
Dependence of MIMO System Performance on the

Joint Properties of Angular Power

Terence Betlehem†, Tharaka A. Lamahewa†

and Thushara D. Abhayapala†‡
† Research School of Information Science and Engineering, Australian National University, Australia

‡ Wireless Signal Processing Program, National ICT Australia Ltd.

Canberra, Australia

[terence.betlehem,tharaka.lamahewa,thushara.abhayapala]@anu.edu.au

Abstract— In this paper, we use a novel MIMO channel model
to characterize the dependence of ergodic capacity and diversity
order on the joint statistics of the angular power density. The
scattering environment of a MIMO channel is characterized by
a double directional angular power distribution, describing the
power transferred in each direction from transmitter aperture
to receiver aperture. Angular power, which is typically separable
Kronecker-modelled, is here generalized to include joint distri-
bution properties using well-known bivariate probability density
functions. We show that the joint properties of the power density,
namely the shape and the orientation of power distribution
contours, have significant impact on capacity and diversity of
non-line-of-sight (NLOS) channels.

I. INTRODUCTION

With recent development of practical MIMO systems, there

is need to quantify the attainable MIMO performance over

realistic channels. Many options for channel models are now

available but either require ray-tracing, non-linear parametriza-

tions, or restrict simulation to fixed array geometries at the

transmitter and receiver. We present a model for arbitrary

array geometries, and use it to characterize the effect of non-

Kronecker channel properties on MIMO system performance,

as a function of the angular power distribution.

A rich body of literature exists for the characterization of

MIMO channels. For non-line-of-sight channels the channel

gains are dominated by their second order statistics [1]. To

model the second order channel statistics, authors commonly

use geometric models based on parametrizations of the double

directional power distribution [2]. However, many authors still

use the oversimplified Kronecker model, where signal correla-

tion at the transmitter and receiver are assumed independent.

This model poorly estimates the capacity [3] and antenna

correlations [4] in many cases.

In this paper, we study the joint power distribution param-

eters on the performance of a MIMO system. We use a novel

model for non-line-of-sight channels that allows an antenna

geometry-free study of the channel. We quantify the effect

on ergodic capacity and diversity order of (i) the level of

correlation between transmit and receive power spectra and

(ii) the orientation of distribution contours in the transmit-

angle/receive-angle plane.
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Fig. 1. The channel model. Scattering is modelled with the scattering gain

g(θ, φ, t). Each transmitter (◦) is positioned at r
(T)
m within circular aperture

of radii RT and receiver (·) at r
(R)
n within aperture of radius RR.

II. CHANNEL MODEL

MIMO system performance is controlled by the correlation

between the signals at the transmit and receive antennas. In this

section, we model the channel correlation. We present a 2D

model, which is reasonable for urban channel environments.

Consider transmission of data from nR transmitter antennas

over a flat fading channel to nR receiver antennas. Let r
(T)
m

be the mth transmitter antenna position with respect to an

transmitter origin OT and r
(R)
n be the nth receiver antenna

position with respect to a receiver origin OR (as shown in

Fig. 1). Transmitter and receiver antennas lie within finite cir-

cular apertures of radius RT and RR respectively. Transmitters

transmits the nT × 1 vector signal x(t) over the time-varying

channel described by matrix H(t) to receive the nR × 1
vector signal y(t) at receiver antennas. Matrix H(t) houses

the transfer functions [H]nm � hnm(t) from each transmitter

antenna m to receiver antenna n. Defining the nR×1 vector of

additive white Gaussian noise n(t) at the receivers, we write:

y(t) = H(t)x(t) + n(t). (1)

Assume that all scatterers lie in the far-field. The scattering

environment causes transmitter signals to propagate in as plane

waves with a different amplitude for each direction. Define the

scattering gain g(θ, φ, t) as the complex gain at time t of the

signal propagating out from the transmitter origin in direction

θ and arrives at the receiver origin in direction φ. We can then
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write:

hnm(t) =

∫
2π

∫
2π

g(θ, φ, t)eik(xm·θ̂−yn·φ̂)dφ, (2)

where θ̂ and φ̂ are unit vectors of polar coordinates (1, φ) and

(1, θ) and k is the wave number. Assume slow fading so that

the channel remains static over the symbol time. Then hnm

and g are not dependent on t over each symbol.

To investigate the statistics of non-line-of-sight scattering,

g(θ, φ) is assumed to be a zero mean Gaussian random vari-

able at each angle pair (θ, φ). Assume g(θ, φ) is uncorrelated

between different angles:

Eg{g(θ, φ)g∗(ϑ, ϕ)} = P(θ, φ)δθϑδφϕ, (3)

where δφϕ is the Kronecker delta function and ·∗ is the

complex conjugate and P(θ, φ) � Eg{|g(θ, φ)|2} is the

power density of scatterers, interpreted as the average energy

transmitted in direction θ and received in direction φ.1 The

expectation is computed over all possible realizations of the

scattering environment g(θ, φ). Equation 3 is referred to as

the wide-sense stationary uncorrelated scatterer (WSSUS)

assumption [5].

Without loss of generality, we normalize the average energy

of each channel coefficient to 1, which is equivalent to

normalizing P(θ, φ):∫
2π

∫
2π

P(θ, φ)dθdφ = 1.

Statistics of g(θ, φ) and H are dependent entirely upon

P(θ, φ).
The univariate marginals of the angular power are under-

stood as the power density of scatterers at the transmitter:

PT(θ) �
∫

2π

P(θ, φ)dφ, (4a)

and power density of scatterers at the receiver:

PR(φ) �
∫

2π

P(θ, φ)dθ. (4b)

Suitable functional forms for the univariate scatterer distribu-

tions have been well-studied [6]. These distributions charac-

terize the properties of the separable Kronecker model, where

it can be shown that P(θ, φ) = PT(θ)PR(φ) [4]. This paper

relaxes the Kronecker assumption, by additionally describing

power density with a jointness parameter.

The MIMO model is used to calculate the second order

statistics Eg{hnmh∗
n′m′} of the entries of H . These statistics

can be collected in the channel correlation matrix RH �
Eg{−→H−→

H†} where vectorize operator
−→· stacks the columns

of a matrix and ·† is the Hermitian operator.

III. FOURIER ANALYSIS OF CHANNEL MATRIX

We now derive a compact expression for RH . By trans-

forming functions into the Fourier domain, we decompose the

channel matrices H and RH into components depending sep-

arately on the antenna geometry and scattering environment.

1Power density of scatterers is not to be confused with the probability
density function of the scattering gain, which we model as complex Gaussian.

A. Fourier Decomposition

Perform the double Fourier expansion of P(θ, φ),

P(θ, φ) =
1

(2π)2

∞∑
�=−∞

∞∑
�′=−∞

γ��′e
i(�θ−�′φ), (5a)

γ��′ =

∫
2π

∫
2π

P(θ, φ)e−i(�θ−�′φ)dθdφ, (5b)

where γ��′ is the Fourier coefficient of P(θ, φ). Since

P(θ, φ) ∈ R, we know that γ∗
�(−�′) = γ(−�)�′ . Substituting

(5a) into (4) we see the power density of scatterers around

transmitter and receiver are a function of γ�0 and γ0�′ :

PT(θ) =
1

2π

∞∑
�=−∞

γ�0e
i�θ,

PR(φ) =
1

2π

∞∑
�′=−∞

γ0�′e
−i�′φ.

Similarly write g(θ, φ) as the double Fourier expansion:

g(θ, φ) =
1

(2π)2

∞∑
�=−∞

∞∑
�′=−∞

β��′e
i(�θ−�′φ), (7a)

β��′ =

∫
2π

∫
2π

g(θ, φ)e−i(�θ−�′φ)dθdφ, (7b)

where β��′ is the Fourier coefficient of g(θ, φ).
Due to the limited aperture sizes, (7a) can be truncated

and from (2) each hnm(t) written as a finite sum of the β��′

coefficients. Drawing from [7], the channel matrix H can be

decomposed into three matrices:

H = JRβJT
†, (8)

where

β =

⎡
⎢⎢⎢⎣

β(−NR)(−NT) . . . β(−NR)NT

β(−NR+1)(−NT) . . . β(−NR+1)NT

...
. . .

...

βNR(−NT) . . . βNRNT

⎤
⎥⎥⎥⎦ , (9)

is a matrix which completely characterizes the effect of the

scattering environment, JT and JR are matrices describing

the effect of the transmitter and receiver antenna geometries

JS =

⎡
⎢⎢⎣
J−NS(r

(S)
1 ) . . . JNS(r

(S)
1 )

...
. . .

...

J−NS(r
(S)
nS ) . . . JNS(r

(S)
nS )

⎤
⎥⎥⎦ , (10)

where S = T for JT and S = R for JR, and if vector r is

defined in polar coordinates as (r, θr), then

J�(r) � (−i)�J�(kr)ei�θr , (11)

NT = �ekRT/2� and NR = �ekRR/2� are the aperture

dimensionalities of transmitter and receiver respectively and

Jm(·) is the Bessel function of the first kind of order m.

We next model the scattering matrix β as a random matrix.
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(a) (b) (c)

Fig. 2. Shapes of scatterer distributions used for joint distribution modelling:
(a) Morgenstern (here ρm = 0.7), (b) bivariate Gaussian (θv = π/6, σ1 = 2,
σ2 = 1) and (c) bivariate Laplacian (θv = π/6, σ1 = 4, σ2 = 2).

B. Statistics of Scattering Environment

Since the scattering gain is zero mean Gaussian, the statis-

tics of the elements of β are also governed by its correlation

matrix Rβ � Eg{−→β−→
β †}. From (7b) each second order

statistic Eg{βpp′β∗
qq′} can be calculated as:

Eg{βpp′β∗
qq′} =

∫
2π

∫
2π

∫
2π

∫
2π

e−i(pθ−p′φ)ei(qϑ−q′ϕ)

× Eg{g(θ, φ)g∗(ϑ, ϕ)}dθdφdϑdϕ.

Applying the WSSUS property (3):

Eg{βpp′β∗
qq′} =

∫
2π

∫
2π

P(θ, φ)e−i(p−q)θei(p′−q′)φdθdφ.

We see by comparison with (5b) that Eg{βpp′β∗
qq′} =

γ(p−q)(p′−q′) from which a block Toeplitz structure can be

inferred for Rβ:

Rβ =

⎡
⎢⎢⎢⎣

Γ0 Γ−1 . . . Γ−2NT

Γ1 Γ0 . . . Γ−2NT+1

...
...

. . .
...

Γ2NT Γ2NT−1 . . . Γ0

⎤
⎥⎥⎥⎦ , (12)

where Γ� is Toeplitz:

Γ� =

⎡
⎢⎢⎢⎣

γ0� γ(−1)� . . . γ(−2NR)�

γ1� γ0� . . . γ(−2NR+1)�

...
...

. . .
...

γ2NR� γ(2NR−1)� . . . γ0�

⎤
⎥⎥⎥⎦ .

By virtue of the γ�(−�′) = γ∗
(−�)�′ property, Γ−� = Γ†

� .

The statistics of H are governed by covariance Rβ of β
and the antenna geometry. From (8) and Kronecker relation−−−−→
ABC = (AT ⊗C)

−→
B where ⊗ is the Kronecker product and

·T is the vector transpose operator [8], the channel correlation

matrix RH is related to Rβ through

RH = (JT
∗ ⊗ JR)Rβ(JT

∗ ⊗ JR)†. (13)

This equation separates antenna correlation into the antenna

geometry term JT
∗ ⊗ JR and scattering environment cor-

relation term Rβ. We can then investigate separately the

contributions of either component to MIMO performance.

Equation 13 describes both Kronecker and non-Kronecker

channels.

IV. BI-ANGULAR POWER DISTRIBUTIONS

In this paper we consider the dependence on joint properties

of the power distribution. Although various power distribu-

tions functonal forms have been proposed for the univariate

marginals at the transmitter and receiver, little has been

suggested in terms of bivariate distributions for P(θ, φ). We

propose natural extensions of the univariate marginals, the

uniform limited, Gaussian and Laplacian distributions [6], to

the bi-variate case. These distributions are parametrized by a

mean angle-of-arrival θ0, mean angle-of-departure φ0, angular

spread at the transmitter σt and receiver σr, and parameter ρ
controlling joint properties. They are illustrated in Fig. 2.

A. Morgenstern Distributed Scatterers

In the case the energy leaves the transmitter aperture uni-

formly from (θ0−∆t, θ0+∆t) to arrive at the receiver aperture

uniformly from (θ0 − ∆r, θ0 + ∆r), marginal constraints (4)

can be satisfied by Morgenstern’s family of distributions [9]:

fM(θ, φ) =
1

4∆t∆r
− ρm(θ − θ0)(φ − φ0)

4∆2
t ∆

2
r

.

Using (5b) it is straight-forward to derive:

γ
(M)
��′ =

⎧⎨
⎩

ei�θ0sinc(�∆t), �′ = 0,

e−i�′φ0sinc(�′∆r), � = 0,

ei(�θ0−�′θ0)Γ(�, �′), otherwise,

where

Γ(�, �′) =sinc(�∆t)sinc(�′∆r) − ρ

�∆t�′∆r
×

[cos(�∆t) − sinc(�∆t)][cos(�′∆r) − sinc(�′∆r)].

Parameter ρ ∈ [−1, 1] controls the shape of fM(θ, φ). In case

ρ = 0, the distribution reduces to the separable product of

two uniform limited distributions, the Kronecker case. Further

in the isotropic case ∆t = π and ∆r = π the Morgenstern

distribution reduces to the rich scattering distribution.

B. Gaussian Distributed Scatterers

The truncated bivariate Gaussian distribution is written:

fG(θ, φ) = ΩGe
− Q(θ,φ)

2(1−ρ2) , |θ − θ0|, |φ − φ0| ≤ π

where

Q(θ, φ) =
(θ − θ0)

2

σ2
t

− 2ρ(θ − θ0)(φ − φ0)

σtσr
+

(φ − φ0)
2

σ2
r

,

ρ controls the level of coupling between the transmitter and

receiver scatterers and ΩG is a normalization constant. The

Kronecker case is obtained by setting ρ = 0. For small

angular spread (σr, σt � π), ΩG = 1/2π
√

1 − ρ2σtσr and

coefficients γ��′ are obtained from the Gaussian characteristic

function [10]:

γ
(G)
��′ = ei(�θ0−�′φ0)e−

1
2 [�2σ2

t +�′2σ2
r−2σtσrρ��′].

The marginal distributions possess characteristic functions of

form γ
(G)
� = ei�θ0e−

1
2 �2σ2

t , which correspond to the univariate
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Fig. 3. Contour plot for a typical elliptical bivariate scatterer power
distribution, showing distribution parameters: mean direction pair (θ0, φ0)
and major and minor axes of ellipses σ1 and σ2, respectively. Also shown
are the marginal density of scatterers PT(θ) and PR(φ).

Gaussian distribution fG(θ) = 1√
2πσt

e−(θ−θ0)
2/2σ2

t [6]. The

variances of the marginals, at the transmitter and receiver, are

σ2
t and σ2

r respectively.

The distribution is an elliptically contoured function cen-

tered about (θ0, φ0) and parameterized in terms the ellipse

orientation angle θv (see Fig. 3) and major and minor axis

variances σ2
1 and σ2

2 respectively. The joint parameter ρ is a

function of these geometric parameters [10]:

ρ =
σ2

1 − σ2
2

σtσr
sin θv cos θv,

where σ2
t = σ2

1 + (σ2
2 − σ2

1) sin2 θv and σ2
r = σ2

2 + (σ2
1 −

σ2
2) sin2 θv . Geometric parameters are illustrated in Fig. 3.

C. Laplacian Distributed Scatterers

Similarly to the Gaussian distribution, a truncated elliptical

bivariate Laplacian distribution can also be written [11]:

fL(θ, φ) = ΩLK0

(√
Q(θ, φ)

1 − ρ2

)
, |θ − θ0|, |φ − φ0| ≤ π,

where K0(·) is the modified Bessel function of the second kind

of order zero and ΩL is a normalization constant. For small

angular spread, ΩL = 1/π
√

1 − ρ2σtσr and coefficients are

obtained from the Laplacian characteristic function [11]:

γ
(L)
��′ =

ei(�θ0−�′φ0)

1 + σ2
t �2 + σ2

r�′2 − 2ρσtσr��′
.

The marginal distributions possess characteristic functions

of form γ
(L)
� = ei�θ0/(1 + σ2

t �2) which correspond to

the well-known univariate Laplacian distribution fL(θ) =
1

2σt
e−|θ−θ0|/σt with variance 2σ2

t .

V. INFORMATION THEORETIC PERFORMANCE MEASURES

We now describe the measures of capacity and diversity

used for assessing MIMO system performance. The ergodic

capacity of a MIMO channel with no channel state information

at the transmitter, is given by computing the mutual informa-

tion with equally allotted transmit powers [12]:

Cerg = EH

{
log2

∣∣∣∣InT +
SNR

nR
HH†

∣∣∣∣
}

, (14)

where InT is the nT×nT identity matrix and SNR the average

received signal-to-noise ratio.

Channel diversity is generally defined by the distribution

of the nRnT eigenvalues λi of the channel correlation matrix

RH . These eigenvalues describe the average powers of the in-

dependent eigenvector channels of a MIMO channel. A useful

single parameter diversity measure describing the eigenvalue

spread is the diversity order. In [13], for an NLOS channel

with Gaussian coefficients it was shown equal to:

Ψ(RH) =
(
∑nRnT

i=1 λi)
2∑nRnT

i=1 λ2
i

=

(
Tr{RH}
‖RH‖F

)2

, (15)

where ‖ · ‖F is the Frobenius norm and Tr(·) is the matrix

trace. Here 1 < Ψ(RH) < nTnR.

To obtain antenna geometry-independent performance re-

sults for our antenna apertures, we set J†
TJT = InT and

J†
RJR = InR

. These relations are satisfied for nT ≥ 2NT +1
transmitter and nR ≥ 2NR + 1 receiver antennas that are

separated far enough apart so that the rich scattering (RH =
I) antenna correlation is negligible.

Using (8), we see immediately that:

HH† = JRβJ†
TJTβ†J†

R = (JRβ)(β†J†
R).

For fixed antennas, computing expectation (14) over channel

realizations H is equivalent to computing it over g(θ, φ) or

β. Using the matrix identity |I + AB| = |I + BA|:

Cerg = Eβ

{
log2

∣∣∣∣InT +
SNR

nR
β†J†

RJRβ

∣∣∣∣
}

= Eβ

{
log2

∣∣∣∣InT +
SNR

nR
β†β

∣∣∣∣
}

. (16)

Similarly for the diversity, using Kronecker product property

(A ⊗ B)(C ⊗ D) = AC ⊗ BD:

(J∗
T ⊗ JR)†(J∗

T ⊗ JR) = JT
TJ∗

T ⊗ J†
RJR = InT nR

.

Hence from (13), RH and Rβ are similar matrices and possess

the same trace and Frobenius norm. As a result, diversity order

is given by:

Ψ(RH) =

(
Tr{Rβ}
‖Rβ‖F

)2

. (17)

From (16) and (17), both capacity and diversity are hence

characterized by the scattering matrix β.

VI. SIMULATION OF JOINTLY CORRELATED CHANNELS

In the following examples, we use the above metrics to

investigate the joint properties of the MIMO channel. Here

antennas are packed into apertures of radius RT = RR = λ.

Ergodic capacity Cerg was calculated by ensemble averag-

ing over 1000 realizations of the scatter matrix β. SNR was
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Fig. 4. (a) Ergodic capacity and (b) diversity order for various MIMO antenna
schemes in a scattering environment with bivariate Gaussian angular power.
Here θv = 45o, θt = θr = 0.5 while the major-minor axis ratio α is varied.
Shown are geometry independent measures (dotted lines).
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Fig. 5. (a) Ergodic capacity and (b) diversity order for Gaussian (Laplacian)
distibution when varying the orientation angle θv , for constant ellipse area
πσ1σ2 = 0.1π (0.2π) but different major-minor axis ratio α.

set to 20dB. The set of channel scatter matrices {βn} was

simulated from the coefficient correlation matrix Rβ by: (i)

generating a series of (2NT + 1)(2NR + 1)-length vectors

of IID zero mean unit variance circularly symmetric Gaussian

random variables {−→Gi}, and (ii) calculating realizations of the

scatter matrix using
−→
β i = Rβ

1/2−→Gi.

A. Jointness of Power Distributions

We first study the effect of keeping the scatterer densities

around the transmitter and receiver constant, while varying the

joint parameter through the elliptical distribution parameters:

ellipse major-axis-to-minor-axis ratio α � σ2/σ1 and elliptical

contour orientation θv .

Anticipating largest joint effects occur for ellipses oriented

at θv = 45o, we plot the measures against α in Fig. 4.

Here maximum distribution jointness (α = 0) offers a modest

15% boost to capacity but a large drop in diversity. Though

plotted for Gaussian scatterers with θt = θr = 0.5, same-

shaped curves result for other angular spreads and Laplacian

scatterers.

Fig. 4 also compares the geometry independent performance

measures with those calculated directly from (14) and (15),

for antenna configured into uniform circular arrays of radius

λ. The geometry independent measures are reasonably close

to the 10 × 10 results.

B. Orientation of the Distribution Contours

We also study the effect of orientation of the distribution

contours, holding the contour area πσ1σ2 of the power dis-

tribution constant. In Fig. 5, we see capacity depends signifi-

cantly on contour orientation, while diversity order is relatively

fixed. Further simulations show that diversity order is even less

strongly dependent upon orientation for smaller aperture sizes.

Diversity order shows much stronger dependence upon contour

area (which depends linearly on α) than contour orientation.

However, contour orientation is shown important for modeling

MIMO channel capacity.

VII. CONCLUSION

In this paper, we explore the impact of the joint properties of

the angular power distribution on MIMO system performance.

We present a novel NLOS modelling approach to generate

an antenna geometry-free analysis of the MIMO channel. In

doing so, we show that the joint properties can significantly

effect diversity order and ergodic capacity. Capacity is strongly

dependent upon distribution contour orientation while the

diversity order proportional to the area of distribution contours.
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