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Abstract

Nesterov’s acceleration strategy is renowned in speeding up the convergence of
gradient-based optimization algorithms and has been crucial in developing fast
first order methods for well-posed convex optimization problems. Although
Nesterov’s accelerated gradient method has been adapted as an iterative reg-
ularization method for solving ill-posed inverse problems, no general conver-
gence theory is available except for some special instances. In this paper, we
develop an adaptive Nesterov momentum method for solving ill-posed inverse
problems in Banach spaces, where the step-sizes and momentum coefficients
are chosen through adaptive procedures with explicit formulas. Additionally,
uniform convex regularization functions are incorporated to detect the features
of sought solutions. Under standard conditions, we establish the regulariza-
tion property of our method when terminated by the discrepancy principle.
Various numerical experiments demonstrate that our method outperforms the
Landweber-type method in terms of the required number of iterations and the
computational time.

Keywords: ill-posed inverse problems, adaptive Nesterov momentum
method, the discrepancy principle, convergence

1. Introduction

Ill-posed inverse problems are prevalent in various scientific and engineering fields, where the
goal is to determine an unknown quantity from indirect, incomplete, or noisy measurements.
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An ill-posed problem is characterized by the lack of stability, meaning that small changes in
the input data can lead to large variations in the solution. This instability makes direct solutions
challenging and necessitates the use of specialized iterative algorithms to obtain meaningful
results; see [6, 24, 28, 32, 34]. In this paper we will tackle ill-posed inverse problems by
developing an adaptive Nesterov momentum method with fast convergence.

Consider ill-posed inverse problems governed by the operator equation of the form

F(x) =y, ey

where F : dom(F) C X — Y is an operator between two Banach spaces X and ¥ with domain
dom(F). We assume (1) has a solution, i.e. y € Ran(F), the range of F. In practical scenarios,
some a priori feature information on the sought solution is often available. It is important
to integrate such information into the algorithm design. Let R : X — (—o0, 0] be a proper,
lower semi-continuous, p-convex function for some p > 1 that takes into account the available
feature information. We pick (xo,&p) € X x X* with & € OR(xo) as an initial guess, where X*
denotes the dual space of X and OR denotes the subdifferential of R. Our aim is to determine
a solution of (1) such that

D% (XT,XO) = min {D% (x,x0) : F(x) :y} , )

where D% (x,x0) denotes the Bregman distance induced by R at x in the direction &p; see
section 2.

In practical applications, data are acquired through experiments and thus the exact data may
not be available; instead we only have measurement data contaminated by noise. Let y° be a
noisy data satisfying

Iy =yl <6

with a known noise level 4 > 0. Based on the available noisy data, the Landweber-type method
for solving ill-posed problems has been discussed in [4, 10, 15, 16, 20, 25, 33] and in particular
the method of the form

E1 =& — L) I (F(x) =), 3)
) . )
X1 = argmin {R(x) - <5k+17x>}
xeX

has been considered in [15, 20] for solving (1), where a,f > 01is the step-size, J, { 1Y — Y*isthe
duality mapping of Y with the gauge function ¢ — #*~! for some s > 1, and {L(x) : x € dom(F)}
is a family of properly chosen bounded linear operators. In case F is Fréchect differentiable at x,
we may take L(x) to be the Fréchet derivative of F at x; otherwise, L(x) should be appropriately
chosen to substitute the non-existent Fréchet derivative. This method has been thoroughly
analyzed in [15, 20] when it is terminated by the discrepancy principle

IF () =3Il <6 < |F () =l 0<k<ks “

for some 7> 1 and the regularization property has been established when the step-size is
chosen by

s pol | F (xg) —y°[| =1
@ = Min SNF IV (F (40 — o
1L () I (F () =) II?

i l|F (x9) —y‘sl”“‘} 5)
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with suitable parameters p and p;. Due to its simplicity of implementation and low com-
putational complexity per iteration, Landweber-type method is a popular choice for solving
ill-posed inverse problems.

It is known that Landweber-type method is a slowly convergent method. As alternatives,
second order iterative methods, such as the Levenberg—Maquardt method [9, 21], the iter-
atively regularized Gauss—Newton method [3, 22], and the nonstationary iterated Tikhonov
regularization [7, 23], have been considered for solving ill-posed problems. Although these
methods require less number of iterations to satisfy the respective stopping rules than the
Landweber-type method, they always require more computational time in dealing with each
iteration step. Consequently, the overall performance of these methods is even worse than the
Landweber-type method for moderate and/or large size problems. Therefore, accelerating the
Landweber-type method while preserving its straightforward implementation feature becomes
significantly interesting.

Nesterov’s acceleration strategy was proposed in [29] to speed up the convergence of
gradient-based optimization algorithms. It has played a vital role on the development of fast
first order methods for solving well-posed convex optimization problems [1, 2]. Based on
Nesterov’s acceleration strategy, an accelerated version of Landweber-type method has been
proposed in [15] and a refined version of the method takes the form (see also [16, 36])

5 k=1

& =0p ‘*‘m(ef—eil)’

of = argmin {R () — ()} ©
O =& — il (Zlf)*JS (F () =)

with > 2 and a suitable step sizes «); after the iteration is terminated by a suitable stopping
rule to output a stopping index ks, we then use

x, =argmin {R (x) = (0f,,%) }, @)

as an approximate solution. Actually, when Y is a Hilbert space, s = 2, and F is a bounded linear
operator, the corresponding method of (6) and (7) can be derived by applying Nesterov’s accel-
erated gradient method to the dual problem of (2), see [16]. The numerical results presented
in [15] demonstrate the striking acceleration effect of the method (6). Inspired by the numer-
ical observations in [15], further interest has been sparked on Nesterov acceleration method as
seen in [14, 26, 27, 30]. The analysis of (6) however is extremely challenging and no efficient
tools have been developed to analyze it in its general form. To the best of our knowledge, the
following results are the only available ones on the method (6) in the context of regularizing
ill-posed problems:

e When X and Y are Hilbert spaces, F : X — Yis abounded linear operator and R (x) = ||x||?/2,
the corresponding method takes the form

4 5

_ ) ) S _ .0 * 1 &
Zk—xk—|— xk—xk_l), xk_;,_]—Zk—OéF (sz_)’)

k+7(

with x| = xJ =0 and v > 2. When 0 < o < 1/||F||?, the regularization property and the
order optimality of the method have been established in [26, 30] under either a priori stop-
ping rules or the discrepancy principle

IFxd, =y <76 < | = Y°ll, 0<k<ks ®)
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with 7 > 1. Note that the implementation of this method under (8) requires to evaluate not
only Fz,‘cS — 9 but also Fx;{s —y? at each iteration step. Recently, it has been shown in [27]
that the same convergence and convergence rate results as in [26] can be established when
the method is terminated by the alternative discrepancy principle

[Fzp, =Y | <76 < |[Fzf —°|l, 0<k<ks ©9)

which can save one-third computational time per iteration.

e When X is a Banach space, Y is a Hilbert space, and F : X — Y is a bounded linear operator,
the method (6) has been considered in [16]. It has been shown in [16, theorem 3.8] that if
the sought solution x' satisfies the benchmark source condition

Faleor (xT) for some AT € Y,
then

I, ="l =0 (5)

if the stopping index ks is chosen such that k5 ~ §~!/2. This demonstrates the acceleration
effect over the Landweber iteration because the latter usually requires O(§~!) iterations to
achieve the same convergence rate. However, if no source condition is assumed, no con-
vergence is yet available. Furthermore, nothing is known when the discrepancy principle is
used to terminate the iteration.

Given the fast convergence of the method (6) observed in numerical experiments and the chal-
lenges in analyzing it theoretically, it is natural to consider modifying (6) to achieve provable
convergence while maintaining its efficiency. By modifying the first equation in (6) by

& =0, 45 (07 —07_,) (10)

with a momentum coefficient ﬁ,‘f to be determined, a two-point gradient method has been
proposed in [13] for inverse problems in Hilbert spaces and then extended in [36] for inverse
problems in Banach spaces. This method requires to determine at each iteration step a value
3 > 0 such that

((80)°+88) 165 = 071117 = cafIF () =7 <, ()

where ¢ > 0 is a constant arising from the analysis. Note that z,f depends on B,f, SO one can not
simply solve (11) to determine 5,?. Instead, a backtracking line search procedure is required
to find a value of B,‘f that satisfies (11), see [13]. However, running a backtracking line search
necessitates multiple evaluations of the forward operator at each iteration step, which incurs
additional computational time and thus slows down the convergence.

In this paper we will consider a variant of (6) with the first equation replaced by (10) and
with a,‘f and 6,? being chosen by adaptive procedures; these a,‘f and ﬂ,‘f are given by explicit
formulae and thus a backtracking line search procedure can be avoided. A notable difference
is that, instead of using x,‘fé given by (7), we will use z,‘f as approximate solutions. By renaming

4
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z,f as x,f and rearranging the order of equations in (6), it leads to the following iteration scheme

elerl :fif _O‘lfL (xif)*JsY (F(xlf) —y5) )
o =00+ 8 (00, —07), (12)
3y = argmin {R (x) — (€0,,,0) },

where (x§,£3) = (x0,&) € X x X* with & € OR(xo) is an initial guess, and 6 := £J. In order
to determine a,‘f and B,f such that the method (12) has fast convergence property, we will con-
sider the R-induced Bregman distance between x{ and a solution % of (1) and choose o and 37
such that this quantity to be as small as possible. Unfortunately this Bregman distance involves
a solution & which is unknown, we can not directly minimizing this quantity to obtain o and
B,f in general. Instead we will derive a suitable upper bound of this quantity and then minim-
ize this upper bound to produce a,‘f and ﬁ,f successively. This leads us to propose the adaptive
Nesterov momentum method for solving (1) using noisy data. We further demonstrate that
our method is a well-defined regularization method. Extensive numerical simulations illus-
trate that our adaptive Nesterov momentum method accelerates the Landweber-type method
by significantly reducing the number of iterations and the computational time.

Recently, an adaptive heavy ball method has been proposed in [17] to solve ill-posed inverse
problems. This iterative method takes the form

€ =& —ofL () Y (F () =»°) + B (& — &), )
x,f+] = argar‘lgi)rfl{R(x) - <€l§+lax>}
with the step-size a,‘f and the momentum coefficient ﬂ,f being chosen adaptively. This method
is a modification of (3) by adding the momentum term 37 (£ — &) ,) to achieve acceleration.
Our adaptive Nesterov momentum method is different from the method (13). Indeed, for the
method (12) it is easy to see that

flerl = flf - 6 (xlf yé) +ﬁ (el(chrl - 6‘1(3)
—)+ B ( Q- If—l)

§( 87 (LO)* s ) * s s

e (akL(xk) TF (D) =) = af L (o) T (F () —»7) ).

Comparing with the update of f,f 1 in (13), the update of §,f 1 in (12) relies on the extra term

0 (ofL ()" (F () %) —af AL ()" 2 (F (1) )

which distinguishes the method (12) from (13).

This paper is organized as follows. In section 2 we will give some preliminaries from convex
analysis and Banach spaces. In section 3 we will provide the detailed procedure for determining
the step-size o) and the momentum coefficient 3¢, describe the adaptive Nesterov momentum
method and show that the method is well-defined. In section 4 we will further demonstrate
that our adaptive Nesterov momentum method is indeed a regularization method for solv-
ing ill-posed inverse problems. Finally in section 5 we will provide various numerical results
to demonstrate the acceleration effect and the superior performance of our method over the
Landweber type method.



Inverse Problems 41 (2025) 025005 Q Jin

2. Preliminaries

In this section we collect some necessary concepts and properties related to Banach spaces
and convex analysis; for more details please refer to [5, 31, 35].

Throughout the paper we will use the same notation || - || to denote a norm in any Banach
space; it should be clear from the context that which space is alluded to. Let X be a Banach
space, we use X* to denote its dual space. Given x € X and £ € X*, we write (£,x) = £ (x) for
the duality pairing. For a bounded linear operator A : X — Y between two Banach spaces X and
Y, we use Ran(A) and A* : Y* — X* to denote its range and adjoint respectively. The modulus
of smoothness of a Banach space X is the function

px (1) = sup{[lx + oyl + [lx = ayl| = 2 [l = [ly = 1}, £>0.

If limy o px—t(t) =0, then X is called uniformly smooth. For any 1 < s < oo the set-valued map-

ping JX : X = X* on a Banach space X defined by
F )= {€€ X" ¢ ¢l = Il and (¢,x) = [lx|]'} (14)
is called the duality mapping of X with gauge function  — #~!. By the Hahn—Banach exten-
sion theorem, JX (x) # () for each x € X. If X is uniformly smooth, then the duality mapping JX
for any 1 < s < oo is single valued and is norm-to-norm continuous from X to X*.
Given a convex function f: X — (—00, 00|, we use

dom(f) :={xe X :f(x) < o0}

to denote its effective domain. If dom(f) # (), then f is called proper. The subdifferential of f
is the set-valued mapping Jf: X = X* defined by

If(x):={¢ X" :f(X) —f(x) — ({,x—x) > 0 forall x € X}
for each x € X. The domain of Jf is defined by

dom (9f) := {x € dom (f) : Of (x) # 0} .
For x € dom(9f) each element £ € Jf(x) is called a subgradient of f at x. According to Asplund
theorem, for 1 < s < oo the subdifferential of the convex function f;(x) := ||x||*/s on a Banach
space X is exactly the duality mapping J%, i.e.

af; (x) sz(x), Vx e X.

The Bregman distance induced by a proper convex function f: X — (—o0,00] at x € dom(9f)
in a direction ¢ € Of(x) is defined by

D} (%,x) :==f(X) —f(x) — ({,x—x), VieX
which is always nonnegative and satisfies the identity

Dﬁz (x,x2) — ngl (x,x1) = D;’:z (x1,%2) + (& — &1,x1 — x) s)
for all x € dom(f),x1,x; € dom(9f), and &; € If(x1), & € Of(xa).

6
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A proper convex function f: X — (—00,00] is called p-convex for some p > 1 if there exists
a constant o > 0 such that

F(t5+ (1= 1))+ ot (1= 1) x5 < o () + (1 - 1)f(x) (16)
for all x,x € dom(f) and ¢ € [0, 1]. It is straightforward to show that if f is p-convex then

D} (x,x) > ol|x —x||" a17)

for all X € X, x € dom(9f) and £ € If(x).
For a proper, lower semi-continuous, convex function f: X — (—o0, 00, its convex conjug-
ate defined by

fH(©) =sup{(&x) —f()}, eX

xeX

is also a proper, lower semi-continuous, convex function and

§€0f(x) == x€0f (§) == f(x) +/"(§) = (£,x). (18)

Moreover, if f is p-convex with p > 1 then it follows from [35, corollary 3.5.11] that dom(f™) =
X*, f* is Fréchet differentiable, its gradient Vf* maps X* to X and

or @ -vr @i < (B2 vagex. (19)
Consequently, it follows from (18) that
x=Vf'(€) &= € € f(x) = x = argmin{f(z) — (£,2)}. (20)

Furthermore, for any x,x € dom(9f), & € 9f(x) and £ € If(¥) it follows from (18) and (19) that

D (5,3) = £ (6) —f* (§) — (€ — &,V (§)) < ,,*(ziy*—l”ﬁ‘f_””*’ 1)

where p* := p/(p — 1) is the number conjugate to p.

3. The adaptive Nesterov momentum method

In this section we will consider the method (12) and provide a motivation on how to choose
a,‘f and B,f adaptively. We then show that the resulting algorithm is well-defined. We will work
under the following standard conditions.

Assumption 1. R : X — (—o0, 0] is a proper, lower semi-continuous, p-convex function for
some p > 1 in the sense that there is a constant ¢ > 0 such that

Rtx+(1—0)x)+ot(l—0)[x—x|P <R &)+ (1—1)R(x)

for all x,x € dom(R) and 0 <z < 1.

Assumption 2. (i) X is a general Banach space, Y is a uniform smooth Banach spaces.

7
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(ii) There exists p>0 such that B,,(xo) C dom(F) and (1) has a solution X such that

DR (%,x0) < op”.
(iii) There is a family of bounded linear operators {L(x) : X — Y} cp, (x,) such that x — L(x)
is continuous on By, (xo) and there is 0 < 7 < 1 such that

[F(x) = F(x) = L(X) (x = X) [| < 0| F(x) = F () |

for all x,% € By, (xp). Moreover, there is a constant L >0 such that ||L(x)|| < L for all
xe sz ()C()).

Under assumptions 1 and 2, it is easy to show that the problem (2) has a unique solution
[20, lemma 3.2] which is denoted by x'.

In order for the method (12) to have nice approximation property, we need to choose a,f and
37 carefully. We set 3%, = 0and 0° | = 63 = &3, then £ = 63 + 8° (65 — 6° ). Note that, by
the last equation in (12) and the equation (20), we have S,f S BR(x,‘f) for all integers k > 0. Let
X denote any solution of (1) in B,,(xp) Ndom(R ), we consider the Bregman distance

A =D (2,5) = R(¥) — R (x]) — (¢f & —x))

to measure the approximation accuracy of x,f to x. It follows from (15), assumption 1 and (21)
that

5 5 Sh1 (5 5 5 5 5«
A — AL =DR (.00 ) + (G — &2 — %)
1 5 Sip” 5 5 5 -
S oo €kt — &P+ (Gyy — &0 X — X)-
p*(20)

To carry out the analysis in a succinct manner, we set
5 ) s
e ::F(xk) —y°.
From the first two equations in (12) it follows that

&1 =& — oL () I (1) + 5 (601 — 65) -

Therefore
1 * r*
Ay = A € ——— |8 (611~ 60) —ofL () 01 () |
p*(20)
+ (B (80— 00) = oL ()"0 (1) o — ). @)

In order to produce efficient a,‘f and B,f , we need to estimate the right hand side of (22) as tight
as possible. To this end, we first consider the special case that X is a Hilbert space and p =2,
we then consider the general case.

When X is a Hilbert space and p =2, we can obtain from (22) that

1 * 2
ALy = A< o || (0~ 00) — ofL ()91 () |

(B8 (0= ) oL (D)2 () o —5).
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By using the polarization identity in Hilbert spaces to treat the first term on the right hand side,
we then have

1 2 * 2 1 2

GO CARAC I GO A
1 *

— 5ol B (L) I () 0L, — o)

—af () L () (+ — %)

+ 800, — 00, %) —3).

§ §
AVASEAVES

Assume x{ € B,,(xo). By using ||y? — y|| < 6, the property of duality mapping and assumption
2 (iii), we can obtain

= (5 () L () (6 = %)) = = (5 (1) F () =3°) = (s (1) 3° =)
= 0R)y = F () =L () (k= x0))

<= NRIP Sl P+ allr 1y = F () |
<= (L= I° + (L +m) 8P (23)
Consequently
1 2 * s s—
Afer = A8 < o () 112 () IE ()P = (1 =m) o121+ (14 m) agd 1
1 2 1 *
o (810 — 0712 — ol BT (L (<) 72 (1) 0L, — 07
80 (81— 000~ 5. en

In order to have a fast convergent method, it is natural to find o and 3¢ such that the right hand
side of (24) to be as small as possible. We can not minimize the right hand side of (24) with
respect to a,‘f and B,f simultaneously because the definition of 69 1 requires the knowledge of
. Therefore, we will first determine how to choose o and then use af to make a choice
of B2.

Note that when ﬁ,‘f =0, all the terms involving B,f on the right hand side of (24) drop and
only the first three terms survive, i.e. the right hand side of (24) becomes

1 *
= (@) ILED) I () 1P = (L =m Il = 1 +md) a1 25)

In order to guarantee this quantity to be negative, we need to choose ! such that

4o ((L=m) Il = A +m)0) 2]l

0<a,‘§< =
LG5 () 1P
in case
1+n
5
> ——0. 26
I4> = 26)
This motivates us to choose ! as
oo (=) 1] = (1 +m) 8) [l _
o) ::mm{ ( ka — 2) k |l )P 27
I ()" 7 ()

9
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when (26) holds, where 0 < 149 < 40 and p; > 0 are two preassigned numbers; the appearance
of p11]]r{||>~* is used to enhance the stability. We remark that one may consider choosing o
to minimize (25) over the interval [0, 11 || ||>~*] which consequently leads to the choice of o
given by (27) with pg = 20. However, we will use (27) which has the flexibility of tuning p
to achieve overall better performance during the whole iteration process.

By plugging the choice of a,‘f from (27) into (24) we have

1 -
A=Al <= (1= 22) al (L =m Il = (1 +m) o) I

40
1 2 1 *
30 (B0 108 =071 = 5-of BT (L ()" (1) 67,1 —0f )
+ B2 {07, — 0F ,x; — ). (28)

Since o has been chosen, we can calculate 6} ;. Next we determine how to choose 3. A
natural idea is to choose ﬁ,‘f such that the right hand side of (28) is minimized over some
interval [0, 5] with 0 < /3 < oo to be set by users. This gives

of (L) (1) 60— 0]) 2000, |

1621 — 61 ’

B,f:min max ¢ 0,

whenever 0,‘3 1 #* 9,‘3, where
Wit = (01 — 00, % — %). (29)

However, this formula for 3 ,‘f is not computable because it involves v,f '+ Which requires know-
ledge of the unknown solution x. We need to replace the term fy,f | With a suitable surrogate.
According to the first two equations in (12) we have

00 =6 —afL(x}) I () =00 + By (67 —05_)) — oL (x))"J¥ (1)) .
Therefore
i = (B0 (6] 001) —ofL (<) 2 () o] — %)
=B, <91(<S — 001X} —x,‘371> + B, <91(<s — 001Xy, _5‘>
ol (7 (1) L () (o - 3))-

By virtue of (23) we then have

71§+1 <A <91(cS —0)_1,x) —x1§71> + B0 = (L=n)ag ||
+ (1 +m) dagllrg | (30)

This motivates us to define {7} by setting 5] = 0 and

e =By (08 = 05128 =) + B3 — (L=m) o |1

+(1+n)dag " 31)

for k>0 once x{ for 0 <I<k, of for 0<I<k, and 3 for 0 <I<k—1 are defined.
Therefore, by using ﬁ,f | toreplace v,f ', - itleads us to propose the following adaptive Nesterov

10
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momentum method for solving ill-posed inverse problem (1) when X is a Hilbert space and
p=2.

Algorithm 1 (adaptive Nesterov momentum method: X is Hilbertian and p 2). Take
& € X, calculate xq := argmin,ex{R(x) — (£0,x)}, and set x° | = x3 = xo, 0 = &] = &. Pick

T>1, uo >0, uy >0, s> 1, and a user defined sequence {ﬂk} of positive numbers. Let
B2, =0,35 =0and mj = 0. For k > 0 do the following:

(i) Calculate r§ := F(x) — y°. If ||r¢|| < 76, stop and output xJ;
(ii) Calculate g,f ::L(x,‘f) JY( ) choose a,‘f asin (27), i.e.

s o ((L=n) IR = (1 +m)8) IR sp2—s (.
sl 0

o :=min
gz 112

(iii) Determine 57, | by
~ 5 5 —
Fonr = — (L= R[]I + (1 +m) s |~
+ B, <mlfvxk X 1) + BP_1 A
(iv) Update 82, by 09, =& —adg?, calculate m?, , := 67, , — 6? and determine 3? b
p k+1 0¥ Vg k 8k k41 k+1 — Yk © DY
. af (g0 md, ) =207 } 5 } e S
k \ok k41 k+1
ﬁ;f _J min {max {0, R s Br ifmp, | #0,
0 itmg, | =0;
(v) Update &, | and x{_ | by

§1§+1 0k+1 +Bkmk+la x,‘f+1 = argrxnei)r(l{R(x) - <f/§+1,x>} .

Before presenting the analysis, let us give some remarks on algorithm 1 concerning
the produced momentum coefficients and its computational complexity compared with the
Landweber type method (3).

Remark 3.1. The momentum coefficient ﬂ,‘f produced by algorithm 1 is always nonnegative.
We would like to point out that algorithm 1 actually can produce 5,f > 0 frequently. To see this,
it suffices to show that if 3_, = 0 for some k > 0 with ||rJ|| > 74, then it must hold 5 > 0.
Indeed, when B,‘f_l =0, from the description of algorithm 1 we can see that

<0 0 O11,9(15—

Fepr == (L= Il = A+ 8) I~ <0
and

5 _pé 5 _ ¢8 5 § 86 _p5 8 5.6 _ 5 9.
My = 9k+1 —0p =& — O —apgr = Be_imy — apgp = — gy

consequently, by using the choice of oz,f, we have

~ 2 —
o (80 miyr) — 20701 = — (a2) Il I* +20 (1 =) ]| = (1 + 1) 8) ag | [*"
> (20— po) (L=m) Il = (1 +m)8) ag | |*~" >0

1
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if 0 < 19 < 20. Moreover, by using the property of duality mapping, assumption 2, and ||¢|| >
76 with 7 > (1+n)/(1 —n), we have

(80,20 — %) = (7 (1), L () (x) — %))
= ()R +Y —y+y—F(x) —L(®) (F—x))
[rell* = ol =" = mllrg P~ IF (x7) =yl

>
> (L= IRl = (L+n)8) [P~ >0

which implies gl‘z # 0 and hence m,‘f 1 7 0. Therefore, based on the above facts and the defini-
tion of 3¢ it is easy to see that 3¢ > 0. The frequent occurrence of 37 > 0 contributes to a fast
convergence of algorithm 1.

Remark 3.2. Note that, for the implementation of one step of algorithm 1, the most expens-
ive parts are the calculations of r{, gf and x{,, which are common for the Landweber-type
method (3); the computational load for other parts relating to oz,f, ?y,f and ﬁ,‘f can be negligible.
Therefore, the computational complexity per iteration of algorithm 1 is marginally higher than,
but very close to, that of one step of the Landweber-type method.

In the design of algorithm 1, the discrepancy principle has been incorporated, i.e. the iter-
ation stops as long as || || < 76 is satisfied for the first time. In the following we will prove
that algorithm 1 is well-defined by showing that the iteration indeed can stop in finite many
steps.

Lemma 3.3. Consider algorithm 1 and let n > 0 be an mteger such that xk € By, (x0) for all
0<k<n. Deﬁne’y,iS by (29) for 0 < k < n. Then’y,f <7k forall 0 < k< n.

Proof. Since vg = &g =0, the result is true for k =0. Assume next that 'y,f < 7y,‘f for some
0 < k < n. By noting that 5,?_] > 0, we may use (30) and the definition of 'Ny,f 1o obtain

Verr < Booy (oo —xg_y) + B — (L=m) @l I + (1 +m) S| |
< By (mi o —xd_y) + By — (L=m) a2 | + (1 +m) dag | |~
~6
= Yi+1
By the induction principle, this shows the result. O

Lemma 3.4. Let assumptions 1 and 2 hold with X being a Hilbert space and p = 2. Consider
algorithm 1 with 0 < pp < 4o and 7> (14n)/(1—=n). Let n >0 be an integer such that
[|72]| > 70 for all 0 < k < n. Then x{ € By, (xo) for all 0 < k < n and

Afyr <A —coof [

s
for all 0 <k <n, where co:= (1 —42)(1 —n— 1+n) A = D% (%,x0) and % denotes any
solution of (1) in Bz, (x9) Ndom(R).

Proof. We first show by induction that
S
x) € By, (x9) and D% (xT,x,f) < D% (xT,xo) (32)

for all integers 0 < k < n. Itis trivial for k = 0 as &) = & and x) = xo. Next we assume that (32)
holds for all 0 < k < [ for some [ < n. According to (28), 5; > 0, and lemma 3.3 we have for

12
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any solution x of (1) in B, (xp) Ndom(RR) that

ALy —a] <= (1=22)af (L=m Il = (1+m)8) 1]~
1 1
f( ) Hmz+1||2 004?515<8?am?+1>+5f’715+1
( ) af (1= sl = (1)) "

1 -
+ E 8 ) lmfy|* = %a?ﬁf (&) mier) + B
Note that 37 is the minimizer of the function 1 — /() over [0, 3], where
1 2llmd. 12 U s/5 6 5
b (t) := P my |l _%O‘lt<glaml+l>+t%+la

we can conclude that
Ay — Af<—<1 %
(-
(-

Since § < ||79|| /7, we can further obtain

1+ ) s
ata-af < (1= 50 (1-0- T ol = - 1.

Jaf ((L=m) Il = (1+m)8) 111"+ (87)
)ad (=)l = (1+)8) 711" + 1 (0)
)ad ((L=m) I = (1+m)8) 711" (33)

L

4o

By virtue of this inequality with X = xT, the induction hypothesis, we have
it 5 < DE (it 4 <D (xf < on?
DR (x'xi,) <Dy (x',x7) < DR (x',x0) < op

which together with the strong convexity of R implies that o ||x? 'l —xT||> < op? and hence
|[x{,; — xT|| < p. Since [[xT — xo|| < p, we thus have [[x{, | — xo|| < 2p, i.e. x) | € By,(x0). We
therefore complete the proof of (32). As a direct consequence, we can see that (34) holds for
all 0 < I < n which shows the desired result. O

Based on lemma 3.4 we now can prove that algorithm 1 is well-defined, i.e. iteration must
terminate in finite many steps and the iterates always stay in B,(xo) until the iteration is
terminated.

Theorem 3.5. Let assumptions 1 and 2 hold with X being a Hilbert space and p = 2. Consider
algorithm 1 with noisy data y° satisfying ||y’ — || < & with noise level § > 0. Assume that
0 < pg <4oandt > (1+n)/(1 —n). Then the algorithm must terminate in finite many steps,
i.e. there exists a finite integer ks such that

||rk5H o< ||, 0<k<ks. (35)

13
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Proof. Let/ > 0be aninteger such that ||r¢|| > 76 forall 0 < k < I It then follows from lemma
3.4 that

! 1
8 § 5 .
0022041(3”7’2”é Z A1<+1 =A)— A <A :D% (%,%0) -

k=0

According to the choice of af, the property of duality mapping, and ||L(x)| < L for all x €
B>, (x0), we can see

. 1—n—1+n) /72| _ _
ag > min MO( n - (* 77)6/ )” kH " ||r]<§||2 sV> e ||r]<§||2 s
1L (x0)" Y () |12

for all 0 < k <[, where

1
c :mm{lzg <1—77—j:77>7u1} > 0.

1 !
(14 1) coe17%6% < cocy Z I179]1? < COZa,‘ergH" < D% (%,%0) < 00.
k=0 k=0

Thus

If there is no finite integer ks such that (35) holds, then we can take [ to be any positive integer.
Letting / — oo in the above equation gives a contradiction. Thus, the algorithm must terminate
in finite many steps. O

Next we turn to consider the case that X is a general Banach space. We do not have the
polarization identity to use any more. To deal with the first term on the right hand side of (22),
we use the following elementary inequality

l—q
(a+b)" < (7T 1) a4

forany a,b > 0, ¢ > 1 and ¢ > 1. Let us fix a number ¢ > 1. From (22) and (23) it then follows
that

Afp = A
1 1 1—p~ N
S oy (f<f”*“ —1) 182 (6241 = 00) 17"+ tll L (x0) ™Y () [P )
=0 (I (%) L () (o = %)) + B¢ (041 — 07,5 — )
< ﬁ(@ )L (R) P = (A =m) 2]l = (L+m) 8) o [l
p*(20)
(1 —1)"" . . )
O ) 008+ B 00—, (36)
p*(20)

When (26) holds, by dropping the terms involving ﬂ,‘f we may use the same reasoning as above
to motivate the choice of o as follows

N _ P18 (p=1)(s—1)
s p (=) lrgll = (L) 8)" (I 5p—s
«; = min — = , T , (37
? {m(t> L F T Tl ES)

14
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where 0 < 9 < 20 and p; > 0. Once a,f is selected, we may use the above same procedure to
select 37 as

1

_ =15 =
5 . (20 (' - 1))p Vk+1 A
B¢ = min (maX{O,— e _eng* +  Br (38)

k+1

with a user-defined Bk > 0, where ’y,f 1 is defined by (31). Putting all these together leads to
the following adaptive Nesterov momentum method for the general situation.

Algorithm 2 (adaptive Nesterov momentum method: general case). Take &, € X*, calcu-
late xo := argmin,ex{R(x) — (£, x)}, and set x° | :xg = X0, 93 = fg =&o. Pick 7> 1, pp >
0, gy >0, s>1, t>1, and a user defined sequence {Bk} of positive numbers. Let Bil =0,
%3 =0and mg = 0. For k > 0 do the following:

(i) Calculate r{ := F(x0) —y°. If || || < 7, stop and output xJ;

(i) Calculate g := L(x))*JY(r{), choose o as in (37), and define 57, | by (31).
(iii) Update 67, , by 6, | = & — afg?, calculate my, | := 6, | — 07 and determine 3] by (38).
(iv) Update &, and x{, | by

§1f+1 = 02—}-1 +Blfm1§+la x1§+1 = argrglei)r(l{R(x) - <§f+1,x>}.

For algorithm 2 we may use the same argument for proving theorem 3.5 to obtain easily
the following result.

Theorem 3.6. Let assumptions 1 and 2 hold. Consider algorithm 2 with noisy data y° satisfy-
ing ||y’ — || < & with noise level § > 0. Assume that 0 < pg < 20 and 7 > (1+n)/(1 —n).
Then the algorithm must output a finite integer ks satisfying ||r,‘36 | < 76 for the first time.
Moreover x,f € By, (xo) for all 0 < k < ks and there is a constant ¢, > 0 such that

Afyr <A —cqo ||

)
for a(ll ()) < k < ks, where A;z = D% ()Ac,x,f) and X denotes any solution of (1) in By,(xo) N
dom(R).

4. Convergence analysis

In this section we will show that our adaptive Nesterov momentum method is a regularization
method for solving ill-posed problems. We will focus on algorithm 1; the same argument can
be adapted easily to analyze algorithm 2. Let ks be the integer determined by the discrepancy
principle (35), we will show that x,fé converges to a solution of (1) as  — 0. To this end, we
will consider the counterpart of algorithm 1 with the exact data and investigate its convergence
behavior. We will then connect algorithm 1 with its counterpart for exact data by establishing
a stability result. Based on these results, we will show the regularization property of algorithm
1 finally.
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4.1. The method with exact data

We first consider the couterpart of algorithm 1 with exact data. For convenience we give the
detailed formulation of the corresponding algorithm in the following.

Algorithm 3 (adaptive Nesterov momentum method with exact data: X is Hilbertian and
p=2). Take & € X, calculate xp := argmingex{R(x) — (£,x)}, and set x_; = xp, 6y = &o.
Pick o > 0, 11 > 0, s > 1 and a user defined sequence {Bk} of positive numbers. Let 5_; =0,
o = 0 and mo = 0. For k > 0 do the following:

(i) Calculate ry := F(x;) —y and g := L(x)*JY (r1), choose ay by

. 1— nell® —s .
oy { min {2 P i o,
0, if o =0;

(i) Determine ;. by
Frrr = — (L=n) cwllrel* + Be—1 {mue, X — Xi—1) + Br—17;
(iii) Update 6;11 by 0x11 = & — cugy, calculate my 1 := 61 — 0y and determine (3, by
e { min{max {o, %} ,Bk} ifmg, £ 0,
0 ifmgy; = 0;
(iv) Update &4 and x4 by

Skt = Okt + Bimiy1, X1 = argrxr.leiQ{R(x) — (Gr1,2) )

By using the similar argument in the proof of lemma 3.4, for algorithm 3 we can easily
obtain the following result which in particular demonstrates that x; € B, (x) for all integers
k > 0 and hence algorithm 3 is well-defined.

Lemma 4.1. Let assumptions 1 and 2 hold with X being a Hilbert space and p = 2. Consider
algorithm 3 with 0 < iy < 40. Then x € By, (xo) for all integers k > 0 and for any solution X
of (1) in By, (xo) Ndom(R) there holds

A1 < A —croy|re’,  Vk>0,

where A == DS (%,x;) and ¢, := (1= 2 (1—n) > 0. Consequently { Ay} is monotonically
decreasing and

o0
ZakHrkHS < 0.
k=0

In order to show the convergence of the sequence {x;} generated by algorithm 3, we need
the following general convergence result; see [20, proposition 3.6] and [18, proposition 2.3].

Proposition 4.2. Let assumptions 1 and 2 hold and consider the equation (1). Let {x;} C
Bs,(x0) Ndom(R) and {&} C X* be such that

(i) & € OR(xx) for all k;
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(i) for any solution x of (1) in B,,(xo) Ndom(R) the sequence {D% (%,xx) } is convergent;

(iif) Ty || F (i) — ]| = 0.

(iv) there is a subsequence {k,} of integers with k, — oo such that for any solution x of (1) in
B),(x0) Ndom(R) there holds

lim sup | (&, — &, %k, —X)| = 0. (39)

=00 n>l
Then there exists a solution x* of (1) in By,(xo) Ndom(R) such that

lim D% (x*.x;) = 0.
dim D (x", ) = 0

If. in addition, &1 — & € Ran(L(x1)*) for all k, then x* = xT, where x' denotes the unique
solution of (1) satisfying (2).

Based on lemma 4.1 and proposition 4.2, we are now ready to show the convergence of
algorithm 3.

Theorem 4.3. Let assumptions 1 and 2 hold with X being a Hilbert space and p = 2. Consider
algorithm 3 with 0 < pig < 40 and [ := sup;( By < 1. Then there exists a solution x* of (1)
in B, (xo) such that

lim DS (x*,x) =0 and  lim [jx, —x*|| =0. (40)
k— 00 k—00

If, in addition, Ran(L(x)*) C Ran(L(x")*) for all x € Bs,(xo), then x* = xT.

Proof. We will use proposition 4.2 to prove the conclusion. The item (i) in proposition 4.2
holds automatically by the definition of x;. According to lemma 4.1 we immediately obtain
the item (ii) in proposition 4.2. To show item (iii), from the definition of {cy} we note that,
when ry # 0, there holds

o (1 —m) || f* = -
ak:mln{WWaMIH”kW ' >C3Hrk||2 *

with ¢3 := min{po(1 —n)/L*, 11 }. Thus og||r||* = c3|r]|? for all k > 0. From lemma 4.1 it
then follows that

o0 o
3> lndll? < el < oo (41)
k=0

= k=0

This in particular implies (iii) in proposition 4.2, i.e.

lim ||rg]| = 0. 42)
k— 00

We now verify (iv) in proposition 4.2. By taking a sequence {& } of positive number such that
> ie ek < 00, we define

Oy = || 7l + ex.
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It then follows from (41) that
oo
Sy < o, (43)

Moreover, since {®y} is a sequence of positive numbers satisfying ®; — 0 as k — oo, we can
choose a strictly increasing sequence {k,} of integers such that ky = 0 and k,, for each n > 1,
is the first integer satisfying

kn > ki1 +1 and & < Py

n—1°
For this chosen {k,} it is easy to see that
O =2 Py, VO<k< k. (44)

For the above chosen {k, }, we now show (39) for any solution X of (1) in B;,(xo) Ndom(R).
For any integers [ < n we write

kn—1

(€h = Cipo i, —2) = D (Gt — oo, — ). 45)

k=k
From the description of algorithm 3, we have
Or1 =& — g and &y = Oppr + By, Yk =0.

This implies that

Ekrt — & = —augk + By and  myqq = —ougr + Br—1mi (46)

for all integers k > 0. From the second equation in (46) and my = 0 it follows that

s = oz~ kj (f[ @> o= (m) e

i=0

Combining this with the first equation in (46) gives

Ekp1 — & = —ougi — Z (H ﬁz) Q; g 47)

i=0

Thus

K
(S1 = &k X, — X) = —ue (ks X, — X) Z (Hﬁl) o (gi, Xk, — X)

= —ou (JY (re) L (xe) (x, — %))
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Therefore, by using the Cauchy—Schwarz inequality and the property of duality mapping, we
can obtain

| (€1 — Ek>Xn, — %) |
Ko/ ok

< ol el THIL () (e, = R) [+ (H@) i [l ML () (e, — %) |
i=0 \ /=i

With the help of assumption 2 (iii) it is easy to obtain

1L (xi) (i, = %) | < TIL () (i = X) [+ [IL (i) (o, — x3) ]
<1+ )(Ilrz||+||F(x1) F(xi,) )
<(1+

U
n)( D)

Consequently

(€t = &, — )| < (L) allrel P~ 2l rell + e 1)
k k
+(1+m)Y (Hﬁz) aillrl* =t 2l + Nl ).
i=0 \Il=i

Since o < puy||ri||>~* for all i >0 and 0< B < B < B <1 for all [ >0, we can further
obtain

[(Ekr1 — & xi, — X))

k
< (L) g el lrell + [l 1) 4 (1) - B | 2l +
i=0

7 |l)
k

< @) (281 1 8) 4 (1) 390l (2017 1))
i=0

By virtue of (44), for k < k,, we then have

k
(Gt = G, = ) <3 (L) mPe+3(1+m) Y BT,

i=0
This together with (45) then gives
k—1 ki—1 Kk
Gk — G, =D <B3(L+m) i Y Be+3 (1 Yy > B4, 48)
k=k k=k; i=0

According to (43), the first term on the right hand side of (48) can be easily handled. We deal
with the second term by showing that

ki—1 k
lim sup { Z Zﬁkiéi} =0. (49)

l—00
n2l k=, i=0
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To see this, we use 3 < 1 to obtain

k,—1 k ) kn—1k—1 ) kn—1 k .
Z Zﬂk—lq)i _ Z Zﬁk_l(bi + Z Eﬁk—tq)i
k=k; i=0 k=k; i=0 k=k; i=k
k—1 [k,—1 kn—1 [k,—1
_Z<Zﬁk z)q) +Z<Zﬁk 1>
k=k; =k \ k=
ki—1 ky—1

1_625"' P +—Z<I>

lkl

Since &; — 0 as i — oo, we can find a constant C such that ®; < C for all i. Thus

k—1 [ki/2] k—1
Zﬁk’ﬂ"bi = Z B + Z Bl
i=0 i=0 i=[ki/2]+1
[ki/2] k—1
CZ gi— '+ Z ®;
—[ki/2]+1
ky— [kt /2
gmﬂl[l/]+' Z (I)l.
i=[ki/2]+1
—0
as | — oo by the facts 0 < 8 < 1 and (43). By (43) we also have Z d; < Z?ik, ®; — 0as

| — oo and thus (49) follows. Consequently, it follows from (48) that

sup| (&, — &k X, —X)| =0 asl— oo
n>l

and hence (iv) in proposition 4.2 is verified. Therefore, we may use proposition 4.2 to conclude
the existence of a solution x* of (1) in By, (xp) N dom(R) such that (40) holds.

If Ran(L(x)*) C Ran(L(x")*) for all x € By, (xo), then we may use (47) to obtain
&1 — & €Ran (L(x)") @ -+~ Ran (L(xo)") C Ran (L(x)").

Thus, we may use the last part of proposition 4.2 to conclude x* = xT. O

4.2. Stability and regularization property

In this subsection we will show that algorithm 1 is indeed a regularization method for solving
ill-posed problems. We need the following stability result which connects algorithm 1 with its
counterpart for exact data, i.e. algorithm 3.

Lemma 4.4. Let assumptions 1 and 2 hold with X being a Hilbert space and p = 2. Consider
algorithm 1 with 0 < o <40 and 7> (1+n)/(1—n) and let ks be the output integer.

Consider also algorithm 3 with the same {5}, po, p; and the initial guess &y. Then there
hold

00 =6, € —& and x) —xp asd—0

20
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for all integers 0 < k < N, where N := liminfs_,oks.

Proof. By setting 045—1 =a_1 =0, g‘il =g_1=0and 1’5_1 =r_; =0, we will use an induc-
tion argument to show that

5 5 6 5 5 —1 —1
Of = Ok, 0_18k—1 = Q—18k—1, O Hrk—le = |||, (50)
5 = 5 =5 ~ 5 6 5 5
e = Vo B = Br=1Tk Bioimyp = B, & — &k, Xp — Xk

as d — O for all integers 0 < k < N. The case k = 0 is trivial because 98 =0y=§& = §g, xg = Xo,
mg =mo=0 and ﬁg =7 = 0. Now we assume that (50) holds for all 0 < k </ for some
integer 0 < / < N and show that (50) holds as well for k = [+ 1. Note that / 4 1 < k; for suf-
ficiently small 6 > 0.

We first show that
071 — 01, afg) = augr, o |7 = aul|r|*" asd—0 (51

by considering two cases on r;. If r; = 0, then g; = 0. By noting that 0 < a < j1||?||>~* and
using the induction hypothesis, we have

0< IR < |l = puallml| = 0
and
laggpll < pua I 1P L (x3) " Y () || < i L) | = i Ll = 0

as 6 — 0. Thus the last two assertions in (51) hold. Furthermore, since 6, = £ and 9;5+1 =
13 f — af gf, we may use the induction hypothesis and the result just established to derive that
0f+1 =& —aigr=& =~0111 as § — 0. Thus (51) is confirmed for this case. If r; # 0, then
g1 # 0 because otherwise we would have

0 = (gl,xz — A> = <JY<7‘1) L(xl) (xg —)AC)>

= (Y (n),n+y—F(x)—L(x)(G—x))
>||,l||s,”,l||s Ny = Fu) = L(u) (= x) |
= (L=n)[n|*>0

which is a contradiction. Consequently, by the induction hypothesis and the continuity of F, J,
and x — L(x) we have ) — r; and g — g; as § — 0 and consequently 70 # 0 and g? # 0 for
small § > 0. Thus, by the definition of o and oy we can conclude o) — o, and hence the last
two assertions in (51) hold. Moreover

5 5 5.6
1 =& —ajgl =& —augr =041

as 0 — 0. We therefore establish (51) again.
Next we show that

At = A BPAL = B, Bimy — Bimsy  asd — 0. (52)

By the induction hypothesis and the definition of 5154-1 and 7,41, we can immediately obtain
7y15+1 — 41 as d — 0. To show the remaining two assertions in (52), we consider two cases on
muy1. I myyy # 0, by using (51) we have mf, | — my41 as § — 0 and thus m{,  # 0 for small

21
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6 > 0. Therefore, we may use the definition of Bf and 3; and the second equation in (51) to
conclude 6,5 — [ as § — 0 and thus the last two assertions in (52) follows. In the following we
consider the case m;; = 0. This implies §; = 0 and mfﬂ — 0aséd —0.Byusing 0 < Bf < Bl,
we thus have lims_,¢ »316”1?.4_1 = 0 = Bymy,. Furthermore, according to lemma 3.3, we have

i1 = (O — 0,0 — %) = (g1, — %) = 0.
Therefore
lim 50, | = 41 > 0.
51_r>r(1)71+1 Yi+1 2
If 441 = 0, we can use 0 < 37 < 3 to obtain lims_, B =0=Bis1. If Y41 > 0, then

af(gf,m?H) - 2‘7%(11
Hm?+1 12

— —o00 asd — 0.

Consequently, by the definition of ,815, we must have Bf = 0 for small ¢ > 0, and consequently
ﬂf’y,‘i_ 1 = 0= Br¥141 for small 6 > 0. We therefore establish (52).

Finally we show &, | — &1 and x| — x;41 as § — 0. By the definition of £, | and &,
we can use (51) and (52) to obtain

1 =00y + Bimiy = O + Bimigr = &1 as 6 — 0.
By the continuity of VR*, we then have
)C?Jrl =VR* (§f+1) — VR* (§1+1) =X/4+1 as 0 —0.

The proof is therefore complete. O

Now we are ready to show the regularization property of algorithm 1 for solving ill-posed
inverse problems.

Theorem 4.5. Let assumptions 1 and 2 hold with X being a Hilbert space and p = 2. Consider
algorithm 1, where

1 ~
S B :=supf < 1.

O<po<do, >0 7> ,
I—n k=0

Let ks be the output integer. Then there exists a solution x* of (1) in B, (xo) Ndom(R) such
that

. -f/fé * .0\ __ . I | R
%‘L%DR (x*,x,) =0 and }%”xk(s x| =0.
If, in addition, Ran(L(x)*) C Ran(L(x1)*) for all x € Ba,(xo), then x* = xT.

Proof. Based onlemma 3.4, theorem 4.3 and lemma 4.4, the result can be proved by a standard
argument [20]. For completeness we include a brief proof here.
Let {x;} be the sequence defined by algorithm 3 and let x* be the solution of (1) in B, (xo) N

dom(R) determined in theorem 4.3 such that D% (x*,x¢) — 0 as k — co. By setting A :=
S
DS (x*,x7) for k > 0, we will show Al — 0 as § — 0.
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If there is a sequence {y*} of noisy data satisfying % —y|| < & with 6, — 0 such that
k; := ks, — k as [ — oo for some finite integer k, then

1P (x) =y < o)

for large . By taking / — co and using lemma 4.4 and the continuity of F, we can obtain
F(x;) = y. Thus, according to lemma 4.1 with X = x; and the property of R, we can deduce
that x; = x; for all k > k. Since X — x* as k — oo, we must have x; = x* and thus, by lemma
4.4 and the lower semi-continuity of R, we can obtain

limsup Al =R (x;) ~ liminfR (x') = lim (67,5, —x) <R (1) = R () =0

=00 K

which shows A,‘f]’ —0asl— oo.

If there is a sequence {y”} of noisy data satisfying ||y* — y| < ; with §; — O such that
k; := ks, — 00 as [ — oo, then for any fixed integer k, we may use lemmas 3.4, 4.4 and the
lower semi-continuity of R to obtain

limsupA,f/’ < limsupA,‘z’ SR(™) =R (xx) — (&g, x™ —xp) = D% (x*,xz) -
1

=00 —00

Letting k — oo in the above equation gives limsup,_, A,‘zll < 0 which shows again A,f,’ —0
as [ — oo.

Note that the proof of theorem 4.5 does not need X to be Hilbertian and p =2 once the
result in lemma 3.4 is available; the conditions that X is Hilbertian and p =2 are only used to
derive the formula for o and 3¢ in algorithm 1. Therefore, the above argument can be easily
adapted to prove the regularization property of algorithm 2 as stated in the following result.

Theorem 4.6. Let assumptions 1 and 2 hold. Consider algorithm 2, where

1+ .

O<po<20, w >0 t>1, T>—n, B:=supfr < 1.

l—n k=0

Let ks be the output integer. Then there exists a solution x* of (1) in B,(xo) Ndom(R) such
that

. & 5 . 5
JimDr () =0 and - Jim <, ") =0.

If, in addition, Ran(L(x)*) C Ran(L(x")*) for all x € By,(xo), then x* = xT.

5. Numerical results

In this section we will provide various numerical experiments to demonstrate the perform-
ance of our adaptive Nesterov momentum method. We will compare our method with the
Landweber type method (3) to illustrate its acceleration effect. Furthermore, we will also
provide numerical results for Nesterov acceleration method (6) as comparison to numerically
demonstrate further fast convergence property of our method. Note that, for Nesterov accel-
eration method (6), no general convergence theory is available expect for those special cases
mentioned in section 1.
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Example 5.1. Consider the first kind integral equation

(Fx)(s)::/o k(5,0 x(0dt = y(s), s€[0,1],

where

K(s,0) =d [d2 +(s— tﬂ o

with d =0.1. This is a one-dimensional model problem in gravity surveying [11] which aims
to recover a mass distribution x(¢) located at depth d from the measured vertical component
of the gravity field y(s) at the surface. Clearly F is a compact linear operator from L?[0,1] to
itself and the problem is severely ill-posed. Assume the sought solution is

xT () = 4t(1 — 1) +sin (27 7).

We calculate the exact data y := Fx! and add random noise onto y to produce a noisy data y°
satisfying [|y® — y||.» 0,1 = 0 for various noise levels § > 0. We next use y° to reconstruct x.

In order to use algorithm 1 to determine the minimal norm solution, we take R(x) =
21x)12, 0,1 and use the initial guess x0 = 0. Clearly R satisfies assumption 1 with p =2 and
o = 1/2 and assumption 2 is satisfied with 7 = 0. When implementing algorithm 1 we use the
following parameters

R k+1
=1.01 =14 =100 =2 =min{ 0.999, — ».
T y Mo g, y 8 ) ﬁk min { ) k+2 }
As comparisons we also execute the Landweber iteration
X =x) — aF (Fx,‘f—yé) (53)

with xJ = 0 and o = 1.8/||F||?, terminated by the discrepancy principle (8) with 7 = 1.01, and
the Nesterov acceleration method

Gt (), e = aF () (54
+7
with x§ =x° , =0, y=3 and a = 0.9/||F||?, terminated by the discrepancy principle (9)
with 7=1.01. The convergence for Landweber iteration (53) and Nesterov acceleration
method (54) are available in [6] and [27] respectively. In our implementation, all integrals over
[0, 1] are approximated by the trapezoidal rule by partitioning [0, 1] into 1000 subintervals of
equal length.

In table 1 we report the computational results by our algorithm 1, Landweber iteration (53)
and Nesterov acceleration method (54), including the required number of iterations, the con-
sumed CPU time, and the corresponding relative errors. The results indicate that these three
methods can produce comparable approximate solutions in terms of accuracy. However, our
algorithm 1 and Nesterov acceleration method (54) clearly demonstrate superior performance
over the Landweber method (53) by significantly reducing the number of iterations and the
CPU running time. To visualize the acceleration effect, in figure 1 we plot on the left the relat-
ive error |[x) — xT||;2/||x"|| > versus k for these three methods using noisy data with § =0.001,
until the iteration is terminated by the discrepancy principle; the right figure plots the output
momentum coefficients 5,f by our algorithm 1.
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Table 1. Computational results for Example 5.1.

13 method iterations time (s) relative error
0.1 Landweber 69 0.0205 1.5804 x 1072
Nesterov 29 0.0082 1.7047 x 1072
Adaptive Nesterov 29 0.0105 1.6461 x 1072
0.01 Landweber 965 0.1579 7.2476 x 1073
Nesterov 132 0.0177 7.1879 x 107°
Adaptive Nesterov 90 0.0236 7.1184 x 1073
0.001 Landweber 15561 2.4608 3.5064 x 1073
Nesterov 558 0.0972 3.4416 x 1073
Adaptive Nesterov 475 0.0958 3.5019 x 1073
0.0001 Landweber 272037 44.623 1.6609 x 1073
Nesterov 2358 0.3987 1.6371 x 1073
Adaptive Nesterov 2143 0.3575 1.6597 x 1073
o Relative error: § = 0.001 ﬁk versus k
‘ : : ‘ ‘ ] _
—— Landweber :'("_'
— Nesterov 09
—— Adaptive Nesterov 0B
10! o7 -
0B "
05¢
1072 , 04}
TTTe— -~ 03
02+t
10 3 ! ' L L L L 01 " L 1 1
0 2000 4000 6000 8000 10000 12000 14000 16000 0 100 200 300 400 500

Figure 1. Example 5.1: relative errors versus the number of iterations and the plot of
momentum coefficients.

In the following we will provide further numerical experiments in which the sought solu-
tions admit special features requiring to use non-quadratic functions R for reconstructions.
We will consider the Landweber type method (3) terminated by (4) with the step-size given
by (5). Further, we will consider Nesterov acceleration method (6) terminated by

IF(z2,) =Y’ <76 <|F () =Y°ll, 0<k<ks (55)

with a,f given by

5 . o[ (z5) — 0| @~ Ds
oy = min oy 5 5
”L(Zk) J5 (F(Zk) -y )Hp

ullF (29) —y‘“’“} , (56)

we will then use x,fa output by (7) as an approximate solution. The equations (55) and (56)
are different from (4) and (5) in that they use z,‘f instead of x,‘f. This adjustment can save the
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computational work of (6) by avoiding the calculation of x{ and ||F(x{) — y°|| during the iter-
ation process. We should emphasize that all the following computations on the method (6) are
empirical, since there is no convergence theory available for (6) terminated by (55) with the
step-size chosen by (56).

Example 5.2. We next consider the first kind linear integral equation

(Fx)(s)::/o K (s,0)x(0dt=y(s), s€[0,1],

where (s, 1) = 4e=(=07/ 001 "and assume the sought solution is nonnegative. Clearly F is a

compact linear operator from L?[0, 1] to itself. In order to find the unique nonnegative solu-
tion x' with minimal norm, we take R (x) = 1(|x2, 0,1] T tc(x), where C:={x € L2[0,1] : x>
Oa.e.on [0,1]}. This R satisfies assumption 1 with p =2 and o = 1/2. Note that the resolution
of the minimization problem

X =arg min {R(x) - <€7Z>}

z€L?[0,1]

is required at each iteration step in the implementation of the Landweber type method (3), the
Nesterov acceleration method (6), and our algorithm 1; the solution is given by

N I
x= argrzrgg{ZIIZIILz[o,l] - <€7Z>} = max {£,0}.
In our numerical computation, we assume the sought solution is
x' (f) = max {20¢(r — 0.2) (0.75 — 1) ,0} .

Let y := Fx' be the exact data. We add random noise on y to produce a noisy data y’ satisfy-
ing [|ly% — |2 0,1 = ¢ for various noise levels J > 0. To carry out the computation, all integ-
rals over [0, 1] are approximated by the trapezoidal rule based on the 1000 nodes partitioning
[0,1] into subintervals of equal length. We execute the Landweber type method (3), Nesterov
acceleration method (6) and our algorithm 1, and all these methods are terminated by the dis-
crepancy principle with 7 = 1.01. For the Landweber type method and Nesterov acceleration
method, we use p19 = 0.99(2 — 2/7) and iy = 100 in their step size choices; we also use y =35
in the method (6). For our algorithm 1 we use the parameters

po=08, 41 =100, s=2, Br=min{0.98,(k+1)/(k+2)}.

The computational results are reported in table 2 which includes the required number of iter-
ations, the consumed CPU time, and the corresponding relative errors. These results indicate
that Nesterov acceleration method (6) and our algorithm 1 clearly have the acceleration effect
over the Landweber-type method. Our algorithm 1 can even converge faster than Nesterov
acceleration method. Furthermore, our algorithm 1 can produce more accurate results than the
Landweber-type iteration. In order to visualize how the iterates approach the sought solution,
in figure 2 we plot the relative error [|x{ — xT||,2/||x"|| 2 versus k for the three methods: the left
figure plots the relative error, using noisy data with § = 0.0001, until the iteration is terminated
by the discrepancy principle; the right figure plots the momentum coefficient 5,f determined
by algorithm 1 during the computation.
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Table 2. Computational results for Example 5.2.

13 method iterations time (s) relative error
0.1 Landweber 53 0.0091 9.4104 x 1072
Nesterov 23 0.0052 7.2489 x 1072
Adaptive Nesterov 6 0.0015 7.4869 x 1072
0.01 Landweber 184 0.0331 3.3619 x 1072
Nesterov 50 0.0128 2.7179 x 1072
Adaptive Nesterov 14 0.0029 1.5487 x 1072
0.001 Landweber 680 0.1135 1.0286 x 1072
Nesterov 112 0.0213 8.9134 x 1072
Adaptive Nesterov 39 0.0079 5.0230 x 1073
0.0001 Landweber 4808 0.6892 3.6475 x 1073
Nesterov 321 0.0563 2.9460 x 1072
Adaptive Nesterov 148 0.0255 24844 x 1073
0.00001 Landweber 42944 6.8886 1.6496 x 1073
Nesterov 806 0.1263 1.6244 x 1073
Adaptive Nesterov 307 0.0588 1.0969 x 1073
o (a) Relative error: § = 0.0001 (b) B, versus k
10 j " i . 1 T T
— Landweber P
— Nesterov 087 _-"'
\ —— Adaptive Nesterov 08 L
107! \
\ 07}
\\ 06+
\\\\
102 — 05
‘\-‘\
\\ 04+
03+
1073 ! : ! ! 02 - .
1] 1000 2000 3000 4000 5000 0 50 100 150

Figure 2. Example 5.2: relative errors versus the number of iterations and the plot of
momentum coefficients.

Example 5.3. In this example, we consider the standard 2D fan-beam x-ray tomography
using simulated tomographic data to illustrate the performance of algorithm 1. This modal-
ity involves reconstructing a body slice by collecting x-ray attenuation data, mathematically
expressed as finding a compactly supported function from its Radon transform.

We discretize the sought image on a 256 x 256 pixel grid and identify it by a long vec-
tor in RY with N = 256 x 256 = 65536 by stacking all its columns. For reconstruction we use
tomographic data with p = 60 projections and 367 x-ray lines per projection. By using the func-
tion fanbeamtomo from the MATLAB package AIR TOOLS [12] to discretize the problem,
we can obtain an ill-conditioned linear system Ax =y, where A is a coefficient matrix of size
22020 x 65536. The true image x' in our experiment is the modified Shepp-Logan phantom.
We calculate y := Ax' and add Gaussian noise on y to generate a noisy data y° with relative
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Table 3. Computational results for Example 5.3.

Orel method iterations time (s) relative error
5% Landweber 101 9.9940 1.8538 x 10!
Nesterov 34 3.2924 1.6614 x 10~!
Adaptive Nesterov 25 2.5897 1.5015 x 107!
1% Landweber 444 44.005 5.9528 x 1072
Nesterov 79 7.1505 5.1758 x 1072
Adaptive Nesterov 59 5.6087 3.7336 x 1072
0.5% Landweber 778 78.410 3.1650 x 1072
Nesterov 104 9.1250 2.4194 x 1072
Adaptive Nesterov 103 9.6334 1.7636 x 1072
0.1% Landweber 3254 366.63 6.2999 x 1073
Nesterov 326 27.146 2.8395 x 1073
Adaptive Nesterov 227 21.951 3.3969 x 1072

noise level &1 = ||y° — y||2/|/¥||2 so that the noise level is § = &,|y||. In order to capture the
feature of the sought image, we take

1
R(x) = 5 [I¥llf + [xlry, V€ R2OX20

with k=1, where ||x||r is the Frobenius norm and |x|ty denotes the isotropic total vari-
ation of x, see [15, 37]. Clearly R satisfies assumption 1 with p=2 and o = 1/(2k). When
using algorithm 1 to reconstruct the image, we use the initial guess £y = 0 and the following
parameters

A . k+1
= 1.05, =0.6/k, =100, =2, =min< 0.98, —— .
T Ho /Ky s Br { 3 }
As comparison, we also carry out the computation by the Landweber type method (3) and the
Nesterov acceleration method (6) terminated by the discrepancy principle with 7 = 1.05 using
o =0.99(2 —2/7)/k and p; = 100 in the step-size; v =5 is used in the method (6). During
the computation, updating x,‘f from & ,f requires to solving the total variation denoising problem

1
x =arg min {2& lx— k&l 17+ IXITv}
which is solved approximately by the primal-dual hybrid gradient (PDHG) method [37] after
70 iterations.

The computational results by these methods are reported in table 3, including the number
of iterations ks, the CPU running time, and the relative errors ||xp, — x'[|2/[|x"[|. using noisy
data with various relative noise level d,; > 0. Table 3 shows that algorithm 1 leads to a con-
siderable reduction on the number of iterations and the amount of computational time, which
demonstrates the striking acceleration effect of our adaptive Nesterov momentum method. To
visualize the performance, we plot in figure 3 the true image and the reconstruction results by
the above three methods using noisy data with relative noise level d.; = 1% together with the
relative errors ||x) — xT||2/||x"||2 and the output momentum coefficient 3.
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Figure 3. Example 5.3: reconstruction results, relative errors versus the number of iter-
ations, and the plot of momentum coefficients.

Example 5.4. In this example we consider determining the coefficient c in the elliptic bound-
ary value problem

—Au+cu=fin§, u =g on o2 57

from an L?({)-measurement of the state u, where Q:=[0,1]> CR?, fe H1(Q) and g €
H'/2(Q); see [6]. We assume the sought coefficient ¢f is in L?(£2). This nonlinear inverse
problem reduces to solving F(c) = u with F : L*(Q2) — L*(12) defined by F(c) := u(c), where
u(c) € H' () C L*(Q) is the unique solution of (57). This nonlinear operator F is well defined
on

D:={ceL’(Q):|c—¢|l2) < & for some & >0, a.e.}

for some positive constant £ > 0. It is known that the operator F is weakly closed and Fréchet
differentiable, the Fréchet derivative of F and its adjoint are given by

F'(c)h=—A(c)" (hu(c)) and F'(c)"w=—u(c)A(c) 'w

for ¢ € D and h,w € L*(2), where A(c) : H)(Q) — H~'() is defined by A(c)u = —Au+ cu
which is an isomorphism uniformly in the ball By, (c') for small p > 0. Moreover, F satisfies
assumption 2 (iii) with L(x) = F’(x) for a number 7 > 0 which can be very small if p >0 is
sufficiently small (see [6]). In our numerical computation below we will take 17 =0.01.

We consider the situation that the sought solution ¢ is piece-wise constant and assume it
is given by

et (x,y) = max {0, sign (0. 132~ (x—0.25)" — (y— 0.70)2) }

+0.5max{o,sign (0.072 C(x—0.35)2/4— (y— 0.3)2)}
+0.6max {0,sign (0.15 — |x — 0.70| — |y — 0.5]) };
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Table 4. Computational results for Example 5.4.

0 method iterations time (s) llx0, —xT|| 2
0.004 Landweber 18 3.5713 2.6003 x 107!
Nesterov 20 4.1421 2.4669 x 10~
Adaptive Nesterov 14 2.8167 2.6220 x 107!
0.001 Landweber 179 30.644 1.4552 x 107!
Nesterov 72 13.931 1.1968 x 10~!
Adaptive Nesterov 86 15.212 1.1344 x 107!
0.0004 Landweber 566 100.54 1.0892 x 107!
Nesterov 139 26.598 9.7177 x 1072
Adaptive Nesterov 113 18.872 8.7846 x 1072
0.0001 Landweber 2329 542.18 8.0650 x 102
Nesterov 330 61.996 7.3898 x 1072
Adaptive Nesterov 240 41.493 6.6211 x 1072
0.000 04 Landweber 10357 2366.8 6.6261 x 1072
Nesterov 722 136.06 5.7057 x 1072
Adaptive Nesterov 384 70.515 6.1092 x 1072

the graph of this function is plotted in figure 4(a). In order to find such a coefficient, we use

() Jr/ IDcl
0

with x =10, where fQ |Dc| denotes the total variation of ¢ on Q. Clearly this R satisfies
assumption 1 with p=2 and o = 1/(2x). Assuming u(c') = x+y, we add random noise to
produce noisy data u® satisfying |[u® — u(c")||2(q) = & with various noise level § > 0. We will
use u° to reconstruct cf.

We carry out the computation by our algorithm 1 using the initial guess £y =0 and the
parameters

1
R(c):= EHC

=105 =1, =600, s=2, B=min{0.98,(k+1)/(k+2)}.

We also execute the Landweber type method (3) and Nesterov acceleration method (6) ter-
minated by the discrepancy principle with 7 =1.05; we use the same initial guess &y with
o =18(1—n—(1+mn)/7)/k and p; =600 in the step-size choices. In order to carry out
the computation, we divide €2 into 128 x 128 small squares of equal size and solve all partial
differential equations approximately by a multigrid method [8] via finite difference discretiz-
ation. Furthermore, updating cfz from S;f at each iteration step is equivalent to a total variation
denoising problem which is solved by the PDHG method after 200 iterations.

In table 4 we report the computational results by algorithm 1, the Landweber type
method (3), and Nesterov acceleration method (6), including the required number of itera-
tions kg, the CPU running time and the absolute errors ||c,f§ — c'[|;2(), using noisy data for
various noise level § > 0. In figure 4 we plot the reconstructed results and the absolute errors of
these three methods using noisy data with noise level § = 0.0001, together with the momentum
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Figure 4. Example 5.4: reconstruction results, relative errors versus the number of iter-

ations, and the plot of momentum coefficients.

coefficients 3 output by algorithm 1. These results clearly demonstrate the acceleration effect
of algorithm 1, when compared with the Landweber-type method.

Example 5.5. In this last example we consider the situation that the sought solution lies in
a Banach space and algorithm 2 needs to be used for reconstruction. We consider the linear
integral equation

1
(Fx) (u) ::/0 k(u,v)x(v)dv=y(u), ucl0,1],

where (i, v) = 4e~“=)/001 and assume the sought solution x' is a probability density func-
tion, i.e. x' > O a.e.on [0, 1] and fol xT = 1. Clearly F is a compact linear operator from L' [0, 1]
to L]0, 1]. We determine such a solution by using

R (x) =f(x) +1a (x),

where 1A denotes the indicator function of
1
A= xeLﬁr[O,l]:/ =1
0

and f denotes the negative of the Boltzmann-Shannon entropy, i.e.

) = folxlogx, if xe L} [0,1] and xlogx € L'[0,1],
+0o0, otherwise.

Here L' [0,1] := {x € L'[0,1] : x > 0 a.e. on [0, 1]}. It is known that R satisfies assumption 1
with p =2 and o = 1/2, moreover, for any £ € L>°[0, 1] there holds
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Table 5. Computational results for Example 5.5.

13 method iterations time (s) relative error
0.1 Landweber 369 0.1093 8.0632 x 1072
Nesterov 76 0.0296 6.6576 x 1072
Adaptive Nesterov 45 0.0190 7.4328 x 1072
0.01 Landweber 1557 0.4253 2.8430 x 1072
Nesterov 189 0.0680 2.7588 x 1072
Adaptive Nesterov 172 0.0557 2.4048 x 1072
0.001 Landweber 11453 2.9894 1.3897 x 1072
Nesterov 497 0.1388 1.5214 x 1072
Adaptive Nesterov 344 0.1007 9.4030 x 1073
0.0001 Landweber 142426 47.875 4.4288 x 1073
Nesterov 1593 0.4632 5.0806 x 1072
Adaptive Nesterov 761 0.2065 4.2279 x 1073

arg min {R(x) — (€ feﬁ//

x€L'[0,1]

see [16, 19] for instance.
For numerical simulations, we assume the sought solution is

o v):=c (e—6o(v—0.3)2 _‘_0.36—40@—0.8)2) ,

where ¢ > 0 is a constant to ensure that fol xf(v)dv = 1 so that x is a probability density func-
tion. Let y := Fx' be the exact data, we add random noise on y to produce a noisy data y°
satisfying [|y® — y|| 12(0,1] = 0 for various noise levels > 0. We execute the Landweber type
method (3), Nesterov acceleration method (6) and our algorithm 2; all these methods are
terminated by the discrepancy principle with 7 =1.01. For the methods (3) and (6), we use
o =0.99(2 —2/7) and p; = 100 in their the step size choices; we also use ¥ =5 in (6). For
our algorithm 2 we use the parameters

=0.875, @ =100, =5, s=2, [=min{0.99,(k+1)/(k+2)}.

The computational results are reported in table 5 which clearly indicates that Nesterov accel-
eration method (6) and our algorithm 2 have the acceleration effect over the Landweber-
type method (3). Furthermore, our algorithm 2 can produce more accurate results than the
Landweber-type method. To visualize the performance of these methods, in figure 5 we
plot their relative errors ||x{ — xT||;1 /||x"| .1 using noisy data with § =0.01 together with the
momentum coefficient 39 produced by algorithm 2.
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(a) Relative error: 4 = 0.01 (b) [)‘fk versus k
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Figure 5. Example 5.5: relative errors versus the number of iterations, and the plot of
momentum coefficients.
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