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Notation and terminology

In the following, let H and W be two vector spaces and A : H → W a linear

transformation.

Notation

R The set of real numbers.

N The set of natural numbers.

Z The set of integer numbers.

im(A) The image of A, that is the set im(A) := {Ax : x ∈ H}.

ker(A) The kernel of A, that is the set ker(A) := {x ∈ H : Ax = 0}.

span(B) The span of B.

dim(H) The dimension of H.

x ⊥ y x is perpendicular to y.

x ⊥µ y Suppose we have an inner product 〈·, ·〉µ. Then this notation

denots that x is perpendicular to y with respect to 〈·, ·〉µ.

H⊕W The direct sum of H and W .

µ [R] µ [R] :=
∫
R µ(s)ds.

E(X) Let X be a random variable. E(X) denotes the expectation of

X.

1B The characteristic function for the set B.

1(s′ = s) The indicator function.

xi





Introduction

Reinforcement learning refers to both the problem of finding an optimal control

policy for an agent to follow in an environment and also its various solution

methods [17]. Typically the goal is to find a function, known as the value function,

that generates the value of each state in the environment’s state space. A control

policy is then defined according to this value function. One of the most well-

researched approaches of this form to date has been to resolve reinforcement

learning problems using dynamic programming techniques. In particular, the

task of finding the value function can be modelled as a fixed point problem with

Bellman’s equations. However, tradition dynamic programming techniques are

often computationally intractable when the state space becomes large. This is

the case in most scenarios of practical interest.

To resolve this issue, function approximation methods and sampling tech-

niques are introduced to produce approximate solutions [2]. In fact, the most ef-

fective reinforcement learning algorithms utilise a combination of both elements.

One of the simplest forms of function approximation is linear function approx-

imation. In this case, approximate solutions are found in a lower-dimensional

subspace and represented as a linear combination of basis functions. However,

when using linear function approximation, the fixed point of the Bellman equation

may no longer be an element of the lower-dimensional subspace as the Bellman

operator that characterises the Bellman equation is an affine linear operator.

Instead, many methods look to solve for an approximate solution by taking a

projection of the Bellman equations [2].

A pertinent question to consider is under what conditions will reinforcement

learning methods with linear function approximation converge ti the right solu-

tion? This traditional problem has been tackled quite extensively. For example,

Tsitsiklas and Van Roy [21] were able to show that the TD(λ) algorithm con-

verges under conditions of ergodicity in the underlying state Markov chain and

Baird [1] was able to show that the Residual Gradient algorithm converges ro-
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bustly. Famous counter-examples also exist showing that TD(0) diverges when

the conditions derived by Tsitsiklis and Van Roy are violated. Recently, Sutton

[17] detailed a subtle form of divergence that can occur for Bellman error based

methods. In the example, Sutton shows that Bellman error based methods, of

which the Residual Gradient method is one, may converge but to the wrong so-

lution. Naturally, this leads to the question: when can this more subtle form of

divergence occur?

In this thesis, that is the question that we look to investigate. In particular,

we consider a class of algorithms whose solutions are based on calculating the

solution of a projected Bellman equation and look to show sufficient conditions

under which they diverge. Ultimately, we are able to characterise the results in

the case of either a finite or continuous state space.

Before we proceed, it must be acknowledged that the ideas behind the results

derived were summarised in [11]. Further reference to [11] will not be made for

brevity. We now outline the content presented in this thesis.

0.1 Thesis Outline

In chapter 1 we present the preliminary mathematical concepts that are relied

upon throughout this thesis. In particular, the emphasis is placed on results that

pertain to stochastic processes, especially Markov processes, and Hilbert space

theory.

In chapter 2, we introduce readers to the reinforcement learning problem and

its underlying mathematical foundations. To begin with, we describe the agent-

environment framework which encapsulates the general set-up in reinforcement

learning. We then introduce a special type of environment for the reinforcement

learning problem known as Markov decision processes. Markov decision processes

are focused on throughout this thesis as most of the results in the literature are

specified for this case. The mathematical foundations underpinning dynamic

programming are then discussed to introduce readers to the main framework

underpinning how reinforcement learning problems are solved.

In chapter 3 we introduce reader’s to projected equation methods and set up

the main class of algorithms that we consider divergence results for. To facilitate

this, oblique projection operators are discussed before we focus in on a specific

subset of such operators that are useful for finding computationally tractable

approximate solutions. We call this set of projection operators the natural pro-
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jection operators. Once this underlying theory is set-up, we turn our attention to

characterising approximate solutions to the projected Bellman equations. When

considering projected Bellman equations, we present a novel perspective on the

key quantities that uniquely determine the solutions to a projected Bellman equa-

tion. This characterisation motivates us to define the set of natural algorithms

upon which our results hold.

In chapter 4, we restrict our attention to the case of a finite state space and

present a survey of well-known reinforcement learning methods. The purpose

of this chapter is to show that our general set-up for natural algorithms also

holds in the case of a finite state space. In particular, we are able to show that

many well-known reinforcement learning algorithms do fall in our class of natural

algorithms, thus justifying our class as a valid and interesting set to consider

divergence results for.

In chapter 5, we present the main results of this thesis which are collectively

known as the ambiguity conditions. We begin by providing an example that

demonstrates the subtle type of divergence that can be experienced by a natu-

ral algorithm. We define this type of divergence as ambiguity and formalise it

precisely. Once ambiguity is defined, we derive sufficient conditions under which

ambiguity holds. Results are shown separately for the cases of a finite state space

and a continuous state space. Our main result in the continuous case shows that

there exists conditions under which any natural algorithm will either diverge or

converge to the wrong solution.

Finally, in chapter 6 we consider extensions and open problems that arise as

a consequence of the new results found.
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Chapter 1

Preliminaries

In this chapter we a brief and succinct tour through the mathematical concepts

and frameworks that will be utilised throughout. We assume a working knowledge

of measure-theoretic probability theory.

1.1 Background

Throughout this thesis, we focus only on real-valued vector spaces. Some of the

mathematical background may have more general definitions in terms of arbitrary

fields, but we will present them just in terms of R. We assume knowledge of

measure-theoretic probability theory.

1.1.1 Markov Chains

The theory of Markov chains will be useful when considering reinforcement learn-

ing problems with finite state space. We describe Markov chains that take value

on a set E = {1, . . . , n}.

Definition 1.1 (Stochastic Matrix). [8]. T =
(
Tx,y

)
x,y∈E is a stochastic matrix

if each row of T is a probability density on E.

Proposition 1.2. [4]. The eigenvalues of a stochastic matrix T are bounded in

absolute value by 1.

Definition 1.3 (Markov Chain). [8]. A sequence X0, X1, . . . of random variables

defined on a probability space (Ω,Σ,P) and taking values in E is called a Markov

chain with state space E and transition matrix T if

P
(
Xn+1 = xn+1|X0 = x0, . . . , Xn = xn

)
= Txn,xn+1

1
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for every n ≥ 0 and x1, . . . , xn+1 ∈ E with P (X0 = x0, . . . , Xn = xn) > 0 .

Definition 1.4. [8]. A probability distribution µ such that µ · T = µ is called a

stationary distribution.

Theorem 1.5 (Ergodic theorem for Markov Chains). [8]. Suppose there exists

some k ≥ 1 such that T kx,y ≥ 0 for all x, y ∈ E. Then for every y ∈ E, the limit

lim
n→∞

T nx,y = µ(y) > 0

exists and does not depend on x. Furthermore, the limit µ is the unique probability

density on E satisfying

µ · T = µ .

Thus, µ is a stationary distribution.

1.1.2 Conditional Expectation and Conditional Probabil-

ities

In this section we define some definitions that will be useful since we often consider

conditional probabilities. The definitions in this section are drawn directly from

[14].

Theorem 1.6. Let (Ω,Σ,P) be a probability space and Σ0 ⊂ Σ a σ-algebra. There

exists a unique linear continuous map, T : L2 (Ω,Σ,P)→ L2 (Ω,Σ0,P), such that

for any X ∈ L2(Ω,Σ,P) and A ∈ Σ0,∫
A

XdP =

∫
A

T (X)dP . (1.1)

Definition 1.7 (Conditional Expectation). The unique map T satisfying the

properties of theorem 1.6 is called the conditional expectation with respect to the

σ-algebra Σ0. For X ∈ L2(Ω,Σ,P), the conditional expectation of X given Σ0

will be denoted by E
(
X|Σ0

)
:= T (X).

Definition 1.8 (Conditioning Over a Random Variable). Let X0 : Ω → R be a

random variable and B denote the Borel σ-algebra of R. For X ∈ L2 (Ω,Σ,P),

define

E
(
X|X0

)
:= E

(
X|σ(X0)

)
,

where σ (X0) :=
{
X−1

0 (B) : B ∈ B
}

is the σ-algebra generated by X0. E(·|X0) is

referred to as the conditional expectation given the random variable X0.
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Remark 1.9 (Conditioning Over an Event). Consider the σ-algebra generated

by an event A0 ∈ Σ. This is given by σ(A0) :− {∅, A0, A
c
0,Ω}. Define for X ∈

L2 (Ω,Σ,P)

E
(
X|A0

)
:=

1

P (A0)

∫
A0

XdP . (1.2)

This is called the conditional expectation of X given the event A0 and represents

the average value of X given that we know the event A0 has occurred. We also

define, for B ∈ Σ, the conditional probability of B given A0,

P
(
B|A0

)
:= E(1B|A0) =

P (B ∩ A0)

P (A0)
. (1.3)

P
(
B|A0

)
is the probability of the event B occurring given that the event A0 has

occurred.

Proposition 1.10 (Conditional Expectation Properties). Let (Ω,Σ,P) be a prob-

ability space and Σ0 ⊂ Σ a sub-σ-algebra. The following properties hold for any

X and Y in L2(Ω,Σ,P).

(i) [Linearity]. For any a, b ∈ R, E
(
aX + bY |Σ0

)
= aE

(
X|Σ0

)
+ bE

(
Y |Σ0

)
.

(ii) [Monotonicity]. Suppose that X ≤ Y almost surely. Then, E
(
X|Σ0

)
≤

E
(
Y |Σ0

)
almost surely.

(iii) [The Tower Property]. Let Σ1 be a sub-σ-algebra of Σ0. Then,

E
(
E
(
X|Σ0

)
|Σ1

)
= E

(
X|Σ1

)
= E

(
E
(
X|Σ1

)
|Σ0

)
.

(iv) [Jensen’s Inequality]. For any convex φ : R→ R,

φ
(
E
(
X|Σ0

))
≤ E

(
φ(X)|Σ0

)
.

(v) [Law of Total Expectation].

E
(
E
(
X|Y

))
= E (X) .

1.1.3 Markov Processes on Arbitrary State Spaces

When considering the case of a continuous state space, we will often need more

general theories about Markov processes. This section formalises the definitions

and results in this case.
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Definition 1.11. [14]. A discrete time filtration on the probability space (Ω,Σ,P)

is a sequence of σ-algebras on Ω, {Fn}n∈N with the property that

F0 ⊂ F1 ⊂ . . . ⊂ Σ .

Definition 1.12 (Stochastic processes). [7]. Let (Ω,Σ,P) be a probability space.

If
(
S,B (S)

)
is a measurable space then a S-valued stochastic process is a sequence

of random variables {Xn}n∈N such that

Xn : Ω→ S .

Definition 1.13 (Stationary Stochastic Process). [7]. Let (S,B(S)) be a mea-

surable space denoted as the state space and (Ω,Σ,P) be a probability space. An

S-valued stochastic process {Xn}n∈N is called stationary if (X1, X2, . . .) is equally

distributed with (Xk, Xk+1, . . .) for any k ∈ N.

Definition 1.14 (Filtration-adapted Stochastic Processes). [7]. Let (Ω,Σ,P) be

a probability space with filtration {Fn}n∈N. A stochastic process {Xn}n∈N is said

to be adapted to the filtration {Fn}n∈N if for each n ∈ N, Xn+1 is Fn-measurable.

Definition 1.15 ((Time-homogeneous) Markov Processes). [7]. Let (Ω,Σ,P) be

a probability space with filtration {Fn}n∈N and let
(
S,B(S)

)
be a measurable

space. An S-valued stochastic process adapted to the filtration {Fn}n∈N is called

a Markov process if for any B ∈ B(S)

P
(
Xn+1 ∈ B|Fn

)
= P

(
Xn+1 ∈ B|Xn

)
. (1.4)

We define the transition probability kernel of the process as p(B|Xn) := P
(
Xn+1 ∈ B|Xn

)
.

If equation 1.4 is independent of n, i.e.

P
(
Xn+k+1 ∈ B|Xn+k

)
= P

(
Xk+1 ∈ B|Xk

)
, ∀k ∈ N ,

Then we say that the Markov process is time-homogeneous.

Definition 1.16 (Measure-Preserving Transformation). [7]. Let (Ω,Σ,P) be a

probability space. A measurable map T : Ω → Ω is called a measure-preserving

transformation if P(A) = P(T−1A) for all A ∈ Σ.
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1.1.4 Ergodicity in Stationary Stochastic Processes

In this section we introduce a general set-up to formulate ergodic theory of sta-

tionary stochastic processes. We first begin by defining an ergodic probability

measure. Let (Ω,F ,P) denote a probability space and let Θ : Ω → Ω denote a

measure-preserving transformation on (Ω,F ,P), i.e.:

P(A) = P(Θ−1(A)) for all A ∈ F

Now let J denote the sub-σ-algebra of F containing all Θ-invariant events:

J := {A ∈ F : Θ−1(A) = A}.

We can now define an ergodic probability measure as follows:

Definition 1.17 (Ergodic probability measure). [7].

Let (Ω,F ,P) be a probability space and Θ be a measure-preserving transforma-

tion. Then P is called ergodic (with respect to Θ) if and only if any invariant

event A ∈ J has probability zero or one.

Theorem 1.18 (Birkhoff’s Ergodic Theorem).

Suppose that Θ is a measure-preserving transformation and let p ∈ [1,∞). Then

as n→∞,

1

n

n−1∑
i=0

F ◦Θi → E[F |J ] P -almost surely in Lp(Ω,F ,P)

for any random variable F ∈ Lp(Ω,F ,P). In particular, if P is ergodic then

1

n

n−1∑
i=0

F ◦Θi → E[F ] P -almost surely in Lp(Ω,F ,P).

[7]

Ergodicity in Stationary Markov Processes

Now consider the special case where Xn is a time-homogeneous Markov process on

(Ω,F ,P) with transition kernel p. Let µ be a probability measure on (S,B(S)).

If µ satisfies

µ(B) =

∫
p(y,B)µ(y)dy for all B ∈ B(S)
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then µ is called a stationary distribution. Define by Pµ the probability measure

on (Ω,F) given by

Pµ = µ ·
∞∏
n=1

p

Pµ represents the law of the Markov process Xn starting from an initial distribu-

tion µ. If µ is a stationary distribution for Xn, then Xn is a stationary process

and the left-shift transformation Θ is measure-preserving w.r.t. Pµ. As noted in

[7], in the case where Pµ is ergodic w.r.t Θ, Birkhoff’s theorem straightforwardly

implies the following two results.

Remark 1.19 (Estimating the transition kernel p).

For any Borel sets A,B ∈ B(S),

1

n

n−1∑
t=0

1A×B(Xt, Xt+1)
n→∞−−−→ E[1A×B(X0, X1)] =

∫
A

µ(s)p(s, B)ds Pµ- a.s.

Remark 1.20 (Law of large numbers).

For any function f ∈ L1(S, µ),

1

n

n−1∑
t=0

f(Xt)
n→∞−−−→

∫
fdµ Pµ − a.s.

Thus, Birkhoff’s theorem implies that many quantities can be estimated effec-

tively. In the case where a time-homogeneous Markov process begins in its sta-

tionary distribution and its law Pµ is ergodic w.r.t. the left-shift transformation,

the transition kernel can be estimated as well as all random variables with finite

expectation since f ∈ L1(S, µ) =⇒ E(|f |) <∞.

1.1.5 Hilbert Space

We present some standard definitions and properties of Hilbert spaces in this

section. These results are all drawn from [6] and a more detailed presentation

can be found there.

Definition 1.21 (Hilbert Space). A Hilbert space is a vector space H over R
together with an inner product 〈·, ·〉H such that relative to the metric ‖·‖H =√
〈·, ·〉H, H is a complete metric space. Furthermore, a Hilbert space is separable,

that is there exists a countable collection {fk} of elements in H such that their

linear combinations are dense in H.
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Remark 1.22. The space L2(µ) with inner product 〈f, g〉µ =
∫
fgdµ and induced

norm ‖f‖µ =
√
〈f, f〉µ is a Hilbert space [6]. We will often look at the case of

L2(S, µ), where S is a compact subset of R. In this case, it is also a standard

result that L2(S, µ) is also a Hilbert space.

Definition 1.23 (Orthogonality). If H is a Hilbert space and f, g ∈ H, then

f and g are orthogonal if 〈f, g〉 = 0. Often, we will denote this as f ⊥ g. If

A,B ⊆ H, then A ⊥ B if f ⊥ g for every f in A and g in B.

Remark 1.24. Having the concept of orthogonality is one of the greatest advan-

tages of Hilbert spaces. In particular, we immediately get the familiar Pythagorean

theorem.

Theorem 1.25 (Pythagorean Theorem). If f1, f2, . . . , fn are pairwise orthogonal

vectors in H, then

‖f1 + f2 + . . .+ fn‖2 =‖f1‖2 +‖f2‖2 + . . .+‖fn‖2 .

We now detail the Riesz representation theorem. Its usage becomes important

when dealing with adjoint operators on Hilbert space.

Definition 1.26 ((Bounded) Linear Functional). A linear functional is a linear

transformation from a hilbert space H to R, i.e. l : H → R. We say that l is a

bounded linear functional if there exists a constant c > 0 such that
∣∣l(f)

∣∣ ≤ c‖f‖.

Theorem 1.27 (Riesz Representation Theorem). If L : H → R is a bounded

linear functional then there is a unique g ∈ H such that

l(f) = 〈f, g〉 and ‖f‖H =‖g‖H , for all f ∈ H

1.1.6 Operators on Hilbert Space

Of much more interest to us are operators on Hilbert space. We begin by re-

producing some standard definitions before moving toward properties of adjoint

operators and oblique projection operators that are important in the proceeding

discussions. Again, the results here can be found in [6].

Definition 1.28 (Bounded Linear Operator). Let H1,H2 be Hilbert spaces and

let A : H1 → H2 be a linear operator. We say that A is a bounded linear operator

if there exists a constant c > 0 such that ‖Ah‖ ≤ c‖h‖ for all h ∈ H1.
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Proposition 1.29. Let H1,H2 be Hilbert spaces and let A : H1 → H2 be a linear

operator. The following are then equivalent:

(a) A is continuous.

(b) There exists a constant c > 0 such that ‖Ah‖ ≤ c‖h‖ for all h ∈ H1.

Thus from the proposition above it is clear that continuous linear operators and

bounded linear operators are equivalent. In this section, let B(H1,H2) denote

the set of bounded linear operators of the form A : H1 → H2.

Definition 1.30 (Adjoint Operator). Let H be a Hilbert space and T : H → H
be a bounded linear operator. Then there exists a unique bounded linear operator

T ∗ : H → H on H such that:

(a) 〈Tf, g〉 = 〈f, T ∗g〉 ,

(b) ‖T‖ =‖T ∗‖ ,

(c) (T ∗)∗ = T .

The bounded linear operator satisfying the above conditions, T ∗, is called the

adjoint of T .

As an important side note, proving the existence of such an adjoint operator

proceeds by using the Riesz representation theorem [6]. Instinctively, the adjoint

operator is a generalisation of the transpose of a matrix (a linear transformation

in finite dimensions). An important property in our context is the relationship

between the image and kernels of a bounded linear operator and its adjoint. This

next result can be thought of as generalising the fundamental theorem of linear

algebra.

Proposition 1.31. Suppose H is a separable Hilbert space and let P : H → H
be a bounded linear operator and P ∗ its adjoint. Then

ker(P ) ⊥ im(P ∗)

im(P ) ⊥ ker(P ∗) .

Proof. To see the first condition, suppose that x ∈ ker(P ) and y ∈ im(P ∗). Since

y = P ∗z for some z ∈ H, we have

〈x, y〉 = 〈x, P ∗z〉
(a)
= 〈Px, z〉
(b)
= 0 ,
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where (a) follows by the definition of the adjoint and (b) follows since x ∈ ker(P ).

Thus ker(P ) ⊥ im(P ∗). The second condition follows a similar line of argument.

Let x ∈ ker(P ∗) and y ∈ im(P ). Then for some z ∈ H, y = Pz. Thus

〈x, y〉 = 〈x, Pz〉
(a)
= 〈Pz, x〉
(b)
= 〈z, P ∗x〉
(c)
= 0

where (a) follows as 〈·, ·〉 is symmetric, (b) follows by definition of the adjoint,

and (c) follow since x ∈ ker(P ∗).

We now provide a definition of oblique projection operators. The properties

of these operators will be of principal importance in the remainder of this thesis.

Definition 1.32 (Oblique Projection Operators). Let H be a Hilbert space and

Π : H → H a bounded linear operator.Π is an oblique projection operator if Π is

idempotent, i.e. Π2 = Π, and Π admits a direct sum decomposition of H

H = im(Π)⊕ ker(Π) .

im(Π)

ker(Π)im( )Π
⋆

Figure 1.1: A simple R2 example of the geometry of an oblique projection.

To gain some intuition towards oblique projections, consider an oblique projection

Π on R2 visualised in Figure 1.1. Clearly in this case, even though the kernel

and image of Π are not orthogonal, they produce a direct sum decomposition of

R2. Π can be thought of as projecting any vector in R2 along its kernel onto its
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image. Equivalently, Π can be thought of as projecting orthogonally to im(Π∗).

Then for any v ∈ R2, v − Πv ∈ ker(Π) and thus v − Πv ⊥ im(Π∗).

1.1.7 Additional Useful Definitions and Results

The definitions presented here will be used sparingly throughout the thesis.

Definition 1.33. [12]. A convex set Ω is a set where for any x0, x1 ∈ Ω, the line

segment joining them also lies in Ω. Formally,

tx1 + (1− t)x0 ∈ Ω , ∀0 ≤ t ≤ 1 .

Definition 1.34 (Coercive Function). [12]. A function f : Rn → R is called

coercive if f(x)→ +∞ as |x| → ∞.

Definition 1.35 (Convex Function). [12]. A function f : Ω → R ∪ {−∞,+∞}
where Ω is a convex set in Rn is convex if

f(tx1 + (1− t)x0) ≤ tf(x1) + (1− t)f(x0)

for all x1, x0 ∈ Ω and 0 ≤ t ≤ 1.



Chapter 2

Introduction to Reinforcement

Learning

As the title suggest we look to introduce readers to the mathematical founda-

tions of reinforcement learning in this chapter. We begin by specifying the agent-

environment framework before specialising into a concrete example of an environ-

ment known as a Markov decision process. The theory of dynamic programming

is then covered as it forms the foundation for solving most reinforcement learning

problems.

2.1 The Agent-Environment Framework

Reinforcement learning problems are typically framed as a dynamic decision prob-

lem between an agent acting out decisions and an environment returning a re-

 

Environment

Agent

Figure 2.1: An abstract view of the agent-environment interaction.

11
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sponse. The agent can take actions a ∈ A. For instance, if the agent is a

self-driving car, the actions could correspond to accelerate, brake, and the degree

of the steering wheel. In the cases we consider, the environment returns a state

s ∈ S and a reward r ∈ R. Considering the self-driving car example again, the

state could correspond to the position of the car and the reward as the negative

of the distance from the destination. In the next section, where we consider a

particular type of agent-environment interaction, we will define the sets S and A
explicitly. The agent and the environment interact in cycles. At time t, an agent

receives a state st from the environment and decides upon an action at to take.

After taking action at, the environment responds and provides the agent with a

reward rt and a new state st+1. The agent then decides upon its next action. In

this manner, the agent and environment interact in a cycle to produce a sequence

indexed at discrete time steps:

s0, a0, r0, s1, a1, r1, s2, a2, r2, . . .

In what follows, it will be conventional to consider infinitely long interactions be-

tween the agent and the environment. The set of all such sequences is (S ×A× R)N.

A sequence in (S ×A× R)N can be viewed as the realisation of a sequence of ran-

dom variables:

S0, A0, R0, S1, A1, R1, S2, A2, R2, . . .

where at time t, St is an S-valued random variable, At is an A-valued random

variable, and Rt is an R-valued random variable. We denote this sequence of

random variables as the interaction sequence. In particular, for a sequence ω =

(st, at, rt)t∈N in (S ×A× R)N, we have at time t

St(ω) = st , At(ω) = at , Rt(ω) = rt .

Typically, the initial state S0 is provided by a distribution that may be indepen-

dent of the underlying environment process. We will denote the sub-sequences

of the interaction sequence {St}t∈N, {At}t∈N, and {Rt}t∈N as the state sequence,

action sequence, and reward sequence respectively. In the situations we consider,

the state and action sequences evolve stochastically, whilst the reward received

at time t, viewed as the expected reward, will be a function of the state St and

At, that is, for some function R : S ×A → R

S0, A0, R(S0, A0), S1, A1, R(S1, A1), S2, A2, R(S2, A2), . . .
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We note that generalising to the case of a stochastic reward sequence is routine

and interested readers, please see [20]. Given an interaction sequence up to time

t, the goal in reinforcement learning is to find a probability distribution, known

as a policy, π : (S × A × R)t × A → [0, 1] that determines how an agent will

choose its next action. We note that the agent-environment interaction can be

represented mathematically in a very general way that covers many practical sce-

narios. However, we will restrict our attention to a particular type of interaction

that satisfies the Markov property known as Markov decision processes.

2.2 Markov Decision Processes

An MDP is given by a tuple M = (S,A, R, T ) where each variable represents the

state space, action space, the expected reward function and the transition function

respectively. We take the state space S to be a compact subspace of R with the

Borel σ-algebra B(S) such that (S,B(S)) is a measurable space. Let the action

space A be a finite set that, coupled with its power-set, forms a measurable space

(A,P(A)). The expected reward function is a function R : S×A → R and, as the

name suggests, represents the expected reward to be received for a given state

and action. We now look to derive the transition function and policy generating

the action and state sequences.

Consider the subsequence (St, At)t∈N, denoted as the state-action sequence,

in the agent-environment interaction sequence. For brevity, let X be defined as

X := S × A and its corresponding σ-algebra as B(X ) := B(S) × P(A). The

state-action sequence can be modelled as a discrete, time-homogeneous Markov

process {Xt}t∈N on a probability space (Ω,F ,P) where Ω = X N. For any t ∈ N
and ω ∈ Ω,

Xt(ω) = (St, At)

where St, At are random variables taking values in S and A respectively. The

filtration generated by {Xt}t∈N at time t is given by

Ft := σ
(
Xs : s ≤ t

)
.

It is clear to see that F0 ⊂ F1 ⊂ . . . ⊂ F and that at time t, Xt is Ft-measurable.

As a Markov process, {Xt}t∈N satisfies the Markov property :

P
(
{Xt+1 ∈ B}

∣∣Ft) = P
(
{Xt+1 ∈ B}

∣∣Xt

)
,∀t ∈ N, B ∈ B(X ) .
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Furthermore, since {Xt}t∈N is time-homogeneous, the transition probabilities are

independent of the time-step, that is

P
(
{Xt+k+1 ∈ B}

∣∣Xt+k

)
= P

(
{Xk+1 ∈ B}

∣∣Xk

)
,∀t, k ∈ N .

The transition kernel of {Xt}t∈N is defined as p(B|Xk) := P
(
{Xk+1 ∈ B}

∣∣Xk

)
.

We note for an initial distribution ν over X0, p and ν completely determine the

joint distribution of X0, ..., Xk for any k. Indeed, for all k ∈ N we have by the

law of total probability and the Markov property

P(X0 ∈ B0, . . . , Xk ∈ Bk) =

∫
x0∈B1

. . .

∫
xk∈Bk

ν(dx0)p(dx1|x0) . . . p(dxk, xk−1) .

To justify the existence of such a Markov process, it suffices to apply Kolmogorov’s

extension theorem with the set of all finite-dimensional joint distributions defined

above [4].

Let λ denote the product measure comprised of the Lebesgue measure over S
and the counting measure over A. We assume that the transition kernel emits a

density function P , that is p is given by

p(B|x) =

∫
B

P (y|x)λ(dy) ∀x ∈ X , B ∈ B(X )

where P : X × X → [0, 1] is a measurable function satisfying∫
X
P (y|x)λ(dy) = 1 .

We refer to P as the transition density function with respect to the measure λ.

For brevity, we will henceforth drop λ from the integrals noting that unless a

different measure is explicitly specified, either the Lebesgue or counting measure

is taken depending on the cardinality of the underlying set. The transition den-

sity function P can be considered from a different perspective by expanding the

arguments. Let x = (s, a), y = (s′, a′) ∈ X . Then

P (y|x) = P (Sk+1 = s′, Ak+1 = a′|Sk = s, Ak = a) .

Moving forward, we will denote P (y|x) by P (s′, a′|s, a). By taking the chain rule

on conditional probabilities, we have

P (s′, a′|s, a) = P (a′|s′, s, a)P (s′|s, a) .

We denote the transition function as T (s′|s, a) := P (s′|s, a). A policy specified

by the MDP is given by π(a′|s′, s, a) := P (a′|s′, s, a). In what follows, we assume
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that the policies are Markov, that is the next action a′ chosen by π is independent

of s, a given s′. Thus π(a′|s′) = π(a′|s′, s, a). An immediate consequence is that

for any choice of transition function and policy π we can recover the transition

density kernel of the underlying state-action sequence. As a result, an MDP and

a policy fully characterise an interaction sequence.

In what follows, we assume that the expected reward function is‖·‖∞-bounded

by some finite quantity G > 0.

Assumption 1. Assume that the expected reward function R : S × A → R is

‖·‖∞-bounded by a finite value G > 0. That is

‖R‖∞ < G <∞ .

Remark 2.1. It can be seen immediately that the reward sequence is bounded

by G at each time step, that is |Rt| < G for all t ∈ N.

The transition function T and the expected reward function R determine the

way in which the MDP environment can respond to the agent’s actions and the

previous state. Thus given a random initial state S0, the transition function,

expected reward function and policy determine the Markov process {Xn}n∈N and

hence, the interaction sequence.

2.2.1 Stationary Policies

A stationary policy π defines a distribution over A for a given state in S that is

time invariant. We denote by π(·|s) the probability density over A in state s. If

a stationary policy is followed by an agent interacting with an MDP, then the

action sequence is distributed according to π, that is for all t ∈ N

At ∼ π(·|St) .

A deterministic stationary policy is a stationary policy π mapping states directly

to actions, π : S → A). In the case whereA is finite, we can think of deterministic

stationary policies as being a stationary policy with point mass. In what follows,

it will be convenient to work with deterministic stationary policies and so we

define by convention

π(St) = At if π(At|St) = 1 .

For an interaction sequence generated between a stationary policy and an MDP,

the state sequence {St}t∈N forms a time-homogeneous Markov process. We de-

note by Πstat the set of stationary policies. In what follows, we will only consider
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stationary deterministic policies defined under our convention as they are more

convenient in developing the underlying theory of dynamic programming. Gen-

eralisation to stochastic policies is again routine [20]. Hence we will refer to

deterministic stationary policies as policies for brevity.

2.2.2 MDPs for fixed policy

In future sections, the evolution of the state sequence generated by an agent

following a fixed policy and an MDP is often of interest. When the policy is

fixed, the state sequence can be modelled as a Markov process. Suppose we

are given a policy π and an MDP M = (S,A,R, T ). Then we can define the

transition function depending on π as the following:

T π(s′|s) = T (s′|s, π(s)) .

The expected reward function depending on π can also be expressed similarly as

Rπ(s) = R(s, π(s)) .

Combined with an initial state S0, the state sequence can be viewed as a time-

homogeneous Markov process with transition kernel defined by

P π(B|x) =

∫
B

T π(y|x)dy , ∀B ∈ B(S), x ∈ S .

We will often consider the dynamics of the underlying reinforcement problem in

the case of a fixed policy and so the functions T π and Rπ will be used extensively.

2.2.3 Value Functions

The value function of a policy summarises the expected discounted reward to be

received from a given initial state for a fixed policy. The discount rate is given by

γ ∈ (0, 1) and weights rewards in later time steps of the reward sequence less than

rewards received more immediately. As we will see, considering value functions

also provides a mechanism for finding optimal policies.

Consider a fixed deterministic policy π that generates an interaction sequence

with MDP M and initial distribution µ. We define the value function of π as

follows.
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Definition 2.2. For a discount rate γ ∈ (0, 1) and initial state s sampled from

µ, the value function of π, V π : S → R is given by

V π(s) = Eπ
[ ∞∑
t=0

γtRt

∣∣∣∣S0 = s

]
(2.1)

where Eπ denotes the expectation taken over T π at each time step

Equivalently, equation (2.1) can be expressed as

V π(s) = Eπ
[ ∞∑
t=0

γtRπ(St)

∣∣∣∣S0 = s

]
(2.2)

and this is the representation that we will use more frequently. In order to

ensure that the conditional expectation is well defined, we only consider initial

distributions µ where µ(s) > 0 for all s ∈ S. The action-value function, often

denoted the Q-value function, is a value function Qπ : S × A → R associated

with π. Assume that there is an initial distribution ν over the action space by

which A0 is selected randomly and ν(a) > 0 for all a ∈ A. Note that ν may be

given by the policy π itself. Then the Q-value function for π is defined by

Qπ(s, a) = Eπ
[ ∞∑
t=0

γtRπ(St)

∣∣∣∣S0 = s, A0 = a

]
, ∀s ∈ S, a ∈ A . (2.3)

Methods that solve for the Q-value function, such as Q-learning [22], are quite

popular in practice. However we restrict our attention to methods that solve for

the value function as it is a related and equivalent task.

We can now consider the optimal value function over all stationary policies.

Let ≤ define a partial order over the value functions, that is for any V, V̂ ∈ RS ,

V ≤ V̂ ⇐⇒ V (s) ≤ V̂ (s) ∀s ∈ S .

The optimal value function denotes the maximum possible expected return from

a given initial state s. Let V ∗ : S → R denote the optimal value function over all

stationary policies. Then V ∗ is well defined and is given by

V ∗(s) = sup
π∈Πstat

V π(s) , ∀s ∈ S . (2.4)

We say that any policy that achieves the optimal value in all states, that is

V π(s) = V ∗(s) for all s ∈ S, is optimal. Given our assumption that all reward

values are bounded, we note that all value functions of stationary policies are

bounded.



18 CHAPTER 2. INTRODUCTION TO REINFORCEMENT LEARNING

Proposition 2.3. For any stationary policy π, its corresponding value function

V π is bounded in the infinity norm by G
1−γ .

Proof. For any s ∈ S and a fixed policy π we have

V π(s) = Eπ
[ ∞∑
t=0

γtRπ(St)

∣∣∣∣S0 = s

]
(a)

≤ G · Eπ
[ ∞∑
t=0

γt
∣∣∣∣S0 = s

]
=
G

1− γ
<∞

where (a) follows by our assumption on Rt being bounded by G. Thus,‖V π‖∞ <
G

1−γ which is finite.

We consider next the main framework for determining value functions.

2.3 Dynamic Programming

The mathematical foundations of dynamic programming provide the main the-

oretical framework for solving the reinforcement learning problem. In a broad

sense, dynamic programming can be thought of as solving a sequential system

of optimization problems. In what follows, we will present the theory for fixed

deterministic policies formally whilst discussing the optimal case more informally.

Readers interested in a more rigorous approach to the optimal case should turn

to [20].

2.3.1 The Bellman Equations

The Bellman equations provide a different representation of V π as a fixed point

equation that is useful for solving for V π. We first describe the Bellman equation

for deterministic policies.

Lemma 2.4 (Bellman’s Equations for Deterministic Policies).

Let π ∈ Πstat be a deterministic policy and s ∈ S be any state. Then the value

function V π satisfies

V π(s) = Rπ(s) + γ

∫
S
T π(s′|s)V π(s′)ds′ . (2.5)
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Proof. For a given starting state s ∈ S, we can perform the following derivation

on V π:

V π(s) = Eπ
[ ∞∑
t=0

γtRπ(St)

∣∣∣∣S0 = s

]
= Eπ

[
Rπ(s) + γ

∞∑
t=1

γt−1Rπ(St)

∣∣∣∣S0 = s

]
(a)
= Rπ(s) + Eπ

[
γ
∞∑
t=1

γt−1Rπ(St)

∣∣∣∣S0 = s

]
(b)
= Rπ(s) + ETπ

[
Eπ
[
γ
∞∑
t=1

γt−1Rπ(St)

∣∣∣∣S0 = s, S1

]∣∣∣∣S0 = s

]
(c)
= Rπ(s) + γ

∫
S
T π(s′|s) Eπ

[ ∞∑
t=1

γt−1Rπ(St)

∣∣∣∣S0 = s, S1 = s′
]
ds′

(d)
= Rπ(s) + γ

∫
S
T π(s′|s) Eπ

[ ∞∑
t=1

γt−1Rπ(St)

∣∣∣∣S1 = s′
]
ds′

(e)
= Rπ(s) + γ

∫
S
T π(s′|s) V π(s′)ds′ .

We note that (a) follows since Rπ is deterministic. In (b) we define ETπ as the

expectation taken over the transition function T π in one step and the expression

follows from the tower property (see preliminaries). The equality (d) follows

since the expectation no longer has terms dependent on S0. In (e), we used the

definition of V π to ultimately arrive at the expression in equation (2.5).

The relationship defined in equation (2.5) is known as the Bellman equations. We

now define the accompanying Bellman operator. Note that RS denotes the set of

all functions from S to R.

Definition 2.5. For a deterministic policy π, the Bellman operator T π : RS →
RS is given by the following. For all s ∈ S

(T πV )(s) = Rπ(s) + γ

∫
S
T π(s′|s)V (s′)ds′ .

Thus the Bellman equation (2.5) can be written in compact form as the fixed

point equation

V π = T πV π . (2.6)
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Note that T π is an affine linear operator.

A key property of T π is that it is a contraction with respect to ‖·‖∞.

Theorem 2.6. The Bellman operator T π is a ‖·‖∞-contraction.

Proof. Let V̂ , V ∈ RS be two arbitrary functions mapping the state space to the

real numbers. Then∥∥∥T πV̂ − T πV ∥∥∥
∞

= γ sup
s∈S

∣∣∣∣∫
S
T π(s′|s)

(
V̂ (s′)− V (s′)

)
ds′
∣∣∣∣

≤ γ sup
s∈S

∫
S
T π(s′|s)

∣∣∣∣(V̂ (s′)− V (s′)
)∣∣∣∣ ds′

≤ γ sup
s∈S

∫
S
T π(s′|s)

∥∥∥V̂ − V ∥∥∥
∞
ds′

(a)
= γ

∥∥∥V̂ − V ∥∥∥
∞

where (a) follows since
∫
S T

π(s′|s)ds′ = 1.

Thus, to find V π, Banach’s fixed point theorem guarantees us that starting from

any initial function V0, the sequence T πV0, (T π)2V0, ... converges to the fixed

point V π. As we discuss in section 2.3.2, the value iteration and policy iteration

algorithms exploit this property to find the solution.

We now provide a less rigorous discussion on how to find the optimal value func-

tions. Reader’s interested in the optimal case should consult [20]. The first key

property is that the optimal value function can also be found as the fixed point

of a fixed point equation.

Lemma 2.7 (Bellman’s Optimal Equations). The optimal value function is the

unique fixed point of the following fixed point equation

V ∗(s) = max
a∈A

{
R(s, a) + γ

∫
S
T (s′|s, a)V ∗(s′)ds′

}
. (2.7)

Proof. See [20].

We similarly define the Bellman optimality operator.

Definition 2.8. The Bellman optimality operator T ∗ : RS → RS is given by

(T ∗V )(s) = max
a∈A

{
R(s, a) + γ

∫
S
T (s′|s, a)V (s′)ds′

}
.
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The Bellman optimal equations can then be expressed succinctly as the following

fixed point equation

T ∗V ∗ = V ∗ .

It can be shown that T ∗ is also a contraction with respect to ‖·‖∞ [20]. Thus,

by Banach’s fixed point theorem, the sequence T ∗V0, (T ∗)2V0, ... converges to the

optimal value function V ∗.

Remark 2.9. As a consequence of the definition of T ∗, for any V ∈ RS and

π ∈ Πstat, we have T ∗V ≥ T πV .

Recall that the purpose of finding the value functions was to evaluate policies.

The next theorem tells us how to find the optimal policy. We first define the

notion of a greedy policy.

Definition 2.10. A policy π is greedy with respect to V ∈ RS if T πV = T ∗V .

Theorem 2.11. Let V be the fixed point of T ∗ and assume that there is a policy

π which is greedy with respect to V . Then V = V ∗ and π is an optimal policy.

Proof. See [20].

In the next section we describe the two main algorithms used to solve for the

value function.

2.3.2 Value and Policy Iteration

Value iteration and policy iteration are the two main methods used to find the

value function. Both techniques rely heavily upon the contraction property of T π

and T ∗ to generate the correct solution.

The value iteration method performs a fixed point iteration to generate a sequence

of value functions that converges to the fixed point of (2.6). Given T π and any

initial value function V π
0 , value iteration generates the sequence {V π

k }k≥0 via

V π
k+1 := T πV π

k , ∀k ≥ 0 .

By Banach’s fixed point theorem, the sequence is guaranteed to converge at a

geometric rate. A similar sequence can be generated by value iteration using T ∗

to find the optimal value function.
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The policy iteration algorithm generates a sequence of suboptimal policies that

ultimately converges to the optimal policy. Suppose we start with a policy π0 ∈
Πstat and generate the sequence of policies {πk}k≥0 ⊆ Πstat. For a given policy

πk, we perform a policy evaluation step to find V πk that satisfies

V πk = T πkV πk .

Once V πk is found, we find πk+1 via a policy improvement step as follows:

∀s ∈ S, πk+1(s) = arg max
a∈A

[
R(s, a) + γ

∫
S
T (s′|s, a)V πk(s′)ds′

]
. (2.8)

If πk+1 = πk, the algorithm terminates. The next theorem given in [20] establishes

the convergence property of policy iteration.

Theorem 2.12. Let π0 be a policy with value function V π0 and suppose that π is

a policy that is greedy with respect to V π0, i.e. T πV π0 = T ∗V π0. Then V π ≥ V π0.

In particular, if T ∗V π0(s) > V π(s) for some state s then π strictly improves upon

π0 at s: V π(s) > V π0(s).

Proof. By definition, T ∗V π0 ≥ T π0V π0 . Then since π is greedy and V π0 is the

fixed point of T π0V π0 , we have that T πV π0 ≥ V π0 . Applying T π to both sides

gives

(T π)2 V π0 ≥ T πV π0 .

Thus, (T π)2 V π0 ≥ V π0 . Continuing in this fashion, we have for any n ≥ 0 that

(T π)n V π0 ≥ V π0 .

Then taking the limit as n → ∞ on both sides gives V π ≥ V π0 . Then since

T ∗V π0 ≥ T π0V π0 , the second point follows as a direct consequence of the above.

Both value iteration and policy iteration are quite slow in practice. Both methods

require a precise model of the environment dynamics, i.e. the state transition

functions and expected reward functions must be given. Many more practical

algorithms do not operate with explicit state transition and expected reward

functions, but instead are based on computing sample estimates. However, as

we will see in later chapters, many of the most widely used algorithms look to

approximate the behaviour of value iteration or policy iteration in some way.



2.4. THE CASE OF A FINITE STATE SPACE 23

2.4 The Case of a Finite State Space

So far in this chapter, most of the theory for reinforcement learning has been

developed in the case where S is a compact subspace of R. However, generalising

these results to the countable case is fairly straightforward. For example, inte-

grals over S are instead taken with respect to the counting measure and B(S) is

taken to be the power-set. Density functions simplify to mass functions and the

transition function T π, expected reward function Rπ and the value functions can

be all be expressed using matrices and vectors. For simplicity, we will without

loss of generality let S = {1, . . . , n} in the finite case. We present each of the

mathematical objects under a finite state space and a fixed policy π. For brevity,

the derivations are left out. Readers interested in the derivations are instead

referred to [20].

Definition 2.13 (MDPs under a Finite State Space). Suppose S = {1, . . . , n}.
Then we have the following definitions:

• The transition function is given by a matrix T π ∈ Rn×n.

• The expected reward function is given by a vector Rπ ∈ Rn.

• The value function is given by a vector V π ∈ Rn.

• The Bellman operator is now a mapping from Rn to Rn and can be explicitly

expressed as

T πV = Rπ + γT πV , ∀V ∈ Rn .





Chapter 3

Approximate Solution Methods

Dynamic programming methods run into two main problems in practice: the

transition function is often a-priori unknown and when the state space is ‘large’,

possibly infinite, its methods become computationally intractable. In this chap-

ter we focus on methods that look to solve the second issue. Typically, function

approximation techniques are combined with pre-existing reinforcement learning

algorithms to solve this issue. This chapter begins by defining some extra ge-

ometrical structure upon the value function space to work with before giving a

brief description of linear function approximation. Projection equation methods

will then be characterised in general. We then present a new perspective to char-

acterising the solution of a projected Bellman equation. The chapter culminates

in the definition of natural algorithms, which are the set of algorithms that we

consider for our divergence results.

The Value Function Space Under Ergodicity

Recall that for a fixed policy π and MDP M we can view the state sequence

as a Markov process with transition function T π. Throughout this chapter we

will assume that the state Markov process is ergodic and admits a stationary

distribution. As is a natural assumption for practical purposes in reinforcement

learning, we will also assume that the steady-state distribution of all states s ∈ S
is greater than 0. These assumptions are summarised in the following.

Assumption 2. Assume that the state sequence {St}t∈N is ergodic and admits

a stationary distribution µ such that µ(s) > 0 for all s ∈ S.

Under this assumption, the space in which the value functions live inherits

extra geometrical structure with respect to an inner product defined by µ. For

25
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any f, g ∈ RS ,

〈f, g〉µ =

∫
S
f(s)g(s)µ(s)ds .

To show that 〈·, ·〉µ is an inner product is routine. Furthermore, we define the

induced norm ‖x‖µ =
√
〈x, x〉µ as the µ-weighted quadratic norm. Then let

L2(S, µ) define the set of functions in RS with finite µ-weighted quadratic norm:

L2(S, µ) := {f ∈ RS :‖f‖2
µ <∞}.

We note that this is a separable Hilbert space (see preliminaries). For any station-

ary policy π, the value function V π trivially resides within L2(S, µ) as‖V π‖∞ <∞
(see Proposition 2.3). With respect to the extra structure provided by the inner

product, we are now able to consider projections.

3.1 Linear Function Approximation

Linear function approximations are an important class of function approximation

techniques due to their computational tractability. In most typical reinforcement

learning algorithms, the goal is to compute or approximate V π well. A generic

way to approximate V π is to produce a parametrized estimate V̂ of V π. Under

linear function approximation, we model V̂ as a linear approximation. To resolve

the issue of computational tractability, we consider approximating V π in a finite-

dimensional subspace of L2(S, µ). Then V̂ can be written as

V̂ (s, w) =
k∑
i=0

φi(s)wi , ∀s ∈ S

where w = [w1 w2 . . . wk]
> ∈ Rk is a parameter vector and Φ = {φ1, . . . , φk} are

a set of basis functions from S to R such that the span(Φ), is a finite-dimensional

subset of L2(S, µ). We note that Rk can be viewed as the parameter space and

span(Φ) as the approximation space. Typically in applications, Φ is chosen and

fixed a-priori. Let us define φ(s) =
(
φ1(s), φ2(s), . . . , φk(s)

)>
. Then V̂ can be

represented compactly as an inner product

V̂ (s, w) = 〈φ(s), w〉 .

Example 3.1 (State Aggregation). The following example is adapted from [3].

A special case of linear function approximation is known as state aggregation. In
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state aggregation the state space S is partitioned into k disjoint sets S1, S2, ..., Sk.

We then introduce a parameter vector w ∈ Rk and approximate each set Sl by a

single element of the parameter vector as follows

V̂ π(s) = wl if s ∈ Sl .

Thus, all states in the same subset Sl share the same parametrization and ap-

proximation of their value function. Now if we let:

εl = sup
si,sj∈Sl

∣∣V π(si)− V π(sj)
∣∣ l = 1, . . . , k ,

so that εl represents the largest possible difference of true values of states in Sl,

then picking wl such that

wl = inf
si∈Sl

V π(si) +
εl
2

gives a maximum approximation error of

sup
si

∣∣∣V̂ π(si, w)− V π(si)
∣∣∣ = max

l

εl
2

.

Thus V π can be approximated well as long as the subsets Sl are chosen such that

εl is small, that is V π does not have substantial variation within each set.

When considering linear function approximation to generate approximate so-

lutions, using the Bellman equations may not generate a representable solution.

Consider the value iteration method applied to a linear function approximation

V̂k ∈ span(Φ)

V̂k+1 := T V̂k .

Since the Bellman operator T is an affine linear operator, T V̂k may no longer be

in span(Φ) and thus not be representable in the chosen approximation space. To

resolve this issue, many methods consider projecting the entire Bellman equation

V̂ = ΠT V̂ ,

where Π is a projection operator with im(Π) = span(Φ). We will detail these

methods in the next section.
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3.2 Projected Equation Methods

In this section we introduce readers to the theory behind methods that look to

approximate the value function by considering a projected form of the Bellman

equations

V̂ = ΠT V̂ ,

where V̂ ∈ span(Φ) and Π is a projection operator with im(Π) = span(Φ). As

an aside, the Galerkin method has a long history in computational mathemat-

ics for approximating higher dimensional equations via an approximate solution

generated by the projected equations. As we will see in the chapter 4, the differen-

tiating factor in approximate reinforcement learning comes from the introduction

of Monte-Carlo simulation techniques.

3.2.1 Oblique Projection Operators

We consider the set of possible projection operators that can be applied to the

Bellman equations to find an approximate solution. Projection operators that

can project in any direction are collectively known as oblique projections. Under

this general framework, we will provide a unified view to characterise the solution

of all projected equation methods.

An oblique projection operator Π : L2(S, µ)→ L2(S, µ) can be characterised

by the the two subspaces im(Π) and im(Π∗) (see chapter 1). The purpose of look-

ing at projection operators is to find approximations in lower-dimensional spaces

that can approximate a given function well and be computationally tractable.

Thus, we will focus on oblique projection operators with finite-dimensional image.

The set of oblique projection operators we consider are then compact operators

(see chapter 1). A key property of projection operators with finite dimensional

image is that the image of the adjoint has the same dimension.

Proposition 3.2. Let Π : L2(S, µ)→ L2(S, µ) be a bounded linear operator with

finite-dimensional image and let Π∗ be its adjoint. Then the image of Π∗ has the

same dimension as the image of Π.

Proof. Let ly(x) = 〈Πx, y〉µ. Then by the Riesz representation theorem, there

exists zy such that

ly(x) = 〈x, zy〉µ ,
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and by definition, Π∗y = zy. Now note that if y ∈ im(Π)⊥, then y ∈ ker(Π∗)

(see preliminaries) and so zy = 0. Now let z ∈ L2(S, µ). Since L2(S, µ) can be

decomposed into the direct sum of im(Π) and im(Π)⊥, then there exists z1 ∈
im(Π) and z2 ∈ im(Π)⊥ such that

z = z1 + z2 .

Applying Π∗ to z then gives

Π∗z = Π∗z1 .

Thus since z1 ∈ im(Π), which is finite-dimensional, the image of Π∗ must also

have the same dimensions.

Given the above result, we define the set of projection operators that we are

interested in for finding lower-dimensional approximations as follows.

Definition 3.3 (Natural Projection Operators). Let Π : L2(S, µ)→ L2(S, µ) be

an oblique projection operator such that dim(im(Π)) = k. Let Φ = {φ1, ..., φk}
be a basis for im(Π). Let Ψ = {ψ1, ..., ψk} be a basis for im(Π∗). Then Π is a

compact operator and can be characterised by the two sets (Φ,Ψ). We call the

set of all such operators the natural projection operators.

3.2.2 Characterising Projected Functions

The geometric ideas underlying the Galerkin method provide the main tools with

which an approximation of a function found by projection can be characterised.

The parameter vector found as the solution of a projected function can be seen

as the solution to a system of linear equations. Suppose we are looking to ap-

proximate V ∈ L2(S, µ) by a function V̂ ∈ span(Φ). Then we can consider using

a natural projection operator ΠΨ characterised by (Φ,Ψ) to find V̂ by

V̂ = ΠΨV .

Note that since V̂ ∈ span(Φ), it can be represented in a linear form as

V̂ (s) =
k∑
i=0

φi(s)wi , ∀s ∈ S
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where wi ∈ R. Since the basis functions are known, the only task left is to find an

expression for the parameter vectors. Since ΠΨ projects orthogonally to im(Π∗Ψ)

and onto im(ΠΨ), we have that V − V̂ ⊥µ ker(ΠΨ). Thus, for all i = 1, . . . , k,

〈ψi, V − V̂ 〉µ = 0 .

Expanding V̂ ,

0 =

〈
ψi, V −

k∑
j=0

φjwj

〉
µ

= 〈ψi, V 〉µ −
k∑
j=0

〈ψi, φj〉µwj .

Now re-arranging for wj on the left gives

k∑
j=0

〈ψi, φj〉µwj = 〈ψi, V 〉µ .

If G ∈ Rk×k and r ∈ Rk are defined by

Gij = 〈ψi, φj〉µ , i, j = 1, 2, ..., k ,

ri = 〈ψi, V 〉µ , i = 1, 2, ..., k

respectively then we have a system of k linear equations that can be written in

vector-matrix form as

Gw = r .

Thus solving for the parameter w amounts to solving a system of linear equations.

In the case where Φ = Ψ, the matrix G is called the Gram matrix. As noted in

[9], if Φ is an orthogonal basis for im(ΠΨ), the Gram matrix is a diagonal matrix

and the solution to Gw = r is simple:

wi =
ri

〈φi, φi〉µ
, i = 1, . . . , k .

We now use these ideas to characterise solutions to projected Bellman equations.

3.2.3 The Projected Bellman Equations

Using the ideas developed in the last section, the solution to an naturally pro-

jected Bellman equation can be characterised by solving a system of linear equa-

tions as well. For notational convenience we first re-define elements of the Bellman
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equation for easier exposition. For any V ∈ RS , recall that the Bellman operator

is given by

T V (s) := R(s) + γ

∫
S
T (s′|s)V (s′)ds′ .

Let PT : L2(S, µ)→ L2(S, µ) be an operator defined as

PTf(s) :=

∫
S
T (s′|s)f(s′)ds′ .

We can thus express the Bellman operator as

T V (s) := R(s) + γPTV (s) .

As a further convenience, consider the Bellman equation applied to V̂ ∈ im(Φ)

such that V̂ (·) = φ>(·)w. Then we define PT over a function returning a multi-

dimensional vector to be taken component wise:

PTφ(s) :=

[
PTφ1(s) . . . PTφk(s)

]>
∈ Rk .

We use the unconventional notation of applying the transpose superscript to a

function to indicate taking the transpose of the resultant value:

PTφ
>(s) :=

[
PTφ1(s) . . . PTφk(s)

]
.

Now let ΠΨ be an natural projection characterised by (Φ,Ψ). We look to solve

the projected Bellman equation

V̂ = ΠΨT V̂

for V̂ ∈ span(Φ). If a solution exists, then there exists a parameter vector

w = (w1, . . . , wk)
> ∈ Rk such that

V̂ (·) =
k∑
i=1

φi(·)wi .

This parameter vector is characterised as the solution to a system of linear equa-

tions in the next section.

Proposition 3.4. Let ΠΨ be a natural projection operator characterised by (Φ,Ψ).

Let V̂ ∈ im(ΠΨ) be given by V̂ =
∑k

i=0 φiwi. Consider the projected Bellman

equation

V̂ = ΠΨT V̂ .
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Let G ∈ Rk×k and r ∈ Rk be defined by

Gij = 〈ψi, (I − γPT )φj〉µ , i, j = 1, 2, . . . , k ,

ri = 〈ψi, R〉µ , i = 1, 2, . . . , k

respectively. Then if a solution to the projected Bellman equation exists, the

parameter vector w = (w1, ..., wk)
> is given as the solution to the system of linear

equations

Gw = r .

Proof. We now look to solve for w by performing the same derivation as in the

previous section. We have for all i = 1, ..., k

〈ψi, T V̂ − ΠΨT V̂ 〉 = 0 .

Substituting in the projected Bellman equation, we have:

0 = 〈ψi, T V̂ − V̂ 〉
= 〈ψi, (R + γPTφ

>(·)w)− φ>(·)w〉µ

= 〈ψi, R〉µ +

〈
ψi, γ

k∑
j=0

PTφjwj

〉
µ

−
〈
ψi,

k∑
j=0

φjwj

〉
µ

= 〈ψi, R〉µ −
k∑
j=0

〈ψi, (φj − γPTφj)wj〉µ

= 〈ψi, R〉µ −
k∑
j=0

〈ψi, (I − γPT )φjwj〉µ .

Re-arranging now gives

k∑
j=0

〈ψi, (I − γPT )φjwj〉µ = 〈ψi, R〉µ .

If G ∈ Rk×k and r ∈ Rk are defined by

Gij = 〈ψi, (I − γPT )φj〉µ , i, j = 1, 2, . . . , k ,

ri = 〈ψi, R〉µ , i = 1, 2, . . . , k

respectively then we have a linear system of k equations given by

Gw = r .
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An immediate consequence is that we can define three key quantities that char-

acterise the solution to any projected Bellman equation.

Corollary 3.5. Let ΠΨ be a natural projection operator characterised by (Φ,Ψ).

Let A ∈ Rk×k, B ∈ Rk×k and b ∈ Rk be defined by

Aij = 〈ψi, φj〉µ , i, j = 1, 2, . . . , k ,

Bij = 〈ψi, PTφj〉µ , i, j = 1, 2, . . . , k ,

bi = 〈ψi, R〉µ , i = 1, 2, . . . , k

respectively. If it exists, the unique fixed point of the projected Bellman equation

given by

V̂ = ΠΨT V̂

depends only upon A, B, and b.

Proof. Given our definitions of A,B, and b, and the definitions of G and r in

Proposition (3.4), we have that

G = A− γB ,

b = r .

Thus, the linear system of equations solving for w can be expressed as

(A− γB)w = b .

Our corollary suggests that any algorithm that solves for the fixed point of a

projected Bellman equation has its solution characterised by the three quantities

A, B, and b. We thus define our class of natural algorithms in relation to natural

projection operators and make use of the property highlighted in Corollary 3.5

when we consider our results.

Definition 3.6 (Natural Algorithms). Let ΠΨ be a natural projection operator

characterised by (Φ,Ψ). If an algorithm solves for the unique fixed point V̂ ∈
im(ΠΨ) of the projected Bellman equation

V̂ = ΠΨT V̂ ,

Then the algorithm is a natural algorithm. We say that such an algorithm is

characterised by (Φ,Ψ).
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In the next chapter we show that the general characterisation of projected

Bellman equations and the formulation of natural algorithms still holds in the

case of a finite state space. In the finite case, we will also see examples of natural

algorithms, which will show that our class of natural algorithms is a non-empty

and valid class of algorithms to consider for divergence results.



Chapter 4

Examples of Natural Algorithms

In this chapter we show that many common reinforcement learning methods are

candidate natural algorithms in the case of a finite state space. Even though the

state space is considered finite, we will assume that its size is ’large’, that is the

size of the state space presents computational difficulties for dynamic program-

ming techniques and approximation methods are required. We begin by showing

that the general characterisation of projected Bellman equations and the formu-

lation of natural algorithms still holds in the case of a finite state space. We will

then discuss the seminal methods in reinforcement learning, showing how they

can be characterised as natural algorithms, before presenting counter-examples

detailing divergence. Since we are looking to find sufficient conditions for di-

vergence results, these counter-examples serve to illustrate key difficulties that

plague natural algorithms even in the simpler (computational complexity wise)

case of a finite state space.

4.1 The Projected Bellman Equations in Finite

State Space

Before considering the projected Bellman equations we express for clarity the

underlying value function space considered analogously to what was presented in

chapter 3. When considering the case of a finite state space, it can be assumed

for simplicity that S = {1, . . . , n}. Thus the relevant value functions are all

elements of Rn. We assume that assumption (2) holds and that µ is the stationary

distribution. We can then consider the inner product space induced by the inner

product defined by the stationary distribution. Let Dµ ∈ Rn×n denote a diagonal

35
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matrix given by

Dµ =


µ(1) . . . 0

...
. . .

...

0 . . . µ(n)

 .

For any two vectors x, y ∈ Rn, we define our inner product as

〈x, y〉µ = x>Dµy .

Showing that 〈·, ·〉µ is an inner product is routine. The given inner product

induces the norm ‖·‖µ where ‖x‖µ =
√
〈x, x〉µ. We will analogously refer to ‖·‖µ

as the µ-weighted quadratic norm. We will similarly denote the set of vectors in

Rn with finite µ-weighted quadratic norm by

L2(S, µ) = {V ∈ Rn :‖V ‖µ <∞} .

Again, note that for any stationary policy π, V π is an element of L2(S, µ) since

proposition 3.5 guarantees that V π is bounded in the infinity norm.

Now consider oblique projection operators. Since Rn is finite dimensional,

all oblique projection operators are trivially natural projection operators. Fur-

thermore, since linear transformations are now given by matrices, we have that

Π ∈ Rn×n and the adjoint Π∗ is equivalent to the transposed matrix Π>. We look

to projection operators that project to a lower-dimensional subspace of Rn. Now

suppose we are given a natural projection ΠΨ whose image has dimension k < n.

Let {φ1, . . . , φk} be a basis spanning im(ΠΨ) and let {ψ1, . . . , ψk} be a basis span-

ning im(Π>Ψ). Since we are working with vectors, we can denote summarise these

sets of basis vectors in matrix form

Φ =


∣∣ ∣∣
φ1 . . . φk∣∣ ∣∣

 ∈ Rn×k , Ψ =


∣∣ ∣∣
ψ1 . . . ψk∣∣ ∣∣

 ∈ Rn×k .

Note that for a natural projection ΠΨ characterised by (Φ,Ψ), any V̂ ∈ im(ΠΨ)

can be expressed as

V̂ = Φw

for some parameter vector w ∈ Rk. We can now consider the solution to a

projected Bellman equation of the form

Φw = ΠΨT Φw .
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The following proposition shows that w is uniquely determined as the solution to

a linear system of equations when both Φ and Ψ are full rank.

Proposition 4.1. Let ΠΨ be a natural projection characterised by (Φ,Ψ). Then

the projected Bellman equation

Φw = ΠΨT Φw

has the unique solution

w =
(

Ψ>Dµ (I − γT ) Φ
)−1

Ψ>DµR .

Proof. We first note that T Φw − ΠΨT Φw ∈ ker(Π). Since ΠΨT Φw ∈ im(ΠΨ),

T Φw−ΠΨT Φw ∈ ker(Π) by the direct sum decomposition property of ΠΨ. Thus

we have that

Ψ>Dµ (T Φw − ΠΨT Φw) = 0 .

Substituting in ΠΨT Φw = Φw and the definition of T gives

Ψ>Dµ (R + γTΦw − Φw) = 0

which after re-arranging gives

Ψ>Dµ (I − γT ) Φw = Ψ>DµR

Note that I − γT is always invertible. To see this, note that the absolute value

of any eigenvalues of a stochastic matrix is less than or equal to 1 (see chapter

1); hence I − γT has positive eigenvalues greater than 0. Then since Ψ and Φ

are full rank and Dµ is a diagonal matrix, Ψ>Dµ (I − γT ) Φ is invertible. Thus

we have that the unique solution to the generalised Bellman equation is given by

ŵ =
(

Ψ>Dµ (I − γT ) Φ
)−1

Ψ>DµR .

Again, we can immediately as a consequence show that the solution to any

projected Bellman equation depends on three key quantities.

Corollary 4.2. Let A = Ψ>DµΦ, B = Ψ>DµTΦ, and b = Ψ>DµR. Then the

solution to any projected Bellman equation depends only upon A,B and b.
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Proof. From proposition 4.1, we have that the unique solution to the projected

Bellman equation is given by

ŵ =
(

Ψ>Dµ (I − γT ) Φ
)−1

Ψ>DµR .

Substituting for A,B, and b gives the desired result

ŵ = (A− γB)−1 b . (4.1)

Thus we can clearly see that by re-defining Φ and Ψ as matrices, our definition

of natural algorithms still carries through in the finite case. We will now proceed

to survey some important reinforcement learning techniques and the different

ideas that underpin their usage. Along the way we will show that these algorithms

can all be classified as natural algorithms.

4.2 Simulation-Based Methods

In this section we look to methods that resolve reinforcement learning problems in

the case where the state transition dynamics of the environment are unknown but

the resultant state sequence can be simulated. Under guarantees of ergodicity in

the underlying state Markov process, statistical estimates of key quantities in the

projected Bellman equations are guaranteed to converge to the correct quantities

by the law of large numbers. Indeed, the validity of Monte-Carlo methods arises

as a direct consequence of the law of large numbers. As such, we will not present

any description of Monte-Carlo methods here and leave its illustration to an

example in the appendix [see appendix A]. Note that the results presented in this

section are adapted from [2] for our usage.

Recall that the solution to a projected Bellman equation is given by

(A− γB)w = b ,

where

A = Φ>DµΦ , B = Φ>DµTΦ , b = Φ>DµR .

The methods in this section primarily find prominence when T and µ are un-

known. In this case, the simple solution is to consider producing statistical esti-

mates of A, B, and b. Consider the following. Suppose we simulate an infinitely
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long sequence of the state Markov process s0, s1, s2, . . . with stationary distribu-

tion µ. At time t, we compute φ(st) and R(st), and after generating the transition

(st, st+1) we form φ(st+1). One particularly natural set of estimates to compute

is

At :=
1

t+ 1

t∑
k=0

φ(sk)φ(sk)
> ,

Bt :=
1

t+ 1

t∑
k=0

φ(sk)φ(sk+1)> ,

bt :=
1

t+ 1

t∑
k=0

φ(sk)R(sk)

for all n ∈ N and where φ(s) =
(
φ1(s), . . . , φk(s)

)>
. The next proposition shows

that An, Bn and bn converge to A, B, and b.

Proposition 4.3. Let

At :=
1

t+ 1

t∑
k=0

φ(sk)φ(sk)
> ,

Bt :=
1

t+ 1

t∑
k=0

φ(sk)φ(sk+1)> ,

bt :=
1

t+ 1

t∑
k=0

φ(sk)R(sk)

for all t ∈ N and where φ(s) =
(
φ1(s), . . . , φk(s)

)>
. Then (At, Bt, bt)

t→∞−−−→
(A,B, b).

Proof. The proof here is an adaptation of a similar derivation in [2]. We first

note that A, B and b can be written as

A =
n∑
s=1

µ(s)φ(s)φ(s)> ,

B =
n∑
s=1

µ(s)φ(s)
n∑

s′=1

T (s′|s)φ(s′)> ,

b =
n∑
s=1

µ(s)φ(s)R(s) .
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Now consider At. We have the following derivation:

At :=
1

t+ 1

t∑
k=0

φ(sk)φ(s>k )

=
t∑

k=0

n∑
s=1

1(sk = s)

t+ 1
φ(s)φ(s)>

=
n∑
s=1

∑t
k=0 1(sk = s)

t+ 1
φ(s)φ(s)>

=
n∑
s=1

µ̂(s)φ(s)φ(s)>

where µ̂(s) :=
∑t
k=0 1(sk=s)

t+1
. By the law of large numbers we have that µ̂(s)

t→∞−−−→
µ(s). Thus, At

t→∞−−−→ A. For Bt we have a similar derivation,

Bt :=
1

t+ 1

t∑
k=0

φ(sk)φ(sk+1)>

=
1

t+ 1

t∑
k=0

n∑
s=1

n∑
s′=1

1(sk = s, sk+1 = s′)φ(s)φ(s′)>

=
n∑
s=1

n∑
s′=1

∑t
k=0 1(sk = s, sk+1 = s′)

t+ 1
φ(s)φ(s′)>

=
n∑
s=1

n∑
s′=1

∑t
k=0 1(sk = s) ·

∑t
k=0 1(sk = s, sk+1 = s′)

t+ 1 ·
∑t

k=0 1(sk = s)
φ(s)φ(s′)>

=
n∑
s=1

∑t
k=0 1(sk = s)

t+ 1
φ(s)

 n∑
s′=1

∑t
k=0 1(sk = s, sk+1 = s′)∑t

k=0 1(sk = s)
φ(s′)>


=

n∑
s=1

µ̂(s)φ(s)
n∑

s′=1

T̂ (s′|s)φ(s′)>

where T̂ (s′|s) =
∑t
k=0 1(sk=s,sk+1=s′)∑t

k=0 1(sk=s)
. Again, by the law of large numbers, we have

that T̂ (s′|s) t→∞−−−→ T (s′|s). Thus, Bt
t→∞−−−→ B. We can similarly write bt as

bt :=
1

t+ 1

t∑
k=0

φ(sk)R(sk)

=
n∑
s=0

∑t
k=0 1(sk = s)

t+ 1
φ(s)R(s)

=
n∑
s=0

µ̂(s)φ(s)R(s) .
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Thus, bt
t→∞−−−→ b.

Example 4.4. The least-squares temporal difference method (LSTD), first pro-

posed by Bradke and Barto [5], is one such reinforcement learning method that ap-

proximately solves the projected Bellman equation by directly evaluating At, Bt,

and bt. To find an approximate solution, the LSTD algorithm directly evaluates

(At − γBt) ŵt = bt (4.2)

to solve for ŵt. A unique solution at each time step is guaranteed to exist so long

as At − γBt is invertible. We also note that by writing equation (4.2) as

(At − γBt) ŵt − bt = 0 ,

we have that

0 =
1

t+ 1

 t∑
k=0

φ(sk)φ(sk)
> − γ

t∑
k=0

φ(sk)φ(sk+1)>

 ŵk −
1

t+ 1

t∑
k=0

φ(sk)R(sk)

=
t∑

k=0

φ(sk)
(
φ(sk)

>ŵk − γφ(sk+1)>ŵt −R(sk)
)

(4.3)

=
t∑

k=0

φ(sk)dk ,

where dk := φ(sk)
>ŵk−γφ(sk+1)>ŵt−R(sk) is known as the temporal difference.

Noting that (A− γB) ŵk − b can be written as

(A− γB)w − b = Φ>Dµ

(
(Φ− γTΦ)w −R

)
,

we see that φ(sk)dt can be seen as a sample of (A− γB)w − b and that the

LSTD method in essence looks for ŵ that minimises the sum over all temporal

differences up to time t. Thus LSTD is clearly a natural algorithm since it looks

to directly estimate A, B and b and produces a solution based off these three

quantities in the limit.

Remark 4.5. We note that since LSTD method computes the feature vector

of each state at time t, φ(st), the algorithm uses the sequence of feature vectors

generated, that is {φ(st)}t∈N, rather than the state sequence {st}t∈N to perform

its updates. This is a common theme in methods that combine sampling with

function approximation.
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4.2.1 Temporal-Difference Learning

A seminal idea in the field of reinforcement learning is undoubtedly temporal

difference learning. Temporal difference methods, first proposed by Sutton [16],

are a family of sample-based methods that incrementally update the parameter

vector to approximate the value function. We will present the main algorithm

before focusing in on a special case known as the TD(0) method.

The TD(λ) Algorithm

Recall that the value function is given by

V π(s) = Eπ
[ ∞∑
t=0

γtRπ(St)

∣∣∣∣S0 = s

]
where γ ∈ (0, 1) is the discount factor. Under a function approximation set-

ting, we look to find an approximation function V̂ (·, w) parametrized by w to

approximate V π. The temporal difference at time step t is given by

dt = Rπ(st) + γV̂ π(st+1, wt)− V̂ π(st, wt).

Then for λ < 1, the TD(λ) algorithm updates the parameter vector w by the

update rule

wt+1 := wt + αtdt

t∑
k=0

(γλ)t−k∇wV̂ (st, wt)

where ∇wV̂ denotes the vector of V̂ ’s partial derivatives. The TD(λ) algorithm

really defines a class of algorithms since each value of λ parametrizes the algo-

rithm’s weighting of future rewards. To see this, note that for λ = 0, the TD(0)

update is given by wt+1 = wt + αtdt∇wV̂ (st, wt), meaning only one-step samples

are considered, whereas for λ = 1, the TD(1) update considers the entire trajec-

tory.

Now suppose that linear function approximation is used. Then V̂ = Φw ∈ im(Φ)

where Φ = [φ1| . . . |φk] is an n× k matrix with basis functions φ1, φ2, ..., φk ∈ Rn

forming its columns. Let φ(s) = (φ1(s), φ2(s), ..., φk(s))
>. Thus the gradient of

V̂ is given by ∇wV̂ (s) = φ(s). The TD(λ) update rule can now be explicitly

expressed as

wt+1 = wt + αtdt

t∑
k=0

(γλ)t−kφ(sk) .
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To simplify the notation, we define the eligibility vector at time t to be

zt =
t∑

k=0

(γλ)t−kφ(ik)

which can also be updated incrementally by zt+1 = γλzt + φ(st+1). Thus, the

TD(λ) update rule is more compactly given by

wt+1 = wt + αtdt

t∑
k=0

(γλ)t−kφ(sk) .

In what follows, we focus exclusively on the TD(0) algorithm.

The Convergence of TD(0)

In this section we show that the TD(0) algorithm with linear function approxima-

tion converges to the fixed point of the orthogonally projected Bellman equation,

thus showing that TD(0) is another algorithm within the class of natural algo-

rithms. To begin with, we first re-iterate key assumptions.

Assumption 3. Assume that:

• The Markov chain {St}t∈N is ergodic and that there exists a stationary

distribution µ.

• The matrix Φ with {φ1, . . . , φk} as its columns is full rank.

Given assumption 3, the orthogonal projection is given by

ΠΦ = Φ
(

Φ>DµΦ
)−1

Φ>Dµ ,

and the orthogonally projected Bellman equation is given by

Φŵ = ΠΦT Φŵ .

For this equation to have a solution, ΠΦT must be a contraction mapping with

respect to ‖·‖µ. To show this we will show that ΠΦ is a non-expansion and that

T is a contraction mapping with respect to ‖·‖µ. The next result, shown in [21],

says that the transition matrix is a non-expansion.

Lemma 4.6. [21] The transition matrix T is a non-expansion with respect to

‖·‖µ, that is for all V ∈ L2(S, µ), ‖TV ‖µ ≤‖V ‖µ.
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Proof. We have the following derivation

‖TV ‖2
µ = V >T>DµTV

=
n∑
s=1

µ(s)

( n∑
s′=1

T (s′|s)V (s′)

)2

(a)

≤
n∑
s=1

µ(s)
n∑

s′=1

T (s′|s)(V (s′))2

(b)
=

n∑
s′=1

n∑
s=1

µ(s)T (s′|s)(V (s′))2

(c)
=

n∑
s′=1

µ(s′)(V (s′))2

=‖V ‖2
µ .

(a) follows by Jensen’s inequality, (b) follows by the Tonelli-Fubini theorem and

finally, (c) follows since µ is the stationary distribution. Our derived inequal-

ity implies that ‖TV ‖µ ≤‖V ‖µ holds since the quadratic function is monotonic

increasing on R+.

The next result establishes that orthogonal projections are also non-expansions.

Lemma 4.7. [21]. Let ΠΦ be an orthogonal projection. Then Π is non-expansive,

i.e. ∥∥∥ΠΦV − ΠφṼ
∥∥∥
µ
≤
∥∥∥V − Ṽ ∥∥∥

µ
,∀V, Ṽ ∈ Rn .

Proof. By the linearity of ΠΦ, we have∥∥∥ΠΦV − ΠΦṼ
∥∥∥2

µ
=
∥∥∥ΠΦ(V − Ṽ )

∥∥∥2

µ

≤
∥∥∥ΠΦ(V − Ṽ )

∥∥∥2

µ
+
∥∥∥(I − ΠΦ)(V − Ṽ )

∥∥∥2

µ
. (*)

For any vector x ∈ Rn,

x = ΠΦ(x) + (I − ΠΦ)(x) .

Thus, applying ΠΦ to both sides gives

ΠΦ(x) = Π2
Φ(x) + ΠΦ(I − ΠΦ)(x) = ΠΦ(x) + ΠΦ(I − ΠΦ)(x)
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since projection operators are idempotent. Thus it must be the case that ΠΦ(I−
ΠΦ)(x) = 0, implying that (I − ΠΦ)(x) ∈ ker(ΠΦ) and is thus orthogonal to

im(Π). Thus by the Pythagorean theorem we have∥∥∥Π(V − Ṽ )
∥∥∥2

µ
+
∥∥∥(I − Π)(V − Ṽ )

∥∥∥2

µ
=
∥∥∥V − Ṽ ∥∥∥2

µ
.

Composing the above inequality with (*) shows the desired property.

Given these two results, we have the following proposition stating that T and

ΠT are contraction mappings with respect to ‖·‖µ.

Proposition 4.8. [21]. The operators T and ΠT are contraction mappings with

respect to ‖·‖µ.

Proof. We first note that for a finite state space, T can be expressed as T V =

R + γTV . Thus, for any V, Ṽ ∈ Rn∥∥∥T V − T Ṽ ∥∥∥
µ

(a)
=
∥∥∥γTV − γT Ṽ ∥∥∥

µ

(b)
= γ

∥∥∥T (V − Ṽ )
∥∥∥
µ

(c)

≤ γ
∥∥∥V − Ṽ ∥∥∥

µ
.

where (a) follows by definition, (b) by re-arranging, and (c) since T is a non-

expansion (Lemma 4.6). This establishes that T is a contraction w.r.t. ‖·‖µ. Now

since Π is a non-expansion (Lemma 4.7), we also have that ΠT is a contraction

mapping.

Thus, by Banach’s fixed point theorem, the orthogonally projected Bellman

equation

Φŵ = ΠΦT Φŵ

is guaranteed to have a unique solution. By proposition 4.1, we have that ŵ is

uniquely determined by

ŵ =
(

Φ>Dµ (I − γT ) Φ
)−1

Φ>DµR .

The seminal work by Tsitsiklis and Van Roy in [21] goes on to show that the

TD(0) algorithm converges to the fixed point of equation (4.3.2). A key as-

sumption is that the realised state sequence {St}t∈N that TD(0) samples from

to perform updates is in its steady state at all t ∈ N. Indeed, as we will see

in a later section, in many famous counter-examples, this condition is violated.

Nevertheless, given that TD(0) has been provably shown to compute the unique

fixed point of 4.3.2, it is also a natural algorithm.
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4.3 Bellman Error Methods

In this section we take a look at another class of common methods known as

Bellman error methods. Bellman error methods look to minimise the difference

in the two sides of the Bellman fixed point equation directly to find a parameter

vector. Bellman error methods amount to minimising

min
w
‖Φŵ − T Φŵ‖2

µ

for the parameter w. The error function is known as the Bellman error. Expand-

ing the Bellman operator and re-arranging gives the simpler form

min
w

∥∥(I − γT ) Φŵ −R
∥∥2

µ
.

Since‖·‖2
µ is a coercive convex function, setting its gradient to 0 gives a necessary

and sufficient condition for the unique global minimiser:

0 = ∇w‖Φŵ − T Φŵ‖2
µ

(a)
=
(
(I − γT ) Φ

)>
Dµ

(
Φŵ − (R + γTΦŵ)

)
=
(
(I − γT ) Φ

)>
Dµ

(
(I − γT )Φŵ −R

)
.

Here (a) follows by expanding the Bellman operator and then taking the gradient

w.r.t. w. Re-arranging for w gives the unique solution

ŵ =
((

(I − γT ) Φ
)>
Dµ(I − γT )Φ

)−1 (
(I − γT ) Φ

)>
DµR

where we note that
(
(I − γT ) Φ

)>
Dµ(I − γT )Φ is invertible since (I − γT ) is

invertible and Φ is full rank (for full justification, see proposition 4.1).

4.3.1 The Residual Gradient Method

The residual gradient method, first proposed by Baird [1], is an example of a

reinforcement learning algorithm that looks to minimise the Bellman error. In

essence, the algorithm is a gradient method that performs the method of steepest

descent on the Bellman error function. For an unconstrained optimisation prob-

lem with a differentiable objective function f : Rn → R, the method of steepest

descent generates a sequence of values by the update rule

xk+1 = xk + αk∇xf(x) ,
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where αk is the step-size. The step-size can be chosen in many different ways. To

select αk optimally, i.e. in the sense that

f(xk + αk∇xf(x)) = min
α>0

f(xk + α∇xf(x)) ,

then αk must satisfy

d

dα
f(xk + α∇f(xk))

∣∣∣∣
α=αk

= 0 .

Thus, αk must equivalently satisfy

∇f(xk)
>∇f(xk + αk∇f(xk)) = 0 .

The following theorem establishes a relevant case of convergence for the steep-

est descent method.

Theorem 4.9. Let f : Rn → R be a differentiable, coercive convex function.

Then the sequence {xk} generated by the method of steepest descent from any

initial point x0 converges the unique global minimiser of f .

Proof. See [12].

Letting f(w) =‖Φŵ − T Φŵ‖2
µ, the Residual Gradient algorithm’s update rule is

then given by

wk+1 = wk + αk∇wf(w)

= wk + αk
(
(I − γT ) Φ

)>
Dµ

(
(I − γT )Φwk −R

)
,

Which we can see by theorem 4.9 is guaranteed to converge to the unique global

minimiser of f , which we recall is given by

ŵ =
((

(I − γT ) Φ
)>
Dµ(I − γT )Φ

)−1 (
(I − γT ) Φ

)>
DµR .

4.3.2 A Unified Perspective

A key motivating factor in the research investigated in this thesis is the fact that

both the Bellman error and projected Bellman equation methods can be unified

into one framework using oblique projection operators.

Recall in section 3.3.3 that we showed that the TD(0) algorithm minimises

ETD =‖Φw∗ − ΠΦT Φw∗‖2
µ ,
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where ΠΦ is the orthogonal projection and the unique solution is given by

wTD =
(

Φ>Dµ (I − γT ) Φ
)−1

Φ>DµR .

Similarly, the Residual Gradient algorithm minimises

EBE =‖Φw∗ − T Φw∗‖2
µ

with the unique solution being given by

wBE =
((

(I − γT ) Φ
)>
Dµ(I − γT )Φ

)−1 (
(I − γT ) Φ

)>
DµR .

To simplify notation, let L := I − γT . Then wTD and wBE become

wTD =
(

Φ>DµLΦ
)−1

Φ>DµR and wBE =
(

Φ>L>DµLΦ
)−1

(LΦ)>DµR .

The following result by Scherrer [15] specifies the relationship between the two

error methods.

Proposition 4.10. [15]. The Bellman error is an upper bound of the TD(0)

error with respect to the µ-weighted quadratic norm.

Proof. Let V̂ = Φw ∈ im(Φ). Since ΠΦ is an orthogonal projection w.r.t. the

µ-weighted quadratic norm onto im(Φ), T V̂ − ΠΦT V̂ ∈ ker(Φ). Also, since

V̂ ∈ im(Φ), V̂ − ΠΦT V̂ ∈ im(Φ). Then by the the Pythagorean theorem,∥∥∥V̂ − T V̂ ∥∥∥2

µ
=
∥∥∥V̂ − ΠΦT V̂

∥∥∥2

µ
+
∥∥∥T V̂ − ΠΦT V̂

∥∥∥2

µ
.

Thus, the Bellman error,
∥∥∥V̂ − T V̂ ∥∥∥2

µ
upper bounds the TD(0) error

∥∥∥V̂ − ΠΦT V̂
∥∥∥2

µ
.

The term
∥∥∥T V̂ − ΠΦT V̂

∥∥∥2

µ
can be interpreted as a measure of the orthogonal

projection’s adequacy w.r.t. the bellman operator T . An important point here is

that even if TD(0) converges to the minimiser of ETD, the solution may not be

optimal since the projection may not be adequate.

Algorithms characterized by these two error functions can be seen as oppos-

ing extremes for methods whose solution is characterised by a projection on the

bellman equations: bellman error methods have solutions characterised by taking

the identity projection whereas TD(0)’s solution is characterised by the closest

approximation to the bellman equation estimate, which is given by the orthogo-

nal projection. The following proposition is adapted from [15] and unifies both

methods into a single obliquely projected Bellman equation framework.
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Figure 4.1: An illustration of the geometry and the corresponding Bellman error and

TD error. Note here that the curly T corresponds to the Bellman operator.

Proposition 4.11. [15].

Let XTD = Φ and XBE = (I − γT ) Φ. Let (Φ, X) characterise the projection

matrix ΠX : ΠX has range span(Φ) and projects orthogonally to the subspace

span(X). ΠX is given by:

ΠX = Φ(X>DµΦ)−1X>Dµ

Then assuming that the transition matrix T of the underlying MDP is non-

singular, methods that minimise the TD(0) error and Bellman error, with X =

XTD and X = XBE respectively, solve the projected Bellman equation

ΦŵX = ΠXT ΦŵX .

Proof. Let πX =
(
X>DµΦ

)−1
X>Dµ. Then we note that

πXΠX =
(
X>DµΦ

)−1

X>DµΦ(X>DµΦ)−1X>Dµ

= πX .

Then multiplying the ΠX projected Bellman equation by πX gives

ŵX = πXΠXT ΦŵX

= πX (R + γTΦŵX)

=
(
X>DµΦ

)−1
X>Dµ

(
R + γTΦŵX

)
.

Re-arranging for ŵX we have(
I − γ(X>DµΦ)−1X>DµTΦ

)
ŵX = (X>DµΦ)−1X>DµR



50 CHAPTER 4. EXAMPLES OF NATURAL ALGORITHMS

Multiplying both sides by X>DµΦ,

X>Dµ (I − γT ) ΦŵX = X>DµR

Now note since (I − γT ) has non-negative eigen-values (see proof of proposition

4.1) and Φ is full rank, X>Dµ (I − γT ) Φ is invertible for both X = XTD and

X = XBE. Thus ŵX is uniquely given by

ŵX =
(
X>Dµ (I − γT ) Φ

)−1
X>DµR .

Substituting in eitherXTD orXBE forX shows that ŵXTD = wTD and ŵXBE = wBE.

This result suggests that there is a spectrum of reinforcement learning al-

gorithms that can all be characterised as solving obliquely projected Bellman

equations.

4.4 Examples of Divergence

In this section we present some well-known divergence results that occur when

temporal difference learning is combined with linear function approximation. In

particular we will consider the TD(0) algorithm again with one-step samples

generated according to some initial distribution. The TD(0) update in linear

function approximation is given by

wt+1 = wt + αt
(
R + γV̂ (st+1)− V (st)

)
φ(st)

The two results we will consider are Baird’s counter-example and Tsitsiklis and

Van Roy’s counter-example.

4.4.1 Baird’s Counter-example

Baird’s counter-example [1] presents a 6 state MDP where each state transitions to

the sixth state with probability 1. Consider the value function estimate under lin-

ear function approximation as shown for each state in the graph. For example, the

value function estimate at state 1 is given by V̂ (1) = w0 + 2w1 = [1 2 0 0 0 0 0]w.

Note that the linear function approximation architecture is chosen to have seven

basis functions. The reward at all states on all actions is 0. Thus the optimal
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(6) = 2 +Vˆ w0 w6
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Figure 4.2: Baird’s counter-example.

value function V ∗ is given by V ∗ = 0 with optimal parameter vector w∗ = 0. The

TD(0) update equation is then given by

wt+1 = wt + αt(γV (st+1)− V (st)) .

Then suppose we consider updating the parameter vector using one-step transi-

tion samples where the initial state is drawn from the uniform distribution and

the next state is given by the transition function. If all weights are initially pos-

itive and V̂ (6) is initially much larger than the value function estimates at other

states, then the value function estimate will begin to diverge. To see this, con-

sider the TD(0) update equation. When V̂ (1), ..., V̂ (5) are much lower than the

value of their successor γV̂ (6) and V̂ (6) is greater than the value of its successor

γV̂ (6), then w0 is increased five times for every one time that it is decreased.

Slowly over time, V̂ (6) will fall but then quickly become far smaller causing an

oscillation in the other direction. This phenomenon is illustrated in the graph

below.

Note that in this case the algorithm diverges even though the optimal value

function is exactly representable by the given linear function approximation ar-

chitecture.

Clearly, this example violates two key assumptions in the proof of TD(0)’s

convergence. Firstly, the matrix Φ is not full rank and thus has infinite possible

solutions. Secondly, by sampling according the uniform distribution, the samples
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Figure 4.3: Plots of the divergence of parameter values found by TD(0) in Baird’s

counter-example over 15000 and 1000000 updates and uniform sampling.

are not generated according to the steady state of the state sequence of any policy,

which under any policy is to with probability 1 move to state 6.

4.4.2 Tsitsiklis and Van Roy’s Counter-example

1 2

= 1T1,2

= εT2,1

= 1 − εT2,2

Figure 4.4: Illustration of the MDP underlying Tsitsiklis and Van Roy’s counter-

example.

Tsitsiklis and Van Roy’s counter-example, shown in [3], presents a more analytic

perspective as to why TD(0) diverges. Consider the underlying state Markov

chain given by the image above where the numbers on the edges represent the

probability of the given transition. Note that the transition from state 1 to itself

has 0 probability. We again assume that all transitions confer no reward. Thus

the exact value function is given by V ∗(·) = 0. Consider the one-dimension

linear approximation architecture given by Φ =
[
1 2

]>
. Then V̂ =

[
w 2w

]>
.

Assume that samples are generated uniformly as in Baird’s counter-example.
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Then computing the expected update gives

E[wt+1] = E[wt] + αt
1

2
(2γ − 1)E[wt] + αt

1

2
2
(
(1− ε)(2γ − 2) + ε(γ − 2)

)
E[wt]

= E[wt] +
αt
2

(
6γ − 5 +O(ε)

)
E[wt] .

Thus for γ > 5
6

and ε small, E[wt] diverges since then αt
2

(
6γ − 5 + O(ε)

)
> 1.

In contrast, when TD(0) is updated using samples generated from a trajectory

or one-step transition samples from the stationary distribution and transition

function, most transitions in state 2 occur from state 2 to itself, giving

E[wt+1] = E[wt] + αt2(2γ − 2)E[wt] +O(ε)E[wt] .

In this case, convergence occurs since γ < 1.

4.5 Summary

In summary, we have seen that the class of natural algorithms is a non-empty

and interesting class of algorithms to consider divergence results for. In particular

we have seen how three prominent reinforcement learning algorithms - LSTD,

TD(0), and the residual gradient method - all look to solve for the fixed point

of a projected Bellman equation. In the case of TD(0), we have seen examples

of divergence. These divergence results show that when one or more of the as-

sumptions set out by Tsitsiklis and Van Roy for the convergence of TD(0) are

violated, divergence can occur. More subtly, we have seen some factors that

point to the possibility of convergence to the wrong solution. For example, the

TD(0) method only minimises the TD error and foregoes the model adequacy

component. These factors discussed here provide some of the motivation for the

divergence results we seek. As we will see in the next chapter, the dependency

on sampling introduces other ways in which solutions may converge to the wrong

solution.





Chapter 5

The Ambiguity Conditions

In this chapter we present our main results which we collectively call the ambiguity

conditions. The ambiguity conditions are a collection of conditions under which

projected Bellman equation methods may either diverge or converge to the wrong

solution. Throughout the chapter we continue to consider the case where the

policy is fixed and so will suppress the superscripts of π. Reward and transition

functions R and T will be taken to be defined as R := Rπ and T := T π. We begin

by providing an example to highlight the type of problem captured by our results

before going on to show our results in the case of both finite and continuous state

spaces.

5.1 A Motivating Example

The following example is drawn from [17]. Consider the two MDPs depicted

in Figure 5.1. Unlike most scenarios considered in the rest of this thesis, the

policy define here is stochastic rather than deterministic. The edges between

states indicate a state transition and the labels indicate the action taken and

the reward received. For example, in MDP 1, taking action a1 in state 1 causes

a transition from A to B that incurs 0 reward. When two edges leave a single

state, we assume that the policy chooses between actions uniformly. Under such

a policy, the transition matrices of MDP 1 and MDP 2 are given by

T1 =

[
0 1
1
2

1
2

]
, T2 =

0 1
2

1
2

1 0 0

0 1
2

1
2


55
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1 2

0, a1

1, a3

−1, a2

 MDP 1

1 2

0, a1

1, a5

3

0, a2

−1, a4
−1, a3

 MDP 2

Figure 5.1: Depiction of two MDPs that are observationally equivalent but have differ-

ent Bellman error and optimal parameter values.

respectively. It can also be seen that the stationary distributions in each MDP

are given by µ1 = (1
3
, 2

3
)> and µ2 = (1

3
, 1

3
, 1

3
)> respectively. Now suppose that

we use a simple linear function approximation mechanism with a two component

parameter vector w = (w1, w2)>. Since MDP 1 has the same number of states as

the number of parameters, the value at each state can be represented exactly

V̂ (1) = w1 , V̂ (2) = w2 .

In MDP 2, we assume that states 2 and 3 share a parameter value, i.e.

V̂ (1) = w1 , V̂ (2) = w2 , V̂ (3) = w2 .

As mentioned in remark 4.5, algorithms that combine sampling techniques with

function approximation do not get all the information summarised in the states of

the state sequence {st}t∈N. Instead, the algorithms learn using the feature-vector

sequence {φ(st)}t∈N instead.

Now consider the feature vector-reward sequence generated starting in the

steady-state. In MDP 1, our function approximation algorithm would see pa-

rameter value w1 followed by 0 with probability 1
3

and the parameter value w2

followed by either 1 or -1 with probability 1
3

each. In MDP 2, we see that the sam-

ple distribution is the same. The rewards received in each state is deterministic
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and also the steady-state probabilities are equal for all states. Thus, our function

approximation algorithm sees w1 followed by 0 with probability 1
3

and w2 followed

by 1 or −1 with probability 1
3

each. Thus, from the perspective of updating via

samples, the two MDPs in Figure 5.1 are indistinguishable. Furthermore, suppose

we use a method that minimises the Bellman error

EBE =
∥∥(I − γT ) Φŵ −R

∥∥2

µ
.

Note that by letting V̂ = Φŵ the Bellman error can also be expressed as

EBE =
∑
s∈S

µ(s)

[
Rπ(s)− V̂ (s) + γEπ

[
V̂ (St+1)|St = s

]]2

.

For a parameter value of ŵ = 0, the Bellman error becomes

EBE =
∑
s∈S

µ(s)
(
Rπ(s)

)2
.

Under this parameter value, the Bellman error is 0 in MDP 1 since the expected

reward in each state is 0. However, the Bellman error is given by EBE = 1
3
(0 +

1+1) = 2
3

in MDP 2. Thus the Bellman error is not a unique function of the data

sample. This suggests that even though an algorithm minimising the Bellman

error may converge, it may converge to the wrong parameter vector. Indeed, we

note that the optimal parameter vector in MDP 1 is given by w = 0. The optimal

parameter vector in MDP 2 is however more complex. We note that given our

parameter vector, the Bellman error can be expressed as

EBE =
1

3

[
(−w1 + γw2)2 + (1− w2 + γw1)2 +

(
−1 + w2 (1− γ)

)2
]
.

We note that since the Bellman error is a sum of quadratic terms, we can char-

acterise its minimiser by settings its gradient to 0

0 =

[
−(−w1 + γw2) + γ(1− w2 + γw1)

γ(−w1 + γw2)− (1− w2 + γw1) + (1− γ)(−1 + w2(1− γ))

]

=

[
w1(1 + γ2)− 2γw2 + γ

−2γw1 + 2w2(1− γ + γ2)

]
.

Clearly, the solution that minimises the Bellman error is a complicated function

of γ. However taking the limit as γ → 1, we obtain two equivalent equations

2w1 − 2w2 + 1 = 0

− 2w1 + 2w2 − 1 = 0 .
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Since there are two variables and only one equation, there exists infinitely many

parameter vectors that satisfy this equation. Now suppose that MDP 1 was

the true environment. Then any sample-based, function approximation method

looking to minimise the Bellman error would not be able to distinguish whether

the underlying environment was truly MDP 1 or MDP 2. Thus, it may converge to

any one of the parameter vectors that satisfy MDP 2’s Bellman error constraints

instead. In this case, the approximate value function V̂ = Φw will be different

from the true value function of V̂ = 0.

The scenario here presents a subtle form of divergence that can occur for

when dealing with function approximation methods. Instead of the algorithms

explicitly diverging, we have seen how it is possible that they may converge but

to the wrong solution. Our main results, aptly named the ambiguity conditions,

in the next section look to generalise this phenomenon to all natural algorithms

and provide sufficient conditions that capture exactly when this phenomenon may

occur. Recall that a key property of natural algorithms is that their solution is

characterised as the fixed point of a projected Bellman equation. Furthermore,

the solution to a projected Bellman equation is completely determined by the

three quantities A, B, and b (see corollaries 3.5 and 4.2). Our ambiguity condi-

tions show that there exist scenarios where different environments with different

parameter vectors ’look’ the same under projection, that is the quantities A, B,

and b are the same for the different environments, but the true parameter vector

is different.

5.2 The Ambiguity Conditions in Finite State

Space

In this section we look to derive a series of ambiguity conditions in the case of

a finite state space. Throughout we will assume that the state space is given by

S = {1, . . . , n}, where n is ‘large’, and the action space A is finite. Also, we

assume that our other key assumptions hold. We assume that we are looking for

an approximate solution in a subspace with dimension k < n, and that assumption

5 holds, that is the state Markov chain admits a stationary distribution µ such

that µ(s) > 0 for all s ∈ S. Each condition is defined in relation to the previous

and was done so in order to try find a constructive result. As a result, we are able

to construct an example where ambiguity holds. To begin with, we first define

the Bellman template which will form the framework of our analysis.
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Definition 5.1 (Bellman template). Suppose ΠΨ, a natural projection operator

characterised by (Φ,Ψ). Let w ∈ Rk, R : S → R, and T : S × S → [0, 1]

be variables. We define the following constraints collectively as the Bellman

template:

• (w,R, T ) satisfy the Bellman equations

Φw = R + γTΦw . (5.1)

• Let A ∈ Rk×k, B ∈ Rk×k, and b ∈ Rk be given by

A = Ψ>DµΦ , B = Ψ>DµTΦ , b = Ψ>DµR .

respectively.

We say that a tuple (w∗, R∗, T ∗) is a solution to the Bellman template if it satisfies

these constraints.

Remark 5.2. Recall that a solution to a projected Bellman equation is uniquely

determined by A, B, b (see corollary 4.2). Thus it may seem strange that we

could have multiple solutions. The crucial difference however is that we now let

R and T vary. The first constraint can be seen as requiring that the value function

for the fixed policy be exactly representable in our approximation subspace. The

second constraint provides a condition to consider when different tuples (w,R, T )

produce the same quantities A, B, b.

Our next assumption asserts a true environment and parameter vector to which

other incorrect solutions can be compared to.

Assumption 4. Let w∗ ∈ Rk be a parameter vector, and R∗ : S → R and

T ∗ : S × S → [0, 1] be an immediate reward function and transition function

respectively such that (w∗, R∗, T ∗) is a solution to the Bellman template. We

assume that (w∗, R∗, T ∗) is the true solution to the Bellman template.

Under assumption 4, if the Bellman template has at least one other solu-

tion with a different parameter vector, all natural algorithms characterised by

the given projection ΠΨ may either diverge or converge to the wrong parameter

vector. We thus define ambiguity as follows.

Definition 5.3 (Ambiguity). If the Bellman template has more than one solution

and at least two of the solutions have different parameter vectors, then we say

that ambiguity holds.
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Having defined ambiguity, we can now proceed to show our first ambiguity con-

dition in the case of a finite state space.

Theorem 5.4. Suppose assumption 4 holds. Then ambiguity holds if and only if

there exists v 6= 0 ∈ Rk such that (A− γB) v = 0.

Proof. Suppose ambiguity holds, that is there exists another solution (w
◦
, R
◦
, T
◦
)

satisfying the Bellman template such that w
◦ 6= w∗. Then (w

◦
, R
◦
, T
◦
) satisfies

(A− γB)w
◦

= b .

To see, this note that since (w
◦
, R
◦
, T
◦
) is a solution to the Bellman template,

T
◦

and R
◦

satisfy A,B and b. Since (w
◦
, R
◦
, T
◦
) also satisfies equation (5.1), we

have by multiplying equation (5.1) on the left by Ψ>Dµ

Ψ>DµΦw
◦

= Ψ>DµR + γΨ>DµT
◦
Φw

◦
.

Re-arranging and substituting in the definitions ofA,B, and b gives (A− γB)w
◦

=

b. Then similarly, (A− γB)w∗ = b. Letting v = w1 − w∗, we have

(A− γB)
(
w1 − w∗

)
= b− b ,

which gives

(A− γB) v = 0 .

We now show the reverse. Suppose that A,B, and b are given as in the Bellman

template and that there exists v 6= 0 ∈ Rk such that (A− γB) v = 0. For any

λ > 0, let

wλ := w∗ + λv ,

T λ = T ∗ ,

Rλ :=
(
I − γT λ

)
Φwλ .

We now show that (wλ, Rλ, T λ) satisfies the Bellman template. Firstly, it satisfies

equation (5.1) since the left-hand side is given by

Φwλ = Φw∗ + λΦv ,

and the right-hand side is given by

Rλ + γT λΦwλ = (I − γT ∗) Φ (w∗ + λv) + γT λΦ (w∗ + λv)

= Φw∗ + λΦv .
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Finally, let Aλ = Ψ>DµΦ, Bλ = Ψ>DµT
λΦ and bλ = Ψ>DµR

λ. Clearly Aλ = A

and Bλ = B. From equation (5.1) we have(
I − γT λ

)
Φwλ = Rλ .

Multiplying this equation Ψ>Dµ from the left gives

bλ = Ψ>Dµ

(
I − γT λ

)
Φwλ

(a)
= (A− γB)wλ

= (A− γB) (w∗ + λv)

(b)
= (A− γB)w∗

= b ,

where (a) follows by definition of A and B since T λ = T ∗ and (b) follows by our

starting assumption. Thus, all constraints in the Bellman template are satisfied

and (wλ, Rλ, T λ) is a solution to the Bellman template for all λ > 0. Thus,

ambiguity holds.

Remark 5.5. From our proof of theorem 5.4, if (A− γB) v = 0 holds, there

exists an infinite number of possible solutions to the projected Bellman equation

given by the projection ΠΨ. In particular we have an explicit construction for a

set of reward functions and parameter vectors that satisfy the Bellman template.

We now look to derive equivalent conditions that give us a construction for T .

The following corollary provides a useful re-definition that will help us in

finding conditions to construct T .

Corollary 5.6. Suppose assumption 1 holds. Let χi(s) := ψi(s)µ(s) for all s =

1, . . . , n, where ψi is the ith column of Ψ, and let ϕ = Φv for v 6= 0 ∈ Rk. Then

ambiguity holds if and only if there exists T such that for all i,

χ>i (I − γT )ϕ = 0 . (5.2)

Proof. Suppose T exists such that Ψ>DµTΦ = B. Expanding (A − γB)v = 0

gives

Ψ>Dµ (I − γT ) Φv = 0 .

Note that
[
Ψ>Dµ

]
i,s

= ψi(s)µ(s) = χi(s). Thus for all i,

χ>i (I − γT ) Φv = 0 .

Substituting in ϕ = Φv gives χ>i (I − γT )ϕ = 0.
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Remark 5.7. Since v can be interpreted as the error in the parameter vector,

the vector ϕ can be treated as the error in the value function between different

the value function of the true solution and that of an erroneous solution that

satisfies the Bellman template.

Ambiguity under an orthogonal basis

In this section we look to derive ambiguity conditions in the case where the set

ψ1, . . . , ψk, the columns of Ψ that characterise the space that a natural projection

projects orthogonally to, are orthogonal to each other (with respect to ‖·‖µ) and

are all non-negative vectors. This is formalised in the following assumption.

Assumption 5. Assume that for all i = 1, . . . , k and s = 1, . . . , n that ψi(s) ≥ 0.

Furthermore, assume that ψ1, . . . , ψk forms an orthonormal basis (with respect

to ‖·‖µ), i.e. 〈ψi, ψj〉µ = 0 for all i 6= j and ‖ψi‖µ = 1 for all i.

Remark 5.8. As a direct consequence of assumption 5, if ψi(s) 6= 0 for a given

s, then ψj(s) = 0 for all j 6= i.

The next theorem helps us toward the next theorem which gives us an explicit

construction for T .

Theorem 5.9. Suppose assumptions 4 and 5 hold. Let ti ∈ Rn be vector such

that
∑n

s=1 ti(s) = 1 and ti(s) ≥ 0 for all s = 1, . . . , n. Then ambiguity holds if

and only if there exists ϕ 6= 0 ∈ span(Φ) such that for all i = 1, . . . , k, there

exists ti such that

χ>i ϕ = γt>i ϕ .

Proof. We first note that ambiguity holds if and only if equation there exists T

such that 5.2 holds. Then re-arranging equation 5.2 gives

χ>i ϕ = γχ>i Tϕ .

Since ‖ψi‖µ = 1 for all i, ‖χi‖ = 1. Then we can simply take ti = χ>i T .

We are now able to present the main result under assumption 4.

Theorem 5.10. Assume that assumptions 4 and 5 hold. Then ambiguity holds

if and only if there exists ϕ 6= 0 ∈ span(Φ) such that for all i,

γϕmin ≤ χ>i ϕ ≤ γϕmax .
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Proof.

=⇒ :

Assume that ambiguity holds. Then by theorem 5.9, χ>i ϕ = γt>i ϕ for some ti.

Define T as

Ts,s′ = ti(s
′) if χi(s) 6= 0 .

For a given s ∈ {1, . . . , n}, under assumption 5 and by the definition of χi, there

is a unique i where χi(s) 6= 0. The definition of T allows any ti to be satisfied

since χ>i T = t>i .

Let us define the following:

ϕmax = sup
s
ϕ(s) and ϕmin = inf

s
ϕ(s)

Since s takes values in {1, . . . n}, the supremum and infimum are just the maxi-

mum and minimum and are guaranteed to exist. We also define smax = arg maxs ϕ(s)

and smin = arg mins ϕ(s). Then ti(s
′) = 1(smax = s′) and ti(s

′) = 1(smin = s′)

achieve the maximum and minimum values for t>i ϕ as:

sup
ti

t>i ϕ =
∑
s′

1(smax = s′)ϕ(s′) = ϕmax

inf
ti
t>i ϕ =

∑
s′

1(smin = s′)ϕ(s′) = ϕmin

Since γ infti t
>
i ϕ ≤ γt>i ϕ ≤ γ supti t

>
i ϕ we have that γϕmin ≤ t>i ϕ ≤ γϕmax.

⇐= :

Assume for any i that ϕmin ≤ 1
γ
χ>i ϕ ≤ ϕmax. We note that χ>i ϕ(s) is a continuous

function. Thus, we can define ti as

ti(s
′) =

1
γ
χ>i ϕ− ϕmin

ϕmax − ϕmin

δsmax(s′) +
ϕmax − 1

γ
χ>i ϕ

ϕmax − ϕmin

δsmin
(s′)

Thus,

t>i ϕ =

1
γ
χ>i ϕ− ϕmin

ϕmax − ϕmin

ϕmax +
ϕmax − 1

γ
χ>i ϕ

ϕmax − ϕmin

ϕmin

=
1

γ
χ>i ϕ .

Thus, χ>i ϕ = γt>i ϕ.



64 CHAPTER 5. THE AMBIGUITY CONDITIONS

Remark 5.11. From the proof of 5.10, we are able to construct a T using ti.

Also, we are able to relate γ to the function ϕ.

Example 5.12. In this example we give an explicit construction of multiple

environments that satisfy the Bellman template under assumption 5. Consider

the scenario where S = {1, 2} and the stationary distribution is given by µ =

(1
2
, 1

2
)>. Since we consider lower-dimensional approximations, suppose that Φ and

Ψ are defined as follows

Φ =

[
1

2

]
, Ψ =

[
2
3
4
3

]
.

Let ϕ = Φ. Given Ψ = [ψ1], χ1 is given by χ1 = (1
3
, 2

3
)>. Given ϕ, ϕmax = 2 and

ϕmin = 1. Also χ>1 ϕ = 5
3
. Thus, under theorem 5.10, ambiguity holds if and only

if

γ ≤ 5

3
≤ 2γ .

For γ ∈ [5
6
, 1], this condition holds. For γ = 5

6
, we find that there exists t1 that

satisfies theorem 5.9, namely t1 = [0 1]>. Thus, as done in the proof of 5.10, we

are able to define our transition matrix according to

Ts,s′ = ti(s
′) if χi(s) 6= 0 .

Thus, we define T as

T =

[
0 1

0 1

]
.

Given we chose ϕ = Φ, we let v = 1. Then we choose simply as wλ = λ. Now

from the proof of theorem 5.4, we define Rλ by

Rλ = (I − γT ) Φwλ

=

[
1 −5

6

0 1
6

][
1

2

]
λ

=
λ

6

[
−2

1

]
.

By construction, (wλ, Rλ, T ) satisfy the Bellman template for all values of

λ > 0. Thus, any natural algorithm characterised by (Φ,Ψ) as defined in our

example may either diverge or converge to the wrong solution. Indeed, suppose
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1 2

 −

2λ

6  
λ

6

Figure 5.2: An MDP where any value of λ > 0 characterises a different environment.

With wλ = λ, all these environments look the same to natural algorithms whose solu-

tions are characterised by Φ = [1 2]> and Ψ = [2
3

4
3 ]>.

that the true solution is given when λ = 0. Then the true value function is

given by V 0 = 0. Suppose that V λ is the value function for wλ. Then as λ

approaches infinity,
∣∣V λ − V 0

∣∣ → ∞. Thus, the approximation found by any

natural algorithm characterised by (Φ,Ψ) can be arbitrarily bad.

Summary

Our results in this section show sufficient conditions under which ambiguity holds.

As shown in example 5.12, our results allow for the construction of environments

that all satisfy the Bellman template. These results so far however are limited

to the case where the state space is finite. Furthermore, theorem 5.10 only holds

under assumption 5. Further results for the finite state space were not found.

In the next section we turn return to the case of a continuous state space and

show that in this case, analogous conditions were found and assumption 5 can

eventually be lifted.

5.3 The Ambiguity Conditions in Continuous

State Space

In this section, we look to show conditions under which ambiguity holds in the

case of a continuous state space. We return to the set-up described in chapters 2

and 3. In particular, the state space S is a compact subspace of R and the action

space A is kept finite. We will continue to assume that the state Markov process

is ergodic and admits a stationary distribution µ such that µ(s) > 0 for all s ∈ S.

Under these conditions, our set of natural projection operators are defined as in

3.3 and our set of natural algorithms is defined as in definition 3.6. Many of the
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results that hold in the case of a finite state space hold analogously in this case.

Furthermore, we are able to show a condition under which any natural algorithm

will face ambiguity. Due to the significant added complexity when a continuous

state space is introduced, no explicit examples were found. In a similar fashion to

the case presented for the finite state space, we will define the Bellman template

which forms the basis of our analysis. Ambiguity is then defined as in definition

5.3. Thus in this case, natural algorithms will again either diverge or converge to

the wrong solution under ambiguity.

We now define the Bellman template.

Definition 5.13 (Bellman template). Suppose ΠΨ, a natural projection operator

characterised by (Φ,Ψ) is given. Let w ∈ Rk, R : S → R, and T : S × S → [0, 1]

be variables. We define the following constraints collectively as the Bellman

template:

• (w,R, T ) satisfy the Bellman equations

φ>w = R + γPTφ
>w . (5.3)

• Let A ∈ Rk×k, B ∈ Rk×k, and b ∈ Rk be given by

Aij = 〈ψi, φj〉µ , i, j = 1, . . . , k

Bij = 〈ψi, PTφj〉µ , i, j = 1, . . . , k

bi = 〈ψi, R〉µ .

respectively.

We say that a triple (w
◦
, R
◦
, T
◦
) is a solution to the Bellman template if it satisfies

these constraints.

Assumption 6. Let w∗ ∈ Rk be a parameter vector, and R∗ : S → R and

T ∗ : S × S → [0, 1] be an immediate reward function and transition function

respectively. We assume that (w∗, R∗, T ∗) is a solution to the Bellman template.

We begin by deriving analogous results to those found in the case of a finite

state space.

Theorem 5.14. Suppose that assumption 6 holds. Then ambiguity holds if and

only if there exists v 6= 0 ∈ Rk such that

(A− γB)v = 0 .
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Proof. Suppose ambiguity holds. Then there exists another solution to the Bell-

man template which we will denote by (w
◦
, R
◦
, T
◦
) such that w

◦ 6= w∗. By

corollary 3.5, we have that both w = w
◦

and w = w∗ satisfy

(A− γB)w = 0 .

Then trivially, (A−γB)v = 0 holds since we can take v = w∗−w◦ . Now consider

the reverse. Assume that (A− γB)v = 0 holds for some v 6= 0. For λ > 0, let us

define

wλ = w∗ + λv ,

T λ = T ∗ ,

Rλ(·) = φ>(·)wλ − γPTλφ>(·)wλ .

Then (wλ, Rλ, T λ) satisfies the Bellman equation since

T φ>(·)w = Rλ(·) + γPTλφ
>(·)wλ

= φ>(·)wλ ,

which is precisely the left-hand side of the Bellman equation. Let Aλ ∈ Rk×k,

Bλ ∈ Rk×k and b ∈ Rk be given by

Aλij = 〈ψi, φj〉µ , i, j = 1, 2, . . . , k ,

Bλ
ij = 〈ψi, PTλφj〉µ , i, j = 1, 2, . . . , k ,

bλi = 〈ψi, R〉µ , i, j = 1, 2, . . . , k .

We trivially have that Aλ = A and we note that Bλ = B since T λ = T ∗.

By corollary 3.5, applying the projection ΠΨ characterised by (Φ,Ψ) onto the

Bellman equations induces the following(
Aλ − γBλ

)
wλ = bλ .

We then have the following derivation

bλ =
(
Aλ − γBλ

)
wλ

(a)
=
(
Aλ − γBλ

)
(w∗ + λv)

(b)
=
(
Aλ − γBλ

)
w∗

= b .

Thus we have that bλ = b as well. Thus, for any λ > 0, (wλ, Rλ, T λ) satisfies the

Bellman equation as well and so ambiguity holds.
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Thus, the result holds analogously to theorem 5.4 in the finite case. In par-

ticular, under theorem 5.14 there are infinitely many solutions to the Bellman

template. We now re-define a few terms and show a corollary result.

Corollary 5.15. Assume that assumption 6 holds. For all i = 1, . . . , k, let

χi := ψi(·)µ(·) where µ is the stationary distribution, and let ϕ(·) := φ>(·)v for

v 6= 0 ∈ Rk. Then ambiguity holds if and only if there exists ϕ 6= 0 ∈ im(Φ) and

T such that for all i = 1, . . . , k,∫
S
χi(s)

(
I − γPT

)
ϕ(s)ds = 0 .

Proof. From theorem 5.14, we have that ambiguity holds if and only if there exists

v 6= 0 ∈ Rk such that

(A− γB) v = 0 .

Now for all i, j = 1, . . . , k

Aij − γBij =

∫
S
ψi(s)µ(s)φj(s)− γψi(s)µ(s)PTφj(s)ds

=

∫
S
χi(s) (I − γPT )φj(s)ds .

Now note that Ai· and Bi· are row vectors of A and B for all i = 1, . . . , k. Then

since (A− γB) v = 0, we have for all i = 1, . . . , k the following derivation

0 = (Ai· − γBi·) v

=
k∑
j=0

(
Aij − γBij

)
vj

(a)
=

k∑
j=0

∫
S
χi(s) (I − γPT )φj(s)vjds

(b)
=

∫
S
χi(s) (I − γPT )

k∑
j=0

φj(s)vjds

=

∫
S
χi(s) (I − γPT )ϕ(s)ds .

Here in (a) we substituted in the derivation of Aij − γBij from above and in (b)

we used the Tonelli-Fubini theorem to swap the sum and the integral. Since we’ve

only looked at equivalences, our if and only if result holds.
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5.3.1 Ambiguity for Orthogonal Ψ

In this section we place some restriction on the set Ψ, namely that it is an

orthonormal set of positive basis functions that span im(Π∗Ψ). We formalise these

restrictions in the next assumption.

Assumption 7. Assume that Ψ := {ψ1, . . . , ψk} is an orthonormal basis for

im(Π∗Ψ). Also assume that for all i = 1, . . . , k, ψi ≥ 0 and‖ψi‖1,µ :=
∫
S |ψi|µ(s) =

1.

Remark 5.16. Note that the assumption that ‖ψi‖1,µ = 1 is not restrictive.

This is since ψi ∈ im(Π∗Ψ) ⊂ L2(S, µ) and so ‖ψi‖µ <∞ implying that ‖ψi‖1,µ is

also bounded. Thus we can normalise ψi such that
∫
S ψiµ(s) = 1 holds. Thus,∫

S χi(s) =
∫
S ψi(s)µ(s) = 1. Assumption 7 also implies that for any s ∈ S,

ψi(s) 6= 0 implies ψj(s) = 0 for all j 6= i. To see this note that since µ(s) > 0 for

all s ∈ S, 〈ψi, ψj〉µ = 0 must mean that either ψi = 0 or ψj = 0 for all i 6= j.

We now have the following result.

Theorem 5.17. Assume that assumptions 6 and 7 hold. Then ambiguity holds if

and only if there exists ϕ 6= 0 ∈ im(ΠΨ) where for all i, there exists a a function

ti : S → [0, 1],
∫
S ti(s)ds = 1 such that∫

S
χi(s)ϕ(s)ds = γ

∫
S
tiϕ(s)ds .

Proof. Note that for all i = 1, . . . k, corollary 5.15 gives∫
S
χi(s)

(
I − γPT

)
ϕ(s)ds = 0 ,

which after re-arranging gives∫
S
χi(s)ϕ(s)ds = γ

∫
S
χi(s)PTϕ(s)ds .

We have after expanding the right-hand side

γ

∫
S
χi(s)PTϕ(s)ds = γ

∫
S
χi(s)

∫
S
T (s′|s)ϕ(s′)ds′ds .

Under assumption 7, for each s ∈ S there is a unique i = 1, . . . , k such that

χi(s) 6= 0 since χi(s) 6= 0 implies that χj(s) = 0 for all j 6= i. Let ti be defined
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such that T (s′|s) = ti(s
′) for the unique i where χi(s) 6= 0. Then the right-hand

side becomes

γ

∫
S
χi(s)

∫
S′
T (s′|s)ϕ(s′)ds′ds = γ

∫
S
χi(s)

∫
S′
ti(s

′)ϕ(s′)ds′ds

(a)
= γ

∫
S′
ti(s

′)ϕ(s′)ds′ .

Here in (a) we again use the Tonelli-Fubini theorem to swap the integrals as well

as the fact that
∫
S χi(s)ds =

∫
S ψi(s)µ(s)ds = 1.

Before deriving our next result, recall that we have assumed S to be compact.

Thus continuous functions over S achieve a maximum and minimum value over

S.

Theorem 5.18. Assume that assumptions 6 and 7 hold. Then ambiguity holds

if and only if there exists ϕ 6= 0 ∈ im(ΠΨ), and T such that for all i = 1, . . . k,

γϕmin ≤
∫
S
χi(s)ϕ(s)ds ≤ γϕmax

where ϕmax = maxs ϕ(s) and ϕmin = mins ϕ(s).

Proof. Suppose that ambiguity holds. Then by theorem 5.17, there exists ϕ 6= 0

where for all i = 1, . . . k there exists a ti : S → [0, 1],
∫
S ti(s)ds = 1 such that∫

S
χi(s)ϕ(s)ds = γ

∫
S
ti(s)ϕ(s)ds .

Now since
∫
S ti(s)ds = 1, ϕmin ≤

∫
S ti(s)ϕ(s)ds ≤ ϕmax. Thus

γϕmin ≤ γ

∫
S
ti(s)ϕ(s)ds ≤ γϕmax

and substituting in
∫
S χi(s)ϕ(s)ds gives the desired inequality. Now consider

the case where ϕmin ≤ 1
γ

∫
s∈S χi(s)ϕ(s)ds ≤ ϕmax. Again, since we require∫

S ti(s)ds = 1,
∫
S ti(s)ϕ(s)ds is bounded between ϕmin and ϕmax. Thus

γϕmin ≤ γ

∫
S
ti(s)ϕ(s)ds ≤ γϕmax .

Thus since we can pick ti however we like, by continuity we can choose ti such

that
∫
S χi(s)ϕ(s)ds = γ

∫
S ti(s)ϕ(s)ds. Thus the result holds.

Thus, up to this point we have analogous results that hold when the state

space is either finite or continuous. In the next section we derive our most general

condition for ambiguity.
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5.3.2 Ambiguity for Increasing Discount Factor

As we saw in the motivating example, minimising the Bellman error as γ ap-

proached 1 caused their to be an infinite number of solutions. We are thus

motivated to consider this particular set-up. We first define a key property of the

value error function.

Definition 5.19.

Let ϕ be a function in im(ΠΨ) such that ϕ 6= 0. Let Nγ := {s : ϕ(s) ≥ γϕmax}.
Then we say that ϕ has non-flat maximum if µ[Nγ] = 0. Similarly, define N−γ :=

{s : ϕ(s) ≤ γϕmin}. We say that ϕ has non-flat minimum if µ[N−γ ] = 0.

The following lemma defines an equivalent condition.

Lemma 5.20. Assume that assumptions 6 and 7 hold. Let ϕ be a function in

im(ΠΨ) such that ϕ 6= 0. Then ϕ has non-flat maximum if and only if µ[Nγ]→ 0

as γ → 1. Similarly, ϕ has non-flat minimum if and only if µ[N−γ ]→ 0 as γ → 1.

Proof. We will only prove that ϕ has non-flat maximum if and only if µ[Nγ]→ 0

as γ → 1 noting that adapting the proof for the non-flat minimum case is routine.

Suppose µ[N1] = 1. Then we have that

1 = µ[S\Nγ +Nγ]
= µ[S\Nγ] + µ[Nγ] .

Re-arranging and taking the limit as γ goes to 1 gives

lim
γ→1

µ[Nγ] = lim
γ→1

1− µ[S\Nγ]

= 0

and the result holds. Now suppose µ[Nγ] → 0 as γ → 1. Then trivially

limγ→1 µ[Nγ] = µ[N1] = 0. Thus the result holds.

The next theorem is the main result in the case where we have an orthonormal

set of positive basis functions.

Theorem 5.21. Assume that assumptions 6 and 7 hold. Let ϕ 6= 0 be an element

of im(ΠΨ). Then if ϕ has non-flat maximum and minimum, ambiguity holds.
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Proof. Suppose ϕ has a non-flat maximum. If ϕmax ≤ 0, then γϕmax ≥ ϕmax for

all γ, and thus ∫
S
χi(s)ϕ(s)ds ≤ ϕmax

∫
S
χi(s)ds

(a)
= ϕmax

≤ γϕmax .

where (a) follows since
∫
S χi(s)ds = 1. Now consider the case where ϕmax > 0.

Then as γ goes to 1, we have that∫
Nγ
χi(s)ds =

∫
Nγ
ψi(s)µ(s)ds→ 0

since µ[Nγ] → 0 as γ → 1. Let γ0 ∈ [0, 1] be sufficiently close to 1 such that for

all i,

ci :=

∫
Nγ0

χi(s)ds ≤
1

2
.

Then we have∫
S

χi(s)ϕ(s)ds =

∫
Nγ0

χi(s)ϕ(s)ds+

∫
S\Nγ0

χi(s)ϕ(s)ds

(a)

≤
∫
Nγ0

χi(s)ϕmaxds+

∫
S\Nγ0

χi(s)γ0ϕmaxds

(b)
= ϕmax

(
ci + γ0(1− ci)

)
(c)

≤ 1

2

(
1 + γ0

)
ϕmax

where (a) follows since for any s /∈ Nγ0 , ϕ(s) < γ0ϕmax. (b) follows by definition

of ci above and (c) follows since ci is upper bounded by 1
2
. So for γ = 1

2

(
1 + γ0

)
,∫

s∈S χi(s)ϕ(s)ds ≤ γϕmax.

Now suppose ϕ has a non-flat minimum. If ϕmin ≥ 0, then γϕmin < ϕmin for all

γ ∈ (0, 1), and thus ∫
S
χi(s)ϕ(s)ds ≥ ϕmin

∫
S
χi(s)ds

= ϕmin

≥ γϕmin .
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Now consider the case where ϕmin < 0. Let γ0 be such that

ci :=

∫
N−γ0

χi(s)ds ≤
1

2

Then ∫
S

χi(s)ϕ(s)ds =

∫
N−γ0

χi(s)ϕ(s)ds+

∫
S\N−γ0

χi(s)ϕ(s)ds

(a)

≥ ciϕmin + γ0ϕmin(1− ci)
(b)

≥ 1

2

(
1 + γ0

)
ϕmin

where (a) follows by definition of ci, and (b) follows since ci is upper bounded by
1
2

and ϕmin is a negative value. Thus for γ = 1
2

(
1 + γ0

)
,
∫
S
χi(s)ϕ(s)ds ≥ γϕmin.

Combining the bounds in both cases, we have for γ ≥ 1
2

(
1 + γ0

)
that

γϕmin ≤
∫
S
χi(s)ϕ(s)ds ≤ γϕmax .

From theorem 5.18, this implies that ambiguity holds.

5.3.3 Ambiguity for general Ψ

In this section we derive a sufficient condition under which any natural algorithm

faces ambiguity. In paricular, we do not assume that assumption 7 holds. Our

only assumption is the following

Assumption 8. Let Ψ = {ψ1, . . . , ψk} be a basis for im(ΠΨ). Also assume that

‖ψi‖1,µ =
∫
S ψi(s)µ(s)ds = 1 for all i.

Remark 5.22. We note that such a basis always exists for natural projection

operators and as discussed in assumption 7, requiring ‖ψi‖1,µ = 1 is not restric-

tive. Thus, our results under assumption 8 show ambiguity holds for any natural

projection operator and hence, for any natural algorithm.

Before we show our next result, we first show that PT is a non-expansion.

Proposition 5.23. The operator PT is a non-expansion w.r.t. ‖·‖µ.
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Proof. Let S ′ = S. For V ∈ L2(S, µ), we have

‖PTV ‖2
µ = 〈PTV, PTV 〉µ

=

∫
S
µ(s)(PTV (s))2ds

=

∫
S
µ(s)

(∫
S′
T (s′|s)V (s′)ds′

)2

ds

(a)

≤
∫
S
µ(s)

∫
S′
T (s′|s)V (s′)2ds′ds

(b)
=

∫
S′

∫
S
µ(s)T (s′|s)V (s′)2dsds′

(c)
=

∫
S′
µ(s′)V (s′)2ds′

=
∥∥V (s′)

∥∥2

µ

where (a) follows by Jensen’s inequality, (b) follows by the Tonelli-Fubini theorem,

and (c) follows since µ is the stationary distribution. Since the quadratic function

is monotonically increasing on R+, we have that ‖PTV ‖µ ≤
∥∥V (s′)

∥∥
µ

and so PT

is non-expansive.

The next result helps provide a useful re-definition of corollary 5.15 that will aid

in the main result we show next.

Theorem 5.24. Assume that assumptions 6 and 8. Ambiguity holds if and only

if there exists a function f : S → [ϕmin, ϕmax] ∈ L2(S, µ) such that for all i,∫
s∈S

χi(s)ϕ(s)ds = γ

∫
s∈S

χi(s)f(s)ds .

Proof. By corollary 5.15, ambiguity holds if and only if there exists a T such that

for all i ∫
s∈S

χi(s)ϕ(s)ds = γ

∫
s∈S

χi(s)PTϕ(s)ds

By proposition 5.23, PT is a non-expansion. Thus, ϕmin ≤ PTϕ(s) ≤ ϕmax. Then

let f(s) := PTϕ(s) and our result holds.

We now use theorem 5.24 to prove our main result in the case of a continuous

state space.

Theorem 5.25. Assume that assumptions 6 and 8. Suppose there exists a ϕ 6=
0 ∈ im(ΠΨ) that has non-flat maximum and minimum. Then ambiguity holds.
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Proof. We look to show that there exists a function f : S → [ϕmin, ϕmax] that

satisfies ∫
s∈S

χi(s)ϕ(s)ds = γ

∫
s∈S

χi(s)f(s)ds , (5.4)

and thus, ambiguity holds by theorem 5.24. We first look to find a function f

that satisfies equation (5.4) and whose range is upper bounded by ϕmax. Consider

the function f(s) = 1
γ
ϕ(s). Clearly f satisfies equation (5.4). Also, for ϕmax < 0,

f satisfies the upper bound since 1
γ
ϕ(s) ≤ ϕ(s) ≤ ϕmax. However, for ϕmax > 0,

f exceeds the upper bound. We now look to construct a function f that satisfies

the upper bound for all values of ϕmax. Let

f̄(s) :=
1

γ
ϕ(s)− δ(s) , (5.5)

where δ(s) := max
{

0, 1
γ
ϕ(s)− γϕmax

}
. By construction, f̄ satisfies the upper

bound. Now let us define

f(s) := f̄(s) + g(s) .

We now construct g such that f satisfies the equation 5.4. The following deriva-

tion derives a linear system of equations that constrain the function g such that

f satisfies equation (5.4). Starting from equation (5.4), we have∫
S

χi(s)ϕ(s)ds = γ

∫
S

χi(s)f(s)ds

(a)
= γ

∫
S

χi(s)

(
1

γ
ϕ(s)− δ(s) + g(s)

)
ds .

Here (a) follows by the definition of f and f̄ . Cancelling out
∫
S
χi(s)ϕ(s)ds and

γ from both sides of the equation gives∫
S

χi(s)δ(s)ds =

∫
S

χi(s)g(s)ds . (5.6)

We now note that the set of functions χ1, . . . , χk forms a linearly independent

set. To see this, suppose that for all s ∈ S

b1χ1(s) + b2χ2(s) + . . .+ bkχk(s) = 0

and b1, . . . bk are not all equal to 0. Then since χi(s) = µ(s)ψi(s), and µ(s) > 0,

we must have

b1ψ1(s) + b2ψ2(s) . . .+ bkψk(s) = 0 .
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This is a contradiction since the set of functions Ψ = {ψ1, . . . , ψk} is a linearly

independent set. Thus, let g be given by

g(s) =
k∑
j=1

χj(s)aj ,∀s ∈ S

where ai ∈ R for all i. Then from equation 5.6 we have∫
S

χi(s)δ(s)ds =

∫
S
χi(s)

k∑
j=1

χj(s)ajds

(a)
=

k∑
j=1

aj

∫
S
χi(s)χj(s)ds

where in (a) we swapped the summation and the integrand by Tonelli-Fubini

theorem. Now as a notational shorthand, let 〈f, g〉 :=
∫
S f(s)g(s)ds. Then we

have

k∑
j=1

aj

∫
S
χi(s)χj(s)ds =

k∑
j=1

aj〈χi, χj〉 .

Let X ∈ Rk×k and δ̄ ∈ Rk be defined by

Xij = 〈χi, χj〉 , i, j = 1, . . . , k

δ̄i = 〈χi, δ〉 , i = 1, . . . , k

respectively. Together a, X and δ̄ form a system of linear equations given by

Xa = δ̄

Note that since χ1, . . . , χk is a set of linearly independent functions, X is full rank

and thus invertible. We can express a as

a = X−1δ̄ .

Let χ(s) =
(
χ1(s), . . . , χd(s)

)
. We can now express g as

g(s) = χ(s)X−1δ̄ , ∀s ∈ S .

We now explicitly define three infinity norms we will use to bound g. For a

function f(s) = (f1(s), . . . , fk(s)), vector u ∈ Rk, and matrix A ∈ Rk×k, the
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norms are given by

‖f‖∞ := max
1≤i≤k

sup
s∈S

∣∣fi(s)∣∣ ,
‖u‖∞ := max

1≤i≤k
|ui| ,

‖A‖∞ := sup
y 6=0

‖Ay‖∞
‖y‖∞

= max
j

k∑
i=1

∣∣Aij∣∣ .
Under these norm definitions, we see that

∥∥X−1
∥∥
∞ < ∞ since X is invertible.

The function χ has its infinity norm given by‖χ‖∞ = max1≤i≤k sups∈S
∣∣χi(s)∣∣. To

see that this is finitely bounded, recall that for any i,
∫
S χi(s)ds = 1. We can

then split the χi into two functions χ+
i and χ−i where χ+

i is the same value as χi

when it is positive and χ−i is the same value as χi when it is negative. Then since∫
S
χi(s)ds =

∫
S
χ+
i (s)−

∫
S
χ−i (s)ds = 1 ,

it must be the case that both individual integrals are finite. Thus
∣∣χi(s)∣∣ < ∞

for all i and s. We now look to derive a bound for δ̄. Let

Nγ2 :=
{
s ∈ S : ϕ(s) ≥ γ2ϕmax

}
.

Note that δ(s) > 0 if and only if s ∈ Nγ2 . Let 1Nγ2 be the characteristic function

for Nγ2 . Then for all i = 1, . . . , k, we have the following derivation∫
S
χi(s)δ(s)ds

(a)
=

∫
S
ψi(s)δ(s)µ(s)ds

(b)

≤
(

1

γ
ϕmax − γϕmax

)∫
S

1Nγ2 (s)ψi(s)µ(s)ds

(c)
=

(
1

γ
ϕmax − γϕmax

)
ψi(smax)

∫
Nγ2

µ(s)ds

(d)
=

(
1

γ
ϕmax − γϕmax

)
ψi(smax)µ

[
Nγ2

]
.

Here (a) follows by definition of χi and (b) follows by definition of δ. In (c), we let

smax denote the value of s ∈ S that ψi achieves a maximum. Finally, (d) follows

by definition of µ
[
Nγ2

]
. Thus, δ̄ can be bounded by

∥∥δ̄∥∥∞ = max
1≤i≤k

∣∣δ̄∣∣ ≤ ϕmax

(
1

γ
− γ
)
ψi(smax)µ

[
Nγ2

]
.
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Combining the bounded quantities, we have that g is bounded by

‖g‖∞ ≤‖χ‖∞
∥∥X−1

∥∥
∞ ϕmax

(
1

γ
− γ
)
ψi(smax)µ

[
Nγ2

]
≤ C · ϕmax

(
1

γ
− γ
)
µ
[
Nγ2

]
where to simplify notation we let C be the constant defined as C =‖χ‖∞

∥∥X−1
∥∥
∞ ψi(smax).

Note that by definition, f̄ is bounded by γϕmax. As a result, we can now bound

f from above by

f(s) = f̄(s) + g(s)

≤ γϕmax +‖g‖∞

≤ ϕmax

(
γ + C

(
1

γ
− γ
)
µ
[
Nγ2

])
.

Now ϕmax

(
γ + C

(
1
γ
− γ
)
µ
[
Nγ2

])
≤ ϕmax if and only if

γ + C

(
1

γ
− γ
)
µ
[
Nγ2

]
≤ 1 . (5.7)

This preceding inequality holds if and only if

µ
[
Nγ2

]
≤ 1− γ

C
(

1
γ
− γ
) .

Now

1− γ

C
(

1
γ
− γ
) =

γ − γ2

C (1− γ2)

=

(
γ − γ2

)
(1 + γ)

C(1− γ)2(1 + γ)

=
γ − γ3

C(1− γ)2(1 + γ)

=
γ

C (1 + γ)
.

Hence equation (5.7) holds if and only if µ
[
Nγ2

]
≤ γ

C(1+γ)
. Since ϕ has a non-flat

maximum, by lemma 5.20 we have that as γ → 1

µ
[
Nγ2

]
→ 0 ,
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whilst we have as γ → 1,

γ

C (1 + γ)
→ 1

2C
.

Thus, µ
[
Nγ2

]
≤ γ

C(1+γ)
if ϕ has non-flat maximum and γ is sufficiently close

to 1. Thus f(s) ≤ ϕmax for all s ∈ S and f satisfies the upper bound. For

more intuition, please see Figure 5.3 for an impression of the idea underlying this

construction.

By a similar argument to the above, we can also find a function f− that satisfies

equation (5.4) and has range greater than the lower bound given ϕ has non-flat

minimum. If ϕmin ≥ 0, then f−(s) = 1
γ
ϕ(s) ≥ ϕmin and equation (5.4). We thus

consider the case where ϕmin < 0. We define f− by

f−(s) = f̃(s)− g−(s) ,∀s ∈ S

where g− is some function chosen such that f− satisfies equation (5.4). The

function f̃(s) is given by

f̃(s) =
1

γ
ϕ(s) + δ−(s) ,

where δ−(s) is given by

δ−(s) = max{0, γϕmin −
1

γ
ϕ(s)} .

By construction, f̃ satisfies the lower bound. We now look to derive a system

of linear equations to constrain g− such that equation (5.4) is satisfied. Starting

from equation (5.4) we have∫
S
χi(s)ϕ(s)ds = γ

∫
S
χi(s)f

−(s)ds

= γ

∫
S
χi(s)

(
1

γ
ϕ(s) + δ−(s)− g−(s)

)
ds .

Cancelling out from both sides
∫
S χi(s)ϕ(s) ds and re-arranging gives∫

S
χi(s)δ

−(s)ds =

∫
S
χi(s)g

−(s)ds .

We let g− be given by

g−(s) =
k∑
j=1

χj(s)aj .
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Let δ̄− ∈ Rk be given by

δ̄− = 〈χi, δ−〉 , i = 1, . . . , k .

Then g− is given by

g−(s) = χ(s)X−1δ− .

We now look to bound δ̄−. For all i = 1, . . . , k we have the following derivation∫
S
χi(s)δ

−(s)ds =

∫
S
ψi(s)δ

−(s)µ(s)ds

(a)

≤ ϕmin

(
γ − 1

γ

)∫
N−
γ2

ψi(s)µ(s)ds

(b)

≤ ϕmin

(
γ − 1

γ

)
ψi(smin)

∫
N−
γ2

µ(s)ds

(c)
= ϕmin

(
γ − 1

γ

)
ψi(smin)µ

[
N−γ2

]
.

In (a), we used the fact that δ−(s) is only greater than 0 for s ∈ N−γ2 and

that it is upper bounded by ϕmin

(
γ − 1

γ

)
. In (b) we define smin as the value of

s ∈ S where ψi achieves a minimum. Finally, (c) follows by definition of µ
[
N−γ2

]
.

Having bound
∫
S χi(s)δ

−(s)ds for all i, we have that δ̄− is bound in the infinity

norm

δ̄− ≤ ϕmin

(
γ − 1

γ

)
ψi(smin)µ

[
N−γ2

]
.

Thus, g−(s) is bounded in the infinity norm by∥∥g−∥∥∞ ≤‖χ‖∞∥∥X−1
∥∥
∞

∥∥δ−∥∥∞
= Dϕmin

(
γ − 1

γ

)
µ
[
N−γ2

]
where to simplify notation we define the constant D := ‖χ‖∞

∥∥X−1
∥∥
∞ ψi(smin).

Given that for any s ∈ S f̃(s)is bound below by γϕmin, we have that f−(s) is

bounded as follows.

f−(s) = f̃−(s)− g−(s)

≥ γϕmin −Dϕmin

(
γ − 1

γ

)
µ
[
N−γ2

]
.
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Now γϕmin −Dϕmin

(
γ − 1

γ

)
µ
[
N−γ2

]
≥ ϕmin if and only if

γ +D

(
1

γ
+ γ

)
µ
[
N−γ2

]
≤ 1 .

since ϕmin < 0. Re-arranging shows that this inequality holds if and only if

µ
[
N−γ2

]
≤ 1− γ

D
(

1
γ
− γ
)

=
γ

D (1 + γ)
.

Since ϕ has non-flat minimum, we have that µ
[
N−γ2

]
→ 0 as γ → 1 whereas

γ
D(1+γ)

→ 1
2D

. Thus, the inequality holds if ϕ has non-flat minimum and γ is

sufficiently close to 1.

We now combine the two cases into one function. Let f be given by

f(s) :=
1

γ
ϕ(s)− δ(s) + g(s) + δ−(s)− g−(s) .

We note that the two sets Nγ2 and N−γ2 do not intersect and so the two cases do

not overlap. Thus under this definition, ϕmin ≤ f(s) ≤ ϕmax for all s ∈ S and f

satisfies the constraint presented in equation (5.4) if ϕ has non-flat maximum and

minimum. Thus for any Ψ ambiguity holds if there exists a ϕ 6= 0 with non-flat

maximum and minimum.

 φ(s)
1

γ

 φmax

f (s) = (s) + g(s)f
⎯⎯

 δ(s)

 g(s)

 (s)f
⎯⎯

Figure 5.3: An impression of our construction of f in Theorem 5.25 that satisfies the

upper bound.
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5.4 Summary

In summary, we have seen in this chapter different conditions under which natural

algorithms may experience a subtle form of divergence which we call ambiguity ;

under ambiguity, natural algorithms may either diverge or converge to the wrong

solution. Under these conditions, natural algorithms exhibit a more subtle form

of divergence: either they diverge or they converge to the wrong solution. When

the state space is finite, we showed generic conditions under which ambiguity

holds. For a particular projection, namely when the image of its transpose has

an orthonormal basis where each element is also a positive vector, we were able to

characterise ambiguity in terms of the error in the value function. We were also

able to use these conditions to explicitly construct a simple example where there

are multiple environments that ‘look’ the same under projection, that is have the

same quantities A, B, and b, whilst each having very different parameter vectors.

When the state space is a compact subspace of R, we were able to show that

the conditions that held in the finite case held analogously. Furthermore, we

were able to show a sufficient condition under which ambiguity holds when any

projection is taken on the Bellman equations.



Chapter 6

Extensions and Future Outlook

Having concluded our main results in the last chapter, we now discuss some

possible extensions to our results and the open problems that remain.

Of mathematical interest is extending our results to more general linear fixed

point equations. In [2], Bertsekas describes a general linear fixed point equation

as

x = b+ Ax

where b ∈ Rn and A ∈ Rn×n. An interesting question is whether a projected

linear fixed point equation also has key quantities that characterise its solution

as well as whether or not our ambiguity results can generalise for methods that

look to solve these more general linear fixed point equations.

In relation to reinforcement learning the most pertinent task is to explicitly

determine whether other linear function approximation methods fall in our class

of natural algorithms or whether our results extend to more methods that take

projections on ‘Bellman-like‘ equations. The most immediate set of algorithms

to consider are the TD(λ) algorithms for λ > 0. Recall from theorem [reference]

TD(λ)’s solution is characterised as the fixed point of ΠT (λ), where Π is the

orthogonal projection and T (λ) is the TD(λ) operator, which is ‘Bellman-like’. We

suspect that our results should easily extend for values of λ close to 0, since these

methods would behave more similarly to TD(0), but it remains an open question.

We also conjecture that the gradient temporal difference algorithm (GTD for

short) presented in [18] is a natural algorithm. One possible line of analysis is to

consider whether both GTD and TD(λ) compute statistical estimates that are

related to A, B and b in some fashion, similar to how LSTD behaves.

Another immediate task is to analyse algorithms that do not fit as natural

algorithms and are guaranteed to converge and compare for key differences. In
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particular, the emphatic temporal difference algorithm, presented in [19], is one

such algorithm to investigate.

Finally, one other natural extension is to consider how our results can extend

to algorithms that operate using the Q-value function instead of the value func-

tion. We suspect that there may be easy extensions to defining a class of natural

Q-learning algorithms, of which least-squares Q-learning [23] and Q-learning [22]

may be candidate members.

Thus, it is clear that a plethora of open problems exist to provide extensions

to the results shown in this thesis.



Appendix A

Appendices

A.1 Monte-Carlo Methods

As described by Halton [10], a Monte-Carlo method ”represent[s] the solution of

a problem as a parameter of a hypothetical population, and use[s] a random se-

quence of numbers to construct a sample of the population, from which statistical

estimates of the population can be obtained”. Its theoretical validation depends

heavily upon the law of large numbers. However, the point here will not be to

rigorously justify Monte-Carlo simulation but to appeal to the reader’s intuition.

We now provide a simple example to illustrate this phenomenon.

Computing the value of π using Monte-Carlo simulation

This example is drawn from [13]. Suppose we wish to compute the value of π

using random samples. Assume that we can produce sample points within the

square [−1, 1]× [−1, 1] such that the probability of a sample point falling within

some region R ⊂ [−1, 1]2 is proportional to the area of R but independent of the

position of R. In this case, it is clear to see that the two coordinates X, Y are

distributed as uniform random variables over the interval [−1, 1]. Now suppose

R is the unit circle. Then the probability that a random sample point falls within

R is given by

P(point within R) =
area of circle

area of [−1, 1]2
=

∫∫
x2+y2≤1

1dxdy∫∫
−1≤x,y≤1

1dxdy
=
π

4
.

Thus, we can express the value of π in terms of the probability of a point falling

within R.

π = 4 · P(point within R) .
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Figure A.1: Illustration of the random sampling of points to estimate the value of π.

The image is drawn from [13].

The following graph shows the estimation of π as the number of random

samples generated increases.

Figure A.2: Graph of the results of Monte-Carlo simulation to estimate π over 1500

samples. The red line indicates the true value of π.
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