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Abstract

We bring together work on central configurations of the classical N-body problem and on asymptotic properties of a
system of repelling particles. By introducing a parameter 8, we consider configurations that occur in these problems to be
special cases of a more general system. We describe an asymmetric configuration obtained in the eight-particle system and
investigate a bifurcation occurring in the four-particle system. © 1997 Elsevier Science B.V.
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1. Introduction

A central configuration of a system of masses at-
tracting one another according to a potential function
U(r) = 1/r is an initial configuration of the masses
that gives rise to periodic behaviour under a suitable
choice of initial velocities. The set of central config-
urations of this system can be shown to be equivalent
to the solutions of a certain system of nonlinear equa-
tions (see Ref. [1]), and there has been much work
done to investigate the central configurations that oc-
cur for various numbers of masses. In particular, Al-
bouy has recently identified all central configurations
with four equal masses (see Refs. [2,3]).

In studying repelling particles, Fusco and Oliva de-
fine the asymptotic shape of a system of particles
(see Ref. [4]). They consider the system induced by
the potential function U(r) = —Inr, and prove that
only a restricted set of shapes are possible for this po-
tential. These asymptotic shapes have been shown to

be the solutions of a system of nonlinear equations,
but there has been no real investigation of the shapes
that can occur. This Letter will outline some results
on asymptotic shapes for this system, and in particular
will present an asymptotic shape of the eight-particle
system in the plane that has no axis of symmetry.

In order to compare the attracting and repelling
problems, we will introduce a general system of differ-
ential equations such that the potential function U(r)
satisfies U’ (r) = U’(1) /r'*A. From this, we will de-
rive a system of nonlinear equations in terms of the pa-
rameter B3, and define the solutions of these equations
to be equilibrium configurations. For B = 1, the equi-
librium configurations are the central configurations of
the attracting problem, and for 8 = 0, the equilibrium
configurations are asymptotic shapes of the repelling
problem. We will then compare the results for these
two problems. In particular, we will look at the case of
four particles, where we briefly discuss a bifurcation
also mentioned by Albouy [3].
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2. Framework of the problem

Althoughmuch of the following is applicable to par-
ticles in higher-dimensional systems, we will consider
the motion of N point-particles in the plane. We de-
note the position of the ith particle at time ¢ by x;(t) €
R?, and make the following assumptions about the
system. Firstly, we assume that all forces arise from
pairwise interactions between the particles, and may
be described by a potential function U(r). Secondly,
we assume that the masses of the particles are equal,
so that the equations may be expressed in the form

—ZUI(lxl x]l)(XI ) i=1,...,N.
1 [x; xj{

J#Ei
Finally, we restrict our attention to a class of these
potentials, U(r), such that U’(r) is a homogeneous
function of degree —1 — B. The equations of motion

then become

—U’(I)Z|("' il ()

J=1
j*l

The sign of U’ (1) determines whether the system is at-
tracting or repelling. Varying the parameter 3 changes
the strength of the forces between particles. At 8 =
—1, the force between two particles is independent of
the distance between them. We will assume 8 > —1
to avoid forces which grow as the distance between
particles increases.

We may assume, without loss of generality, that the
centre of mass of this system is at the origin. In order
to avoid singularities in the potential, we also assume
that no two particles can be in the same position at the
same time, and thus we let

X={(x],...,xN) e R*:

N
Xp * Xj,l # j;Zx,:O}

i=1

be the configuration space of the system.

We would like to observe the changes that occur
over time in the shape that is made by the system
of particles. To do so, we introduce new variables in
which the size of the system remains constant.

Definition 2.1. We define the shape, u(t), of a sys-
tem of particles at time ¢ by

w(ny =39 oA

lx()|”

It follows from this and the definition of X that the
space of possible shapes is given by

={(u1,...,u1v) eRW .y # uj,i + j;

N N
Zu,- =O;Z |ui|* = 1}.
=1 =1

We consider two shapes, # and & to be equivalent,
and write u ~ # if u can be transformed into & by a
rotation about the origin.

Definition 2.2. An equivalence class of the relation
~ is a configuration of particles.

Thus S/ ~ is the set of possible configurations of the
system. We will look at two special types of solution to
Eq. (1) called homothetic solutions and homographic
solutions. They are defined as follows,

Definition 2.3. A solution (x;(t),...,xy(t)) of
Eq. (1) is a homothetic solutionif the shape formed by
the system of particles remains constant for all time.

Definition 2.4. A solution (x;(t),...,xy(t)) of
Eq. (1) is a homographic solution if the configuration
formed by the system of particles remains constant for
all time.

A homothetic solution is a special type of homo-
graphic solution in which there is no rotation of the
system. To find homothetic solutions, we set x;(t) =
p(t)u; for each i, where p is a real function, and u €
S is an arbitrary shape that is kept fixed. Substituting
this change of variable into Eq. (1), we obtain the
following system,

i = (u; — u;)

i = E

Z}<k|u1 = | 7B S i — PR
J®i

i=1,...,N
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U 1
p!!(t) - ( )P(t) Z! u; — ] (2)
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We are interested in the shapes, u, that satisfy the
above equations.

Definition 2.5. A shape, u € S, is an equilibrium
shape if there exists a function p over the reals such
that if x;(#) = p(t)u; for all i, then x(¢) is a homoth-
etic solution.

Clearly, if a shape is an equilibrium shape, then all
other shapes in its equivalence class are also equilib-
rium shapes. In general, we will want to group these
equilibrium shapes together and consider only the dis-
tinct configurations satisfying Eqs. (2). We thus de-
fine an equilibrium configuration as follows,

Definition 2.6. A configuration is an eguilibrium
configuration if the shapes in this equivalence class
are equilibrium shapes.

The classical N-body problem concerns N masses
interacting under gravitational forces with equations

—-Zml(x‘ i=1,...,N
‘x‘_le3 4 k] y 3

I"

where m; is the mass of the jth particle. All homoth-
etic solutions of the problem consist of the particles
collapsing to the origin, while the homographic solu-
tions include periodic orbits. Configurations of parti-
cles that give rise to homographic solutions of the N-
body problem are called central configurations. If the
masses of the N particles are set to one, these cen-
tral configurations are the equilibrium configurations
of the general system (1) with 8= 1.

3. Asymptotic shapes

Consider a system of repelling particles with equa-
tions of motion defined by Eq. (1) with U'(1) = —1.
We are interested in the behaviour of this system in
the limit as time tends to infinity. In order to describe
this behaviour, Fusco and Oliva (see Ref, {4]) define

asymptotic velocities and the asymptotic shape of the
system as follows.

Definition 3.1. If the velocity of every particle ap-
proaches a limit as time tends to infinity, we set

1 AT
| S

.I... FA

H

A :
AP, 1
100

and refer to the limits, v} as asymprotic velocities.

Definition 3.2. We define the shape, u, of the system
by u; (1) = x;(2)/|x(¢)| for all i. If the limit

wf = lim ui (1), i=1,...,N
t—00

exists for all i, then the limiting shape, u™ is the asymp-
totic shape of the system.

It follows from these definitions that any system
for which asymptotic velocities exist will also have
an asymptotic shape. If we release a repelling system
from an equilibrium shape with zero velocity, the par-
ticles will diverge to infinity such that the shape made
by the particles remains the same for all time. Thus,
the set of equilibrium shapes is a subset of the set
of asymptotic shapes for the values of 8 for which
asymptotic shapes exist.

Let us now consider the values of 8 for which
our system will possess these asymptotic properties.
Galperin has proved that asymptotic velocities will ex-
ist for systems with 8 > 0 (see Ref. [5] or Ref. [6]
for an alternative proof). Fusco and Oliva have then
shown in Refs. [7,6] that for systems with 8 > 0, the
set of asymptotic shapes coincides with the set of all
shapes, S. That is, any shape that does not have two
particles at one location is an asymptotic shape for
some initial condition if 8> 0.

In Ref. [4], Fusco and Oliva consider the system
with B8 = 0, which is induced by the potential U(r) =
— Inr. They prove that under this potential, the veloc-
ities of the particles do not approach an asymptotic
limit, but the system always approaches an asymp-
totic shape. Moreover, they show that all asymptotic
shapes, u, are solutions of the equations

(u; — “}

. , i=1,...,N.
“= N(N—l)zfu,~u12
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Comparing these equations to Egs. (2}, we see that

the set of asymptotic shapes is exactly equal to the set

of equilibrium shapes for this problem. Therefore, for
any initial position of the particles, the shape made
by them will approach an equilibrium shape in the
limit as time tends to infinity. In Ref. {4], Fusco and
Oliva conjecture that asymptotic shapes will exist for
B > —1, and it seems possible that if they do exist,

3 il snincidas with aanilihrinm
the asymptotic shapes will coincide with equilibrium

shapes for —1 < B8 < 0; however, no results have
been proved as yet for 8 < 0.

4. Equilibrium configurations

B cranaeal suroface vt asvisati sren o

£
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motion (1). Recall that an equilibrium configuration
is an equivalence class of equilibrium shapes, where
we say that two shapes are equivalent if they may be
transformed into one another under a rotation. In order
to find equilibrium shapes, we must solve Eqgs. (2).
We thus look for zeros of the following system of

P T T T

LAfUALIVILD,

-5 \—'-\ (u. J,)
filu) = ucLluJ - uk{ L !k — U 224—,@’
J<k =
i=1,...,N (3)

-] v
are equal, we will not distinguish between two con-
figurations that may be transformed into one another
by permuting the particles.
As discussed in Ref. [4], the symmetries in
Egs. (3) aliow us to predict some configurations. For

example, an equilibrium configuration in the form of
an N-gon of radiug 1 / /‘— avicte for all valunac of N

an N-gon of radius V exists for all values of N,
as does a conﬁguranon in the form of an (N — 1)-
gon of radius 1/+/N — 1 with a particle at the origin.
While N is small, we may solve Eq. (3) fully to find
all possible equilibrium configurations. For the two-
particie system, there is one distinct equiiibrium con-
figuration, which corresponds to setting 1y = —u;. We
have also solved the three-particle case algebraically
(see Ref. [8]) for 8 = —1 to find two configurations
{modulo permutations of particles) only: an equilat-
eral triangle configuration and a linear configuration

with one particle at the origin.

() (b) {©
o ]‘ [ ). . ‘. ¢
s. P . . * .

-

Fig. 1. Some examples of equilibrium configurations for the system
with B = 0. Diagram (c) is an example of a configuration with

no syrmmatmac
no SYMuNnCUiTs.

In order to find further equilibrium configurations,
we use numerical methods. The NAG Fortran library
contains routines that will search for zeros of a system
of equations, given an initial condition. A very sim-
plistic method of finding equilibrium configurations is
then to choose random initial conditions for the sys-
tem and then apply a numerical routine to search for a
nearby zero. By iterating this procedure many times,
we hope to find a number of equilibrium configura-
tions. Clearly this method is ad hoc, and we certainly
cannot claim that it will find all the zeros of the equa-
tions. However, for small values of N, it does appear to
find all the configurations we can predict algebraically,
and in addition, finds some more unusual and interest-
ing configurations. Some examples of these are given
in Fig. 1. All configurations pictured in Fig. 1 are
equilibrium configurations for the system with 8 = 0.
Fig. la has five particles and Fig. 1b has seven par-
ticles. The early numerical results suggested that all
configurations might have (at least) one axis of sym-
metry, and indeed, we have not found any asymmet-
ric configurations for N < 7. However, the conjec-
ture that all equilibrium configurations should have

an axis of symmetry is contradicted by the configura-

Table 1

Location of the particles in the eight-particle asymmetric equilib-
rium configuration with 8 = 0. Positions are given to four signif-
icant figures

x-coordinate v-coordinate
0.07806 0.0000
0.1760 0.1944
0.2996 0.3700
—-0.2306 0.3142
-0.4317 —0.1342
-0.2048 -0.07813
0.1157 —~0.2335
0.1977 ~0.4327




K. Glass/Physics Letters A 235 (1997) 591-596 595

tion pictured in Fig. 1c, which has eight particles in
an equilibrium configuration with no symmetries. Ta-
ble 1 gives the (numerically computed) positions of
the particles in this configuration to four significant
figures. We have traced this configuration using the
AUTO 97 package (see Ref. [9]) to verify that it ex-

ists for Bintherange —1 < B < 1. Some unpublished

ists for Bintherange —1 < B < 1. Some unpublished
diagrams resulting from a search by Moeckel for cen-
tral configurations with eight particles or fewer were
brought to our attention by a referee. For the eight-
particle system, Moeckel has found two asymmetric
configurations, which agree with our bifurcation dia-
gram at 8= 1.

5. An example: N =4

The four-particle system is the simplest case that
has not been soived aigebraically. It is an interesting
case to consider, because the results for 8 = 0 and
B = 1 suggest that a bifurcation takes place in the
system between these values. Let us first look at these
two cases, and then attempt to explain the changes that
take place.

- . ~

5.1. The system with 3 =

Equilibrium configurations with 8 = 1 are central
configurations of the four-body problem with equal
masses. Much research has been devoted to this prob-
lem in the general case where the masses of the par-
ticles are varied (see, for example, Refs. [2,1,10]).
One of the most significant results is that of Albouy
(see Ref. [2]), which states that every central con-
figuration of four particles with equal masses has an
axis of symmetry. In Ref. [3], he then extends this
result to prove that the only central configurations of
this problem areas follows.

(a) A configuration with four particles lying on a
line through the origin.

(b) A configuration with particles at the vertices of
a square.

(c) A configuration with particles at the vertices of
an equilateral triangle and one particle at the origin.

(d) A configuration with particles at the vertices

of an isosceles (but not equilateral) triangle and one
partmlp within the triangle and on its symmetry axis

aliiCie WILNIN N0 NANEIC QlQ O 238 5y LA,

These configurations are pictured in Fig. 2.

5.2. The system with B=0

The form of Egs. (2) with 8 = 0 is simpler than
with B = 1. Albouy considers this system in Ref. [3],
and states that the symmetry result in Ref. [2] is still
valid. With this additional result, these equations may,

as noted hv Alhnny be solved aloebraicallv to oive

Vs SV UL SULVLU Qiglulauiaii y &

three solutlons only: the linear configuration, the con-
figuration in the form of a square and the equilateral
configuration with a particle at the origin. This proves
that the isosceles triangle configuration does not exist
for 3=0.

The results in Sections 5.1 and 5.2 suggest that a
bifurcation occurs in the system, leading to the anni-
hilation of the isosceles triangle configuration some-
where in the region 0 < 8 < 1. To investigate the bi-
furcations of the isosceles solution in the region —1 <
B < 1 numerically, we use the AUTOQ 97 nackaoe (see

ARSI H = 3L S o uST Wb A A8 paviagt (SO

Ref. [9]), which allows us to follow the zeros of our
system of nonlinear functions as we vary the parame-
ter 8. Applying this to our equations we produce the
bifurcation diagram given in Fig. 3. This figure con-
firms some remarks of Aibouy [3] that the isosceies
solution approaches the equilateral solution at 8 = —1
and B = 0 and gives some numerical support to his
conjecture that there exists only one isosceles solution.
Fig. 3 shows two bifurcations (marked by squares)
occurring between the isosceles triangle configuration
and the equilateral triangle conﬁguration The x-axis
of ihis diagram represenis 3, while the y-axis gives the
distance, d, from the origin of the particle of the trian-
gle lying on the axis of symmetry. For the equilateral
triangle, the distance remains fixed. For the isosceles
triangle, however, this distance varies, coinciding with
the equilateral triangle at —1 and 0, where bifurca-
tions take place. These bifurcations are examples of a
generic D3 transcritical steady-state bifurcation [11].

Some discussion of bifurcations with D3 symmetry is
given in Ref. {12].

6. Conclusions
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(a) (b)

| !

() (d)

T

Fig. 2. The four equilibrium configurations for the four-particle system with 8 = 1. See Section 5.1 for a description of the configurations

d
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Fig. 3. A bifurcation diagram showing the equilateral triangle and
isosceles triangle configurations for ~1 < B8 < 1 The squares
mark bifurcations detected by the AUTO software, the x-axis

represents B and the y-axis gives the distance, d, of the particle
of the triangle lying on the axis of symmetry from the origin.

central configurations of the N-body problem and on
asymptotic properties of a system of repelling par-
ticles. By introducing a parameter, 3, which allows
us to vary the underlying potential function, we may

congidar tha ~anfignratiana aceur in thaca twn

bUllDlUCl e \.«Uuusulauuuo lhat VLU UL LI UIVOL LWU
problems to be special cases of equilibrium configura-
tions of a more general system of particles. Numerical
investigation of this system has yielded many varied
configurations, some of which have been presented
in this Letter. In particular, we have discovered an
asymmetric configuration with eight particles, and

this is the smallest number of narticles for which we

WIS 215 L SIIGIUOL DUILIUGL U1 PAIUILETS UL WLl

have found a configuration thh no axis of symmetry.
Bifurcations occur in the general system of parti-
cles as the parameter, 3, is varied and we have dis-

cussed an example with four particles. We have made

a nreliminary studvy of hifurcationeg in the cvgtam with
& prénunary siudy O oliurCauons il (i€ Sysieint wiin

N > 4, and we have found that at N = 8, the system
has a very complicated bifurcation structure over the
region —1 < B < 1. The eight-particle system is
also interesting for its asymmetric configurations, and
the number of configurations we have found without
symmetry varies between one and three in the range

—1 <€ B < 1. Investioatine the general gvetem in thig
1 % £ % 1. investigating the general system in this

way, we will obtain a better understanding of central
configurations of the N-body problem and asymptotic
shapes of repelling particles.
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