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Abstract

Topology in solid state physics gave a new way to classify materials using quantities
called topological invariants. Phases with non-vanishing topological invariants can ex-
hibit non-trivial dynamics of charge-carriers at the boundary which is protected against
scattering with impurities and imperfections. The study of topology has recently been
generalized to a new class of systems with dissipation, which can be described by effec-
tive non-Hermitian Hamiltonians and have complex-valued eigenenergies. It has been
discovered that there are topological invariants unique to non-Hermitian systems. One
of them—spectral winding arises near the exceptional points (the non-Hermitian spec-
tral degeneracies). In this thesis, I investigated the non-Hermitian topology of a mixed
light-matter system—microcavity exciton polaritons.

The exciton polaritons are composite particles created by strongly coupling bound
electron-hole pairs (excitons) to photons in a microcavity. They can be described by a
non-Hermitian Hamiltonian because both gain (via optical pumping) and loss (radiative
decay) are always present in the system. The ANU Polariton BEC group has previously
observed a non-Hermitian spectral degeneracy in this system and, in a separate study,
detected the spectral winding around a pair of the exceptional points. However, a com-
prehensive theory of non-Hermitian topology for this system has not yet been developed.
In this thesis, I took the first essential steps towards building a theoretical framework for
studies of non-Hermitian topology in exciton-polariton systems. In particular, I derived
quantities that characterise the global properties of the eigenvalues that are analogous to
those used in Hermitian topological systems.

One important topological invariant in the solid state system is the Chern number.
The Chern number is realted to a quantity called the Berry curvature, which acts on
the electrons in the solid state system as an effective magnetic field when an external
field is absent. The Berry curvature is part of a larger quantity called the quantum
geometric tensor. The real part of quantum geometric tensor is a metric that defines the
distance between two states in momentum space, while its imaginary part is related to
the Berry curvature. In this thesis, I generalized the quantum geometric tensor to non-
Hermitian systems using a recently developed formalism (Chapter 4). I then investigated
the properties of the components of the four quantum geometric tensors and concluded
that two of them are the natural non-Hermitian generalizations, while the remaining ones
are inconsistent (Chapter 5). This conclusion was further supported by investigation
of exciton-polariton wavepacket dynamics (Chapter 6). The last Chapter of this thesis
summarises conclusions drawn from my study and presents an outlook on further research.
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Chapter 1

Overview of Non-Hermitian
Topology

Topology and non-Hermiticity have changed how we physicists view the physical world.
The former has revolutionized how we classify electronic matter resulting in engineering
of materials that exhibit robust e�ects immune to defects [1, 2, 3]. The latter has radically
changed our view about gain and loss. For example, deliberately engineering losses in a
photonic system can lead to counter-intuitive e�ects, like loss-induced lasing [4]. The two
�elds of study have remained quite separate because loss/gain balance cannot be easily
engineered in electronic materials. However, with the rapid development of topological
photonics there came a realisation that topological properties can be dramatically mod-
i�ed in lossy (non-Hermitian) systems. Merging these two big ideas is not trivial, but
the last 5 years have seen an explosion in theoretical and experimental studies in this
direction, which is now known as non-Hermitian topology [5, 6].

In this work, I try to merge these two concepts by developing a theory for mixed light-
matter quasiparticles called exciton polaritons. This system is inherently non-Hermitian,
but is usually not regarded as such in experiments and theory, e.g. demonstration of Bose-
Einstein condensation (BEC) [7, 8, 9], super�uidity [8, 9, 10] and topological insulator
[11]. Furthermore, these particles have relatively strong interactions and are therefore a
promising platform for exploring non-Hermitian topology in nonlinear systems. Hence,
my work is the �rst step towards understanding non-Hermitian topology and its e�ects
on the dynamics of exciton polaritons. I aim to develop theories that can guide future
experiments to study non-Hermitian topology using microcavity exciton polaritons.

In this Chapter, I will give an introduction to the fundamental contexts in non-
Hermitian topology. In Section 1.1, I will give a brief introduction to the notion of
topological invariants and topology in solid state physics. In Section 1.2, I will give a
brief introduction to the non-Hermitian systems and topology in non-Hermitian systems.
In Section 1.3, I will present the semiclassical formalism describing the dynamics of
wavepackets. In Section 1.4, I will brie�y introduce the microcavity exciton polaritons,
which is the main physical system that I will focus on in this thesis. Finally, in Section
1.5, I will outline the contents and focus of each Chapter in this thesis.
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1.1 Topology in Solid State Systems

Topological invariants refer to the quantities that are preserved under continuous de-
formations. One famous example of the topological invariant is the genus number of a
surface which counts the numbers of holes in a geometrical object. For example, a sphere,
which has a genus of zero, cannot be continuously stretched into a torus, which has a
genus of one (see Fig. 1.1). Moreover, no matter how the surface is deformed, as long as
it is done in a continuous way, the genus number of this surface will not change.

(a) (b)

Figure 1.1: Schematic plot of (a) a sphere, which has a genus number ofg = 0 and (b) a
torus, which has a genus number ofg = 1.

Topology has revolutionized how we describe the electronic properties of solid-state
systems. Conventionally, solid-state systems are classi�ed as insulators, metals and semi-
conductors based on their eigenenergy structure. Topology opens up a new method of
classi�cation using their topological invariants. The topological classi�cation of matter
leads to striking e�ects. When two materials of di�erent topological invariants are joined
together, robust unidirectional states appear at the interface [12].

The �eld of topological physics was inspired by the pioneering work of von Klitzing,
Dorda and Pepper in 1980 where they discovered the integer quantum Hall e�ect [13].
Von Klitzing et al. discovered that the Hall conductance of a two-dimensional (2D)
electronic gas is quantized and takes integer values in the units ofe2=~

� xy = �
e2

h
C (1.1)

where C is an integer, e is the electron charge andh is the Planck constant [13, 14].
Laughlin, Thouless, Kohmoto, Nightingale and den Nijs have presented their theories and
explained the quantization of Hall conductance as the consequence of gauge invariance
and the presence of a gap in the electronic band (eigenenergy) structure [15, 16]. It was
later discovered that the integersC that described the quantum Hall conductance in the
integer quantum Hall e�ect is a topological invariant called the Chern number [14, 17, 18].
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The Chern number is a special case of another topological invariant called the Berry
phase. The Berry phase of a separable band measures the rotation of the corresponding
eigenstatej n i along a closed path in the momentum space [14, 19, 20, 21]


 n =
1

2�

I

@S
ih n jrj  n i � dk; (1.2)

wherej n i is the electronic wavefunction of thenth band and k is the momentum. When
the path @Sis chosen to be the edge of the Brillouin zone (the unit cell of the reciprocal
lattice in momentum space), the Berry phase becomes the Chern number [14]

Cn =
1

2�

I

@BZ
ih n jrj  n i � dk: (1.3)

The Chern number can be expressed in terms of two quantities known as the Berry
curvature 
 n and the Berry connectionAn [5, 14]

An = ih n jrj  n i (1.4)


 z
n = r � An : (1.5)

Berry connection and Berry curvature arise purely from the band structure of the system
and act on the electrons in the solid state system as the arti�cial vector potential and the
magnetic �eld when an external �eld is absent [14]. In 2D systems, which are the focus of
this work, the only non-vanishing component of the Berry curvature is thez-component


 z
n = i

�

h@kx  n j@ky  n i � h @ky  n j@kx  n i
�

(1.6)

which acts on the electrons in the solid state systems as a magnetic �eld applied perpen-
dicularly to the planar system [14]. Using Stoke's theorem, the Chern number can be
rewritten in terms of the �ux of Berry curvature passing through the Brillouin zone

Cn =
1

2�

ZZ

BZ

 z

ndkxdky: (1.7)

When the Chern number is non-zero, the system is in a topologically non-trivial phase.
Otherwise, the system is in a topologically trivial phase where topological e�ects are
absent.

Another important topological e�ect is the quantum spin Hall e�ect, where the elec-
trons �ow in one direction at the edge of the system [1, 2]. The direction of transport
depends on the spins of the electrons where the spin-up electrons �ow in counterclockwise
direction while the spin-down electrons �ow in clockwise direction, which give the Chern
numbers of+1 and � 1, respectively [12]. This one-direction transportation is robust and
persist against defects and perturbations as long as the time-reversal symmetry in the
bulk is preserved [2].

A system can undergo a topological phase transition between topologically distinct
phases or between topologically trivial phase and non-trivial phases. Typically, the energy
gap closes to form a spectral degeneracy called the Dirac point when the phase transition
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occurs before reopening again [6]. An example using the Dirac model from Ref. [21] is
shown in Fig. 1.2. From Fig. 1.2a and Fig. 1.2c, the system undergoes a topological
phase transition from the phase withC� = � 1=2 (C� denotes the Chern number of the
lower band) to the one with C� = 1=2 (see Fig. 1.2d) at� = 0 where Dirac point
is formed (see Fig. 1.2b). Hence the Dirac points separates two topologically distinct
phases. Note that the band structures in Fig. 1.2a and Fig. 1.2c look similar, but they
are topologically distinct. I will provide more details of the Dirac model in Chapter 2.

(a) (b) (c)

(d)

Figure 1.2: Band structure of Dirac model from Ref. [21] undergoing a topological phase
transition from a gapped phase with Chern numberC� = � 1=2 in (a) to a topologically
distinct phase with C� = 1=2 in (c) through a Dirac point in the gapless phase in (b).
The Chern number of the lower band before and after the topological phase transition is
shown in (d).

Apart from solid state systems, topology is studied in a wide range of physical systems
from electrical circuits [22] to photonics [23]. For introduction to the �eld of topology
and its extension to di�erent platforms, detailed reviews are provided in Refs. [24, 25],
and other review papers on topological insulators in matter. Very recently, the study of
topology in physics has been extended to systems with gain and loss called non-Hermitian
systems.

1.2 Topology in Non-Hermitian Systems

In quantum mechanics, the energy of a system is described by the eigenvalues of Hamil-
tonian operators. The physical quantities relating to topology, as presented in Section
1.1 are derived assuming that the energy of the system is conserved. Speci�cally, they are
derived under the assumption that the Hamiltonian operator is Hermitian which guar-
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antees that their eigenvalues are real-valued. In dissipative systems, the gain and loss
can be described by complex-valued terms in the Hamiltonians, which makes them non-
Hermitian. As a consequence, the eigenenergies become complex-valued where the real
part corresponds to the energy and the imaginary part corresponds to the decay rate,
inverse lifetime, or linewidth.

In a 2D non-Hermitian system, usually, when the energy surfaces cross, the linewidth
surfaces avoid crossing and vice versa. However, at the exceptional points, both the
energy and linewidth surfaces cross and the two complex eigenergy surfaces touch as
shown in Fig. 1.3 [26, 27]. Usually, the exceptional points are considered in parameter
space [26], however, in this work, I will be studying the exceptional points in momentum
space.

(a) (b)

Figure 1.3: Schematic plots of (a) the two energy surfaces and (b) the two linewidth
surfaces near one exceptional point (green dot).

A new type of topological invariant called spectral winding has been discovered in
non-Hermitian systems [20, 28, 29, 27]

wmn = �
1

2�

I
r arg( ~Em � ~En ) � dk: (1.8)

The spectral winding is similar to Chern number, yet qualitatively di�erent. While the
former measures the change in the phase of the complex eigenenergy along a closed path
in momentum space, the latter quanti�es the rotation of an eigenstate of a separable band
[5, 20, 27]. When the non-Hermitian terms are included in the Hamiltonian in gapless
phase, a Dirac point of a Hermitian system can split into a pair of exceptional points as
shown in Fig. 1.4 [27, 30]. The exceptional points pair are connected by a curve called
the Fermi arc [27, 30]. The Fermi arc consists of the bulk Fermi arc and the imaginary
Fermi arc. Along the bulk Fermi arc, the two energy surfaces touch (see Fig. 1.4b) and
along the imaginary Fermi arc, the two linewidth surfaces touch (see Fig. 1.4c).

The spectral winding around each exceptional point is non-zero, which shows that
the vicinity of the exceptional points are topologically non-trivial [5, 6, 20, 27]. Further-
more, in the phases with non-vanishing spectral winding, there exists a new topological
e�ect called the non-Hermitian skin e�ect [22, 31, 32]. In non-Hermitian systems with
open boundary conditions in topologically non-trivial phases, the eigenstates have max-
imum probability of being measured at the boundary of the systems [5, 6, 22, 31, 32].
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(a) (b)

(c)

Figure 1.4: Schematic plot of a Dirac point in the Hermitian model in (a) splits into a
pair of exceptional points (green dots) where the two (b) energy,E, and (c) linewidth, 
 ,
surfaces simultaneously touch. The exceptional points are connected by the bulk Fermi
arc (pink) along the energy surface and imaginary Fermi arc (purple) along the linewidth
surface.

In other words, they exhibits edge localization. For example, it has recently been shown
in Ref. [22] that a 2D classical electric circuit exhibits skin e�ect. When open bound-
ary condition is imposed in thex-direction, the eigenstates exhibit localization at the
boundary. Moreover, Hofmann et al. [22] observed reciprocal skin e�ects in the electric
circuit, which means that the eigenstates localize at opposite edges inx-direction with
opposite momenta iny-direction. For ky 2 (0; � ), the eigenstates localize at the right
edge, while forky 2 (�; 2� ), the eigestates localize at the left edge as shown in Fig. 1.5,
[22]. This skin e�ect can only be found in non-Hermitian systems, which shows that the
non-Hermitian topology is unique to the Hermitian ones. In this work, I will focus on
the e�ects of non-Hermiticity on the eigenstates and how it manifests in the dynamics,
as shown below.

Recently, the Chern number has been generalized to non-Hermitian system in Refs.
[20, 21]. In Hermitian systems, since the Hamiltonian operator is Hermitian, i.e.H = H y,
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Figure 1.5: Schematic plot of reciprocal skin e�ect. Reproduced from Ref. [22] with the
permission from the American Physics Society.

the left and right eigenstates of the Hamiltonian operatorj L;R
n i , which satisfy that

H j R
n i = En j R

n i

h L
n jH = h L

n jEn ;
(1.9)

agree with each other. However, in non-Hermitian systems, due to the non-Hermiticity
of the Hamiltonian, i.e. H 6= H y, the left and right eigenstates,j L;R

n i , are not equal

H j R
n i = En j R

n i

H yj L
n i = E �

n j L
n i :

(1.10)

Because of this, instead of the orthonormal condition in usual Hermitian system, the left
and right eigenstates follow biorthogonal condition de�ned as [5, 6, 20, 21]

h L
i j R

j i = � ij : (1.11)

The existence of unequal left and right eigenstates give four di�erent ways to generalize
the Berry curvature of non-Hermitian systems


 z;AB
n = i

�

h@kx  A
n j@ky  B

n i � h @ky  A
n j@kx  B

n i
�

; (1.12)
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whereA; B = L; R , with L; R denoting the left and right eigenstates, respectively. These
four de�nitions of Berry curvatures give rise to four corresponding Chern numbers for
each separable band

CAB
n =

1
2�

ZZ

BZ

 z;AB

n dkxdky (1.13)

with A; B = L; R . Furthermore, Shen et al. [20] have shown that the four Chern numbers
for each band, namelyCRR

n , CLL
n , CLR

n and CRL
n , are the same.

The Berry curvature is part of a larger quantity called quantum geometric tensor
Tn . In Hermitian systems, the components of quantum geometric tensor are de�ned as
[23, 33]

Tn;ij = h@k i  n j@k j  n i � h @k i  n j n ih n j@k j  n i (1.14)

The real part of quantum geometric tensor is a metric that de�nes the distance between
two eigenstates in the momentum space

gn;ij = Re[Tn;ij ] (1.15)

while the imaginary part of quantum geometric tensor is related to the Berry curvature
[23, 33]


 n;ij = � 2 Im[Tn;ij ]: (1.16)

One of the main goals in this project is to test if the quantum geometric tensor and
quantum metric de�ned in Eq. (1.14) and Eq. (1.15) can be generalized to non-Hermitian
systems in a similar manner to the Berry curvature in Eq. (1.12). We have chosen to
use the quantum geometric tensor to study the non-Hermitian topology since there are
already existing works that de�ned the generalized Berry curvature in Refs. [20, 21] for
non-Hermitian systems that we can follow. While there are other topological invariants
such as the Wilson loop, we do not know if they can be de�ned in non-Hermitian systems.

Another goal is to investigate how the quantum geometric tensor controls the dynam-
ics of the non-Hermitian systems in the topologically non-trivial phases. We have chosen
to investigate the exciton-polariton dynamics in real space by analyzing the trajectories
of the exciton-polariton wavepackets under the e�ects of quantum geometric tensor. I
will introduce the semiclassical formalism that I followed in the next Section.

1.3 Wavepacket Dynamics in Solid State Systems

The Berry curvature acts on electrons in a solid state system as an e�ective magnetic �eld
resulting in a velocity transverse to an applied electric �eld [34, 35, 36]. The dynamics
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of the wavepacket is described by a pair of semiclassical equations of motion

~
@r
@t

=
@En (k)

@k
� ~

@k
@t

� 
 z
n

~
@k
@t

= F
(1.17)

wherer is the position of the centre of mass of the wavepacket,F is the external force ap-
plied to the system (for example, an applied electric �eld),En and 
 z

n are the eigenenergy
and the Berry curvature of the chosen branch, respectively [34, 35, 36, 37, 38]. These
equations of motion were derived in the single band picture, and the mixing between
eigenstates have been neglected [35]. This formalism has been extended to include the
e�ects of coupling between multiple bands in Ref. [39], mixing between bands induced
by an external �eld in Refs. [40, 41], and by the non-adiabaticity in Ref. [37].

In the formalism of wavepacket dynamics in Hermitian systems, the quantum metric
usually appear in the perturbation theory as a correction to Berry curvature [40, 37] or
wavepacket energies [41, 37] but only play a secondary role. However, Solnyshkov et al.
[33] have recently predicted that the quantum metric is the dominant contribution in
the wavepacket dynamics in non-Hermitian systems. Furthermore, Solnyshkov et al. [33]
have found that the wavepacket exhibits non-trivial dynamics near an exceptional point
where the group velocity of the wavepacket reaches a constant, non-vanishing value. The
model that Solnyshkov et al. considered in Ref. [33] was a non-Hermitian generalization
of the Dirac model. This model has only one pair of exceptional points, but the energy
structure is very similar to that of exciton polaritons. Therefore, it is interesting to test
if the same e�ects can be found in exciton polaritons as well.

In this project, I followed the work by Bleu et al. [37] based on Eq. (1.17) which was
based on the formalism on the dynamics of the electrons in solid state systems developed
by Sundaram and Niu in 1998 in Ref. [35]. In Ref. [37], Bleu et al. presented their anal-
ysis on the exciton-polariton wavepacket dynamics with the presence of non-adiabatic
e�ects in the topologically non-trivial gapped phases. However, the dissipation was ne-
glected and the Hamiltonian was assumed to be Hermitian. I aimed to generalize this
formalism using non-Hermitian quantum geometric tensors to investigate the dynamics
of the exciton-polariton systems. I will present more details on the formalism used in
Ref. [37] later in Chapter 6.

In this thesis, I will present an analysis on non-Hermitian generalization of quantum
geometric tensor and wavepacket dynamics in a hybrid light-matter systems called micro-
cavity exciton polaritons. I will present an overview of the microcavity exciton polaritons
in the following Section.

1.4 Microcavity Exciton Polaritons

An exciton polariton is a quasiparticle formed when a photon is strongly coupled to
an exciton�an electron-hole pair bound by Coulomb interaction in a direct bandgap
semiconductor [7, 8]. To achieve the strong coupling regime, both exciton and photon
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need to be strongly con�ned. Typically, an optical microcavity sandwiched between
high-re�ectivity Bragg re�ector mirrors is used to con�ne the photons [8, 27, 26], and a
quantum well�a thin layer of semiconductor�is used to con�ne the exciton.

To achieve the strong coupling regime, a set of quantum wells is embedded in the
microcavity, at the positions of the antinodes of the cavity photon �eld [8, 26]. When
the rate of energy exchange between the photon and the exciton exceed all decay rates
in the system, a new bosonic quasiparticle, exciton polariton is formed [7, 8, 27, 26] (see
Fig. 1.6).

Although the exciton polaritons are bosonic composite particles, they are described
by a two-component spinor wavefunction corresponding to the two values that the pseu-
dospins can take. The pseudospins are projections of the exciton-polariton spins on the
crystallographic axes and can either be spin-up or spin-down [23, 27]. Therefore, the
exciton polaritons behave e�ectively as spin-1=2 particles and can be approximated by a
2� 2 non-Hermitian Hamiltonian, which will be discussed in detail in Chapter 2.

Figure 1.6: Schematic plot of exciton polaritons created by strongly coupling excitons
with photons in a microcavity. Reprinted from Ref. [7] by permission from Springer
Nature Customer Service Centre GmbH: Springer Nature.

The exciton polaritons are bosons, hence they can form a BEC [7] and exhibit super-
�uidity [42] at low temperature in a similar manner to ultracold atomic gases [43, 44, 45].
Moreover, it has been recently discovered that microcavity exciton polaritons can form
BEC in ambient conditions [27, 46, 47], which shows their vast potential in the applica-
tions as quantum simulators and optoelectronic devices. It has also been discovered that
the exciton polaritons can exhibit topologically non-trivial band structure. The optical
activity of the quantum well and external out-of-plane �elds can open a topologically
non-trivial gap [11, 27]. Furthermore, the photonic spin-orbit coupling which causes the
splitting of TE and TM modes results in the non-vanishing Berry curvature [23]. This
leads to quantum Hall e�ect in the exciton-polariton dynamics [38].

Typically, when the strong coupling is achieved, the energy of the planar microcavity
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Figure 1.7: Schematic plot of bands of excitons and cavity photons (dashed lines) and the
band structure of exciton-polaritons (solid lines), which consists of the upper polariton
and the lower polariton branches. Reprinted from Ref. [26] by permission from Springer
Nature Customer Service Centre GmbH: Springer Nature.

is no longer described by the energies of the excitons and cavity photons, but now consists
of a upper polariton branch and a lower polariton branch as shown in Fig. 1.7 [7, 8, 9, 40].
In this work, I am interested in the behaviours of the exciton polaritons in low energy
regimes, and therefore, I followed the e�ective theory that focuses on the lower polariton
branch. In this formalism, the e�ects of the microcavity anisotropy that can split the
linearly polarized modes, the photonic spin-orbit coupling that can split the TE and TM
modes and an out-of-plane magnetic �eld which can split the circuarly polarized modes
are included as a non-Abelian gauge �eld [48, 27, 23]. When the e�ects of this gauge
�eld are taken into account, the single lower polariton branch splits into two branches
corresponding to the two values that the exciton-polariton pseudospins can take [48, 27,
23]. Therefore, the microcavity exciton polaritons behave as a two-level system in this
approximation.

In the majority of studies mentioned above, the exciton-polariton systems were as-
sumed to be Hermitian and the e�ects of loss and gain have been neglected. However,
exciton polaritons decay by emitting photons, which escape the microcavity as photolu-
minescence. The system also requires constant pumping to be replenished, therefore it is
inherently non-Hermitian. The cavity photoluminescence contains complete information
of the exciton polaritons in the microcavity. The polarization of the photons corresponds
to the pseudospins of the exciton polaritons and the peaks and linewidths of the energy
spectrum correspond to the real and imaginary parts of the eigenenergy of the exciton
polaritons, respectively. This gives a way to directly measure the complex eiegnenergy
and pseudospin texture of the exciton polartions in the microcavity [26, 27, 38]. The
ANU Polariton BEC group has experimentally observed the exceptional points of micro-
cavity exciton polaritons in Ref. [26] and measured the spectral winding around each
exceptional point in Ref. [27]. Furthermore, in Ref. [23], Bleu et al. have developed a
theoretical formalism which shows that the components of the quantum geometric ten-
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sors in photonic and exciton-polariton systems can be directly measured. In Ref. [38],
Gianfrate et al. have experimentally measured both Berry curvature and quantum metric
of a microcavity exciton-polariton systems using the formalism presented in Ref. [23],
but did not uncover non-Hermitian e�ects.

In this project, my goal is to study non-Hermitian topology using the microcavity
exciton polaritons. In solid state systems, the electrons can interact with each other,
but the Hamiltonian is Hermitian. In photonic systems, the Hamiltonian can be non-
Hermitian, but the systems are generally non-interacting. However, exciton polaritons are
dissipative due to its photonic components and strongly interacting due to their excitonic
components. Therefore, we can say that the exciton polaritons combine the advantages
of both systems. All these features show the potential of the exciton-polariton system as
a platform to study non-Hermitian topology.

1.5 Thesis Structure

In this thesis, I aim to provide theoretical framework that will guide future experimental
investigation on non-Hermitian topology using microcavity exciton polaritons. I have
outlined the contents and focus of each Chapter below.

In Chapter 2, I will present the theoretical models that I used to analyze the non-
Hermitian topology. One of them is the exciton-polariton model which was the main
model that I focused on in this thesis. Another one is a simple two-dimensional non-
Hermitian Dirac model which is similar to the one investigated by Solnyshokov et al.
in Ref. [33]. Although this model has limited use for an exciton-polariton system, it is
useful in developing an intuitive understanding of non-Hermitian e�ects.

In Chapter 3, I will present the analysis on the energy structure of the exciton-
polariton model presented in Chapter 2. In this Chapter, I will present the parameter
dependence of the exceptional points. The results in this Chapter will help to control the
separation between the exceptional points in future experiments and allow investigation
on a single isolated exceptional point. The results also allow me to distinguish between
gapped and gapless phases.

In Chapter 4, I will present my analysis of the non-Hermitian Berry curvatures of the
two models presented in Chapter 2 using the formalism presented in Refs. [20, 21]. I will
then calculate the Berry phases using the non-Hermitian Berry curvatures and use them
to approximate the Chern numbers in exciton polaritons.

In Chapter 5, I will present the generalized non-Hermitian quantum geometric ten-
sors and quantum metrics of the non-Hermitian Dirac model and the exciton-polariton
model. I will then analyze the properties of the non-Hermitian quantum metrics near the
exceptional points.

In Chapter 6, I will use the semiclassical formalism developed in Refs. [35, 37, 40,
41] to calculate the wavepacket trajectories using the results of non-Hermitian Berry
curvatures calculated in Chapter 4.

In Chapter 7, I will summarize the conclusions that I draw based on the results in
previous Chapters. In this Chapter, I will also discuss the limitation in my approaches
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and outline potential future research directions.
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Chapter 2

Models

In this project, I considered two models to explore non-Hermitian topology. First, I used
a simple case of non-Hermitian generalization of the Dirac model based on Refs. [21, 33].
In this non-Hermitian Dirac model, there is only one pair of exceptional points and the
eigenspectrum takes simple form that can be analyzed analytically. I have extracted
results from this model to gain intuition before moving to the more complex model of
the microcavity exciton polaritons described by 2� 2 non-Hermitian Hamiltonian in Refs.
[48, 27]. In this Chapter, I will present the Hamiltonians and energy structures of these
two models.

2.1 Non-Hermitian Dirac Models

The simple two-dimensional Dirac model is described by a 2� 2 Hamiltonian

H = k � � (2.1)

k = ( kx ; ky; �) (2.2)

� = ( � x ; � y; � z) (2.3)

where� i are the two-dimensional Pauli matrices

� x =

 
0 1
1 0

!

; � y =

 
0 � i
i 0

!

; � z =

 
1 0
0 � 1

!

;

(kx ; ky) are the two-dimensional momentum components and the term� � z is a mass term
which opens a gap in the eigenspectrum [21, 33]. The eigenenergies of the Hermitian Dirac
model in Eq. (2.1) are

E � = �
q

k2
x + k2

y + � 2 (2.4)

which is degenerate when� = 0 , where the two energy surfaces touch at the Dirac point
at (kx ; ky) = (0 ; 0) as shown in Fig. 2.1a. In this massless case, the dispersion is linear
and the energy surfaces form a conical intersection. For any nonzero� , the Dirac point
is immediately destroyed and a gap is opened, as shown in Fig. 2.1b. The dispersion
near k = 0 becomes parabolic, hence gaining an e�ective mass.

We have considered a simple case of the non-Hermitian generalization of the Dirac
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model presented in Refs. [21, 33] which is described by the Hamiltonian

H = kx � x + ( ky + i� y)� y + � � z; (2.5)

where i� y � y is the additional non-Hermitian term. This non-Hermitian Dirac model is
modi�ed after the non-Hermitian model considered in Ref. [33] where Solnyshkov et
al. used to predict non-trivial wavepacket dynamics near the exceptional points. The
complex eigenenergies are

E � = �
q

k2
x + ( ky + i� y)2 + � 2: (2.6)

The inclusion of the non-Hermitian term i� y � y splits the Dirac point in the massless
Dirac model in Fig. 2.1a into a pair of exceptional points along thekx -direction where
the momenta of the non-Hermitian degeneracies are(kx ; ky) = ( �

q
� 2

y � � 2; 0) as shown
in Fig. 2.1c and Fig. 2.1d. When� = 0 , the dispersion is strikingly di�erent from
the Hermitian case. Instead of energy crossing at one point, the real part of energy now
crosses on an arc connecting the two exceptional points. Moreover, this arc, including the
pair of exceptional points are stable against the gap-opening term� � z. It takes a �nite
� with j� j > j� y j to destroy the exceptional points and open a gap, unlike the Dirac
point which is unstable. Once the gap is opened and the non-Hermitian degeneracies
annihilated, the band structure looks similar as the Hermitian model (see Fig. 2.1b).
This mainly suggests that interesting non-Hermitian e�ects occur while the gap is closed.

(a) (b)

(c) (d)

Figure 2.1: The eigenenspectrum of the Dirac model when (a)� = 0 and (b) � = 1 from
Eq.(2.4). (c) The real energy surfaceRe(E) and (d) the linewidth surfaceIm(E) of the
non-Hermitian Dirac model in Eq. (2.6) with � y = 0:5eV.
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2.2 Exciton-Polariton Model

The microcavity exciton polaritons are described by a 2� 2 non-Hermitian Hamiltonian
[48, 27]

H =
�

E0 +
~2k2

2m

�

I + G(k) � � (2.7)

whereI is the 2� 2 identity matrix, � i are the usual two-dimensional Pauli matrices and
m is the reduced e�ective mass of the exciton polaritons. The Hamiltonian depends on
an arti�cial gauge �eld G given by

G(k) = (( � � ia) + ( � � ib)k2 cos 2�; (� � ib)k2 sin 2�; � z(k)) : (2.8)

where k = ( kx ; ky) = ( k cos�; k sin� ) is the in-plane momentum of the exciton polari-
tons on the plane of the microcavity [27, 48]. The parameter� is the splitting of the
horizontally and vertically polarized modes at normal incidence due to the anisotropy
of the microcavity, while � is the TE-TM splitting or the photonic spin-orbit coupling.
The non-Hermitian parametersa; b represent the photonic losses in the microcavity due
to anisotropy and TE-TM splitting, respectively, and whenever these two terms are non-
zero, the Hamiltonian becomes non-Hermitian [27, 48].

The term � z(k)� z represents an out-of-plane magnetic �eld that opens a gap or
remove degeneracies in the band structure [27, 48]. One gap-opening term is described
by � z(k; � ) = � where the constant� represents the e�ect of the Zeeman splitting
that splits the circularly-polarized modes [23, 27]. Another possible gap-opening term is
�k y � z, which represents the splitting of the circularly-polarized modes due to the optical
activity in the microcavity [11].

The complex eigenenergies of this Hamiltonian in Eq. (2.7) are

~E � (k) = E0 +
~2k2

2m
�

q
(� � ia)2 + ( � � ib)2k4 + 2k2(� � ia)( � � ib) cos 2� + � z(k)2

= E0 +
~2k2

2m
� E

(2.9)

where I denotedE to be the mean-subtracted eigenenergy� E = ~E � � h E i [27]. In the
Hermitian limit with no dissipation, a = b = 0, and no gap-opening term,� z = 0, there
are two Dirac points in the band structure as shown in Fig. 2.2. When losses are included
to the Hamiltonian, each Dirac point splits into a pair of exceptional points as shown in
Fig. 2.3. Near a pair of the exceptional points (see Fig. 2.3c and Fig. 2.3d), the energy
structure looks like the one in the non-Hermitian Dirac model in Fig. 2.1c and Fig.
2.1d. In the next Chapter, I will use this expression of exciton-polariton eigenenergies to
calculate the parameter dependence of exceptional points and determine the strengths of
� , � that open a gap in the exciton-polariton band structure.

In Ref. [21], the authors show that for 2-band models described by Hamiltonian in
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(a) (b)

Figure 2.2: (a) The mean-subtracted eigenenergy of exciton polaritons in Hermitian limit
with a = b= 0 and with no gap-opening term. (b) The close-up of the Hermitian mean-
subtracted eigenenergy at one of the Dirac points. If the mean energy is not subtracted,
the energy surface looks parabolic and the Dirac cones are tilted.

the form

H = G � �; (2.10)

the left-right and right-left Berry curvatures can be simply calculated from the gauge
�eld as


 z;LR
� = �

1
2

Ĝ �

 
@̂G
@kx

�
@̂G
@ky

!


 z;RL
� = �

1
2

Ĝ � �

 
@̂G �

@kx
�

@̂G �

@ky

!

;

(2.11)

whereĜ = G=
p

G � G, Ĝ � = G � =
p

G � � G � are the dimensionless �eld strengths. Since
both non-Hermitian Dirac Hamiltonian and exciton-polariton Hamiltonian take the form
in Eq. (2.10), this gives me a simple way to calculate the left-right and right-left Berry
curvatures of these two models in Chapter 4.

17



(a) (b)

(c) (d)

Figure 2.3: The (a) real and (b) imaginary parts of the mean-subtracted eigenenergies
of the exciton-polaritons. When near the exceptional points (a) the real energy surface
Re(E) and (b) the linewidth surfaceIm(E) took similar forms with the band structures
of the non-Hermitian Dirac models in Fig. 2.1c and Fig. 2.1d.
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