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Abstract

This thesis summarizes the research developed along this Ph.D. trajectory. The aim of
this thesis is to develop new techniques for modeling and forecasting high-dimensional
functional data.

The first contribution of this thesis is to propose a functional error correction model
(VECM) for the forecast of multivariate functional time series data. The model utilizes
functional principal component analysis to reduce the infinite-dimensional functions to
low-order principal component scores; the VECM is then applied to produce the forecast.
An algorithm to generate bootstrap prediction intervals is also provided. The advantage
of this model is that it not only takes into account the covariance between different groups
but also can cope with data for which the assumption of stationarity does not hold. The
usefulness of this model is demonstrated through a series of simulation studies and
applications to the age-and sex-specific mortality rates in Switzerland and the Czech
Republic.

Extending from the multivariate functional time series, the second contribution of this
thesis is to address the problem of forecasting high-dimensional functional time series.
We propose a twofold dimension reduction model, where dynamic functional principal
component analysis is first applied to reduce each functional time series to a vector; we
then use the factor model as a further dimension reduction technique so that only a small
number of latent factors is preserved. Classic time series models can be used to forecast
the factors, and conditional forecasts of the functions can be constructed. Asymptotic

properties of the approximated functions are established, including both estimation error

x1

Draft Copy - 1 December 2020



xii

and forecast error. The proposed method avoids the curse of dimensionality problem
and is easy to implement. We show the superiority of our approach via both simulation
studies and an application to Japanese age- and sex- specific mortality rates.

Finally, we develop a factor-augmented smoothing model for the raw functional data
contaminated by high-dimensional measurement errors. The high dimensionality here
concerns the dimension of the measurement error, which is in a different sense from
that in the second contribution. The proposed model reduces the dimension of the
measurement error with a factor model, while smoothing the functional component. We
provide strong motivations from three aspects with examples. Asymptotic theorems are
also established to demonstrate the effects of including factor structures on the smoothing
results. As a byproduct of independent interest, an estimator for the population covariance
matrix of the raw data is presented based on the proposed model. Extensive simulation
studies as well as an application to Australian weather data demonstrate that these factor
adjustments are extremely important in improving estimation accuracy and avoiding the

curse of dimensionality.
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Chapter 1

Introduction

With the increasing capability to collect and store data, functional data analysis (FDA)
has received growing attention over the last 20 years. Functional data are considered
realizations of smooth random objects in graphical representations of curves, images, and
shapes. The monographs of Ramsay & Silverman (2002} |2005) and Ramsay & Hooker
(2017) provide a comprehensive account of the methodology and applications of FDA;
other relevant monographs include [Ferraty & Vieu (2006), Horvath & Kokoszka| (2012).
More recent advances in this field can be found in many survey papers (see, e.g., Shang
2014, Cuevas|2014, Febrero-Bande et al.[[2017, |(Goia & Vieu|2016, Reiss et al. 2017, Wang
et al.[2016).

When the sample of curves is collected sequentially, they form a functional time series
(FTS). We denote a sequence of FTS as X;(u), t =1,...,T, and u € Z C R, where Z is
a compact interval on the real line R. With the increasing popularity of functional time
series has come a rapidly growing body of research on functional time series modeling and
forecasting. From a parametric aspect, Bosq (2012) and Bosq & Blanke|(2007) proposed the
functional autoregressive of order 1 (FAR(1)) and derived one-step-ahead forecasts that are
based on a regularized form of the Yule-Walker equations. Later, FAR(1) was extended to
FAR(p), under which the order p can be determined via the sequential hypothesis testing
procedure of Kokoszka & Reimherr| (2013). Klepsch & Kliippelberg| (2017) proposed the
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2 Introduction

functional moving average (FMA) process and introduced an innovations algorithm to
obtain the best linear predictor. Klepsch et al.| (2017) extended the vector autoregressive
(VAR) model to the vector autoregressive moving average model. Recently, Li et al.
(2020) considered long-range dependent curve time series and proposed a functional
autoregressive fractionally integrated moving average model. From a nonparametric
perspective, Besse et al.| (2000) and [Ferraty & Vieu (2006) proposed functional kernel
regression to model the temporal dependence via a similarity measure defined by semi-
metric, bandwidth, and kernel functions. From a semi-parametric viewpoint, | Aneiros-
Pérez & Vieu (2008) put forward a semi-functional partial linear model that combines
both parametric and nonparametric models; this model allows us to consider additive
covariates and to use a continuous path in the past to predict future values of a stochastic
process. Apart from estimating a conditional mean, [Hormann et al.|(2013) considered a
functional autoregressive conditional heteroskedasticity model for modeling conditional
variance, while Aue et al| (2017) considered a functional generalized autoregressive
conditional heteroskedasticity model. Kokoszka et al.|(2017) considered a portmanteau
test for testing autocorrelation under a functional analog of the generalized autoregressive
conditional heteroskedasticity model.

In Chapter [2| we consider modeling and forecasting multivariate FTS, denoted
Xt(i)(u), i =1,...,N. It is believed that, in some cases, FTS from N multiple popu-
lations are correlated and thus require simultaneous modeling. For instance, the yield
curves in different economies can be modeled as multivariate FTS (Kowal et al.[2017),
or female and male mortality rates in a given population can be modeled and predicted
together (Hyndman et al.|[2013). When generalizing scalar FIS models to multivariate
FTS models, many challenges arise. To our knowledge, theory and estimation approaches

have not been developed for the extension of vector autoregressive models to functional
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data settings. We address this problem by proposing an alternative forecast algorithm
based on functional principal component analysis (FPCA). Models based on FPCA are
easy to implement, and many statistical software packages are ready to use.

Functional principal component analysis is a powerful tool in the filed of FDA. It
is considered an extension of the multivariate principal component analysis, and has
proven to be of much more value than its multivariate counterpart. For a functional
time series, functional principal component analysis is applied to reduce the infinite-
dimensional functional data into the finite-dimensional principal component scores. Scalar
or multiple time series models can then be utilized to model and forecast the principal
component scores. For single-population FTS, Hyndman & Ullah| (2007) and Hyndman
& Shang (2009) suggested a curve prediction approach based on modeling functional
principal component scores by scalar time series. |Aue et al,| (2015) claimed that there
is lag autocorrelation between the principal component scores, and fitted a VAR model
instead. However, there is little extant research on multivariate FTS. Hyndman et al.
(2013) proposed a product-ratio model that insures coherent forecast between female and
male mortality rates. Shang & Hyndman| (2017) considered reconciling the forecasts of a
group of hierarchical-structured FTS. In Chapter 2, we propose a functional vector error
correction model (VECM) for the prediction of female and male mortality rates. After
FPCA is performed, we fit a VECM to the paired principal component scores from the two
sub-populations. The advantage of using functional VECM lies in the fact that it considers
cointegration between multiple time series data and can cope with data for which the
assumption of stationarity does not hold. |[Liitkepohl (2005) provided a comprehensive
introduction on VECM. [Yang & Wang| (2013) and |Zhou et al.|(2014) also used VECM in
forecasting multi-group demography data but not under a functional setting.

The models mentioned in the literature above are usually difficult to apply to data
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4 Introduction

where the number of FTS N is large; for instance, fitting a VECM when the dimension
is larger than 10 is almost infeasible. In Chapter 3, we consider extending the idea
of modeling multivariate FTS to high-dimensional FTS. By high dimension, we mean
allowing the dimension of the FTS N to grow with the sample size T. When dealing
with large data, dimension reduction techniques are called for. We propose using a
twofold dimension reduction model where we first conduct dynamic FPCA (Hormann
et al.2015) on each sub-population, then extract the resulting principal components from
each sub-population, and last use factor models to further reduce the N-dimensional
principal component scores into low dimensional time series. An appropriate scalar time
series model can later be used for prediction.

We choose the factor model because it is one of the most commonly used methods to
achieve dimension reduction in modeling time series of large dimensions. It is assumed
that the covariance structure of the time series can be captured with a smaller number
of common factors. Early attempts in this direction include Anderson| (1963), Priestley
et al.| (1974), Brillinger| (1981), Pefia & Box (1987). Research that focuses on inference
when N — oo together with T includes Chamberlain| (1983), Chamberlain & Rothschild
(1983), |[Forni et al.| (2000), Bai (2003). Principal component analysis that relies on the
variance-covariance matrix is frequently used to estimate the latent factors (Bai & Ng
2002). However, in time series settings, the static variance-covariance matrix can not
capture the lagged covariance. We adopt an estimation approach that depends on the
autocovariance matrices summed at different non-zero lags (Lam et al.|2011); such a
dynamic approach is also considered in papers such as [Pefia & Poncela| (2006), Pan & Yao
(2008).

In practice, within both dimension reduction steps, the number of the retained func-

tional principal components and the number of extracted common factors need to be
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determined. There are numerous ways of determining the optimal number of principal
components, such as the bootstrap approach proposed by Hall & Vial (2006) and Bathia
et al.| (2010), the description length approach proposed by Poskitt & Sengarapillai| (2013),
pseudo-AIC (Shibata|1981), the scree plot (Cattell1966), and an eigenvector variability plot
(Tu et al.2009). Under the factor model framework, Connor & Korajczyk| (1993) developed
a test for the number of factors in asset returns. The method based on information
criteria proposed by [Bai & Ng| (2002) does not impose any restrictions in N or T and
received much attention in econometrics. [Bai & Ng| (2007) and Amengual & Watson| (2007)
extended the work of Bai & Ngj (2002), which is based on the static factor model to a
restricted dynamic case. M. Hallin & Liska| (2007) further extended to the general dynamic
case.

In both Chapters [2|and 3, we not only propose models for h-step-ahead curve forecasts,
but also introduce algorithms for constructing bootstrap prediction intervals. Bootstrap
procedures are frequently used in the domain of functional time series forecasts because
of their robust features and simplicity of implementation. Castro et al.[(2005) used an
approach based on resampling pairs of functional observations employing kernel-driven
resampling probabilities. The same authors also applied a parametric, residual-based
bootstrap approach using an estimated first-order functional autoregression with i.i.d. re-
sampling of appropriately defined functional residuals. For the same prediction problem,
Hyndman & Shang| (2009) applied different bootstrap approaches, including bootstrap-
ping the functional curves by randomly disturbing the forecast scores using residuals
obtained from univariate autoregressive fits. Aneiros-Pérez et al. (2011) considered the
nonparametric functional autoregressive models. In this thesis, we adopt a sieve bootstrap
approach, which is general and easy to implement. The idea is similar to |Paparoditis

(2018), in which the residuals of the time series models fitted on the functional principal
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6 Introduction

component scores were resampled. In Chapter 2, we also include the uncertainty from
functional smoothing and in Chapter 3| we include the uncertainty from factor modeling
as well.

In practice, we do not observe the smooth curves X;(u) directly; rather, the observed
data are discrete points that are often contaminated by noise or measurement error.
In Chapter [}, we consider the modeling of a mixture of smooth functions and high-

dimensional measurement error.

Yij:Xi(Mj)+77jj, jZl,...,p; iZl,...,Tl,

where Yj; represents the jth observation on the ith subject, and 7;; denotes the measure-
ment error or the deviation of the observed data from the true underlying functions.

To retrieve the smooth curve from raw data, we consider functional smoothing. There
is a vast literature on functional smoothing. Under parametric settings, X; can be written
as a linear combination of an appropriate set of basis functions, and least squares can
be used to find the estimate (Ramsay & Silverman|2005). Under nonparametric settings,
classic smoothing techniques include kernel methods (Wand & Jones||1995, Boente &
Fraiman[2000), local polynomial smoothing (Fan & Gijbels 1996, Zhang & Chen!2007),
and spline smoothing (Wahba||[1990, Eubank [1999). The approaches mentioned above
apply smoothing to each subject and are suitable for data that can be viewed as curves
observed at fine time grids with a measurement error negligible relative to the size of the
smooth data. When data are only observed at sparse grids, which, for example, is often
the case in the longitudinal data field, these approaches are not suitable. Recent research
projects dealing with sparsely collected functional data include Yao et al.| (20054,b), Zhang
& Wang| (2016), and even partially observed functional data (Delaigle et al.[2020). The

essential idea behind this is to apply a smoothing model to all observations collectively
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rather than individual trajectories. Within the aforementioned literature, the measurement
error term 7;; is usually assumed to be white noise; that is, i.i.d. with mean 0 and
some variance. However, this may not be realistic when the data are very noisy. When
the signal-to-noise level is low, the measurement error can hide the underlying smooth
curves and should not be neglected. It is reasonable to impose a model on the large
measurement error. To our knowledge, no research has been conducted on the case when
the measurement errors are large and follow a non-zero covariance structure. In Chapter 4
we propose a factor-augmented smoothing model that imposes a factor model on the
measurement error term 7;; while recovering the functional component. Moreover, an
iterative numerical estimation approach is implemented in practice. This model avoids the
problem of the ”curse of dimensionality” and enables us to easily deduce further inference.
As an example, we propose a covariance estimator for the observed data based on this
model. Such type of covariance estimator for high-dimensional data is also constructed in
papers such as |Fan et al.| (2008, [2011).

The remainder of this thesis is structured as follows. In Chapter 2| we review the
research in the area of mortality rate modeling and introduce the functional vector
error correction model for forecasting multiple functional time series. In Chapter 3, we
extend multiple functional time series forecasts to high-dimensional functional time series
forecasts and apply it to the Japanese prefecture-specific mortality rate. In Chapter @ we
study the deviance between the observed data and the smooth function and propose a
factor-augmented smoothing model for functional data with large measurement error.
Finally, we draw conclusions in Chapter [5|and provide ideas on future research directions.

Each chapter in this thesis is self-contained; notations are defined in each chapter.
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Chapter 2

Multivariate Functional Time Series

Forecasting

2.1 Introduction

Most countries around the world have seen steady decrease in mortality rates in recent
years, which also comes with aging populations. Policy makers from both insurance
companies and government departments seek more accurate modeling and forecasting
of the mortality rates. The renowned Lee-Carter model (Lee & Carter|[1992) lays as a
benchmark in mortality modeling. Their model is the first to decompose mortality rates
into one component regarding age and the other component regarding time using singular
value decomposition. Since then, many extensions are made based on Lee-Carter model.
For instance, Booth et al.|(2002) address the non-linearity problem in the time component.
Koissi et al. (2006) propose a bootstrapped confidence interval for forecasts. Renshaw &
Haberman| (2006) introduce the age-period-cohort model which incorporates cohort effect
in mortality modeling. Other than the Lee-Carter model, Cairns et al.|(2006) propose the
Cairns-Blake-Dowd (CBD) model that satisfies the new-data-invariant property. (Chan
et al.| (2014) use a VARIMA model for the joint forecast of CBD model parameters.

It is believed that mortality trends in two or more populations could be correlated with

9
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10 Multivariate Functional Time Series Forecasting

each other, which happens especially between sub-populations, such as females and males
in a given population. This calls for a model that makes predictions in several populations
simultaneously. We would also expect the forecasts of similar populations do not diverge
over the long run, so coherence between the forecasts is a desired property. Carter & Lee
(1992) examine how mortality rates of female and male populations could be forecast
together using only one time-varying component. Li & Lee|(2005) propose a model with a
common factor and a population-specific factor to achieve coherency. |[Yang & Wang| (2013)
use a vector error correction model (VECM) to model the time-varying factors in multiple
populations. |Zhou et al.|(2014) argue that the VECM performs better than the original
Lee-Carter and the VAR models, and that the assumption of a dominant population is not
needed. |Danesi et al. (2015) compare several multi-population forecasting models and
show that the preferable models are those providing a balance between model parsimony
and flexibility. These mentioned approaches model mortality rates using raw data without
smoothing techniques. In this chapter, we propose a model under functional data analysis
(FDA) framework.

In functional data settings (see Ramsay & Silverman| (2005), for a comprehensive
introduction on FDA), it is assumed that there is an underlying smooth function of age as
the mortality rate in each year. Since mortality rates are collected sequentially over time,
we use the term functional time series for the data. Let Y;; denote the log of observed
mortality rate of age u; at year . Suppose X'(u) is an underlying smooth function, where
u € 7 represents the age continuum defined on a finite interval. In practice, we can only
observe functional data at a set of grid points and the data are often contaminated by

random noise:

Y= Xf(u]-)—{—m,]-, t=1,...,n, j=1,...,p,
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82.1  Introduction 11

where 1 denotes the number of years and p denotes the number of discrete data points
of age observed for each function. The errors {7, ;} are independent random variables
with mean zero and variances crgj. Smoothing techniques are thus needed to obtain each
function X;(u) from a set of realizations. Among many others, localized least squares
and spline-based smoothing are some of the approaches frequently used (see for example
Wahbal (1975), Rice & Silverman| (1991)). We are not the first to use functional data
approach to model mortality rates. Hyndman & Ullah (2007) propose a model under
FDA framework, and is robust to outlying years. Chiou & Miiller (2014) introduce a
time-varying eigenfunction to address the cohort effect. Hyndman et al|(2013) propose a
product-ratio model to achieve coherency in the forecasts of multiple populations.

Our proposed method is illustrated in Section 2.2|and Appendix. It can be summarized
in four steps:

1) Smooth the observed data in each population;

2) Reduce dimension of the functions in each population using functional principal

component analysis (FPCA) separately;

3) Fit the first set of principal component scores from all populations with VECM.
Then fit the second set of principal component scores with another VECM and so

on. Produce forecasts using the fitted VECMs;

4) Produce forecasts of mortality curves.

In the papers of Yang & Wang| (2013) and [Zhou et al. (2014), they also use VECM
to model the time-varying factor, namely the first set of principal component scores.
Our model is different in the following three ways. First, the studied object is in a FDA
setting. Nonparametric smoothing techniques are used to eliminate extraneous variations

or noises in the observed data. Second, as with other Lee-Carter based models, only the
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12 Multivariate Functional Time Series Forecasting

tirst set of principal component scores are used for prediction in [Yang & Wang| (2013)
and Zhou et al|(2014). For most countries, the fraction of variance explained is not high
enough for one time-varying factor to adequately explain the mortality change. Our
approach uses more than one set of principal component scores, and we review some
of the ways to choose the optimal number of principal component scores. Third, in
their previous papers, only point forecasts are calculated, while we propose a bootstrap
algorithm for constructing interval forecasts. Point and interval forecast accuracies are
both considered.

This chapter is organized as follows: In Section we revisit the existing functional
time series models and puts forward a new functional time series method using a VECM.
In Section 2.3 we illustrates how the forecast results are evaluated. Simulation experiments
are shown in Section In Section real data analyses are conducted using age-and
sex-specific mortality rates in Switzerland and the Czech Republic. Concluding remarks
are given in Section along with some reflections on how the methods presented here

can be further extended.

2.2 Forecasting models

Let us consider predicting multivariate functional time series simultaneously. Consider
two populations as an example: Xt(w) (1), w =1,2 are the smoothed log mortality rates
of each population. According to (2.8) in Appendix of this chapter, for a sequence of

functional time series {Xt(w) (u)}, each element can be decomposed as:

X ) = 1w () + Y &9l (u)
k=1

K ), (@) (@)
= I/‘(w)(”) + § :gt,k N (u) + et (u),
k=1
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2.2 Forecasting models 13

(w)

where ¢, (1) denotes the model truncation error function that captures the remaining
terms. Thus with functional principal component (FPC) regression, each series of functions
are projected onto a K-dimension space.

The functional time series curves are characterized by the corresponding principal

component scores that form a time series of vectors with the dimension K: g',‘gw) =

p (@)

nthln of the curve, we need to

(CE‘{)), s gf‘;; ) To construct h-step-ahead predictions X
construct predictions for the K-dimension vectors of the principal component scores,
w)  _ (2w) w) L . o .
namely ¢, nn = é‘(n IR ,@'(n hin) K with techniques from multivariate time
series using covariance structures between multiple populations (see also |Aue et al.|2015).

(w)

The h-step-ahead prediction for X -t

can then be constructed by forward projection

R =B [X 012 (), 2 )]

w

= T )+ &) 1B )+ 8 B W), @ =12,

In what follows, we consider four methods for modeling and predicting the principal

component scores &, where I denotes a forecast horizon.

2.2.1  Univariate autoregressive integrated moving average model

The FPC scores can be modeled separately as univariate time series using the autoregres-

sive integrated moving average (ARIMA(p, d, q)) model:
®(B)(1-B)'g) = OBy, k=1 ,K w=12

where B denotes the lag operator, and w;; is the white noise. ®(B) denotes the au-
toregressive part and ®(B) denotes the moving average part. The orders p,d, g can be

determined automatically according to either the Akaike information criterion or the

Draft Copy - 1 December 2020



14 Multivariate Functional Time Series Forecasting

Bayesian information criterion value (Hyndman & Khandakar|2008). Then, the maximum
likelihood method can be used to estimate the parameters.

This prediction model can be quick and efficient in some cases. However, |Aue et al.
(2015) argue that, although the FPC scores have no instantaneous correlation, there may
be autocovariance at lags greater than zero. The following model addresses this problem

by using a vector time series model for the prediction of each series of FPC scores.

2.2.2 Vector autoregressive model
Model structure

Now that each function Xt(w) (1) is characterized by a K-dimension vector gﬁ“’), we can

model the é,‘gw)s using a vector autoregressive (VAR)(p) model:
£ = o) 4 ALV 4k AP e,

where A@) = {Agw), . .,A;w)} are fixed K x K coefficient matrices and {e;} form a
sequence of i.i.d. random K-vectors with a zero mean vector. There is a whole collec-
tion of approaches to estimating VAR model parameters in Liitkepohl (2005) including
multivariate least squares estimation, Yule-Walker estimation and maximum likelihood
estimation.

The VAR model seeks to make use of the valuable information hidden in the data that
may have been lost by depending only on univariate models. However, the model does

not fully take into account the common covariance structures between the populations.
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2.2 Forecasting models 15

Relationship between the FAR and VAR models

As elucidated in the introduction, Bosq| (2012) propose functional autoregressive models
for functional time series data. Although computations for FAR(p) models are challenging

if not infeasible, one exception is FAR(1), which takes the form of:
Xy =Y(X1) + e, (2.1)

where ¥ : ‘H — H is a bounded linear operator. However, it can be proved that if
an FAR(p) structure is indeed imposed on (X; : t € Z), then the empirical principal
component scores ¢; should approximately follow a VAR(p) model. Let us consider

FAR(1) as an example. Apply (-, ;) to both sides of to obtain:

(X, i) = (F(X-1), §i) + (er, i)
(Xio1, ) (¥ (), Pi) + (€t Px)

I
¢

x
Il
—_

(Xieo1, i) (¥ (i), Pi) + St

I
M&

x
Il
—_

with remainder terms &y = d; + (€, $x), where d;x = Y5_ .1 (Xim1, ) (Y (Prr), i)
With matrix notation, we get {; = B¢;—1 + &, fort =2,...,n where B € R%*4_ This is
a VAR(1) model for the estimated principal component scores. In fact, it can be proved

that the two models make asymptotically equivalent predictions (Aue et al.[2015).

2.2.3 Vector error correction model

The VAR model relies on the assumption of stationarity, however, in many cases, that
assumption does not stand. For instance, age- and sex-specific mortality rates over a

number of years show persistently varying mean functions. The extension we suggest here
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16 Multivariate Functional Time Series Forecasting

uses the VECMs to fit pairs of principal component scores of the two populations. In a
VECM, each variable in the vector is non-stationary, but there is some linear combination
between the variables that are stationary in the long run. Integrated variables with
this property are called co-integrated variables and the process involving co-integrated
variables is called a co-integration process. For more details on VECMs, consult Liitkepohl

(2005).

Fitting a VECM to principal component scores

For the k' principal component score in the two populations, suppose the two are both

first integrated and have a relationship of long-term equilibrium:
&1y — B = duk

where B is a constant and ¢, is a stable process. According to Granger’s Representation

Theorem, there exists the following VECM specifications exist for Ct(}c) and Cfi):

AC&) = ((’;Ei)l,k - ﬁgt(i)l,k) + 71,1A§91,k + ’Yl,zA‘:t(i)Lk + et(,lk)'

(2.2)
2 1 2 1 2 2
Ad,k) = "‘2(557)1,1( - 5557)1*) + ’Yz,lACth,k + ')’2,2AC§7)1,k + et(,k)'

where Al = Gk — Ci—1x, k= 1,...,K, and a1, a2, 71,1, 71,2, 72,1, 72,2 are the coefficients,
et(}() and 65,2,() are innovations. Note that further lags of Al; s may also be included. We
combine the scores from two populations to vectors: {;; = (c’jt(}{),(ft(i))T, and Al =
(0,852

For simplicity, we consider lag 1 VECM model in this chapter. In practice there are

various ways of selecting the appropriate order. For example, |Liitkepohl (2005) introduces

using Akaike information criterion (AIC), Hannan-Quinn (HQ) criterion and Schwarz
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2.2 Forecasting models 17

(SC) criterion to select the order p. It is shown that HQ and SC provide consistent estimate
of the true order. However, if forecasting is the objective, the forecast mean squared error

is justifiable.

Estimation

In a vector notation, the model in can be written as:
Gk —Cr—1x = "‘,BTgtfl,k +T1(8e—16 — Ce—2k) + €1
or
AZij=oB &1+ T1AE 1+ €rp, (2.3)

where

X T4 Y12
K = 7 ﬁT = <1 ﬁ) 7 rl -

oo Y21 V22

We further write the model in a more compact matrix form:

Al = ING 1k + T1AG 1 + €k,
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18 Multivariate Functional Time Series Forecasting

where

Aérk = [Agl,k/ R Agn,k]/
C 1= [8ojr--rCn1kls
AL = [DCoks--- A1kl

€ = [el,k/ ey et,k] .

With this simple form, the least squares estimator is

-1
gfl,kg/_llk ‘:fl,kAg/_llk

[0 : Ty] = [AGE 1) AGAE 4] / ,
Ag—l,k‘:LLk Ag—l,kqu,k

For further details, refer to Liitkepohl (2005). There is a sequence of tests to determine the

lag order, such as the likelihood ratio test.

Forecasting

When forecasting is the objective, the VAR form is convenient. Rearranging the terms in

(2.3) gives the VAR representation:

Eox=Ixk+T1+af )& 1p—T1& ok + €sxe

With this VAR form, the optimal h-step-ahead forecast can be obtained in the same way in
VAR models. The forecast with a minimal mean squared error is given by the conditional

expectation.
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2.2 Forecasting models 19

2.2.4 Product-ratio model

Coherent forecasting refers to nondivergent forecasting for related populations (Li &
Lee 2005). It aims to maintain certain structural relationships between the forecasts of
related populations. When we model two or more populations, joint modeling plays a
very important role in terms of achieving coherency. When modeled separately, forecast
functions tend to diverge in the long run. The product-ratio model forecasts the population
functions by modeling and forecasting the ratio and product of the populations. Coherence
is imposed by constraining the forecast ratio function to stationary time series models.
Suppose X'V (1) and X' (1) are the smoothed functions from the two populations to be

modeled together, we compute the products and ratios by:

pe(w) = /24 () X (u),
() = /2D () 22 (u).

The product {p;(u)} and ratio {r;(u)} functions are then decomposed using FPCA and
the scores can be modeled separately with a stationary autoregressive moving average
(ARMA)(p, q) (Box et al|2015) in the product functions or an autoregressive fractionally
integrated moving average (ARFIMA)(p, d, q) process (Granger & Joyeux|[1980, Hosking
1981) in the ratio functions respectively. With the h-step-ahead forecast values for p,, ,,,, (1)
and 7, j, (1), the h-step-ahead forecast values for félﬁh'n(u) and /'?rfi)h'n(u) can be derived

by

B0 (1) = P () (1),

2210 (1) = B (0) /P ().
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20 Multivariate Functional Time Series Forecasting

2.2.5 Bootstrap prediction interval

The point forecast itself does not provide information about the uncertainty of prediction.
Constructing a prediction interval is an important part of evaluating forecast uncertainty,
when the full predictive distribution is hard to specify.

The univariate model proposed by Hyndman & Ullah| (2007), discussed in Section
2.2.1, computes the variance of the predicted function by adding up the variance of each
component as well as the estimated error variance. The (1 —a) x 100% prediction interval
is then constructed under the assumption of normality, where a denotes the level of
significance. The same approach is used in the product-ratio model; however, when the
normality assumption is violated, alternative approaches may be used.

Bootstrapping is used to construct prediction interval in the functional VECM that we
propose. There are three sources of uncertainties in the prediction. The first is from the
smoothing process. The second is from the remaining terms after the cut-off at K in the
principal component regression: } _y_ ;1 G;x¢i(u). If the correct number of dimensions K
is picked, the residuals can be regarded as independent. The last source of uncertainty is
from the prediction of scores. The smoothing errors are calculated under the assumption
of normality and the other two kinds of errors are bootstrapped. All three uncertainties
are added up to construct bootstrapped prediction functions. The steps are summarized
in the following algorithm:

(w) is the

1) Smooth the functions with Yt(;‘)) = Xt(w)(uj) + 17((]‘-]), w = 1,2, where My j

t,

=2

smoothing error with mean zero and estimated variance 0; ir i=1...,p.

2) Perform FPCA on the smoothed functions Xt(l) and Xt(z) separately, and get K pairs

T
of principal component scores ¢; = (5&), C&)) .

3) Fit K VECM models to the principal component scores. From the fitted scores Z tks
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2.3 Forecast evaluation 21

. . ) S(1) 5@\ "
fort=1,...,nand k = 1,...,K, obtain the fitted functions X;, = (Xt , X, > .
4) Get residuals e; from e; = Xy — /X\t.

5) Express the estimated VECM from step 3) in its VAR form: ¢, = Algt_l,k +
ﬁﬁ,‘t,z,k +e, t=1,...,nandk=1,...,K. Construct K sets of bootstrap princi-
pal component scores time series g;k = ﬁlgf_llk + ﬁzgj_zlk + e;tk, where the error
term €}, is re-sampled with replacement from €.

~

6) Refit a VECM with ¢}, and make h-step-ahead predictions ¢, i and hence a

~
predicted function X, .

7) Construct a bootstrapped h-step-ahead prediction for the function by

e~k ~%

Xn+h\n(uj) = Xn-i—h\n(uj) + e;k + 77:,]'

where ef is a re-sampled version of e; from step 4), and 7;; are generated from a

normal distribution with mean 0 and variance ‘thj/ where (Tf] is re-sampled from

’,

{‘?12,]" . .,?r\,%/j} from step 1).
8) Repeat step 5) to 7) many times.

9) The (1 —a) x 100% point-wise prediction intervals can be constructed by taking the
5 x100% and (1 — §) x 100% quantiles of the bootstrapped samples.
2.3 Forecast evaluation

We split the data set into a training set and a testing set. The four models are fitted to the
data in the training set and predictions are made. The data in the testing set is then used

for forecast evaluation. Following the early work by Faraway| (2016), we allocate the first
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22 Multivariate Functional Time Series Forecasting

two-thirds of the observations into the training set and the last third into the testing set.
We are using an expanding window approach. Suppose the size of the full data
set is 60. The first 40 functions are modeled and one to twenty-step-ahead forecasts
are produced. Then the first 41 functions are used to make one to nineteen-step-ahead
forecasts. The process is iterated by increasing the sample size by one until reaching the
end of the data. This produces 20 one-step-ahead forecasts, 19 two-step-ahead forecasts,
. and, finally, 1 twenty-step-ahead forecast. The forecast values are compared with the
true values of the last 20 functions. Mean absolute prediction errors (MAPE) and mean
squared prediction errors (MSPE) are used as measures of point forecast accuracy (Danesi

et al.|2015). For each population, MAPE and MSPE can be calculated as:

20 p
MAPE(h) (2 h) Zi n+1,j — n+17|n+17 h(u])

20 p 2 @4)
MSPE(h) = (2 h) v hjzl[ n+n,j n+17\n+17 h(u])] ,

where X, +yn+y—n T€presents the h-step-ahead prediction using the first n + 7 — h years
fitted in the model, and Yy+y,j denotes the holdout function.

For the interval forecast, coverage rate is a popular evaluation standard. However,
coverage rate alone does not take into account the width of the prediction interval. Instead,
the interval score is an appealing way that combines both a measure of coverage rate and

the width of the prediction interval (Gneiting & Raftery 2007). If ./'E;‘ i and X! are

n+h|n

the upper and lower (1 — a) x 100% prediction bounds, and Y, is the realized value,
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the interval score at point u; is:

~

{ ”+h\n uj) — X£+h|n<”j)}

% [ e (1 Yn+hr1} 1 {Yn+h1 <X, - (1 )} (2.5)
2

ta

[ n+hj — n+h|n( )} 1 {Yn+h] > X +h\n( )},

Sa(u

where « is the level of significance, and 1{-} is an indicator function. According to this
standard, the best predicted interval is the one that gives the smallest interval score. In
the functional case here, the point-wise interval scores are computed and the mean over
the discretized ages is taken as a score for the whole curve. Then the score values are

averaged across the forecast horizon to get a mean interval score at horizon h:

= vl .
Selh) = (1—h)xp —h) X p ,72;1]25& "+'i\”+'7 1) Xy —n (U7); Yoe 1, (2.6)

where p denotes the number of age groups and / denotes the forecast horizons.

2.4 Simulation studies

In this section, we report the results from the prediction of simulated non-stationary
functional time series using the models discussed in Section We generated two
series of correlated populations, each with two orthogonal basis functions. The simulated

functions are constructed by

X ) =V () + &5 (), w=12. 2.7)

The construction of basis functions is quite arbitrary with the only restriction being

that of orthogonality. The two basis functions for the first population we used are
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24 Multivariate Functional Time Series Forecasting

cpgl)(u) = —cos(mu) and (pél) = sin(7tu), and for the second population, these are
¢§2)(u) = —cos(mu + 7t/8) and ¢§2)(u) = sin(7tu + 7t/8), where u € [0,1]. Here we are
using n = 100 discrete data points for each function. As shown in Figure the basis

functions are scaled so that they had the L, norm of 1.

O.|15

0.05 0.10
1 1 1

-0.15 -0.10 -0.05 0.00

0.0 0.2 0.4 0.6 0.8 1.0

X

(a) Basis functions for population 1

0.|15

10
1

]
0.05 0.
1 1

-0.15 -0.10 -0.05 0.00

0.0 0.2 0.4 0.6 0.8 1.0

X

(b) Basis functions for population 2

Figure 2.1: Simulated basis functions for the first and second populations

The principal component scores or coefficients ¢; x are generated with non-stationary
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82.4 Simulation studies 25

time series models and centered to have mean zero. In Section [2.4.1, we consider the case

with co-integration and in Section we consider the case without co-integration.

2.4.1  With co-integration

We first considered the case where there is a co-integration relationship between the
scores of the two populations. Assuming that the principal component scores are first

integrated, the two pairs of scores are generated with the following two models:

o |02 04 g N 04 03| A&, . e
A‘:t(i) 02 —-04 gt(,zl) —03 04 Acg)l,l et(,zl)
ACE,IZ) |04 04 Cf,lz) n 03 02 Aéﬁ)l,z et(,lz)
Agt(,zz) 04 —-04 ‘:t(,zz) —0.2 0.3 Agﬁ)l,z et(,ZZ)

where €, are innovations that follow Gaussian distribution with mean zero and variance
o?. To satisfy the condition of decreasing eigenvalues: A; > A, we used 07 = 0.1 and
02 = 0.01.

It could easily be seen that the long term equilibrium for the first pair of scores is

—Ct(,ll) + 2@‘5? and, for the second pair of scores, it is —¢ t(lz) + Ct(,zz).

2.4.2 Without co-integration

When co-integration does not exist, there is no long term equilibrium between the two
sets of scores, but they are still correlated through the coefficient matrix. We assumed

that the first integrated scores follow a stable VAR(1) model:
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AgY _ | 04 -03 g L e
agy ~02 04| |agZ | e
Aét(,lz) _ |03 01 Aét(i)l,z 65,12)
ac2| o2 o05] [ac®,|  [e®

For a VAR(1) model to be stable, it is required that det(Ip — A1z) = 0 should have all

roots outside the unit circle.

2.4.3 Results

The principal component scores are generated using the aforementioned two models for
observations t = 1,...,60. Two sets of simulated functions are generated using (2.7). We
performed an FPCA on the two populations separately. Then the estimated principal
component scores are modeled using the univariate model, the VAR model and the
VECM.

We repeated the simulation procedures 150 times. In each simulation, 500 bootstrap
samples are generated to calculate the prediction intervals. We show the MSPE and the
mean interval scores at each forecast horizon in Figure The three models performed
almost equally well in the short term forecasts. In the long run, however, the functional
VECM produced apparently better predictions than the other two models. This advantage

grew bigger as the forecast horizons increased.
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Figure 2.2: The first row presents MSPE and the mean interval scores for the two
populations in the co-integration setting. The second row presents MSPE and the mean
interval scores for the two populations without the co-integration setting

2.5 Empirical studies

To show that the proposed model outperformed the existing ones using real data, we
applied the four models illustrated in Section [2.2| to the age- and sex-specific mortality
rates in Switzerland and the Czech Republic. The observations are yearly mortality curves
from ages 0 to 110 years, where the age is treated as the continuum in the rate function.
Female and male curves are available from 1908 to 2014 in Human Mortality Database
(2016). We only used data from 1950 to 2014 for analysis to avoid the possibly abnormal
rates before 1950 due to war deaths. With the aim of forecasting, we considered the data
before 1950 to be too distant to provide useful information. The data at ages 95 and older

are grouped together, to avoid problems associated with erratic rates at these ages.
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2.5.1 Swiss age-specific mortality rates

Figure [2.3| exhibits smoothed log mortality rates for female and male from 1950 to 2014.
We use a rainbow plot (Hyndman & Shang 2010), where the red color represents the
curves for more distant years and the purple color represents the curves for more recent
years. The curves are smoothed using penalized regression splines with a monotonically
increasing constraint after the age of 65 (Wood|1994b, Hyndman & Ullah 2007). Over
a span of 65 years, the mortality rates in general have decreased over all ages, with
exceptions in the male population at around age 20. Female rates have been slightly lower

than male rates over the years.

-2

Log death rate
-4
Il
Log death rate

-6

-8
|

Age Age

(a) Female population (b) Male population

Figure 2.3: Smoothed log mortality rates in Switzerland from 1950 to 2014

First, we tested the stationarity of our data set. The Monte Carlo test, in which the null
hypothesis is stationarity, is applied to both the male and female populations. We used
data from all 65 of the years in our range and performed 5,000 Monte Carlo replications
(Horvath et al|2014). The p-values for the male and female populations are 0.0256 and
0.0276 respectively. These small p-values indicated a strong deviation from stationary

functional time series.
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The first 45 years of data (from 1950 to 1994) are allocated to the training set, and
the last 20 years of data from (1995 to 2014) are allocated to the testing set. To choose
the order K, we further divided the training set into two groups of 30 and 15 years. The
model is fitted to the first 30 years from (1950 to 1979) and made forecasts for the next 15
years from (1980 to 1994). In both the VAR model and the functional VECM, K is chosen

using:

15 95

2
K:argmin{ ZZ[ ' +h|n’ u], ) Yn’+h,]} }r

where X, +hjw (4j;m) denotes the h-step-ahead forecast based on the first n’ = 30 years of
data, with m dimensions retained. Y, denotes the true rate at year n’ + h. This selection
scheme led to both the VAR and VECM models with K = 3 basis functions in this case,
which explained 91.20%, 4.37% and 1.56% of the variation in the training set respectively.
These add up to 97.13% of the total variances in the training data being explained. In the
univariate and the product-ratio models, order K = 6 is used as in Hyndman & Booth
(2008) and Hyndman et al.| (2013), where they found that six components would suffice
and that having more than six made no difference to the forecasts. Now that with chosen
K values, the four models are fitted using an expanding window approach (as explained
in Section . This produced 20 one-step-ahead forecasts, 19 two-step-ahead forecasts,. . .
and, finally, 1 twenty-step-ahead forecast. These forecasts are compared with the holdout
data from the years 1995 to 2014. We calculated MAPE and MSPE as point forecast errors
using (2.4).

Table 2.1 presents the MSPE of log mortality rates. The smallest errors at each forecast
horizon are highlighted in bold face. For the prediction of female rates, the proposed

functional VECM has proved to make more accurate point forecasts for all forecast
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horizons except for the twenty-step-ahead prediction. It should be noted that there is only
one error estimate for the twenty-step-ahead forecast, so the error estimate may be quite
volatile. The other three approaches are somewhat competitive for the eleven-step-ahead
forecasts, or less. For the longer forecast horizons, the errors of the product-ratio method
increase quickly. For the forecasting of male mortality rates, although the VAR model
produces slightly smaller values of the forecast errors, there is hardly any difference
between the four models in the short term. For long-term predictions, the product-ratio
approach performs much better than the univariate and the VAR models, but the VECM
still dominates. In fact, the product-ratio model usually outperforms the existing models
for the male mortality forecasts, while for the female mortality forecasts, it is not as
accurate.

To examine how the models perform in interval forecasts, and are used to
calculate the mean interval scores. We generate 1000 bootstrap samples in the functional
VECM and VAR. Table 2.2| shows the mean interval scores. The 80% prediction intervals
are produced using the four different approaches. As explained earlier, smaller mean
interval score values indicate better interval predictions. For the female forecasts, the
functional VECM makes superior interval predictions at all forecast steps, while for the
male forecasts, the product-ratio model and the VECM are very competitive, with the

latter having a minor advantage in the mean value.

2.5.2 Czech Republic age-specific mortality rates

We have also applied the four models to other countries, such as Czech Republic, to show
that the proposed functional VECM does not only work in the one case of Swiss mortality
rates. The raw data are grouped and smoothed as that is done for the Swiss data. K = 51is

chosen in the VAR and the VECM, and the proportions of explained variance are 93.04%,
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Table 2.1: MSPE for Swiss female and male rates (the smallest values are highlighted in
bold)

Female Male
h UNI VAR PR VECM UNI VAR PR VECM
1 0.081 0.082 0.076 0.074 0.050 0.048 0.049 0.049
2 0.085 0.088 0.079 0.075 0.056  0.052 0.053 0.053
3 0.090 0.094 0.084 0.078 0.065 0.059 0.060 0.060
4 0.096 0.104 0.091 0.082 0.077  0.067 0.070 0.069
5 0.103  0.112  0.098 0.086 0.090 0.078 0.080 0.078
6 0.109 0.119 0.107 0.090 0.107  0.093  0.093 0.089
7 0.117  0.130 0.119 0.096 0.129 0.115 0.109 0.104
8 0.125 0.140 0.130 0.102 0.149 0136 0.124 0.119
9 0.136  0.151 0.145 0.111 0.171  0.160  0.139 0.129
10 0.145 0.163 0.157 0.116 0.198 0.191 0.160 0.149
11 0.156 0.171  0.173 0.125 0.224 0223 0.178 0.162
12 0.167 0.186  0.195 0.133 0.261 0.269  0.206 0.184
13 0.174  0.192  0.210 0.137 0.299 0317 0.232 0.201
14 0.188 0.203  0.238 0.145 0.344 0361  0.260 0.213
15 0.183  0.209 0.254 0.141 0.396 0414 0.293 0.228
16 0.197  0.219 0.281 0.152 0460 0444 0332 0.239
17 0.209 0.223 0.327 0.164 0.538 0556 0.373 0.251
18 0209 0.233 0.354 0.165 0.649 0.652 0416 0.263
19 0.197 0.232 0457 0.162 0.792  0.733  0.502 0.253
20 0.144 0.249 0.493 0.175 0904 0.753 0.525 0.270
Mean 0.145 0.165 0.203 0.120 0.298 0.286 0.213 0.158
Median  0.145 0.265 0.173 0.120 0.224 0223 0.178 0.158
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Table 2.2: Mean interval score (80%) for Swiss female and male rates (the smallest values
are highlighted in bold)

Female Male
h UNI VAR PR VECM UNI VAR PR VECM
1 1.089 1.042 0.865 0.852 0.871 0.767  0.657 0.715
2 1.114 1.042 0.878 0.864 0964 0.786  0.699 0.748
3 1.153  1.059  0.909 0.880 1.088 0.852  0.759 0.791
4 1204 1.102 0.954 0.902 1.243 0911  0.838 0.839
5 1.254 1.136  0.997 0.926 1.407 1.011  0.909 0.887
6 1.306 1.169 1.046 0.964 1.594 1.134  1.005 0.954
7 1.358 1.234 1.113 0.996 1.789 1289 1.113 1.059
8 1413 1276 1.166 1.026 1969 1430 1.190 1.133
9 1483 1.349 1.241 1.088 2134 1587 1.282 1.204
10 1532 1426  1.287 1.113 2326 1798  1.388 1.338
11 1.608 1.479 1.358 1.170 2476  2.012 1475 1.458
12 1.661 1.591 1.437 1.209 2.655 2303  1.609 1.628
13 1.716 1.647 1.463 1.237 2.819 2618 1.706 1.767
14 1.766  1.723  1.540 1.281 3.001 2.892 1.793 1.891
15 1.705 1.775 1.571 1.262 3.145 3.082 1.892 1.963
16 1.774 1.790 1.638 1.304 3.309 3.180 1.957 1.986
17 1.852 1.860 1.760 1.352 3.521  3.692 2.041 2.011
18 1.819 1884 1.767 1.368 3.632 4148  2.036 2.051
19 1.795 1986 1.941 1.360 3.683 4254 2175 1.974
20 1.679 2347 2176 1.398 3.873 3595 2375 1.978
Mean 1.514 1496  1.355 1.128 2375 2167  1.445 1.419
Median 1532 1479  1.355 1.128 2375 2012  1.445 1.419
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1.99%, 1.55%, 1.18% and 0.79% respectively, which add up to 98.55% of the total variance
being explained. Figure 2.4{shows the MSPE and mean interval scores for the point and
interval forecast evaluations. In order to compare with the VECM model in the literature,
we also try fitting only the first set of principal component scores, shown in the figure
by VECM*. Among all five models, the functional VECM produces better predictions
in both the point and interval forecast. Compared to our model that uses 5 principal
component scores, VECM* produces larger error especially in male forecasts. We consider
an important fraction of information is lost if only the first set of principal component
scores is used.

To examine whether or not the differences in the forecast errors are significant, we
conduct the Diebold-Mariano test (Diebold & Mariano|1995). We used a null hypothesis
where the two prediction methods had the same forecast accuracy at each forecast
horizon, while the three alternative hypotheses used are that the functional VECM
method produces more accurate forecasts than the three other methods. Thus, a small
p-value is expected in favor of the alternatives. A squared error loss function is used and
the p-values for one-sided tests are calculated at each forecast horizon, as shown in Figure
The p-values are hardly greater than zero at most forecast horizons. Almost all are
below a = 0.05, denoted by the horizontal line, with the exception of the nineteen- and
twenty-step-ahead forecasts. We conclude that there is strong evidence that the functional
VECM method produces more accurate forecasts than the other three for most of the
forecast horizons.

In summary, we apply the proposed functional VECM to modeling female and male

mortality rates in Switzerland and Czech Republic, and prove its advantage in forecasting.
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Figure 2.4: Czech Republic: forecast errors for female and male mortality rates (MSPE
and Interval scores are presented)
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Figure 2.5: Czech Republic: P-values for the three tests comparing a functional VECM
to univariate, VAR and the product-ratio models respectively (the horizontal line is the
default level of significance o = 0.05)
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2.6 Conclusions

We have proposed a functional VECM for the prediction of multivariate functional time
series. Compared to the existing forecasting approaches, the proposed method has
proved to perform well in both simulations and in empirical analyses. An algorithm to
generate bootstrap prediction intervals is proposed and the results show a superiority in
interval forecasts. The advantage of our method is the result of several factors: (1) the
functional VECM model considered the covariance between different groups, rather than
modeling the populations separately; (2) it could cope with data where the assumption
of stationarity does not hold; (3) the forecast intervals using the proposed algorithm
combine three sources of uncertainties. Bootstrapping is used to avoid the assumption of
the distribution of the data.

We apply the proposed method as well as the existing methods to male and female
mortality rates in Switzerland and the Czech Republic. The empirical studies provide
evidence of the superiority of the functional VECM approach in both the point and
interval forecasts, which are evaluated in MAPE, MSPE and interval scores respectively.
Diebold-Mariano test results also show significantly improved forecast accuracy of our
model. In most cases, when there is a long-run coherent structure in male and female
mortality rates, the functional VECM is preferable. The long-term equilibrium constraint
in the functional VECM ensures that divergence does not emerge.

While we use two populations for the illustration of the model and in the empirical
analysis, the functional VECM can easily be applied to populations with more than two
groups. A higher rank of co-integration order may need to be considered and the Johansen

test can then be used to determine the rank (Johansen|1991).
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Appendix: Functional principal component analysis

Let {X:(u),t € Z} be a set of functional time series in L,(Z) from a separable Hilbert space
H. M is characterized by the inner product (-, -), where (X1, X2) = [ X3 (1) Xp(u)dx. We

assume that X' (1) has a continuous mean function y(u) and covariance function G(u,v):

G(u,v) = Cov[X (u), X (v)] = E{[X (1) — p(u)][X (v) — u(0)]},
and thus the covariance operator for any X' (1) € H is given by
C(0)(X) = /IG(v,u)X(u)du.

The eigenequation C(v)(X) = pX" has solutions with orthonormal eigenfunctions ¢ (1),
and associated eigenvalues A for k = 1,2, ... such that Ay > Ay > ... and } ; A} < oo.

According to the Karhunen-Loéve theorem, the function X' (1) can be expanded by:

X() = () + Y Eeelu), 2.8)
k=1

where {¢y(u)} are orthogonal basis functions also on L?(Z), and the principal component
scores {Cx} are uncorrelated random variables given by the projection of the centered

function in the direction of the kth eigenfunction:

&= [[[0) = p(w)pe(n)dx.
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The principal component scores also satisfy:

E(gx) =0, Var(g) = Ak

Functional principal component regression

According to (2.8), for a sequence of functional time series { X;(u)}, each element can be

decomposed as:

() = p(u) + ki Eoxpe (1)
=1
K
=u(u)+ kz Cradr(u) +er(u),
=1

where ¢;(u) denotes the model truncation error function that captures the remaining
terms. It is assumed that the scores follow & ~ N(0,A;). Thus the functions can be
characterized by the K-dimension vector (&1, ...,¢k) .

Assorted approaches for selecting the number of principal components K include: a)
ensuring that a certain fraction of the data variation is explained (Chiou 2012); b) cross-
validation (Rice & Silverman!1991); c) bootstrapping (Hall & Vial 2006); d) information
criteria (Yao et al.[20054).

With the smoothed functions { X7 (u), ..., f,(u)}, the mean function y(u) is estimated

by
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The covariance operator for a function g is estimated by

Cls) = L%~ R8) ()
where 7 is the number of observed curves. Sample eigenvalue and eigenfunction pairs Ay
and ¢y (u) can be calculated from the estimated covariance operator using singular value
decomposition. Empirical principal component scores & are obtained by & = (X}, ¢x)
with numerical integration [, [X;(u) — 1i(x)]¢k (1)dx. These simple estimators are proved
to be consistent under weak dependence when the functions collected are dense and
regularly spaced (Yao & Lee 2006, Hormann & Kokoszka|2010). In sparse data settings,
other methods should be applied. For instance, |Yao et al.| (20054) propose principal
component conditional expectation using pooled information between the functions to do

estimation.
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Chapter 3

High-dimensional Functional Time

Series Forecasting

3.1 Introduction

As the popularity of functional time series grows, there has been a rapid growing body of
research on functional time series modeling and forecasting. From a parametric aspect,
Bosq (2012) and |Bosq & Blanke| (2007) proposed the functional autoregressive of order
1 (FAR(1)) and derived one-step-ahead forecasts that are based on a regularized form
of the Yule-Walker equations. Later, FAR(1) was extended to FAR(p), under which the
order p can be determined via a sequential hypothesis testing procedure of Kokoszka
& Reimherr| (2013). Klepsch & Kliippelberg (2017) proposed the functional moving
average (FMA) process and introduced an innovations algorithm to obtain the best linear
predictor. Klepsch et al.| (2017) extended the VAR model to the vector autoregressive
moving average model. Recently, |Li et al. (2020) considered long-range dependent curve
time series and proposed a functional autoregressive fractionally integrated moving
average model. From a nonparametric perspective, Besse et al|(2000) and |Ferraty &
Vieu| (2006) proposed functional kernel regression to model the temporal dependence via

a similarity measure defined by semi-metric, bandwidth, and kernel function. From a

41
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semi-parametric viewpoint, |Aneiros-Pérez & Vieu (2008) put forward a semi-functional
partial linear model that combines both parametric and nonparametric models, and
this model allows us to consider additive covariates and to use a continuous path in
the past to predict future values of a stochastic process. Apart from the estimation
of a conditional mean, Hormann et al.| (2013) considered a functional autoregressive
conditional heteroskedasticity model for modeling conditional variance, while |Aue et al.
(2017) considered a functional generalized autoregressive conditional heteroskedasticity
model. Kokoszka et al. (2017) considered a portmanteau test for testing autocorrelation
under a functional analog of generalized autoregressive conditional heteroskedasticity
model.

To deal with infinite dimensional functions, there is a demand for efficient data reduc-
tion techniques. Functional principal component analysis (FPCA) is the most commonly
used approach that serves this purpose. FPCA performs eigendecomposition on the
underlying variance functions. As in multivariate principal component analysis case,
most of the variance structures are captured in a vector called the principal component
scores. Some papers on FPCA include |Hall et al.| (2006) and [Hall & Hosseini-Nasab| (2006)
on theoretical properties, Yao et al|(20054) for sparse longitudinal data, and Locantore
et al.| (1999) and |Viviani et al.| (2005) for some interesting applications.

The existing FPCA method has been developed for independent observations, which
is a serious weakness when we are dealing with functional time series. Thus we adopt a
dynamic FPCA approach (Panaretos & Tavakoli2013, [Hormann et al.|2015| Rice & Shang
2017), where serial dependence between the curves is taken into account. With dynamic
FPCA, functional time series is reduced to a vector time series, where the individual
component processes are mutually uncorrelated functional principal component (FPC)

scores.
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It is often the case that we collect a vector of N functions at a single time point ¢. If these
N functions are assumed to be correlated, multivariate functional data models should
be considered. Classical multivariate FPCA concatenates the multiple functions into one
to perform univariate FPCA (see, e.g., Ramsay & Silverman|2005). Chiou et al.| (2014)
suggested normalizing each random function as a preliminary step before concatenation.
Berrendero et al|(2011) studied a functional version of principal component analysis,
where multivariate functional data are reduced to one or two functions rather than vectors.
However, existing models dealing with multivariate functional data either fail to handle
data with a large N or are difficult to implement practically.

The main contribution of this chapter is to propose a possible solution to modeling
high-dimensional functional time series. By high dimension, we allow the dimension
of the functional time series N to grow with the length of the observed functional time
series T. We propose a twofold dimension reduction technique to represent the original
multivariate functional time series with a low dimension scalar time series. The proposed

model has three major advantages:

1) it models N functional time series simultaneously, taking the cross-covariance

between the populations into account;

2) the model avoids the problem of curse of dimensionality, which is a major problem

for traditional multivariate functional models;
3) the proposed model is conceptually simple and easy to implement.
Our model consists of three steps:

1) Dynamic FPCA is performed separately on each set of functional time series,
resulting in N sets of principal component scores of low dimension pg (typically

less than 5);
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2) The first functional principal component scores from each of N sets of functional
time series are combined into an N x 1 vector. We fit factor models to the FPC scores
to further reduce the dimension into an r x 1 vector (r < N). The same is done for
the second, third, and so on until the poth FPC scores. The vector of N functional

time series is reduced to r X py what we call factors.

3) A scalar time series model can be fitted to each factor and forecasts are produced.

The forecast factors can be used to construct forecast functions.

The proposed dimension reduction model is essentially using a matrix of small
dimension (r X pg) to represent the covariation of the original N functional time series.
Elements of the reduced matrix are uncorrelated and it is adequate to model each element
with scalar time series models.

In the second step mentioned above, we adopt factor models that are frequently used
for dimension reduction for time series data. Some early application of factor analysis
to multivariate time series include |/Anderson| (1963), |Priestley et al.| (1974) and Brillinger
(1981). Time series in high-dimensional settings where N — oo together with T are studied
in|(Chamberlain/ (1983), |Bai| (2003), and |[Lam et al.| (2011). Among these, we adopt a similar
approach to that considered in |Lam et al|(2011), where the model is conceptually simple
and the asymptotic properties are established. The reason why we use the technique is
that the dimension reduction is based on the lag covariance of the data, which is suitable
for time series data.

The remainder of the chapter is organized as follows. In Section more detailed
background on dynamic FPCA is introduced and the two-fold dimension reduction model
is proposed. In Section asymptotic results for the proposed model are given. We
present simulation studies in Section In Section we apply our proposed model

to Japanese age- and sex-specific mortality rate data. The conclusion is presented in
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Section [3.6] and proofs are provided in the Appendix.

3.2 Twofold dimension reduction

We consider the stationary N-dimensional functional time series {X; : t = 1,...,T},
where T is the sample size. At time t, X; = [X}(u),..., XN(u)]", and each Xt(i) (u) takes
values in the space H := L?(Z) of real-valued square integrable functions on Z. The
space H is a Hilbert space, equipped with the inner product (x,y) := [ x(u)y(u)du. The
function norm is defined as ||x|| := (x, x)1/2. We could also look at the data in another
direction, where we call {Xt(i) (u) : t =1,..., T} the i population of the functional time
series, and there are N populations. Under our setting, both the sample size and the
number of populations go to infinity, that is N — co, T — co.

The purpose is to reduce the dimension of the vector functional time series data X';.
Our technique consists of performing FPCA on Xt(i) for each population in the first step,
resulting in N x pg FPC scores, and then fitting factor models in the second step, getting

r X po factors.

In Section [3.2.1] and [3.2.2] we will introduce the two models we use in our twofold

dimension reduction. In Section estimation process combining the two steps is
explained. In Section we illustrate how functional time series forecast can be

performed.
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3.2.1  Dynamic functional principal component analysis

For eachi € {1,..., N}, we assume that Xt(i) has a continuous mean function () (1) and

(i)

an auto-covariance function at lag #, ¢, (u,v), where

e (u,0) = cov[ X (u), X, (v)).
The long-run covariance function is defined as

Y. cg) (u,v).

h=—o00

Using c) (u,v) as a kernel, we define the operator c@ by:
CO(x)(u) = / cD(u,v)x(v)dv, u,vel.
T
For simplicity, we can also write

ch =y ¢, (3.1)

h=—o00

(i)

where C; " is the covariance operator at lag /. The operator is symmetric and non-negative

definite. By Mercer’s theorem, the operator C() admits an eigendecomposition

= Y A x4, (3.2)
p=1

where (/\g) : p > 1) are the eigenvalues of C (@) in descending order and ('y;i) ip > 1) the

corresponding normalized eigenfunctions. By Karhunen-Loeve theorem, Xt(i) (1) can be
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represented with
0 w) = Y By (),
p=1

where ‘Bg)t = /7 Xt(i) (u)'ylg,i) (u)du is the p™ FPC score at time ¢. The infinite-dimensional

functions can be approximated by the first pg FPC scores:
0y = §° gl ) ()
X (w) = ) By () + 6,7 (u), (3.3)
p=1

where Gt(i) (1) = o pys1 ﬁg,)t'y,(gi) (u) captures the remaining terms cutting from p = pg + 1

to oo.

3.2.2 Factor model

With the first step dimension reduction, we now have FPC scores 52/ wherei=1,...,N.

Define the vector FPC score as

Boi = (Bpire B) B (34)

So By, is the vector that contains the p'" FPC score of all N functional time series. We

consider the following factor model for each p = 1,..., po. Let

ﬁp,t = Apfp,t + ep,t, t = 1, . T, (35)

where f,; is an r X 1 unobserved factor time series; A, is an N x r unknown constant
factor loading matrix. We need to fit pg factor models to the FPC scores. The factor model

is similar to the model in Lam et al. (2011). The difference is that in their paper, the e;’s
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are assumed to be white noise with mean zero and a constant covariance matrix. In our
settings, there is no model on the error term, and e, is what is left after taking out the

main explaining factors f, ;. To write out e,

Al gt
ept = Ap,tfp,t/

where Aj, is an N x (N —r) matrix, the columns of which are orthogonal to the columns
of Ap;and f};is (N —r) x 1 vector.

Combing and (3.5), the original functional time series can be modeled as

() 3 0, (i) (i)
X (u) = Z [Apfp,t} T (u) +€ ' (u), (3.6)
p=1
where [-]() denotes the i element in the vector. Note that the ith element in the vector
Apfptisin fact al) fp.t, where '’ is the ith row in the matrix Ap. The resulting dimension
reduced factor f,; does not rely on i. The error term et(i) () contains the accumulated

error from both steps:
() D () 4+ 3 T 0
e (u) = 6, (1) + ) leps] Vyp ().
p=1

Before the estimation process is introduced, we make a few notations and definitions.

Define

2 () = cov(Bpren Bps), TP (1) = covlfpran frr), () = covley i eps),
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and also the cross-covariance between the factor and the error term

20 () = cov(fpmeps), BV (—h) = cov(epsm fis).

Using (3.5), we can write the relation as:

£ (h) = ALY (0)A] + AL (h) + ALY (—h) + P (). (3.7)
Let
) — N2 ) (5P () T
L :};Zﬁ Wz (m)", (3.8)
where h is a constant.
Plugging into (3.8), we have
LP) = L=+ E), (3.9)
where
ho
LW =4, | YAV mA] + 2 () + 2P () HEY (A + P (h) + 2P (-} | A)
h=1
and
EV =4, (2 (A + L) (h) +£F) (~h)| T (k) (3.10)
T
+xP () |2 (A] + 2P0+ £ (-n)] A+ 2P T (1),

If we perform eigendecomposition on the middle part within the square brackets of L(P)*,
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then L(P)* = A,,LIPD,[,LIPT A;, where D, is the diagonal matrix with the first r largest
eigenvalues. U, is an orthogonal matrix, so that A,U, is a rotation on the matrix A,.
We use A, U, as the matrix A,. Thus, L* = AprA;. Let the columns of A, be
the eigenvectors of the matrix L(P)* corresponding to the first r largest eigenvalues in
descending order. The matrix D, is then a diagonal matrix with the first r eigenvalues on
its diagonal.

3.2.3 Estimation

We need to estimate A, f,: and yﬁf’ (1) in (3.6). In the dynamic FPCA step, the long-run

covariance function ¢() (1, v) can be estimated by:

e (u,v) = Y w <h> E,(j)(u,v),

m<q N1

and the covariance operator by:
or

COh=Y w <h> cw, (3.11)

where
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Here, W(-) is a weight function with W(0) = 1, W(u) = W(—u), W(u) = 0 if |u| > m
for some m > 0, and W is continuous on [—m,m]. Some possible choices include
Bartlett, Parzen, Tukey-Hanning, quadratic spectral and flat-top functions (Andrews|1991,
Andrews & Monahan|[1992). In this chapter, we use W(h/q) = 1 — |h|/q, where g is a
bandwidth parameter. Conditions will be imposed on g in Section

By performing eigendecomposition on C(), we can estimate empirical eigenfunctions
'ﬂ(,i) (1) and the empirical FPC scores ,g;t I & (1)du, calculated by numerical

integration.

The estimates E;i,)t are combined into a vector

,gp,t = <:B}J,t : ~~r,gl;>{t) ’ (3.12)

and fitted to a factor model. The estimation of latent factors for high-dimensional time
series can be found in Lam et al.| (2011). The idea of estimation is that in the previously
defined matrix L) = LP)* + E() in , when the term E(P) related to error covariance
is small, such that L(")* is close to L(P), we can use the eigendecomposition of L® to
estimate the eigendecomposition of L(P)*. Details can be found in Appendix.

Then, a natural estimator for A, can be found by performing eigendecomposition on
an estimated version of L), It is defined as ﬁp = (ﬁpll, ..., 8py), where a,,; is the jth

eigenvector of L), and

ho R R B .
= LI mE T £ m) z(ﬁw 5) (Bui-B) . 61
=1 =1

where Ep =1/TY B pt. Thus we estimate the p™ factor by:

for =4, By (3.14)

Draft Copy - 1 December 2020



52 High-dimensional Functional Time Series Forecasting

The estimated dimension reduced FPC scores are

Bt = Apfpr

The estimator for the original function Xt(i) (u) is:

p; [ﬁp,} V50 ) = pEO [ﬁpfp,f}(i) W), i=1...,N, t=1,..,T,

p=1
(3.15)

where again [-]() denotes the i element of the vector.

3.2.4 Forecasting

With twofold dimension reduction, information of serial correlation is contained in the
factors f,;. To forecast N-dimensional functional time series, we could instead make
forecast on the estimated factors. Scalar or vector time series models could be applied. We
suggest univariate time series models: autoregressive moving average (ARMA) models,
for instance, since the factors are mutually uncorrelated. Recall that we have retained py
FPC scores and r factors in the estimation process. Consequently, we need to fit r X py
ARMA models on the estimated factors {fm, eeey fp,t}. The prediction of the functions

could be calculated as:

Ny Po - i) )
Aanr(0) = X Apfyranr] A5 w), i=1,.. N, (3.16)
p:
where X t(ﬁh‘ ,(u) is the h-step-ahead forecast at time ¢, and / denotes a forecast horizon.

Prediction intervals for functions could also be constructed. In this chapter, we use a
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bootstrapping approach. The bootstrapped function forecast is
W () ()b
T+h|T Z [ p pT+h|T} 'Ypl (1) +€Tl+h‘T(u), b=1,...,B,

where B is the number of bootstraps, and f}lj Tn|T 1 the bootstrapped prediction of the

el (u) is added, which is resampled from {/’\{t(i) (u) —

factor. A bootstrapped residual €. hT

/i’\t (u)}. Lower and Upper prediction bounds are calculated as the 100 x (a/2)™ and
100 x (1 — a/2)™ percentile of the bootstrapped forecasts, where « is the level of signifi-
cance.

The bootstrapped prediction of the factors fS,T 7 €an be constructed in several ways.

Here in this chapter, we use an intuitive approach consisting of four steps:

1. Fit an ARMA(p,q) model to the first half of the estimated factors j?p,l, . ..,pr,Tl,

Ty = T/2, and make h-step ahead prediction fp,Tﬁ—h- The prediction error is

o1 = fo,1i0h — fo, T

2. Fit another ARMA (p,q) model to ﬁ,/l,. . -,j?p,T1+1, and make h-step ahead prediction

fp,1i+1+n- The prediction error is §p2 = fp 14140 — fp, 14140

3. Following the first two steps we acquire j prediction errors such that Ty +j+h =T

Resample ¢ from {¢p1,..., &y}

4. Construct the bootstrap prediction f;’ T+hT = ﬁ,/TJrh‘T + &,, where J?p,T +u|7 18 the

point forecast.

The process above needs to be repeated r times to generate each element in f;}’,T T
Alternatively, the bootstrapped functions can be used to construct prediction region

(Zhu & Politis 2017). Denote g(a) as the a-quantile of H - X Then the

T+h\T Z+h|TH2
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(1 — &) x 100% bootstrap predictive region consists of all X" such that
v ()
|% =%, < @)

3.3 Asymptotic properties

We derive consistency results for dimension reduced estimates of the functions. Lemmas
and detailed proofs are provided in the Appendix. First, some assumptions are made on

the functional time series and the FPCA estimation process.

Assumption 1. For each i = 1,...,N, the functions {Xt(i)(u),t € Z} are stationary and

L*-m-approximable, which also satisfies
sup | (u) | < eo

Assumption 2. Foreachi =1,...,N, the h lag covariance operator satisfies

E e
h=—o00

<
S

where || - ||s denotes the Hilbert-Schmidt norm.

In Assumption |1} it is assumed the dependence structure of the functional time series
for each population. The definition of LP-m-approximable in Assumption |1 and the
Hilbert-Schmidt norm in Assumption [2] can be found in the Appendix. We also provide a

simple sufficient condition for Assumption 2| to hold, as in the following proposition.
Proposition 1. If X} is L2-m-approximate, then Assumption holds.

An example of functional time series that satisfies this assumption is the simplest
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functional AR(1) model. The proof of the proposition and that functional AR(1) is

Lz—m-approximate is included in the Appendix.

Assumption 3. Foreachi =1,...,N, the eigenvalues Ay), p=1,...aredistinct.

Assumption 4. In the estimation of the functional principal components, for each population i,

the empirical eigenfunctions are in the same direction of the true function, i.e.,(’y;(f), 'Y(i)> >0

Assumption 5. In the estimation of the functional principal components, for each population i,

the bandwidth parameter > = o (T/N), and q — os.

Assumption [3|is a very common assumption in FPCA. Further, Assumption ] ensures
that we choose the correct sign for each eigenfunction. This assumption is used to serve
for theoretical proof. In practice, the sign of the estimated eigenfunction does not make
a difference because the problem vanishes once we take the product of the estimated
eigenfunction and the corresponding estimated FPC score. Assumption 5 imposes a
condition on the rate of the bandwidth parameter g, which has been previously defined
in (3.11). The two conditions in Assumption [5|also imply N = o(T), that is the number of
populations grows not as rapidly as the sample size.

The following assumptions are made on the second dimension reduction step, the
factor model as stated in (3.5). As in Section in the following, we again omit the
subscript p for conciseness. First, let’s define some notations. We use || M||> to denote
the L, norm of the matrix or vector. When M is a matrix, it is the greatest singular
value. We use ||M||min to denote the smallest singular value. We use a < b to denote

{a=0(b)} N {b=0(a)}, that is a and b are of the same order.
Assumption 6. For p in 1 to py, HZJ(f)(h)Hg = N'=¢ < HZJ(f)(h)Hmin, where 0 < § < 1.

Assumption 7. For p in 1 to po, | Z0) ()] = O(|Z} (h)]2),
and |ZF) (1) |2 = O(min{NT~1/2,1}).
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In Assumption @ it is assumed that the order of the lag covariance of factor f,; is
related to the dimension of B, by a factor § € [0,1). In Assumption [/} it is assumed
that the strength of the lag cross-covariance between factors and errors is not bigger than
that of the lag covariance of the factors, and that the lag covariance of the error term is
at least bounded or of constant rate. Since what the model does essentially is principal
component analysis, we want to ensure that most of the covariation of 8, is contained in

the lower dimension factors f) ;.

Assumption 8.
16 (u) |2 = 0p(1), N — oo

where Gt(i) (u) is defined in (3.3).
Assumption 9. For each i,

[ep,t](i) =Op <\/1N> , N, T — oo,

where ey, ; is defined in (3.5), and [ep,;]") denotes the ith element in the vector e, ;.

In Assumption (8l and @ it is assumed the error terms in both dimension reduction

steps to be small, which is a natural assumption in principal component analysis.

Theorem 1. Under Assumptions |1| to H va,t - ‘Bp’tHz converges to zero in probability as
N, T — oo, where the vectors B, and ﬁp,t are defined in (3.4) and (3.12).

Theorem 2. Under Assumptions [1|to[7| assuming N°T=1/2 = o(1), we have

14, = Apllz = Op (N*T1/2 4 N°71) = 0p(1)
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In Theorem P2} we have proved the convergence rate of the estimated factor loadings.
When 4 is 0, the convergence rate becomes (T‘l/ 24+ N _1), which is quite fast. However

when § is close to 1, the rate of convergence is very slow.

Theorem 3. Under Assumptions/[I|to
L -0 (6-1/27-1/2) 4 O 1
7 1B = B, = 0 (N )+or ()
Theorem 4. Under Assumptions [1|to[9) assuming N*/>T~1/2 = o(1),
L on (50 ()
S L[ B0 - x| =op(1),  NT o0
i=1

Theorem [3|states the convergence rate for the estimated FPC scores B, ;. Theorem
proves that the approximated functions are good estimates of the true functions. The rate
of convergence is calculated in the Appendix.

We also investigates the prediction error of the model. After dimension reduction,
classic time series models are fitted to the estimated factors ﬁg,t. In this chapter, we use
the AR(1) model as an example in the proof for asymptotic property. Let f;lt) denote the

ith element in the vector f,;. The AR(1) model is

£ = ppafl) wll t=2,.,

(i)

pi is the white noise. We

where ¢, ; is the AR coefficient which satisfy |¢,;| < 1, and w

(i)
p,T+h—j

define I' = max,;(I',;), where T, ; = ‘Z;’:_ll ;.],i“) . We have the following theorem.

Theorem 5. Under Assumptions [1|to[9) assuming N*/>T~1/2 = o(1),

N )
> Hx(” (1) — X}ih(u)H =0p(1) + Op(N"V2I), N, T — oo,
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We see that the forecast error includes a component that converges to zero which
comes from the estimation error, and a component that is Op(N~'/?T') which measures
the error from the forecast model. In the ordinary setting of univariate AR(1) model,
I' = O(1). So the second part also converges, that is N~1/2T = op(1).

For the simplicity of theoretical proofs, we use AR(1) model as an example. However,
with easy but tedious work, this theorem can be extended to all stationary ARMA models.

We could find an appropriate I' that is O(1) so that the error from the forecast model is

Op(l)

3.4 Simulation Studies

We illustrate our method using simulated data. We compare results using the proposed
high-dimensional functional time series (HDFTS) model and a univariate functional time
series (FTS) model where each population is modeled and predicted as a independent

functional time series.

3.4.1 Data generation

We generate N populations of functional time series data. The i function at time ¢ is

constructed by

where 951)(u) =Ypes /3;1,1’7;0(“)-

The coefficients ﬁg)t for all N populations are combined and generated by

ﬁp,f:Apfp,tl p:1/---/°°/
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where B, = {,B}g,t, ey I;Xt}' Apisa N x N matrix, and f,; isa N x 1 vector.

We assume that ﬁg)t have mean 0 and variance 0 when p > 3, so we only construct the
coefficients B, for p = 1,2,3.

The first set of coefficients B1; for N populations are generated with B1; = A fi,.
Each element in matrix A; is generated by a;; = N —1/4 bij, where b;j ~ N'(2,4).

The factors f;; are generated using autoregressive model of order 1 (AR(1)). Define the
ih element in vector f; ; as fl(lt) Then, fllt is generated by fllt =05 flllt_1 + wy, where w; are
independent N (0, 1) random variables. We generate fl(lt) ,i=2,...Nby fl(lt) = (1/N) gt(i),
where gt(i),i =2,...,N are also AR(1) and follow gfi) = O.ZgE?l + wy. It is ensured that
most of the variance of 81, can be explained by one factor. The second coefficient B, are
constructed the same way as B .

We also generate the third FPC scores B3 but with small values. A3 is generated by
ajj = N—/4 x bij, where b;j ~ N(0,0.04). The factors f3; are generated as f ;.

The three basis functions are constructed by 'ygi)(u) = sin(27tu + 7i/2), 'ygi)(u) =
cos(27mtu + 7ti/2) and ’yéi)(u) = sin(47tu + 7ti/2), where u € [0,1]. The functional time

series for the i population is constructed by

() = (Bl (o) + [Barlis” + Baslins,
where [-]; denotes the it" element of the vector.

3.4.2 Model fitting

Simulated data are generated under different settings of N and T values. The proposed
model is fitted to the data. The bandwidth parameter is simply chosen as v/T in each case.
We use fraction of variation explained (FVE) to choose both the number of FPC score py

and the number of retained factors 7. We require the first py FPC scores to explain 99%

Draft Copy - 1 December 2020



60 High-dimensional Functional Time Series Forecasting

of each population of functional time series, and the first 7 factors to explain also 99%
of each FPC scores. For different populations, the chosen number of FPC scores can be
different according to FVE. Our model requires to select the same number of FPC scores
for each population. Therefore, we choose py to be the largest number of FPC scores
needed. The number of retained factors 7 in the factor models can also be different for
each p =1,...,po. Therefore, we use 7, ...,7p, to denote the number of factors chosen
for each FPC score.

We first look at the estimation error under different settings. The estimation error is

calculated using mean norm of residuals (MNR):

where Xt(i) (u j) denotes the function value at discrete time point u;, forj =1...,w, and
w is the total number of discrete points in [0,1]. We use w = 51 throughout simulation
study.

Next we compare the forecast performance of our model with the independent forecast
model. The independent forecast model follows similar idea of the approach in|[Hyndman
& Ullah! (2007) for each population. When fitting models to the data, we use expanding
window prediction. The simulated data is divided into a training set with size Ty and a
test set with size Ty, and T; + T, = T. In this study, we use T, = (1/4) x T. The proposed
models are fitted to the training set and forecasts are made based on fitted models. Then
the test set is used for forecast evaluation. Each time we increase the training size by one
and refit the model. New forecasts are made each time. Finally all the prediction errors
for one-, two-, and three-step-ahead forecasts are collected and means are taken.

We use discretized mean absolute forecast error (MAFE) and mean squared forecast

Draft Copy — 1 December 2020



83.4 Simulation Studies 61

error (MSFE).

1

MAFE(h) = e Ziz ‘qu uj) = Xpy g1y (1) |,
n=hj=1
Tz w R 2
MSFE(h) = - Y Xy () = By gm0 ()]
W y=hj=
where /'?Tl | Ty+y—h Tepresents the h-step-ahead prediction using datat =1,..., Ti +n —h

fitted in the model, and AT, ,(u;) denotes the holdout function.
For each combination of N and T values, we replicate the simulation 100 times, and

calculate the mean of the errors MNR, MAFE and MSFE.

3.4.3 Results

The estimation errors of the proposed model are presented in Table With the
increase of N and T, the MNR becomes smaller, which can be seen as a concordant with
Theorem E} Under all four settings, we select the number of FPC scores to be two. The
number of factors selected for the first and second FPC scores 71 and 7, are different in

each simulation, but mostly equal to two or three.

Table 3.1: The MNR under different settings

(N, T) MNR Po
(20,20) 1.756 2
(40, 50) 1.226 2
(60,80) 0.804 2
(100, 150) 0.622 2

Table B.2 shows the sample mean of the MAFE and MSFE in different settings. Each
number in the table is the mean of the h-step-ahead errors taken over all N populations.

The smaller value is in bold face. It can be seen that the proposed model produces smaller
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forecast errors in almost all settings and all forecast horizons.

Table 3.2: The mean MAFE and MSFE values when fitting the independent functional
time series model and the proposed high-dimensional functional time series model two
models for one-, two-, and three-step-ahead forecasts

MAFE MSFE

(N, T) h FTS HDFTS FTS HDFTS
1 1.136 1.134 2.595 2.597
(20,20) 2 1.310 1.266 3.539 3.256
3 1.380 1.324 3.983 3.630
1 0.917 0.872 1.688 1.532
(40, 50) 2 1.038 0.970 2.187 1.908
3 1.096 0.998 2.438 2.005
1 0.817 0.763 1.327 1.163
(60, 80) 2 0.935 0.858 1.752 1.473
3 0.980 0.877 1.942 1.540
1 0.688 0.644 0.992 0.863
(100, 150) 2 0.799 0.737 1.331 1.128
3 0.856 0.764 1.520 1.231

3.5 Mortality rate forecast

We also illustrate our method using an empirical data set. The Japanese sub-national
mortality rates in 47 prefectures are used to demonstrate the effectiveness of our proposed
method. Available from the [Japanese Mortality Database| (2017), the data set contains
yearly age-specific mortality rates over a span of 41 years from 1975 to 2015. The
observations are the yearly mortality curves from ages 0 to 110 years, where age is treated
as the continuum in the rate function. In this study, the data at ages 95 and older are
grouped together, to avoid problems associated with erratic rates at these ages.

A graphical display of the functional time series is presented in Figure The figure
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presents the log smoothed female age-specific mortality rates in the Tokyo prefecture,
where the red lines represent more distant data and the purple lines represent more recent
years. The curves are smoothed using penalized regression splines with a monotonically

increasing constraint after the age of 65 (see Wood| 19944, Hyndman & Ullah|2007).

Tokyo: female death rates (1975-2015)

Log death rate

0 20 40 60 80
Age

Figure 3.1: Log smoothed female mortality in the Tokyo prefecture from 1975 to 2015

The dimension of the functional time series is N = 47, which is greater than the
sample size T = 41. With the twofold dimension reduction model, we use the first three
FPC scores for each population, and the first three factors.

The expanding window approach is again used as described in the simulation study.
The first 26 years of data (from 1975 to 2000) are allocated to the training set, and the
last 15 years of data (from 2001 to 2015) are allocated to the testing set. In each fitting

process, the bandwidth parameter g is chosen as v/ T*, where T* is the number of years
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titted to the model. We compare the forecast accuracy of our proposed method with
the independent functional time series model, where each sub-national population is
forecast individually using the approach in Hyndman & Ullah! (2007). With Hyndman
and Ullah’s mortality model, the FPCA is performed on the functional time series of each
prefecture and FPC scores are estimated and fitted to classical time series model to make
predictions. Then functional forecast are produced using predicted scores. In this method,
the prediction intervals are constructed by calculating the total variance of the principal
components. This independent forecast model does not take into account the dependence
between the sub-national populations.

For female mortality rates, prediction errors are calculated and show that the proposed
method outperforms the independent model in general. Specifically, in 24 out of 47
prefectures, the proposed model produces smaller MAFE in all one to ten forecast
horizons. In 45 out of 47 prefectures, the proposed model produces smaller mean MAFE
taken across all forecast horizons.

We have also fitted the male mortality data of the 47 prefectures. The female and
male forecast errors are summarized in Table 3.3l Each number in the table is the mean
error taken across 47 prefectures. FTS stands for the alternative independent Hyndman
and Ullah method and HDFTS stands for the proposed high-dimensional functional time
series model. For female data, our model outperforms independent FTS model in both
MAFE and MSFE values. For male data, however, our model produces smaller MAFE but
does not have an advantage in MSFE values.

Prediction intervals are calculated based on the bootstrap approach. We use interval

score as an evaluation for interval forecast. Let X%

| and ‘5(\rll+h\n denote the upper and

lower (1 — a) x 100% prediction bounds, and X, is the realized value. The discretized
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Table 3.3: MAFE and MSFE for the Japanese female and male rates
Female Male
MAFE MSFE MAFE MSFE
h FIS  HDFTS FIS  HDFTS FIS  HDFTS FIS  HDFTS
1 0.174 0.164 0.293 0.286 0.266 0.261 0.609 0.619
2 0.179 0.165 0.315 0.293 0.274 0.261 0.634 0.607
3 0.182 0.168 0.323 0.285 0.280 0.274 0.646 0.673
4 0.186 0.170 0.336 0.302 0.291 0.281 0.673 0.684
5 0.187 0.169 0.334 0.310 0.294 0.280 0.662 0.691
6 0.197 0.175 0.373 0.337 0.311 0.293 0.714 0.758
7 0.207 0.174 0.406 0.343 0.325 0.300 0.749 0.801
8 0.217 0.178 0.441 0.365 0.342 0.314 0.809 0.860
9 0.229 0.181 0.478 0.384 0.357 0.322 0.841 0.913
10 0.232 0.188 0.479 0.419 0.365 0.323 0.838 0.906
Mean 0.199 0.173 0.378 0.332 0.311 0.291 0.717 0.751
Median  0.192 0.172 0.354 0.323 0.302 0.287 0.693 0.724

interval score at point u; is defined as

Sa(uj) =

~

Q\N?\N.—|

n+h\n( )

o B @)
¥

~

n+h u]

Xié+h\n(uj):|

= ()| 1{ X () < L, ()}

n+h\n( )] 1 {Xn+h(x]) > X, +h\n( )} ,

where « is the level of significance, and 1{-} is a binary indicator function. According to

this standard, the best predicted interval is the one that gives the smallest interval score.

In the functional case here, the point-wise interval scores are computed and the mean

over the discretized ages is taken as a score for the whole curve. Then the average scores

over all populations are calculated. Mean interval scores are shown in Figure Though

the values are not different by large scales, the proposed high-dimensional FTS model has

an apparent advantage in interval predictions especially in long-run forecast.
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4.8

--- Independent FTS
—— HDFTS

Interval score

T T T T T
2 4 6 8 10

Forecast horizon

Figure 3.2: Mean interval score for one- to ten-step-ahead forecast. The green solid line
represents the mean interval score for the high-dimensional functional time series model.
The red colored dotted line represents the mean interval score for independent functional
time series forecast
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3.6 Conclusion

In this chapter, we have proposed a two-fold dimension reduction model for modeling and
forecasting high-dimensional functional time series. Our approach utilizes dynamic FPCA
and factor model to represent original data with low-dimensional time series. This offers
a solution to the issue of the curse of dimensionality in high-dimensional data settings.
We have also provided the asymptotic properties of the model when the dimension of the
functional data N grows with the sample size T. When the tail terms in both dimension
reduction steps converge to zero, the estimation error can be proved to converge to zero.
Compared to the existing forecasting approaches, the proposed method has been proven

to perform well both in simulations and in an empirical data analysis.

3.7 Appendix
Lemmas

We introduce some lemmas needed for the proofs of theorems. Lemma [1|is from the
Lemma 4 in the supplement of Hérmann et al|(2015). Lemma 2] bounds the difference
of eigenfunctions by the difference in covariance operators. Lemma 3| is known as
Kronecker’s Lemma, which helps with the proof of Lemma {4, The consistency of the
estimated functional covariance operator is proved in Lemmaf Lemma(f]is from Theorem
8.1.10 in |Golub & Loan| (2012). The idea of Lemma [5|is that the distance between two
matrices determines the distance between the eigenvectors of the two matrices, which
enables the proof for Theorem 2.

Let LY, be the space of H valued random variables X and define v,(X) = (E||X||P)1/P.
H P p

Definition 1. A sequence {X:(u)} € L, is called LP—m-approximable if each X; admits the
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representation,

Xt = f(et/ €-1,.- -)/

where the €; are i.i.d. elements taking values in a measurable space S, and f is a measurable
function f : S®° — H. Moreover we assume that if {€},} is an independent copy of {€;} defined on

the same probability space, then letting

(m) / /
Xt - f(etl €t—1,--, €t—m+1/ etfml et—m—]/ .. ')/

we have
Y 0p (X — X" < o0
m=1

To serve for the following lemmas, let £ = L(H, H) be the set of bounded linear
operators from H to H. For ¥ € £, we define the operator norm |||z = sup |, [|'¥(x)]].
A linear operator ¥ € £(H, H) is Hilbert-Schmidt if for some orthogonal basis (v, k > 1),
we have |[¥]|% = Lis1 [P (vk)||*> < oo. Then ||¥]|s defines the Hilbert-Schmidt norm.

Recall that for any Hilbert-Schmidt operator ¥ € L, ||¥||z < ||'¥]|s-

Lemma 1. Assume that (X;) is an L*-m-approximable series. Let C;, and Cp, be defined as in
and @BI1). Then, for all |h| < T, E(||Cy — Cplls) < U+/(|h]V 1)/T, where U is a constant,

and T is the sample size.

Lemma 2. Suppose C,K € L are two compact operators with singular value decompositions

[ee]

)\]‘<x,0j>f]', K(x) = X;’)/]<X,M]>g]
j=

Me

Il
—_

Clx) =
j
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Let v} = Cjvj, where ¢; = sgn((uj, vj)). If C is Hilbert-Schmidt, symmetric and positive definite,

and its eigenvalues satisfy
AM>..> N >)\d+1/

then

2v/2

2 )
[uj —vjl| < Tj”K_ Clle, 1<j<d,

where ay = Ay — Ag and aj = min(Aj_1 — Aj, A —Ajq),2<j<d

Lemma 3. If (x,)$_ is an infinite sequence of real numbers such that

(o]
Z Xm =S
m=1

exists and is finite, then we have for all 0 < by < by, <bs < ..., and b, — oo that

1 ¢
]}gl(’)loalgbkxk—o.

Lemma 4. Consider the estimator

! 1d

C=Y 1--9G,
h=-q

“ a4

where Cy, is the autocovariance operator at lag h. C is a consistent estimator for C.
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Proof.

le-cls=] Lo y a-he
h=—q

| £ a-Me-cof,+[; £ mal 4] £ ol

h|>q

IN

9

I e, ! £ o]+ I fol,

| A

On the right hand side of the above inequality, the second term tends to zero by
Lemma (3| The last term tends to zero by Assumption 2.

For the first term,

ey (1= e, ¢ Ly [llc C]Uq3/2
— >e| <= — <ud_,
(Lot -als>e) < f & o Sheie -y s w2
for some Uj.
Thus ||C — Clls = Op(q®/2/+/T) = 0p(1), under Assumption 5. O

Lemma 5 (Theorem 8.1.10 in Golub & Loan| (2012)). Suppose A and A + E are n X n
symmetric matrices and that Q = [Q1  Qz|, where Qy has size n X r and Q» has sizen x (n —r),
is an orthogonal matrix such that span(Q1) is an invariant subspace for A; that is AX span

(Q1) C span (A). Partition the matrices Q" AQ and Q" EQ as follows:

-
QTAQ = D, 0 Q'EQ = En Ey
0 D, Eyy Exn

If sep(D1, D2) := minycx(p,) uer(py) [A — 1| > 0, where A(M) denotes the set of eigenvalues of
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the matrix M, and ||E||, <sep(D1,D,)/5, then there exists a matrix P € R"=")" with

) | E21 |2,

such that the columns of Q1 = (Q1 + Q2P)(I + PTP)~/2 define an orthonormal basis for a

subspace that is invariant for A + E.

Proof of Proposition 1

Without loss of generality, we assume that E(Xo(i)) = 0. Since /'\,’O(i) and XZ’(M, h > 1, are

independent,
i i i i,(h i i i,(h
Iclls = X" @ (27 — 21| < (Bl 12 2 Ela? — 200 12),

which completes the proof.

It is easy to prove that a functional AR(1) model is L2-m-approximate (Hormann &
Kokoszka 2010). A functional AR(1) takes the form X;(u) = ¥ (X;—_1)(u) + €:(u), where
Y € L satisfies ||¥|z < 1, and €:(u) € L% is ii.d. with mean zero. The model can be
written as the expansion X} (u) = ¥7° W (e;—;)(u), where ¥/ is the jth iterate of the operator
Y. Let Xt(m) =Y Y6 ) + L ‘I’f(et(i)].), where e,((t) is an independent copy of €
for each t. It is easy to verify that for any A € £, v,(A(Y)) < [|A||zvp(Y). Since X}, —
X" = T2 [W(ey) — Wi (ely"))], it follows that vy (X, — X)) <252, (¥ [0, (e0) =

O(1) x v(eo)|['¥||’}. By assumption v;(ep) < oo, therefore Y ;1 va( Xy — X,Sqm)) < oo.
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Proof of theorems
Proof of Theorem 1

Proof. We first prove the consistency for ES,)U which is defined in (3.12):

B = Bl = [ (20,20 - (0,300

< (29,4 — 50

2

<X =75

Under Assumption 4, '7;(7i) is in the same direction as ')/éi) . Using Lemma

0 _ Al V2 ) _ Al
I =3, < 2w - ev)
P

Y forp=1,...,po,

where

(i) _ 0

ocgl) = Agl) — )\g), (x]g,l) = min()\szl — A}(f),)\p p+1)’

with /\,g,i) defined in (3.2). Under Assumption 3, ocg) is not equal to 0.
By Assumption 2 and Lemma [4} we have
3/2

50— 6 = 0r (22,

Now fori=1,...,N, ﬁg)t and ;ng)t are combined into vectors Bp,t and B,;. Then

~ 3/2
s~ sl =0r ()

Under Assumption 5, sup, HEW — Bp,tll2 = op(1). The proof is complete.
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Since we are following a similar process for each ph FPC score, we will, without
confusion, omit the subscript p in the following proof, so that ; denotes B, A denotes
Ay and f; denotes f, ;. The matrices L, L* and covariance matrices also denote the ones
corresponding to a specificp, p =1,..., po. O

Proof of Theorem 2

Proof. Recall that we have modeled the FPC scores as:
B: = Afi + e
And we have defined in Section 2.2 that

L =X4(h)Z; (h)
=4 h:Zho{Zf(h)AT +Zpe(h) + () HEf(M)AT +Epo(h) + o (~h)} | AT +E
h=1

= ADA" +E

= L*+E, (3.17)

where ADA" is the eigendecomposition of L*, as elucidated in Section 2.2.
To apply Lemma [5| on L* and L, let B be an orthogonal complement of A, then
L*B =0, and

with sep(D,0) = Amin(D), as defined in Lemma
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Next, we will find the order of Ayin(D). Define

We(ho) = (Ef(1),...,Ef(ho)),
Wf,e(ho) = (Zf,e(l)l---r}:f,e<h0)) Wf,e(_ho) = (}:f,e<_1)/'--rz‘f,e(_ho))/

so the summation in (3.17) can be written out as D = {Wy(ho) (I, ® AT) + Wy (ho) +

Wi o (—ho) H{Wy (o) (In, ® AT) + Wy o(ho) + Wye(—ho)} .

Let 0;(M) be the k™ singular value in descending order of matrix M. We have

Arin = 07 (W (o) (I, @ AT) + Wy () + Wy o(—10)}]
Z[@{“GWM(ngATH”—W{“&Ahw}—*H{MRA—hw}r
= [0 {Wy(Io)} — o1{Wy (o)} — o1 {Wp(—ho)}]?

=< 02 {Wy(ho)} < N* %,
where the last step used Assumption 6 and 7. Hence,
N?2 = O{Amin(D)}. (3.18)
Next, we will find the distance between L* and L.LetE L= L- L*,

IEc]2 = IL — L +E||2

<L —Lj2+[IL ~ L]+ [|E]2, (3.19)

where L is defined in (13), and

hy _ _
f = hz Z‘B(h)Zﬁ(h)T,
=1
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with
T—k -
Zp(h Z Bk — —-B)
t=1

where B = (1/T) L1, Bt
We will find the order of each of the three terms on the right hand side in (3.19). Let’s

first consider the last term. By (10) and Assumption 7, we get

IEll2 < (1)l + [1Zge(1)]l2) e (h)[l2 + [ Ze(R) |13
O(N'%),  when NT" /2 oo

_ (3.20)
O(N?=9T-1/2), when NT-1/2 = o(1)

Next consider

IEz, |l := IIL — L|l2

ho N " " N "
< 3. (IEs() = Ep()l; + 2/ Zp(ll, % |Ep() ~ Ep(0)])

We can find the rate for each term on the right hand side.
~ ~ 1 T—h ~ = ~ =T _ =T
2500~ Zs0), < 75 L [ (Beon = BYB =B = (Bron BB —B)"

T—h — _
< g & 1B Busn) = BB BB+

|Beon =Bl | (B: =B+ (B—=B)T[,| =or(1),  G21)

where Theorem 1 is used.

Under Assumption 2, the functional time series Xt(i) (u) is L*-m-approximable. Then
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each element of Lg(h) — Zg(h) is Op(T~/2), so

|Z5(h) — Zg(h)|l2 = Op(NT'/?)

|Zp(h)||, = ||AZf(h)AT + AZf,(h) + AZfo(—h) + Ze
< 2|, +2[|Zre ()], + [|Ze(R) ||

— O(le(S),
where Assumptions 6 and 7 are used.

[Zp(m)|l, < [|Zp(h) = Zp(h) |, + |26 (h)],

= Op(NT V/2) + Op(N'79).
Using and (10),
|IEL,[l2 = 0p(NT~1/? + N'=9).
Last we consider

1o ], := IIL = L||2

(3.22)

(1],

(3.23)

(3.24)

ho _ ) _
<) (I1Zp00) = Za(m) I3 + 2] Za() | | Ep(h) — (B, )

= Op(N’T™ 1) + O(N'~%) x Op(NT~1/?)

— OP(sz(STfl/Z)/
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where (3.22) and (3.23) are used.
Thus combing (3.20), (3.24) and (3.25),

IELll2 < [[ELll2 + [[ELy |2 + | E]l2

_ Op(NZ*‘ST’UZ n le(s)
Compared with the order for sep(D, 0) in (3.18),

|EL]l2 = Op(N20T~1/2 4 N1-0) = op(N? %)

= Op{sep(D,0)} = Op{A(D)}
According to Lemma [5| there exists a matrix P such that

|P[]2 < |EL||2,

sep(D,0) |

and A = (A+BP)(I+P'P)"V/2
Thus

|A— All2 = [|[A(T - (T+P"P)"/%) + BP][(1+ PTP) /2]

< || 1= (I +PTP)Y?|, +||P||2 < 2||P||2.

Since N2 = O(Amin(D)),

NZ—JT—l/Z + Nl—(5>

|A— Al =0p < N2—26

— OP(N(ST—l/Z + N(S_l).
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This completes the proof. ]

Proof of Theorem 3

Proof. Recall our model is B = Af; + e;. Now we consider

Af,— Af, = AATB, — Af,
= AAT B+ (B: — Bi)] — Af:
— AAT B, — Af, + AAT (B — Br)

=K; + K,
where
K; = AA"B; — Af; = AATAf, — Af, + AA e, = Kyy + Kyp + Ky,
with K11 = (AAT — AAT)Af;, Kio = A(A— A)e; and Ky 3 = AA " e;. We have
IK11]l2 = Op(| A = A2 fill2) = Op(NU~9/2| A — Al)).

As in Theorem 2, ||A — Al| = op(1) and ||A||; = 1, we have ||K1 ]|, dominated by || Ky ]|
in probability. Hence we only need to consider K; 3. Now consider for A = (ay,...,a,),

the random variable a]-Tet, with

E(afe) =0, var(ae) = a] Lo < Anax(Ee) < ¢ < o0,
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forj =1,...,r by Assumption 7, where c is a constant independent of T and r. Hence

a]-Tet = Op(1). We then have

r

IKi3]2 = [|AA T erl|2 < [[ATerll2 = Y (af er)* = Op(1).
]

j=1

Thus,

|Kall2 = Op(NO=0/2|| A = A2 4 1).

|Kall> = [|AAT (B: = Bl
< | AAT[2]|B: — Bill2
< (IAAT = AAT || + |AAT[12) 1B: — Bz
~ 3/2,/N
q
=0 A—A|+1
p([u I +1] T >

:Op(l).

Therefore,

%Hﬁt —Bill2 = % Hgft —Afi— etHZ

1
= 7 (Kl + [|Kzal2 + [let[|2)

N
1

N
= O0p(NUV2| A - A, + 1
= Op(NV=D/27-1/2) L Op () ,

N

where ||e¢||2 = Op(1) by Assumption 9.

The proof is complete.
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Proof of Theorem 4

Proof. We are comparing the true functions Xt(i) (1) and estimated functions ./'?t(i) (u):

=
S() Po
20 (w) = Y 1By 075 (w)
p=1
N .
N 180 w0~
N Po
< 5 1 2 B O3 0) ~ 1Bpal O W)l + 1 an )l
i=1p=1
Iy i)y 40) _
N o LB = 8o "y3 )+ B O3 = )]+ zuet )z
p=li=
Po N . . . . .
<< 2 [ 1B = 8o 1137 0l + 118 V1N 5 = 23} + 1 Znet )l
p=li=
1 Po N , N (i) 12
<N L LlBe Ao LI IR + Zﬁpt vap — 13
P= 1= 1=
18 o : .
—|—N2Het u)l2 (Cauchy inequality used)

~

<
=M= L

IN

N 1By = By, fnrzz 178 = A 1B+ 19 13 + 2155 = 78 23 -

1 N

HﬂptHz Z ||'Yp - ')’p 2} + N 4 Z Het u)lf2.

=1

Under Assumption 8 and 9, ||€§i) (u)]|2 = op(1). With the results from Theorem 1, 2
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and 3,
1 % H)?t(i)W) _ Xt(i)(u)Hz — OP<1\/(N(1+5)/2T—1/2 4+1) x N+ N0 x E)
N & N T
— Op(NO/2TV/2 | N~1/2 | N=0/253/27-1/2)
= op(1).
The proof is complete. O

Proof of Theorem 5

Proof. First we need to make notations clear that the true factors {fy1,..., fyr+n} are

defined in (6), the estimated factors {f,,,l, .. .,ﬂ,T} are defined in (15), and the forecast

factors {ﬁ,,Tﬂ‘T, cee, ]?F,,TJFMT} are defined in (16), where each is an r-dimension vector.
Using the model B+ = Afp:+ ey, and that Aj Ay = I, we have fp; = A} (Bpi — ep)-

ﬁ,t is estimated using (14). Then

I for = Fotla = 1A, Bpt — Ay Bt — Ay epill2
<Ay = A] [2lBpill2 + | Apll2ll By — Bpilla + 1Ay epilla
=0p(I4, — A, |211Bptll2+ 1Byt — Bytll2)
— Op{(N°T /2 4 N 1) N(1-9/2 | 1)}

= Op(NUF2T=1/2 4 1) (3.26)

where the results of Theorem 1 and Theorem 2 are used.

. . 0
To make forecast, we assume r scalar time series models to each element f; t) ;1=
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1,...,rin f,;. In this case, we use AR(1) model, that is:

£ = gpifl) v @l t=2,.,T+h
The forecast factor follows

e =Gpif) e t=T+1,..,T+h,

where 4A>w- is estimated autoregressive parameter calculated using estimated factors. Then

iteratively we can deduce:

(i) pA) )
fp,T+h = 4)p,ifp,T + 21 qu,iwp,]ikhfjl (327)
]:
and
£(0) _ zh 7
f prJrh\T = ‘Pp,if pr- (3.28)

By definition, the parameter ¢,,; = p, (1), where p,;(1) is the lag 1 autocorrelation
of f;lt) The estimator for AR(1) parameter is ¢,; = pp,i(1), which is the sample lag 1

autocorrelation of f;it), and is calculated as

1 J?;Slz f;(?ft)ﬂ

p\p,iu) = 2
Y f;(;lt)

Define also ¢,,; as the sample AR parameter calculated using the true factors flgq, ey f;l)T,
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that is

T-1
~ Zt lfptfpt—i—l

pi =
1fpt

And,

“13;7/1' —Ppil = |ﬁp,i(1) _ﬁpi(l)‘

Lo ffta TS fifia
Y f;t Eflf,g?z
Y 1fpt ZtT ]?;(ztf b — L 1fpt ZtT 11fptfpt+1
CL Al Sl

1] e T 1o l T iy
:K (tZlf;St) _tzlﬁ(a,z);ﬁgt A1 prt pt+l prz pt+1 t; pt
1 T i i i i =l i i
= Z(f;§3+ﬁ¢3)(f,§f—ﬁ3) ]?,(g,t)J?;S,t)H
t=1 t=1
T F0 A) () 2D \F)] v 20
- = [(fp,t _fp,t )fp,t+1 + (fp,t+1 _fp,t+1)fp,t] gfp,t
1| & L i i — | (i)
< 3 U+ B~ RS A
t= t=1
= i i i i i L 12
© 2 - FA 1~ F) SR

where i = 1,...,r. We denote the order for | f;lg\ as 1, and the order for |fr(ft)| as 1,
. . 2 2
that is, |er12| = 17, and |J?;(712| = ’7;,1'- Then, A = Y[, f;t) Yy, flﬁ? = T217§,i17;2,i. It can

be calculated that the terms contained in the braces in the above inequality are of order
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T?(11p,i + W;,i)’?;yzﬂ f ,Slt) - ]?;Slt) |. Thus,

S 12 a2 I X AT BT AV A [
(Bpi — Ppil = Mup,t - fil = rii Pl
pt p.t p.t
=Bl 1 = B U + Uyt = £l
- (i) )2
57 £
2110 = Fl I = AR
- 6) * 07,
|fp,t’ |fp,t |
Let
o Ut = Al
A7)
then
(1+6)/2—1/2
O =0y (N T-Y2+1

N(1-9)/2
— OP(N(ST—l/Z + N(&—l)/Z)

= Op(l),

where (3:26) and Assumption 7 are used. And |¢,; — §,i| = Op(Q).
According to basic time series textbooks, we know |§,,i¢pi| = Op(1/+/T). Then

@Pﬂ' — pi| = }‘ﬁpli — Ppi+ Ppi — il
< |@pi = Ppi| + |Ppi — Pl
— OP(N5T—1/2 + N((S—l)/Z)‘
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Using mean value theorem, there exists 4>;]i between ¢, ; and (:EW' such that

= )h¢'h71p,z‘(4’i — i)

— OP(N(STfl/Z + N(&*l)/Z)’

h ~h
‘ (Pp,i - (Pp,i

The above holds because |¢,;| < 1, due to stationarity.

By (3.27) and (3.28), we can write

(Pplpr ¢plpr+Z4) p'T-i-h —j

(i) _
fp T+h pT+h|T

’4);71 (sz |fT1|+’pr 24) p‘TJrh j

— Op {(N‘ST’UZ + N((sfl)/z)(N(H&)/qu/z + N(lfb’)/Z)
+ NA+9)/27-1/2 4 N(6-1)/2 +F1}

— OP(N(1+35)/2T—1 + N(1+5)/2T—1/2 + rp,i)

where we define I';; as the order of Z 4) p‘T he ]‘ Then we combine f;EZ)T 4y and

f 7|7 INto vectors. The vectors f, 1,4 and fp,T 4|7 are of length r, which is a constant.

Thus, the vector norm

||fp,T+h _ fp,T+h\T||2 — OP(N(1+35)/2T—1 + N(+8)/2p-1/2 l"p),

where T, = max;(T,).
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The prediction error for functional principal component scores

Hﬂp,T+h|T - ﬂp,T+hH2 = HApr,THi\T — Apfprin — ep,T+hH2

=14y = Aplallfo,rsnllz + 1 Fprmr = Frrsnll2lAplla + llep,rinll2

:OP(N(1+§)/2T—1/2+N(l+35)/2T—1_|_1-'p+1)

Recall that in Section 2, the model and predicted function are as follows

Po

X0 w) = Y [Bprenlind) + e, (w)
p
pPo

‘)?7(":)_;1”( ) ;[ﬂp T+h|t]z')’;(7)( ).

Using similar calculations as in the proof of Theorem 4,

1

8 L[l - 20

1=

IA
Z\

a ~ 2 N i i i (i i i
55 J |Borsnir = Bprsa[, 12 (1135 = A 1B + 1 13 + 20155 = 242l
|4 i=1

HﬁpTJthZZH'Yp _'Yp ||2 Z|’€T+h u)l[2.

i=1

P <11]\/(N(1+5) T-1 4 N (1+38) 72 + T2+ 1)N + Nl—(SNqST—l/2>

OL

— OP(N(S/ZT—l/Z + N—l/zl" + N—1/2 + N—5/2q3/2T—1/2)

= 0p(1) + OP(N*”ZF),

where T' = max, (T';).
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The proof is complete.
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Chapter 4

Factor-Augmented Smoothing Model

for Functional data

4.1 Introduction

One main challenge in functional data analysis (FDA) lies in the fact that we are not
able to observe functional curves directly, but only the discrete points, which are often
contaminated by measurement errors. Moreover, when the number of discrete points is
much larger than the number of curves, we encounter the so-called curse of dimensionality.
We address these challenges by introducing a factor-augmented smoothing technique.
We denote a random sample of n functional data as &;(u),i =1,...,n,andu € Z C R,
where 7 is a compact interval on the real line R. In practice, the observed data are discrete
points and are often contaminated by noise or measurement error. We use Yj; to represent
the jth observation on the ith subject; the observed data can then be expressed as a “signal

plus noise” model:
Yi]':.l"i(uj)—i—ﬂij, jzl,...p; i=1,...,n.

We use X;(u;) to denote the realization of the jth discrete point on the curve X;(-), and #;;

is the noise or measurement error. We assume that measurement error only takes place

89
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90 Factor-Augmented Smoothing Model for Functional data

where the measurements are taken; thus, the error 7;; is a multivariate term of dimension
p. Though in practice, the signal function component X;(u;) is of the same p dimension,
it differs from 7;; in nature. Although functions are potentially infinite-dimensional, we
may impose smoothing assumptions on the functions, which usually implies functions
possess one or more derivatives. This smoothness feature is used to separate the functions
from the measurement errors - a procedure called functional smoothing.

When the variance of the noise level is a tiny fraction of the variance of the function, we
say the signal-to-noise ratio is high. In this case, classic smoothing tools apply to functional
data, including kernel methods, (Wand & Jones|[1995); local polynomial smoothing (Fan &
Gijbels [1996), and spline smoothing (Wahba|[1990, Eubank|[1999, Green & Silverman|1999).
With pre-smoothed functions, estimates such as mean and covariance functions can be
further obtained. More recent studies on functional smoothing approaches include Cai &
Yuan| (2011), Yao & Li (2013) and Zhang & Wang| (2016). In this article, we apply basis
smoothing to the functions X;(u); that is, we represent X;(u) as X;(u) = Y&, cixdpr (1),
where ¢y (u) are the basis functions and the cj are the smoothing coefficients. The

smoothing model then becomes

K
Yij:ZCik¢k(u)+77ij/ jzl,...P; i=1,...,n
k=1

When the signal-to-noise level is low, smoothing tools may not be adequate in re-
moving the measurement error and may cause inefficient estimation of the smoothing
coefficients. Let us take a further look at the measurement error 7;;. In FDA, it is often the
case that the number of discrete points p on each subject is large compared with the sam-
ple size n. Hence the term 7;; is a high-dimensional component. In this case, the observed
data are in fact a mixture of functional data and high-dimensional data. The existence of

the large measurement error 7;; raises the problem of the curse of dimensionality, which
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naturally calls for the application of dimension reduction models to 7;;. Many studies
have been conducted on various dimension reduction techniques for high-dimensional
data; among theses, factor models are widely used (Fan et al. 2008} Lam et al.[2011).

We propose using a factor model for the measurement error term. The high-dimensional

measurement error is assumed to be driven by a small number of latent factors.
. L .
nij = a; fi +€ij, i=1...,n, j=1,...,p,

where f; € R" are the unobserved factors, a; € R" are the unobserved factor loadings, r is
the number of latent factors, and €jj are idiosyncratic errors with mean zero. Thus, the

observed data Y;; can be written as the sum of two components:

K
Yij=Y capu(u)+af fite;, i=1,...,nj=1..,p.
k=1

In the following, we refer to 7;; as the factor model term and ¢;; as the error term.

Since the latent factors are unobserved, we propose an iterative approach to simul-
taneously estimate the smooth function and the factors. Principal component analysis
(PCA) is used as a tool to solve the factor model and penalized least squares is applied to
construct the estimator for the smoothing coefficient c;;. We also establish the asymptotic
theories of the smoothing coefficient estimator. The consistency of the estimator is proved,
as well as the asymptotic distribution of the estimator. The interplay between the smooth
component and the factor model component is manifested; in particular, the smoothing
estimator is projected onto the orthogonal complement of the space spanned by the factors
fi.

The proposed estimator is asymptotically unbiased as well as efficient. When the

expectation of 7;; is zero, ignoring the factor model component will not introduce bias to
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the estimation of the smoothing coefficient, but will lead to a less efficient estimator. It is
shown that the variance of the proposed estimator reaches the Cramér-Rao lower bound.
When the expectation of 7;; is not zero, the smoothing coefficient estimator of a model
without the factor model component will be both inefficient and biased. This is supported
by the simulation results in Section

The factor-augmented smoothing model is motivated by three considerations, as
listed below. In these three cases, using the proposed model remedies the defects of the

traditional smoothing model.

1. In traditional smoothing models, the measurement error 7;; is assumed to be small
and the covariance between the measurement error in the functional dimension is
ignored. This is an unrealistic assumption when the measurement error is large.
With the factor model applied, we assume that the covariance in measurement error
can be captured by a small number of factors. This is often reasonable in practice
because the occurrence of systematic measurement error is usually driven by a few

common factors.

2. When the number or shape of the smoothing basis are incorrectly identified, the
smoothing model will lead to an erroneous coefficient estimate and large residuals.
The proposed model deals with this problem since the unexplained variation from

the mis-identification of the basis can be modeled with a small number of factors.

3. When there are step jumps in the mean level of the functions, neglecting the mean
shift in smoothing models will result in large residuals at the point where the jumps
take place. The changes in the mean levels of the functions come from a universal

source and thus can be modeled by common factors.

In the remainder of this chapter, we elaborate on the three motivations in detail,
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with examples given in Section In Section the model is formally stated and the
iterative estimation approach is provided. We discuss the asymptotic properties of the
smoothing coefficients under assumptions in Section In Section we consider from
the statistical inference aspect of the model and propose a covariance matrix estimator
for the raw data. In Section we conduct Monte-Carlo simulations on the proposed
model under various settings. A few real data examples are given in Section and the
conclusions are drawn in Section Last, we provide the proofs of the relevant theorems

and the lemmas in the Appendix.

4.2 Motivation

We introduce three examples to motivate the proposed model. In these cases, the smooth-
ing model is not adequate to capture the signal information in the raw data. In the
first example, when large measurement error exists, the residuals after smoothing are
large with some extreme values. In the second example, when the basis functions are
selected incorrectly, part of the variation in the functions cannot be captured by the
smoothing model. In the third example, when there are step jumps in the functional data,
the residuals after smoothing contain gaps. These examples demonstrate that further

modeling of the residuals is needed.

4.2.1 Functional data with measurement error

Figure [4.1) shows the rainbow plots of the average daily temperature and log precipitation
at 35 locations in Canada. Due to the nature of the two kinds of data, it is reasonable
to assume that temperature and log precipitation are functions over time. The two
graphs, however, display distinct features. In the temperature plot, though there are

some perturbations, it is relatively easy to discern the shape of each curve; while in the
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precipitation plot, there is a great amount of variability in the raw data, such that it is
almost impossible to observe the underlying shape of the curves.

Smooth temperature data can be retrieved without much difficulty using basic smooth-
ing techniques. The residuals are small, with constant variation. On the other hand, for
the precipitation data, the residuals after smoothing exhibit a high level of variation, and
even contain some extreme values. Our model endeavors to further explain the large
residuals in similar cases to the precipitation data; we will show the fitting result in

Section 4.7

Average Daily Temperature at 35 locations in Canada

0 100 200 300
Day

Average Daily Precipitation at 35 locations in Canada
B S ‘ i\ ‘H
B _ l‘wmur ‘ ' Ml
g ° H'? .i;‘;‘ “Hl}\x f\":’( ‘
§’$ 1”" ”'h{"

w,o 0 bt
100

T T
200 300
Day

Figure 4.1: Average daily temperature and log precipitation in 35 Canadian weather
stations averaged over 1960 to 1994
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Remark 1. Our model also serves as a pre-smooth process for further statistical inferences. In
functional linear models where the smoothed curves are used as either functional response or
functional covariates, it is essential that accurate estimates of pre-smoothed curves are used. Take
the Canadian weather data as an example; the precipitation measured over time can be used as
a functional dependent variable where the temperature measured over time can be used as the
functional independent variable. In this case, we want to recover accurate smoothed weather curves

before fitting the regression model.

4.2.2 Mis-identification of the basis function

It is important to choose the appropriate basis functions in the smoothing method. In
this example, we show the inadequacy of the smoothing model when the basis functions
are mis-identified. We generate the functional data using basis functions with changing
frequencies. The raw data are shown in Figure 4.2| (a). Fourier basis functions are used.
In the second half of the data, the frequency of the Fourier basis functions increases, so
the data exhibit more variation toward the right end. Suppose that we were not aware of
the change in the frequencies in the basis functions, and still used the basis of the first
half of the data for the whole curves. The consequences of mis-identification of the basis
functions when a smoothing model is applied can be observed in Figure (b). The
residuals are large in the second half. The smoothing model fails to reduce the residuals;
a factor model can be used to further model the signal hidden in the large residuals. The

data generation process and further analysis can be found in Section

4.2.3 Functional data with step jumps in the mean level

We provide another example of functional data with step jumps to motivate our proposed

model. Suppose we observed a sample of the raw functional data as shown in Figure[4.3|(a).
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Residuals

0.0 0.2 0.4 0.6 0.8 1.0

u

(b) Residuals

Figure 4.2: Simulated sample of functional data with changing basis functions
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It can be seen that there is a jump at around u = 0.5. The jump applies to all the data in
the sample, so this sudden shift is in the mean level. We will explain how the data are
generated in Section The residuals after smoothing are presented in Figure [4.3| (b).
The large residuals around the jump make it clear that, without measures to deal with
the step jumps, smoothing itself is not enough to model these kind of data. We show
in Section that the proposed model applied to the same data generates smaller
residuals and also has less flexibility. This is indeed one of the main goals in view of

model selection.

4.3 Model specification and estimation

In this section, we formally state the proposed model in Section and provide the
estimation method in Section We first show how the smoothing coefficient ¢; and
the latent factors f; are estimated separately, and then introduce an iterative approach to

simultaneously find these estimates.

4.3.1 Model statement

We consider a sample of functional data Xj(u), which takes values in the space H :=
L*(Z) of real-valued square integrable functions on Z. The space H is a Hilbert space,
equipped with the inner product (x,y) := [ x(u)y(u)du. The function norm is defined

1/2

as ||x|| := (x,x)'/% The functional nature of X;(u) allows us to represent it as a linear

expansion of a set of K smooth basis functions.

K
Xi(u) =Y cipr(u), uel,
k=1
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Residuals

0.0 0.2 0.4 0.6 0.8 1.0

u

(b) Residuals

Figure 4.3: Simulated sample of functional data with step jump
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where ¢ (u) is a set of common basis functions, and cj is the kth coefficient for the ith

curve. Therefore, we can write the full model as

K
Yii =Y cudpr(uj) +7ij,
k=1

771']’:11]'Tfi+€z’j, i=1...,n, j=1,...,p,

where f; € R" are the unobserved common factors, a; € R" are the unobserved factor
loadings and r is the number of factors. We call this proposed model the factor-augmented
smoothing model (FASM). For the model to be identifiable, we require the following

condition.
Identification Condition 1. We require

(i) X;(u) is independent of ;j, and

(ii) %2]7-’:1 ajajT —P X4 > 0 for some v X r matrix X4, as p — oo;

Lyr fifT —F Y > 0 for some r X r matrix X¢, as n — oo.

The first part of the identification condition ensures the signal function component
and the factor model component are independent. The second part ensures the existence
of r factors, each of which makes a nontrivial contribution to the variance of 17ij, which in
turn guarantees the identifiability between the factors and the error term e;;.

We treat the basis functions ¢ (u) as known, and the number K fixed. This is, of
course, a simplification to accommodate for the theoretical proofs. In real data analysis,
there exists a variety of choices for the basis functions and the decision can be quite
subjective. For example, Fourier bases are preferred for periodic data, while spline basis

systems are most commonly used for non-periodic data. Other bases include wavelet,
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polynomial, and some ad-hoc basis functions. It can also be extended to allow the number

of K to go to infinity.

4.3.2 Estimation

We can write the model for the ith object as

Y, = ®c;+ Afi + €, (4.1)
where
Yi Cil ¢r(u) ... Px(ur) a; €il
‘Yl = , Cl = , ¢ = , A = , € =
Yip CiK 4)1(Mp) e (,bK(up) {1; eip

Combining all the objects, we have in matrix form
Y = ®C+ AF' +E, (4.2)

where Y is p x n and C is a K X n matrix containing all the coefficients. The matrix
F=(f,...,f1) isnxrand E = (ey,...,€,) is n x p. Since ® is assumed to be known,
we illustrate how the parameters C, A and f are estimated in the following.

For the latent factor estimation, there is an identification problem such that AF T =
AUU'FT for any r X r invertible matrix U. Thus, we impose the normalization restriction

on the factor loading matrix A

ATA/p=1,. (4.3)
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It is also required for the factor matrix that F' F is a diagonal matrix.
We propose to implement penalized least squares, where the objective function is

defined as

n
SSR(ci, A, f) = ) [ (Y, — ®c; — Af.) T (Y — ®c; — Af)) +a x PEN(XZ.)} ,
i=1

where PEN(4;) is a penalty term used for regularization, and « is the tuning parameter
controlling the degree of smoothness. The same « is used for all the functional observations
i. This is a simplified case, where we assume a similar degree of smoothness for all the
curves. The tuning parameter can be chosen by cross-validation or information criteria.
We intend to penalize the “roughness” of the function term. To quantify the notion of
“roughness” in a function, we use the square of the second derivative. Define the measure

of roughness as
PEN,(X;) :/ [D2X;(s)]* ds,
T

where D2X; denotes taking the second derivative of the function X;. The larger the tuning

parameter «, the smoother the estimated functions we obtain. Further, denote

®(u) = [p1(u),..., ¢x(u)] " . (4.4)

Then
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We can re-express the roughness penalty PEN, () in matrix form as the following:

PEN, (X)) :/I[Dzé’(i(s)]zds
:/I[ch?d%s)rds
:/IciTDZCI)(s)DZCI)T(s)cids
=c/ [/Ithb(s)Dzd)’(s)ds] ci

_ T
= ¢; Rc;

where R = [, D?®(s)D?®’(s)ds. The penalty term differs for each subject only by the
coefficient c;.

Thus, the objective function can be written as

SSR(c;, A, f) = i [(Yi —®c;— Af)T (Y, — ®c; — Af:) + txciTRcl} ,
i=1

subject to the constraint ATA/p = I,.
Our aim is to estimate the smoothing coefficient ¢;. We left multiply each term in (4.1
by a matrix to project the factor model term onto a zero matrix. Define the projection

matrix
Ma=1,—-AATA)'AT =1,— AA" /p. (4.5)
Then

MAAf; = (Ip —AAT/p) Af; = (A —AATA/p> fi=0.
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So we estimate c; from the projected equation
MpY; = M ®c; + Mye;.

The projected objective function becomes

n
SSR(c;, A) = ) [(MAYZ- — Ma®c;) " (MaY; — Ma®c;) + ac; Rci] . (4.6)
i=1

By taking the derivative of SSR(c¢;, A) with respective to each ¢;, we can solve for the

estimator ¢;.

aSSR(ClA)

o (MAY; — Ma®c;) ' (Ma®) + 2ac/ R.

Setting the derivative to zero and rearranging the terms, we have
(cpTM}MAcD n (xRT) ¢ =® MIM,Y.
Using the fact that
T T\ T
MiMa = (I, = AAT/p) (I, —AAT/p) = My,
we obtain the least squares estimator for c; given A

-1
¢ = <d>TMA<I> +acRT> @ M,Y,.
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Next, to estimate A and f;, we focus on the factor model
ni = Afi+ e,
and in matrix form
Z=AF' +E,

where Z = (#1,...,1,). In high dimensions, the unknown factors and loadings are
typically estimated by least squares (i.e., the principal component analysis; see, e.g., |[Fan

et al.| (2008), Onatski (2012). The least squares objective function is
tr [(z —AF")(Z - APT)T} . (4.7)

Minimizing the objective function with respect to F', we have F' = (ATA)1ATZ =

A'Z/p, using [@3). Substituting in [.7), we obtain the objective function

tr [(z —AA"Z/p)(Z - AATZ/p)T}
= tr (zzT —ZZ"AAT /p—ZZTAAT /p+ AATZZT AAT /p2>

=tr(ZZ") —tr(ATZZ" A)/p,

where the last equality uses (£.3) and that tr(ZZTAA") = tr(ATZZ" A). Thus, minimiz-
ing the objective function is equivalent to maximizing tr(A" ZZ" A)/p. The estimator for

A is obtained by finding the first r eigenvectors corresponding to the r largest eigenvalues
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of the matrix ZZ" in descending order, where

n

n
zz2" =Yyl =Y (Y, — @) (Y — @c) "
i=1 i=1

Therefore, knowing c;, we solve for A using

1 & PO
- Y (Y, — ®c) (Vi — ®c;) ' | A= AV, (4.8)
i=1

where V;,, is a r X r diagonal matrix containing the r eigenvalues of the matrix in the

square brackets in decreasing order. The coefficient # is used for scaling.

Remark 2. The number of factors r is assumed to be known in this chapter. In practice, r is
selected based on some criteria regarding the eigenvalues. There has been many studies on this
topic. Examples include |Bai & Ng| (2002), where two model selection criteria functions were
proposed; Onatski (2010), where the number of factors was estimated using differenced eigenvalues;
and Ahn & Horenstein| (2013), where this number was selected based on the ratio of two adjacent

eigenvalues.

It can be seen that A is needed to find ¢;, and in turn ¢; is needed to find A. The final

estimator (¢, A) is the solution of the set of equations

a:(q>TM3cI>+aRT)*1cI>TMAYi, i=1,...,n 49)

[T (Y — @E) (Y - 8) | A = AV,

Since there is no closed-form expression of A and ¢;, we propose using numerical iterations

to find the estimates. The details of these iterations are as follows:
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1. Denote the initial value as A(?). Using ([&9), we obtain

-1
E(O) = ((I)TMA(O)(D + IXRT) (I)TMA(O)YZ'.

1

2. With Ez@ , we substitute into the second equation of to obtain

Alt+1) — (agtﬂ) a(t+1))T

AR 4 r 7

Y — <I>’<t+l))(Yi - <I>E(t+1))T corre-

where @; is the eigenvector of the matrix - )

P
sponding to its jth largest eigenvalue.

3. With A(+1 we obtain f:ftﬂ) = (CDTMA(M)(I) + DCRT) ! <I>TMA({+1)Y,' using

‘/\(H-l

4. We then repeat step 2 and 3 until | El(-t) | < J, where ¢ is a small positive

constant.

Remark 3. In this chapter, we use A©) = 0. This means we start by ignoring the factor model
component so the initial value for the smoothing coefficient ¢, &0 = (@'®+ szT)_l o'y,
which is simply the ridge estimator. The convergence of Newton's numeric iteration requires the
convergence of this estimator, which in turn requires the factor model component 1;; to have an

expectation zero.

Remark 4. Common methods for selecting the shrinkage parameter w include the Akaike’s Infor-
mation Criterion (AIC, Akaike| (1974)) and the Bayesian Information Criterion (BIC, Schwarz
(1978)) and cross-validation. In this chapter, we use the mean generalized cross-validation (mGCV)

method (Golub et al |[1979). We define, at step t,

mGCy®

(*
n E!
% PSSE; (4.10)

1:21 [p —df ()]
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where SSEZQ) is the sum of squares residual for the ith object at step t and df") (w) is the equivalent

degrees of freedom measure, which can be calculated as
df®)(a) = trace [@(beMAm(D + aR)*quMg(t)} . (4.11)

At each step of the iteration, the tuning parameter w is chosen by minimizing the mGCV®).

After we obtain the estimates A and &, the estimated coefficient matrix C is constructed

as C = (€1,...,Cx), and the estimated factor can be obtained by
FT=AT(y-®C).

Finally, the signal function component can be estimated by X;(u) = ¢ ® (1), where ®(u)

1
is defined in (4.4).

4.4 Asymptotic theory

In this section, we study the asymptotic properties of the coefficient estimator c; with
growing sample size and dimension. We state the assumptions in Section and then

provide the asymptotic results of ¢; in Section [4.4.2]

4.4.1 Assumptions

In this chapter, the norm of a vector or matrix U is defined as the Frobenius norm; that is,

|U|| = [tr(UTU)]"?. We introduce the matrix

1 FTF\'
D;i(A) = <1>TMAc1>—;cIFMAcbﬁ.T <n> f. (4.12)

1
p
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This matrix plays an important role in this chapter. It is used in the proof of consistency
of ¢;, as can be found in Appendix A. The identifying condition for ¢; is that D;(A) is
positive definite for all i, which is stated in Assumption

First, we state the assumptions.

Assumption 10.
sup |¢(u)| =0O(1), k=1,...,K
u

The above assumption declares that the basis functions are bounded in norm. This
is quite natural as some of the most commonly used basis functions are bounded; for

instance, the Fourier basis, B-spline basis, and wavelet basis functions.

Assumption 11.
llcil| = Op(1), forall i

In this assumption, we assume the smoothing coefficients ¢; are bounded uniformly
for all i. This assumption is introduced to ensure the uniform consistence of the estimated

coefficients ¢;.

Assumption 12. Let A= {A: ATA/p = I}. We assume

inf D;(A) >0
AeA

This assumption is the identification condition for ¢;. The usual assumption for the
least squares estimator only contains the first part of (4.12). The second part arises because

of the unobservable matrices F and A.

Assumption 13. For some constant M, E||aj||* < M,j=1,...,p and E|[ fi]|* < M.

Draft Copy - 1 December 2020



84.4 Asymptotic theory 109

Assumption 14. The error terms €j;,j =1,...,p,i =1,...,nareiid. in both directions, with

E(eji) = 0, and Var(ej;) = 0%, and Elej;|® < M.
Assumption 15. €; is independent of ¢s, fi, and as for all j,i,s,t.

We require that the errors are independent in themselves and also of the functional
term ¢(u) and factor model terms f; and a;. In order not to mask the main contribution
of our method, we use a simplified setting on the error terms to exclude endogeneity.
Nevertheless, Assumption 14 can be relaxed and our model can be easily extended to
more complicated settings where correlations between the error term and the factor model

terms are allowed.
Assumption 16. The tuning parameter satisfies x = o(p).

This is conventionally assumed in ridge regression ( see, e.g., Knight & Ful (2000)), and
assures that the asymptotic bias of the estimator is zero.

Before stating the next assumption, we introduce some notations. Let wj, j=1...,p
denote the jth column of the K x p matrix ® M 4o, and let ¢ denote the (i, k)th element

of the matrix Mg, where
Mp=1I,—F (PTF> F'. (4.13)

Then, for any vector b = (by,...,b,)", we can write

1 1 1
——® "' M4 EMrb =

n p n nop
NG N Zi:;wjeji Zk:¢ikbk =7 Zi;;xi]-. (4.14)

In (4.14), for notational simplicity, we define x;; as wjej; Y Pixbx. The matrix ® "M, 0EMr
is of interest because it is the main component that contributes to the asymptotic distribu-

tion of the estimators, as shall be seen in the next section.
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Let

2

2
n P n

= — Y)Y wfw (quikbk> : (4.15)
i k

=

We make the following assumption.

Assumption 17. We assume there exists a K x K matrix L such that
L =1lim Ly, (4.16)
np

where Ly, is defined in @I15). Let v* be the smallest eigenvalue of the matrix L defined in (&.16).

We then assume that v? > 0, and that, for all ¢ > 0,

lim
n,p—c0 npy

ZZ]E [HxUH 1 (Hxl]H > enpy )] B

i=1j=1

This assumption is the multivariate Lindeberg condition, which is needed in construct-
ing the central limit theorem result in the next section. This is by no means a strong
condition; for instance, when the factor model component is ignored, w; is simply ¢, and
xij = ¢;ibej;. Since we assume ¢; = O(1) in Assumption [10, the Lindeberg condition is

met.

4.4.2 Asymptotic properties

We use (c?, A) to denote the true values of parameters. As we have mentioned previously,
the identification problem of the latent factor implies that we actually use the estimator A

to estimate a rotation of A°. Based on the objective function (£.6) in Section we use a
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center-adjusted objective function defined as below.

1 n 1 n
Sup(ci, A) = = Y [(Yi — ®c;) ' Ma(Y; — ®c;) + ac] Rcl} T Y e/ Mye;,  (417)
i=1 i=1
where My = I, — AAT/ p, satisfying ATAP = I,. The second term on the right-hand side
of does not contain the unknown A and c;, so the inclusion of this term does not

affect the optimization result. This term is only used for center adjusting, so that the

resulting objective function has expectation zero. We estimate ¢? and A° by

(¢;,A) = argmin Snp(ci, A). (4.18)
Ci,A
In the following, we establish the theorems for the estimated coefficient matrix C.In
Theorem @ the consistency of the matrix C is proved. In Theorem @ we show the rate of
convergence of C. Theorem [§ provides the asymptotic distribution of C.

Let Py = U(U'U)~'U" for a matrix U.

Theorem 6. Under Assumptions|10|-|15| as n, p — oo, we have the following statements

(i) L |c- GH _4p0.

(ii) |[P5 — Pao|| —70.

We start by proving the consistency for the vector ¢;. This consistency is uniform
foralli =1,...,n. Therefore, we could combine ¢; for all i = 1,...,n, and we have the
result for the coefficient matrix C in (i). The matrix C is of dimension K x 1, where K
is fixed and the sample size n goes to infinity, so there is a ﬁ scale in the result of (7).

In the second part of the theorem, note that P4 = I, — M4, where M, is the projection

matrix onto the orthogonal supplement of the linear space spanned by the columns of A.
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Thus, P; and P, represent the spaces spanned by A and A°, and we show that they are
asymptotically the same in (i7).

Next, we obtain the rate of convergence.

Theorem 7. Under Assumptions[10]-[15) if p/n — p > 0,
(c — 6)
——=Mr|| = 0,(1),
\/ﬁ \/ﬁ F P( )

where MF is defined in (4.13).

We study the case when the dimension p and the sample size n are comparable. We
. 1 c-C .
achieve rate ,/p convergence, considering % on the whole. It is expected that the
rate of convergence for smoothing models depends on the number of discrete points p

observed on each curve.

Remark 5. The asymptotic result in Theorem [7| contains a projection matrix Mg. This matrix
projects C — C onto the space orthogonal to the factor matrix F. This theorem shows the interplay
between C and F. When C and F are orthogonal, (C — C)Mg = C — C, and we obtain the rate of
convergence for C — C. When C and F are not orthogonal, the inference on C will be affected by

the existence of the factor model component.

We further begin to establish the limiting distribution. It is shown in Appendix A that

(C_E)MF :' +0,(1).

1 1
\/?7 <p®TMAO¢> TP¢TMAOEMF

The limiting distribution is constructed based on the first term on the right-hand side.
Let w; denote the jth column of the K x p matrix &' M. We then have the following

lemma.
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Lemma 6. For any vector b = (by,...,b,) ",

1
— & MyEMpb -5 N (0, L),

VP
where L is defined in (4.16).
This lemma paves way for the next theorem on asymptotic normality.

Theorem 8. Under Assumptions|10|-|16} if p/n — p > 0, we have for any vector b € R"

c-C - -
V(5w o) o)),

where M is defined in Theorem /] L is defined in (.16), and

Q(A%) = -® "My ®.

= | =

The vector b comes from the same vector in Lemma [} The asymptotic bias is zero
since we assume no serial or cross-sectional correlation in the error terms. This is a
simplified setting, which can be extended to allow for weak correlations in errors in both

directions. In that case, the asymptotic distribution will include a non-zero bias term.

Remark 6. Theorem (8| shows that the distribution of the coefficient matrix C relies on the
unobserved factor loading matrix A°. However, we are able to find estimators for Q and L based

on MA"

O
I
\
=]
4|
=
o

=
[
|3
~P=
\.M‘Q
R
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&
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where @; is the jth column of the K x p matrix ® My and Wi is the (i,k)th element in the

matrix M £

4.5 Statistical inference on covariance matrix estimation

Having presented the model estimation approach and the asymptotic properties of
the estimators, we now consider statistical inference with FASM. Our model serves as a
dimension reduction technique and avoids the curse of dimensionality problem, rendering
making inferences from the model convenient.

Covariance estimation is fundamental in both FDA and high-dimensional data analysis.
In these areas, data are of high dimensions, which brings many challenges. In FDA,
the number of discrete points on each curve is often larger than the number of curves.
Similarly, the dimension p of high-dimensional data is typically of the same order or
larger than the sample size n. In this case, the traditional sample covariance estimator no
longer works. Dimension reduction by imposing some structure on the data is one of the
main ways to solve this problem (see, e.g.,[Wong et al.|(2003), Bickel & Levina| (2008) and
Fan et al.[(2008)). By reducing the dimension of the data with a smoothing model and a
factor model in FASM, we propose an alternative covariance matrix estimator.

We consider the covariance matrix of the observed high-dimensional data Y;. Let
Ly = cov(Y).
Based on the FASM where

Y = ®c; + Afi+ €,
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we obtain
Ly = ®L P + AT;AT + X, (4.19)

where X, and Ly are covariance matrices of the vectors ¢ and F respectively and X,
denotes the error variance structure and is a diagonal matrix under Assumption |13} Based

on the above equation, we have an estimator
Ly =®L @' +ALAT + I, (4.20)
where I, and T # can be calculated by

~ 1 1
Y, = cc'—-—— __cin1'c’
n—1 n(n—1)

~ 1 1
Y= FF' — —— _F11'FT,
F = nn—1)
where 1s are vectors containing ones, the dimensions of which depend on the matrices
multiplied before and after the vectors. The diagonal error covariance matrix X is

estimated by
L. = diag (n_lffT) ,

where E is the residual matrix calculated as E =Y — ®C — AF . This type of covariance
estimator based on factor models has also been used in previous literature. For example,
Fan et al.| (2008) employed a multi-factor model where the factors are assumed observable,
while [Fan et al.| (2011) considered an extension to approximate factor models where

cross-sectional correlation is allowed in the error terms.
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The proposed covariance matrix estimator is built using the sample covariance matrix
of the coefficient ¢ and the factors f. We compare the performance using mean squared
error (MSE) of the proposed covariance estimator with the ordinary sample covariance
estimator. When the factor structure is ignored, the sample covariance estimator is
expected to have larger variance than our estimator. The advantage of the proposed

estimator is shown in Section

4.6 Simulation studies

In this section, we use simulated data to illustrate the superiority of the proposed model.
The FASM is compared with the smoothing model in Section to In Section

we compare the performance of the covariance matrix estimator introduced in Section
with the ordinary sample covariance estimator. In Section we show how the FASM

performs when applied to functional data with step jumps.
4.6.1 Data generation
We generate simulated data Y;;, wherei =1,...,nand j = 1,..., p from the following
model:
Yij = Xi(wj) +1ij + €ji
13 4
=Y cupr(uj) + Y AicFj + €ji,

k=1 k=1
where ¢ (u) are chosen as B-spline basis functions of order 4 and the smoothing coeffi-
cients cj are generated from N(0,1.5%). The factors Fy; follow N(0,0.5%) and the factor

loadings (Aj1, Ain, Az, Aig) T ~ N(u, L), where  is a 4 by 4 covariance matrix. The random

error terms €j; follow N(0,0.5%). We set the multivariate mean term # = 0 and variance
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L = ¢I;. We adjust the value of ¢2 to control the signal-to-noise ratio. When ¢? is large,

the signal-to-noise level is low, and when ¢? is small, the signal-to-noise level is high.

4.6.2 Estimation

The numeric iteration procedure for finding (c;, A, f) is introduced in Section We
compare the FASM with the smoothing model, where the factor model component is

ignored. The smoothing model can be written as:
Yi = (I)Ci + €,

where the coefficient estimator is calculated as:

-1
a:(CDTQJ—f—ocRT) @'Y, i=1,...,n

The tuning parameter « is also chosen using mGCYV, as defined in (4.10).

4.6.3 Results

We repeat the simulation setup 100 times and obtain the estimated smooth function
Xi(u) = ¢ ®(u). The averaged mean squared error (aMSE) for function estimation is

calculated as

=

aMSE = —

SL L [l — By

P
j=1

Il
—_

The results are reported in Table With the same size 1, increasing the number of
points p on the curve decreases the estimation error. However, with the same value for

p, increasing the sample size does not decrease the estimation error. This is consistent
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with the rate of convergence stated in Section where the estimator converges with
rate related to p. When o is large, such that the signal-to-noise ratio is high, the FASM

performs better than the smoothing model.

Table 4.1: The aMSE of the function estimates with different sample sizes and dimensions.
The size of 1 is controlled by ¢.

aMSE
Dimension Size of 17 FASM Smoothing model
n=20,p=>51 c=0 0.2087 0.0677
c=05 0.1669 0.1177
c=0.75 0.1774 0.1729
c=1 0.2151 0.2424
n=20,p=101 c=0 0.1182 0.0390
c=05 0.0719 0.0661
o =0.75 0.0893 0.0979
c=1 0.1163 0.1384
n=>50,p=>51 c=0 0.2101 0.0689
c=05 0.1311 0.1207
o =075 0.1522 0.1787
c=1 0.1943 0.2518
n =100,p =101 o= 0.1142 0.0392
=05 0.0593 0.0674
c=0.75 0.0794 0.0989

Continued on next page
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aMSE

Dimension Size of 1 FASM Smoothing model

c=1 0.1051 0.1385

4.6.4 Covariance matrix estimation

In this section, we show the finite sample performance of the covariance estimator defined

in (4.20). We also calculate the regular sample covariance estimator f{‘, using

1
n—1

B =—(Y-Y)(Y-Y),
where the p x n matrix Y is the sample mean matrix whose jth row elements are 1 Y, Yij.

Both estimators are compared with the population covariance matrix, which is calcu-

lated using (4.19). We calculate the estimation errors under the Frobenius norm as
1~ 2
MSE = (2

We show the MSE results in Table It can be seen that the FASM produces smaller
MSE values in most cases. With the same sample size 1, increasing the dimension p
will decrease the estimation error significantly. However, with the same dimension p,
when increasing the sample size, the MSE of FASM decreases, but not as fast as the
ordinary sample covariance estimator. Thus, it is evident from the simulation results
that the proposed covariance estimator performs better especially when the data are of

high-dimension or p is large compared with n.
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Table 4.2: The MSE of the two covariance estimators with different sample sizes and

dimensions. The size of 7 is controlled by ¢.

MSE
Dimension Size of 1 FASM Sample covariance
n=20,p=>51 c=0 0.069 0.100
c=05 0.090 0.143
c=0.75 0.128 0.198
c=1 0.218 0.326
n=20,p =101 c=0 0.075 0.107
=05 0.089 0.145
c=0.75 0.118 0.197
c=1 0.211 0.333
n=250,p=>51 c=0 0.030 0.042
c=05 0.041 0.058
c=0.75 0.059 0.078
c=1 0.117 0.122
n =100, p = 101 c=0 0.014 0.019
c=05 0.019 0.027
c=0.75 0.031 0.038
c=1 0.066 0.062
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4.6.5 Mis-identification of the basis function

We elaborate on the example presented in Section We generate data from

7
Yi]-:Zcikq)k(uj)+eﬁ, i=1,...,n, jZl,...,p,
k=1

where ¢y (u) are a set of Fourier basis functions. The first Fourier basis function B1(u)
is the constant function; the remainder are sine and cosine pairs with integer multiples
of the base period. We generate the Fourier functions with double frequencies in the
second half to simulate the change in the basis functions. In particular, when u €
[0,0.5], ¢(u) = 2sin(kmtu), for k = 2,4,6, and ¢(u) = 2cos[(k — 1)7mu], for k = 3,5,7,
and when u € (0.5,1], ¢x(u) = 2sin(2krtu), for k = 2,4,6, and ¢ (u) = 2cos[2(k — 1) u],
for k = 3,5,7. The coefficients cj are generated from the normal distribution with mean
0 and variance 0.5?. The error terms are also drawn from the normal distribution with
mean 0 and variance 0.5%. The generated Y;; are shown in Figure (a). It can be seen
that the data exhibit more variation in the second half of the interval.

Suppose we were unaware of the change in the frequencies of the basis functions, and
used the bases in the first half to fit the the data on the whole interval. The residuals of
the smoothing model, shown in Figure (b), are large in the second half. When the
frequency of the basis functions are mis-identified, a smoothing model with the wrong
set of bases is inadequate. We conduct principal component analysis on the residuals; the
eigenvalues in descending order are shown in Figure (a). The residuals preserve a
spiked structure, where most of the variation can be explained by six common factors.

We also apply FASM to the same data with the wrong set of basis functions. According
to the eigenvalue scree plot, we retain six factors in the model (r = 6). The resulting

residuals are shown in Figure [£.4] (b). The large residuals in the second part of Figure
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(b) are removed. When the basis functions are mis-identified, the FASM serves as a

remedy.
3 -
8 \
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(a) Spikiness of the residuals
o
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u

(b) Residuals of FASM

Figure 4.4: Applying FASM on the same data
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4.6.6 Functional data with step jumps

We study the case where the functional data exhibit a dramatic change in the mean level

within a small window. We generate data from the following model

7
Yl] = ‘M(M]) + Zcikgbk(u]-) +€]'1', i=1,...,n, j: 1,...,p,
k=1

where the basis functions ¢y (1) are order 4 B-spline bases. The coefficients c¢;x come from
N(0,1.5?) and the error terms from A/ (0,0.5%). The mean function u(u) is generated by
a linear combination of 25 B-spline basis functions. Figure [4.5/shows an example of the
mean function- there is a sharp increase in the mean function at around u = 0.5.

The change in the mean level happens at 1 = 0.5 and J denotes the amount of change.
Figure[4.3|is generated using 6 = 2. Figure 4.6|compares the residuals from the smoothing
model and the FASM. With the smoothing model, the residuals around the jump are large.
In contrast, our model explains the large residuals around the structural break very well.
In the aspect of model selection, we consider the trade-off between model fit and model
flexibility. We first define a notion of degrees of freedom for the fitted model. We use the
same concept as in most textbooks that the degrees of freedom measures the number of
parameters estimated from the data that are required to define the model. The degrees of
freedom for the smoothing model is calculated by of the last step of convergence.
The degrees of freedom for the FASM is

df = trace [@(®7 My ® +aR) & My, | +7,

where 7 is the number of factors retained in the fitted model. The larger the degrees of
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Table 4.3: The trade-off between model fit and flexibility

RMSE DF
Smoothing FASM  Smoothing = FASM
6=1 0.2045 0.1631 10.68 11.15
0=2 0.2063 0.1640 17.59 11.03
0=3 0.3308 0.1647 14.23 10.94

freedom, the more flexible the fitted models is. To quantify the model fitting, we use

where l?ij = Y51 C¢px (1) + ;. In Table 4.3, we show the simulation results by changing
the value of the mean shift 6. The RMSE of the FASM is always smaller than the compared
model. The degrees of freedom when § = 1 are similar. When ¢ increases, the degrees

of freedom is smaller for the proposed model. Therefore, we achieve better fit but less

flexibility with the FASM.

mu

0.0 0.2 0.4 0.6 0.8 1.0

u

Figure 4.5: The mean function p(u)

Draft Copy - 1 December 2020



4.6 Simulation studies

125

Residual

(@) Residuals from only applying the smoothing model

Residual

o
—

0.0 0.2 0.4 0.6 0.8 1.0

u

(b) Residuals from the proposed model

Figure 4.6: Residual plots of the two models
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4.7 Application to weather data

In this section, we apply the FASM to two real data sets. In Section we compare
Canadian yearly temperature and precipitation data and demonstrate the advantages of
the FASM when the measurement error is large. In Section we analyze Australian
daily temperature data and demonstrate the necessity of including the factor model

because of the spike structure of the data.

4.7.1 Canadian weather data

In Section we introduced Canadian weather data. Raw observations of daily
temperature and precipitation data are presented in Figure We now apply the FASM
to these two data sets.

We use order 4 B-spline basis functions with knots at every data point. Thus, when the
number of data points is 365, we use 367 basis functions. The number of factors r is chosen
with the scree plot showing the fraction of variation explained. For temperature data,
we presumed the measurement error is small. The resulting smoothed curves are shown
in Figure £.7} Compared with using the smoothing model alone, the FASM generates
similar results. This meets our expectation that when measurement error does not exist,
our model should work the same as a simple smoothing model.

From Section we suspect large measurement errors are contained in the raw log
precipitation data. We apply the two models to the log precipitation data; the resulting
smoothed curves are presented in Figure The plot on the right shows apparently
smoother curves, especially at the drop in the blue curve (the "Victoria” Station) at around
day 200. Looking at the residual plots in Figure our model mainly explains some
extreme residuals left out by solely applying the smoothing model. As in Section we

also compare the RMSE and degrees of freedom of the two fitted models; they are 0.1933
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and 14.41 respectively for the smoothing model and 0.1659 and 12.71 respectively for the
proposed model. Thus, in terms of model selection, our model performs better across

both model fit and model simplicity.

Temperature

T T T
0 100 200 300
Day

(a) Smoothed temperature curves from basis smoothing
with penalty

Temperature

T T
0 100 200 300

Day

(b) Smoothed temperature curves from the FASM

Figure 4.7: Comparison between the smoothed curves
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Log(Precipitation)

T T T
0 100 200 300
Day

(a) Smoothed log precipitation curves from basis smooth-
ing with penalty

o
—

Log(Precipitation)
0.0
1

T T
0 100 200 300

Day

(b) Smoothed log precipitation curves from the FASM

Figure 4.8: Comparison between the smoothed curves
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Residual

| b il ‘
| ,‘r‘ll " 1L l‘)l

T T T
0 100 200 300
Day

(a) Residuals from basis smoothing with penalty

o
—

Residual

T T T
0 100 200 300
Day

(b) Residuals from the FASM

Figure 4.9: Comparison between the Residuals
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4.7.2 Australian temperature data

In this section, we consider Friday temperature data at Adelaide airport. Data from other
week days exhibit similar feature and are not shown here. The data are measured every
half an hour from the year 1997 to 2007. The sample size n is 508 and the number of
discrete data points from each curve p is 48. The plot of the raw data can be found in
Figure (a). It can be seen that the data are quite noisy, with extreme values in some
of the curves due to large measurement error.

We use order 4 B-spline basis functions with knots at every data point. A penalized
smoothing model is fitted to the data, with the tuning parameter selected to minimize the
mGCV value. The residuals are shown in Figure (b). As can be seen, the smoothing
model fails to capture the extreme values contained in the raw data.

We check the spikiness of the residuals in Figure (b) by conducting principal
component analysis. The eigenvalues in descending order are shown in Figure (o). It
is evident that the first few eigenvalues are significantly larger than the rest. This means
the residuals contain information that can be captured by just a few factors, which calls
for a further dimension reduction model on the residuals.

As a comparison, the FASM is also applied to the data. The tuning parameter for
the smoothing part is selected based on mGCV at each step of iteration. The number
of factors retained in the factor model component is five. The residuals are shown in

Figure (d). The extreme values are almost all removed from the remaining residuals.

4.8 Conclusion

In this chapter, we propose a factor-augmented smoothing model for functional data. We

study raw functional data, which is a mixture of functional curves and high-dimensional
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Temperature

Eigenvalue

(c) Eigenvalues of the residuals in plot (b)

Friday temperature at Adelaide airport

Residuals

Half-hours

(a) Raw temperature data

Half-hours

(b) Residuals of the smoothing model
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(d) Residuals of the FASM

Figure 4.10: Half-hourly Friday temperature data at Adelaide airport
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errors. When measurement error is large, a smoothing model alone is inadequate to
capture data variation and recover the signal function component. The proposed model
incorporates a factor structure into the smoothing model to further explain the large resid-
uals. We propose a numerical iteration approach to simultaneously obtain estimates in
the smoothing model and the factor model. The asymptotic distribution of the estimators
are given with proofs. Our model also serves as a dimension reduction method on the
functional data, easing the path to making inferences. We provide an example of the
construction of a covariance estimator for the raw data. Further, we show that the model
can be applied in situations where there is mis-identification in the data structure, two
examples of which are the wrong selection of smoothing basis functions and the neglect
of the step jumps in the mean level of the functions. The advantages of the proposed
model are demonstrated in extensive simulation studies, and we also show how our
model performs via an application to Canadian weather data and Australian temperature

data.

4.9 Appendices

This section contains the proofs for the theorems in the main article. In Appendix A,
we provide the proofs for the theorems in Section In Appendix B, we include the
results of a proposition and its proof. In Appendix C, the lemmas used for the proofs in

Appendix A and B are stated as well as their proofs.

4.9.1 Appendix A

Theorem [7]is the main result of the asymptotic theories and the proof of it is lengthy.

Thus, we include in the following the outlines for the proof before we show the details.
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Outlines for proof of Theorem 2

In Theorem @ we find the order of convergence of the estimated coefficient matrix C. The

difference between C and C° could be written into three terms:

R 1 1 1
(®"Mz@ +aRT) (C-C") = SARTCO 4 J@TMAAYF 4 J@TME  (421)

< |-

The term % (@ "M;® +aR") is Oy(1). The first term on the right-hand side of
comes from the penalty and the order can be found easily from Assumption (15, The third
term contains the random error matrix E and the order can be found using the result in
Lemma (15| The second term is the most complicated one and we show in the following
proof that it could be further broken down into eight terms. We find the order of each of
the eight terms using the lemmas in Appendix C. Most of the terms can be shown to be
0p (HCO -C H) and thus can be omitted. Combining the remaining terms, we arrive at

the result

(6 - c0> Mp=Q! (A) ;(xRTCO +Q! (A) @' MEMy

1
p
0y () *Or <p\§?> +0, (\/Lp) . @)

where matrix Q and MF are

A 1T _ Y et

Q(4) = @ M0 Mp=1,~F(F'F) F'.
The first term on the right-hand side of (4.22) is O, (1) using the assumption on the tuning
parameter a. We also show the second term is O,(1) using results from the lemmas.

When n and p are of the same order, we are able to show (6 — CO> projected on the

matrix MF is Op(1).
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Next begins the formal proofs.

Proof of Theorem [6]

Proof. The concentrated objective function defined in Section is

1 & 1 &
Snp(C,‘,A) = — Z [(Yl — ‘I’Ci)TMA(Yl’ — q’Ci) -+ IXCZ'TRCZ} - — ZeiTMAoei
"p iz np i
Assume ¢ = 0 for simplicity without loss of generality. From ¥; = ®c? + A’f; +€; =
A%f; + €;, we have

1 & 1
Snp(ci, A) :@ le [(Aofi + € — ‘I’Ci)TMA(AOfi +€ — ¢Ci) -+ IXCZTRCZ} - 7 .leeiTMAoei
i= -
1
:7Z'f1TAOTM A0f1+7ZCTq)TMA¢Cl_7ZfTAOTMA¢Ci
npis np o np =
2 T 0 T T
= MAAf — = Ma®c; + — (My — M R
npze AA"fi nplze A Cl+np;€ A A0)€i + ZC c;.

Denote the first three terms in the above equation as

Sup(ciy A) = L ZﬁTAOTM A'f; + @ ZCTCDTMA(DCZ “p L ZfTAOTMACI:'ci,

i= i=

Then by Lemma 9]
Snp(ci, A) = §np(ci,A) +0,(1).
It is easy to see that §np(c? = 0,A°H) = 0 for any r X r invertible H, because M 40 = M 40

and M40 A" = 0.

Here we define two matrix operations before further transformations on S, (c;, A).
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For an m x n matrix U and a p x q matrix V, the vectorization of U is defined as

VeC(U) = (ul,ll cee Um, W12, s Um2, ULy e ey um,i’l)T/

and the Kronecker product U ® V is the pm x gn block matrix defined as

M1,1V . ul,nV
Uuv =

um,lv e Mm,nV,

where u;; represents the element on the ith row and jth column of matrix U.

Next we can further write S,, ,(c;, A) as

< F'F 1 1
Sup(ci, A) = vec(MaA°) T (np ® 1,,) vec(MaA®) + - Yoo <pq>TMA<I>> ci
i=1

1 & 1
- 2201-T (pfi ®MA<I>) vec(MAAO).
i=1

If we denote

1
P=-® " M,®,

p

F'F
W=-—a]I,

np

1
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and 7 = vec(M4 A®), then we can write

¢/ Pc;+ 9 Wy —2¢ VM]

-

N
Il
—

o (P-VIW W) et (77 = VW W(y T - W)

N
Il
—_

Il
S|l— I~k =
1=

M-

I
—

_CZTDZ'CZ‘ + OZTWBZ:| .
In the last equation,

D;=P-V.'Wly,

1 1 FTF\ '
= -®'Mu® -~ Mu®f <> fir
p p n

0, = 'yT — W W,

By Assumption[11]and [I2] the matrices D; and W are positive definite for each i. Thus
we have §np(ci,A) > 0. In addition, if either ¢; # ¢? or A # A°H, then §np(ci,A) > 0.

Thus §np(cz-, A) achieves its unique minimum at (c?, A®). Thus we have
~ 0 _ :
¢ —c; =0p(1), i=1,...,n

Next, we show ¢; is consistent uniformly in i.

We can write

~ 2 & 2
Snp(ci, A) — Sup(ci, A) Z@ Y e MAA'f; — po——
i—1

n
1 =

T
€; MA(I)CZ'
1

1

1 T o o
— Y €& (Mg —Mgy)e;+—Y ¢ Rei.
+npi§{el( A A0)€’+np1§cl c;
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Using Taylor’s expansion at c;,

~ 2 & 2 &
Sup(ci, A) — Spp(ci, A) = Y e MAA°f; — - Y e My@c)
i=1 i=1
+ L ieT(MA Y o icQTRcQ
1
np = npi= :

2 2
- (—eTMAd) + 22 0TR> (ci— ) +A,
np np
where A denotes the small order terms. Then we have

2 20 6T ~ 2 &
<_np€iTMA‘I’ + %C? R) (ci— c?) =Sp(ci, A) — Sup(ci, A) — w ;elTMAAOfi
n

2 & 1
+ @ Z(:‘ITMA‘I)C?—FFPZQT(MA _MAO)ei

i=1 i=1
n
— 2V TR+ A (4.23)
npz 1

In the above equation, the right-hand side is 0, (1) uniformly in i. This is becauseS;,(c;, A) —
gnp(ci,A) = 0y(1) and Sy(ci, A) and S~np(ci,A) both consist of summations over i. Fur-
thermore, all other terms on the right-hand side are 0,(1) as proved in Lemma E] and all
contain summations over i. On the left-hand side of (#.23), — n—pej Mp® is 0y (1) uniformly
because E (nip e/ M ACiH) = 0(1) as shown in Lemmaﬁ (ii). Moreover, the term 2‘; c? R

is also 0, (1) uniformly using Lemma |§] (iv) and that we assume ¢; are bounded uniformly

in Assumption |11} This leads us to the result that

¢ —c) =o0py(1), uniformly foralli=1,...,n
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Combining the i, we have

-]

T =0,(1).

To prove part (ii), note that the centred objective function satisfies S, (c? = 0, A%) = 0

and, by definition in {.18), we have S,,(c;, A) < 0. Therefore,
0> Sup(Ei, A) = Sup(:, A) +0,(1).

Combined with §np(a, ﬁ) > 0, it must be true that

This implies that

.
1 & A M;AYFTF
— Y ETAY My A'F, = tr A = 0,(1).
np i—1 p n
Since F'F/n = Op(1), it must be true that
AVTMGAY  A0TA0 AT A ATAO
ad” _ _ —0,(1). (4.24)

p p p p

By Assumption AOTAO /p is invertible. Thus AOTA\ /p is also invertible. Next,
|P5 — Ppo||* = tr[(P5 — Pyo)?] = 2tr(L, — AT PyA/p).

But @#24) implies A" P4y A/p — I,, which means |P; — Pal| — 0. O
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Proof of Theorem 7]

Proof. Writing the first equation in (4.9) in matrix notation, we have
. -1
C= (@' Mz@+aR") @ MyY. (4.25)

Substitute Y = ®C° + A° f T + E into (#.25) and subtract the matrix C° on both sides, we

get
~ -1
C-C= [(@TMﬁcp +aR") @ M@ - IK] fou
-1
+(®"Mz®+aR") @ MzAF
-1
+ (@ Mz®+aRT) @ ME,
or

(®"Mz@ +aRT) (C-C°) = ;(xRTCO + ;@TMAAOFT + 117<I>TMAE (4.26)

<

We first look at the second term on the right-hand side of (4.26). Recall that M; =
I, — AAT /p. We have Mgﬁ = 0. Thus

MzA® = Mz (A°— AH' + AH ') = Mg (A" - AH '),

where H is defined in (4.41). Using (4.45), it follows that

-1

A
:}cpTMgAOFT = —;CDTMA (I1+---+18) <A ; A) (‘7) F' (4.27)

=J1+4---+]J8.
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In the following, we calculate the order for each from 1 to J8. Note that I1 to I8 are

defined in (4.43). Before we begin, for simplicity denote

T\ 1 -1
G= (AO A) <FTF> . (4.28)
p n

We prove in Lemma [10|that G = O,(1). We also use the fact that || Mz || = O,(1). Now

J1= —;QTMA (I1) GF. (4.29)

Since I1 = O, ({f

12
‘C —-C H >, using the result from Lemma (i), the term 1 is bounded

in norm by O, <\/1§ HC - 6H2> Thus it is also o, <HC— (ATH)

0T\ 1 ey 1
2= 0 My (1) (A ; A) (F = ) F (4:30)
—~ -1
_ :)(DTMA(D (C - c) F (FTF) F'. (4.31)

For the term |2, since it is not a small order term, we keep it as what it is.

Now consider

= @' M;® (C—C)E'AGF' (4.32)

We take ETA = E' (ﬁ — A'H ) + ET A°H, where the order of each term can be found in

Lemma[11] (i). Again using the result of Lemma(7 (i) and (iii), it can be shown that J3 is

o ([l ~<]))
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Next

N\ —1 1
1 A" A F'F
——®M ;14 — ) F'
p p n

-0, (M1 -] ). 43

174l =

Using Proposition we have ﬁMﬁAO = Mﬁﬁ (AO — ﬁH_l) =0, (1), Thus, [|J4| =

o (Jle-¢l).

It can also be proven that ||J5|| = o, (HC - 6“)

Then we consider

1
J6 = ——® " M;I6GF'
p

1 -
= ——® M;A’F'ETAGF'
np

- eTMy (a°—AH') FTETAGF',
np

where the last equation comes from M AAH 1 =0. Now

|=7e7 ] = [|e"4

<| £ (A-4m) |+ |ET 2|

=0y (W HC—6H> +0p (V) + 0y (\%) + 0y (Vnp)
0, <\fﬁ |c- 6H> +0, (\%) +0, (VAp),
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using Lemma Thus,

1
np?

e [on (B le=el) 0 ()

fon (2 le=¢]) +0, () +0utvam] < s v

=0, (|lc-¢[) +o, (nlz) +0, (n\l/?> +0, (;p) +0, (p\lﬁ)' (4.34)

where in the first equation, Proposition [2|is used, and the second equation is a result of

176l

IN

@' My (A" AH )

[Freafien ]

calculation on the orders. Next

J7 = —11?<DTMAI7GFT
Ty -1
= —icl)TMAEF (”) F'. (4.35)
np n
This term is is not a small order term so we keep it as what it is. And lastly, the proof of

order for the term J8 is too long so we show in Lemma [16| that

vn_ 1 ) . (4.36)

~ 1
J&=0p (HC B CH) +Op <min (n,p)> Oy (Wmin (n,p)
Collecting terms from |1 to J8, we can write as

1 1 . 1 1
O M+ aRT) C-C)=-aR'CH+J1+---+]J8+-® "M E.
(P AT p ( ) p p 4

Combining the results we have found for J1,]3,]4,]5,]6 and |8 in Eqs. (4.32)—(4.34)
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and (4.36)),

<:)<I>TM/;<I> + op(l)) (E — c) —J2 :;aRTC + 719<I>TMAE +J7

w0 (amten) * (o) + o ()

(4.37)
Substitute J2 and J7 from Eqgs. (4.30) and (4.35) into (4.37), we have
1o C_ LT o T\ T
(p(b MA<I>+o,,(1)> (€-¢) L@ Mz (C-c)F(F'F) F
-1
“Larer lotme - loTmEF (F7F) FT
p p p
1 NG 1
+0 <.>+O < >+O ( > (4.38)
P\ min(n, p) "\pyp P\

We combine the two terms on the left-hand side of (4.38) and also combine the second
and third term on the right-hand side of (4.38), then we get

~ -1
IlgchMAcp(c s) <1n ~F (FTP) PT) ::)DCRTC + IljchM/;E (In — F<FTP)*1FT)

w0 (i) +0 ()~ (G

®'M;®, and Mg = I, — F(F'F)"'F". Left multiplying Q !(A) to both
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sides of the equation above, we have

(€~ C)Mr =Q(A) " LaR €+ Q(A) @  MyEM;

0 (smte) + 9 (3g5) 70 (39)

Vip
:Ql(AO);aRTC + Ql(AO):)CDTMAoEMF

w0 (st )+ () * O ()
where in the last equation, we substitute Q(A) with Q(A°) using Lemmaand substitute
f \}CI)TM a0E using Lemma Note that ,/pO, < lle=cJ |l ) in the result
of Lemma [15is dominated by ,/p % Next by multiplying a scale of VP

N® B 1 _
W(C—C)Mp =Q(AY) 1Eo¢RTC—|—Q(AO) 1W¢TMAOEMF
VP 1 VP NG 1
= 200 (stagn) + 3 <0 (Gp) 00 ()
=0,(1), (4.39)

when 1 and p are of the same order, thatis p/n —p >0
Proof of Theorem

From (4.39), we have when p/n — p > 0

ﬁ(c — C)Mr = Q(AO)_l\/—TTPCDTMAoEMp +0,(1).
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Using Lemma |§I we have, for any vector b = (by,...,b,)",

1 d
——® "M4uEMpb - N(0,L), (4.40)
VP

where L is defined in (4.16).

Multiplying the constant matrix Q(A®) ! to (£.40), we have the result

Q(Ao)l\/ilipCDTMAoEMpb LN (0, Q(AO)*lLQ(AO)*l) :

The theorem is thus proved.
4.9.2 Appendix B
In this section, we provide the proposition used in Appendix A along with its proof.

Proposition 2. Under Assumptions[10]to[13| we have the following statements:

(i) The matrix Vy, defined in is invertible and V,, L5V, where the r x r matrix V is a

diagonal matrix consisting of the eigenvalues of ZpXa;

(ii) Let
H=(F'F/n) (A A/p) WV, (4.41)
then H is r X r invertible matrix and

;HA _A%H|? =0, <711 e~ 6H2> 10, <mm(1np)) .
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Proof. Write the second equation in in a matrix form, we have

1 . PR
@(Y —®C)(Y—®C)' A=AV,

By (4.2), we also have

Plugging it in (4.42) and by expanding terms, we obtain

1

“np
1 _ S . -

——®(C-C)(C-C)"® A+ —@(C—C)FA" A
np np

- icb(c ~C)ETA+ iAOPT(c ~-O)'eo' A,
np np

Y

Vi [®(C—C) + A°FT + | [¢(C—6)+A0PT+E}TA

1 . -1 .
+—E(C-C)'®'A+—AF'ETA
np np
1 0T = 1 T~
+ —EFA" A+ —EE'A
np np
+ L AFTEAYT A
np
=I1+---+19.

The above can be rewritten as
AV,, — A%ETF/n)(A" A/p) =I1+---+I8.

Right multiplying (FTF/n)~1(A%" A/p)~! on each side, we obtain

(4.42)

(4.43)

(4.44)

A [Vnp(AoTﬁ/p)—l(PTP/n)—l} — A" = (I1+-- +1I8)(A° A/p) N(FTF/n)"). (4.45)
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Note that the matrix in the square brackets is H ~1 but the invertibility of V,,;, hasn’t been

proved yet. We can write

L s 0T 2/ \-1(gT -1 0 1
— - < . _
N@WPMAAM)GFM)}AH_WNW+ +I8IIG],  (446)
where G is defined in (4.28) and ||G|| is proved to be O, (1) in Lemma 10} In the following,
we find the order for each term on the right-hand side of (4.46). We repeatedly use results

from Lemma 7} where the orders of the matrices ®, A and F are given. The first term

1 11 A . _
— || < ——Je|l(c-C)(c-C)[lle"[|A]

VP Py 2
<0y (He-eff) = (el

For the second term

1 1 1 . T
— 2|l < ——=—||®||||[(C — O)|||E||||A° ||||A
\/ﬁH | Wnpll Il ( IE [ A]
1 —~
:%(¢Jﬁ—cw-

The terms I3 to I5 are all Op(ﬁ H c-C H ). The proofs are similar to the proof for I2 since

they are only a switch in the order of the matrices. For the sixth term

1 11 . 1

—|l16]| < ——||A°||||[ETE"||||A| = O <>

\/P” | < pan il 1Al = O, NG
by Lemma (8 (i). Similarly, for the next term

1 11 Ty & 1

—|l17|| £ ——||EF||||A° ||||A|| = O, | —= ) .

171 < LRI I1A] - 0, ()
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For the last term

1 11
—= 18] <

~ 1 1
——||EE"||||A]| = O <>+<)
7 \/ﬁan Al = Oy NG NG
where Lemma 8| (iv) is used.

Putting all above together, we have

T [ 2w - a0 <0, (el

1
+0,| —— | . (4.47)
’ (mm(ﬁ, m)
To show (i), left multiply (4.44) by %A\T. Using ATA/p = I,, we have

Vi — (ATAY/p)(ETF/n)(A° A/p) = ;AT(H o+ 18) = 0p(1),

where the last equality is using Lemma|z] (v) and that p~Y2(||I1|| + - - - + [|I8]]) = 0,(1)
from (4.47). Thus,

Vip = (ATAY/p)(FTE/n)(A° A/ p) +0,(1).

We have shown in @24) that AT A? is invertible, thus V. is invertible. To obtain the limit
of V,yp, left multiply @42) by 14" to yield

(A% A/p)Vyy — (A% A%/ p)(FTE/n) (A% A/p) = 0,(1),
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or
(A% A%/ p)(FTF/n)(A° A/p) +0,(1) = (A° A/p)V,, (4.48)

because p_lAOT(HllH +...[[I8]]) = 0,(1). Equation shows that the columns of
(AOT/T /p) are the eigenvectors of the matrix (AOTAO/ p)(FTF/n), and that V,,, consists
of the eigenvalues of the same matrix in the limit. Thus, V,, —? V, where the r x r
matrix V is a diagonal matrix consisting of the eigenvalues of ZrX 4.

For (ii), since V;;, is invertible, H is also invertible we can write (4.47) as

Sl =0 (el +o ()

By right multiplying the matrix H, we obtain (if).

4.9.3 Appendix C

In this section, we state all the lemmas used for previous theorems and propositions,
along with the proofs of the lemmas.

Lemma [f]is stated in Section We provide the proof here.
Proof. For any vector b = (by,...,by)",

1 1 & 1 &
7(I>TM Eb = — ‘e‘ibi = — ii
i Ml = i L = s L

where w; is the jth column in the matrix ® " Myo. Since we assume €ji are iid., the
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variance of the above quantity is given by

1 1 & 1 &y
var (WCI)TMAoEb> = var (\/@ ;;w) = @ ZbebiUZE (wiij> )

L
The Lindeberg condition is assumed to hold in Assumption Thus we have central

limit theorem result

1

1 L d
® MyEb=—— xii — N(0,L),
T ® Makb = 2531} xy N0

where L is defined in (4.16).

Lemma 7. Under Assumptions we have
(i) L[1@] =0,(1)

(i) LAl = 0,(1)

(iii) —=||F|| = Op(1)

(i0) 7 I1Ell = 0,(1)

@ LIIA] =0,(1)

Proof. In Assumption [10} we assume the basis functions ¢4 (1), k = 1,...,K are bounded.
The p x K basis matrix ® contains discrete evaluations on the basis functions so each
element is O,(1), thus ® is of order ,/p. Similarly, using Assumption |12} we have results

(it) and (7ii). Using Assumption [13} we have result (iv). Lastly, (v) is directly from the
restriction AT A /p=1I. OJ

Lemma 8. Under Assumptions[10]to[14} we have
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(i) 45 ||EF|* = Op(1)
(ii) IIET®|* = 0y(1) and ;L ||[ETA®|> = O,(1)
(iii) o5 |[FTETA%|> = Oy(1) and 1 ||@TETF|> = Oy(1)
(iv) ||[ETE|?> = Oy(n?p) + Op(p*n);
IEET|[> = Oy(n?p) + Oy (p*n);
IFTETE|? = O, (n?p) + Oy (p*n);
|®@TETE|? = Oy(n?p) + Op(p*n);
|@TETEA?|? = O, (n?p) + O, (p*n);
|ETETEF||> = O, (n%p) + O, (p*n).

Proof. For (i)

E (o IEFI?) =E (

1
npk

i“f ekjfinj>

j=1

E(exier) E(fi' f;) = O(1),

1i

Il
—

3[=
D= =
Ingh -

—_

=

1i

Il
—

]:

where the second equation uses the independence between ¢;; and f; assumed in As-

sumption

The proof of (ii) and (iii) is similar to (7). For (iv),

nop
E (||ETE||2> =E (Ezekjeljekieli)

ij ki

n p n p
=Y Y E( ek] (e2) +ZZIE ek] (e,zj) +ZZ]E(€%)
i7i k=1 i=j k2l i=j k=1

= O(n®p) + O(p*n) + O(np)

= O(n’p) + O(p*n),
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where Assumption is used. The proof of |[EE" || is the same. The orders of |[FTETE||

and ||FTETEF|? are the same since

n

P
E (HFTETEHZ) =E (Zzekjeljekieli||fi“2> ,

ij Kl

and

n P
E (HPTETEPHZ) = E (ZZEkjezjekiezi!!fiH4> ,

ij Kkl

where the order of f; is assumed to be O,(1) in Assumption

Lemma 9. Under Assumptions
(i) 55 Zi1 €] MAAE = 0,(1)
(i) 55 Tisy €] Ma®c; = 0p(1)
(i) 75 Ty €] (Ma — Myo)e; = 0p(1)
(iv) 535 iy ¢ Rej = 0p(1)
Proof. We prove (ii). First we have

n

)€

i=1

E

i k=1 i=j k=1

Since My = I, — AAT/p, we have

1 & 1 ¢ 1 &
@ ;ei—rMAq)Ci = % ;ei—rq)cl' — 1/17]92 ;el-TAAT(I)CZ-,
i=1 i=1 i=1
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The first term on the right of [#.49) is 0,(1) since

; 2 2
E =E
AN A T T
= E <;2226ﬂ-emci Pip; cs>
s j i

n P n
=22 ) ) Elejiers)E(c/ ¢/ cs)
] 1

P n
ZZ%’%’TQ

j=1li=1

T
i ¢Ci

where the third equation uses Assumption (14} the fourth equation uses the assumption
that €j; are independent in both directions.

The second term on the right-hand side of (4.49) is also 0,(1) since

2 2

E

|4
Z i e]-iajTATCDCi

n
Z e/ AAT ®c;
i=1

=E

where the third equality uses the independence in Assumption [14]and the last equality
uses the results in Lemma @ where ® and A are both O, (,/p).
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The proofs for (i) and (iii) are similar. And (iv) is a direct result from Assumption
O

Lemma 10. Under Assumptions , we have
R -1 -1
G= (AOTA/p> (FTP/n) —0,(1)

Proof. The matrix F'F/n is positive definite by Assumption [12, We have shown in the
proof of Theorem @ in (4.24) that the matrix AT A/ p is invertible, thus is also positive
definite. Therefore, Amin (AOTE / p> > 0, and Amin (F'F/n) > 0, where Apin(+) denotes

the smallest eigenvalue of a matrix. So we have

(Ang/p) T 0,(1), (pr/n> o 0,(1).

Lemma 11. We have the following
(i)
(FWA—MHWZOPQmMj%¢mHc-dD+oAWﬁ+q(j%>
(ii)

Jrre - atm ~o le-e) ~ouvmo, ().

14
min(y/n, \/p Vi
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Proof. For (i), from Proposition 2| we can write

|ET(A—A°H)| = |[ET(I1+...,I8)G|
< |[ETINIG| +---+|E"I8G]||

= [la1][ +-- -+ |a8].

To find the order for each term, the results from Lemma [7] are repeatedly used where

the order of the matrices ®, A, A and F are given.

Jal] = \

ETnlpcb(C - C)(C— é)chTAGH

1 T ~112 "
Tl |[c— €| IlellAllG]
p

IN

=0, (2]~} =on (vl

where the order of ||ET ®|| is from Lemma (ii). The orders of ||®||, ||A|| and || G||can be
found from Lemmas[7]and Similarly,

1 . (FTF\ '
|a2|| = |[ET=®(C — C)F ()
n n
1 . FTF\ '
<LiETe) e ‘() H

o, (vale-e).
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la3]) = \

ETicp(c - é)ETAGH
np

1 ~ ~
—||IET@|| |c—C| IETIIAllGl
p

IN

o, (vale-e).

lad] = \

ETnlpAOFT(c - E)chTAGH

< SIETAIIET [~ ¢ IelAf)c]

|
np
=0y (vple-g]),
where Lemma [g] (i7) is used.
Jos]) = |ET L E(C~ ©)" @ 4]

1 ~ ~
< SIETEl[c-cllelalie

o, (vae-el) or (& le-el).

where Lemma 8] (iv) is used.
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1 ~
|a6|| = |[ET—A°FTETAG||
np

1 -
< —HETAOFTET(A — A'H)G|| +— HETAOFTETAOHGH

| /\

HETAOHIIPTETII |A— A°HI|||G]| + HETAOHHFTETAOII |HG||
O \/E(HC_CH +0 ; +0 (1)
g Vi P\ min(vir, p) )

(mcf) N
’ NG P\ min(Vn, /p) )’

where the order of A — A’H is proved in Proposition 2| and the order of other matrix

norms can be found in Lemma [§] (i), (ii) and (iii).

la7|| = |E" pEFAOTAGH

Ty —1
1ETEF (FnF>

sl |
=0p(VP) +0p <\5)ﬁ> :

where Lemma (8 (iv) is used.
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1 .
a8 =— HETEETAGH
HET ETAOHGH+ HETEET(A AH GH

S;\IETEI\ |ET A% || G|l + — | E"E[|| T[4 — A°H] |G|
p np

o (P o (Y

=0,(vn) + 0,(/P) + O, (\%HC—@H) (fHC c‘ Vi) + 0, <\;’ﬁ>
=0y (Fxlle~el) +on (vle-e]) +or (v +o, (H

where the order of A — AH is proved in Proposition [2| and the order of other matrix

=5 (00 (1VF) + 0y (pv)] Oy (7F)

+ nlp [0y (n/p) + Op(pv/n)] Oy (/1ip)

%

norms can be found in Lemma 8| (i), (ii) and (iii).

Combining all the terms, we have

IE"(A-A°H)| =0

c- 6H> +0,(v/n) + 0, (\%) .

e
min(v/11, \/7)

For (ii), multiplying the matrix F' in the front does not change the order, using the fact
that ||[FTE' ®|| is of the same order as ||[E" ®|| and that |[FTE"E| and ||[F"E"T EF|| are of

the same order as |E" E||, as proved in Lemma O

Lemma 12. Under Assumptions we have the following
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(i)

porta-am =0, (G-l +0s ()
(i)

17 =20 =0y (o= +0s ()
(iii)

L a0 =0y (Jre=e] )+ ()
(iv)

;chMA(ﬁ — A°H) =0, (;H |c- 6”) +0, (mm(1np)>

Proof. For (i), using (#.45)
®T(A-AH) =@ (I1+124---+18)G (4.50)

It can be easily proved that the first five terms in (4.50) are O, (% HC -C H) using
the results from Lemma @ and 8 Recall that G = (AOTE/ p) Y(F"F/n)~1, and that
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G = Oy(1) from Lemma [10] For the sixth term,

1 ~
®'16G = n—pQTAOFTETAG
1 - 1
— n—pchAOFTET(A — A’H)G + @CDTAOFTETAOHG

1 - 1
< nfplldﬁll 1A°][IIFTE" (A - A"H)[l| G| + @H‘I’TH 1A% IFTET A% H|[||Gl|

Vi min(y/n, \/p) Vit
using the results from Lemma Next,

®'17G = nlpcpTEFAoTAG
T -1
—LoTEr (”) =0, <ﬁ> ,
n n Vn

where the order of ® " EF is found in Lemma (ii).

®'18G = nlpcpTEETﬁG
1 . 1
= —®'EE'(A-A"H)G+ —®"EE"A’HG
np np

1 - 1
< @H@EHHET(A - A°H)||G] + @HWEHHETAOHHHHHGH

-0, <\}H Hc - 6H> +0, (W) +0,(1) = 0,(1),

where Lemma 8| (i) and Lemma 11| (i) are used. Combining the terms, we have proved

(). The proof for (ii) is exactly the same.
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For (iii), we can write
AT(A-A"H)=(A—-A"H)" (A - A°H) + (A°H)" (A — A°H).

The order of the first term on the right can be found in Propostion 2| The order of the

second term on the right is proved in (ii). For (iv), we have
~ ~ 1 ~ o~
® M;(A-A’H)=®"(A- A"H) + ;d)TAAT(A — A'H),
where the order of the two terms are proved in (i) and (iif). O
Lemma 13. Define the matrix

Q(A) =o' M.

Under Assumptions it holds

Proof.

~ 1 1 1
Q(4) - (") = SO MzE — T Mp® = 0T (Mg — M) @

=207 (1~ Pg) @ = Oy ([P~ Py]) = (1),

using Theorem @ (ii). In Assumption we have assumed infy D(A) > 0, since the

second term in D(A) is nonnegative, we have infs Q(A) > 0, so the matrix Q(A?) is
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invertible. Therefore,

O
Lemma 14. Recall H defined in Proposition |2} then
AP A0 1 ~ 1
T _ 7 — -
HH = ( p ) O <\/ﬁ HC CH> +Op (min(n,p))

Proof. We have from Lemma

1 0T/~ 0 1 ~ 1

LAY (A - a%H) =0, (\/ﬁ |c cH) +0, (mm(n,p)>, (4.51)
and

1 1

R ~ 1 . 1
AT _ A0 — _ AT A0y - _ -
JATA=AH) = 1 - ATAH =0, <ﬁHc CH) +0, <min(n,p)). (4.52)

Left multiply (@51) by H' and sum with the transpose of (#.52) to obtain

I — ;HTAOTAOH ~0, (Tll Hc - GH) +0, (mln(lnp)) .

Right multiplying by H T and left multiplying by H Til, we obtain

I - ;AOTAOHHT =0, (\}ﬁ |c- 6”) +0, (M) .
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-1
Then left multiplying (AOTAO / p) , we have

= (5) v (G le=l) 0 (o)

Lemma 15. Under Assumptions when p/n — p >0,

~[12
-4

n

@' M,yE

NG +0,(1).

I o7
H @' ME —

VP

' =VPx0p
Proof. Using
—1 PN
My =T, - A" (a"'A%) A%, Mz=1,—(44")/p,

we calculate

-1
1 1 1 . 1 AT A0 T
® MyE— ——® M;E=—"—®"AAE— A A E
Jap AT T g AT T pymp p\/ip p
1 T(A 0 T 0T

+®"(A—-A’H)(A - A°H)"E

+®"A’H(A - A°H)'E

-1
HH' — Ay
p

=a+b+c+d,

+®"A°

AOTE}

where in the second equality, we substitute A with A — A°H + A°H. So the first term on
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the right-hand side of the first equality is broken down into four terms, one of which is
combined with the second term in the right-hand side of the first equality.

For notation simplicity, we denote

o=l el

which is used to represent the order in the result of Proposition

We calculate each term:

a|| = HP\}WQ)T(E—AOH)HTATE'
= i X Ov(VP) X Ouly/P) Oyl /)

_0 e-] +< . >:0(1)
P\ Vi min(y/n,\/p) ) 7

where the order of A — A’H is \/pq as proved in Proposition 2| and the order of || ®|
|ATE|| can be found in Lemma E] and (8 (ii) respectively. And when p/n — p >0,
1

pvnp ’

p;wxoﬁ¢monw%xoawW>

&' (A—A’H)(A—A°H)"E

nw:H

<
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where again Proposition [2|and Lemma [/| are used. And

c=——® 'A’"H(A- A"H)"E
pynp
1 T A0 Tagg-1 0T
= ® ' A’HH"(AH ' - A")"E
py/1p
0T 40\ !
- ! o7 g (A (AH ' - A°)"E
py/1p p
-1
1 A°' A0 .
+——@'A° (AH ' - A"TE
py/1p p
=cl +c2,

where the second equality is using A — A’H = (AH~! — A°)H. In the third equality, we
subtract (AOTAO /p)~! from HH' and then add it back.

For c1, when p/n — p >0

0T 40\
dH'1¢TA0HHT<A [1> (AH ' - AY)TE
pvnp p
< o 0um< o (e -l) o st

<Jor (i el +ovm o, ()]
c-C c-C c-C
o, <mm<ﬁ,m |- )wp (;ﬁH - H)wp (ﬁ - )

+Op Qﬁrmn(lnp)) o <\1/fn““<1”19>>

:Op(l)r

-1
where the order of ®, A” and E are found in Lemma the order of HH" — (AOTA0 / p)
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is found in Lemma and the order of AH! — A% is found in Proposition 2, Now for c2,

using the same lemmas and proposition,

-1
1 A0T A0 -
——o'A° < ) (AH ' - A"TE

le2]] = N, p
< p\lﬁop(\/ﬁ) X Op(v/P) X |Op (mln(\prC CH) +Ou(V) +0y (%)]

o, (§Cfc)+o (49),

which is 0,(1) when p/n — p > 0.
—— @A

0T 40\ !
HHT — AY A
pynp p

: Op(VP) X Op(\/P) X Op <
1

And lastly we have

A E

[e-¢f+ mn(lnp)> X Op(v/7p)

sl

N
o (Grlle=l) +o () =

where again Lemma [14{is used.

Thus combining the above terms, we have

M;E— ——®'M

e

when p/n — p > 0. O
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Lemma 16. Recall |8 defined in (4.27), we have

et =0 (=€) +0 () + O (Gt )

Proof.

1
J8 = ——®  M;I8GF'
P
1 ~
=———® M;EE'AGF'
np
1 = 1 on -
= ——® EETAGF' + —®'AATEE'AGF'
np np

=141],

where we use Mz = I, — EAT/;?. For I,

1

1 ~
I=-— & EE' (A _ AOH) GF' — n—;ﬂcDTEETAOHGFT,

np

then

1 ~ 1
I1|| <— ||@"EET || |A — A°H||||G||||F|| + — ||® "EE"A°| | H||||G||||F|
np? np?

[Op (pv/n) + Oy (ny/p)] x Op (v/Pq) x Op (V1)

=—_x
np?

+ 23 % [0 (V1) + 0, ()] Oy (V)

() 0 (9.

where the order of ||[®"EE" || and ||®"EE" A°|| are found in Lemma 8} the order of |A —
A’H|| is from Proposition 2} and the orders of || F|| and ||G|| are found in Lemma [7] (iif)

and Lemma [10| respectively.
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For I1,

1 s T R
= ® A(A-AH+AH) EE' (A—AH+AH)GF'
np
~ ~ T ~ ~
:nlp?)q)TA [(A ~A°H) EE' (A—A°H)+ (AH)' EE" (A- A°H)

—~ T
+ (A~ A°H) EETA°H+ (a°H)' EETAOH} GF',
then

|11 < LH‘I’THMH |A — AH|?||EET|| + || A — A°H|||[EET A%|| + | A° EETA°|| |G |IF|
npd
1
= np? {[0p (pv/n) + 0, (ny/P)] x (P> + /Pa+1)} x Op (Vn)

=0y [(; + p\f/@) (pa* + \/?61)} :

where the order of HEETAOH and HAOTEETAOH are found in Lemma the order of
|A — A°H|| is from Proposition [2} and the orders of ||®||, ||F|| and |G| are found in
Lemma 7] (i), (iii) and Lemma [I0|respectively.

Combining I and I1, we have

1581 = 0, [ (5 + 27 ) (ot + v |
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Since 1 = O (,/pq), the term ,/pq is dominated by pg?, thus

el =05+ 25 7]
12
[ ] L=

“erlle=el) v () <0 (Grmnm)
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Chapter 5

Conclusions and Future Work

In this thesis, we consider three various topics in the field of high-dimensional functional
data analysis. In Chapter 2, we propose a model that utilizes the correlation structures
between the populations, and also ensures long-term coherence in the forecasts. Based
on functional principal component analysis, we propose using a vector error correction
model to jointly forecast mortality rates in multiple populations. An algorithm to gen-
erate bootstrap prediction intervals is also provided. We compare the proposed model
with other forecast models in the previous literature. The superiority of this model is
demonstrated through a series of simulation studies and applications to the age- and
sex-specific mortality rates in Switzerland and the Czech Republic.

A main focus of this thesis is on the high-dimensional functional data. On the one
hand, we consider extending multivariate functional time series to high-dimensional
functional time series. By high dimension, we mean we allow the dimension of the
multivariate functional time series N to grow with the sample size T. In this sense, the
data structure is analogous to the target in conventional high-dimensional data analysis.
In Chapter 3, we adopt a twofold dimension reduction model for such data. A dynamic
functional principal component analysis is first applied to reduce each functional time
series to a vector. We then apply the factor model as a further dimension reduction

technique so that only a small number of latent factors are preserved. Classic time series
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models can be used to forecast the factors, and conditional forecasts of the functions can
be constructed. Asymptotic properties of the approximated functions are established,
including both estimation error and forecast error. The proposed method is easy to
implement, especially when the dimension of the functional time series is large. We show
the superiority of our approach via both simulation studies and an application to Japanese
age-specific mortality rates.

On the other hand, functional data by itself is considered to be high-dimensional.
Such infinite dimensionality calls for dimension reduction techniques, with functional
principal component analysis the most commonly used method to achieve this. This high
dimensionality, in turn, means that when measurement error exists, it is also of high
dimension and will induce the problem of the “curse of dimensionality.” Thus, dimension
reduction techniques from the field of multivariate analysis are needed. This is one of
the main motivations for the factor-augmented smoothing model proposed in Chapter
To retrieve the underlying smooth functions, we impose a factor model structure on the
measurement error while smoothing the functional component. Asymptotic theorems are
also established to demonstrate the effects of including factor structures on the smoothing
results. Specifically, we show that the smoothing coefficients projected on the complement
space of the factor loading matrix is asymptotic normal. As a byproduct of independent
interest, an estimator for the population covariance matrix of the raw data is presented
based on the proposed model. Extensive simulation studies illustrate that these factor
adjustments are crucial in improving estimation accuracy and avoiding the “curse of
dimensionality.” The advantages of our model are also shown using Canadian weather
data and Australian temperature data.

The work presented in this thesis leaves several directions open for future research. In

Chapter [2/and [3| we consider representing multivariate and high-dimensional functional
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time series with low-order principal components under unsupervised settings. When
covariates exist, the proposed models can be easily extended to functional linear models
that incorporate the covariates. For instance, in Chapter |3, we analyze the Japanese
mortality rates for all the prefectures, in which case, the socio-economic features of each
prefecture can be included as covariates. Models with functional responses that associate
the principal components with predictors are studied in |Chiou et al. (2003a)b, 2004).
In Chapter 3, the functional principal components obtained from the first dimension
reduction step are in a panel data structure. Thus, covariates can be easily incorporated
into the second dimension reduction step with factor model. There are many studies on
the panel data models with fixed and random effects (see, e.g., Frees||2004, Bai 2009).
With the increasing ability to collect large data, the complexity of data also increases.
The factor-augmented smoothing model proposed in Chapter {4]is a good start point
for modeling complex data structures. The data we deal with are a mixture of smooth
functional curves and high-dimensional measurement error. The factor model component
can be regarded as a "boosting” component that improves model accuracy. Extending
from this idea, the model can be applied to other data structures. One example is the data
that contain change points. Change point is a popular problem in many statistics and
econometric topics and has been extensively studies in the multivariate setting. Previous
literature on change point in functional data include Berkes et al. (2009), Hormann &
Kokoszkal (2010). It is shown in Chapter E] that our model can be used for modeling
functional data with change point in the cross-sectional direction. The model can be
modified to account for change point also in the sample direction. Further research can

be conducted along this line.
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