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S U M M A R Y

D etailed calculations of the generalised  

co llision  frequencies fo r the principal e lastic , excita­

tion, ionisation, and charge exchange collisions in the 

form ation  of a hydrogenic p lasm a a re  given. A m odi­

fied form  of B om ’s approxim ation is used fo r the 

d ifferen tia l c ro ss  sections, and approxim ations c o r­

responding to a high tem peratu re  gas a re  used. The 

re su lts  enable ce rta in  se ts  of 13-m om ent equations 

desc rib in g  the p lasm a form ations to be completed.

iii



1 . Introduction

Recently methods have been devised to enable full account to be taken of

inelastic as well as e lastic  collision p ro cesses  in the application of G rad 's  13-moment
1 2equations to p a rtia lly  ionised gases (Bydder, Bydder and Liley ). The resu lting  co l­

lision in teg ra ls  a re  expressed  in te rm s  of ce rta in  generalised  collision "frequencies ” 

(but including a num ber density facto r), j f l  ( V  )  , which a re  s im ila r  to functions

a  Or) used by Chapman and Cowling3 fo r e lastic  co llisions. The final form s of 

these collision te rm s  a re , however, of little  p rac tica l value without the associated  

iT .  's  being determ ined explicitly through the use of the re levan t collision differential 

c ro ss  sections. In the lim iting case  of e lastic  co llisions there  a re  only five such p a ra ­

m e te rs  involved, and these have already been obtained fo r many d ifferent types of in - 

te rac tions (e .g . re fe rence  3). However, since the ±  L  (.W are  pecu liar to 

re fe ren ces  1 and 2, obviously no o ther equivalent calculations have been c a rrie d  out 

fo r the ine lastic  c ase . F or th is  reason  the following m ore general calculations have

been made, essen tia lly  com pleting the equations of re fe rence  2 and also of a paper to
4

be published (Bydder and Liley ), fo r a p a rticu la r form  of hydrogenic p lasm a.

In general th e re  a re  20 J T L  's  to be determ ined fo r each p a rtic le  type 

p resen t. T herefore  a t f i r s t  sight the ta sk  is a form idable one. However, as will be 

seen, reasonable and in te r-re la te d  expressions can be obtained for ce rta in  specific 

cases. In this re p o rt the SI J ( r ) a re  obtained explicitly fo r p ro cesses  applicable 

to the form ation of a laboratory  hydrogenic-like p lasm a.

In attem pting to follow the collision p ro cesses  during the developm ent of

a fully ionised p lasm a from  m olecular hydrogen, collisions involving (Goodyear and 
5 * * + +

Von Engel ) H , H, H , H , H , II and e lec trons should be taken into account.
&  Li Z

Because of the la rg e  num ber of possib le  types of co llisions between these p a rtic le s ,
* +

a sim plified model, re s tr ic te d  to H, H , H and elec trons, is  considered. In all 

probability  th is is  a rea lis tic  model for sufficiently high initial tem peratures* and in 

general should give re su lts  suitable for com parision with experim ent. Unfortunately, 

even fo r th is sim ple case , the re levan t expressions fo r the Düs a re  not p a rticu la rly  

am enable to integration, and in ce rta in  cases  various approxim ations a re  necessary . 

G enerally  speaking, re la tively  exact expressions can be obtained fo r e lastic  collisions 

(Chapman and Cowling, loc cit, and also Appendix C), the m ajor approxim ations
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applying to the inelastic  p ro cesses . These approxim ations a re  such that the CL 's ten< 

to be inaccurate n ear the threshold  energy, which is  unfortunate, but they do lead to 

reasonably  accura te  re su lts  fo r appreciably higher energ ies.

The n  iTi (° are  defined in re fe ren ces  1, 2 and 4 by

- Y\ *r+z
O ’ =
w here (J)j^  ̂ > V ) is given by

In these form ulae, Y = 9 * 9 being the

re la tiv e  velocity of the colliding p a rtic le s , and <T SA#\ % d y  d £  ~  

is the d ifferential c ro ss  section fo r the collision between p a rtic le s  of types j  , & 

involving p a rtic le s  of type t . The rem aining p a ram e te rs , also defined in re fe r ­

ences 1, 2 and 4, a re  given as they subsequently occur in th is rep o rt. F o r conven­

ience, however, the following may be listed :

is the re la tiv e  velocity of the colliding 
p a rtic le s  j  ft before the collision;

0  is the re la tive  velocity of the p a rtic le s
— j  /  ^  produced in the collision;

\  — ( 9 1 / 1 9 1  (see a^so Appendix B);

= $ ; S y/+ J. sck' -  fifcj -  i - . t ik,
w here is some function of the p a rtic le  p a ram e te rs , and the S t j  a re  o rd ina iy

K ronnecker deltas;

A t is the kinetic energy "gain" in the collision.



2 . The D ifferential C ross Sections 3

Since there  a re  not suitable analytical expressions fo r the d ifferential (or 

fo r that m a tte r, total) c ro ss  sections fo r all of the p ro cesses  being considered, two 

m ain approaches a re  possib le. The f i r s t  would be to obtain em pirical re la tions for 

the d ifferen tia l c ro ss  section for each p ro cess , in the relevant energy range, based 

on the use of accurate  calculations and experim ental re su lts . Unfortunately there  a re  

re la tive ly  few accura te  calculations for the d ifferential c ro ss  sections, and few er ex­

perim en ta l re su lts . More data is available on to tal c ro ss  sections, and em pirical 

re la tio n s  fo r the d ifferential c ro s s  sections which in tegrate  to the known total values 

could have been chosen. This would, however, be p a rticu la rly  tedious. The second 

approach is to use a consisten t m athem atical approxim ation for theore tical evaluations 

of the d ifferentia l c ro ss  sections, fo r exam ple, the Bom  approxim ation o r certa in  m o­

difications of this approxim ation. It is  the la tte r  approach which is used in the subse­

quent calcu lations. It m ust be stated, however, that the inverse  fifth power law and 

o th er such c la ss ica l m odels provide a much b e tte r  descrip tion  of certa in  of the e lastic

co llisions than any form  of the Bom  approxim ation, job fs calculated fo r such c la s s i-
3

cal c ro s s  sections a re  given in Chapman and Cowling, and fo r convenience these c a l­

culations a re  b riefly  sum m arised  in Appendix C. F or the p re sen t repo rt, the Bom  

approxim ation has been applied to all co llisions, being m ultiplied by a num erical fac ­

to r  to produce "reasonab le" approxim ations to the total c ro ss  sections in the energy 

range 0 -  100 ev. The detailed  derivation of the various cases  and a com parison with 

known values of total c ro ss  section is given in Appendix A.

F or notational convenience, /4 T T € 0 is replaced by e 2 w here 

is the e lec tron  charge, and € 0 is the free -sp ace  perm ittiv ity  (rationalised  m k S  

units being used). Except w here o therw ise designated, dC i is  the solid angle into 

which the asym ptotic re la tive  velocity ^  °f the colliding p a rtic le s  is deflected with 

p o la r angle X  ; m r  is the reduced m ass of the colliding p a rtic le s; “6 is P lank’s 

constant divided by 2 tT ; and fe is  the (reduced) wave vector of the colliding p a r ­

tic le s , given by p /  T? . p is  the reduced momentum (J . Finally, Q,0
is  the Bohr rad ius, and the change in wave vecto r in a collision, K  , is  defined by

( l) K  =  -  £ o  ,
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k o  and fef being the wave vecto rs  before and a fte r the collision. The moduli of 

th ese  wave vecto rs, and (the wave num bers), a re  of course equal fo r e lastic  

co llisions. The d ifferen tia l c ro ss  sections given in the following sub-sections a re  

derived  in Appendix A, and include the "co rrec tio n "  facto rs.

2.1 E lastic  Collisions Between E lectrons

The d ifferentia l c ro ss  section for these Coulomb collisions is

(2) CT d -0. = e fc/a rl 0

with % >/ X o . > 0 is  the Debye cut-off angle (see Appendix A).

2 .2 E lastic  Collisions Between E lectrons and Hydrogen Atoms 

The adjusted Bom  differen tia l c ro ss  section is

(3) O' d f l  = (-43") 4  nV +  8 ) X d A
* 4 ( K l a* + 4 ) 4

2. 3 E lastic  Collisions Between E lectrons and Protons

This Coulomb differen tia l c ro ss  section has the sam e form  as (2)

(4) cr d f l  = n ) r e h o c dD- 
4 W  k t

with X  ^  *Xo (Debye cut-off).

2 .4 E lastic  C ollisions Between Hydrogen Atoms

(5) <T d f l  rr

The adjusted B om  c ro ss  section is

( 2 -ox io z )  4  nv  e^cto K ( a j  K +* %)4 d_Q 

* *  C a* K1 + 4 ) 9



The D ifferential C ross Sections 5

2. 5 E lastic Collisions Between Hydrogen Atoms and P ro tons

Of the sam e general form  as (3), the differential c ro ss  section is

(6) <rcUl = U - Q x  io'z) 4«ifVfl.*(K^% 8 )z d.il .

2.6  E lastic  Collisions Between P rotons 

Form ally the sam e as (2) and (4),

(7) <r dfl =  i«f e* X /x  dfl

with X  X 0 (Debye cut-off).

2.7 Is  -  2p Excitation Collisions Between E lectrons and Hydrogen 
Atoms

The adjusted Born approxim ation gives

(8) O ' d Q  = (-4.S) 31 215 d i l
kot* K 1 ( A K 1 + 9  ) 6

gives

2. 8 Ionisation C ollisions Between E lectrons and Hydrogen Atoms

A sim plified form  of the Born approxim ation used for th is  case

(9) <T dfl, dAi dck = (-I4X IQ ?) Z6tt a« nye* dll, d-Q1dj<
k, K4 (  a *  K1 +  I ) 4

w here d -0 .j  is  the solid angle into which the incident e lec tron  is sca tte red  (with 

wave v ec to r k-f ), and the solid angle into which the atomic e lec tron  is

ejected  with wave vecto r "J< . D etails a re  given in Appendix A.
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2. 9 Charge Exchange C ollisions Between Hydrogen Atoms and Protons 

A sim plified Born approxim ation gives

(10) 5- djfl = (2-1 X 10'") 28 mr eV o  d f i

w here, fo r this case ,
x c £ +  O 6 

K *  fe-o + i - f  •

Evaluation of the <̂> T!

3.1  E lastic  Collisions

The general 4) defined previously

a re  sim plified fo r e lastic  co llisions, since X  — | . Hence the a re  inde­

pendent of ytL :

(11) (j x \>) =  J  ( I -  003, v;t ) q cr sA  d y

a  4 M  ,

and these (j> (, V) a re  the sam e as those used by Chapman and Cowling. ^

(a) E lec tron -e lec tron  collisions

These re su lts  a re  given in re fe ren ce  3.

(12) <J>ee( ') =  f j  ( | -  C ^ , y . ) e *  C] ^ e c ^ / z  S w X d y -  =se^^ogCH-Aee)
X o  : _  i ^  __^  i  ?

w here 

(13) A

4  Wr* 9

=  Xo g1 / e 1

( X D being the Debye length). S im ilarly ,

(14) (j>eeC2.) -  ( A n (| + A \e)
^ r 9 3

since A .  gg is large.

A c e  
I + A e e

) ^  t 1) ,



Evaluation of the (j> ’s

(b) E lectron-hydrogen atom collisions 

A ccording to (3),

<15> <J>ea0 )  =  I ( I ~ UrsX)Cj (-4.5)41Tye^CU (K ^o + 8 )^ ~X-

°  f t *  (  K ^ d o  +  4  ) *
Since fo r e lastic  co llisions

(16) fC =  2  C  C I -  <UT5 X - )  ,

using the substitu tion vj =̂. | — Co  ̂ , a fte r som e manipulation the re su lt is

(17) <j)pa( i )  =  (-4..T) 4  m r e V t ^  (-in; ct* 2  4  ct & ~  ̂ -  2 4- <1 ^

w here =  X  ko &o =  2  Mr  g 2 Clo / A* .

S im ilarly

/t TT x

(18) <J>e a ( z )  —  J0 C I -co^x x ) q  ( 45~)4mr e^ao ( K V t  -*-8) S^»X d X

fc* ( 4- + K1 ^  ) 4

= 2 <j>ea0 ) -  (^ s -K n ^ e ^ o  9 + '<>)
3  fc* ( c i . 1 - 2 ) 3

A lternatively , fo r the sam e collisions considered according to an inverse  power force 

law, the a re  essen tia lly  given in Appendix C.

(c) E lectron-pro ton  collisions

These collisions give the sam e expressions as fo r e lec tro n -

e lec tron  co llisions.

(19) <j>e O) =  - S l _ -  ^ j ( M - A e p ) ,
" V 9 3
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<20> <fcpCO

where

^ c,+AV>- ) -  ^epO),
m r 3 *  l + A e p  '
^d g1mr / e 1.

(d) Hydrogen atom -hydrogen atom  collisions 

Using equation (5)

(21) (j>a a 0 )  = .  f  C I  -  < ^ s X ) g  1 0 ^ ) 4  i t v e ^ a ®  K * ( q I K % 8 ' )  s ^ i n X d X - .

°  ( a * « 1 -*-*)®

On substituting for K  (from (16)) the p a r t of (21) to be in tegrated  is 

(22) I  =  j  C I -  C47SX.)3 (  P -  <1 < * *% )*  S ^1> C  d x

°  ( T  -  c y * s ) i ) 8

w here = 2 ko d* ; f  =  + 8  ,  r  =  + 4  .

E lem entary application of standard  in teg ra ls  provides the resu lt:

(23)
T _ _L [~ d^57C, _ 143340 _
X  — <?'<* L J(n U+ A ) 7 ( ( O U t - i ) 1

3 0 7 2 7 6 8
V L ?(q,ij+4)7 (J.ij-l-v)3' VCiŷ 4)v

I 92 2  16
■ ^ 3

3 ( q ,y + 4 ) 3 i C a y t ^ ) 1 C ^ y  + 4 )

the lim its  being on y . For the g re a te r  p a rt of the energy range being considered, 

>  y  I ; taking th is into account, the approxim ation

(24) 1  -  _L  Xav Ck U l
<£ J  2

will be used. In this case ,

(25) (j^O) =  g ( l x  lo'b 16 mre^ Ca®
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Sim ilarly , with the sam e approxim ation,

<26> <j>aaCO =  q ( 2 .x IO x) 3X mr X o g i t l l

Again, possibly b e tte r a lte rnative  re su lts , based on inverse  pow er force laws, a re  

given in reference  3 (see also  Appendix C).

(e) Hydrogen atom -proton collisions

Using the differential c ro ss  section (6), fo r this case

<27> « t a p C O =  f  C l - < ^ % ) q ( 2 x i o ' 2 ) 4 m r e * a t ( K a o + 9 ) ' t v w i * - d X .
°  ** ( K2a | +  4  )*

The integration is s im ila r  to the previous cases . Taking =  2 feo&o I y

(28) «Kp (*) =  ( 2 x io'1) 4. cj mr M rq %±1

Again, it may be shown that

(29) <}>ap(l) =  C2 x lo- i ) 8  g m ^  e*<io

2. 4*ap C 1) •

(As mentioned with ce rta in  o ther cases, re fe rence  may also be made to Chapman and
3

Cowling .)

(f) P ro ton-pro ton  collisions

The calculation fo r th is case is form ally the sam e as fo r e lec tro n - 

e lec tron  collisions, the re su lts  being
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(30) <J>ppC0 =  - 4 - 3 -  ^ 0
9

where -A -pp  ~  X o C A n r y /e 1 ; and sim ila rly ,

-A^PP
(31) ^ Cz)“ -Mr (^ (! +̂ p) “ t ~ I") ~ z  $ „ < ■ ' ) ■"V*9

3 .2  Inelastic  C ollisions

I +-YC,

F or inelastic  co llisions involving p a rtic le s  j  , ft colliding 

to produce p a rtic le s  j  7 ^ ;

(32) Xx  =  noj _  1  ( t h j + m h ^ A t

rnj / mk/ " V  " V  91
Therefore it is n ecessa ry  to use the general form  for the <j) Ts which, from  the 

Introduction, is

(33)
^7T

=  J  ( I -  A C O h ’x ) S' X ^X .

For excitation co llisions w here the nature  of the colliding p a rtic le s  does not change 

(the energy being c a rr ie d  away by photons, fo r exam ple), the following (J> Ts a re  

required  to evaluate the collision te rm s: < ^(-00,0) , <pC lj l)  , (|) ( 2. o )  and 

(j)(2>X) . In m ore general inelastic  collisions it is  also necessa ry  to calcu late

(a) E lectron-hydrogen atom Is  -  2p excitation collisions 

Using the d ifferentia l c ro ss  section (8),

(34> <|>(yu.,v) = f  (1- )Acoivx) g (jus) 3*2* S^X dx
** fco K*(4K*ai  + 9 ) 6
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and since

(35) K 1 =. ko +  kf -  Z ko fe-f CX5X;

ignoring the constant te rm s  in (34), th is becom es

(36) I ( A v) = /  ( i -  \
( p-<j,cosx)(r-sors>)6

w here

(37) p = feo *+ *, cĵ =- Z fe0 fef ; r = ? + 4 do (feo + fef) i

S = 8a0H 0k( • t = ps - <jr = - i8
r ± s •= 7 + 4 ( fe0 i  kf)

Using the substitution =s T  — S C<rs X  j

(38) l (  ) =  r r * i  o - ^ c - A  - ^ r > i a
r - s

and it follows that X  ( y y )  can expressed  in te rm s of in teg ra ls  P , Q  
and R , w here (since V takes the values O , I and X ):

(39) P = J r

(40) Q  -

r+s

r"s (t + <iy) ^
r s - s

S C t  + q , y )  ys

=  [
( t ^ d )  r

(41) R
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These in teg ra ls  a re  readily  evaluated. Considering (39), it is found that

T* + S

A fter inserting  the lim its  of integration in the general te rm

n  ^  _  ■y* +  5

+ j r - s  and substituting for T  + S and V -  S ,

except n ear threshold  it is found that this can be approxim ated by

<«, [ 1f n(t_Li3)',J r ',_Si ~  % =  ( Z k A , f .

Sim ilarly , considering the te rm  in (42) involving the logarithm , away from  the th re sh ­

old,

,44, ~

On the o ther hand, n ear threshold, it is  found that both of these te rm s  (43) and (44) 

a re  of the sam e o rd er. From  a physical point of view, it is  the n ea r threshold  region 

that is usually of p a rticu la r im portance despite the sm all total c ro s s  section, since 

during the excitation and ionisation stages the m ean p a rtic le  energ ies a re  within th is 

region. However, it is  only with the sim plification achieved by d iscard ing  all te rm s  

in (42) except the logarithm  te rm  that a com prehensible form  fo r the jf}. ’s can be 

obtained. In th is  case, the in tegral (42) becom es

<45> P =  l l i u m - l - - - - - - -

=  3'1 feolf ^ ?
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while s im ila r approxim ations in calculating Q  , R\ give

(46) Q  =  ?  P  5

(47) R =  81 P  -

Taking the re levan t p a rtic u la r  values of V  ,

(48) I ( A o )  =  (  I -  A ^ ) P

X ( A ,) =  ( I -  \mtA )  P ^ C X ^ ) Q  
X  ( / ^ z )  = ( I -  X*V/s)P + ( 2  XV s 1 ) Q -  ( x " V ) R .

W riting

(49) A = (• 45) 31 nrip ê ao / ka

and using (46), (47), the <D ’s becom e

(50) ( p ( M o )

(51) <j) ( / *  l)

(52) (j) ( /* ,  1 )

A d - O P  

A ( I - feo feL) P
2 fc0 fcf 7

AO -  xM( ^ £ f ) P

Again it  is  n ecessa ry  to make assum ptions corresponding to a non -th resh ­

old region. Since for the excitation co llisions being considered,

(53) A2 — I -  Z A t / r h r q '  — I -  2  m r ,

(54) A ~  I -  m r A ? / ^ k o  =  <* /  fco
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Also from  the energy conservation (since is the excitation energy)

(55) SS fcf +  A 6 /  k1 3

feo + -  2 (lo -  / r  — 2 <* 3

k (• /  k o .

Using these re la tions in equations (50 to (52), giving the it follows that

(56) <j>(-®,o) -  AP ,

(57) 4 > C » , 0 = A O -  |SA)P

~  (mrAg/fi‘ fci) AP,

(58) <j> (2,2) = A(l - ( H ) ^ )  P

= Z < p ( b U  ,

(59) 4>(2,0) = A  ( I -A1) P

=  4> ( z ; z h

( z m r A f / f c H o  )  A P

Hence fo r the n the following rela tionsh ips apply:

(60)

Again, using (55) in (45), / \  P sim plifies to

(6i) A P =  ( '^ O  2 cj m ? X n j  (  3 t  feo ^
310 V  fcj- 2mr / i f /
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Equations (56) to (59) enable the <j)Ts to be expressed  in te rm s of (61).

(b) E lectron-hydrogen atom  ionising collisions

An ionisation collision  is essen tia lly  an encounter in which the 

atom ic e lec tron  is excited to the continuum sta te . F or th is reason , fo r the incident 

e lec tro n  sca tte red  in the collision, the p ro cess  may be trea ted  as excitation with 

v a riab le  A S  • On the o ther hand, owing to the stripping of the atom  and the p roduc­

tion of new p a rtic le s , fo r the atom , the proton produced, and the atomic e lec tron  

e jected , the collisions need to be considered in m ore detail. To som e extent the 

physics of these collisions is contained within ce rta in  -functions used in r e f e r ­

ences 1, 2 and 4; nevertheless  the -O. Ts m ust be calculated for each different 

p a rtic le  type fo r which the 13-m om ent equations a re  requ ired . In general, for each 

p a rtic le  considered, the A ?  a re  d ifferent, and the X ' s  m ust be exp ressed  in 

te rm s  of these for in tegration over the range of A  P •

Let d -0 . i be the solid angle into which the incident e lec tron  

(with incident (reduced) wave vecto r k 0 ) is sca tte red  with wave vecto r , and

d / 1 - 2  the solid angle into which the atomic e lec tron  is ejected with wave vecto r X  

It is  shown in Appendix A that it is sa tisfac to ry  to re fe r  all these p a ram e te rs  to a 

fram e moving with the cen tre  of m ass of the two colliding p a rtic le s . The su bscrip ts  

Q  , € x  » CL > p  w ill re fe r  respectively  to the sca tte red  electron , atom ic 

e lec tron , atom, and proton produced. F or the collision dynam ics (but not the general 

equations fo r the e lec tron  component) the sca tte red  and atom ic e lec trons a re  trea ted  

separa te ly .

(i) Scattered e lec tron , € ,

Using equation (33) and the d ifferential c ro s s  section (9),

( X  being the po la r angle of k f  w ith re sp ec t to Iko )

(62) <t )e ,a .,e .(/u,v ) =  \' (I - A '£ a j i 'x ) q ( - I 4 x lö 3) z V m J  e V t f e f  d x d / l j d *

K * ( a 0* K %  I ) *
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where

(63) K =  fco + (if -  2 feo fcf Ĉ rsX .

It is  alm ost im possible to calcu late  the jO . ts from  (62) as such; how­

ever, by approxim ating the te rm  ( a *  I in the denom inator by (&* 0  ,

it becom es possib le to evaluate the sequence of in teg ra ls  requ ired  to obtain the D i's .
Ij

Although by no m eans an accura te  approxim ation, the f t  te rm , also in the denom i­

nator, nullifies the effect of th is approxim ation.

From  the conservation of energy, it follows that 

(64; •+ 3̂  ■+ 2. W rT  /  t\

where T  is the ionisation energy of the atom . In tegration over 4X 1 ^ y ields a 

fac to r 4  TT . The lim its  of in tegration over a re  ( o  , rr ), while from  (64)

the lim its  on X  a re  ( O  , ( ). The equation (62) becom es

(65) <f>eoJe , ( / i v) =  ^ r r o i v . i o  J ,  ( ^ )
** ko ( a? k? + f

where

,-IT , a ? - 2 m rI / # j i ) V i
(66) -  \ I (I - b/UUfef S'UlX d%  3c

C C +  fef -  z  k A - fO n x )3'

th is being evaluated in Appendix B. For th is case , X is  given by

(67) \ X =  I -  ( t K * +  2 m r l / ^ )

Using the values from  this appendix fo r the appropria te  (yU  , V )  , on putting

(68) «  *■ =  ko  -  2  mrl/  f>
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and

(69) > ii • f* X io3) z 6tt g  a *  e *  4  tt 2  <x3

K *  ko  ( a *  + i ) *  3 ( 2 m  r / f i 1) 1

the re su lts  a re :

(70) i >eo.Je l ( - ao'°'> =  A  >

(71) 4*eaj e, (  1j 0 =  A  ( 1 - C + < * N
C k l  ’

(72) ^ e a e ,  (2 ,2 .) =  A  ( 1 - ( k \  4  o**)1 )
4  ft«,* ’

(73) (ftea^e, ( 2 ,o ) =  A  C I - HP ’

(74) 4>ea e, C 3 j ) =  A ( i -
3 cK2- ( feo -4* °<x ) \

IO feo“

Finally, 2 . ^ 1  / f t * is  neglected com pared with fe0 in the paren thesised  te rm s

afte r substituting for <* from  (59). (Again th is  corresponds to an approxim ation

valid away from  threshold . However, ap a rt from  being consisten t with previous

approxim ations taken, th is type of approxim ation in the p re sen t calculations is

necessa ry  to obtain w orkable r e s u l t s . ) The re su lts  then becom e

(75) 4> e^e. C ‘ > *) =  2 <ba
3  Y e a >e. ( -  ° ° j ° )  >

(76) ^ e a  e, ( 2 , 2 ) _  Z  m r T  

k i
^ e a ,e ,  C '00.»0 )  y

(77) 4*ea e, U , ° ) =  f  4 e a e!, C -° ° ; ° )  35
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(ii) The atom ic e lec tron , 6 ^

Sim ilarly  to (62), but fo r th is case  with being the po la r 

angle of with re sp ec t to , and , the deflection angle of ^ f  »

(79) ^ea e^C/V) = /(>  -  x ) g (-14- * I03) IT mp e 'V a *

x (*f X dx cJiT,
K4(a*Kx + IT

w here now K  is in te rm s  of %  i (being defined in fac t from  the d ifferential c ro s s  

section):

(80) f t 1 =  feo +  -  2 fe 0 ^ f  UTS >6, .

For th is  case  (Appendix B)

(81) A 1  =  I -  ( f c o - d d i / f c »

In tegration over "X is stra igh tfo rw ard , owing to the c ro s s  sectional 

independence of this angle. Defining

(82) T ^ C / ^ v O  =  J (  I ~  x >

elem entary  in tegration gives

(83) T 2 ( y U V )  =  2  -  XA ( l  + ( - 0 V) / C V +  I )  .

In tegration  of (79) over the solid angle < J0 - | involves only te rm s  in f^l w here

(84) M  -  f d X t d fc ,

K̂ (at K3+ I
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As in the previous case , the te rm  K “► l ) is  replaced by (c io ^ o  ■+ I )
In tegration over the azim uthal angle gives 2  TT , and with the above approxim ation, 

in tegration  over ")C, may be effected, giving

(85) M = 4Tr / ( (a t f£+

Returning to (79), (j[)(yU^V) becom es

r  <* _3

<J>e a „ C / t .V )  =  I TTIDp M  9  ( 'I V x  JO )  f  fcf * - d *

J°
_  4 T T  ß  |_ C y U ,V )

(86)

w here

(87) 6 =  (•i4*iö3) 2 <aiTTm?efc
Wko

o< is  defined by (68) and L is  calculated  in Appendix B. Taking the values

of from  this Appendix, and since A  > already defined by (69), is

(88̂ A — 4 TT B
(aHl +i f  3UmrI / t f )

the are given by

(89) te a e /-“ 0̂) = A ,

<90> ^eae.C1»1) II > V
)

<»« ^ ( 2 , 2 ) ~ (§ + s k i } >

' RS PHYS.S *V
Ur*. P A r ̂
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(92)
k a e x^ ° )

=  i  2LXA ,
r  1C ’

(93) ^ e a  e2 0 =  A  •

Since

(94) ( 2 .  +  °<2 )  
U + s k i '

~  11 ,
15- 7

the <J> (y ^ v )  may be expressed as follows in term s of < f > ( - C O , o )  :

(95) (h C 17 0 ■
T e a e ,.

(96) ^ e a , e 2C2' ^ ) = £
(97) <T> n> »* /^

s O
 

___ =  ( -C O  0 )  r y j  3 <j
h a ^ 0 0 ' 0 )  ,

(98)
=  f e a C - 00' 0 )  ■

In any case  it is  obvious from  (33) that Cpea is sim ply the total c ro ss  se c ­

tion fo r the collision m ultiplied by <0 /  2TT and therefo re  for all p a rtic le s  involved 

in a p a rtic u la r  (inelastic) co llision , the <j> (-0 0 ^ 6 ) a re  identical Thus (89) is identi­

cal with (70).

(iii) The atom s

In the p a r t  of Appendix B dealing with the calculation of the 

X fs it was pointed out that fo r  atom s as a p a rtic le  type in th is type of ionising co l­

lision , the only . O / s  involved a re  the ( V )  , which a re  independent of X  •

Hence fo r the atom s,

(99) =• J’yGSMny.dy. — JC'i4«iö) aomlfefxe svn'y.l'y.ch
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w here X  -  Cc7̂  ' (  ( “ * ( “ ) / k o  fef ) =  X  | •

Again rep lacing  ( d j  0 ^  by (d© feo + I » since on differentiating (63),

(100, x ,  =  K d K / f e » f e f  ?

(101) <j> ( ~ o o , o )  = . C  /  ^

T K 3

w here

(102) C =  g C i ^ i o W e ^ T i V .  _

The upper and low er lim its  on a re  fec t  (?f . Using (64) and (68),

(103) — tKl  J

and therefo re , on integrating over K

(104) <j>e<A~°°’ 0 ) %6x i k 0k{
~ ( k o - k V z

L
The rem aining in tegration  is stra igh tfo rw ard  also:

(105) <J)e a C - ® > ° )
Z c feo°<3

3 ( a m . I / f i 1)1

It is  apparent on com paring (105) with (70), fo r exam ple, that the obtained

fo r the d ifferent c ase s  a re  equal; th is suggests that the d ifferent approxim ations made 

a re  consisten t.
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(iv) The protons

As d iscussed  in Appendix B the D l 's fo r the protons p ro ­

duced in the ionising collisions a re  readily  obtained from  those for the atom s. In p a r ­

ticu la r, when te rm s  of o rd e r a re  neglected, the -Q -'s  a re  the sam e fo r the p ro ­
b e t

tons as fo r the atom s. There is, therefo re , no need to calculate the p a rtic u la r  

<J)ea(yU v )  for these protons.

(c) Charge exchange collisions

As d iscussed  in Appendix A, only resonant charge exchange co lli­

sions a re  considered. These charge exchange collisions a re  e lastic  in the sense that 

th e re  is no kinetic energy absorbed in the collision, although in the s tr ic t  sense of a 

change in the nature  of the colliding p a rtic le s  the co llisions a re  ine lastic . N everthe­

le s s , the m ost convenient way of considering this case  is to calculate the 

and hence the (j) ’s fo r the -functions of the atom (or proton) p resen t a fte r the 

co llision  m inus the -functions of the atom (or proton), involving the o ther nucleus, 

before  the collision. From  this point of view, the co llision  is e lastic , with d ifferential 

c ro s s  section (10).

Since ?>(l)  =  £>(.2) =  O for e lastic  co llisions, th e re  is no 

need to consider (^(-O O ^O ) , while (} ) (2 ,o )  -  o  and (j) (  J ? »

= <t>(0 say. Also le t =. <J> (2*) ; then

(106) (J>Cv) =  D r(I  -  d x
° (aJK^l )6

w here

(107) D =• )  Q  Wr 0*0  2, 6T*
Substituting fo r r \  (defined fo r equation (10))

dos) < L p(v )  =  D / " " Cl - c « » » x ) s * . x d *
J °  CI •+
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from  which is  obtained

<109 <J>apCl,0 = D (—- - - - - - - - - - - - - - !- - - - -
'  lo fe ja ? i t  f e ta !

=  D /  16 f e t a !

<110> 4>aPW  =  D (
I I

io  f e t a 1 i o  fe:o f\o
X X

a l  )
=  D /  s  ko a ;  .

F or these calcu lations, it has been assum ed that fe„ &0 )

4. Evaluation of the A - ,

The n - s ,  defined in the introduction and re fe ren ces  1, 2 and 4, a re  

essen tia lly  the re su lt of integrating the <j)’s over the im pact velocity. R estating 

the definition, (where S’ =  ftij / Z  fa (. m ^ i  } )

-Q jfe’ t ( r )  =  T r i  4  e " Y  Y Z T + Z  d Y

a n )

w here Y  “  ^  9  ? o r since fi fe 0 — rn r  <J ? Y  =  S ^ f e o / ^ r  •

Y 0 is the threshold  value of Y  fo r a p a rtic u la r  collision. Thus for e lastic  

co llisions Y 0 is zero, while fo r a collision with excitation energy A  € 0 »

(112) Yo" =■

This is taken account of, in a sense, in the (J) ’s, in that being functions of the d iffe r­

en tial c ro ss  section, below the threshold  energy they take the value zero . However, 

the approxim ate c ro ss  sections used a re  not zero  fo r all energ ies below the co llision  

threshold , and it is necessa ry  to specify the p a rticu la r low er lim it as in (112).
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4. 1 E lastic  Collisions

For these collisions, with the jQ js  as with the (J) Ts, the defi-
3

nitions are  form ally the sam e as those given by Chapman and Cowling. The re su lts  

fo r Coulomb collisions a re  given below a re  in fact the sam e as in re fe rence  3; how­

ever, as already mentioned, the use of "adjusted" Born approxim ations for the 

d ifferen tia l c ro ss  sections for o ther e lastic  collisions leads to d ifferent re su lts  from  

those of reference  3 based on inverse  power fo rce  laws. Since <j) ( )  =E <J) (v) 
fo r  elastic  co llisions, it is evident that

(113) “  - ° j * ( T )

(using this equation to define . 0 . ^  C ^ ) ) .

(a) E lec tro n -e lec tro n  collisions

Equation (12) fo r (j) 0  ) , with (111) gives

n.i4i _Q c v ) = u 1 /  e y x r * l+Aee) dY
r Y

Although W e e  i s a function of Y  , owing to its  occurrence  only in the log arith -
0

m ic term , it is generally  adequate to rep lace it by an "averaged" value (Liley ), 

regard ing  it as constant fo r  the purposes of integration. In this case  the in tegral is 

easily  reduced to an expression  involving the facto ria l function:

(115) =  TTZ & e ^ i ^ g ( A e e )  I /  Z  YX ) r

Sim ilarly, since ( j > e e ( x )  =  2  ^ e c  C ‘ ) ^

(116) n  Cr) =  z f l eAr )
ee c
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The ’’averaged" value of W e e  is

_A_,. = 3feTe\D/ e a = 3 (RTeM e^Trnee^) ,(117)

w here X o is  the Debye length.

(b) E lectron-hydrogen atom collisions

Using equation (17) fo r Cj)(l) gives

n 'e^ r ) = e Y Yar^^(-45)4 ni?e*ao s(118)

ftA ( 2  feo a t ) 1

( ioo(a£fco + 0  +  ~ \

Retaining only the logarithm  te rm , th is equation becom es

00 v .x

r i jr )  =  t t 1  (*45) e ^ _ g 3 y e ~ Y  Y r -»■ dY •(119)

For the various T  , the following exp ressions fo r the

v * f t -

j f l  (T  ) a re  obtained:

(120)

I*2« n '  a )

i ( - « ‘' kEiC-'/W) >^  r  *

Tr>c^y)e*ft3 i (, + Lzb e,/bEU-i/b)),

(J ) -  i j j . - ,  (-ZbVlb-.)eW.Ei(. , ^
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Ei ( - l /b )  is  the exponential-in teg ra l function (Gradshteyn and Ryzhik4), and the 

argum ent b  is given by

(123) b =  .

The s im ila r approxim ation of d iscarding te rm s  o ther than the 

logarithm  te rm  in ^ ^ 0 0  (equation (18)) gives

<124> <ka(X) ® Z }

and therefo re

(125) f l e(LCr)  =  2 . n e a ( r )  .

(c)

elec tron  collisions.

E lec tron-pro ton  collisions

The calculation of the . 0 , 's  is  form ally the sam e as fo r e lec tro n - 

The re su lts  a re

(126) G ^ p( r)  =  T T ^ y "  -i«g( i f^ep") P(r)  /  X m rx -}

G  e  p (>") =  X  G  e  p  ̂ 1 - )

w here in th is case W e p is given by

(127) A e p  =• I  Xo (  n v / e 2
oC g <X p

~  3 ( feTe)3/a
€a(^rrneea)t/a
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(d) H ydrogen a tom -hyd rogen  atom  c o llis io n s

I The re le v a n t cj> (V) are  g iven  in  (25), (26). U sing (25) fo r

0 ) , is  the in te g ra l

n ' aM  =  ( 2x iq' 1) y 3evTr1/1 JUm0 + b Y l )dY,
J o  J

(128)

w here  b =  as b e fo re .

F ro m  the re s u lts  in v o lv in g  s im i la r  in te g ra ls  fo r  the e le c tro n -h yd ro g e n  atom  c o llis io n s , 

in  the same no ta tion , the j T l  ( t ) becom e

<129> A x<l0 )  =  (z * l 6l )  y Je * Tr'/a i t - p i/h F; /-l/fa ))
m r x  1 V

<130> r i c J 1) =  U < l 5' ) y 3e V A I ( ,  + t b  e,/bE l ( - >/b))
no r *L  ̂ b

(131) t T a a O )  =  ( Z x l ö b y V T r ' A  ,(t(3~ j  4 t-2lf * 2b- ' )e>/l’Ei(-|/b)). 
0

A gain , s ince  <j>a a (2 .)  — ^  4 aa  ) i t  fo llo w s  tha t

(132)

(e) H ydrogen a to m -p ro to n  c o llis io n s

F ro m  the equation (28) fo r  4 * d p ^ 1 )

(133) i7 ap(r) = (2.<»o ) e^y /* e’  ̂ Yzr ( I + bYz) dY
r * V X Vo
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with b as in (123). The in teg ra ls  have the sam e form  as for the previous cases 

involving atom s, being expressib le  in te rm s  of the exponential-integral functions.

The re su lts  a re

(134) f l a p Cl) =  ( Z x l ö b e V T T '71 i  ( _ e ' / b  E i ( - ! / b) )  ,
rvV1 z

ass»  1 1 '  (:o  =  ( z , i ö 1) e V i r l / l  i p  4- b ^ e ^ E i C - i / b ) ) ;
mrz b

«■>«> - t  * f c ^ V * E iC - . /b j ) .

Again, since ^ a p (^) =  -̂̂ apCO » it follows that

(137) i T Q p (T") =  z Q a p i T )  .

(f) P ro ton-pro ton  collisions

Form ally the sam e as for e lec tron -e lec tron  collisions and 

e lec tron-p ro ton  co llisions, the re su lts  a re

(138) ( " I p p C r )  ss tt ( I +■ -A p p )  T '( y' )

(1 3 9 )  i T p p ( r )  =  z O p p C r ) .

For these co llisions, however,

(140) A  pp = 3 \ D itv /o^e* s  (3f?TP/e a) ( ^TeAirnee1) 1'1.
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4 .2  E lectron-H ydrogen Atom Is  -  2p Excitation C ollisions

The A i- ( r j  given by (111) a re  functions of, am ongst other 

variab les , the low er lim it of in tegration Y© =  • Since Y  is a

function of the tem peratu re , the A L Ct ) will essen tially  be functions of the e lec- 

tron and atom tem p eratu res . As w ill be seen, in general the a L ( t*) can only be 

reduced to expressions in te rm s  of incom plete Gamma functions, which in th is case 

a re  dim ensionless functions of the tem p era tu res . The incom plete Gamma functions 

a re , however, tabulated functions, and in certa in  extrem e cases they can be w ritten  

in te rm s of analytical functions. The following .O -’s a re  required  : Cl. (/V ) ,

i V ^ C r )  , -O  * ( r )  , f l  J C*r) , with r  =  o , | , % ,

and 3  ; but since re la tions (60) exp ress -fi. jl(jr) and r )  in te rm s  of jQ. J(r),
— C O j  O / n  ) ,  I

it is only necessa ry  to evaluate A 1 (T )  and 1L ( t ) , fo r these value of T .

r\~c°? o
The calculation of A involves using (56) for (J

This gives

(141) Cl ( r )  =  ( ^ y ) e 4‘ Zl5a-o Y tt1'* ê ' Y y i r + l ^  ( b Y ) d Y

w here b has the value (bearing no re la tion  to the te rm  b , de­

fined in (123) ).

C onsider the function I  ( T j Y0 ) defined by

. oo
(142) I ( r , Y,) =• J  e“Y Y'11"  ̂1 (bY) dY .

Vo
A change of variab le  yields

oo

(143) I(r,Yo) -  i  fe_JCxr dx,
*o



30

and this can be in tegrated  by p a rts  for the various values of y* ■ Let V C ^ Z )  be an 

incom plete Gamma function, defined by

(144) 7\r,z) =  £°VXXr-' dx .

(Some authors define the incom plete Gamma function in the inverse  way, that is , by 

( — PC Y, z) ) in the above notation, but the definition (144) is m ore suitable

fo r the purposes of this report) Provided X. O , the T^Cy^ z ) a re  defined 

fo r all T  .

In te rm s  of these functions (144), integration of (143) gives

(145) I ( o ,Y . )  =  - ■  C e~Yo yo2 + r(o,Y»a) ) J

(146) I ( | ,Y .)  = 1 ( e ’Y,a ,14 .)i9 lfXl + r0,Y.i ) + r(o>X1)),

(147) I  ( a ,  Y .) =  ^  (  e " Yo (  Y /  +  2 Y0a +  2) Xoj bx Y* +  V ( 2,  Y .x)

+ 2T (i,Y .a) + 2 r<o,Y.A)) ,

(148) I C 3 , Y 0) = ^-(e"Yo(Y.4 -  c Y.l + o ^ g

+ 3 T u x ' )  +  c r ( i , Y o b  +  6 r c o . Y . b )  •

- 00,0

It is evident that the .T" !  ( r  ) a re  obtained using these re su lts  fo r I  )

in equation (141), that is ,

r T ~ '°
(149) 1 1  (r)e a  y = UiOeV^Yir1*- I(r,Y.) .

3'°  fc1

a re  calculated  using equation (57) fo r 4 w o , i )
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This gives

(iso) n Pf l ( r )
r°°

-  (-4-0 TT wrA j y 3 J  e'YYZr~'i<3g(bY)dY
3 YTir ft Ŷo

w here again b  =  3 • It follows from  this equation that the

XX 7 ( t )  can also be expressed  in te rm s  of the X O ^ Y o ) ,  defined in (142), and 

hence in te rm s  of the incom plete Gamma functions. In p a rticu la r,

(151) Cl l(-r )  =  ( • * O TT e*l'sg0 r ry  Y3A"to I ( r - | ,Y 0) .

e a

The in tegral X ! j Yo ) , not previously given, has the value

(152) I ( - i ,Y 0) = +  (r«V».2)igb* + j  cb ) .
\o

The la s t in tegral on the right hand side of (152) ex ists  fo r To ^  O  ; being of a 

s im ila r  nature to the incom plete Gamma functions, it may also readily  be evaluated 

num erically .

Finally, the rem aining X l Ts a re  re la ted  to (149) and (151) by

(153) , Q e * C r )  =  1  Clpa ( r )

(154) Cl e a  (r) =• 1  0 - e a  Cr ) •

4. 3 Electron-H ydrogen Atom Ionisation C ollisions

For these co llisions the XX ’s a re  defined by (111). The low er 

lim it of integration is given by Y> 58 ( w here X is  the ionisation

energy. As with excitation collisions, since Y  is a function of the e lec tron  and 

atom  tem p era tu res , the jTX's a re  also functions of these tem p era tu res . When
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T a  / T e  <£< ^ a / m e » then X  2̂ C X e — , in which case the O 's  are

sim ply functions of the e lectron  tem p era tu re . This also applies to the excitation

co llisions of cou rse . For each of the p a r tic le s  (incident electron, atom, atomic

T v
h i

elec tron , and proton produced), the following - 0 , 's  a re  required: . 0 .  C T )

Q  7 ( t )  ’ C**) , - O  ( Y“) with T  taking the values

0, 1, 2, and 3. Fortunately, it is not n ecessa ry  to calculate all 80 - 0 , 's .  As shown 

in Appendix B, the -O .’ s for the protons a re  essen tia lly  equal to the _ 0 - 's  for the 

atom s. F urtherm ore , fo r the individual p a rtic le s , re la tions have been given between 

various <J> (yu3V) , enabling many j C ' L ' s  to be expressed  in te rm s of o th e rs .

In p a rticu la r it has been shown that for the incident electron, all 

<J>ea e can be expressed  in te rm s  of <j>e<̂  e<( y ° ° 9 o )  o r  ( p e a  e  ( 2 ^ 2 )  ;

fo r the atom ic e lectron , all (p e< l e (yU }  l> )  can be expressed  in te rm s  of e  ( r 00!,0)  

and fo r the protons and atom s, the only ( p  involved is o )  ; and

finally  that the d) . o o o ) a re  equal fo r all p a rtic le s  involved in a p a rtic u la r  collision.
Te0,L a ( M, V)The general form  of 1 L /  (T )  being given in equation (111), it is  evident that it is a 

function of CD ( M y )  • Yo , and ce rta in  o ther constants of the collision. Therefore 

all p a rtic le s  in the collision have the sam e A £ T  ) . It follows that fo r the
/ N - O ° ; 0

ionisation collisions, only 8 of the i i ' s  need be calculated, namely 1  JL ( t )
2 1 ^a

and f l  ’ (T*) with T  =  0 ^ 1 , 2  and 3 .
e  j e i

Since

(155) Yo1- =  X V 2-I / " V  ,

using th is  re la tion  and also those a fte r (111),

(.56) £  -  l m rI / ^  =  mir1 (  Y 1 - Y o 1 ) /

a 1 £  +  I =  a el M (? ( Y 1 4 Y ; i ) / ^ 1
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w here Y ,i= r  Y Zfi , and, like Y0 , is  a constant of the collision. With

<h (-C30jO) * given in equation (70) fo r example, from  (111),
T e a

-3 V
(157) n  (r )  -  ( - I » x l 0  ) t t‘a * X T ^ * y V  2 ( r  Y Y )

3 a ‘ mr*(ZmrI / f , 1)i

w here I  ( t  j  Yo ?Yi ) is  defined by

ass» Jcr^Yo^X) =• f  e Y Ya 4a(Y2-X»2) 7 <jy •
( Y z + X x ) ¥

l t ^ Y i j Y ,  ) m ay v,e reduced on making appropria te  approxim ations, o r  it may be 

num erically  evaluated. As d iscussed  previously, X  ( t  jYo,Y| ) is  essen tia lly  a 

function of the e lec tron  tem p era tu re .

S im ilarly , using equation (72) fo r , it may be

verified  that

(159) n M  ( r )  =  (•<Vx<ö)TT,/^ e V ° T T 1 y 7mr I  Y#>>;)
ea'e' 3 mP‘ a.*(amrT 7TF

K r -  Y0, Y, ) being again given by (158).

Finally, using equations (70) to (78), (95) to (98), and (10$, the 

se t of 48 X jL 's fo r the co llision  (as already  mentioned, 32 of the X I 's  associated  

with the atom and proton p a rtic le  types need not be considered), in te rm s  of the 8 

independent X X 's  a re  as follows. F or convenience, X I  ̂  CT) and X I  ea ^ (.***) 

a re  also repeated.

- c o ,  o
(160) Clel \ r )  =  ( •  li, x io3) f j * e Y S I  ( r ) Y o ,Y ,)

3 do(2mrI
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with X  ( y' ; X ?Y. ) defined in equation (158),

^ 1 , 1
(161) -O . o M = 3  A ,«  (r)ea,c,N 3

(162) l l ea e ( r )eo j« ,

3 , '
ea, e,' 

<164> -^ ea  e, t r )

3,1
(163) D e a ,e ,^ T )

(168) n

/■r00' 0
=  f  H e «  C *0

=  ( - i i , i ö 3) tt  4 ^ e v t ' ° y T » ^ r I
3  m? «.‘ ( i m p l / f i 1 ) 1

1,1
=

2 , X

ea,e2 r̂ ^
=• Ji D  ( r )15 AZe a ^ ! /

i i ? A w —
-o o ,°  

- f l e a  ( r )

‘ea,ez ^
=•

A ’ “ . “
-^ e a C r )

-00,0 

 ̂ea^a ^

-00,0

-Cea < »

- C O jO

ea ,p  (t ) *
_ — oo o 

- ^ e o

4 .4 Hydrogen A tom -Proton Charge Exchange Collisions

The nature of the charge exchange collisions has already been 

d iscussed . The ( f r a p C / U j V )  a re  given by^109) and (110), being independent of yU , 

while the X l 's  requ ired  a re  -0 (**), -Q̂*)with I 7 X  and 3 • Using (109)

and since the collisions a re  essen tia lly  e lastic , from  (111),

(i.7i) - Q lpcr ) =  ( v u i r<r)
X



Evaluation of the

(172) D . ap 0*)

a s

Similarly with (j)̂  given by (110), it follows that

-  ( x*ixio2) zB y P ( r 4 i )
10 f t*
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The D ifferential C ross Sections

A l. 1 The B om  Approxim ation

In th is Appendix, quantum -m echanical expressions a re  obtained for the 

d ifferentia l c ro ss  sections for ce rta in  p ro cesses  involving e lec trons, hydrogen atom s 

and pro tons, which a re  requ ired  to calculate the 's  and 's .  A Bom  type of 

approxim ation has been chosen to give analytical expressions fo r the differential c ro ss  

section, and a num erical adjustm ent fac to r is included which is  selected  to obtain a 

"reasonab le" approxim ation to the known total c ro s s  sections in the energy range 

0 -  100 ev.

Proceeding form ally , consider a collision involving atomic p a rtic le s  J  

and fe re fe rre d  to a fram e moving with the cen tre  of m ass. Suppose that jTj , JTj, 

rep re se n t the e lec tron  position vectors of the p a rtic le s  re la tive  to th e ir  respective 

nuclei (these being zero  of course  if the p a rtic le s  a re  e lectrons), and T  the in te r-  

n u c lea r distance, with the in teraction  potential. ,

(  Tfe ) a re  the in ternal (unperturbed) Ham iltonians of the two p artic les ,

re fe rre d  to th e ir  respective  nuclei, g  is the in itial asym ptotic re la tive  velocity, 

and ( t  ? Tj  ̂ ) is  the com plete wave function for both p a rtic le s . The Schrö­

d inger equation for the system  is

(Al) fiL1 a?L^mr brx
~  O

w here m r  =  /  (  Wj *+* Wfc) is the reduced m ass, and El0 the unper­

turbed ground state  energy of the system  associated  with jo L j and • The
j x

te rm  -j is  the asym ptotic kinetic energy of the system .

Neglecting the possib ility  of electron  exchange, ^  can be expanded as

tjHt.tj.r,) -  ( I  * /)  ,t„) F.ci)
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w here is the se t of all possib le  (j^CTj ) which a re

eigenfunctions fo r the p a rtic le s  J  and is essen tially  a s c a tte r ­

ing function, to be determ ined by solving the Schrödinger equation. E<^ = +

^ is the sum of the eigenvalues of the two p a rtic le s  corresponding to the eigen­

functions Cj>  ̂C ) and ( p q C Y ' f a )  • The sum m ation is  over d isc re te  s ta tes  and 

the integration over continuum sta tes . Substituting this expansion in the Schrödinger 

equation (Al) gives

<A3>(I +-/ ) ^ C r jlrfe) [ ^ irg ^ x rnf3"fe + Eo-Ei]f“̂ r)
S'

= V(r,rJ,rfe) J(r,rj,rO -

Multiplying (Al) by ( r ^ T ^ )  d f j  c l r ^  and in tegrating, th is  becom es

<A4> 4 T mr3jh + Eo ” Ec^J *V X)

= /vd.rj.rfc) J(T,rj,rfc)i|^(rj,r(i)drj<lr(, •

p0 ( t  ) rep re sen ts  the sum of an incident and a sca tte red  wave, while F<̂  OX )

( Cĵ  o )  m ust rep re sen t sca tte red  waves only. Hence the respective  asym ptotic
g

fo rm s can be shown to be (Mott and M assey ):

(As) F. ~  eĉ * ~ + i e i ‘ *w 'I i (x .e )

(A6> F ^ a  -  f ^ ( x ,  e )

w here jl© is  the (reduced) incident wave vector such that the reduced momentum 

p , is given by f\ . S im ilarly  fcf Cf y )  is the reduced wave vector of 

of the sca tte red  partic le  for the state  . Then the sca tte red  c u rre n t density for
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the state  of excitation is

<a7> fcfcfQj,) 1 1  I y y t ) | a .
m r t x ^

The d ifferential c ro ss  section fo r the deflection of the final wave vector, 

k f  , into a solid angle (XL X I 4  djX"jL ) with excitation sta te  is the

ra tio  of the sca tte red  cu rre n t p e r unit solid angle about XT. to the incident cu rren t 

density, giving

(as) o ^ d n  =  i f  .
Ko

Subject to the plane wave Born approxim ation,

/Am .T t£o-r ,
(A9) vj; =  e (Xj , If.) .

Substituting th is expression for T  in the righ t hand side of (A4), th is equation 

becom es

(Aio) [*j»L +. p (r)
L 2mr öT1 zw>P J ^

= J  V(r,tj,rfc) eL-° rii0(rj,rb)>̂ (Tj,rfc)dxj<Jrft
with asym ptotic solution

<A1U - V /v  e‘- -  < drj dift
o r

(A12) fl(x,o = I2X_ J v  el -  r vj/0 4>* djj drfa dr .
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In these equations, K =  kp -  kf ( CJ,) j ftf -  <jjh -+ i l t l r ( E 0" Eq) .

“ F “  ~ V

In the case  of excitation to the continuum level, vj/^ is the wave function 

whose m atrix  elem ent, taken with the ground sta te  wave function and in teraction  po­

ten tia l, gives the probability  of a p a rticu la r d irection  and energy of the atomic e lec­

tron  (as well as the d irection  and energy of the sca tte red  partic le ). With the H am il­

tonians of the electrons of the p a rtic le s  j  and k

re fe rre d  to th e ir  respective  cen tres  of m ass, the eigenfunctions <J)^(Y*j) ^ >

grouped under the te rm  , therefo re  re la te  the continuum state  e lectron  p a ra ­

m e te rs  to the cen tre  of m ass of the partic le , say k  , from  which it was displaced. 

Consequently the angle and energy of the ejected e lec tron  is not re fe rre d  to the cen tre  

of m ass of the system  j and ^  , but to p a rtic le  k  . In o rd e r to use the

differen tia l c ro ss  sections in the cen tre  of m ass system , it becom es n ecessa ry  to 

convert these p a ram ete rs  to th is system . B earing th is in mind, the above re su lts  

give, form ally , fo r ionisation (with tK the atomic e lectron  wave vector):

(A13) < r < u i , d n z d *  =

w here the subscrip ts  I 2. re fe r  to the sca tte red  (incident) partic le  and the atomic 

(ejected) e lectron , respectively .

Regarding the fram es of refe rence , the d ifferential c ro ss  section as 

obtained above has to be transform ed  to the fram e moving with the cen tre  of m ass of 

the colliding p a rtic le s  (which will be called the "c. m. fram e"). It is also necessa ry  

to obtain an expression  fo r the in ternal energy of the "com posite" p a rtic le  produced 

in the collision, as noted previously. The types of collisions being considered

a re  those in which one of the colliding p a rtic le s , say J , is sca tte red , while the 

o th er p a rtic le , say k , on collision b reaks up into two "su b -p artic les" , nr and S 

The form  (A13) of the d ifferential c ro ss  section re fe rs  the angle and velocity of 

to the c. m. fram e, but (owing to the refe rence  fram e of the Hamiltonians) it re fe rs
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the velocities and solid angles of t  and S to a fram e moving with th e ir cen tre  of 

m ass (the " k " fram e). Using v  , X  and -O- to denote velocities, angles and 

solid angles in the c. m. fram e, and U. , © and to  velocities, angles, and

solid angles in the M fe " fram e, the problem  is  to express U r  , U s , t o r  and 

U>s in te rm s  of -O. and v . C learly ,

(A14) M jV j -t* — °  o r V ^

Then

(A15) V r  — U-r -+■ ¥  fa — U r — üüi y
k

Vs =  u& -  Ü Ü  Y ;

The azimuthal angle, that is the angle with the plane of the collision, is the sam e for 

both fram es. Hence the elem ents of solid angle in the two fram es a re  respectively  

d -O . — S/i*\ % d%  d i .  and d u )  =  & d © d €  Taking components

of velocity of (A15) in a ca rtes ian  fram e gives

(A16) V rx — Vr CCS X r  =  U r OCTS (9r  -  rv\j y^ CCS x j
rv\k

V r y Vr Sxxo)C r — u r <9 r — V j S^r> X  ,

From  these re la tions it follows that

(A17) U rX =• v *  -1- (ÜÜ f v j  +  2 V jV r r*v c < n s ( X j - ) - r )
m k

(A 18) — v /  4  (ÜÜ f v ]  4  1

(A19) e r -  ve s*n%r 4  ( m j / w K )  Vj s^w x j _____________

C +  4  z vr Vj (»*>j/mk) c o 5 ( ^  -y-r))Vl

=  _  V-
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(A20) s w ie , =  y-s +  (n»j /m fe) v, a**»y-j_______________  ,
( v i :L+  v j1 ■+ a väVj ( '" j /m h) c o '5 ( > j - y J ) ) l/l

When I is an e lec tron  and k an atom, on neglecting com pared with unity,
J  rv)a

the c. m. and " fe " fram es becom e identical, as would be expected.

The te rm  is d iscussed  in re fe ren ces  1, 2 and 4. E ssentially  it is

the sum of the ionisation energy and the in ternal kinetic energy of the composite 

" p a r tic le ” . Suppose of th ree  p a rtic le s , (ĵ  ; S and t  , and S form  a com ­

posite  "p artic le" , then fo r th is case

(A21) A i =  X J_ n'lq.tns 
z na«* +  m$

This is given la te r  (in Appendix B) fo r the p a rtic u la r  case  of electron-hydrogen atom 

ionising collisions.

A l. 2 The Born D ifferential C ross Sections

A l . 2 . 1  E lastic  C ollisions

a. E lec tron -e lec tron  co llisions

With the neglect of the e lec tron  spin, the c lass ica l method 

the Born approxim ation, and the exact pa rtia l wave calculation all yield the well known 

Coulomb collision re su lt for the d ifferential c ro ss  section:

(A22) <T d -O - =  * C<JSACV X -A  <j.Q-

Since the nature  of the collision te rm s in the m om ent equations involves trea ting  the 

colliding p a rtic le s  as distinguishable (when they a re  identical), it is  doubtful w hether 

it would be adequate to take account of exchange effects purely  in the differential 

c ro s s  section. Although the energy range 0 -  100 ev is that in which exchange effects 

m ake th e ir  g rea te s t contribution to the c ro ss  sections, they a re  not considered in th is 

rep o rt.
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b. E lectron-hydrogen atom collisions

Using (A8), (A12) with the ground state  wave functions for 

hydrogen, since the in teraction  potential is

(A23) V = e* ( r  "
I

r-Ti
w here T\ is the atomic e lectron  position vector with re sp ec t to the nucleus, the Born 

d ifferential c ro ss  section is

(A24) <y d O  = 4 Q.O e  ( a 0 K + 8 ) J .Q  .

* * (a o x Ka +  4 V*

In th is equation (as defined previously), K = ( ko kf ) — 2, fcoC ̂ .
c. E lectron-pro ton  collisions

The Coulomb re su lt applies for this case , the d ifferential

c ro ss  section being

(A25) c  d . 0  =  m r  c w i c + j L / 2

4  * *  k*

d. Hydrogen atom -hydrogen atom collisions

Using “p , > T x for the position vecto rs of the atomic 

e lec trons re fe rre d  to th e ir  respective nuclei, and for the in tem u clea r distance, 

the in teraction potential is

(A26) V = e*( -A It - t-,1 i r + r j  lT +fj .-rJ

The colliding atom s a re  regarded  as d istinguishable, in which Case, using the ground 

s ta te  wave functions, from  (A8) and (A12), the d ifferentia l c ro ss  section for these
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4m?e4aSK*Ca;K^8)*  .
■ f c * ( a * K 2 - * - 4  ) 8

e. Hydrogen atom -proton collisions

A part from  the difference in the reduced m asses, these 

co llisions a re  identical with the electron-hydrogen atom co llisions, of case  (b). The 

d ifferen tia l c ro ss  section is

(A28) (T d-0. = 4 wrê tt<> ( ö l K +8) .
fi*(aJK*+4r

f. P ro ton-pro ton  collisions

These Coulomb collisions a re  form ally  the sam e as case 

(a). The d ifferential c ro ss  section is th e re fo re

(A29) <rdQ = Urg-Eg?r*x /z  d a .

A2.2 .2  Inelastic C ollisions

It is reasonable to suppose that in an inelastic  collision with an 

atom , owing to the screening  effect of the atomic e lectron , atom s will have a sm alle r 

c ro s s  section than protons. Again, using the Born approxim ation, an estim ate  of the 

re la tiv e  m agnitudes of the c ro ss  sections of protons and e lec trons in inelastic  co lli­

sions with atom s can be obtained as follows (Bates and Griffing^). Let Q ^C E ^Q pC E ] 

be total c ro ss  sections for a given e lec tron  o r proton energy E respectively .

Then if A §  is the kinetic energy defect in the collision the Born approxim ation 

gives

(A30) Q e ( J T E )  =  ^ [ Q p ( m p E A O  -  ( £ ! ) 1 Q p ( < " p 4 f / l < ' n > e E )  J

co llisions is 

(A27) CT" d f l  =
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w here

(A31) S' =  ( \+At /uE)X ~  I

and a re  the e le c tro n  and p ro to n  m asses. V e ry  a p p ro x im a te ly , th is  g ives

(A32) Qp(E) =

A cco rd in g  to (A32), then, the p ro to n -a to m  c ro ss  sec tion  fo r  a g iven  in c id e n t energy 

is  o f the same o rd e r  as the e le c tro n -a to m  c ro s s  sec tion  fo r  an in c id e n t energy Me/ 

M p  o f the p ro to n  energy. Since fo r  low  ene rg ies  the e le c tro n  c ro s s  sec tion  is  sm a ll, 

the p ro to n -a to m  c ro s s  sec tion  (and the a to m -a to m  c ro s s  sec tion  a lso) w i l l  be v e ry  

s m a ll in  the energy range 0 -  100 ev. I t  is  reasonab le , th e re fo re , to  neg le c t p ro tons 

and atom s as in e la s tic  c o ll is io n  p ro je c t ile s  fo r  the ca lcu la tio n s  o f the re p o r t.

a. E le c tro n -h y d ro g e n  a tom  ls -2 p  e x c ita tio n  c o llis io n s

The on ly  e x c ita tio n  p ro cess  tha t w i l l  be cons ide red  is  

ls -2 p  e xc ita tio n , th is  p rocess  hav ing  a m uch la rg e r  to ta l c ro s s  sec tion  than tha t to 

any o th e r le v e l f ro m  the ground s ta te . The in te ra c tio n  p o te n tia l is  g iven  in  (A23). 

U sing  the ground s ta te  hydrogen a tom  wave fun c tio n  and the Z p  ( m - O )  wave function  

in  ( A l l )  to  ca lcu la te  f  0 &  -Z p ) , f ro m  (A8) the d if fe re n t ia l c ro s s  sec tion  is

(A33) or d H .
df)..

+4aJKV

b. E le c tro n -h y d ro g e n  atom  io n is in g  c o llis io n s

F o r these c o llis io n s , us ing  the exact con tinuum  wave
g

fu n c tio n  (M ott and M assey, p 233) in  the c a lc u la tio n  o f the B o rn  a pp ro x im a tio n  

f o r  the d if fe re n t ia l c ro s s  sec tion  leads to an exceed ing ly  co m p lica te d  express ion .

L e t d - Q |  be the so lid  angle in to  w h ich  the incom ing  e le c tro n  is  sca tte red ; d -O - j 

the so lid  angle in to  w h ich  the a to m ic  e le c tro n  is  e jected  w ith  wave v e c to r  tK  ; and
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^  — t 0 — y fco j k f  being in itia l and final wave v e c to rs  of the

inc iden t e lec tro n , as  b efo re . Then the d iffe re n tia l c ro s s  sec tio n  fo r  th is  co llis io n  is

(A34) o- dfl, dfu* = *Va.*e*fcf *e
J -  W  L

"5̂ 0̂  M + a£(Kx-;x2))

x (a* 005^) ctfl, d-0.a d^

In th is equation, S is  the angle betw een K and % . dO-| and 7K a re  in 

fac t r e f e r r e d  to a fram e  m oving w ith the c e n tre  of m a ss  of the atom  a f te r  the co llis io n , 

bu t it is  ap p aren t fro m  equations (A17) to (A20) th a t the e r r o r  involved in tak ing  th e se  

v a r ia b le s  a s  r e fe r re d  to the c. m . fo r the co llis io n  is  only of o rd e r  Y Y\e  J  m «.

H ow ever, it is  obvious th a t th is  ex p re ss io n  (A34) is  un­

su itab le  fo r  ca lcu la tio n  of the C[> ’s and . 0 . Ts, w here  su c c e ss iv e  in teg ra tio n s  o v e r 

functions involving the d iffe re n tia l c ro s s  sec tio n  a re  n e c e ssa ry . Even when th is  d if­

fe re n tia l c ro s s  sec tio n  is  av eraged  ov er the so lid  angle of e jec tion  of the a tom ic e le c ­

tro n , the re su ltin g  e x p re ss io n  is  too com plica ted  to be used  in evaluating  the .O - 's .

The p ro b lem  m ay, how ever, be approached  in a s im p le r  

way. The m ain  rea so n  fo r  the com plica ted  fo rm  of (A34) is  the com plex  n a tu re  of the 

continuum  w ave function fo r  the hydrogen atom ic e lec tro n . It is th e re fo re  reaso n ab le  

to  co n s id e r  rep lac in g  it  by a p lane wave function, in a s im ila r  m anner to th a t in w hich 

the re le v a n t B orn approx im ation  w as obtained by using  a p lane wave (A9) in equation 

(A 10). Such a p lane wave is

(A3 5) e L*-r;
j

T*, being  the position  v ec to r  of the atom ic e lec tro n  re la tiv e  to tiie c. m . (But, s im i­

la r ly  to the B om  approx im ation  being valid  fo r la rg e  e n e rg ie s  of the inc iden t e lec tro n , 

so th is  approx im ation  is  ac tua lly  valid  only fo r  high e n e rg ie s  of the e jec ted  e le c t r o n .)
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The appropriate  norm alising fac to r is not en tire ly  c lea r, but to obtain the co rre c t 

form  of the d ifferential c ro ss  section, (j> <J> d;fc should rep re sen t a probability  den­

sity  of p a rtic le s  with wave num bers "X in the range (*J< , t-d *  ) , and so have

dim ensions (volume) \  A com parison of the final form  obtained, using th is wave 

function, with (A34), obtained by using the c o rre c t wave function, suggests that the 

c o rre c t form  for cj)( is

, / l£*r,
(A36) ( =  ( * / a ° )  £

The use of an adjusting fac to r with the to tal c ro ss  section obtained using th is wave 

function w ill mean that the neglect of num erical fac to rs  is of no consequence. With 

(A36) for the final wave function and the norm al ground state  hydrogen wave function 

as the initial wave function, the Born approxim ation, equation (A13), may be used to 

calcu late  f  (j<) . From  (A8) the d ifferen tia l c ro ss  section is found to be

»dfl.dft.J* = 2 V . ; » , y t t » d n . d f l , d »  _
K*(aHKl- **> + ')*

In general, j f t I  7  7  1 ^ 1  and therefo re  it is convenient to sim plify (A37) to

(A38) a d n ,d n 2 <u = iWmye+fcf* d a ,d ü xdK <
k ' + k o  K 4 ( & o  Kz+ 0*

Again, since , (A37) is easily  rea rran g ed  to give the p roba­

b ility  of ejection of the atomic e lec tron  in the energy range ( £  , E-^ +  d E .^  )•

c. Proton-hydrogen atom charge exchange collisions

Resonant charge exchange, w here the e lec tron  energy 

re la tiv e  to the nucleus is the sam e fo r the final "atom s” as fo r the initial "atom s", 

is in general the only type of charge exchange collision with an appreciable c ro ss
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section. This can occur between hydrogen atoms and protons. It has been shown 

(Bates‘S ) that the correct interaction potential for such collisions is not the simple 

"post” or "prior" interaction (identical for the symmetrical proton hydrogen atom 

system), but a much more complicated function. Furthermore, in calculating the 

collision cross section, account should be taken of the change in translational motion 

of the electron that accompanies the jump between the nuclei. However, in order to 

achieve reasonable analytical expressions, both of these considerations will be ig­

nored, it being assumed that the inclusion of a numerical adjustment factor will bring 

the Born calculation under these simplifications to an acceptable approximation for 

this process.

The "prior" interaction potential is

(A39) V e1 ( ir+r.i - ± )

where V is the internuclear separation, and the position vector of the elec­

tron relative to the nucleus that it has before collision. The Born approximation for 

this case gives

(A40) *  = Zirfc
— f V e1  ̂ vj/0cr,') ,

but, somewhat differently from the previous cases, feo is the (reduced) wave vector 

of the incident nucleus, fef the wave vector of the "scattered" nucleus; dl# , 

are the wave functions of the electron in the initial and final atoms; and also

(A41) K =  feo + fef ; K2’ ==ZfeoL( | - h<^r5 X ) .

Using ground state hydrogen atom wave functions for vj;o , to obtain -f , the

differential cross section follows from (A8):
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(A*2) a~ dO — 2. mr e flo dQ.
fi*(aJKx+ 0 6

A l. 3 The Total C ross Sections

In this section, the expressions obtained fo r the d ifferential c ro ss  sections 

in the previous section a re  in tegrated  over the sca tte rin g  angles to obtain the total 

co llision  c ro ss  sections as a function of incident energy and o ther p a ram e te rs . These 

to tal c ro ss  sections a re  com pared with experim ental re su lts  o r exact num erical c a l­

culations to give a num erical adjustm ent fac to r. This fac to r is used to b ring  the "Born" 

approxim ations into reasonable agreem ent with the probable c ro ss  sections in a region 

fo r which the plane wave assum ption is en tire ly  inadequate. However since the energy 

range of in te re s t is lim ited, the approxim ations a re  considered sufficient to be used in 

the calculations of the -Q .’s to obtain an estim ate  of the collision te rm s  in the moment 

equations fo r the form ation of a p lasm a. As d iscussed  previously, it is  likely that 

ce rta in  c lass ica l approxim ations b e tte r d escribe  the non-Coulomb e lastic  collisions 

involved.

A l.3 .1  E lastic  Collisions

a. Coulomb collisions (e lectron-e lec tron , electron-pro ton  
proton-proton)

With Coulomb collisions the in tegral of the d ifferential 

c ro s s  section d iverges. For this reason  the well known Debye cut-off is introduced, 

the Debye length rep resen ting  a d is tan ce  from  a p a rtic le  beyond which the e le c tro ­

sta tic  shielding of the o ther p a rtic le s  is ’’com plete". Usually put forw ard as an 

upper lim it on an im pact p a ram ete r, it may equally well be expressed  as a minimum 

angle of deflection in a collision.

Since the details  of Coulomb collisions a re  d iscussed  in 

many books, only the b a re  facts need be given. In te rm s  of an im pact p a ram e te r b , 
the sca tte rin g  angle X  is

(A4 3) X z vuyT1 ( i/c I +y\?)‘A)
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w here

(A44) TV = W rbsye1 •

The Debye length , \  D , being

(A45) X p kTe V''1
---------------— ) ">
u t r nee a '

it- fo llo w s  at once tha t the m in im u m  d e fle c tio n  % o  is  g iven by (A43) on tak ing  

W  =• _A-\ L w here

(A4 6) A jk = W m ' 3 i k A ‘ J » A ‘

The to ta l c ro s s  section , in  te rm s  o f *X-0 is

(A4 7) <Ft Z TT e*' JL .

No c o r re c t io n  fa c to rs  a re  re q u ire d  fo r  th is  w e ll known re s u lt .

b. E le c tro n -h y d ro g e n  a tom  c o llis io n s

Since K *  — 2. (  i “  Co*>)L) , on d if fe re n tia t in g ,

(A48) K dK = A  •

The upper and lo w e r l im it s  o f in te g ra tio n  o ve r K becom e 'Zko and O  . Using

the  d if fe re n t ia l c ro s s  section  (A24), w ith  the s u b s titu tio n  (A48) the to ta l c ro s s  se c tion  

is
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r i e f l n
(A49) c rT  _  /  I 4 a .* m r ( a ° K C s ) 2 K d K d f c

° ° V k U a l K 2 + u r
—  TTHlr ( 7  k o < U  ■*■ 18 C a t  +  I2feoao )

3 fc* C  ( I *  a ^ t c ) 3

c. Hydrogen atom -hydrogen atom collisions

Using (A48) in the d ifferential c ro ss  section (A27), the 

application of standard  in teg ra ls  gives the to tal c ro s s  section:

(A50) c ry  =  8 u m r e'*a
F T k

l M Cal" + £  -  g
, (̂1 +a?k: )7V'vo

+ IS CC -+ it Cat ^ .
3 3 /

'± K

d. Hydrogen atom -proton collisions

This is a lgebraically  the sam e re su lt as fo r e lec tro n -

hydrogen atom  collisions:

(A5i) cry. = Trmrevao ( 7 Cat + '8 C at  -+ iz C a t  )
3 C C  (  I *+ f c j a j - y

A l . 3 . 2  Inelastic Collisions 

Since

(A52) K 1  =  C  +  fef -  J

d ifferen tia tion  yields

(A53) K <jK C  (if >■ d y
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The lim its  of integration with resp ec t to K a re  k0 — fe f ; from  the energy equa-

tion fo r the type of collision being considered,

(A 54) 7T
*

° 
P

II (l ? 4 .

ft*

giving

(A55) k f  = ft.;- * ■ » ; ? ' ~  Ü.OV*
_ /n r A ¥  \

w here A  £  is the energy tra n sfe rre d  inelastic  ally to the atom. The upper and low er 

lim its  of K  a re  taken as 2 and fYV respectively . The approxim ate

lim its  cannot be expected to be reasonable n ear the threshold  energy, and they a re  

th e re fo re  "o v e r-ru led ” in th is region by taking O  at threshold .

a. E lectron-hydrogen atom ls -2 p  excitation

For these co llisions A ?  is the (discrete) excitation 

energy  (10. 2 ev). From  (A33) and using (A53) the total c ro ss  section is

(A 56)
- 2TT

<?T -  l f  fef mr KdK
JJ°  k f

2 X

7 r $ 4 ( u

fo r sufficiently  la rg e  k o  •

2  " T r m r e ' a . o
a<,mr A £

b. E lectron-hydrogen atom  ionisation collisions

With ionisation co llisions, in equation (A54), A £  becom es

(A57) A E = I  +
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w here 1X)q is the m ass of the ejected electron, and I  is the ionisation energy. F or 

this case the upper and low er lim its  on K  a re  m ore conveniently w ritten  as 2  k0 

and ( I  The lim its  of integration over % a re  O and

(  kj*’— ixr r  . From  (A38) and using (A53) the total c ro ss  section is  given by

(A58) <rT =  f  f  y  K m r e 4 2 6 T ra 2 -d < d 3 c c lK < lfe d -^ > .

where d  is the solid angle of the ejected electron . With feo sufficiently la rg e ,

(A59) (fco + R f)a „  ~  Z k 0 <lo “  j^° (  )  > / ’ * "J

(k0 - kf ) a0 ~ if ^ \ .
f e n  Z.

Using these approxim ations (invalid n ea r threshold), the re su lt is

(A60) <rr =  rn<? 17 a °  ̂fiV2meI  ~ I )
f i  *

(since, on neglecting the te rm  com pared with unity, the reduced m ass, tmr  ,

is equal to the e lectron  m ass, ).

c. Charge exchange collisions

, yT.
As d iscussed  e a r lie r  fo r this case , is given by

Z fe* (  I f  CCTsX) and therefo re

(A6i) sv n )c d x  =  — Kd K/ k o  .

This collision being effectively e lastic , using this re la tion  in (A42) and in tegrating 

over K with lim its  O , 2fe0 gives the total c ro ss  section. For 6 0 la rge  

(owing to the la rge  reduced m ass in this collision), the re su lt is
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(A62) <rT = 'n~Wr  ̂  ̂ a°
5- 6 * f £

A l. 3 .3  Com parison with Known Values of C ross Sections

Since the Coulomb calculations a re  exact (apart from  neglect of 

exchange) these a re  not d iscussed . For all of the o ther cases considered except e la s ­

tic hydrogen atom -hydrogen atom collisions (for which no data appears to be available, 

perhaps owing to the problem  of recom bination to form  m olecular hydrogen), curves 

showing a com parison of num erically  adjusted B om -type total c ro ss  sections with

known values a re  given. Most of the "known" data is taken from  B arnett, Ray and
11 12 Thompson. The charge exchange c ro ss  sections a re  from  Bates.

The num erical fac to rs  which the calculated B orn-type total 

c ro ss  sections have been m ultiplied by to give the re su lts  in the figures a re  as follows:

Cross section curves for elastic e -H collisions

adj. Born

impact energy (ev)
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Cross section curves for elastic H -II collisions

adj. Born

impact energy (ev)

Cross section curves for ls-2p e -H excitation collisions

adj. Born

impact energy (ev)
0 20 80 100 120
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Cross section curves for e -H ionisation collisions

™  1.2

adj . 
Born

0 20 40 60 80 100 120
impact energy (ev)

Cross section curves for H+ -H charge exchange collisions

expt.

adj . 
Born

impact energy (kev)
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a. E lectron-hydrogen atom elastic  collisions.

Born calculation m ultiplied by 0. 45.

b. Hydrogen atom -proton e lastic  collisions.
-2Bom  calculation m ultiplied by 2. 0 x 10

c. Hydrogen atom -hydrogen atom elastic  collisions.

No com parison with "known” re su lts  being possible,
-2the sam e facto r as with (b) above is taken: 2. 0 x 10

d. E lectron-hydrogen atom ls -2 p  excitation.

Born calculation m ultiplied by 0.45.

e. E lectron-hydrogen atom ionisation.
_3

Born calculation (simplified) m ultiplied by 0.14 x 10

f. Hydrogen atom -proton charge exchange.

Bom  calculation (simplified) m ultiplied by 2 .1 x 10 ^ .
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Subsidiary Relations for Electron-H ydrogen 
Atom Ionisation Collisions

B l. The X 's and A § Ts

In considering the dynam ics of inelastic b inary collisions, the X fs a re

defined by

(Bl) X2* s- m j / mj /  / m y

w here Zl f  is  the apparent kinetic energy loss  in the collision. F or an ionisation

collision fo r exam ple, A  ?  is the sum of the ionisation energy and the change in
. /  / /  . /

in ternal energy of the p a rtic le s  J , R com pared with J  , . With the p a r ­

tic u la r  ionisation collisions being considered, considerable sim plification is achieved 

by neglecting te rm s  of o rd e r Y Y \ e /  com pared with unity; it has been shown in 

Appendix A that this p e rm its  the fram e of re fe rence  fo r all d ifferential c ro ss  section 

p a ra m e te rs  to be taken as the c . m .  fram e. This is not n ecessa rity  so fo r the "com ­

posite" p a rtic le  in ternal energ ies, however.

a. The incident electron, C t

For the collision dynam ics of this p a rtic le , the two "p artic les"  

a fte r the co llision  a re  the incident (and scattered) electron, and the proton + atomic 

e lec tron  system . The apparent energy loss in the collision, §  is, quite simply,

(B2) A i? = I + •

The la s t te rm  in (B2) being the in ternal kinetic energy of the proton + e lectron  sy s ­

tem ; as before is the wave vecto r of the atomic electron, and m e  /  W a is

neglected com pared with unity. X  is the ionisation energy. Using (Bl), X 
is given by

(B3) =  I -  ( 2 . J  +  9 2  •
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b. The A to m ic  E le c tro n , 0a.

C o rrespond ing  to th is  p a r t ic le  be ing  one o f the p a r tic le s  a fte r  

the c o llis io n , the re m a in in g  " p a r t ic le ”  is  the sys tem  p ro to n  + in c id en t e le c tro n . In 

the c . m .  system , th is  la t te r  " p a r t ic le "  has in te rn a l energy / Z f Y \ r  (neg lecting

te rm s  o f o rd e r  W e /  W a ). The apparen t energy loss  is  th e re fo re

(B4) A  j* =  X ■+ .

F ro m  th is  i t  fo llo w s  tna t

(B5) X1 =  I -  ( 2 l  +  ^ » V w r V m r g '  •

c. The P ro ton , p

The com pos ite  " p a r t ic le "  a fte r  th is  c o ll is io n  is  the sys tem  o f 

the two e le c tro n s . In  the c. m . system , the re sp e c tive  v e lo c it ie s  o f the sca tte red  and 

a tom ic  e le c tron s  a re  £1 k f  / l ^ e  and . The in te rn a l k in e tic

ene rgy re la t iv e  to th e ir  ce n tre  o f m ass is  th e re fo re  M q ^ — j< ) 2* ,

and so

(B6) A g  =  I  +  h i .
4 me

T h e re fo re

(B7) X a =  I -  2 - ( l  +

In  genera l, away fro m  th re sh o ld  |^K | ^  ^  I j k f  I

g ion i t  is  poss ib le  to w r i te

A1 = I -  '

, and so in  th is  r e -

(B 8)
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d. The atom, Q.

This p a rtic le  is not p resen t afte r the collision, and therefore , 

using the fa -functions defined in re fs . 1, 2, it may be verified  that the collision 

in teg ra ls  for the atom s only involve .0 .  ( t  )  . Since by definition these 0 . ’s

a re  independent of .X , they are  also independent of A £ . The A £ , however, 

a re  im plicit in the integration of the d ifferential c ro ss  section over all possible en e r­

gies of the ejected e lectron  in the calculation of the . 0 . ' s  fo r th is case.

It is  worthwhile noting that, with the neglect of te rm s of o rd er 

m e /  W q. , there  is a sim ple re la tionship  between the X ^i's  for the atom s and 

those fo r the protons in an ionisation collision. This may be seen by considering the 

fa -functions (refs. 1, 2) and neglecting all te rm s  of o rd e r m e  /  fY)a . It can also 

be seen in another sim ple way. Neglect of te rm s involving the e lectron  m ass is equi­

valent to regarding the collision as an event which s tr ip s  the e lectron  from  the atom, 

form ing a proton with the sam e m ass and velocity as that of the atom before the co lli­

sion. In the notation of re ference  2, th is m eans that

(B9) AeJ^p) = = ~ 4a
r\ -  oo, o

Since only the 1 Z Lt ) a re  involved, it follows that (the £  -functions con­

taining the sign re levan t to (B9) ):

(BIO)
/ V 00' 0 -co ^ o  

eq cl O )

B2. In tegrals O ccurring in the Calculation of the (|) Ts and - Q js  

a. The Integral J| ( V )

Consider
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/ I T  , ( C " 2 m r I / 6 * ) /2
(B ll) J ( (yu.,v) =  J  /  ( I -  SvnX

°  °  C kt + kf -  2 f». X ) x
with

(B12) X1 =  I ”  2 - ( I  +  " v / ^ k
Zme y

*-r * 
o

This integral (Bll) occurs for the case of an ionisation collision where the particle 

being considered is the incident (and scattered) electron. Conservation of energy in 

the collision gives

(B13) J  + ^ Xj<‘X
2 m r Z m r  Z Wr

and since ^  the reduced mass for the collision, it follows from (Bll)

that

(B14) A2 =

The following values of are required: ( — OO 5 o ), ( | ? | ),

( 2 , 2  U  2 , 0  ), ( 3 J  ).

i. Integration over X

In equation (Bll), integration over "X is readily effected 

with the use of a substitution of the form x  ■= 00-5 X  . This gives

r ( £  -2 « V l/^ ) 'A
(B15) (/IjV) =  J  O tze  C ~  ^

where

(B16) I ( o )  = 2  / ( C  -  k f  ) z
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(B18) J ( 2 )
4  k l  k f 0 (  feo + fcf V

ko k{  ko+  fcf '

Ignoring the logarithm  te rm  and, in addition, retain ing  only the te rm s which a re  

la rg e s t away from  the threshold , these form ulae a re  rep resen ted  by

( B 1 9 )  TO) =. 2 ( feo 4 f e f )

Accordingly, becom es

(fe0-2mrT/f> )2. ‘/a

(B20) i ki - kV

ii. Integration over X.

Using CX as defined previously, i. e.

(B21) CX x  =  k o  -  2mrI A

U  and X 

(B22) =

X1 =

are

cx -  X

k o  .

From  equation (B20)? J* (yU^V) can w ritten  as 

(B23) ( /S V) =  P (/S V3 *“
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w here

(B24) P (yU ,\> ) =

(B25) Q C / ^ V )  =

f  X k f X ( i ±
J° ( f e ^ - f e f ) 1

f * Z h * d *  v * ( feN<W)v . 
° ( f e o - f e f )1

In general, fo r ionisation collisions of this type, the atomic electrons a re  ejected 

with low energy. In view of th is, the e r ro r  introduced by replacing the te rm s

(B26)
X \ 2.( C -  C f ) 0- = amj/*1)

in the denom inator by (  2 P1r I  / fi )  is not unduly la rge . This sim plification 

gives

p C u v )  =  f  2
^  - 4  ( 2 n rl / $ * ) z

(B27)
2  o<

3 ( 2mrX / Ä1)1

Again, in calculating , in the te rm  involving ( 6 0 ) , & is

neglected so that

(B28) -+ kf — 2 ke — 2mrJ./f>

~  2 C  -  2mrl / ^

=  kt +  °<

In th is case ,

(B29) Q(yU,V) = 1  Z ( k o + < x )
(2m r I / m v f c f *

I (ot3- * 1) * fccl* ,
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z U.1- « 1)' 

UmrI/*TZvfc2 \ Z  (  M + V
o

$ ( / , * )

where the S  (V ,v ) are given by

(B30) S  C -oo,o) == O

S  o , n =  5 ( 2 , 2 )  =  °<3 / 3

S  ( 3 , 0 =  s  ( 2 , 0 ) =  •

Finally, therefore,

(B31)

(B32) T, (  i ,  l)

3
=  Z  °<

3 (  2 m rX / ^ ) 2 

=  2 c< 3  f  j _ C fe* +<**)

3 ( 2 m rI / f i Jf  V

(B33) J, (2,2) -  Z * *  (  , _ ( fei - + « 1)

3 O m r I / f r 1) 2 ^

(B34) L l ,  0 ) =  2 o < 3  ( \  -  
3 ( 2 m rX  / ft1)*- ^

3 < * x  \  
S ■ k l  J

(B35) J t ( 3 ,  0 2 ° < 3 /  | _
3 ( i m r l / f i 1) 1 ' io f t*

)

) •

b.

(B36) L C / j V )

The In teg ra l I— 

C o nsider

- /° (2mrX/ft1+ **)
( i - f o h £ I )  .
\  V -M
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This in tegral a r is e s  when the p a rtic le  being considered is the ejected atomic electron . 

F o r this case ,

(B37) XX =  I -  >

the notation being as previously used in this section. (B36) is conveniently separated  

into two p a rts , the f i r s t  being independent of V) . Taking

(B38)

(B39)

L ( y u ,y )  =  W  +  X ) 

v  = z
(2n K1)* •)

with as in (B21). Although it is possib le  to evaluate the in tegral in this form

(B39), usable expressions fo r calculating the jO - 's  a re  only obtained if the denom ina­

to r  is rep laced  by ( 2 m r X /  ^  ) as in e a r lie r  in tegra ls  of this section. With 

th is  substitution, W  is easily  obtained:

(B40) W
2 *

3 ( 2 m rI  /  *

The second p a rt of in tegral (B36), with (B38) and using (B37), is

(B41) X ( y U , v )  =

'V'
ko ( v . t i ) U  n r l / f i * ) 2

F or the individual cases,

(B42) X (-oo.o)  =  X ( 1,1) X C 3, I) O
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w h ile

(B43) X ( 2 - , 2 )  =  -

and th is  becom es 

(B44) X ( a , i )  =  -

w h ile  la s t ly ,

(B45) X C ^ O )  -

I  ̂ kf xdfr /  I _ fep -  3<X\ 
3 ( 2 ™ rI / V ) a ^  ß

____2
3 (zm

_________  (« :5 _
rl / V ) ' \ 3  S & J ’

- fI -  fe»-*1) = 3X£i,J)
J o (2*ri m 2 ' >

U sing (B38), L  C yU ^v) has the va lues

(B46) L ( 3 , i)  =  L C ' . O  -  L c - o o j o )  =
3 (2  nT1J.I/V )1

(B47) L ( 2 , 2 )

(B48) L ( 2 , ° )

2 < x

« - ( * * # £ )

3 3 « 12  <*

a U m . I A 1)i  5 fef-
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Inverse Pow er and A ttractive-R epulsive Type Interactions

For the sake of com pleteness, and to provide a com parison with the B orn-

type calculations p resen ted  in this repo rt, the inverse  power and a ttrac tiv e-rep u lsiv e

type in teraction c lass ica l calculations of the j f l j s  for e lastic  collisions a re  given.
3

These a re  as d iscussed  by Chapman and Cowling, and th is Appendix is a sum m ary 

of the relevant p a rts  of th e ir  tenth chapter.

C l. Inverse Pow er Repulsive Force

Let P be the fo rce between two m olecules of m asses rrij , nr)  ̂ at a 

d istance T  , satisfying the relation

(Cl) P =  / t V  •

By considering the equations of motion of the two p a rtic le s , it may readily  be shown 

that, in po lar coordinates ( T  , © ),

(C2) T 1 © =  C onst.; =  g b

(C3) i ^ S r 1 © 2) +  m o / mj  =  c o n s t \> -  \  9 •

b is the im pact p a ram ete r of the collision, such that 

(C4) <T S ^ n  x  d X  — k d b  

W riting

(C5) V* =  b / r

, _L
Vo =
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at the apse of the o rb it

(C6) I -  \ r 2- -  ^ r r ( v o )  ”  °

Let V00 denote the rea l positive root of (C6); then from  the geom etry of the collision 

it is  apparent that the angle between the assym ptotes is twice the value of 0 c o r r e s ­

ponding to \ T s  Uoo , and therefo re  pC has the value

(C7) X  =  TT

Using (C7), ^). ( ^ )  can be transform ed  as follows:
vJ "

(c8> C )̂ = /  CI - <***%) 30* ^ ^
2 5" Z"00

=  /  m ° \ ~ 1  q v ^ r  I (  I - v r 0<iu-c

=  /  yv>° g “ i Ajy) i

with At (v) a pure num ber depending only on A, and V , and tabulated for 

ce rta in  values of and ^  in Chapman and Cowling.

Using th is expression  for ($(<()  , -fi- (_t ) is readily  evaluated.

Since

( C 9 )
“e'YV r+1 4>Ĉ )ctY ,

it follows that ^  ^ m - ^ )

(CIO) 1 2 j  ,(.»*) =  -------
2.6*) m*/mo V/l
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C2. A ttractive-R epulsive Interaction

The fo rces between severa l types of m olecules can be well approxim ated 

to by an equation of the form

(cii) p = *jfe/Tv -  / r v ^

(where the force P is  taken as positive when repulsive, and V ^  V ).

Using a s im ila r  method to that indicated above, it may be shown that the angle "X- is 

given by

(C12) X

w here

(C13) V 0 =  b (  v " ‘

. _!__
V«/ = b ( Wj mfag2/m 0 v/ '*

and ~\^oo is the (least) positive root of the equation

(C14) v-1 v xr0 i
V->

* (•£-)
\>  -  I = o .

£
The evaluation of (f)(£) and .0-  Cy' )  a re , fo r th is potential, som e­

what difficult in the general case . If, however, the a ttrac tive  p a rt of the field is weak,
/

fa irly  sim ple approxim ations can be made. When is sm all, can be

w ritten  approxim ately as

v-w'
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w here "T is a mean tem pera tu re  of the colliding partic le  types, and “y ,0 is the 

value of X  obtained when only the repulsive p a rt of the in teraction  force is con­

sidered . Using th is approxim ation (C15),

TT /

(C16> ~  /  ( I -  -» X^jb/T v̂ 7)) S'5"
°  /

=  ( <t>j f c ^ ) ) o (  1 + /* C i) / T  ^  ^ 7

w here is identical with the ^ jfc C 'O  °f Pr evious case, and

ß(Jt) is  indepe: lent of T  . Hence finally,
/

(ci7) 0 * C r )  =  ( ü / hCr))ö ( l  + sJk ( b ) / T ^  )

w h e r e ) o  is identical with the corresponding of the previous

p a rt of this Appendix. S j^ r  ) is a function of J?? ^  and

V / j  and is tabulated (in a component form) fo r the Sutherland and L ennard-Jones 

m olecular models in refe rence  3.
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