







































































































































































loss loss
< — <— —>

Figure B 3: Qualitative description of solitons in dissipative systems. The soliton has
areas of consumption as well as dissipation of energy that can be both frequency
(spatial or temporal) and intensity dependent. Arrows show the energy flow across
the soliton. The soliton is a result of complicated dynamical processes of energy
exchange with the environment and between its own parts

In one of the forms used in nonlinear optics, the quintic CGLE can be written

as:

iy, + gw” wly =idy+icly P +iBy, +iulyl p-viy [y (B3-1)

where the meaning of parameters is explained in Chapter 2.

This equation has been written in such a way that if the right-hand side of it is
set to zero, we obtain the standard NLSE. For spatial solitons in wide-aperture laser
cavities, the form of the coefficients in this equation can be different. The equation
can also have additional terms related to finite aperture and other forms of local or
nonlocal nonlinearity. The theory of phase-sensitive amplification (or “parametrically
amplified' optical systems) also uses a different form of the CGLE, which is called a
“parametric Ginzburg-Landau equation”. In this appendix, we will retain the form
presented above as the basic one, as it gives the main properties of solitons in
dissipative systems. We will also concentrate on the (1+1) dimensional case, as it is
the fundamental one that allows us to understand some of the features of solitons in

(2+1) dimensional cases.
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Equation (B3-1) is nonintegrable, and only particular exact solutions can be
obtained. In general, initial value problems with arbitrary initial conditions can only
be solved numerically. The cubic CGLE, obtained by setting u=v=0 in equation (B3-
1), has been studied extensively. Exact solutions to this equation can be obtained
using a special ansatz, Hirota bilinear method or reduction to systems of linear PDEs.
However, it was realized many years ago that the soliton-like solutions of this
equation are unstable. The case of the quintic CGLE has been considered in a number
of publications using numerical simulations, perturbative analysis and analytic
solutions. Originally, this equation was used mainly as a model for binary fluid
convection. The existence of soliton-like solutions of the quintic CGLE in the case ¢>
O has been demonstrated numerically. Generally, the solutions include solitons, sinks,
fronts and sources. The great diversity of possible types of solutions requires a
careful analysis of each class of solutions separately.
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Appendix C. What are exploding solitons ?

Solitons are solitary waves, which can be observed in optics, hydrodynamics,
plasmas and even in the field of elementary particles. Solitons were first observed in
water. Contemporary observations extend from temporal solitons in optical fibre to
spatial solitons in Bose-Einstein condensates. Mathematically, solitons are localized
solutions to nonlinear dynamical equations that arise in a broad range of physical
systems. Solitons are of great theoretical interest because the powerful tools of inverse
scattering theory provide analytical solutions. However, the equations that can be
solved by inverse scattering theory are extreme simplifications of real physical
systems. In particular, real systems are never “integrable”. Moreover, in most cases
they are dissipative, i.e., they include gain and loss. Additionally, the conditions can
vary as function of time and/or space. These effects completely change the properties
of solitons. In addition to the fundamental interest in solitons, they are also the subject
of intense experimental and theoretical applied investigation due to their potential as a
telecommunication technology. Understanding how they behave in the presence of
periodicity and dispersion as well as periodicity of gain and loss is very important.
Dissipative solitons can be generated in long distance all-optical transmission lines as
well as in mode-locked lasers. Generation and propagation of such pulses can be
described either using a model based on the complex Ginzburg-Landau equation or
the dispersion managed soliton approach. Combination of the two is also possible.
All these approaches reveal a number of unusual properties of dissipative solitons.

Changes in soliton parameters during propagation may result in complete
destruction. Under certain circumstances, solitons have been predicted to undergo
dramatic transients, but ultimately return to the original state. One of the most striking

forms of pulsations are pulse explosions that happen for certain values of the laser
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parameters. These were predicted theoretically [1] for dissipative systems and, for the
first time, observed in a mode-locked solid-state laser in [2]. During an explosion, the
soliton energy and spectrum undergo dramatic changes, but return to the steady state
value afterwards. An example is shown in figure C1.

“Exploding” soliton evolution starts from a stationary localized solution,
which has a perfect soliton shape. After a while its “slopes” become covered with
small ripples (small scale instability) which seem to move downwards along the two
slopes of the soliton, and very soon the pulse is covered with this seemingly chaotic
structure. When the ripples increase in size, the soliton cracks into pieces, like a
mountain after a strong volcanic eruption or after an earthquake. This completely
chaotic, but well localized, structure then is filled with “lava” that restores the perfect
soliton shape after a “cooling” process. The process repeats forever, although the
distance between “eruptions” fluctuates, and in each of them the pulse splits into
different pieces. Needless to say, these solutions cannot be found in analytic form.
However, they are as common as stationary solutions and exist for a wide range of

parameters, as seen in figure C2.
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Figure C 1: The exploding soliton of the cubic-quintic CGLE. Parameters are shown
in the figure.
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Figure C2 shows the region of existence of erupting solitons in the v-¢ plane.
The strip where these solutions exist is relatively wide, so these solutions can be
found in a wide range of parameters. In the lower limit of € these solutions either
become periodic solutions or are extinguished completely. In the upper limit, above

the shaded strip, they become either chaotic or stationary pulses.
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Figure C 2: Region in the parameter plane (v, €) where erupting solitons exist. The

star shows the point where the simulations for figure C1 were done. Other parameters
are shown in the figure.

Mode-locked lasers provide an excellent test bed for soliton dynamics because
they represent an essentially infinite propagation distance system with identical
conditions for each period. The concept of soliton dispersion management yielded
important new insight into mode-locked laser dynamics. From a practical point of
view, scientists were mostly interested in stable ultra-short pulses. Dissipative systems
admit stable pulses in a certain range of parameters. Beyond this range, pulses might
change on propagation regularly or chaotically. There can be periodic pulsations or
more complicated dynamics [1]. Experimentally, changes of the short pulses in shape

or in length from one round trip to another is often present in laser dynamics but
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usually is avoided. Careful study of this complicated behaviour can be useful both for
understanding of conditions of stability as well as for creating more versatile systems.

Data exhibiting a typical soliton explosion are shown in figure C3. The bulk
of the integrated spectrum is concentrated around the central frequency 812 nm. When
an explosion occurs, the spectrum becomes asymmetric and abruptly shifts to shorter
wavelength. It subsequently returns to the original position. Small oscillations that
slowly increase in amplitude precede an explosion. The oscillations appear in the

spectrally integrated intensity. They slowly die out after the explosion.
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Figure C 3: Typical spectral data showing solitons explosions. The dispersion is
adjusted to yield solitary explosions.

The pulse behaviour depends on the parameters used in the model. As in the
experiment the explosions appear at the edge of stability of stable pulse formation. In
particular, the explosions are sensitive to the value of dispersion both in theory and

experiment. Explosions occur in certain finite regions of the multidimensional
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parameter space that describes laser operation. These regions can occupy appreciable
regions of the parameter space (see figure C2).

The following characteristics of the explosions have been observed [2]:

l. Explosions occur intermittently. In the continuous model, they happen
more or less regularly, but the period changes dramatically with the change of
parameters. In the experiment, the rate is very sensitive to average soliton energy (the
pump power).

2. The time interval between the explosions depends on various
conditions and strongly depends on system parameters;

3. Different explosions are similar but not identical;

4. The explosions occur when the laser is close to a critical point of
unstable operation;

5. The frequency depends on pulse energy; and explosions happen

spontaneously, but external perturbations can trigger them.

6. There is no event preceding the onset of oscillations.

All these features are similar to those predicted theoretically in the continuous model
[1].

Oscillations observed in lasers are often ascribed to relaxation phenomena
without further consideration. The model based on CGLE displays oscillatory
behaviour, although it does not include a gain lifetime explicitly. Instead, these
oscillations occur due to dynamic instability of the stationary solitons. More care is
needed in determining the origin of such oscillations. This may have important

consequence in optimising laser designs.

63



Further studies of exploding solitons in extended systems can be found in
[3,4]. These studies confirmed the fact that the soliton explosion is general
phenomenon rather than an artefact.
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