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SUMMARY

Detailed calculations of the generalised
collision frequencies for the principal elastic, excita-
tion, ionisatidn, and charge exchange collisions in the
formation of a hydrogenic plasma are given. A modi-
fied form of Born's appréximation is used for the
differential cross sections, and approximations cor-
responding to a high temperature gas are used. The
results enable certain sets of 13-moment equations

describing the plasma formations to be completed.

iii



1. Introduction

Recently methods have been devised to enable full account to be taken of
inelastic as well as elastic collision processés in the application of Grad's 13-moment
equations to partially ionised gases (Bydder,1 Bydder and Lﬂeyz). The resulting col-
lision integrals are expressed in terms of certain generalised collision "frequencies "
(but including a number density factor), ﬂf’r) , which are similar to functions
ﬂ %Y’) used by Chapman and Cowling3 for elastic collisions. The final forms of
these collision terms are, however, of little practical value without the associated
..O. 's being determined explicitly through the use of the relevant collision differential
cross sections. In the limiting case of elastic collisions there are only five such para-
meters involved, and these have already been obtained for many different types of in-
teractions (e.g. reference 3). However, since the _O.’u"fr‘) are peculiar to
references 1 and 2, obviously no other equivalent calculations have been carried out
for the inelastic case. For this reason the following more general calculations have
been made, essentially completing the equations of reference 2 and also of a paper to

be published (Bydder and Liley4), for a particular form of hydrogenic plasma.

In general there are 20 L) 's to be determined for each particle type
present. Therefore at first sight the task is a formidable one. However, as will be
Seen, reasonable and inter-related expressions can be obtained for certain specific
cases. In this report the ﬂ ﬂ'%*‘) are obtained explicitly for processes applicable

to the formation of a laboratory hydrogenic-like plasma.

h;. attempting to follow the collision processes during the development of
a fully ionised plasma from molecular hydrogen, collisions involving (Goodyear and
Von Engels) H2’ H, H;, H*, H;, H+ and electrons should be taken into account.
Because of the large number of possible types of collisions between these particles,
a simplified model, restricted to H, H*, H+ and electrons;is considered. In all
probability this is a realistic model for sufficiently high initial temperatures, and in
general should give reéults suitable for comparision with experiment. Unfortunately,
even for this simple case, the relevant expressions for the LV's are not paﬁicularly
amenable to integration, and in certain cases various approximations are necessary.
Generally speaking, relatively exact expressions can be obtained for elastic collisions

{(Chapman and Cowling, loc cit, and also Appendix C), the major approximations
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applying to the inelastic processes. These approximations are such that the 0} 's ten
to be inaccurate near the threshold energy, which is unfortunate, but they do lead to

reasonably accurate results for appreciably higher energies.

MY
The .O. ”; i (T) are defined in references 1, 2 and 4 by
? .

[)_/u)v(r) B L /we- Ylem-z C!) Cav) dY
ki =Ty, ik,i
where q)J ki (/u) V) is given by

%U (/“,V) = f(l- Xacosv)c) 90‘ S/i/n}( dx

In these formulae, Y = ¥ q , 9 being the

relative velocity of the colliding particles, and G W x d)‘ dé =6 d'Q'

is the differential cross section for the collision between particles of types _} , h

involving particles of type | . The remaining parameters, also defined in refer-
ences 1, 2 and 4, are given as they subsequently occur in this report. For conven-

ience, however, the following may be listed:

g is the relative velocity of the colliding
- particles J, & before the collision;
g / is the relative velocity of the particles

.j /’ k/ produced in the collision;

N — ( g /l / ‘ g ‘ (see also Appendix B);

A,jh(?i_\) = ?LSLJ’ + q:'i Si.h’ - gi,&j - _,l_" Sgk 5
where \P ¢ is some function of the particle parameters, and the % I.J are ordinary

Kronnecker deltas;

A E is the kinetic energy ''gain" in the collision.




2. The Differential Cross Sections 3

Since there are not suitable analytical expressions for the differential (or
for that matter, total) cross sections for all of the processes being considered, two
main approaches are possible. The first would be to obtain empirical relations for
the differential cross section for each process, in the relevant energy range, based
on the use of accurate calculations and experimental résults. Unfortunately there are
relatively few accurate calculations for the differential cross sections, and fewer ex-
perimental results. More data is available on total cross sections, and empirical
relations for the differential cross sections which integrate to the known total values
j’could have been chosen. This would, however, be particularly tedious. The second
gapproach is to use a consistent mathematical approximation for theoretical evaluations
%of the differential cross sections, for example, the Born approximation or certain mo-
‘difications of this approximation. It is the latter approach which is used in the subse-
quent calculations. It must be stated, however, that the inverse fifth power law and
‘other such classical models provide a much better description of certain of the elastic
collisions than any form of the Born approximation. _O. 's calculated for such classi-
cal cross sections are given in Chapman and Cowling, 3 and for convenience these cal-
‘culations are briefly summarised in Appendix C. For the present report, the Born
‘.approximation has been applied to all collisions, being multiplied by a numerical fac-
tor to produce "reasonable' approximations to the total cross sections in the energy
;range 0 - 100 ev. The detailed derivation of the various cases and a comparison with

known values of total cross section is given in Appendix A,

For notational convenience, q} / 4T €, is replaced by e" where q
is the electron charge, and €, is the free-space permittivity (rationalised m ks
éunits being used). Except where otherwise designated, d Q) is the solid angle into
;Which the asymptotic relative velocity S of the colliding particles is deflected with
%polar angle X 3 My is the reduced I—nass of the colliding particles; T is Plank's
‘constant divided by 2T ; and _& is the (reduced) wave vector of the colliding par-
%ticles, given by _P- /h . P is the reduced momentum Mg g - Finally, Qo

‘is the Bohr radius, and the change in wave vector in a collision, K , is defined by

w K = kf-ke

)




éo and é{: being the wave vectors before and after the collision. The moduli of
these wave vectors, ﬁo and ‘14 (the wave numbers), are of course equal for elastig
collisions. The differential cross sections given in the following sub-sections are

derived in Appendix A, and include the "correction' factors.
2.1 Elastic Collisions Between Electrons
The differential cross section for these Coulomb collisions is
« o) mr e* 4
@ od = Mr€ cogec*x/2 d)
4H4RE

with X 7, X, . X o is the Debye cut-off angle (see Appendix A).

2.2 Elastic Collisions Between Electrons and Hydrogen Atoms

The adjusted Born differential cross section is

C45) 4 mie*a® (K¥%% + 8)° dN
e ( K*a% 4+ 4)*

¢ o dl)

1]

2.3 Elastic Collisions Between Electrons and Protons

This Coulomb differential cross section has the same form as (2)

@ o d) = mre” cosec®xn dN)
4 R RY

with X >/ Xo (Debye cut-off).

2,4 Elastic Collisions Between Hydrogen Atoms
The adjusted Born cross section is

G 6dfl = (20« 16%) 4 mee*al K*CazK*+9)* d)
R (a2 K*+4)°®
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2.5 Elastic Collisions Between Hydrogen Atoms and Protons

Of the same general form as (3), the differential cross section is

(2-0x 1072) hmre*ad (KX +8)Y dO .
A% (K*a% + 4 )%

2,6 Elastic Collisions Between Protons

© o dll

Formally the same as (2) and (4),

M odfl = mre*cosec*x,n dQ)

o L4
4 R* R}
with X D Xo (Debye cut-off).
2.7 1s - 2p Excitation Collisions Between Electrons and Hydrogen
Atoms

The adjusted Born approximation gives

® odQ = (45 3227 kemraze® 4O
koh” K* (4asK*+9)°

2.8 Ionisation Collisions Between Electrons and Hydrogen Atoms
A simplified form of the Born approximation used for this case
gives
-3 6 NS 7S
® o dQ d},dk = (uxio )2 maompe® ke x df), d(). dx
4 4 2
f &oK (Q:-K +l)‘f

where d-Q.l is the solid angle into which the incident electron is scattered (with

wave vector _‘_{_{. ), and d.O.,_ the solid angle into which the atomic electron is

ejected with wave vector X . Details are given in Appendix A.




2.9 Charge Exchange Collisions Between Hydrogen Atoms and Protons

A simplified Born approximation gives

w ocdl = (2-lxlo‘1)2 mt e"af d.()_
% (K*aZ +1)°

where, for this case, K = Ro —+ ﬁ{

3. Evaluation of the (b 's
i

3.1 Elastic Collisions

The general d) ( /“,V) defined previously
are simplified for elastic collisions, since X\ = | . Hence the (1) (/.4)\)) are inde-
pendent of /U.

an ¢ (uy)

Il

f(l — cosVx) goein X dx
= d’ (V) >
and these 4) (V) are the same as those used by Chapman and Cowling, 3

(a) Electron-electron collisions

These results are given in reference 3.

12) Qe() = f (1= coy)e geosecy/a sinydy = € “Log (1 +/Nee)
4 ma 8 mp 8 ?

where

2 2
13) Nee = Ao g mp /e
«( N p being the Debye length). Similarly,

-/\-ee
14) Pee(2) = 2‘-’3 ( Aog(1+/Xee) — rvon ) ~ 2 (1),

since ./\-ee is large.
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(b) Electron-hydrogen atom collisions

According to (3),

2

T
15)  pa1) = f (1-cosx)q (45)4mre” as (Ko +8) sinx dx
° 7 (K*a% + 4 )%

Since for elastic collisions

(16) Kl = 2&3'(1—ws7¢),

using the substitution \j = | — o5 X , after some manipulation the result is

AN P (1) = (45) 4 mre*al q+2 . 4°-6¢ -249
(Pea E4er 3()&’3 7 + ATETIE )

- where q," = Zk:a:. = 2m:'910r§/f\2.

Similarly

i
18) Peo(2) = fo (1-co?x) q (45)am2e*ad (KPab+8) smx dx
6% (4 + K*a3)*
2 Gell) = Ca5)4m7e*as g (69+16)
3h* (q+2)8

Alternatively, for the same collisions considered according to an inverse power force

law, the q)e a,(v) are essentially given in Appendix C.

(c) Electron-proton collisions

[ : These collisions give the same expressions as for electron-
. electron collisions.

19 P, 01) = & L,g(w/\’ep),

2

3
m,.g




@) p(2) = 3 ( Loy ( 1+ Nep) — TT]\L—) ~ 2§, 1),

where —A-eP = )\09 mr/ez.

(d) Hydrogen atom-hydrogen atom collisions

Using equation (5)

{

¢

ey ¢, (1) = [ (1 - cvX) g (2x16%) 4 mre*a, K*( @b K 8) sompdn.

4 (a,, K"-t-h)a

2
On substituting for K (from (16)) the part of (21) to be integrated is

v 3 )

2) 1 =‘f (1-cosx) (P-9sx)” sinx dx
7 (r = qeesx)®

where q,'-“-?—k:‘lt, p= 9q+8 , T‘=(1+4_.

Elementary application of standard integrals provides the result:

o T = 4 [2457(, _ 143360 3072 768 '

e A Y T R YT I T TR Acq,qu)‘f .;

192 216 |

+ + - + Aoy (‘H*“} .

3(qy+4)3  2(qy+4)* (q,tj-w) 7

the limits being on y - For the greater part of the energy range being considered, |
cl >> | ; taking this into account, the approximation

| 2
@) ] = (—:L-#lo'gq«;

will be used. In this case,

4 8
@) ¢, 0) = 3(2‘2:;)»6# e* ke a, lasi_jz‘_’r_
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Similarly, with the same approximation,

(26) ¢Mu) = _3 (2x lo"’) 32 m.’fe"&:a‘g ,&73 _‘Li*_?;
#*q*
= 2 4)0.0,(') :

Again, possibly better alternative results, based on inverse power force laws, are

given in reference 3 (see also Appendix C).

(¢) Hydrogen atom-proton collisions

Using the differential cross section (6), for this case

‘ . -2 2 4 4,4,%2 2 -
(27) ¢QP(|) =[ (l‘ws%)q(lxlo Yamee ag(Kag+8) enxdx.
° 7% (K22 +4)*

2 2
The integration is similar to the previous cases. Taking CL =2 ko aQ >V | 9

@) ¢o,(1) = (2x 16°) 4 gmy e*al Log L2 |
-ﬁqu} 2
Again, it may be shown that
29 2) = (2x107%)8gm* e“a, 1r2
29) Pap(2) (xe)zgm o Ay
W q
- Zd)QP(') .

(As mentioned with certain other cases, re_ference may also be made to Chapman and

Cowling3 .)
(f) Proton-proton collisions

The calculation for this case is formally the same as for electron-

electron collisions, the results being
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30 Pp.(1) = f;gT Aog (1 + Npp)

where '/\'PP = >‘D glm,. /ez ; and similarly,

Nopp
(31) CPPPO‘) (103(14-/\.") - H-/i. ) 2 (PPPO)

My ‘3
3.2 Inelastic Collisions

For inelastic collisions involving particles | , R  colliding

to produce particles J / s k/

2 . .
B2) No= Mymg 2 (mj+me)AE
sy’ . / 2
mJ/ k mJ/ Mk g
Therefore it is necessary to use the general form for the cp 's - which, from the

Introduction, is

(33) ¢(/uv) f (|—>\ cosx)gd*rymxd)a .

For excitation collisions where the nature of the colliding particles does not change
(the energy being carried away by photons, for example), the following q> 's are
required to evaluate the collision terms: 4)(— ©0,0), 4)( L)y q) (2, o) and
q)( 2,2) . In more general inelastic collisions it is also necessary to calculate
(p Q3 1)

(a) Electron-hydrogen atom 1ls -~ 2p excitation collisions

Using the differential cross section (8),

(34) 4>(/u,v) =/“(4-—>\ casx)g(msz‘kfmre a%s siny dy
°© £ ko K2 (4Ka2 +9)°
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and since

e K*= Re + &? - 2kok§ cosx,

ignoring the constant terms in (34), this becomes

n
(36) I(/u.)v)= f (l-)\#wsv)é)sim)cdx
® (p-qeosx) (T - scosy)®

where

@7 p = R + ki 3 q = 2 koky¢ ;Y‘.'=9+4ai(kt+k?)3

S

Bq':kok-f 3 t = PS—'(LT‘ = -i8 kok{" |

r+s = 9+ 4ad (ko * ke) .

Using the substitution \j = T — Scos)¥ ,

T+$ A v
e L(uv) = f“s (I(—:+ EV;/;H:%] ) dy

and it follows that I ( fl- V) can be expressed in terms of integrals P R Q
and R , where (since V takes the values O

, | and 2 ):
r+S
@y P = fr_s dy ,
(t+9y)y¢
r+$
40) @ = f_ dy ;
(t+qy)y®
r+5
¢y R = s dy .
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These integrals are readily evaluated. Considering (39), it is found that
Lol Lqtr8Y9y . srt+qy\k 0/t +qy\da
2 P = 1o [- 3 5 ) *;;( ‘d%)‘l,‘ 3 ( ——;'—H)CL

r (ST - s (e a0)g" 4 g (£ray) |

After inserting the limits of integration in the general term

T+S

[q_ (f.' ‘L‘j)/ﬂ) ]r ¢ and substituting for ¥+$ and Y-S ,

except near threshold it is found that this can be approximated by

YT+5S 5

u3) [f"‘(t*%)‘“) ~ q = (Zka&{.)g,

Y r-5

Similarly, considering the term in (42) involving the logarithm, away from the thresh-
old,

s .\ T+5 5 g
w [Tt ~ ¢tk

On the other hand, near threshold, it is found that both of these terms (43) and (44)

are of the same order. From a physical point of view, it is the near threshold region
that is usually of particular importance despite the small total cross section, since
during the excitation and ionisation stages the mean particle energies are within this
region. However, it is only with the simplification achieved by discarding all terms
in (42) except the logarithm term that a comprehensible form for the _o. 's can be
obtained. In this case, the integral (42) becomes

(45) P =
M 4% (Ro- ke)™

I 3 :
3.1 ko hf /eﬂ 2a0 ( ko - k{-) ?
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while similar approximations in calculating Q s P\ give
) Q= 9P
(47) R = 8| P

Taking the relevant particular valuesof vV ,

@ T(uo) = (1-2)P
I(/u.,l) = (1 =-¥'v/)P + ()“/9) Q
L(u2) = (1 =)r/P + (23%/A)Q - (N/)R.

Writing

an A = (45)3%2°gmpkee*as Sk,
and using (46), (47), the 4)'5 become

60 P(mo) = A (1-A*)P

A L6
60 (1) = A2 _?[Q;__j;f_) P

62 ¢ (Mm2) Al - A“(%)z) P

Again it is necessary to make assumptions corresponding to a non-thresh-

old region. Since for the excitation collisions being considered,

) N = | - ZA"E’,/m,.g1 = | - 2m. AB/ERS

by

69 A ~ | — mAE/hRE X / ko

1l
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Also from the energy conservation (since AE is the excitation energy)

65) ke = k¢ + 2mcAB/6
Ry + hf = 2ks — 2m AE/B* = 2
ﬁ{' s 0(/, ko .
Using these relations in equations (50 to (52), giving the ¢) 's, it follows that
(56) Cb(-oo,o) = AP ,
67 ¢ L,1) = A(1- 2&))P
~ (MmeDE/B*RS) AP,

(58) (P (2,2)

i

AQ - (Z2Y0) P = (2m-A8/W k) AP
2¢(41),

ACI=-N)P

¢ (2,2),

= 2d>(i,|)

Hence for the _O.'s the following relationships apply:

2,2 2,0 1)
(60) Q. (r) =Q (r)y = 2.0 Q)

i

(69 ¢(2,0)

Aﬂgain, using (65) in (45), AP simplifies to

6y AP = (45)2°gmie*ds Aoy (366 )
30 H4 g2 ' 2m.A¢
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Equations (56) to (59) enable the ¢’s to be expressed in terms of (61).
(b) Electron-hydrogen atom ionising collisions

An ionisation collision is essentially an encounter in which the
atomic electron is excited to the continuum state. For this reason, for the incident
electron scattered in the collision, the process may be treated as excitation with
variable AE . On the other hand, owing to the stripping of the atom and the produc-
tion of new particles, for the atom, the proton produced, and the atomic electron
ejected, the collisions need to be considered in more detail. To some extent the
physics of these collisions is contained within certain % ~functions used in refer-
ences 1, 2 and 4; nevertheless the {)'s must be calculated for each different
particle type for which the 13-moment equations are required. In general, for each
particle considered, the AE are different, and the A's must be expressed in

terms of these for integration over the range of AE .

Let dﬂ‘ be the solid angle into which the incident electron
(with incident (reduced) wave vector ‘30 ) is scattered with wave vector gf , and
dﬂ 2 the solid angle into which the atomic electron is ejected with wave vector K .
It is shown in Appendix A that it is satisfactory to refer all these parameters to a
frame moving with the centre of mass of the two colliding particles. The subscripts
e, » €, »a, p will refer respectively to the scattered electron, atomic
electron, atom, and proton produced. For the collision dynamics (but not the general
equations for the electron component) the scattered and atomic electrons are treated

separately.
(i)  Scattered electron, €,

Using equation (33) and the differential cross section (9),

( X being the polar angle of R§ with respect to Ro )

(62) d)e‘%e' () = f ( l-xgcosvx)géu.xu?) 2Ty €’ ki X sim dxdf,dx
%o K*(aZK*+ 1)*
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where

63) K* = ko + ks — 2RokgeosX .

It is almost impossible to calculate the ﬂ 's from (62) as such; how-
ever, by approximating the term (a} ‘)._i_ l)‘t in the denominator by (QZ {23 + l)" )
it becomes possible to evaluate the sequence of integrals required to obtain the .O.'s. |
Although by no means an accurate approximation, the K‘f term, also in the denomi-

nator, nullifies the effect of this approximation.

From the conservation of energy, it follows that

2
(64, ‘li = ﬁ; -+ :Kl + ZMrI/ﬁl

where I is the ionisation energy of the atom. Integration over dﬂ 2 yields a

factor 4 T . The limits of integration over X are ( © , 1 ), while from (64)
:

the limits on KX are ( o , ( k: -2meL/f*)2 ). The equation (62) becomes

) Pege, (1Y) = 4T (110 2°Tgmr s e T (o v)
7% ko (a2 R+ 1)*
where _
T (kg -2m /%)
©6) J, () =‘f f(n - Mewos¥x) k¢ sinx dxX kdk
T (k24 R} = 2 RokgCasx )

this being evaluated in Appendix B. For this case, A is given by
2 2 2
6 N = | = (x*+2mI/R) /R, .

Using the values from this appendix for the appropriate ( AL, V) , on putting

68 X* = ks —2meL/H
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and

-3
©) A = ('\Lxlo)zéﬂsatm:c"’41'r 2 3

% ko (Q2R2+1)* 3(2m,/ k%>

the results are:

(70) ¢ea,e,("°°v°) A,

1) d)eo.,e‘(l,i) = A(l- kz:“ )

(12) Peqe (2,2)

A (1 = (Ro+?)y
% k* ?
A(L=- 32y 5

5 k3

73) Qea e, (2;0)

(74) ¢eae (3,‘) = A (’ - 30(2-‘: &:-%'0(3-))
A 10 R~

17

2 2
Finally, ‘).m,I /t is neglected compared with ﬁo in the parenthesised terms

after substituting for & from (59). (Again this corresponds to an approximation
valid away from threshold. However, apart from being consistent with previous

approximations taken, this type of approximation in the present calculations -is

necessary to obtain workable results.) The results then become

(75) ¢eq,)e' ( ‘) i) = % ¢ea’e‘(—w) O) J

@) Peae (2,2) = ?Ei[ Pea,e, (-,0)
@) ¢ea.4e, (2,0) = -’-5'- c,’eo',e, (~,0) ,

2
(8) ea,e.(3,l) = 7 ¢ea,e,(‘°°»°)-
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(if) The atomic electron, €,
Similarly to (62), but for this case with ¥ being the polar

angle of 3_( with respect to R, , and X, the deflection angle of & $

2

Deae,(m) = [(1- ¥eo'x) g (10416") 7w mr 2"

‘lf’kSA‘Mde)ﬁd.o.,dﬂ&
£ ko K*(a2K*+ 1)*

2
where now K is in terms of X, (being defined in fact from the differential cross

section):
(80) Kl = ﬁ:""ﬁ:'_zaoﬁf%x; .
For this case (Appendix B)

) A= | - (RX-x¥/kRS .

Integration over )X is straightforward, owing to the cross sectional

independence of this angle. Defining
| w MY :
82) J, V) = f (1-X cosx)sanxdx 5
°
elementary integration gives
6 T, (uy) = 2 - N O+en’)/ W)

Integration of (79) over the solid angle d Q, involves only terms in ™M where

) M = fsa'mxt dx, de,
Kl’(aﬁKz-t-O"_
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2 4 2
As in the previous case, the term ( Q:' K -+ \) is replaced by ( Q:' ko + | )
Integration over the azimuthal angle gives 2 1T , and with the above approximation,

integration over ), may be effected, giving

| 2.2

) M o= 4T /((Ghe+ 1) kI-kf))
Returning to (79), (I)( /A)\)) becomes

[+ ¢
(86) eaez(/u.,v) =f-n-m? MJ;(/u,v)g(wl,x 153) 2°a, k¢ % dx
| ° A% R,
- 4T B L(/", v)

(a2k2+1)*

where
=3 6 2 T 4
) B = (-14x10)2%as TTmse
%* ko

X is defined by (68) and L (/U-,\’) is calculated in Appendix B, Taking the values
of L( /&)v) from this Appendix, and since A , already defined by (69), is

@) A = tmw B 23
(a2R%+1)* 3(am, I/
the (t)(/l-)\’) are given by

(89) e%e’(-oo,o) =A ,

00) Pege,(1))  =A

O Qe (2,)

2
(3 +5a)>

v,“\.gmmu,,,%'

»

RS PHYS.S *
- Liapary
_Linpary




20

i
»
>

&I

@ e, (19

59 Gene,3,1)

%_

W

Since
2 i3
2 o NS
(94) (3 + 5&3) is 7

the C‘) (/‘-, V) may be expressed as follows in terms of 4)(—00)0) :

(95) (Peo.e,_("l) = 4>ea(-ooJ0)7

(96) ¢ea,c,(2,2) = % d}ea(-oo,o) ,

2
[= 4
(97) ea)el(zao) = 5%?3 CPea(‘ooJo) ~ %Cpea(-oo,o) p

) e, ) = Peal-.0).

In any case it is obvious from (33) that Cbea, (-O0,0) is simply the total cross sec-é
tion for the collision multiplied by § / 277 and therefore for all partiéles involved
in a particular (inelastic)collision, the (l) (-0, o) are identical. Thus (89) is identi-?
cal with (70). |

(iii) The atoms

In the part of Appendix B dealing with the calculation of the
A 's it was pointed oﬁt that for atoms as a particle type in this type of ionising col-
-0, 0
lision, the only ﬂ's involved are the ﬂ (Zr) , which are independent of )\ .

Hence for the atoms,

09) eq o (-050) = [qosimxdy = / g (141027 0% mr ReK € *simx dyds

f%Ro K¥(a2 K2+ 1)
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where % = o3 ((-R)-(-kf)/hoks) = X, .

2
Again replacing (a} K™+ l)‘f by (aﬁ'ﬁ: + l)‘f , since on differentiating (63),

(100) S@im %, dx, K dK /ﬁokf ?

dK
C f:kd'ka

1

101) g, (—0,0)

K

where

-3
az C = gCLlkio Jmee*2° T d;
R R (aZks +1)*

The upper and lower limits on K are ‘z ° + f{f . Using (64) and (68),-

. 3
@3 kf = x* = K* ,

and therefore, on integrating over K

. x 2 2w
(104) 4)9“(- w,0) = [ XKdx 2 ko ke ~ / Kdk (= k") * ko
o (k=) © CamI/i)?

The remaining integration is straightforward also:

- — 2 CRo® .
19 Geal= =3 TR

It is apparent on comparing (105) with (70), for example, that the ¢€ a,(-wJ o) obtained
for the different cases are equal; this suggests that the different approximations made

are consistent.
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(iv) The protons

As discussed in Appendix B the L1l's for the protons pro-
duced in the ionising collisions are readily obtained from those for the atoms. In par- :
ticular, when terms of order Me are neglected, the LL's are the same for the pro-

Ma
tons as for the atoms. There is, therefore, no need to calculate the particular

¢ea( }L)V) for these protons.

(c) Charge exchange collisions

As discussed in Appendix A, only resonant charge exchange colli—rZ
sions are considered. These charge exchange collisions are elastic in the sense that
there is no kinetic energy absorbed in the collision, although in the strict sense of a
change in the nature of the colliding particles the collisions are inelastic. Neverthe-
less, the most convenient way of considering this case is to calculate the AJK( LPL)
and hence the ¢ 's for the \‘/ -functions of the atom (or proton) present after the

collision minus the \.lJ ~-functions of the atom (or proton), involving the other nucleus,

before the collision. From this point of view, the collision is elastic, with differential

cross section (10).

Since S(l) = 8(2) = O for elastic collisions, there is no
need to consider (P(-oo)o) , while (P(Z,O) =0 and Ct)(?a,l) = ¢(l,l) ,
= 4)(!) say. Also let ?(%2): 4)(2 ; then

1L )
(106) cp(v) = Dfo (‘(;f::xl);‘mx dx
2 K*+

where

-2 2
am D= (21x10)gme ag 2°e*

-ﬁ#

2
Substituting for K (defined for equation (10))

*

T (1 = cosVx) simx dx
o (1 + 2k¥Z(1+conx))”

(108) CPap(V) =
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from which is obtained

i U —_—
(109 cpap(l,l) = D (—sok:afi‘ - 1o R* a2 + 16 k‘;a‘;)

D /16 kéad |

110) \ —
( ¢0p(2') —_— D ( iok"o,, + IOK*Q,' )
D/5 kyas -

2 2
For these calculations, it has been assumed that &o a, >> \

4, Evaluation of the ﬂ's

The .().'s, defined in the introduction and references 1, 2 and 4, are
essentially the result of integrating the 's over the impact velocity. Restating

the definition, (where ¥ * = My me /2 k (m:‘T{l + mh—r:; ))

, re-y? 2
(111) 'O'J&,L(T) szoe YA cbj&,'t(/"'"') dY

where Y =X§ , or since f\&o: m,.g > Y = Xﬁho/mpl

Yé is the threshold value of Y for a particular collision. Thus for elastic

collisions Yo is zero, while for a collision with excitation energy A 8 o
2 2
a2 Y, = 2% A8,/ .

This is taken account of, in a sense, in the (i) 's, in that being functions of the differ-
ential cross section, below the threshold energy they take the value zero. However,
the approximate cross sections used are not zero for all energies below the collision

threshold, and it is necessary to specify the particular lower limit as in (112).
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4.1 Elastic Collisions

For these collisions, with the .().'s as with the ¢ 's, the defi-
nitions are formally the same as those given by Chapman and Cowling. 3 The results
for Coulomb collisions are given below are in fact the same as in reference 3; how-
ever, as already mentioned, the use of "adjusted" Born approximations for the
differential cross sections for other elastic collisions leads to different results from
those of reference 3 based on inverse power force laws. Since (P ( /L,V) = ¢ (v)

for elastic collisions, it is evident that
MV v

aisy L1 (r) = .O.-k(T)
JR i J

v :
(using this equation to define _O. ik (r) ).
(a) Electron-electron collisions

Equation (12) for @ (1) , with (111) gives

o _ 2
(114) _O.iee(r) = n-if e YY””a'e“leoy(H/\zee)dY )

°© ma Y3

Although ./\.ee is a function of Y , owing to its occurrence only in the logarith-
mic term, it is generally adequate to replace it by an "averaged" value (Liley6),
regarding it as constant for the purposes of integration. In this case the integral is

easily reduced to an expression involving the factorial function:

| L 3 _ 4 2 2
as) (L) = wiy e Log(fee) T /2me .
Similarly, since (Pee(i) = 2 ¢ee(‘ ) 9

2 i
(116) _O_ee(?‘) = Zﬂee(’r) .
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The "averaged" value of _/\ g is

2 %/( 2(411- 2 'Ia') v
(117) -/\-ee = 3kTe )‘o/e = 3 (kTe) € Ne€ %),
where Ap is the Debye length.

(b) Electron-hydrogen atom collisions
Using equation (17) for 4)(!) gives

0
~Y% ar+2

(118) Q'eo,(”) = Tri f e 'Y (-45)4 mre*as qdY
° % (2 R2a2)?

2r2 3 27242 (2
X (hy(@tk:“") -+ (2Q¢ ao) —4(20..‘,) - 2-4-(2% “o ) ).
6(2a2k2 +2)3
Retaining only the logarithm term, this equation becomes

0. X
! L 4 3 =Y ar-| 22 2
(119) Qeogr) - Trz(.;,,s)e__g fe Y 203(\-;— %’%;Y )dY.

mg  “o

I
For the various T , the following expressions for the .O. (1‘) are obtained:

(120) _(l‘eq,(\) = Wi (;“"f)e~4xs %(-e‘/b-EL(“ './b)) J

i i
(121) Qea(‘z.) = Wi(‘#f) e’ }i(l + L:;_‘E eubEL(-'/b)))
s

(122) 'O'eo. (3) T (e4s5)e* 3 "i, (3- ’l‘:' 4+ (=2B+2b-1) el/%‘i (—'/b))-

m? b*
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Ei (-I / b) is the exponential-integral function (Gradshteyn and Ryzhik4), and the

argument b is given by

23) b = aimi/¥*H .

The similar approximation of discarding terms other than the

logarithm term in Cpe q'(7.) (equation (18)) gives

c2) g (2) = 2 G, (M)

and therefore
2 l
(125) ﬂea(?) = ZQea(T) .

(c) Electron-proton collisions

The calculation of the Q’s is formally the same as for electron—é

electron collisions. The results are

(126) Q;P(Y‘) = T!"'ib’3e‘*,&,3(i+./\fep)?(r) /zmrz' .
Qtp(v) = 2 .Q‘ep o).,

where in this case ./\.ep is given by

(127 -/\-ep = % Ao (“_e_i:’iz_) m. /e’

Xe 0(5’

~ 3 (k-re)z’/:l
e2(4mnge2)a
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(d) Hydrogen atom-hydrogen atom collisions

i The relevant C') (V) are given in (25), (26). Using (25) for
CP (), Qqa(*\) is the integral

| ) co 2 _
(128) .O_aq(r) = (2.167)¥% T " / e-¥ YA 'log(usz)dY,

m o
where b= myra% /% ¥t as before.

From the results involving similar integrals for the electron-hydrogen atom collisions,

'
in the same notation, the Q () become

| i

azo) 2, (1) = (2xi6) ¥le*mw” il (_e'/b Ei(-1/b)
m.*

' o I
(130) ﬂm(z) = (2:('::‘ )13’3 L+ !-b '/bEL ("/b))

I 3 As 2

3) = (2«10)¥% -

31) £),,(3) x 2] (3 Loy(- 25 +2b D PEi-1).

Again, since (2) = 2 I it follows that
aa Ga

(132) -O-ta,(’t‘) = 2—-0:10.(‘) .

(e) Hydrogen atom-proton collisions

From the equation (28) for ¢4PO )

I - @
) Qaplry = ) e*y’m™ / e Y Y2 g (14 bY?) Y

mpt )
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with b as in (123). The integrals have the same form as for the previous cases
involving atoms, being expressible in terms of the exponential-integral functions.

The results are

! -2, 4.3 1
(134) Q"-P(') = (2410)e°¥’n" lz(-e'/-b EI("/b)):

my2

i -2
(135) ﬂap(z) = (2410 )e‘b’aﬂ'vz‘ _%'(l + !i.bel/bEL(-i/b)) )
mp*

ma*

1 . =3 & 3 i/l :
ase) {Qap(3) = (210 )e*¥'W 1@-¢+ (_-z_i'-:fz_b-!)e‘/b Ei("/b)).f

Again, since (PGP(Z) = 'Lq)ap(;) , it follows that
PR E
@ (Lapr) = 2 (Qqp0r) .

149 Proton-proton collisions

Formally the same as for electron-electron collisions and

electron-proton collisions, the results are
l 1 ¢
(138) _O.PP@) - rr/ix3e‘*ia5(\ +/\3‘;,,p)T‘(w*)/hﬂr1
2 !
ass) () pp(¥) = QQPPU‘)

For these collisions, however,

) App = 3npmy fx e = (3kTp/e*) (kTe/4mnee*)
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4.2 Electron-Hydrogen Atom 1s - 2p Excitation Collisions

The Q (‘Y‘), given by (111) are functions of, amongst other
variables, the lower limit of 1ntegrat1on Y (Zb' A%, /m,) & . Since ¥ is a
function of the temperature, the .(). ('r) will essentially be functlons of the elec-
tron and atom temperatures. As will be seen, in general the Q (‘r') can only be
reduced to expressions in terms of incomplete Gamma functions, which in this case
are dimensionless functions of the temperatures. The incomplete Gamma functions

are, however, tabulated functions, and in certain extreme cases they can be written

-00,0
in terms of analytical functions. The following ﬂ's are required : (1‘) ,
1 2,2 2,0 ]
alemy, Q77 N7 with T =0, | » 2

2,2 2, . 1.t
and 3 ; but since relations (60) express ..Q. () and .O. 81‘) in terms of .O. '(r),

-0, 0 iyt
it is only necessary to evaluate .()- ) and ﬂ (Tr) , for these value of .

)
The calculation of ﬂeo. () involves using (56) for q) (-e0, o)

This gives

3!0 ﬁﬁ.
where b has the value 3“/ QQOXA 80 (bearing no relation to the term b , de-
fined in (123) ).

—~00,0 I i t
(141) Q oo(‘r) = 4.6)@925 ymw'/a ‘[( e~Y2Y.2r“/£03(bY)dY

-]

Consider the function I (T', Yo ) defined by

ay L(nY,) = /Y e“YzY’*“'L«g(bY)dY .

A change of variable yields

od

ws L(r,%) = ;‘;/Yz e X x" Log(bx) dx,

o
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!
i

and this can be integrated by parts for the various values of ¥ . Let T'( r)z) be an

incomplete Gamma function, defined by
o

149 T(vz) = / e X" da

z

(Some authors define the incomplete Gamma function in the inverse way, that is, by
(T( r)-1( Y,2) ) in the above notation, but the definition (144) is more suitable
for the purposes of this report) Provided =& > ©, the T'( T, z) are defined
forall T .

In terms of these functions (144), integration of (143) gives
Yz 22
as T(o,%) = + (™" Lygb ¥ 4 T(o%),
(146) I(l ) o= L Yo' 2 BY 2 2
>)T) = g (€ T (6L + TOYH + Teo, ),
wn J(2,%) = ,f (e Y°(Y,‘*+1Yo‘+2),&;3b Yo + T'(2,Y3)

+ 2T0,YD + 2 T'(0,Y.%)),

?

a48) 1 (3,Y.) = i-(e-Y"(Yf +3Y e ¢ Yol"'é)/&rg g% + TGYD)

+ 3T, + (TONXY 4+ 6 TCo, YY) -
-w,o
It is evident that the Q (r) are obtained using these results for I (1‘,Y‘.,)
in equation (141), that is,

=-00,0 15 2
o 1 (v) = (45)e*2 aly " IICAAE
3'° R*

ea

bt |
The Qea('r‘) are calculated using equation (57) for 4)ea_(l,l)
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This gives

asoy QLo (r) = (49120 m, A, ¥ f T2 o (BY)Y

10 2 - 8
3 mr ﬁ o

Where again b= 3¥h / 20,AF, . 1t follows from this equation that the
_()_ (‘r) can also be expressed in terms of the I(Y' Yo) defined in (142), and

hence in terms of the incomplete Gamma functions. In particular,

151) Q (r) = (45)rr/"e 2°ds me Y A T (o1 Y,)
Zﬁz

The integral I. (-1 3 Yo) , not previously given, has the value

asy L(=1,%) = (P(o Y Loy b f x/&sqxd.x)

2
The last integral on the right hand side of (152) exists for Yo > O ; being of a
similar nature to the incomplete Gamma functions, it may also readily be evaluated

numerically.

Finally, the remaining .().'s are related to (149) and (151) by
2,2
153) LLeg (™) = 2 —O-ea (r)

I,
(154) Qea (r) = Zﬂea(‘”) .

4.3 Electron-Hydrogen Atom Ionisation Collisions

For these collisions the .(). 's are defined by (111). The lower
e e . 2 /2 1
limit of integration is given by Yo = ( 2% l/ m!‘) where is the ionisation
energy. As with excitation collisions, since ¥ is a function of the electron and

atom temperatures, the Q‘s are also functions of these temperatures. When
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Ta /Te << ma_/me , then ¥~ Xe= Me/o,kTe , in which case the {d's are
simply functions of the electron temperature. This also applies to the excitation
collisions of course. For each of the particles (incident electron, atom, atomic
electron and proton produced), the following -().'s are required: Q‘ (‘r) ,
Q (’T‘) , Q ) Q (r) s .(23, (r) with * taking the values
0, 1, 2, and 3. Fortunately, it is not necessary to calculate all 80 ﬂ's. As shown
in Appendix B, the ﬂ's for the protons are essentially equal to the ﬂ's for the
atoms. Furthermore, for the individual particles, relations have been given between

various d) (/.L,\)) , enabling many ﬂ‘s to be expressed in terms of ofhers.

In particular it has been shown that for the incident electron, all
¢ea. e, (/L,V) can be expressed in terms of ¢ea e, ( ©0,0) or (pea e, (2 2)
for the atomic electron, all ¢ea e, (p,V) canbe expressed in terms of ¢ea. e, ( ©0,0)
and for the protons and atoms, the only (b (/‘,\7) involved is ¢ea( 00, o) ;
finally that the (Pe (—w o) are equal for all particles involved in a particular collision.
The general form of _O_(/u () being given in equation (111), it is evident that it is a |
function of ¢ ( M, V) s Yo » and certain other constants of the collision. Therefore
all particles in the collision have the same _(2- ( ‘Y‘ ) . It follows that for the

—e0,0

1onlsat10n colhslons, only 8 of the {)'s need be calculated, namely ﬂ ea (,\“)

and _Qeae(r) with T= O,1,2 and 3 .

Since
s Yor = 2y*I/me,
using this relation and also those after (111),
use)y ke — 2mL/R = mF (YY) ¥R

224 = armd(Y*+Y?) /vt
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where Yll:- X¥h /m}a.% , and, like Y, , is a constant of the collision. With
(P (-00,0)  given in equation (70) for.example, from (111),
ea

23y 122,925 4
(157) Q (‘\") — (-ll;.xlo )T ha'my’e I(rsYo’Y)
3ag m: 2 mrI/f\z)q'

where I (’r'j Yo ,Y; ) is defined by

@O
2 r
(158) I(r;Yo;ﬂ) = / e-(Y : H;()Y# - Yo )3/2 dY
o (Y*+ Y,

I (r : Y° ;Yl ) may be reduced on making appropriate approximations, or it may be
numerically evaluated. As discussed previously, I (r 3Yg ,Y. ) is essentially a

function of the electron temperature.

s . . * 1 2 .
Similarly, using equation (72) for (’)m) e‘( ) ) , it may be
verified that

A
(159) ﬂz,l (T) _ (.“'.x]o )n—/lf,"e“zb]'r‘b’ mrI I(.r_‘j YO,Y') 5

€& " " 3mfal(amI/# N

I (r H Yo,Y‘) being again given by (158).

Finally, using equations (70) to (78), (95) to (98), and (10%), the
set of 48 ﬂ's for the collision (as already mentioned, 32 of the .().'s associated
with the atom and proton particle types need not be considered), in terms of the 8

NG 0% ¢
independent Q'S are as follows. For convenience, ﬂ LY‘) and

ea eI
are also repeated.

(160) Q::%r) = (»lhxw)ﬁ e"’ﬂ' 2! X I(r Yo, Y,)
3aim} (2meI /%)
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with L (v ;Y ) defined in equation (158),

', i 2 -():w,o
(161) Qea,e,(") = §*%ealr
2,0 -0
(162) ﬂque,(“f’) = 2 {lea (1)
3,1 —0
(163) e,a,e,(?) = %:'O'e“ ¢r)
2,2 =3y _ g2 k107
(164) -O-ea,e.(‘f‘) = ('lhxlf)n' Fet2”s m ] Tr-15%.%)
I mga af CZMpI/ﬁz)z
1,1 -00,0
(165) Qea,e,_(r) = Qeo. (r)
2,2 - 13 -0
166) (e o, (1) = 2.
2,0 =®,0
(167) -O-e)a,e,(*) = Dgo (™)
3,1 -@,0
(168) _O.ea)ez r) = -O-ea(r)
~c0,0 2,9
(169) Qea’a (r) = Llg, (M)
—m)o

-00,0

w Qi = 0

4.4 Hydrogen Atom-Proton Charge Exchange Collisions

The nature of the charge exchange collisions has already been
discussed. The ¢ap(/“,\’) are given by (109) and (110), being independent of u
while the {)'s required are N '(Y‘), ﬂ(Y‘) with v= 1, 2 and 3 . Using (109)
and since the collisions are essentially elastic, from (111),

' =2, b h 43
(171) .().ap('r) = (21«10 )22. e*y’m” T¢r)
2 mp
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Similarly with CPQP(z) given by (110), it follows that

-2, ,8
(172) .O_zaph-) = (l-lxioz)l e%asy T(r+1) .

10 H*

35
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APPENDIX A

The Differential Cross Sections

Al.1 The Born Approximation

In this Appendix, quantum-mechanical expressions are obtained for the
differential cross sections for certain processes involving electrons, hydrogen atoms
and protons, which are required to calculate the ¢ 's and {).'s. A Born type of
approximation has been chosen to give analytical expressions for the differential cross
section, and a numerical adjustment factor is included which is selected to obtain a

"reasonable' approximation to the known total cross sections in the energy range
0 - 100 ev.

Proceeding formally, consider a collision involving atomic particles J
and R referred to a frame moving with the centre of mass. Suppose that s Tk
represent the electron position vectors of the particles relative to their respective
nuclei (these being zero of course if the particles are electroﬁs), and Y the inter-
nuclear distance, with V(T, Y‘h) the interaction potential. ﬁrj (rj) .
fblrh ( Y‘k) are the 1nterna1 (unperturbed) Hamiltonians of the two particles,
referred to their respective nuclei, g Jfl is the initial asymptotic relative velocity,
and \} (‘V’ s T 3Tk) is the complete wave function for both particles. The Schro-

dinger equation for the system is

(A1) L -Hj - He + ""Sh*E 'v]? = O

LMy ar"

where Mp = Mimg /( m; + mk) ~ is the reduced mass, and Eo the unper-
turbed ground state energy of the system associated with ﬁ' 5 and ﬁh . The
term -:'z Mp gjﬁ is the asymptotic kinetic energy of the system.

Neglecting the possibility of electron exchange, Q can be expanded as

(A2) @(r’-p- z f "I"{«("Jark) Fq’(fj
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where \.’/q'( ,Tk) is the set of all possible (P (Y‘ ) ¢ (T‘k) which are
eigenfunctions for the particles J and ﬁ . q'(’r) is essentially a scatter-
ing function, to be determined by solving the Schrodinger equation. Eq' = E 9 J +

E. 4,k is the sum of the eigenvalues of the two particles corresponding to the eigen-i
functions d)q,(r J) and ¢‘i ( Th ) - The summation is over discrete states and |
the integration over continuum states. Substituting this expansion in the Schrodinger

equation (Al) gives

IR PENCEA R =% RELLETNLALES
= \/(.., J’Y‘k) @(r:r,prk)

AR . :
Multiplying (Al) by L‘J ( rj;rﬁ) d_v_*J dr k and integrating, this becomes

(A4) LN + .7 mrﬂ;& + Eo - EC{,] ﬁ(l‘)

Zmy, Qr*

»*
= /V(r,rj,rh) }(T,I‘J,Th) th(rj,ra) drj_d.’.’k .

F° (‘r) represents the sum of an incident and a scattered wave, while F‘L (I‘ )

( q, # o) must represent scattered waves only. Hence the respective asymptotic
forms can be shown to be (Mott and Massey8):

eiho'l‘ 44 tkf() r f(x ¢)

@as) Fo ~

¥ FICARS o |
we g ~ & et 2 fq (x,€)

where éo is the (reduced) incident wave vector such that the reduced momentum

P , is given by f _ﬁ_ o -, Similarly E; (q,) " ig the reduced wave vector of
of the scattered particle for the state CL . Then the scattered current density for
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the q:n‘ state.of excitation is

an Fkeq) |1 et Betoyr

me

fo,ol = ik | f (v 0]
mpyp7T

The differential cross section for the deflection of the final wave vector,
_Ef (4) , into a solid angle ({L N 0+ d.(). ) with excitation state q is the
ratio of the scattered current per unit solid angle about ﬂ to the incident current

density, giving

@8 03dQ = _2_{] ﬁ(x,é)rdﬂ

Subject to the plane wave Born approximation,

fo -
(A9)§= ° TL}'O(IJ, R) .

Substituting this expression for % in the right hand side of (A4), this equation

becomes

a1y | BT 3t f\" Flzf(q,)]j.' (1)
Amp bT‘" q*r=

ko' ¥*
_/ V(r -7—Jark) e ol L5, Th) Yy (1), T drdry
with asymptotic solution

IR Y. TI(A o LK
(A11) Fa,(’r) = x5 € _{r:\_rgﬁ_z_f\/ Y, Y, dr drk

or

@12 fo (x,¢)

L Ker
_T:'ﬁ:. f\/ eL - \k; \P: dridrk dl‘ :
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In these equations, ,»_( = éb — E;(q,) ’ ﬁ-fz:' mﬂ'g:‘h -+ 2mP(Eo‘Eq).
ES T

In the case of excitation to the continuum level, \yq’ is-the Wave function

whose matrix element, taken with the ground state wave function and interaction po-
tential, gives the probability of a particular direction and energy of the atomic elec-
tron (as well as the direction and enefgy of the scattered particle). With the ~Héfnil¥
tonians 'ﬁ'J (!]')’ jﬂrh(r&) of the electrons of the particles J and R

referred to their respective centres of mass, the eigenfunctions q>q,(rj) 5 ch,(rk) ,
grouped under the term \pq’ , therefore relate the continuum state electron para-
meters to the centre of mass of the particle, say fz , from which it was displaced.
Consequently the angle and energy of the ejected electiron is not referred to the centre
of mass of thesystem | and R , but to particle R . Inorder to use the
differential cross sections in the centre of mass system, it becomes necessary to
convert these parameters to this system. Bearing this in mind, the above results
give, formally, for ionisation (with K the atomic electron wave vector):

@13) 6 d0),dQ,dx = _(‘:_{' f(x‘,e")cl,e,,«)lldﬂ.dﬂthﬁ

where the subscripts 1592 refer to the scattered (incident) particle and the atomic

(ejected) electron, respectively.

Regarding the frames of reference, the differential cross section as
obtained above has to be transformed to the frame moving with the centre of mass of
the colliding particles (which will be called the "c. m. frame'). It is also necessary
to obtain an expression for the internal energy of the '""composite' particle produced
in the collision, as noted previously. The typés ‘of collisions being considered
are those in which one of the colliding particles, say J , is scattered, while the
other particle, say Fz , on collision breaks up into two "sub-particles'", v and s .
The form (A13) of the differential cross section refers the angle and velocity of

to the c. m. frame, but (owing to the reference frame of the Hamiltoniéms) it reférs
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the velocities and solid angles of v and S to a frame moving with their centre of
mass (the " R'" frame). Using v , X and LL to denote velocities, angles and

solid angles in the ¢c.m. frame, and W , © and «w velocities, angles, and
solid angles in the ' R " frame, the problem is to express We , UWg , wy and

Ws intermsof {1 and Vv . Clearly,

(Al9) MjVj + mpy, =O or

i<

F
I
!

Then

(A15) L’r = Up + Yh = Up — !'_43 YJ'

U
<
o
|
3
<

Vs

The azimuthal angle, that is the angle with the plane of the collision, is the same for
both frames. Hence the elements of solid angle in the two frames are respectively
dQ) = simx dx de and dw = smodede . Taking components

of velocity of (A15) in a cartesian frame gives

(A16) Vrx = Vp CO3Xp = Us@sOp — TV Vjicos )
mg

Vrﬂ = Vp SM')va = WU, SAMO,-- _'_:‘;J_VJ W)LJ
Mg

From these relations it follows that

. 2 . 4

A17) W = ve + (26 vj" + 2VjVe my cos(Xj - Xp)
mg '“'k

A18) ud = v& + (’_11_) Vi + 2 Vjvg my cos (Ej-)s)

(A19) SamOpr = VrsmXr + (Mi/mp)v; Xy
(V& +(m; /Mgy v+ 2vev; (mj/mi)cos (x; -Xr))vz
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( vet+ (mj/mk)"vf-r 2 VsVj (m; /mk)Cos()LJ —)LS))V‘

When | is anelectronand. R anatom, on neglecting 'l%e compared with unity,
a

the c.m. and " R'" frames become identical, as would be expected.

The A‘E term is discussed in references 1, 2 and 4. Essentially it is
the sum of the ionisation energy and the internal kinetic energy of the composite
''particle". Suppose of three particles, g ,9 and t ., q and S§ form acom-

posite "particle", then for this case

@y AE = I = émﬁ;—‘r;m—,:s—(yg—!s)l.

This is given later (in Appendix B) for the particular case of electron-hydrogen atom

ionising collisions.

Al.2 The Born Differential Cross Sections

Al.2.1 Elastic Collisions
a. Electron-electron collisions

With the neglect of the electron spin, the classical method,
the Born approximation, and the exact partial wave calculation all yield the well known

Coulomb collision result for the differential cross section:

a22) o dl = mie*cosec*xn QO
4 Ti* ket

Since the nature of the collision terms in the moment equations involves treating the
colliding particles as distinguishable (when they are identical), it is doubtful whether
it would be adequate to take account of exchange effects purely in the differential
cross section. Although the energy range 0 - 100 ev is that in which exchange effects

make their greatest contribution to the cross sections, they are not considered in this

report.



The Differential Cross Sections 42

b. Electron-hydrogen atom collisions

Using (A8), (A12) with the ground state wave functions for

hydrogen, since the interaction potential is

¥ |
a3 V = ez(?—|l“1‘;l)

where T, is the atomic electron position vector with respect to the nucleus, the Born

differential cross section is

ax o dO) = Ladmre* (3K + 8)? 40 .
Y (adK* + 4 )

2 2 2
In this equation (as defined previously), K™ = ( ﬁ_o - _&F) =2 &9( |- coex).
c. Electron-proton collisions

The Coulomb result applies for this case, the differential

cross section being

a25) ¢ df) = mie*cosec*x/2 N |

4 h* Ry
d. Hydrogen atom-hydrogen atom collisions
Using ‘_!_“ , 1‘2_ for the position vectors of the atomic

electrons referred to their respective nuclei, and ¥ for the internuclear distance,

the interaction potential is

|
(A26) - e*(-L 44 | -
vV=e ( v dr-nl T T ll‘+1‘z'1‘;|)

The colliding atoms are regarded as distinguishable, in which case, using the ground

state wave functions, from (A8) and (Al2), the differential cross section for these
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collisions is

imie*ad K*(a2K*+ 8)* 10 .
(a2 K?*+4)®

azny o df) =

e. Hydrogen atom-proton collisions

Apart from the difference in the reduced masses, these
collisions are identical with the electron-hydrogen atom collisions, of case (b). The

differential cross section 1s

@azs) o df)l = 4mre*a)’ (azK™+ 8)* 40 .
(as K>+ 4)*

f. Proton-proton collisions

These Coulomb collisions are formally the same as case

(a). The differential cross section is therefore

2 kb v
aze) ood() = Mrecosec /2 (() |
(A29) 4_64&3

A2.2.2 Inelastic Collisions

It is reasonable to suppose that in an inelastic collision with an
atom, owing to the screening effect of the atomic electron, atoms will have a smaller
cross section than protons. Again, using the Born approximation, an estimate of the
relative magnitudes of the cross sections of protons and electrons in inelastic colli-
sions with atoms can be obtained as follows (Bates and Griffingg). Let Q e(E)’QP(E‘
be total cross sections for a given electron or proton energy E respectively.

Then if AE is the kinetic energy defect in the cellision the Born approximation

gives .

(A30) Qe(b’E) = —;:[QP('“PE/W) - (f—g)zQp(mpﬂf/‘émeE)]
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where
w3y ¥ = (1+88/4E)" ~ | + A8 /2E

and Mg , Mp are the electron and proton masses. Very approximately, this gives

w32y Qp(E) = ¥ Qe (T MeE/mp) .

According to (A32), then, the proton-atom cross section for a given incident energy

is of the same order as the electron-atom cross section for an incident energy me/
My of the proton energy. Since for low energies the electron cross section is small,
the proton-atom cross section (and the atom—afom cross section also) will be very
small in the energy range 0 - 100 ev. It is reasonable, therefore, to neglect protons

and atoms as inelastic collision projectiles for the calculations of the report.
a. Electron-hydrogen atom 1s-2p excitation collisions

The only excitation process that will be considered is
1s-2p excitation, this process having a much larger total cross section than that to
any other level from the ground state. The interaction potential is given in (A23).
Using the ground state hydrogen atom wave function and the 2p (m=0) wave function

in (A1l) to calculate f(ls -2 p) , from (A8) the differential cross section is

2 1.2 2
@) cdl = kg3 2 Mrdo dl.
RoF* K2 (9 + 4 a2 K)®

b. Electron-hydrogen atom ionising collisions

For these collisions, using the exact continuum wave
function (Mott and Massey, 8 p 233) in the calculation of the Born approximation
for the differential cross section leads to an exceedingly complicated expression.
Let dﬂ, be the solid angle into which the incoming electron is scattered; C\Q:

the solid angle into which the atomic electron is ejected with wave vector K ;and
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K - ﬁo - k § » _@o ) _‘_lf» being initial and final wave vectors of the

incident electron, as before. Then the differential cross section for this collision is

-1 2 Xao
v -2 ton ( 5)
“ Ko b+ a3 (K2-x%)
asy od), ddx = 28mrase“kexe
Lt E4mh, K (@2(K*+X* =2 KXcos8) +1) 4
, (a& (K-xcos8)*+ cos™5) d}, d),d«x
(1-€ 3@ )((1 - %*3 + K% )+ 4 %*a3)

In this equation, & s the angle between K and X . c\O—; and X arein
fact referred to a frame moving with the centre of mass of the atom after the collision,
but it is apparent from equations (A17) to (A20) that the error involved in taking these

variables as referred to the c. m. for the collision is only of order ¥ne/ma

However, it is obvious that this expression (A34) is un-
suitable for calculation of the CP 's and ﬂ's, where successive integrations over
functions involving the differential cross section are necessary. Even when this dif-
ferential cross section is averaged over the solid angle of ejection of the atomic elec-

tron, the resulting expression is too complicated to be used in evaluating the Q's.

The problem may, however, be approached in a simpler
way. The main reason for the complicated form of (A34) is the complex nature of the
continuum wave function for the hydrogen atomic electron. It is therefore reasonable
to consider replacing it by a plane wave function, in a similar manner to that in which
the relevant Born approximation was obtained by using a plane wave (A9) in equation
(A10), Such a plane wave is

'r\

L% T
- = J

- (A35) ¢| = e

Y, Dbeing the position vector of the atomic electron relative to the c.m. (But, simi-

larly to the Born approximation being valid for large energies of the incident electron,

so this approximation is actually valid only for high energies of the ejected electron.)
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The appropriate normalising factor is not entirely clear, but to obtain the correct
form of the differential ¢ross section, qD‘ C‘)‘*dj( should represent a probability den-
sity of particles with wave numbers X in the range (1( , XK +dx) , and so have
dimensions (Volume)—l. A comparison of the final form obtained, using this wave
function, with (A34), obtained by using the correct wave function, suggests that the
correct form for q)l is

KT
(A36) (p‘ = (‘3‘/0.0) ‘e !

The use of an adjusting factor with the total cross section obtained using this wave
function will mean that the neglect of numerical factors is of no consequence. With
(A36) for the final wave function and the normal ground state hydrogen wave function
as the initial wave function, the Born approximation, equation (A13), may be used to

calculate f (:x) . From (AB8) the differential cross section is found to be

o od0dQdx = 2TEmretkex d2,d0adx

% ko K* (aZ(K*-%k¥) +1)*

In general, 1 K | >7 | :_‘SI and therefore it is convenient to simplify (A37) to

@ass) o dl, d), d« = 2¢marmzetkix dQ,d€), d«
fi*kRo K4(a2 K2+ 1)*

Again, since ﬁzikz = AMmy E‘k , (A387) is easily rearranged to give the proba-
bility of ejection of the atomic electron in the energy range ( E %’ E:k +d E]( ).

c. Proton-hydrogen atom charge exchange collisions

Resonant charge exchange, where the electron energy
relative to the nucleus is the same for the final "atoms'" as for the initial "atoms"',

is in general the only type of charge exchange collision with an appreciable cross



47 ' Appendix A

section. This can occur between hydrogen atoms and protons. It has been shown
(Bateslo) that the correct interaction potential for such collisions is not the simple
"post'" or "prior" interaction (identical for the symmetrical proton hydrogen atom
system), but a much more complicated function. Furthermore, in calculating the
collision cross section, account should be taken of the change in translational motion
of the electron that accompanies the jump between the nuclei. However, in order to
achieve reasonable analytical expressions, both of these considerations will be ig-
nored, it being assumed that the inclusion of a numerical adjustment factor will bring
the Born calculation under these simplifications to an acceptable approximation for

this process.

The '"prior" interaction potential is

439 \V = e"(-it;n "":;‘.‘)

where YT is the internuclear separation, and ‘_T_" the position vector of the elec-
tron relative to the nucleus that it has before collision. The Born approximation for

this case gives

ifr *
a0y f = 3%'-}‘—: f Ve W, (1) (n) drdr

but, somewhat differently from the previous cases, _éo is the (reduced) wave vector
of the incident nucleus, ﬁ{ the wave vector of the "scattered' nucleus; \Po R lP.f

are the wave functions of the electron in the initial and final atoms; and also

w) K = ko +Re 3 K' = 2k (1 +cosx).

Using ground state hydrogen atom wave functions for \Po , LP 4 to obtain -f , the

differential cross section follows from (A8):
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aa2) o d() = 2’mie’as 40
f¥(azK*+1)°

Al.3 The Total Cross Sections

In this section, the expressions obtained for the differential cross sections
in the previous section are integrated over the scattering angles to obtain the total
collision cross sections as a function of incident energy and other parameters. These
total cross sections are compared with experimental results or exact numerical cal-
culations to give a numerical adjustment factor. This factor is used to bring the '""Born"
approximations into reasonable agreement with the probable cross sections in a region
for which the plane wave assumption is entirely inadequate. However since the energy
range of interest is limited, the approximations are considered sufficient to be used in
the calculations of the ﬂ's to obtain an estimate of the collision terms in the moment
equations for the formation of a plasma. As discussed previously, it is likely that
certain classical approximations better describe the non-Coulomb elastic collisions

involved.

Al.3.1 Elastic Collisions
a. Coulomb collisions (electron-electron, electron-proton
proton-proton)

With Coulomb collisions the integral of the differential
cross section diverges. For this reason the well known Debye cut-off is introduced,
the Debye length representing a distance from a particle beyond which the electro-
static shielding of the other particles is ""complete'. Usually put forward as an
upper limit on an impact parameter, it may equally well be expressed as a minimum

angle of deflection in a collision.

Since the details of Coulomb collisions are discussed in
many books, only the bare facts need be given. In terms of an impact parameter b,

the scattering angle X is

@) X o= 2sm  (1/C1+8)7)



49 Appendix A

where
2 2
(a4ey N\ = m.bg’ /€

The Debye length, \p , being

R Te )V",

a3 dp = (zm'n e
€

it follows at once that the minimum deflection Xo is given by (A43) on taking

N\ = "/\'J‘l where

i
(A46) j\—Jk — )0 me gja/el _-:( ﬁ-re ) 2 me 9;& /61.

LTTNnee*

The total cross section, in terms of K, , is

24,
gy O = 2Tmiet (8
T b B ke ()

No correction factors are required for this well known result.

b. Electron-hydrogen atom collisions

Since Kl‘: 1‘!: (l"wSX) , on differentiating,
% .
A1) KdK = ko sinx dXx -

The upper and lower lirmmits of integration over K become 2‘20 and O . Using
the differential cross section (A24), with the substitution (A48) the total cross section

is
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A49) o

i

fm sdimie® (5K*+8)° KdK de

o Yo ﬁ‘}ﬁo (aoK2+4)‘+

TmZe*ad (7kets +I18kIAe + 12 kRia3)
36% ke (1 +arky)?

C. Hydrogen atom-hydrogen atom collisions

-

Using (A48) in the differential cross section (A27), the

application of standard integrals gives the total cross section:

(A50) o = g Tms e*as 33 k,a
" fk:(1 +a2k?)’

d. Hydrogen atom-proton collisions

This is algebraically the same result as for electron--

hydrogen atom collisions:

s1) o = Tmie*as (Thiat + 18 koak + 12 k2a2)
36H%ke (1'+ kZaZ)?

Al.3.2 Inelastiic Collisions

L]

Since

@as52) K* = ko + ﬁ; - Zhkokscos X

differentiation yields

@as3) KdK = ﬁ,ﬁ;&im)td)é. :
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The limits of integration with respect to K are flo + k{. ; from the energy equa-

tion for the type of collision being considered,
a 2
as1) ke = ki + 2MAE
ﬁz
giving

ke = (k2- ameDEY* g (- meBE
@as5)  Rg ( — ) e ) 5

where A 8 is the energy transferred inelastically to the atom. The upper and lower
limits of K are taken as 2 kc and Mg AE / ﬁ" éo, respectively. The approximate
limits cannot be expected to be reasonable near the threshold energy, and they are

therefore ""over-ruled" in this region by taking 0‘1. =0 at threshold.

a. Electron-hydrogen atom 1s-2p excitation

For these collisions A€ is the (discrete) excitation

energy (10.2 ev). From (A33) and using (A53) the total cross section is

(A56) O°p f / R¢ Mp 6“322 saz KdK
mrAQ ﬁ& ﬁgK(q_‘.LK‘L:.)

~ 2w mi e* a5 361’k
5ﬁ4 ﬁo am. Ag

for sufficiently large ko .
b, Electron-hydrogen atom ionisation collisions

With ionisation collisions, in equation (A54), AE becomes

asy AE = I + %% /2me
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where Me is the mass of the ejected electron, and I is the ionisation energy. For
this case the upper and lower limits on K are more conveniently written as 2 Ro
2
and (I mp/ f ﬁo + J("/;lko), The limits of integration over X are O and
2 1mI '/;__
(ﬁo —‘h-; ) =K

From (A38) and using (A53) the total cross section is given by

K R +R
(A58) O = f j ' mef kot Traorkd:deded—Q

ﬁ,,"ﬁ;. (+] ﬁfﬁ* ko K"(Qg"Kl"' i )4

where dﬂz is the solid angle of the ejected electron. With ko sufficiently large,

(A59) (Ro + kg)ao ~ 2Ro@0 — %° %-&%—z) >y 15

(R, - Rp)a, ~ e (meI 2) < <\

L]

Using these approximations (invalid near threshold), the result is

weo) o = Te eﬁfqﬁsaf (#/z2mel - 1/£2)

(since, on neglecting the term Me/ma_ compared with unity, the reduced mass, My ,

is equal to the electron mass, me ).
c. Charge exchange collisions

2
As discussed earlier for this case, K is given by

2 ﬁ:‘ (l + Co5)) and therefore

wey simxy dr = — KdK/k:

This collision being effectively elastic, using this relation in (A42) and integrating
over K with limits © , 2R, gives the total cross section. For ﬁc large

(owing to the large reduced mass in this collision), the result is
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‘ 2 b A9 .2

5 H* RS

Al1.3.3 Comparison with Known Values of Cross Sections

Since the Coulomb calculations are exact (apart from neglect of
exchange) these are not discussed. For all of the other cases considered except elas—
tic hydrogen atom-hydrogen atom collisions (for which no data appears to be available,
perhaps owing to the problem of recombination to form molecular hydrogen), curves |
showing a comparison of numerically adjusted Born-type total cross sections with
known values are given. Most of the "kpown" data is taken from Barnett, Ray and

12
Thompson. 11 The charge exchange cross sections are from Bates.

The numerical factors which the calculated Born-type total

cross sections have been multiplied by to give the results in the figures are as follows:

Cross section curves for elastic e -H collisions
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a. Electron-hydrogen atom elastic collisions.
Born calculation multiplied by 0. 45.
b. Hydrogen atom-proton elastic collisions.
Born calculation multiplied by 2. 0 x 10_2.
c. Hydrogen atom-hydrogen atom elastic collisions.
No comparison with "known' results being possible,
the same factor as with (b) above is taken: 2.0 x 10_2.
d. Electron-hydrogen atom 1s-2p excitation.
Born calculafion multiplied by 0. 45.
e. Electron-hydrogen atom ionisation.
Born calculation (simplified) multiplied by 0.14 x 10_3.
f. Hydrogen atom-proton charge exchange.

Born calculation (simplified) multiplied by 2.1 x 10_2.
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APPENDIX B

Subsidiary Relations for Electron-Hydrogen
Atom Ionisation Collisions

B1. The N's and A & 's

In considering the dynamics of inelastic binary collisions, the A 's are

defined by

Bl A = mjmk/mj/m,{ -— 2moAg /mymk’gl

where A E is the apparent kinetic energy loss in the collision. For an ionisation
collision for example, A '€ is the sum of the ionisation energy and the change in
internal energy of the particles j/ , hl compared with J , & . With the par-
ticular ionisation collisions being considered, considerable simplification is achieved
by neglecting terms of order Me/ Mg compared with unity; it has been shown in
Appendix A that this permits the frame of reference for all differential cross section
parameters to be taken as the ¢c.m. frame. This is not necessarily so for the ""com-

osite' particle internal energies, however.
b p

a. The incident electron, €,

For the collision dynamics of this particle, the two "particles"
after the collision are the incident (and scattered) electron, and the proton + atomic

electron system. The apparent energy loss in the collision, A‘Z ) is, quite simply,

w2y AE =1 + i*x2/2m, .

The last term in (B2) being the internal kinetic energy of the proton + electron sys-
tem; as before '.1<_ is the wave vector of the atomic electron, and WMe / Mg is
neglected compared with unity. I is the ionisation energy. Using (B1), A

is given by

®) A* = | — (2I +f*&¥/m.) /me9* .

Il
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b. The Atomic Electron, €2

Corresponding to this particle being one of the particles after
the collision, the remaining "particle" is the system proton + incident electron. In
the ¢.m. system, this latter "particle'" has internal energy 'ﬁzﬁt /2 m, (neglecting

terms of order Me / M, ). The apparent energy loss is therefore
2712
(B4) A§=I+ﬁﬁf/2mr.

From this it follows that

| - (21 + Bki/my )/ m.g* .

(B5) A\

N

c. The Proton, P

J

The composite "particle' after this collision is the system of
the two electrons. In the c.m. system, the respective velocities of the scattered and |

atomic electrons are f\ ﬁ; / Mme and ﬁ _3_4 / Me . The internal kinetic

energy relative to their centre of mass is therefore Me (ﬁ/me)l ( kf - X )2. ,
4 - Al

and so

@) AF = 1 + h*

2
Me

(ke =) .

S

Therefore
®) XN = 1 - 2—(1 +1§%(ﬁfz+ 31"2.&'3-‘))/"‘"91'
e

In general, away from threshold l:_)_( | & < ‘ éf ‘ , and so in this re-

gion it is possible to write

g2 PN
®8) A\ = i—Z(I‘*'M)/m"S .

4 Me
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Atom Ionisation Collision

d. The atom, Q@

This particle is not present after the collision, and therefore,
using the & -functions defined in refs. 1, 2, it may be verified that the collision
~-00,0
integrals for the atoms only involve Q ('\") . Since by definition these Q 's
are independent of A , they are also independent of AE . The AE , however,
are implicit in the integration of the differential cross section over all possible ener-

gies of the ejected electron in the calculation of the Q's for this case.

It is worthwhile noting that, with the neglect of terms of order
Me / Mmgq , there is a simple relationship between the ﬂ's for the atoms and
those for the protons in an ionisation collision. This may be seen by considering the
S -functions (refs. 1, 2) and neglecting all terms of order me / Mg, . It can also
be seen in another simple way. Neglect of terms involving the electron mass is equi-
valent to regarding the collision as an event which strips the electron from the atom,
forming a proton with the same mass and velocity as that of the atom before the coili-

sion. In the notation of reference 2, this means that

= Dl = Yy =%

~00,0
Since only the Cr) are involved, it follows that (the & -functions con-

taining the sign relevant to (B9) ):

—m)o -00,0

(B10) Qea‘p(Y‘) = Qeq_‘a,(r) i

B2. Integrals Occurring in the Calculation of the (b 's and .().'s

a. The Integral o, (/—L;\’)

Consider
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T (k2 -2m /6
(B11) J’l (/L,v) = f (., - X"‘cas")(,) ﬁfx SinX cl)L dx

¢ Yo

- CRE+kF - 2k, ke cosx )

with
2 M = | - 2(T+R&x)m/h%; -
1MQ

This integral (B11) occurs for the case of an ionisation collision where the particle
being considered is the incident (and scattered) electron. Conservation of energy in

the collision gives

2 2(2 2 42
®13) k ke =T+ ks + BEX
im, Zm, my

and since Mg ~v m, the reduced mass for the collision, it follows from (B11)

that
2 2
®19) A* = ke /Ro -

The following values of  J,; (/l»,\’) are required: (=00, 0 ), ( |, | )
(2,2 )42,0) (3,1 )

i. Integration over X

In equation (B11), integration over X  is readily effected
with the use of a substitution of the form x = cogz )X . This gives

(& -2m, I/ |
®15) J; (M,Y) = f (2/( RE- k3 — X'LI(V)) R¢X d&k

where

(Biﬁ) T() = 2 /(ﬁ:-ﬁ:)z
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ke
ey L() = hk‘ﬁz( Aoy L—:': + 4o ﬁfgz ::))1 )

| _ 2 ﬁ"-*'ﬁ Q:’-a-ﬁ_f ko "_{
@ [ (2) Akiﬁ?( (a* ﬁ*) T Rk ‘s ka+ Ry

Ignoring the logarithm term and, in addition, retaining only the terms which are

largest away from the threshold, these formulae are represented by

2 24V
(B19) I(v) = _2(k +k¢)
(R-k$)* (2 koky)Y

Accordingly, 3"' ( /u)\)) becomes

(&E-amI/5)"
@20 J (p,V) =

ii. Integration over X

Using ©K as defined previously, i.e

@21 ** = ke — 2m L/H",
‘lf and ) are
®22) Ry = ox*-X*

Vo=

(x*- :K’)/ﬁ: .

From equation (B20), J-l ( /A,V) can be written as

®23) J, (MY) = P(myv) — Q(m,v)

2 (&1+£f)v X dx .
(RS -kp)* (1- X )*&
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where

o
(B24) P(/u,v) = L ?—:;f—xéﬂél

(v 4 2 2\’
(m,v) = 2 kg kdr \* (R Re)
®25) QM L (k- &:)2 A (2 koky)

In general, for ionisation collisions of this type, the atomic electrons are ejected

with low energy. In view of this, the error introduced by replacing the terms

(B26) (ﬁ:— £;)°' = (x*+ am,L/6*)*

I 242
in the denominator by ( Ame / ﬁ ) is not unduly large. This simplification

gives

°< /2 3
~ - 2 (x*-x") Txdx  _ 2
(B27) P(/")V) [o (Zmrl/ﬁz)z’ - 3(2"‘1'1 /ﬁz)‘l

Again, in calculating Q (/4)\)) 5 in the term involving (ﬁ:-\- ‘l} ) , ;j(" is

neglected so that

®28) k. + ﬁfl = 2R - 2m /B -
~ 2 k:" zmrI/ﬁl

= k:.+°<1 .

In this case,

a2V « rzyrl
®29) Q(uY) = _2(ko+) (P8 * xdx ,
(2m.T /62)2 k;uw A _
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_ 2 (&%+ o)
(2me L /62)* 2% k2

where the § ( /u,v) are given by

(B30)

S(-o,0) = O
S (Hh) = S(2,2) = «3/3
S (3,0) = S(20 = X/
Finally, therefore,
| @3 J (~0,0) = _2 o3
: 3( erI/ﬁz)Z
~ (B32) Ji ( ) = 2 o3 (
; 3 (2mrI/ﬁ’)2
3
33) J, (2,2 = 2 &
®33) J, (2,2) 3(1mr1/ﬁ2)2(

2«3

®34) J, (2,0) =

20(3

(B35) J'; (3,1 =

b. The Integral L (V)
Consider
|
(K% -2m.L /62)7

ﬁ(:‘xd:K
o (2m L /f*+x*)*

m3e) L (mv) =

S (i)

3 (2meL /B)* ( 7

3(am, L/ f*)? (-
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(RS +o) )

2R
(R + o)
4 kRE )

3ot
5 R2

3 (kR + ™) )
o RS

(2 Y aEEn )

Vi
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This integral arises when the particle being considered is the ejected atomic electron.

For this case,
@31 N= | - (.ﬁt—:x’)/&f ’

the notation being as previously used in this section. (B36) is conveniently separated

into two parts, the first being independent of ( My V) . Taking

@8 Lpy) =W + X (p,v)

w o= 2 [ K(xt-x*)dx
o (z2m.L/f*+ &*)*

(B39)

~

with & as in (B21). Although it is possible to evaluate the integral in this form

(B39), usable expressions for calculating the Q's are only obtained if the denomina-
2\2

tor is replaced by (lmrI/ 1 ) as in earlier integrals of this section. With

this substitution, W is easily obtained:

23
B40) W = .
3(am, /69

The second part of integral (B36), with (B38) and using (B37), is

[= ¢
_ [ WMGeE) kgxdx
(B41) X(/u,v) - L (v-‘\'l)(lmr’l‘/ﬁ;)z
~ - (- BRXYE () Ry s ds
° ° (v+)(amnL/R*)*

For the individual cases,

B42) X (-o0,0) = X (1,1) = X (3,1) o
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while
o _
@43) X (2,2) = -f 2 ke xdx (‘_ _‘?_;'_‘_31")
° 3(amI/f*)* -
and this becomes
= - 2 «3  x®y
®1a) X (2,2) = ST (_§_ - 2 ) ,

while lastly,

(B45) X(2 O) = _I“Zkf\xd« (‘ _ .ﬁ—:—_’_—__z") - 3X(2,2)-
’ o (2m.I /%) ks

Using (B38), L ( M, V)  has the values

®we) L(31) = L) = L(eo,0 = 203

3(2m,L/0")?
L(2,2) = 2% 2 o )
= 2 o’ 3%
e L(20 = 30 T Tk
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Inverse Power and Attractive-Repulsive Type Interactions

For the sake of completeness, and to provide a comparison with the Born-
type calculations presented in this report, the inverse power and attractive-repulsive
type interaction classical calculationsof the .()_'s for elastic collisions are given.
These are as discussed by Chapman and Cowling, 3 and this Appendix is a summary

of the relevant parts of their tenth chapter.

Cl1. Inverse Power Repulsive Force

Let P be the force between two molecules of masses mp , Mg at a

distance T , satisfying the relation
. v
cy P = Ke/T.

By considering the equations of motion of the two particles, it may readily be shown

that, in polar coordinates ( ¥ , & ),

(C2) rle = const., = ¢ b
- v . l 1
Y { -t = = =
(C3) -;- (r*+ rre’) + m, Ky /'“j m, (4\,-,)10’ = const,, =9 .
b is the impact parameter of the collision, such that

(C4) & sin X dx = bdb
Writing

€5 v = b /r

vo = b ('“ngsz/mo:'{;ﬁ)"" >
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at the apse of the orbit

ce | —vr- ;?'.—, %-:,)vd =0.

Let Vi, denote the real positive root of (C8); then from the geometry of the collision

it is apparent that the angle between the assymptotes is twice the value of © corres-

ponding to V" = Use , and therefore )X has the value

\r@e r 2 \"l __;:
—vi- == _ (VM v
c7n X=1T- '2-/ (' VT4 (v:,) ) d
[~4
Using (C7), ¢Jk(£) can be transformed as follows:

w .
cy §; () = fo (1 - erty) go sinx dx

v-s %
(T ik )3 31":7[ (1- costx) vodvo
™ Mg (o]

N 2 V=g
("‘”o :KJ(() o g v /e(\’) 2
m; Mk
with A ‘e (V) a pure number depending only on A and v , and tabulated for
certain valuesof € and V in Chapman and Cowling.

2
Using this expression for d) (2) . 0 (r) is readily evaluated.

Since

© 2
2 A ~Y°_2r+2 ‘
(C9) _Q_J.k(r) = rr/Le Y d}g)dY,

it follows that 7..2 y-s _ 2
Y4 rr'/lAe(V) ZKJ'ﬁ'. (lﬁT)z(u") T(r+2- 35 )
C10 ‘ 2 . = .
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C2. Attractive-Repulsive Interaction

The forces between several types of molecules can be well approximated

to by an equation of the form
x. v x' / / v /
ciy P = X/ - Ky /r

_ /
(where the force P is taken as positive when repulsive, and v > y ).

Using a similar method to that indicated above, it may be shown that the angle X_ is

given by
i
VOO Vv_' 2 v vl_' d/I
- T - Cvre 2 (XY 2 (2 ) de
en x wmoa [ (e @) G
where

i
2 ——
©13) vo = b ( mimg g /mo:Kjg) V=i
/ b . 2/ ./ ) \’" -1
Vo = (mJ mkg m, :th
and Vo is the (least) positive root of the equation

Ll v~

cn 1 =-vi-35(R) * 55 (E) = O -

£
The evaluation of 4)@) and -O- (Y‘) are, for this potential, some-
what difficult in the general case. If, however, the attractive part of the field is weak,
/
fairly simple approximations can be made. When «jﬁ is sma_l_l, X canbe

written approximately as
’
V-V
/ am——
€15) X = KXo+ Xy Kjg /T VI
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where T is a mean temperature of the colliding particle types, and )Lo is the
value of X obtained when only the repulsive part of the interaction force is con-

sidered. Using this approximation (C15),

™ v’
@10 Q) ~ [ (1= cwst(n,+ 2% /T 1)) 9o sinXodXe
= (4, @), (1 +AD/TS) 5

where (¢J h@))o is identical with the q) Jk(‘e) of the previous case, and

'3@) is indepe: lent of T . Hence finally,
y

v-¥
(C17) Q\li("’) = (ka(‘“))o(\ + sJk(Q,r)/T vl )

¢ 2
where (Q ‘j"ﬁ(r) ) o 18 identical with the corresponding Q J-k(v) of the previous
/
part of this Appendix. ~ Sj, (‘e, r) is a function of ,2, vy Kig ):Kik , Vv and
v /, and is tabulated (in a component form) for the Sutherland and Lennard-Jones

molecular models in reference 3.
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