THE NORM MAP OF WITT VECTORS

VIGLEIK ANGELTVEIT

ABSTRACT. We discuss a multiplicative version of the Verschiebung map of
Witt vectors that we call the norm.

1. INTRODUCTION

Witt vectors are ubiquitous in algebraic geometry and number theory, and
also appear in algebraic topology when studying fixed points of the topological
Hochschild homology spectrum. Most of the structure maps that are present have
been exploited with great success, see e.g. Hesselholt and Madsen’s paper [8].
In this short note we discuss a structure map of Witt vectors that appears
implicitly in [2] but to the best of our knowledge has never been made explicit.
We also briefly discuss the connection with topological Hochschild homology. For
a different perspective on how the norm map fits with the rest of the Witt vector
structure maps, see [1]. We hope to return to further applications of the norm map
elsewhere.
Let k be a commutative ring and let W(k) denote the ring of big Witt vectors of
k. Fix a prime p. Recall (e.g. from [9, 1.4.8]) that the Frobenius F}, : W(k) — W(k)
satisfies
Fy(a) =a? mod p,

and define 6, : W(k) — W(k) by requiring that the equation
Fy(a) = a” + pby(a)

holds functorially in the ring k.

Definition 1.1. For a prime p, define N, : W(k) — W(k) by
Np(a) = a —Vyby(a).

For a composite integer d, define Ny inductively by factoring d = d; - d2 and setting
Nd = Nd1 9 Ndz.

Recall that a truncation set is a set S C N = {1,2,...} which is closed under
division, and that given a truncation set S it is possible to define the Witt vectors
Ws (k) (see e.g. [7, 83]). Given d € N, let (d) denote the set of divisors of d. Given
a truncation set S, let

T=(d)S={teN | t=esforsomee]d, seS}.

Note that with this definition S = T'/d, where T'/d is defined as in Section 2 below.
We will prove the following result:

Theorem 1.2. The map Ny is a multiplicative map. Moreover, if S is any trun-
cation set then Ny restricts to a multiplicative map

Ng : Wg(k) = Wgys(k),
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and the composite Fyo Ny is the d’th power map a — a®.

This result is perhaps surprising, because Ny does not look multiplicative and in
the definition of N, as N, = id — V,,0,, both id and V6, map Wg(k) to itself and
Wiays(k) is larger.

One natural question is to what extent the map Ny is unique. We answer that
as follows.

Theorem 1.3. Suppose N : W(k) — W(k) is multiplicative, natural in k, restricts
to a map Wg(k) = W gys(k) for any truncation set S, and suppose Fyo N is the
d’th power map. Then N = Ny.

The key to proving Theorems 1.2 and 1.3 is to understand what happens on
ghost coordinates. In fact the formula for N4 on ghost coordinates is very simple,
as our next result shows.

Theorem 1.4. On ghost coordinates the map Ny is given by (xs) — (y:) with
Y = xf/q with ¢ = ged(d, t).

For example, consider the case when d = p is prime and S = {1,p,...,p" '}.
Then (p)S ={1,p,...,p"}, and Theorem 1.2 gives a map

Ny : Wo1(k;p) = Wa(k; p)
which by Theorem 1.4 is given on ghost coordinates by

Np(zo, 21, ...y xn_1) = (xo,2b, 28, ... 2b ).

Remark 1.5. The relation F;0Ny(a) = a? is analogous to the relation FyoVy(a) =
da between the Verschiebung and Frobenius maps. But while the Verschiebung map
Va: Wg(k) = Wr(k) is defined for any truncation sets S and T with S = T'/d, we
need the stronger condition that 7= (d)S for the norm map.

To see this, consider the following example. Let T' = {1,2, 3} and let d = 2. Then
S =T/2 = {1}. But then there is no way to define a map N : Wg(k) — Wr(k)
such that the diagram

W (k) —2> W(k)

| |

W (k) —> Wy (k)

commutes, because on ghost coordinates Ry o Ny is given by (z,,) + (z1,2%}, x3)
and this does not factor through Wg(k).

(This is not a problem when defining the Verschiebung as the map given on ghost
coordinates by (x,) — (0,2x1,0) does factor through Wg(k).)

1.1. Relations to previous work. The existence of a norm map on Witt vectors
has been known for some time by some people in the field but the only published
reference is the paper [2] by Brun, which gives a norm map in a more roundabout
way. Given a finite group G and a commutative ring k, Brun regards k as a functor
from the category U/ to sets, where the objects of UfY are finite free G-sets
and the morphisms are bispans of such. For formal reasons there is a functor
Fun(U'€, Set) — Fun(UY, Set), where U® is the category of all finite G-sets and
bispans. Hence k gives rise to a G-Tambara functor.
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His result [2, Theorem B] then says that evaluating this G-Tambara functor on
G/H gives Wy (k), where Wy (k) denotes the generalized Witt vectors of Dress
and Siebeneicher [4]. Because a G-Tambara functor has norm maps this then gives
anorm map NG : Wy (k) — Wg (k).

We can put ourselves in a situation where the norm maps can be compared as
follows. Given natural numbers n and d, let G = Cy, and H = C,,. Also let
S = (n) and T = (dn). Then Wy (k) = Wg(k) and Wg (k) = Wr(k), so our norm
map Ny : Wg(k) — Wrp(k) and the norm map NG : Wg (k) — Wg(k) implicit in
Brun’s paper have the same source and target. It follows from Theorem 1.3 that
they must agree.

1.2. Acknowledgements. The author would like to thank James Borger and
Arnab Saha for interesting conversations about Witt vectors. The formula N,(a) =
a — V,0,(a) for the norm is due to James Borger.

2. BACKGROUND ON WITT VECTORS

In [10] Witt defined the p-typical Witt vectors as a way of lifting commutative
rings from characteristic p to characteristic 0. Later Cartier [3] generalized Witt’s
construction to what has become known as the big Witt vectors. For a summery of
the basic properties of Witt vectors, see e.g. [7, §3] or Hesselholt’s survery article
[6]. Here we give a very short summary of some of the properties of Witt vectors.

Given a truncation set S and a commutative ring k, the ring Wg(k) of Witt
vectors is defined to be k° as a set, and addition and multiplication are defined by
the requirement that the ghost map w : Wg(k) — k° defined by

w(a)s = Z daz/d
d|s

is a ring homomorphism, functorially in k. We will write a Witt vector as a = (as)
and the image of a Witt vector under the ghost map as x = ().

Given T C S we have a restriction map R : Wg(k) — Wr (k) defined on Witt
coordinates by (R3(a)); = at, or equivalently on ghost coordinates by (R3(z)); =
x;. Given a natural number d and a truncation set S, it is customary to define

S/d={neN | dne S}

Then the Frobenius Fy : Wg(k) — Wg/4(k) is defined on ghost coordinates by
(Fa{x))n = xgn while the formula on Witt coordinates is more complicated. The
Verschiebung can be defined either on Witt coordinates by (Vy(a))s = as/q if d | s
and 0 otherwise, or on ghost coordinates by (Vy(x))s = dx/q if d | s and 0 otherwise.
These satisfy FyoVy = d, while F;0 V., =V, o Fy for ged(d, e) = 1. The composite
Vg o Fy is multiplication by V;(1). Both F,; and V; commute with restriction maps,
in the sense that the two superimposed diagrams

Va
Wg/a(k) ——= Ws(k)n

Fq
s/d s
RT/dJ/ lRT
Va

Wr/q(k) F<:> Wr(k)

d

commute for any T' C S.



From Theorem 1.4 it follows that the norm map N4y commutes with restriction
maps in the sense that the diagram

N,
Ws(k) — W g5(k)

s (dys
RT\L iRM)T

N,
W (k) —= W gp(k)

commutes for any T C S.

3. PrROOFS

In addition to proving Theorems 1.2, 1.3 and 1.4 we need to prove that Definition
1.1 is independent of the factorisation of d. We start with the description of the
norm map on ghost coordinates.

Proof of Theorem 1.4. Suppose first that d = p is prime. We start by computing
N,(a) = a — V,0,(a) on ghost coordinates. To begin with, 6,(z) is given by

(Opto)s = (PO

We then get

Tpp — TP rs — xF ifp|s
Ny(x))s = 25 — (Vp(t s 1Y) =g, — s/p

SO
o
(Ny(a))o = { o Tl
T ifpts

Now suppose d = d; - dz and that N4, and Ny, are given on ghost coordinates
by the formula in Theorem 1.4. Using Definition 1.1 we get

(Nd<517>)s = (Nd1 o Ng, <x>)€ = (Nd2 <x>)Z/g = (xg(ys/g)/h)h = fCi;Lgh,

where g = ged(dy, s) and h = ged(dz, s/g). But then gh = ged(d, s). This provides
the induction step to proving Theorem 1.4, as well as proving that the definition of
Ny in Definition 1.1 is independent of the factorization of d. ([

With the formula for N4 on ghost coordinates in hand the proof of Theorem 1.2
is easy.

Proof of Theorem 1.2. Tt follows immediately from the fact that Ny is multiplica-
tive on ghost coordinates that Ny is multiplicative. Moreover, if S is any truncation
set and ¢ € (d)S then (Ng(x,)): depends only on z; for s € S. It then follows that
Ny restricts to a multiplicative map Wg (k) — W g,5(k) because it does so on ghost
coordinates.

Finally, the composite Fy o Ny is given on ghost coordinates by (zs) + (x9).
Since the composite is the d’th power map on ghost coordinates it must also be so
on Witt coordinates. O

Finally we prove uniqueness.



Proof of Theorem 1.3. We can assume without loss of generality that d = p is
prime. Suppose we have a map

N : W(k) — W(k)

satisfying the conditions in Theorem 1.3, and suppose N # N,,. Let Np(an) = (by),
N(a,) = (b)), and on ghost coordinates Ny(xn) = (yn), N(z,) = (y,,). Then
Yn = Ty if ptn and y, =y, :xﬁl/p if p | n.

Because N is multiplicative, it follows that y/, is a monomial in the variables z,,
with constant coefficient 1 and because N factors as Wg (k) — Wy g(k) it follows
that y/, only depends on z,, for m | n.

Because N is natural in the ring k, we can work with k& = Z[a,]nen and let (ay,)
be the canonical Witt vector in W(k). Since we assumed N # N, there must be
some smallest ¢ € N with b; # b}, and it follows that p t ¢. Because k is torsion free
it follows that y; # y; as well.

Now we use that y,; = y;,t. By comparing

ypr = 3 dby 13 pdb!!
d|t d|t

and
Ypr = AP+ pd(b],)"
dlt dlt

and using that by = b/, for d < ¢, we find that b, = b, mod p and hence y;, = y,
mod p. But this suffices to conclude that y; = y; because both are monomials with
constant coefficient 1 in z,, for m | ¢. ]

4. RELATION TO THE NORM IN EQUIVARIANT STABLE HOMOTOPY THEORY

Recall e.g. from [7] that for any ring k, the topological Hochschild homology spec-
trum THH (k) is a cyclotomic spectrum, meaning a genuine S'-equivariant spec-
trum with restriction maps Ry : THH (k)% — THH (k). If k is commutative
then TH H (k) comes with a multiplication map, and can be made into a commuta-
tive S-algebra in the category of equivariant orthogonal spectra. From now on let
us once again assume that k is commutative. From [7, Addendum 3.3] we have an
isomorphism

roTHH(E)C™ = Wi, (k)
of rings, where as before (n) denotes the truncation set of divisors of n.
From the results in [5] it follows that there is a norm map

NP mgTHH (k)" — noTHH (k).
Theorem 4.1. There is a commutative diagram
moTHH (K)o ——= W, (k)
N;wl lNd
moTH H (k) — W4, (k)

relating the Witt vector norm map to the topological norm map on THH (k).
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Proof. This follows from Theorem 1.3 because the topological norm map also sat-
isfies Fy o N:P(a) = a. Here Fy : moTHH (k)% — moTHH (k) is induced by
inclusion of fixed points. ([

One can also obtain a statement about more general truncation sets by consid-
ering
lim o THH (k)
nes

with the maps in the diagram given by restriction. We omit the details.
5. RELATIONS

We have already described some of the relations between the norm map and the
other structure maps of Witt vectors. Theorem 1.2 says that

Fy0 Ny(a) = a?.
Lemma 5.1. If ged(d,e) =1 then
F.oNg= NgoF,.

Proof. This follows immediately from the corresponding statement on ghost coor-
dinates, and this is easily verified using the explicit formula for N4 from Theorem
1.4 and the corresponding formula defining F.. (]

Note that these two relations suffice for describing F, o Ny in general. We de-
scribed the relationship between N, and restriction maps earlier. For completeness
we restate that relation here:

Nyo R§ = R{y7 o Ny.
The norm map is of course not additive, but we can say the following.

Lemma 5.2. Suppose p is prime. We have
p—1
L(p ipp—i
N,(a+b) = Ny(a) + N, (b) + Zl 5 (l> V,(a'bP~7).

Proof. This follows from the corresponding formula on ghost coordinates, starting

with )
i i :
(%(a?iyp*i>)n _ DTy Y p ?fp | n
0 ifptn
The verification is straightforward and will be omitted. O

The description of how to commute the norm past the Verschiebung commute is
similar:

Lemma 5.3. Suppose p is prime and ged(p,q) = 1. Then

q

P __
N, o Vy(a) = Vyo Ny(a) + L—12 7 Vy(aP).

If p = q we have
N, o Vp(a) = pP2V,2(a?).

Proof. These formulas can easily be verified in ghost coordinates, and because they
are valid there they must be valid in Witt coordinates as well. O

Of course other relations hold as well. For exmple we can say the following:
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Le

mma 5.4. Suppose k contains a primitive p’th root of unity £. Then
p—1
> N, (Ea) =V, (a?).
i=0

For example we always have Ny(a) + Nao(—a) = Va(a?).

Proof. Once again this can be easily verified in ghost coordinates. O
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