : X → Y in SetG the functors Tφ and Rφ form an ambidextrous
adjunction. That is, they are both left and right adjoints to each other, Tφ a Rφ a Tφ.
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Further the norm functor Nφ is left adjoint to precomposition with dependent product
functor, Π∗φ.

Proof. From Propositions 3.18 and 3.13 we know that the Tφ and Rφ are naturally
isomorphic to precomposition by ∆φ and precomposition by Σφ respectively. Noting
that Tφ and Rφ are defined as LanΣφ and Lan∆φ respectively, the first claim is an
application of Lemma A.7. The second claim is an immediate application of Lemma
A.7 as Nφ is defined as LanΠφ .

Notation 3.25. For any finite G-set X we will write TX , RX , and NX for the transfer,
restriction, and norm functors respectively along the map X → ∗ to a point.

The following two propositions take advantage of being able to define the transfer,
restriction, and norm functors as left Kan extensions. In particular, in the case of the
transfer functor this is a consequence of Lemma 3.9.

Proposition 3.26. Let

X ×Z Y Y

X Z

prY

prX β

α

be a pullback square in SetG. Then the functors RβTα and TprYRprX are naturally
isomorphic. Similarly, the functors RβNα and NprYRprX are naturally isomorphic.

Proof. Composing natural isomorphisms from Propositions 3.13 and 3.18, and Lemma
2.6 we have RβTαM ∼=M∆βΣα ∼=MΣprY∆prX

∼= TprYRprXM .
By Lemma A.5 we have that

RβNαM = Lan∆β (LanΠαM) ∼= Lan∆β ΠαM

and
NprYRprXM = LanΠprY (Lan∆prX M) ∼= LanΠprY ∆prX

M.

We have ∆β Πα ∼= ΠprY ∆prX by Lemma 2.6, hence by Lemmas A.4 and A.5,

RβNαM ∼= Lan∆β ΠαM
∼= LanΠprY ∆prX

M ∼= NprYRprXM.

Proposition 3.27. Let

Y ×Z ΠgX ΠgX

X Y Z

prΠg X

ev πZ

f g
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be an exponential diagram in SetG. Then the functors TπZNprΠg XRev and NgTf are
naturally isomorphic.

Proof. We have ΣπZ ΠprΠg X ∆ev
∼= Πg Σf by lemma 2.9, hence by lemmas A.4 and A.5,

TπZNprΠg XRevM ∼= LanΣπZ ΠprΠg X
∆ev M

∼= LanΠg Σf M
∼= NgTfM.

There are two symmetric monoidal structures on the category of semi-Mackey func-
tors that come from Day convolution.

Definition 3.28. Given a pair M and N of O-semi-Mackey functors over X we define
their sum M ⊕N to be the left Kan extension of the functor M ×N along the functor
q : AOX ×AOX → AOX .

AOX ×AOX Set× Set Set

AOX

(M,N)

q

×

Lan⨿(M×N)=:M⊕N

As M × N is product-preserving, by Lemma A.6 M ⊕ N is also product-preserving.
Hence this defines a functor ⊕ : sMackOX × sMackOX → sMackOX .
We define

M⊕N : AOXqX
Ω−→
'
AOX ×AOX

M×N−−−−→ Set

where Ω is the equivalence from Lemma 3.7. Note that the functors involved are all
product-preserving, so M⊕N ∈ sMackOXqX . Moreover, (M⊕N)(A) = M(p−1A (X1)) ⊕
N(p−1A (X2)) where the index determines a copy of X in the coproduct. Hence if M,N ∈
MackOX then M⊕N ∈ MackOXqX .

We can realise the sum operation on semi-Mackey functors as application of the
transfer functor along the fold map.

Proposition 3.29. The functors M ⊕N and T∇(M⊕N) are naturally isomorphic.

Proof. We have that qΩ and Σ∇ are naturally isomorphic functors AOXqX → AOX . The
result follows from the fact that Ω is an equivalence and Lemmas A.4 and A.5.

We can explicitly describe the sum of two semi-Mackey functors.

Lemma 3.30. For M,N ∈ sMackOX we have (M ⊕N)(A) =M(A)⊕N(A).

Proof. We have

T∇(M⊕N)(A) = (M⊕N)(∆∇A) = (M ⊕N)(AqA)

= (M ×N)(A,A) =M(A)×N(A)

=M(A)⊕N(A).
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The category of Mackey functors is closed under the sum operation.

Lemma 3.31. If M,N ∈ MackOX then M ⊕N ∈ MackOX .

Proof. As M ⊕N and T∇(M⊕N) are naturally isomorphic and M⊕N ∈ MackOXqX we
have that M ⊕N is an O-Mackey functor over X by Lemma 3.20.

Notice that if we let 0 be the O-Mackey functor over X with 0(A) = 0 for all
A ∈ AOX then 0 acts as an identity with respect to ⊕. This is what we should expect
from Day convolution as 0 is isomorphic to the functor AOX → Set, A 7→ AOX [∅, A] ∼= {0}
corepresented by ∅ which is the identity in AOX with respect to q. As M ⊕ N was
defined by Day convolution [7] of the symmetric monoidal category (AOX ,q, ∅) we have
the following.

Lemma 3.32. Both (sMackOX ,⊕, 0) and (MackOX ,⊕, 0) are symmetric monoidal cate-
gories.

Definition 3.33. Given O-semi-Mackey functors over X, M and N , we define their
box product M2N to be the left Kan extension of the functor M × N along the
pullback over X functor ×X : AOX ×AOX → AOX .

AOX ×AOX Set× Set Set

AOX

(M,N)

×X

×

Lan×X (M×N)=:M2N

As M×N is product-preserving, as a left Kan extension of a product-preserving functor
M ⊕ N is also product-preserving by Lemma A.6. Hence this defines a functor 2 :

sMackOX × sMackOX → sMackOX .

The box product on semi-Mackey functors can be realised as an application of the
norm functor along the fold map.

Proposition 3.34. The functors M2N and N∇(M⊕N) are naturally isomorphic.

Proof. We have that ×XΩ and Π∇ are naturally isomorphic functors AOXqX → AOX .
The result follows from the fact that Ω is an equivalence and lemmas A.4 and A.5.

The category of Mackey functors is closed under taking box products.

Lemma 3.35. If M,N ∈ MackOX then M2N ∈ MackOX .

Proof. As M2N and N∇(M⊕N) are naturally isomorphic and M⊕N ∈ MackOXqX the
result follows by Lemma 3.23.
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Remark 3.36. When G is the trivial group and M and N are G-Mackey functors
the left Kan extension in Definition 3.33 is equivalent to the left Kan extension for the
tensor product of abelian groups, so that (M2N)(∗) =M(∗)⊗N(∗).

As with the sum operation there is an identity semi-Mackey functor with respect
to the box product, however in the case of the box product this unit is not a Mackey
functor.

Definition 3.37. The group completion Gr(M) of an O-semi-Mackey functor M
over X is the O-Mackey functor over X with Gr(M)(C) = Gr(M(C)), the group
completion of the commutative monoid M(C).

Definition 3.38. We call the O-semi-Mackey functor over X that is corepresented by
X the Burnside O-semi-Mackey functor over X,

BX : AOX → Set, Y 7→ AOX(X,Y ).

The Burnside O-Mackey functor over X is the group completion of BX ,

AX = Gr(BX) : AOX → Set, Y 7→ Gr(AO(X,Y ))

AsM2N was defined by Day convolution (sMackOX ,2, BX) is a symmetric monoidal
category. It can also be shown that (MackOX ,2, AX) is a symmetric monoidal category.

As with coefficient systems there is an equivalent definition for Mackey functors
where one only considers the full subcategory of AO∗ containing the finite G-sets G/H
where H is a subgroup of G. These definitions are useful for explicit calculations but
make proving general statements artificially difficult.

Let H be a subgroup of G. Following Remark 3.6 we have that O-Mackey functors
over G/H are equivalent to i∗HO-Mackey functors. In particular, G-Mackey functors
over G/H are equivalent to H-Mackey functors. Across the equivalence AOG/H ' A

i∗HO
∗

with the quotient map ϕ : G/H → G/G we recover functors NG
H : MackH → MackG

from Nφ, TGH : MackH → MackG from Tφ, and RGH : MackG → MackH from Rφ, as
left Kan extensions along the functors MapH(G,−), G ×H −, and iGH respectively. In
particular, the norm defined by Hoyer on Mackey functors [14, Definition 2.3.2] and
the box product on Mackey functors are both instances of our norm functor, along the
quotient map and the fold map respectively. That the norms NG

H are strong monoidal
with respect to the box product is now an immediate consequence of Lemma A.5.

3.3 Bicategorical Setup

In the following bicategorical framework it is important to fix a specific choice of pull-
back object for every pullback diagram, so for any pair morphisms α : X → Z and
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β : Y → Z in SetG when we write X ×Z Y we mean the set of ordered pairs (x, y) such
that x ∈ X, y ∈ Y and α(x) = β(y) together with projection maps prX : (x, y) 7→ x

and prY : (x, y) 7→ y.

Definition 3.39. The O-Burnside bicategory for a O a wide, pullback stable, finite-
coproduct complete subcategory of SetG is a bicategory O with

• Objects: The 0-cells of the bicategory are finite G-sets

• Hom Categories: For X,Y a pair of finite G-sets O(X,Y ) is the category whose
objects (1-cells of the bicategory) are O-transfer spans X ← A → Y and whose
morphisms (2-cells of the bicategory) are isomorphisms of O-transfer spans. That
is, a morphism ψ : (X

f←− A g−→ Y )→ (X
f ′←− A g′−→ Y ) is an isomorphism ψ : A→ B

such that the following diagram commutes.

A

X Y

B

f g

ψ

f ′ g′

Composition in O(X,Y ) (called vertical composition) is composition of the under-
lying morphisms of G-sets. The identity 2-cell of an O-transfer span (X

f←− A g−→ Y )

is idA.

• Identity 1-cells: The identity 1-cell of a finite G-set X is the O-transfer span
1X(∗) = (X = X = X).

• Horizontal Composition: For each triple of G-sets, X,Y, Z we have a horizontal
composition functor cX,Y,Z : O(Y, Z)×O(X,Y )→ O(X,Z). On 1-cells we have

cX,Y,Z :
(
(Y

γ←− B δ−→ Z), (X
α←− A β−→ Y )

)
7→
(
X

αprA←−−− A×Y B
δprB−−−→ Z

)
and on 2-cells we have

cX,Y,Z :


B

Y Z

B′

γ δ

ω

γ′ δ′

,

A

X Y

B

α β

ψ

α′ β′

 7→


A×Y B

X Z

A′ ×Y B′

αprA δprB

(ω,ψ)

α′prA′ δ′prB′

 .

• Associator: For each quadruple of G-sets, W,X, Y, Z there is a natural isomor-
phism, called the associator,

aW,X,Y,Z : cW,X,Z(cX,Y,Z × idO(W,X)) =⇒ cW,Y,Z(idO(Y,Z)×cW,X,Y )

of functors
O(Y, Z)×O(X,Y )×O(W,X)→ O(W,Z)
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whose component on the triple

((Y ← C → Z), (X ← B → Y ), (W ← A→ X))

is the invertible 2-cell is given by the isomorphism

A×X (B ×Y C)→ (A×X B)×Y C, (a, (b, c)) 7→ ((a, b), c).

• Unitors: For each pair of G-sets X,Y there are natural isomorphisms

lX,Y : cX,Y,Y (1Y × idO(X,Y )) =⇒ idO(X,Y )

rX,Y : cX,X,Y (idO(X,Y )×1X) =⇒ idO(X,Y )

called the left unitor and right unitor respectively, whose components on the O-
transfer span (X ← A → Y ) are the invertible 2-cells given by the isomorphisms
A×Y Y → A, (a, y) 7→ a and X ×X A→ A, (x, a) 7→ a respectively.

It is straightforward to check that the unity and pentagon axioms are satisfied.

Notation 3.40. Given an O-transfer span f = (X
f1←− A

f2−→ Y ) we write Λf for the
functor Tf2Rf1 : MackOX → MackOY .

Definition 3.41. Let CAT be the bicategory of categories, functors, and natural trans-
formations and let O and O′ be wide, pullback stable, finite-coproduct complete sub-
categories of SetG such that O is a subcategory of O′. We define the pseudofunctor
(MackO

′
O , (MackO

′
O )2, (MackO

′
O )0) : O′ → CAT to be the triple consisting of the following

data

• Objects: The assignment MackO
′
O (X) = MackOX for all finite G-sets X.

• Hom Categories: For each pair of G-sets X,Y the functor

MackO
′
O : O′(X,Y )→ CAT(MackOX ,MackOY )

with
MackO

′
O (X

f1←− A f2−→ Y ) = Λf : MackOX → MackOY

and

MackO
′
O


A

X Y

B

f1 f2

ψ

f ′1 f ′2

 =
(
ψ̂ : Λf → Λf ′

)

where ψ̂ has components ψ̂M (B) : ΛfM(B)→ Λf ′M(B) given by

[(C, f2pC)
g1←− D g2−→ B, c] 7→ [(C, f ′2ψpC)

g1←− D g2−→ B, c].
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• Pseudo functoriality constraint: Write f and g to denote O′-transfer spans
(X

f1←− A
f2−→ Y ) and (Y

g1←− B
g2−→ Z) respectively. The pseudo functoriality

constraint is a natural isomorphism (MackO
′
O )2 with component 2-cells given by the

composite

ΛgΛf = Tg2Rg1Tf2Rf1 → Tg2TprBRprARf1 → Tg2prBRf1prA = Λgf

where the first map is the natural isomorphism described in Proposition 3.26 and the
second is two applications of the fact that left Kan extension respects composition,
see Lemma A.5.

• Pseudo unit constraint: A natural isomorphism, (MackO
′
O )0, with component 2-

cells id[MackOX ,MackOX ] → ΛidX which have components M
∼=−→ ΛidXM . On objects this

is given by M(V
σ←− X ×X V = X ×X V ) where σ is the isomorphism X ×X V →

V, (x, v) 7→ v.

• Pseudo associativity and unity axioms: For f = (W
f1←− A f2−→ X), g = (X

g1←−
B

g2−→ Y ), and h = (Y
h1←− C

h2−→ Z), the pseudo associativity axiom is satisfied
because the associator in O is the natural isomorphism between the functors along
which Λ(hg)f and Λh(gf) are left Kan extensions. It is straightforward to check that
the pseudo unity axioms are satisfied.

Definition 3.42. The Grothendieck construction on MackO
′
O is the bicategory

∫
MackO

′
O

with

• Objects: The 0-cells of the bicategory are pairs (X,M) where X is a finite G-set
and M is an O-Mackey functor over X.

• Hom Categories: For a pair of 0-cells (X,M) and (Y,N) the category∫
MackO

′
O ((X,M), (Y,N))

has objects (1-cells of the bicategory) pairs (f, α) where f is an O′-transfer span
X

f1←− A
f2−→ Y and α : ΛfM → N is a morphism in MackOY and for morphisms

(2-cells of the bicategory) (f, α) → (g, β) has isomorphisms ψ of O′-transfer spans
such that the following diagram commutes.

ΛfM ΛgM

N

ψ̂M

α β
(3.43)

• Identity 1-cells: The identity 1-cell of a pair (X,M) is the pair

(1X(∗), ((MackO
′
O )0)−1M )
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where 1X(∗) is the span X = X = X (that is, the identity 1-cell of X in O′) and
((MackO

′
O )0)−1M is the M component of the inverse of the pseudo unity constraint for

MackO
′
O .

• Horizontal Composition: For each triple of 0-cells (X,M), (Y,N), and (Z,P ) we
have a horizontal composition functor c(X,M),(Y,N),(Z,P ) :∫

MackO
′
O ((Y,N), (Z,P ))×

∫
MackO

′
O ((X,M), (Y,N))→

∫
MackO

′
O ((X,M), (Z,P )) .

For (f, α) ∈
∫
MackO

′
O ((X,M), (Y,N)) and (g, β) ∈

∫
MackO

′
O ((Y,N), (Z,P )) a pair

of 1-cells, the functor c(X,M),(Y,N),(Z,P ) returns the pair

(cX,Y,Z(g, f), β(Λgα)((MackO
′
O )2g,f )

−1
M )

where cX,Y,Z is the horizontal composition functor in O′ and β(Λgα)((MackO
′
O )2g,f )

−1
M

is the composite map

ΛgfM
((MackO

′
O )2g,f )

−1
M−−−−−−−−−−→ ΛgΛfM

Λgα−−→ ΛgN
β−→ P .

• Associator: The components of the associator a(W,L),(X,M),(Y,N),(Z,P ) are 2-cells
which, on a given triple of composable 1-cells

((W
f1←− A f2−→ X), α), ((X

g1←− B g2−→ Y ), β), ((Y
h1←− C h2−→ Z), γ)

is the associator aW,X,Y,Z in O′. That is, the invertible 2-cell between O′-transfer
spans ψ : A×X (B ×Y C)→ (A×X B)×Y C, (a, (b, c)) 7→ ((a, b), c). Our definition
of 2-cells requires Diagram 3.43 to commute, for the associator this is the outside of
the following diagram.

Λ(hg)fL Λh(gf)L

ΛhgΛfL ΛhΛgΛfL ΛhΛgfL

ΛhgM ΛhΛgM

ΛhN

P

ψ̂L
∼=

∼= ∼=
∼=

Λhgα ΛhΛgα

∼=

Λh(β◦(Λgα)◦((MackO
′

O )2g,f )
−1
L )

∼=

Λhβ

γ

The pentagon is the pseudo associativity diagram for MackO
′
O (backwards). The

square is a naturality square for (MackO
′
O )2h,g. The triangle is functoriality of Λh.
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• Unitor: For each pair of 0-cells, (X,M) and (Y,N) we have unitor natural isomor-
phisms

l(X,M),(Y,N) and r(X,M),(Y,N)

whose components on a 1-cell (X f1←− A
f2−→ Y,ΛfM

α−→ N) are the isomorphisms
l : A ×Y Y → A, (a, y) 7→ a and r : X ×X A → A, (x, a) 7→ a respectively. In order
for l to be a 2-cell we require relevant version of Diagram 3.43 to commute, this is
the outside of the following diagram.

ΛidY fM ΛfM

ΛidXΛfM

ΛidYN N

l̂M

∼=

α

∼=

ΛidY
α

∼=

The triangle commutes by one of the pseudo unity axioms for MackO
′
O and the square

commutes because it is a naturality square for ((MackO
′
O )0)−1. Showing that r is a

2-cell is similar.

It is straightforward to check that the unity and pentagon axioms are satisfied.

There is a projection pseudofunctor
∫
MackO

′
O → O′ given by

(X,M) 7→ X

(f, α) 7→ f

ψ 7→ ψ.

3.4 O′-Mackey functors as O-Mackey functors

We want to consider specific sections of the projection pseudofunctors. Given a section
F : O′ →

∫
MackO

′
O for the projection pseudofunctor with F (X) = (X,M) and F (Y ) =

(Y,N) we will write

F (X
f1←− A f2−→ Y ) = ((X

f1←− A f2−→ Y ), µFf2,f1 : ΛfM → N).

When it is clear what transfer span we are referring to we will write µFf instead.

Definition 3.44. A coherent O′-monoid in MackO∗ is an O-Mackey functor M
together with a strict functor (the pseudo functoriality and unity constraints are natural
identities) F : O′ →

∫
MackO

′
O that is a section of the projection pseudofunctor such

that:
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• F (X) = (X,RXM) for all G-sets X,

• for all O-transfer spans f = (X
f1←− A

f2−→ Y ) we have µFf : ΛfRXM → RYM is
given by

µFf (B) : [C
g1←− D g2−→ B, c] 7→ trg2resg1(c).

A morphism (M,F )→ (N,H) of coherentO′-monoids in MackO∗ consists of a morphism
ϕ :M → N in MackO∗ together with the strong transformation α : F → H such that:

• Component 1-cells: For X a finite G-Set, the component 1-cell in∫
MackO

′
O ((X,RXM) , (X,RXN)) is

αX = (X = X = X,αX : ΛidXRXM →RXN) ,

where αX is the composite

ΛidXRXM
((MackO

′
O )0RXM

)−1

−−−−−−−−−−−−→ RXM
RX(φ)−−−−→ RXN.

• Pseudo Naturality Constraints: For an O′-transfer span f = (X
f1←− A

f2−→ Y )

the component 2-cell αf : (Hf)αX → αY (Ff) in
∫
MackO

′
O ((X,RXM), (Y,RYN))

is ψ : X ×X A → A ×Y Y, (x, a) 7→ (a, f2(a)) which has inverse (a, y) 7→ (f1(a), a).
That is ψ = l−1r. Note that being a 2-cell imposes the condition that the following
diagram commutes.

Λf idXRprXRXM ΛidY fRXM

ΛfΛidXRXM ΛidY ΛfRXM

ΛfRXN ΛidYRYM

RYN

∼=

ψ̂M
∼=

∼=

ΛfαX ΛidY
µFf

µHf
αY

(3.45)

For α to be a strong transformation there are axioms which must be satisfied. Checking
the strong unity axiom boils down to noting that for any finite G-set X the map

X ×X X
l−−−−−→

(x,x) 7→x
X

r−1

−−−−−→
x 7→(x,x)

X ×X X
idX×XX−−−−−→ X ×X X

is equal to the map

X ×X X
idX×XX−−−−−→ X ×X X

idX×XX−−−−−→ X ×X X.
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The strong naturality axiom is satisfied because, for any pair f = (X
f1←− A f2−→ Y ) and

g = (Y
g1←− B g2−→ Z) the map

X ×X (A×Y B) (X ×X A)×Y B (A×Y Y )×Y B A×Y (Y ×Y B)

A×Y (B ×Z Z) (A×Y B)×Z Z (A×Y B)×Z Z

∼=
((x,a),b) 7→((a,f2(a)),b) ∼=

(a,(b,g2(b)))← [(a,(y,b))
∼= id

is equal to the map

X ×X (A×Y B)
id−→ X ×X (A×Y B) −−−−−−−−−−−−−→

(x,(a,b)) 7→((a,b),g2(n))
(A×Y B)×Z Z.

Given (M,F ) the identity morphism id(M,F ) consists of idM together with the strong
transformation it determines. Given two morphisms (ϕ, α) : (M,F ) → (N,H) and
(ω, β) : (N,H) → (P , I) of coherent O′-monoids in MackO∗ we define their composite
to be (ωϕ, βα) : (M,F )→ (P , I) where (βα)X is the composite

ΛidXRXM
((MackO

′
O )0RXM

)−1

−−−−−−−−−−−−→ RXM
RX(ωφ)−−−−−→ RXP .

This is different from the usual composition of strong transformations, but is equivalent
up to the invertible modification X ×X X → X, (x, x) 7→ x.

Remark 3.46. Note that the information of α was entirely determined by ϕ, with the
requirement that ψ : (x, a) 7→ (a, f2(a)) be a 2-cell encoding a compatibility condition
involving F and H.

Definition 3.47. Let (X f1←− A f2−→ Y ) be a O-transfer span over X. There is a functor
Ef : MackOX → Set with Ef (M) = M(idX) and Ef (ϕ) = ϕX . We also have a functor
Ff : MackOX → Set with Ff (M) = ΛfM(idY ) with Ff (ϕ) = Λf (ϕidY ). There is a
natural transformation ωf : Ef → Ff with components M(idX)→ ΛfM(idY ) given by

x 7→ [X
f1←− A f2−→ Y, x].

We now state and prove the main result of this chapter; our characterisation of
incomplete Mackey functors.

Theorem 3.48. For a finite group G and a pair O,O′ of indexing categories such that
O is a subcategory of O′, the O′-Mackey functors are precisely the coherent O′-monoids
in MackO∗ . That is, there is an equivalence between the category of coherent O′-monoids
in MackO∗ and the category MackO

′
∗ .

Proof. This proof proceeds as follows:
1. Define Φ (one direction of our equivalence) on objects.
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2. Define Φ on morphisms.

3. Show Φ is functorial.

4. Define Ψ (the other direction of our equivalence) on objects.

5. Define Ψ on morphisms.

6. Show Ψ is functorial.

7. Finally, show that Φ and Ψ are inverse functors.

We will define a functor Φ from the category of O′-Mackey functors to the category of
coherent O′-monoids in O-Mackey functors.
1. Define Φ on objects
Let M be a an O′-Mackey functor. We get an O-Mackey functor, which we will call
↓M by precomposition with the inclusion functor

↓M : AO∗ ↪→ AO
′
∗

M−→ Set .

We describe a strict functor F : O′ →
∫
MackO

′
O consisting of the following data:

• Objects: The assignment F (X) = (X,RX ↓M).

• Hom Categories: For each pair of G-sets X,Y the functor

F : O′(X,Y )→
∫

MackO
′
O ((X,RX ↓M), (Y,RY ↓M))

with
F (X

f1←− A f2−→ Y ) = ((X
f1←− A f2−→ Y ), µFf )

on 1-cells, where µFf (C) is given on elements by

[C
g1←− D g2−→ B, c] 7→ trg2(resg1(c)).

1a. Show F is well-defined on 1-cells
We note that if ψ : D → D′ is an isomorphism between O′-transfer spans (C

g1←−

D
g2−→ B) and (C

g′1←− D′
g′2−→ B) then trg2resg1 = trg′2resg′1 hence µFf2,f1 is well-

defined.

1b. Finish defining F
On 2-cells we have

F


A

X Y

A′

f1 f2

ψ

f ′1 f ′2

 =


A

X Y

A′

f1 f2

ψ

f ′1 f ′2

 .
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We note that the condition of 2-cells in
∫
MackO

′
O is satisfied by the commutativity

of the following diagram.

ΛfRX ↓M Λf ′RX ↓M

RY ↓M

ψ̂

µFf µF
f ′

We have

µFf ′ψ̂([C
g1←− D g2−→ B, c]) = µFf ′([C

g1←− D g2−→ B, c])

= trg2(resg1(c)) = µFf ([C
g1←− D g2−→ B, c])

so the diagram commutes as required.

We note that, because F is a strict functor, commutativity of the required pseudo
associativity and unity diagrams reduces to the requirement that the images under F
of the associator and unitors in O′ are precisely the associator and unitors in

∫
MackO

′
O .

This is immediate.
2. Define Φ on morphisms
We let Φ(M) = (↓M,F ). Given a morphism ϕ :M → N of O′-Mackey functors, we let
Φ(ϕ) : (↓M,F ) → (↓N,H) be ϕ in the first coordinate and α : F → H as determined
by ϕ.
2a. Show Φ is well-defined on morphisms
In order for α to be a strong transformation we need to check for all O′-transfer spans,
(X

f1←− A f2−→ Y ), that αf does define a 2-cell. We consider following diagram.

ΛfΛidXRXM ΛfRXM ΛidY ΛfRXM

RYM ΛidYRYM

ΛfRXN RYN

ΛfαX

∼=

Λf (MackO
′

O )0RXM

ΛfRXφ

µFf2,f1

∼=

(MackO
′

O )0ΛfRXM

ΛidY
µFf

∼=

(MackO
′

O )0RY M

RY φ
αY

µHf

(3.49)

Noting that the top row of the diagram is the same morphism as the top two rows of
diagram 3.45 we see that the outside of this diagram is equivalent to Diagram 3.45,
so to confirm that αf is a 2-cell it suffices to show that this diagram commutes. The
bottom right triangle commutes by the definition of αY . The top left triangle commutes
because it is the image under Λf of the definition of αX . The right square commutes
because it is a naturality square for

(
MackO

′
O

)0
. On objects the middle triangle is the
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following square.

ΛfRXM(B) RYM(B)

ΛfRXN(B) RYN(B)

ΛfRXφ(B)

µFf (B)

RY φ(B)

µHf (B)

Going around the top of the square we have [C
g1←− D

g2−→ B, c] 7→ ϕ(trg2(resg1(c)))

and going around the bottom we have [C
g1←− D

g2−→ B, c] 7→ trg2(resg1(ϕ(c))) =

ϕ(trg2(resg1(c))) because ϕ commutes with O-transfers and with all restrictions. The
square commutes, and as the diagram is natural with respect to B so does the middle
triangle in 3.49. Hence 3.49 commutes and therefore αf is a 2-cell as required.
3. Show Φ is functorial
Note that Φ(idM ) = idΦ(M). Given ϕ :M → N and γ : N → P we have that Φ(γ)Φ(ϕ)
and Φ(γϕ) are both γϕ in the first coordinate and both

ΛidXRXM
((MackO

′
O )0RXM

)−1

−−−−−−−−−−−−→ RXM
RX(γφ)−−−−−→ RXP

in the second. Hence Φ is a functor.

Now we construct a functor Ψ from the category of coherent O′-monoids in O-Mackey
functors to the category of O′-Mackey functors.
4. Define Ψ on objects
Let (M,F ) be a coherent O′-monoid in MackO∗ . We will extend M to an O′-Mackey
functor, ↑F M . On objects we let ↑F M(X) = M(X). Given a morphism in AO′

∗
represented by the O′-transfer span (X

f1←− A
f2−→ Y ) we let ↑F M(X

f1←− A
f2−→ Y ) be

the map ↑F M(X)→↑F M(Y ) given by the composition

M(X) = RX(idX)
ωf−→ ΛfRXM(idY )

µFf (idY )
−−−−−→ RYM(idY ) =M(Y ),

Because the morphisms in AO′
∗ are isomorphism classes of O′-transfer spans we need

to check that this composite is equal on isomorphic O′-transfer spans. If we have an
isomorphism ψ : A → A′ of O′-transfer spans (X

f1←− A
f2−→ Y ) and (X

f ′1←− A′
f ′2−→ Y )

then we consider the following diagram.

ΛfRXM(idY )

M(X) RXM(idX) RYM(idY ) M(Y )

Λf ′RXM(idY )

µFf

ψ̂∼=

ωf

ωf ′ µF
f ′
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Here ψ̂ is MackO
′
O (ψ). The right triangle by the defining condition of 2-cells in

∫
MackO

′
O .

The bottom map in the left triangle is

x 7→ [X
f ′1←− A′

f ′2−→ Y, x]

and going around the top of the left triangle we have

x 7→ [X
f1←− A f2−→ Y, x]

7→ [X
f1←− A f2−→ Y, x]

= [X
f ′1←− A′

f ′2−→ Y, x]

where the equality comes from the isomorphism ψ. As this diagram commutes ↑F M

is well-defined on morphisms.
We need to check that ↑F M is functorial. Given O′-transfer spans (X

f1←− A
f2−→ Y )

and (X
g1←− B g2−→ Z) we consider the following diagram.

M(X) M

RXM(idX) ΛfRXM(idY ) RYM(idY )

ΛgΛfRXM(idZ) ΛgRYM(idZ)

ΛgfRXM(idZ) RZM(idZ)

M(Z)

ωf

ωgf

µFf (idY )

ωg ωg

∼=

ΛgµFf (idZ)

µFg
µFgf

The bottom region is the pseudo functoriality constraint for F and so commutes because
F is a strict functor. the top right region commutes because it is a naturality square
for ωg. Going around the right side of the remaining region we have

x 7→ [X
f1←− A f2−→ Y, x]

7→ [Y
g1←− B g2−→ Z, [X

f1←− A f2−→ Y, x]]

7→ [X
f1prA←−−− A×Y B

g2prB−−−−→ Z, x]

= ωgf (x)

so the region commutes.
On an identity O′-transfer span (X = X = X) we have ↑F M(X = X = X) given by
the composition

x 7→ [X = X = X,x] 7→ tridX (residX (x)) = x.
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Hence ↑F M is a functor AO′ → Set. Note also that M takes values in abelian groups
and is product-preserving because ↑F M(X) = M(X). Hence ↑F M is an O′-Mackey
functor. We let Ψ(M,F ) =↑F M .
5. Define Ψ on morphisms
Given a morphism (ϕ, α) : (M,F ) → (N,H) of coherent O′-monoids in O-Mackey
functors we let Ψ(ϕ, α) = ϕ on objects, which is sufficient to describe a morphism
↑F M →↑H N . To see that this is sufficient we need to confirm that ϕ is natural in
AO′ . That is, given (X

f1←− A f2−→ Y ) an O′-transfer span we require that the following
diagram commutes.

M(X) RXM(idX) ΛfRXM(idY ) RYM(idY ) M(Y )

N(X) RXN(idX) ΛfRXN(idY ) RYN(idY ) N(Y )

φ(X)

ωf

Rφ(idX)

µFf (idY )

ΛfRXφ(idY ) RY φ(idY ) φ(Y )

ωf
µHf (idY )

The second square commutes because it is a naturality square for ωf . The third square
is the middle triangle of Diagram 3.49 applied to idY , because we know that αf is a
2-cell we know that the outside of this diagram commutes. The other regions of 3.49
commute for the same reasons as before and hence the middle triangle of 3.49 commutes.
Hence the diagram above commutes, therefore ϕ is a morphism of O′-Mackey functors,
↑F M →↑H N .
6. Show Ψ is functorial
The functoriality of Ψ is immediate.
7. Show that Φ and Ψ are inverse
7a. ΦΨ is isomorphic to the identity
Given a coherent O′-monoid (M,F ) in MackO∗ we have Ψ(M,F ) =↑F M with ↑F
M(X) = M(X) and for f = (X

f1←− A
f2−→ Y ) in AO′

∗ (X,Y ) the map ↑F M(f) is given
by

M(X)
ωf−→ ΛfRXM(idY )

µFf (idY )
−−−−−→ RYM(idY ) =M(Y ).

Then we have Φ(Ψ(M,F )) = Φ(↑F M) = (↓ (↑F M), F ′) with ↓ (↑F M)(X) =↑F
M(X) =M(X) and for an O-transfer span f = (X

f1←− A f2−→ Y ) the map ↓(↑F M)(f)

is given by

M(X)
ωf−→ ΛfRXM(idY )

µFf (idY )
−−−−−→ RYM(idY ) =M(Y ),

as µFf (idY ) is the map

[C
g1←− D g2−→ Y, c] 7→ trg2(resg1(c))

we see that ↓ (↑F M)(f) = trf2resf1 . Hence ↓ (↑F M) = M . Now we have F ′(X) =

(X,RX ↓ (↑F M)) = (X,RXM). Given an O′-transfer span f = (X
f1←− A

f2−→ Y ) we
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have F ′(f) = (f, µF
′

f ) where µF ′
f (B) is given by

[C
g2←− D g1−→ B, c] 7→ (↑F M)(C

g2←− D g1−→ B)(c) 7→ µFf ωg(c)

7→ µFf ([C
g1←− D g2−→ B, c])

which agrees with µFf (B). Hence µF ′
f = µFf . Therefore ΦΨ(M,F ) = (M,F ).

7b. ΨΦ is isomorphic to the identity
Given on O′-Mackey functor M we have Φ(M) = (↓M,F ) with ↓M(X) = M(X) and
for f = (X

f1←− A
f2−→ Y ) in AO∗ (X,Y ) the map ↓M(f) = trf2resf1 . Now we have

F (X) = (X,RX ↓M) = (X,RXM) and for O′-transfer spans f = (X
f1←− A

f2−→ Y ) we
have µFf (B) given by

[C
g1←− D g2−→ B, c] 7→ trg2(resg1(c)).

Now we have ↑F (↓M)(X) =↓M(X) =M(X). For an O′-transfer span (X
f1←− A f2−→ Y )

the map ↑F (↓M)(f) is given by

M(X)
ωf−→ ΛfRXM(idY )

µFf (idY )
−−−−−→ RYM(idY ) =M(Y )

which on elements is x 7→ [X
f1←− A

f2−→ Y, x] 7→ trf2resf1(x). So ↑F (↓M)(f) = M(f).
Hence ↑F (↓M) =M . Hence ΨΦ(M) =M .

Corollary 3.50. G-Mackey functors are precisely the coherent SetG-monoids in the
category of G-coefficient systems.

3.5 MackOX as a module category

We will now see that categories of Mackey functors are module categories over index-
ing categories. Recall Definition 2.37 of a module category over a tight symmetric
bimonoidal category.

Notation 3.51. Given a map ϕ : A → X of G-sets we will write ϕ for the span
(X

φ←− A φ−→ X).

Theorem 3.52. Let O and O′ be indexing categories and X be a finite G-set. The
category of O-Mackey functors over X is a module category over (O′X)∼= with the action
functor � : (O′X)∼= ×MackOX → MackOX given by (A,ϕ)�M = ΛφM .

Proof. By Lemma 3.32 (MackOX ,⊕, 0) is a symmetric monoidal category. Noting that
on objects we have (M ⊕N)(X) =M(X)⊕N(X) the structure natural isomorphisms
have the component maps α⊕X : ((a, b), c) 7→ (a, (b, c)), λ⊕X : (0, a) 7→ a, ρ⊕X : (a, 0) 7→ a,
β⊕X : (a, b) 7→ (b, a). For (A,ϕ), (B,ψ) ∈ (O′X)∼= we declare the following structure
natural isomorphisms:
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• Let λ� : idX �M = ΛidX
M →M be the inverse of the M component of (MackSet

G

O )0.

• Let α� : ψ � (ϕ�M) = ΛψΛφM → ΛψφM = (ψ ×X ϕ)�M be the M component
of the pseudo functoriality constraint (MackSet

G

O )2.

• Let dL� : (ϕ q ψ) � M = ΛφqψM → ΛφM ⊕ ΛψM = (ϕ � M) ⊕ (ψ � M) be
the isomorphism from Lemma A.4 induced by the natural identity transformation
between the functors

AOX
∆(φ⨿ψ)−−−−−→ AOAqB

Σ(φ⨿ψ)−−−−→ AOX

and
AOX

∆−→ AOX ×AOX
(∆φ,∆ψ)−−−−−→ AOA ×AOB

q−→ AOX .

• Let dR� : ϕ � (M ⊕ N) = Λφ(M ⊕ N) → ΛφM ⊕ ΛφN = (ϕ �M) ⊕ (ϕ � N) be
the isomorphism from Lemma A.4 induced by the natural isomorphism between the
functors

AOX ×AOX
q−→ AOX

∆φ−−→ AOA
Σφ−−→ AOX

and
AOX ×AOX

(∆φ,∆φ)−−−−−→ AOA ×AOA
(Σφ,Σφ)−−−−−→ AOX ×AOX

q−→ AOX .

• Note that if ζ : ∅ → X then ΛζM = 0 so let ξL� : ζ �M = ΛζM = 0 → 0 be the
identity natural isomorphism.

• Let ξR� : ϕ� 0 = Λφ0 = 0→ 0 be the identity natural isomorphism.

It remains to check that the coherence diagrams from Definition 2.37 are satisfied. This
is a straightforward but lengthy exercise and is left to the interested reader.

Recall Definition 2.40 of a C-monoid in a module category A over C∼= for C a tight
symmetric bimonoidal category.

Proposition 3.53. Let O and O′ indexing categories such that O is a subcategory
of O′. If (M,F ) is a coherent O′-monoid in MackO∗ then RXM is an O′-monoid in
MackOX as a module category over (O′X)∼= for all finite G-sets X.

Proof. We are asking for an extension of the functor − �RXM : (O′)∼= → MackOX to
O′.

(O′X)∼= MackOX

O′X

−�RXM
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Because (O′X)∼= is a wide subcategory of O′X we only need to describe what happens
on the extra morphisms. Given σ : (A,ϕ)→ (B,ψ) in O′X we need a map ΛφRXM →
ΛψRXM . We let this map be

ΛφRXM(C) =M(A×X C)
trσ×X idC−−−−−−→M(B ×X C) = ΛψRXM

where trσ×X idC is the transfer in ↑F M from Theorem 3.48.

It is possible to have anO-Mackey functor M together with extensions of the functor
− � RXM to O′X for all finite G-sets X that do not assemble into a coherent O′-
monoid. We get objects equivalent to this (what we might call incoherent O′-monoids)
by replacing O throughout Section 3.3 with the sub-bicategory containing all objects,
with hom categories the full subcategories of O(X,Y ) containing only those 1-cells of
the form (X = X → Y ).

The following definition is equivalent to one appearing in [10, Definition 4.4] with
the modification that we have replaced the orbit category OrbG with SetG.

Definition 3.54. Let O be an indexing category. A symmetric monoidal O-
Mackey functor is a pseudofunctor F : O → Sym landing in the bicategory of
symmetric monoidal categories, strong monoidal functors, and monoidal natural trans-
formations.

Definition 3.55. Let O be an indexing category. A tight symmetric bimonoidal
O-Mackey functor is a pseudofunctor F : O → Bisym,sg such that F (X) is a tight
symmetric bimonoidal category for all finite G-sets X and Bisym,sg is the bicategory of
symmetric bimonoidal categories, strong symmetric monoidal functors, and monoidal
natural transformations. Let O∼= be the sub-bicategory of O containing all objects, with
the hom category O∼=(X,Y ) being the full subcategory of O(X,Y ) containing only the
invertible 1-cells. The core of a tight symmetric bimonoidal O-Mackey functor F is
the pseudofunctor F∼= : O∼= → Bisysg such that F∼=(X) = F (X)∼= and which on a 1-cell
f = (X

f1←− A f2−→ Y ) is the restriction of F (f) to F (X)∼=.

Definition 3.56. Let F be a tight symmetric bimonoidal O-Mackey functor. A mod-
ule over F is a symmetric monoidal O-Mackey functor H together with a strong
transformation � : F∼=×H → H (considered as pseudofunctors O∼= → Sym) such that
the component 1-cell �X : F (X)∼= ×H(X)→ H(X) is an action functor which makes
H(X) a module category over F (X)∼= for all finite G-sets X.

Definition 3.57. Let (H,�) be a module over a tight symmetric bimonoidal O-Mackey
functor F . Given an object M ∈ H(∗) we have a pseudofunctor − �M : F∼= → H

with components − �MX : F (X)∼= → H(X) where MX is the image of M under the
functor H(∗ ← X = X). An F -monoid in H is an object M ∈ H(∗) together with an
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extension of this pseudofunctor to F . When such an extension exists we will still refer
to it by −�M .

F∼= H

F

−�M

We write O for the symmetric monoidal O-Mackey functor with O(X) = OX and
O(X f1←− A

f2−→ Y ) = Σf2∆f1 : OX → OY . On isomorphisms of O-transfer spans (that
is, 2-cells) O is the obvious natural isomorphism. If O and O′ are indexing categories
such that O is a subcategory of O′ then MackO

′
O (Definition 3.41) is a symmetric

monoidal O′-Mackey functor. By Theorem 3.52 we see that (MackO
′
O ,�) is a module

over O′.
The following two propositions show that we now have two equivalent characteri-

sations of O′-Mackey functors.

Proposition 3.58. If (M,F ) is a coherent O′-monoid in MackO∗ then M is an O′-
module in MackO

′
O .

Proof. By Proposition 3.53 we see that the required extension of −�M exists object-
wise. We only need to check that these commute with the structure functors in the O′

and MackO
′
O . That is, given a O′-transfer span (X

f1←− A
f2−→ Y ) we want the following

diagram to commute (up to natural isomorphism).

O′X MackOX

O′Y MackOY

Σf2∆f1

−�RXM

Tf2Rf1
−�RYM

(3.59)

Given (C,ϕ) ∈ O′X going around the bottom of the diagram we have

(C,ϕ) 7→ (A×X C, f2prA) 7→ Tf2prARf2prARYM ∼= Tf2prARA×XCM

and going around the top we have

(C,ϕ) 7→ TφRφRXM 7→ Tf2Rf1TφRφRXM ∼= Tf2TprARprCRφRXM ∼= Tf2prARA×XCM.

Commutativity of Diagram 3.59 is what we mean when we say that (M,F ) is a
coherent O′-monoid functor.

Proposition 3.60. If M is an O′-module in MackO
′
O then M is a coherent O′-monoid

in MackO∗ .
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Proof. We need to describe a strict functor F : O′ →
∫
MackO

′
O as per Definition 3.44.

Because F is required to be a section we only need to describe µFf from F (f) = (f, µFf )

for O′-transfer spans f = (X
f1←− A

f2−→ Y ). From the Y component O′Y → MackOY

of the extension of − � M and the map (A, f2)
f2−→ (Y, idY ) in O′Y we get a map

σ : Tf2Rf2RYM →RYM in MackOY . We let µFf be the composite

Tf2Rf1RXM
∼=−→ Tf2Rf2RYM

σ−→ RYM.

The commutativity of diagrams like Diagram 3.59 for any O′-transfer span ensures that
µFgf = µFg (Λgµ

F
f ).



Chapter 4

Bi-Incomplete Tambara Functors

Extending the analogy of Mackey functors as the equivariant analogue for abelian
groups, Tambara functors are the equivariant version of commutative rings. These are
Mackey functors with a multiplicative structure encoded by norm maps which corre-
spond to the transfer maps. Compositions of restrictions and norms satisfy the same
pullback-induced relation as compositions of restrictions and transfers. Compositions
of transfers and norms satisfy a complicated relation encoded by exponential diagrams
which describe distributivity. Similarly to incomplete Mackey functors, an incomplete
Tambara functor is one which does not have all norm maps. A bi-incomplete Tam-
bara functor is one which is missing some transfer maps and some norm maps. In
this chapter we provide a characterisation of bi-incomplete Tambara functors as more
bi-incomplete Tambara functors equipped with an appropriate pseudofunctor encod-
ing the information of the extra transfer and norm maps. This chapter follows a very
similar path the previous chapter, with more complicated but similar statements and
proofs.

In Section 4.1 we define bispan categories of compatible pairs of indexing systems.
In Section 4.2 we define (bi-incomplete) Tambara functors and some constructions

on them.
In Section 4.3 we define some bicategorical gadgets that are used for the main result

of the chapter.
In Section 4.4 we prove the main result of the chapter: the category of coherent

(O′a,O′m)-monoids in the category of (Oa,Om)-Tambara functors is equivalent to the
category of (O′a,O′m)-Tambara functors. A conjecture of Blumberg and Hill [2, Conjec-
ture 7.94] is a corollary of our main result. It also immediately follows that G-Tambara
functors are precisely the coherent (SetG, SetG)-monoids in the category of G-Mackey
functors.

In Section 4.5 we show that the category of (Oa,Om)-Tambara functors is a module
category over a tight symmetric bimonoidal category determined by (Oa,Om). We also

51
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provide a comparison to another characterisation of (Oa,Om)-Tambara functors but
see that it is less general than the characterisation given for our main result.

4.1 (Oa,Om)-bispan categories

Definition 4.1. We say a pair of indexing categories, (Oa,Om), is compatible if for
any pair of morphisms f : A→ X in Oa and g : X → Y in Om the dependent product
πY : Πg(A, f)→ Y, (y, σ) 7→ y is in Oa.

Let X be a finite G-set, and (Oa,Om) be a compatible pair of indexing categories.
An (Oa,Om) bispan over X from (A, pA) to (D, pD) is a diagram in SetG of the form

A B C D

X X X X

pA

f g

pB pC

h

pD

such that g is in Om and h is in Oa. An isomorphism of (Oa,Om) bispans over X from
(A, pA) to (D, pD) is a pair of isomorphisms ϕB : B → B′, ϕC : C → C ′ of G-sets such
that the following diagram commutes.

B C

A B′ C ′ D

X X

f

g

φBpB φC
hpC

pA

f ′

pB′

g′

pC′

h′

pD

The (Oa,Om)-bispan category over X, P(Oa,Om)
X , is the category whose objects are

pairs (A, pA) where A is a finite G-set and pA is a G-equivariant map A→ X, and whose
morphisms are isomorphism classes of (Oa,Om) bispans over X. When (Oa,Om) =

(SetG, SetG) we write PGX for P(Oa,Om)
X and call it the G-bispan category over X.

Given two (Oa,Om)-bispans over X, γ = (A
f1←− B f2−→ C

f3−→ D) and ω = (D
g1←− E g2−→

F
g2−→ H), their composition ωγ is extracted from the top of the following diagram,

where ‘pb’ indicates a pullback square and ‘exp’ indicates an exponential diagram.
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B ×C (E ×F Πg2(C ×D E))

B ×D E pb E ×F Πg2(C ×D E) Πg2(C ×D E)

pb C ×D E exp

B C pb E F

A D H

(b,(e,(f,σ))) 7→(b,e) prE×FΠg2 (C×DE)

prB

f2×DidE
ev

prΠg2 (C×DE)

π
C×DE
F

prC prE

f1

f2

f3 g1

g2

g3

The composition ωγ is (the isomorphism class of) the (Oa,Om)-bispan over X,

A
f1prB←−−−− B ×C (E ×F Π

g2
(C ×D E))

prΠg2 (C×DE)

−−−−−−−−→ Π
g2
(C ×D E)

g3π
C×DE
F−−−−−−→ H.

Remark 4.2. Asking for (Oa,Om) to be compatible is precisely what is required to
ensure that for any pair of morphisms f : A → X in Oa and g : X → Y in Om the
exponential diagram

X ×Y Πg A Πg A

A X Y

prΠg A

ev πAY

f g

describes an (Oa,Om)-bispan (A
ev←− X ×Y Πg A

prΠgA−−−−→ Πg A
πAY−−→ Y ). Hence ensuring

that the composition described above is well-defined.

Lemma 4.3. Products in P(Oa,Om)
X is are given by disjoint union. The structure maps

for the product X1 qX2 are represented by (X1 qX2 ←↩ Xi = Xi = Xi).

Remark 4.4. Let H be a subgroup of G, then given compatible pair of indexing
systems (Oa,Om) in SetG we get a compatible pair of indexing systems (i∗HOa, i∗HOm)
in SetH . Via the equivalence of categories SetGG/H ' SetH from Remark 2.4 we have an
equivalence of categories P(Oa,Om)

G/H ' P(i∗HOa,i
∗
HOm)

∗ .

There are a pair of functors

P(Oa,Om)
X × P(Oa,Om)

Y → P(Oa,Om)
XqY

((A, pA), (B, pB)) 7→ (AqB, pA q pB)

((A
f←− B g−→ C

h−→ D), (A′
f ′←− B′ g

′
−→ C ′

h′−→ D′))

7→ (AqA′ fqf ′←−−− B qB′ gqg
′

−−−→ C q C ′ hqh
′

−−−→ D qD′)
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and

P(Oa,Om)
XqY → P(Oa,Om)

X × P(Oa,Om)
Y

A 7→ (p−1A (X), p−1A (Y ))

(A
f←− B g−→ C

h−→ D)

7→((p−1A (X)
f←−p−1B (X)

g−→p−1C (X)
h−→p−1D (X)), (p−1A (Y )

f←−p−1B (Y )
g−→p−1C (Y )

h−→p−1D (Y ))).

Lemma 4.5. The two functors above are inverse to each other, defining an equivalence
of categories P(Oa,Om)

X × P(Oa,Om)
Y

∼= P(Oa,Om)
XqY .

Definition 4.6. Given a morphism ϕ : X → Y of G-sets the base change functors
from Definition 2.3 induce functors

P(Oa,Om)
Y P(Oa,Om)

X

Σφ

∆φ

which agrees on objects with the original functors on slice categories of SetG and on
morphisms we apply the base of change functor to each leg of the (Oa,Om)-bispan over
X. For Σφ we have

Σφ :

 A B C D

X X X X

pA

f g

pB

h

pC pD

 7→
 A B C D

Y Y Y Y

φpA

f g

φpB φpC

h

φpD


and it is immediate from this that Σφ is functorial. For ∆φ we have

∆φ :

 A B C D

Y Y Y Y

pA

f g

pB

h

pC pD



7→

 A×Y X B ×Y X C ×Y X D ×Y X

X X X X

prX

f×Y idX g×Y idX

prX

h×Y idX

prX prX

 .

To see that this is functorial we must check that applying ∆φ commutes with compo-
sition of bispans. This boils down to providing isomorphisms(

B ×C
(
E ×F Π

g2
(C ×D E)

))
×Y X

∼=−→(
(B ×Y X)×(C×YX)

(
(E ×Y X)×(F×YX) Π

g2×Y idX

(
(C ×Y X)×(D×YX) (E ×Y X)

)))
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and

Π
g2
(C ×D E)

∼=−→ Π
g2×Y idX

(
(C ×Y X)×(D×YX) (E ×Y X)

)
.

The first isomorphism is given by

((b, (e, (f, σ))) , x) 7→
(
(b, x) ,

(
(e, x) ,

(
(f, x) ,

(
e′, x

)
7→
((
prCσ(e

′), x
)
,
(
e′, x

)))))
with inverse

((b, x) , ((e, x) , ((f, x) , σ))) 7→
((
b,
(
e,
(
f, e′ 7→

(
prCσ(e

′), e′
))))

, x
)
.

The second isomorphism is given by

((f, σ) , x) 7→
(
(f, x) ,

(
e′, x

)
7→
((
prCσ(e

′), x
)
,
(
e′, x

)))
with inverse

((f, x) , σ) 7→
((
f, e′ 7→

(
prCσ(e

′), e′
))
, x
)
.

Lemma 4.7. The functor ∆φ is left adjoint to Σφ.

Proof. Given A ∈ P(Oa,Om)
Y and D ∈ P(Oa,Om)

X we have a natural isomorphism
P(Oa,Om)
X (∆φA,D) ∼= P(Oa,Om)

Y (A,ΣφD) given by X ×Y A B C D

X X

prA

f1

pB

f2 f3

pC
pD

 7→
 A B C D

Y Y

pA

prAf1

φpB

f2 f3

φpC
φpD


with inverse A B C D

Y Y

pA

g1

pB

g2 g3

pC
φpD

 7→


X ×Y A B C D

X X

prX

(pDg3g2,g1)

pDg3g2

g2 g3

pDg3 pD

 .

4.2 (Oa,Om)-Tambara functors

Definition 4.8. An (Oa,Om)-semi-Tambara functor S overX is a product-preserving
functor P(Oa,Om)

X → Set. We write sTamb
(Oa,Om)
X for the category of (Oa,Om)-semi-

Tambara functors and natural transformations between them. As the product in
P(Oa,Om)
X is disjoint union and S is product-preserving, S(∅) is always a singleton.

For A ∈ P(Oa,Om)
X the set S(A) is naturally a commutative semiring with additive unit

map S(∅ = ∅ = ∅ → A), multiplicative unit map S(∅ = ∅ → A = A), additive bi-
nary operation S(AqA = AqA = AqA ∇−→ A), and multiplicative binary operation
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S(AqA = AqA ∇−→ A = A). For any map f : X → Y of G-sets, the corresponding map
resf = S(Y

f←− X = X = X) : S(Y )→ S(X) is a morphism of semirings. For any map
g : X → Y in Om, the corresponding map nmg = S(X = X

g−→ Y = Y ) : S(X)→ S(Y )

is a monoid homomorphism with respect to the multiplicative operation. For any map
h : X → Y in Oa, the corresponding map trh = S(X = X = X

h−→ X) : S(X)→ S(Y )

is a monoid homomorphism with respect to the additive operation.

Definition 4.9. An (Oa,Om)-Tambara functor overX is an (Oa,Om)-semi-Tambara
functor S such that S(A) is a ring for all A ∈ P(Oa,Om)

X . We write Tamb
(Oa,Om)
X for

the category of (Oa,Om)-Tambara functors over X and natural transformations be-
tween them. We call an (Oa,Om)-Tambara functor incomplete when Oa = SetG and
Om 6= SetG, and bi-incomplete when both Oa 6= SetG and Om 6= SetG. When G is
the trivial group the category of G-Tambara functors is equivalent to the category of
commutative rings, because such Tambara functors are determined up to isomorphism
by the value they take on a singleton (and the bispans which determine the structure
maps).

Definition 4.10. We can define a forgetful functor, UX : sTamb
(Oa,Om)
X → sMackOaX

via precomposition by the “inclusion” functor ι : AOaX → P
(Oa,Om)
X which is the identity

on objects and on morphisms is

ι(X
f1←− A f2−→ Y ) = (X

f1←− A = A
f2−→ Y ).

That is, any (Oa,Om)-Tambara functor contains an Oa-Mackey functor.

Definition 4.11. Given a morphism ϕ : X → Y in SetG and S ∈ sTamb
(Oa,Om)
Y we

define the restriction RφS of S along ϕ to be the left Kan extension of S along ∆φ.

P(Oa,Om)
Y Set

P(Oa,Om)
X

S

∆φ Lan∆φ S=:RφS

Write αS : S → (RφS)∆φ for the universal map of the left Kan extension. Given
a morphism S

f−→ T in sMackOY there is a morphism Rφ(f) : RφS → RφT such
that Rφ(f)αS = αT f by the universal property of αS . This makes Rφ a functor
sTamb

(Oa,Om)
Y → sTamb

(Oa,Om)
X ; we call this the restriction functor along ϕ.

When G is the trivial group a G-Tambara functor over X, S, is an X-parameterised
family of commutative rings. We write S(A)x for the commutative ring in S(A) corre-
sponding to x ∈ X. In this case we have RφS(A)x = S(A)φ(x).
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The restriction functor admits a convenient explicit description.

Proposition 4.12. Given S ∈ sTambOY and ϕ : X → Y in SetG we have RφS = SΣφ.

Proof. This is a direct application of Yoneda reduction, setting K = ∆φ, H = Σφ and
F = S in Lemma A.2.

Lemma 4.13. Let S ∈ sTamb
(Oa,Om)
Y and ϕ : X → Y then RφS ∈ sTamb

(Oa,Om)
X .

Proof. We note that Σφ preserves products in P(Oa,Om)
X (given by disjoint union) and

so, as a composite of product-preserving functors, RφS is product-preserving.

Definition 4.14. Given a morphism ϕ : X → Y in SetG and S ∈ sTamb
(Oa,Om)
X we

define the transfer TφS of S along ϕ to be S∆φ ∈ sTamb
(Oa,Om)
Y . Precomposition

with ∆φ is natural in S so Tφ defines a functor sTamb
(Oa,Om)
X → sTamb

(Oa,Om)
Y which

we call the transfer functor along ϕ.

When G is the trivial group and S is a G-Tambara functor over X we have
TφS(A)y =

∏
x∈f−1(y) S(A)x.

Lemma 4.15. Let S ∈ sTamb
(Oa,Om)
X and ϕ : X → Y then TφS ∈ sTamb

(Oa,Om)
Y .

Proof. We note that ∆φ preserves products in P(Oa,Om)
X and so, as a composite of

product-preserving functors, TφS is product-preserving.

Lemma 4.16. There are natural isomorphisms RφUY ∼= UXRφ and TφUX ∼= UY Tφ.
That is, up to natural isomorphism the following diagrams commute.

sTamb
(Oa,Om)
Y sTamb

(Oa,Om)
X

sMackOaY sMackOaX

Rφ

UY UX

Rφ

sTamb
(Oa,Om)
X sTamb

(Oa,Om)
Y

sMackOaX sMackOaY

Tφ

UX UY

Tφ

Proof. Commuting forgetful functors with restriction and transfer functors are immedi-
ate because they are naturally isomorphic to precomposition by Σφ and ∆φ respectively,
for both Mackey functors and Tambara functors.

Definition 4.17. Given a morphism ϕ : X → Y in SetG and S ∈ sTamb
(Oa,Om)
X we

define the norm NφS of S along ϕ to be the left Kan extension of S along Σφ.

P(Oa,Om)
X Set

P(Oa,Om)
Y

S

Σφ LanΣφ S=:NφS
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Write αS : S → (NφS)Σφ for the universal map of the left Kan extension. Given a
morphism S

f−→ T in sTamb
(Oa,Om)
X there is a morphism Nφ(f) : NφS → NφT such

that Nφ(f)αS = αT f by the universal property of αS . This makes Nφ a functor
sTamb

(Oa,Om)
X → sTamb

(Oa,Om)
Y ; we call this the norm functor along ϕ.

When G is the trivial group and S is a G-Tambara functor over X we have
NφS(A)y =

⊗
x∈f−1(y) S(A)x.

Notice that this norm functor is defined differently from the norm functor on Mackey
functors. Unlike in the Mackey functor case there are no compatibility restrictions
controlling which norm functors are well-defined for Tambara functors.

Lemma 4.18. Let S ∈ sTamb
(Oa,Om)
X and ϕ : X → Y . Then NφS ∈ sTamb

(Oa,Om)
Y .

Proof. By Lemma A.6 left Kan extensions of product-preserving functors are product-
preserving.

The norm functor does not have a convenient explicit description along the lines of
Proposition 4.12. However, similar to describing the norm on Mackey functors, there
is an explicit description by the objectwise formula for a left Kan extension. We have

NφS(A) ∼=
∫ P(Oa,Om)

X

P(Oa,Om)
Y (ΣφB,A)× S(B) dB.

Elements in this coend are equivalence classes of elements of the form (ΣφB
f1←− C f2−→

D
f3−→ A, b) where the first coordinate is an (Oa,Om)-bispan over Y and the second

coordinate is an element of S(B). We write [ΣφB
f1←− C f2−→ D

f3−→ A, b] for the element
represented by (ΣφB

f1←− C f2−→ D
f3−→ A, b).

Recall that for S ∈ Tamb
(Oa,Om)
X and D ∈ P(Oa,Om)

X the unit of the additive monoid
structure is given by tr∅→D = S(∅ = ∅ = ∅ → D), and the binary operation by
tr∇ = S(D qD = D qD = D qD ∇−→ D). The additive structure on NφS(D) is given
by

NφS(D)×NφS(D) ∼= NφS(D qD)
tr∇−−→ NφS(D)

where the first map is the isomorphism from Lemma A.6. On elements this map is
given by ([

A
α1←− B α2−→ C

α3−→ D, a
]
,
[
A′

β1←− B′ β2−→ C ′
β3−→ D, a′

])
7→
[
AqA′ α1qβ1←−−−− B qB′ α2qβ2−−−−→ C q C ′ α3qβ3−−−−→ D qD, (a, a′)

]
7→
[
AqA′ α1qβ1←−−−− B qB′ α2qβ2−−−−→ C q C ′ ∇(α3qβ3)−−−−−−→ D, (a, a′)

]
.
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Recalling that NφS(∅) is necessarily a singleton we know that (∅ = ∅ = ∅ = ∅, ∗) is
a representative of the only class. We can use this to pick out a representative of the
additive identity in NφS(D), under the unit map we have

[∅ = ∅ = ∅ = ∅, ∗] 7→ [∅ = ∅ = ∅ → D, ∗].

If 0A is the additive identity in S(A) then [A← B → C → D, 0A] = [∅ = ∅ = ∅ → D, ∗].
We can identify these two representatives along (A ← B → C → D, ∗) via the bispan
(∅ = ∅ = ∅ → A).

Lemma 4.19. Let ϕ : X → Y be a map of finite G-sets. Given S ∈ Tamb
(Oa,Om)
X we

have TφS ∈ Tamb
(Oa,Om)
Y and NφS ∈ Tamb

(Oa,Om)
Y . Given T ∈ Tamb

(Oa,Om)
Y we have

RφT ∈ Tamb
(Oa,Om)
X .

Proof. By Lemma 4.16 restriction and transfer functors commute with the forget-
ful functor. So restriction and transfer functors take (Oa,Om)-Tambara functors to
(Oa,Om)-Tambara functors, because they takeOa-Mackey functors toOa-Mackey func-
tors.
Given any element [A← B → C → D, a] ∈ NφS(D) we have

[A← B → C → D, a] + [A← B → C → D,−a]

= [AqA← B qB → C q C → D, (a,−a)]

= [A← B → C → D, a+ (−a)]

= [A← B → C → D, 0A]

where the representatives are identified across the second quality along (A ← B →
C → D, (a,−a)) via the bispan (AqA = AqA = AqA ∇−→ A).

The norm functor on Tambara functors is compatible with the norm functor on
Mackey functors in the following way.

Theorem 4.20. Let (Oa,Om) be a compatible pair of indexing categories, and let
ϕ : X → Y be a map in SetG such that given any morphism γ : A → X in Oa the
dependent product πY : ΠφA → Y is in Oa. Then there is a natural isomorphism
θ : NφUX ∼= UYNφ. That is, up to a natural isomorphism the following diagram
commutes.

sTamb
(Oa,Om)
X sTamb

(Oa,Om)
Y

sMackOaX sMackOaY

Nφ

UX UY

Nφ
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Proof. For S ∈ sTamb
(Oa,Om)
X the map θS : NφUXS → UYNφS has components

NφUXS(D)→ UYNφS(D),

[Π
φ
B

f1←− C f2−→ D,x] 7→ [X ×Y C = X ×Y C
prC−−→ C

f2−→ D, resf̃1(x)]

where f̃1 : X ×Y C → B, (x, c) 7→ (πBσ (f1(c))(x)) is the adjoint map to f1 across the
adjunction ∆φ a Πφ. The inverse natural transformation, θ−1, is given by

UYNφS(D)→ NφUXS(D),

[B
g1←− C g2−→ E

g3−→ D,x] 7→ [Π
φ
(X ×Y E)

ηE←−− E g3−→ D,nm(pBg1,g2)(resg1(x))]

where ηE is the E component of the unit of the adjunction ∆φ a Πφ and (pBg1, g2) :

C → X ×Y E, c 7→ (pBg1(c), g2(c)). The map C → X ×Y C, c 7→ (pBg1(c), c) is a
monomorphism so is in Om by Lemma 2.27. The map X ×Y C → X ×Y E, (x, c) 7→
(x, g2(c)) is in Om as it is a pullback of g2 which is in Om. As the map (pBg1, g2) is
the composite of these two maps it is also in Om, so θ−1 is well-defined.
To check these are inverse to each other we note that (prX idX×Y C , prC) = idX×Y C and
so we can identify (ΠφB

f1←− C
f2−→ D,x) with (Πφ(X ×Y C)

ηC←−− C
f2−→ D, resf̃1(x))

along (Πφ(X ×Y C)
ηC←−− C

f2−→ D,x) via the span (B
f̃1←− X ×Y C = X ×Y C). In

the other direction we note that η̃E = idX×Y E and so we can identify (B
g1←− C

g2−→
E

g3−→ D,x) with (X ×Y E = X ×Y E
prE−−→ E

g3−→ D,nm(pBg1,g2)(resg1(x))) along

(X ×Y E = X ×Y E
prE−−→ E

g3−→ D,x) via (B
g1←− C (pBg1,g2)−−−−−−→ X ×Y E = X ×Y E).

Remark 4.21. In the above proof we established the existence of useful representatives
for elements in normed Mackey and Tambara functors. In particular, for M a Mackey
functor every element of NφM(A) can be written

[Π
φ
(X ×Y B)

ηB←−− B k−→ A, x].

Similarly, for S a Tambara functor every element of NφS(A) can be written

[X ×Y B = X ×Y B
prB−−→ B

k−→ A, x].

We note that the adjunction relationships in the following Lemma are different from
those in the Mackey functor case where Tφ a Rφ a Tφ (Lemma 3.24).

Lemma 4.22. Given ϕ : X → Y in SetG the functor Tφ is left adjoint to the functor
Rφ which is left adjoint to Nφ. That is, Tφ a Rφ a Nφ.

Proof. The first claim is an immediate application of Lemma A.7 as Rφ is defined as
Lan∆φ and Tφ is defined as precomposition by ∆φ. By Proposition 4.12 we know that
Rφ is naturally isomorphic to precomposition by Σφ. Noting that Nφ is defined as
LanΣφ second claim is an application of Lemma A.7.
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As in the Mackey functor case, on Tambara functors the transfer and norm functors
satisfy a pullback condition with respect to composition with the restriction functor.

Proposition 4.23. Let

X ×Z Y Y

X Z

prY

prX β

α

be a pullback square in SetG. Then the functors RβTα and TprYRprX are naturally
isomorphic. Similarly, the functors RβNα and NprYRprX are naturally isomorphic.

Proof. By the natural isomorphism ∆βΣα ∼= ΣprY∆prX in Lemma 2.6 we haveRβTαS ∼=
S∆βΣα ∼= SΣprY∆prX

∼= TprYRprXS. By Lemma A.5 we have that

RβNαS = Lan∆β (LanΣα S)
∼= Lan∆βΣα S

and
NprYRprXS = LanΣprY (Lan∆prX S)

∼= LanΣprY ∆prX
S.

We have ∆βΣα ∼= ΣprY∆prX by Lemma 2.6, hence by Lemmas A.4 and A.5,

RβNαS ∼= Lan∆βΣα S
∼= LanΣprY ∆prX

S ∼= NprYRprXS.

Again, as in the Mackey functor case, the transfer, norm, and restriction functors
on Tambara functors satisfy an exponential diagram relation. The proof is less straight-
forward in this case as the transfer functor is no longer a left Kan extension. Instead we
take advantage of the norm, transfer, and restrictions functors being compatible with
the forgetful functors.

Lemma 4.24. Let (Oa,Om) and (O′a,O′m) be compatible pairs of indexing categories
such (Oa,O′m) is also a compatible pair of indexing categories, and such that Oa and
Om are subcategories of O′a and O′m. If

Y ×Z ΠgX ΠgX

X Y Z

prΠg X

ev πZ

f g

is an exponential diagram in with f ∈ O′a and g ∈ O′m then TπZNqRevS(A) ∼= NgTfS(A)
for any A ∈ SetGZ . We will write q for the projection map Y ×Z ΠgX → ΠgX for
readability.
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Proof. Because the transfer, norm, and restriction functors commute with the forgetful
functors we can check this at the level of Mackey functors. We have

UZTπZNqRevS(A) = UΠg XNqRevS(A×Z Π
g
X)

∼= NqUY×ZΠg XRevS(A×Z Π
g
X) ∼= TπZNqRevUXS(A)

∼= NgTfUXS(A) ∼= UZNgTfS(A)

where the isomorphisms are acting on elements by

[C
f1←− D f2−→ E

f3−→ A×Z Π
g
X, c]

7→
[
Π
q
((Y ×Z Π

g
X)×Πg X E)

ηqE←−− E f3−→ A×Z Π
g
X, ĉ

]
7→
[
Π
q
((Y ×Π

g
X)×X ((Y ×Z Π

g
X)×Πg X E))

(prY×ZΠg X ,id)∗η
q
E←−−−−−−−−−−−− E prAf3−−−→ A, ĉ

]
7→
[
Π
g
((Y ×Z Π

g
X)×Πg X E)

ω←− E prAf3−−−→ A, ĉ

]
7→
[
Y ×Z E = Y ×Z E

prE−−→ E
prAf3−−−→ A,nm(prY pCf1,f2)(resf1(c))

]
.

Here we have ĉ = nm(pCf1,f2)(resf1(c)) and we note that ω is ηgE when postcomposed
with the isomorphism Πg((Y ×Z ΠgX)×Πg X E) ∼= Πg(Y ×Z E).

Remark 4.25. The compatibility conditions in the previous lemma and the following
proposition are there to ensure that the norm functors in question exist at the level of
Mackey functors.

Proposition 4.26. Let (Oa,Om) and (O′a,O′m) be compatible pairs of indexing cate-
gories such (Oa,O′m) is also a compatible pair of indexing categories, and such that Oa
and Om are subcategories of O′a and O′m. If

Y ×Z ΠgX ΠgX

X Y Z

prΠg X

ev πZ

f g

is an exponential diagram in with f ∈ O′a and g ∈ O′m then TπZNprΠg XRev and NgTf
are naturally isomorphic functors Tamb

(Oa,Om)
X → Tamb

(Oa,Om)
Z .

Proof. As the transfer, norm, and restriction functors commute with the forgetful func-
tors we have that UZTπZNprΠg XRev ∼= TπZNprΠg XRevUX ∼= NgTfUX ∼= UZNgTf and so
TπZNprΠg XRev and NgTf agree on objects, and transfer and restrictions. So it remains
to check that they agree on norm maps. That is, we need to show that the following
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diagram commutes. Note the top isomorphism is the one described in the preceding
lemma.

UZTπZNprΠg XRevS(A) UZNgTfS(A)

UZTπZNprΠg XRevS(B) UZNgTfS(B)

∼=

nmφ nmφ

∼=

We go on to show explicitly that this diagram commutes, however it suffices to note
that the horizontal isomorphisms act on element (representatives) on both coordinates,
in particular by precomposition in the first and the vertical norm maps act on the first
coordinate by postcomposition and do not act on the second coordinate.

The norm maps act by postcomposition of bispans with (A = A
φ−→ B = B). Going

around the top of the diagram we have

[C
f1←− D f2−→ E

f2−→ A×Z Π
g
X, c]

7→ [Y ×Z E
idY ×Zev←−−−−−− Y ×Z (A×B Π

φ
E)

prΠφ E−−−−→ Π
φ
E

πB−−→ B,nm(prY pCf1,f2)(resf1(c))]

= [C
f1prD←−−−− D ×Y×ZE (Y ×Z (A×B Π

φ
E))

prΠφ E−−−−→ Π
φ
E

πB−−→ B, c]

where the equality comes from identifying along (Y ×Z E
idY ×Zev←−−−−−− Y ×Z (A ×B

ΠφE)
prΠφ E−−−−→ ΠφE

πB−−→ B, c) via the bispan (C
f1←− D (prY pCf1,f2)−−−−−−−−→ Y ×Z E = Y ×Z E).

Going around he bottom of the diagram we have

[C
f1←− D f2−→ E

f2−→ A×Z Π
g
X, c]

7→ [Y ×ZΠ
φ×ZidΠg X

E = Y ×ZΠ
φ×ZidΠg X

E
prΠE−−−→Π
φ×ZidΠg X

E
prBπ(B×ZΠg X)−−−−−−−−−→B,nm(prY pCf1prD,prΠE)(resf1prD(c))]

= [C
f1prD←−−−− D ×E ((A×Z Π

g
X)×B×ZΠg X Π

φ×Z idΠg X
E)

prΠE−−−→ Π
φ×Z idΠg X

E
prBπ(B×ZΠg X)−−−−−−−−−−→ B, c]

= [C
f1prD←−−−− D ×Y×ZE (Y ×Z (A×B Π

φ
E))

prΠφ E−−−−→ Π
φ
E

πB−−→ B, c].

where the fist equality comes from identifying along

(Y ×Z Π
φ×Z idΠg X

E = Y ×Z Π
φ×Z idΠg X

E
prΠE−−−→ Π
φ×Z idΠg X

E
prBπ(B×ZΠg X)−−−−−−−−−−→ B, c)

via the bispan

(C
f1prD←−−−− D ×E ((A×Z Π

g
X)×(B×ZΠg X) Π

φ×Z idΠg X
E)

prΠE−−−→ Π
φ×Z idΠg X

E
prBπ(B×ZΠg X)−−−−−−−−−−→ B).

The second equality comes from the obvious isomorphism of bispans.

The forgetful functors commute with the important natural transformations be-
tween restriction, transfer, and norm functors.
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Lemma 4.27. Let

X ×Y Z Z

X Y

prZ

prX g

f

be a pullback square in SetG. Then the following square commutes for any Tambara
functor S.

UZRgTfS UZTprZRprXS

RgTfUXS TprZRprXUXS

∼=

∼= ∼=

∼=

Proof. This follows immediately from the fact that restriction functors, Rφ, and trans-
fer functors, Tφ are naturally isomorphic to precomposition be Σφ and ∆φ respectively
for both Mackey and Tambara functors.

Lemma 4.28. Let (Oa,Om) and (O′a,O′m) be compatible pairs of indexing categories
such (Oa,O′m) is also a compatible pair of indexing categories, and such that Oa and
Om are subcategories of O′a and O′m. If

X ×Y Z Z

X Y

prZ

prX g

f

is a pullback square in SetG with f ∈ O′m. Then the following square commutes for any
(Oa,Om)-Tambara functor S.

UZRgNfS UZNprZRprXS

RgNfUXS NprZRprXUXS

∼=

∼= ∼=

∼=

Proof. Recall from Remark 4.21 that we have nice representatives for elements of
normed Mackey and Tambara functors. On objects the top natural isomorphism,
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UZRgNfS(A, h)→ UZNprZRprXS(A, h), is given by

[
X ×Y B = X ×Y B

prB−−→ B
j−→ A,α

]
7→
[
Z ×Y A

(h,idA)←−−−− A = A = A,
[
X ×Y B = X ×Y B

prB−−→ B
j−→ A,α

]]
7→
[
(X ×Y B)×Y Z

(idX×Y B ,hjprB)
←−−−−−−−−−− X ×Y B

prB−−→ B
j−→ A,α

]
7→
[
(X ×Y B)×X (X ×Y Z)

(idX×Y B ,(prX ,hjprB))
←−−−−−−−−−−−−−− X ×Y B

j−→ A,α

]
7→
[
(X ×Y B)×X (X ×Y Z)

(idX×Y B ,(prX ,hjprB))
←−−−−−−−−−−−−−− X ×Y B

j−→ A,
[
id∆prX (X×Y B), α

]]
7→
[
(X ×Y B)×X (X ×Y Z)

(idX×Y B ,(prX ,hjprB))
←−−−−−−−−−−−−−− X ×Y B

j−→ A, resprX×Y B
(α)

]
.

In order, we are using natural isomorphisms from Lemmas A.2, A.5, A.4, A.5, A.2. On
objects the bottom natural isomorphism, RgNfUXS(A, h) → NprZRprXUXS(A, h), is
given by

[
Π
f
(X ×Y B)

ηfB←−− B j−→ A,α

]
7→
[
Z ×Y A

(h,idA)←−−−− A = A,

[
Π
f
(X ×Y B)

ηfB←−− B j−→ A,α

]]
7→
[
Z ×Y Π

f
(X ×Y B)

(hj,ηfB)
←−−−− B j−→ A,α

]
7→
[
Π
prZ

((X ×Y B)×X (X ×Y Z))
φ←− B j−→ A,α

]
7→
[
Π
prZ

((X ×Y B)×X (X ×Y Z))
φ←− B j−→ A,

[
id∆prX (X×Y B), α

]]
7→
[
Π
prZ

((X ×Y B)×X (X ×Y Z))
φ←− B j−→ A, resprX×Y B

(α)

]

where ϕ : b 7→ (hj(b), (x, z) 7→ ((x, b), (x, z))). In order, we are using natural isomor-
phisms from Lemmas A.2, A.5, A.4, A.5, A.2. Around the bottom of the square we
have

[
X ×Y B = X ×Y B

prB−−→ B
j−→ A,α

]
7→
[
Π
f
(X ×Y B)

ηfB←−− B j−→ A,α

]
7→
[
Π
prZ

((X ×Y B)×X (X ×Y Z))
φ←− B j−→ A, resprX×Y B

(α)

]
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where the first map is from Theorem 4.20. Around the top of the square we have[
X ×Y B = X ×Y B

prB−−→ B
j−→ A,α

]
7→
[
(X ×Y B)×X (X ×Y Z)

(idX×Y B ,(prX ,hjprB))
←−−−−−−−−−−−−−− X ×Y B

j−→ A, resprX×Y B
(α)

]
=
[
(X ×Y Z)×Z B = (X ×Y Z)×Z B

prB−−→ B
j−→ A,nm((prX ,hjprB),prB)(α)

]
=
[
X ×Y B = X ×Y B

prB−−→ B
j−→ A,α

]
7→
[
Π
prZ

((X ×Y Z))×Z B
η
prZ
B←−−− B j−→ A,nm((prX ,hjprB),prB)(α)

]
=

[
Π
prZ

((X ×Y Z))×Z B
η
prZ
B←−−− B j−→ A, res(prX ,prB)(α)

]
.

The first equality is changing to the nice representative from Remark 4.21. The second
equality is an identification using the bispan(

X ×Y B = X ×Y B
∼=−→ (X ×Y Z)×Z B = (X ×Y Z)×Z B

)
note that this is not putting it into normal form. The second map is from Theorem
4.20. The third equality holds because we have the following isomorphism of bispans.

X ×Y B (X ×Y Z)×Z B

X ×Y B (X ×Y Z)×Z B

(X ×Y Z)×Z B (X ×Y Z)×Z B

∼=

∼=

∼=

Finally the elements[
Π
prZ

((X ×Y B)×X (X ×Y Z))
φ←− B j−→ A, resprX×Y B

(α)

]
and [

Π
prZ

((X ×Y Z))×Z B
η
prZ
B←−−− B j−→ A, res(prX ,prB)(α)

]

are identified along (ΠprZ ((X ×Y Z)) ×Z B
η
prZ
B←−−− B

j−→ A, resprX×Y B
(α)) via the span

(((X ×Y B) ×X (X ×Y Z))
ψ←− (X ×Y Z) ×Z B = (X ×Y Z) ×Z B) where ψ is the

composite

(X ×Y Z)×Z B
∼=−→ X ×Y B

((idX×Y B ,(prX ,hjprB)))
−−−−−−−−−−−−−−−→ ((X ×Y B)×X (X ×Y Z)).

Lemma 4.29. Let (Oa,Om) and (O′a,O′m) be compatible pairs of indexing categories
such (Oa,O′m) is also a compatible pair of indexing categories, and such that Oa and



4.2. (OA,OM )-TAMBARA FUNCTORS 67

Om are subcategories of O′a and O′m. If

Y ×Z ΠgX ΠgX

X Y Z

prΠg X

ev πZ

f g

is an exponential diagram with f ∈ O′a and g ∈ O′m then the following square commutes
for any (Oa,Om)-Tambara functor S.

UZTπZNprΠg XRevS UZNgTfS

TπZNprΠg XRevUXS NgTfUZS

∼=

∼= ∼=
∼=

Proof. This is immediate because the exponential diagram isomorphism was defined at
the level of Tambara functors in Lemma 4.24 by passing over the forgetful functor and
using the exponential diagram isomorphism at the Mackey functor level.

Lemma 4.30. Let f : X → Y and g : Y → Z be maps in SetG. Then for S and T

Tambara functors the following diagrams commute.

UXRfRgT UXRgfT

RfRgUZT RgfUZT

∼=

∼= ∼=

∼=

UZTgTfS UZTgfS

TgTfUXS TgfUXS

∼=

∼= ∼=

∼=

UZNgNfS UZNgfS

NgNfUXS NgfUXS

∼=

∼= ∼=

∼=

The commutativity of the third diagram is contingent on Nf and Ng existing at the
level of Mackey functors.

Proof. The first diagram commutes because ΣgΣf = Σgf and the second diagram
commutes because there is a natural isomorphism ∆f∆g

∼= ∆gf .
Recall from Remark 4.21 that we have nice representatives for elements of normed

Mackey and Tambara functors. Around the top of the diagram we have[
Y ×Z B = Y ×Z B

prB−−→ B
k−→ A,

[
X ×Y C = X ×Y C

prC−−→ C
j−→ Y ×Z B,α

]]
7→
[
X ×Y C

idX ×Y ev←−−−−−− X ×Y ((Y ×Z B)×B Π
prB

C)
prΠprB C

−−−−−−→ Π
prB

C
kπB−−→ A,α

]
7→

[
Π
gf
(X ×Z Π

prB
C)

ηgfΠprB C

←−−−−− Π
prB

C
kπB−−→ A,nm(prX ,prΠprB C)(residX ×Y ev(α))

]

=

[
Π
gf
(X ×Z Π

prB
C)

ηgfΠprB C

←−−−−− Π
prB

C
kπB−−→ A, res(prX ,((fprX ,πB),(πB ,πσ)))(residX ×Y ev(α))

]

=

[
Π
gf
(X ×Z Π

prB
C)

ηgfΠprB C

←−−−−− Π
prB

C
kπB−−→ A, resφ(α))

]



68 CHAPTER 4. BI-INCOMPLETE TAMBARA FUNCTORS

where the first map is an application of Lemma A.5, the second is from the proof of
Theorem 4.20, the first equality holds because we have the following isomorphism of
bispans, and the second equality is composition of restriction maps with ϕ : (x, (b, σ)) 7→
(x, σ(f(x), b)).

X ×Y ((Y ×Z B)×B ΠprB C) X ×Z ΠprB C

X ×Y ((Y ×Z B)×B ΠprB C) X ×Z ΠprB C

X ×Z ΠprB C X ×Z ΠprB C

∼=

∼=

∼=

Around the bottom of the diagram we have[
Y ×Z B = Y ×Z B

prB−−→ B
k−→ A,

[
X ×Y C = X ×Y C

prC−−→ C
j−→ Y ×Z B,α

]]
7→
[
Π
g
(Y ×Z B)

ηgB←−− B k−→ A,

[
Π
f
(X ×Y C)

ηfC←−− C j−→ Y ×Z B,α
]]

7→
[
Π
gf
(X ×Y C)

ψ←− Π
prB

C
k−→ A,α

]
where ψ : (b, σ) 7→ (hk(b), x 7→ (x, σ(f(x), b))) is the composition

Π
prB

C
∼=−→ Π

g
C ×Πg(Y×ZB) B

prΠg C−−−−→ Π
g
C

Πg η
f
C−−−−→ Π

g
Π
f
(X ×Y C)

∼=−→ Π
gf
(X ×Y C).

Finally, the elements[
Π
gf
(X ×Z Π

prB
C)

ηgfΠprB C

←−−−−− Π
prB

C
kπB−−→ A, resφ(α))

]

and [
Π
gf
(X ×Y C)

ψ←− Π
prB

C
k−→ A,α

]

are identified along (Πgf (X×Z ΠprB C)
ηgfΠprB C

←−−−−− ΠprB C
kπB−−→ A,α) via the span (X×Y

C
φ←− X ×Z ΠprB C = X ×Z ΠprB C).

Notation 4.31. Given a bispan f = (X
f1←− A

f2−→ B
f3−→ Y ) we write Γf3,f2,f1 or Γf

for the functor Tf3Nf2Rf1 : Tamb
(Oa,Om)
X → Tamb

(Oa,Om)
Y and Tf3Nf2Rf1 : MackOX →

MackOY . The later requires a compatibility condition is satisfied so that Nf2 exists.

Lemma 4.32. Let (Oa,Om) and (O′a,O′m) be compatible pairs of indexing categories
such (Oa,O′m) is also a compatible pair of indexing categories, and such that Oa and Om
are subcategories of O′a and O′m. Given (O′a,O′m)-bispans f = (X

f1←− A
f2−→ B

f3−→ Y )
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and g = (Y
g1←− C

g2−→ D
g3−→ Z) and an (Oa,Om)-Tambara functor S the following

diagram commutes.
UZΓgΓfS UΓgfS

ΓgUY ΓfS

ΓgΓfUXS ΓgfUXS

∼=

∼=

∼=

∼=

∼=

Proof. This follows from applications of the results for forgetful functors commuting
with restriction, transfer, and norm functors, and the natural transformations involving
combinations of them. That is, Theorem 4.20 and Lemmas 4.16, 4.27, 4.28, 4.29,
4.30. On the following page we have included the relevant commutative diagram. The
diagram has been rotated and its rows zigzagged to make it fit on the page. The
columns of the diagram consist of isomorphisms moving a forgetful functors across
another functor. The rows consist of isomorphisms applying composition, pullback,
and exponential diagram lemmas to combinations of restriction, norm, and transfer
functors.
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We get a symmetric monoidal structure on the category of semi-Tambara functors
by taking the pointwise product.

Definition 4.33. Given (Oa,Om)-semi-Tambara functors S and T over X we define
their box sum S�T to be the functor P(Oa,Om)

X → Set with (S�T )(A) = S(A)×T (A)
and for an (Oa,Om)-bispan (A

f1←− B
f2−→ C

f3−→ D) over X we have (S � T )(f) =

S(f)× T (f). We have

(S � T )(AqB) = S(AqB)× T (AqB) = (S(A)× S(B))× (T (A)× T (B))

∼= (S(A)× T (A))× (S(B)× T (B)) = (S � T )(A)× (S � T )(B).

So S � T is product-preserving and hence is an (Oa,Om)-semi-Tambara functor.

Categories of Tambara functors are closed under taking box sums.

Lemma 4.34. If S, T ∈ Tamb
(Oa,Om)
X then S � T ∈ Tamb

(Oa,Om)
X .

Proof. For any (x, y) ∈ S(A)×T (A) = (S�T )(A) we have (x, y)+ (−x,−y) = (0, 0) ∈
(S � T )(A), so S � T has additive inverses.

Notice that if we let 0 be the (Oa,Om)-Tambara functor over X with 0(A) = 0 for
all A ∈P(Oa,Om)

X then 0 acts as an identity with respect to �.

Lemma 4.35. Both (sTamb
(Oa,Om)
X ,�, 0) and (Tamb

(Oa,Om)
X ,�, 0) are symmetric mono-

idal categories.

There is a symmetric monoidal structure on the category of semi-Tambara functors
that comes from Day convolution.

Definition 4.36. Given (Oa,Om)-semi-Tambara functors over X, S and T , we define
their box product S2T to be the left Kan extension of the functor S × T along the
functor P(Oa,Om)

X × P(Oa,Om)
X → P(Oa,Om)

X .

P(Oa,Om)
X × P(Oa,Om)

X Set× Set Set

P(Oa,Om)
X

(S,T )

q

×

Lan⨿(S×T )=:S2T

By Lemma A.6 the box product S2T is product-preserving, as it is the left Kan ex-
tension of S × T which is product-preserving. Hence we have a functor

2 : sTamb
(Oa,Om)
X × sTamb

(Oa,Om)
X → sTamb

(Oa,Om)
X .

We define
S⊗T : P(Oa,Om)

XqX
Ω−→
'
P(Oa,Om)
X × P(Oa,Om)

X

S×T−−−→ Set
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where the Ω is the equivalence from Lemma 4.5. Note that all the functors involved
are product-preserving, so S⊗T ∈ sTamb

(Oa,Om)
XqX . Moreover, S⊗T (A) = S(p−1A (X1))×

T (p−1A (X2)) where the index determines a copy of X in the summand. Hence if S, T ∈
Tamb

(Oa,Om)
X then S⊗T ∈ Tamb

(Oa,Om)
XqX .

We can realise the box product on semi-Tambara functors as an application of the
norm functor along the fold map.

Proposition 4.37. The functors S2T and N∇(S⊗T ) are naturally isomorphic.

Proof. We have thatqΩ and Σ∇ are naturally isomorphic functors P(Oa,Om)
XqX → P(Oa,Om)

X .
The result follows from the fact that Ω is an equivalence and Lemmas A.4 and A.5.

Categories of Tambara functors are closed under taking box products.

Lemma 4.38. If S, T ∈ Tamb
(Oa,Om)
X then S2T ∈ Tamb

(Oa,Om)
X .

Proof. As S2T and N∇(S⊗T ) are naturally isomorphic and S⊗T ∈ Tamb
(Oa,Om)
XqX we

have that S2T is an (Oa,Om)-Tambara functor over X by Corollary 4.19.

Remark 4.39. When G is the trivial group and S and T are G-Tambara functors the
left Kan extension in Definition 4.36 is equivalent to the left Kan extension describing
the tensor product of commutative rings as Z-algebras, so that (S2T )(∗) = S(∗)⊗T (∗).
The tensor product is the coproduct in the category of commutative rings, similarly
the box product is the coproduct in the category of Tambara functors.

Definition 4.40. The group completion Gr(S) of an (Oa,Om)-semi-Tambara func-
tor S over X is the (Oa,Om)-Tambara functor over X with Gr(S)(C) = Gr(S(C)), the
group completion of S(C) as a commutative monoid so that it is a commutative ring.

It is immediate that group completion commutes with restriction and transfer func-
tors.

Lemma 4.41. Group completion commutes with norms. That is, there is a natural
isomorphism GrNφ ∼= NφGr.

Proof. For S ∈ sTamb
(Oa,Om)
X the isomorphism is given on objects by

GrNφS(D)→ NφGrS(D)

[A
f1←− B f2−→ C

f3−→ D, a] 7→ [A
f1←− B f2−→ C

f3−→ D, a]

−[A f1←− B f2−→ C
f3−→ D, a] 7→ [A

f1←− B f2−→ C
f3−→ D,−a].

Definition 4.42. We call the (Oa,Om)-semi-Tambara functor over X that is corepre-
sented by ∅ the Burnside (Oa,Om)-semi-Tambara functor over X,

BX : P(Oa,Om)
X → Set, Y 7→ P(Oa,Om)

X (∅, Y ).
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The Burnside (Oa,Om)-Tambara functor over X is the group completion of BX ,

AX = Gr(BX) : P
(Oa,Om)
X → Set, Y 7→ Gr(P(Oa,Om)(∅, Y )).

Remark 4.43. When (Oa,Om) = (SetG, SetG) the elements of B∗(∗) are isomorphisms
of bispans of the form (∅ ← ∅ → A → ∗). That is, the elements of B∗(∗) are in
bijection with the isomorphism classes of finite G-sets, so we will write A for the element
[∅ ← ∅ → A→ ∗]. Addition in B∗(∗) is given by postcomposition with (∗q∗ = ∗q∗ =
∗ q ∗ ∇−→ ∗) so A + A = A

∐
A. Multiplication in B∗(∗) is given by postcomposition

with (∗ q ∗ = ∗ q ∗ ∇−→ ∗ = ∗) so A · A = A× A because Π∇(A q A) = A× A. We see
from this that by taking the group completion A∗(∗) is isomorphic to the free Z-module
on isomorphism classes of orbits G/H. That is, A∗(∗) is the Burnside ring of G.

As S2T was defined by Day convolution (sTamb(Oa,Om),2, BX) is a symmetric
monoidal category.

Lemma 4.44. (Tamb(Oa,Om),2, AX) is also a symmetric monoidal category.

Proof. We only need to see that AX acts as an identity with respect to the box product.
Let S ∈ Tamb

(Oa,Om)
X then AX2S = GrBX2GrS ∼= Gr(BX2S)

∼= GrS = S where
we are using Lemma 4.41 to commute Gr with 2 (which by Proposition 4.37 can be
realised as a norm).

Following Remark 4.4 if H is a subgroup of G, then (Oa,Om)-Tambara functors
over G/H are equivalent to (i∗HOa, i∗HOm)-Tambara functors. In particular, G-Tambara
functors over G/H are equivalent to H-Tambara functors. Across the equivalence
P(Oa,Om)
G/H ' P(i∗HOa,i

∗
HOm)

∗ with the quotient map ϕ : G/H → G/G we recover functors
NG
H : TambH → TambG from Nφ, and RGH : TambG → TambH from Rφ, as left Kan

extensions along the functors G ×H −, and iGH respectively. In particular, the norm
functor on Tambara functors defined by Hoyer in [14] and the box product on Tambara
functors are both instances of our norm functor, along the quotient map and the fold
map respectively. That the norms NG

H are strong monoidal with respect to the box
product is now an immediate consequence of Lemma A.5.

4.3 Bicategorical Setup

Definition 4.45. The (Oa,Om)-bispan bicategory for (Oa,Om) a compatible pair
of transfer systems is a bicategory, (Oa,Om) with

• Objects: The 0-cells of the bicategory are finite G-sets

• Hom Categories: For X,Y a pair of finite G-sets (Oa,Om)(X,Y ) is the category
whose objects (1-cells of the bicategory) are (Oa,Om)-bispansX ← A→ B → Y and
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whose morphisms (2-cells of the bicategory) are isomorphisms of (Oa,Om)-bispans.
That is, a pair of morphisms ψ : (X

f1←− A
f2−→ B

f3−→ Y )→ (X
f ′1←− A′

f ′2−→ B′
f ′3−→ Y )

is a pair of isomorphisms ψ1 : A → A′ and ψ2 : B → B′ such that the following
diagram commutes.

A B

X Y

A′ B′

f1

f2

ψ1∼=

f3

ψ2∼=

f ′1
f ′2

f ′3

Composition in (Oa,Om)(X,Y ) (called vertical composition) is composition of the
underlying morphisms of G-sets. The identity 2-cell of an (Oa,Om)-bispan (X

f1←−
A

f2−→ B
f3−→ Y ) is (idA, idB).

• Identity 1-cells: The identity 1-cell of a finite G-set X is the (Oa,Om)-bispan
1X(∗) = (X = X = X = X).

• Horizontal Composition: For each triple of G-sets, X,Y, Z we have a horizontal
composition functor cX,Y,Z : O(Y, Z)×O(X,Y )→ O(X,Z). On 1-cells we have

cX,Y,Z :((Y
g1←− C g2−→ D

g3−→ Z), (X
f1←− A f2−→ B

f3−→ Y ))

7→ (X
f1prA←−−− A×B (C×DΠ

g2
(B×Y C))

prΠg2 (B×YC)

−−−−−−−−→ Π
g2
(B×Y C)

g3π
B×YC
D−−−−−−→ Z)

and on 2-cells we have

cX,Y,Z :


C D

Y Z

C ′ D′

g1

g2

β1∼=

g3

β2∼=

g′1
g′2

g′3

,

A B

X Y

A′ B′

f1

f2

α1∼=

f3

α2∼=

f ′1
f ′2

f ′3



7→



A×B (C ×D Πg2(B ×Y C)) Πg2(B ×Y C)

X Z

A′ ×B′ (C ′ ×D′ Πg′2(B
′ ×Y C ′)) Πg′2(B

′ ×Y C ′)

f1prA

prΠg2 (B×Y C)

∼=

g3πD

∼=

f ′1prA′

prΠ
g′2

(B′×Y C′)

g′3πD′


where the map Πg2(B ×Y C)→ Πg′2(B

′ ×Y C ′) is

(d, σ) 7→ (β2(d), c
′ 7→ (α2prBσ(β

−1
1 (c′)), c′))
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and the other isomorphism is

(a, (c, (d, σ))) 7→ (α1(a), (β1(c), (β2(d), c
′ 7→ (α2prBσ(β

−1
1 (c′)), c′)))).

• Associator: For each quadruple of G-sets, W,X, Y, Z there is a natural isomor-
phism, called the associator,

aW,X,Y,Z : cW,X,Z(cX,Y,Z × id(Oa,Om)(W,X)) =⇒ cW,Y,Z(id(Oa,Om)(Y,Z)×cW,X,Y )

of functors

(Oa,Om)(Y, Z)× (Oa,Om)(X,Y )× (Oa,Om)(W,X)→ (Oa,Om)(W,Z)

whose component on the triple

((Y
h1←− E h2−→ F

h3−→ Z), (X
g1←− C g2−→ D

g3−→ Y ), (W
f1←− A f2−→ B

f3−→ X))

is an invertible 2-cell between (Oa,Om)-bispans

X
f1prA←−−−

← A×B ((C×D (E×FΠh2(D×Y E)))×Πh2
ΠprΠh2

(B×X (C×D (E×FΠh2(D×Y E)))))

pr−→ ΠprΠh2
(B ×X (C ×D (E ×F Πh2(D ×Y E))))

h3πF πΠh2 (D×Y E)

−−−−−−−−−−−→ Z

and

X
f1prA←−−−(A×B (C ×D Πg2(B ×X C)))×Πg2

(E ×F Πh2((Πg2(B ×X C))×Y E))

pr−→ Πh2((Πg2(B ×X C))×Y E)
h3πF−−−→ Z.

Because the middle map for each of these is a projection, it is sufficient to describe
the isomorphism just on the second term. The isomorphism is given by

(a, ((c, (e, (f, σ))), ((f, σ), ψ)))

7→ ((a, (c, (g2(c), ĉ 7→ (f2(a), ĉ)))), (e, (f, ê 7→ ((g2(c), ĉ 7→ (f2(a), ĉ))))))

• Unitors: For each pair of G-sets X,Y there are natural isomorphisms

lX,Y : cX,Y,Y (1Y × id(Oa,Om)(X,Y ))→ id(Oa,Om)(X,Y )

rX,Y : cX,X,Y (id(Oa,Om)(X,Y )×1X)→ id(Oa,Om)(X,Y )

called the left unitor and right unitor respectively. The left unitor has compo-
nent on the (Oa,Om)-bispan (X

f1←− A
f2−→ B

f3−→ Y ) given by the invertible 2-
cell (prA, (y, σ) 7→ σ(y)). The right unitor has component on the (Oa,Om)-bispan
(X

f1←− A f2−→ B
f3−→ Y ) given by the invertible 2-cell (prA, πB).
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It is straightforward, if painful, to check that the unity and pentagon axioms are sat-
isfied.

Definition 4.46. Let CAT be the bicategory of categories, functors, and natural trans-
formations. Let (Oa,Om) and (O′a,O′m) compatible pairs of indexing categories such
that (Oa,O′m) is a compatible pair of indexing categories, Oa is a subcategory of O′a,
and Om is a subcategory of O′m. We define a pseudofunctor(
Tamb

(O′
a,O′

m)
(Oa,Om),

(
Tamb

(O′
a,O′

m)
(Oa,Om)

)2
,
(
Tamb

(O′
a,O′

m)
(Oa,Om)

)0)
: (O′a,O′m) → CAT to be the

triple consisting of the following data

• Objects: The assignment Tamb
(O′

a,O′
m)

(Oa,Om)(X) = Tamb
(Oa,Om)
X for all finite G-sets X.

• Hom Categories: For each pair of finite G-sets X,Y the functor

Tamb
(O′

a,O′
m)

(Oa,Om) : (O
′
a,O′m)→ CAT

(
Tamb

(Oa,Om)
X ,Tamb

(Oa,Om)
Y

)
with

Tamb
(O′

a,O′
m)

(Oa,Om)(X
f1←− A f2−→ B

f3−→ Y ) = Γf : Tamb
(Oa,Om)
X → Tamb

(Oa,Om)
Y

and

Tamb
(O′

a,O′
m)

(Oa,Om)


A B

X Y

A′ B′

f1

f2

ψ1∼=

f3

ψ2∼=

f ′1
f ′2

f3

 =
(
ψ̂ : Γf → Γf ′

)

where ψ̂ has components ψ̂S given by

ΓfS(C)→ Γf ′S(C) :
(
(D, f2pD)

g1←− E g2−→ F
g3−→ (C ×Y B, prB), d

)
7→
(
(D, f ′2ψ1pD)

g1←− (E,ψ2pE)
g2−→ (F, ψ2pF )

(prCg3,ψ2prBg3)−−−−−−−−−−→ (C ×Y B′, prB′), d

)
.

Note that we are identifying elements in the second coordinate across the isomor-
phisms Rf1S(D, pD) ∼= S(D, f1pD) ∼= Rf ′1S(D, f

′
1ψ1pD).

• Pseudo functoriality constraint: Write f and g to denote (O′a,O′m)-bispans
(X

f1←− A
f2−→ B

f3−→ Y ) and (Y
g1←− C

g2−→ D
g3−→ Z) respectively. The pseudo

functoriality constraint is the natural isomorphism
(
Tamb

(O′
a,O′

m)
(Oa,Om)

)2
with component
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2-cells given by the composite

ΓgΓf = Tg3Ng2Rg1Tf3Nf2Rf1
∼=−→ Tg3Ng2TprCRprBNf2Rf1

∼=−→ Tg3Ng2TprCNf2×Y idCRprARf1
∼=−→ Tg3Ng2TprCNf2×Y idCRf1prA

∼=−→ Tg3TπDNprΠg2 (B×Y D)
RevNf2×Y idCRf1prA

∼=−→ Tg3πDNprΠg2 (B×Y D)
RevNf2×Y idCRf1prA

∼=−→ Tg3πDNprΠg2 (B×Y D)
NprC×DΠg2 (B×Y D)

RprA×Y C
Rf1prA

∼=−→ Tg3πDNprΠg2 (B×Y D)
Rf1prB = Γgf

where the isomorphisms are from Propositions 4.23 and 4.26.

• Pseudo unit constraint: A natural isomorphism
(
Tamb

(O′
a,O′

m)
(Oa,Om)

)0
with compo-

nent 2-cells id
[Tamb

(Oa,Om)
X ,Tamb

(Oa,Om)
X ]

→ ΓidX which have components S(A)
∼=−→

ΓidXS(A). On objects this is given by a 7→ [A = A = A = A, a]. The inverse natural
isomorphism has components given by [B

f1←− C f2−→ D
f3−→ A, b] 7→ trf3nmf2resf1(b).

Note that [A = A = A = A, trf3nmf2resf1(b)] = [B
f1←− C

f2−→ D
f3−→ A, b] be-

cause we can identity the two representatives along (A = A = A = A, b) via
(B

f1←− C f2−→ D
f3−→ A).

We now define a bicategory
∫
Tamb

(O′
a,O′

m)
(Oa,Om). Unlike in Chapter 3, where

∫
MackO

′
O

was the Grothendieck construction on MackO
′
O , the bicategory

∫
Tamb

(O′
a,O′

m)
(Oa,Om) is not the

Grothendieck construction on Tamb
(O′

a,O′
m)

(Oa,Om) due to the inclusion of forgetful functors in
the description of its 1-cells.

Definition 4.47. We have a bicategory
∫
Tamb

(O′
a,O′

m)
(Oa,Om) with

• Objects: The 0-cells of the bicategory are pairs (X,S) where X is a finite G-set
and S is an (Oa,Om)-Tambara functor over X.

• Hom Categories: For a pair of 0-cells (X,S) and (Y, T ) the category∫
Tamb

(O′
a,O′

m)
(Oa,Om)((X,S), (Y, T )) has objects pairs (f, α) where f is an (O′a,O′m)-bispan

f = (X
f1←− A

f2−→ B
f3−→ Y ) and α : UΓfS → UT is a morphism in MackOaY , and for

morphisms (f, α) → (g, β) has isomorphisms ψ of (O′a,O′m)-bispans such that the
following diagram commutes.

UΓfS UΓgS

UT
α

Uψ̂S

β
(4.48)
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Defining α to be a morphism of underlying Mackey functors rather than the Tam-
bara functors themselves is the reason that

∫
Tamb

(O′
a,O′

m)
(Oa,Om) is not the Grothendieck

construction on Tamb
(O′

a,O′
m)

(Oa,Om).

• Identity 1-cells: The identity 1-cell of a pair (X,S) is the pair(
1X(∗),U

((
Tamb

(O′
a,O′

m)
(Oa,Om)

)0)−1
S

)

where 1X(∗) is (X = X = X = X), the identity 1-cell of X in (O′a,O′m) and((
Tamb

(O′
a,O′

m)
(Oa,Om)

)0)−1
S

is the S component of the inverse of the pseudo unity con-

straint for Tamb
(O′

a,O′
m)

(Oa,Om).

• Horizontal Composition: For each triple of 0-cells (X,S), (Y, T ), (Z, V ) we have
a horizontal composition functor c(X,S),(Y,T ),(Z,V ) :∫

Tamb
(O′

a,O′
m)

(Oa,Om) ((Y, T ), (Z, V ))×
∫

Tamb
(O′

a,O′
m)

(Oa,Om) ((X,S), (Y, T ))

→
∫

Tamb
(O′

a,O′
m)

(Oa,Om) ((X,S), (Z, V )) .

On a pair of 1-cells

(f, α) ∈
∫

Tamb
(O′

a,O′
m)

(Oa,Om)((X,S), (Y, T )) and (g, β) ∈
∫

Tamb
(O′

a,O′
m)

(Oa,Om)((Y, T ), (Z, V ))

the horizontal composition returns the pair(
cX,Y,Z(g, f), β (Γgα)U

((
Tamb

(O′
a,O′

m)
(Oa,Om)

)2
g,f

)−1
S

)

where cX,Y,Z is the horizontal composition functor in (O′a,O′m) in the first coordinate,
and in the second coordinate is the composite map

UΓgfS
U
((

Tamb
(O′
a,O

′
m)

(Oa,Om)

)2

g,f

)−1

S−−−−−−−−−−−−−−−−−→ UΓgΓfS
∼=−→ ΓgUΓfS

Γgα−−→ ΓgUT
∼=−→ UΓgT

β−→ V .

• Associator: The components of the associator a(W,P ),(X,Q),(Y,S),(Z,T ) are 2-cells
which, on a given triple of composable 1-cells(
(W

f1←− A f2−→ B
f3−→ X), α

)
,
(
(X

g1←− C g2−→ D
g3−→ Y ), β

)
,
(
(Y

h1←− E h2−→ F
h3−→ Z), γ

)
is the associator aW,X,Y,Z in (O′a,O′m). That is, the invertible 2-cell between (O′a,O′m)-
bispans. Our definition of 2-cells requires Diagram 4.48 to commute, for the associ-
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ator this is the outside of the following diagram.

UΓ(hg)fP UΓh(gf)P

UΓhgΓfP UΓhΓgΓfP UΓhΓgΓfP UΓhΓgfP

ΓhgUΓfP ΓhΓgUΓfP ΓhUΓgΓfP ΓhUΓgfP

ΓhgUQ ΓhΓgUQ ΓhΓgUQ

UΓhgQ UΓhΓgQ ΓhUΓgQ

ΓhUS

UΓhS

UT

UψP
∼=

∼= ∼=

∼=

∼=

∼= ∼= ∼=

∼=

∼=

Γhgα ΓhΓgα

∼=
∼=

∼=

∼= ∼=
∼= ∼=

Γhβ

∼=

γ

The top region is the pseudo associativity diagram for Tamb
(O′

a,O′
m)

(Oa,Om) (backwards).
The remaining regions commute for one of the following reasons: naturality of(
Tamb

(O′
a,O′

m)
(Oa,Om)

)2
h,g

, functoriality of Γh, applications of Lemma 4.32.

• Unitor: For each pair of 0-cells, (X,S) and (Y, T ) we have unitor natural isomor-
phisms

l(X,S),(Y,T ) and r(X,S),(Y,T )

whose components on a 1-cell f = (X
f1←− A f2−→ B

f3−→ Y,UΓfS
α−→ UT ) are the pairs

of isomorphisms

(l1 = prA : A×B(Y ×Y ΠidY B×Y Y )→ A, l2 : ΠidY (B×Y Y )→ B, (y, σ) 7→ prBσ(y))

and

(r1 = prA : X ×X (A×B Πf2(X ×X A))→ A, r2 = πB : Πf2(X ×X A))→ B

respectively. In order for l to be a 2-cell we require Diagram 4.48 to commute, this
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is the outside of the following diagram.

UΓidY fS UΓfS

UΓidY ΓfS

ΓidY UΓfS UΓfS

ΓidY UT UT

l̂S

∼= ∼=

∼=
∼=

ΓidY
α α

∼=

The triangle commutes by one of the pseudo unity axioms for Tamb
(O′

a,O′
m)

(Oa,Om), the
middle region commutes by Lemma 4.32, and the bottom region commutes because

it is a naturality square for
((

Tamb
(O′

a,O′
m)

(Oa,Om)

)0)−1
.

It is straightforward to check that the unity and pentagon axioms are satisfied.
There is a projection pseudofunctor

∫
Tamb

(O′
a,O′

m)
(Oa,Om) → (O′a,O′m) given by

(X,S) 7→ X

(f, α) 7→ f

ψ 7→ ψ.

4.4 (O′a,O′m)-Tambara functors as coherent (Oa,Om)-monoids

We want to consider specific sections of the projection pseudofunctor. Given a section
F : (Oa,Om) →

∫
Tamb

(O′
a,O′

m)
(Oa,Om) for the projection pseudofunctor with F (X) = (X,S)

and F (Y ) = (Y, T ) we will write

F
(
X

f1←− A f2−→ B
f3−→ Y

)
=
((
X

f1←− A f2−→ B
f3−→ Y

)
, µFf3,f2,f1 : UY Γf3,f2,f1S → UY T

)
,

when it is clear what bispan we are referring to we will write µFf instead. Note that
ΓfS(C) = Tf3Nf2Rf1S(C) = Nf2Rf1S∆f3(C) = Nf2Rf1S(C ×Y B) so ΓfS(C) has
elements of the form [D

g1←− E
g2−→ F

g3−→ C ×Y B, d] where the first coordinate is an
(Oa,Om)-bispan over B and d ∈ Rf1S(D) ∼= S(D).

Definition 4.49. A coherent (O′a,O′m)-monoid in Tamb
(Oa,Om)
∗ is an (Oa,Om)-

Tambara functor S together with a functor F : (O′a,O′m) →
∫
Tamb

(O′
a,O′

m)
(Oa,Om) that is a

section of the projection pseudofunctor such that:

• F (X) = (X,RXS) for all G-sets X,
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• for all (Oa,Om)-bispans f = (X
f1←− A

f2−→ B
f3−→ Y ) we have that on objects µFf is

UΓfRXS(C) → URY S(C), [D
g1←− E

g2−→ F
g3−→ C ×Y B, d] 7→ trg̃3(nmg2(resg1(d))).

Recall that g̃3 = prCg3. We note that µFf is a map of Mackey functors, this claim is
demonstrated in part 1a of the proof of Theorem 4.53.

A morphism (S, F ) → (T ,H) of coherent (O′a,O′m)-monoids in Tamb
(Oa,Om)
∗ consists

of a morphism ϕ : S → T in Tamb
(Oa,Om)
∗ together with the strong transformation

α : F → H such that:

• Component 1-cells: For X a finite G-Set, the component 1-cell in∫
Tamb

(O′
a,O′

m)
(Oa,Om) ((X,RXS) , (X,RXT )) is

αX = (X = X = X = X,αX : UΓidXRXS → URXT )

where αX is the composite

UΓidXRXS
U
((

Tamb
(O′
a,O

′
m)

(Oa,Om)

)0

RXS

)−1

−−−−−−−−−−−−−−−−−−→ URXS
URX(φ)−−−−−→ URXT .

• Pseudo Naturality Constraints For an (O′a,O′m)-bispan

f = (X
f1←− A f2−→ B

f3−→ Y )

the component 2-cell αf : (Hf)αX → αY (Ff) in
∫
Tamb

(O′
a,O′

m)
(Oa,Om)((X,RXS), (Y,RY T ))

is given by l−1r, the right unitor followed by the inverse of the left unitor. Note that
being a 2-cell imposes the condition that the following diagram commutes.

UΓf idXRXS UΓidY fRXS

UΓfΓidXRXS UΓidY ΓfRXS

ΓfUΓidXRXS ΓidY UΓfRXS

ΓfURXT ΓidY URY S

UΓfRXT UΓidYRY S

URY T

Uψ̂S

∼= ∼=

∼= ∼=

ΓfαX ΓidY
µFf

∼= ∼=

µHf
αY

(4.50)

There are strong unity and strong naturality axioms which α must satisfy to be a strong
transformation. We omit them here because they are similar to case for coherent O′-
monoids in O-Mackey functors but using isomorphisms of different representatives of
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a fixed bispan isomorphism class which are difficult to parse and ultimately unenlight-
ening.

Given (S, F ) the identity morphism id(S,F ) consists of idS together with the strong
transformation it determines. Given two morphisms (ϕ, α) : (S, F ) → (T ,H) and
(ω, β) : (T ,H)→ (V , I) of coherent (O′a,O′m)-monoids in Tamb

(Oa,Om)
∗ we define their

composite to be (ωϕ, βα) : (S, F )→ (V , I) where (βα)X is the composite

UΓidXRXS
U
((

Tamb
(O′
a,O

′
m)

(Oa,Om)

)0

RXS

)−1

−−−−−−−−−−−−−−−−−−→ URXS
URX(ωφ)−−−−−−→ URXV .

This is different from the usual composition of strong transformations, but is equivalent
up to an invertible modification.

Definition 4.51. Let f = (X
f1←− A

f2−→ B
f3−→ Y ) be an (Oa,Om)-bispan. There is a

functor Ef : Tamb
(Oa,Om)
X → Set with Ef (S) = S(idX) and Ef (ϕ) = ϕX . We also have

a functor Ff : Tamb
(Oa,Om)
X → Set with Ff (S) = ΓfS(idY ) with Ff (ϕ) = Γf (ϕidY ).

There is a natural transformation ωf : Ef → Ff with components S(idX)→ ΓfS(idY )

given by
x 7→ [A = A

f2−→ B
(f3,idB)−−−−−→ Y ×Y B, resf1(x)].

Remark 4.52. The proof of the following theorem is structurally similar to the proof
of Theorem 3.48, the main result of Chapter 3. Rather than being the Grothendieck
construction on the nose

∫
Tamb

(O′
a,O′

m)
(Oa,Om) is complicated by including forgetful functors

in the description of its 1-cells, see Definition 4.47. This necessitates cluttering the
diagrams in the following proof with isomorphisms passing forgetful functors across
Γ functors. By Lemma 4.32 the regions these isomorphisms add the diagrams all
commute. To ensure readability we will suppress these extra regions, so that some
morphisms will have the correct domain or codomain only up to commuting forgetful
functors.

We now state and prove the main theorem of this thesis; our characterisation of
bi-incomplete Tambara functors.

Theorem 4.53. Let be a finite group G, and let (Oa,Om) and (O′a,O′m) be com-
patible pairs of indexing categories such that (Oa,O′m) is a compatible pair of indexing
categories, Oa is a subcategory of O′a, and Om is a subcategory of O′m. Then (O′a,O′m)-
Tambara functors are precisely the coherent (O′a,O′m)-monoids in Tamb

(Oa,Om)
∗ . That

is, there is an equivalence between the category of coherent (O′a,O′m)-monoids in
Tamb

(Oa,Om)
∗ and the category Tamb

(O′
a,O′

m)
∗ .

Proof. This proof proceeds as follows:

1. Define Φ (one direction of our equivalence) on objects.
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2. Define Φ on morphisms.

3. Show Φ is functorial.

4. Define Ψ (the other direction of our equivalence) on objects.

5. Define Ψ on morphisms.

6. Show Ψ is functorial.

7. Finally, show that Φ and Ψ are inverse functors.

We will define a functor Φ from the category of (O′a,O′m)-Tambara functors to the
category of coherent (O′a,O′m)-monoids in the category of (Oa,Om)-Tambara functors.
1. Define Φ on objects
Let S be a an (O′a,O′m)-Tambara functor. We get an (Oa,Om)-Tambara functor, which
we will call ↓S by precomposition with the inclusion functor

↓S : P(Oa,Om)
∗ ↪→ P(O′

a,O′
m)

∗
S−→ Set .

Given an (O′a,O′m)-Tambara functor S we describe a strict functor F : (O′a,O′m) →∫
Tamb

(O′
a,O′

m)
(Oa,Om) consisting of the following data:

• Objects: The assignment F (X) = (X,RX ↓S).

• Hom Categories: For each pair of G-sets X,Y the functor

F : (O′a,O′m)(X,Y )→
∫

Tamb
(O′

a,O′
m)

(Oa,Om)((X,RX ↓S), (Y,RY ↓S))

with

F (X
f1←− A f2−→ B

f3−→ Y ) =
(
(X

f1←− A f2−→ B
f3−→ Y ), µFf : UΓfRX ↓ S → URY ↓ S

)
on 1-cells, where µFf (C) is given on element representatives by

[D
g1←− E g2−→ F

g3−→ C ×Y B, d] 7→ trg̃3(nmg2(resg1(d)))

where d ∈ RA ↓ S(D), and g̃3 = prCg3 : F → C is the adjoint to g3 across the
adjunction Σf3 a ∆f3 at the level of G-sets.

1a. Show F is well-defined on 1-cells
We note that if (ψ1, ψ2) is an isomorphism between (O′a,O′m)-bispans g and g′ then
(ψ1, ψ2) also describes an isomorphism between g = (D

g1←− E
g2−→ F

g̃3−→ C) and
g′ = (D

g′1←− E′
g′2−→ F ′

g̃3
′
−−→ C) so trg̃3nmg2resg1 = trg̃3′nmg′2

resg′1 hence µFf is
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well defined. We need to check that µFf is a map of Oa-Mackey functors. Let
h = (C

h1←− J h2−→ K) be an Oa-transfer span then we have

µFf

(
UY ΓfRX ↓ S(h)

([
D

g1←− E g2−→ F
g3−→ C ×Y B, d

]))
= µFf

([
D

g1prE←−−− E ×C×Y B (J ×Y B)

(g2prE ,(prJ ,prB))−−−−−−−−−−−→ F ×C×Y B (J ×Y B)
(h2prJ ,prB)−−−−−−−→ K ×Y B, d

])
= trh2prJ (nm(g2prE ,(prJ ,prB))(resg1prE (d))).

Going the other way, we have

UYRY ↓ S(h)
(
µFf

([
D

g1←− E g2−→ F
g3−→ C ×Y B, d

]))
= UYRY ↓ S(h)(trg̃3(nmg2(resg1(d))))

= trh2(resh1(trg̃3(nmg2(resg1(d)))))

= trh2prJ (nm(g2prE ,prJ )(resg1prE (d))).

These are equal by the following isomorphism of bispans.

E ×C×Y B (J ×Y B) F ×C×Y B (J ×Y B)

D K

E ×C J F ×C J

g1prE

(g2prE ,(prJ ,prB))

(prE ,prJ )∼=

h2prJ

(prF ,prJ )∼=

g1prE

(g2prE ,prJ )

h2prJ

Hence µFf is a map of Oa-Mackey functors as required.

1b. Finish defining F
On 2-cells we have

F


A B

X Y

A′ B′

f1

f2

ψ1∼=

f3

ψ2∼=

f ′1
f ′2

f ′3

 =


A B

X Y

A′ B′

f1

f2

ψ1∼=

f3

ψ2∼=

f ′1
f ′2

f ′3

 .

The condition on 2-cells in Tamb
(O′

a,O′
m)

(Oa,Om) requires that the following diagram com-
mutes.

UΓfRX ↓S UΓf ′RX ↓S

U ↓RY S
UµFf

ψ̂

µF
f ′
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We have

µFf ′ψ̂(D
g1←− E g2−→ F

g3−→ C ×Y B, d) = µFf ′(D
g1←− E g2−→ F

(prCg3,ψ2prBg3)−−−−−−−−−−→ C ×Y B′, d)

= trg̃3(nmg2(resg1(s))) = µFf (D
g1←− E g2−→ F

g3−→ C ×Y B, d)

so the diagram commutes as required.

We let Φ(S) = (↓S, F ).
2. Define Φ on morphisms
Given a morphism ϕ : S → T of (O′a,O′m)-Tambara functors, we let Φ(ϕ) : (↓S, F ) →
(↓T ,H) be ϕ in the first coordinate and α : F → H as determined by ϕ.
2a. Show Φ is well-defined on morphisms
We need to check that αf defines a 2-cell for all (O′a,O′m)-bispans, f = (X

f1←− A
f2−→

B
f3−→ Y ). Consider the following diagram.

ΓfUΓidXRX ↓S UΓfRX ↓S ΓidY UΓfRX ↓S

URY ↓S ΓidY URY ↓S

ΓfURX ↓T URY ↓T

ΓfαX

∼= ∼=

µFf

ΓfURXφ

ΓidY
µFf

URY φ

∼=

αY
µHf

(4.54)

Noting that the top row of the diagram is the same morphism as the top two rows of
4.50 we see that the outside of this diagram is equivalent to 4.50. Showing that this
diagram commutes we confirm that αf is a 2-cell. The bottom right triangle commutes
by the definition of αY . The top left triangle commutes because it is the image under
Γf of the defining diagram of αX . The right square commutes because it is a naturality
square for

(
Tamb

(O′
a,O′

m)
(Oa,Om)

)0
. For C ∈ P(Oa,Om)

Y the map ΓfRXϕ(C) is given on element
representatives by(

D
g1←− E g2−→ F

g3−→ C ×Y B, d
)
7→
(
D

g1←− E g2−→ F
g3−→ C ×Y B,ϕ(d)

)
.

For any such element representative we have

trg̃3(nmg2(resg1(ϕ(d)))) = ϕ(trg̃3(nmg2(resg1(d))))

because ϕ is a map of (O′a,O′m)-Tambara functors and so commutes with transfers,
norms, and restrictions. Hence the middle triangle commutes. So the diagram com-
mutes and therefore αf is a 2-cell as required.
3. Show Φ is functorial
Note that Φ(idS) = idΦ(S). Given ϕ : S → T and ω : T → V we have that Φ(ω)Φ(ϕ)
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and Φ(ωϕ) are both ωϕ in the first coordinate and both

ΓidXR↓S

((
Tamb

(O′
a,O

′
m)

(Oa,Om)

)0

RX↓S

)−1

−−−−−−−−−−−−−−−−−−→ RXS
RX(ωφ)−−−−−→ RXV

in the second. Hence Φ is a functor.

Now we construct a functor Ψ from the category of coherent (O′a,O′m)-monoids in
(Oa,Om)-Tambara functors to the category of (O′a,O′m)-Tambara functors.
4. Define Ψ on objects
Let (S, F ) be a coherent (O′a,O′m)-monoid in Tamb

(Oa,Om)
∗ . We will extend S to an

(O′a,O′m)-Tambara functor, ↑F S. On objects we let ↑F S(X) = S(X). Given a
morphism f ∈ P(O′

a,O′
m) represented by the (O′a,O′m)-bispan (X

f1←− A
f2−→ B

f3−→ Y )

we let ↑F S([X
f1←− A

f2−→ B
f3−→ Y ]) be the function ↑F S(X) →↑F S(Y ) given by the

composition

S(X) = RXS(idX)
ωf−→ ΓfRXS(idY ) = UΓfRXS(idY )

µFf−−→ URY S(idY ) = S(Y ).

Because the morphisms in P(O′
a,O′

m) are isomorphism classes of (O′a,O′m)-bispans we
need to check that this composite is equal on isomorphic (O′a,O′m)-bispans. Given an
isomorphism ψ of (O′a,O′m)-bispans (X f1←− A f2−→ B

f3−→ Y ) and (X
f ′1←− A′

f ′2−→ B′
f ′3−→ Y )

then we consider the following diagram

UΓfRXS(idY )

S(X) RXS(idX) URY S(idY ) S(Y )

UΓf ′RXS(idY )

µFf

Uψ̂

ωf

ωf ′ µF
f ′

Here ψ̂ = Tamb
(O′

a,O′
m)

(Oa,Om)(ψ). The right triangle by the defining condition on 2-cells in∫
Tamb

(O′
a,O′

m)
(Oa,Om). The bottom map in the left triangle is

x 7→ [A′ = A′
f ′2−→ B′

(f ′3,idB′ )−−−−−→ Y ×Y B′, resf ′1(x)]

and going around the top of the left triangle we have

x 7→[A = A
f2−→ B

(f3,idB)−−−−−→ Y ×Y B, resf1(x)]

7→ [A = A
f2−→ B

(f3,ψ2)−−−−→ Y ×Y B′, resf1(x)]

= [A′
ψ1←− A f2−→ B

(f3,ψ2)−−−−→ Y ×Y B′, resψ−1
1
resf1(x)]

= [A′
ψ1←− A f2−→ B

(f3,ψ2)−−−−→ Y ×Y B′, resf ′1(x)]

= [A′ = A′
f ′2−→ B′

(f ′3,idB′ )−−−−−→ Y ×Y B′, resf ′1(x)].
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As this diagram commutes ↑F S is well-defined on morphisms. We need to check that
↑F S is functorial. Given (O′a,O′m)-bispans (X

f1←− A
f2−→ B

f3−→ Y ) and (Y
g1←− C

g2−→
D

g3−→ Z) we consider the following diagram.

S(X) S(Y )

RXS(idX) UY ΓfRXS(idY ) UYRY S(idY )

ΓgUY ΓfRXS(idZ) ΓgUYRY S(idZ)

UZΓgfRXS(idZ) UZRZS(idZ)

S(Z)

ωf

ωgf

µFf (idY )

ωg ωg

∼=

ΓgµFf (idZ)

µFg
µFgf

The bottom region is the pseudo functoriality constraint for F and so commutes because
F is a strict functor. The top right region commutes because it is a naturality square
for ωg. Going around the right side of the remaining region we have

x 7→ [X
f1←− A f2−→ B

(f3,idB)−−−−−→ Y ×Y B, x]

7→ [Y
g1←− C g2−→ D

(g3,idD)−−−−−→ Z ×Z D, [X
f1←− A f2−→ B

(f3,idB)−−−−−→ Y ×Y B, x]]

7→ [X
f1prA←−−−A×B (C×DΠ

g2
(B×Y C))

prΠg2 (B×YC)

−−−−−−−−→Π
g2
(B×Y C)

(g3πD,id)−−−−−−→Z×ZΠ
g2
(B×Y C), x]

= ωgf (x)

so the region commutes.
On an identity bispan, idX , we have ↑F S(idX) given by

x 7→ [X = X = X = X ×X X,x] 7→ tridXnmidXresidX (x) = x.

Hence ↑F S is a functor P(O′
a,O′

m)
∗ → Set. Note also that ↑F S takes values in com-

mutative rings and is product-preserving because ↑F S(X) = S(X). Hence ↑F S is an
(O′a,O′m)-Tambara functor. We let Ψ(S, F ) =↑F S.
5. Define Ψ on morphisms
Given a morphism (ϕ, α) : (S, F )→ (T ,H) of coherent (O′a,O′m)-monoids in (Oa,Om)-
Tambara functors we let Ψ(ϕ, α) = ϕ on objects, which is sufficient to describe a
morphism ↑F S →↑H T . To see that this is sufficient we need to check that ϕ is natural
in P(O′

a,O′
m)

(Oa,Om) . That is, given (X
f1←− A

f2−→ B
f3−→ Y ) an (O′a,O′m)-bispan we require the

following diagram to commute.
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S(X) RXS(idX) UY ΓfRXS(idY ) UYRY S(idY ) S(Y )

T (X) RXT (idX) UY ΓfRXT (idY ) UYRY T (idY ) T (Y )

φ(X)

ωf

RXφ(idX)

µFf (idY )

UY ΓfRXφ(idY ) RY φ(idY ) φ(Y )

ωf µHf (idY )

The second square is a naturality square for ωf and so commutes. Note that the outside
of Diagram 4.54 commutes because α is a strong transformation F → H, hence the
middle triangle of Diagram 4.54 commutes. The third square in the above diagram
is the middle triangle of Diagram 4.54 applied to idY and so commutes. Therefore
ϕ :↑F S →↑H T is a morphism of (O′a,O′m)-Tambara functors.
6. Show Ψ is functorial
The functoriality of Ψ is immediate.
7. Show that Φ and Ψ are inverse
7a. ΦΨ is isomorphic to the identity
Let (S, F ) be a coherent (O′a,O′m)-monoid in Tamb

(O′
a,O′

m)
∗ . We have Ψ(S, F ) =↑F S

with ↑F S(X) = S(X) and for (X
f1←− A

f2−→ B
f3−→ Y ) in P(Oa,Om)

∗ the map ↑F S(f) is
given by

S(X)
ωf−→ UY ΓfRXS(idY )

µFf (idY )
−−−−−→ UYRY S(idY ) = S(Y ).

Then we have Φ(Ψ(S, F )) = Φ(↑F S) =↓ (↑F S, F ′) with ↓ (↑F S)(X) =↑F S(X) =

S(X) and for (X
f1←− A f2−→ B

f3−→ Y ) in P(Oa,Om)
∗ the map ↑F S(f) is given by

S(X)
ωf−→ UΓfRXS(idY )

µFf (idY )
−−−−−→ UYRY S(idY ) = S(Y ),

as f is an (Oa,Om)-bispan and (S, F ) is a coherent ((O′a,O′m))-monoid this map is

x 7→ [A = A
f2−→ B

(f3,idB)−−−−−→ Y ×Y B, resf1(x)] 7→ trf3(nmf2(resf1(x)))

so ↓ (↑F S)(f) = trf3nmf2resf1 . Hence ↓ (↑F S) = S. Now we have F ′(X) = (X,RX ↓
(↑F S) = (X,RXS). Given an (O′a,O′m)-bispan (X

f1←− A
f2−→ B

f3−→ Y ) we have
F ′(f) = (f, µF

′
f ) where µF ′

f (C) is given by

[D
g1←− E g2−→ F

g3−→ C ×Y B, d] 7→ (↑F S)(D
g1←− E g2−→ F

g̃3−→ C)(d) 7→ µFf ωg(d)

7→ µFf ([D
g1←− E g2−→ F

g3−→ C ×Y B, d]).

Hence µF ′
f = µFf and so F ′ = F . Therefore ΦΨ(S, F ) = (S, F ).

7b. ΨΦ is isomorphic to the identity
Let S ∈ Tamb

(O′
a,O′

m)
∗ . We have Φ(S) = (↓S, F ) with ↓S(X) = S(X) and for (X

f1←−
A

f2−→ B
f3−→ Y ) an (Oa,Om)-bispan the map↓S(f) is the map S(f). The strict functor

F has F (X) = (X,RX ↓ S), and on an (O′a,O′m)-bispan (X
f1←− A

f2−→ B
f3−→ Y ) we

have F (f) = (f, µFf ) where µf : ΓfRX ↓S →RY ↓S with

µFf (C) : [D
g1←− E g2−→ F

g3−→ C ×Y B, d] 7→ trg̃3(nmg2(resg1(d))).
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Then we have Ψ(Φ(S)) = Ψ(↓S, F ) =↑F (↓S) with ↑F (↓S)(X) =↓S(X) = S(X), and
for an (O′a,O′m)-bispan (X

f1←− A f2−→ B
f3−→ Y ) the map ↑F (↓S)(f) is

S(X)
ωf−→ UY ΓfRXS(idY )

µFf (idY )
−−−−−→ UYRY S(idY ) = S(Y )

which, on elements, is

x 7→ [A = A
f2−→ B

(f3,idB)−−−−−→ Y ×Y B, resf1(x)] 7→ trf3(nmf2(resf1(x))).

Hence ↑F (↓S)(f) = S(f), so ↑F↓S = S. Therefore ΨΦ(S) = S.

As a corollary of this theorem we have an equivalent statement to [2, Conjecture
7.94]

Corollary 4.55. The (Oa,O′m)-Tambara functors are precisely the (Oa,O′m)-monoids
in the category of (Oa,Om)-Tambara functors.

We note that an equivalent statement to [14, Theorem 2.7.4] is also a corollary.

Corollary 4.56. The G-Tambara functors are precisely the coherent (SetG, SetG)-
monoids in the category of G-Mackey functors.

Remark 4.57. When G is the trivial group this is equivalent to the statement that
the category of commutative rings is equivalent to the category of monoid objects in
the category of abelian groups. In this case, given a G-Tambara functor S we find that
given a bispan f = (X

f1←− A
f2−→ B

f3−→ Y ) the map µFf : UΓfRXS → RY S in the
construction of the coherent monoid structure from Theorem 4.53 is determined by a
map φy of abelian groups for each y ∈ Y . This map is

⊕
f3(b)=y

 ⊗
f2(a)=b

S(∗)

→ S(∗)

(
⊗f2(a)=bγa)

)
f3(b)=y

7→
∑

f3(b)=y

∏
f2(a)

γa

 .

We end this section with two conjectures:

Conjecture A. The compatibility conditions for Proposition 4.26, and Lemmas 4.28
and 4.29 are unnecessary. That is, the claimed isomorphisms hold for the relevant
diagrams without requiring any morphisms to belong to a specific indexing category.

If this is true then the compatibility condition that (Oa,O′m) is a compatible pair of
indexing categories in Definition 4.46 can be removed. In this case the proof, without
any modification, of Theorem 4.53 is a proof of the following.
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Conjecture B. Let be a finite group G, and let (Oa,Om) and (O′a,O′m) be compatible
pairs of indexing categories such that Oa is a subcategory of O′a, and Om is a subcategory
of O′m. Then (O′a,O′m)-Tambara functors are precisely the coherent (O′a,O′m)-monoids
in Tamb

(Oa,Om)
∗ . That is, there is an equivalence between the category of coherent

(O′a,O′m)-monoids in Tamb
(Oa,Om)
∗ and the category Tamb

(O′
a,O′

m)
∗ .

4.5 Tamb
(Oa,Om)
X as a module category

We will now see that categories of Tambara functors are module categories over in-
dexing categories. Recall Definition 2.37 of a module category over a tight symmetric
bimonoidal category.

Notation 4.58. Given an SetG-transfer span f = (X
f1←− A

f2−→ Y ) we write Θf1,f2

or Θf for the functor Nf2Rf1 : Tamb
(Oa,Om)
X → Tamb

(Oa,Om)
Y . As we did for Mackey

functors, we write Λf for the functor Tf2Rf1 : Tamb
(Oa,Om)
X → Tamb

(Oa,Om)
Y . Given a

map ϕ : A→ X of G-sets we will write ϕ for the span (X
φ←− A φ−→ X).

Theorem 4.59. Let O′a be an indexing category, (Oa,Om) be a compatible pair of
indexing categories such that Oa is a subcategory of O′a, and X be a finite G-set. The
category of (Oa,Om)-Tambara functors over X is a module category over ((O′a)X)∼= with
the action functor � : ((O′a)X)∼=×Tamb

(Oa,Om)
X → Tamb

(Oa,Om)
X given by (A,ϕ)� S =

ΛφS.

Proof. By Lemma 4.35 (Tamb
(Oa,Om)
X ,�, 0) is a symmetric monoidal category. For

(A,ϕ), (B,ψ) ∈ ((O′a)X)∼= we declare the following structure natural isomorphisms:

• Let λ� : idX �S = ΛidX
S → S be the isomorphism

ΛidX
S(C) = S(X ×X C)

trprC−−−→ S(C)

for prC : X ×X C → C, (x, c) 7→ c.

• Let α� : ψ � (ϕ� S) = ΛψΛφS → ΛψφS = (ψ ×X ϕ)� S be the isomorphism

TψRψTφRφ → TψTprBRprARφ → TψprBRφprA

where the first map is the natural isomorphism described in Proposition 4.23 and
the second isomorphism follows from ΣφΣprA = ΣφprA and ∆prB∆ψ

∼= ∆ψprB .

• Let dL� : (ϕq ψ)� S = ΛφqψS → ΛφS � ΛψS = (ϕ� S)� (ψ � S) be

TφqψRφqψS(C) = S((AqB)×X C) ∼= S((A×X C)q (B ×X C))

= S(A×X C)× S(B ×X C) = TφRφS(C)× TψRψS(C)

where the isomorphism is trγ for the obvious isomorphism

γ : (AqB)×X C
∼=−→ (A×X C)q (B ×X C).
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• Let dR� : ϕ� (S�T ) = Λφ(S�T )→ ΛφS�ΛφT = (ϕ�S)� (ϕ�T ) be the identity
because

TφRφ(S � T )(C) = (S � T )(A×X C) = S(A×X C)× T (A×X C)

= TφRφS(C)× TφRφT (C) = (TφRφS � TφRφT )(C).

• For ζ : ∅ → X we have ΛζS = 0 so let ξL� : ζ � S = ΛζS → 0 be the identity.

• For any ϕ : X → Y we have Λφ0 = 0 so let ξR� : ϕ� 0 = Λφ0→ 0 be the identity.

It remains to check that the coherence diagrams from Definition 2.37 are satisfied. This
is a straightforward but lengthy exercise and is left to the interested reader.

Theorem 4.60. Let O′m be an indexing category, (Oa,Om) be a compatible pair of
indexing categories such that Om is a subcategory of O′m, and X be a finite G-set. The
category of (Oa,Om)-Tambara functors over X is a module category over ((O′m)X)∼= with
the action functor � : ((O′m)X)∼=×Tamb

(Oa,Om)
X → Tamb

(Oa,Om)
X given by (A,ϕ)�S =

ΘφS.

Proof. By Lemma 4.44 (Tamb
(Oa,Om)
X ,2, AX) is a symmetric monoidal category. For

(A,ϕ), (B,ψ) ∈ ((O′m)X)∼= we declare the following structure natural isomorphisms:

• Let λ� : idX �S = ΘidX
S → S be the isomorphism

ΘidX
S(C)→ S(C), [D

f1←− E f2−→ F
f3−→ C, d] 7→ trf3(nmf2(resf1(d)))

which has inverse c 7→ [C = C = C = C, c].

• Let α� : ψ�(ϕ�S) = ΘψΘφS → ΘψφS = (ψ×X ϕ)�S be the natural isomorphism

NψRψNφRφ → NψNprBRprARφ → NψprBRφprA

where the first map is the natural isomorphism described in Proposition 3.26 and
the second is two applications of Lemma A.5.

• Let dL� : (ϕ q ψ) � S = ΘφqψS → ΘφS2ΘψS = (ϕ � S)2(ψ � S) be the isomor-
phism from Lemma A.4 induced by the natural identity transformation between the
functors

P(Oa,Om)
X

∆(φ⨿ψ)−−−−−→ P(Oa,Om)
AqB

Σ(φ⨿ψ)−−−−→ P(Oa,Om)
X

and

P(Oa,Om)
X

∆=(id,id)−−−−−−→ P(Oa,Om)
X ×P(Oa,Om)

X

(∆φ,∆ψ)−−−−−→ P(Oa,Om)
A ×P(Oa,Om)

B
q−→ P(Oa,Om)

X .
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• Let dR� : ϕ � (S2T ) = Θφ(S2T ) → ΘφS2ΘφT = (ϕ � S)2(ϕ � T ) be the isomor-
phism from Lemma A.4 induced by the natural isomorphism between the functors

P(Oa,Om)
X × P(Oa,Om)

X
q−→ P(Oa,Om)

X

∆φ−−→ P(Oa,Om)
A

Σφ−−→ P(Oa,Om)
X

and

P(Oa,Om)
X ×P(Oa,Om)

X

(∆φ,∆φ)−−−−−→P(Oa,Om)
A ×P(Oa,Om)

A

(Σφ,Σφ)−−−−−→P(Oa,Om)
X ×P(Oa,Om)

X
q−→P(Oa,Om)

X .

• For ζ : ∅ → X we have ΘζS
∼= AX so let ξL� : ζ � S = ΘζS → AX be this natural

isomorphism.

• For any ϕ : X → Y we have ΘφAX
∼= AX so let ξR� : ϕ � AX = ΘφAX → AX be

this natural isomorphism.

It remains to check that the coherence diagrams from Definition 2.37 are satisfied. This
is a straightforward but lengthy exercise and is left to the interested reader.

Recall Definition 2.40 of a C-monoid in a module category A over C∼= for C a tight
symmetric bimonoidal category.

Proposition 4.61. Let (Oa,Om) and (O′a,Om) be pairs of compatible indexing cat-
egories such that Oa is a subcategory O′a. If (S, F ) is a coherent (O′a,Om)-monoid
in Tamb

(Oa,Om)
∗ then URXS is an O′a-monoid in MackOaX as a module category over

((O′a)X)∼= for all finite G-sets X.

Proof. We are asking for an extension of the functor −�URXS : ((O′a)X)∼= → MackOaX
to (O′a)X .

((O′a)X)∼= MackOaX

(O′a)X

−�URXS

Because ((O′a)X)∼= is a wide subcategory of (O′a)X we only need to describe what
happens on the extra morphisms. Given σ : (A,ϕ)→ (B,ψ) in (O′a)X we have a map
ΛφURXS → ΛψURXS given on objects by

ΛφURXS(C) = S(A×X C)
trσ×X idC−−−−−−→ S(B ×X C) = ΛψURXS(C)

where the transfer map is the one in ↑F S.

Proposition 4.62. Let (Oa,Om) and (Oa,O′m) be pairs of compatible indexing cate-
gories such that Om is a subcategory O′m. If (S, F ) is a coherent (Oa,O′m)-monoid in
Tamb

(Oa,Om)
∗ then RXS is an O′m-monoid in Tamb

(Oa,Om)
X as a module category over

((O′m)X)∼= for all finite G-sets X.



4.5. Tamb
(OA,OM )
X AS A MODULE CATEGORY 93

Proof. We are asking for an extension of the functor−�RXS : ((O′m)X)∼=→Tamb
(Oa,Om)
X

to (O′m)X .

((O′m)X)∼= Tamb
(Oa,Om)
X

(O′m)X

−�RXS

Because ((O′m)X)∼= is a wide subcategory of (O′m)X we only need to describe what
happens on the extra morphisms. Given σ : (A,ϕ)→ (B,ψ) in (O′m)X we have a map
ΓφRXS → ΓψRXS given on objects by

ΓφRXS(H)→ ΓψRXS(H),

[(C, pC)
g1←− D g2−→ E

g3−→ H, c] 7→ [(C, σpC)
g1←− D g2−→ E

g3−→ H, c].

We write Tamb
O′
a

(Oa,Om) for the symmetric monoidal O′-Mackey functor

O′a ↪→ (O′a,Om)
Tamb

(O′
a,Om)

(Oa,Om)−−−−−−−−−→ CAT

where O′a includes into (O′a,Om) by taking 1-cells (X
f1←− A

f2−→ Y ) to (X
f1←− A =

A
f2−→ Y ) and 2-cells to the obvious corresponding 2-cells. By Theorem 4.59 we see that

(Tamb
O′
a

(Oa,Om),�) is a module over O′a.
Similarly, we write Tamb

O′
m

(Oa,Om) for the symmetric monoidal O′-Mackey functor

O′m ↪→ (Oa,O′m)
Tamb

(Oa,O′
m)

(Oa,Om)−−−−−−−−−→ CAT

where O′m includes into (Oa,O′m) by taking 1-cells (X
f1←− A

f2−→ Y ) to (X
f1←− A

f2−→
Y = Y ) and 2-cells to the obvious corresponding 2-cells. By Theorem 4.60 we see that
(Tamb

O′
m

(Oa,Om),�) is a module over O′m.

Proposition 4.63. If (S, F ) is a coherent (O′a,Om)-monoid in Tamb
(Oa,Om)
∗ then US

is an O′a-module in Mack
O′
a
Oa.

Proof. By Proposition 4.61 we see that the required extension of −�US exists object-
wise. We only need to check that these commute with the structure functors in O′a
and Mack

O′
a
Oa . That is, given a O′a-transfer span (X

f1←− A f2−→ Y ) we want the following
diagram to commutes (up to natural isomorphism).

(O′a)X MackOaX

(O′a)Y MackOaY

Σf2∆f1

−�URXS

Tf2Rf1
−�URY S

(4.64)
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Given (C,ϕ) ∈ (O′m)X going around the bottom of the diagram we have

(C,ϕ) 7→ (A×X C, f2prA) 7→ Tf2prARf2prAURY S ∼= UTf2prARA×XCS

and going around the top we have

(C,ϕ) 7→TφRφRXS 7→Tf2Rf1TφRφURXS ∼= UTf2TprARprCRφRXS ∼= UTf2prARA×XCS.

Proposition 4.65. If S ∈ Tamb
(Oa,Om)
∗ and US is an O′a-module in Mack

O′
a
Oa then S

is a coherent (O′a,Om)-monoid in Tamb
(Oa,Om)
∗ .

Proof. We need to describe a strict functor F : (O′a,Om) →
∫
Tamb

(O′
a,Om)

(Oa,Om) as per
Definition 4.49. Because F is required to be a section we only need to describe µFf
from F (f) = (f, µFf ) for (O′a,Om)-bispans f = (X

f1←− A
f2−→ B

f3−→ Y ). From the
Y component (O′a)Y → MackOaY of the extension of − � US and the map (B, f3)

f3−→
(Y, idY ) in O′Y we get a map βf : UTf3Rf3RY S = UTf3RBS → URY S in MackOaB . Let
αf : UNf2RAS → URBS given on an object K by

[C
g1←− D g2−→ E

g3−→ K, c] 7→ trg3nmg2resg1(c).

We let µFf be the composite

UTf3Nf2Rf1RXS
∼=−→ UTf3Nf2RAS

UTf3αf−−−−−→ UTf3RBS
βf−→ URY S.

The commutativity of diagrams like Diagram 4.64 for any O′a-transfer span ensures
that µFgf = µFg (Γgµ

F
f ).

Proposition 4.66. If (S, F ) is a coherent (Oa,O′m)-monoid in Tamb
(Oa,Om)
∗ then S

is an O′m-module in Tamb
O′
m

(Oa,Om).

Proof. By Proposition 4.62 we see that the required extension of − � S exists object-
wise. We only need to check that these commute with the structure functors in O′m
and Tamb

O′
m

(Oa,Om). That is, given a O′m-transfer span (X
f1←− A

f2−→ Y ) we want the
following diagram to commutes (up to natural isomorphism).

(O′m)X Tamb
(Oa,Om)
X

(O′m)Y Tamb
(Oa,Om)
Y

Σf2∆f1

−�RXS

Nf2Rf1

−�RY S

(4.67)

Given (C,ϕ) ∈ (O′m)X going around the bottom of the diagram we have

(C,ϕ) 7→ (A×X C, f2prA) 7→ Nf2prARf2prARY S ∼= Nf2prARA×XCS
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and going around the top we have

(C,ϕ) 7→NφRφRXS 7→Nf2Rf1NφRφRXS ∼= Nf2NprARprCRφRXS ∼= Nf2prARA×XCS.

Proposition 4.68. If S is an O′m-module in Tamb
O′
m

(Oa,Om) then S is a coherent
(Oa,O′m)-monoid in Tamb

(Oa,Om)
∗ .

Proof. We need to describe a strict functor F : (Oa,O′m) →
∫
Tamb

(Oa,O′
m)

(Oa,Om) as per
Definition 4.49. Because F is required to be a section we only need to describe µFf
from F (f) = (f, µFf ) for (Oa,O′m)-bispans f = (X

f1←− A
f2−→ B

f3−→ Y ). From the
B component O′B → Tamb

(Oa,Om)
B of the extension of − � S and the map (A, f2)

f2−→
(B, idB) in O′B we get a map σf : Nf2Rf2RBS → RBS in Tamb

(Oa,Om)
B . Let γf :

UTf3RBS → URY S given by

UTf3RBS(C) = US(B ×Y C)
trprC−−−→ US(C) = URY S(C).

We let µFf be the composite

UTf3Nf2Rf1RXS
∼=−→ UTf3Nf2Rf2RBS

UTf3σf−−−−−→ UTf3RBS
γf−→ URY S.

The commutativity of diagrams like Diagram 4.67 for any O′m-transfer span ensures
that µFgf = µFg (Γgµ

F
f ).

Corollary 4.69. If (S, F ) is a coherent (O′a,O′m)-monoid in Tamb
(Oa,Om)
∗ then S is

an O′a-module in Mack
O′
a
Oa and an O′m-module in Tamb

O′
m

(Oa,Om).

Proof. Restricting F to the appropriate sub-bicategories makes (S, F ) both a coherent
O′a-monoid in MackOa∗ and a coherent (Oa,O′m)-monoid in Tamb

(Oa,Om)
∗ . The result

follows by Propositions 4.63 and 4.66.

Corollary 4.70. Let (Oa,Om) and (O′a,O′m) be compatible pairs of indexing categories
such that (Oa,O′m) is a compatible pair of indexing categories, Oa is a subcategory of
O′a, and Om is a subcategory of O′m. If S is an O′m-module in Tamb

O′
m

(Oa,Om) and US is
an O′a-module in Mack

O′
a
Oa then S is a coherent (O′a,O′m)-monoid in Tamb

(Oa,Om)
∗ .

Proof. We need to describe a strict functor F : (O′a,O′m) →
∫
Tamb

(O′
a,O′

m)
(Oa,Om) as in

Definition 4.49. Because F is required to be a section we only need to describe µFf from
F (f) = (f, µFf ) for (O′a,O′m)-bispans f = (X

f1←− A
f2−→ B

f3−→ Y ). We let µFf be the
composite

UTf3Nf2Rf1RXS
∼=−→ UTf3Nf2RAS

UTf3σf−−−−−→ UTf3RBS
βf−→ URY S
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where σf is the map from Proposition 4.68 and βf is the map from Proposition 4.65. The
commutativity of Diagrams 4.64 and 4.67 for any O′a-transfer spans and O′m-transfer
spans respectively ensures that µFgf = µFg (Γgµ

F
f ).

We see that under the formalism of this section when can either extend the additive
structure or the multiplicative structure, but not both simultaneously. The formalism
from Sections 4.3 and 4.4 allows us to extend both structures at the same time.



Appendix A

Left Kan Extensions

We collect some basic results about left Kan extensions. We will restrict our attention
to left Kan extensions of functors valued in Set as all the left Kan extensions appearing
in this thesis of this form, and it allows us to describe the relevant maps explicitly in
terms of element representatives.

Lemma A.1. Let C be an essentially small category, D be a locally small category.
Given K : C → D and F : C → Set the left Kan extension, LanK F of F along K is
given on an object X ∈ D by the coend formula

LanK F (X) =

∫ C
D(KA,X)× FA dA.

Elements of LanK F (X) are represented by pairs (ϕ, a) where ϕ : KA → X in D and
a ∈ FA. Two pairs (ϕ, a) and (ϕ′, a′) represent the same element in LanK F (X) if
there exists a morphism σ : A → A′ in C such that ϕ = ϕ′Kσ and F (σ)(a) = a′, we
say that (ϕ, a) and (ϕ′, a′) are identified along (ϕ′, a) via σ.
Given a morphism ω : X → Y in D the map LanK F (ω) is given by [(ϕ, a)] 7→ [(ωϕ, a)].

Lemma A.2 (Yoneda Reduction). Let C be an essentially small category, D be a locally
small category. If K : C → D and F : C → Set such that K is left adjoint to some
functor H : D → C. Then LanK F ∼= FH.

We have

LanK F (X) =

∫ C
D(KA,X)× FA dA

∼=
∫ C
D(A,HX)× FA dA

∼= FH(X)

where the first isomorphism acts on elements by [(KA
φ−→ X, a)] 7→ [(A

φ̃−→ HX, a)]

where ϕ̃ is the adjoint map to ϕ across the adjunction K a H, and the second isomor-
phism is given by [(A

ψ−→ HX, a)] 7→ F (ψ)(a). The inverse to the second isomorphism

97
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is given by x 7→ [(idHX , x)]. So the isomorphism FH(X) ∼= LanK F (X) is given by
x 7→ [(KH(X)

εX−−→ X,x)] where ε is the counit of the adjunction K a H.

Corollary A.3. Let C be an essentially small category, D be a locally small category.
If K : C → D and F : C → Set such that K is left adjoint to some functor H : D → C
then every element of LanK F (X) has a representative of the form (KHX

εX−−→ X,x).

Specifically, the maps LanK F (X) → FH(X) → LanK F (X) in the previous lemma
send [(KA

φ−→ X, a)] 7→ [(KHX
εX−−→ X,F (ϕ̃)(a))]. The two representatives are identi-

fied along (KHX
εX−−→ X, a) by the map ϕ̃, noting that εXK(ϕ̃) = ϕ.

Next we see that left Kan extensions along isomorphic functors are isomorphic.

Lemma A.4. Let C be an essentially small category, D be a locally small category. If
K,K ′ : C → D and F : C → Set such that θ : K → K ′ is a natural isomorphism then
LanK F is naturally isomoprhic to LanK′ F .

In particular, the natural isomorphism between left Kan extensions has components
given by

LanK F (X)→ LanK′ F, [(KA
φ−→ X, a)] 7→ [(K ′A

φθ−1
A−−−→ X, a)].

We will also need that taking left Kan extensions respects composition.

Lemma A.5. Let C and D be essentially small categories, D and E be locally small
categories. If K : C → D, J : D → E and F : C → Set then LanJ(LanK F ) is naturally
isomorphic to LanJK F .

The natural isomorphism between LanJ(LanK F ) and LanJK F has components given
by

[(JB
φ−→ X, (KA

ψ−→ B, a))] 7→ [(JKA
Jψ−−→ JB

φ−→ X, a)]

with inverse

[(JKA
φ−→ X, a)] 7→ [(JKA

φ−→ X, (KA
idKA−−−→ KA, a))].

Another important property is that left Kan extensions of product-preserving functors
are product-preserving. For a proof of the following lemma see proposition 2.5 in [18].

Lemma A.6. Let C be an essentially small category, D be a locally small category.
If K : C → D and F : C → Set such that F is product-preserving then LanK F

is product-preserving. That is, there is a natural isomorphism LanK F (X × Y ) ∼=
(LanK F (X))× (LanK F (Y )).

This natural isomorphism is given on elements by

[(KA
φ−→ X × Y, a)] 7→ ([(KA

prXφ−−−→ X, a)], [(KA
prY φ−−−→ Y, a)])
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with inverse

([(KA
α−→ X, a)], [(KB

β−→ Y, b)]) 7→ [(K(A×B)
(αK(prA),βK(prB))−−−−−−−−−−−−→ X × Y, (a, b))]

noting that we are abusing notation by writing (a, b) to represent the image of (a, b) ∈
F (A)×F (B) under the isomorphism F (A)×F (B) ∼= F (A×B). In particular the map
LanK F (X × Y )→ LanK F (X)× LanK F (Y )→ LanK F (X × Y ) acts on elements by

[(KA
φ−→ X × Y, a)] 7→ [(K(A×A) (prXφK(pr1),prY φK(pr2))−−−−−−−−−−−−−−−−−→ X × Y, (a, a))]

which is the identity, the two representatives are identified along

(K(A×A) (prXφK(pr1),prY φK(pr2))−−−−−−−−−−−−−−−−−→ X × Y, a)

via the diagonal map ∆ : A → A × A. In the other direction the map LanK F (X) ×
LanK F (Y )→ LanK F (X × Y )→ LanK F (X)× LanK F (Y ) acts on elements by

([(KA
α−→ X, a)], [(KB

β−→ Y, b)])

7→ ([(K(A×B)
αK(prA)−−−−−→ X, (a, b))], [(K(A×B)

βK(prB)−−−−−→ Y, (a, b))])

which is the identity we identity the first coordinate along (KA
α−→ X, (a, b)) and

the second along (KB
β−→ Y, b) via the projection maps prA and prB out of A × B

respectively.

Lemma A.7. Let C be an essentially small category, D be a locally small category.
Given K : C → D the functor LanK(−) : [C,Set] → [D,Set] is left adjoint to the
precomposition by K functor (−) ◦K : [D,Set]→ [C,Set].
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Appendix B

Bicategorical Background

We collect some basic bicategoical definitions following [15].

Definition B.1. A bicategory is a tuple (B, 1, c, a, l, r) consisting of the following
data:

• Objects: B is equipped with a class B0 of objects or 0-cells.

• Hom Categories: For each pair of objects X,Y the hom category B(X,Y ) is a
category whose objects are called 1-cells and whose morphisms are called 2-cells.
The composition in a hom category is called vertical composition and the identity
morphisms are called identity 2-cells.

• Identity 1-cells: Each object X in B has a functor 1X : 1 → B(X,X) from the
category with one object and one morphism. The 1-cell that 1X picks out is called
the identity 1-cell of X.

• Horizontal Composition: For each triple of objects X,Y, Z ∈ B there is a hori-
zontal composition functor

cX,Y,Z : B(Y, Z)× B(X,Y )→ B(X,Z).

On 1-cells we write cX,Y,Z(g, f) = gf and on 2-cells we write cX,Y,Z(β, α) = β ∗ α.

• Associator: For each quadruple of objects W,X, Y, Z ∈ B there is a natural iso-
morphism

aW,X,Y,Z : cW,X,Z
(
cX,Y,Z × idB(W,X)

)
→ cW,Y,Z(idBY,Z ×cW,X,Y )

which are functors B(Y, Z)× B(X,Y )× B(W,X)→ B(W,Z).

• Unitors: For each pair off objects X,Y ∈ B there two natural isomorphisms, the
left unitor

lX,Y : cX,Y,Y (1Y × idB(X,Y ))→ idB(X,Y )
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and the right unitor
rX,Y : cX,X,Y (idB(X,Y )×1X)

which are both between endofunctors of B(X,Y ).

We will use the subscripts for the components of the natural transformations in the
following axioms. The data above is required to satisfy the following axioms for
any quadruple of horizontally composable 1-cells f ∈ B(V,W ), g ∈ B(W,X), h ∈
B(X,Y ), k ∈ B(Y, Z):

• Unity Axiom: The following diagram in B(V,X) commutes.

(g1W )f g(1W f)

gf

ag,1W ,f

rg∗1f 1g∗lf

• Pentagon Axiom: The following diagram in B(V, Z) commutes.

(kh)(gf)

((kh)g)f k(h(gf))

(k(hg))f k((hg)f)

ak,h,gfakh,g,f

ak,h,g∗1f
ak,hg,f

1k∗ah,g,f

When it is clear from context a bicategory (B, 1, c, a, l, r) may be referred to by B alone.

Definition B.2. Let (B, 1, c, a, l, r) and (B′, 1′, c′, a′, l′, r′) be bicategories. A pseud-
ofunctor from B to B′ is a triple (F, F 2, F 0) : B → B′ consisting of the following
data:

• Objects: A function F : B0 → B′0 on objects.

• Hom Categories: For each pair of objects X,Y ∈ B a functor

F : B(X,Y )→ B′(FX,FY ).

• Pseudo Functoriality Constraint: For each triple of objects X,Y, Z ∈ B a nat-
ural isomorphism

F 2 : c′(F × F )→ Fc

between functors B(Y, Z)× B(X,Y )→ B′(FX,FZ) with component 2-cells
F 2
g,f : Fg ◦ Ff → F (gf).
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• Pseudo Unity Constraint: For each object X ∈ B a natural isomorphism

F 0 : 1′FX → F1X

between functors 1→ B′(FX,FX) with component 2-cells F 0
X : 1′FX → F1X .

The above data is required to satisfy the following axioms for any triple of horizontally
composable 1-cells f ∈ B(W,X), g ∈ B(X,Y ), h ∈ B(Y, Z):

• Pseudo Associativity Axiom: The following diagram in B′(FW,FZ) commutes.

(Fh ◦ Fg) ◦ Ff Fh ◦ (Fg ◦ Ff)

F (hg) ◦ Ff Fh ◦ F (gf)

F ((hg)f) F (h(gf))

a′

F 2
h,g∗1Ff 1Fh∗F 2

g,f

F 2
hg,f F 2

h,gf

Fa

• Pseudo Left and Right Unity Axioms: The following diagrams in B′(FW,FX)

commute.

1′FX ◦ Ff Ff

F1X ◦ Ff F (1X ◦ f)

l′

F 0
X∗1Ff

F 2
1X,f

Fl

Ff ◦ 1′FW Ff

Ff ◦ F1W F (f ◦ 1W )

r′

1Ff∗F 0
W

F 2
f,1W

Fr

A strict functor is a pseudofunctor in which F 2 and F 0 are identity natural transfor-
mations.

Definition B.3. Let (F, F 2, F 0) and (G,G2, G0) be pseudofunctors B → B′. A strong
transformation α : F → G consists of the following data:

• Component 1-cells: For each object X ∈ B a 1-cell αX ∈ B′(FX,GX).

• Pseudo Naturality Constraints: For each pair of objects X,Y ∈ B a natural
isomorphism α : α∗XG→ (αY )∗F , with component 2-cells

αf : (Gf)αX → αY (Ff).

The above data is required to satisfy the following axioms for any pair of horizontally
composable 1-cells f ∈ B(X,Y ), g ∈ B(Y, Z):

• Strong Unity Axiom: The following diagram in B′(FX,GX) commutes.

1GXαX αX αX1FX

(G1XαX) αX(F1X)

l

G0∗1αX

r−1

1αX ∗F
0

α1X
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• Strong Naturality Axiom: The following diagram in B′(FX,GX) commutes.

(Gg) (αY Ff) ((Gg)αY )Ff (αZFg)Ff

(Gg) ((Gf)αX) αZ ((Fg) (Ff))

((Gg) (Gf))αX G(gf)αX αZF (gf)

a−1 αg∗1Ff

a1Gg∗αf

1αZ ∗F
2

G2∗1αX

a

αgf
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