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We develop a concept of metasurface-assisted ghost imaging for nonlocal discrimination between a
set of polarization objects. The specially designed metasurfaces are incorporated in the imaging system
to perform parallel state transformations in general elliptical bases of quantum-entangled or classically
correlated photons. Then, only four or fewer correlation measurements between multiple metasurface
outputs and a simple polarization-insensitive bucket detector after the object can allow for the identifi-
cation of fully or partially transparent polarization elements and their arbitrary orientation angles. The
approach can find applications for real-time and low-light imaging across diverse spectral regions in
dynamic environments.
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I. INTRODUCTION

Optical imaging of polarization properties provides a
rich amount of otherwise hidden information, with appli-
cations spanning from microscopy [1] to monitoring from
satellites [2]. While manipulation and measurement of
polarization is conventionally performed using bulk opti-
cal elements [3], nanostructured metasurfaces allow the
most flexible in-parallel polarization transformations for
single-shot measurements [4], real-time imaging with a
camera [5], quantum light manipulation, and characteriza-
tion [6–10].

Fundamental and applied interest in polarization detec-
tion at low-light illumination and across broad spectral
regions, for example for bio-sensing, motivate the devel-
opment of polarization ghost imaging [11]. Such schemes
draw on the underlying principle originally developed for
spatial ghost imaging, where the photons passing through
an object are registered with a simple bucket detector
[12,13], while their quantum or classically correlated pairs
can be conveniently imaged at a different wavelength
selected for efficient high-resolution detection [14–16].
The object is characterized through multiple coincidence
or correlation measurements [17] that can deliver a better
signal-to-noise ratio compared to classical imaging sys-
tems, and also enable imaging with a very low number
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of photons [18,19]. However, there remains a fundamen-
tal limitation of traditional ghost polarimetry approaches
due to a need for multiple reconfigurable elements such
as rotating waveplates [20–27]. Yet, the unique capabil-
ities of polarization control with metasurfaces towards
potential single-shot ghost imaging configurations remains
largely untapped, so far limited to the incorporation of
metasurfaces for hologram generation [28].

In this work we present a concept of metasurface-
assisted polarization ghost imaging. We show that
by placing specially designed metasurfaces before the
polarization-insensitive photon detectors, one can per-
form discrimination between fully or partially transparent
polarization-sensitive objects within a defined set. Further-
more, in our scheme the orientation angle of each object
can be simultaneously recognized from only four or fewer
parallel correlation measurements. This can facilitate real-
time identification of different samples for potential appli-
cations including microscopy, whereas full ghost polarime-
try requires at least eight measurements with multiple
time-consuming reconfigurations to determine all elements
of a general Jones matrix form [25]. We also note that
only discrimination of nonbirefringent objects with dif-
ferent transversely varying transmission profiles and fixed
orientations was realized previously [29].

Furthermore, we demonstrate the role of the degree
of entanglement in ghost polarimetry. Entanglement is
the most prominent feature in quantum mechanics and
has become the cornerstone of rising technologies such
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as quantum computing [30,31], communication [32], and
metrology [33,34]. This curious property enables unique
nonlocal measurements since information about the prop-
erties of one particle can be obtained by performing a
measurement on its entangled partner. Importantly, the cor-
relations between quantum-entangled photons can provide
additional information on the phase differences between
various polarization components, which might not be
detected with classical light.

The paper is organized as following. In Sec. II,
we present the concept and develop a theory of the
metasurface-assisted scheme for quantum ghost discrim-
ination of polarization objects. In the following Sec. III,
we discuss the advantage of stronger two-photon entan-
glement for object identification. Finally, in Sec. IV we
summarize the results and provide a concluding discus-
sion.

II. QUANTUM GHOST POLARIMETRY

Our proposed measurement scheme is depicted in Fig. 1.
We consider a source producing a pair of probe and ref-
erence photons, which are entangled in the polarization
state. Then, according to the principle of ghost imaging,
only the probe photon passes through the object charac-
terized by a polarization Jones matrix �. We also con-
sider a possible rotation of the object by an angle θ ,
such that �(θ) = R(θ)�R(−θ), where R(θ) is a rotation
matrix in the counterclockwise direction. The probe pho-
ton then passes through a metasurface and is registered by
a polarization-insensitive click detector. The paired refer-
ence photon does not interact with the object. We place
a tailored metasurface in its path, which splits the output
between several polarization-insensitive detectors depend-
ing on the reference polarization state. We show in the
following that by specially designing the metasurfaces, the
coincidence measurements between the probe and refer-
ence at different detectors enables discrimination between
polarization objects, and simultaneous identification of an
arbitrary object orientation angle.

The polarization state of the photon-pairs can be defined
by the density matrix

ρin = 1
2 (|HPHR〉 〈HPHR| + |VPVR〉 〈VPVR|)
+ q 1

2 (|HPHR〉 〈VPVR| + |VPVR〉 〈HPHR|), (1)

where q is equal to the concurrence [35] and repre-
sents the degree of entanglement with 0 ≤ q ≤ 1, from
the strongest classical correlation q = 0 to perfect entan-
glement q = 1, with the Bell parameter [36] value S =√

2(1 + q). Throughout this manuscript, horizontal and
vertical polarization are denoted H and V, respectively.

The transformation of the probe photon polarization is
defined by the Jones polarization transfer matrices of the
object �(θ) and the metasurface MP. For the reference
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FIG. 1. Sketch of the setup. Polarization transformations by
metasurfaces in front of polarization-insensitive detectors enable
discrimination of polarization objects � and their orientation
angles θ through the coincidence measurements.

photon, there are several outputs after the metasurface
with the Jones matrices MR,n for the different diffraction
orders n.

A. Probe-arm metasurface enabling polarization
object discrimination

After detection of the probe photon, the reduced state of
the reference photon before the metasurface MR is deter-
mined according to the principle of remote state prepara-
tion [37] as ρ ′

R = trP[(TP ⊗ 1)ρin(TP ⊗ 1)†], where trP(·)
is the partial trace over the probe photon and TP =
MP�(θ). The normalized reduced state is then ρR =
ρ ′

R/tr(ρ
′
R). The expectation values of the coincidence

counts between the probe and reference detectors are
�n = tr[(MR,n)ρR(MR,n)

†]. We show in the following that
the metasurfaces can be optimized to realize such MP
and MR,n, so that every reduced state ρR produces a dis-
tinctive pattern formed by a collection of coincidence
measurements, thereby allowing discrimination between
the objects.

We determine the optimal choice of the MP metasur-
face transformation for the probe photon by geometrically
representing the reduced state of the reference photon ρR
in the Poincaré sphere [38], where each ρR is described
by a vector p = [pH , pD, pC]. Here, pH corresponds to the
degree of horizontal or vertical polarization, pD to the
diagonal [(|H 〉 + |V〉)/√2] or antidiagonal linear polar-
ization at ±45◦, and pC to the right [(|H 〉 − i|V〉)/√2]
or left circular polarization. Hence, pH , pD, pC correspond
to the Stokes parameters s1, s2, s3 [39], respectively. The
Poincaré vector is found using the Pauli matrices X , Y, Z
with p = [tr(ρRZ), tr(ρRX ), −tr(ρRY)]. If the total trans-
formation in the probe arm, comprising the object � and
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metasurface MP, is written in the basis of the photon-pair
source as TP = ∑

Tkl|k〉 〈l| with k, l ∈ {H , V}, then

pH = ‖TP‖F
−2(|THH |2 + |TVH |2 − |TVV|2 − |THV|2), (2)

pD = 2q‖TP‖F
−2Re(THH T∗

HV+TVH T∗
VV), (3)

pC = 2q‖TP‖F
−2Im(THH T∗

HV+TVH T∗
VV), (4)

where ‖·‖F is the Frobenius norm. Since we require that
each object produces a different reduced state, each ρR
must occupy a unique position on or inside the Poincaré
sphere.

We reveal an important relation between the com-
ponents of the Poincaré vector as p2

H + (p2
D + p2

C)/q
2 =

1 − 4|det(TP)|2/‖TP‖F
4, where det(·) is the determinant,

|det(TP)| = ∏
l σlP, and ‖TP‖F

2 = ∑
l σ

2
lP, leading to

p2
H + p2

D + p2
C

q2 = η2 =
(
σ 2

1P − σ 2
2P

σ 2
1P + σ 2

2P

)2

, (5)

where σ1P and σ2P are the singular values of the transfor-
mation TP. Equation (5) indicates that the reduced state
of the reference photon ρR obtained from the family of
transformations TP that have the same η will lie on an ellip-
soid of revolution of long axis η and short axis qη given
that the degree of entanglement is in the range 0 ≤ q ≤ 1.
This ellipsoid reduces to a point, pH = pD = pC = 0, when
σ1P = σ2P. Additionally, the ellipsoid is largest, for a fixed
q, when one of the singular values is zero and η = 1. For
the moment, we concentrate on a scheme with a source
of photon pairs that have maximal entanglement q = 1,
where the ellipsoid is a sphere with radius η.

We now use the formulated properties of the photon
states to understand the need of the transformation MP in
the probe arm for object identification, noting that Eq. (5)
gives a strict mathematical yet intuitive geometric under-
standing of the nonlocal discrimination problem using
the Poincaré sphere. To this end, we illustrate the model
with a set of three objects: a transparent object (quarter-
wave plate)�a = |H 〉 〈H | + exp (iπ/2)|V〉 〈V| with singu-
lar values σ1� = σ2� = 1, a partially transparent object
�b = |H 〉 〈H | + exp [i(π/2 + 0.7i)]|V〉 〈V| with σ1� = 1
and σ2� = 0.5, and a fully polarizing object (horizontal
polarizer)�c = |H 〉 〈H | with σ1� = 1 and σ2� = 0. These
definitions are for an object rotation angle θ = 0. Since
rotation is a unitary transformation, the mentioned singular
values of each object remain unaffected and the associ-
ated reference-photon reduced states lie on a sphere with
a radius defined by Eq. (5) for all object angles. Since the
considered objects have a rotation symmetry of π , we aim
to have different ρR in the interval 0 ≤ θ < π for the angle
identification.
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FIG. 2. Metasurface transformation MP enabling the object
discrimination. Top: the singular eigenvectors of MP, scaled by
the corresponding singular values, represented in the Poincaré
sphere for the cases of (left) no metasurface, (middle) fully polar-
izing transformation, and (right) optimal partially polarizing. The
axes of the Poincaré sphere correspond to horizontal (H ), diag-
onal (D), and right circular (C) polarizations. (a)–(c) Reduced
states of the reference photon after measuring the probe pho-
ton ρR produced by a set of three objects �a,b,c for different
MP in each column. The curves are formed from the points
corresponding to different object rotation angles in the range
0 ≤ θ < π .

We illustrate the effect of metasurface transformation
MP on the discrimination of objects in Fig. 2. We com-
pare the cases of no metasurface with MP = I in the left,
nonoptimal transformation in the middle, and optimized
transformation in the right column. In the top row, we show
in the Poincaré sphere the two orthonormal right singu-
lar vectors of MP, mjP with j ∈ {1, 2} (see Appendix A),
whose magnitude has been scaled with their corresponding
singular value σjP. Rows (a)–(c) represent the normalized
reduced states of the probe photon for the three chosen
objects �a,b,c, respectively.

For the simplest scenario without a metasurface MP in
the probe arm presented in Fig. 2(left column), a fully
transparent wave plate �a always corresponds to a single
point, such that its orientation angle cannot be identi-
fied. Indeed, in this case TP = � with singular values
σP = σ�, and according to Eq. (5) any transparent phase
object with σ1� = σ2� will generate reduced states ρR
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that stay at the origin of the Poincaré sphere indepen-
dent of the object’s phase. Hence, nonlocal discrimination
between transparent phase objects and determination of
their rotations cannot be performed without a metasurface
MP acting on the polarization of the probe photon before a
polarization-insensitive detector.

In Fig. 2(middle column), we illustrate a case of fully
polarizing transformation MP with σ2P = 0, such that only
one polarization is transmitted. This represents a quantum
projection measurement for the state m1P. We note that if
an object � and/or MP have one singular value equal to
zero then its product, TP = MP�, also has one null singular
value. This causes, according to Eq. (5), the reduced state
of the reference photon to lie on the surface of the Poincaré
sphere. Consequently, not all objects and rotation angles
can be distinguished since the closed loops formed by the
objects’ reduced states would cross.

To enable discrimination in the general case, the ratio
of the smaller to larger singular values of MP has to
be in the range 0 < σ2/σ1 < 1, i.e., it should be a par-
tially polarizing transformation. Additionally, its largest
singular value should be close to 1 to ensure high pho-
ton counts. The reduced states for a numerically opti-
mized polarization basis of MP are shown in Fig. 2(right
column). They do not cross and enable discrimination,
confirming the above analysis of the required singu-
lar values. The displayed elliptical polarization basis is
formed by the two orthonormal right singular vectors of
MP, represented by arrows in the top-row plot. Impor-
tantly, the optimal MP depends on the given set of
objects.

B. Operation and design of reference-arm metasurface

Next, we discuss conditions on the optimal polariza-
tion bases of the transformation MR in the reference arm,
which ensures that each object � has a unique pattern in
the coincidences. To achieve practically relevant solutions,
we impose two additional conditions: object identification
must be achieved using a small number of outputs and
the total number of photon counts in all outputs should be
larger than zero for any object.

We note that a specially designed metasurface with
four diffraction outputs can facilitate a full characteriza-
tion of single-photon polarization [7], thereby allowing
for object discrimination based on the different reference
photon states ρR.

We find that discrimination between particular sets of
objects may be performed with a smaller set of outputs,
which can simplify the measurements and improve the
signal-to-noise ratio since photon counts are concentrated
in fewer outputs. The optimal design that meets these
requirements can be investigated by writing the expecta-
tion value of the coincidence counts with the nth reference

output as (see Appendix A)

�n = 1
2 (σ

2
1R,n + σ 2

2R,n)

+ 1
2 (p · m1R,n)(σ

2
1R,n − σ 2

2R,n), (6)

where σR,n stands for a singular value of the transformation
MR,n, and mR,n is its right singular vector represented in the
Poincaré sphere. Additionally, the output pattern in coin-
cidences can be represented in a space D such that each
expectation value �n corresponds to a coordinate along the
nth dimension and each pattern in coincidences is mapped
as a point in D.

One approach to fulfill the requirement of nonzero
photon counts consists of having equal singular values
for all outputs of the metasurface MR, σ1R,n = σ1R and
σ2R,n = σ2R, and also that the sum of their right singu-
lar vectors be equal to zero,

∑
m1R,n = 0. Thus,

∑
�n =

(1/2)
∑
(σ 2

1R + σ 2
2R) is a constant different from zero,

meaning that the photon counts will be nonzero. If we con-
sider MR with three outputs, the condition

∑
m1R,n = 0

would indicate that each pair of vectors m encloses an
angle of 120◦ and they would all lie in one plane in
the Poincaré sphere. This plane has to be chosen such
that each object � has a unique pattern in the coinci-
dences. To demonstrate this, we return to our example with
objects �a,b,c.

The reduced states ρR from the objects �(θ) and the
optimal MP discussed in Fig. 2 are depicted together in the
Poincaré sphere of Fig. 3(a). A plane that can encompass
the three vectors m while allowing for separation of the
projected reduced states is illustrated in blue along with
its normal N. The projections of all the reduced states ρR
into this plane are well separated, as shown in Fig. 3(b).
They can then be mapped into the space D of the coinci-
dences at the outputs using the three projection vectors of
MR depicted in Fig. 3(c), as described above. The direction
of the optimal vector N, and therefore the plane where the
vectors m1R,n lie can be found numerically. For the set of
objects investigated here, at least three outputs are needed
to achieve discrimination.

The optimal forms of MP and MR in each arm of the
setup can be found numerically. We note that the polariza-
tion transformations in principle can also be implemented
with a collection of bulk optical elements; however, at the
expense of complex designs sensitive to alignment. Here
we show that these polarization manipulations can be real-
ized using nanostructured dielectric metasurfaces, which
can effectively act as partial polarizers in arbitrary ellip-
tical bases with any required extinction ratio [7,40]. Each
metasurface is a flat optical element composed of a periodi-
cally repeated array of nanoresonators called metagratings,
which in turn is formed by nanoresonators whose phase
retardances and orientations are optimized. We perform
optimization of the phase retardances and orientations
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FIG. 3. (a),(b) Reduced state of the reference photon ρR pro-
duced by a set of three objects �a,b,c and an optimal metasurface
MP corresponding to Fig. 2(right column) from two different per-
spectives. The vector N is normal to the blue plane where the
optimal projection bases of the diffraction orders of the meta-
surface MR are located; see (c). (d) Optimal metagratings in
the probe MP and reference MR arms. (e) Coincidences at three
diffraction orders �−1, �0, �+1, showing that the objects can
be discerned from one another and their own rotation angle θ
unambiguously identified (θ = 0 is marked with ticks, the object
rotation symmetry is π ). The inset shows one of the coincidence
patterns.

associated with the individual nanoresonators to realize the
required transformations.

Each dielectric nanoresonator located at position x of a
metasurface can be represented using the Jones formalism
as a rotated phase retarder

T(θ ,φ1,φ2; x) =
[

cos θ − sin θ
sin θ cos θ

] [
exp (iφ1) 0

0 exp (iφ2)

]

×
[

cos θ sin θ
− sin θ cos θ

]

(7)

that results in a symmetric matrix, namely T12 = T21. Sim-
ilar to a conventional dielectric grating, the collective
behavior of the nanoresonators will form diffraction orders
in the far field. These are found by taking the Fourier series
F of the ensemble T(x) along x (note that, by calculating
this series, the periodicity of the metagratings is automati-
cally considered). Thus, each resulting diffraction order at
position x′ is defined by the symmetric transfer matrix

M (x′) =
[F(T11) F(T12)

F(T21) F(T22)

]

(8)

that depends on all the nanoresonators in the metagrating,
each defined by its own parameters θ ,φ1,φ2. The opti-
mization algorithm finds the most adequate parameters for

each nanoresonator so that each diffraction order M real-
izes a required polarization basis. Specifically, we design a
metasurface for the probe arm such that its zeroth diffrac-
tion order realizes MP. Similarly, a second metasurface
is placed in the reference arm where the three outputs of
MR correspond to three diffraction orders, as illustrated in
Fig. 1. The unit-cell geometries of numerically found opti-
mal metagratings for the considered set of objects �a,b,c
are depicted in Fig. 3(d).

The main result of this work is shown in Fig. 3(e),
where coincidence patterns at three diffraction orders for
the objects �a,b,c(θ) are represented in the space D =
{�−1,�0,�+1}, where each point on the plotted curves cor-
responds to a different object rotation angle θ . The inset
shows an example for the polarizing object �c at θ = 0.
This showcases that the full identification of objects with
their corresponding rotation angle is possible by optimiz-
ing MP and MR. As designed, the chosen three outputs
of metasurface MR map the geometric shape of Fig. 3(b)
into the space D in such a way that all the coincidences
correspond to practically relevant nonzero photon counts.

III. ROLE OF THE DEGREE OF ENTANGLEMENT

After demonstrating that objects and their rotation
angles can be discriminated using entangled states of light,
next we show that the degree of entanglement is relevant
when distinguishing specific classes of objects. To this end,
we explore the effect of reducing the entanglement until
reaching only classical correlation, q = 0. We consider a
different set of polarization-sensitive objects that contains
only generalized retarders � = |H 〉 〈H | + exp (iφ)|V〉 〈V|,
each with its own phase difference φ between the hori-
zontal and vertical polarization. Here, we do not seek to
identify the rotation of each of them but just discern them
based on φ.

The optimal MP necessary to discern these phase objects
for any value of q is a diagonal polarizer. Note here that
this element can obviously be implemented simply using a
conventional polarizer instead of a metasurface. The cor-
responding reduced states ρR of this set of phase objects
are depicted in Fig. 4(a) for different levels of entangle-
ment q. As can be seen, this chosen set of phase objects
is a quite peculiar one because their reduced states have
the same pH Poincaré vector component [see Eq. (2)], as
pH does not depend on the phase φ. Furthermore, Eqs. (3)
and (4) show that the lower the degree of entanglement,
the smaller pD and pC become, as illustrated in Fig. 4(a)
with a shrinking ellipsoid according to Eq. (5). In the
case of only classical correlation between photons with
q = 0, we have pD = pC = 0, such that all reduced states
are in the same position and the different objects cannot
be discriminated. It is worth noting that if phase objects
of the type � = |H 〉 〈H | + exp (iφ)|V〉 〈V| are rotated by
an angle θ and an optimal MP in the probe arm is
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FIG. 4. Reduced state of the reference photon after measuring
the probe photon ρR at different levels of entanglement. Here, the
probe photon interacts with a set of different fully transmissive
phase objects,� = |H 〉 〈H | + exp (iφ)|V〉 〈V| (phase φ shown in
the color scale), one at a time. (a) Not rotated θ = 0 with optimal
MP that acts as a diagonal polarizer. (b) Rotated θ = 45◦ with
corresponding optimal MP that is a horizontal polarizer.

chosen, then the pH component of the product TP = MP�

can depend on the phase φ [this can be easily derived from
Eqs. (2)–(4)]. Therefore, such phase objects can be told
apart if a source with photon pairs that are classically cor-
related, q = 0, is used. Figure 4(b) illustrates an example
with phase objects that are rotated 45◦ along with a hori-
zontal polarizer as MP, an optimal metasurface transforma-
tion found following the first stage of the design described
in this manuscript. In contrast to Fig. 4(b), Fig. 4(a) illus-
trates that if the phase objects are not rotated then they
cannot be identified. Moreover, note that the components
pD = pC = 0 when q = 0; thus, the simplest element that
can be used as MR in the reference arm is a conventional
polarizing beam splitter, which has two outputs, horizontal
and vertical polarization.

In a nutshell, transformations TP that have the same pH
component can only be discriminated if the photon-pair
source has a high level of entanglement. Our conclusion
on the advantage of entanglement generally agrees with the
results of Ref. [9], where images of polarization-dependent
patterns imprinted with a metasurface had higher visibility
across different orientation angles for larger Bell parameter
values.

Continuing with the discrimination protocol, it is known
that a specially designed metasurface with four diffraction
outputs can facilitate a full characterization of single-
photon polarization [7], thereby allowing for object dis-
crimination based on the different reference photon states
ρR. Yet, discrimination between particular sets of objects
may be performed with a smaller set of outputs. For the
set of three objects of Fig. 3, three outputs were necessary.
On the other hand, we show that two outputs of MR can
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FIG. 5. Polarization bases of a metasurface MR with (a) three
and (b) two outputs along with the resulting diffraction patterns
in coincidences. The set consists of phase objects and a diagonal
polarizer MP used in Fig. 4(a).

also identify objects and we demonstrate it by using the
example of phase objects of Fig. 4(a). Figure 5 illustrates
the resulting diffraction patterns in coincidences by using
two different metasurfaces MR that produce three and two
diffraction orders, respectively. Each metasurface is opti-
mized separately using the criteria explained in the second
stage of the design. Although in both cases each object
has a fingerprint, constraints of the photon measurements
can define the minimum number of outputs required, e.g.,
the presence of noise in the measurements hindering the
identification is an indicator that more outputs are needed.

IV. DISCUSSION AND SUMMARY

In summary, we have proposed a general approach
for ghost discrimination between polarization-sensitive
objects and simultaneous identification of their rotation
through nonlocal measurements using nonclassical light.
This is achieved by using ultrathin nanostructured meta-
surfaces designed to perform tailored polarization transfor-
mations with high robustness suitable for end-user applica-
tions, in contrast to traditional setups with multiple bulk
optical elements requiring precise alignment. Moreover,
we have showed that a full characterization of the refer-
ence photon with four correlation measurements might not
be required for some sets of objects, where discrimination
can be achieved with fewer coincidence measurements.
We believe that these results can stimulate the practical
development of efficient and integrated optical schemes
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for characterization of objects with polarization-sensitive
transmission characteristics across a broad spectral range.
In particular, these can benefit applications demanding
accurate discrimination of objects with various polar-
ization characteristics, including biological samples with
distinct birefringent and chiral features [41–43].

Additionally, we have shown that optimized meta-
surfaces can enable discrimination of multiple objects.
Thereby, our approach paves the way to further research
that focuses not only on the ultimate limit of the number of
objects that can be discriminated, but also the possibility
of facilitating the characterization of objects with spa-
tially dependent polarization by, for example, exploiting
the momentum correlation of each photon pair.

Furthermore, there is a potential to dynamically adapt
the ghost polarimetry scheme for different target objects
by employing tunable metasurfaces on the probe arm [44],
whereas a static design of reference metasurface with four
outputs is generic and suited for the discrimination of any
polarization objects.

An entangled two-photon source considered above can
facilitate precise ghost polarimetry at very low photon
fluxes, which can be beneficial for measurements, espe-
cially with light-sensitive samples. On the other hand,
when the use of bright illumination is appropriate, we
found that a thermal source can also allow for polarization
object discrimination, in analogy to other ghost imaging
schemes [13,45–47]. We provide a detailed discussion in
Appendix B, where we prove the similarity of correlations
for entangled photon-pair and thermal sources and also
identify their differences.

Lastly, a collection of the parameters of each opti-
mized nanoresonator in each example can be found in
Appendix C.
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APPENDIX A: EXPECTATION VALUE OF THE
nTH OUTPUT OF METASURFACE

TRANSFORMATION MR

The singular value decomposition of a transformation
M is M = U
V†, where the columns of U (V) are the left

(right) singular vectors and 
 is a diagonal matrix that
contains the singular values. Furthermore, the expectation
value of a density matrix ρ after the transformation M can
be found by

I = tr(MρM †) = tr[(
V†)ρ(V
)], (A1)

where we have used the cyclic property of the trace
tr(ABC) = tr(BCA) and the fact that U is unitary, U†U =
1. This shows that the expectation value � does not depend
on the left singular vectors of M . Additionally, the den-
sity matrix of a two-level system can be represented in the
Bloch sphere

ρ = 1
2 (1 + axX + ayY + azZ), (A2)

where ax,y,z are the components of the Bloch vector a, and
X , Y, Z are the Pauli matrices. Therefore, the expectation
value � is found to be

I = σ 2
1

2
(1 + a · A1)+ σ 2

2

2
(1 + a · A2)

= 1
2 (σ

2
1 + σ 2

2 )+ 1
2 (a · A1)(σ

2
1 − σ 2

2 ), (A3)

where A = [Ax, Ay , Az] is the representation of a right sin-
gular vector in the Bloch sphere. To arrive to the final
expression, we used the fact that the singular vectors form
an orthonormal basis, i.e., A2 = −A1. The x component of
the first right singular vector is

Ax1 = tr
[([

1 0
0 0

]

V†
)

X
(

V
[

1 0
0 0

])]

, (A4)

a similar calculation is done to find the rest of the compo-
nents. Lastly, since we are working with the state of the
polarization of light, we translate the representation of the
Bloch sphere to the Poincaré sphere with p = [az, ax, −ay]
and m = [Az, Ax, −Ay]. This derivation leads to Eq. (6).
Note there that, since p is derived from the reduced den-
sity matrix of the reference, i.e., carries the information
of the measurement of the probe photon, the expectation
value I becomes the expectation value of the two-photon
coincidence counts �.

APPENDIX B: QUANTUM-ENTANGLED VERSUS
THERMAL SOURCE

Consider a maximally entangled two-photon state,
Eq. (1) for q = 1. Then, its wave function can be repre-
sented without loss of generality as

|ψ〉 = 1√
2
(|v1Pv1P〉 + |v2Pv2P〉), (B1)

where v is a right singular, complex-valued vector of a
Jones matrix V (of size 2 × 2). Note that v1P and v2P are
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TABLE I. Parameters of the nanoresonators: the orientation angle θ and the phase delays for polarizations along the two axes φ1,2.

Figure 3 Figure 5(a) Figure 5(b)

MP MR MR MR

Nanoresonator θ (deg) φ1 φ2 θ (deg) φ1 φ2 θ (deg) φ1 φ2 θ (deg) φ1 φ2

1 104.22 1.73 0.06 −15.66 0.42 −1.91 87.36 1.59 3.84 7.37 2.96 2.21
2 100.75 1.71 −0.06 53.68 3.56 1.67 −76.03 0.95 4.50 −31.41 3.49 1.69
3 0.45 −1.18 1.66 22.60 3.45 −0.10 136.21 0.07 −0.60 138.29 −1.94 0.90
4 28.39 0.33 2.48 −7.55 3.95 1.35 −16.02 0.17 −1.24 −148.62 −0.34 −1.32
5 24.42 −0.28 2.23 24.24 0.21 0.53 7.30 1.09 −1.39 −10.53 0.02 5.14
6 5.05 −0.62 1.91 −31.76 −0.27 0.09 25.92 1.65 −2.56 −126.71 −1.95 −5.46
7 62.79 1.07 2.69 3.33 0.29 −0.68 237.32 0.13 3.43 36.09 3.44 1.78

orthogonal unitary vectors. Then, the two-photon correla-
tions can be found as

�(two photon)
n = 1

2

2∑

qP ,qR=1

|vqPP · vqRR,n|2σ 2
qPPσ

2
qRR,n, (B2)

where σ are the singular values of the Jones matrices
characterizing the transformation from the source to the
detector in the probe (subscript P) and reference (sub-
script R, n) arms, and we choose an order σ1 ≥ σ2. We
note that |v1P · v2R,n|2 + |v2P · v2R,n|2 = 1, |v1P · v1R,n|2 +
|v2P · v1R,n|2 = 1, |v1P · v1R,n|2 + |v1P · v2R,n|2 = 1. Then,
we obtain

�(two photon)
n = 1

4 (σ
2
1P + σ 2

2P)(σ
2
1R,n + σ 2

2R,n)

+ 1
2 (σ

2
1P − σ 2

2P)(σ
2
1R,n − σ 2

2R,n)

× (|v1P · v1R,n|2 − 1/2). (B3)

For comparison, we now consider a thermal source that has
a classical polarization state |�in〉 that randomly changes
in time. After interacting with a 50:50 beam splitter, the
same source’s polarization state can be found in the probe
and in the reference arm at any fixed time. Then, the total
intensity after optical element(s) with a Jones matrix V is

I = σ 2
1 |v1 ·�in|2 + σ 2

2 |v2 ·�in|2. (B4)

Additionally, due to the orthogonality v1 · v2 = 0,
|v2 ·�in|2 + |v1 ·�in|2 = 1, and, therefore,

I = (σ 2
1 − σ 2

2 )|v1 ·�in|2 + σ 2
2 . (B5)

We can then calculate the product of intensities of the
probe and reference arm,

IPIR,n = [(σ 2
1P − σ 2

2P)|v1P ·�in|2 + σ 2
2P]

× [(σ 2
1R,n − σ 2

2R,n)|v1R,n ·�in|2 + σ 2
2R,n], (B6)

and represent an input state, assuming that its norm is unity,
as

�in = cos(θ/2)v1P + sin(θ/2)eiϕv2P. (B7)

Then, using the property |v1P · v1R,n|2 + |v2P · v1R,n|2 = 1,
we have

IP = (σ 2
1P − σ 2

2P) cos2(θ/2)+ σ 2
2P,

IR,n = (σ 2
1R,n − σ 2

2R,n){|v1R,n · v1P|2 cos(θ)+ sin2(θ/2)

+ sin (θ)Re[e−iϕ(v1R · v1P)(v1R · v2P)
∗]} + σ 2

2R,n.
(B8)

The state �in can be represented with the density
matrix ρin = |�in〉 〈�in| whose Bloch vector is a =
[sin θ cosφ, sin θ sinφ, cos θ ], where 0 ≤ θ ≤ π and 0 ≤
φ < 2π just like in a spherical coordinate system. There-
fore, the intensity correlation after averaging over these
ranges of angles is

〈IPIR,n〉 = 1
2π

∫ 2π

0
dϕ

1
π

∫ π

0
dθ IPIR,n

= 1
4 (σ

2
1P + σ 2

2P)(σ
2
1R,n + σ 2

2R,n)

+ 1
4 (σ

2
1P − σ 2

2P)(σ
2
1R,n − σ 2

2R,n)

× (|v1P · v1R,n|2 − 1/2). (B9)

It is worth noting that the first term constitutes the back-
ground signal that is given by the product of the inde-
pendent intensity fluctuations of each arm, 〈IP〉 = (σ 2

1P +
σ 2

2P)/2 and 〈IR,n〉 = (σ 2
1R,n + σ 2

2R,n)/2, whereas the second
term shows the intensity correlation between the two arms.

It is clear that the correlations for a two-photon entan-
gled source in Eq. (B3) and a thermal source in Eq. (B9)
have the same form except for a factor of two difference
in their corresponding second terms that represent corre-
lations above a background. This means that the thermal
source can be used to obtain the polarization information
from the object similar to an entangled source. However,
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from the difference of the coefficients, we conclude that
the entangled case will show better contrast than the ther-
mal source. Additionally, an entangled two-photon source
can allow precise measurements with much smaller pho-
ton fluxes, which is an important capability for various
applications [48].

APPENDIX C: PARAMETERS OF THE
NANORESONATORS OF EACH EXAMPLE

Table I shows a summary of the numerically calculated
parameters of the nanoresonators in each of the presented
examples.
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