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ABSTRACT

We propose a novel algorithm for temporal tracking of the
fibrillatory frequency for Atrial Fibrillation (AF) ECG. Both
Atrial activity extraction and fibrillatory frequency tracking
are combined into a single algorithm and analytical expres-
sions are derived for final time-frequency distributions, thus
the proposed method is computationally efficient. It can also
serve the general purpose of time-frequency analysis of a non-
stationary signal with missing or corrupted data segments.
The method uses short-time expansion of an orthogonal ba-
sis set, and regularized least squares solution used to compute
a stable coefficients for the basis. A simplified and computa-
tionally efficient time-frequency distribution is derived based
only on the coefficient vector. The algorithm is successfully
applied to simulated as well as real ECG with AF, and its ad-
vantages over conventional average beat subtraction method
are discussed.

Index Terms— Time-frequency analysis, Missing data,
Orthogonal Basis, Electrocardiogram, Atrial Fibrillation

1. INTRODUCTION

Atrial Fibrillation (AF) is the most common sustained car-
diac arrhythmia, increasing in prevalence with age, account-
ing for approximately one third of hospitalizations for car-
diac rhythm disturbances [1]. AF is characterized by the re-
placement of consistent P-waves on the ECG by rapid oscil-
lations (fibrillatory waves) that vary in amplitude, frequency,
and shape, associated with an irregular ventricular response.
AF affects approximately 10% of the population over age of
75 and is associated with an increased risk of stroke [2, 1].
Noninvasive analysis of AF and other supraventricular tach-
yarrhythmia conditions require cancelation of the ventricular
activity (QRS complex and T-wave) from the ECG [3, 4]. Due
to the overlapping spectral contents of atrial and ventricular
activities, linear filtering is not possible, and also the higher
dominance of ventricular activity in the ECG makes the ex-
traction of atrial activity non-trivial [5, 6].

First type of methods proposed in literature, known as av-
erage beat subtraction (ABS) methods work on the assump-
tions that time invariance of wave morphology, and short-time
stationarity of the signal. These assumptions often break in
the presence of ectopic beats, and movement of electrodes,
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thus significant amount of residual QRS-T can be present in
the extracted atrial signal [7]. The performance could be fur-
ther limited for signals with short durations, as constructing
a good QRS-T template become difficult [8]. Second type,
known as blind source separation methods, explore the spatial
diversity of multi-lead ECG, and techniques such as indepen-
dent component analysis, and principal component analysis
are employed [6, 9]. Performance of source separation tech-
niques significantly reduces for fewer number of leads, i.e.,
Holter recordings with few electrodes available [10]. Follow-
ing atrial activity extraction, the time-frequency analysis is
usually performed to identify the dominant AF frequency and
its time variation [3, 5], but neither of above methods are ca-
pable of integrating time-frequency analysis into the original
algorithm and it has been performed as a separate step.

The proposed method in this paper integrate atrial activ-
ity extraction and time-frequency analysis into a single al-
gorithm, thus more efficient real-time analysis of AF from
ECG is viable. Atrial activity during the QRS-T duration
was estimated by the information from immediately preced-
ing and following segments of AF signal. A mode limited
short-time expansion of an orthogonal basis function set was
used to reconstruct the atrial activity from the ECG. An ana-
Iytical expression for the time-frequency distribution was de-
rived solely based on coefficients of the basis set, thus time-
frequency plots can be constructed with less computations to
observe time variation of dominant AF frequency. Addition-
ally, proposed algorithm can be generally applicable to time-
frequency analysis of other non-stationary signals with miss-
ing or corrupted data segments.

2. METHODS

In this section, we introduce a method to reconstruct the miss-
ing or corrupted data segments of a signal based on an ex-
pansion of orthogonal basis set with Tikhonov regularization.
The observed ECG was considered as the AF signal which
has been corrupted by the ventricular activity. Then, we ap-
ply the reconstructed signal in the standard time-frequency
distributions to derive a simplified analytical form of the TFD
in terms of basis coefficients.

Let s(t) be the observed signal with corrupted data seg-
ments. By replacing the corrupted segments by zeros, the
known signal can be written as,
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where X[-,-} is the indicator function, i.e.,
1 t € [a,b
Xap(t) = )
0 t ¢ [a,b].

Here, without loss of generality, we assume that signal is cor-
rectly known in the intervals ¢ € {[a;, b;]~_,}, and corrupted
in between. Now consider the interval [a;, b;+1]. We use the
information available in the intervals [a;, b;] and [a;41, b;y1]
to reconstruct the corrupted segment (b;,a;+1). This con-
struction based on localized information preserves the good
localization in the time-frequency domain.

Let f;(t) be the unknown signal (AF signal) over the in-
terval [a;,b;+1]. In general, most signals have a frequency
band of interest, as in the case of AF signal fibrillatory fre-
quencies are limited to 15Hz with possible harmonics, thus a
mode limited orthonormal basis set can be used to represent
fi(t). Let {¢(t)} be a orthonormal basis set in the interval
T; = bj11 — a;. Assuming that f;(¢) is mode limited to N
with respect to {¢7(¢)}, then
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where c}' are the localized coefficient set of the basis functions
in the interval ¢. The best number of modes is a trade off
between capturing underlying signal and improving the noise
robustness, and can be optimized empirically.

Coefficients ¢}’ can be estimated via regularized least
square solution given below. Using the known information in
the intervals [a;, b;] and [a;41, bi+1], we get
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or § = ®c in short.

The above system will be over-determined given (b; —
a;) + (bix1 — a;+1) > 2N + 1, and will be the usual case
provided observed signal is sufficiently sampled. Otherwise
the given system will be under-determined. Regardless of the
undeterministic nature, regularization can be applied to over-
come the associated problems. It also avoids the modeling of
noise, and guarantees a bounded solution. We use Tikhonov
regularization [11] in solving above system, and the solution
can be written in the form

c= (' + N1 1a's, (5)
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where I is the identity matrix, X is the regularization parame-
ter, and T stands for the transpose of the matrix.

We use estimated coefficients to find an analytical ex-
pression for the time-frequency distributions. Wigner-Ville
distribution was used here as it achieves high time and fre-
quency resolutions. Although it is suspectable to cross-terms
for multi-component signals, due to the presence of a domi-
nant AF spectral component, interference terms are not sig-
nificant. Nevertheless, it should be emphasized that any time-
frequency distribution can be applied here, for example mem-
bers of Cohen family [12], but simplified analytical expres-
sions may not always found depending on the kernel function
used in the distribution. Wigner-Ville distribution is given by

WV (t,w) = % /e_jwf(t—l—T/Q) f(t—71/2)dr. (6)

Replacing f(-) by the reconstructed signal in (3) with the co-
efficient set found as in (5), we get
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X ¢ (t—71/2)dr. (7)

The integral in (7) can be further simplified as {¢}(¢)} is only
dependent on the interval ¢. Due to the frequency modulated
harmonic nature of the AF signal, the natural choice for the
basis set was considered to be the complex exponential func-

tions ¢? (t) _ ej27rnt/Ti’ 8

where T; = b;+1 — a,;. Nevertheless, any valid orthonormal
basis such as Fourier-Bessel, Fourier-Legendre can be used
here depending on the application domain. Given that the
complex exponentials are used as the basis, (7) further sim-
plifies to

A .
WVi(tw) = 5= D5 30 e
n=—Nm=—N
X dlw — %(n +m)]. (9)

Thus, expression (9) provides a computationally efficient way
of constructing the Wigner-Ville distribution using estimated
coefficient vectors without explicitly reconstructing the signal
itself.

3. RESULTS

Algorithm was first applied to simulated ECG with AF

episodes. ECGs were generated by dynamical model of

motion [13] which was modified by removing the P-wave,

and adding an AF signal. The AF signal was modeled by a

sum of frequency modulated sinusoidals with time varying
amplitude and its harmonics [7, 14],
M+1 Aw

g(t) = an(t) coslkwot + — sin(wyt)] + n(t) (10)
k=1 “i
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Fig. 1. (a) Simulated ECG signal for normal sinus rhythm
generated by the model in [13] (b) P-wave of ECG replaced
by the simulated AF signal (10).

where ay,(t) = e "¢~ (a + Aasin(w,t)), wo is the dom-
inant AF frequency, wy is the frequency of frequency mod-
ulation, Aw is the maximum frequency deviation, M is the
number of harmonics excluding the fundamental, ~ is the de-
caying factor of harmonics, a is the average amplitude of the
fundamental, w, is the frequency of amplitude modulation,
and Aaq is the maximum amplitude deviation. n(t) represents
white Gaussian noise, and other ECG artifacts. AF frequency
is given by

war(t) = wo + Aw cos(wyt). (11)

For the simulations following parameters were used: wy =
275 rad/s, wy = 270.05 rad/s, Aw = 372 rad/s, M = 3,
v =0.9,a = 0.05 mV, w, = 270.1 rad/s, Aa = 0.01 mV.
Figure 1 shows a simulated ECG signal for sinus rhythm and
AF signal superimposed onto ECG after P-wave removal.

Number of pre-processing steps were conducted before
applying the proposed algorithm which included baseline
wonder removal, R-peak detection, and fiducial point identi-
fication. Accurate identification of fiducial points were im-
portant in constructing intervals [a;, b;], and a; was marked
as the offset of T-wave while b; was marked as the onset of
QRS complex. All the pre-processing steps were automated,
so that real-time processing is viable.

Empirical optimization with the criterion of maximum
correlation between reconstructed AF signal from ECG and
original AF signal yields to number of modes N = 18, and
the regularization parameter A = 1.7. The ABS method was
applied to the same ECG data, and performances were com-
pared. ABS was performed by constructing a mean QRS-T
template, and template subtraction from each beat after spa-
tiotemporal alignment.

Figure 2 shows the time-frequency distributions for orig-
inal and reconstructed AF signals. It is evident that proposed
scheme closely resembles the original AF time-frequency plot
compared to the ABS based reconstructed. Deviations in the
ABS reconstructed time-frequency plot are mainly due to the
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Fig. 2. Time-frequency distributions (9) for (a) simulated AF
signal (10) (b) proposed AF reconstruction (c) ABS recon-
struction.
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Fig. 3. Comparison between proposed method and ABS
method in terms of RMS error of the estimated dominant AF
frequency.

insufficient QRS-T cancelation. Also it should be empha-
sized that the ABS method required reconstructing the sig-
nal and performing the time-frequency analysis as a two step
process, where as the proposed method has constructed the
time-frequency plot straight from the basis coefficients vec-
tors, thus less processing time was required.

We computed the RMS errors in dominant AF frequency
estimation for a range of SNR values to quantify the perfor-
mance, and similar analysis was done for ABS method as well
for the comparison. Results are shown in Figure 3. Dominant
AF frequency was estimated as the frequency where maxi-
mum energy is observed on the time-frequency plot. For all
considered SNRs proposed method performs better that ABS
method, and at low SNRs, which is of high interest especially
for Holter monitors, proposed method outperforms the ABS
method considerably. Proposed scheme reduces the error to
be within 0.5Hz for all SNRs greater than 0dB, where as in
order to achieve the same error limits ABS requires the SNR
to be greater that 8dB.
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Fig. 4. (a) Physionet Atrial Fibrillation Termination Database
record n09 (b) TFD by proposed method (c) TFD via ABS
reconstruction.

We show the applicability of the proposed method in an-
alyzing real ECG with AF episodes by applying the algo-
rithm in ECG records in Physionet Atrial Fibrillation Termi-
nation Database. The example shown in Figure 4 shows that
proposed scheme estimates the dominant AF frequency to a
higher degree of resolution compared to the standard ABS
method.

4. CONCLUSION

A novel algorithm was introduced to perform time-frequency
analysis of Atrial Fibrillation ECG, and to identify tempo-
ral evolution of dominant AF frequency. Superiority of the
algorithm was shown by comparing it to the standard ABS
method. The algorithm can be easily adaptable to time-
frequency analysis of any non-stationary signal with missing
or corrupted data segments.
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