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Abstract

Fusion and fission are fundamentally important processes to both technology and as probes for the dy-
namics of quantummany-body systems. Both processes are understood to result from themovement of
the system over a potential energy surface. The structure of this potential energy surface arises from the
interplay of the nuclear and coulombpotentials and the structure of the quantum shell states. The trajec-
tories over the potential energy surface differ due to the probabilistic nature of single particle transitions
at level crossings; raising or lowering the available energy for the trajectory.

To calculate level crossings as a function of internuclear separation, a new implementation of the
Asymmetric Two-Centre Shell Model (ATCSM) [75] has been developed, named Orthrus. A brief
description of the model is followed by details of the implementation. Errors in the original publication
were identified and corrected, including modifications to the defined operators and a full rederivation
of the matrix elements. Novel improvements to both parameter selection for the basis elements and the
calculation of the non-integer principle quantum numbers— a unique feature of this model— are also
discussed in detail.

This work also developed and tested a Monte Carlo-based model of shell occupancy. This model
was used to examine the transition between the initial diabatic behaviour near the barrier and the adia-
batic regime reached when the system has lost the majority of its kinetic energy, using the Landau-Zener
transition model. This novel approach enables an ensemble of trajectories to be generated for a single
reaction. Initial tests of the model show that the minimum separation distance reached by the fusing
dinuclear system can be attributed to specific outcomes in diabatic transitions between certain levels,
which differ between 50Ti and 48Ca; relevant to the search for new superheavy elements.

Insights into the role of shell structure in fission are obtained from experimental measurements;
extracting both the position and number of fissionmodes. Recent experimental efforts to measure mul-
timodal mass-asymmetric fission in the preactinides [105] triggered my development of a new analysis
method, Panther, for fitting fission-mass distributions. Panther provides an iterative approach to
determining the minimum number of fission modes present. In conjunction, a method of pseudodata
generationwas developed tobenchmark the accuracy andprecisionof fitted results. This analysis showed
high precision when determining the positions of mass-asymmetric fission modes, but low precision in
their relative yields. The results of a subsampling-based approach to determining the uncertainties from
fitting procedures were found to be consistent the local behaviour of the chi-square hypersurface inmost
cases, and an improvement in cases where the local behaviour differs from observed global behaviour.

The fission of 220Ra was analysed using low- and high-statistics measurements with Panther and
with robustness testing via pseudodata generation. The fission mass distribution was found to contain
clear evidence of both the standard-I and standard-II fission modes from the actinides. This agrees with
historic measurements of the same reaction [110] but disagrees in the yield of the asymmetric fission.
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1
Preface

This was not the thesis I originally envisioned when beginning my PhD candidature, but PhD projects
(and students) develop over time as new avenues of research present themselves. The topic of this thesis
is, as the title suggests, the impact of shell structure on nuclear reactions. I have focussed on fusion and
fission reactions as these are themost obvious places to look for such a result. However, themain purpose
of this work is not to definitively categorise the impact of shell structure on these reactions — indeed,
such an attempt would be utter hubris— but instead to develop tools whichmay be used to further our
understanding in these areas.

The thesis is comprised of two halves which may be read almost entirely independently. The initial
focus is on fusion reactions and is comprised of an detailed reconstruction and implementation of a shell
model fromRef. [75], followed by the outline of a newMonte-Carlo based tool to help elucidate certain
shell structure effects thatmaymanifest in the level occupation. In the latter half of the thesis I introduce
two novel analysis methods for use in fission research, and indicate their broad use in the final chapter
with an example analysis of a new measurement. I could go on describing the content, but this is all
covered in greater detail in the next chapter. Instead, the purpose of this preface is to provide insight into
the greater context in which this project was completed.

It is difficult to understate the impact that the SARS-CoV-2 outbreak, COVID-19, had on thewider
world and it dramatically reshaped the academic landscape in Australia. The difficulty of attracting and
retaining international students led to substantial redundancies and financial troubles which have not
been seen for a long time. At the same time it is almost impossible to truly quantify the impact that this
unprecedented global pandemic has had on my candidature and research. However, we may get some
insight by considering a few facts. After the initial outbreak and campus closures of The Australian
National University in March 2020, I have worked entirely remotely until the time of writing. Some
two-thirds ofmy PhD candidature has been spent working remotely. I estimate 95% of thework youwill
see in this thesis to have performed during this period. This dramatically reduces the available contact
with supervisors, and also with fellow PhD candidates which would otherwise motivate the work.

We must also consider the changes within the wider research field. Since mid-2021 there has been

1



2 Preface

a push in fission research towards analysis of fission-mass distributions in the sub-lead region of the nu-
clide chart. This can be seen in the recent proliferation of publications from research groups around the
world, and within my own research group. Numerous claims have also been made about multi-modal
asymmetric fission in this region; driven by shell structure effects which overlap significantly with each
other and the symmetric fission mode. I saw an opportunity to develop a novel series of analysis tech-
niques which could not only help elucidate the shell structure effects in this region, but also provide
a solid framework for all future fission analysis. At this point I had no mention of nuclear fission in
my PhD project and only 8 months remaining to my original deadline with a thesis yet to write. How-
ever, given the scope and importance of these developments my supervisors and I agreed they had to be
included here.

Balancing these two topics— shell structure in both fusion and fission reactions— has necessitated
compromise on the level of detail and completeness throughout the thesis in order to complete it. As I
have often stated to my supervisors, “If it wasn’t for the second half, the first half would be my thesis”
and the reverse is also true. As such, at the end of each chapter I have included a section outlining the
future work for each topic. This includes works which would have otherwise been included and ideas
that have not been tested, but in all cases the future work section exists to show that these tools have —
for the lack of a better word— a future. There is a substantial list of ideas, experiments, and projects that
are left as open questions in this work and I hope that I, or others building on this work, can accomplish
them.



2
Background

The background to this thesis will be presented in twomain sections. The first is a historical exploration
of the development of the field of nuclear fission and the ongoing work to understand both the nature
of, and mechanisms inducing, observed mass-asymmetric fission. The role of shell effects in fission has
been ever present in fission research but the same cannot be said for fusion. The second section of the
background focusses of the potential roles of shell effects in the mechanism of fusion. These effects
are more subtle, involving the deformation, orientation, diabaticity, and numerous other factors which
impact the fusion cross-section and the survivability of a final compound nucleus.

2.1 Shell Structure Effects in Nuclear Fission

It was the observation by Fermi and his associates at Sapienza in 1934 of the production of at least four
artificial, radioactive isotopes formed in the neutron bombardment of uranium [1] (𝑍 = 92) that set the
nascent nuclear physics field on the path towards fission and the unending search for heavier, transuranic
elements. In the subsequent chemical analysis of the produced radioisotopes Fermi concluded that two
of the isotopes seemed “to be due to products with atomic number higher than 92”. Three years later
Meitner, Hahn, and Strassmann replicated this procedure and found at least nine separate radioactive
decay rates, and with further chemical analysis assigned no less than six of these to elements beyond ura-
nium [2]. This analysis process at this time relied on identifying the chemical properties of the isotopes,
and it was believed at the time that the nuclear processes induced by the neutron bombardment would
— like all previously observed nuclear reactions— cause the uranium nucleus to emit at most an 𝛼 parti-
cle or “𝛽-ray” and when recaptured by another nucleus would produce heavier elements. In this manner
the four transuranic elements were assigned to an atomic number by virtue of their similarities to their
lower homologues in the lanthanides.

The first road bump to this interpretation came the following year with an investigation by I. Curie
and Savitch [3] in which they identified the beta-decay process of a new radioisotope produced by
neutron-irradiated uranium. Chemical analysis revealed that this product had all of the chemical prop-
erties of the rare earths and they were able to rule out the possibility that it was an isotope of actinium

3



4 Background

(𝑍 = 89). However, they could not rule out the possibility that is was lanthanum (𝑍 = 57) and could
not reach a final atomic number for the unknown isotope. Certainly it did not fit in the region sur-
rounding uranium in the periodic table1. Shortly thereafter, Hahn and Strassmann published a work in
Die Naturwissenschaften where they analysed the assumed “radium isotopes” which were produced in
the same reaction [4]. Throughout the chemical analysis they were unable to separate these isotopes by
any means from the barium “carrier” for the isotope. This led to the conclusion that this isotope was
chemically identical to barium, and thereforemust be barium (𝑍 = 56). The weight of this conclusion
at the time is best conveyed by the following extract from a later translation of their paper [4],

‘As chemists we really ought to revise the decay scheme given above and insert the symbols
Ba, La, Ce, in place of Ra, Ac, Th. However as “nuclear chemists”, working very close
to the field of physics, we cannot bring ourselves yet to take such a drastic step which goes
against all previous experience innuclear physics. There couldperhapsbe a series of unusual
coincidences which has given us false indications.’

The explanation of this novel phenomenonwas publishedmere months later byMeitner and Frisch
in the seminal work “Disintegration of Uranium by Neutrons: A New Type of Nuclear Reaction” [5].
In this brief paperMeitner and Frisch outline a possible mechanism based on the current understanding
of the liquid drop model of the nucleus [6, 7] in which the surface tension responsible for maintaining
the nuclear shape is counteracted by the effective charge of the nucleus. For sufficiently large nuclei,
such as those in the actinides, a small amount of energy introduced by the capture of a neutronwould be
sufficient to induce a critical deformation such that the nucleus splits into two nuclei of roughly equal
size. This process, named for the biological analogue of binary fission of cells, was not only able to explain
the production of light isotopes from uranium, but also gave a potential explanation for the observation
of similar products from the fission of thorium [8] (Z = 90).

Meitner andFrisch alsomade estimates for the kinetic energy of thefission fragments, up to200MeV
in total, based on the Coulomb potential of the system at the point of scission[5]. Confirmation came
shortly after whenAnderson et al. measured the energy deposited by the fission fragments with a parallel
plate ionisation chamber and found up to 90 MeV of energy per fragment [9]. While this was smaller
than the expected total of 200 MeV, Anderson et al. conclude that the estimated values were “not out-
side our experimental error”. Another work from the research group at Columbia University, this time
by Booth et al., demonstrated one of the first confirmations of mass-asymmetric fission of uranium by
measuring the range of these fission fragments in a parallel plate ionisation chamber. They demonstrated
the existence of two separate groupings with equivalent intensity but different ranges in the ionisation
chamber—2.2±0.1 cm and≈1.5 cm—a clear indication of the population of twodifferentmass regions
of the nuclide chart [10].

From this early study and other early developments we are able to see many of the hallmarks which
will define the study of nuclear fission throughout the twentieth century. Joliot in 1939, mere weeks
after the publication of bothHahn and Strassmann’s, andMeitner and Frisch’s papers, published obser-
vations that the population of the fission modes— identified in this case by the length of their half-lives
— depended on the energy of the incident neutrons [11]. Over the following decade this became com-
mon knowledge with Turkevich and Niday in 1951 stating “An increase in the neutron energy causing
fission is known to raise the yield of symmetrical products” and citingno fewer than three papers to affirm
this fact [12]. In this same paper they go on to suggest the notion that the fission yields of uranium and

1OrMendeleev’s Table as it was referred to in the paper.



2.1 Shell Structure Effects in Nuclear Fission 5

thorium were due to a superposition of two potential fission modes, the mass-asymmetric mode which
dominates the fission and is insensitive to the neutron energies, and a smaller mass-symmetric mode that
had lower yield but strong dependence on the incident energy. This was the first suggestion the ob-
served fission yield distributions may be a superposition of multiple modes populated via a distribution
of fission barriers; a concept which is still relevant today [13].

One of the prevalent, and persistent, questions in fission research since these early days has been the
mechanism by which mass-asymmetric fission is produced. The early explanations of fission relied on
the near-classical interpretation of the liquid dropmodel. This model, extended by Bohr andWheeler in
1939 [14], proved able to explainmany of themechanisms of fission by drawing analogy to the notion of
a charged droplet. As this model and analytic techniques developed, and with the advent of “electronic
calculators”, detailed calculations about the pathways towards the deformation which results in fission
could be made. However these calculations, while capable of demonstrating symmetric fission, were
wholly unable to explain the phenomena of asymmetric fission [15].

Later analytic explorations of the liquid dropmodel by Businaro andGallone, andNosov identified
the existence of a critical point along the symmetric fission path [16, 17]. At this point any minor asym-
metric deformation in the systemwould compound and result in an asymmetric outcome. However this
still does not engineer an energetically favourable outcome under the liquid dropmodel alone. Theoret-
ical success in predicting the asymmetric yields of fission in the actinides only came with the integration
of the quantummechanical nature of the fission fragments.

In 1949 GoeppertMayer introduced a nuclear shell model which was able to reconcile the empirical
evidence for the increased stability of nuclides with nucleon numbers of 50, 82, and 126. Previous at-
tempts based on pure harmonic oscillator or square well bases were only able to reproduce the first three
“magic numbers” — 2, 8, 20 — and failed beyond that. Goeppert Mayer’s key thesis was that the exis-
tence of strong spin-orbit coupling, which would require larger binding energies for nucleon pairs with
larger angular momenta, would enable large shell gaps for the first levels in each of the “major shells” in
the harmonic oscillator basis. Such a model adequately explains the stability of the 50, 82, 126 nucleon
numbers and hints at a potential mechanism for observed mass-asymmetric fission [18].

Early success was found by integrating the current liquid dropmodel2with a naive shell correction at
𝑍,𝑁 = 50 of -1.1 and -2 MeV respectively, and -2 MeV for𝑁 = 82 [19, 20]. With this minor inclusion
it was possible to show asymmetric fission as an energetically favourable outcome when exploring the
range of deformation of the system.

This shell effect consideration correlates closely with current concepts of asymmetric fission. The
modern theoretical interpretation of fission is that of a multi-dimensional potential energy surface cre-
ated by the extension of the liquid drop model along each of its defining parameters, such as the elon-
gation of the system, deformation, and thickness of the nucleon bridge between the two nascent fission
fragments. The process leading to scission begins at a point near the equilibrium (groundstate) defor-
mation on this surface with some amount of excitation energy. The system then evolves stochastically
towards an energetic minimum, and if the initial excitation energy is sufficient, then it may overcome
the fission barrier during this time and evolve towards the point of scission. In the absence of shell cor-
rections the evolution of this system towards fission only begets a symmetric outcome. The inclusion of
the shell effects introduces valleys into this surface whichmay “capture” the evolving system and direct it
towards an asymmetric split [21]. Current shell effect calculationsmay be performed in parallel with the

2I am using the short-hand of referring to most of the theoretical models which are analogous to the liquid drop model as
“the liquid drop model”. Though at this time it was either referred to as the semi-empirical mass formula, or the Wiezsaecker
formula. But the overall purpose is the same.
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generation of the liquid drop model potential by use of a shell model which includes the deformation
of the system. The generated shell levels are typically processed via the “Strutinsky method” [22] which
enables a shell correction calculation for any configuration of single particle levels.

The secondary problem to solve from these early observations of asymmetric fission was the inde-
pendence of the location of the heavy fragment across the fission yield distributions of nuclides in the
neighbourhood of uranium. Turkevich and Niday compared the distributions of thorium, uranium,
and plutonium neutron-induced fission and noted the heavy fragment peak in each case was around
𝐴 ≈ 140 [12]. A later systematic review by Brosa in 1990 noted that fission in the actinides could
be broadly described with three modes of fission: the standard I, standard II (both mass-asymmetric),
and the mass-symmetric superlong [23]. These modes also differ in their total kinetic energy, which we
should note is dependent on the compactness of the system as the point of scission. The superlongmode
is attributed to liquid drop model and has a lower total kinetic energy than its asymmetric counterparts
the standard I and II modes3. The standard I and standard II fission modes differ in the locations of
their peak fission fragment masses and their total kinetic energy, with the standard I being the closest to
symmetry and the higher kinetic energy. Thismode has long been associatedwith the attractive effects of
the doubly-magic 132Sn with its 50 protons and 82 neutrons. The standard II mode had been attributed
to a deformed neutron shell gap at𝑁 = 88 [21].

A later systematic study of fission beginning in the pre-actinides and across the actinide region by
Schmidt et al. performedwith a new relativistic radioactive ion beam atGSIDarmstadt found large-scale
agreementwith the assertion that the fission of actinides is dominated by asymmetric fission, and further
that the asymmetric mode was constant throughout this region [24]. Notably, they initially included
only a single asymmetric mode which they found to be centred around 𝑍 = 54. A later reanalysis of
this data was performed in 2008 by Bocksteigel et al. [25] with the idea to extract multiple asymmetric
modes from the actinide fission. They determined that the standard Imodewas associated strongly with
𝑍 = 52.5 and the standard II mode with 𝑍 = 55. No neutron association for either of the asymmetric
modes was concluded in that work. The analysis of the pre-actinide fission spectra by Schmidt noted
a dominant symmetric mode in all cases with a transition towards asymmetric-dominant fission as the
systems approached the actinides.

2.2 Shell Structure and Deformation

Throughout these systematic explorations there is still yet to be a conclusive theoretical argument for the
shell effects responsible for the asymmetricmodes observed in the actinides. It is clear from the stability of
the heavy peak that the shell effects of the heavy fragment dominate the evolution of the system towards
scission, but the exact effects are not known. 132Sn is still a leading contender as the spherical shell effects
at 𝑍 = 50 and𝑁 = 82 are the strongest, and the trajectories may be attracted over the potential energy
surface by this effect. However this is countered in part by the large energy cost in deforming spherical
nuclei in a way which is favourable to the shapes attained during the fission process.

In 2018 Scamps and Simenel published a letter with an argument that the standard I and II modes
may be associated with deformed shell effects near 𝑍 = 52 and 𝑍 = 56 [26]. Recent measurements have
confirmed twobarium isotopes, 144Ba and 146Ba, to have shell-stabilised octupole deformations at or near

3I should also mention here the existence of a supershort fission mode which is also symmetric but with a higher kinetic
energy than the other modes due to its compactness. This modemay be observed in superposition with a superlong symmetric
mode in the spontaneous fission of 258Fm [23]. However, this mode is not relevant for the actinide fission we are interested in
exploring here.
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their groundstate[27, 28]. These deformations, which appear “pear-shaped”, are already believed to be
required during the latter stage of fission as a result of the formation of the neck between the fragments
prior to scission. These octupole deformations are energetically expensive to form with spherical frag-
ments. The existence of a stable octupole deformation in the heavy fragmentmay aid in further reducing
the potential energy near scission for this outcome as little energy is required for the deformation. The
quantummany-body simulations performed in Ref. [26] show the formation of an octupole-deformed
heavy fragment occurs in each of the explored systems, from 230Th to 258Fm. The calculated fission
outcomes for these systems line up with experimental fission yield measurements.

While neither explanation has been conclusively proven, it is clear from decades of experimental and
theoretical research that shell effects are a dominant force in driving fission outcomes in low excitation
energy measurements. So far, this chapter has focussed on the evolution of our understanding of fission
in the actinides, especially its asymmetric components, but there is also substantial ongoing research
into the impact of shell effects on fission of lighter nuclear systems. In 2010 Andreyev et al. published
a measurement of 𝛽-delayed fission of 180Tl (𝑍 = 79) — the fissioning nucleus in this case being 180Hg
(𝑍 = 80) — resulting in the surprising observation of pure asymmetric fission4 with the light and heavy
peak centred around 𝐴 = 80 and 𝐴 = 100 respectively [29]. These results could not be explained by
the same potential mechanisms as actinide fission, and nor did they align with the spherical shell effects
which were expected to lead to symmetric fission; the formation of two 90Zr isotopes with the magic
number of 50 neutrons, and a semimagic 40 protons.

Given the fact that the observed peaks in the 𝛽-delayed fission did not align with any spherical shell
effects, the considerationmust be given to shell structure effects arising from deformation. A 2019 work
by Scamps and Simenel [30] — following up on the success of the method used to assign octupole de-
formations to the fission fragments from actinide fission — found that a combination of octupole and
quadrupole deformations in the heavy and light fragment respectively was able to explain the observed
asymmetric fission with predicted outcomes from the quantum many-body simulation of 180Hg being
80Kr (𝑍 = 36) and 100Ru (𝑍 = 44) [30]. A later systematic study of asymmetric fission in the sub-lead
region of the nuclide chart by Prasad et al. found good agreement between the predicted deformed shell
effects in this region and their experimental results [31].

2.3 Shell Structure in Fusion and Quasifission

The mechanisms which dictate the outcomes of nuclear reactions may also be studied through heavy
ion fusion, defined here as the collision and subsequent amalgamation of two heavy ions to form a single
compound nucleus. This compound nucleus may then decay via the emission of neutrons, protons, 𝛼
particles, or 𝛾-rays, or by the process of nuclear fission [32]. The formation of the compound nucleus
may be hindered by numerous processes throughout the course of the reaction, including deep inelas-
tic scattering [33], dissipative transfer reactions between the projectile and nucleus [34, 35], or quasifis-
sion [36, 37]. Within the scope of this thesis we do not consider processes which occur prior to capture
of the projectile, and so only consider the competition between quasifission and fusion. As its name
suggests, quasifission is a process which bears many of the hallmarks of fission — the formation of two
fragments moving apart with kinetic energy dictated by their configuration at the point of scission. In
practice, we may distinguish quasifission and fission by measurements of the correlated mass and angu-
lar distributions of the fission fragments due to the shorter contact time and non-equilibration of the

4Remember the systematic study inRef. [24]had showna transition fromthe asymmetric dominantfissionof the actinides
to symmetric dominant in the preactinides.
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masses of the fragments [37].
The fusion process may be loosely considered the “inverse reaction” of fission, beginning with two

fragments and ending (perhaps only briefly) with a compact compound nucleus close to the groundstate
potentialminimum. They also sharemany analogousproperties, for example thefissionbarrier produced
by the necessary deformation energy to form two fragments has an analogue in the fusion barrierwhich is
formed mainly by the mutual Coulomb repulsion between the fragments, in this case the projectile and
target nuclei. We may also consider the recent suggestion that the deformation of the produced fission
fragments may influence the fission products [26] as fusion outcomes have long been known to depend
on the deformation of one or both of the projectile and target .

A measurement of the fusion cross section of 16O+ 148,150,152,154Sm at sub-barrier energies by Stok-
stad et al. [38] in 1980 found the increasing neutron number of the target correlated with a significant
increase in themeasured fusion cross section at sub-barrier energies when compared to the existing single
barrier models. This effect was attributed to the increasing prolate5 deformation of the target nucleus
with increasing proton number. The impact of a deformed nucleus over a spherical one, such as the
projectile 16O, is to give the reaction an additional degree of freedom. Classically, this corresponds to
the orientation of the target at the moment of collision. The effect on the cross section is immediately
apparent when one considers the respective coulomb barrier at for a collision with the tip of the target
nucleus, called an axial collision, andwith the side of the nucleus, called an equatorial collision. The axial
collisionmaximises the average distance between the protons in the projectile and target, minimising the
resulting fusion barrier. Conversely, the equatorial collision minimises the average separation and max-
imises the barrier. Therefore the fusion barrier—much like the fission barrier—may be a superposition
of multiple barriers with different heights and widths [39].

The orientation of the system at the point of contact may also dictate the reaction outcome. A 1996
publication by Hinde et al. presented measurements of observed fission fragment angular anisotropies
from the heavy ion reaction of 16O and 238U [40]. The isotope 238U has a prolate deformation in its
groundstate [41, 42], similar to the deformation of 154Sm. The measured anisotropies showed a clear
dependence on the kinetic energy of the collision, with the variation correlating directly with the dis-
tribution of the fusion barriers. From their observations, Hinde et al. produced a “simple geometric
model” assigning fusion-fission— that is fission following fusion and the full equilibration of all degrees
of freedom— to equatorial collisions and quasifission to axial collisions. This model was able to accu-
rately reproduce the measured anisotropies and demonstrated clearly that the orientation at which the
two nuclei collide dictates to a large extent the resulting reaction.

A 2014 letter byWakhle et al. [43] compared the results of TDHF calculations to experimental mea-
surements of the reaction 40Ca + 238U. The compound nucleus for this reaction is 278Cn (𝑍 = 112),
a superheavy element. The results of the microscopic calculations found that axial collisions produced
no fusion-fission outcomes, while equatorial collisions with a small impact parameter6 were able to pro-
duce a stable compound nucleus which did not fission within the duration of the simulation, some 30
zs. While both equatorial and axial collisions resulted in quasifission,Wakhle et al. note that quasifission
from equatorial collisions typically resulted in a more symmetric mass split and longer contact times of
≳30 zs compared to axial collisions which produced an asymmetric peak near 208Pb and 70Zn within a
short contact time of≲10 zs. No shell effectswere notedwithin quasifission of equatorial collisions. This
work suggests a possible interplay between the orientation of the system and the observable shell effects

5Prolate deformation gives the nucleus a cigar-like shape.
6Impact parameter is the perpendicular distance between the centre of the target nucleus and the path of the initial trajec-

tory of the projectile
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in quasifission, and echoes the earlier observations of Hinde et al. [40] that the orientation of the system
at the point of contact may to a large extent dictate the outcome of the reaction.

Shell structure is also predicted to drive quasifission outcomes. A 2021 study by Simenel et al. [44]
using time-dependent Hartree-Fock calculations examined the predicted quasifission fragments for the
collision of 50Ca and 176Yb. The compound nucleus for this reaction would be 226Th which is widely
believed to have two fission modes, a symmetric and an asymmetric with the latter producing fragments
near krypton (𝑍 = 36) and xenon (𝑍 = 54) [24, 25, 45, 46]. The results of the TDHF calculations
showed that the mass equilibration of the fragments involved in quasifission stalled near𝑍 = 36, 54 and
did not evolve further evenwith prolonged contact time. Their conclusionwas that the same shell effects
which lead to fission outcomes also influence the evolution of quasifission fragments. It is not a quantum
leap of logic to suggest that the predicted stalling of the mass equilibration process may also hinder the
formation of the compound nucleus, as it requires additional energy to overcome the additional binding
energy of this configuration and proceed to a relaxed compound nucleus.

2.4 Shell Structure Effects in Superheavy Elements

Understanding the factors which lead to quasifission and the othermechanismswhich hinder the forma-
tion of the compound nucleus — and thus the subsequent measurements of their decay via the 𝛼- and
𝛽-decay chains — is vital to the search for superheavy elements (SHE). SHE production and character-
isation is a unique tool to test our theoretical models of the inner workings of the nucleus. The current
search is motivated by a theorised “island of stability” predicted to occur for the neutron shell-gap near
𝑁 = 184, which would be the next major spherical closed shell beyond the𝑁 = 126 shell-gap observed
in 208Pb. We may observe the effect of the strong shell effects in this region in the variance in half-life
between the isotopes of copernicium (𝑍 = 112), a 4.5 order of magnitude difference between 277Cn
and 285Cn, or the 3.5 order of magnitude difference for the isotopes of flerovium (𝑍 = 116), 284Fl to
291Fl [47].

Once a reaction forming the superheavy element passes the stage of quasifission and forms a compact
near-spherical compound nucleus, the only barrier to its detection via decay chain is the competition be-
tween fission and the cooling process via emission of neutrons and 𝛾-rays. The survival probability of
the resulting evaporation residue (ER) falls exponentially with increasing excitation energy of the com-
pound nucleus [48]. Minimising this energy is key. The main paths for forming SHE used over recent
decades are distinguished by the excitation energy of the compound nucleus. These are “cold fusion”
which produces a compound nucleus with 10 – 15 MeV of excitation, and “hot fusion” with 30 – 50
MeV [48]. Cold fusionwas the typical choice for forming SHE since its development in 1974 [49] and is
usually performedwith a target of either 208Pb and 209Bi taking advantage of the strong binding energies
of these nuclides. A 1997 paper byMöller et al. showed withmacroscopic-microscopic calculations that
the shell structure effects of the fragments persist well inside the fusion barrier in cold fusion reactions
between 70Zn and 208Pb [50].With the projectile increasing in charge and mass over the years heavier el-
ements are able to be formed at the low excitation energies characteristic of cold fusion. Meanwhile, hot
fusion has found great success in recent years with the combination of a projectile of 48Ca and actinide
targets up to the heaviest practicable element, californium (𝑍 = 98).

The fundamental limitation of cold fusion is that the increasing mass symmetry of the projectile-
target pair decreases the cross section of fusion. The best example of this limitation is the production of
nihonium (𝑍 = 113) at RIKEN with a beam of 70Zn on a target of 209Bi. Over the course of 9 years,
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encompassing 575 days of irradiation time, the experiment produced 3 ions of nihonium with a total
reaction cross section of 0.02 pb [51]. In comparison the hot fusion reaction with 48Ca and 243Am at
DGRFS forming nihonium via alpha decay frommoscovium (𝑍 = 115) had a production cross sections
of 1 and 10 pb for nihonium andmoscovium respectively [48]. Furthermore, 48Ca has been a part of re-
actions forming, or validating, the discovery of the last 7 superheavy elements with cross sections varying
between 0.5 and 10 pb in all cases [48].

However, using the same projectile nucleus for all reactions has required the steady increase in charge
of the actinide targets. This makes the actinide targets both harder to produce, and with increasingly
shorter half-lives. The formation reaction for oganesson (𝑍 = 118), the current heaviest element, in-
volved 48Ca and a target composed of californium, 249Cf, which has a half-live of 351 years. In order
to form elements 119 and 120 with 48Ca we require isotopes of einsteinium (𝑍 = 99) and fermium
(𝑍 = 100). 254Es may be a potential candidate with a half-live of 276 days, whereas the longest-lived
isotope of fermium is 257Fm with a half-live of only 100 days [47]. Furthermore, the potential use of
these isotopes as a target is not only contingent on their half-lives but also their availability and difficulty
to produce. There is already precedent for the use of relatively short-lived targets for SHE production,
the reaction forming tennessine (𝑍 = 117) used a target of berkelium, 249Bk, with a half-life of only 321
days [47]. The production of the 22 mg of 249Bk used for the target took 18 months of neutrons irra-
diation, with a further 6 months to chemically isolate the 249Bk. In total 2 whole half-lives of the target
isotope passed between the initial stages of neutron irradiation and the start of the 70 day experiment to
form tennessine. The final deduced cross-section for this experiment was on the order of 1 pb [52]. In
short, while 254Es may be a potential candidate for forming element 119, its extreme difficulty to pro-
duce, shorter half-life, and calculated cross section with 48Ca of only 0.3 pb— three times smaller than
the tennessine reaction—make its use unviable.

2.5 The Search for the Next Superheavy Element

The current open question in superheavy element formation is the next isotopes to use now that 48Ca
has reached the endof usable targets. To a certain extent, this question also coincideswith a broader ques-
tion about the properties that have enabled 48Ca to be so effective in these reactions. One may expect
the doubly-magic nature of 48Ca is beneficial, giving both a high binding energy and compact spherical
shape. A 2012 study by Simenel et al. [53] examined the widths of the fissionmass distributions for reac-
tions involving 40,48Ca, 48Ti and 208Pb, among other reactions. The width of the fission mass distribu-
tion can be considered a proxy for the presence and quantity of quasifission outcomes in the interaction.
They found that that the lighter doubly-magic 40Ca gave an equivalent mass distribution width to the
reactions involving 48Ti, and both were twice the width of the reaction involving 48Ca. The conclusions
of the paper found that non-magic projectiles did result in a higher probability of quasifission. It was
also concluded that the difference in charge-mass ratio (𝑁/𝑍) between the projectile and target played
a significant effect. The doubly-magic 40Ca has a low neutron to proton ratio, 1:1, substantially lower
than nuclides near lead or in the actinides ≈ 1.5 ∶ 1. At the point of initial contact the𝑁/𝑍 ratio of the
system rapidly equalises, breaking any magicity of the 40Ca projectile [53]. This occurs less with 48Ca
with neutron to proton ratio of 1.4:1. Furthermore, the formation of SHE requires neutron-rich targets
and projectiles to increase the potential stability of the produced compound nucleus7. We require the
next projectile to be similarly neutron rich as 48Ca.

7Consider also that the commonmethod for the compound nucleus to “cool” is the emission of 2 – 5 neutrons
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Predictions of the cross sections for reactions producing element 120 show a strong dependence on
the mass asymmetry of the initial reaction [54], leading to the conclusion the replacement isotope for
48Ca should be as close as possible to this mass. We may then consider 50Ti as the projectile to form
the next generation of superheavy elements, as the additional two protons enable the formation of ele-
ment 119 and 120 via 249Bk and 249Cf, and the projectile maintains a closed neutron shell. However,
predictions of cross section for reactions involving 48Ca and 50Ti forming livermorium (𝑍 = 116) using
macroscopic-microscopicmodels find the latter to have a cross sectionwhich is twenty times smaller [54].
Additionally, predictive calculations of the reaction of 50Ti and 249Bk forming element 119 predict an
experimental cross section of only 0.04 pb [54], nearly an order of magnitude lower than the reaction
forming tennessine with 48Ca [52] and on the samemagnitude as the cold fusion reaction forming niho-
nium [51]. These findings are qualitatively similar to the experimental results of Banerjee at al. [55] who
measured fissionlike cross sections of cold fusion reactions of 48Ca and 50Ti on a 208Pb target forming
compound nuclei of nobelium (𝑍 = 102) and rutherfordium (𝑍 = 104) — 256No and 258Rf. They
found the probability for compound nucleus formation — essential for SHE formation and identifica-
tion — in the reactions involving 50Ti to be 2.5 times lower than those with 48Ca. While the suppres-
sion factor produced by Banerjee et al. is an order of magnitude lower than those mentioned earlier in
Ref. [54] we must remember that the compound nucleus formed and the mechanism— hot fusion in
Ref. [54] near 𝑍 = 116, and cold fusion in Ref. [55] near 𝑍 = 102 — differ substantially and may
account for a substantial component of the difference.

The fundamental question now shifts to understanding the mechanisms which are inhibiting the
fusion cross-sections for 50Ti; which we may consider to be a system consisting of an 48Ca core with
two additional valence protons. The answer may still lie in the regime of shell structure effects, but we
must consider the possibility that shell effects may manifest differently for fusion reactions compared
to fission. A fundamental difference between fission and fusion can be seen in their energetic regimes;
fusion has a period of strong diabaticity in the initial stages due to the significant kinetic energy required
to overcome the coulomb barrier, and may transition to a more adiabatic evolution as this energy is lost
and the dinuclear system evolves towards an equilibrated compound nucleus. In contrast fission is a
much slower process with strongly adiabatic behaviour throughout. However, we still observe some
diabatic behaviour such as the demonstrable odd-even effects in the masses of fission fragments [56, 57,
58, 59, 60, 61]. This diabatic behaviourmay also be significant in the transition between the saddle point
of the fission barrier and the point of scission [62, 63, 64]. A full discussion of the differences between
the adiabatic and diabatic regimes is included in Chapter 4, but the key difference is the nature of the
interactions between the evolving shell states. As the system evolves towards either scission or fusion the
energetic eigenstates of the shell model evolve with the changing potential of the system. In an adiabatic
system any two states with the same angular momentum cannot cross owing to their mutual repulsion
via the Pauli exclusion principle, instead modifying their wavefunction in response to the introduced
repulsion. Conversely, a diabatic system evolves with sufficient rapidity that these eigenstates may cross
before their wavefunction is sufficiently modified [65, 66, 67, 68].

The effect of the diabatic behaviour in fusion is the emergence of a sudden diabatic potential as the
crossings enable a significant increase in the total energy of the occupied single particle states. This po-
tential is in direct opposition to the fusion of the system robbing it of both kinetic energy and effectively
increasing the height of the barrier. We may expect the addition of the two extra protons of 50Ti for the
same reaction as 48Ca may lead to additional diabatic interactions between the shell states of the fusing
system, and increase in the resulting diabatic potential. These two protons sit higher in the potential
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well, above a major spherical shell gap and therefore will also interact with a greater number of unoccu-
pied states than the protons immediately below the shell closure. This may prove key to the difference
in reaction cross section between these two systems, given the 50Ti will have a higher Fermi surface than
its 48Ca counterpart. If this is higher than the corresponding target’s Fermi energy this will increase the
potential number of crossings and therefore increase the diabatic potential. This is an open question
which is the main target of the opening chapters of this thesis, particularly Chapter 4 where I develop
tools to explore this phenomenon.

2.6 In this Thesis…

This thesis seeks to explore the role of shell structure in fusion and fission reactions in two key ways.
To understand the impact of the evolving shell structure in fusion reactions I first require a working
model which is able to generate the shell states of a dinuclear system. For this purpose the Asymmetric
Two-Centre Shell Model is covered in detail in Chapter 3. This model has no publicly available imple-
mentation nor any rigorous verification outside the original work. Both are presented in this thesis.

This lays the groundwork for a novelMonte-Carlo-basedmodel for the evolution of shell occupancy
and locations of diabatic transitions during a fusion reaction, outlined in Chapter 4. The model allows
the generation of an ensemble of outcomes, and in the analysis of this ensemble the effect of a single
diabatic transition can be quantified. This will be an invaluable tool in examining the differences in
fusion cross-section between 50Ti and 48Ca reactions.

In the second half of the thesis I consider the role of shell structure in fission from the position of
practical measurement. Chapter 5 outlines an innovative data-driven analysis method, Panther. Pan-
ther enables the determination of the number of fission modes present within a fission mass distribu-
tion in a reliable and demonstrable way. In Chapter 5 I also make recommendations for selecting the
ideal fitting range and cover the statistical biases that exist in common data analysis techniques.

In Chapter 6 I cover a novel method for the construction of pseudodata that replicates the structure
of a fission mass distribution. The generated pseudodata allows a distribution with specified structure,
and therefore known fissionmodes, to be created and then analysed via standardmeans. This represents
the first capability to truly benchmark the accuracy and precision of our analysis methods. The remain-
der of the chapter is dedicated to two example applications of the pseudodata construction: the analysis
of the impact of measurement size on accuracy of fit parameters, and an exploration of the potential use
of a subsampling method in fission analysis.

Finally, Chapter 7 contains my application of the Panther and pseudodata generation methods
to the analysis of the reaction 12C + 208Pb → 220Ra. The reaction is analysed in the context of two
measurements taken at TheHeavy IonAccelerator Facility at TheAustralianNational University which
are a substantially differentmeasurements sizes— less than 10 000 and over 470 000 counts. The analysis
also includes comparisons to previous measurements, facilitated by pseudodata generation.
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The Asymmetric Two-Centre Shell Model

The observed asymmetric components of fission mass distributions are unable to be predicted via the
Liquid Drop Model (LDM) [15, 16, 69] alone. It was only the development of the first shell mod-
els [18, 70] and the inclusion of the additional binding energy resulting from shell closures to LDM
calculations [19, 20] that the mechanisms for asymmetric fission could begin to be understood. This
drove the need for a shell model which was able to account simultaneously for the evolving shell struc-
ture in both nascent fragments of the fissioning nucleus.

Maruhn andGreiner and their group at the Institut für Theoretiche Physik at theUniversität Frank-
furt were among those working on the initial two-centre shell models. Holzer’s 1969 paper [71] laid the
foundation by producing a set of analytic solutions for a two-centre potential composed of piecewise
Nilssonmodels [70]. However, this work and its contemporaries [72, 73] were restricted to two-centred
systems where the radial dimensions of each fragment are equal— significantly limiting the systems that
could be explored. Scharnweber’s work in 1970 [74] used Holzer’s analytic solutions as a basis to diag-
onalise the spin-orbit and orbital-angular momentum potentials. However, significant restrictions on
the shapes of the fragments persisted in this work and discontinuities in the radial profiles at the point of
contact were unavoidable. The 1972 paper fromMaruhn and Greiner [75] generalised the methods de-
veloped by Holzer and Scharnweber to fully asymmetric shapes, with the inclusion of smoothing terms
that allowed the barrier between the two potentials to have variable height as well as control the thick-
ness and formation of the “neck” bridging the two fragments removing the existing discontinuities at
the point of contact.

While the asymmetric two-centre shell model (ATCSM) was developed to explore the impact of
shell corrections on LDM calculations for fission mass distributions, the ATCSM has many properties
which are beneficial for exploring shell effects in fusion reactions. The two-centred nature of the poten-
tial and resulting single particle states allows the calculations of a shell model which is both correct in
the compound-nucleus limit but also affords the formation of asymptotically correct initial fragments.
This allows the exploration of the evolution of the shell structure throughout the entire fusion process.
Further, the parametrisation that allows a completely asymmetric fission mass split also allows complete
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control of the evolution of the mass partition and deformation between the two fragments which are in
the process of fusion. These properties give the ATCSM unparalleled ability to dictate the evolution of
the shell states towards rare events which cannot be targeted specifically though mean-field models. It is
for this purpose that the ATCSMmodel is included in this thesis as I wish to explore the impact of the
evolution of the shell structure, and specifically, the impact of transitions within that structure.

Maruhn and Greiner’s original paper [75] forms the basis of all ATCSMwork done in the 5 decades
to-date, and forms the basis of the work I have performed in this thesis. As such, this chapter initially
follows the derivation of the model as outlined in the original works. However, the original paper con-
tains several mistakes in the supplied definitions and derived matrix elements. Hence, an implementa-
tion based solely on their supplied equations cannot function correctly without substantial rederivation;
which I have completedduring the implementationphase andwill present throughout the chapterwhere
necessary.

The chapter first outlines the definition of the potential and the parametrisation that enables the
definition of the asymmetry between the fragments and their individual deformations. Following this
the basis states for the ATCSM are defined and presented in analytical form. The spin-orbit and orbital-
angular momentum operators are presented and are diagonalised using the basis states, and the non-zero
matrix elements are presented in full. Finally, I cover details of the implementation of the ATCSM, with
innovative solutions to the issues that may arise with this model.

3.1 Defining the Shape of the Nuclear Potential

We begin with the Hamiltonian of the model, defined as

𝐻 = −ℏ
2∇2

2𝑚0
+ 𝑉(𝜌, 𝑧) + 𝑉𝐿𝑆 + 𝑉𝐿2 , (3.1)

where we use cylindrical coordinates (𝑧, 𝜌, 𝜙) as it makes the calculations easier and in fission nuclear
systems with axial symmetry are most relevant. We denote the two centres of the potential by 𝑧1 and 𝑧2,
with the constraint that 𝑧1 ≤ 0 ≤ 𝑧2.

The first component of the potential, 𝑉(𝜌, 𝑧), defines the two centres of the ATCSM. Each centre
is defined as a separate deformed harmonic oscillator potential, similar to the Nilsson model [70], to
enable each potential well to have independent quadrupole deformation. The potential may be written
piecewise in the following form,

𝑉(𝜌, 𝑧) =
⎧

⎨
⎩

1
2𝑚0𝜔2𝑧1𝑧

′2 + 1
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2 𝑧 < 𝑧1
𝑓0
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′2(1 + 𝑐1𝑧′ + 𝑑1𝑧′2) + 1
2𝑚0𝜔2𝜌1(1 + 𝑔1𝑧

′2)𝜌2 𝑧1 < 𝑧 < 0
𝑓0
2𝑚0𝜔2𝑧2𝑧

′2(1 + 𝑐2𝑧′ + 𝑑2𝑧′2) + 1
2𝑚0𝜔2𝜌2(1 + 𝑔2𝑧

′2)𝜌2 0 < 𝑧 < 𝑧2
1
2𝑚0𝜔2𝑧2𝑧

′2 + 1
2𝑚0𝜔2𝜌2𝜌

2 𝑧2 < 𝑧,

(3.2)

where

𝑧′ = {
𝑧 − 𝑧1 𝑧 < 0
𝑧 − 𝑧2 𝑧 > 0.

(3.3)

Note the division of the 𝑧-axis into 4 sections; the outer sections 𝑧 < 𝑧1 and 𝑧 > 𝑧2 are simply
the deformed harmonic oscillator potential with 𝜔𝑧𝑖 and 𝜔𝜌𝑖 denoting the axial and radial frequencies
respectively. The inner regions include smoothing parameters {𝑐𝑖, 𝑑𝑖, 𝑔𝑖, 𝑓0} which ensure the defined
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𝑧1 𝑧2

𝑉𝑧

𝑧

𝛦′

𝛦0

(a)

𝛥𝑧

𝑧

𝜌

(b)

Figure 3.1: An example of the potential, 𝑉𝑧, and the nuclear shape defined by Eq. 3.2. The dashed lines
indicate the non-smoothed potential and shape, i.e. for 𝑐 = 𝑑 = 𝑔 = 0 and 𝑓0 = 1.

potential and nuclear surface is smooth and continuous across each of the three boundaries, see Fig. 3.1.
The parameters {𝑐𝑖, 𝑑𝑖, 𝑓0} define a variable potential barrier height between the two potential wells,

see Fig. 3.1(a). As the barrier is only dependent on the potential of the 𝑧 oscillators we may denote the
original (unsmoothed) barrier height as,

𝐸′ = 1
2𝑚0𝜔2𝑧1𝑧

2
1 =

1
2𝑚0𝜔2𝑧2𝑧

2
2 . (3.4)

We define the new barrier height to be 𝐸0 such that,

𝐸0 = 𝜀𝐸′, (3.5)

for some value 0 < 𝜀 < 1. The continuity and smoothness of the barrier potential is determined by
careful definition of the parameters 𝑐𝑖 and 𝑑𝑖, given by

𝑐𝑖 =
2 − 4𝜀/𝑓0

𝑧𝑖
, (3.6)

and
𝑑𝑖 =

1 − 3𝜀/𝑓0
𝑧2𝑖

. (3.7)

I will note here that we have not yet defined the additional parameter 𝑓0, and no derived definition
is given in the original work [75]. However, the authors do make a note that “[the] undefined quantity
𝑓0 has little influence on the total energy for a wider [sic] range of values. From liquid drop calculations
it was found that 𝑓0 = 4𝜀 is a good approximation to the value giving minimal energy”. Therefore this is
the value I will use throughout this work1.

The smoothness of the radial profile was achieved through the (1 + 𝑔𝑖𝑧2𝑖 ) term. The logic behind
this was to take the constant radial oscillator frequencies from either centre and smoothly interpolate
the oscillator frequency as a function of 𝑧 between the centres, see Fig. 3.2. The new 𝑧-dependent radial
frequency is given by

1Effectively moving the parametrisation from 𝑓0 to 𝜀, and conserving the total number of parameters used.
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𝑧1 𝑧2

𝜔𝜌

𝑧

𝜔𝜌1
𝜔𝜌2

Figure 3.2: The profile of the 𝑧 dependent radial oscillator frequency defined by Eq. 3.8.

𝜔𝜌(𝑧) =
⎧

⎨
⎩

𝜔𝜌1 𝑧 < 𝑧1
𝜔𝜌1√1 + 𝑔1𝑧

′2 𝑧1 < 𝑧 < 0
𝜔𝜌2√1 + 𝑔2𝑧

′2 0 < 𝑧 < 𝑧2
𝜔𝜌2 𝑧2 < 𝑧.

(3.8)

The definition for 𝑔𝑖 may be determined by solving the boundary conditions for smoothness and
continuity for the radial potential at 𝑧 = 0 and that the additional component, √1 + 𝑔𝑖𝑧′2, reduces to
unity at the centres, producing

𝑔1 =
1 − 𝑄2

𝑧1𝛥𝑧
(3.9a)

𝑔2 =
1 − 𝑄2

𝑄2𝑧2𝛥𝑧
, (3.9b)

where𝑄 is the ratio of the two radial oscillator frequencies
𝜔𝜌2
𝜔𝜌1

, and𝛥𝑧 = 𝑧2−𝑧1. With this final equation
we have now fully defined the nature of the two-centre problem that the ATCSM seeks to solve.

3.1.1 Summary of Parameters

In this section we will briefly cover the input parameters which are used to uniquely define the shape of
the potential, the strength parameters for the spin-orbit and orbital-angular momentum potentials, and
as well a generalisation for the variable names which will allow the collapse of the piece-wise functions.

The ATCSM requires 6 parameters to fully define the potential which are defined below:

• 𝑄 =
𝜔𝜌2
𝜔𝜌1

, which defines the ratio of the radial oscillator frequencies of the two fragments. The
original work [75] refers to this as the “fundamental asymmetric parameter” as defining the ra-
tio of these frequencies means we are able to describe, by proxy, the mass asymmetry of the two
fragments. This is only possible in conjunction with the following parameters.

• 𝑄1 =
𝜔𝑧1
𝜔𝜌1

, the ratio of the axial and radial oscillator frequencies for the first fragment. This defines
the quadrupole deformation of the fragment.
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Symbol Region
𝑧 < 𝑧1 𝑧1 < 𝑧 < 0 0 < 𝑧 < 𝑧2 𝑧2 < 𝑧

𝜔𝑧 𝜔𝑧1 𝜔𝑧1 𝜔𝑧2 𝜔𝑧2
𝜔𝜌 𝜔𝜌1 𝜔𝜌1 𝜔𝜌2 𝜔𝜌2
𝑧0 𝑧1 𝑧1 𝑧2 𝑧2
𝑐 0 𝑐1 𝑐2 0
𝑑 0 𝑑1 𝑑2 0
𝑔 0 𝑔1 𝑔2 0
𝑧′ 𝑧 − 𝑧1 𝑧 − 𝑧1 𝑧 − 𝑧2 𝑧 − 𝑧2
𝜘 𝜘1 𝜘1 𝜘2 𝜘2
𝜇 𝜇1 𝜇1 𝜇2 𝜇2
𝑓0 1 𝑓0 𝑓0 1

Table 3.1: A table of piecewise variables.

• 𝑄2 =
𝜔𝑧2
𝜔𝜌2

, the same as above, but for the second fragment.

• 𝛥𝑧, the centre-to-centre separation of the two potential wells.

• 𝜀, this defines the relative height of the central potential barrier between the two wells. We may
also treat this as a pseudo-variable for the thickness of the “neck” between the two fragments. See
Fig. 3.3 where we observe that larger values of 𝜀 correlate to a narrower neck between the frag-
ments2

• 𝐴, the mass number for the total system. This is required to provide a fixed scale for the system
as the other parameters have only been defining the relationships (ratios) between the quantities
describing each component of the model. By providing the mass number of the total system we
give a physical constraint that the determined frequencies must meet.

Note that in general the first fragment, subscripted “1”, will be the heavier of the two fragments and
will be positioned with its centre 𝑧1 < 0.The ratios of the frequencies 𝜔𝑧1 , 𝜔𝑧2 determine the locations of
the 𝑧1 and 𝑧2. By noting that in the unsmoothed case we require 𝑉𝑧 to be continuous (but not smooth)
across the 𝑧 = 0 boundary we arrive at the following relationship

𝑧1𝜔𝑧1 = −𝑧2𝜔𝑧2 , (3.10)

whichmay be derived trivially from Eq. 3.4. Introducing the centre-to-centre separation𝛥𝑧we can then
determine the positions exactly using

𝑧1 =
−𝛥𝑧𝜔𝑧2
𝜔𝑧1 + 𝜔𝑧2

, and (3.11a)

𝑧2 =
𝛥𝑧𝜔𝑧1

𝜔𝑧1 + 𝜔𝑧2
. (3.11b)

I will note here that these are not the definitions for the values of 𝑧1 and 𝑧2 given in the original
paper [75]—which includes an additional parameter as the ratio of the 𝑧 oscillator frequencies— but I
believe this is a much more intuitive representation of the equations than (2.10) in the original paper.

2This is a result of the fact that a larger value of 𝜀 increases the height of the smoothed central barrier, and as the nuclear
surface is equipotent the increase in𝑉𝑧 results in a proportional decrease in𝑉𝜌 and hence a tighter radial profile.
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𝜀

𝛥𝑧

Figure 3.3: The range of nuclear shapes which may be described by the ATCSM. The rows are shapes
generated with the same 𝜀, while columns have the same centre-to-centre distance 𝛥𝑧. As one expects,
the increased 𝛥𝑧 elongates the system, while increasing the value of 𝜀 correlates with a narrower “neck”
between the fragments.

So that I may avoid continually writing piecewise functions for all future definitions within this
chapter, please refer to Table. 3.1 for the definitions of piecewise variables. Note that this table is effec-
tively the same as Table 1 in Ref. [75], but with a few variables changed for clarity. Note that we include
the spin-orbit and orbital-angularmomentumpairing strengths, 𝜘 and 𝜇, in the piecewise variables. This
is due to the fact that they are often determined as a function of either the major shell or the mass and
therefore vary according to the fragment. Additionally, we include the𝜔0 value as it depends on themass
of the fragment and therefore will also vary on either side of the origin.

3.1.2 Nuclear Shapes

The interplay of the attractive nuclear force and the repulsive Coulomb interaction gives rise to a wide
range of shapes in the fusion-fission process. Particularly of note is the “neck” formation in which the
fragments are deformed to produce a nucleon bridge between the two centres. Accurately representing
these complex shapes is imperative as they are representative of the same potential that determines the
shell states.

Using the set of input parameters defined in the ATCSM we are able to describe nuclear shapes
ranging from elongated mononuclei to extended neck formation, and the subsequent deformed shapes
following the moment of scission. Examples of these shapes can be seen in Fig. 3.3 as a function of the
centre-to-centre separations 𝛥𝑧 and the “neck thickness” parameter 𝜀. Note that increasing the value of
𝜀 effects a narrowing of the inter-fragment neck.

3.1.3 Determination of Oscillator Frequencies via Volume Normalisation

Given that the parameters input into the model define only the ratios of the frequencies, the specific
frequenciesmust be determined in-situ. Specifically, using the providedmass number,𝐴, the frequencies
may be determined via the concept of volume conservation. This assumes a constant nucleon density
to relate the conservation of nucleon number to conservation of volume — effectively stating that the
nuclear surface must enclose a constant volume throughout the fission/fusion process. We also rely on



3.2 Definition and Calculation of the Basis Functions 19

assumption that the nuclear surface is equipotential, and this value remains constant throughout the
reaction.

The relevant potential and volume are givenby a spherical oscillator, with radius𝑅0 and fundamental
frequency 𝜔̊0 defined by

𝑅0 = 1.2249 fm ⋅ 𝐴 1
3 , and (3.12a)

ℏ𝜔̊0 = 41MeV ⋅ 𝐴− 1
3 . (3.12b)

The volume and surface potential are then defined by,

𝑊0 =
4𝜋
3 𝑅3

0, and (3.13a)

𝑉0 =
1
2𝑚0𝜔̊20𝑅2

0 (3.13b)

respectively. Theprocess for determining the individual frequencies {𝜔𝑧1 , 𝜔𝑧2 , 𝜔𝜌1 , 𝜔𝜌2} is thenperformed
iteratively via the following steps:

1. Make a guess for the value of 𝜔𝜌1 , and use the given input parameters to determine the values of
the other frequencies and the smoothing constants.

2. Using these values and Eq. 3.2 can then be used to calculate the radial profile. This amounts to
setting the potential to be the value of the surface potential𝑉0 and solving for 𝜌2 at each 𝑧 value.

3. With the determined value of 𝜌 we may then calculate the total volume enclosed by this profile
and compare it to𝑊0. As the relationship between our initial guess 𝜔𝜌1 and the final volume is
monotonicwemay simply adjust the initial guess in the relevantdirection3. This process converges
quickly when solving numerically.

With the set of oscillator frequencies determined wemay also determine the values of 𝜘, 𝜇, and 𝜔0 as
they can depend on the mass of each fragment. There are two options for calculating the mass of each
fragment, either calculate the exact partition by integrating the mass up to the boundary between the
centres or, as is recommended in the originalwork,mirroring the hemi-ellipsoid in the outer quadrant for
each fragment and determining the enclosedmass. While the formermethodmay initially seemobvious,
consider the limiting case of 𝛥𝑧 → 0where the mass partition method would assign each fragment half
the mass of the total system. In this case the value of variables would be those for a system with half the
mass of the compound nucleus, and therefore not correct for the compound nucleus that exists in this
limit. The mirroring of the outer hemi-ellipsoids is the only method which provides a realistic estimate
of the mass of the fragments for all separations.

3.2 Definition and Calculation of the Basis Functions

With the Hamiltonian for the system defined, Eq. 3.1, and the form of the potential now determined
the next step in the derivation of the model is to define a basis with which to calculate the Hamiltonian
matrix elements. While in principle any basis can be used, it is beneficial to choose a basis which has the
greatest possible degree of similarity with the final eigenstates. Maximising this overlap leads to fewer off
diagonal elements, which may also be smaller in magnitude and hence contribute less to any numerical

3Increase the guess when less than𝑊0 and reduce when larger
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inaccuracies in the final eigenstates. Additionally, there are performance gains to have an analytic basis,
as it enables all of the non-zero diagonal elements to be calculated exactly rather than determined via
numerical means.

The strength of theATCSM is that the use of deformed harmonic oscillators for each of the two cen-
tres. Harmonic oscillators are able to be solved analytically, and while smoothing terms such as Eq. 3.6,
Eq. 3.7, and Eq. 3.9 are used to modify the potential, the analytic solutions to the potential without the
smoothing components form a complete basis which has significant overlap with the final eigenstates.
This basis was first developed for the two-centre shell model by Holzer [71] in the early stages of devel-
opment of the ATCSM.

We first consider a time-independent Schrödinger equation with no spin-orbit or orbital-angular
momentum potential, and a simplified version of the two-centre potential, Eq. 3.2, with each of the
smoothing terms {𝑐𝑖, 𝑑𝑖, 𝑔𝑖} set to zero, 𝑓0 = 1, and 𝜔𝜌1 = 𝜔𝜌2 , see Fig. 3.1,

− ℏ2∇2

2𝑚0
𝛹 + 𝑉(𝜌, 𝑧)𝛹 = 𝐸𝛹. (3.14)

This equation is solvable by first making an ansatz that the solution is separable in each of the coor-
dinates:

𝛹(𝜌, 𝑧, 𝜙) = 𝜑(𝑧)𝜒(𝜌)𝜂(𝜙). (3.15)

Inserting this ansatz into Eq. 3.14 yields the following set of differential equations

( 𝑑
2

𝑑𝜙2 + 𝜆
2) 𝜂(𝜙) = 0, (3.16a)

( 𝑑2
𝑑𝜌2 +

1
𝜌
𝑑
𝑑𝜌 −

𝑚0𝜔2𝜌𝜌2

ℏ2 − 𝜆2
𝜌2 ) 𝜒(𝜌) = 0, and (3.16b)

( 𝑑
2

𝑑𝑧2 −
𝑚0𝜔2𝑧
ℏ2 (𝑧 − 𝑧0)2 +

2𝑚0𝐸
ℏ ) 𝜑(𝑧) = 0, (3.16c)

with 𝜆 being a constant of integration. Eq. 3.16a has a trivial solution for integer values of 𝜆,

𝜂𝜆(𝜙) =
1

√2𝜋
𝑒𝑖𝜆𝜙. (3.17)

The radial wavefunction, 𝜒(𝜌) is determined to be

𝜒|𝜆|𝑛𝜌 (𝜌) = √
2𝑛𝜌!

(𝑛𝜌 + |𝜆|)!
(−1)

𝜆+|𝜆|
2 𝑒−

𝑘𝜌𝜌2
2 𝑘

|𝜆|+1
2𝜌 𝜌|𝜆|𝐿|𝜆|𝑛𝜌 (𝑘𝜌𝜌

2), (3.18)

where 𝑛𝜌 is the radial principle quantum number, 𝜆 is the angular momentum projection on the 𝑧-axis,
𝑘𝜌 =

𝑚0𝜔𝜌
ℏ is the wavenumber of the radial oscillator, and 𝐿|𝜆|𝑛𝜌 is the generalised Laguerre polynomial.

The 𝑧wavefunction must be constructed piecewise4 as

𝜑𝑛𝑧(𝑧) = {
𝑁−1
𝑧1 𝑈(−𝑛𝑧1 −

1
2 , −√2𝑘𝑧1(𝑧 − 𝑧1)) 𝑧 < 0

𝑁−1
𝑧2 𝑈(−𝑛𝑧2 −

1
2 , √2𝑘𝑧1(𝑧 − 𝑧2)) 𝑧 > 0

, (3.19)

with𝑁𝑧1,2 as normalisation factors. 𝑛𝑧1,2 are the principle quantum numbers on either side of the origin,
4I know I said I was going to stop, but this is the last one, I swear…
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and 𝑘𝑧𝑖 =
𝑚0𝜔𝑧𝑖
ℏ is the wavenumber of the 𝑧 harmonic oscillator. Here 𝑈(𝑎, 𝑥) denotes the parabolic

cylinder function given by

𝑈(𝑎, 𝑥) = √𝜋2− 𝑎
2− 1

4 𝑒− 𝑥2
4 [ 1

𝐹1 ( 𝑎2 + 1
4 ; 12 ; 𝑥

2

2 )
𝛤 ( 𝑎2 + 3

4)
− 𝑥√2 1

𝐹1 ( 𝑎2 + 3
4 ; 32 ; 𝑥

2

2 )
𝛤 ( 𝑎2 + 1

4)
] , (3.20)

with 1𝐹1(𝑎, 𝑐, 𝑥) as the confluent hyper-geometric function. Using these functions we may now write
our basis states as

⟨𝜌 𝜙 𝑧⟩ 𝑛𝑧𝑛𝜌𝜆 = 𝜂𝜆(𝜙)𝜒|𝜆|𝑛𝜌 (𝜌)𝜑𝑛𝑧(𝑧). (3.21)

Note that while the quantum numbers 𝜆 and 𝑛𝜌 are restricted to integer values, there is no such
requirement for 𝑛𝑧1 or 𝑛𝑧2 . However we may restrict their values by noting the expression for the energy
of an eigenstate of the deformed harmonic oscillator,

𝐸 = ℏ𝜔𝑧 (𝑛𝑧 +
1
2) + ℏ𝜔𝜌(2𝑛𝜌 + |𝜆| + 1), (3.22)

and noting that the energy of this state should not be 𝑧-dependent, i.e. the energy on either side of the
origin should be the same. Therefore we may deduce the following relationship between the values of
𝑛𝑧1 and 𝑛𝑧2 ,

𝜔𝑧1 (𝑛𝑧1 +
1
2) = 𝜔𝑧2 (𝑛𝑧2 +

1
2) . (3.23)

Determination of the values for 𝑛𝑧1 and 𝑛𝑧2 is performed numerically by ensuring that the wavefunction
𝜑𝑛𝑧 (𝑧) is smooth and continuous over the 𝑧 = 0 boundary, effectively requiring that

𝜑′𝑛𝑧1 (0)
𝜑𝑛𝑧1 (0)

=
𝜑′𝑛𝑧2 (0)
𝜑𝑛𝑧2 (0)

. (3.24)

At this point it is beneficial to reconsider the ATCSMHamiltonian,

𝐻 = −ℏ
2∇2

2𝑚0
+ 𝑉(𝜌, 𝑧) + 𝑉𝐿𝑆(𝑟⃗, 𝜌⃗, 𝑠⃗) + 𝑉𝐿2(𝑟⃗, 𝑙⃗), (3.25)

with the context that our basis represents a solution to a potential very similar to𝑉(𝜌, 𝑧). In fact, wemay
split𝑉(𝜌, 𝑧) into two components,

𝑉(𝜌, 𝑧) = 𝐻0 + 𝐻1, (3.26)

such that𝐻0 represents the potential forming the basis states,

𝐻0 = −ℏ
2∇2

2𝑚0
+ 1
2𝑚0𝜔2𝑧 𝑧′2 +

1
2𝑚0𝜔2𝜌̄𝜌2, (3.27)

with
𝜔𝜌̄ = min(𝜔𝜌1 , 𝜔𝜌2). (3.28)

𝐻1 therefore represents the energy of deformation away the pure ellipsoids of the basis potential,

𝐻1 =
𝑓0 − 1
2 𝑚0𝜔2𝑧 𝑧′2 (1 +

𝑓0
𝑓0 − 1

𝑐𝑧′ + 𝑓0
𝑓0 − 1

𝑑𝑧′2) + 𝑚0
2 [𝜔2𝜌(1 + 𝑔𝑧′2) − 𝜔2𝜌̄] . (3.29)
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𝑧

𝜌
(a)

𝑧

𝜌
(b)

Figure 3.4: The difference in nuclear shape between the potential generating the basis states (dashed
lines), and the complete ATCSM potential (solid lines). In (a) the value of 𝜔𝜌̄ was chosen to be
min(𝜔𝜌1 , 𝜔𝜌2), while in (b) 𝜔𝜌̄ =

1
2(𝜔𝜌1 + 𝜔𝜌2).

Note that in the original text the expression Eq. 3.29 is missing the 𝑓0
𝑓0−1 scaling factors on the 𝑐 and 𝑑

terms, and therefore the total potential was not reconstructed properly after this decomposition [75].

The usage of theminimum radial oscillator frequency for𝐻0 introduces the required symmetries for
𝐻0 to be analytically solvable. While any choice of𝜔𝜌 which is constant across the 𝑧 = 0 boundary would
be sufficient for this requirement, the authors of Ref. [75] note that the choice of the minimum of the
two frequencies optimises the accuracy of the lowest energy levels compared to the more obvious choice
of 1

2(𝜔𝜌1 + 𝜔𝜌2). We may see the effect of both choices on the nuclear shape under the basis potential in
Fig. 3.4. However, the choice of the radial oscillator frequency to use for the basis potential does have a
significant effect on the final energy eigenstates and is explored in §3.6.3.

We may also calculate the 𝐻0 and 𝐻1 matrix elements directly, noting that the 𝐻0 element will be
purely diagonal as it is solved by the basis states and therefore its matrix elements are exactly the energy
eigenstates given in Eq. 3.22, i.e.

⟨𝑛𝑧 𝑛𝜌 𝜆 𝑠∣𝐻0∣𝑛𝑧 𝑛𝜌 𝜆 𝑠⟩ = ℏ𝜔𝑧 (𝑛𝑧 +
1
2) + ℏ𝜔𝜌 (2𝑛𝜌 + |𝜆| + 1) . (3.30)

The non-zero matrix elements for𝐻1 do include some off-diagonal elements, and so we must con-
sider 3 sets of non-zero elements given by

⟨𝑛′𝑧 𝑛𝜌 𝜆 𝑠∣𝐻1∣𝑛𝑧 𝑛𝜌 𝜆 𝑠⟩ =
⟨𝑛′𝑧∣

𝑓0 − 1
2 𝑚0𝜔2𝑧 𝑧′2 (1 +

𝑓0
𝑓0 − 1

𝑐𝑧′ + 𝑓0
𝑓0 − 1

𝑑𝑧′2)∣𝑛𝑧⟩

+
2𝑛𝜌 + 𝜆 + 1

𝑘𝜌
⟨𝑛′𝑧∣

𝑚0
2 [𝜔2𝜌(1 + 𝑔𝑧′2) − 𝜔2𝜌̄]∣𝑛𝑧⟩

(3.31a)

⟨𝑛′𝑧 𝑛𝜌 − 1 𝜆 𝑠∣𝐻1∣𝑛𝑧 𝑛𝜌 𝜆 𝑠⟩ = −
𝑛𝜌(𝑛𝜌 + 𝜆)

2𝑘𝜌
⟨𝑛′𝑧∣

𝑚0
2 [𝜔2𝜌(1 + 𝑔𝑧′2) − 𝜔2𝜌̄]∣𝑛𝑧⟩ (3.31b)

⟨𝑛′𝑧 𝑛𝜌 + 1 𝜆 𝑠∣𝐻1∣𝑛𝑧 𝑛𝜌 𝜆 𝑠⟩ = −
(𝑛𝜌 + 1)(𝑛𝜌 + 𝜆 + 1)

2𝑘𝜌
⟨𝑛′𝑧∣

𝑚0
2 [𝜔2𝜌(1 + 𝑔𝑧′2) − 𝜔2𝜌̄]∣𝑛𝑧⟩ (3.31c)

Using the analytic basis functions and the determined quantum numbers we are now able to define
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expressions for the spin-orbit and angular-momentum potentials in the Hamiltonian.

3.2.1 Properties of the Spin-Orbit and Orbital-Angular Momentum Potentials

Before proceedingwe shouldnote the followingpropertywhichmay impact the calculationof thematrix
elements for the spin-orbit and orbital-angular momentum operators. The operators will be piecewise
on either side of the origin as their momenta should be determined in relation to the relevant of the two
centres. Additionally, due to the asymmetry induced by the differing quantumnumbers and values such
as 𝜘 and 𝜇 on either side of the origin we require that the operators are enclosed in an anticommutator
to ensure the hermiticity of the final Hamiltonian.

However, evaluating the anticommutator and the 𝑧 dependent nature of the 𝜘, 𝜇, and 𝜔0 values
introduces an issue when calculating the spin-orbit and angular-momentum matrix elements. These
operators will typically include a derivative or gradient function to determine the momentum and so
when the anticommutator is expanded we arrive at the following

⟨𝜑′∣{ℏ𝜘𝜇𝜔0, (𝐴 + 𝐵𝜕𝑧)}∣𝜑⟩ = ⟨𝜑′∣ℏ𝜘𝜇𝜔0 (𝐴 + 𝐵𝜕𝑧)∣𝜘⟩ + ⟨𝜑′∣(𝐴 + 𝐵𝜕𝑧) ℏ𝜘𝜇𝜔0∣𝜑⟩. (3.32)

In the second of these terms we are determining the 𝑧 derivative of ℏ𝜘𝜇𝜔0, which while 𝑧-dependent,
are non-continuous over the boundary. The piecewise nature of these variables means that they may
be effectively represented as a Heaviside function, the derivative of which is the Dirac delta function,
𝛿(𝑧). This is the path chosen byMaruhn and Greiner in their original work (see Eq. 2.22–2.24 in [75]),
however I favour an alternate approach based on the judicious use of the identity operator. If we consider
the expanded form of the anticommutator shown above and apply the identity operator in the following
way,

⟨𝜑′∣{ℏ𝜘𝜇𝜔0, (𝐴 + 𝐵𝜕𝑧)}∣𝜘⟩ = ∑
𝜑′′
⟨𝜑′∣ℏ𝜘𝜇𝜔0∣𝜑′′⟩⟨𝜑′′∣(𝐴 + 𝐵𝜕𝑧)∣𝜑⟩+⟨𝜑′∣(𝐴 + 𝐵𝜕𝑧)∣𝜑′′⟩⟨𝜑′′∣ℏ𝜘𝜇𝜔0∣𝜑⟩,

(3.33)
we see that we have avoided any issues with taking the derivative of the piecewise variables. Furthermore,
wehave reduced theproblem to two components ⟨𝜑′∣𝐴 + 𝐵𝜕𝑧∣𝜑⟩ and ⟨𝜑′∣ℏ𝜘𝜇𝜔0∣𝜑⟩whosematricesmay
be precalculated and multiplied to determine the final matrix elements. This approach can be applied
whenever a factor involving the 𝑧-derivative is used in this model.

3.3 The Spin-Orbit Potential

At this point we must consider the exact definition of the spin-orbit potential to use for a two-centred
potential, and then calculate the non-zero matrix elements using our analytic basis functions.

3.3.1 Definition of the Spin-Orbit Potential

In contrast to typical spin-orbit potentials which use the spherical ℓ̂ operator, including the original de-
formed harmonic oscillator solution by Nilsson [70], the ATCSM uses a deformed spin-orbit operator
of the Thomas form. That is, instead of the spherical ℓ̂ operator we use an analogue constructed from
the gradient of the potential and the momentum operator,

𝛬̂ = 𝑓(𝑟⃗, 𝑙⃗) ⋅ ( ̂∇𝑉 × 𝑝̂) . (3.34)
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This equation comes from the solutionbyLlewellynThomas for the spin-orbit correction for an electron
moving relativistically in an electrostatic field [76]. In the case of an isotropic potential — such as the
Couloumb potential surrounding a spherically-symmetric nucleus— Eq. 3.34 reduces to the classic ℓ ⋅ 𝑠
form [70]. As we often consider deformed nuclei with the ATCSM, and especially in the case of an
extended dinculear system with a neck joining the two fragments, the potential is often anisotropic and
so the Thomas form is preferred.

VanRij andHess in their 1970 paper on deformed spin-orbit calculations in theNilssonmodel [77]
concluded that the Thomas form for the spin-orbit potential introduced changes to both the level or-
dering and energy of the calculated eigenstates, especially in themasses near the lanthanides. For systems
lighter than the lanthanides the differences are negligible and for heavier systems the differences may re-
sult in changes up to 100 keV with some reordering of the eigenstates. In regions near the magic shell
closures𝑁 = 126, 152 the shift in energy level approaches 0.4 MeV. Therefore, the use of the Thomas
form, Eq. 3.34 is only beneficial in better representing the energy levels for these heavier systems without
affecting the validity of the lighter counterparts.

With the appropriate normalisation factor we may construct the spin-orbit potential as,

𝑉𝐿𝑆 = − { ℏ𝜘
𝑚0𝜔0

, ( ̂∇𝑉 × 𝑝̂) ⋅ 𝑠̂} (3.35)

3.3.2 Calculation of Matrix Elements

The first step to determine the matrix elements is to extract the spherical components of the spin-orbit
operator in the cylindrical coordinates, this produces the following:

𝕃+ = −ℏ𝑒𝑖𝜙 (𝜕𝜌𝑉𝜕𝑧 − 𝜕𝑧𝑉𝜕𝜌 − 𝑖𝜕𝑧𝑉
1
𝜌𝜕𝜙)

𝕃− = ℏ𝑒−𝑖𝜙 (𝜕𝜌𝑉𝜕𝑧 − 𝜕𝑧𝑉𝜕𝜌 + 𝑖𝜕𝑧𝑉
1
𝜌𝜕𝜙)

𝕃𝑧 = −𝑖ℏ𝜕𝜌𝑉
1
𝜌𝜕𝜙

(3.36)

which contains these derivatives of the potential:

𝜕𝜌𝑉 = 𝑚0𝛼2 (1 + 𝑔𝑧′2) 𝜌

𝜕𝑧𝑉 = 𝑓0𝑚0𝜔2𝑧′ (1 +
3
2𝑐𝑧

′ + 2𝑑𝑧′2) + 𝑚0𝛼2𝑔𝑧′𝜌2.
(3.37)

For the sake of brevity and limited page width we may define the following functions to collapse the 𝑧
dependent terms as they will remain constant throughout the integration process,

𝑓1(𝑧) = 𝑚0𝛼2 (1 + 𝑔𝑧′2) (3.38a)

𝑓2(𝑧) = 𝑓0𝑚0𝜔2𝑧′ (1 +
3
2𝑐𝑧

′ + 2𝑑𝑧′2) (3.38b)

𝑓3(𝑧) = 𝑚0𝛼2𝑔𝑧′. (3.38c)
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As such Eq. 3.36 becomes

𝕃+ = −ℏ𝑒𝑖𝜙 ((𝑓1(𝑧)𝜕𝑧 − 𝑖𝑓3(𝑧)𝜕𝜙) 𝜌 − 𝑓2(𝑧)𝜕𝜌 − 𝑓3(𝑧)𝜌2𝜕𝜌 − 𝑖
𝑓2(𝑧)
𝜌 𝜕𝜙)

𝕃− = ℏ𝑒𝑖𝜙 ((𝑓1(𝑧)𝜕𝑧 + 𝑖𝑓3(𝑧)𝜕𝜙) 𝜌 − 𝑓2(𝑧)𝜕𝜌 − 𝑓3(𝑧)𝜌2𝜕𝜌 + 𝑖
𝑓2(𝑧)
𝜌 𝜕𝜙)

𝕃𝑧 = −𝑖ℏ𝑓1(𝑧)𝜕𝜙,

(3.39)

where we have also grouped terms with similar 𝜌 as they affect the integration of the Laguerre polyno-
mials in the radial basis function, Eq. 3.18. Noting the standard decomposition of the 𝛬̂ ⋅ 𝑠̂ product into
the spherical components,

𝛬̂ ⋅ 𝑠̂ = 1
2 (𝕃

+𝑠̂− + 𝕃−𝑠̂+) + 𝕃𝑧𝑠̂𝑧, (3.40)

we can write the standard matrix elements as

⟨𝑛′𝑧𝑛′𝜌𝜆′𝑠′∣{
𝜅ℏ

𝑚0𝜔0
, 𝛬̂ ⋅ 𝑠̂}∣𝑛𝑧𝑛𝜌𝜆𝑠⟩ =

1
2⟨𝑛

′
𝑧𝑛′𝜌𝜆′∣{

𝜅ℏ
𝑚0𝜔0

, 𝕃+}∣𝑛𝑧𝑛𝜌𝜆⟩𝛿𝑠′,𝑠−1 (3.41a)

+12⟨𝑛
′
𝑧𝑛′𝜌𝜆′∣{

𝜅ℏ
𝑚0𝜔0

, 𝕃−}∣𝑛𝑧𝑛𝜌𝜆⟩𝛿𝑠′,𝑠+1 (3.41b)

+ 𝑠⟨𝑛′𝑧𝑛′𝜌𝜆′∣{
𝜅ℏ

𝑚0𝜔0
, 𝕃𝑧}∣𝑛𝑧𝑛𝜌𝜆⟩𝛿𝑠′,𝑠. (3.41c)

Wemay now determine the non-zero elements for this operator, and this may be done separately for
the 𝕃+, 𝕃−, and 𝕃𝑧 terms. Note a full derivation of these elements cannot be found in any of the original
papers on the ATCSM, but I present a full derivation in Appendix A. The final elements are presented
here for convenience.

There is a single non-zero matrix element for the 𝕃𝑧 operator, given as

⟨𝑛′𝑧 𝑛𝜌 𝜆∣{
ℏ𝜘
𝑚0𝜔0

, 𝕃𝑧}∣𝑛𝑧 𝑛𝜌 𝜆⟩ = 𝜆⟨𝑛′𝑧∣{
ℏ𝜘
𝑚0𝜔0

, 𝑓1(𝑧)}∣𝑛𝑧⟩ (3.42)
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Due to the radial and azimuthal components of the basis states, we may determine the following 4 non-vanishing matrix element relationships for 𝕃+ operator,

⟨𝑛′𝑧 𝑛𝜌 𝜆 + 1∣{
ℏ𝜘
𝑚0𝜔0

, 𝕃+}∣𝑛𝑧 𝑛𝜌 𝜆⟩ = ℏ√
𝑛𝜌 + 𝜆 + 1

𝑘𝜌
⟨𝑛′𝑧∣{

ℏ𝜘
𝑚0𝜔0

, 𝑘𝜌𝑓2(𝑧) + 𝑓1(𝑧)𝜕𝑧 + (𝑛𝜌 + 𝜆 + 2)𝑓3(𝑧)}∣𝑛𝑧⟩, (3.43a)

⟨𝑛′𝑧 𝑛𝜌 − 1 𝜆 + 1∣{
ℏ𝜘
𝑚0𝜔0

, 𝕃+}∣𝑛𝑧 𝑛𝜌 𝜆⟩ = ℏ√
𝑛𝜌
𝑘𝜌
⟨𝑛′𝑧∣{

ℏ𝜘
𝑚0𝜔0

, 𝑘𝜌𝑓2(𝑧) − 𝑓1(𝑧)𝜕𝑧 + (𝑛𝜌 − 1)𝑓3(𝑧)}∣𝑛𝑧⟩, (3.43b)

⟨𝑛′𝑧 𝑛𝜌 + 1 𝜆 + 1∣{
ℏ𝜘
𝑚0𝜔0

, 𝕃+}∣𝑛𝑧 𝑛𝜌 𝜆⟩ = −ℏ√
(𝑛𝜌 + 1)(𝑛𝜌 + 𝜆 + 1)(𝑛𝜌 + 𝜆 + 2)

𝑘𝜌
⟨𝑛′𝑧∣{

ℏ𝜘
𝑚0𝜔0

, 𝑓3(𝑧)}∣𝑛𝑧⟩, and (3.43c)

⟨𝑛′𝑧 𝑛𝜌 − 2 𝜆 + 1∣{
ℏ𝜘
𝑚0𝜔0

, 𝕃+}∣𝑛𝑧 𝑛𝜌 𝜆⟩ = −ℏ√
𝑛𝜌(𝑛𝜌 + 𝜆)(𝑛𝜌 − 1)

𝑘𝜌
⟨𝑛′𝑧∣{

ℏ𝜘
𝑚0𝜔0

, 𝑓3(𝑧)}∣𝑛𝑧⟩. (3.43d)

The equivalent non-vanishing matrix elements for 𝕃− are

⟨𝑛′𝑧 𝑛𝜌 + 1 𝜆 − 1∣{
ℏ𝜘
𝑚0𝜔0

, 𝕃−}∣𝑛𝑧 𝑛𝜌 𝜆⟩ = ℏ√
𝑛𝜌 + 1
𝑘𝜌

⟨𝑛′𝑧∣{
ℏ𝜘
𝑚0𝜔0

, 𝑘𝜌𝑓2(𝑧) + 𝑓1(𝑧)𝜕𝑧 + (𝑛𝜌 + 2)𝑓3(𝑧)}∣𝑛𝑧⟩, (3.44a)

⟨𝑛′𝑧 𝑛𝜌 𝜆 − 1∣{
ℏ𝜘
𝑚0𝜔0

, 𝕃−}∣𝑛𝑧 𝑛𝜌 𝜆⟩ = ℏ√
𝑛𝜌 + 𝜆
𝑘𝜌

⟨𝑛′𝑧∣{
ℏ𝜘
𝑚0𝜔0

, 𝑘𝜌𝑓2(𝑧) − 𝑓1(𝑧)𝜕𝑧 + (𝑛𝜌 + 𝜆 − 1)𝑓3(𝑧)}∣𝑛𝑧⟩, (3.44b)

⟨𝑛′𝑧 𝑛𝜌 + 2 𝜆 − 1∣{
ℏ𝜘
𝑚0𝜔0

, 𝕃−}∣𝑛𝑧 𝑛𝜌 𝜆⟩ = −ℏ√
(𝑛𝜌 + 1)(𝑛𝜌 + 𝜆 + 1)(𝑛𝜌 + 2)

𝑘𝜌
⟨𝑛′𝑧∣{

ℏ𝜘
𝑚0𝜔0

, 𝑓3(𝑧)}∣𝑛𝑧⟩, and (3.44c)

⟨𝑛′𝑧 𝑛𝜌 − 1 𝜆 − 1∣{
ℏ𝜘
𝑚0𝜔0

, 𝕃−}∣𝑛𝑧 𝑛𝜌 𝜆⟩ = −ℏ√
𝑛𝜌(𝑛𝜌 + 𝜆)(𝑛𝜌 + 𝜆 − 1)

𝑘𝜌
⟨𝑛′𝑧∣{

ℏ𝜘
𝑚0𝜔0

, 𝑓3(𝑧)}∣𝑛𝑧⟩. (3.44d)
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3.4 The Orbital-Angular Momentum Potential

The final component of the Hamiltonian which needs to be defined is the orbital-angular momentum
potential𝑉𝐿2 , and this is the operator which has required themost modifications from the original work.

3.4.1 Definition of the Orbital-Angular Potential

While itwas necessary to incorporate theThomas form for the spin-orbit potential, no suchmodification
is required for the ℓ̂2 potential. Thiswas justified by a publication fromF.Dickman in 1971 that explored
a shell model for strongly deformed nuclei based on the earlier Nilsson model [78]. His findings were
that the Thomas form of the ℓ̂2 operator was inferior to the standard spherical ℓ̂ in this case. As such, the
ATCSM uses the following definition for the angular momentum potential;

𝑉𝐿2 = −12 {ℏ𝜘𝜇𝜔0, ℓ̂
2} + ℏ𝜔̊0𝜘𝜇

𝑁(𝑁 + 3)
2 𝛿𝑖𝑗. (3.45)

I note here that the original forms given for the 𝑉𝐿2 potential, and the solved matrix elements in
Maruhn and Greiner’s paper [75] are not correct. This may be due to a number of factors, including
simple typesetting mistakes, or late changes to the form of the potential used. However, as it stands any
implementation based solely on the published matrix elements will not produce valid results. Further-
more, I have not found a single source since the original publication five decades ago that corrects these
mistakes. No use of themodel by subsequent external authors hasmentioned any correction to the form
of the operators. Publications done in collaboration with the original authors only refer to the original
paper, Ref. [75], and those without the original authors which claim to use the ATCSM only use the
shape parameterisation and not the shell model itself [79, 80, 81].

The calculations presented in the latter portions of Ref. [75] appear correct, and do not suffer from
the ailments the incorrect matrix elements would induce. Therefore, I can only conclude the original
implementations are correct, as was their work, but the lack of substantial follow up on this matter has
significantly impacted the viability of any potential ATCSM implementation not performed in conjunc-
tion with the original authors. This becomes increasingly problematic as we now pass 50 years since the
original work.

Thematrix elements, andpotential, that I present in this thesis havebeen rederivedbymyselfwith the
entirety of the calculations required supplied in Appendix A. Throughout this section, where necessary,
I will point out the changes from the original paper, and discuss the requirements that led to the change.

3.4.2 Changes to the Constants

One of the notable differences in the form of 𝑉𝐿2 between the original paper and here, is the constant
accompanying the operator inside the anti-commutator. The given form is

{ ℏ𝜘𝜇
𝑚2
0𝜔30

, ℓ̂2} , (3.46)

while the form I am using is
{ℏ𝜘𝜇𝜔0, ℓ̂2} . (3.47)

The latter is the standard form of the constants associated with the ℓ̂2 operator, with the difference be-
tween the two being a factor of 1

𝑚2
0𝜔40

. This factor is exactly the normalisation that would be required to

redimensionalise if the Thomas form was used instead of the spherical ℓ̂.
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Additionally, if Eq. 3.46 was used with the standard ℓ̂ operator the resulting 𝑉𝐿2 potential scales in
strength proportionally to total mass, 𝐴. Instead, we should expect the 𝑉𝐿2 potential to scale with the
characteristic energy of the system, ℏ𝜔0, which we note from its definition, Eq. 3.12b, should scale with
𝐴− 1

3 . We may also note an implementation of Eq. 3.47 presents the correct scaling relationship with the
total mass,𝐴. The source of this error appears to be simply that earlier revisions likely used the Thomas
form in place of the ℓ̂ operator as the Dickmann paper [78] was a recent publication at the time of the
original work, and the constants were not adjusted in the document.
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3.4.3 Calculation of the Matrix Elements

Wemay calculate the matrix elements by first decomposing the ℓ̂2 into the ladder operators,

ℓ̂2 = 1
2 (ℓ̂

+ℓ̂− + ℓ̂−ℓ̂+) + ℓ̂2𝑧 , (3.48)

with the representation of the ℓ̂± operators in cylindrical coordinates given by

ℓ̂± = ∓ℏ𝑒±𝑖𝜙 [𝜌𝜕𝑧 − 𝑧𝜕𝜌 ∓ 𝑖 𝑧𝜌𝜕𝜙] . (3.49)

The calculations required to determine the non-zero matrix elements may be found in Appendix A, with the final forms presented here.

⟨𝑛′𝑧 𝑛𝜌 𝜆 𝑠∣{ℏ𝜘𝜇𝜔0, ℓ̂2}∣𝑛𝑧 𝑛𝜌 𝜆 𝑠⟩ =
1
2𝑘𝜌

[
(2𝑛𝜌 + 𝜆)⟨𝑛′𝑧∣{ℏ𝜘𝜇𝜔0, (𝑘𝜌𝑧′ + 𝜕𝑧′) (𝑘𝜌𝑧′ − 𝜕𝑧′)}∣𝑛𝑧⟩

+ (2𝑛𝜌 + 𝜆 + 2)⟨𝑛′𝑧∣{ℏ𝜘𝜇𝜔0, (𝑘𝜌𝑧′ − 𝜕𝑧′) (𝑘𝜌𝑧′ + 𝜕𝑧′)}∣𝑛𝑧⟩
] + 𝜆2⟨𝑛′𝑧∣ℏ𝜘𝜇𝜔0∣𝑛𝑧⟩ (3.50a)

⟨𝑛′𝑧 𝑛𝜌 + 1 𝜆 𝑠∣{ℏ𝜘𝜇𝜔0, ℓ̂2}∣𝑛𝑧 𝑛𝜌 𝜆 𝑠⟩ =
√(𝑛𝜌 + 𝜆 + 1)(𝑛𝜌 + 1)

2𝑘𝜌
⟨𝑛′𝑧∣(𝑘𝜌𝑧′ + 𝜕𝑧′)

2
∣𝑛𝑧⟩ (3.50b)

⟨𝑛′𝑧 𝑛𝜌 − 1 𝜆 𝑠∣{ℏ𝜘𝜇𝜔0, ℓ̂2}∣𝑛𝑧 𝑛𝜌 𝜆 𝑠⟩ =
√𝑛𝜌(𝑛𝜌 + 𝜆)

2𝑘𝜌
⟨𝑛′𝑧∣(𝑘𝜌𝑧′ − 𝜕𝑧′)

2
∣𝑛𝑧⟩ (3.50c)

The remaining component, corresponding to the average orbital angular momentum per shell ⟨ℓ̂2⟩, is diagonal by definition and given as

⟨𝑛𝑧 𝑛𝜌 𝜆 𝑠∣ℏ𝜅𝜇𝜔0
𝑁(𝑁 + 3)

2 𝛿𝑖𝑗∣𝑛𝑧, 𝑛𝜌 𝜆 𝑠⟩ = ⟨𝑛′𝑧∣ℏ𝜅𝜇𝜔0
𝑁(𝑁 + 3)

2 ∣𝑛𝑧⟩ (3.51)

We have now finished the derivation of the ATCSM, with the correction of several mistakes in the original text which the development of a working implementation. We can
now discuss the implementation of the ATCSM and calculations which can be used to benchmark the model.
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3.5 Implementation of the ATCSM

One of the major outcomes of my investigation into the ATCSM has been the development of a new
implementation, Orthrus, written entirely in Python. Orthrus is light-weight object-oriented
shell model code that allows the calculation of thousands of energy levels with minimal user interac-
tion. The code has been thoroughly benchmarked and tested and contains several innovative solutions
to the unique problems that arise in the implementation of the ATCSM. The code will be released as an
open-source repository at the end of my PhD candidature.

3.5.1 Design Philosophy

The decision to create my own implementation was driven entirely by the lack of available codes which
used the ATCSM, and a desire to better understand the model. The source-code for Orthrus will be
made entirely open-source and available for all users who want to use the model for their own research.
With this goal inmind, the development process has focussed on optimisations thatmaximise the perfor-
mance of the code, while also striving to minimise the RAM and storage requirements for the finished
calculations. This approach means that Orthrus may be run at any scale and with any computer and
still be able to provide rapid shell structure calculations.

The choice of Python as the implementation language for the final product was driven in part by
familiarity on my side, but also in reducing the barrier to entry for a potential user. While the choice
of a lower-level language, such as FORTRAN, is often made for performance reasons, the advent of
high-quality scientific libraries like NumPy or SciPy which are backed by heavily-optimised, compiled
FORTRAN or C code-bases allow Python to reap many of the benefits of these languages while main-
taining its ease of use. This is the reason that the entire Orthrus code is able to exist as a single file
containing less than 1000 lines of code and still performs thousands of individual ATCSM calculations
per CPU-hour.

Orthrus has been written to adhere to Object Oriented Programming principles. The develop-
ment of a ShellModel object which contains all of the required information to generate, and solve, the
Hamiltonian and takes only the essential parameters upon creation allows the generated information to
be created and stored only in memory without the requirement to write to an external file. Similarly,
these objects may be used to interrogate the process which lead to the final calculated matrix, an invalu-
able tool for both understanding the outcomes as well as troubleshooting potential issues.

3.5.2 Implementation Details

Themain ShellModel class instantiates— creates an instance of— anATCSM calculation for a single
set of input parameters. The required parameters to start a calculation are the 6 parameters used to define
the shape of the potential and the ratios between the two fragments, see §3.1.1, specifically

{𝐴,𝑄as, 𝑄1, 𝑄2, 𝛥𝑧, 𝜀}, (3.52)

where I have replaced the fundamental asymmetry𝑄with the asymptotic fundamental asymmetry,𝑄𝑎𝑠.
This enables the user to use the second parameter to define the asymptotic mass ratio of the fragments,
while maintaining individual control of the evolution of their deformations. The required 𝑄 is then
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Figure 3.5: The logarithmic derivatives of the 𝑧 wavefunction calculated asymptotically close to the
boundary 𝑧 = 0. The intersections between the two functions indicates valid solutions for the 𝑛𝑧 quan-
tum number and are highlighted by circles. The pink circles correspond to solutions which are integer
values in either 𝑛𝑧1 or 𝑛𝑧2 , while the gold circles correspond to non-integer solutions. These calculations
were performed for the parameter set {𝐴 = 238, 𝑄𝑎𝑠 = 1.2, 𝑄1 = 𝑄2 = 1, 𝛥𝑧 = 12, 𝜀 = 0.5}.

approximated by a piece-wise function,

𝑄(𝑄as, 𝛥𝑧) = {
𝑄as 𝛥𝑧 ≥ 𝐿
1 + (𝑄as − 1)𝛥𝑧𝐿 0 < 𝛥𝑧 < 𝐿

, (3.53)

effectively ensuring no mass transfer occurs between the fragments prior to a user-defined limit, 𝐿, (de-
faulting 𝐿 = 10 fm), with a linear scaling of the fundamental asymmetry towards symmetry inside the
limit. In practice, this results in a non-linear mass transfer between the fragments, this profile may also
be easily modified by a user to match mass-transfer functions that might arise frommore specific micro-
scopic calculations like time-dependent Hartree-Fock.

The ShellModel class also has a variety of default parameters which may be changed by the user, a
complete list is found in Table 3.2.

3.5.3 Generation of 𝑛𝑧 Values

Oneof themaindifficulties in the implementationof theATCSMis the generationof thebasis functions.
While𝑚, 𝑠, and 𝑛𝜌 are standard quantities that are integer constants for all calculations, the set of 𝑛𝑧must
be determined numerically for each calculation as the solutions to the logarithmic derivative, Eq. 3.24
will be unique for each combination of input parameters, including the separation 𝛥𝑧, and solving for
the correct values of 𝑛𝑧1 , 𝑛𝑧2 can prove challenging.

Fig. 3.5 shows the logarithmic derivative of 𝜑𝑛𝑧 (𝑧) on either side of the 𝑧 = 0 boundary. Intersec-
tions between the two functions indicate solutions to Eq. 3.24 and the codemust be able to reliably, and
precisely, locate each of these solutions. Note that at this separation (𝛥𝑧 = 12 fm) some of the eigenstates
of theHamiltonian are localised within a single well, this holds true for both fragments and sowe should
expect values of 𝑛𝑧1 and 𝑛𝑧2 to occur near small integer values. In order to examine for solutions of the
logarithmic derivative it is beneficial to parameterise the value of logarithmic derivative on both sides of
the 𝑧 = 0 boundary using 𝑛𝑧1 , which we may do using the energy conservation argument outlined in
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Parameter Default (Unit) Description
shell_cap 11 The maximum number of major shells included in

the ATCSM calculation.
limit 10 (fm) The centre-to-centre separation at which the fun-

damental asymmetry begins to deviate from the
asymptotic value.

radial_smoothing False Controls the inclusion radial smoothing constant 𝑔.
Note this parameter will be included if smoothing
is enabled, but may be enabled independently when
the complete smoothing process is not required.

smoothing False Enables the smoothed potential via 𝑐, 𝑑, 𝑔, 𝑓0, and 𝜀,
see §3.1.

dtype numpy.float32 Controls the precision of the calculations. The de-
fault is a 32-bit floating point number, and provides
adequate precision for most applications.

left_edge -20 (fm) The minimum 𝑧 included in the grid.
right_edge 20 (fm) The maximum 𝑧 included in the grid, note these

are independent, as in some highly asymmetric cases
with deformed fragments we may require more dis-
tance to fully define the 𝑧 wavefunctions for states
with higher 𝑛𝑧 values.

num_points 201 Defines the density of the grid, effectively the num-
ber of points between the minimum and maximum
𝑧 values. The default density is one point every 0.2
fm.

params “R” The choice of the 𝑉𝐿𝑆 and 𝑉𝐿2 strength coefficients,
𝜘 and 𝜇. The implemented choices are “G” corre-
sponding to a mass-parametrised set from Gustafs-
son, and “R” for a shell-parametrised set from Rag-
narsson.

include_Ls True Determines the inclusionof𝑉𝐿𝑆 in theHamiltonian.
include_L2 True Determines the inclusion of𝑉𝐿2 in theHamiltonian.
shape_only False If enabled the ShellModel object only calculates

the shapeof thepotential and radial profile, skipping
the generation of wavefunctions and the Hamilto-
nian matrix.

Table 3.2: The set of available parameters for customisation within Orthrus.
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Figure 3.6: A close up of Fig. 3.5, focussing on the first two solutions.

Eq. 3.23 to convert between the value 𝑛𝑧2 and 𝑛𝑧1 . Solutions corresponding to integer values of either
𝑛𝑧1 or 𝑛𝑧2 are highlighted in Fig. 3.5 with pink circles, while non-integer solutions are highlighted with
gold circles. As 𝑛𝑧 increases we note the tendency of the solutions to move away from the integer values,
reflecting themovement away fromwholly localised states to states which exist partially in both potential
wells.

Another trendwe candeduce fromFig. 3.5 is that the nature of the crossings becomesmore abrupt as
wemove towards the localised states corresponding with low values of 𝑛𝑧1 . Effectively, the wavefunction
being entirely contained within a single well leads to 𝜑𝑛𝑧 (0) → 0, and therefore the logarithmic deriva-
tive approaches ±∞. This leads to a substantial problem as the centre-to-centre separation increases; the
increased separation strengthens the isolation of lower-lying states, which in turnmoves 𝜑𝑛𝑧 (0) closer to
zero, leading to a sharper asymptote to infinity in the solution. These “sudden” solutions are extremely
difficult to find numerically as solving algorithms rely on the differences of calculation over discrete steps
in 𝑧which leads to the possibility that the method may “step over” a solution and find nothing.

Most numerical solving methods are only guaranteed to find solutions for monotonic functions, 𝑓
when they are given bounds in which the solution must exist, i.e. given values 𝛼 and 𝛽 such that

𝑓(𝛼) < 0 < 𝑓(𝛽). (3.54)

For example, a naïve solution to finding 𝑛𝑧 begins by determining the maximum and minimum 𝑛𝑧
values you wish to find, making a fine mesh over that range, and calculating the difference in the loga-
rithmic derivatives at each point. Sequential points with different signs satisfy Eq. 3.54 and may then
be passed to a solving algorithm. However, depending on the density of the mesh these “sudden” solu-
tions may be lost. Fig. 3.6 shows the scale of the problem for the first solution of Eq. 3.24. For this set
of parameters the maximum step allowed to guarantee discovery of all solutions in the interval needs to
be 5 × 10−4. In general, we expect this maximum step-size to shrink substantially as the centre-to-centre
separation increases. This is borne out in the calculations where increasing 𝛥𝑧 from 12 to 15 fm, an
increase of 25%, reduces the maximum step-size by two orders of magnitude, and an increase from 12
to 18 fm reduces the maximum step-size by over 4 orders of magnitude! This means a default calcula-
tion from Orthrus requires 25 000 points to determine the 𝑛𝑧 solutions at 12 fm, but 250 000 000 at
18 fm. Clearly, such a method for for determining 𝑛𝑧 cannot scale effectively for the distances we re-
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quire for asymptotic separation of the fragments. Furthermore, any chosen density of points cannot be
guaranteed to find all solutions for all possible separations over a some domain in 𝑛𝑧.

In order to develop a comprehensive solution that accounts for these low-lying states, we must un-
derstand the conditions which gives rise to these “sudden” solutions. Examining the 𝑧-wavefunction,
and making a change of notation𝑈(𝜈, 𝑧) = 𝐷−𝜈− 1

2
(𝑧) to Eq. 3.19 produces

𝜑𝑛𝑧 (𝑧) = {
𝐷𝑛𝑧1

(−√2𝑘𝑧1(𝑧 − 𝑧1)) 𝑧 < 0
𝐷𝑛𝑧2

(√2𝑘𝑧2(𝑧 − 𝑧2)) 𝑧 > 0,
(3.55)

where I have also removed the normalisation constant 𝑁𝑧1,2 as it will not factor into the value of the
logarithmic derivative. The derivative with respect to 𝑧 may be calculated by the following application
of the chain rule and a recurrence relationship for the derivative of the parabolic cylinder functions [82],

𝜕𝑧𝐷𝑛𝑧 (𝑓(𝑥)) = [𝑓(𝑧)2 𝐷𝑛𝑧 (𝑓(𝑧)) − 𝐷𝑛𝑧+1 (𝑓(𝑧))] ⋅ 𝑓
′(𝑧), (3.56)

where the function 𝑓(𝑧) is

𝑓(𝑧) = {
−√2𝑘𝑧1(𝑧 − 𝑧1) 𝑧 < 0

√2𝑘𝑧2(𝑧 − 𝑧2) 𝑧 > 0.
(3.57)

Noting that 𝑘𝑧1,2 does not depend on 𝑧within the domains either side of the origin the derivative of
the wavefunction becomes,

𝜑′𝑛𝑧 (𝑧) = {
𝑘𝑧1(𝑧 − 𝑧1)𝐷𝑛𝑧1

(−√2𝑘𝑧1(𝑧 − 𝑧1)) + √2𝑘𝑧1𝐷𝑛𝑧1+1
(−√2𝑘𝑧1(𝑧 − 𝑧1)) 𝑧 < 0

𝑘𝑧2(𝑧 − 𝑧2)𝐷𝑛𝑧2
(√2𝑘𝑧2(𝑧 − 𝑧2)) − √2𝑘𝑧2𝐷𝑛𝑧2+1

(√2𝑘𝑧2(𝑧 − 𝑧2)) 𝑧 > 0,
(3.58)

and hence we may determine the following expression for the logarithmic derivative,

𝜑′𝑛𝑧 (𝑧)
𝜑𝑛𝑧 (𝑧)

= {
−𝑘𝑧1𝑧1 + √2𝑘𝑧1

𝐷𝑛𝑧1 +1
(𝑧1√2𝑘𝑧1 )

𝐷𝑛𝑧1
(𝑧1√2𝑘𝑧1 )

𝑧 → 0−

−𝑘𝑧2𝑧2 − √2𝑘𝑧2
𝐷𝑛𝑧2 +1

(−𝑧2√2𝑘𝑧2 )

𝐷𝑛𝑧2
(−𝑧2√2𝑘𝑧2 )

𝑧 → 0+.
(3.59)

Note the definition that 𝑧1 < 0 and 𝑧2 > 0 implies the sign of the constant term is positive for 𝑧 → 0−
and negative for 𝑧 → 0+, and the sign of the variable of𝐷𝑛𝑧 is the same in both cases. The difference in
sign of the constant portion gives some indication about the behaviour exhibited in Fig. 3.5, specifically
the apparent asymptotic behaviour towards opposite signs for small values of 𝑛𝑧. We may conclude that
the oscillations and deviations to infinity are caused entirely by the properties of the ratio of parabolic
cylinder functions.

Fig. 3.7 shows the value of 𝐷𝑛𝑧+1/𝐷𝑛𝑧 for a subset of the range of parameters that arise during the
calculation of the Eq. 3.59. The vertical axis of this plot corresponds to the centre-to-centre separation
with themore negative values indicating larger separations, while the horizontal axis is given by the value
of 𝑛𝑧. The first observation is that for large values of −|𝑧0|√2𝑘𝑧5 and small values of 𝑛𝑧 the ratio of
parabolic cylinder functions is strictly negative and decreases in magnitude as 𝑛𝑧 decreases. The only
time the ratio is positive is in the neighbourhood of the discontinuities induced around the zeros of
𝐷𝑛𝑧 , present for larger values of 𝑛𝑧 and smaller separations between the fragments; the discontinuities

5Large centre-to-centre separations.
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Figure 3.7: The ratio of the parabolic cylinder function𝐷𝑛𝑧+1(𝑧) to𝐷𝑛𝑧(𝑧) over a portion of the domain
in which we intend to solve Eq. 3.24. The vertical axis for this plot corresponds to increasing centre-to-
centre separation with a more negative value indicating a larger separation. The horizontal axis corre-
sponds to increasing 𝑛𝑧1 , though in principle the behaviour is noted for both 𝑛𝑧1 and 𝑛𝑧2 so only one is
shown here. Note that the value in the bottom left corner of the plot is negative.
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arching towards an asymptotic integer value as the separation increases. The width of these positive
regions decreases as they get closer to the final integer values, until they get infinitesimally narrow and
are unable to be seen on the plot. Note aswell that for single separation, i.e. a single value of−|𝑧0|√2𝑘𝑧, as
the value of 𝑛𝑧 increases we observe an increasing width of the positive region around the discontinuity.
This correlates strongly with the observation of the solutions for the low-lying states becoming sharper
the lower the value of 𝑛𝑧.

The observation that𝐷𝑛𝑧+1/𝐷𝑛𝑧 is strictly negative except in the region of discontinuities allows us
to infer that in Eq. 3.59 this term acts in direct opposition to the sign of the constant component, 𝑘𝑧𝑧0.
With this knowledge we may now determine the conditions leading to a valid solution of Eq. 3.24 for
the low lying states. Fig. 3.8 shows the 6 stages of evolution in the neighbourhood of a sudden solution.
Fig. 3.8(a) shows the initial values of the logarithmic derivative on either side of the origin, with the inset
coloured box indicating the relative strength of the constant term 𝑘𝑧𝑧0, and the variable term𝐷𝑛𝑧+1/𝐷𝑛𝑧 .
In Fig. 3.8(b) themagnitude of the latter termhas started to increase as the value of 𝑛𝑧 begins to approach
a solution of𝐷𝑛𝑧 = 0 and the ratio begins to diverge. At stage Fig. 3.8(c), we reach

𝜑′𝑛𝑧 (0)
𝜑𝑛𝑧 (0)

= 0, (3.60)

as the two terms in Eq. 3.60 equate in strength; we may conclude that at this point the derivative of the
wavefunction at 𝑧 = 0 is also zero. Fig. 3.8(d) indicates the point at which the valid solution of Eq. 3.24
is found, and in the next step, Fig. 3.8(e), the logarithmic derivative diverges fully as 𝜑𝑛𝑧 → 0. Finally,
Fig. 3.8(f) shows the point at which the logarithmic derivative returns to the steady state as𝐷𝑛𝑧+1 = 0.
Note it is not required to give an indication of the sign of the values given in Fig. 3.8 as we may indicate
identical stages for solutions of 𝑛𝑧1 and 𝑛𝑧2 for Eq. 3.24 by simply inverting the 𝑦-axis.
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Figure 3.8: The stages around the sudden solutions of Eq. 3.24 for low lying 𝑛𝑧 states. The data come from the first solution seen in Fig. 3.5.
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Figure 3.9: The logarithmic derivative of the 𝑧-wavefunction, 𝜑𝑛𝑧(𝑧). The pink line indicates zero.
Within the region of 12 – 14 the vertical dashed indicate — the start of the solution domain — and
the dot-dash vertical lines indicate the wavefunction b

Therefore, we arrive at the conclusion that any solution to Eq. 3.24 for large separations and small
values of 𝑛𝑧 must be found between sequential solutions of 𝜑′𝑛𝑧 (0) = 0 and 𝜑𝑛𝑧 (0) = 0. These zeros
are easy to determine numerically and form the boundary values 𝛼, 𝛽 that satisfy Eq. 3.54 allowing the
creation of an interval in which a solving algorithm can be applied. Using this method the 𝑛𝑧 values cor-
responding to these sudden solutions for the localised states may be easily determined at any separation
without increased computational work.

However, this method requires refinement to be applicable for all 𝑛𝑧 solutions at any separation. In
particular, consider the example region shown in Fig. 3.9 for the solutions for 12 ≤ 𝑛𝑧1 ≤ 14. The pink
line has been added to the plot to indicate zero and the locations of the derivative being zero are indicated
by vertical dashed lines at points 𝛼1, 𝛼2, while the wavefunction zeros are shown by the vertical dot-dash
lines at 𝛽1, 𝛽2. In this region we have the scenario that one of the solving intervals is wholly contained
within another, i.e. 𝛼1 < 𝛼2 < 𝛽2 < 𝛽1, and note that within the interval 𝛼2 to 𝛽2 there is no solution
as the blue line passes through all negative values while the purple line is strictly positive in this domain.
Therefore we cannot use this interval to find a solution.

In contrast, in the interval 𝛼1 to 𝛽1 there are two valid solutions, however as solving algorithms are
only capable of determining a single solution on a given interval. Therefore, the returned solution will
vary between the two depending on the chosen algorithm and the initial starting point. With the ex-
ample of this region in mind we may determine the following set of rules for determining a complete
set of solving intervals which will each contain a single solution. Beginning with the standard interval
𝜑′𝛼1(0

+) = 0 to 𝜑𝛽1(0
+) = 0;

1. Calculate the value of the alternate logarithmic derivative at the point 𝛼1. If the value has the same
sign as the region you are entering— e.g. if the logarithmic derivative is going positive to negative
at 𝛼1 the alternate should be negative— then there is guaranteed to be at least one solution in the
interval 𝛼1 to 𝛽1. We may then restrict this to a guaranteed single solution by checking if 𝛼2 < 𝛽1,
and if so the solving interval becomes 𝛼1 to 𝛼2 and has a single solution. Otherwise the interval 𝛼1
to 𝛽1 is guaranteed to have a single solution.

2. If the alternate logarithmic derivative is not of the correct sign— i.e. if going positive to negative,
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Figure 3.10: The evolution of the 𝑛𝑧1 values calculated for the decomposition 256No→ 48Ca + 208Pb.
Colour is used to distinguish the 𝑛𝑧 values based on their asymptotic identity in the two produced frag-
ments. Note the cyan states (heavy fragment) tend towards integer values in 𝑛𝑧1 in both the compound
and asymptotic limit, while the pink states (light fragment) are non-integer in the 𝑛𝑧1 representation but
tend to integer values of 𝑛𝑧2 .

the alternate is positive — then you are guaranteed not to find a solution until either the corre-
sponding wavefunction zero, 𝛽1, or the alternate wavefunction zero 𝛽2 occurs. In this case the
solution interval should be restricted to the domain between 𝛽1 and 𝛽2.

Working through the example with the given region, we see that at 𝛼1 the value of
𝜑′𝛼1(0

−)/𝜑𝛼1(0
−) > 0 and therefore we expect at least one solution between 𝛼1 and 𝛽1. The next

zero of 𝜑′𝑛𝑧(0
−) is at 𝑛𝑧1 = 𝛼2 < 𝛽1, and so the solving domain we should use reduces to 𝛼1 to 𝛼2. If we

now consider the interval starting from the point 𝛼2 to 𝛽2, we note that 𝜑′𝛼2(0
+)/𝜑𝛼2(0

+) > 0, so the
interval containing the solution would be 𝛽2 to 𝛽1.

With the guidance outlined in these two rules we may always produce an interval based on the zeros
of thewavefunction and its derivative on either side of the originwhich contains a single valid solution to
Eq. 3.24, andwhichmay be used as boundaries for a solving algorithm6. Fig. 3.10 shows the evolution of
the determined 𝑛𝑧 values as a function of the centre-to-centre separation for the decomposition of 256No
into 48Ca and 208Pb. Note the smooth evolution of the individual levels, as well as the fact that they do
not cross as a function of the separation. In the limit of zero centre-to-centre separation the 𝑛𝑧 values
approach integer value, deviate in the intermediate region, and then approach integer values again in the
asymptotic region. The colour of the lines indicates the asymptotic configuration of the 𝑛𝑧 values and
reflects the relationship between 𝑛𝑧1 and 𝑛𝑧2 .

3.6 Testing the Implementation

With a working implementation of the ATCSM the next stage is to test the model. The initial test is
the generation of the level scheme for the decomposition of 256No into 48Ca and 208Pb. The 𝑚 = 1

2
subset of these levels are shown in Fig. 3.11. While it is not possible to verify directly the shown levels,

6To within the bounds of numerical accuracy…
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Figure 3.11: The 𝑚 = 1
2 subset of the level structure produced by the ATCSM for the decomposition

256No→ 48Ca + 208Pb.

we may conclude that the model is working by observing the characteristics of these levels. Particularly
we note that the levels are smooth and continuous throughout the entire range of separation, in the
compound nucleus limit we have a prolate deformed nucleus and we observe a loss of degeneracy in the
levels. Conversely, the limit of large separationwe observe that both 48Ca and 208Pb are spherical, and the
levels regain degeneracy and significant shell gaps at reasonable intervals. Therefore, we may conclude
that the model is behaving as expected.

3.6.1 Energy Eigenstate Precision

One of the properties of the ATCSM is that when the potential is deformed from the basis potential
the precision of the energy eigenstates is influenced by the number of states included in the calculation.
This is a result of the cascading interaction between stateswith the same total angularmomentum. States
which do not have any others above themwill naturally sit higher in the potential well as they are subject
to an unbalanced interaction energy from the states below. This effect propagates down the potential
well impacting the energy of each state along the way, however this are diminishing returns and each
additional state will affect those below it less.

To this end we wish to test two factors with the next calculation; primarily, is the implementation
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Figure 3.12: A comparison of the precision of the lowest energy eigenstates of the ATCSM calculation
at different shell_cap values. For each of the states the energy ratio is calculated as the ratio of the
energy of the state compared to the corresponding state for a calculation with shell_cap = 20. The
inset shape shows the radial profile of the nuclear system.

yield consistent eigenstate values for the same input values at differing numbers of included states —
i.e. are the values similar when changing the total number of states via the shell_cap variable7 —and
what is the change in precision incurred by the changing number of states. This last matter is important,
because it gives us an idea of the lower limit for the number of states to include in order for the levels
involved in secondary calculations, like shell corrections, to have a certain degree of precision.

Fig. 3.12 shows a comparison of the lowest energy neutron eigenstates for the decomposition 256No
→ 48Ca + 208Pb at an intermediate centre-to-centre separation with shell_cap = 12, 14, 16, 18.
The “Energy Ratio” is determined by the ratio of the corresponding eigenstates between the given
shell_cap calculation and a reference calculation with shell_cap = 20. We can see that the low-
est 150 eigenstates at each calculation size are typically within 1% error of the reference calculation, and
above shell_cap= 12 this constraint extends to over 220 eigenstates8. This trend continues, with each
successive shell_cap increase extending the number of eigenstates within a given precision threshold.
A potential method for determining the appropriate shell_cap for a given application might then go
as follows:

• Determine the number of states required for the application, e.g. for a shell correction calculation
you may need 300 eigenstates above the fermi surface of the chosen nuclide for the calculation to
converge.

• Perform a reference calculation at a high shell_cap and then generate comparative calculations
with fewer states and determine their precision.

• Select the calculationwhichhas the requirednumber of states belowyour chosenprecision thresh-
old.

However, this approach requires additional exploratory calculations with both the reference calcula-
tion and the repeated candidate calculations. While these calculations may be done once and stored as a

7shell_cap dictates the largest total𝑁 = 𝑛𝑧 + 𝑛𝜌 of the included states.
8Note that each of the eigenstates has a multiplicity of 2, i.e. the lowest 200 eigenstates corresponds the lowest 400 nucle-

ons.
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Figure 3.13: The same as Fig. 3.12 but with the 𝑥-axis normalised to the total number of eigenstates in
each calculation.

reference for all later applications there is a simpler “rule of thumb“ for the precision of a calculation that
may be extracted. Consider the calculation with shell_cap = 12 in Fig. 3.12; it exceeds the threshold
of 2% error around the 200th eigenstate. If we compare this to the shell_cap = 14 calculation which
exceeds the 2% threshold around the 270th eigenstate wemay note that 200 and 270 are around the same
proportion of the total number of states in each calculation, at 455 and 680 respectively.

Fig. 3.13 shows the same comparison as Fig. 3.12 but normalised to the total number of states in
each calculation. This reveals that the decrease in precision depends on the position of the eigenstate in
the overall number of eigenstates in the calculation. For example, the lowest 40% of the eigenstates in
any calculation are within 2% of the energy for a sufficiently large reference calculation, and therefore
we may also assume them to be within 2% for the “infinite eigenstate” limit. Similarly the lowest 30%
are within 1% of the reference. The only significant deviation from this pattern is the shell_cap = 18
calculationwhich is lower than its counterparts for the highest 50% of its eigenstates, but this is likely due
to being too close to reference calculation at shell_cap = 20, which will have its own precision issues
in these higher energy eigenstates— consider that the highest energy eigenstate of the shell_cap = 18
calculation is at the 75th percentile of the shell_cap = 20 calculation. We should also note that the
number of states contained within a value of shell_cap =𝑁 does not scale linearly, but with𝑁2 and
therefore the relative gap between shell_cap = 12 and 16, is far smaller than the gap between 16 and
20. This is the reason that the results for shell_cap = 12, 14, and 16 are so similar with a discontinuity
at shell_cap = 18 in this comparison.

With this result inmindwemay nowdetermine the appropriate number of states for a calculation by
taking the required number of states at the required precision and dividing by the appropriate fraction
from the self-similar result in Fig. 3.13. This gives the lower limit for the number of states and we simply
take the shell_cap which gives at least this number.

3.6.2 Wavefunction Tests

In addition to the calculation of the 𝑛𝑧 values we should also check the generated 𝑧-wavefunctions. The
terms of success in this test are simple:

• In the compound nucleus limit as 𝑛𝑧 approaches integer values we should observe the 𝑧-
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Figure 3.14: The 𝑧-wavefunctions of the determined 𝑛𝑧 values at different centre-to-centre separations,
from zero separation (left column), near-barrier separation (middle column), and “asymptotic” separa-
tion (right column).
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wavefunction to be the classic solutions to the quantum harmonic oscillator, i.e. the Hermite
polynomials.

• For an intermediate centre-to-centre separation the 𝑛𝑧 values deviate from being integers and so
we only need the wavefunctions to be smooth and continuous across the 𝑧 = 0 boundary.

• Finally, for a calculation in the asymptotic regime 𝑛𝑧 values again approach integers, but only for
one of the fragments. In this case we expect to see the Hermite polynomials but isolated in either
of the fragments.

In Fig. 3.14 the first 10 𝑧 wavefunctions are shown for three calculations, the compound nucleus
limits𝛥𝑧 = 0 fm, the barrier distance𝛥𝑧 = 12 fm, and the asymptotic limit𝛥𝑧 = 22 fm. The asymptotic
limit was determined by ensuring all 𝑧-wavefunctions for the entire calculation size were fully isolated
into one of the two potential wells. At this distance we then effectively have two full bases.

We observe that in each case the wavefunctions fulfil all of the given criteria for success with a few
additional interesting results. Particularly of note, the lowest three wavefunctions for the intermediate
separation 𝛥𝑧 = 12 fm— i.e. the bottom three panels in the central column of Fig. 3.14 — are already
isolated into one of the wells as the central barrier has risen enough to form two small independent wells.
Above this point the wavefunctions are shared between the wells, but the first three above this limit still
exhibit preferential weighting towards a given well (left, right, and then left respectively). In the asymp-
totic limit we note that the states are not shared equally between the two wells, this is due to the mass
asymmetry of the fragments which are 48Ca (left) and 208Pb (right) in this case. In general the heavier
fragment will have a larger allocation of the total number of states due to the lower separation between
major shells, and correspondingly, a lower energy difference between valid solutions to the wavefunction
equation.

Note that due to the separation of the wavefunctions in the asymptotic limit, wemay use the average
location of the wavefunction as a filter to determine to which of the fragments a given state belongs.

3.6.3 Decomposition Tests

Finally, we wish to test the self-consistency of the ATCSMby comparing the energetic eigenstates of the
model at the extremes of zero centre-to-centre separation and “asymptotic” centre-to-centre separation.
To achieve this we will consider the decomposition of 256No into 48Ca and 208Pb by first generating
the eigenstates at a centre-to-centre separation of 24 fm. Using the properties of the 𝑧-wavefunction
observed in Fig. 3.14 the eigenstates are then assigned as either 48Ca or 208Pb states. These eigenstates
can then be compared to their counterparts in direct calculations of 48Ca or 208Pb using the ATCSM at
zero separation with the corresponding nuclide as the “compound nucleus”.

The results of this comparison are shown in the thick lines in Fig. 3.15(a) and Fig. 3.15(b). Note the
reported energy ratio is the the ratio of the “asymptotic” eigenstates to corresponding eigenstate in the
individual calculations. We should note that the comparison is initially good, with the 208Pb eigenstates
being a near exact match to the single nucleus calculation. In the case of the light fragment, 48Ca, the
comparison is less favourable, showing an average of a 2% error with high variance before deviating sub-
stantially beginning at the 100th eigenstate. Note that this deviation is a result of the same factors that
lead to the deviation observed in Fig. 3.12. This is confirmed by Fig. 3.15(b) where the same procedure is
performedwith a higher number of states and the deviation is delayed until the 150th eigenstate. In both
cases we note that the error is consistent prior to the point of deviation, but in both cases we observe high
variance in the error as the quantum numbers vary.
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Figure 3.15: Comparing the relative error of the energetic eigenstates generated by an ATCSM calcu-
lation at “asymptotic” distance 𝛥𝑧 = 24 fm. For each test the states attributed to the light and heavy
fragment in the asymptotic calculation were compared to the corresponding states in a separate calcula-
tion of each fragment individually. See text for details.
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The interesting result in these calculations is that the error appears to be isolated to a single frag-
ment; with the heavier being a near perfect replication of the individual calculations while the lighter
of the two presents significant errors. This dichotomy is a product of the choice of the radial oscillator
frequency, 𝜔𝜌̄, for the basis functions. Maruhn and Greiner state in their original work that the choice
of the minimum of the frequencies for each fragment was found “empirically” to be the best choice over
the “more obvious” choice of the average of the two frequencies. However, the choice of the minimum
of the two frequencies means that the basis correlates more strongly with the heavy fragment. And, if
we examine the off-diagonal components of the deformation potential𝐻1, Eq. 3.29, we note that with
this choice the off-diagonal components are non-existent for the heavy fragment, while the magnitude
of these components is maximised for the light fragment. Given the relationship between the ratio of the
diagonal and off-diagonal components of a matrix and its eigenvalues the this choice isolates the impact
of the deformation potential, and resulting error, onto the light fragment.

This raises the question about what criteria we should use to determine the best choice for the ra-
dial oscillator frequency. Obviously, the choice of the minimum of the two frequencies optimises the
accuracy of the heavy fragment, and we should remember that for these asymmetric reactions the heavy
fragment constitutes the majority of the states. However, the magnitude and variance of the error for
the light fragment states mean that for any application where we care about the accuracy for both sets of
states this may not be the best choice. My recommendation for the optimal value for 𝜔𝜌̄ is the geometric
mean of the two frequencies,

𝜔𝜌̄ = √𝜔𝜌1𝜔𝜌2 . (3.61)

If we perform the same comparison as Fig. 3.15(a) and Fig. 3.15(b) but with the geometric mean as
the choice of the basis function radial oscillator frequency we see a very significant improvement in the
precision of the light fragment states (thin lines) with a only small increase in the error rate of the heavy
fragment states. In fact, using this choice of frequency the error rate of the two fragments coincides
exactly over the constant error range prior to the deviation of the light fragment. This error is a factor of
four lower than the minimum frequency choice and exhibits a far smaller variance in the error rate for
the light fragment. The arguments for this to be the best choice of the frequency are clear, the error rate
is small — 0.5% over the constant error range— and consistent across all states in this domain.

If we now examine Fig. 3.15(c) in which we examine the decomposition of 192Pb into 48Ca and
144Smwe note the asymmetry between the asymptotic fragments is reduced. This manifests in a reduced
relative error on the light fragment for the minimum-frequency choice as the oscillator frequencies for
each fragment are closer in value, however this error is still a factor of 4 higher than the choice of the
geometric mean.

Comparison to the Arithmetic Mean

We should compare the errors for the choice of the geometric mean to the perhaps more obvious choice
of the arithmetic mean, which is also suggested by Maruhn and Greiner. The comparison is shown in
Fig. 3.16(a) and Fig. 3.16(b) respectively. We observe that the arithmetic mean produces a larger average
error for the heavy fragment and smaller error for the light fragment compared to the geometricmean. As
statedpreviously, the heavy fragment constitutes themajority of the eigenstates, so an increase in the error
for these states cannot be construed as an improvement over the geometric mean without substantial
improvement elsewhere in the calculations. As such, we must conclude that the geometric mean is the
best choice for the basis function oscillator frequency and improves on both choices recommended by
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Maruhn and Greiner’s original paper.

3.7 Future Work

In this chapter we have covered the derivation of the ATCSM, corrections to the original work, and dis-
cussed the development and testing of a fully-featured implementation of the ATCSMwith Orthrus.
In the next chapter wewill employOrthrus as a centrepiece of a novelmethod to explore the impact of
diabatic transitions on fusion outcomes. However, there is still a list of future workwhichwould benefit
our understanding of the ATCSM and its parameters. These are listed below in no particular order.

• One interesting study would be to examine the evolution of the single particle energies as a func-
tion of the “neck parameter” 𝜀 for a fixed separation and mass asymmetry between the fragments.
Understanding the impact of the nucleon bridge between the fragments on the evolution of the
system is important as the process of neck formation will vary between fusion and fission appli-
cations. For example, neck formation is commonplace in adiabatic evolution like fission, but in
diabatic mechanisms like fusion we expect to observe no neck formation prior to initial contact
between the system [79].

• There is an obvious extension to this work in generating potential energy surfaces. The limita-
tion of the ATCSM is its restriction to axial collisions with two fragments which may only be
quadrupole deformed. But, as a predictor of fission from a compound nucleus this is not a signifi-
cant restriction. Furthermore, the predictions of the importance of octupole deformation [26, 30]
are not a major hindrance to the applicability of this model as an octupole deformation may be
mimicked by a slight oblate deformation with the inclusion of neck formation between the frag-
ments. The ability to be prescriptive about the shape of the extended mononucleus also benefits
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this mimicry as we may perform an energy minimisation around this “octupole” deformation to
determine the optimal configuration for reproduction of these states.

• A future work hinted in §3.5.2 is to parametrise the fundamental asymmetry,𝑄as as a function of
the separation such that the mass transfer function between the fragments matches the evolution
indicated by other microscopic calculations, such as time-dependent Hartree-Fock. This may be
achieved by including scope for an arbitrary function to be given for the evolution of each of the
parameters by the user during the initial instantiation of the ShellModel object.

• The ATCSM model will also benefit from further benchmarking, specifically in comparison to
other single potential shell models. For example, comparisons between the deformed Nilsson
model and the ATCSM in the compound nucleus limit would highlight the accuracy of the
ATCSM in this regime.



4
DevelopingMonte Carlo Simulations of Shell

Occupancy

The ongoing search for new superheavy elements (SHE) has reached a line of demarcation. In the last
two decades seven new superheavy elements— copernicium (𝑍 = 112) to oganesson (𝑍 = 118)— have
been discovered via heavy-ion fusion reactions involving 48Ca and actinide targets. These reactions ben-
efit from multiple advantages, including their high mass-asymmetry [54], the double magicity of 48Ca,
and the near equivalent𝑁/𝑍 ratio of the projectile and target [53]. However, the use of a single pro-
jectile nuclide necessitates the use of progressively heavier targets to form new SHEs. As the target mass
increases in the actinides, so too does the instability and difficulty of production in macroscopic quan-
tities. A recent example comes from the formation of element 117, tennessine, which used a target of
berkelium-249 (249Bk) that required 18 months to produce in the required quantities, and half a year to
chemically isolate. 249Bk has a half-life of 321 days, less than half the total production time. Using 48Ca
to form element 120 would require a target of fermium (𝑍 = 100), an element whose longest isotopic
half-life on the order of 100 days.

A new projectile for these reactions with a higher proton number would enable the reuse of targets
which have been successfully produced in the past. 50Ti is a candidate for this role. It shares many of
the advantages seen in 48Ca reactions including, a closed magic shell, high 𝑁/𝑍 ratio, and, with the
actinide targets, give the reaction a high mass-asymmetry for the reaction. However, calculations of the
cross-section of reactions forming SHEs involving 50Ti predict them to be up to 20 times lower than the
equivalent reaction with 48Ca [83]. Recent experimental measurements of cold fusion reactions using
a target of 208Pb found the probability of compound nucleus formation to be 2.5 times lower when a
projectile of 50Ti was used over a projectile of 48Ca [55]. The mechanism leading to this suppression
is unclear. The main difference between 50Ti and 48Ca is the additional two protons above the 𝑍 = 20
closed shell. The interactions of these valence protonswith unoccupied shell states in the diabatic regime
of fusion may prove key to understanding these differences.

Regardless of the combination of projectile and target, reactions resulting in the formation of a SHE

49
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are exceptionally rare outcomes. If we are to understand the factors which restrict the formation of a
compact compound nucleus for one set of reactions, wemust also try to understand the factors that lead
to these rare outcomes. We may also wonder if the mechanisms which suppress the probability of com-
pound nucleus formation for 50Ti reactions are the same mechanisms which compete with compound
nucleus formation for all reactions? If we expect the role of diabatic behaviour— especially the transfer
of kinetic energy to the diabatic potential via nucleon crossings— toplay a significant role in the suppres-
sion of compound nucleus formation in reactions involving 50Ti, do we expect this to be generally more
important for systems “just above” a magic number? Does this change substantially for systems which
are far frommagicity? Does diabatic behaviour have a greater impact in the early stages of a reaction (just
after initial contact) or in the later stages after prolonged contact time?

In this chapter I detail the development of a novel tool which enables, for the first time, the impact
of individual diabatic crossings in the evolving shell structure to be quantified. I first outline the benefits
of using the ATCSM over a traditional mean-field model such at TDHF, and the considerations which
lead to this approach. I will then discuss the definitions of the adiabatic and diabatic regimes and the
Landau-Zener transition model (LZTM)— amodel which gives the probability of a diabatic transition
occurring at a given interaction between two levels. The development of themodel is covered in §4.3, and
the chapter concludes with an analysis of the results of initial applications of the Monte Carlo model.
The capacity for further work, and planned experiments is also given in the conclusion.

4.1 Motivation of the Model

The motivation to use a Monte Carlo model for this application is twofold. Primarily, fusion is a rare
outcome of a collision between two nuclei and so it is beneficial to have a model which may not only
capture this outcome but also the multitude of other possibilities. Second, we cannot make a binary
distinction between the slow, equilibrating evolution of the adiabatic regime and the fast, dynamic evo-
lution of the diabatic regimes. This is especially true for a system where the kinetic energy is constantly
being reduced via dissipation into the Coulomb potential or into the sudden diabatic potential induced
by non-adiabatic transitions. Therefore, every interaction between levels which may lead to a nucleon
transitionmust be treatedprobabilistically on the continuumbetween adiabatic anddiabatic behaviours.
This probabilistic nature allows a direct Monte Carlo simulation of the occupancy to explore the multi-
plicity of potential outcomes without being tied to a particular path.

The strength of the ATCSM for this application is the ability to prescribe a specific evolution of
the system. While mean-field models, like time-dependent Hartree-Fock (TDHF), may be prescriptive
in their initial stages, such as setting impact parameters or the intial angular momentum of a system,
once set in motion they follow the most likely path. Instead, using the ATCSM we may control the
nuclear shape, neck thickness, and deformation of each fragment throughout the entire fusion process.
The flexibility of prescription allows the ATCSM to be used to fully explore the impact of each variable
on the fusion outcome, and if need be, match the “likely path” given by TDHF and other microscopic
models, or even to match experimental evidence.

4.2 Describing the Transition Probability

In this section we cover the definitions of the adiabatic and diabatic regimes, as well as a brief overview
of the Landau-Zener TransitionModel (LZTM).
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|1⟩

𝑞⃗

Figure 4.1: A simple two-state model with no coupling.

4.2.1 Defining the Adiabatic and Diabatic Regimes

The clearest distinction between the adiabatic and diabatic regimes comes by examining the evolution of
the structure of states in the neighbourhood of crossings. To illustrate this behaviour we will construct
the following two-state Hamiltonian,𝐻,

𝐻 = [𝛼 0
0 𝛽

] . (4.1)

The Hamiltonian𝐻 has two eigenstates,

|0⟩ = [1
0
] , |1⟩ = [0

1
] (4.2)

with eigenvalues 𝛼, 𝛽
𝐻 |0⟩ = 𝛼 |0⟩ , 𝐻 |1⟩ = 𝛽 |1⟩ . (4.3)

respectively. If we consider the evolution of the eigenstates with some collective variable, 𝑞⃗ as shown in
Fig. 4.1, we see the two eigenstates are able to cross. This is possible due to the lack of mutual interac-
tion, i.e. the corresponding off-diagonal terms are zero. We call this behaviour diabatic, from the Greek
𝛿𝜄𝛼𝛽𝛼𝛿𝜄𝜁𝜔meaning “to cross”. We now consider the alternate case, a two-state Hamiltonian𝐻′ with an
off-diagonal term that introduces coupling between the eigenstates,

𝐻′ = [𝛼 𝛾
𝛾 𝛽

] . (4.4)

The eigenstates for this Hamiltonian may be calculated analytically as

|𝜂⟩ = [
𝛼−𝛽+√(𝛼−𝛽)2+4𝛾2

2𝛾
1

] , |𝜉⟩ = [
𝛼−𝛽−√(𝛼−𝛽)2+4𝛾2

2𝛾
1

] , (4.5)

with eigenvalues

𝐻′ |𝜂⟩ = 𝛼 + 𝛽 + √(𝛼 − 𝛽)2 + 4𝛾2
2 |𝜂⟩ , 𝐻′ |𝜉⟩ = 𝛼 + 𝛽 − √(𝛼 − 𝛽)2 + 4𝛾2

2 |𝜉⟩ . (4.6)
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Figure 4.2: A simple two-state model with coupling, 𝛾, between states |𝜉⟩ and |𝜂⟩. |0⟩ and |1⟩ represent
diabatic basis states for this system. In this system the coupling strength is kept constant throughout the
interaction.

Examining the evolution of the eigenvalues of Eq. 4.4 in Fig. 4.2 we observe the eigenstates, indicated
by the labels, no longer cross. We denote this behaviour as adiabatic and refer to their interaction as
an “avoided crossing”. Included in Fig. 4.2 are the diabatic eigenstates of Eq. 4.1 for comparison with
the adiabatic eigenstates and to highlight the crossing which has been avoided. Note the equivalence
of these two sets of states as the systems move away from the point of interaction. From this we may
draw the general conclusion that in regions with no avoided crossings the adiabatic and diabatic bases are
equivalent and only deviate in their behaviour at these locations.

We may further explore the nature of the adiabatic eigenstates by using the diabatic states as a basis
with which to decompose them. This is the same process that we used with the ATCSM, using the
eigenstates of a simplified Hamiltonian with no off-diagonal components as the basis states for a more
complex Hamiltonian, see §3.2. This decomposition gives the following representation

|𝜂⟩ = |0⟩ ⟨0|𝜂⟩ + |1⟩ ⟨1|𝜂⟩ , |𝜉⟩ = |0⟩ ⟨0|𝜉⟩ + |1⟩ ⟨1|𝜉⟩ . (4.7)

Byfirst calculating the innerproducts ⟨0|𝜂⟩ , ⟨0|𝜉⟩wemaydetermine the fractional decompositionof the
adiabatic eigenstates into the original diabatic basis. These values are shown inFig. 4.3 as a functionof the
original collective variable 𝑞⃗. We observe in the initial configuration each of |𝜂⟩ and |𝜉⟩ could be purely
represented by a single basis state, |0⟩ and |1⟩ respectively. As the system evolves with 𝑞⃗ the adiabatic
states first become a superposition of the diabatic basis before eventually inverting their representation
in the diabatic basis. This demonstrates the second quality we associate with adiabatic behaviour around
avoided crossings, the eigenstate evolves its wavefunction in response to the changing potential.

This provides a clear test for the presence of either diabatic or adiabatic behaviour near a crossing,
simply calculate the overlap of the eigenstates prior to and post-interaction. As we see in Fig. 4.2 and
Fig. 4.3 the diabatic overlap for eigenstates either side of the crossing will be unity while the adiabatic
eigenstates will be orthogonal. We should additionally note that wavefunction evolution in response to
the changing potential is a necessary requirement for adiabatic evolution, and that this evolution cannot
occur instantaneously. Instead adiabatic behaviour, as shown here, requires the system to evolve with 𝑞⃗
with sufficient slowness that the wavefunction for each eigenstate has time to equilibrate to the current
potential. The contrapositive holds true in this case, if the evolution is not slow enough to allow the
wavefunction to evolve, then the systemmust evolve diabatically.
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Figure 4.3: The evolution of the projection of each eigenstate |𝜂⟩ , |𝜉⟩ for a two-state Hamiltonian with
coupling between the elements onto the basis state |0⟩, see Eq. 4.4.

4.2.2 The Landau-Zener Transition Model

Having now determined that adiabatic evolution requires slower evolution than diabatic evolution, the
next question is where the threshold lies between the two regimes. For certain circumstances the thresh-
old between the regimes may be parametrised by the Landau-Zener Transition Model (LZTM), a semi-
classical solution for the probability of diabatic transition in a two-state system with interacting lev-
els, such as that shown in Fig. 4.2. The solution was discovered independently by Landau [65] and
Zener [66] in 1932, and its derivation relies on the follow conditions,

• The difference in energy between the two interacting levels must be a linear function in time, i.e.
𝛥𝐸 = 𝐴𝑡 for some constant 𝐴 (if the interaction did not exist, see the underlying basis states in
Fig. 4.2), and

• The coupling strength between the two levels must be constant.

Wemay interpret the first condition tomean that the slope of the two interacting levels is constant either
side of the interaction. Given the short range of the interaction, this is generally true for the interactions
we are considering as the rate of change of the energy-affecting parameters is slow compared to the col-
lective motion of the system. We may also consider the second condition as generally true for the same
reasons1.

The value of𝐴may be determined directly by the following relationship

𝐴 = 𝜕𝑡(𝜀0 − 𝜀1) =
𝑑𝑞⃗
𝑑𝑡 𝜕𝑞⃗(𝜀0 − 𝜀1), (4.8)

where 𝜀0,1 are the energies of the eigenstates, and
𝑑𝑞⃗
𝑑𝑡 is a quantity known as the “Landau-Zener velocity”

which encodes the relative velocity of the system as a function of the collective variable 𝑞⃗. Note thatwhile
the collective variable typically includes a distance component, the Landau-Zener velocity does not have
to have the standard velocity units. We may consider the rate of change of more abstract concepts other
than the distance between the centres of the fragments, such as the mass asymmetry or deformation
parameters. This allows the calculation of the Landau-Zener velocity for calculations where the two
fragments are stationary while they evolve in mass or deformation. However, for the calculations we

1See further discussion in §6.4.
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perform at the end of this chapter we may consider the Landau-Zener velocity to be dominated by the
changing centre-to-centre separation, and so will initially ignore the other variables in the Monte Carlo
calculation.

Wewill not cover a full derivation of the Landau-Zener formula in this chapter as many already exist
in completion in other works, see also Refs. [84, 85]. Instead, we will jump directly to the Landau-Zener
formula for the probability of a diabatic transition, given by

𝑃𝑇 = 𝑒− 1
𝛥 , and (4.9a)

𝛥 =
ℏ‖𝜕𝑞(𝜀0 − 𝜀1)‖‖

𝑑𝑞⃗
𝑑𝑡 ‖

2𝜋‖𝐻′
01‖2

. (4.9b)

Here, 𝛥 as the diabaticity criterion which is linearly proportional to the difference in slope between the
two levels, and proportional to the inverse square of the coupling strength between the two states,𝐻01 =
𝛾 in Eq. 4.4. 𝛥 is also proportional to the Landau-Zener velocity 𝑑𝑞⃗

𝑑𝑡 , or the “collective velocity”. A value
of𝛥 = 1.44 corresponds to the threshold for being equally likely to either diabatically transition between
the two levels, or evolve adiabatically. Given that the coupling strength and slope of the levels are constant
in time, we may deduce that the value of 𝛥 will be tied to the one time-dependent variable, in this case
the collective velocity.

Applications of the Landau-Zener Transition Model and Diabatic Transitions

The application of the Landau-Zener Transition Model to explore the dissipation of kinetic energy via
single particle transitions is not novel. It in fact has a significant history modelling excitation energy
in the fission process [86], determining the partition of this energy between fission fragments [87]. In
particular we should note the success of M. Mirea in producing a time-dependent pairing model which
employs single particle transitions with the Landau-Zener transition model to reproduce noted odd-
even staggering in fission mass distributions [87, 62], linking the production of this odd-even effect to
the dissipation of energy via diabatic transitions.

Similarly, even in works where the transitions are not explicitly treated by the LZTM, the use of a
probability of diabatic behaviour at an avoided level crossing has found success in theoretical calculations.
In particularwe should note thework of Bulgac et al., whose energy density functional calculations show
the significant effect of diabatic transitions in determining the energypartition infission fragments of low
energy fission of 240Pu and also in predicting the timescale between the saddle point and scission [63, 64].
These treatments rely on many of the same mechanics and assumptions that are found in the LZTM2

What differentiates this work from these existing models is not only the application to fusion re-
actions, but that we are attempting to examine the influence of individual diabatic transitions on the
evolution of the fusing system rather than examining the ensemble behaviour of the transitions.

4.2.3 Interplay Between the Adiabatic and Diabatic Regimes

Characterising the regimes by the collective velocity—ormore specifically the kinetic energy per nucleon
— provides an obvious conclusion that a system undergoing fusion must transition between these two
regimes as the initial kinetic energy dissipates. This dissipation may come from the increasing coulomb

2Bulgac et al. even go so far as to use the LZTM probability of transition as justification for observed mass dependence of
their model [64]!
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repulsion between the two fragments in a heavy ion collision, the Pauli repulsion between like-states in
the two nuclear systems, and spontaneous decays of nucleons to lower eigenstates.

One of the key sources of kinetic energy loss comes from diabatic transitions. The nucleons that
occupy energy levels near the fermi surface can cross with unoccupied levels which were initially above
the fermi energy, effectively creating a coherent particle-hole pair. The occupied state — now above the
fermi energy — transfers some of the initial kinetic energy into the collective, diabatic potential via the
cost of this transition. This potential slows the system until a transition to the adiabatic regime occurs.
Of course, these excited nucleons may also decay into lower energy levels — effectively removing the
excess energy from the system and reducing the diabatic potential — but this factor is beyond the scope
of this work.

4.3 The Monte Carlo Model

The outline of theMonteCarlomodel is simple. Wemust beginwith the target and projectile— referred
hereafter as the “fragments”— in their groundstate and separated by a sufficiently large distance that the
coulomb repulsion andperturbationof the occupied single particle levels is negligible. The systembegins
with kinetic energywhich is above the known coulombbarrier for the fragments; note that the treatment
of the occupied single particle levels in this model is, for all intents and purposes, classical and therefore
we cannot replicate any sub-barrier fusion.

As the system evolves towards the compound nucleus limit we track the change in the total energy
of the system and effect a complementary change in the kinetic energy. In situations where a potential
avoided crossing is present we use the kinetic energy to calculate the velocity per nucleon and perform
a transition according to the probability given by Eq. 4.9a. The transition cost is then enacted on the
kinetic energy 3. The simulated fusion run ends when either the kinetic energy has reached zero or the
compound nucleus limit has been reached.

From this description it is clear that development of the Monte Carlo simulation had to focus on
the following three goals:

• Implementing a complete description of the energy in the system,

• Developing an algorithm to identify and extract the locations of avoided crossings in the ATCSM
levels, and

• Developing tools to track occupancy and deal with potential transitions.

For the initial use of the methods outlined in this chapter I will focus on the reaction of
48Ca + 208Pb → 256No. This reaction has many features which make it ideal for initial testing. Primar-
ily, both the projectile and target nuclei are doubly-magic and are spherical in their asymptotic deforma-
tion. The compound nucleus, 256No, is predicted to be prolate in its groundstate and is therefore easily
modelled by the ATCSM [42]. All calculations shown from theMonte Carlo method, and the stages of
development in the next section, will use this reaction unless otherwise stated.

4.3.1 Developing a Description of the Total Energy

The bulk of the energy calculations come from an implementation of the Finite Range Liquid Droplet
Model (FRLDM)byMöller et al. [42]. The implementationwaswritten in Python and integrates with

3i.e. the kinetic energy increases for transitions to lower energy states and decreases for transitions to higher energy states.
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the ShellModel object from the Orthrus ATCSM package. The FRLDM includes the protons and
neutronmass excesses as well as the surface and volume energies from the coulomb and nuclear potential
as well a multitude of empirical correction factors4.

However, onenoted limitationof liquid dropletmodels is that they are unable to reproduce observed
shell effects in the calculation of the total energy. These effectsmay be extracted readily from theATCSM
shell states via the Strutinksy shell correctionmethod [22] and added to the calculated FRLDMenergy. I
will note here that the original approachof calculating the shell corrections as laid out by Strutinsky relied
on numerical integration over a wide energy range, however later work by Bolsterli et al. [88] produced
an analytical expression for the shell correction which proves both more accurate and efficient.

The keen-eyed theorist will note that I have not mentioned any pairing correction thus far, and
without which I cannot account for the differences in binding energy of the paired and unpaired nu-
cleons. Of the two prevailing models one is based on the Bardeen-Cooper-Schrieffer Theory [89] (BCS)
and was developed after noting the potential application of the BCS pairing model for superconduc-
tivity to the nucleons responsible for observed energy gaps in excitation spectra [90, 91, 92]. The other
model is the Lipkin-Nogami approximation, based on the works of H.J. Lipkin and Y. Nogami in the
1960s [93, 94, 95]. While the BCS model has found popularity as a pairing model over the intervening
70 years it has fundamental shortcomings in the regions of large shell gaps where it is unable to produce
a valid, non-trivial solution for the pairing correction and unfortunately these are exactly the regions the
Monte Carlo simulation hopes to target. The Lipkin-Nogami approximation improves these shortcom-
ings through the inclusion of the effects of particle number fluctuations on the energy levels themselves.
This capability doubles of the number of non-linear equations which need solving to find the pairing
correction for a given nucleus.

The Lipkin-Nogami approximation is the obvious choice for implementation and inclusion in this
model, however the implementation of thismodel requires substantial work over a basic implementation
of the BCS model, and may often still produce numerical instabilities when presented with large shell
structure gaps near the Fermi surface. As such, I decided in these initial stages of development to forego
the inclusion of the pairing corrections to the total energy as the effort to do so would be beyond the
scope of this work. This decision was bolstered by the typical “rule-of-thumb” that pairing corrections
tend to be smaller in magnitude and opposite in sign to the relevant shell correction and given that this
would tend to be on the order a fewMeV either way it falls well within themagnitude of error onewould
expect from the combination of all of these models.

Determining the Energy Offset

For the purposes of determining the evolution of the total energy in the systemwemust define a baseline
energy. In the case of fusion this baseline comes from the groundstate energy of the fragments at their
asymptotic separation. That is, we calculate the occupation energy of the single particle states for the
each fragment in their groundstate along with the associated shell correction and the FRLDMmass of
the fragment. The baseline energy does not change from run to run, so this is calculated once for each
reaction and stored.

4For the laundry list of inclusions and details I highly recommend the cited paper as it includes everything onemight need
for a fully working implementation (barring an actual implementation!)
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Figure 4.4: The evolution of the neutron single particle levels is shown in (a). Levels within the orange
region are the lowest energy neutron configuration, with the dot-dashed line indicating the fermi surface.
(b) shows the change in the sumof the lowest energy configuration, indexed such that the zero alignswith
the asymptotic configuration.
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Quantum Chaos

One of the issues encountered in setting up these calculations was an unexpected increase in the binding
energy at intermediate separations. This would consist of a steady increase up to an additional 150 – 200
MeVof binding energywith themaximumcentred between 5 and 10 fmand a gradual decline thereafter,
see Fig. 4.4(b). This increase effected a doubling of the typical fusion barrier andmeant that fusion could
not reasonably occur.

This effect appears to have been caused by the noted broadening of themean level spacing in regimes
of quantumchaos. These regimes occur in regionswith a high density of avoided crossings and correlates
with the increase in interaction energy between levels with the same angular momentum,𝑚. Essentially,
in regions of quantum chaos the distribution of level spacings5 becomes self-correlated and leads to an
increase in the mean spacing between levels over the typical non-correlated distribution that occurs in a
diabatic system. Explorations of quantum chaos in a two-centred shell model have been undertaken by
byMilek, Nörenberg, and Rozmej [96].

We may examine the neutron levels in Fig. 4.4(a) to see this “swelling” of the level structure. Begin-
ning at the largest separation we observe that the level structure appears highly degenerate with distinct
shell gaps, and indicates both fragments are still in their spherical groundstate. As the two wells begin
to interact around 13 fm— just prior to the touching distance of ~12 fm—we observe a rapid increase
of nearly 2 MeV to the location of the Fermi surface, indicated by the dashed orange line. This increase
is due to the sudden interaction potential between like-states in each fragment and subsequent loss of
the degeneracy observed at larger separations. We should note that this initial interaction generates the
bulk of the excess groundstate energy, seen in Fig. 4.4(b), with a slight bump around 7 fm separation
as the system transitions from the two-well potential to a single well potential and relaxes into the com-
pound nucleus groundstate. These increases correlate with the transitions of the potential type, from
two separate fragments to a two-well system with an effective molecular configuration with both bound
and shared nucleon states at 12 – 10 fm, and then the latter transition to the single well of the compound
nucleus.

I believe the manifestation of this issue is caused in part by the fact that the ATCSMuses an infinite-
depth potential and sowehave nofixedupper limit for the bound states. This, coupledwith the observed
increase inmean level spacing,means that the entire systemmay expand atwill in these chaotic conditions
and create an effective increase in energywhichwouldnototherwise exist. Morework is needed to explore
this phenomenon. To mitigate this issue in the short-term we may consider that the Fermi surface of
the system, given by the lowest energy configuration, to be a natural zero for these types of calculations.
Furthermore, given that thebroadeningof the level structure induces anobviousmovement in the energy
of the Fermi surface we may consider this to be an evolving zero as the parameters of the shell model are
adjusted. In practice, we may adjust for the broadening by first precalculating the minimum binding
energy in each step of the simulation and then offsetting the in-situ binding energy calculations by this
amount.

4.3.2 Identifying and Extracting Avoided Crossings

Algorithmically extracting the locations of avoided crossings proved to be one of the biggest challenges
in this project. While the hallmarks of an avoided crossing are clear and anyone with the required knowl-
edge may pick them out at will from a level scheme, the sheer number of potential locations and the

5The level spacing is the energy difference between adjacent single particle levels with similar𝑚.
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Figure 4.5: An example of the curvature calculation and subsequent turning point extraction. The cur-
vature of the thickblue single particle level in (a) is shown in (b),with thehighlighted region indicating±1
standard deviation of the mean curvature of the level. Deviations of the curvature outside this coloured
region— indicated by solid green arrows— are recorded as potential maxima orminima for the location
of an avoided crossing. Hollow red arrows indicate regions with substantial deviation which have not
met this threshold.

complexity of identification makes the task intractable for manual processing. Therefore, we must pro-
duce a numerical algorithm that extracts the avoided crossings from a supplied level scheme, and given
the significant work that would be required to develop a computer-vision aided solution, this algorithm
must do sowith only the inherent properties of each level. To this end, I propose the following two-stage
solution;

1. Determine the locations of spikes in curvature for each of the levels. Classify these spikes (turning
points) as either a maximum or minimum.

2. For adjacent levels with the same angular momentum, look for pairs of turning points which are
opposite in sign and within a given interval in both energy and separation. Test these pairs for
wavefunction continuity through the potential crossing, and identify accordingly.

Turning Point Identification

The process of determining the locations of turning points may be seen in Fig. 4.5. Effectively, the cur-
vature of each of the energy levels is calculated numerically and a peak-finding algorithm may then be
used to determine potential locations of avoided crossings. However, this process has inherent flaws due
to the discrete nature of the underlying calculations, numerical noise in the curvature calculation, and
difficultly of writing robust peak-finding algorithms. A naive examination of the curvature in Fig. 4.5(b)
of the blue line in Fig. 4.5(a) would reveal spurious peaks around 3, 5.9, and 16.5 fm of separation, and
a simple procedure such as looking only for local extrema may not work due to the innate “jitter” in the
data seen in the inset figure.

To solve this problem I employ a threshold which the spike in curvature must exceed in order to
be considered a valid turning point. This threshold must not be fixed in value as the magnitude of the
curvature depends linearly on the scale of the energies involved, and has an inverse-square relationship on
the step-size used in the calculation. Instead, the threshold is defined as 1 standard deviation away from
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Figure 4.6: An example of the evolution of the neutron single particle levels for the reaction
48Ca + 208Pb → 256No. The identified turning points for each level are shown in green and red for the
maxima and minima respectively. Boxes a, b, and c indicate regions where the current algorithm fails,
the reasons for which are explained at length in the text.

the “mean curvature” of the level; effectively requiring a significant deviation from the typical curvatures
encountered by the evolution of the level in response to the changing potential.

The orange region in Fig. 4.5(b) depicts this threshold for the chosen level, and we observe that it
works well in themajority of cases with each of the solid green arrows showing the found turning points.
However, we should also note the two hollow arrows that highlight regions with substantial curvature
which do notmeet the threshold andwere therefore not considered. While the thresholdmay be lowered
slightly in this case to meet these deviations, it is impossible to do so in all situations without a manual
inspection of the curvature for each level.

The process as it stands is functional and fulfils many of the requirements for a proof-of-concept
Monte Carlo simulation, however the process of turning point extraction should be revisited in future
work to consider what defines a turning point in the context of an avoided crossing. The interaction be-
tween the blue level and its immediate subordinate level around 15 fm separation highlights a particular
nuance, where the curvature of both levels is barely able to be registered. Indeed, we should note that
the curvature induced by the interaction is lower than the curvature induced by the changing potential
between 13 – 14 fm. These regions of wide, gentle interaction between adjacent levels challenge the cur-
rent notion of avoided crossings and may have a substantial effect on the fusion process as they typically
exist in the outer and inner limits of separation.

Avoided Crossing Validation

Once the turning points have been identified for each level the process of avoided crossing validationmay
begin. This involves iterating over all levels with the same angular momentum and looking for pairs of
turning points of opposite kind which are within a given energy-separation window. For the purposes
of our calculations this energy-separation window is usually 1 MeV in energy and 0.5 fm in physical
separation. Fig. 4.6 shows the evolution of the single particle levels of𝑚 = 1

2 with the identified turnings
points highlighted in green for a maximum and red for a minimum. Note that in most cases the pairings
are close and are easy to identify within a tight window (and are visually obvious). In some cases such as
in the region of 8 – 9 fm there are multiple potential crossings within a small region and so additional
tests such as the wavefunction continuity are clearly needed.

In order to test forwavefunction continuity (read: continuity of character) over the avoided crossing
we may simply calculate the overlap of between the diagonally opposed states at some distance from the
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crossing location6.This overlap is then compared to the self-overlap of the states through the crossing,
and if the former larger than we may conclude that this is an avoided crossing. The typical step used for
this overlap check is 0.3 fm either side of the centre of the avoided crossing.

Boxes (a), (b), and (c) in Fig. 4.6 surround clear issues with the current avoided crossing extraction.
We should note that box (c) contains awide avoided crossingwith low interaction energy, and in this case
neither state produced sufficient local curvature to reach the threshold for turning point identification.
However, in this case the interaction is so wide that we would be unable to determine a clear overlap
calculation even if both were identified in the previous step. Box (b) surrounds a case where the interac-
tion is not clear with the superordinate level exhibiting both positive and negative curvature within the
detection window. Again, neither level supports a turning point identification in this area. Finally, box
(a) shows the failure of this method to detect the final avoided crossing in a string of avoided crossings
beginning 4 levels and 1.5 fm earlier; this is likely to be a threshold issue as well, but it remains unclear
why this crossing fails while the others in the chain, which are seemingly identical, work.

This list is far from exhaustive in detailing the shortcomings of the current algorithm andmanymore
issues may be identified with increased scrutiny, however the overall strength of the approach should not
be undermined. Many of the observed issues may be remedied by simple tweaks to the thresholds and
more thorough validation process, and this deserves careful consideration in future. I highlight the issues
with the current process here not as a harsh critique of its capabilities but to reinforce the difficulty of
the task at hand. The goal of the Monte Carlo model outlined in this chapter is to extract the impact
of a single diabatic crossing. The identification process outlined here is able to extract the vast majority
of potential crossings, but as shown by boxes (a), (b), and (c) it cannot extract all potential crossings
and there is no common factor to the missed crossings. We cannot know a priori the impact of these
missed crossings on the evolution of the system. Furthermore, we do not know if a crossing is missed
by the process without manually examining the results, andmost importantly if we wish to compare the
outcomes of two reactions forming the same compound nucleus then there is no way to know if the set
of detected avoided crossings are the same in both reactions without manual verification. The challenge
of fully automated and robust avoided crossing detection is formidable and quite beyond the scope of
work for a single chapter in a thesis. The current technique, while not perfect, is entirely sufficient for
these early stages of development of this model.

Finally, I note here that the notion of an avoided crossing occurring at a specific, discrete location
is somewhat naïve as the true diabatic transition may occur at any point during the length of the inter-
action between the states. However, decomposing the total transition probability from the LZTM into
effectively iterative components over a wide range of steps would bring further questions, such as should
the crossing be “disabled” after the first transition, or should we consider the possibility of transition-
ing back? Additionally, how would this wide region of transition probability work in the case of the
back-to-back diabatic transitions caused by a rapidly descending state, such as around 8 fm in Fig. 4.6?
Furthermore, if we do consider the two interacting levels to exist in a true superposition then we may
consider any number of transitions to occur between the levels over the period of interaction, and if so,
how does this affect the final probability of diabatic transition? In each case the answer is unclear and
brings an unwarranted level of complexity for this exploratory model.

6Note that this separation must be large enough for the states to no longer exist in a superposition of the interacting
component states.



62 Developing Monte Carlo Simulations of Shell Occupancy

4.3.3 The Monte Carlo Algorithm

Having now developed the necessary backend for the simulation, we turn our attention to the develop-
ment of the algorithm which forms the basis of the Monte Carlo simulation.

To initialise the simulation we must perform the following steps;

1. Define the reaction by specifying the asymptotic fragments and determine their input parameters
(e.g. deformations, mass ratio, etc.) for the ATCSM calculations.

2. Define the largest and smallest separations to include and the number of separate ATCSM calcu-
lations between these points. At this stage we also define the interpolations of the deformation,
mass asymmetry, and neck parameter for the ATCSM inputs.

3. Perform the ATCSM calculations at each defined step, and extract from the discrete calculations
the continuous energy levels. This may be done by noting that for a sufficiently small step the
wavefunction overlap of each state from neighbouring calculations will simply reduce to the adia-
batic evolution of each state (see §4.2.1). These continuous levelsmay then be processed to extract
the locations of avoided crossings.

4. Calculate the potential from the FRLDM using the defined radial profile from each step of the
ATCSM calculations.

5. Using the ATCSM levels we also calculate the shell corrections which are added to the FRLDM
potential, and the required groundstate binding energy offset.

6. Using the property that the asymptotic single particle levels are isolated to a single fragment we
may finally determine the initial groundstate occupancies.

Once the simulation is initialised the Monte Carlo process may begin. The pseudocode for the al-
gorithm underpinning a single instance of the Monte Carlo ensemble is shown in Algorithm 4.1. The
inputs for the instance are the single particle levels for both neutrons and protons, the total potential, the
groundstate configuration, and the kinetic energy for the run, and records the evolution of the available
kinetic energy and the proton and neutron occupancies as the simulation progresses. As the pseudocode
is purely superficial, I will take amoment here to briefly describe the details which have been obfuscated.

Line 1 – Line 6 Initialise the key parameters for the start of the run, and the arrays which will hold
the state of the simulation and be recorded at its completion.

Line 7 This begins the main loop which describes the evolution of the system towards fusion. Here
𝑁 refers to the total number of ATCSM calculations which were performed between themaximum and
minimum separations.

Line 8 – Line 12 In this section the change in binding energy from the occupied levels and the change
in the total potential are determined. The resulting energy change is then applied to the available kinetic
energy. Note, that the precalculated groundstate binding energy offset is included here as well.

Line 13 Check if the available kinetic energy has reached zero as a result of the recently applied changes
inpotential or binding energy. If so, immediately stop the run andoutput the results. Note that this is the
only way for the simulated run to end other than completing themain loop, i.e. reaching the compound
nucleus limit.
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Algorithm 4.1:The running algorithm of the Monte Carlo simulation.
Data: proton/neutron levels, groundstate, potential, K

Result: 𝑂𝑛, 𝑂𝑝, Ks

1 K ← initial kinetic energy; // Set initial conditions
2 occ𝑛 ← groundstate.neutronOccupancies;

3 occ𝑝 ← groundstate.protonOccupancies;

4 𝑂𝑛 ← {occ𝑛}; // Begin recording the state
5 𝑂𝑝 ← {occ𝑝};

6 Ks ← {K};

7 for step ← 2 to 𝑁 do
8 dE ← 0;

9 foreach level in occ𝑛, occ𝑝 do

10 dE ← dE + (level.energyAt(step) − level.energyAt(step − 1));

11 dE ← dE + (potential.energyAt(step) − potential.energyAt(step − 1));

12 K ← K - dE ; // Update kinetic energy
13 if K ≤ 0 then
14 goto Output;

15 if step.containsCrossing then
16 potentialCrossings ← {};

17 foreach crossing in step.crossingList do
18 if any crossing.states in occ𝑛 or any crossing.states in occ𝑝 then

19 potentialCrossings.append(crossing);

20 shuffle(potentialCrossings); // Randomise the order of crossings
21 foreach crossing in potentialCrossings do
22 v ← velocityAt(K); // Velocity per nucleon
23 r ← randomValue(); // Random number between 0 and 1
24 if crossing.diabaticityAt(v) > r and K ≥ crossing.transitionCost then
25 update(occ𝑛,occ𝑝).with(crossing.states);

26 K ← K - crossing.transitionCost; // Update kinetic energy

27 𝑂𝑛.append(occ𝑛); // Record final state at current step
28 𝑂𝑝.append(occ𝑝);
29 Ks.append(K);

Output: 𝑂𝑛, 𝑂𝑝, Ks
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Line 15 At this point check if the current step of the run contains a potential avoided crossing. In the
set up process we have already extracted the locations of the avoided crossings and for the simplicity of
this step they are stored and indexed by the step at which they occur.

Line 16 – Line 19 Extract from the set of current7, possible avoided crossings those which directly
involve an occupied state. These are then stored to be used in the next section. The complexity here is
that we only include the crossings which have exactly one of the involved states currently occupied. The
reasoning for this is simple, crossings which have neither state occupied have no nucleons which may
transition and crossings with both states occupied cannot transition unless both nucleons transition
and this would not change the evolution of the system. This process should be repeated for the two spin
orientations allowable in each level. Note: one of the simplifications of this model is that the nucleons
are split into two sets, spin-up and spin-down, and nucleons may not change their spin.

Line 20 This line is integral to the randomness required for the Monte Carlo process to produce a
valid ensemble. Specifically, if we do not randomise the order in which we attempt the crossings that
may occur in a given step then we are biased towards those which go first. This is especially true in the
latter stages of the evolution when the energetic cost of a single state transition would be a substantial
component of the available kinetic energy.

Line 21 – Line 26 Finally, we attempt to perform the available avoided crossings. The first step is to
calculate the effective velocity of the nucleon involved in the crossing which may be determined directly
from the current kinetic energy. From this velocity we may determine the degree of diabaticity of the
crossing, and with the help of a random value 𝑟 between 0 and 1 determine if the crossing should be
treated diabatically. If so, we have the additional requirement that the available kinetic energy should ex-
ceed the energetic cost of the transition8. If both of these conditions hold thenwe update the occupancy
and amend the kinetic energy accordingly, before attempting the next available avoided crossing.

Line 27 – Line 29 At the end of each of the steps in the main loop we store the current occupancies
and the kinetic energy by adding them to the records which are output at the conclusion of the run.
Other variables may also be stored, such as the number of diabatic transitions and ratio of proton to
neutron transitions as theymay be of interest, but in general these are theminimum records necessary to
explore the impact of the diabatic transitions.

4.4 Example Results

Having developed a working algorithm for the Monte Carlo simulation, we will spend the next section
exploring an example application of the model and results which are indicative of its strengths. This
sectionwill concludewith a discussion of future work and plans to extend thismodel to bemore broadly
applicable.

7Current here meaning in the current step.
8Note that the energetic cost is dependent on the direction of the transition and is therefore negative when transitioning

to the “lower” state.
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Figure 4.7: The distribution of distances reached in the Monte Carlo simulation for the given reaction.
The specified kinetic energy is in the centre-of-mass frame. The green arrow indicates the position of the
barrier derived using the FRLDM potential calculation and shell corrections, see §4.3.1.

4.4.1 Simulation Overview

For the example application we focus on the reaction 48Ca + 208Pb→ 256No at an above-barrier energy
of 𝐸 = 1.05 𝑉B in the centre-of-mass frame. As stated previously this reaction was chosen in part for the
role of 48Ca in SHE formation; a guiding force in the development of this model. Additionally, both
the projectile, 48Ca, and target, 208Pb, are doubly-magic nuclei and therefore spherical in their ground-
state. This allows the asymptotic eigenstates to be well determined by the ATCSM. The fundamental
asymmetry between the two fragments,𝑄, and their individual deformations,𝑄12, are linearly interpo-
lated following the method outlined in §3.5.2. TheMonte Carlo simulation was prepared following the
procedure outlined in §4.3.3 and ran for 100 000 iterations.

4.4.2 Stopping Distances

The distribution of distances reached by the evolution of the system is shown in Fig. 4.7, with the green
arrow indicating the position of the barrier. Note that the barrier location and height is determined
solely by the maximum value of the potential generated by the FRLDM and shell corrections — this
choice was made to ensure the simulation was self-consistent as we are only examining energies relative
to the barrier. In principle theMonteCarlo simulationwill accept any generated potential and so amore
“realistic” potential may be employed at will but that was not the focus of this work.

The results in Fig. 4.7 are highly encouraging as they show a wide range of stopping locations from
the barrier location towithin a centre-to-centre separation of 8 fm. On a basic level, the evolution of shell
occupancies results in substantial differences in thefinal stopping location. There is also a clear indication
of two main barriers to overcome, the first being the initial barrier and contact between the projectile
and target outside 10.8 fm, and a second near 9.2 fm. The probability of stopping between these two
locations are up to an order of magnitude lower than immediately outside this region. The mechanism
for this suppression is not clear, but given this range corresponds to the middle of the quantum chaotic
regime, and is near the peak of the groundstate energy increase— see Fig. 4.4— and somight suggest the
entry and exit of the quantum chaotic regime to be more energetically expensive than the intermediate
regions. This would be a significant area for further exploration.
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Figure 4.8: The averaged available kinetic energy of the runs which reach a minimum separation 𝑑.

We should also note that the frequency scale for the histogram in Fig. 4.7 is logarithmic so while the
distribution of distances appears initially flat, 89% of theMonteCarlo runs stop before reaching 10.8 fm
and around80%of those early stops occur after the indicatedbarrier. This result alone is highly indicative
of the appearance of a sudden diabatic potential which reduces the available kinetic energy. To confirm
this interpretation, we will first group the runs by the minimum distance reached in 1 fm wide groups
starting from 7.8 fm. The averaged kinetic energies are shown in Fig. 4.8, where we may clearly see that
the distance reached by the runs correlates with the rate kinetic energy loss, here given by the slope of the
lines joining the stopping point and the starting point near 12 fm. We may also form several hypotheses
about the factors leading to the overall evolution of the system; specifically

• While wemay expect the available kinetic energy to be a defining factor in the outcome such as the
immediate loss of energy by the 10.8 ≤ 𝑑 line (orange dashed) leading to the early stop. The next
interval 9.8 ≤ 𝑑 ≤ 10.8 (green line) maintains a higher average kinetic energy than the next two
intervals until suddenly equalising at 10.5 fmwith a sudden stop shortly thereafter. Therefore the
most “successful” evolution9 is not simply the one which has the most kinetic energy at a given
point. Where the kinetic energy is lost, and the details of the crossings involved, matter.

• The occupancy of the levels must play a factor as they may directly affect the available kinetic
energy through the evolution of the levels, and diabatic transitions may contribute sudden losses
of kinetic energy as is seen in the deviation of the green and red-dashed lines from the blue at 10.5
and 9.4 fm respectively.

Note, in Fig. 4.8 the blue line appears to dip below 0 and have negative kinetic energy near 8.6 and 8
fm. This is simply due to the rarity of events in this region, which get rarer as the systemmoves towards
a smaller separation. At these points, the majority of the “active” runs— i.e. those with positive kinetic
energy— lost their remaining energy. The result is that the average kinetic energy among all runs which
reach this stage of evolution can become negative, and then positive once again when these runs are no
longer included. To confirm this we should also note that all lines in Fig. 4.8 trend below zero near their
minimum separation.

9Success here being given by the minimum distance reached.
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Figure 4.9: A illustration of two interacting levels, A and B, highlighting the potential outcomes of oc-
cupancy following their interaction. The dashed, coloured lines indicate the ’effective’ energy level after
the interaction. The listed numbers (a, b) beside the levels indicate the post-interaction occupancy of
levels A and B respectively.

4.4.3 Impact of Avoided Crossings

To examine the effect of the occupied levels for each distance region we may calculate the average occu-
pancy of each single-particle level by determining at each separation the number of Monte Carlo runs
which currently occupy that level and then normalise such that the most occupied level at any given sep-
aration has an occupancy of two. Note that wemay always perform this normalisation as the lowest level
in the calculation, such as the groundstate of the heavy fragment, will always be fully occupied. The
average occupancy of states can then be used as a proxy for the degree of diabatic behaviour at each tran-
sition, and by comparing the results by “distance reached” we may directly examine the effect of these
diabatic transitions on the evolution of the system.

Before analysing the results we should take the time to develop an intuitive understanding of the
mechanisms for whichwe are looking. Consider the following toy-model of two interacting levels which
we will call level A and level B, with A being the higher energy of the two levels. This system is shown
in Fig. 4.9. Level A is entirely unoccupied, while level B is fully occupied with 2 nucleons. Note the
evolution of the system is right to left.

The dashed levels indicate the effective energy of the three possible outcomes after interaction;

• Z corresponds to the pure adiabatic outcome where level B remains fully occupied,

• X corresponds to the pure diabatic outcomewith both nucleons from level B transitioning to level
A, and

• Y corresponds to a mixed outcome; one nucleon transitions diabatically while the other remains
in level B. This is the intermediate energy solution.

Analysing an ensemble of results from the Monte Carlo simulation will produce a continuum of
averaged occupations for each level. Noting that levels with the same angular momentum cannot cross
— i.e. level A will always be higher in energy than level B—wemay come to the general conclusion that
the interaction outcome which conserves the most energy is that which fully occupies the lower of the
two states. This concept also generalises to two interacting levels which contain a total of one or three
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nucleons; maximising the occupation of the lower level always minimises the energy cost. However,
short-term minimisation of the energy cost does not necessarily correlate with longevity of the run. In
Fig. 4.8 we observed that the runs which had the most kinetic energy at 11 fm stopped sooner than runs
with more moderate kinetic energy.

Translating our understanding from the toy model to the full simulation introduces complexity to
the notion of energy conservation in an interaction. In the toymodel we only considered the total energy
of occupancy; minimising thismaximises the available kinetic energy. From the Landau-Zener transition
model— see §4.2.2 and Eq. 4.9 within—we know the diabaticity of a given interaction is proportional
to the velocity of the two interacting states, giving it an indirect proportionality to the square root of the
kinetic energy. Furthermore, the energy threshold for a typical avoided crossing to have a higher than
50% chance of diabatic transition is below 0.1 MeV / nucleon [97]10. Therefore we must consider the
long term energy efficiency of the potential crossings in the context of the evolving system and changes
in the potential energy. Occupying the lowest energy state at a given interaction may all-but-guarantee a
diabatic transition to a higher energy state shortly thereafter. Similarly a transition to the higher energy
state may reduce the kinetic energy sufficiently to prohibit the transition to a lower energy state in fu-
ture interactions, or may even be beneficial in certain circumstances by reducing the likelihood of other
transitions to higher energy states in later interactions.

4.4.4 Analysis of Crossings

10Around 5MeV for the reaction 48Ca + 208Pb → 256No
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Figure 4.10: The averaged neutron occupancies from a Monte Carlo simulation of 48Ca + 208Pb→ 256No at a centre-of-mass kinetic energy of 1.05 𝑉B. The outcomes of the
runs have been grouped by the final distance reached by the nucleons and are shown in the columns. Each of the rows correspond to a specific angular momentum subset of the
neutron levels, beginning with𝑚 = 1

2 with the row starting (a), and rows (e), (i) are𝑚 = 3
2 , 52 respectively. The average occupancies are indicated by the colour of the levels at each

separation. Note, the normalisation is performed on a step-by-step basis and so there is some degree of numerical noise in the colour for certain levels if the occupancy is near the
boundary of the colour palette, particularly for the low probability runs.
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Figure 4.11: A similar plot to Fig. 4.10, but visualising the proton occupancies for the same simulation.
Note that the outer domain, 𝑑 ≥ 10.8 has been removed as there were no diabatic proton crossings in
this region. The row beginning (a) [(d)] corresponds to the subset of eigenstates with𝑚 = 5

2 [
7
2 ].

The average neutron occupancies for the studied reaction are shown in Fig. 4.10, and the average
proton occupancies are shown in Fig. 4.11 for a subset of the energy levels. The chosen levels,𝑚 = 1

2 , 32 , 52
for the neutrons and 𝑚 = 5

2 , 72 for the protons, are those which exhibit diabatic crossings that were
determined to affect the overall evolution of the system. Note in particular the lack of𝑚 = 1

2 and𝑚 = 3
2

levels for the protons which did not contain any crossings over the entire run. We may immediately
observemarked difference between the averaged level evolution in each of the distance regions. Especially
of note are the complex series of interactions in the 𝑚 = 3

2 neutron levels [Fig. 4.10(e) – Fig. 4.10(h)]
between 11 and 13 fm and the resulting evolutionary differences in those levels. In each of the other
displayed level subsets for both neutrons and protons the interactions tend to be constrained to a single
pair of levels with the resulting impact on the available kinetic energy to be quite clear.

With the understanding from our toy model we may deduce the cause of the early stopping range,
𝑑 ≥ 10.8 fm, to be due to the entirely to the series of interactions in the 𝑚 = 3

2 neutrons seen in
Fig. 4.10(h). In each case the transitions were entirely diabatic to the higher energy state and induces
the loss of the entire sum of available kinetic energy in only 1.5 fm from the first transition. Compar-
ing the occupancies of these states to those in Fig. 4.10(g) we can see that in order to get past 10.8 fm
the neutrons must include some adiabatic behaviour that allows at least partial occupation the lowest of
these interacting levels.

The set of results which stop between 10.8 fm and 9.8 fm may be attributed to the 𝑚 = 5
2 proton

crossing near 10.7 fm which is almost entirely diabatic for this subset of results. We should also notice
the increased population of the lower states involved in crossings in the 𝑚 = 5

2 and 𝑚 = 3
2 neutrons,

Fig. 4.10(k) and Fig. 4.10(g) respectively. Another interesting feature of this subset which differs from
the previous interval is that there is no population of the 𝑚 = 1

2 neutron state immediately below the
highest occupied state in Fig. 4.10(c) which differs from the half-occupancy seen in Fig. 4.10(d).

Examining the outcomes leading to the next distance interval, 8.8 – 9.8 fm, we observe a slight in-
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crease in the occupation of the central𝑚 = 1
2 neutron level in Fig. 4.10(b) which had been fully unoc-

cupied in the previous subset. The new movement of the 𝑚 = 3
2 neutrons, Fig. 4.10(f), appears to be

a migration away from the highest and lowest occupy-able states from the crossings near 11.5 fm to a
greater occupancy of the middle two states. This is particularly relevant as the highlighted state (orange
arrow) proceeds to drop in energy over this entire interval. If this state were entirely unoccupied — as
in the previous domain — and acting as a coherent “hole” the effect would be a steady increase in the
required energy of the single particle states. The change in the outcome of the avoided crossing in the
𝑚 = 5

2 protons Fig. 4.11(b) is clearly beneficial with a clear bias towards occupying the lower state.

Themain sources of energy loss in the region between 8.8 and 9.8 fm come from the entirely diabatic
𝑚 = 7

2 proton crossing in Fig. 4.11(e) and the diabatic crossings in the𝑚 = 5
2 neutrons, particularly the

crossing near 9.5 fm and — with the decreasing energy of the second and third highest states — the
increasing impact of the earlier crossing near 10.7 fm. Wemay also note that 48Ca has no𝑚 = 7

2 protons
in its groundstate occupation as these only exist after the 𝑍 = 20 shell closure. Therefore the 𝑚 = 7

2
proton crossing is likely to result from interactions from the target nucleons.

The final distance interval, 7.8 ≤ 𝑑 ≤ 8.8 fm, covers only 2.6% of the outcomes but shows some of
the largest differences in the occupancies of the levels compared to the previous distances. For example,
the 𝑚 = 1

2 neutrons in Fig. 4.10(a) appear to have the same split occupancy as the earliest stopping
interval, Fig. 4.10(d), which is in contrast to the behaviour of the intermediate intervals. The 𝑚 = 3

2
neutrons in Fig. 4.10(e) appear to mix the behaviour of the crossings in Fig. 4.10(f) and Fig. 4.10(g)
with the occupancy of the two indicated levels in these plots now equivalent. Furthermore, the crossing
indicated by the orange arrow in Fig. 4.10(e) is now entirely adiabatic compared to the diabatic nature
in Fig. 4.10(f).

Note the reciprocal nature of the energy cost and saving inFig. 4.11(a) andFig. 4.10(i) respectively. In
the case of the𝑚 = 5

2 protonswenote the split occupancy of the two interacting levels is in direct contrast
to the adiabatic behaviour in the previous interval, Fig. 4.11(b), indicating a potential loss of severalMeV
over the interval. However, this is offset by the lack of diabatic behaviour in the𝑚 = 5

2 neutron crossing
near 10.7 fm, a crossing which is at least partially diabatic in both Fig. 4.10(j) and Fig. 4.10(k).

Finally, Fig. 4.11(d) gives us one of the clearest indications of the correlation between diabaticity and
the distance reached. As we are examining all runs of the Monte Carlo simulation which stop between
7.8 and 8.8 fm we are presented with a gradient of occupancies of the interacting levels over this range.
The gradient may be understood by the observation that the runs with greater diabatic behaviour— i.e.
more highly populate the upper level — stop earlier in this region, and conversely the runs which split
the occupancy between these levels are able to evolve further before stopping.

The conclusions of this analysis are clear: the degree of diabatic behaviour in the avoided crossings
and where that behaviour is expressed can have a substantial impact on the evolution of the system. Fur-
thermore, for this interaction the behaviour which lead to stopping at or near the barrier was isolated
almost entirely to the 𝑚 = 1

2 and 𝑚 = 3
2 neutrons. While the protons and the neutrons with higher

values of𝑚 did have an effect on the evolution of the surviving runs, this was localised to a single avoided
crossing over the entire range due to the lower density of these levels, and the closed spherical shells of
the participating fragments.

Thewide distribution of stopping distances seen in Fig. 4.7 for this application show the impact that
the degree of diabatic behaviour in a given run can have on the final outcomes. In particular note that
89% of the runs in this simulation stopped at or near the barrier for this reaction, compared to the less
than 1% of cases which progressed past a minimum distance of 8.5 fm. In many cases these rare events
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Figure 4.12: The distribution of distances reached in the Monte Carlo simulation for two reactions in-
volving (a) 48Ca and (b) 50Ti. The arrows indicates the position of the barrier derived using the FRLDM
potential calculation and shell corrections, see §4.3.1, for each reaction.

could be traced to slight differences in diabatic behaviour at one or two potential crossings.

4.4.5 Comparisons between 48Ca and 50Ti

The addition of two extra protons to 48Ca produces the reaction 50Ti + 208Pb. Previous works have
found reactions involving 50Ti to produce a lower cross-section than those with 48Ca[55, 83]. Given the
preceding discussionwemay also expect the additional two protons to introducemore avoided crossings
for the occupied states in this reaction. This is due to the positioning of the two additional protons above
the𝑍 = 20 sub-shell closure. Additionally, if the two protons were placed in the𝑚 = 1

2 or𝑚 = 3
2 proton

states in the 𝑓7
2
shell then we might expect a large number of potential crossings given the observations

from the previous study that the density of states is inversely proportional to the total𝑚, i.e. levels with
lower𝑚 have a higher density of states.

The reaction 50Ti + 208Pb → 258Rf was simulated using the Monte Carlo algorithm at the same
energy relative to the barrier as the earlier 48Ca reaction, 𝑉B = 1.05. The additional two protons in the
50Ti fragment were determined to be in the 𝑚 = 1

2 states of the 𝑓7
2
shell. The distribution of mini-

mum distances reached is shown in Fig. 4.12(b) with the distribution for the previous reaction shown in
Fig. 4.12(a). It is immediately apparent that the 50Ti fails to reach the barrier (indicated by the arrow) in
all cases, which one may be tempted to think explains the lower cross-section of this reaction. However,
an examination of the energy loss in the initial stages of each reaction, shown in Fig. 4.13, reveals that
while the energy loss is initially higher for the reaction involving 50Ti we also observe a slight dip in the
intermediate region between the asymptotic limit𝛥𝑧 = 18 and𝛥𝑧 = 14 fm. The inset figure in Fig. 4.13
shows the occupancy plot for the 𝑚 = 1

2 protons for the interaction, note the positioning and relative
evolution of the occupied proton states for the valence protons of 50Ti compared to the unoccupied
levels in 208Pb immediately below. Their interaction near 16 fm corresponds exactly to the minimum
observed in themain figure, and the increase of around 3MeV in total occupied energy prior to the point
of first deviation of the 48Ca reaction at around 12.5 fm corresponds exactly to the difference in the loss
of energy between the reactions at this point. Given that both reactions peak at the same maximum
energy loss before stopping, have barriers which are roughly the same height and hence have equivalent
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Figure 4.13: A comparison of the magnitude and rate of energy loss between reactions involving 48Ca
and 50Ti on 208Pb. The inset figure shows the evolution of the proton occupancy for the𝑚 = 1

2 subset
of eigenstates for 50Ti + 208Pb→ 258Rf.

excess kinetic energies, we can therefore draw the conclusion that the differences observed in the mini-
mum distances reached for the two reactions are entirely due to the evolution of the𝑚 = 1

2 proton states
occupied by the extra two protons.

However, wemust consider the source of this energy loss as the 48Ca reaction does not show any loss
of energy prior to the first diabatic crossing. In this case, the loss of energy comes from the concession
we were forced to include regarding the observed energy broadening in the quantum chaotic regime—
see §4.3.1 and the discussion on Fig. 4.4. Specifically, the change in energy of the occupied states had
to be offset by the change in the lowest energy configuration for the system, effectively offsetting the
evolution of the fermi surface. However, in reactions where the initial configuration of occupied states is
not necessarily the lowest energy configuration we become subject to energy losses commensurate with
their difference.

The resolution to these issues is not immediately clear, and requires further understanding of the
mechanisms which lead to the broadening of the level scheme and the nature of the quantum chaotic
domain. In general we require a method which may account for the changes in the fermi surface of
the ensemble without affecting those systems for which the fermi surfaces of the two fragments do not
align. It may be beneficial to explore a similar reaction in a two-centred finite depth potential to see if an
energetic broadening of the levels is observed, or if it has a solution which may then be mapped to the
infinite-depth application used here.

4.5 Future Work

The application of a Monte Carlo simulation to the evolution of the single particle levels and the prob-
abilistic treatment of the diabatic nature of the avoided crossings has yielded interesting preliminary re-
sults. The application to the reaction of 48Ca and 208Pb showed the strengths of this approach in not
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only producing a complex and broad series of outcomes, but also its ability to identify the specific inter-
actions which lead to rare outcomes and long-lived evolution. This approach lacks in its application to
non-doubly magic nuclei, such as 50Ti, possibly due to the compromises of an infinite depth potential
combinedwith the observable increase in themean level spacing in regions of quantum chaos, see §4.3.1.
If we can remedy the issue of energy broadening and develop a method to account for the occupancy is-
sues seen in Fig. 4.13 and discussed in §4.4.5 theMonte Carlo model should yield comprehensive results
which may elucidate the differences between reaction outcomes between these systems.

The list of future work for this project is expansive. A subset of the potential applications and ex-
plorations is listed below. In short, the outcomes revealed by this method provide insight into the role
of diabatic transitions and the intricacy of the shell structure in dictating the outcomes of nuclear fusion
reactions; an area of research which has been inured to an either wholly diabatic or adiabatic frame of
reference in most works and demands further exploration.

• The role of energetic broadening should be considered and compared to the outcomes of a finite-
depth potential, such as a Woods-Saxon potential, for the same reaction. Given the Monte Carlo
algorithm was written with an arbitrary potential and series of eigenstates in mind, this may be
done bymerely generating a new set of levels with a different shell model and supplying the results
to the Monte Carlo algorithm given in §4.3.3.

• An interesting notion which arose during the early stages of development was to characterise the
types of avoided crossings based on the behaviour of the underlying wavefunctions. In general
we expect two types of interaction; transitions, and superpositions. The transition interaction in-
volves twowavefunctions which are localised in opposing potential wells, with diabatic behaviour
in their interaction constituting a transition of a nucleon between the wells. This is typically ob-
served in the early stages of analysis before the potential wells merge and the states becomemixed.
The superposition interaction involves states which are not fully separated in their average posi-
tion, i.e. either being part of the samewell, or occurring late enough in the evolution of the system
that there is no longer a clear distinction. In this interaction we observe the resulting wavefunc-
tions to become a coherent superposition of the two incident wavefunctions which are wholly
orthogonal. Categorising these types of interactions in a static analysis as a function of the sepa-
ration of the system — or other collective variables — could provide an interesting study of the
nature of avoided crossings, and is one that the tools developed in the chapter may directly aid.

• Wemay also wish to explore the impact of the angular momentum of the included protons states
for 50Ti. The lowest states produced by the ATCSM calculations for the 0𝑓7

2
subshell was 𝑚 =

1
2 . However, as we expect 50Ti to be spherical all of the substates of 0𝑓7

2
should be degenerate.

To account for this expectation we may set out initial condition with any of the four substates
populated. The result of the differing occupations should have a clear impact on the outcomes of
the simulation, not least because of the different number of avoided crossing we would expect to
see in each case. The ability to choose at will the initial occupation of these levels would greatly
benefit the system.

• The inclusion of an alternative potential to the FRLDM could be an interesting application (for
example, the Bass potential [98] or a modern folding potential like M3Y-Paris [99, 100] and the
Wong coulomb interaction [101]). Furthermore, the inclusion of the pairing corrections, while
smaller, may introduce an interesting dynamic to the diabatic nature of the crossings. Fig. 4.8
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revealed that for much of the evolution of the system the available kinetic energy was on the order
of 1 – 2 MeV, which is around the size of a typical pairing correction. The additional inclusion
of the energy cost for breaking a nucleon pair would make the “split occupancy” outcome of a
diabatic crossing more energetically unfavourable, but may also help in aiding a transition to a
partially occupied state. In either case the inclusion of these factors would make an interesting
extension to this work.

• We should consider the inclusion of an energy-dependent shell correction on the FRLDM calcu-
lated potential. A phenomenological description of the energy dependence of the shell correction
was first explored by Ignatyuk in 1975 [102] with a simple exponential decay relationship deter-
mined once the excitation energy of the system has been normalised by the “shell dampening en-
ergy” 𝐸𝑑 = 20 MeV, and has found reasonable success in predicting fission mass distributions
as part of a Langevin approach to potential energy surfaces in the past [103]. In particular, we
should consider including this dependence on the excitation energy of the nucleons involved in
diabatic transitions as it should decrease the importance of the shell effects inside the main fusion
barrier — noting especially that the FRLDMbarrier smoothly decays inside the barrier radius, so
any additional barriers or increases in the potential are induced entirely by the shell corrections.
Given the low observed average kinetic energy in Fig. 4.8 of the long-lived evolutions this may be
particularly important in these cases.

• In §4.3.1 I noted that pairing corrections were omitted from the description of the total energy
for the Monte Carlo simulation as they were a significant amount of work for what would be a
small change to the potential energy. With a series of initial calculations now complete we may
observe that the systemwill tend to evolve with very little kinetic energy for themajority of a given
run, see Fig. 4.8. In these cases the energy required to either form or break a pair of nucleons,
and the pairing correction itself, would be on the same order of magnitude as the total amount
of kinetic energy in the system. As such, a key point of future work for this model would be
to get a reliable, working implementation of the Lipkin-Nogami pairing correction method for
use in these calculations. Much of the code has already been developed to do so, but requires a
not-insignificant amount of troubleshooting and benchmarking to get to a stage where it can be
comfortably included in arbitrary calculations.

• The extension of this model to simulate fission processes would be invaluable. The transition
between adiabatic and diabatic regimes in fission is actively under investigation as a mechanism
for the formation of observed odd-even effects [61, 104]. To further investigate this we may track
the specific energy lost in the diabatic transitions themselves and not the evolution of the single
particle levels. A working implementation of the Lipkin-Nogami pariing corrections would also
be highly beneficial for this application.

• One aspect to explore is the use of a single transition location for the Landau-Zener Transition
Model. As discussed at the end of §4.3.2, the LZTM is a quantum mechanical process where
the transition between the occupied and unoccupied state may occur at any point during the in-
teraction. It would be interesting to use a probability distribution over the interaction range that
allowed a transition at any point, butwith the total likelihood of transition still capped at the value
given by the LZTM. The difference (if any) between this method and the discrete location used
in this chapter would be interesting to explore and may give insight into some of the underlying
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mechanics.



5
Determining the Shell Effects from Experimental

Measurements

One of the most direct measurements we have for the impact of shell effects on collective nuclear dy-
namics is in the distribution of the masses of fission fragments. In the absence shell effects the energeti-
cally favourable outcome for a system undergoing fission is to split symmetrically [15, 21]. Asymmetric
fission, beyond that naturally incurred by the variance of symmetric fission, is a product of the strong
binding energy associated with large shell gaps and provides an additional energetically favourable out-
come for the fissioning system [20]. Measurements of these asymmetric fission modes may be inferred
by the analysis of experimental mass distributions, and provide insight into the existence of these shell
states.

In this field there is a fundamentally reciprocal relationship between experiment and theory. The
impetus to developbeyond the liquid dropmodel (LDM) came fromexperimental observations of asym-
metric fission which could not be explained by the LDM [19, 20, 75]. Conversely, many current exper-
iments in fission are motivated by the desire to verify current theoretical predictions about the location
and strength of certain shell effects. This is no better exemplified than by the observations throughout
the late twentieth century of the predominantly mass-asymmetric fission of the actinides. Key among
these observations was the noted stability of the mass of the heavy fragment for multiple systems across
the actinide region [23, 24, 25]. Initial theories tied the masses to the spherical 𝑍 = 50 shell [20], and
particularly the doubly-magic 132Sn, however this did not align with the positioning of the experimental
asymmetric yields [25]. It was not until 2018 that the stability of the heavy fragment was linked to oc-
tupole deformations in the 𝑍 = 52, 56 regions [26], and this insight has lead to a deeper understanding
of the role of deformation and nuclear shapes in guiding the outcomes of fission.

Within the last year there has been renewed interest in exploring the potential formulti-modal asym-
metric fission (i.e. more than one mass-asymmetric fission mode) in the sub-lead region. Theoretical
calculations have shown that this is a region where multimodal asymmetric fission may be found [30]
but we are now beginning to see the first experimental outcomes to attempt to verify these claims [105].

77



78 Determining the Shell Effects from Experimental Measurements

The identification of multiple asymmetric modes is commonplace in the analysis of actinide or heavier
systems [25], and in these areas the identification of the number of modes is often clear due to the large
separations between them. The fission mass distributions of the pre-actinides are narrower than their
heavier counterparts, and therefore the existence of multiple fissionmodes is accompanied by significant
intermodal overlap, and a reduction in clarity of the number of modes present.

With ambiguity around the number of fission modes present in a distribution, it is easy to fall into
interpretation-led analysis where additional modes may be included based on their theoretical expecta-
tion rather than a true need in order to explain the distribution. This is especially important given the
density of predicted shell effects in themass regionpopulatedby the fission fragments of the pre-actinides
(eg. 𝑍 = 36, 44, 46, 52, 56 and𝑁 = 52, 56, 88)[26, 30].

It is clear that we need a data-driven analysis technique which approaches the problem with full
independence.

5.1 The Panther Method

5.1.1 Motivation for Creation

The Panthermethod is a novel approach that I developed to aid in determining the number of modes
present in fission mass distributions. The original idea for the method came from the observable issue
that two fits with different numbers of Gaussians to a single fission mass distribution may not be distin-
guished on a statistical basis alone. Effectively, for a single distribution it is possible to have a reasonable
fit with 4-, 5-, or 6-Gaussianmodes—2 asymmetric, symmetric + 2 asymmetric, 3 asymmetricmodes—
withno clear basis to reject any based on the value of a goodness-of-fitmetric like the reduced chi-square1.

Amethod that could determine number of Gaussianmodes exactly without input from a goodness-
of-fit statistic would be highly beneficial to this area of research, and could provide an upper limit on
what may be extracted from a given dataset. In searching for such a method, I found a process for multi-
scale video processing [107] that attempted to extract all Gaussian functions from a data signal. While
Goshtasby’s method of scale-space transformation could not work for the highly compact and discrete
𝑀𝑅 distributions, the idea of an iterative approach relying on the fundamental properties of Gaussian
functions allowed me to develop the Panther method, described below.

5.1.2 Details of the Method

The Panther method relies on the fundamental property that a Gaussian function has exactly two
points of inflection. These are determined by the 𝑥-intercepts of curvature of the Gaussian function, see
Fig. 5.1(a) and Fig. 5.1(d), and are spaced at twice the width of the Gaussian.

We consider Gaussian functions of the form,

𝑔(𝑥) = 𝛼
𝜎√2𝜋

𝑒−
(𝑥−𝜇)2
2𝜎2 , (5.1)

with width 𝜎, centred at 𝜇, and total area, 𝛼, which may constitute part or all of a dataset 𝑦 given by

1I should also note that methods like Bayesian Spectral Decomposition [106] which promise to help identify a unique
solution to problems such as these will fall into the same traps. This is due to the “cost” function in Bayesian analysis being
functionally equivalent to the chi-square of the fit, and so the maximisation of the log-likelihood function amounts to min-
imising the chi-square. As will be discussed in the main text, minimisation of the chi-square is not sufficient as the sole proof
of the optimal fit for fission mass distributions.
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Figure 5.1: (a), (b), and (c) show a single or pair of Gaussians, with (d), (e), and (f) showing the second
derivative of the sum of Gaussians shown above. The orange line indicates zero. This figure is a partial
reproductive of Fig. 1 from Ref. [107].

𝑦(𝑥) =
𝑁
∑
𝑖
𝑔𝑖(𝑥) =

𝑁
∑
𝑖

𝛼𝑖
𝜎𝑖√2𝜋

𝑒
− (𝑥−𝜇𝑖)2

2𝜎2𝑖 . (5.2)

Data that contain𝑁 Gaussian functions may have up to 2𝑁 points of inflection, however in cases
where twoGaussian functions overlap strongly (see Fig. 5.1(b) and 5.1(e)), or have significantly different
heights (see Fig. 5.1(c) and 5.1(f)) we may observe fewer than 2𝑁 intercepts in the curvature. However,
as the Gaussian functions present in 𝑦(𝑥) are additive we may approach the problem iteratively by first
fitting the strongest Gaussian component present in the data and examining the residuals for additional
modes. This process may be repeated until no further modes can be determined from the residuals.

When applying the Panther method to experimental data, there are two considerations that we
must make

1. Experimental data are discrete, and

2. Experimental data have uncertainties.

The first considerationmeans that we cannot analytically determine the second derivative of the data
at each point and so an approximation must be made using the second-order central difference method
for a given interval ℎ either side of the datum, Eq. 5.3a, and we may also determine the uncertainty on
the calculated curvature using the experimental errors, 𝜎𝑖, using Eq. 5.3b.

𝑑2𝑦𝑖
𝑑𝑥2 ≈ 𝑦𝑖+ℎ − 2𝑦𝑖 + 𝑦𝑖−ℎ

(𝑥𝑖+ℎ − 𝑥𝑖−ℎ)2
(5.3a)

𝜎″𝑖 ≈
√𝜎2𝑖+ℎ + 2𝜎2𝑖 + 𝜎2𝑖−ℎ
(𝑥𝑖+ℎ − 𝑥𝑖−ℎ)2

(5.3b)

The uncertainty of the experimental data implies a fundamental limit to the number and size of
Gaussian modes which the method is able to extract. Specifically, modes with a height smaller than the
size of the uncertainties present in the data are unable to be found. Furthermore, the presence of the
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Figure 5.2: The experimental mass distribution for the reaction of 32S + 144Nd forming 176Osmeasured
at the Australian National University (B. Swinton-Bland, personal communication).

uncertainties can lead to numerical noise in the calculation of the curvature of the data or residuals after
fitting.

Consider the data shown in Fig. 5.2. It is clear that using Eq. 5.3a with adjacent points, i.e. ℎ = 1,
would make the calculation highly sensitive to the numerical uncertainties in the data, however it is not
clear what step-size would minimise this sensitivity. One potential guess would be to use a step-size
which matches the potential widths of the fission modes, and for the data we are examining here which
is binned at 0.01 𝑀𝑅 we may expect to use a step-size of between 3 and 6 bins. However, instead of
looking at a single calculation, it is often beneficial to calculate the curvature at increasingly large step-
sizes and look for emergent and persistent structure as this provides more information to be used to
arrive at conclusions. In Fig. 5.3 we see evidence of two Gaussian modes in the data only after ℎ = 3,
and no clear structure in either ℎ = 1 or 2, however continuing to increase the step-size beyond ℎ = 5
would make the calculation less sensitive to the fine structure of the distribution. We should also take
a moment to note the factors of the curvature which we care about. The magnitude of the determined
curvature is not relevant to the extraction of the points of inflection, nor does it inform our impressions
of the number of Gaussians that contribute to the observed curvature. Furthermore, the magnitude
of the curvature will change drastically depending on the step-size used in Eq. 5.3a which necessitates
different ranges for each calculation in a plot. In general we are only interested in the structure of the
curvature and so we forego a consistent scale between the different step-sizes and instead normalise each
to maximise the observable structure in a given figure.

We should also note that statistical variation in the points, such as that seen in Fig. 5.2, may be re-
moved via certain methods like smoothing simply rebinning the data. Smoothing the data via an averag-
ing of adjacent points or the use of a Gaussian kernel might seem advantageous but this comes at the cost
of modifying the data themselves. Aggressive smoothing may also remove real structure if the smooth-
ing function is wider than the modes that are present. If the distribution is to be changed, the preferred
method is to bin the data again at a wider bin width, which will simultaneously remove small statistical
fluctuation and lower the relative error on each point.

The discrete nature of the data also means we must restate the initial goal of the Panther method.
Now, given a set of𝐾measurements, {𝑦1, … , 𝑦𝐾}, at points {𝑥1, … , 𝑥𝐾}with their associated uncertainties
{𝛥1, … , 𝛥𝐾}, wewish to determine a function 𝑦̂(𝑥) composed ofGaussian functions that is able to explain
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Figure 5.3: The curvature of the data shown in Fig. 5.2 at the different step sizes used for the finite
differences method, Eq. 5.3a. The orange line indicates zero.

the observed data.

𝜒2 =
𝐾
∑
𝑖

(𝑦̂(𝑥𝑖) − 𝑦𝑖)2
𝛥2
𝑖

(5.4)

We determine the goodness-of-fit via the 𝜒2 statistic, given by Eq. 5.4, and in general aim to optimise
the 𝜒2 per degree of freedom, or 𝜒2𝜈 = 𝜒2/𝜈. We should take a moment to consider the use of 𝜒2𝜈 and its
applicability for this task. The original impetus to develop the Panthermethod, as outlined at the start
of this section, was the inability to distinguish the correct number ofGaussianmodes present in a dataset
with the 𝜒2𝜈 alone. This remains true, however the 𝜒2𝜈 is still a validmetric to determine if a givenmodel is
able to explain the dataset. It cannot tell you which of twomodels is better when both present a 𝜒2𝜈 near
one, and so this value must be used in conjunction with the observations of the curvature of residuals in
order to arrive at a final conclusion. Remember, this method is for determining the minimum number
of fission modes present in the dataset and therefore requires both a metric that indicates the data may
be explained by the current model (𝜒2) and that there is no indication of a need for further modes (the
curvatures)2.

Before defining 𝑦̂(𝑥), we should consider the minimum number of parameters required to describe
a fission mode as this maximises the degrees of freedom. Note that there are two kinds of fission modes
that we aim to fit— namely, symmetric and asymmetric fission.

Symmetric fission is the easiest to consider as centroid is fixed at the point of symmetry, i.e. 𝜇 = 𝑥𝑠.

2One may even make the argument that 𝜒2 should only be used as a comparative metric between fits to the same distri-
bution and rely solely on the curvatures of the residuals and the structure therein to determine the number of fission modes.
In cases of large measurement size (small relative uncertainty on each point) and in small measurement sizes (large relative un-
certainty on each point) the value of 𝜒2 found by the optimal fit to the data may fluctuate significantly from the “theoretical
value” which makes it an improper metric for the basis of quantitative conclusions.
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Therefore we are able to define the symmetric component with only two parameters — the yield 𝛼 and
the width 𝜎—producing

𝑓(𝑥, 𝛼, 𝜎) = 𝛼
𝜎√2𝜋

𝑒−
(𝑥−𝑥𝑠)2
2𝜎2 . (5.5)

In general the point of symmetry should be near𝑀𝑅 = 0.5, but this can vary due to slight calibration
offsets in the data, or a slightly asymmetric yield in measurements. So it is best practice to include it as a
free parameter, as will be discussed in §5.2.

Due to conservation of nucleon number we may view asymmetric fission as a single Gaussian func-
tion offset from the plane of symmetry by some distance 𝑏 with an additional complementary mode of
the samewidth and yield. While this presents amathematically simple explanation in principle it is easier
for the user to input a centroid in𝑀𝑅, 𝜇 = 𝑥𝑠 − 𝑏, and then mirror it about the point of symmetry as
follows

ℎ(𝑥, 𝛼, 𝜇, 𝜎) = 𝛼
𝜎√2𝜋

𝑒−
(𝑥−𝜇)2
2𝜎2 + 𝛼

𝜎√2𝜋
𝑒−

(𝑥−(𝑥𝑠+(𝑥𝑠−𝜇)))2
2𝜎2 , (5.6)

allowing the construction of an asymmetric fission mode with only 3 parameters. In general the fitting
function 𝑦̂(𝑥)will be constructed by a set of independent asymmetric and symmetric functions. Inmost
cases therewill be a single symmetric function to anynumber of asymmetric functions, but there are cases
where two symmetric functions may be needed [108].

5.2 Recommendations for Datasets

For a given fitting function, care needs to be taken to not introduce an inherent bias into the data. One
of the common techniques used when presenting fission data is to ‘mirror’, or symmetrise, the mass
distribution under the assumption that the complement to anymeasured fragmentmust exist, regardless
of whether it was detected. This process is then justified by the normalisation to 200% of the yield. If this
process is applied to a measurement, we need to account for its effect — if any— on the goodness-of-fit
statistic.

First, we note that amirrored distribution contains identical information on both sides of symmetry,
i.e. the loss of either half of thedistributiondoes not lose any information. Then, consider the calculation
of the goodness-of-fit for the same model with 𝑝 parameters to one half of the mirrored distribution 𝜒2ℎ ,
and to the entire distribution 𝜒2𝑤,

𝜒2ℎ =
𝑘
∑
𝑖

(𝑦̂(𝑥𝑖) − 𝑦𝑖)2
𝛥2
𝑖

, (5.7)

𝜒2𝑤 =
2𝑘
∑
𝑖

(𝑦̂(𝑥𝑖) − 𝑦𝑖)2
𝛥2
𝑖

. (5.8)

Noting the inherent symmetry of the distribution and model we can conclude 𝜒2𝑤 = 2𝜒2ℎ . However,
in naïvely calculating the 𝜒2 per degree of freedom for both fits we run into trouble,

𝜒2ℎ,𝜈 =
𝜒2ℎ
𝑘 − 𝑝, (5.9)

𝜒2𝑤,𝜈 =
2𝜒2ℎ
2𝑘 − 𝑝 = 2(𝑘 − 𝑝)

2𝑘 − 𝑝 𝜒2ℎ,𝜈. (5.10)
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Figure 5.4: The relative size of the 𝜒2 per degree of freedom for a given fit over the whole distribution
𝜒2𝑤,𝜈 to the same fit for half the distribution, 𝜒2ℎ,𝜈. The orange region indicates where we expect a typical
experimental𝑀𝑅 distribution to lie on this graph. 𝑘 indicates the number of points in half the distribu-
tion.

While 𝜒2𝑤,𝜈 can be directly related to 𝜒2ℎ,𝜈, the scaling factor of
2(𝑘−𝑝)
2𝑘−𝑝 is strictly smaller than 1. Effec-

tively, fitting to the whole mirrored distribution instead of half — despite not including any additional
information — produces a lower 𝜒2 per degree of freedom. Further, this discrepancy increases with in-
creasing number of parameters 𝑝.

In effect, if we simply compare the goodness-of-fit for two models with different numbers of pa-
rameters over the entire mirrored distribution, we are inherently biased towards the model with more
parameters even when controlled for the same 𝜒2. Fig. 5.4 shows this bias for typical fitting functions of
2 – 5 Gaussian modes as a function of the number of data points in one half of the distribution, 𝑘. We
observe that the 𝜒2 per degree of freedom calculated over the whole distribution is substantially smaller
than the same statistic calculated over half the distribution, and this reduction increaseswith the number
of parameters in the fit.

To avoid this bias, I recommend only fitting half the distribution, or at least only determining the
goodness-of-fit for half the distribution, whenusingmirrored data. Furthermore, if we consider a dataset
that is calibrated in such a way that we observe the mean𝑀𝑅 in the distribution to be offset from mass
symmetry, and then mirror said data, we may observe the following conditions:

• The mirroring will cause the mean𝑀𝑅 to now be exactly at symmetry — effectively hiding any
calibration issues.

• In the case of a purely-symmetric distribution the mirroring will produce a distribution which is
wider, has a flatter top, and may in extreme cases appear to contain asymmetric fission.

• In the case of a distribution with a “dip” at symmetry, mirroring will reduce the depth of the dip
and widen the asymmetric peaks.

Ideally, only un-mirrored data should be used for analysis as it provides the largest set of data which can
be fit, and avoids all potential bias towards a particular model. The addition benefit of using unmirrored
data is that it reduces the influence of calibration errors on the final analysis, avoiding the issues listed
above.
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Figure 5.5: Two generated fits to the data shown in Fig. 5.2 in (a) and (b). (a) shows a fit generatedwith a
fixed plane of symmetry, while (b) shows a fit with a moving plane of symmetry. The residuals of the fits
shown in (a) and (b) are shown in (c) and (d) respectively. Both fits are produced with the same initial
guess and range. The determined plane of symmetry for (b) was𝑀𝑅 = 0.4965.

Un-mirrored data often exhibits a slight offset from the theoretical plane of symmetry at𝑀𝑅 = 0.5
due in part to small errors in the calibration process, or simply as a result of the binning used to generate
the mass distribution. This small offset can be approximated by calculating the𝑀𝑅-weighted average of
the data.

The existence of an offset manifests in increased 𝜒2 statistics and strongly influences the final deter-
mined fit as shown in Fig. 5.5. The two fits shown in Fig. 5.5(a) and 5.5(b) are performed over the same
range and use the same starting conditions. The former was performed with a fixed plane of symmetry
at 𝑥𝑠 = 0.5 and the latter included the location of the plane as a free parameter. The ‘fixed’ fit exhibits a
significantly higher 𝜒2 per degree of freedom and would be rejected as a feasible model. The effect of the
offset in the data can be seen in Fig. 5.5(c), where the final fitting function systematically underestimates
the data to the left of symmetry and overestimates to the right. Fig. 5.5(d) shows no such systematic
problem.

5.3 Choosing a Fitting Range

One of the greatest influences on the final fit is the number and locations of the data points. An ideal
analysis would include all points in themass distributionwhich are solely fission events, right down to in-
dividual events in the tails of the distribution. However, in reality the presence of elastic contamination
in heavy-ion induced reactions is near inescapable, and therefore it is necessary to exclude some data near
the tails of the𝑀𝑅 distribution so that we may properly capture the edges of the Gaussian distributions.
The fitting process for a Gaussian function is sensitive to the rate of decay near the tails as this restricts
not only the positioning of the Gaussian, but also its width. The inclusion of elastic contamination in
the edges of the mass distribution removes our ability to fully constrain the fission modes, especially in
multimodal fission where we are already subject to high levels of overlap between the modes. The prob-
lem that now arises is determining at what level the elastic contamination becomes significant enough to
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Figure 5.6: The iterative process of refining the fitting domain based on the 𝜒2𝜈 contribution of the data
points near the edge of the distribution. In each of (a), (b), and (c) the displayed data are used to fit
a 4-Gaussian function (shown in black, with the component modes shown in grey). The resulting fit
is then used to calculate the contribution of each data point to the 𝜒2𝜈 statistic, with this contribution
shown by the colour of each of the points. The fitting ranges are (a) 0.26 – 0.72, (b) 0.26 – 0.70, and (c)
0.28 – 0.70. The data shown is a measurement of 144Sm + 34S forming 178Pt measured at the Australian
National University (B. Swinton-Bland, personal communication).

warrant its removal from the fitting range.
Approaching this problem fromfirst principleswe arrive at two interpretations about the bestmech-

anism for separating the elastic contamination and determining the fitting width. The first is to remove
the subjective analysis about the nature of the edges of the fission mass distribution and focus on an
external metric which may be used as an objective function to highlight points with a large degree of
contamination near the edges. The value of 𝜒2𝜈 may be used as this metric. This is covered in §5.3.1.

The second interpretation is that we should rely on the physical properties of the fission modes,
especially the rate of decaywe should observe near the tails of the distribution. In this case wemust apply
a subjective interpretation about which points should be removed, but we are not subject to changes in
the fitting range as the function which gives the objective metric in the previous idea changes. This is
discussed in §5.3.2.

5.3.1 Relying on Statistical Properties

In principle, we may determine the level of contamination by examining the contribution of each point
to the reduced 𝜒2 statistic. Any point on the tail of the distribution that contributes a high percentage
of the overall 𝜒2 may be regarded as significantly contaminated; the logic being that they do not follow
the typical decay of the edges of a Gaussian function, and should be removed. This process should be
repeated until the data near the edges of the distribution have an equal contribution to the overall 𝜒2 as
those in the internal portion of the data.

An example of this iteration is shown in Fig. 5.6 for ameasurement of 144Sm+ 34S→ 178Ptmeasured
at The Australian National University (B. Swinton-Bland, personal communication). An initial fitting
range of𝑀𝑅 = 0.26 to 0.72 was chosen and a 4-Gaussian fit was calculated over this domain. The colour
of the data points represents the contribution of each point to the overall 𝜒2𝜈 statistic. We observe that
the final 𝜒2𝜈 of 3.315 would indicate that this model cannot accurately fit the data, however with the
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Figure 5.7: Determining the fitting range via the properties of Gaussian functions. (a) and (b) show the
same data on linear and logarithmic scales. Data points within the blue regions in (b) and (c) are deemed
to have significant elastic contamination. The fit shown in (c) is the same as that shown in Fig. 5.6(c),
but shown on a logarithmic scale.

exclusion of the two data above 0.70, there are only two data points which contribute more than 0.15 to
the total 𝜒2𝜈 statistic, with the majority contributing less than 0.05. A back-of-the-envelope calculation
would reveal that the bulk of the 𝜒2𝜈 for this fit is coming from the two points at𝑀𝑅 = 0.705, 0.715. The
removal of these points and subsequent refitting produces Fig. 5.6(b) and a far lower 𝜒2𝜈 .

While the 𝜒2𝜈 in Fig. 5.6(b) is in the range of acceptable values, note that over 0.2 of this value is solely
due to the left-most datum in the fitting range. If we consider the contribution of the two points below
𝑀𝑅 = 0.28 we find they contribute at least 20% of the overall 𝜒2𝜈 . Again, we may conclude that these
points contain significant contamination by elastically scattered particles or other non-fission outcomes.
The removal of these two points produces Fig. 5.6(c). The points on the edge of the distribution no
longer contribute significantly more than the internal points to the 𝜒2𝜈 statistic, and the overall value is
improved compared to the earlier fitting ranges in Fig. 5.6(a) and Fig. 5.6(b). The final fitting domain is
𝑀𝑅 = 0.28 – 0.70.

The strengths of this method for determining the fitting range are obvious; it is easy to apply, it
relies on external statistical metric, and the impact of changing the fitting range is immediately obvious.
However, I will note that we still require a judgement call for what constitutes a ‘high percentage’ of the
reduced 𝜒2, for example should the rightmost point in Fig. 5.6(c) be removed for contributing over 8%
of the 𝜒2𝜈 ?. As well, the 𝜒2𝜈 relies on the function chosen for the fit, and while we may repeat the method
for each function we attempt this veers dangerously close to statistical manipulation if we use different
ranges for every function3.

5.3.2 Relying on Gaussian Properties

Alternatively, wemay determine a fitting range without resorting to statistical calculations by employing
the properties of Gaussian functions. We expect a datum which is composed entirely of fission events
should follow the typical decay of the tail of a Gaussian function. Therefore the 𝑀𝑅 distribution on

3I would also caution that only points which are outliers and therefore contribute a significant fraction of the overall 𝜒2
and are on the edges of the distribution should be considered for removal via this method. Points internal to the distribution
should not be removed as they must be considered to be statistically significant as they form part of the main distribution.
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a logarithmic scale should show the tails adhering to a parabolic shape. Any data on the edges of the
distributionwhichdonot follow theparabolic decay in this fashionmust contain a significantproportion
of elastic contamination. This deviation appears as a ‘flattening‘ or increase of the yield.

Fig. 5.7 shows the application of this method to the same data shown in Fig. 5.6. In Fig. 5.7(a) we
may note the incursion of the edges of the elastic peak in the last few data points on the right-hand side of
the distribution but the extent of this contamination into the𝑀𝑅 distribution is not immediately clear.
Furthermore, we see no such elastic inclusion on the left-hand side of the distribution. Fig. 5.7(b) shows
the same data on a logarithmic scale where the elastic contamination becomes substantially more clear.
The points contained in the blue regions on the left and right of the plot are found to have significant
elastic components as they have deviated from the defined parabolic shapes on the left and right edges of
the𝑀𝑅 distribution. Fig. 5.7(c) shows the data from (b)with the inclusion of the fit shown in Fig. 5.6(c).

Note that the determined fitting range via this method,𝑀𝑅 = 0.28 – 0.70 is the same as that found
by the 𝜒2𝜈 method, but without the imposition of a fitting function and in fewer steps than would be
required by the iterative 𝜒2𝜈 approach. I recommend utilising this logarithmic approach as it suffers from
the fewest points of failure in the determination of the fitting range, while also being more intuitive.

5.4 Example Fitting Process

Wewill now go through a demonstration of the application of the Panthermethod to a measurement
of 32S + 144Nd→ 176Os performed at the Australian National University (B. Swinton-Bland, personal
communication). The iterative fitting process described in §5.1 is shown in Fig. 5.8. The initial step
is calculating the curvature of the data, seen in Fig. 5.8(a), via the finite difference method outlined in
§5.1.2. I have opted to simplify the number of curvature steps shown to just ℎ = 1, 3, 5, which are seen in
Fig. 5.8(b), Fig. 5.8(c), andFig. 5.8(d) respectively. Weobserve the emergence of twodips in the curvature
of the data at ℎ = 5, which are equidistant from the plane of symmetry around𝑀𝑅 = 0.5 indicating the
primary need for an asymmetric fission mode in the fit. Note that while we do not observe the requisite
4 crossing points that onemight expect from data containing 2Gaussianmodes, the rise in themiddle of
Fig. 5.8(d) of the curvature allows us to infer that the twoGaussianmodes overlap sufficiently to obscure
two of the crossings. Indeed, after fitting a 2-Gaussian function to the data, shown in Fig. 5.8(e), we note
that the inner points of inflection of the Gaussian functions are wholly contained within their overlap.
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Figure 5.8: A series of sequential fits performed in an iteration of the PANTHER method. (a) shows the data from a measurement of 32S + 144Nd→ 176Os performed at the
Australian National University (to be published). (b) – (d) are the curvature of the data shown in (a) at increasing step-size ℎ (see Eq. 5.3a for the definition of ℎ). The purple
arrows in (d) and (h) indicate the presence of an additional asymmetric mode. (e) shows the result of a 2-Gaussian fit to the data in (a), with (f) – (h) presenting the curvature of
the residuals from that fit. (i) and (j) – (l) are the same, but for the resulting 4-Gaussian fit. No additional fits were required as the curvature in (l) shows no additional Gaussian
structures present in the residuals.
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Figure 5.9: A 3-Gaussian fit to the data shown in Fig. 5.8(a). The curvature of the residuals are shown
in (b) – (g), with the orange line indicating zero. ℎ denotes the step-size in the finite difference approx-
imation used to calculate the curvatures (Eq. 5.3a). The purple arrow is to guide the eye towards the
consistent dip in curvature around𝑀𝑅 = 0.54.

The calculated 𝜒2𝜈 for the 2-Gaussian fit in Fig. 5.8(e) is 1.619. This is near the upper limit of
goodness-of-fit we expect to see for a function which is able to adequately explain the observed data.
Examining the curvature of the residuals in Fig. 5.8(f) – Fig. 5.8(h) reveals a further asymmetric mode
emerging. Note that in this instance we have 4 crossings, indicating that while the centre of each of the
dips in curvature is at the same location as in Fig. 5.8(d), these Gaussianmodes are either smaller in mag-
nitude4 or they are further apart. Note that the location of the modes cannot be gleaned directly from
the residuals as the position of the dips in curvature will shift depending on the fitting function. Wemay
now add a further asymmetric mode to the fitting function, yielding the result in Fig. 5.8(i).

With a 4-Gaussian fit, comprised of two asymmetric modes, we have a 𝜒2𝜈 of 1.021 that indicates an
extremely good agreement between the model and the data. Examining the curvature of the residuals
in Fig. 5.8(k) – Fig. 5.8(l) we observe no additional Gaussian modes to be present. Arguments for an
additional mode for symmetric fission may be made, however the need for this mode is not borne out
by the residuals nor by the goodness-of-fit statistic for the fission mass data alone, and as such this has
to be the final step of the analysis because we no longer have any statistically significant evidence than
any further modes may be extracted from the data. The inclusion of total kinetic energy of the fission
fragments may provide some argument for further modes if the kinetic energy spectrum was not fully
explained by this fit, but that is not the goal of this method and is beyond the scope of this chapter.

Given the jump from a single to double asymmetric mode occurred without checking the intersti-
tial symmetric/asymmetric, 3-Gaussian, function, it is natural to wonder if the jump from Fig. 5.8(e)
to Fig. 5.8(i) is entirely valid. As a verification step, I have included the 3-Gaussian fit and the associ-
ated residual curvatures in Fig. 5.9. The initial impressions from the 𝜒2𝜈 statistic is that it is considerably
higher than the 4-Gaussian fit in Fig. 5.8(i), though still within a range we would consider reasonable.
The curvature of the residuals, seen in Fig. 5.9(b) – Fig. 5.9(g), still show evidence of structure associated
with the existence of further Gaussian modes. This is indicated by the purple arrow in Fig. 5.9(e), and is

4As we would expect given they are presenting in the second stage of the fitting process
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also evident in step-sizes ℎ = 2, 5, and 6. The position of the dip away from the assumed plane of sym-
metry around𝑀𝑅 = 0.5 indicates that this would be an asymmetric mode, though note that there is no
complementary structure around𝑀𝑅 = 0.455. Nevertheless, as this fit has the burden of disproving the
jump to a double-asymmetric mode the existence of consistent structure indicative of additional Gaus-
sian modes in the residuals is sufficient to discount it entirely. Therefore, we conclude that a 4-Gaussian
model — two asymmetric-fission modes — is the minimum requirement to describe the experimental
data.

5Although desperate eyes may conclude that could be a dip in Fig. 5.9(f) and Fig. 5.9(g) in that region.



6
Measuring the Precision of Fitting Techniques via

Pseudodata Generation

The state of analysis of pre-actinide fission is at a crossroads. In the past decade there has been increasing
evidence for the presence of asymmetric fission in preactinide and sublead regions of the nuclide chart.
Recentmeasurements have demonstrated pure asymmetric fission [29, 31], simultaneous symmetric and
asymmetric fission [109], and even simultaneous symmetric and multimodal asymmetric fission [105,
110]. These results suggest that shell structure plays a substantial role in fission across the nuclide chart.

Although microscopic models have found success predicting the locations of the shell gaps which
lead to these effects[26, 30], these models are informed by the legacy of past experiments and their ulti-
mate validationmay only come from future experimental analysis. The discovery ofmultiple asymmetric
fission modes in pre-actinide nuclei is a boon to the research field as we now have a large region of the
nuclear chart to examine for both validation of our existing models and insights into improving them.
However, this process relies on the capability of our analysis techniques in extracting the locations of
these shell effects.

The identification of multiple asymmetric modes has been commonplace in the analysis of the fis-
sion mass distributions of actinides and heavier systems for many years. The analyses in this region have
benefited from the dominance of narrow mass-asymmetric fission modes which are centred far from
symmetry. In contrast, the shell structure effects leading to asymmetric fission in preactinide nuclides
are predicted to be closer to symmetry [30, 31] leading to a narrow distribution in𝑀𝑅 with significant
overlap with the symmetric fission mode. This overlap leads to obfuscation of the number of discrete
fissionmodes present in the distribution. Analysis techniques like Panther (see §5) aid in determining
the number of fissionmodes present within these compact distributions, but there is no guarantee to the
accuracy of the determined shell structure effects. It is imperative that we develop an understanding of
our limitations in this regard. This extends beyond just examining the uncertainties provided by fitting
routines, but truly understanding the capability of thesemethods to extract the underlying fissionmodes
from a specific measurement.

91
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In this chapter I prescribe a method of pseudodata generation that produces realistic fission-mass
distributions. These pseudodata may then be analysed via the same methods as experimental measure-
ments. As the underlying distribution is known exactly this provides— for the first time— the ability to
benchmark our analytical processes across any number of experimental factors; determining not only the
precision of the analysis but also the accuracy to known values. The initial application of the pseudodata
generation is in §6.2 where the impact of the measurement size on the accuracy of the fitted parameters
is quantified for distributions of 3-, 4-, and 5-Gaussians. The pseudodata also provide a gateway to de-
termining the benefits of novel analytic techniques which are currently not used in fission analysis. The
application of subsampling (or bootstrapping) to quantifying the uncertainties of fitted parameters is
explored in §6.3.

6.1 Pseudodata Generation

In this sectionwewill discuss the process of pseudodata generation and the considerations thatwent into
the design of the algorithm.

There are a few key points which guide the development and design of the pseudodata generation.
Primarily, the assumption that fission modes are Gaussian distributions centred near shell structure ef-
fects allows the simulation of data collection by sampling from a normal distribution centred at the rel-
evant𝑀𝑅. The width of the generating normal distribution may be prescribed based on observed sys-
tematics. In general we observe that asymmetric modes tend to be narrower than symmetric modes, and
more specifically fissions modes generated by shell structure effects are narrower than those predicted by
liquid drop systematics. Finally, the relative yield of each mode is a straightforward implementation as
we may simply ensure that the ratio of samples from each mode correlates with the prescribed ratio of
yields with the appropriate level of statistical variance observed in experiments.

We must also consider factors that arise from the experiment itself or later processing. For example,
mass distributions are presented in termsof yield however both thewidth andnumber of binsmaybe tied
to the experimental mass resolution; this should be a variable quantity in the generation of pseudodata.
We should also consider the impact of elastic contamination. As discussed in §5.3 in heavy-ion reactions
the presence of elastic contamination affects the fitting range, and has a substantial effect on the ability
to determine the widths of the outer fission modes.

6.1.1 Method for Generating Realistic Pseudodata

With these considerations in mind, the final pseudodata generation process is outlined in Fig. 6.1. The
process was created to streamline the path from the original inputs to the final data

The steps in the method are as follows:

1. We first need to define the distributions parameters, this includes

• the total number of counts,𝑁, to simulate,

• the yield, centroid, and width of each of the required fission modes,

• the centroid, and width of the elastic peak (if included), and

• the width of the mass bins for the final mass distribution.

2. Convert the supplied yields to a fractional yield if given otherwise, and then determine the num-
ber of counts, 𝑛, which should be allocated to each of the fission modes. This is performed by
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Start Inputs: 𝑁, {𝜇𝑖}, {𝜎𝑖}, {𝛼𝑖}, 𝜇𝑒, 𝜎𝑒, 𝛥𝑀R
Derived: {𝑛𝑖}
Outputs: {𝑥𝑗}, {𝑦𝑗}, {𝐸𝑗}

Define total
counts, 𝑁.

Define 𝜇, 𝜎, and
𝛼 for each mode.

Split counts
according to

ratio of modes†.

Sample 𝑛-
count Gaussian
distributions
for each mode.

Include elastics?
Define elastic
peak 𝜇𝑒, 𝜎𝑒.

Generate
elastic data.

Concatenate
all data.

Define bin width
for analysis.

Bin data and
calculate errors.

Output mass
distribution
and errors.

Stop

yes

no

Figure 6.1: The process for generating fission mass distribution pseudodata. †Note this step is a slight
simplification, please refer to Step 2 in the text for details on the separation method.
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generating𝑁 uniform random numbers between 0 and 1 and binning them according to the cu-
mulative probability of the modes. For example, given the number 𝑥 ∈ [0, 1] and three modes
with fractional yields 0.20, 0.30, 0.40 we first check if 0 ≤ 𝑥 ≤ 0.2, then if 0.2 < 𝑥 ≤ 0.5 and fi-
nally if 0.5 < 𝑥 ≤ 1 then allocate accordingly. Thus 𝑛 is determined from an ensemble of random
numbers, and will vary from case to case, as is in experiments.

3. Wemay now sample𝑛 counts from each of the fissionmodes. Note that for the case of asymmetric
modes we must also include asymmetry in the number of counts in each of the two peaks. This
may be simply achieved by using the binomial distribution to split the counts in “half”, furthering
the potential for asymmetry in the measurement.

4. If elastic events are to be included then we generate them at this point. The number of elastics
may be modified by including a scaling factor which is the ratio of the number of fissions in a
measurement to the number of elastics. I have found that this is typically around a factor of 20:1
to match ANU data, however this should be modified to the specific reaction. The width may
also be determined from measured results, but in general I have applied a width of𝑀𝑅 = 0.018,
and placed the centroid according the ratio of the projectile to the compound nucleus mass for
the given reaction.

5. At this point the data may be binned at the supplied resolution, 𝛥𝑀R. The uncertainties in the
yield in each bin, 𝑦𝑖, may be approximated as √𝑦𝑖.

6.1.2 Parameter Notation

For this chapter1 I employ the convention outlined in the preceding chapter where each fission mode
may be identified by 3 parameters, the area or yield 𝛼, the centroid position 𝜇, and the width 𝜎. Further-
more, the symmetric fissionmodewill be designated by a subscript of 0, with themass-asymmetric fission
modes enumerated from 1 in the order of their separation from symmetry. For example, 𝜇1 denotes the
centroid of the first asymmetric mode, 𝜎0 is the width of the symmetric mode, and 𝛼2 is the yield of the
second asymmetric mode. Note that as this chapter only deals with a maximum of three fission modes I
may also use “inner” and “outer” to differentiate the first and second asymmetric modes.

In order to distinguish between the defined parameters for the pseudodata generation, and the pa-
rameters output by the fitting process, all output parameters are denoted by the inclusion of a ‘prime’
symbol. For example, the ratio of the inner centroid from the fit to the “true” centroid — as specified
before the generation of the pseudodata—would be given as 𝜇′1/𝜇1.

6.2 The Effect of Sample Size on Analysis Outcomes

One of the questions that pseudodata generation is naturally suited to answering is the effect of sample
size on the accuracy of our fitting procedures. We should expect that larger measurements should yield
more accurate results with respect to the true underlying distribution, however this comes at the expense
of both experimental time and cost. An ideal experiment should only measure sufficient counts to ac-
curately determine all fission modes within the desired level of uncertainty. While the desired level may
depend on the goals of the experiment in question, understanding the relationship between the size of a
measurement and the potential for error is crucial.

1And the remainder of the thesis.
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#-G 𝛼0 𝜎0 𝛼1 𝜇1 𝜎1 𝛼2 𝜇2 𝜎2
3-G [0.30, 0.70] [0.05, 0.08] R [0.32, 0.48] [0.04, 0.07] - - -
4-G - - [0.60, 0.80] [0.40, 0.47] [0.04, 0.07] R [0.32, 0.39] [0.04, 0.07]
5-G [0.20, 0.60] [0.05, 0.08] [0.60, 0.80] [0.32, 0.48] [0.04, 0.07] R [0.32, 0.39] [0.04, 0.07]

Table 6.1: The ranges of variables used to generate the pseudodata for the sample size tests. The yields
are allocated in order of the fission mode’s distance from symmetry, i.e. in order of the subscripts, and
are relative yields. The letter R indicates the remainder of the yield should be placed in this mode. For
example, the 5-Gaussian distributions first places 20–60%of the yield into the symmetricmode, 𝛼0, then
60 – 80% of the remaining yield is allocated to the inner asymmetric yield, 𝛼1, with the final component
allocated to the outer asymmetric yield, 𝛼2.

In this section we will examine an idealised case where our fitting function matches the underlying
distribution, i.e. wematch the number of Gaussianmodes in the underlying distribution, but we do not
know anything about the relative positions, widths, or strengths of each of themodes beyond systematic
guesses. The intention of this procedure is to examine how close an uninformed guess with the correct
model may get to the true values. We will look at 3-, 4-, and 5-Gaussian distributions2 at sample sizes of
8000, 16 000, 32 000, 64 000, 128 000, and 256 000 counts.

To avoid any bias introduced by choosing a single distribution to examine — and given the lack of
experimentally verified 4- and 5-Gaussian mode fission data — I produced 1000 random distributions
for each model. The parameters used to produce the sample data are generated from uniform random
distributions describing the centroids, widths, and relative yields of each mode. These parameter distri-
butions can be seen in Table.6.1. The fission mass distributions are then sampled at each measurement
size, and fit using a standard guess. For consistency the data are binned at the standardwidth usedwithin
the Nuclear Reaction Dynamics group, 0.01𝑀𝑅, leading to 100 bins in total with around ≈ 40 of these
bins covering the mass distribution.

The use of a standardised guess provides an additional metric about the ’ease-of-fit’ of the data at
the sample size. The rate of success for a random guess gives insight into the likelihood of extracting
the true underlying distribution where no prior knowledge exists, or the analysis is performed without
assumptions i.e. avoiding interpretation-led analysis. In practice the failure rate will generally be lower
as wemay take advantage of knowledge from systematics tomakemore appropriate guesses about the fit
parameters for the initial conditions, or simply re-bin the data and try again.

6.2.1 Determination of Centroids and Widths

The determined centroid and width values from the fitting procedure were first normalised by the un-
derlying parameters. This enables the relative accuracy of the fit to be compared as each of the under-
lying distributions are unique. The relative values, 𝑚′/𝑚, are then use to produce a kernel density es-
timate (KDE) for the relative accuracy of each parameter at each measurement size3. These are shown
in Fig. 6.2(a) – Fig. 6.2(l), with Fig. 6.2(m) presenting the failure rate of the fitting process. Note that
the concept of a failed fit is twofold: either the fitting process was unable to converge at a final solution,
or the reduced chi-square, 𝜒2𝜈 (see Eq. 5.4, p. 81), of the fit was above a threshold of 34. In all cases the

2I have chosen to omit 1- and 2-Gaussian distributions due to the relative simplicity of these distributions
3One may note that for parameters like the centroids the absolute difference between the true underlying value and the

fitted parameter could be a better representation of the accuracy of the fit than the relative value. However, for these purposes
the two are effectively equivalent.

4For the number of degrees of freedom in these fits a 𝜒2𝜈 above 3would be so exceedingly unlikely wemay discard the result
offhand.
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inability to converge forms the majority of failures.
We first consider the 3-Gaussian results, shown in Fig. 6.2(a), Fig. 6.2(c) and Fig. 6.2(f). In Fig. 6.2(c)

we observe the asymmetric centroid of a 3-Gaussian distribution is determined within a few percent of
the true value at all sample sizes. A marginal decrease in the relative error is seen as the sample size in-
creases. As such, we may conclude that at any reasonable sample size the asymmetric centroid is reason-
ably determined. However, I will note the significant failure rates in Fig. 6.2(m) for the 3-Gaussian case
at 8 000 and 16 000 counts are due entirely to distribution where the asymmetric mode was positioned
within 0.05 𝑀𝑅 of the symmetric mode and the fit was unable to converge. Therefore, in situations
where it is believed that a shell effect may lie near symmetry it would be best practice tomeasure in excess
of 32 000 counts.

In contrast to the stability seen for the centroid, the widths of both the symmetric and asymmetric
fission mode show marked improvement in accuracy with increasing sample size. We should also note
that the width of the asymmetric mode is typically better determined than the symmetric mode due to
the restriction provided by the tails of the distribution, which are dominated by the asymmetric con-
tribution. This effect is clear if we compare the marginal improvement in 𝜎′0/𝜎0 between 128 000 and
256 000 to the obvious narrowing of the distribution of 𝜎′1/𝜎1 over the same step.

The 4-Gaussian results — seen in Fig. 6.2(d), Fig. 6.2(g), Fig. 6.2(i), and Fig. 6.2(k) — show similar
trends. Both centroids, Fig. 6.2(d) and Fig. 6.2(i), are generallywell determinedwith a decrease in relative
error as the sample size is increased. One interesting feature in Fig. 6.2(d) is the presence of a stable sec-
ondarymode 5%higher than the underlying centroid across all sample sizes. A closer examination reveals
that this higher peak is entirely due tomeasurements where 𝜇1 is near the upper limit 𝜇1 = 0.47. In these
cases the fitting procedure positioned the inner asymmetric mode at 𝜇′1 = 0.50, effectively producing
a 3-Gaussian model. This may indicate a potential upper limit for detection of asymmetric fission near
symmetry.

The distributions of the widths of the two asymmetric modes, seen in Fig. 6.2(g) and Fig. 6.2(k),
show substantial improvement with increasing sample size. However we observe the width of the inner
asymmetricmode tobebetter determined than the outer asymmetricwidth in all cases. This is the inverse
of the relationship we observed in the 3-Gaussian case, and forms a general pattern in the 4-Gaussian
results that the parameters of the outer asymmetricmode have lower precision for the samemeasurement
size than their inner counterparts.

The similarity of all 4-Gaussian parameter distributions at 128 000 and 256 000 counts indicates this
may be a reasonable threshold for measurements of this kind, especially when with the drop in failure
rate in Fig. 6.2(m) is considered. However, we should note that even at this size there is a significant tail
in the distribution for the outer centroid, 𝜇2 with a bias towards overestimation in these cases.
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Figure 6.2: The relative size of the fitted parameters for an𝑁-Gaussian distributionwith varying sample size is shownnormalised by the underlying true value. The rows correspond
to a different parameter, with subscript 0 representing the symmetric mode, subscript 1 the inner asymmetric mode, and subscript 2 the outer asymmetric mode. The violin plot
shape represents the kernel probability density of the values, i.e. the width of the shape is proportional to the probability of a fit yielding that relative size. The inset figure (m)
shows the percentage failure rate of the fitting process for each of the sample sizes, failure was dictated by the inability to reach a steady state after 10000 iterations of the fitting
process, see text for details.
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The 5-Gaussian results — shown in Fig. 6.2(b), Fig. 6.2(e), Fig. 6.2(h), Fig. 6.2(j), and Fig. 6.2(l)
— exhibit substantially different behaviour than their 3- and 4-Gaussian counterparts. In particular we
note that the 𝜇′1/𝜇1 and 𝜇′2/𝜇2 distributions show multimodal behaviour for the two smallest measure-
ment sizes — 8 000 and 16 000 counts — and in each case the additional modes are present at a higher
asymmetry than the underlying “true” value. These distributions also show a slight increase in precision
between 32 000 and 256 000 and at the largest measurement size both 𝜇′1/𝜇1 and 𝜇′2/𝜇2 distributions are
wider than all but the 8 000 counts 𝜇′2/𝜇2 distribution for the 4-Gaussian results, see Fig. 6.2(k).

Determining thewidths of the three fissionmodes present in the 5-Gaussianmodel is also less precise
than for the other two models. We observe only marginal improvements with increasing sample size.
Each distribution of 𝜎′𝑖 /𝜎𝑖 — Fig. 6.2(b), Fig. 6.2(h), and Fig. 6.2(l) — is substantially wider than the
corresponding parameter distributions for both the 3- and 4-Gaussianmodels. The largestmeasurement
size— 256 000— in the 5-Gaussian results presents similar precision as the lowest measurement sizes in
the other two models. These differences are likely a result of the high overlap between the fission modes
within a 5-Gaussian distribution.

6.2.2 Determination of Yields

In addition to the centroid and width, the strength of each of the modes may be determined from the
fitted parameters and this calculation is shown in Fig. 6.3 for the same data shown in Fig. 6.2. I present
only one of the yields from the 3- and 4-Gaussian data, and the symmetric and inner asymmetric from the
5-Gaussian data as the behaviour of the final mode can be inferred. The yields are presented normalised
to the defined yield, and the shape along the y-axis again denotes the probability distribution.

Fig. 6.3(a) shows the normalised symmetric yield for the 3- and 5-Gaussian models. We observe
that the 3-Gaussian fits exhibit a peak near 1 across all sizes examined with the distribution narrowing
with increased sample size, indicating the fits are able to replicate with reasonable accuracy the under-
lying distribution. Conversely, we observe no correlation between the distribution and sample size for
the 5-Gaussian fits and no substantial peak at any position in the distribution. These results echo the
differences observed in Fig. 6.2(a) and Fig. 6.2(b), and Fig. 6.2(f) and Fig. 6.2(h).

Fig. 6.3(b) holds a similar conclusion; while the 4-Gaussian fits are predisposed to overestimate the
inner mode yield at small sample sizes, larger sample sizes ameliorate both the precision and accuracy
of this distribution. The 5-Gaussian fits again exhibit a flat probability distribution at all sample sizes
explored with an equivalent likelihood to over- and underestimate the yield of the inner asymmetric
mode substantially. From the combination of the symmetric and asymmetric yield for the 5-Gaussian
fits we may also conclude a similar distribution for the final outer asymmetric mode.

6.2.3 Conclusions

There are a few interesting conclusions we may draw from this brief application of pseudodata genera-
tion. The goods news is that the centroids of the asymmetric fissionmodes appear well determined from
the initial fit at almost every measurement size; however measuring at least 30 000 counts will ensure a
reasonable level of precision inmost cases. Additionally, increasing sample size appears to have a positive
effect on our ability to determine the relative yields of each fissionmode, though there are diminishing re-
turns once themeasurement exceeds 100 000 counts. The failure rate of the fits, see Fig. 6.2(m), decrease
substantially with the increase from 32 000 to 256 000 counts indicating improvement to the relative
smoothness of the 𝜒2𝜈 surface used in the fitting process. In general larger measurements are beneficial in
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both increased precision and accuracy of the fitted parameters and also in increasing the ease with which
the fit is determined.

We must note the inability of the 5-Gaussian fits to determine with any accuracy the relative yields
between the modes and the substantial uncertainties in the determination of the widths. It is unclear at
this stage if this indicates that potential 5-Gaussian measurements require substantially larger measure-
ments than 256 000, or a fundamental limitationwith fitting 3 ormore fissionmodes into a narrowmass
distribution as would be found in the sublead region of the nuclide chart. These distributions present
substantial overlap between neighbouring modes and it is clear that this overlap is detrimental to our
ability to determine the widths of eachmode, and consequently our inability to determine the strengths
of each mode. The inclusion of additional information beyond the pure𝑀𝑅 distribution, such as the
total kinetic energy (TKE), may prove key to unlocking these distributions.

One factor not considered in this application is the effect of the overall shape of themass distribution.
Wemaynaïvely expect a distributionwhich is “flat-topped” near symmetry to bemore difficult to fit than
one which demonstrates a clear “two-peaked” structure. These factors may also provide a clear benefit
to the precision of certain quantities. For example, a distribution with two peaks near symmetry, with
a well-defined dip at symmetry may determine the positioning of the (inner-)asymmetric centroid with
higher precision than a flat-topped or singly-peaked distribution. The mass distribution shape may also
bolster the precision of the 5-Gaussian distribution in certain circumstances by providing features that
are attractive to the asymmetric, or symmetric components of the fit. For example, a distributionwhich is
symmetric dominated andwhere the symmetric component is very narrow—i.e. minimising the overlap
with the inner asymmetricmode—could be fit with a higher degree of precision than has been indicated
by these results. A future study into these effects is in consideration to follow this work, see §6.4.

6.3 Applications of Subsampling

One of the fundamental constraints in fission analysis arises due to the disconnect between themeasure-
ment, e.g. the mass of the fission fragment, and the analysis pathway, e.g. the mass distribution. While
a single experiment may collect measurements of tens or hundreds of thousands of fission fragments, it
only produces a single mass distribution which when fit becomes a single datum for the potential loca-
tions of shell structure effects in the underlying distribution. And, due to the substantial cost, the col-
lection and subsequent analysis of multiple measurements of the same system at the same beam energy
to form a “shell-effect distribution” is prohibitive. Therefore, the strongest statistical arguments towards
the existence of potential shell effects often come from systematic measurements as they provide access
to multiple data from which to draw a conclusion.

However, there is no reason a single experimental run has to translate to a single distribution. Large
measurements may be partitioned into several smaller components which may be fit independently to
form a distribution of parameter values. However, noting the results in Fig. 6.2 and Fig. 6.3 that larger
measurements yield more precise results5 I put forth a recommendation for a minimum partition size
of 32 000 counts. At this partition size even the largest experiment included in the sample size analysis
— 256 000 counts—would generate fewer than 10 submeasurements if the partitions were individually
contiguous and non-overlapping6, so we must consider an alternative to contiguous slicing.

The process of subsampling is commonplace in fields where the collection or generation of a statisti-
cally large sample is not viable. Themethod is able to produce a distribution of either a fitting parameter

5In general…
6Like slicing a loaf of bread.
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or population statistic using significantly fewer measurements than would otherwise be required. This
is achieved by first collecting a sample which is large enough to be indicative of the total “population”,
and then repeatedly extracting and analysing a random subset of the data. This process may be repeated
thousands of times to simulate thousands of experiments and determine the distribution of analysis re-
sults. The key argument for the viability of this method lies in the combinatorics of what is effectively an
𝑁 choose 𝑘 problem. For a sufficiently large parent population we may consider each of the subsampled
partitions to be effectively unique. Furthermore, if each of the partitions are themselves sufficiently large
we may consider their behaviour to be indicative of the total population.

The process of subsampling has the potential to be invaluable in fission analysis as a method to ex-
tend our current capabilities to produce distributions of potential shell structure effect locations. Sub-
sampling may also enable better estimates of the uncertainties in the fitted parameters. In this section
I trial the application of subsampling to fission analysis by generating pseudodata of a known distribu-
tion at a variety of measurement sizes. The results of the single fit to each of the total distributions is
compared to the outcomes of a subsampling-based analysis method.

6.3.1 Overview of Uncertainty Calculation in Optimisation Routines

The first issue to address is the reliability of the uncertainties of the parameters found when fitting a
model to a set of data. To understand this we must first consider the optimisation process which is per-
formed and how one may generate an estimate of the uncertainty surrounding the determined optimal
fit to the data.

The fitting process at its core is an example of an optimisation problem, where we seek tominimise a
given objective function, 𝑓. In the case of attempting to fit a model to a given dataset the objective func-
tion is often defined as the 𝜒2 as it acts as a proxy for the minimisation of the residuals7. The definition
of the 𝜒2 may be generalised as the following

𝜒2(𝑚1, 𝑚2, … , 𝑚𝑛|𝑦̂, 𝑥⃗, 𝑦⃗, 𝜎⃗) = ∑
𝑖

(𝑦𝑖 − 𝑦̂(𝑥𝑖, 𝑚1, 𝑚2, … , 𝑚𝑛))
2

𝜎2𝑖
, (6.1)

for data 𝑦⃗ = {𝑦𝑖} at locations 𝑥⃗ = {𝑥𝑖}with uncertainties 𝜎⃗, and a model 𝑦̂(𝑥⃗, 𝑚1, 𝑚2, … , 𝑚𝑛)with 𝑛 free
parameters. If we now consider the potential range of each parameter𝑚𝑖, we note it forms amultidimen-
sional space with each point in the domain corresponding to a unique combination of parameter values.
The 𝜒2 function may be evaluated at each point in the domain, and so the domain effectively forms a 𝜒2
surface. The act of optimisation is equivalent to traversing this surface to find the minimum value; for a
typical gradient descent algorithm we begin at the location of the initial guess and proceed to iterate the
solution by moving in the direction that yields the largest gradient at the current point. This process is
repeated until a minimum is found, i.e. any adjustments to the solution in any direction yield a higher
𝜒28.

Before proceeding, we will take a quick aside to give a short mathematical refresher. The covariance
of two variables is ameasure of their correlation; a positive covarianceCov(𝑥, 𝑦) indicates that changing 𝑥
changes 𝑦 in the samedirection, negative covariance indicates the change occurs in the opposite direction.
The magnitude of the covariance indicates the degree of the reciprocal movement. The covariance of a

7Consider how the 𝜒2 definition is merely the summation of the number of standard deviations the model is from each
point of the data.

8Note, there is no guarantee that the foundminimum is the global minimum, and furthermore there is no test whichmay
tell you if the current minimum is the global minimum.
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variable with itself is termed the variance, Cov(𝑥, 𝑥) = Var(𝑥), and from this we may determine the
standard deviation as 𝜎𝑥 = √Var(𝑥). The covariance matrix, 𝛴, for variables {𝑥1, 𝑥2, … , 𝑥𝑛} is an 𝑛 × 𝑛
matrix that stores the covariance and variance of each possible variable pair— i.e. 𝛴𝑖𝑗 = Cov(𝑥𝑖, 𝑥𝑗). The
Jacobian matrix, 𝐽, of a scalar function 𝑓(𝑥1, 𝑥2, …) of several variables contains the partial derivatives of
𝑓with respect to each variable 𝑥𝑖; effectively encoding the gradient. The Hessian matrix,𝐻, is similar to
the Jacobian but stores the second-degree partial derivative with respect to each pair of variables of the
function 𝑓, such that𝐻𝑖𝑗 =

𝜕2𝑓
𝑥𝑖,𝑥𝑗 , and is analogous to the curvature of the function.

Once a minimum in 𝜒2 has been found we determine the error on the determined parameters via
the covariance matrix, 𝛴. To do this, first calculate the Hessian matrix at the location of the minimum;
evaluating the local curvature of the 𝜒2 surface. From this we require the approximation

𝛴 ≈ 𝐻−1, (6.2)

to determine the covariance matrix direction by inverting the Hessian matrix. In many numerical cases
we also approximate the Hessian matrix from the following relationship with the Jacobian,

𝐻 ≈ 𝐽𝑇𝐽. (6.3)

The Jacobean may be easy calculated numerically via finite difference methods. From these definitions
we may intuit the following relationships:

• If the local curvature of the 𝜒2 surface around the determinedminimum is high— i.e. the surface
is steep in all directions from the minimum— then the covariance matrix is small, and we deduce
the solution to be well defined.

• Conversely, if the local curvature is flat then we have correspondingly large uncertainties as the
minimum is not well defined.

From this explorationwe see that the uncertainties returnedby the fitting routine are only dependent
on the local curvature of the 𝜒2 surface around the optimal solution. This raises the question, “Should
the curvature around the optimal solution of a good fit be high?”. To put it anotherway, if wewere to fit a
set of data with the correct model and the fitted parameters are close to the true values for the underlying
distribution, should we expect the uncertainties on the fitted parameters to be small? In general we may
expect the answer to that question to be no.

Many factors may influence the curvature of the 𝜒2 surface around the determined minimum, in-
cluding the degree of statistical variation in the data, the size of the uncertainties on the data, and the
number of bins used when binning the data. The degree to which these factors correlate with the total
measurement size is also questionable. Smaller measurement sizes may have intrinsically higher statisti-
cal variation and higher uncertainties in their data, but we may also observe high statistical variance in
measurement sizes which would traditionally be considered “high-statistics measurements”.

6.3.2 Case Study of Uncertainties for High-Statistics Measurements

To fully explore this idea, consider the pseudodata shown in Fig. 6.4(a) and Fig. 6.4(b). Both sets of
pseudodata were generated from the same underlying distribution with a total sample size of 128 000
counts. The pseudodata were fit with the same 5-Gaussian model using the same initial guess. The
fitting routine was the “Trust Region Reflective” algorithm [111] as implemented in the SciPy python
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Figure 6.4: Two pseudodata measurements of 128 000 counts drawn from the same underlying 5-
Gaussian distribution, with the total fit from a 5-Gaussian model overlaid. The breakdown of the total
fit into the three fission components is included as a point of comparison.

package. The fitting routine was supplied with bounds which were intended to be as wide as possible,
providing only a lower bound of 0 and upper bound of ∞ for all parameters. The 𝜒2𝜈 of the fit to each
pseudodataset indicates good agreement9 between the model and the data.

Examining the two pseudodata reveals that even at a measurement size of 128 000 counts there are
still notables differences in the overall structure of the distribution; especially in shape of the top of the
distribution. These differences manifest in the substantial difference in the determined yields of the fis-
sion modes. We observe that the staggering in the left peak in Fig. 6.4(a) leads to a narrower peaks and
a more pronounced dip near symmetry. This allows the inner asymmetric mode to dominate the final
fit. Conversely in Fig. 6.4(b) the lower degree of scatter near the peak of the distribution leads to a flatter
top andminimises the overall asymmetric yield in this case. These differences also have a knock-on effect
on the yield, width, and centroid of the outer asymmetric mode. The comparison of the fits to the two
datasets in Fig. 6.4 further highlights the issues in determining the correct yields for 5-Gaussian distribu-
tions first observed in Fig. 6.3. However, we should note the consistency of the positioning of the two
asymmetric modes in these fits.

The comparison of the relative uncertainties produced by each fit is shown in Fig. 6.5. Note that the
uncertainties associated with the pseudodata in Fig. 6.4(a) are nearly an order of magnitude greater in all
cases than those for Fig. 6.4(b). For the symmetric fissionmode yield andwidth the relative uncertainties
are over two orders of magnitude larger. It is worth remembering that these large uncertainties are for
what many would consider a fit with the “better” 𝜒2𝜈 as it is both lower and closer to 1.

Fig. 6.6 shows a comparison of the fit parameter values and their uncertainties for the two fits in
Fig. 6.4. The horizontal dashed lines in each subplot indicate the true value for each parameter in the
generating distribution for the pseudodata. Lines and markers which are the same colour within a sub-

9The 𝜒2𝜈 is the 𝜒2 value divided by the number of degrees of freedom for the model, defined by the number of data points
less the number of free parameters. A value of near 1 is considered to be a good fit. Values substantially greater than 1 are
considered to be a poor fit to the data, while values substantially less than 1 are considered to be over-fits.
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Figure 6.5: A comparison of the relative uncertainties determined for each of the fitting parameters in
the 5-Gaussian model used to fit the pseudodata shown in Fig. 6.4.
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Figure 6.6: A comparison of the fit parameters and their uncertainties for measurements (a) and (b)
shown in Fig. 6.4. The uncertainties for each parameter have been determined from the curvature of
the 𝜒2 surface via the standard method. For the yields, which are normalised to one, the uncertainties
have also been propagated through the covariance matrix. Horizontal lines indicate the true values for
each parameter from the underlying distribution. In each subfigure, horizontal lines and markers of
the same colour — circles for measurement (a) and triangles for measurement (b) — correspond to the
same parameter and may be compared directly. In (c) and (d) the horizontal positioning of the markers
indicates the parameter given by the tick label.
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plot correspond to the same variable and should be compared. The marker style indicates pseudodata
distribution, with circles corresponding to the pseudodata and fit shown in Fig. 6.4(a) and triangles cor-
respond to that shown in Fig. 6.4(b). The centroids of the inner- and outer-asymmetric modes are com-
pared in Fig. 6.6(a) and Fig. 6.6(b) respectively. We observe in Fig. 6.6(a) that measurement (a) and (b)
are almost equal in their accuracy to the true valuewithmeasurement (a) onlymarginally closer. Though
in the case of measurement (b) the determined centroid value would be over 4𝜎 from the true value and
so confidence in this value when publishing may lead to erroneous conclusions. In Fig. 6.6(b) we see in
this case measurement (b) determines the parameter value almost exactly but with a far greater uncer-
tainty than was seen for the inner asymmetric centroid. The determined value for 𝜇′2 frommeasurement
(a) is far enough from the true value to dismiss outright and again we observe uncertainties which are by
definition “off-the-scale”.

Fig. 6.6(c) presents the determined normalised yields for each fissionmode from the fits to measure-
ments (a) and (b). The presented uncertainties for each of the modes have been propagated to account
for the covariance between as provided by the covariance matrix. We observe that the results of the fit to
measurement (a) have little correlationwith the true underlying values in terms of accuracy, with the no-
table exception of the outer asymmetric mode, 𝛼′2. The result of measurement (b) is themost interesting
of this comparison with higher precision parameter values and an almost exact breakdown of the rela-
tive component strengths of the underlying distribution. However, while the outer-asymmetric mode
strength was correctly determined, the inner-asymmetric and symmetric strengths have been inversely
determined with the true strength of the inner-asymmetric mode attributed to the symmetric mode,
and vice-versa. It is not clear if this should be deemed a coincidence or is simply another symptom of
the difficulties to determine the relative yields of fissionmodes within a 5-Gaussian distribution, though
given the flat structure in Fig. 6.3 the former seems likely…

Finally, the determined widths of the fission modes are shown in Fig. 6.6(d). Notably, none of the
final parameters are substantially different from the true values; with the 𝜎′0 deduced frommeasurement
(a) being the least accurate parameter. The determined widths for measurement (b) are all quite precise
and accurate, with only 𝜎′1 outside one standard deviation from the true value. One interesting com-
parison between the twomeasurements is that they attribute similar widths to both of their asymmetric
modes and these alignwith one of the true widths— 𝜎′1 and 𝜎′2 formeasurements (a) and (b) respectively.

The overall results from this analysis and the comparisons between the fits to two pseudodatasets
shown in Fig. 6.4 raise a fundamental question about the accuracy and repeatability of experimental
measurements and analysis. It bears repeating that these two pseudodatasets were generated from the
same underlying distribution at a measurement size of 128 000 counts. Two identically-sized measure-
ments from the same distribution when fit via the samemethod, with the same initial conditions lead to
two substantially different fits with 𝜒2𝜈 values that were both considered ideal. This is before considering
the orders ofmagnitude difference in the relative uncertainties for each of the fitting parameters between
the two pseudodatasets does not eventuate in substantial or significant differences in the overall accuracy
of the two fits to the underlying distribution.

In short, two measurements of the same reaction that are of the same size can produce substantially
different fits, and therefore different results. The size of the uncertainties calculated for a given fit can-
not be used as a metric for its overall accuracy to the underlying distribution. And, furthermore the 𝜒2𝜈
value does not correlate with either the accuracy, nor the size of the uncertainties presented by the fitting
routine.
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Mode Yield Centroid Width
Inner 0.84 0.452 0.040
Outer 0.16 0.380 0.034

Table 6.2: The parameters defining the underlying 4-Gaussian distribution for the subsampling applica-
tion

6.3.3 Trial Applications of Subsampling

The obvious solution to the problems of repeatability outlined in the previous section is to rely not on
single measurements but on ensembles of measurements. The reason being that while any two single
measurements may differ and we do not have a reasonable method to determine which is closer — or
more likely tobe—the true distribution, a large ensemble of similarly-sizedmeasurements should should
cluster in a way which highlights the true level of precision of the fitting process for the measurement
size. This is a key strength of the proposed subsampling method.

There are three questions that we want to explore with the application of subsampling to the pseu-
dodata:

1. Does the subsampling approach give us a good approximation for the uncertainties, and howdoes
it compare to the uncertainties provided by the fitting routine?

2. Does the distribution for the subsampled fits approach the true distribution or it is centred on the
values of the fit to the total data?

3. Can we get equivalent results by a large subsample of a small data set compared to a large dataset
with small subsample?

We begin answering these questions by first applying the subsamplingmethod to a 4-Gaussian distri-
bution. A 4-Gaussian distribution was chosen because the sample size tests, see §6.2 and Fig. 6.2 therein,
showed they typically produced both precise and accurate reproductions of the underlying distribution.
This will provide the clearest indications of successes or failures of the method for this application. The
4-Gaussian pseudodata were generated from a single underlying distribution— defined by the parame-
ters given in Table 6.2 — at 5 different sample sizes from 32 000 to 512 000 counts. Subsamples of 10,
30, and 50% of the total measurement size were randomly selected from each pseudodataset a total of
5000 times each with the resulting distribution fit with a 4-Gaussian model.

In order to get the best understanding of the limitations of this method we will compare the dis-
tribution of determined yields, centroids, and widths for the outer-asymmetric mode. We do not need
to also check the inner-asymmetric mode as good resolution of the parameters of the outer asymmetric
mode is sufficient to ensure the inner-asymmetric mode is also well resolved. The distributions of the
subsampling results are shown in Fig. 6.7 with each column representing a different total measurement
size. The results have been split into three components, the yield represented by the top cluster of rows,
the centroid the middle cluster, and the width the lowest cluster. Within each cluster the first three rows
correspond to a different ratio of the subsample size to the total measurement size, the first being 10%,
then 30%, and finally 50%. At the bottom of each cluster of rows is a narrow plot within which the
result of a fit to the total distribution is shown, with the value and its uncertainty given by the vertical
line and coloured region respectively. The black dot-dashed line in each plot shows the value of the true
underlying distribution and is the same in all plots within a given cluster of rows.

Wemay deduce the following conclusions from a casual inspection of Fig. 6.7. As the relative size of
the subsample increases within a given measurement the width of the resulting parameter distribution
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Figure 6.7: A test of a subsampling application to a 4-Gaussian distribution. Each of the three clusters
of histograms corresponds to a parameter in the outer mode of the distribution; the relative yield 𝛼′2, the
centroid 𝜇′2, and the width 𝜎′2 from top to bottom respectively. The rows in each cluster correspond to
the sampling ratio from the total distribution used in the application, these are indicated in the leftmost
plot of each row. The columns correspond to a different total measurement size with the value given
at the top of each. The coloured block at the bottom of each cluster of plots depicts the value of the
parameter determined by the fit to the total distribution, with the vertical line indicating the value and
the coloured block indicating a full standard deviation either size — this may be compare directly to
the sub-column immediately above. The black dot-dash line in all cases indicates the “true” value of the
parameter from the underlying distribution.
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decreases. Additionally, the parameter distributions tend towards the value determined in the fit to the
total pseudodataset rather than the true underlying value, and this holds even in the 10% subsample case,
so we do not gain any accuracy from using a smaller subsampling ratio as one may expect. We may also
notice that the width of the parameter distribution at the 50% subsample ratio is typically equivalent to
the uncertainties provided by the fit to the total dataset. Furthermore, in the highestmeasurement size of
512 000 counts theparameter distribution iswider in every instance than thefit to the totalmeasurement,
indicating that the subsampling procedure even at the highest measurement size with sampling 5000
measurements at over a quarter of amillion counts is unable toprovide a better estimate of theunderlying
distribution than a single half-million count measurement.

In short we may immediately answer two of our initial three questions regarding the subsampling
efficacy. The procedure does give a good approximation of the uncertainties, but cannot improve on the
uncertainties by the fit to the total dataset in this case. We might assume that this method may improve
upon the uncertainties produced in a fit with large uncertainties — such as one shown in Fig. 6.4(a) —
and we will explore this idea in §6.3.3. Additionally, as we have already covered, the parameter distribu-
tions of the subsamples will tend towards the value of that parameter in the fit to the total distribution,
indicating a specific bias towards the inherent properties of the parent distribution in this procedure.

To answer our third question, regarding the effect of the different subsample ratios to different sized
measurements, we must compare specific distributions from Fig. 6.7. We may first note that 30% of
64 000 is close to 50% of 32 000 and these parameter distribution compare favourably in both general
shape as well as their width. As do the 30% and 50% of the 128 000 and 64 000. However, while the
same relationship holds for the centroid and width parameter distributions for the next pair, 128 000
and 256 000, the yield distribution for the 30% subsampling of 256 000 is substantially better resolved
than its higher statistic counterpart. This may be indicative of the effect of the total sample size on the
yields, particularly in being able to resolve cleanly the outer asymmetricmode. This interpretation agrees
with the sudden increase in the precision of the fits to the total distribution—given in the narrow row at
the bottomof the cluster. Furthermore, the 30% and 50% subsamplings of the two largestmeasurements
show an inverse relationship, with the 50% subsampling of the smaller measurement — despite having
lower statistics even in the subsamples— shows a higher precision result, and this behaviour is replicated
in both the centroid and width distributions at this size.

These results indicate a complex answer to our question. In general it appears the smaller measure-
ment with a larger subsample is at least equivalent to the reciprocal arrangement in terms of the preci-
sion of the resulting distribution. At larger measurement sizes the increased accuracy and precision of
the measurement, indicated by the results of the fit to the total distribution, and the bias introduced by
the parent distribution to the subsampling outcomes widens this gap such that the smallermeasurement
appears to be better overall than the larger measurement for equivalent sized subsamples. However in all
cases, as the parameter distributions are less precise than the fit to the total measurement it is difficult to
recommend the subsampling procedure over a single large measurement in most cases.

One final curiosity to discuss from Fig. 6.7 is the parameter distributions for the 256 000 case where
each parameter — yield, centroid, and width — is consistently below the true value for the underly-
ing distribution. One might expect a certain variation around the true value which would make this a
particularly unlikely occurrence at this measurement size. However, we may deduce the reason for the
consistent behaviour of the modes by noting that these parameters are correlated. If the outer mass-
asymmetric fission mode is further out (lower centroid value) then it will also be closer to the edges of
the distribution. This will simultaneously restrict both the possible yield of the mode and its width.
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Figure 6.8: The initial 5-Gaussian fit to the pseudodata used for the subsampling test.

While it’s possible to make a lower yield with a wider Gaussian, the relationship between the yield and
the width is often controlled by the shape of the side of the fission mass distribution.

Applying Subsampling to Fits with Large Uncertainties

However, the subsampling method may still have an application in measurements that produce large
uncertainties in the fitting procedure, for example a 5-Gaussian distribution like that shown in Fig. 6.4.
In these cases a subsampled distribution of parameter values would give a reasonable estimate of the pre-
cision of the fit value, especially given the observations of the bias of the subsampling method towards
the fit to the parent distribution. For an example of this application, consider the pseudodata and corre-
sponding fit shown in Fig. 6.8. The pseudodata were generated from the same underlying distribution
as Fig. 6.4 at a total measurement size of 512 000 counts to coincide with the largest testedmeasurement
size in the previous subsampling tests. While the determined 𝜒2𝜈 is higher than we have observed in fits
in the previous chapter, note that the p-value is 0.12, indicating at least a reasonable degree of validity
for a model with this many degrees of freedom. The values for the fit, the corresponding true values
for the underlying distribution and the relative uncertainty produced by the fitting routine are shown
in Table 6.3. It is worth noting that this pseudodataset is four times larger than the previously shown
examples from this underlying distribution and is still plagued by large relative uncertainties. This may
indicate large uncertainties in the fit parameters are an intrinsic feature of distributions of this kind and
not simply a result of any sort of statistical noise.

An initial inspectionof the errors inTable 6.3 shows clear problems andnon-physicality of the uncer-
tainties. In particular one notes that the uncertainty in the yields of the inner-asymmetric and symmetric
modes— 𝛼′1 and 𝛼′0—despite having been normalised have uncertainties which border on fifty times the
total yield of themeasurement. The centroids—which are typically well determined in other systems—
have uncertainties of nearing 74 and 68% for the inner- and outer-asymmetric modes respectively; this
is on the order of a third of the total mass width! Comparing the fit parameters to the true values for
the underlying distribution we observe that in most cases the true error is substantially smaller than the
uncertainties determined from the fitting procedure. The analysis is in line with the typical behaviour
of a 5-Gaussian distribution— see §6.2 with the yields presenting the largest uncertainties, followed by
the widths, with the centroids close to their true value with relative uncertainties of only 1 and 5%. The
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Parameter Fit Value Fit Uncertainty True Value True Error
𝛼′0 0.3694 53.8165 0.3127 0.0567
𝜎′0 0.0448 3.4340 0.0639 0.0192
𝛼′1 0.4842 55.3525 0.6380 0.1538
𝜇′1 0.4443 0.3293 0.4490 0.0047
𝜎′1 0.0332 0.2285 0.0386 0.0054
𝛼′2 0.1464 10.0487 0.0493 0.0971
𝜇′2 0.3884 0.2631 0.3690 0.0194
𝜎′2 0.0353 0.0351 0.0286 0.0067

Table 6.3: The parameter values and uncertainties for the fit shown in Fig. 6.8. The true value indicated
is the parameter value for the underlying distribution. The “True Error” is the difference the determined
parameter is from the true value. Note, the yields have been normalised and their uncertainties have been
propagated to account for the correlation between the values.

Parameter Fit Value Fit Uncertainty Subsampling Uncertainty True Error
𝛼′0 0.3694 53.8165 0.0200 0.0567
𝜎′0 0.0448 3.4340 0.0009 0.0192
𝛼′1 0.4842 55.3525 0.0300 0.1538
𝜇′1 0.4443 0.3293 0.0009 0.0047
𝜎′1 0.0332 0.2285 0.0009 0.0054
𝛼′2 0.1464 10.0487 0.0200 0.0971
𝜇′2 0.3884 0.2631 0.0036 0.0194
𝜎′2 0.0353 0.0351 0.0009 0.0067

Table 6.4: The estimated uncertainties from the widths of the parameter distributions in Fig. 6.9. The
estimates were made using half the distance between the first and fourth quartiles of the distribution.

threshold for success for the subsampling procedure will be determining more reasonable uncertainties
for each of the parameters10. In general we should not expect the new uncertainties to match or exceed
the size of the relative uncertainties — and in an actual measurement we would not know the relative
uncertainties at all — but to present the actual uncertainties with which the fit is determined for a given
measurement.

Given the success of the 50% sampling ratio in reproducing the uncertainties for the 4-Gaussian ex-
ample, Fig. 6.7, we only consider this subsampling ratio for this application. The subsampling procedure
was performed a total of 5000 times with the resulting parameter distributions shown in Fig. 6.9— each
row of this figure corresponds to a different mode, namely the symmetric, inner- and outer-asymmetric
modes from top to bottom,with theGaussian parameters of yield, centroid, andwidth corresponding to
the columns of the figure. The parameter distributions show a potential bimodal behaviour, but in each
case we observe one of the modes coincides with the parameter value from the fit to the total distribu-
tion. We may determine the uncertainties on the parameter values by calculating the standard deviation
of each of the modes which coincide with the true value. However, for a rough estimate of the uncer-
tainty, half the distance between the 25th and 75th percentiles may be used and is presented in Table 6.4.
Note that these values are significantly smaller than those presented by the fitting routine but as they are
determined directly from fits to subsets of the origin measurement they are more indicative of the true
variance of the reported parameter values.

The bimodal structure of the parameter distributions shown in Fig. 6.9 indicates that there are two
potential minima on the chi-square surface for any given 50% of the measurement. One corresponds

10It is difficult to speculate on what a reasonable uncertainty should be, but wemay employ an obvious rule of thumb that
the uncertainties probably shouldn’t exceed 100%!
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Figure 6.9: Results of the application of subsampling to a 5-Gaussian distribution which previously
presented unrealistically large uncertainties on the fitted parameters. The data used for subsampling are
shown in Fig. 6.4(a).
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to the minimum found by the fit to the total sample, while the other corresponds to a more diffuse
minimum in the case of the yields of the symmetric and inner-asymmetric modes — Fig. 6.9(a) and
Fig. 6.9(c)—with a similarly narrowmode for all other parameters. The existence of these two viable fits,
and the fact that neither corresponds to the knownunderlying distribution, highlights a potential failure
route for an analysis process with “blind” fitting of a dataset as it is impossible to distinguish between
these two fits on a statistical basis. Furthermore, in each parameter distribution the subset associated
with the “Fit Value” corresponds to 55% of the total number of successful fits11 indicating that both
minima are almost equally attractive to a minimisation routine on the 𝜒2 surface and the initial selection
between the two must be due to the variance in the data. We should also note that any conclusions
about the nature of the fission modes based on the two fits will be substantially different— for example
the centroids of the inner- and outer-asymmetric modes differ by 2 and 5% respectively, which in the
preactinide region would constitute proton number differences for the fission fragment peaks of 1.5 to
4 in total.

This does not entirely discount the applicability of a fitting routine based on minimisation of the
𝜒2 as we observed no bimodal behaviour in the 4-Gaussian subsampling results at any measurement size
or subsample ratio. However, it does show a potential application of the subsampling procedure as a
benchmark for the final fit to a measurement. Once an analysis is complete, the measurement should be
subsampled to verify the uncertainties provided by the fitting routine, and the likelihood of finding the
fit given any subset of the measured data. The existence of any bimodal behaviour should be considered
in the discussion of the fission modes in future.

6.4 Future Work

The pseudodata generation procedure outlined in this chapter has the capability to transform the way
in which we approach the analysis of fission mass distributions. For the first time we can truly bench-
mark our analysis process and understand the fundamental limitations on the precision and accuracy of
determined fission modes for a given measurement. We may explore the impacts of distribution shape,
size, binning, width, and any combination of these variables. The applications shown in this chapter also
show its strength as a tool for exploring new analytical techniques.

There are a number of applications which could not be covered in this chapter and are listed below
to demonstrate the set of future work which is already planned.

• Foremost is the extension of the pseudodata generation procedure to include the total kinetic
energy (TKE) of the fragment pairs. The TKE is a valuable experimental quantity that enables
insights into the relative shape and compactness of the distribution. The TKEmay also be used as
amarker of different fissionmodes whichmay overlap in𝑀𝑅; such as the two symmetricmodes in
the fission of 258Fm[108]. The use ofTKE in the analysis of fissionmodes is already commonplace
[105] and the ability to benchmark these analyses would be invaluable. The generated fragments
in the pseudodata setmay have their charge determined via the unchanged charge density assump-
tion [112]. These charges and their corresponding masses may be used to determine the TKE of
the fission pair via the Viola systematic [113]. Each fissionmode should be supplied with a scaling
factor for the “relative TKE” of that mode compared to the LDM symmetric fission TKE.

11Don’t read too much into the wording of successful, the failure rate of this subsampling procedure was less than 0.3%.
All failures were due to the fitting routine being unable to converge to the required tolerance within 5000 iterations.
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• An extension of the sample size analysis performed in §6.2 would be to first categorise the distri-
butions by their shape. It is obvious that the shape of the distribution near symmetry, i.e. if it is
singly- or doubly-peaked or has a flat top, will influence the analysis. For example, a distribution
which is has two visible peaks and a dip at symmetry should have higher precision and accuracy
in the positions of any asymmetric mode near those peaks. Conversely, a distribution which has
a single narrow peak and is dominated by the symmetric mode should have higher precision in
its symmetric yield and width. Given that these features already heavily influence the discussion
around the fission modes, their effect on the final outcome should be explored and allows a more
nuanced discussion around their analysis.

• The effect of bin width would be an interesting exploration as the width of the binning directly
affects the relativemagnitude of the uncertainties used in the fitting process. It is clear that higher-
statistic measurements may bin their data more finely without a significant negative impact on
their relative error size, and the increase in degrees-of-freedom allowed by the finer binning affects
the fitting process by reducing the range of viable 𝜒2𝜈 values. Contrasting this, a low statistic mea-
surement may benefit from coarser binning by reducing the relative magnitude of the uncertain-
ties and also allowing the distribution to be less impacted by the inherent variability of adjacent
bins in low-statistics measurements. It stands to reason that there should be an optimal bin width
for a given measurement size, barring any experimental resolution issues.

• One of the issues which was not considered in this chapter is that in some cases the analysis of
themass distributionmay be donewith the wrongmodel, for example due to a limited number of
counts or a high level of elastic contamination forcing a narrowmass range, wemay incorrectly use
a 3-Gaussian instead of a 5-Gaussianmodel, or is may be statistically ambiguous between adjacent
numbers ofGaussians, such as 2/3-Gaussians and 4/5-Gaussians. In these cases it would be highly
beneficial to understand the impact of using the wrong model on the analysis outcomes. For ex-
ample, can we recover the correct location of the asymmetric centroids when using a 4-Gaussian
mode on a 5-Gaussian distribution, does this also hold for a 2- and 3-Gaussian model? How does
the size of the measurement factor into these results? Additionally, given the consistency of the
4-Gaussian models in recovering the underlying distribution and the general lack of consistency
of the 5-Gaussianmodels in determining the yields, can it be beneficial to simply use a 4-Gaussian
model knowing that a symmetric mode may be entirely replaced by the asymmetric fission com-
ponents?

• We may also extend the previous application to an additional comparative test between adjacent
models which cannot be separated on the value of their reduced chi-square. A subsampling rou-
tine could be used with the chi-square of each of the subsamples recorded. The resulting distribu-
tions may then be compared to the analytic 𝜒2 distribution for the relevant number of degrees-of-
freedom to test their broad applicability to the measured data over the single total measurement.
Early tests of this method showed favourable results for this technique, but were not able to be
included here due to time constraints. Further testing is planned for the near future.

• We should also consider a study into the effect of mirroring the fission mass distribution. We
have already seen in §5.2 that mirroring the mass distribution affects the ability to compare the
𝜒2𝜈 values between models with different numbers of degrees-of-freedom. However, we do not
know the impact of mirroring on accuracy or precision of the fit to the underlying distribution,
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nor whether is is more (or less) likely to generate bimodal results. We should expect the mirroring
effect to depend greatly on the initial size of the measurement and the shape of the underlying
distribution. The effect may also be magnified by the presence of slight calibration uncertainties
as mirroring the data removes these effects — consider the difference in fit between Fig. 5.5(a)
and Fig. 5.5(b) for a slight calibration offset— so it would be worth considering a mechanism for
inducing these uncertainties in the pseudodata.

• One of the fundamental questions we may have resulting from this work is whether or not it is
best to parametrise the accuracy of the fitted results in §6.2 in terms of the total measurement size
or instead to use the relative uncertainty on each bin. This might prove to be a better metric for
predicting the accuracy of the fitted results as the relative error on the highest points — that is to
say the lowest relative error — in the distribution will have the greatest effect in constraining the
𝜒2 or other optimisation variable. The minimum relative uncertainty depends not only on the
size of the measurement and the number of bins, but also the shape of the distribution, making
this a significant area to investigate. In addition, whether theminimum relative uncertainty or the
average relative uncertainty is more useful in this parametrisation is a significant question.



7
Application to Experimental Data

In this chapter I apply the methods discussed in the previous chapters to twomeasurements of the reac-
tion 12C + 208Pb → 220Ra. The two datasets are at vastly different measurement scales with the smaller
containing 7940 counts while the larger contains 474 343, nearly sixty times more than the former. The
analysis is performed using the Panthermethod (see §5) with the intention to illustrate its strength for
both large and small datasets. The analyses are done sequentially, with the smaller first, and indepen-
dently such that the outcomes of one fit do not influence the other.

The final conclusions for the two datasets are then analysed in the wider context of nuclear fission
modes in this region of the nuclide chart, before the pseudodata generation method (see §6) is used for
a bootstrapping application to benchmark the results of the high statistics application. The chapter
concludes with the outline of a future experiment motivated by the analyses in this chapter.

7.1 The Data Sources

Both measurements were made at The Australian National University Heavy Ion Accelerator Facility.
The low-statistics data are published in Prasad et al. [31], where a brief analysis was produced and the
data were taken to contain a single symmetric fission mode. The high-statistics data were produced in a
later experimental run used to map fission systematics by the same group at ANU and were analysed by
Dr D. Y. Jeung. The data are currently unpublished.

7.2 Panther Analysis

This section outlines the application of the Panther analysis method to the two datasets presented in
this chapter. To highlight the importance of approaching an analysis without prior expectation of the
results the analyses are performed with no knowledge of the outcomes of the other. For this reason, the
results of a previous measurement of the same reaction performed by Pokrovksy et al. [110] will not be
considered until the analysis of both datasets is complete. The results of all measurements are compared
in §7.3.
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Figure 7.1: The𝑀𝑅 distribution of the low-statistics measurement. The figure was taken fromRef. [31]
Fig. 1. Information on the values included in the brackets may be found in the original paper.

7.2.1 Low-Statistics Measurement

The original application of the data was in a paper examining the systematics of mass-asymmetric fis-
sion [31]. Its inclusion in the work served as a benchmark of symmetric fission to counterpoint the
asymmetric fission in the other systematics. The assumption that this reaction is purely symmetric fis-
sion came from an earlier work by K. H. Schmidt that examined fission outcomes through the tran-
sition region from the symmetric-dominated preactinides to the asymmetric-dominated fission of the
actinides [24]. The conclusion in Ref. [24] was fission of 209–219Ra has a symmetric to asymmetric yield
ratio between 27:1 and >50:11.

Fig. 7.1 is the exact figure of the data fromRef. [31]with the determined symmetric fit shown inblue.
The authors note that a fit consisting of a single asymmetric fissionmode (as was the focus of their paper)
resulted in the asymmetric mode being positioned at the point of symmetry, effectively reproducing a
single symmetric mode. The authors do not give the 𝜒2𝜈 statistic for either fit, nor do they attempt to fit
a combination of symmetric and asymmetric fission.

While the residuals were not given and the data show significant scatter due to the low statistics
of the measurement, we may still infer information about the possibility of additional fission modes
in the data. Specifically, I note the fit systematically underestimates the yield around symmetry𝑀𝑅 =
0.5, and overestimates the distribution yield near𝑀𝑅 = 0.43, 0.57. While the poor fit to the two data
points around𝑀𝑅 = 0.61may be explainable as random scatter of these low-statistics measurements, the
existence of an equivalent feature around𝑀𝑅 = 0.39 casts doubt upon this interpretation.

1I will also note that the asymmetric mode used in Ref. [24] for these reactions was restricted to 𝑍 = 54.
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Figure 7.2: The initial fits to the low-statistics data of the reaction 12C + 208Pb → 220Ra from [31].
(a) and (b) are single symmetric (1-Gaussian) and single asymmetric (2-Gaussian) fits respectively. The
pink line denotes the total fit in both cases, and in (b) the yellow line indicates the identical individual
components of the asymmetric mode. Note that these modes have the same centroid and replicate the
effect of a single Gaussian mode. (c) and (d) are the residuals from the total fit shown in (a) and (b)
respectively. The red line indicates zero.

Fig. 7.2 shows the initial 1- and 2-Gaussian fits to the data using the Panther method, with the
purple line indicating the total fit in both cases2 and the yellow lines in Fig. 7.2(b) showing the asym-
metric components — note the determined asymmetric centroid was 𝜇 = 0.5, placing both asymmetric
components at symmetry. The 1-Gaussian fit in Fig. 7.2(a) bears a strong resemblance to the original fit
in Fig. 7.1, however there is a noticeable difference in the value of the fits at the point of symmetry. A
detailed examination reveals the fit shown inFig. 7.1was only to the data between𝑀𝑅 =0.4 and0.55, util-
ising a total of 17 of the 33 presented data points. Furthermore, the width for the fit in Ref. [31] is given
as 0.055 — the same as found for the fits in this work — whereas the value for the fit shown in Fig. 7.1
is 0.0515. The narrower fit from Ref. [31] accounts for the differences in the two fits at symmetry, and
would be a natural result of the narrower fitting distribution used in the previous work. The asymmetric
pair of Gaussians shown in Fig. 7.2(b) overlap completely producing the effect of a symmetric Gaussian
mode. This — along with the identical residuals in Fig. 7.2(c) and Fig. 7.2(d) — confirms the claim
in Ref. [31] that the optimal asymmetric fit reproduces the symmetric fit. Although, we should note
that the reduced chi-square, 𝜒2𝜈 , statistic in the 2-Gaussian case is marginally worse than its 1-Gaussian
counterpart due entirely to its one fewer degree of freedom.

It is clear that the observed structure cannot be explained by either a single symmetric or asymmetric
fission mode and we must now consider a combination of the two. Fig. 7.3(a) shows the result of a 3-
Gaussian fit— both a symmetric and an asymmetric fission mode—with the curvature of the resulting
residuals shown inFig. 7.3(b) –Fig. 7.3(g) at increasing step-sizeℎ. Thefirst conclusion thatwemaydraw
is that the systematic over- and underestimation present in the pure symmetric fit has been removed. We
might also consider the data points in the region of𝑀𝑅 = 0.6 to be a result of the statistical noise present

2The lack of other lines in Fig. 7.2(a) is a result of the 1-Gaussian fit being the total fit
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Figure 7.3: A3-Gaussian fit to the low-statistics data of the reaction 12C+ 208Pb→ 220Ra fromRef. [31].
(b) – (g) show the curvature of the residuals of the fit in (a). The scales of (b) – (g) are modified to
maximise the size of the curvatures within the plot region, this can be done as the magnitude of the
determined curvature is not important as we only require the structure of the curvature to be evident,
see §5.1.2. The green arrow is to guide the eye to the consistent dip in the curvature around𝑀𝑅 = 0.53.

at the scale of this measurement. The 𝜒2𝜈 is substantially lower than the 𝜒2𝜈 for the pure symmetric case.
However, a𝜒2𝜈 of 1.813does not signal that themodel has been able to adequately explain the data. In this
case the p-value3 is 0.006, indicating the extremeunlikelihood that the data are explicable by a 3-Gaussian
model.

Examining the curvatures of the residuals in Fig. 7.4(b) – Fig. 7.4(g) reveals no glaring requirements
for additionalmodes, however there is a consistent dip in the curvature in the region of𝑀𝑅 =0.53 as indi-
cated by the green arrow in Fig. 7.3(e). This dip is consistent throughout all step-sizes with the exception
of a step-size of ℎ = 1. The offset location of this dip indicates that we may need to try an additional
asymmetric mode, and as stated previously in §5.4 as the data are unmirrored we do not need to see a dip
either side of symmetry for an asymmetric mode to be considered — especially in the latter steps of the
analysis where the major modes have already been identified.

Fig. 7.4 shows the result of a 5-Gaussian fit— a symmetric and two asymmetric fissionmodes— and
initial impressions based on the improvement of the 𝜒2𝜈 statistic may lead to the conclusion that this fit
is more reasonable, especially once considered with the p-value of 0.063. However, we should note that
the structure in the curvature of the residuals— indicated by the green arrow in Fig. 7.4(e)— that led to
the inclusion of an asymmetric mode beyond the 3-Gaussian fit remains. We must conclude that this is
an inherent feature of the data and not indicative of a requirement for additional modes. Similarly, the
pressure to fit a symmetric and two asymmetricmodes into a data set which only spans𝑀𝑅∈ [0.33, 0.66]
had led to narrow asymmetric modes which appear to be focussed on fitting local structure in the data

3The p-value is the probability that amodel able to explain the data would achieve a𝜒2𝜈 which is greater than or equal to the
measured 𝜒2𝜈 . The calculation of the p-value only depends on the number of degrees of freedom, and is therefore independent
of the details of the particular model.
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Figure 7.4: The same as Fig. 7.3, but with a 5-Gaussian fit.

— perhaps arising from statistical fluctuations— rather than the overall distribution4. Therefore, while
the arguments leading to the 5-Gaussian fit may be sound and the 𝜒2 of the determined fit indicates an
improvement, we cannot conclusively make arguments for a 5-Gaussian fit in this case.

We must conclude that a 3-Gaussian fit — one symmetric and one asymmetric fission mode — is
the minimum viable fit for these data, with the possibility that an additional asymmetric mode may be
required. The main counterpoint to this conclusion is the high 𝜒2𝜈 and correspondingly low p-value of
0.006, barely within the 3𝜎 confidence interval. However, given the statistical fluctuations observed in
these data, a high 𝜒2𝜈 should not be considered a barrier to concluding the minimum number of fission
modes.

7.2.2 High-Statistics Measurement

A comparison between the low- and high-statistics measurements can be seen in Fig. 7.5. The high-
statistics data were analysed by Dr D. Y. Jeung and communicated to me by Prof. D. J. Hinde for the
purpose of this analysis. We should note the high-statistics data contain an order of magnitude more
counts in each bin, they are binned at twice the frequency with a bin-width of 𝛥𝑀R = 0.005 compared
to 𝛥𝑀R = 0.01, and cover a range of𝑀𝑅 that is 50% wider. The greater width of the range is especially
beneficial as it allows the data to extend significantly into the tails of the fissionmodes providing a cleaner
determination of their widths and positions. The width is made possible by the highly-asymmetric en-
trance channel in the reaction with the projectile, 12C, containing only 5.4% of the mass of the com-
pound system. This ensures the elastic peak is well-separated from the fission mass distribution, and
therefore cannot contaminate the edges of the distribution. As the low-statistics data were formed by
the same reaction we may attribute the narrow width of the data to the low yields of strongly asymmet-
ric fission in 220Ra. The yields shown on the edges of the low-statistics measurement in Fig. 7.5 confirm
this hypothesis as they are near the same absolute yields of the high-statistics measurement at its widest

4Noting particularly the “shoulders” at𝑀𝑅 = 0.4, 0.6.
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Figure 7.5: A comparison of the counts measured in each of the high- and low-statistics measurements.

points. However, the high-statistics measurement extends to single-digit measurements at both low and
high𝑀𝑅 compared to the limits of 8 and 21 seen for the low-statistics measurement. We must therefore
conclude the narrow range of the low-statistics data to be a result of both the low yields of these high
mass-asymmetry fission modes, and the “gating” used to select the fission events in this case, particularly
at high𝑀𝑅. In general the gating of these distributions in the analysis process should be as permissive as
possible in order to maximise the width of the distribution; ideally into the low single digits of counts in
the tails.

The initial 1- and 2-Gaussian fits are shown in Fig. 7.6, and wemay note that the residuals of each fit
are identical. This is a replication of the behaviour observed in the low-statistics case. The residuals offer
a clear indication of the need to include an asymmetric mode in addition to the dominant symmetric
component.
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Figure 7.6: The same as Fig. 7.2 but for the high-statistics data.
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Figure 7.7: The 3-Gaussian fit to the high-statistics data is shown at a linear-scale in (a) and replicated in
(b) in a log-scale. (c) – (h) show the derived curvatures of the residuals of the fit. The scales of (c) – (h)
are modified to maximise the visibility of the curvatures within the plot region.

Fig. 7.7 shows a 3-Gaussian fit to the high-statistics data. In contrast to the low-statistics fit the
curvature of the residuals show clear structure indicative of the need for an additional asymmetric mode
with dips at𝑀𝑅 = 0.42, 0.58. The 𝜒2𝜈 of 1.881 is similar inmagnitude to that of the 3-Gaussian fit for the
low-statistics measurement (1.813), however given the increased number of degrees of freedom in this
case5 mean that the associated p-value is 9.85 × 10−7, indicating a nearly 5𝜎 confidence interval that this
fit cannot explain the observed data. The curvatures in Fig. 7.7(f) – Fig. 7.7(h) suggest a clear need for
an additional mass-asymmetric mode.

Fig. 7.8 shows the resulting 5-Gaussian fit for the high-statisticsmeasurement. While there is no clear
improvement seen in the fit to either the linear or logarithmic yields comparing Fig. 7.8(a) or Fig. 7.8(b)
with Fig. 7.7(a) and Fig. 7.7(b) respectively, we can infer a substantial improvement to the viability of this
fit with the 𝜒2𝜈 of 0.998 almost halved from the 3-Gaussian result, and with a p-value of 0.486 indicating
a statistically reasonable result. This improvement is also seen in the curvatures where the oscillatory
structure seen in Fig. 7.7(e) – Fig. 7.7(h) is removed, giving strong evidence for the need for additional
asymmetric modes in the curvatures for the 5-Gaussian fit. Therefore we may conclude that fission of
220Ra is well-described by a symmetric and two asymmetric fission modes6.

527 for the low-statistics and 83 here.
6Note we might also expect a second symmetric mode to be present for this case as symmetry for 220Ra coincides with

𝑍 = 44, a known deformed shell gap. This case was attempted for these data, but the fit was unable to converge. A future
analysis with the measured kinetic energy of the fragments will be performed as part of the future experiment at the end of this
chapter.
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Figure 7.8: The same as Fig. 7.7 but with a 5-Gaussian fit. The green arrow is to highlight a discussion
point explored in §7.5.
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Low Statistics High Statistics
Fit 𝜒2𝜈 Yield Centroid Width 𝜒2𝜈 Yield Centroid Width

3-Gaussian Symmetric 1.813 0.8878 ± 0.1209 (0.5) 0.0456 ± 0.0062 1.881 0.9300 ± 0.0050 (0.5) 0.0481 ± 0.0003
Asymmetric 0.1122 ± 0.1209 0.4015 ± 0.0272 0.0340 ± 0.0109 0.0700 ± 0.0050 0.3864 ± 0.0021 0.0342 ± 0.0008

5-Gaussian
Symmetric

1.464
0.9468 ± 0.0113 (0.5) 0.0490 ± 0.0012

0.998
0.9087 ± 0.0210 (0.5) 0.0467 ± 0.0011

Asymmetric 1 0.0387 ± 0.0130 0.3929 ± 0.0030 0.0131 ± 0.0038 0.0612 ± 0.0339 0.4084 ± 0.0038 0.0275 ± 0.0061
Asymmetric 2 0.0145 ± 0.0065 0.3527 ± 0.0067 0.0137 ± 0.0062 0.0300 ± 0.0149 0.3614 ± 0.0091 0.0266 ± 0.0020

Table 7.1: The final determined fitting parameters for each of the 3- and 5-Gaussian fits applied to the low- and high-statistics measurements. The errors have been calculated
using the covariance matrix output from the optimisation function. The yield has been presented as a normalised yield with the error calculated via propagation through the
normalisation procedure but may include values which take the total yield outside of the range [0, 1]. The centroids for the symmetric mode have not been fit and are presented
as 0.5. During the fitting process the determined offset for the plane of symmetry, see §5.2, was sufficiently close to𝑀𝑅 = 0.5 that the parameter could be removed from the fitting
process without affecting the other parameters.

Fit Statistics 𝑍L 𝑁L 𝑍H 𝑁H

3-Gaussian - Low 35.33 ± 2.39 53.00 ± 3.59 52.67 ± 2.39 79.00 ± 3.59
High 34.00 ± 0.19 51.00 ± 0.28 54.00 ± 0.19 81.00 ± 0.28

5-Gaussian
Inner Low 34.58 ± 0.26 51.86 ± 0.40 53.42 ± 0.26 80.14 ± 0.40

High 35.94 ± 0.33 53.91 ± 0.50 52.06 ± 0.33 78.09 ± 0.50
Outer Low 31.04 ± 0.59 46.56 ± 0.88 56.96 ± 0.59 85.44 ± 0.88

High 31.80 ± 0.80 47.70 ± 1.20 56.20 ± 0.80 84.30 ± 1.20

Table 7.2: The proton and neutron numbers for heavy and light fragments for each of the asymmetric modes in the 3- and 5-Gaussian fits shown in Fig. 7.3, Fig. 7.4, Fig. 7.7, and
Fig. 7.8.
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7.3 Fission Mode Analysis

The fit parameters for the 3- and 5-Gaussian fits to both datasets are shown in Table 7.1 with the calcu-
lated uncertainties from the fitting procedure. We will approach the discussion of these results in two
sections; as though we had either the single low-statistics measurement or the high-statistics measure-
ment.

7.3.1 Low Statistics Analysis

The symmetric yields for the 3- and 5-Gaussian fits to the low-statistics measurement reveal the symmet-
ric component is dominant at between 88.8% and 93% of the total yield. In both cases this yield is lower
than any of the recorded yields in the Schmidt et al. systematic measurement [24] which found between
96.4% and >98% for the isotopes between 209Ra and 219Ra. This is a notable discrepancy as the induced
fission in Ref. [24] occurred at excitation energies around 10 – 12 MeV, nearly 20 MeV lower than the
31.2 MeV of excitation energy for this measurement [31]. In general the symmetric yield is believed to
increase with increasing excitation energy [23, 114] and so we would expect the symmetric yield to be
higher in this measurement. Furthermore, the symmetric yield of the low-statistics measurement is also
lower than the 96% determined by Pokrovsky et al. for their lowest energy measurements, 21.9 and 23.8
MeV [110]. This is also counter to expectation.

The assigned uncertainties for the yields, centroids, and widths for the 3-Gaussianmodel are all sub-
stantially larger than those for the 5-Gaussian result, indicating the final result sits in a wide minimum
in the 𝜒2𝜈 surface and may be attributed to the large degree of variation in adjacent points in the experi-
mental data. However, the uncertainties for the 5-Gaussian fit are likely artificially low due to the fitting
process attempting to reconstruct the artificial structure generated by the statistical variation in the data
due to the small measurement size. This also accounts for the smaller relative uncertainties in 5-Gaussian
fits to the low- and high-statistics measurements.

The recorded centroids and widths for the fission modes may be converted to proton and neutron
numbers for each fission fragment by taking the unchanged charge density assumption [112]— i.e. the
fission fragments have the same𝑁/𝑍 value as the compoundnucleus. The proton andneutron numbers
in Table 7.2 for the low-statistics fits reveal some interesting insights. Both the 3- and 5-Gaussian results
exhibit values close to the accepted SI and SII asymmetric fission modes found in the actinides. The 3-
Gaussian result with a peak near 𝑍 = 52.67 aligns with value of 𝑍 = 52.5 determined by Bocksteigel et
al. [25] and with the 𝑍 = 52 attributed to octupole deformation by Scamps and Simenel [26]. For the
5-Gaussian fit both asymmetric modes are slightly above the SI and SII values, at 𝑍 = 53.42 and 56.96
respectively. These results are also slightly higher than those found in Ref. [110] at𝑍 ≃ 52.8, 55.6. This
correlates with bothmodes being slightly further from symmetry andmay be attributed to the following
factors:

• The two asymmetric mode will be affected by fluctuations in the data that generate the obvious
shoulders in Fig. 7.4(a). This results in a set of fit parameters whichminimise the 𝜒2𝜈 contribution
from these points.

• The shoulders require bothmodes to be very narrow, and therefore require the symmetricmode to
be wider. Note this is the widest symmetric mode in any of the fits, and has the highest symmetric
yield.
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Quantity Ref. [110] This Work
𝐸x (MeV) 23.8 25.5
Counts 20 000 474 343

Asymmetric Yield (%) 4 9.12 ± 2.10
Inner Mode (𝑍L, 𝑍H) ~35.2, 52.8 35.94, 52.06
Outer Mode (𝑍L, 𝑍H) ~32.4, 55.6 31.80, 56.20

Table 7.3: A comparison of the key outcomes from the analyses of the reaction 12C + 208Pb → 220Ra
performed in Ref. [110] and this work. 𝐸x is the excitation energy of the compound nucleus after for-
mation. Note no uncertainty was given in the Ref. [110] for the asymmetric yield, and I am unable to
determine the uncertainty based on the provided results.

However, overall these results are still indicative of a similarity between the asymmetric modes de-
termined in this reaction, and those commonplace in fission of the actinides. No significant conclusions
may be reached due to the high 𝜒2𝜈 statistic and low p-value for the 3-Gaussian fit. While the 5-Gaussian
result may be statistically significant based on its p-value, the structure of the data and unrealistically
narrow asymmetric modes bring into question the validity of its results.

7.3.2 High Statistics Analysis

In contrast to the low-statistics analysis, this discussion is straightforward. The small uncertainties for
the 3-Gaussian fit indicate that the fitting procedure has found a sharp minimum, but the high 𝜒2𝜈 and
subsequently insignificant p-value render a physics interpretation of this result unnecessary. Though, we
should note the interesting result that the extracted proton number of the asymmetric peak is 𝑍 = 54
which corresponds to be the value determined by a 3-Gaussian fit to the actinide fissions in Ref. [24].

The initial inspection of the 5-Gaussian fit and uncertainties lends some confidence to the result:
the widths of the modes appear reasonable at around 8 and 5 amu for the symmetric and asymmetric
modes respectively, the centroids have characteristically low uncertainties, and the yields appear reason-
able. Additionally, the 𝜒2𝜈 value of 0.998 is basically the median 𝜒2𝜈 for a systemwith this many degrees of
freedom,making the fit highly statistically significant. If we examine the proton numbers corresponding
to the two asymmetric modes in Table 7.2 we find them to be at 𝑍 = 52.06 and 𝑍 = 56.20 which are
both in line with the typical SI and SII fission modes of the actinides [25, 26]

These results are also consistent with a 1999 measurement of the reaction 12C + 208Pb → 220Ra
performed by Pokrovsky et al. [110]. The published results indicate three experimental measurements
forming 220Ra at excitation energies of 21.9, 23.8, and 53.1 MeV, with the lower two of these measure-
ments found to contain two asymmetric modes. The excitation energy of the reaction forming the high-
statistics data in this workwas 25.5MeV and as suchwewill briefly compare this result to themiddle run
from Ref. [110]. Table 7.3 summarises the results from Ref. [110] and the high-statistics measurement
in this work. We see that the centroids of the two asymmetric modes agree in general to within 0.8 and
0.6 𝑍 for the inner and outer modes respectively. The largest disagreement between the measurements
is around the magnitude of the asymmetric yield, with Ref. [110] claiming around 4% of the measured
fissions to be due to the asymmetric fissionmodes compared to ≈9% in this measurement. There are two
possible contributions to this difference, the smaller measurement size may lead to an underestimation
of the modes which already have smaller yields, and the additional 1.7 MeV of excitation energy for the
current data allows the asymmetric modes to be more easily accessed during the fission process.
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7.4 Robustness Testing

Given the observations of the low precision of 5-Gaussian fits from §6.2, especially for the yields and
widths of theGaussian fissionmodes, it is natural to question the accuracy of the analysis in the previous
section. To alleviate these concerns wemay apply pseudodata generation to test the robustness of this fit.
The testing process will use the final 5-Gaussian fit as the generating distribution for the pseudodata, and
we will generate 5000 distributions which are of equivalent size to the original measurement at 465 000
counts. The generated data are binned at the same granularity as the original measurement and over the
same total range so that the number of degrees of freedom remain the same.

The distributions were fit using the same 5-Gaussian model as the original analysis, but with the
starting guess informedby the underlying distribution. Note, for this analysis we are not interested in the
accuracywithwhichwe recover the underlying distribution from anuninformedpoint as in the previous
pseudodata analyses, but rather we are interested in the loss of accuracy incurred by a measurement of
this size. Effectively, we wish to test the variation of the final fit parameters for a discrete measurement
of this size with this underlying distribution.

The distribution of the fit parameters from the 5000 generated pseudodatasets are shown in Fig. 7.9.
Initial inspection of the distribution of the inner asymmetric mode width 𝜎′1 , seen in Fig. 7.9(a), reveals a
two-peakeddistribution thatmaybe indicative of bimodal behaviour in the fitting routine. This bimodal
behaviour is exemplified in Fig. 7.9(b) – Fig. 7.9(d) where the fits are divided naïvely based on the value
of 𝜎′1 with partition A containing the fits with 𝜎′1 ≤ 0.03with the remaining complement in partition B.
We should note that, despite the sharp boundary between the two partitions, the resulting distributions
for each parameter are smooth, quasinormal distributions and are largely distinct between the two sets
of parameters indicating that one of two separate models may best explain any given single pseudodata
“measurement”. Furthermore, the 𝜒2𝜈 distribution for each of the partitions, shown in Fig. 7.9(e) and
Fig. 7.9(f) for A and B respectively, agree closely with the theoretical 𝜒2𝜈 distribution for a systemwith an
equivalent number of degrees of freedom; therefore wemust conclude there is no statistically significant
difference between the viability of each of these models.

Wemay understand the mechanisms that lead to this bimodal behaviour by examining the distribu-
tions in Fig. 7.9(b) – Fig. 7.9(d). We have already observed that the width of the inner asymmetric mode
may serve as a distinguishing feature of the two partitions, but this is enabled by the fixed centroid of
this mode in both partitions. The combination of these two factors dictates the behaviour of all other
parameters in the model. For example:

• In partition A the inner asymmetric mode is narrower and requires the symmetric mode to widen
to compensate for the drop in yield. Additionally, we note that within this partition the inner
asymmetric mode is at least 3 𝜎′1 away from𝑀𝑅 = 0.5, and therefore the symmetric mode height is
dictated solely by height of the data. The combination of these factors induces an increase in the
total yield of the symmetric mode, 𝛼′0.

• Similarly, the reduced width of the inner asymmetric mode also requires the outer mode to widen
slightly, and simultaneouslymove towards symmetry. These twoparameters in the outermode are
linked as themode is heavily restricted by the tails of the dataset— i.e. widening themode requires
the centroid to be further from the edges of the distribution. This also results in the outer mode
increasing its fractional yield.

• Finally, the inner asymmetric mode experiences a decrease in yield to account for the increase in



7.4 Robustness Testing 127

0.02

0.03

0.04

0.05

𝜎′0 𝜎′1 𝜎′2

(b)

0.34
0.36
0.38
0.4
0.42
0.44

N/A 𝜇′1 𝜇′2

(c)

0.8

0.9

1

0.1

0.2

𝛼′0 𝛼′1 𝛼′2

(d)

0
100
200
300
400
500

0.01 0.02 0.03 0.04 0.05

(a) Partition A Partition B

0

50

100

150

200
(e)

0

50

100

150

200

0.5 1 1.5 2

A B
𝛼′0 0.9175 0.8975
𝜎′0 0.0473 0.0462
𝛼′1 0.0525 0.0825
𝜇′1 0.4085 0.4075
𝜎′1 0.0258 0.0333
𝛼′2 0.0325 0.0175
𝜇′2 0.3635 0.3535
𝜎′2 0.0268 0.0243

(f)

W
id
th

Partition A

Partition B

Original Fit

Analytic 𝜒2𝜈
C
en
tro

id

N
or
m
ali
se
d
Yi
eld

Fr
eq
ue
nc
y

𝜎′1

Fr
eq
ue
nc
y

Fr
eq
ue
nc
y

𝜒2𝜈

Figure 7.9: The results of the robustness testingprocedure for thefinal 5-Gaussianfit for 220Ra. (a) shows
the original distribution of the values of 𝜎′1 . The distribution shows a clear bimodal structure which is
used to generate twopartitions,AandB. (b)– (d) showthedistributions for eachof thefittingparameters
along the 𝑦 axis, similar to a violin plot, and the black points show the corresponding value for the fit to
the experimental distribution. Note the black points were also used as the generating distribution for
this test and so also depict the ’true’ location for each parameter. (e) and (f) show the 𝜒2𝜈 distributions
from each partition with a comparison to the theoretical 𝜒2𝜈 distribution for this system. The inset table
shows themodal value of each parameter distribution for the two partitions. Also note the discontinuity
in the 𝑦-axis for (d).
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Figure 7.10: The light and heavy proton (a) and neutron numbers (b) for the two partitions found in
the robustness testing for the 5-Gaussian fit to the high statistics data, see Fig. 7.8. The partitions are the
same as those shown in Fig. 7.9, with the centroids for each of the asymmetricmodes shown in Fig. 7.9(c)
converted into proton and neutron number via the unchanged charge density assumption [112].

the other two modes.

The inverse of these arguments holds for partition B.We should also note that the fit to the experimental
distribution, shownby the black data pointswith errors in Fig. 7.9(b) – Fig. 7.9(d), largely agreeswith the
distributions of partition A in both location and width, and agrees with the centre of the distributions
of partition B to within one standard deviation in all cases.

The only remaining question is how to reconcile the existence of two valid fits arising from the un-
derlying distribution determined for the experimental data, and furthermore, do we need to distinguish
between them? The inset table in Fig. 7.9 compares the value of the mode of each of the parameter dis-
tributions between the two partitions. It is clear from these values that many of the conclusions drawn
about the nature of 220Ra fission are not changed between the fits. The fission distribution is symmet-
ric dominated, with 89.75 – 91.75% of the distribution attributed to the symmetric mode. The inner
asymmetric mode is fixed, aligning exactly with the SI fission mode in both partitions [25, 26] — see
Fig. 7.10(a) — and contributes between 5 and 8% of the fissions. There is also a clear need for a second
asymmetric fission mode which is centred between 𝑍 = 56 and 𝑍 = 56.9, aligning closely with the
observed SII fission mode in the actinides [25, 26], see Fig. 7.10(a).

In short, it is not necessary to distinguish between these partitions as overall conclusions remain the
same — 220Ra contains clear evidence of the same multimodal asymmetric fission as the acintides. It
may be possible to remove the bimodal nature of the fitting outcomes with the inclusion of additional
information such as the total kinetic energy, but this extension is beyond the scope of this work. This
result demonstrates the strength of the chosen pseudodata application in this chapter when used in con-
junction with the Panther analysis method.
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7.4.1 Application to Previous Measurements

As discussed in §7.3.2 the results of the high-statistics analysis are very close to those found in Pokrovsky
et al. [110], despite the latter containing only 4% as many counts. However there are still noted discrep-
ancies, in particular the reported asymmetric fission yield at≃4% is less than half that found by this work
at a slightly higher excitation energy (1.8 MeV higher). We may also note that the ratio of yields for the
asymmetric modes are the inverse of those found in this work. Ref. [110] claims a ratio of 1:2.3 for the
inner and outer asymmetric modes respectively compared to 2:1 in this work. With the difficulties in de-
termining yields at small measurement sizes in mind, as shown in §6.2, we may wonder if the differences
in these twomeasurements result only from their measurement size. To put it more simply, could we get
the results from Ref. [110] from a 20 000 count measurement from the high-statistics fit?

We may also consider the differences in fitting procedure employed in Ref. [110] and this work.
Ref. [110] employed an interative approach fit, first fitting the symmetric fission mode within a nar-
row range of symmetry, namely within masses 110 – 125 (𝑀𝑅 range of 0.5 – 0.57). The residuals from
the initial fit were then fit by the two asymmetric modes. An approach like this may be liable to over-
estimation of the symmetric mode yield and width if the initial fitting regions overlaps with the asym-
metric modes — consider the significant overlap between the symmetric and inner-asymmetric fission
modes in Fig. 7.8. This process may account in part for the low yield and narrow width of both asym-
metric modes in Ref. [110]. In contrast, the fitting procedure in the current work treats the symmetric
and asymmetric modes simultaneously, fitting all fission modes concurrently and avoiding the potential
pitfalls of the iterative approach. However, the benefits of such an approach are only felt when the fis-
sion modes have significant overlap. The 5-Gaussian fit to the high-statistics data in this work finds the
symmetric and inner-asymmetric modes to be separated by a distance of ≈2𝜎0 = 3.3𝜎1 that is 2 and 3.3
times the width of their respective Gaussian widths. Similarly, the two asymmetric modes are separated
by twice their respective widths. We may therefore expect the issues arising from the iterative approach
of Ref. [110] to be minimised if this was the true underlying distribution; especially when coupled with
a low-statistics measurement where these large separations correspond to small yields at the point of
overlap. As such, I expect the differences in outcomes between the twomethods to be negligible in com-
parison to the significant differences we expect to see due the disparity in total measurement size.

To explore the effect of the measurement size, the same robustness test as performed for the full
high-statistics measurement was repeated with a total pseudodata size of only 20 000 counts. The fitting
procedure will be the same as in this work— fitting the symmetric and two asymmetric modes concur-
rently — to isolate the effects of the measurement size from the differences in fitting routine between
this work and Ref. [110]. The results of the fits to 5000 pseudodatasets are shown in Fig. 7.11. Overlaid
on each subfigure of Fig. 7.11 are the values of the underlying distribution (black dot-dashed line) and
the values derived from Ref. [110] (red dashed line). We may observe the following conclusions

• The centroids of both the inner andouter asymmetricmodes arewell determined, Fig. 7.11(d) and
Fig. 7.11(g) respectively. The peaks of the distributions agree closely with the values determined
in Ref. [110] and those determined in this work. It is clear from these distributions why the two
measurements agree closely in this regard.

• The distributions of the relative yields also reproduce the results ofRef. [110] quitewell. Note the
inner asymmetric mode in particular, Fig. 7.11(c), where the fitted yield generally has a substan-
tially lower yield than in the underlying distribution. Comparing the distributions in Fig. 7.11(c)
and Fig. 7.11(f) it is clear why the ratio of these modes is reversed in Ref. [110]. The outer asym-
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Figure 7.11: The robustness testing of the 5-Gaussian fit to pseudodata generated from the high-statistics
measurement fit. The pseudodata are generated at a total size of only 20 000 counts. (a), (c), and (f) show
the distribution of relative yields for each of the modes. (d) and (g) show the distribution of centroid
values. (b), (e), and (h) show the distribution of widths. Vertical dot-dash lines are the values for each
parameter in the underlying distribution (from the 5-Gaussian fit to the high-statistics measurement, see
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metric mode, Fig. 7.11(f), maintains close agreement with the underlying distribution while a
substantial component of the inner asymmetricmode, Fig. 7.11(c), is allocated instead to the sym-
metric mode, Fig. 7.11(a).

• Finally, while thewidth of the symmetricmode shown in Fig. 7.11(b) agrees in all cases, thewidths
of both asymmetric modes are substantially underestimated. This is likely due to the smaller total
width of the fission mass distribution due to the lower measurement size of Ref. [110], or due
to the iterative fitting process employed in Ref. [110] as previously discussed. The outer asym-
metric mode width is most interesting out of these results. The distribution of fits to the pseudo-
data agrees well with the underlying distribution, while the value determined inRef. [110] almost
misses the distribution entirely, and is therefore extremely unlikely without some degree of bias
from the fitting routine.

The analysis of Fig. 7.11 shows the true strength of the pseudodata application for examining sys-
tematic biases induced by measurement size. We are able to conclude — with not-unreasonable confi-
dence — that the results provided in Ref. [110] and this work agree. And furthermore, that they are
both indicative of the same underlying distribution, and their differences may be attributed to the lower
measurement size of the previous work. Furthermore, the measurement size used in Ref. [110] appears
likely to give incorrect results for the yields andwidths of the fissionmodes, see Fig. 7.11, and is therefore
insufficient for an analysis of this distribution.

7.5 Extension beyond 5-Gaussian

To conclude the analysis of the high-statistics measurement wemust ask if there is anymore information
that can be extracted from the data. At the end of §7.2.2 I stated there was no strong evidence for a
need for a third asymmetric fission mode. However, the lack of strong evidence does not preclude the
existence of weak evidence. If we examine the curvatures of the residuals for the 5-Gaussian fit, Fig. 7.8,
we observe a narrow but consistent dip in the region of 𝑀𝑅 = 0.52, indicated by the green arrow in
Fig. 7.8(e) and as discussed in §5.4, as the data are unmirrored, we only require a single observable dip in
the curvatures to motivate the need to explore including an additional asymmetric mode. The result of
doing so is shown in Fig. 7.12.

Comparing this fit to the previous 5-Gaussian result we see a slightly increased 𝜒2𝜈 along with im-
proved curvatures including a near complete reduction in the structure near𝑀𝑅 = 0.52 which is now
only present in the ℎ = 4 step. The fit itself is a close reproduction of the existing 5-Gaussian fit with all
overlapping variables within 0.3𝜎 of the original values, with the inclusion of the narrowGaussians near
symmetry. These Gaussians are centred at 𝑍 = 42.00, 46.00 (𝑁 = 63.00, 69.00) with an uncertainty of
0.17 (0.25) in proton (neutron) number. The new asymmetric fission mode has a width of 0.55 amu,
10% of the width of the other asymmetric modes. To interpret this result we may consider a 2019 work
of Chatillon et al. [45] where they report a notable proton odd-even staggering in the measured mass
yields from fission along the thorium isotopic chain — thorium being two protons higher than the ra-
dium examined in this chapter — which aligns with earlier observations by Bocquet et al. and Djebara
et al.[115, 116]. Specifically, the reported mass distribution in Ref. [45] for 222Th shows increased yield
near symmetry of fragments with 𝑍 = 44, 46. Given the proximity of this system to that presented here
we cannot discount these pairing effects, or a similar phenomena, in causing the additional asymmetric
mode to be very narrow in this 7-Gaussian fit. However, in the discussion of this we must distinctly
separate the results of a pairing effect from the fission modes which we are attempting to extract. If we
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Figure 7.12: A 7-Gaussian fit to the high-statistics data.

do not make this distinction then we must also consider the small variations in the tails of the curva-
tures of the residuals which are seen in the Fig. 7.12(d) – Fig. 7.12(f) beginning near𝑀𝑅 = 0.6. These
oscillations have a centre to centre difference of around 𝑍 = 2 and given their small width may also be
indications of proton even-odd staggering. However unlike the dip observed near𝑀𝑅 = 0.52 which gave
rise to the current 7-Gaussian measurement these new oscillations exhibit a peak on even𝑍 in curvature
and therefore correlate with a dip in yield in the true residuals of the fit. Before embarking on a question
to fit all structure in the residuals we must first consider that these pairing effects, if real, are wholly dif-
ferent from fissionmodes and are not the goal of this analysis. Furthermore, given the measured yield of
the new asymmetric modes contributes around 0.5% of the total yield at their centre — the peak yield
of the new asymmetric mode is ≈ 100 compared to the yield per point of around 20 000 counts in the
data at the same𝑀𝑅 —we cannot fully discount the possibility that these modes are simply the result of
statistical variations in this region.

In conclusion, the additional step to a 7-Gaussianmodel for this system is unwarrantedby thepresent
high-statistics data and provides no clear statistical benefit over the previous 5-Gaussian fit for an addi-
tional fissionmode. The introduced asymmetric mode aligns with expected proton even-odd staggering
in the𝑍 = 42, 44, 46 region. The location and width of the new asymmetric mode agrees with observed
increased even-𝑍 fission yield in nearby nuclear systems [45, 116, 115]. If we wish to distinguish the nar-
row even-𝑍 modulation with the wider fission modes that we seek then we need a substantially larger
measurement than the data presented here or — more likely — an analysis technique which integrates
additional information such as the total kinetic energy of the fission fragments.
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Projectile Target Compound Nucleus 𝑁/𝑍
9Be 196Pt 205Pb 1.500
p 205Tl 206Pb 1.512
p 206Pb 207Bi 1.494
7Li 203Tl 210Po 1.500
9Be 203Tl 212At 1.494
7Li 206Pb 213At 1.506
9Be 206Pb 215Rn 1.500
11B 206Pb 217Fr 1.494
9Be 209Bi 218Fr 1.506
12C 208Pb 220Ra 1.500
18O 205Tl 223Ac 1.506
16O 208Pb 224Th 1.488̇
18O 208Pb 226Th 1.511̇

Table 7.4: The set of reactions for a proposed experiment exploring the evolution of shell effects between
the sublead and preactinide region.

7.6 Future Work

The analysis of the fission mass distribution of 220Ra covered in this chapter reveals several key insights.
Foremost among them is the strength of the Panther method as a tool for analysing these data, es-
pecially for the low statistics measurement where we were able to produce a reasonable argument for
the possibility of two asymmetric fission modes, but could not conclude decisively between this and the
single asymmetric fission mode present in the 3-Gaussian result.

High statistics fission measurements remain the key to fully understanding the underlying fission
modes. The Panther method makes the analysis process simple and allows a strong conclusion of two
asymmetric fissionmodes in the fission of 220Ra. Thesemodes align with the Standard I and IImodes of
actinide fission and agree closely with previous measurements in the literature [110]. The upper bound
for the asymmetric contribution to the total fission yield has also been doubled in themodel determined
in thiswork owing entirely to the high-statistics of thismeasurement. This raises a fundamental question
about the evolution between the shell effects influencing the asymmetric fission of the actinides and
those influencing the fission of nuclides in the sublead region. At which point between radium and
mercury[31, 29] do the predominant shell effects change from 𝑍 = 52, 56 to 𝑍 = 36, 44, 46? And
furthermore, how does the ratio of the asymmetric and symmetric fission yields change in this region?

Toelucidate this transitory region Ipropose the following experimental campaignwherewepopulate
nuclides along the line𝑁/𝑍 = 1.5 between lead and thorium. Each of the reactions shown in Table 7.4
has been selected for the stability of the target and ensures the target is a relatively common isotope. The
projectile list, aside from 18Ois composedof the dominant isotope for each element ensuring ahighbeam
current can be produced. The high asymmetry of the reaction should eliminate any contributions from
quasifission and facilitate a high fusion-fission cross-section. This also allows the compound nucleus to
be formed with low excitation energy, thus reducing the broadening of the fission modes which would
otherwise make make their separation more difficult. Furthermore, the high mass asymmetry of the
reaction should minimise the possibility of elastic contamination and ensures the fitting range can fully
accommodate the tails of the fission mass distribution.

We may note that two of these nuclides 210Po and 213At have been measured previously by Itkis et
al. [117, 118, 119] andwere found to contain evidence of two asymmetricmodes which alignedwith the
SI and SII fission modes. These modes were very low yield, on the order of <1% of the total yield. These
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results lend credence to the outline of this experiment, and show that the measurements of these modes
are possible over the entire region. However, in both cases the measurements in Refs [118, 119] only
contained 20 000 counts in total, and somodern high-statistics measurements of at least 500 000 counts
are needed to confirm these results and provide a more comprehensive examination of the evolution of
fission modes in this region.



8
Conclusion

The success of hot fusion reactions involving a projectile of 48Ca and actinide targets has been one of the
keystones that lead to the current proliferation of superheavy elements (SHEs) on the nuclide chart. The
current limitation on identifying the next generation of SHEs is the increasing instability of the target
nuclei; 249Cf represents the heaviest feasible isotope for this process and is already part of the forma-
tion reaction for element 118, oganesson. To proceed further wemust move towards heavier projectiles,
necessitating understanding the phenomena that enable 48Ca to be so effective. The nearest substitute
would be 50Ti, a singly-magic isotope only 2 protons away from the doubly-magic 48Ca. However, both
experimental measurements and theoretical predictions find reactions involving 50Ti have compound
nucleus formation probabilities two to twenty times smaller than equivalent reactions with 48Ca.

This work begins with the hypothesis that differences in the probability of compound nucleus for-
mation for these reactions is due in part to the differing shell structure of the projectiles. The additional
two protons in 50Ti exist above an effective 48Ca core and are above the𝑍 = 20 shell gap. These protons
introduce substantially more interactions between occupied and unoccupied states. Within the diabatic
regime of fusion this leads to a greater kinetic energy loss to the diabatic potential created by these in-
teractions. In general, we expect the loss of kinetic energy through diabatic crossings between occupied
and unoccupied shell states to heavily influence the outcomes of fusion reactions.

To explore this I required a shell model which enables the generation of these interacting states in
a dinuclear system of prescribed deformation, elongation, and mass asymmetry. For this purpose the
Asymmetric Two-Centre Shell Model (ATCSM) was chosen. Chapter 3 outlined the mathematical ba-
sis and properties of the ATCSM and, as no existing implementation of the model was available, dis-
cussed the implementation of the ATCSM in Python. The chapter also covered my improvements
to themodel, including corrections to the calculatedmatrix elements from the original publication [75],
and the optimal choices of frequency for constructing the analytic basis states. A novel and efficient tech-
nique for finding solutions of the logarithmic derivative required to determine the 𝑛𝑧 principle quantum
numbers was also presented in detail.

The shell states generatedby theATCSMandan implementationof theFiniteRangeLiquidDroplet

135
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Model [42] forms the basis of the Monte-Carlo model of shell occupancy discussed in Chapter 4. The
model leverages the Landau-Zener TransitionModel (LZTM) to dynamically determine the probability
of diabatic transition between a pair of interacting occupied and unoccupied levels based on the cur-
rent kinetic energy of the system. This enables a smooth evolution between the strongly diabatic regime
surrounding initial contact of the projectile and target nuclei, to the near adiabatic evolution of systems
approaching the compound nucleus limit. The LZTM implementation relies on the algorithmic deter-
mination of locations of interactions between levels in the adiabatic regime, called “avoided crossings”.
The algorithmdeveloped in thiswork is highly effective and is able to identify the vastmajority of avoided
crossings from thousands of levels in an efficient manner.

In initial tests of the model, see §4.4, I observed that the implementation of the probability of tran-
sition produces a wide range of stopping distances. The distance reached can be attributed to distinct
diabatic transitions in the evolution of the system. While the application to comparisons between 48Ca
and 50Ti were not able to be attempted fully in this work, the overall success of this method on even a
single system highlights the breadth of insights that may be gained via this method.

In the second half of this work I focussed onmethods for extracting shell structure effects frommea-
surements of fission mass distributions. Chapter 5 outlined an innovative, data-driven, analysis method
for fission mass distributions, Panther. Panther relies on the properties of the Gaussian distribu-
tions used as models for the fission modes in the fitting process. It utilises an iterative approach based
on the curvatures of the residuals remaining after a fit is attempted to determine the minimum num-
ber of fission modes required to fit a given fission mass distribution. This is performed in a reliable and
deterministic way and should form the basis of fission analysis going forward.

In §5.2 I presented recommendations for the handling of datasets, including an outline of the poten-
tial of “mirroring” the data to introduce bias the fitting conclusions if not accounted for in the analysis
process. Also presented are two methods for determining the optimal fitting range for a given measure-
ment.

While Panther allows the number of fission modes present in a measurement to be determined
with some level of confidence, it does not guarantee any level of accuracy of the fitted parameters. In
order to benchmark the analysis process and fill this analytic lacuna I introduced amethod of pseudodata
generation in Chapter 6. The pseudodata may be generated with a prescribed number of fission modes
with the centroid, width, and yield of each supplied by the user. The pseudodata can be generated at any
measurement size and then binned according to the needs of the analysis method. Chapter 6 covered
two example applications of the pseudodata generation: first exploring the effect of sample size on the
accuracy and precision of fitting procedures, and then benchmarking the use of a subsampling-based
technique for determining the parameter uncertainties from a fit to a given distribution.

The general outcomes of the sample size test were that the centroids of the mass-asymmetric modes,
i.e. the peak masses of the individual fragments, are the best determined parameters, followed then by
the widths of the modes, and finally the yields. Larger measurement sizes were shown to be both more
accurate andmore precise, though with limiting returns after a measurement size of around 100 000 for
3- and 4-Gaussian distributions. The second conclusion was the discovery that 5-Gaussian distributions
— those with a mass-symmetric, and twomass-asymmetric modes—were extremely difficult to fit with
significantly lower levels of precision at the samemeasurement size when compared to the simpler 3- and
4-Gaussian distributions. Key among these findingswas the inability to precisely or accurately determine
the fractional yield of each of themodes in a 5-Gaussian distribution at anymeasurement size. This may
be due to the types of distributions studied in this chapter which are compact to mirror those in the



8.1 Outlook 137

sublead region as this is an area of active investigation. This highlights a fundamental limitation in our
application of fitting routines to fissionmass distributions when searching for multimodal fission below
lead.

The results of the subsampling tests in §6.3 showed aMonte-Carlo based subsamplingmethod could
produce reasonable uncertainties for the fitting parameters for a given distribution. The location and dis-
tribution of the parameter results agreed closely with those determined by the fitting routine via the local
curvature of the 𝜒2 surface around the optimal fit. Furthermore, in instances where the local curvature
produced unfeasible uncertainties— such as fifty times the size of the distribution itself for distributions
shown in §6.3.3 — the uncertainties produced by the subsampling routine are consistently reasonably
sized. It is my recommendation that all uncertainties associated with fits in future publications be based
on such a subsampling approach in future.

The final chapter of this work, Chapter 7, I demonstrated the application of Panther and robust-
ness testing via pseudodata generation to twomeasurements of the reaction 12C + 208Pb → 220Ra. The
first measurement was low-statistics containing around 8000 counts. The second was a high-statistics
measurement with 474 000 counts. The two analyses were performed independently and each showed
clear evidence for multiple asymmetric modes. The high-statistics measurement found a statistically sig-
nificant fitwith two asymmetricmodeswhich coincidewith the standard-I and standard-II fissionmodes
of the actinides. This result was subjected to robustness testing via the pseudodata generation, see §7.4
which found two viable fits, both of which agreedwith the conclusion that 220Ra contained evidence for
the standard-I and standard-II fission modes.

The final fit to the high-statistics datawas compared to a previousmeasurement of the fission is 220Ra
performed by Pokrovsky et al. [110]. It was confirmed via pseudodata generation that the differences
observed in the asymmetric-fission yields between thesemeasurementsmay be attributed entirely to their
differing measurement sizes; 474 000 counts in this work, and 20 000 counts in the past work.

8.1 Outlook

There is a substantial amount of future work which can be built upon the answers and frameworks
provided by this thesis. These questions have already been outlined in the final section of each of the
chapters and I will not replicate them in their entirety here. Instead, I will discuss the broad ideas which
have been raised following the conclusions of this work.

While the ATCSM chapter, Chapter 3, did not start with an initial question the outcome of the
chapter should not be underestimated. The implementation of the ATCSM in Python, Orthrus,
represents substantial forward progress for the viability of this shell model. For the first time in its his-
tory a working, fully-implemented version of the model will be freely available for the wider research
community. The development of Orthrus was performed with the idea to make the barriers to entry
as low as possible and this has been successful with very low memory and computational requirements
in a code which is still highly performant. In addition, this chapter and the accompanying appendix,
Appendix A, are the first complete derivation of the model which has been presented; including several
corrections (§3.4) and even improvements (§3.5.3, §3.6.3) to the original publication.

The benefit of this open communication is to enable wider investigation into the ATCSM. In par-
ticular the future work enabled by this chapter is in fully benchmarking themodel and in understanding
the effect of each of its parameters. Comparisonswith existingmean-fieldmodels, and other shellmodels
which are capable of representing a dinuclear system are all ideal future explorations.
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The Monte Carlo model of shell occupancy outlined in Chapter 4 shows tremendous promise in
aiding our understanding of the impact of diabaticity— and particularly differences in shell occupation
between fusion reactants— on fusion outcomes. The initial tests with 48Ca (§4.4) demonstrate that we
are able to directly link differing diabatic behaviour at particular crossings in the evolving shell structure
to a simplemetric such as theminimumseparation reachedby the fusing dinuclear system. This indicates
that a continuum of diabatic behaviour could lead to the wide variety of outcomes measured in fusion
reactions.

Thepotential for futureworkhere is expansive. Akey idea for immediate study is the observed energy
broadening (§4.3.1)whichmay be linked to the development of a quantumchaotic regime. This idea has
not been significantly explored in recent years and would be unique in its application to the fusion pro-
cess. Understanding these results and comparing to finite-depth potentials may lead to understanding
the role of diabatic behaviour in energy dissipation. This will enable us to explore the observed — and
predicted—differences in compound nucleus formation probability between 48Ca and 50Ti and answer
the open question of how the additional protons of the 50Ti nucleus affect the evolution of, and dissipa-
tion of energy in, fusion. This may prove to be invaluable in understanding the mechanisms governing
these reactions, and provide insight into methods to tailor the reactants and energies of the formation
reactions for discovering the next generation of superheavy elements.

The analysis routine outlined in Chapter 5, Panther, represents a fundamental shift in the way
fissionmass distributions are analysed. Recent experiments have suggested the coexistence of bothmass-
symmetric andmass-asymmetric fission in sublead nuclides, and even the presence of multimodal asym-
metric fission in this region. Thefissionmass distributions of the sublead region are characterisedby their
narrowwidth and are typically unimodal in shape. The predicted shell structure effects in this region are
closer to symmetry and so appear less dominant than those observed in the actinides. This presents in-
trinsically different challenges to fit these distributions and elucidate the number and location of any
shell structure effects. The use of a data-driven, iterative approach with an emphasis on determining the
minimum number of fission modes present in a given measurement should prove highly beneficial in
interrogating this region.

It is my strong recommendation that Panther becomes the de facto analysis method for fission
mass distributions going forward, especially in the sublead region of the nuclide chart given the density
of predicted shell structure effects between the 𝑍 = 28 and 𝑍 = 50 spherical shell gaps. This should
be employed in collabortation with my recommendations for data processing outlined in §5.2 and §5.3.
The next step for Panther is the extension to simultaneously treat both the mass ratio, 𝑀𝑅, and the
total kinetic energy (TKE) of the fission fragments. This may require the generalisation of the curvature
method for interpreting the residuals to multiple dimensions, or determining the quantities which are
most sensitive to the presence of additional modes. The pseudodata generation outlined in Chapter 6
will be invaluable for this development process.

Further to this point, the generation of pseudodata as outlined in this work has the potential to fun-
damentally alter the way in which we understand the results of analysis. The robustness testing, §7.4,
used for the analysis of 220Ra which built upon the exploration of subsampling in §6.3 is just one ex-
ample of the myriad of applications for pseudodata. We are able to fully test each step of our current
analysis methods, benchmark future analysis methods before implementation, and for the first time tru-
ely understand the uncertainties in both the precision and accuracy of our analysis. The comparison
between the high-statistics 220Ra and the previousmeasurement by Pokrovsky et al. [110] also highlights
the ability of pseudodata to better inform the comparisons between two measured results. Key in this
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result was the importance of considering the measurement size of the two datasets as this can be a large
factor in the observed differences from fitting.

The futurework for thepseudodata generationmethod is near endless, but the initial focus following
this work will be on extending it to also generate TKE distributions along with the𝑀𝑅 distributions for
benchmarking new analysis methods. The importance of the shape of the distributions will also be a
priority for exploration as this may have a large influence in the precision of the fitted parameters, as
shown by the contrasting results of the sample size effects in §6.2 and the robustness test in §7.4.

Finally, the results of the application of Panther and the pseudodata generation to 220Ra inChap-
ter 7 show the significant improvement that modern high-statistics measurements can have, when used
in conjunction with these novel analytical techniques. The confirmation of the SI and SII fissionmodes
in 220Ra raises the question of how far these modes extend into the preactinides. Past measurements of
210Po and 213At [117, 118] has found the possiblity SI and SII modes in these isotopes, but a modern
high-statistics study such as that outlined in §7.6 is needed to both confirm these results and extend this
line as far as possible, and maybe even into the sublead nuclides.
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A
Deriving Matrix Elements for the ATCSM

This appendix contains the derivations of the spin-orbit and orbital angular momentum matrix ele-
ments. The intention is to provide reference for the exact calculations required to reproduce the ma-
trix elements in their entirety, and should serve as verification of the final results. This represents the
first complete derivation of these elements, including the original paper outlining the Asymmetric Two-
Centre Shell Model [75].

A.1 Laguerre Polynomial Relationships

To analytically determine the matrix elements for the ATSCM we take advantage of the orthogonality
of the Laguerre polynomials, defined by

∫
∞

0
𝑒−𝑥𝑥𝜆𝐿𝜆𝑛𝜌(𝑥)𝐿

𝜆
𝑛′𝜌(𝑥) 𝑑𝑥 =

(𝑛𝜌 + 𝜆)!
𝑛𝜌!

𝛿𝑛𝜌,𝑛′𝜌 . (A.1)

We can see from this definition that the order, here 𝑚, is required to be the same for both Laguerre
polynomials in the integral, thus it is also useful to employ the following definition to reduce the order
of the Laguerre polynomial,

𝐿𝜆+1𝑛𝜌 (𝑥) =
𝑛𝜌
∑
𝜈=0

𝐿𝜆𝜈(𝑥). (A.2)

We may use this relationship to also define a relationship that increments the order,

𝐿𝜆𝑛𝜌(𝑥) = 𝐿𝜆+1𝑛𝜌 (𝑥) − 𝐿𝜆+1𝑛𝜌−1(𝑥). (A.3)

A.1.1 Application to 𝜒|𝜆|𝑛𝜌 (𝜌)

Note that the relationships defined above hold for the Laguerre polynomial in terms a degree-one vari-
able, 𝑥, whereas the basis function Eq. 3.18 (pp. 20) utilises the Laguerre polynomials an argument of
degree two, 𝑘𝜌𝜌2. The usual approach in this case is to define a map 𝑘𝜌𝜌2 ↦ 𝑥 and transform integrals
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from 𝜌 to 𝑥 in-situ when deriving the matrix elements, however a more efficient approach is to define
the following map,

𝜒|𝜆|𝑛𝜌 (𝜌) ↦ 𝑋|𝜆|
𝑛𝜌 (𝑥), (A.4)

where,

𝑋|𝜆|
𝑛𝜌 (𝑥) = √

2𝑛𝜌!
(𝑛𝜌 + |𝜆|)!

(−1)
𝜆+|𝜆|
2 √𝑘𝜌𝑥

|𝜆|
2 𝐿|𝜆|𝑛𝜌 (𝑥). (A.5)

We also note the following relationship for positive and negative values of𝑚,

𝑋|−𝜆|
𝑛𝜌 (𝑥) = (−1)𝜆𝑋|𝜆|

𝑛𝜌 (𝑥), (A.6)

which enables the calculation of matrix elements using solely positive 𝜆 removing the need to take the
absolute value.

A.1.2 Generalized Integrals

As many of the integrals required to determine the matrix elements are similar in nature, we note the
following generalized transformations:

∫
∞

0
𝜒𝜆+𝑎𝑛𝜌+𝑐(𝜌)𝜒

𝜆+𝑏
𝑛𝜌+𝑑(𝜌)𝜌

𝑓 𝑑𝜌

= (−1)𝑎+𝑏√
(𝑛𝜌 + 𝑐)!

(𝜆 + 𝑛𝜌 + 𝑎 + 𝑐)!
√

(𝑛𝜌 + 𝑑)!
(𝑛𝜌 + 𝜆 + 𝑏 + 𝑑)!

× ∫
∞

0
𝑒−𝑥𝑥

𝑎+𝑏+𝑓+2𝜆−1
2 𝑘

1−𝑓
2 𝐿𝜆+𝑎𝑛𝜌+𝑐(𝑥)𝐿

𝜆+𝑏
𝑛𝜌+𝑑(𝑥) 𝑑𝑥,

(A.7)

and
∫

∞

0
𝜒𝜆+𝑎𝑛𝜌+𝑐(𝜌) [𝜕𝜌𝜒

𝜆+𝑏
𝑛𝜌+𝑑(𝜌)] 𝜌

𝑓 𝑑𝜌

= (−1)𝑎+𝑏√
(𝑛𝜌 + 𝑐)!

(𝜆 + 𝑛𝜌 + 𝑎 + 𝑐)!
√

(𝑛𝜌 + 𝑑)!
(𝑛𝜌 + 𝜆 + 𝑏 + 𝑑)!

× ∫
∞

0
(
𝑒−𝑥𝑥

𝑎+𝑏+𝑓+2𝜆−2
2 𝑘

2−𝑓
2 𝐿𝜆+𝑎𝑛𝜌+𝑐(𝑥)

× [(𝜆 + 𝑏 − 𝑥)𝐿𝜆+𝑏𝑛𝜌+𝑑(𝑥) − 2𝑥𝐿
𝜆+𝑏+1
𝑛𝜌+𝑑−1(𝑥)]

) 𝑑𝑥.

(A.8)

A.2 Matrix elements for ( ̂∇𝑉 × 𝑝̂) ⋅ 𝑠̂

The spherical components of the angular momentum-like term 𝐿̂ = ̂∇𝑉 × 𝑝̂ in cylindrical coordinates
are as follows:

𝕃+ = −ℏ𝑒𝑖𝜙 (𝜕𝜌𝑉𝜕𝑧 − 𝜕𝑧𝑉𝜕𝜌 − 𝑖𝜕𝑧𝑉
1
𝜌𝜕𝜙)

𝕃− = ℏ𝑒−𝑖𝜙 (𝜕𝜌𝑉𝜕𝑧 − 𝜕𝑧𝑉𝜕𝜌 + 𝑖𝜕𝑧𝑉
1
𝜌𝜕𝜙)

𝕃𝑧 = −𝑖ℏ𝜕𝜌𝑉
1
𝜌𝜕𝜙

(A.9)
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which contains the following derivatives of the potential:

𝜕𝜌𝑉 = 𝑚0𝛼2 (1 + 𝑔𝑧′2) 𝜌

𝜕𝑧𝑉 = 𝑓0𝑚0𝜔2𝑧′ (1 +
3
2𝑐𝑧

′ + 2𝑑𝑧′2) + 𝑚0𝛼2𝑔𝑧′𝜌2.
(A.10)

For the sake of brevity and limited page width we define the following functions to collapse the 𝑧 depen-
dent terms as they will remain for numerical integration,

𝑓1(𝑧) = 𝑚0𝛼2 (1 + 𝑔𝑧′2) (A.11a)

𝑓2(𝑧) = 𝑓0𝑚0𝜔2𝑧′ (1 +
3
2𝑐𝑧

′ + 2𝑑𝑧′2) (A.11b)

𝑓3(𝑧) = 𝑚0𝛼2𝑔𝑧′. (A.11c)

As such (A.9) becomes

𝕃+ = −ℏ𝑒𝑖𝜙 ((𝑓1(𝑧)𝜕𝑧 − 𝑖𝑓3(𝑧)𝜕𝜙) 𝜌 − 𝑓2(𝑧)𝜕𝜌 − 𝑓3(𝑧)𝜌2𝜕𝜌 − 𝑖
𝑓2(𝑧)
𝜌 𝜕𝜙)

𝕃− = ℏ𝑒𝑖𝜙 ((𝑓1(𝑧)𝜕𝑧 + 𝑖𝑓3(𝑧)𝜕𝜙) 𝜌 − 𝑓2(𝑧)𝜕𝜌 − 𝑓3(𝑧)𝜌2𝜕𝜌 + 𝑖
𝑓2(𝑧)
𝜌 𝜕𝜙)

𝕃𝑧 = −𝑖ℏ𝑓1(𝑧)𝜕𝜙,

(A.12)

where we have also grouped terms with similar 𝜌 as they affect the integration of the Laguerre polyno-
mials in the basis functions [82].

Noting the standard decomposition of the 𝐿̂ ⋅ 𝑠̂ product into the spherical components,

𝐿̂ ⋅ 𝑠̂ = 1
2 (𝕃

+𝑠̂− + 𝕃−𝑠̂+) + 𝕃𝑧𝑠̂𝑧, (A.13)

we can write the standard matrix elements as

⟨𝑛′𝑧𝑛′𝜌𝜆′𝑠′∣{
𝜅ℏ

𝑚0𝜔0
, 𝐿̂ ⋅ 𝑠̂}∣𝑛𝑧𝑛𝜌𝜆𝑠⟩ =

1
2⟨𝑛

′
𝑧𝑛′𝜌𝜆′∣{

𝜅ℏ
𝑚0𝜔0

, 𝕃+}∣𝑛𝑧𝑛𝜌𝜆⟩𝛿𝑠′,𝑠−1 (A.14a)

+12⟨𝑛
′
𝑧𝑛′𝜌𝜆′∣{

𝜅ℏ
𝑚0𝜔0

, 𝕃−}∣𝑛𝑧𝑛𝜌𝜆⟩𝛿𝑠′,𝑠+1 (A.14b)

+ 𝑠⟨𝑛′𝑧𝑛′𝜌𝜆′∣{
𝜅ℏ

𝑚0𝜔0
, 𝕃𝑧}∣𝑛𝑧𝑛𝜌𝜆⟩𝛿𝑠′,𝑠. (A.14c)

A.2.1 Separation of Integrals

As the wavefunction of the basis states is fully separable — see §3.2—we can solve integrals of the basis
functions for each coordinate independently. We note however that as there is no analytic solution for
integrals of the 𝑧wave function due to its piecewise definition. As such all matrix elements must involve
a numeric integral in 𝑧which can be evaluated at the time of calculation.
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Integrals involving 𝜂𝑚(𝜙) are trivial and have the following solutions:

⟨𝜆′∣𝑒𝑖𝜙∣𝜆⟩ = 𝛿𝜆′,𝜆+1 (A.15a)

⟨𝜆′∣𝑒−𝑖𝜙∣𝜆⟩ = 𝛿𝜆′,𝜆−1 (A.15b)

⟨𝜆′∣𝑒𝑖𝜙𝜕𝜙∣𝜆⟩ = 𝑖𝜆𝛿𝜆′,𝜆+1 (A.15c)

⟨𝜆′∣𝑒−𝑖𝜙𝜕𝜙∣𝜆⟩ = 𝑖𝜆𝛿𝜆′,𝜆−1. (A.15d)

It is clear these these amount to selecting the non-zero matrix elements, thus we ignore them in this
derivation noting that any term involving a derivative in 𝜙 gets the appropriate 𝜆.

Hence the derivation of all matrix elements requires only the solution of the 𝜒𝑚𝑛𝜌(𝜌) integrals.

A.2.2 Treatment of the Anticommutator

While the anticommutator is required tomaintain thehermicity of thehamiltonianwenote that the term
𝜅ℏ

𝑚0𝜔0 has only 𝑧 dependence. As such, its presence does not change the result of integrals of 𝜂𝜆(𝜙) and
𝜒|𝜆|𝑛𝜌 (𝜌). Therefore wemay derive their results independently, and then re-insert the anti-commutator to
the operators when needed.

A.2.3 Matrix elements involving 𝕃+

There are four non-zero matrix elements involving 𝕃+, given below:

⟨𝑛′𝑧 𝑛𝜌 𝜆 + 1∣𝕃+∣𝑛𝑧 𝑛𝜌 𝜆⟩ (A.16a)

⟨𝑛′𝑧 𝑛𝜌 − 1 𝜆 + 1∣𝕃+∣𝑛𝑧 𝑛𝜌 𝜆⟩ (A.16b)

⟨𝑛′𝑧 𝑛𝜌 + 1 𝜆 + 1∣𝕃+∣𝑛𝑧 𝑛𝜌 𝜆⟩ (A.16c)

⟨𝑛′𝑧 𝑛𝜌 − 2 𝜆 + 1∣𝕃+∣𝑛𝑧 𝑛𝜌 𝜆⟩ (A.16d)

Solving ⟨𝑛′𝑧 𝑛𝜌 𝜆 + 1∣𝕃+∣𝑛𝑧 𝑛𝜌 𝜆⟩

Removing the implicit integral over 𝑧 and evaluating the 𝜙 integral reduces the matrix element to:

⟨𝑛𝜌 𝜆 + 1∣𝕃+∣𝑛𝜌 𝜆⟩ =

− ℏ (𝑓1(𝑧)𝜕𝑧 + 𝜆𝑓3(𝑧))∫
∞

0
𝜒𝜆+1𝑛𝜌 (𝜌)𝜒𝜆𝑛𝜌(𝜌)𝜌

2 𝑑𝜌 (A.17a)

+ ℏ𝑓2(𝑧)∫
∞

0
𝜒𝜆+1𝑛𝜌 (𝜌) [𝜕𝜌𝜒𝜆𝑛𝜌(𝜌)] 𝜌 𝑑𝜌 (A.17b)

+ ℏ𝑓3(𝑧)∫
∞

0
𝜒𝜆+1𝑛𝜌 (𝜌) [𝜕𝜌𝜒𝜆𝑛𝜌(𝜌)] 𝜌

3 𝑑𝜌 (A.17c)

− 𝜆ℏ𝑓2(𝑧)∫
∞

0
𝜒𝜆+1𝑛𝜌 (𝜌)𝜒𝜆𝑛𝜌(𝜌) 𝑑𝜌. (A.17d)
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Transforming the integrals to 𝑥 yields,

⟨𝑛𝜌 𝜆 + 1∣𝕃+∣𝑛𝜌 𝜆⟩ =

+
𝑛𝜌! ℏ (𝑓1(𝑧)𝜕𝑧 + 𝜆𝑓3(𝑧))
(𝑛𝜌 + 𝜆)!√𝑘𝜌√𝑛𝜌 + 𝜆 + 1

∫
∞

0
𝑒−𝑥𝑥𝜆+1𝐿𝜆+1𝑛𝜌 (𝑥)𝐿𝜆𝑛𝜌(𝑥) 𝑑𝑥 (A.18a)

−
𝑛𝜌! ℏ𝑓2(𝑧)√𝑘𝜌

(𝑛𝜌 + 𝜆)!√𝑛𝜌 + 𝜆 + 1
∫

∞

0
(
𝑒−𝑥𝑥𝜆𝐿𝜆+1𝑛𝜌 (𝑥)

× [(𝜆 − 𝑥)𝐿𝜆𝑛𝜌(𝑥) − 2𝑥𝐿
𝜆+1
𝑛𝜌−1(𝑥)]

) 𝑑𝑥 (A.18b)

−
𝑛𝜌! ℏ𝑓3(𝑧)

(𝑛𝜌 + 𝜆)!√𝑘𝜌√𝑛𝜌 + 𝜆 + 1
∫

∞

0
(
𝑒−𝑥𝑥𝜆+1𝐿𝜆+1𝑛𝜌 (𝑥)

× [(𝜆 − 𝑥)𝐿𝜆𝑛𝜌(𝑥) − 2𝑥𝐿
𝜆+1
𝑛𝜌−1(𝑥)]

) 𝑑𝑥 (A.18c)

+
𝜆ℏ𝑓2(𝑧)𝑛𝜌!√𝑘𝜌

(𝑛𝜌 + 𝜆)!√𝑛𝜌 + 𝜆 + 1
∫

∞

0
𝑒−𝑥𝑥𝜆𝐿𝜆+1𝑛𝜌 (𝑥)𝐿𝜆𝑛𝜌(𝑥) 𝑑𝑥. (A.18d)

Solving the integrals yields,

⟨𝑛𝜌 𝜆 + 1∣𝕃+∣𝑛𝜌 𝜆⟩ =

+
𝑛𝜌! ℏ (𝑓1(𝑧)𝜕𝑧 + 𝜆𝑓3(𝑧))
(𝑛𝜌 + 𝜆)!√𝑘𝜌√𝑛𝜌 + 𝜆 + 1

(𝑛𝜌 + 𝜆 + 1)!
𝑛𝜌!

(A.19a)

−
𝑛𝜌! ℏ𝑓2(𝑧)√𝑘𝜌

(𝑛𝜌 + 𝜆)!√𝑛𝜌 + 𝜆 + 1
[
𝜆(𝑛𝜌 + 𝜆)!

𝑛𝜌!
−
(𝑛𝜌 + 𝜆 + 1)!

𝑛𝜌!
] (A.19b)

−
𝑛𝜌! ℏ𝑓3(𝑧)

(𝑛𝜌 + 𝜆)!√𝑘𝜌√𝑛𝜌 + 𝜆 + 1
[
𝜆(𝑛𝜌 + 𝜆 + 1)!

𝑛𝜌!
−
(𝑛𝜌 + 𝜆 + 2)!

𝑛𝜌!
] (A.19c)

+
𝜆ℏ𝑓2(𝑧)𝑛𝜌!√𝑘𝜌

(𝑛𝜌 + 𝜆)!√𝑛𝜌 + 𝜆 + 1
(𝑛𝜌 + 𝜆)!

𝑛𝜌!
(A.19d)

Hence,

⟨𝑛𝜌 𝜆 + 1∣𝕃+∣𝑛𝜌 𝜆⟩ =

+
ℏ (𝑓1(𝑧)𝜕𝑧 + 𝜆𝑓3(𝑧)) √𝑛𝜌 + 𝜆 + 1

√𝑘𝜌
(A.20a)

− ℏ𝑓2(𝑧) [
𝜆√𝑘𝜌

√𝑛𝜌 + 𝜆 + 1
− √𝑘𝜌√𝑛𝜌 + 𝜆 + 1] (A.20b)

− ℏ𝑓3(𝑧) [
𝜆√𝑛𝜌 + 𝜆 + 1

√𝑘𝜌
−
(𝑛𝜌 + 𝜆 + 2)√𝑛𝜌 + 𝜆 + 1

√𝑘𝜌
] (A.20c)

+ 𝜆ℏ𝑓2(𝑧)
√𝑘𝜌

√𝑛𝜌 + 𝜆 + 1
. (A.20d)
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Reintroducing the 𝑧wave function and simplifying produces the final matrix element,

⟨𝑛′𝑧 𝑛𝜌 𝜆 + 1∣𝕃+∣𝑛𝑧 𝑛𝜌 𝜆⟩ = ℏ√
𝑛𝜌 + 𝜆 + 1

𝑘𝜌
⟨𝑛′𝑧∣(

𝑘𝜌𝑓2(𝑧)
+ 𝑓1(𝑧)𝜕𝑧

+ (𝑛𝜌 + 𝜆 + 2)𝑓3(𝑧)
)∣𝑛𝑧⟩ (A.21)

Solving ⟨𝑛′𝑧 𝑛𝜌 − 1 𝜆 + 1∣𝕃+∣𝑛𝑧 𝑛𝜌 𝜆⟩

Repeating the same steps as above the matrix element can be written as,

⟨𝑛𝜌 − 1 𝜆 + 1∣𝕃+∣𝑛𝜌 𝜆⟩ =

− ℏ (𝑓1(𝑧)𝜕𝑧 + 𝜆𝑓3(𝑧))∫
∞

0
𝜒𝜆+1𝑛𝜌−1(𝜌)𝜒

𝜆
𝑛𝜌(𝜌)𝜌

2 𝑑𝜌 (A.22a)

+ ℏ𝑓2(𝑧)∫
∞

0
𝜒𝜆+1𝑛𝜌−1(𝜌) [𝜕𝜌𝜒

𝜆
𝑛𝜌(𝜌)] 𝜌 𝑑𝜌 (A.22b)

+ ℏ𝑓3(𝑧)∫
∞

0
𝜒𝜆+1𝑛𝜌−1(𝜌) [𝜕𝜌𝜒

𝜆
𝑛𝜌(𝜌)] 𝜌

3 𝑑𝜌 (A.22c)

− 𝜆ℏ𝑓2(𝑧)∫
∞

0
𝜒𝜆+1𝑛𝜌−1(𝜌)𝜒

𝜆
𝑛𝜌(𝜌) 𝑑𝜌. (A.22d)

The transformation to 𝑥 yields,

⟨𝑛𝜌 − 1 𝜆 + 1∣𝕃+∣𝑛𝜌 𝜆⟩ =

+
(𝑛𝜌 − 1)! ℏ√𝑛𝜌 (𝑓1(𝑧)𝜕𝑧 + 𝜆𝑓3(𝑧))

(𝑛𝜌 + 𝜆)!√𝑘𝜌
∫

∞

0
𝑒−𝑥𝑥𝜆+1𝐿𝜆+1𝑛𝜌−1(𝑥)𝐿

𝜆
𝑛𝜌(𝑥) 𝑑𝑥 (A.23a)

−
(𝑛𝜌 − 1)! ℏ√𝑛𝜌𝑓2(𝑧)√𝑘𝜌

(𝑛𝜌 + 𝜆)!
∫

∞

0
(
𝑒−𝑥𝑥𝜆𝐿𝜆+1𝑛𝜌−1(𝑥)

× [(𝜆 − 𝑥)𝐿𝜆𝑛𝜌(𝑥) − 2𝑥𝐿
𝜆+1
𝑛𝜌−1(𝑥)]

) 𝑑𝑥 (A.23b)

−
(𝑛𝜌 − 1)! ℏ√𝑛𝜌𝑓3(𝑧)

(𝑛𝜌 + 𝜆)!√𝑘𝜌
∫

∞

0
(
𝑒−𝑥𝑥𝜆+1𝐿𝜆+1𝑛𝜌−1(𝑥)

× [(𝜆 − 𝑥)𝐿𝜆𝑛𝜌(𝑥) − 2𝑥𝐿
𝜆+1
𝑛𝜌−1(𝑥)]

) 𝑑𝑥 (A.23c)

+
𝜆ℏ(𝑛𝜌 − 1)!√𝑛𝜌𝑓2(𝑧)√𝑘𝜌

(𝑛𝜌 + 𝜆)!
∫

∞

0
𝑒−𝑥𝑥𝜆𝐿𝜆+1𝑛𝜌−1(𝑥)𝐿

𝜆
𝑛𝜌(𝑥) 𝑑𝑥. (A.23d)

Solving the integrals produces,

⟨𝑛𝜌 − 1 𝜆 + 1∣𝕃+∣𝑛𝜌 𝜆⟩ =

−
(𝑛𝜌 − 1)! ℏ√𝑛𝜌 (𝑓1(𝑧)𝜕𝑧 + 𝜆𝑓3(𝑧))

(𝑛𝜌 + 𝜆)!√𝑘𝜌

(𝑛𝜌 + 𝜆)!
(𝑛𝜌 − 1)!

(A.24a)

+
(𝑛𝜌 − 1)! ℏ√𝑛𝜌𝑓2(𝑧)√𝑘𝜌

(𝑛𝜌 + 𝜆)!√𝑘𝜌

(𝑛𝜌 + 𝜆)!
(𝑛𝜌 − 1)!

(A.24b)

+
(𝑛𝜌 − 1)! ℏ√𝑛𝜌𝑓3(𝑧)

(𝑛𝜌 + 𝜆)!
[𝜆
(𝑛𝜌 + 𝜆)!
(𝑛𝜌 − 1)!

+
(𝑛𝜌 + 𝜆)!
(𝑛𝜌 − 2)!

] , (A.24c)
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as the final term results in zero. Simplifying gives the final result

⟨𝑛′𝑧 𝑛𝜌 − 1 𝜆 + 1∣𝕃+∣𝑛𝑧 𝑛𝜌 𝜆⟩ = ℏ√
𝑛𝜌
𝑘𝜌
⟨𝑛′𝑧∣𝑘𝜌𝑓2(𝑧) − 𝑓1(𝑧)𝜕𝑧 + (𝑛𝜌 − 1)𝑓3(𝑧)∣𝑛𝑧⟩ (A.25)

Solving ⟨𝑛′𝑧 𝑛𝜌 + 1 𝜆 + 1∣𝕃+∣𝑛𝑧 𝑛𝜌 𝜆⟩

Repeating the same steps as above the matrix element can be written as,

⟨𝑛𝜌 + 1 𝜆 + 1∣𝕃+∣𝑛𝜌 𝜆⟩ =

− ℏ (𝑓1(𝑧)𝜕𝑧 + 𝜆𝑓3(𝑧))∫
∞

0
𝜒𝜆+1𝑛𝜌+1(𝜌)𝜒

𝜆
𝑛𝜌(𝜌)𝜌

2 𝑑𝜌 (A.26a)

+ ℏ𝑓2(𝑧)∫
∞

0
𝜒𝜆+1𝑛𝜌+1(𝜌) [𝜕𝜌𝜒

𝜆
𝑛𝜌(𝜌)] 𝜌 𝑑𝜌 (A.26b)

+ ℏ𝑓3(𝑧)∫
∞

0
𝜒𝜆+1𝑛𝜌+1(𝜌) [𝜕𝜌𝜒

𝜆
𝑛𝜌(𝜌)] 𝜌

3 𝑑𝜌 (A.26c)

− 𝜆ℏ𝑓2(𝑧)∫
∞

0
𝜒𝜆+1𝑛𝜌+1(𝜌)𝜒

𝜆
𝑛𝜌(𝜌) 𝑑𝜌. (A.26d)

After transforming to 𝑥we get,

⟨𝑛𝜌 − 1 𝜆 + 1∣𝕃+∣𝑛𝜌 𝜆⟩ = √
𝑛𝜌 + 1

(𝑛𝜌 + 𝜆 + 2)(𝑛𝜌 + 𝜆 + 1)

×

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜

⎝

+
𝑛𝜌! ℏ (𝑓1(𝑧)𝜕𝑧 + 𝜆𝑓3(𝑧))

(𝑛𝜌 + 𝜆)!√𝑘𝜌
∫

∞

0
𝑒−𝑥𝑥𝜆+1𝐿𝜆+1𝑛𝜌+1(𝑥)𝐿

𝜆
𝑛𝜌(𝑥) 𝑑𝑥

−
𝑛𝜌! ℏ𝑓2(𝑧)√𝑘𝜌
(𝑛𝜌 + 𝜆)!

∫
∞

0
(
𝑒−𝑥𝑥𝜆𝐿𝜆+1𝑛𝜌+1(𝑥)

× [(𝜆 − 𝑥)𝐿𝜆𝑛𝜌(𝑥) − 2𝑥𝐿
𝜆+1
𝑛𝜌−1(𝑥)]

) 𝑑𝑥

−
𝑛𝜌! ℏ𝑓3(𝑧)
(𝑛𝜌 + 𝜆)!√𝑘𝜌

∫
∞

0
(
𝑒−𝑥𝑥𝜆+1𝐿𝜆+1𝑛𝜌+1(𝑥)

× [(𝜆 − 𝑥)𝐿𝜆𝑛𝜌(𝑥) − 2𝑥𝐿
𝜆+1
𝑛𝜌−1(𝑥)]

) 𝑑𝑥

+
𝜆ℏ𝑛𝜌!𝑓2(𝑧)√𝑘𝜌
(𝑛𝜌 + 𝜆)!

∫
∞

0
𝑒−𝑥𝑥𝜆𝐿𝜆+1𝑛𝜌+1(𝑥)𝐿

𝜆
𝑛𝜌(𝑥) 𝑑𝑥

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟

⎠

.

Evaluating, noting that the first term in the sum is zero, yields:

⟨𝑛𝜌 − 1 𝜆 + 1∣𝕃+∣𝑛𝜌 𝜆⟩ =

√
𝑛𝜌 + 1

(𝑛𝜌 + 𝜆 + 2)(𝑛𝜌 + 𝜆 + 1)
×

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜

⎝

−
𝑛𝜌! ℏ𝑓2(𝑧)√𝑘𝜌
(𝑛𝜌 + 𝜆)!

𝜆(𝑛𝜌 + 𝜆)!
𝑛𝜌!

−
𝑛𝜌! ℏ𝑓3(𝑧)
(𝑛𝜌 + 𝜆)!√𝑘𝜌

(𝑛𝜌 + 𝜆 + 2)!
𝑛𝜌!

+
𝜆ℏ𝑛𝜌!𝑓2(𝑧)√𝑘𝜌
(𝑛𝜌 + 𝜆)!

(𝑛𝜌 + 𝜆)!
𝑛𝜌!

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟

⎠

.

Therefore the matrix element is given by,

⟨𝑛′𝑧 𝑛𝜌 + 1 𝜆 + 1∣𝕃+∣𝑛𝑧 𝑛𝜌 𝜆⟩ = −ℏ√
(𝑛𝜌 + 1)(𝑛𝜌 + 𝜆 + 1)(𝑛𝜌 + 𝜆 + 2)

𝑘𝜌
⟨𝑛′𝑧∣𝑓3(𝑧)∣𝑛𝑧⟩ (A.27)
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Solving ⟨𝑛′𝑧 𝑛𝜌 − 2 𝜆 + 1∣𝕃+∣𝑛𝑧 𝑛𝜌 𝜆⟩

We begin with the same steps as before, breaking the matrix elements according to the definition of 𝕃+,
yielding the following

⟨𝑛𝜌 − 2 𝜆 + 1∣𝕃+∣𝑛𝜌 𝜆⟩ = −ℏ (𝑓1(𝑧)𝜕𝑧 + 𝜆𝑓3(𝑧))∫
∞

0
𝜒𝜆+1𝑛𝜌−2(𝜌)𝜒

𝜆
𝑛𝜌(𝜌)𝜌

2 𝑑𝜌 (A.28a)

+ ℏ𝑓2(𝑧)∫
∞

0
𝜒𝜆+1𝑛𝜌−2(𝜌) [𝜕𝜌𝜒

𝜆
𝑛𝜌(𝜌)] 𝜌 𝑑𝜌 (A.28b)

+ ℏ𝑓3(𝑧)∫
∞

0
𝜒𝜆+1𝑛𝜌−2(𝜌) [𝜕𝜌𝜒

𝜆
𝑛𝜌(𝜌)] 𝜌

3 𝑑𝜌 (A.28c)

− 𝜆ℏ𝑓2(𝑧)∫
∞

0
𝜒𝜆+1𝑛𝜌−2(𝜌)𝜒

𝜆
𝑛𝜌(𝜌) 𝑑𝜌. (A.28d)

Employing a transformation from 𝜌 to 𝑥 yields the following

⟨𝑛𝜌 − 2 𝜆 + 1∣𝕃+∣𝑛𝜌 𝜆⟩ = √
𝑛𝜌(𝑛𝜌 − 1)
𝑛𝜌 + 𝜆

(𝑛𝜌 − 2)!
(𝑛𝜌 + 𝜆 − 1)!

×

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜

⎝

+ ℏ (𝑓1(𝑧)𝜕𝑧 + 𝜆𝑓3(𝑧))
√𝑘𝜌

∫
∞

0
𝑒−𝑥𝑥𝜆+1𝐿𝜆+1𝑛𝜌−2(𝑥)𝐿

𝜆
𝑛𝜌(𝑥) 𝑑𝑥

− ℏ𝑓2(𝑧)√𝑘𝜌∫
∞

0
(
𝑒−𝑥𝑥𝜆𝐿𝜆+1𝑛𝜌−2(𝑥)

× [(𝜆 − 𝑥)𝐿𝜆𝑛𝜌(𝑥) − 2𝑥𝐿
𝜆+1
𝑛𝜌−1(𝑥)]

) 𝑑𝑥

− ℏ𝑓3(𝑧)
√𝑘𝜌

∫
∞

0
(
𝑒−𝑥𝑥𝜆+1𝐿𝜆+1𝑛𝜌−2(𝑥)

× [(𝜆 − 𝑥)𝐿𝜆𝑛𝜌(𝑥) − 2𝑥𝐿
𝜆+1
𝑛𝜌−1(𝑥)]

) 𝑑𝑥

+ ℏ𝜆𝑓2(𝑧)√𝑘𝜌∫
∞

0
𝑒−𝑥𝑥𝜆𝐿𝜆+1𝑛𝜌−2(𝑥)𝐿

𝜆
𝑛𝜌(𝑥) 𝑑𝑥

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟

⎠

.

Evaluating the integrals reveals that only the third term (involving 𝑓3(𝑧)) is non-zero for this element. As
such the calculation reduces to the following

⟨𝑛𝜌 − 2 𝜆 + 1∣𝕃+∣𝑛𝜌 𝜆⟩ = −ℏ𝑓3(𝑧)√
𝑛𝜌(𝑛𝜌 − 1)
𝑘𝜌(𝑛𝜌 + 𝜆)

(𝑛𝜌 − 2)!
(𝑛𝜌 + 𝜆 − 1)!

[
(𝑛𝜌 + 𝜆)!
(𝑛𝜌 − 2)!

]

= −ℏ𝑓3(𝑧)√
𝑛𝜌(𝑛𝜌 + 𝜆)(𝑛𝜌 − 1)

𝑘𝜌

Therefore,

⟨𝑛𝜌 − 2 𝜆 + 1∣𝕃+∣𝑛𝜌 𝜆⟩ = −ℏ√
𝑛𝜌(𝑛𝜌 + 𝜆)(𝑛𝜌 − 1)

𝑘𝜌
⟨𝑛′𝑧 𝑛𝜌 − 2 𝜆 + 1∣𝑓3∣𝑛𝑧 𝑛𝜌 𝜆⟩ (A.29)
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A.2.4 Matrix elements involving 𝕃−

There are four non-zero matrix elements which involve 𝕃−, given below:

⟨𝑛′𝑧 𝑛𝜌 𝜆 − 1∣𝕃−∣𝑛𝑧 𝑛𝜌 𝜆⟩ (A.30a)

⟨𝑛′𝑧 𝑛𝜌 + 1 𝜆 − 1∣𝕃−∣𝑛𝑧 𝑛𝜌 𝜆⟩ (A.30b)

⟨𝑛′𝑧 𝑛𝜌 − 1 𝜆 − 1∣𝕃−∣𝑛𝑧 𝑛𝜌 𝜆⟩ (A.30c)

⟨𝑛′𝑧 𝑛𝜌 + 2 𝜆 − 1∣𝕃−∣𝑛𝑧 𝑛𝜌 𝜆⟩ (A.30d)

Solving ⟨𝑛′𝑧 𝑛𝜌 𝜆 − 1∣𝕃−∣𝑛𝑧 𝑛𝜌 𝜆⟩

Removing the implicit integral over 𝑧 and evaluating the 𝜙 integral reduces the matrix element to:

⟨𝑛𝜌 𝜆 − 1∣𝕃−∣𝑛𝜌 𝜆⟩ =

ℏ (𝑓1(𝑧)𝜕𝑧 − 𝜆𝑓3(𝑧))∫
∞

0
𝜒𝜆−1𝑛𝜌 (𝜌)𝜒𝜆𝑛𝜌(𝜌)𝜌

2 𝑑𝜌 (A.31a)

− ℏ𝑓2(𝑧)∫
∞

0
𝜒𝜆−1𝑛𝜌 (𝜌) [𝜕𝜌𝜒𝜆𝑛𝜌(𝜌)] 𝜌 𝑑𝜌 (A.31b)

− ℏ𝑓3(𝑧)∫
∞

0
𝜒𝜆−1𝑛𝜌 (𝜌) [𝜕𝜌𝜒𝜆𝑛𝜌(𝜌)] 𝜌

3 𝑑𝜌 (A.31c)

− 𝜆ℏ𝑓2(𝑧)∫
∞

0
𝜒𝜆−1𝑛𝜌 (𝜌)𝜒𝜆𝑛𝜌(𝜌) 𝑑𝜌. (A.31d)

The transformation to 𝑥 yields

⟨𝑛𝜌 𝜆 − 1∣𝕃−∣𝑛𝜌 𝜆⟩ = −√ 1
𝑛𝜌 + 𝜆

𝑛𝜌!
(𝑛𝜌 + 𝜆 − 1)!

×

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜

⎝

+ ℏ (𝑓1(𝑧)𝜕𝑧 − 𝜆𝑓3(𝑧))
√𝑘𝜌

∫
∞

0
𝑒−𝑥𝑥𝜆𝐿𝜆−1𝑛𝜌 (𝑥)𝐿𝜆𝑛𝜌(𝑥) 𝑑𝑥

− ℏ𝑓2(𝑧)√𝑘𝜌∫
∞

0
(
𝑒−𝑥𝑥𝜆−1𝐿𝜆−1𝑛𝜌 (𝑥)

× [(𝜆 − 𝑥)𝐿𝜆𝑛𝜌(𝑥) − 2𝑥𝐿
𝜆+1
𝑛𝜌−1(𝑥)]

) 𝑑𝑥

− ℏ𝑓3(𝑧)
√𝑘𝜌

∫
∞

0
(
𝑒−𝑥𝑥𝜆𝐿𝜆−1𝑛𝜌 (𝑥)

× [(𝜆 − 𝑥)𝐿𝜆𝑛𝜌(𝑥) − 2𝑥𝐿
𝜆+1
𝑛𝜌−1(𝑥)]

) 𝑑𝑥

− ℏ𝜆𝑓2(𝑧)√𝑘𝜌∫
∞

0
𝑒−𝑥𝑥𝜆−1𝐿𝜆−1𝑛𝜌 (𝑥)𝐿𝜆𝑛𝜌(𝑥) 𝑑𝑥

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟

⎠

.
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The integrals may then be evaluated using the relationships defined at the start of the appendix, yielding

⟨𝑛𝜌 𝜆 − 1∣𝕃−∣𝑛𝜌 𝜆⟩ = −√ 1
𝑛𝜌 + 𝜆

𝑛𝜌!
(𝑛𝜌 + 𝜆 − 1)!

×

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜

⎝

+ ℏ (𝑓1(𝑧)𝜕𝑧 − 𝜆𝑓3(𝑧))
√𝑘𝜌

[
(𝑛𝜌 + 𝜆)!

𝑛𝜌!
]

− ℏ𝑓2(𝑧)√𝑘𝜌 [
(𝑛𝜌 + 𝜆 − 1)!
(𝑛𝜌 − 1)!

]

− ℏ𝑓3(𝑧)
√𝑘𝜌

[(𝑛𝜌 − 1)
(𝑛𝜌 + 𝜆)!

𝑛𝜌!
]

− ℏ𝜆𝑓2(𝑧)√𝑘𝜌 [
(𝑛𝜌 + 𝜆 − 1)!

𝑛𝜌!
]

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟

⎠

.

Expanding the brackets and simplifying produces the final expression for ⟨𝑛′𝑧 𝑛𝜌 𝜆 − 1∣𝕃−∣𝑛𝑧 𝑛𝜌 𝜆⟩,

⟨𝑛′𝑧 𝑛𝜌 𝜆 − 1∣𝕃−∣𝑛𝑧 𝑛𝜌 𝜆⟩ = √𝑛𝜌 + 𝜆
𝑘𝜌

⟨𝑛′𝑧∣𝑘𝜌𝑓2(𝑧) − 𝑓1(𝑧) + (𝑛𝜌 + 𝜆 − 1)𝑓3(𝑧)∣𝑛𝑧⟩ (A.32)

Solving ⟨𝑛′𝑧 𝑛𝜌 + 1 𝜆 − 1∣𝕃−∣𝑛𝑧 𝑛𝜌 𝜆⟩

The process now falls into a repeatable pattern. Removing the integral over 𝑧 and evaluating the integral
in 𝜙 yields the following

⟨𝑛𝜌 + 1 𝜆 − 1∣𝕃−∣𝑛𝜌 𝜆⟩ =

ℏ (𝑓1(𝑧)𝜕𝑧 − 𝜆𝑓3(𝑧))∫
∞

0
𝜒𝜆−1𝑛𝜌+1(𝜌)𝜒

𝜆
𝑛𝜌(𝜌)𝜌

2 𝑑𝜌 (A.33a)

− ℏ𝑓2(𝑧)∫
∞

0
𝜒𝜆−1𝑛𝜌+1(𝜌) [𝜕𝜌𝜒

𝜆
𝑛𝜌(𝜌)] 𝜌 𝑑𝜌 (A.33b)

− ℏ𝑓3(𝑧)∫
∞

0
𝜒𝜆−1𝑛𝜌+1(𝜌) [𝜕𝜌𝜒

𝜆
𝑛𝜌(𝜌)] 𝜌

3 𝑑𝜌 (A.33c)

− 𝜆ℏ𝑓2(𝑧)∫
∞

0
𝜒𝜆−1𝑛𝜌+1(𝜌)𝜒

𝜆
𝑛𝜌(𝜌) 𝑑𝜌. (A.33d)

These are then transformed to integrations over the variable 𝑥,

⟨𝑛𝜌 + 1 𝜆 − 1∣𝕃−∣𝑛𝜌 𝜆⟩ = −√𝑛𝜌 + 1
𝑛𝜌!

(𝑛𝜌 + 𝜆)!

×

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜

⎝

+ ℏ (𝑓1(𝑧)𝜕𝑧 − 𝜆𝑓3(𝑧))
√𝑘𝜌

∫
∞

0
𝑒−𝑥𝑥𝜆𝐿𝜆−1𝑛𝜌+1(𝑥)𝐿

𝜆
𝑛𝜌(𝑥) 𝑑𝑥

− ℏ𝑓2(𝑧)√𝑘𝜌∫
∞

0
(
𝑒−𝑥𝑥𝜆−1𝐿𝜆−1𝑛𝜌+1(𝑥)

× [(𝜆 − 𝑥)𝐿𝜆𝑛𝜌(𝑥) − 2𝑥𝐿
𝜆+1
𝑛𝜌−1(𝑥)]

) 𝑑𝑥

− ℏ𝑓3(𝑧)
√𝑘𝜌

∫
∞

0
(
𝑒−𝑥𝑥𝜆𝐿𝜆−1𝑛𝜌+1(𝑥)

× [(𝜆 − 𝑥)𝐿𝜆𝑛𝜌(𝑥) − 2𝑥𝐿
𝜆+1
𝑛𝜌−1(𝑥)]

) 𝑑𝑥

− ℏ𝜆𝑓2(𝑧)√𝑘𝜌∫
∞

0
𝑒−𝑥𝑥𝜆−1𝐿𝜆−1𝑛𝜌+1(𝑥)𝐿

𝜆
𝑛𝜌(𝑥) 𝑑𝑥

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟

⎠

.
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The integralsmay then be evaluated using the recurrence and orthogonality relationships of the Laguerre
polynomials, producing

⟨𝑛𝜌 + 1 𝜆 − 1∣𝕃−∣𝑛𝜌 𝜆⟩ = −√𝑛𝜌 + 1
𝑛𝜌!

(𝑛𝜌 + 𝜆)!

×

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜

⎝

+ ℏ (𝑓1(𝑧)𝜕𝑧 − 𝜆𝑓3(𝑧))
√𝑘𝜌

[−
(𝑛𝜌 + 𝜆)!

𝑛𝜌!
]

− ℏ𝑓2(𝑧)√𝑘𝜌 [
(𝑛𝜌 + 𝜆)!

𝑛𝜌!
]

− ℏ𝑓3(𝑧)
√𝑘𝜌

[(𝑛𝜌 + 𝜆 + 2)
(𝑛𝜌 + 𝜆)!

𝑛𝜌!
]

− ℏ𝜆𝑓2(𝑧)√𝑘𝜌 [0]

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟

⎠

.

And simplified to find the following expression for the matrix element

⟨𝑛′𝑧 𝑛𝜌 + 1 𝜆 − 1∣𝕃−∣𝑛𝑧 𝑛𝜌 𝜆⟩ = ℏ√
𝑛𝜌 + 1
𝑘𝜌

⟨𝑛′𝑧∣𝑘𝜌𝑓2(𝑧) + 𝑓1(𝑧) + (𝑛𝜌 + 2)𝑓3(𝑧)∣𝑛𝑧⟩ (A.34)

Solving ⟨𝑛′𝑧 𝑛𝜌 − 1 𝜆 − 1∣𝕃−∣𝑛𝑧 𝑛𝜌 𝜆⟩

The evaluable components are

⟨𝑛𝜌 − 1 𝜆 − 1∣𝕃−∣𝑛𝜌 𝜆⟩ =

ℏ (𝑓1(𝑧)𝜕𝑧 − 𝜆𝑓3(𝑧))∫
∞

0
𝜒𝜆−1𝑛𝜌−1(𝜌)𝜒

𝜆
𝑛𝜌(𝜌)𝜌

2 𝑑𝜌 (A.35a)

− ℏ𝑓2(𝑧)∫
∞

0
𝜒𝜆−1𝑛𝜌−1(𝜌) [𝜕𝜌𝜒

𝜆
𝑛𝜌(𝜌)] 𝜌 𝑑𝜌 (A.35b)

− ℏ𝑓3(𝑧)∫
∞

0
𝜒𝜆−1𝑛𝜌−1(𝜌) [𝜕𝜌𝜒

𝜆
𝑛𝜌(𝜌)] 𝜌

3 𝑑𝜌 (A.35c)

− 𝜆ℏ𝑓2(𝑧)∫
∞

0
𝜒𝜆−1𝑛𝜌−1(𝜌)𝜒

𝜆
𝑛𝜌(𝜌) 𝑑𝜌. (A.35d)

Transforming into the Laguerre polynomials directly yields

⟨𝑛𝜌 − 1 𝜆 − 1∣𝕃−∣𝑛𝜌 𝜆⟩ = −√
𝑛𝜌

(𝑛𝜌 + 𝜆)(𝑛𝜌 + 𝜆 − 1)
(𝑛𝜌 − 1)!

(𝑛𝜌 + 𝜆 − 2)!

×

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜

⎝

+ ℏ (𝑓1(𝑧)𝜕𝑧 − 𝜆𝑓3(𝑧))
√𝑘𝜌

∫
∞

0
𝑒−𝑥𝑥𝜆𝐿𝜆−1𝑛𝜌−1(𝑥)𝐿

𝜆
𝑛𝜌(𝑥) 𝑑𝑥

− ℏ𝑓2(𝑧)√𝑘𝜌∫
∞

0
(
𝑒−𝑥𝑥𝜆−1𝐿𝜆−1𝑛𝜌−1(𝑥)

× [(𝜆 − 𝑥)𝐿𝜆𝑛𝜌(𝑥) − 2𝑥𝐿
𝜆+1
𝑛𝜌−1(𝑥)]

) 𝑑𝑥

− ℏ𝑓3(𝑧)
√𝑘𝜌

∫
∞

0
(
𝑒−𝑥𝑥𝜆𝐿𝜆−1𝑛𝜌−1(𝑥)

× [(𝜆 − 𝑥)𝐿𝜆𝑛𝜌(𝑥) − 2𝑥𝐿
𝜆+1
𝑛𝜌−1(𝑥)]

) 𝑑𝑥

− ℏ𝜆𝑓2(𝑧)√𝑘𝜌∫
∞

0
𝑒−𝑥𝑥𝜆−1𝐿𝜆−1𝑛𝜌−1(𝑥)𝐿

𝜆
𝑛𝜌(𝑥) 𝑑𝑥

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟

⎠

.
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The results of the integrals are determined to be,

⟨𝑛𝜌 − 1 𝜆 − 1∣𝕃−∣𝑛𝜌 𝜆⟩ = −√
𝑛𝜌

(𝑛𝜌 + 𝜆)(𝑛𝜌 + 𝜆 − 1)
(𝑛𝜌 − 1)!

(𝑛𝜌 + 𝜆 − 2)!

×

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜

⎝

+ ℏ (𝑓1(𝑧)𝜕𝑧 − 𝜆𝑓3(𝑧))
√𝑘𝜌

[0]

− ℏ𝑓2(𝑧)√𝑘𝜌 [−𝜆
(𝑛𝜌 + 𝜆 − 2)!
(𝑛𝜌 − 1)!

]

− ℏ𝑓3(𝑧)
√𝑘𝜌

[−
(𝑛𝜌 + 𝜆)!
(𝑛𝜌 − 1)!

]

− ℏ𝜆𝑓2(𝑧)√𝑘𝜌 [
(𝑛𝜌 + 𝜆 − 2)!
(𝑛𝜌 − 1)!

]

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟

⎠

.

This simplifies to the final result of

⟨𝑛′𝑧 𝑛𝜌 − 1 𝜆 − 1∣𝕃−∣𝑛𝑧 𝑛𝜌 𝜆⟩ = −ℏ√
𝑛𝜌(𝑛𝜌 + 𝜆)(𝑛𝜌 + 𝜆 − 1)

𝑘𝜌
⟨𝑛′𝑧∣𝑓3(𝑧)∣𝑛𝑧⟩ (A.36)

Solving ⟨𝑛′𝑧 𝑛𝜌 + 2 𝜆 − 1∣𝕃−∣𝑛𝑧 𝑛𝜌 𝜆⟩

For this final matrix element we start with the expanded terms,

⟨𝑛𝜌 + 2 𝜆 − 1∣𝕃−∣𝑛𝜌 𝜆⟩ =

ℏ (𝑓1(𝑧)𝜕𝑧 − 𝜆𝑓3(𝑧))∫
∞

0
𝜒𝜆−1𝑛𝜌+2(𝜌)𝜒

𝜆
𝑛𝜌(𝜌)𝜌

2 𝑑𝜌 (A.37a)

− ℏ𝑓2(𝑧)∫
∞

0
𝜒𝜆−1𝑛𝜌+2(𝜌) [𝜕𝜌𝜒

𝜆
𝑛𝜌(𝜌)] 𝜌 𝑑𝜌 (A.37b)

− ℏ𝑓3(𝑧)∫
∞

0
𝜒𝜆−1𝑛𝜌+2(𝜌) [𝜕𝜌𝜒

𝜆
𝑛𝜌(𝜌)] 𝜌

3 𝑑𝜌 (A.37c)

− 𝜆ℏ𝑓2(𝑧)∫
∞

0
𝜒𝜆−1𝑛𝜌+2(𝜌)𝜒

𝜆
𝑛𝜌(𝜌) 𝑑𝜌. (A.37d)

These are then transformed into the following integrals of Laguerre polynomials,

⟨𝑛𝜌 + 2 𝜆 − 1∣𝕃−∣𝑛𝜌 𝜆⟩ = −√
(𝑛𝜌 + 1)(𝑛𝜌 + 2)

𝑛𝜌 + 𝜆 + 1
𝑛𝜌!

(𝑛𝜌 + 𝜆)!

×

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜

⎝

+ ℏ (𝑓1(𝑧)𝜕𝑧 − 𝜆𝑓3(𝑧))
√𝑘𝜌

∫
∞

0
𝑒−𝑥𝑥𝜆𝐿𝜆−1𝑛𝜌+2(𝑥)𝐿

𝜆
𝑛𝜌(𝑥) 𝑑𝑥

− ℏ𝑓2(𝑧)√𝑘𝜌∫
∞

0
(
𝑒−𝑥𝑥𝜆−1𝐿𝜆−1𝑛𝜌+2(𝑥)

× [(𝜆 − 𝑥)𝐿𝜆𝑛𝜌(𝑥) − 2𝑥𝐿
𝜆+1
𝑛𝜌−1(𝑥)]

) 𝑑𝑥

− ℏ𝑓3(𝑧)
√𝑘𝜌

∫
∞

0
(
𝑒−𝑥𝑥𝜆𝐿𝜆−1𝑛𝜌+2(𝑥)

× [(𝜆 − 𝑥)𝐿𝜆𝑛𝜌(𝑥) − 2𝑥𝐿
𝜆+1
𝑛𝜌−1(𝑥)]

) 𝑑𝑥

− ℏ𝜆𝑓2(𝑧)√𝑘𝜌∫
∞

0
𝑒−𝑥𝑥𝜆−1𝐿𝜆−1𝑛𝜌+2(𝑥)𝐿

𝜆
𝑛𝜌(𝑥) 𝑑𝑥

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟

⎠

.
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Solving the integrals reveals that only the third term in this series is non-zero. Therefore the expression
reduces to the following

⟨𝑛𝜌 + 2 𝜆 − 1∣𝕃−∣𝑛𝜌 𝜆⟩ = −√
(𝑛𝜌 + 1)(𝑛𝜌 + 2)

𝑛𝜌 + 𝜆 + 1
𝑛𝜌!

(𝑛𝜌 + 𝜆)!
[ℏ𝑓3(𝑧)
√𝑘𝜌

(𝑛𝜌 + 𝜆 + 1)!
𝑛𝜌!

] , (A.38)

with the final matrix element being given by

⟨𝑛𝜌 + 2 𝜆 − 1∣𝕃−∣𝑛𝜌 𝜆⟩ = −ℏ√
(𝑛𝜌 + 1)(𝑛𝜌 + 2)(𝑛𝜌 + 𝜆 + 1)

𝑘𝜌
⟨𝑛′𝑧∣𝑓3(𝑧)∣𝑛𝑧⟩ (A.39)

A.3 Matrix elements for 𝑙2

The 𝑙2 matrix elements can be calculated by first noting that the 𝑙2 operators may be decomposed in
terms of the ladder operators, i.e.

ℓ̂2 = 1
2 (ℓ̂

+ℓ̂− + ℓ̂−ℓ̂+) + ℓ̂2𝑧 , (A.40)

The ladder operator in cylindrical coordinates is given by

𝑙± = ∓ℏ𝑒±𝑖𝜙 [𝜌𝜕𝑧 − 𝑧𝜕𝜌 ∓ 𝑖 𝑧𝜌𝜕𝜙] (A.41)

A.3.1 Non-vanishing Matrix Elements

There are four non-vanishing matrix elements, given by

⟨𝑛′𝑧 𝑛𝜌𝑚 + 1∣𝑙+∣𝑛𝑧 𝑛𝜌𝑚⟩ (A.42a)

⟨𝑛′𝑧 𝑛𝜌 − 1𝑚 + 1∣𝑙+∣𝑛𝑧 𝑛𝜌𝑚⟩ (A.42b)

⟨𝑛′𝑧 𝑛𝜌𝑚 − 1∣𝑙−∣𝑛𝑧 𝑛𝜌𝑚⟩ (A.42c)

⟨𝑛′𝑧 𝑛𝜌 + 1𝑚 − 1∣𝑙−∣𝑛𝑧 𝑛𝜌𝑚⟩ (A.42d)

Determining ⟨𝑛′𝑧 𝑛𝜌 𝜆 + 1∣𝑙+∣𝑛𝑧 𝑛𝜌 𝜆⟩

Removing the 𝑧 integration and evaluating the integration in 𝜙 yields the following expansion

⟨𝑛𝜌 𝜆 + 1∣𝑙+∣𝑛𝜌𝑚⟩ = −ℏ𝜕𝑧∫
∞

0
𝜒𝜆+1𝑛𝜌 (𝜌)𝜒𝜆𝑛𝜌(𝜌)𝜌

2 𝑑𝜌

+ ℏ𝑧∫
∞

0
𝜒𝜆+1𝑛𝜌 (𝜌) [𝜕𝜌𝜒𝜆𝑛𝜌(𝜌)] 𝜌 𝑑𝜌

− ℏ𝜆𝑧∫
∞

0
𝜒𝜆+1𝑛𝜌 (𝜌)𝜒𝜆𝑛𝜌(𝜌) 𝑑𝜌

(A.43)
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These integrals may then be transformed from 𝜌 to 𝑥 via the conversions shown in §A.1.2. This yields

⟨𝑛𝜌 𝜆 + 1∣𝑙+∣𝑛𝜌𝑚⟩ = −√ 1
𝑛𝜌 + 𝜆 + 1

𝑛𝜌!
(𝑛𝜌 + 𝜆)!

×
⎛⎜⎜⎜⎜⎜

⎝

− ℏ
√𝑘𝜌

𝜕𝑧∫
∞

0
𝑒−𝑥𝑥𝜆+1𝐿𝜆+1𝑛𝜌 (𝑥)𝐿𝜆𝑛𝜌(𝑥) 𝑑𝑥

+ ℏ𝑧√𝑘𝜌∫
∞

0
𝑒−𝑥𝑥𝜆𝐿𝜆+1𝑛𝜌 (𝑥) [(𝜆 − 𝑥)𝐿𝜆𝑛𝜌(𝑥) − 2𝑥𝐿

𝜆+1
𝑛𝜌−1(𝑥)] 𝑑𝑥

− ℏ𝜆𝑧√𝑘𝜌∫
∞

0
𝑒−𝑥𝑥𝜆𝐿𝜆+1𝑛𝜌 (𝑥)𝐿𝜆𝑛𝜌(𝑥) 𝑑𝑥

⎞⎟⎟⎟⎟⎟

⎠
(A.44)

Evaluating the integrals produces the following

⟨𝑛𝜌 𝜆 + 1∣𝑙+∣𝑛𝜌𝑚⟩ = −√ 1
𝑛𝜌 + 𝜆 + 1

𝑛𝜌!
(𝑛𝜌 + 𝜆)!

⎛⎜⎜⎜⎜⎜⎜⎜

⎝

− ℏ
√𝑘𝜌

𝜕𝑧 [
(𝑛𝜌 + 𝜆 + 1)!

𝑛𝜌!
]

+ ℏ𝑧√𝑘𝜌 [𝜆
(𝑛𝜌 + 𝜆)!

𝑛𝜌!
−
(𝑛𝜌 + 𝜆 + 1)!

𝑛𝜌!
]

− ℏ𝜆𝑧√𝑘𝜌 [
(𝑛𝜌 + 𝜆)!

𝑛𝜌!
]

⎞⎟⎟⎟⎟⎟⎟⎟

⎠

(A.45)

Simplifying yields the following expression for the matrix element

⟨𝑛′𝑧 𝑛𝜌 𝜆 + 1∣𝑙+∣𝑛𝑧 𝑛𝜌 𝜆⟩ = ℏ√
𝑛𝜌 + 𝜆 + 1

𝑘𝜌
⟨𝑛′𝑧∣𝑘𝜌𝑧 + 𝜕𝑧∣𝑛𝑧⟩ (A.46)

Determining ⟨𝑛′𝑧 𝑛𝜌 − 1 𝜆 + 1∣𝑙+∣𝑛𝑧 𝑛𝜌 𝜆⟩

Removing the 𝑧 integration and evaluating the integration in 𝜙 yields the following expansion

⟨𝑛𝜌 − 1 𝜆 + 1∣𝑙+∣𝑛𝜌𝑚⟩ = −ℏ𝜕𝑧∫
∞

0
𝜒𝜆+1𝑛𝜌−1(𝜌)𝜒

𝜆
𝑛𝜌(𝜌)𝜌

2 𝑑𝜌

+ ℏ𝑧∫
∞

0
𝜒𝜆+1𝑛𝜌−1(𝜌) [𝜕𝜌𝜒

𝜆
𝑛𝜌(𝜌)] 𝜌 𝑑𝜌

− ℏ𝜆𝑧∫
∞

0
𝜒𝜆+1𝑛𝜌−1(𝜌)𝜒

𝜆
𝑛𝜌(𝜌) 𝑑𝜌

(A.47)

These integrals may then be transformed from 𝜌 to 𝑥 via the conversions shown in §A.1.2. This yields

⟨𝑛𝜌 − 1 𝜆 + 1∣𝑙+∣𝑛𝜌𝑚⟩ = −√𝑛𝜌
(𝑛𝜌 − 1)!
(𝑛𝜌 + 𝜆)!

×
⎛⎜⎜⎜⎜⎜

⎝

− ℏ
√𝑘𝜌

𝜕𝑧∫
∞

0
𝑒−𝑥𝑥𝜆+1𝐿𝜆+1𝑛𝜌−1(𝑥)𝐿

𝜆
𝑛𝜌(𝑥) 𝑑𝑥

+ ℏ𝑧√𝑘𝜌∫
∞

0
𝑒−𝑥𝑥𝜆𝐿𝜆+1𝑛𝜌−1(𝑥) [(𝜆 − 𝑥)𝐿

𝜆
𝑛𝜌(𝑥) − 2𝑥𝐿

𝜆+1
𝑛𝜌−1(𝑥)] 𝑑𝑥

− ℏ𝜆𝑧√𝑘𝜌∫
∞

0
𝑒−𝑥𝑥𝜆𝐿𝜆+1𝑛𝜌−1(𝑥)𝐿

𝜆
𝑛𝜌(𝑥) 𝑑𝑥

⎞⎟⎟⎟⎟⎟

⎠
(A.48)
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Evaluating the integrals produces the following

⟨𝑛𝜌 − 1 𝜆 + 1∣𝑙+∣𝑛𝜌𝑚⟩ = −√𝑛𝜌
(𝑛𝜌 − 1)!
(𝑛𝜌 + 𝜆)!

⎛⎜⎜⎜⎜⎜

⎝

− ℏ
√𝑘𝜌

𝜕𝑧 [−
(𝑛𝜌 + 𝜆)!
(𝑛𝜌 − 1)!

]

+ ℏ𝑧√𝑘𝜌 [−
(𝑛𝜌 + 𝜆)!
(𝑛𝜌 − 1)!

]

− ℏ𝜆𝑧√𝑘𝜌 [0]

⎞⎟⎟⎟⎟⎟

⎠

(A.49)

Simplifying yields the following expression for the matrix element

⟨𝑛′𝑧 𝑛𝜌 − 1 𝜆 + 1∣𝑙+∣𝑛𝑧 𝑛𝜌 𝜆⟩ = ℏ√
𝑛𝜌
𝑘𝜌
⟨𝑛′𝑧∣𝑘𝜌𝑧 − 𝜕𝑧∣𝑛𝑧⟩ (A.50)

Determining ⟨𝑛′𝑧 𝑛𝜌 𝜆 − 1∣𝑙−∣𝑛𝑧 𝑛𝜌 𝜆⟩

Removing the 𝑧 integration and evaluating the integration in 𝜙 yields the following expansion

⟨𝑛𝜌 𝜆 − 1∣𝑙−∣𝑛𝜌𝑚⟩ = ℏ𝜕𝑧∫
∞

0
𝜒𝜆−1𝑛𝜌 (𝜌)𝜒𝜆𝑛𝜌(𝜌)𝜌

2 𝑑𝜌

− ℏ𝑧∫
∞

0
𝜒𝜆−1𝑛𝜌 (𝜌) [𝜕𝜌𝜒𝜆𝑛𝜌(𝜌)] 𝜌 𝑑𝜌

− ℏ𝜆𝑧∫
∞

0
𝜒𝜆−1𝑛𝜌 (𝜌)𝜒𝜆𝑛𝜌(𝜌) 𝑑𝜌

(A.51)

These integrals may then be transformed from 𝜌 to 𝑥 via the conversions shown in §A.1.2. This yields

⟨𝑛𝜌 𝜆 − 1∣𝑙−∣𝑛𝜌𝑚⟩ = −√ 1
𝑛𝜌 + 𝜆

𝑛𝜌!
(𝑛𝜌 + 𝜆 − 1)!

×
⎛⎜⎜⎜⎜⎜

⎝

ℏ
√𝑘𝜌

𝜕𝑧∫
∞

0
𝑒−𝑥𝑥𝜆𝐿𝜆−1𝑛𝜌 (𝑥)𝐿𝜆𝑛𝜌(𝑥) 𝑑𝑥

− ℏ𝑧√𝑘𝜌∫
∞

0
𝑒−𝑥𝑥𝜆−1𝐿𝜆−1𝑛𝜌 (𝑥) [(𝜆 − 𝑥)𝐿𝜆𝑛𝜌(𝑥) − 2𝑥𝐿

𝜆+1
𝑛𝜌−1(𝑥)] 𝑑𝑥

− ℏ𝜆𝑧√𝑘𝜌∫
∞

0
𝑒−𝑥𝑥𝜆−1𝐿𝜆−1𝑛𝜌 (𝑥)𝐿𝜆𝑛𝜌(𝑥) 𝑑𝑥

⎞⎟⎟⎟⎟⎟

⎠
(A.52)

Evaluating the integrals produces the following

⟨𝑛𝜌 𝜆 − 1∣𝑙−∣𝑛𝜌𝑚⟩ = −√ 1
𝑛𝜌 + 𝜆

𝑛𝜌!
(𝑛𝜌 + 𝜆 − 1)!

⎛⎜⎜⎜⎜⎜⎜⎜

⎝

ℏ
√𝑘𝜌

𝜕𝑧 [
(𝑛𝜌 + 𝜆)!

𝑛𝜌!
]

− ℏ𝑧√𝑘𝜌 [
(𝑛𝜌 + 𝜆 − 1)!
(𝑛𝜌 − 1)!

]

− ℏ𝜆𝑧√𝑘𝜌 [
(𝑛𝜌 + 𝜆 − 1)!

𝑛𝜌!
]

⎞⎟⎟⎟⎟⎟⎟⎟

⎠

(A.53)

Simplifying yields the following expression for the matrix element

⟨𝑛′𝑧 𝑛𝜌 𝜆 − 1∣𝑙−∣𝑛𝑧 𝑛𝜌 𝜆⟩ = ℏ√
𝑛𝜌 + 𝜆
𝑘𝜌

⟨𝑛′𝑧∣𝑘𝜌𝑧 − 𝜕𝑧∣𝑛𝑧⟩ (A.54)
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Determining ⟨𝑛′𝑧 𝑛𝜌 + 1𝑚 − 1∣𝑙−∣𝑛𝑧 𝑛𝜌𝑚⟩

Removing the 𝑧 integration and evaluating the integration in 𝜙 yields the following expansion

⟨𝑛𝜌 + 1 𝜆 − 1∣𝑙−∣𝑛𝜌𝑚⟩ = ℏ𝜕𝑧∫
∞

0
𝜒𝜆−1𝑛𝜌+1(𝜌)𝜒

𝜆
𝑛𝜌(𝜌)𝜌

2 𝑑𝜌

− ℏ𝑧∫
∞

0
𝜒𝜆−1𝑛𝜌+1(𝜌) [𝜕𝜌𝜒

𝜆
𝑛𝜌(𝜌)] 𝜌 𝑑𝜌

− ℏ𝜆𝑧∫
∞

0
𝜒𝜆−1𝑛𝜌+1(𝜌)𝜒

𝜆
𝑛𝜌(𝜌) 𝑑𝜌

(A.55)

These integrals may then be transformed from 𝜌 to 𝑥 via the conversions shown in §A.1.2. This yields

⟨𝑛𝜌 + 1 𝜆 − 1∣𝑙−∣𝑛𝜌𝑚⟩ = −√𝑛𝜌 + 1
𝑛𝜌!

(𝑛𝜌 + 𝜆)!

×
⎛⎜⎜⎜⎜⎜

⎝

ℏ
√𝑘𝜌

𝜕𝑧∫
∞

0
𝑒−𝑥𝑥𝜆𝐿𝜆−1𝑛𝜌+1(𝑥)𝐿

𝜆
𝑛𝜌(𝑥) 𝑑𝑥

− ℏ𝑧√𝑘𝜌∫
∞

0
𝑒−𝑥𝑥𝜆−1𝐿𝜆−1𝑛𝜌+1(𝑥) [(𝜆 − 𝑥)𝐿

𝜆
𝑛𝜌(𝑥) − 2𝑥𝐿

𝜆+1
𝑛𝜌−1(𝑥)] 𝑑𝑥

− ℏ𝜆𝑧√𝑘𝜌∫
∞

0
𝑒−𝑥𝑥𝜆−1𝐿𝜆−1𝑛𝜌+1(𝑥)𝐿

𝜆
𝑛𝜌(𝑥) 𝑑𝑥

⎞⎟⎟⎟⎟⎟

⎠
(A.56)

Evaluating the integrals produces the following

⟨𝑛𝜌 + 1 𝜆 − 1∣𝑙−∣𝑛𝜌𝑚⟩ = −√ 1
𝑛𝜌 + 𝜆

𝑛𝜌!
(𝑛𝜌 + 𝜆 − 1)!

⎛⎜⎜⎜⎜⎜

⎝

ℏ
√𝑘𝜌

𝜕𝑧 [−
(𝑛𝜌 + 𝜆)!

𝑛𝜌!
]

− ℏ𝑧√𝑘𝜌 [
(𝑛𝜌 + 𝜆)!

𝑛𝜌!
]

− ℏ𝜆𝑧√𝑘𝜌 [0]

⎞⎟⎟⎟⎟⎟

⎠

(A.57)

Simplifying yields the following expression for the matrix element

⟨𝑛′𝑧 𝑛𝜌 + 1 𝜆 − 1∣𝑙−∣𝑛𝑧 𝑛𝜌 𝜆⟩ = ℏ√
𝑛𝜌 + 1
𝑘𝜌

⟨𝑛′𝑧∣𝑘𝜌𝑧 + 𝜕𝑧∣𝑛𝑧⟩ (A.58)

A.3.2 Determining the Final Elements

The final ladder operator matrix elements are given by

⟨𝑛′𝑧 𝑛𝜌 𝜆 + 1∣𝑙+∣𝑛𝑧 𝑛𝜌 𝜆⟩ = ℏ√
𝑛𝜌 + 𝜆 + 1

𝑘𝜌
⟨𝑛′𝑧∣𝑘𝜌𝑧 + 𝜕𝑧∣𝑛𝑧⟩ (A.59a)

⟨𝑛′𝑧 𝑛𝜌 − 1 𝜆 + 1∣𝑙+∣𝑛𝑧 𝑛𝜌 𝜆⟩ = ℏ√
𝑛𝜌
𝑘𝜌
⟨𝑛′𝑧∣𝑘𝜌𝑧 − 𝜕𝑧∣𝑛𝑧⟩ (A.59b)

⟨𝑛′𝑧 𝑛𝜌 𝜆 − 1∣𝑙−∣𝑛𝑧 𝑛𝜌 𝜆⟩ = ℏ√
𝑛𝜌 + 𝜆
𝑘𝜌

⟨𝑛′𝑧∣𝑘𝜌𝑧 − 𝜕𝑧∣𝑛𝑧⟩ (A.59c)

⟨𝑛′𝑧 𝑛𝜌 + 1 𝜆 − 1∣𝑙−∣𝑛𝑧 𝑛𝜌 𝜆⟩ = ℏ√
𝑛𝜌 + 1
𝑘𝜌

⟨𝑛′𝑧∣𝑘𝜌𝑧 + 𝜕𝑧∣𝑛𝑧⟩ (A.59d)
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To determine the true 𝑙2 operator matrix elements we may combine these ladder operator matrix
elements by first noting that theymay be combined in pairs, which when applied sequentially return the
same state. For example, Eq. A.59a and Eq. A.59c may be applied in the following way,

⟨𝑛′𝑧 𝑛𝜌 𝜆∣𝑙+𝑙−∣𝑛𝑧 𝑛𝜌 𝜆⟩ = ℏ
𝑛𝜌 + 𝜆
𝑘𝜌

⟨𝑛′𝑧∣(𝑘𝜌𝑧 + 𝜕𝑧) (𝑘𝜌𝑧 − 𝜕𝑧)∣𝑛𝑧⟩, (A.60)

by employing an implicit summation over the basis for states that satisfy 𝛿𝜆′′,𝜆+1. The remaining combi-
nations include Eq. A.59b and Eq. A.59d yielding

⟨𝑛′𝑧 𝑛𝜌 𝜆∣𝑙−𝑙+∣𝑛𝑧 𝑛𝜌 𝜆⟩ = ℏ
𝑛𝜌
𝑘𝜌
⟨𝑛′𝑧∣(𝑘𝜌𝑧 + 𝜕𝑧) (𝑘𝜌𝑧 − 𝜕𝑧)∣𝑛𝑧⟩, (A.61)

for states with 𝛿𝜆′′,𝜆+1 and 𝛿𝑛′′𝜌 ,𝑛𝜌−1. The combinations may also be employed in the other order, yielding
for Eq. A.59c and Eq. A.59a

⟨𝑛′𝑧 𝑛𝜌 𝜆∣𝑙−𝑙+∣𝑛𝑧 𝑛𝜌 𝜆⟩ = ℏ
𝑛𝜌 + 𝜆 + 1

𝑘𝜌
⟨𝑛′𝑧∣(𝑘𝜌𝑧 − 𝜕𝑧) (𝑘𝜌𝑧 + 𝜕𝑧)∣𝑛𝑧⟩, (A.62)

for 𝛿𝜆′′,𝜆+1. Finally, combinations of Eq. A.59d and Eq. A.59b may be employed to yield the following

⟨𝑛′𝑧 𝑛𝜌 𝜆∣𝑙+𝑙−∣𝑛𝑧 𝑛𝜌 𝜆⟩ = ℏ
𝑛𝜌 + 1
𝑘𝜌

⟨𝑛′𝑧∣(𝑘𝜌𝑧 − 𝜕𝑧) (𝑘𝜌𝑧 + 𝜕𝑧)∣𝑛𝑧⟩, (A.63)

for 𝛿𝜆′′,𝜆−1 and 𝛿𝑛′′𝜌 ,𝑛𝜌+1.
Combinations of Eq. A.59a and Eq. A.59d, and Eq. A.59b and Eq. A.59c may also be combined in

ways to generate the remaining two elements; Eq. 3.50b and Eq. 3.50c respectively.
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