ON THE WEAK AMENABILITY OF A(X) AND ITS RELATION
WITH THE APPROXIMATION PROPERTY

A. BLANCO

ABSTRACT. We investigate the weak amenability of the algebra A(X) of approx-
imable operators on a Banach space X, and its relation with the (bounded) ap-
proximation property. In particular, it will be shown that the (bounded) approx-
imation property is neither necessary nor sufficient for the weak amenability of

A(X).

1. INTRODUCTION

Let 2 be a Banach algebra, and let X be a Banach 2-bimodule. A (bounded)
linear map D : 2 — X that satisfies the identity :

D(ab) = D(a)-b+a-D®b)  (a,beA).

is called a (continuous) derivation. Every map of the foom a +— a-x —z-a (a € ),
where x € X is fixed, is obviously a continuous derivation. Derivations of this form
are called inner derivations.

The first Hochschild—Johnson cohomology group of 2 with coefficients in an -
bimodule X, denoted by H! (A, X), is defined as the quotient of the space of continu-
ous derivations from 2 into X by the corresponding (sub)space of inner derivations.
Thus triviality of H!(2, ¥) amounts to every continuous derivation from 2 into X
being inner.

The topological dual X’ of a Banach 2-bimodule X is also a Banach 2(-bimodule
under the actions :

(a- f)(z) = f(za) and (f-a)(x)= f(ax) (aeW,zeX, feX).

A Banach algebra 2 is said to be amenable if, for every Banach 2-bimodule X,
HY (A, X') = {0} ([J1]), and weakly amenable if H'(A,2A’) = {0} ([BCD] & [J2]).

For instance, the group algebra, L!(G), of a locally compact group G is always
weakly amenable ([J3]), and is amenable if and only if G is amenable in the classical
sense ([J1]); a C*-algebra is always weakly amenable ([Hal), and is amenable if and
only if it is nuclear ([Co] & [Hal).
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In this paper we shall be concerned with the weak amenability of the algebra
A(X) of approzimable operators on a Banach space X. Here, A(X) is the closure
in B(X) of the ideal F(X) of continuous finite-rank operators on X, where B(X)
denotes, as usual, the algebra of all bounded linear operators on X. Special emphasis
will be put on the relationship between weak amenability of this algebra and the
(bounded) approximation property.

Recall that a Banach space X is said to have the approximation property (A.P. in
short), if for every compact set K C X and every € > 0, there is an operator
T € F(X) such that | Tx — z|| < ¢ for every = in K. If, in addition, the operator T
can always be chosen with ||T|| < A for some A > 1 fixed, then X is said to have the
A-approzimation property (A-A.P. in short). A Banach space X is said to have the
bounded approximation property (B.A.P. in short) if it has the A-A.P. for some .

The study of the amenability of A(X) goes back to the origins of the subject
in [J1]. Further progress was made in [GJW], where amenability of A(X) is de-
scribed as a (symmetric) approximation property. Actually X’ (and hence X) has
B.A.P. whenever A(X) is amenable.

Some results on weak amenability of A(X) are obtained in [DGG]. It is shown
there that A(X) is weakly amenable whenever X has one of the following forms : ()
X = E®C,, where C), denotes any of the universal spaces introduced by W. B. John-
son in [Joh| and E is any Banach space with B.A.P.; and (it) X = {,(Y), 1 < p < o0,
where Y is any reflexive Banach space with A.P.

All the above results were good reasons to suspect that B.A.P. would be important
in trying to explain the weak amenability of A(X) as a consequence of the geometry
of X. The main outcome of this paper is that the weak amenability of A(X) is
largely independent of whether or not X has the B.A.P.

The paper has been organized as follows. First, in section 2 we shall give a
characterization of the weak amenability of A(X). This characterization will be
essential for the results of the subsequent sections.

In section 3 we shall investigate the weak amenability of A(X) in the context of
direct sums, duals, and predual spaces. The B.A.P. will play a significant role in
most of the results of this section. In particular, it will be shown that, contrary
to what happens with amenability, the class of Banach spaces X with B.A.P. for
which A(X) is weakly amenable is invariant under direct sums. Also as a simple
consequence of our results on direct sums it will be seen that (A.P. ) B.A.P. is not
required for weak amenability.

The failure of B.A.P. to be a necessary condition is the main motivation for the
results of section 4. In this section a necessary condition will be given and, using
it, examples will be constructed of Banach spaces X for which A(X) is not weakly
amenable. All the examples given in this section will have the additional feature of
failing A.P. Thus, these results will not allow us to draw any conclusion about the
sufficiency of B.A.P. for the weak amenability of A(X).

The question of whether or not B.A.P. is sufficient will be answered, also in the
negative, in the last section of this paper. Concrete examples will be provided of
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Banach spaces X with B.A.P. such that A(X) is not weakly amenable. Sufficient
conditions for the weak amenability of A(X) can be found in [B].
We shall assume throughout that all our Banach spaces are over the complex field.

2. A CHARACTERIZATION OF WEAK AMENABILITY OF THE ALGEBRA A(E).

We start by establishing some terminology.

Given a Banach space E, we identify F(E) and E' ® F in the usual way, that is,
we associate to the element v = ). \; ® x; € E' ® E the operator v € F(E) defined
by v(xz) =Y, Ai(z) z; (z € E). In particular we shall talk about the operator norm
(instead of the injective norm) of an element in E' ® E, and the projective norm of
an operator in F(E). We denote the latter by || . |-

The completion of E' ® E (= F(FE)) in the projective norm is the tensor algebra
of E and is denoted by E'®E. It is well known (see [He, II. 2.19]) that E'QF is a
Banach algebra.

The canonical trace on E'@F, denoted by trg (or just tr if the space E is clear
from the context), is the unique, continuous linear functional on E'®F, which is
defined on elementary tensors by

tre(A®@z) = A(z) (N\e E',x € k).

Given a finite-rank operator W, we denote by tr W, the usual (operator) trace. The
latter will not cause any trouble with our previous conventions, as the canonical
trace of an element v € E' ® E coincides with the trace, in the usual sense, of the
associated operator v in F(E).

The adjoint of a bounded operator U is denoted by U’.

If X and Y are isomorphic (respectively, isometric) normed spaces, we write
this as X ~ Y (respectively, X = Y), and denote by d(X,Y’) the Banach-Mazur
distance between them, that is, the infimum of numbers ||T||[|T~}||, where T is an
isomorphism between X and Y.

The completion of a normed space X is denoted by X~. If x1,29,...,x, are
vectors of some linear space X, we denote by sp{z1,za,... ,z,} their linear span.

Given a normed linear algebra 2(, and an -bimodule X, we denote by Z(X) its
centre.

The main result of this section is the following.

Theorem 2.1. Let E be a Banach space, and let 2 be a dense subalgebra of (E' ®
E,||.|ln) (and hence of E'®FE). The algebra A(E) is weakly amenable if and only
if, whenever T € B(E") satisfies

|tr(T(RS — SR))| < K| R[S (B,S €
for some constant K, the following holds :
(A) there exists A € C and a constant K such that
tr((T — W) < K|[W| (W €9).

Moreover, (A) is equivalent to the following condition :
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(A*) there exists a constant K, such that
[tr(TW')| < Ko |[W]|
for all W € A such that tr W = 0.

In proving Theorem 2.1, we shall need the next two lemmas.

Lemma 2.2. Let 2y = (A, ||.|l1) and Aa = (A, || . ||2) be normed algebras such that
|-l = - l2, let (X4,]]|-]ll1) be a Banach A;i-bimodule, and let (X2,]|].]|]2) be a
Banach Asz-bimodule. Moreover, suppose that Xo is contained in X1 with |||.|||2 >
I -||li- If D : As — X9 is a continuous derivation, then 0 : Ay — X1 defined by
0 :=10D o Iy, wheret: X9 — X1 denotes the natural inclusion, and Iy : A1 — s
denotes the formal identity map, is also a continuous derivation. In particular, we
may take X; = A (i =1,2).

Proof. This is immediate from the definitions. O

Lemma 2.3. Let E be an infinite-dimensional Banach space, let A be a dense sub-
algebra of (E'Q E, ||.||r), and let T € B(E"). Then there exist A € C and a bounded
sequence (Ay) C A with tr(A,) =n (n € N) such that

(1) s171Lp{ |tr (TA,) — An| } < oo.

Proof. By the well-known theorem of Dvoretsky on spherical sections of convex
bodies, for each n € N there is an n-dimensional subspace E, C FE such that
d(En,13) < 2. Let T, : E,, — % be a linear isomorphism such that ||T,, ||| 7, < 2,
let {e1,e2,...,e,} be the unit vector basis of [, and let {ef,es,... e}} be the
corresponding set of biorthogonal functionals (n € N). Define

T te; and zl, =The; (1<i<n,neN),

Tym — n

)

and let \; , € £ be an extension of z,, such that ||\ || = [|z/,[| (1 <i<n,neN).
Then define the projection

Spi=> Ain@zin  (n€N).
=1

It is easily verified that the sequence (S,) satisfies : i) tr.S, = n, ii) |Sy| < 2y/n =
o(tr Sp), and i) ||Sp|n < 2n = O(tr S,) (n € N).

Since A is dense in F(E) in the projective norm, there exists (S,) C 2 such that
1Sy — Splln < 1 (n € N). Then |trS, —trS,| < 1 (n € N), and consequently
I1Sa]l < o(tr Sn) + 1 = o(tr Sp) and [|Splla = O(tr S,) + 1 = O(tr Sy,).

Let (A,) C C be the sequence defined by A, := tr(T'S,)/tr S, (n € N). It is easy
to see that (Ay) is bounded. In fact, we have

te(TS,) < ITNISalA < ITNISulla = O S,) (€ N).

Let (Sy,) be a subsequence of (S,,) such that limy k(A,, — A) = 0 (for some X € C)
and k||Sy, || = O(tr Sy, ) (such a sequence exists, since () is bounded and ||Sy|| =
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o(tr S,)). Then the sequence (A) C 2 defined by Ay := kgnk/tr §”k (k € N) has
all the required properties. 0

Proof of Theorem 2.1. We start by proving that A(F) is weakly amenable if and
only if (A) is satisfied.

Let A be as in the hypotheses. Define 2; := (2, ||.|[») and A2 := (A, ]| .]]). It is
easily seen that A, & F'®F and 2, = A(E). Then note that condition (A) is
equivalent to the following :

(1) if f € 2 is such that the map S+— S-f— f-S (S € %) defines a continuous
derivation from 2y into 25, then there is g € ) such that f — g € Z(2{).

To see this, for every T' € B(E'), define T" : 2; — C by T"(S) = tr(TS")
(S €®). The map T — T, B(E') — 2l{, is an isometric linear isomorphism ([Pa,
1.7.11]). Thus, given f € 2, there exists a unique T € B(E') such that T" = f,
and so for R, S € ¥,

(S-f=f-9)R) = ($-T"=T"S)(R)

(2) = T"RS - SR) = tr(T(RS — SR)").
The continuity of S — S f— -5 (S €2) as a map from Ay into AJ means that
(3) 1S-f—=f-SI<KjlS]l (S eA)

for some constant Ky. Combining (2) and (3), we find that, if S +— S-f—f-S
(S € ) defines a continuous derivation from 2, into 24, then

tr(T(RS — SR))| = |[(S-f—f S)(R)|
< Ky|SIIIRI  (R,SeA).

On the other hand, by [Grl, Lemma 2], Z(2({) = sp{tr} and so we have f — g €
Z(]) with g € 2 if and only if f — Atr € ) for some A € C. Moreover,

(f =Mr)(W) = (T" = Mg") (W)
= tr((T = MNg)W') (W e).

This shows that (A) and (f) are equivalent.

Next we show that A(F) is weakly amenable if and only if () is satisfied.

Assume that 2, is weakly amenable. Let f € 2] be such that the map D : 2y —
A5, S+— S-f—f-8S is a continuous derivation. Then D must be inner, that is,
D(S)=S5-g—g-S (S € for some g € Aj. It follows from this and the definition
of D that f—g € Z(2{). Thus, (f) (and hence (A)) is satisfied. This proves the
‘only if” part.

Conversely, assume (f) holds. Let D : 2y — 2} be a continuous derivation. By
Lemma 2.2, with X; = 2/ (i = 1,2), the operator 9 := 120D o Iy : A; — A{ is
also a continuous derivation. Since 2, = E'®F and the tensor algebra of F is
weakly amenable ([DGG, Theorem 5.1]), the continuous extension of 0 to ; is an
inner derivation. Thus D(S) = 9(S) = S-f—f-S (S € A) for some f € .
Now () guarantees the existence of g € 2 such that f — g € Z(2{). Equivalently
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S-f—f-S=85-g—g-S (5 €. The last condition clearly means that D is an
inner derivation. Thus 2, (and hence A(F)) is weakly amenable. This proves the
‘if” part.

We have shown that A(F) is weakly amenable if and only if (A) is satisfied. Let
us now show that condition (A) is equivalent to (A*).

That (A) implies (A*) is obvious.

Let us prove the converse implication. Let T satisfy (A*). By Lemma 2.3, there
exist A € C and a bounded sequence (A,) C 2 with tr(A,,) = n (n € N) such that
(1) is satisfied. We show that, if (A*) holds, then condition (A) is satisfied for this
value of \. In fact, assume towards a contradiction that (A*) holds yet there exists
a bounded sequence (W,,) C U such that

sup {Jer(T = W)} = oc.

Let tr(W,) = p,. Without loss of generality we may suppose that p, is a positive
integer (n € N). Then
‘tr((T — )\)Wn')‘ < |tr (T (W, — Apn)/) — \tr ((Wn — Apn)')| +
+ }tr (TA;n) — Atr (Ap’n)‘ .
Both summands on the right-hand side of the above inequality are bounded, the

first, because of (A*), and the second, because of our choice of A and (A,). The

contradiction is now obvious. O

Corollary 2.4. Let E be a reflexive Banach space, and let A be as in Theorem 2.1.
Then A(E) is weakly amenable if and only if, whenever T € B(E) is such that
‘tr(T(RS — SR))} < K| RIS (R,S e
for some constant K, the following holds :
(A) there exists A € C and a constant K such that

tr((T = W) < KW (W €).

Proof. When FE is reflexive the map T +— T’ B(E) — B(FE’), is an isometric anti-
isomorphism. Using this fact, elementary properties of the trace, and Theorem 2.1,
the desired result follows. 0

3. DIRECT SUMS, DUALS, AND PREDUALS

Given a direct sum of Banach spaces, X = X1 @& X5, we denote by v : X — X,
(1 : X — X), k = 1,2, the canonical k-th coordinate projection (embedding).
Then for V € B(X) (respectively, V € B(X’)) we denote by Vij (respectively, 17@)
the operator v, V1, (respectively, o, 177;-), 1 < k,j < 2. Without loss of generality,
we shall suppose that the norm on X; @ X5 has been chosen such that ||| = 1 for
k=1,2.

For each T' € B(X'), set

(4) lp : W te(TW') (W e F(X)),
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and

(5) br : (R, S) — tr(T(RS — SR)) ((R,S) € F(X) x F(X)).
Then define

(6) Ax :={T € B(X') : by is bounded

(F(X) with the operator norm)}.
We denote by ||br|| the norm of by (T' € Ax).

Lemma 3.1. Let X1 and X be infinite-dimensional Banach spaces, and let X =
X1 ® Xo. Suppose that at least one of the following conditions is satisfied :

i) X1’ has the B.A.P. ;
i1) Xo' has the B.A.P. ;
iii) X has the B.A.P.

Then, for each T € Ax, there exists a constant K such that
(7) |l (11 Wiz 412 War )| < Kr[[W] (W € F(X)).

Proof. Let us suppose that X" has the A- A.P. for some A > 1. Then by [DF, § 16.3,
Corollary 1] X; has the A-A.P. as well. Let T' € Ax, and let W € F(X). Take
P € F(X;) with ||P]] < A+ 1 such that PWis = Wig, and let Q € F(X;) with
QI < A+ 1 such that Wy @ = W, (the existence of P and () is guaranteed by
[DF, § 16.9, Corollary]). Then since y12; = Ix,, 72t1 = 0 and 7122 = 0, we have

llr(u Wiay)| = |lr(ua Pyios Wizya —u Wiz Py

= |br(u Py, u Wizv2)| < [lbrlller Pyallller Wiz e
< A+ Dlor(IW]l,

and

llr(2Warm)| = |lp(e War v 11 Q1 — 11 Q122 War m1)|
= |br(n @y, 2 Warmi)| < [lbrlles @allllsz War |
< A+ Dor|w]].

Combining the last two inequalities, we obtain the desired one with Kp = 2(\ +

D)ozl
The proof is completely analogous if one of conditions (i7) or (iii) be satisfied
instead of (7). O

Given a Banach space X and a continuous finite-rank operator W on a Banach
space Y, we set

8)  |[Wlx=if {|R|||S|: R € F(X,Y), S € F(Y, X) and RS = W},

where F(X,Y) (respectively, F(Y, X)) denotes the normed space of continuous
finite-rank operators from X (respectively, Y) into Y (respectively, X).
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Proposition 3.2. Suppose that the hypotheses of the previous lemma are satisfied.
If A(X1) is weakly amenable and there exists p > 0 such that |Wlx, < p|W]|
(W e F(X2)), then A(X) is weakly amenable.

Proof. We shall use the characterization given in Theorem 2.1.

Let T € Ax and W € F(X) be such that trW = 0. It is easily seen that
T1; € Ax,. Since A(X;) is weakly amenable, by Theorem 2.1, there exists A € C
and a constant Ky7 > 0 such that

(9) tr (T — NW)| < Kir||[W]| (W € F(Xy)).
Taking into account the fact that tr Wi 4 tr Was = tr W = 0, we see that

lr(u Wiiy + 12 Way2)| = [lpy, (Wha) + Uy, (W) |

(10) Kip HWHH + ‘tr((TQQ — /\)W22/)|.

IN

We show next that there exists a constant Ko > 0 independent of W such that
|tr((To2 = \)Wa2') | < Kor||[Was||-
Let R € F(X1,Xs) and S € F(Xa, X1). We have
|tr(T11(SR)") — tr(Th2(RS)")|
= ’tr(T(zl Sy Ry —1w Ry1 1 S’yg)/)‘

= |br(u1Sv2,2Rn)| < bl Sy2lllliz Ry
[or|[[|RI[1S]]-

IN

Using the last inequality and (9), we see that
‘tr((ng — /\)(RS)/)‘
< |t1‘((T11 — )\)(SR)/)| + ‘tr(TH(SR)’) — tr(TQQ(RS)’)‘
< (Kar+llorDIRIIST (R e F(X1, Xa), § € F(Xa, X))

Then, taking into account the definition of |.|x, (see (8)), it follows that
|tr ((To2 = \)Wa2') | < (Kir + ||bTH)‘W22‘X1,

and, in turn, by our hypothesis about |.|x,, that

(11) |tr (T2 — \)Wao') | < Kop||[Wasl|,

where Ko = p(KlT + ||bT”)
Combining (7), (10), and (11), we see that

e (W) < Jlr(on Wir v + 12 Waz y2)| + |l (21 Wiz 2 + 12 War )|
< Kip|Wi| + Kor|Was|| + Kr|W]| < Kz |W]],

where K = Ky + Kop + Kr (K7 as in Lemma 3.1). Thus (A*) is satisfied, and
so, by Theorem 2.1, A(X) is weakly amenable. O
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Let (G,,) be a sequence of finite-dimensional Banach spaces dense (in the Banach—
Mazur sense) in the class of all finite-dimensional Banach spaces, such that for every
n € N the set {7 : G, = G} is infinite. The Banach space C}, (p =0o0r1 < p < o0) is
the I,-sum of the sequence (Gy), that is, C := (> EB%O:IGn)lp (see [Joh] & [Johl]).

Corollary 3.3. For every Banach space E, the algebra A(E & C)) is weakly ame-
nable.

Proof. This is immediate from the above proposition and the definition of the Banach
spaces C), (recall that A(Cp), p=0or 1 <p < oo, is weakly amenable ([Gr2])). O

Corollary 3.4. For every Banach space E, the algebra A(E @ Cy) is weakly ame-
nable.

Proof. The Banach space C, contains a l-complemented isometric copy of the
dual of every separable Banach space ([Johl]). In particular, it contains a 1-
complemented isometric copy of C), for every 1 < p < oo. Now apply Corol-
lary 3.3. O

Corollary 3.5. There are Banach spaces X without the A.P. for which A(X) is
weakly amenable.

Proof. If a Banach space X has the (A.P.) B.A.P., then every complemented sub-
space of X also has this property. Thus, if FE is a Banach space without the (A.P.)
B.A.P., the Banach space X = E® C),, p =0 or 1 < p < oo, must fail the (A.P.)
B.A.P., yet by Corollary 3.3, A(X) is weakly amenable. O

With this we have shown that (A.P.) B.A.P. is not a necessary condition for weak
amenability of the algebra A(X).

As before, let X = X; & X5, but now let us suppose that both A(X;) and A(X2)
are weakly amenable. Is A(X) weakly amenable?

We shall prove the following.

Theorem 3.6. Suppose the hypotheses of Lemma 3.1 are satisfied. If A(Xy) and
A(X2) are weakly amenable, then A(X) is weakly amenable.

Given a normed space X, kx : X — X" denotes the canonical embedding. For
arbitrary normed spaces X and Y we denote by X®Y (respectively, X®Y') their
projective (respectively, injective) tensor product.

Lemma 3.7. Let X and Y be infinite-dimensional Banach spaces. If either X or
Y has the B.A.P., then the bilinear form b : F(X,Y) x F(Y,X) — C defined by
b(R,S) :=tr(RS) (Re F(X,Y), Se F(Y,X)) is unbounded.

Proof. Without loss of generality, let us suppose that X has the n- A.P. for some
n>1. Taked, e > 0. Let S =>"" ; i®z; € Y/®X, and let P € F(X) be such that
| P|| < n+eand PS = S (we have used [DF, § 16.9, Corollary|). By the Hahn-Banach
Theorem and [DF, § 3.2, Proposition (1)], there exists T € B(Y', X') = (Y/®X)'
with || T|| = 1 such that ||S||x = tr(7'S"). Define Ty := P'T € F(Y', X’). Then, by
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the principle of local reflexivity, there exists Ty : T}/(X") — Y such that || Ta]] < 146
and (T1'kx(z;))(Ni) = N (ToTi'kx(x;)) for all i. Take R € F(X,Y) such that
R" = ky ToTy' (it is not difficult to see that R = ToT"kx P). Then

ISIln = t(TyS) = > (TVrx(2:)) (M)
=1
= > X (BT rx(z:) = > (R'ex(@:) (\) = tr(RS).
=1 1=1

Since € and ¢ can be arbitrarily small it follows that
IS|ln < sup {|tr(RS)| : R € F(X,Y), |R] < n}.

Analogously, using the fact that (Y'®X)" = Z(Y’, X’) (see [DF, § 10.1, Proposi-
tion]), it can be proved that

|S|| < sup {|tr(RS)| :Re F(X,)Y), |R||z < 77}.

If b is bounded, then || .|z and || .|| are equivalent in F(X,Y") and, consequently,
|.llx and ||.|| are equivalent in F(Y, X), that is Y'®X ~ Y'®X. But since X has
the B.A.P., either dim X < oo or dimY < oo (see [Pi5]), which is a contradiction.
Thus b must be unbounded. U

Proof of Theorem 3.6. We show that condition (A*) of Theorem 2.1 is satisfied.
Let T' € Ax, and let W € F(X) be such that tr W = 0. By Lemma 3.1, it is

sufficient to consider W with W9 = 0 and W5 = 0. Since A(X;) and A(X>) are

weakly amenable, there exist A1, Ao € C and positive constants K7, Ko such that

(12) ltr (T — AM)WA) | S Kq|[Whl| (W € F(XY))

and

(13) |tr ((Toa — A)WR') | < Ka|Wa  (Wa € F(Xa)).
We have

tI‘(TW/) = tI‘((TH — )\1)W11/) + tr((TQQ — AQ)WQQI)
+ A\ tr(Wn) + Ao tI‘(WQQ).
Taking into account the fact that tr Wi; = — tr Wag and that tr is unbounded (recall
that dim X; = dim X9 = 00), it is easily seen from the last identity together with
(12) and (13) that (A*) is satisfied if and only if A} = Ag.
Let S"€ F(X1,X5) and R € F(Xq,X;). Define R := 1 Ry and S := 19 5.
Then
bT(R, S) = tl"(TH(R~S~),) — tr(T22(S~R~)/)
= tr((T11 — A1)<R~S~)/) — tr((TQQ — AQ)(SNRN)/) +
+ ()\1 — )\2) tI‘(R~S~).
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It follows that

(14) [\ = Xolftr(RSD)| < ([lbrll + Ky + Ko) | RS
(S~€ .7:(X1, Xg), R e f(XQ, Xl))
Since by hypothesis either X; or X5 has the B.A.P. (see Lemma 3.1), the bilinear

form of Lemma 3.7 cannot be bounded. Thus, (14) is possible if and only if A\ = Ay,
and so (A*) is satisfied. O

Corollary 3.8. Let X; be an Lp,-space, 1 < p; < oo (1 <i < n). Then A(X; &
Xo @ ® Xy) is weakly amenable.

Proof. For n = 2 the result is an immediate consequence of Theorem 3.6. The
general case follows by induction. O

Remark. Note that A(l, ® ;) (1 < p,q¢ < o0) is amenable if and only if p = ¢ or
p=2or q=2. It is also known that A(cyo & [,) is not amenable for 1 < p < 2 and
that A(l; & [,) is not amenable for 2 < p < co. All these results can be found in
[GJW, Theorem 6.9].

Corollary 3.9. Let E be a Banach space with the B.A.P. If A(E) is weakly ame-
nable, then A(1;'(E)) (1 < p < oo, m € N) is weakly amenable.

Proof. Since E has the B.A.P., the same holds for £ @ E. Thus, by Theorem 3.6,
A(E @ E) is weakly amenable. Now continue by induction in the obvious way. [

Remark. The converse of the above corollary is true for every Banach space and
not only for those that satisfy B.A.P. This follows easily from Theorem 2.1. In
fact, it is not hard to see that, if T € Ap, then 7 : [['(E) — [;*(E) defined by
T((wi)i2q) = (Txi)iZy ((wi)iZy € 17'(E)) belongs to Apm(g). Since A(IF'(E)) is
weakly amenable, there are A € C and K > 0 such that
(T =W < KWl (W € F((E))).

For each W € F(FE) define W € F(I;'(E)) by

W((@:)i21) == (Wa1,0,...,0)  ((@)i2y € [,'(E)).
Then tr W = tr W, tr(TW') = tr(TW') and ||W]| = |W)||. The rest is clear.

Let us now turn to the study of the relationship between the weak amenability of
A(X) and the weak amenability of A(X’). We have the following result analogous
to Corollary 5.3 of [GIW].

Proposition 3.10. Let X be a Banach space. If A(X') is weakly amenable, then
A(X) is weakly amenable.

=11

elements in F(X'). By the principle of local reflexivity there exists

Proof. Let T € Ax. Let R"= Y71,y @ 7; and "= 71", ]/ ® \; be arbitrary

Tl:sp{x’/,y}’:lgigm,1§j§n}—>X

)
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such that [|T1]] < 2 and &(f) = f(Ti€) (€ € sp{z{,yj : 1 < i <m, 1 <j <

n}, f€sp{N, 75, TN, Trj: 1 <i<m, 1<j<n}) Let R=73"7"_, 7, ® Thyj and
S=>" M@zl Then 8" = kx T1(S7), R = kx T1(R")’, and

tr(T'(RS= SRY)| = [te(T(SR—RS))| < [brlIR]IS]|
Allor [[I[B7I1S],

IN

that iS, T € AX"
Since A(X’) is weakly amenable, by Theorem 2.1, there exist A € C and a positive
constant K such that

e (77— WW)| < KW (W e F(X")).
Thus
tr((T = \NW')| = | ((T" = )W) | < KW (W e F(X)),
proving that A(X) is weakly amenable. O

Let E be a Banach space, and let K be a compact topological space. We write
C (K, E) for the Banach space of continuous, F-valued functions on K, with the
uniform norm.

Corollary 3.11. Let E and K be as above. Suppose that dim C(K) = oo. If E' has
the Radon-Nikodym property (R.N.P.) and E" has the B.A.P. then A(C(K,E)) is

weakly amenable.

Proof. The dual of C(K) is isometrically isomorphic to an infinite-dimensional Ba-
nach space of the form Lj(p) for some measure y, and it is well-known that L (u)®F
= Li(p, F) for every Banach space F. Thus, since E has the R.N.P. and C(K) has
the A.P., we have from [DF, § 4.2, Example 2 & Theorem 16.6] that

C(K,E) = (C(K)®E) = CO(K)&F
Li(w)®E" = Li(p, E').

12

By [Bl, Theorem 4.1}, A(L1(u, E")) is weakly amenable, and now the desired result
follows by Proposition 3.10. O

It is natural now to ask about the converse of Proposition 3.10, that is : does
the weak amenability of A(X) imply the weak amenability of A(X’)? We shall see
in the next proposition that under certain additional hypotheses on X, or, more
precisely, on X", this does in fact hold.

Proposition 3.12. Let X be a Banach space such that A(X) is weakly amenable.
If kx (X) is complemented in X" (in particular, if X is a dual space), and if |[W|x <
p|W 1 (W e F(X")) for some constant p > 0 (in particular, if X" has the B.A.P.),
then A(X") (and by Proposition 3.10, A(X') too) is weakly amenable.



WEAK AMENABILITY AND THE APPROXIMATION PROPERTY 13

Proof. Tt is well known that kx(X) is complemented in X" whenever X is a dual
space, and it is shown in [BDG, Proposition 4(a)(2)] that, if X” has the B.A.P.,
then there exists a constant p > 0 such that |W|x < p[|[W| (W € F(X")). The rest
is clearly a consequence of Proposition 3.2. O

Using the last proposition we recover the following (see Corollary 3.4).
Corollary 3.13. A(Cx) is weakly amenable.

Proof. The space C1(= Cy’) satisfies the hypotheses of the last proposition, and
Coo = CY'. O

4. A NECESSARY CONDITION

We have seen in the preceding section that B.A.P. is not a necessary condition
for the weak amenability of A(X). Our next proposition gives a necessary condition
for the weak amenability of this algebra. Note that the argument is similar to that
used in Proposition 3.6.

Proposition 4.1 (Necessary condition). Let Xy and Xo be infinite-dimensional Ba-
nach spaces, and let X = X1 ® Xy. If the bilinear map b : F (X1, Xo) x F(X2, X1) —
C defined by b(S, R) := tr(SR) is bounded, then A(X) is not weakly amenable.

Proof. Take A, Ay € C distinct, and let T € B(X') be defined by T;; := 0 if i # j
and Tj; = Nlx, (1 <1, < 2) (see the notation at the beginning of Section 3).
Supposing the bilinear map b is bounded, we have

‘tr(T(RS — SR),)‘ = ‘()\1 — )\Q)tl"(ng 521) — ()\1 — )\Q)tl“(SlzRgl)‘
< 2[a = XoflpllIRINST (R, S € F(X)).
On the other hand, since dim X; = oo, tr: F(X;) — C (i = 1, 2) is unbounded, and
so condition (A*) of Theorem 2.1 cannot be satisfied. To see this, take W € F(X)
with tr W = 0. Then we have
tl“(TW/) = ()\1 — )\Q)tl" W11 = ()\2 — )\1)’51" W22.

For any positive integer n, there exists W; € F(X;) such that |tr W;| > n|W;]|
(i = 1,2). Clearly, we may always suppose that trW; = —trW,. Let W :=
11 Wiy 412 Way2. Then

2
n||W| < n(|Wi] + ||Wa]]) < o ‘tr(TW’)‘.
A1 — Ao

Thus, as we claimed, (A*) is not satisfied, and consequently, by Theorem 2.1, A(X)
is not weakly amenable. O

The last proposition essentially says that, given a Banach space X, for A(X) to
be weakly amenable it is necessary that whenever P is a continuous projection on
X such that both rg P and ker P are infinite-dimensional, the bilinear map bp :
F(ker P,rg P)) x F(rg P,ker P) — C defined by bp(S, R) := tr(SR) is unbounded
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(compare this with the definition of an approximately primary Banach space given
in [GIW]).

Corollary 4.2. Let X andY be infinite-dimensional Banach spaces such that X®Y
= X®Y holds isomorphically. Then A(X ®Y') is not weakly amenable.

Proof. We can identify F(X,Y”) with a linear subspace of (X®Y')" by associating
to each V € F(X,Y”) the linear functional py : X®Y — C defined by
pvzey):=Vz)(y) (reX,yeY).

Since X®Y ~ X®Y, we have (X®Y) ~ (X®Y)" = B(X,Y’), and so there exists a
constant C' > 0 such that ||py| < C||V|| (Ve X' @Y = F(X,Y")).

Let R € F(X,Y') = X' ® Y’ fixed. By [DF, Theorem 6.7 (Extension Lemma)],
¢r has a natural extension p," € (X®Y")" defined by

(prz@y") = (' Re) =tr(R(y" @)  (ze X,y €Y
such that ||¢z"|| = [|¢r|. It follows that
te(RS)] = [{er",S)] < ller" ISl
< CIR[ISI  (ReF(X,Y'), Se F(Y', X))

Now, to finish our proof we just need to apply Proposition 4.1. O

Before passing to our next result we need to recall some terminology. Let 7" :=
{—1,13Y and let p be the normalized Haar measure on Y, that is, the infinite
product of %((51 +9_1). Denote by €, : T — {—1,1} the n-th coordinate projection
on T. A Banach space X is said to have cotype ¢, 2 < ¢ < oo, if there is a constant
C' such that, for all finite subsets {z1,z2,...,z,} of X, we have

n % n
<Z ||$z|q> < C/ Zﬁifﬁi
=1 r =1

We denote by C,(X) the smallest constant C' such that the above inequality holds.

Recall also that an operator 1" from a Banach space X into a Banach space Y is
said to be p-summing, 1 < p < oo, if there is a constant C' such that, for any finite
subset {x1,z2,... ,2,} of X, we have

(Sirelr)” <csn{(Slewat) e x.1a <1}

The smallest constant C' for which the last inequality holds is called the p-summing
norm of 7" and is denoted by m,(T"). The p-summing operators form a linear space,

dyt.

II,(X,Y), and 7, is a norm on it. Moreover, II,(X,Y") with the norm 7, is a Banach
space. Trivially, ||T'|| < m,(T") (T € I1,(X,Y)) so that II,(X,Y) C B(X,Y).

It is easily seen that, if T € II,(X,Y) (1 < p < o0) and V : Y — Y] and
W : X1 — X are bounded linear operators between Banach spaces, then we have
the “ideal property” : m,(VI'W) < ||V ||m,(T)||W||.
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A Banach space X is said to verify Grothendieck’s theorem or to be a G.T. space
if B(X,la) =111(X,l2).

Corollary 4.3. Let X be a Banach space of cotype 2 whose dual X' is a G.T. space
of cotype 2. Then A(X @© X) is not weakly amenable.

Proof. For any pair of operators R, S € F(X) we have, by [Ja, Propositions 4.2 &
17.7] and [Pi3, Lemma 3], that

[tr(RS)] < [|RS|n < ma(R) m2(S)
K2|R|||S]]-

IN

The desired result follows from the last inequality and Proposition 4.1. 0

That there are infinite-dimensional Banach spaces satisfying the hypotheses of
Corollaries 4.2 and 4.3 is a famous result of G. Pisier (see [Pil, Theorem 3.2]). In fact,
Pisier proved that every Banach space of cotype 2 can be embedded isometrically
into a Banach space P satisfying the two following conditions :

p.1) PQP = PRP algebraically and topologically; and
p.2) P and P’ are both G.T. spaces of cotype 2.

We shall refer to any infinite-dimensional Banach space satisfying both conditions
above as a Pisier space. Note that a Pisier space necessarily fails to have the A.P.
(see [Pib)).

Corollary 4.4. Let P be a Pisier space. Then A(P & P') and A(P & P) are not
weakly amenable.

Proof. 1t follows from the definition of a Pisier space together with Corollaries 4.2
and 4.3 respectively. 0

Remark. Note that if P is any Pisier space, then so is P @ P. Thus, by the last
corollary, there are Pisier spaces for which the algebra of approximable operators is
not weakly amenable.

Remark. Tt is implicit in the hypotheses of Proposition 3.2 that the subspace X; of
X should be topologically complemented in X. At first glance it is difficult to get
a real feeling about the importance of this assumption. Our last result, together
with Corollaries 4.2 and 4.3, emphasizes its significance. In fact, since Il has cotype
2, there is a Pisier space P that contains Iy isometrically. Then, though (i) I’ has
the B.A.P., (i7) A(l2) is weakly amenable, and (i7i) by [Pi2, Theorem 4.1] there
exists a constant C' such that every operator U in F(P @ P) (in F(P @ P’)) satisfies
|U|i, < C||U|| (see (8)); the algebra A(P @ P) (resp. A(P @ P’)) is not weakly
amenable. What fails in these examples is that P @ P and P @ P’ cannot contain
a complemented isomorphic copy of ly, for P & P and P @ P’ satisfy (p.2), and
by [Pil, Corollary 3.5] there exists a constant 6 > 0 such that for any finite-rank
projection @ we have ||Q|| > dv/rank Q. We will see, however, in Lemma 4.5 below,
that A(P @& P @ ly) and A(P & P’ @ l3) are weakly amenable.
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Another necessary condition for the weak amenability of A(X) has been given
by Grgnbak. He noted that A(X) is weakly amenable only if the product map
7 AX)RA(X) — A(X) is onto. The latter is easily seen to be equivalent to the
following condition :

(P) There is a constant C' such that for every U € A(X), there are sequences (V},)
and (W) in A(X) such that U = > 2 | V,W,, and > 7, [|[VL[|Wa] < C|U|.

In [Pi3] Pisier constructed a Banach space X that fails the above property (and
hence such that A(X) is not weakly amenable). This was the first known example
of a Banach space X for which A(X) was not weakly amenable. We should point
out here that our necessary condition is not equivalent to Grgnbak’s. In fact, if P
is a Pisier space, then it is clear from Corollary 4.3 that P & P does not satisfy our
necessary condition. However, it is easily verified that P @ P satisfies (P). This not
only shows that our necessary condition is not equivalent to Grgnbak’s, but also
shows that it is no worse than the latter. Moreover, the examples we have provided
in this section are essentially different from the one given in [Pi3].

We end this section with a result on infinite direct sums. It is in some sense a
continuation of the results of Section 3. As we saw there for a Banach space X
with B.A.P., the algebra A(;'(X)) (1 < p < oo, m € N) is weakly amenable if
and only if A(X) is weakly amenable. It will be shown here that the situation is
significantly improved if we consider infinite sums instead. In fact, we will see in
Proposition 4.6 below that, starting with a Banach space X such that A(X) is not
weakly amenable and summing up infinitely many copies of X (in the appropriate
sense), we might end up with a Banach space for which the algebra of approximable
operators is weakly amenable.

We shall need the following lemma, which has independent interest. It is in fact
a corollary of Proposition 3.2.

Lemma 4.5. Let X be a Banach space of cotype 2 with dual X' of cotype 2 also,
(in particular X = P @® P or X = P @ P’ with P any Pisier space). Then for any
1 <p<oo, AX @I, is weakly amenable.

Proof. Let U € F(X). Since both X and X’ have cotype 2, it can be shown using
[Pi2, Theorem 4.1] that there exist a positive integer » and operators Uy € F(X, %)
and Uy € F(I¥,X) such that U = UpU; and ||Uy||||Uz|| < (Cx + D||U|| (Cx =
(2C2(X)Ca(X))?).

It is known (see for instance [W, III.A. Exercise 6]) that [, (1 < p < co) contains
uniformly complemented [3 ’s, that is, that there are constants M; > 1 and My > 1
such that for every n € N there exists an n-dimensional subspace E, C I, and a
continuous projection P, : I, — E, satisfying : d(E,,l}) < M; and ||P,|| < M.
Take T : E,, — 1¥ such that ||T|||T7! < My and let 1,, : E,, — [, denote the
inclusion map. Define R := UsTP,, and S := 2,, 7 'U;. Then U = RS and U, <
IRIISI < p U] (see (8)), where p = My Ma(Crx +1).
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With this we have shown that |U];, < p||U]| (U € F(X)) for some constant p
independent of U. Since [, has the B.A.P. and A(l,) is weakly amenable, we can
apply Proposition 3.2 to conclude that A(X @ {,) is weakly amenable. O

Remark. Pisier proved (see [Pi4]) that any Banach space not containing [{’s uni-
formly must contain uniformly complemented [3’s. Thus, it is clear from the pre-
ceding proof that we can replace [,, in the hypotheses of Corollary 4.5, with any
Banach space X having the B.A.P., not containing {{’s uniformly, and such that
A(X) is weakly amenable.

Proposition 4.6. Let X be an infinite dimensional Banach space of cotype 2 with
dual X' of cotype 2. Then A(l2(X)) is weakly amenable. In particular A (l2(P))
and A (la(P & P')) are weakly amenable for any Pisier space P.

Proof. Tt is easy to check that both lo(X) and (l2(X)) (= l2(X’)) have cotype 2.
Since ly(X) ~ l2(X) @2, to finish our proof we just need to apply Corollary 4.5. [

Note that l3(P) and lo(P @ P’) (where P is any Pisier space) also fail A.P.

5. INSUFFICIENCY OF THE BOUNDED APPROXIMATION PROPERTY.

We have already seen that the B.A.P. is not necessary for the weak amenability
of the algebra of approximable operators on a Banach space (Corollary 3.5). In
this section we consider the question of whether or not B.A.P. is sufficient. We will
see that there are Banach spaces X with the B.A.P. such that A(X) is not weakly
amenable.

We first construct a reflexive Banach space E with unconditional basis such that
A(E) is not weakly amenable (Proposition 5.3 below). Then we will use a refine-
ment of the former construction to show that there are indeed infinitely many non-
isomorphic Banach spaces with the same properties. We have preferred to organize
things in this way so as not to complicate the main construction with details that
are irrelevant to the (non)weak amenability of the algebra A(FE).

Our main example is based on the following result of N. Tomczak-Jaegermann.

Lemma 5.1 (Tomczak-Jaegermann). Let (g,) be a sequence of positive numbers,
and let (pn) C|1,2[ and (k,) C N be strictly increasing sequences satisfying the
inequalities :

(15) kﬁ_% >e ' and k,f’"l‘“_% <2,
Then the following holds :
LY k>0 et (neN); and
2. There exists a positive constant C, such that for every n € N, if S : ZI;Z —
(2, ll;j)lz and R: (32,14 l];;')lz — I¥ are bounded operators, then

[tr(RS)| < Cenkanll RS-

We need the following auxiliary result.
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Lemma 5.2. Let U : l’; — 1,5/ and V : llg“/ — l’; (1 < p < 2) be linear operators.
Then there exists a constant C independent of p, k and k' such that

~ 3_1
tr(VU)| < CR2 2 [[V][[U]).

Proof. Let U and V be as in the statement of the lemma. By [Ja, Propositions 4.2
& 17.7] and [Pi2, Theorem 1.11], we have

(V)| < ma(V)ma(U) < VE|V||m2(D).

Let Ip1 : l’; — l’f and Iy : l’f — l’; be the formal identity operators, so that

|l = =5 and |T1,]| = 1. Then, by the ideal property of Iy(I¥,15) and the

Little Grothendieck Theorem ([Pi2, Theorem 5.10]), we have

1
m(U) < m(U L)Ll < Cik' ™7 |[U I,
< CET U
Combining both estimates above, we obtain the desired result with C =0 O

Proof of Lemma 5.1. Note that from (15), 1 is automatically satisfied, so we only
need to show 2.

Fix n € Nand let S : IF» — (3272 nHl’;) and R : (3 nHl’;) — i be
bounded operators. First we show that d(S(l’;x),l’;l) < 2 (where k' = d1m S(l’zfz)).

For this, let F; := ~; (S(l;fg)) (t=n+1,...), where v : (Z;’inﬂ l’;jf)lz — l’;;‘ is the

canonical i-th coordinate projection. By a result of Lewis (see [Le]) and our choice
of (pn) and (k) we have

1 1 1

1
d(F, 1™ < dim F;7O7 < Ky ®

11
< kgt ? <2,
Thus the space (Z;’in 41 Fl) b is 2-isomorphic to a Hilbert space and since S (l’;jz) is

a finite-dimensional subspace of (-2, . F;), the same must be true for S (llgz).

lo

Now let S and R denote the corestriction of S to S (lﬁz) and the restriction
of Rto S (lk”), respectively. Let T : S (lk”) — lk/ be a linear isomorphism such
that || T[] |7 1|| < 2 (by our previous result such an isomorphism exists). Clearly,
RSz = RT'TSz (z € lk") and so, by Lemma 5.2, we have

~ ~ L 3_1 ~
tr(RS)| = [e(BT'TS)| < O |[RT|||TS
< 2Cknen| RIS,
that is, condition 2 is satisfied. O

The proof of Lemma 5.1 that we have presented here is also due to Tomczak-
Jaegermann.
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Proposition 5.3. Let (¢,,) be a sequence of positive numbers such that ), e, < 00,
and let (pn) C|1,2[ and (ky,) C N be strictly increasing sequences satisfying the
inequalities (15). Then A(X) is not weakly amenable for X = (3 EBnll;Z)Q.

Proof. Denote by ~; (respectively, 2;) the canonical i-th coordinate projection (re-
spectively, embedding) with respect to X. Then define P, := > " ;4% (n € N),
and let 2 be the algebra of those operators W € F(X) such that W = P,W P, for
some n € N. It is easily seen that 2 is dense in F(X) in the projective norm.

Let T := 3", ky '1nyn. We show that T belongs to Ax and limy, [tr((T —A)P,)| =
0o (A € C). Then, since ||P,|| =1 (n € N), it follows by Corollary 2.4 that A(X)
cannot be weakly amenable.

Let R,S € 2. Then S = P,SP, and R = P,RP, for some n € N. To simplify our
notation, in what follows S;; (respectively, R;;) will denote the operator 2;v;S51;7;
(respectively, 1y, Rejy;) (1 <1i,5 <n).

Let ¥; := k; ' (i € N). We have the following :

n

‘bT(Rv S)‘ = 219 tI‘ Z ]7, - Sl]R]l)))
7j=1
= | Y Wite(RyS;i) — . 95tr(RySy)
1<4,5<n 1<5,j<n
n—1
- Z Z (¥ — Vj)tr(RijS5:) +
i=1 i<j<n
+Z Z J)tr(Ri;S;0)
i=2 1<j<i
= Z’ Z tr(RiiSii)| +
i=1 i<j<n
n—1
+Z‘ D (0 —9;)tr(Ri; Sji) |
j=1 j<i<n

Since R;;S;; = 0 whenever j # [, the last expresion can be written as :

n—1
(2 )5 450))
i=1 i<j<n i<l<n Vi
= 9 — 9
S a{(55)( 5 55|
j=1 j<i<n j<i<n J
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Let

. 9 —0;
Ri:ZRi]’; SZ:Z 19']]17 ]—Zsj17

1<j<n 1<j<n j<isn

Rj:ZuR--~ and @-:iﬁ"_ﬂ’% (1<i,j<n)
pa 79]' ij s i : kVk =%,)]=Nn).
J<i<n k=i+1
In particular : Rz = 1, R(I — P;)z and Sz = 6;(I — P,)Suv;z (x € X), and it
follows that ||R;|| = ||R| and ||S?|| < ||S]| (1 <i < n). Then we have shown that

(16) br(R,S)| < 0i|tr(RiS)| + > 0;[tx(S;R)].

i=1 j=1
Let S? denote the corestriction of S* to (I-P;)X, and let R; denote the restriction
of R; to (I — P;)X, so that ||S?|| = ||S?|| and || R;|| > ||R:||. Then, since (I — P;)X is
isometrically isomorphic to (Z ®72; +1l’;§)2, we have by Lemma 5.1 that

|t1“(RZSZ)’ = ’tr(%RiSiu)} :} ( RSZI)|
(17) < Ceiki||vili||| S| < C’szk IR 1115
< CekIR[ISI (T<i<n).

In a similar way, we obtain that
(18) [tr(S;R7)| < Ceika|R[IS] (1< <n).
Then, combining (16), (17) and (18) we see that
lbr(R, S)| < 20(2@) RIS (R,S e).
Since 2 is dense in F(X) in the projective norm, it follows that 7' € Ax as desired.

It remains to show that lim,, |tr((7"— \)P,)| = oo for all A € C. For this first note
that the following identity holds :

tr((T — A)Py) = n — (Zk) (neN, AeC).

Since ZZ IEZ < oo we have lim;e; = 0, and in turn lim;e; 1= 0. Thus
lim, 3" | e;' = co. Then takmg into account the fact that ZZ Lk > D00 e
(n € N), it follows that lim, [n — A(3_1; k)| = oo for all A € C as we wanted. [

To produce families of non-isomorphic Banach spaces with the same property we
combine the previous construction with one given by T. Figiel in [Fi]. Let us recall
the following result from [Fi].

Proposition 5.4. Let (gy,) be a strictly decreasing sequence of real numbers greater
than 2, and let (my,) and (ky) be sequences of positive integers such that :

1. for every m,-dimensional linear subspace Z of (Z@]Qiﬂqnﬂ-)g the distance
d(Z,l3'") >n (n € N); and
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2. kn, > nZKn k;, and each subspace Y C lgf” with dimY > %k‘n contains a
subspace Z such that dim Z = m,, and d(Z,l5'") <2 (n € N).

Then the Banach space X = (Z@Zozllgs)z has the following property : for any
n € N, there exists no isomorphic embedding of X"+ into X™ (here X™ denotes the

Banach space Y @& X;, where X; =X (1 <i<n)). O

The existence of sequences (m,,) and (k,) as in Proposition 5.4 is also proved in
[Fi]. We show next how sequences (py,), (k) and (m,,) can be defined such that (p,,)
and (k) satisfy (15), and (¢,), (kn) and (my,), where ¢, := pp/(pn — 1) (n € N),
satisfy the hypotheses of Proposition 5.4.

Let (en) be a sequence of positive numbers such that ) e, < co. We define
(pn), (kn), and (my,) in an inductive way. First we choose p; € (1,2) arbitrarily.
Then, assuming that p1,ps,... ,pn, and ki, ko, ... , k,—1 have already been defined,
we define k,, m,, and p,y1 as follows :

1. Choose Py, € (pn,2);

2. Let ¢, = pn/(pn—1) and G, = pn/(pn—1), that is, ¢, and g, are the conjugates
of p, and p, respectively. Choose m,, > (nL((jn))q”q"/(q"_q") (here L(gp) as in
the proof of [Fi, Proposition Al);

3. Choose1 k"1 eN, k, > k,_1 such that
(a) ki™ 7 > e
(b) kn>n)_;_, ki; and
(c) each subspace Y C lq”f" with dimY > %kn contains a subspace Z such

that dim Z = m,, and d(Z, l];;:) < 2.
(by [Fi, Proposition 3|, k,, exists); o

4. Choose pni1 € (Pn,2) such that k,"** * <2

Clearly, the sequences (p,,) and (k) defined above are both strictly increasing, and
satisfy the inequalities (15). It is also clear that (gy,) is a strictly decreasing sequence
of real numbers in the interval (2,00), and that (m,,) and (g, ) satisfy condition (2)
of Proposition 5.4 (the latter is condition (3.c) in the above definition). To see that
condition (1) is satisfied, first note that, since G, > gn+1, the modulus of convexity
of (3 @%4ly,,;)2 admits the estimate K(gn)e™ (0 < e < 2), where K(gy) is a
constant independent of € (see [Fi, Proposition 1] and corollary after it). Then since
dn > Gn, it follows from the proof of [Fi, Proposition A] and our definition of m,,
that condition (1) of Proposition 5.4 is also satisfied.

Define X := (3 @pnlin)2. We have seen already that for (p,) and (ky) as above,
A(X) is not weakly amenable. Moreover, by Proposition 3.10, the same is true
for A(X’). As X' = (3 @nlln)2 we have by Proposition 5.4 that no two different
positive powers of X’ are isomorphic. Combining this result with the remark after
Corollary 3.9 we obtain that the sequence (X,,) defined by X, := (X’)" (n € N), is
a sequence of pairwise non-isomorphic Banach spaces with unconditional basis, and
such that A(X,,) is not weakly amenable (n € N).
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If we consider subspaces of the Banach space X defined in the last paragraph,
instead of direct sums, it is possible to generate an uncountable family of Banach
spaces with the same properties as those of the sequence of the previous paragraph.
This is the content of our last proposition.

Let us denote by S the family of all strictly increasing sequences in N, and given
(n;) € S, let us write {(n;)} for the set of its elements. We use the following result
from [CKL].

Lemma 5.5. Let (qy), (my) and (k,) be sequences as in Proposition 5.4, and let
(ni),(l;) € S. Then (> @ill;:f Jo~ (O @il];ll: )2 if and only if the symmetric difference
{(ni) YA{(1;)} is finite.

Proposition 5.6. There exists an uncountable family (Xo)aer of pairwise non-
isomorphic Banach spaces, each with an unconditional basis, and such that A(X,)
is not weakly amenable (o € I).

Proof. Let X = (3 @;lim)2 be as in the discussion above. Let I be an uncountable
subset of S such that for any two sequences (n;), (I;) € I, the symmetric difference
{(ni)}A{(l;)} is infinite. Define X, := (3 @il];::)Q ((n;) € I). Plainly, each
X(n;) ((n;) € I) has an unconditional basis. Next note that X, ((n;) € I) is

not weakly amenable, for X(,,) is the dual of (} EBZ-l;ZZ)g, and it is easily seen
that the (sub)sequences (pn,) and (ky;) (of (pn) and (k) respectively) satisfy the
inequalities (15), the same as (p,) and (k). Finally, by Lemma 5.5, and our choice
of I we have that no two different members of the family (X(,,))n,)er are isomorphic.

O
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