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Abstract

In this thesis we study the boundedness, on LP(M), of the Riesz transform T
associated to a Schrodinger operator with an inverse square potential V' = % on

a metric cone M defined by

T:V(A+ VO@)_ .

r2

=

Here M =Y x [0,00), has dimension d > 3, and the smooth function V; on Y
is restricted to satisfy the condition Ay + Vy(y) + (52)? > 0, where Ay is the
Laplacian on the compact Riemannian manifold Y.

The definition of T involves the Laplacian A on the cone M. However, the
cone is not a manifold at the cone tip, so we initially define the Laplacian away
from the cone tip, and then consider its self-adjoint extensions. The Friedrichs
extension is adopted as the definition of the Laplacian.

Using functional calculus, 7' can be written as an integral involving the ex-
pression (A + V‘;—(Qy) + A?)7L. Therefore if we understand the resolvent kernel of
the Schrodinger operator A + V(;—(Qy), we have information about T'. We construct
and at the same time collect information about this resolvent kernel, and then
use the information to study the boundedness of T'.

The two most interesting parts in the construction of the resolvent kernel
are the behaviours of the kernel as r,7" — 0 and r,r — oo. To study them, a
process called the blow-up is performed on the domain of the kernel. We use the
b-calculus to study the kernel as r,r7" — 0, while the scattering calculus is used
as r,r’ — 00.

The main result of this thesis provides a necessary and sufficient condition on
p for the boundedness of 7" on LP(M). The interval of boundedness depends on

Vo through the first and second eigenvalues of Ay + Vo(y) + (452)2.

e When the potential function V' is positive, we have shown that the lower
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threshold is 1, and the upper threshold is strictly greater than the dimension
d.

e When the potential function V' is negative, we have shown that the lower
threshold is strictly greater than 1, and the upper threshold is strictly be-

tween 2 and d.

e Our results for p < 2 are contained in the work of J. Assaad, but we use
different methods in this thesis. Our boundedness results for p > g for
positive inverse square potentials, and for p > 2 for negative inverse square

potentials, are new.
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Chapter 1

Introduction

1.1 The main results of the thesis

The Riesz transform 7' on the Euclidean space R is defined by
T=VA,? (1.1)

where Aga is the Laplacian operator. In this thesis we study the Riesz transform
T in the more general setting of metric cones, which preserve the good dilation
properties of Euclidean spaces. A metric cone M is of the form Y x [0, 00), where
(Y, h) is a compact Riemannian manifold with dimension d — 1. The cone M is
equipped with the metric g = dr?+472h, and is usually illustrated as in Figure 1.1,
like an ice-cream cone. The Euclidean space R? provides the simplest example of

a metric cone, with the compact Riemannian manifold Y = S

The cone tip r=0

Figure 1.1: The metric cone M =Y x [0, 00)
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The Laplacian on the cone expressed in polar coordinates is

d —

Ae—pp-t1y 2
T

ﬁAy, (1.2)
where Ay is the Laplacian on the compact Riemannian manifold Y. Since the
cone is not a manifold at the cone tip, we initially define the Laplacian by formula
(1.2) away from the cone tip, and then consider its self-adjoint extensions. The
canonical Friedrichs extension is adopted as the definition of the Laplacian. For
the details, see Chapter 2.

Then the Riesz transform 7" on the cone M is defined by

T=VA2. (1.3)

The question of the boundedness of T in the setting of cones, ie for what p
the Riesz transform 7' is bounded on LP(M), was answered by H.-Q. Li in [HQL.
The characterisation of the boundedness, stated in Theorem 1.1.1, is in terms of
the second smallest eigenvalue of the operator Ay + (452)%. A different proof to

this result will be provided in Chapter 6 of this thesis.

Theorem 1.1.1. (Theorem 6.5.3) Let d > 3, and M be a metric cone with
dimension d and cross section' Y. The Riesz transform T = VA~ is bounded on
LP(M) if and only if p is in the interval

d
(1, (- m,O))’ (1.4)

where g > 0 s the square root of the second smallest eigenvalue of the operator
Ay + (52)2

More importantly, the methods used in this thesis to prove Theorem 1.1.1
can be applied to study the boundedness properties of a more generalised class
of operators, obtained by introducing an inverse square potential to the Riesz
transform. Let Vj : Y — R be a smooth function on Y, then the Riesz transform

T associated to a Schrodinger operator with the inverse square potential V' = TK%

is defined by
1
—3
T = V(A+ VO(y)) .

r2

The Laplacian A is homogeneous of degree —2, and adding an inverse square
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potential term preserves this homogeneity. That’s why we consider inverse square
potentials. In order to guarantee that A + V‘;—(Qy) is positive, the function Vj is
restricted to satisfy the condition Ay + Vy(y) + (%52)* > 0, ie the eigenvalues of
Ay + Vo(y) + (52)? are all strictly positive. This allows our potential V = % to
be “a bit negative”. H.-Q. Li uses heat kernel estimates in [HQL]. It’s difficult
to apply this technique to negative potentials.

The goal of this thesis is to find the exact interval for p on which the Riesz
transform 7" with an inverse square potential V' = 7‘% is bounded on LP(M), where
M is a metric cone with dimension d > 3.

A necessary condition, stated in Theorem 1.1.2, for the boundedness was
found in [GH] by C. Guillarmou and A. Hassell, but in a slightly different setting
- asymptotically conic manifolds. Here M, is the interior of a compact mani-
fold with boundary M, with boundary defining function z. The coordinate x is
analogous to r~!, and the potential V is in 22C>°(M), ie V decreases as r—2 as

r — OQ.

Theorem 1.1.2. (/GH, Theorem 1.5]) Let d > 3, and (My,g) be an asymptoti-
cally conic manifold with dimension d. Consider the operator P = Ay + V' with

V' satisfying

9\ 2
AaM—l—Vo—l—(T) >Owhe7“eV0:K

12

oM
Suppose that P has no zero modes or zero resonances, and that Vo Z 0, then the

Riesz transform VP2 is unbounded on LP(M) if p is outside the interval

) (1.5
min(§ + 1+ po, d) max(§ — pio,0)

where g > 0 is the square root of the smallest eigenvalue of the operator Agyr +
Vo+ (132)%

The counter-example used in [GH] to show the unboundedness of T' can be
easily adapted to the context of metric cones, so a similar result also holds for
metric cones. Therefore the task now is to find a sufficient condition for the
boundedness. We will see, in Chapter 6 of this thesis, that the sufficient condition
involves the same interval (1.5) as in Theorem 1.1.2, so this interval gives us a
complete characterisation of the boundedness of T" with V' 2 0. The main result

of this thesis is as follows.
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Theorem 1.1.3. (Theorem 6.5.1) Let d > 3, and M be a metric cone with
dimension d and cross section 'Y . Let Vi be a smooth function on'Y that satisfies
Ay +Vo(y)+(%2)? > 0. The Riesz transform T with the inverse square potential
V =% is bounded on LP(M) for p in the interval

d d
: y : y : (1.6)
min(1 + § + po, d) max(§ — o, 0)

where g > 0 is the square root of the smallest eigenvalue of the operator Ay +
Voly) + (52)*.

Moreover, for any V' # 0, the interval (1.6) characterises the boundedness of
T, ie T is bounded on LP(M) if and only if p is in the interval (1.6).

e For a positive potential V' ie V > 0 and V # 0, the lower threshold for the
L? boundedness is 1, and the upper threshold is strictly greater than d.

e For a negative potential V', ie V' < 0 and V' # 0, the lower threshold for
the LP boundedness is strictly greater than 1, and the upper threshold is
strictly between 2 and d.

e For the Euclidean space R?, the lower threshold was obtained by J. Assaad
in [JA], but in that paper she didn’t show boundedness for any p > 2 for

inverse square potentials; see the end of Section 1.3 for further discussion.

An immediate application of Theorem 1.1.3 is to show that the converse of the
second part of [GH, Theorem 1.5], ie the converse of Theorem 1.1.2, is also true.
According to [GH, Remark 1.7], Theorem 1.1.3 is exactly the missing ingredient.

Therefore we have the following result.

Theorem 1.1.4. (Theorem 6.5.2) In the setting of Theorem 1.1.2, the Riesz
transform VP2 is bounded on LP(M) if and only if p is in the interval

L, (1.7
min(§ + 1+ po, d) max(§ — i, 0)

where pg > 0 is the square root of the smallest eigenvalue of the operator Agys +
Vo+ (52)%
From Theorem 1.1.3 we can quickly obtain the following result on the Riesz

transforms with constant non-zero V4, in which the boundedness interval is writ-

ten in terms of the constant.
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Proposition 1.1.5. (Proposition 6.5.6) Let d > 3, and M be a metric cone with
dimension d and cross section Y. The Riesz transform T = V(A + r—cg)’%, where
c>—(52)? and ¢ # 0, is bounded on LP(M) if and only if p is in the interval

2d 2d
(min(d +2+ \/m, Qd)’ max(d — +/(d — 2)? + 4c, 0)) : (1.8)
1.2 The main ideas in the thesis

Using functional calculus, we can express T as,

o) —1
T:E/ V(A+V°(y)+>\2) d\.
0

T 72

From this expression, and due to homogeneity, we know that if we understand
the properties of (A + % +1)71, we know about the operator T. Therefore the
task is transformed into constructing and hence collecting the properties of the
resolvent kernel of H = A + %, ie we need to study the operator P = H + 1.

Clearly, the two interesting parts are when » — 0 and r — oo. Figure 1.2
illustrates the domain of the kernel of P. For convenience, in this thesis we use
the same letter to denote an operator and its kernel. The two interesting parts

correspond to the bottom left corner and the top right corner.

r
Cr=r'=o
\ A
\\/A\
1 /(\ ! 1
r //\(/ r
6\0
r=r'=0 R
r

Figure 1.2: The domain of the kernel of P is the interior of (Y x [0, c0],.)?
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Note that the variables of the kernel are r, v/, y and 3/, but Figure 1.2 only
shows r and 7. The diagonal illustrated is especially deceitful because the defi-
nition of it also includes y = 1//.

The kernel of P behaves nicely at most parts of the domain shown in Figure
1.2, so we focus on its behaviours when 7,7 — 0 and r,7 — oo. For that, we
perform a process called the blow-up to the two points r = ' = 0 and r = ' = co.
The intuition comes form the process of changing from Cartesian coordinates to
polar coordinates on R?, which essentially “blows up” the origin into a circle.
The precise definition of blow-ups will be introduced in Chapter 3.

The blow-ups we perform on the two points are different. When r — 0,
the operator rPr is elliptic as a b-differential operator. We blow up the point
r =1’ =0 in Figure 1.2 to a hypersurface, denoted by zf, and use the b-calculus
near z f. The definition and the properties of the b-calculus will also be introduced
in Chapter 3, and its application to our problem is in Chapter 5. A lot of the
materials on the b-calculus are covered in the book [RM93] by R. Melrose.

When r — oo, the operator P is elliptic as a scattering differential operator.
Intuitively the cone becomes so flat that locally it behaves like the Euclidean
space. To study the behaviour of P here, we perform a double blow-up to the
point r = v’ = oo in Figure 1.2, and obtain the hypersurfaces bf and sf. Near
sf, we use the scattering calculus. Double blow-ups and the scattering calculus
are discussed in Chapter 4. Their applications to our problem are in Chapter 5.

After the blow-ups, we have obtained a space called the blown-up space. It is
illustrated by Figure 1.3.

Because the kernel behaves differently in different parts of the blown-up space,
and especially because we use different calculi near the two hypersurfaces z f and
sf, we must break the blown-up space into different regions, and construct the
resolvent kernel in each region separately using different tools and techniques. In
the end we patch up the constructions in these different regions to obtain the
overall resolvent kernel. This construction of the resolvent kernel of H, ie the
kernel of P~!, is done in Chapter 5.

Equipped with the knowledge on the behaviours of the kernel of P! at dif-
ferent parts of the blown-up space, collected through its construction in Chapter
5, we can finally in Chapter 6 tackle the problem of the boundedness of the Riesz
transform 7. We again break up the blown-up space into several regions, be-

cause different regions give different restrictions on p for the boundedness of T’
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>

Figure 1.3: The blown-up space

on LP(M). However, there’s no reason why we must break up the space into the
same regions as those during the construction of the resolvent kernel in Chapter
5. Indeed, we break up the blown-up space differently in Chapter 6, in a way that
suits the purpose of analysing the boundedness of T most. We combine all the
restrictions on p given by these different regions to obtain a sufficient condition
for the boundedness. From there we quickly arrive at the main result of this

thesis, ie Theorem 1.1.3.

1.3 Literature review

Cones have been studied since the 19th century, particularly the problem of wave
diffraction from a cone point which is important in applied mathematics, for
example in [ASO] by A. Sommerfeld. Other papers include [FGF]| and [FGF2] by
F. G. Friedlander and [BK] by A. Blank and J. B. Keller. The Laplacians defined
on cones were studied by J. Cheeger and M. Taylor in [CT] and [CT2]. A study
on the self-adjoint extensions of the Laplacians on cones can be found in [AGHH]
by S. Albeverio, F. Gesztesy, R. Hgegh-Krohn and H. Holden. The Laplacian

on compact Riemannian manifolds with cone-like singularities, ie singularities
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behave like cone tips, has been studied in [JC] by J. Cheeger and in [EM] by
E. Mooers; while in [BS], J. Briining and R. Seeley studied the Laplacian on
manifolds with an asymptotically conic singularity.

The classical case of the Riesz transform on the Euclidean space R? goes
back to the 1920s, and the case of one dimension, which is called the Hilbert
transform, was studied by M. Riesz in [MR]. The paper [RSS| by R. S. Strichartz
is the first paper that studies the Riesz transform on a complete Riemannian
manifold. In [CD] T. Coulhon and X. T. Duong proved that the Riesz transform
on a complete Riemannian manifold, satisfying the doubling condition and the
diagonal bound on the heat kernel, is of weak type (1, 1), and hence is bounded
on LP for 1 < p < 2. In the same paper they also showed that the Riesz transform
defined on the connected sum of two copies of R? is unbounded on L? for p > d.
The boundedness of the Riesz transform defined on the connected sum of a finite
number of R? on L? for 1 < p < d was shown by G. Carron, T. Coulhon and A.
Hassell in [CCH]. Riesz transforms on connected sums were further studied by
G. Carron in [GC2]. In [HS], A. Hassell and A. Sikora studied the boundedness
of the Riesz transform where the Laplacian is defined on R or R, with respect
to the measure |r|?~!dr where dr is Lebesgue measure and d > 1 can be any real
number.

Many papers have been written on Schrodinger operators with an inverse
square potential. We only mention a few of the most relevant ones here. In
[XPW], X. P. Wang studied the perturbations of such operators. In [GC|, G.
Carron studied Schrodinger operators with potentials that are homogeneous of
degree —2 near infinity. In [BPSTZ| by N. Burq, F. Planchon, J. G. Stalker
and A. S. Tahvildar-Zadeh, the authors generalised the corresponding standard
Strichartz estimates of the Schrodinger equation and the wave equation to the
case in which an additional inverse square potential is present.

Now let’s turn to past results on the main problem of this thesis, the bounded-
ness of the Riesz transform 7" with a potential V' on metric cones. As mentioned
in Section 1.1, the case with V' = 0 was answered by H.-Q. Li in [HQL]. Li’s
result is stated in Theorem 1.1.1. In Section 1.1 we mentioned that in [GH] C.
Guillarmou and A. Hassell found a necessary condition for the boundedness, but
in the slightly different setting of asymptotically conic manifolds. Their result is
stated in Theorem 1.1.2. According to [GH, Remark 1.7], the main result of this

thesis, ie Theorem 1.1.3, provides the missing ingredient of proving that the con-
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verse of Theorem 1.1.2 is also true. In [GH2] the two authors performed a similar
analysis but allowed zero modes and zero resonances. In [ABA], P. Auscher and
B. Ben Ali obtained a result on R?, stated in Theorem 1.3.1, which involves the

reverse Holder’s condition. It is an improvement of the earlier results by Z.W.
Shen in [ZWS].

Theorem 1.3.1. ([ABA, Theorem 1.1]) Let 1 < q¢ < oco. If V € B, then for
some € > 0 depending only on V' the Riesz transform with potential V' is bounded
on LP(R?) for 1 <p<q+e.

The reverse Holder’s condition, V € B,, means that V € L (R%), V > 0

loc

almost everywhere and there exists a constant C' such that for all cube @ of R,

1
(i/ Vq(x)dx>q < < V(x)dx. (1.9)
Q| Jg — 1@l Jg

The main result of this thesis, ie Theorem 1.1.3, doesn’t contain Theorem
1.3.1, because the class of potential functions given by the reverse Holder’s conid-
ion is more general than the class of potential functions allowed by us. However,
P. Auscher and B. Ben Ali’s result doesn’t cover Theorem 1.1.3 either. The setting
of Theorem 1.1.3 is on metric cones, so more general. But even on the Euclidean
space R? with V' = % satisfying our condition Ay + Vy(y) + (%52)? > 0, since
in this case V' is not in ngoc(Rd), P. Auscher and B. Ben Ali’s result gives the
boundedness interval (1, g); while according to the second bullet point following
the proof of Theorem 6.5.1, our result shows that the upper threshold for the
boundedness is strictly greater than d.

The most recent papers, and also the most relevant to this thesis, are [JA] by
J. Assaad and [AO] by J. Assaad and E. M. Ouhabaz. J. Assaad’s result in [JA]
is stated below. She also generalized it to manifolds where the Sobolev inequality

does not necessarily hold.

Theorem 1.3.2. Let M be a non-compact complete Riemannian manifold with
dimension d > 3. Suppose that the function V < 0 satisfies A + (1 +¢)V >0,
the Sobolev inequality

111 3y S 19 20,

holds for all f € C§°(M), and that M is of homogeneous type, ie for all x € M
and r > 0,

p(B(x,2r)) S u(B(x,1)),
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where p is the measure on M. Then the Riesz transform T = V(A + V)_% is
bounded on LP(M) for all p in the interval

< 2d 2| (1.10)
d+2+([d-2)y/=

For Riesz transforms of the form 7' = V(A + T%)*%, where the constant

¢ satisfies —(%2)? < ¢ < 0, the lower threshold in (1.8) given by our result

Proposition 1.1.5 is the same as the lower threshold in (1.10) given by J. Assaad’s
result, and she also gave a counter-example showing that T is unbounded for p
greater than our upper threshold; for the details, see Remark 6.5.8. In [JA],
J. Assaad also showed boundedness on (1,d) for positive potentials that are in
L%(M ), but note that this space just fails to include inverse square potentials,
which are in L2°°(M). In [JA] and [AQ], J. Assaad and E. M. Ouhabaz obtained
some boundedness results for p > 2 for negative potentials, but the conditions of

those results exclude negative inverse square potentials.



Chapter 2

Self-adjoint extensions of the

Laplacian in R4

2.1 Introduction

To study the Riesz transform on a metric cone M, we need to define the Laplacian
on it. Since the cone is not a manifold at the cone tip P, we start with a definition
of the Laplacian A on the cone away from the cone tip by formula (1.2). However,
this A defined on C°(M\{P}) is not always essentially self-adjoint. Therefore
in this chapter we will make a study of its self-adjoint extensions. For simplicity,
we will only study this on R? from Section 2.3 onwards, as R? is the simplest
example of metric cones, and the results we obtain also apply to general metric
cones. The results in this chapter can be found in [AGHH], but proved with a
different method.

2.2 Friedrichs extension

The self-adjoint extension of A may not be unique. However, there is always
a canonical one called the Friedrichs extension, denoted by A. Conisider the

quadratic form ¢ associated with A:

(e, ) = /MVsO - Vipda.

The Friedrichs extension is the only self-adjoint extensioin whose domain is con-

tained in the form domain of the closure of q. From here we know that functions

11
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in the domain of A must have derivatives in L*(M). For more information on
the Friedrichs extension, see [RS, Sec. X.3].
The Friedrichs extension is the definition of the Laplacian adopted in this

thesis.

2.3 The operator L and its closure

We work in the Hilbert space L*(R?), and start with the unbounded operator
L =— Zle 86—::? with domain D(L) = C®(R%\{0}). Note that L is symmetric,
which can be shown by integration by parts, but it is not self-adjoint as the
domain of its adjoint D(L*) contains C°(R?) hence is strictly bigger than D(L).
Recall that the deficiency subspaces J#., #_ of L are the null spaces of the
operators ¢ — L*, i + L* respectively. By applying von Neumann’s theorem to L,
we know that the two deficiency subspaces of L have the same dimension hence
L has self-adjoint extensions. To find out how many self-adjoint extensions L has

and what they look like, we use the following proposition due to von Neumann,

for the proof see [RS, Sec. X.1]:

Proposition 2.3.1. Let A be a closed symmetric operator with equal deficiency
indices. Then there is a one-one correspondence between self-adjoint extensions
of A and unitary maps from &, onto H_. If U is such a unitary map, the

corresponding self-adjoint extension Ay has domain
D(Ay) ={p+ v+ Ut :p € D(A), ¢ € A},

and
Ap(o+ o +Uy) = Ap + i) — iU.

The above proposition requires a closed symmetric operator. To find the
domain of L means to complete C*°(R%\{0}) under the norm || - || + ||Z()||. (In
this thesis, the norm notation || - || always denotes the L?-norm.) This norm is
equivalent to the W22norm hence we have D(L) = W *(R\{0}) € W??(R%).

The situation differs as the dimension varies. We first treat the case d > 4.
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2.3.1 Case d>4

Proposition 2.3.2. For R? with d > 4, we have
D(L) = W**(R%).

Proof. From above, we already know that D(L) C W?22(R9). Since C(R?) is
dense in W%2(RY), we pick any 1) € C>(R%), and approximate it with a sequence
of functions in C2°(R¥\{0}) that converges to ¢ under the W?%norm. Let ¢ be
a smooth function such that ¢ = 1 on B%(O) and ¢ = 0 outside By(0). Then
define pc(z) = 1 —(%). (So @e(z) — 1 as e — 0 for all 2 # 0.) We now show
that ¥, converges to 1 under the W?2?-norm when e approaches 0. Indeed,
VY. € C*(RAN\{0}), and as € — 0,

s i
[ / () D) Pde < M2 / o) Pde = M2l 2 — 0,
Rd € R4 €

where M; is the maximum value of .

Now consider ||L(¢p.—1))||. The product rule creates three terms. As e — 0,
2 T2
1)~ DIF = [ 1) @e( D)
<383 [ JoE)Pds = Aol — 0
Rd €

where Ms is the maximum value of L.

Since d —2 >0, as € — 0,
X
V0 Ve~ DIF < 042 [ [9p(D)ds
_ X _
=g [ VR = T — o

the partial derivatives of ¢ take values smaller than Ms3.
At last, since d —4 > 0, as € — 0,

X
L. — 1)IP < M / Lo(D)Pdz
R €

_ X _
et [ (o) (DPde = MLl 0,
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We have established in the case d > 4,

D(L) = W**(RY).

2.3.2 Case d=4

We can see for the case d < 4, the above proof fails because MZe4||Ly||? doesn’t
converge to 0. In fact, when d < 4, the domain of L is smaller than W22(R%).
For the case d = 4, we still have D(L) = W%2(R*), but we can’t use the same ¢,
as defined in the above proof because ||L(p. — 1)|| = ||Le(%)]] is independent of
€. So to get convergence we need to define ¢, in a way that breaks the scaling

invariance of ||L(p, — 1)||.

Proposition 2.3.3. For R*, we have
D(L) = W**(RY).

Proof. As before, we pick any arbitrary ¢ € C°(R*). Let ¢ : [0,00) — [0, 1]
be a smooth function such that ¢([0,3]) = 1 and ¢([1,00)) = 0. Then define
Ye(x) :=1— gp((‘%')ﬁ) We now verify that as € — 0, ¥p, approximates ¢ under
the W22norm. Indeed, ¢, € C®(R*\{0}), and

2]

=0l = [ 1ote)o((2) Pz

.
We show that the above norm tends to 0 when € approaches 0. Consider any =,
when e < |z|, we have (@)6 > 1, hence |w(x)go((@)5)\2 — 0 pointwise. Moreover,
|1/1(93)<,0((|i€‘)6)|2 is bounded above by the L! function |¢|?, so we can conclude
[ p—)

Again as before, the term || L(1¢.—1)|| produces three terms: ||(Ly)(pc—1)]],
|V - V(pe —1)|] and || L(p. — 1)||. Here we just show how to deal with the
most difficult term ||) L(p.—1)|| where both derivatives fall on the cutoff function,
as the computations for the others are similar, but easier. We will use the full
strength of d = 4. As before, we just need to estimate ||L(p, — 1)||. We will first
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calculate this norm for general 1 < d < 4, then substitute the dimension d = 4,

]

1o~ DIF = [ 1Le((2))Pda.

e
After computation, we obtain the expression

Lo((y) = (@~ =i ()
¢ € (2.1)

+€22€’x|262901/(<|'x?|)6) +€276’x‘672@/((m)6).

€

We will use it in the proofs for all the dimensions 1 < d < 4. In particular here

for d = 4, it becomes

Lo((y) = 2= (2

€ €
lz]

_'_62725‘1,’2572()0//(( - )e) +€26‘x’62(p/((|£€|>6).

Because both ¢ and ¢” are bounded, we just need to work with the three terms

1—e| 5—27 62—26 |2€—27 62—€| 6—2'

el x| | x| Because ¢’ and ¢” vanish outside the ball

B(0,1), we only integrate over the ball B(0,€). The square of these terms are

E2—2E|x’26—4’ 64_4E|$|46_4, 64_26|x|2€_ 2_2€|l"26_

4. The biggest is € 1 so we only need

to estimate this one. Using polar coordinates, as ¢ — 0,
€ €
/ 62726’(%‘2674(1% — 27T2€226/ T2674r3dr — 277'26226/ 702€fldr — 7T2€ — 0.
B(0,¢) 0 0
This completes the proof. n

Remark 2.3.4. Note that this convergence is only logarithmic as a function of the
Lzl

“spread” of go(( )6), as one would expect.

2.3.3 Case d=3

We already know the domain of L lies in W22(R?). By the Sobolev Embedding
Theorem we know that W22(R3) can be embedded into C2(R3), therefore it
makes sense to talk about the value of one of these functions at a single point, in

this case the origin. Any function in D(L) is the limit of a sequence of continuous

functions that take 0 at the origin under the W?2-norm, hence it must also take
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0 at the origin. Therefore we know that D(L) C {1 € W22(R%)x(0) = 0}. In

fact, they are equal.

Proposition 2.3.5. In R?, we have
D(L) = {4 € W**(R?)[4(0) = 0}.

Proof. We pick any arbitrary 1 € C°(R?) with ¢(0) = 0. We use the same
sequence as the case d = 4 to approximate ¢, and the calculations are similar
as well. The difference here is we get one less power of » when we change into
polar coordinates, but this is compensated with the Holder condition. We show
e = VI I(LY) (e = DIL VY - V(pe = 1)]| — 0 as e — 0 exactly the same
as before. The only substantially different term is |[¢)L(¢. — 1)||. By the Holder

condition, we have |i)(z)|*> < C|x| for some constant C. Then it follows that

lotte. = DI = [ 1o za( )P
=/ W(ﬂ?)LSD((m)e)IQda: < c/ ||| Lo ((
B(0,¢) €

B(0,¢) €

2]

))[Pd.

Substitute d = 3 into (2.1) to obtain the expression for L(p((m)e),

€

Il =l

Loy = =i (D)) 4 2o () 4 e (),

€

It is the same as the case d = 4 except the coefficient for the first term goes down
by 1. (Later on when we discuss the case d = 2, this term will disappear.) The
three terms we need to work with are still €!=¢|z|<2, €272¢|x|?**~2 and €*~¢|x|2.

2726|x|2€73’ 6474E|$|4673

Square these terms and multiply with |z|, we get € and

¢172¢|z|?<73. Parallel to before, we integrate them over the ball B(0,¢), and we

check the worst term to complete the proof. As e — 0,
€ €
/ 72| z|* P dr = 471'62_26/ r2 32 dr = 47T62_26/ r*dr = 27e — 0.
B(0,¢) 0 0

]
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2.3.4 Case d=2

Here by the Sobolev Embedding Theorem, we have W22(R?) C C"7(R?) for any
v < 1. Unfortunately we don’t get 1, so the increase in the Holder exponent is not
enough to compensate the loss in one power when changing into polar coordinates.
Instead here for any ¢ € D(L), we have |[¢(x)| = |[¢(z) — ¢(0)] < Clz|(In Iw\)

for some constant C' > 0 and for small |z|; see [MT, Sec. 4.1].

Proposition 2.3.6. For R?, we have

D(L) = {v € W**(R*)[¢(0) = 0}.

Proof. The terms ||v@. — ||, ||(LY)(pe—1)|] and ||V - V(o —1)|| are estimated
like before. Now we work on the term ||/ L(p. — 1)||. As stated above, here we

have

i)%’

(o) < Claf(n

for some constant C' > 0. Then

2]

(o= DIF = [ W@ ze(par <t [ i gine((Hy)par

B(0,e

Again as before, we substitute d = 2 into (2.1) to obtain the expression for

Lo((2he),

2]\ ey 22 12l 2 szl
Lo(()) = @22 () + a2/ (1)),
Note that in this dimension the first term in (2.1), ' ~¢|z|2 ’((@)E), is gone,
which is good news as it was previously the biggest term. Because ¢’ and ¢” are

bounded, we estimate ¢272¢|z|**2 and €*~¢|z|*"2. We square them and then mul-
tiply with \x]zln to obtain e*~4¢|z[* 2ln| - and € 7*|z[>*?In ;. The second

term is bigger,

1 €
/ 72|22 2 Iy —dy = _27T€4—26/ 2 nrdr = —medlne + E
B(0,¢) |z] 0 2

This expression goes to 0 as € approaches 0. This completes the proof. O
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2.3.5 Case d=1

In this case the power of r obtained from changing into polar coordinates no longer
exists. Instead we have the Holder condition on the derivatives as compensation.
This means the domain is different from the above cases as we must impose a
condition on the derivatives. Here, by the Sobolev Embedding Theorem, not only
W22(R) C Cz(R) we also have WL2(R) C Cz(R), which means it also makes
sense to talk about the derivative of a function at a single point in the domain.
We will skip the proof of the following proposition as it is similar to the other

cases.

Proposition 2.3.7. For R, we have

D(L) = {¢ € W**(R)[¢(0) = 0,¢/(0) = 0}.

2.4 Self-adjoint extensions of L

After finding the closures we are now in the position to calculate the self-adjoint

extensions.

2.4.1 Case d>4

In this case L is already self-adjoint. We know that by calculating the deficiency
indices of L. Suppose that u € #,, then it means

(u, (L+4)f) =0 for all f € W>*(R).
In the Fourier space, we have (4, (||* + z)f) = 0 for all f € W2?(R?). Then

((1€]* = 4)a, f) =0 for all f € W22?(R%). Since .7 (W?>2(R%)) is dense in L?(R?),
we have (|£]2 —4)a = 0. It follows that u = 0, ie %, = {0}. Similarly, 2#_ = {0}.

2.4.2 Case d=2, 3

Here for v € J#,, we have

(u,(L+4)f) =0, for all f € W?>*(R?) such that f(0) = 0.
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Again we work in the Fourier space, then the condition becomes
(i, (J]* + i) f) = 0, for all f € (146 L*(R?) such that [ f(&)de = 0.
Rd

Let ¢ be a fixed function in W22(Rd) such that [y, ¢(€)d¢ = 1. Then for any
f e W*(RY), the function f — Jga f(@)dzg is in (1 + |¢]*)'L*(RY), and its

integral over R? is 0. Hence we have

(.06 +0) (7 = [ Fayan))

(g2 = D = (g = iy 2), f) = 0.
Since W22(R%) is dense in L?(R%), we conclude that (|¢|? —4)4 = ¢ where ¢ =
((|¢€)* — 49)a, @) is a constant. Thus @ = @ and so we know 7, is the one

dimensional complex space spanned by F *1(|£|2%) Similarly, 2~ is the one

That means

dimensional complex space spanned by F~ <IE\2 -). Since both J#, and J#_ are

one dimensional, and have the same norm, the unitary maps from

If\2 —i’ |£\2+z
. onto J_ can be parametrlzed by the unit circle in the complex plane, such

that for each § € [—m, 7), F~(zm

have the following proposition.

e —=m—) is mapped to e F (). Therefore we

€ [P+

Proposition 2.4.1. The self-adjoint extensions of L in RY, d = 2,3, can be
parametrized by a circle 0 € [—m, ), with D(Lg) equal to

1 .

{Qo‘i‘ﬁf_l(m)‘f'ewﬁf_ (|§|2 ) Q0€W22(Rd> (0) =0 andﬁEC},
and

Lo+ F (=) + €*8F (o))

§P —i SER:
— 1 , 1
=Lp+ifF (o) — i BF ).

Remark 2.4.2. Notice that \£|2 —, |£\21+1 are in L?(R%) if and only if d < 4, hence

they cannot be in the deficiency subspaces of L for any d > 4.

Among all the self-adjoint extensions of L, L_ is the special one. We denote
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it by A, and call it the Laplacian. It can be easily shown that
D(A) = W?*(RY), d=2,3.

It is the only self-adjoint extension whose domain is contained in the form domain
of the closure of the quadratic form ¢ associated with L, see Section 2.2 for the
expression of . Note that D(A) = W?2(R?) is contained in Q(q) = W1?(R?),
and it follows from [RS, Sec. X.3| that A is the Friedrichs extension.

For d = 3, let’s look at another way to parametrize these self-adjoint exten-
sions by considering the Taylor expansions at the origin of the functions in the
domains of these extensions. The parameter is the ratio between the constant
term and the coefficient of the I?l\ term in the expansions. For that, we use the

following well-known result,

1 - 1 el
€2+ 227 dr o]

5‘—1(

(2.2)

for A € C\/R. From this we obtain the following two expansions at the origin,

1 1 e cs(=9)lzl 1 |
g-1l/_ — — — i O
T I ane L 1Ol
1 1 e cis(3)lz] 1 1 =z
a—1 - _ T O
i m— T ae s Ol

We will use the above expansions in the proof of the following proposition.

Proposition 2.4.3. The self-adjoint extensions of L in R? can be parametrized
by u € RU {co} with

D(L) = {p = w(ﬁ T u) 66 e WE(RY), 6(0) = 0,8 € C},

where x is a function in C°(R?) and x = 1 near 0, and
D(L>®) = W**(R?).

Moreover, the relationship with the previous parametrisation is

L' = Lg iff 1(0) = %ﬁ(tan(g) —-1), 6¢€(-mm),
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and

L>*=L_,=A.

Remark 2.4.4. Note that the case § = —m corresponds to functions with only the
constant term but no ﬁ term in the expansion at the origin. The case § = 7
corresponds to functions with only the ﬁ term but no constant term in the

expansion at the origin.

Proof. We focus on the first two terms in the expansion. From Proposition 2.4.1

and equation (2.2) we know they are a multiple of

(1 + eie)i o (6_%i + 6(9+%)i).
|z]
For § = —m, the I?l\ term disappears, and we have a non-zero constant /2. This
means we can get any value at the origin, which is consistent with what we already
know. In the new parametrisation, we label this operator L*°.
Then we consider # # —m. Here the first two terms in the expansion are a

multiple of
1 e~ 5 4 o0+

|| 1+ e

Denote _ o .
e at o €(9+Z)z . 610 —

f) = —— T 2.
u(b) =~ = =R (), 2.3

and in the new parametrisation this operator is denoted by L*. After some

calculations, we know that

n(0) =

|

(tan(g) —-1), 0e€(-mm). (2.4)

From this expression, we can see ;1(#) ranges across the real line. When 6 increases
from —7 to 7, p(f) moves rightwards along the real line from —oo to oo, and it

changes sign when ¢ = 7. m

Remark 2.4.5. The p-parametrization corresponds to the usual way self-adjoint
extensions of the Laplacian on a cone are defined, that is, in terms of the expan-

sions of harmonic functions at the cone point; see [EM].
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2.5 Resolvent kernel

2.5.1 Resolvent kernel

From now on we focus on R?. In this section we calculate the resonances and
eigenvalues of the self-adjoint extensions of L. For that we need to determine the
resolvent kernel of these various self-adjoint extensions. We start with A. Since
the spectrum of a self-adjoint operator is a subset of R, for any A ¢ R, A\ is in the
resolvent set, ie (A — A\?)~! exists. Let’s determine the kernel of (A — M%)~ for
A € C with Im(\) > 0. Suppose (A —A\?)u = f. By taking the Fourier transform

we have (|¢]2 — A\2)@ = f. Hence, @ = IEIQL—AZ’ and so

~

o
[€]% — A2

1 1 ei)\\w|

(A=XN)f=u=77Y W—_)\Q)ZEJC* o

)=[*T

Hence we know the kernel of the operator (A — A\?)~! is

eiAl'Z’_y‘

Kfree()\7$7y) = (25)

4| —y|

Now we determine the kernel of (L* — A?*)™!, u € (—o00,00). Besides the term

Kree(A, 2, y), the kernel here has another term Kepiq(pt, A, ,y). We guess that

eiM(lzl+y))
Kextra(/lw )‘7 l’, y) = b(ljﬁ >\)

)

[z]ly]

for some b(u, A). With this guess, we first determine what b(x, \) must be, then

verify it is indeed the kernel what we are after. Denote

ciMz—y| ezl +1yl)
B A, y) = KgreeOs 2, 9) & Kearalps A v, y) = oo 4000 A=

If K(p, A\, z,y) is indeed the kernel of (L* — X?)~1 it must lie in the domain of L*
when y is fixed. So we fix y and consider the expansion of the function at x = 0,

ety

W(b(ﬂ, )\)% + (ﬁ +iAb(p, A))).
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When p # 00, b(i, A) # 0, and being in the domain of L* means

L iXb(p, )
b(p, A)

Solve for b(u, A), ,
1
b \) = ——
(12, 2) AT(N 4 ip)
Therefore :
jetrzl+lyl)
Ar|z||y| (N + ip)’

and the ansatz for the kernel of (L* — \?)~! is

Keztra(U7 A, y) =

et z—yl izl +lyl)

+ —.
dxle —y] " amlallylh + in)

K(p, A\ wy) = (2.6)
We are left to verify this is the correct kernel. Indeed, it maps L*(R?) into D (L"),

and away from the origin, we have
(L' = N)Kunf = (A = NX)K, . f = f,

where K, \ denotes the operator which corresponds to the kernel K (u, A, z,y).

Since the origin has measure 0, it means in L*(R?) we have
(LM - >\2)KM,/\f = f7

which shows that we have found the correct kernel.

2.5.2 Resonance

In Section 2.5.1 we determine the kernel of (A —\?)~1 for A € C with Im()\) > 0.
In this region, we have exponential decay, so the operator maps L2-functions to
L2-functions. The kernel K (u, A, z,y), as a function of A, clearly has a meromor-
phic continuation to the whole complex plane C. The continuation is defined by
the same expression, so for convenience, we use the same name K (u, A\, x,y) to
denote the continuation. We see from (2.6) that K (u, A, z,y) has a single pole at
A = —iu. For u < 0, this pole is in the physical half of the plane, and as we will

see in Section 2.5.3, its square is an eigenvalue of the operator L*. For pu > 0, the
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pole is in the non-physical half of the plane, but it still has physical significance

as shown in Section 2.6, and in this case the pole is called a resonance.

Remark 2.5.1. Note that the Laplacian A is the only self-adjoint extension of L

without either an eigenvalue or a resonance.

2.5.3 Eigenvalue

We start with an arbitrary A, and try to find an eigenfunction in D(L*), then
determine whether it lies in the domain of any self-adjoint extension of L. Suppose
¢ is an eigenfunction in D(L*) with eigenvalue A, that means it lies in Ker(L* —
A) = Ran(L — \)*, and hence

(¢, (L—=MN¢) =0 forall ) € D(L).

We can solve the above equation similar as before. It has a non-trivial solution
only when A is negative, therefore we know none of the self-adjoint extensions
has a non-negative eigenvalue. For A < 0, the eigenspace corresponding to A is
spanned by

1 1 e~V 1 V=2

6\ =

-1, _ o
S Ul i i e i G

Equation (2.2) is used to obtain this expansion. By Proposition 2.4.3 we know
this function is in D(L_‘/j‘).
From the above discussion we know that for p € (—o00,0), the extension L#

has an eigenvalue —p?, and the eigenspace is spanned by the function

etlzl
Since p is negative, v, is in L*(R?). We compute that [|v,||3 = —27”, SO a nor-

malised eigenfunction corresponding to the eigenvalue —pu? is

— el

21 x|

When p € [0,00), that is when 6 € [7,7), the expression of the eigenfunction
v, in the above case, ie expression (2.7), is no longer in L*(R?). As mentioned

earlier, in this case the pole a(u) = —ip is a resonance. To summarise, the spectra
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of the self-adjoint extensions are

o(L') = {=p?} U[0,00), p € (—00,0),
o(L") =10,00), p€[0,00].

Remark 2.5.2. As pointed out by one of the examiners, the resolvents (L* + \)~*
and (L + \)~! differ from a rank one operator, hence from the formula (2.6),
one gets a formula for the spectral shift function. This gives immediately the

result about the resonance and the eigenvalue.

2.6 A wave equation involving L*

For p € [0,00), the resonance —ip doesn’t result in an eigenvalue, and it is in
the non-physical half of the complex plane as it means exponential growth of the
kernel K (i, A, x,y). But this resonance still has physical significance, and as we
will see, it appears in the wave kernel involving L#; see [LP]. The wave equation
we consider here is

O2u+ LF'u =0,

U|t:0 =1,

atu‘tzo =49,

where 1 € RU {oo}, and f,g € C*(R3\{0}).
We know that the solution for the system

O*u+ a*u =0,
u‘t:O = fv
ytli—0 = g,
where a € R, is
sin(at)

u(t) = cos(at)f +

So by functional calculus, the solution for the system we are interested in is

B - sin(tv/L*)
u(t) = cos(tVLr) f + T g.
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Here if f € D(L*) and g € D(VL*), we have a strong solution, ie u(t) € D(L")
for each ¢, and wu is continuous as a function of ¢ with values in D(L*).
We proceed to calculate the kernel of @, and the kernel of cos(tv/ L*) is

Nor
given by its time derivative.

Proposition 2.6.1. For any p € R, the kernel of %\/\L/TLT) fort >0 1is

1 1
— (5% = |l — yl? H(t — x| — w(lzl+lyl—t) 9.
1 0 — o =)+ T H— el = ) ) (2

where H is the Heaviside function.

Remark 2.6.2. We know that away from the origin, L* is the same as A. Also,
due to finite propagation speed, the minimum time required to travel from x to
y through the origin is |z| + |y|. Therefore for ¢t < |z|+ |y|, we would expect that
% has the same kernel as %. Our kernel (2.8) satisfies this, which is a

check on its correctness.

Remark 2.6.3. The second term in (2.8) can be interpreted as a “diffracted” wave
from the origin thought of as a cone point. The strength of the singularity is 1
order weaker than the incident singularity, as is the case for a diffracted wave;
see [CT] and [MW].

Remark 2.6.4. When p < 0, the second term of (2.8) is exponentially growing
in time as t — oo, but exponentially decaying in space as |z|, |y| — oo. This
is due to the negative eigenvalue. On the other hand, when g > 0, this term is
exponentially decaying in time as t — oo, but exponentially growing in space as
||, |y| — oo. It corresponds to a term in the “resonance expansion” for solutions

to the wave equation on a compact set; see [LP] and [TZ].
Remark 2.6.5. See [LH] for a different approach to obtain the kernel by solving

an auxiliary problem.

Proof. We have,

sin(tv/LH) > sin(ty/0)

, * sin(ty/o) o
SV up, = 1 smitve) 2
VI o VO W) e YR

where ¢ : R — [0, 1] is a smooth function such that ¢ = 1 on By(0) and ¢ = 0

)dP,,

outside B(0), and the limit converges under the strong operator topology. Then

depending on whether L* has an eigenvalue, we have two possibilities. First for



2.6. A WAVE EQUATION INVOLVING L#* 27

€ [0, 00), we have

sin(tvVLr) * sin(ty/0) * sin(ty/0)
Vo oA T QD(R)dP O -

For p € (—00,0), the eigenvalue contributes an extra term,

sO(R)dPa.

sin(ty/LH) _ lim > sin(t\/o) (
VIF ). Vo R
— lim sm(t\/_) sm(z,ut) )
= i [T Syap, O,

)dP,

where P_ > is the orthogonal projection onto the eigenspace of — .
In either case we need to calculate the term limp_.o |, > Smitff)go( )dP,. For
each R > 0, we apply integration by parts twice to evaluate the integral, and also

by using Stone’s formula, we obtain,
> sin(t\/o)
NG ——=¢( R)
0

1 sm(t\/_) . o ) L
T omi \/_ (R)IEIP(}((L —o—ie) — (L — o+ ie) )da.

dP,

Recall from Section 2.5 that the kernel of (L* — A\?)~! € RU {oo}, is denoted
by K(u, A, x,y). Hence for any function f € D(v/L*) we have

[~ (i (1)
o [T ) [ () — K V) o)
/ / SIn(EA) K (1, A, 2, y) (2) f(y)d\dy  (substitute A = /o).

(2.9)

Again from Section 2.5, we know that

eiMx_y‘ /L'ei)‘(‘xH“yl)

(1.0 2.9) = Kpee ) + Koot M) = o o o,

The free resolvent kernel Ky,c.(A, x,y) substituted to the last line of (2.9) gives

the free wave kernel -6(¢* — |z — y[?), so from now on we concentrate on the
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term contributed by Kepira(pt, A, 7, 9),

00 2

1 A
— i in(tA) Keptra(ft, A, , —)dA. 2.10
piam [ sin(tA) Kera(ps A 7 y)e( ) (2.10)
We continue this computation in different cases depending on the sign of .
Case 1: u=0

In this case equation (2.10) becomes

S S, /OO 1sin(t)\)ei’\“x‘*'y')gp(/\—Q)d)\
Am?|z||y| Booo ) oo A R

—00

1 . 1 . )\2
:—47r2|ac|\y| }%gr;o/_ 3 sin(t\) cos (A(Jz| + |y|))<p(E)d)\

X P 2 (2.11)
i ( sin (A(t 2 )dn
e dm ([ 5 O+l + D))
+/Oolsin (At = lal = o)) )i
D) PRI
We now make a substitution, and split into three sub-cases:
(i) When t — |z| — |y| > 0, (2.11) becomes
1 . /OO sin A\ ( A2 )d)\
s?lallyl \ mome ) oo N T \R(E+ 2] + [y])?
2 (2.12)
* sin A A
+ lim go( )d)\ .
Rooo J o A TAR(t— |z] = [yl)?

Note that we have two Dirichlet integrals, each of which equals 7, so the

above expression equals
1

drlz|lyl.

(ii) When t — |z| — |y| < 0, after the substitution we get the same expression
as (2.12) except the sign of the second integral is negative. Hence the two

integrals cancel each other, and therefore in this sub-case (2.11) equals 0.

(iii)) When t —|z| —|y| = 0, the second integral in the last line of equation (2.11)
is 0, hence we are left with only the first integral in expression (2.12).

Therefore here (2.11) equals m.

Combine all three sub-cases, the kernel of Sm%?) contributed by K 4o for
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t>01is
1

drl|ly]

H(t = || = |y[).

it

Case 2: u#0
Since sin(t\) = S5

the following two terms:

et , and from (2.10), in this case we have to deal with

Azl +yl+t) )2

i (X, (2.13)

—1
8m2[ x|y B—oo Jimy=o A+ in R

and iAo +y|—1) 2
1 etAllz|+ly[— A
ST A ————w(5)dA 2.14
S A Srpcg AT in OB (2.14)
We firstly work on (2.13),
Gzl )2
lim —(—=)dA
)\2
= ! lim / i(eik(lxl—&-lyHt)) SO(E) d\ (215)
i(lz] + [y + 1) B=o0 Jm(x=o dA A+ ip

d (%
== ! lim / eiA(\xl+\y|+t)_( 90(3) )d>\
Z(|[L’| + |y| + t) R—o0 Im(\)=0 A\ )\ + i

The last equality is established by integration by parts. By applying the quotient

rule we then get two integrals. The first one is

5 ! (A2 i Jal-Hgl+0)
lim = / 7 (%) A\
Im(\)=0

A+

This limit is 0, hence (2.15) equals the second integral obtained from the appli-

cation of the quotient rule, which is
. 2
1 y / eM(\wIHyIH)@(%)
. im ———dA
il + |yl +1) h=oo Jrmoy=o (A +in)
1 / ei)‘(|x‘+|y|+t) hmR—)OO SO(/\
Im(\)=0

2

2
_ R
NCETED Nt in)? i

(by the Dominated Convergence Theorem)

1 eiA(lzl+Hyl+1)
iz + |yl + 1) Jimey=0 (A +ip)
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Therefore (2.13) becomes

—1 / et |z|+[yl+t) N 216
—— 5 QA. 1
872 |z[y[(|| + [yl + 1) Jrmy=o (A + ip)?

Now we can shift the contour Im(\) = 0 upwards to Im(\) = M for any
M > 0, and the integral should stay the same except when the contour moves
across a pole. When M — oo, the integral approaches zero.

Similarly, (2.14) becomes

1 / iX(al+lyl—t) 0 217)
872 |z[|y|(Jz] + [yl — 1) Jrmpy=0 (A+ip)? '

In the region ¢t < |x| + |y|, we can shift the contour Im(\) = 0 upwards, while

<
> |z| + |y|, we can shift it downwards. As before, the integral

in the region ¢
stays the same except when the contour moves across a pole, and the integral
approaches zero when the contour is shifted further and further away. Note that
for t = |x| + |y|, we have a choice between shifting it upwards or downwards so
we can always avoid the pole, hence we know the integral is 0. We continue the
computation in two sub-cases.
Sub-case 2(a): u >0

In this case the pole, which is the resonance a(u) = —ip, lies on the negative
imaginary axis. We shift the contour upwards for the integral (2.16), and the

integral goes to 0; while for the integral (2.17), it depends on the sign of |x|+|y|—t.

(1) In the region ¢ < |z| + |y|, the contour is also shifted upwards, so it also

goes to 0. Hence (2.10) equals 0.

(ii) In the region ¢t > |z| + |y|, the contour is shifted downwards hence across

the pole —ip. The residue of the integrand at the pole A = —iu is
i(|z] + y) — t)eu(lw\ﬂyl—t).

Since the winding number is —1, by the Residue Theorem, we know that

(2.17), ie (2.10) equals
et (lz+lyl—t)

dmlzlly|

Combining these two cases using a single expression, the kernel of sm%?)
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contributed by K i for £ >0 and ¢ > 0 is

H(t — |z| — |y|)ertlel+lvl=t)
Am|z[[y]

Sub-case 2(b): pu <0
In this sub-case we have a negative eigenvalue, and

Sin(t\/ﬁ) ) o Sin@ﬁ)gp(Z)dPJ_‘_ MP_ 9. (2.18)

m —_—
v LH R—oo J \/E R i ®
For the WP_ x2 term, we calculate the kernel of P_ 2. As discussed in Section
2.5.3, the eigenspace of —p? is one dimensional, and a normalised eigenfunction

1S

- ehlzl
Uu(@ - o |$’ .
So the kernel of P_, is
_ pelelHuD
Uu(2)vu(y) = W
Therefore the kernel of %P_ 2 18
sin(ipt) —pe1=+WD sinh(put) —perl=th  _eplaltlyl+t) - pulleltyi=t)
. = = + .
i 2wyl po 2mlz|ly] Arx]]y] Arlx]]y]
(2.19)
Now we turn to the other term in (2.18). That is, to work out what (2.10) is
in this sub-case. The pole, ie the resonance a(p) = —iu, now lies on the positive

imaginary axis, hence the integral (2.16) may contribute some value. The residue

of its integrand at the pole A = —ip is
i(|z| + |y| + t)eu(\wlﬂylﬂ)‘

Since the winding number is 1, by the Residue Theorem, the integral (2.16) equals

et (lzl+lyl+t)

- (2.20
Ty )

To deal with (2.17), we split into two cases as before in the Sub-case 2(a).

(i) In the region t < |z| + |y|, the contour is shifted upwards, hence across the
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pole —ip. The residue of the integrand at the pole A = —iu is
i(|z] + |y| — t)erlleltlyl=)

The winding number is 1, so by the Residue Theorem, we know (2.17)

equals

— er(lz[+lyl-t) ( )
2.21
Ar|z||y|

Adding (2.19), (2.20) and (2.21) gives us 0.

In the region ¢ > |z| + |y|, the contour is shifted downwards, so it doesn’t
move across any pole, hence (2.17) is 0 here. Adding (2.19) and (2.20) gives

us
orllelHlyl 1)

dmlzlly|

(tvV/IH)

Combining the above two cases into a single expression, the kernel of Z2Z¥L%) 4T
contributed by K. for p <0 and ¢t > 0 is

H(t — |z| — |y|)erlei+lvl=t)
Am|z[[y]

We have completed the proof.

]

Remark 2.6.6. In the three cases of different signs of u, we have different expres-

sions for the kernel for ¢t = |z| + |y|. This is fine because we can ignore the value

of the kernel on a set of measure 0, but we do need to know that it is finite there

so that we can be sure there is no distribution supported on this set.



Chapter 3

b-calculus

3.1 b-differential operators

3.1.1 Manifold with corners

The b-differential operators which we are going to introduce later are defined on
manifolds with corners. A manifold with corners is like a manifold except that

some of the local coordinates are restricted to be non-negative.

Definition 3.1.1. A differential manifold with corners M with dimension d is a
topological manifold such that each point has a neighbourhood equipped with
local coordinates z1, ..., Tk, Y1, ..., Ya—r such that the point is the origin and the
first k£ coordinates xq,...,x; are non-negative, and these local coordinates are
compatible with each other in the same way as a usual differential manifold.

A p-submanifold is similar to a usual submanifold but in the context of a
manifold with corners.
Definition 3.1.2. A p-submanifold, S, of a manifold with corners, M, is a subset
such that for each point of S, there is a neighbourhood U of M, with local
coordinates x1, ..., Tg, Y1, ..., Yg—x as described in Definition 3.1.1, and there are
s <kandt <d—ksuchthat SNU ={z; =0,y; =0, for 1 <i<sand 1<
j<th

The letter p is short for product since there is a local decomposition of M as
a product of intervals and half-intervals in terms of which S is a product.

More useful definitions.
Definition 3.1.3. Let M be a manifold with corners. Its boundary OM is the

union of the boundary hypersurfaces of M which are themselves manifolds with

33
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corners. For a boundary hypersurface H of M, a boundary defining function for
the hypersurface H is a function p : M — [0,00) such that p=1(0) = H, p is
smooth up to the boundary, and dp # 0 on H.

A boundary defining function gives us the coordinate in terms of which the
asymptotic behaviour of functions when approaching that boundary hypersurface

can be described. The definition for “smooth up to the boundary” is given here.

Definition 3.1.4. A function u on M is smooth up to the boundary if all derivatives

of all orders of u are bounded on bounded subsets of the interior of M.

Every manifold with corners M can be embedded in some manifold N. Func-
tions smooth up to the boundary of M are simply smooth functions on N re-
stricted to M. This coincides with the above intrinsic definition, shown by See-

ley’s extension theorem.

Theorem 3.1.5. [RMPRE, Theorem 1.4.1] If ' C R? is open and Q = Q' N
(RE XRI™F), then there is a continuous linear extension map E : C>(2) — C> (')
such that E(f)|q = f for all f € C>®(Q).

Let’s illustrate these concepts by a simple example.

Example 3.1.6. The simplest example of a manifold with corners is Ri, where

R, = [0,00). Its boundary consists of two hypersurfaces, b = {0} x [0,00) and
rb = [0,00) x {0}. (The notations lb, rb are used here just to be consistent with
notations introduced later on.) Use (x,x') as the coordinates. One boundary
defining function for lb is pp = x, while one boundary defining function for rb is
pry = x'. Any function that’s smooth on R? is smooth up to the boundary when

restricted to be a function on R2.

There is a parallel concept for a p-submanifold similar to the boundary defin-

ing function for a hypersurface.

Definition 3.1.7. Let M be a manifold with corners, and let S be a p-submanifold
of M. A quadratic defining function for S is a smooth function a : M — [0, c0)

such that a=*(0) = S and its Hessian is positive definite in the normal direction
of S.

An example of a quadratic defining function is given later on by Proposition
5.2.1.
Remark 3.1.8. In fact we often only define a quadratic defining function near the

p-submanifold. Similarly, we often only define a boundary defining function near

the hypersurface.
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3.1.2 b-differential operators

As r — 0 on a metric cone, the operators we will study in later chapters involve

expressions like r9,, 0,,, 1 <7 < d — 1. These are b-vector fields.

Definition 3.1.9. Let M be a manifold with corners with dimension d. A smooth
vector field on M is a b-vector field if it is tangent to the boundary. Clearly, in

terms of local coordinates defined in Definition 3.1.1, a b-vector field has the form
V =a1210,, + - -+ + ap@i0yy + ap10y, + - - + aq0y, ,,

where the coefficients ay, ..., aq are smooth functions of z and y. The set of all
b-vector fields on M is denoted by V,(M).

These b-vector fields motivate the definition of b-differential operators, which

will be generalised to define the b-calculus later on.

Definition 3.1.10. A differential operator P on a manifold with boundary M is
a b-differential operator of order m, if it has smooth coefficients, and, in local

coordinates (z,y) around a boundary point x, it has the form

P= Z aja(x,y)(azax)jﬁg, (3.1)

jtlal<m

with the coefficients a;j, smooth up to the boundary.

Remark 3.1.11. These b-differential operators are basically compositions of b-
vector fields. That’s why the expression in the above definition involves the

terms x0, and 0,.

Remark 3.1.12. For a b-differential operator as in (3.1), the principal symbol is

plry ) = D ajalz,y)Nn®

jtlal=m

Ellipticity means that p(z,y, A,n) # 0 whenever (\,n) # 0, x > 0.

In order to define the b-calculus, which is used to study the behaviour of the

Riesz transform as r — 0, we need to introduce the concept of blow-ups.
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3.2 Blow-ups

Definition 3.2.1. Let S be a closed p-submanifold of a manifold with corners M.
Then the blow-up of M along S is a new manifold with corners obtained by
introducing polar coordinates in the normal directions to S at S. The blown-up
manifold, denoted by [M;S], is the “resolution space” of the polar coordinates,

ie the space in which the polar coordinates are non-singular.
More useful definitions related to blow-ups.

Definition 3.2.2. The front face ff[M;S] of a blown-up manifold [M;S] is the
hypersurface in [M; S| that results from the blow-up of S, ie the inward pointing
spherical normal bundle of S; the blown-up manifold has a natural blow-down
map [ : [M;S] — M, which is a diffeomorphism of the complement of ff[A/; S|
onto the complement of S, and it is a smooth map; smooth functions on [M; S|
are simply functions on M which are smooth expressed in terms of local polar

coordinates in the normal directions to S.

Polar coordinates on a plane is the simplest example of a blow-up. Example

3.2.3 is the continuation of Example 3.1.6.

Example 3.2.3. Consider the manifold with corners M = R3 and its corner
O = (0,0). Introducing polar coordinates in the normal directions of O at O
gives the blown-up space [M;0] = Ry x [0,3]. The coordinates in the blown-
up space are (r,0), where r = m, 0 = tan_l(i—f) when x1 # 0, and
0 = % when x; = 0. The front face ffM;O] is {0} x [0,F]. The blow-down
map B : [M;0] — M obviously maps (r,0) to (rcos@,rsind). The blow-up

transformation and the blow-down map (B are illustrated in Figure 3.1.

Remark 3.2.4. Unlike the usual polar coordinates, where the whole front face is
considered as a single point, here the front face consists of different points as 6

varies.

Example 3.2.5 (Projective coordinates). As in FEzample 3.2.3, on the same
manifold with corners M = RZ, but now consider what happens to the polar
coordinates r,0 when xo < x1. In this region we have r = \/m ~ 1
and 0 = tan_l(ff) ~ 22. This suggests that x1 and s = 2* can be coordinates.
Indeed, x1,s define local coordinates for x1 # 0. They are called the projective
coordinates. Similarly, another set of projective coordinates can be defined if we

start with r; < .
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Figure 3.1: Blowing up M along O

The last concept on blow-ups that will be used later on is the lift, which acts

like the inverse of the blow-down map.

Definition 3.2.6. The lift * maps closed subsets of M to closed subsets of the
blown-up manifold [M; S], and it is defined in terms of the blow-down map f.
Suppose the closed subset C' of M is the closure of C\'S, 8*(C) is defined to be
the closure of 371(C\S) in [M; S]; if C is a subset of S, then 5*(C) is defined to
be 571(C); otherwise it is not defined.

Example 3.2.7. Figure 3.1 also illustrates that closed subsets C' and D of M
are lifted to 5*(C) and B*(D) in the blown-up space [M; O], where

C={(x1,2z1) : 21 >0}, [*(C) =
D ={(z1,21) 21 >0}, B*(D)

{(7" tan~!(2 )) :r >0}
(D) :r=0)

3.3 The b-double space

3.3.1 Definition of the b-double space

We will use blow-ups to study the kernels of pseudo-differential operators. Let
M be a manifold with a connected boundary dM. Consider an operator 7" on
distributions on M. For simplicity of notation, we use the same letter 7" to denote
its kernel. The kernel T'(z, 2’) is a distribution living on the manifold with corners
M?. To study the behaviour near (9M)?, we blow up M? along (9M)? to obtain
the blown-up manifold M? = [M?; (0M)?], called the b-double space. The front
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face and the diagonal are illustrated in the diagram below. The boundary [b is
when the left variable x equals 0, and similarly the boundary rb is when the right

variable z’ equals 0. We call the front face here the b-front face, denoted by bf.

diagb

bf

rb M
Figure 3.2: The b-double space M}

Why do we perform this blow-up? Firstly, in the b-double space M?, the
diagonal diag, is a p-submanifold, which is the setting of the definition of conor-
mality later on; see [RM93, Lemma 4.3] for the proof. Secondly, in M?, b-vector
fields such as z0, is transverse to the diagonal diag,, uniformly down to the
hypersurface bf; see [RM93, Lemma 4.5].

3.3.2 Densities and half-densities

We will introduce b-half-densities in this subsection. We firstly start with densities

on a vector space.

Definition 3.3.1. Let V be a vector space with dimension d, then the space of
s-densities on V| denoted by Q°V, for s € R, is

QV = {u: AV\{0} — R : u(ta) = [t|*u(a), for all a € A?V*\{0},t # 0},

where A™ denotes the n-th exterior power. Easily from the definition we have the

following isomorphism of the tensor product,

OV @ QV = QY (3.2)
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for all s,t € R.
Let M be a manifold, then

O, = (T, M)

generates a bundle over M, denoted by 2°M. When s = 1, we normally just
write QM.

Definition 3.3.2. A smooth density on a manifold M is a smooth function from
M into QM such that each x € M is mapped into 2. When expressed in local

coordinates, we use the notation u(z)|dz|, where u is a smooth function on M.

Smooth densities can be integrated, and integration is a linear functional.
We now continue to define half-densities. The advantage is there’s a natural

pairing for two half-densities.

Definition 3.3.3. A smooth half-density on a manifold M is a smooth function
1

from M into Q2 M such that each z € M is mapped into €27. When expressed

in local coordinates, we use the notation u(z)|dz|2, where u is a smooth function

on M.

By the isomorphism (3.2), we know that when we multiply two smooth half-
densities, we obtain a smooth density. And since integration is a linear functional

on the space of smooth densities, it gives us a sesquilinear pairing of half-densities,

(w,v) = /M p,

where p, v are half-densities on M.

Definition 3.3.4. Distributional densities and distributional half-densities are de-
fined exactly the same as definitions 3.3.2 and 3.3.3, except that u is allowed to

be a distribution.

Definition 3.3.5. Let M be a manifold with corners with dimension d, and let

X1y ooy Ths Y1, -, Yd—k be coordinates as in Definition 3.1.1. A smooth b-density

dxq
o

on M has the form y = u .Cf—:dyl...dyd,k’, where v is a smooth function on

dxy
Tk

1
M. Similarly, a smooth b-half-density has the form p = u’d;—ll dyy...dyq—x|?,

where u again is a smooth function on M.

Remark 3.3.6. The expression %...%dyl...dyd_k may look strange but it occurs
because J J
T1 T
T T dyb ) dydfk
T Tk
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is the dual basis for £10,,, ..., 210x,, Oy, ..., Oy,

A smooth b-half-density may not be a smooth half-density; while a distri-
butional b-half-density is just a distributional half-density written in a different

form.

Definition 3.3.7. Let M be a manifold with corners with dimension d, and let
X1y eeey Thy Y1, -, Yd—k b€ coordinates as in Definition 3.1.1. A distributional b-

density on M is just a distributional density, except that we write it as pu =

dxy

u} - ...df—k’“dyl...dyd_d, where u is a distribution on M. Similarly, a distributional

dzy  day

1
1 . . -
ottt dyl...dyd_k| , where u is again a dis

b-half-density has the form p = u
tribution on M.

Later on in this chapter we will introduce the b-calculus. When we use the
b-calculus to study operators, the convention is to write the kernels in the form
of b-half-densities. We use the symbol bQ%(MbZ) to denote the bundle of b-half-

densities over the b-double space M.

3.3.3 An example: the identity operator

In this subsection we will use the identity operator as an example to illustrate the
definitions introduced in the previous subsection. Let’s consider M = Ri with
the projective coordinates defined in Example 3.2.5. Let’s write the kernel of the
identity operator Id in terms of the concepts defined in Subsection 3.3.2. Firstly

we write the operator as a half-density on M?,
1
Id = 6(x — a')|dwda’|2.

Then as a b-half-density on M?,

dx dx' 2

r x

Id=2'6(x — )

Y

here we use #'20(z — 2') = z20(x — o).
Now we write it as a half-density on My, ie in terms of the coordinates s = £

and 2. The transformation of the measure is,

drdr’ = 2'dsdx’.
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We also use the the property that ¢ is homogeneous of degree —1. Therefore,

Id=6(x — :B’)!dxdx"% =6(2'(s — 1)) ‘x'dsdx"%

= L s(s — 1) |dsa'|F = 2/ 36(s — 1)|dsda’|?
—;(s— )x}sx‘—m (s—)‘sx{.

We will get a nicer expression if we write the operator as a b-half-density on MZ,

because then the transformation of the measure is particularly simple,

dede’ _ dsdo

r s '
We will again use the homogeneity property of 4,

1 1 1
dzx dx'|? 2 2

r x

ds d’

s x

ds di’

Id=2'0(x — o
x'o(x — ') o

=J(s—1)

=2'6(2'(s — 1))

3.4 Small b-calculus

3.4.1 Ob-differential operators as O-half-densities

Our purpose is to use blow-ups to study pseudo-differential operators. We firstly
start with an intuitive category of operators, the b-differential operators, then
generalise it to define the b-calculus.

The following theorem tells us what the kernels of b-differential operators on
R, look like as b-half-densities.

Theorem 3.4.1. ([RM93, Lemma 4.21]) Let M = Ry. The Schwartz kernels of
b-differential operators on b-half-densities on M} are precisely the Dirac distribu-
tions, ie a finite combination of the derivatives of the Dirac § functions, on diag,

which are smooth up to the boundary.

We will generalise this characterisation of the kernels to define the small b-
calculus. In particular, one property that will be generalised is the conormality
of the Dirac distributions with respect to diag,. We will define conormality in

the next subsection.

3.4.2 Conormality

Definition 3.4.2. Let M be a manifold and Y be a submanifold of M. A distri-

bution u on M is conormal of order m with respect to Y if, for some m € R, u is
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smooth on M\Y, and in any local coordinate system z : U C M — R? sending
Y NU to R¥ x {0}47F, there is a representation

uly, 2) = /de e"a(y, §)d,

where y = (21, ..., 2x), 2 = (T4, ..., 24), and a is a symbol of order m, ie a is a

smooth function on (Y NU) x R** satisfying
|80 aly, )| < Cap(L+ (€)™,

for all (y,£) € (Y NU) x R¥* for all multi-indices a, 3, and for some constants
Ca.p.

Intuitively, the first £ coordinates in the above definition gives the coordinates

in Y, while the last d — k coordinates parametrize the neighbourhood of Y.

Remark 3.4.3. The same definition makes sense if M is a manifold with corners

and Y is a p-submanifold transverse to the boundary of M.

Example 3.4.4. We again go back to the example of the projective coordinates
defined in Example 3.2.5. The manifold with corners is the b-double space M,
and the p-submanifold diag, is transverse to the boundary of MZ. The function
d(s — 1) is conormal with respect to diag,. In fact it’s constant along diag,.
From Subsection 3.3.3, we know that written as a b-half-density, the expression
o)

for the identity operator is 6(s — 1) , which is non-degenerate, ie conormal

with respect to diag, and smooth up to the boundary.

3.4.3 Small b-calculus

We are now in the position to define the small b-calculus.

Definition 3.4.5 (small b-calculus). Let M be a manifold with a connected bound-
ary. The small b-calculus ¥};*(M), m € R, is defined as the set of b-half-density-

valued distributions v on M? satisfying

(i) w is conormal of order m with respect to diag,, smoothly up to the hyper-

surface bf;

(ii) w vanishes to infinite order at (b and rb.
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We also define
U, (M) = ()T (M).

Remark 3.4.6. It can be shown that ¥, (M) are simply smooth b-half-densities
that vanish at [b and rb.

The good property of small b-calculus is that it’s closed under composition.
See [RM93, Prop 5.20] for the proof of the following result.

Proposition 3.4.7. If M is a compact manifold with a connected boundary then
Wy (M) o U3 (M) C U™ (M),

where m, m’ € R.

Since our purpose is to study pseudo-differential operators, it’s important to
know about parametrix constructions under the small b-calculus. The following

proposition is analogous to [LH85, Theorem 18.1.24].

Proposition 3.4.8. Let M be a manifold with a connected boundary. If P is an
elliptic partial differential operator of order k, then there exists an operator G in

the small b-calculus of order —k such that
Id— PG € U, (M),

and G with this property is unique up to an element of W, >°(M). Similarly, there

exists an operator G' in the small b-calculus of order —k such that
Id—G'P € ¥, (M),

and G' with this property is unique up to an element of W, > (M).

This inversion property is not good enough for our purpose, as the error terms
Id — PG, Id — G'P are in ¥, (M), whose elements are not in general compact.
To investigate when an element in the small b-calculus is compact, we define the

indicial operator.

3.4.4 Indicial operator

Operators in the small b-calculus are defined over the whole b-double space. Since

the behaviour at the front face bf is the most interesting, for each operator, we



44 CHAPTER 3. B-CALCULUS

will define a corresponding indicial operator that focuses its behaviour on the

front face. It is simply the restriction of the kernel to bf.

Definition 3.4.9. Let M be a manifold with a connected boundary M and di-
mension d. Let x, ¥, ..., yq—1 be local coordinates near M, where x is a boundary
defining function, and y = (y1, ..., ya—1) is a coordinate system on OM. Then in
the b-double space the local coordinates are s = %, 2',y,y'. Consider the b-half-

density

2

ds dx’

A= A(s, 7' y,y)|—— dydy’
S X

)

where A(s,z’,y,y') is a distribution. The restriction of A to the hypersurface bf

is defined as .
2

ds
Al = A(s.0,9,9) — dydy

The following proposition tells us that the restriction of the kernel of an
element in the small b-calculus to the front face bf can be interpreted as an

operator on the cylinder OM x R.

Proposition 3.4.10. [RM93, Prop. 4.44] Let M be a manifold with a connected
boundary OM. For any element A in the small b-calculus V}' (M), the restriction
of the kernel of A to the hypersurface bf defines an element I,(A) in the small
b-calculus W' (OM x R). The operator I,(A), called the indicial operator of A, is

translation invariant on the cylinder OM x R.

For elements in the full b-calculus, which will be introduced in Section 3.5,
the indicial operators can be defined similarly.

We have a good composition property for the indicial operators. From [RM93,
Lemma 4.45], we know that for a b-differential operator P and an operator A in

the small-b calculus,

I,(PA) = L,(P)I,(A).

As mentioned at this end of Subsection 3.4.3, the compactness of an operator is

linked to its indicial operator.

Proposition 3.4.11. [RM93, Ex. 4.40] Suppose that M is a manifold with a
connected boundary, and A € W (M). If A is compact on L*(M), then I,(A) = 0.

Remark 3.4.12. The converse of this proposition is also true provided the “optimal
order” of A is negative. That is, for any A € W*(M), it is compact on L*(M), if
and only if, I,(A) =0 and A € U} (M) for some n < 0.
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When inverting an elliptic partial differential operator in the small b-calculus,
as in Proposition 3.4.8, the error term may not be compact. That’s because the
error term may have a non-zero indicial operator. In order to obtain an error
term whose indicial operator is 0, we have to expand the small b-calculus into a

bigger calculus, called the full b-calculus.

3.5 Full b-calculus

3.5.1 Polyhomogeneous conormal functions

To define polyhomogeneous conormal functions, we need the notion of an index
set, because a function is polyhomogeneous conormal with respect to certain

index set.

Definition 3.5.1. An index set is a discrete subset F© C C x Ny such that every
“left segment” F'N{(z,p): Rez < N}, N € R, is a finite set. Also, it is assumed
that if (z,p) € F and p > ¢, we also have (z,q) € F.

We start with a manifold with boundary first, and then consider a manifold
with corners. These polyhomogeneous conormal functions behave like sums of

products of powers and logarithms.

Definition 3.5.2. Let M be a manifold with boundary H, and let x,y be coor-
dinates near H as defined in Definition 3.1.1. Given an index set F', a smooth
function u defined on the interior of M is called polyhomogeneous conormal as
it approaches the boundary H with respect to F' if, on a tubular neighborhood
[0,1) x H of H, one has

u(x,y) ~ Z a,p(y)z®logh x
(z,p)eF

as v — 0 with a,, smooth on H.

To define the notion on a manifold with corners we simply require such ex-
pansion at each boundary hypersurface, but with possibly different index sets.
For that we need the notion of an index family, which basically assigns each

hypersurface a index set.

Definition 3.5.3. An index family £ for a manifold with corners M is an assign-

ment of an index set to each boundary hypersurface. A function v on M is
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polyhomogeneous conormal with respect to the index family £ if for each bound-
ary hypersurface H and its assigned index set F' by &£, u is polyhomogeneous

conormal as it approaches H with respect to F' as described in Definition 3.5.2.

3.5.2 Full b-calculus

The main difference between the full b-calculus and the small b-calculus is, apart
from conormality with respect to the diagonal, the full b-calculus also requires
the kernel to be polyhomogeneous conormal as it approaches the two boundary
hypersurfaces b and rb.

In this subsection let M be a manifold with a connected boundary dM.

Definition 3.5.4 (Full b-calculus). The full b-calculus \Il;,n’g on M, where m is a
real number and € = (Ey, E,4) is an index family for M?, is defined as follows.
A distribution u on M7 is in W;»*(M) if and only if u = u; 4 uy + us with

(1) uy is in the small calculus U}*;

(ii) ws is polyhomogeneous conormal with respect to the index family (Ey, 0, E,4p),
where 0 := {(n,0) : n € Ny}, and the index sets Ej, 0 and E,, are assigned
to the boundary hypersurfaces (b, bf and rb respectively;

(iii) uz = B*v, where 3 : M? — M? is the blow-down map and v is polyhomo-

geneous conormal with respect to the index family €.

The number m is called the differential order, or simply the order of w.

Remark 3.5.5. The condition that us being polyhomogeneous conormal as it ap-
proaches the front face bf with respect to the index set 0 just means that wuy is

smooth up to bf.

By expanding the small b-calculus into the full b-calculus, we’ve lost the good
closure property. The composition of two operators in the full b-calculus only
stay in the full b-calculus with a restriction. To formulate this restriction and the
composition result in the full b-calculus, we need the following definitions on the

index sets.

Definition 3.5.6. Let E' and F' be two index sets. We define

inf £ = min{Rez : (2,0) € E}.
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The extended union of E and F', denoted by FUF, is the index set defined by
EUFU{(z,k) : there exist (z,l;) € E and (z,ly) € F with k =11 + I + 1}.

We can now state the composition result in the full b-calculus.

Theorem 3.5.7. [RM93, Theorem 5.53] If £ = (Ey, E.) and F = (Fy, Fp) are
index families for M? with inf E,, + inf Fj, > 0, then

W (M) 0 Wy R (M) C W (),
where m,m' € R, and G = (G, G,p) is an index family defined as
Gy = EpUFy, G = EUEF,.

The loss of the closure property doesn’t matter for our purpose, as in Chapter
6 we are only going to use the following property, which says the composition of
an element in the the full b-calculus with an element in the small b-calculus is in
the full b-calculus; see [RM93, prop 5.46].

Proposition 3.5.8. The full b-calculus on M 1is a two-sided module over the

small b-calculus, ie
UE(M) o Uy (M) C W™ (M),

and
U (M) o U5 (M) € U™ 8 (M),

where m,m’ € R, and & is an index family.

The gain, which is also the reason to introduce the full b-calculus, is that
the error term we get under the parametrix construction in the full b-calculus is

compact. For the proof of the following proposition, see [RM93, Prop 5.59].

Proposition 3.5.9. Let P be an elliptic b-differential operator of order k, then
there exists an operator G, in the full b-calculus of order —k, with respect to some
index family, such that the error term Id — PG is compact on L*(M) and has a

smooth kernel. Similarly, a left inverse with the same properties also exists.
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Chapter 4

Scattering calculus

4.1 Scattering vector fields

As r — oo on a metric cone, the operators we will study in later chapters involve
expressions like 220, £0,,, 1 <i < d—1, where x = % — 0. These are called the

scattering vector fields.

Definition 4.1.1. Let M be a manifold with a connected boundary M and di-
mension d, with local coordinates x, v, ..., y4_1, where x is a boundary defining
function for OM. A smooth vector field V on M is a scattering vector field if it

is x times a b-vector field on M, ie it has the form
V = 2?0, + a120y, + -+ + ag_120,,_,,

where the coefficients ay, ..., ag_1 are smooth functions of x and y. The set of all

scattering vector fields on M is denoted by Vi.(M).

Unlike b-vector fields, a scattering vector field vanishes at the hypersurface bf
in the b-double space. To address that, we perform a second blow-up to obtain
the scattering double space, with a front face on which the scattering vector fields

don’t vanish.

4.2 Scattering double space

Suppose M is manifold with a connected boundary OM and dimension d. Let
Z, Y1, ..., Ya—1 be local coordinates near OM, where z is a boundary defining func-

tion, and y = (y1, ..., Y4—1) is a coordinate system on 9M. We are going to perform

49
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two blow-ups on the double space M2. The resulting space is called the scattering
double space. We are particularly interested in what the scattering vector fields
will become. So we are going to trace

2
270y, 0y, ..., Oy, ,.

(4.1)
Through the first blow-up we obtain the b-double space, as in Section 3.3.1,
My = [M?; (0M)?].

Recall that the boundary OM is lifted to the hypersurface bf, while the diagonal
of M? is lifted to a p-submanifold of M7, denoted by diag,. The local coordinates

are s = 5,2, y,%y, and vector fields in (4.1) are lifted to

7's*0,, 7's0,,, ..., 2's0,, . (4.2)
They clearly vanish at bf, so we need a second blow-up. The boundary of the
b-diagonal J(diag,) lies inside the front face bf. We perform the second blow-up

along this boundary d(diag,) to obtain the scattering double space,
Mz, = [My; 0(diag, )]

In this second blow-up, d(diag,) in M7 is lifted to a hypersurface in the blown-up
manifold M?2. This new hypersurface is called the scattering front face, denoted
by sf. The b-diagonal of M? is lifted to a p-submanifold of M2, denoted by

sc)

diag,.. The local coordinates near d(diag,,) are

s—1 v — Y Yi1 = Yg_1

X: l,/ 5 x/’ Yl — x/ g eeey Yd—l == x/ 5 yl’ ceey y:i—l (43)

Because both x and x’ are boundary defining functions for bf, we can replace the
2’ in (4.3) by x to obtain another set of valid local coordinates.

Now on the scattering double space M2 the vector fields in (4.2) become
(1+2'X)*0x, (1+2'X)0y,, .., (14+2'X)0y, ., (4.4)

which don’t vanish at the sf-front face, as 1 + 2’X =s =1 at s/f.

Let’s use a simple example to illustrate how this double blow-up works. Let
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M be the simplest possible case, [0, 00). The two blow-ups, including an example

of coordinates for each space, are illustrated in Figure 4.1.

4.3 The scattering face

As mentioned in the last section, the local coordinates near the sf-face are

s—1 Y1 — Yy
X =2 vi=

xl

/
Yd—1 — Ya—1 /
Z! y Yo o Ya—1-

s Yoo =

We restrict our attention to the interior of the s f-face. Here the second coordinate
x’ disappears. Further more, if we fix ¥ = v = (uq, ..., uq_1), there is a vector
space €2, with dimension d associated with it, with coordinates

s—1 Y1 —

Y, =

)
x! x!

Yd—1 — Ud—1
x! ’

X = g ey Yd,1 =

We need to check that X, Y7, ..., Y; 1 are well defined linear coordinates.

Proposition 4.3.1. The interior of the scattering face sf in the scattering double
space M2 is a bundle over OM, and each fibre Q,, y € OM, has a natural vector

space structure.

Proof. As discussed above, we only need to check that X,Y;,...,Y; | are well
defined linear coordinates. For that we consider another set of local coordi-

nates T, 1, ..., Jq—1 near M, where T is another boundary defining function, and

9 = (1, ---,Ja—1) gives another coordinate system on dM. Denote § = % The

corresponding local coordinates in the scattering double space near d(diag,.) are

~ s—1 T — 7T
X:S~ :x xuifl ~ y ey Yd—1:—7

T xx’ T T

where 4 = (a1, ...,Ug—1) is the same point as u = (uy,...,uq—1) in OM but in
terms of the new coordinates. What remains is to verify that the new coordinates
X, Y1, ..., Y, are linear functions of the old coordinates X, Y1, ..., Yy_1. We know

that
T =a(z,y)z, ¥ =7g(z,y),

where a and 7;, 1 < ¢ < d — 1, are smooth functions, a is non-zero, and
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M'=[0,c2)
A
Ib diag
coordinates on M?
(x, x')
(My=(0,00 ™ M=[0,)
(a) The original double space M?
M'A first blow-up
Y
Ib

diag .
b coordinates near P

(s, x') with s=x/x'

bf

N

\ > P=j(diag,)=(1,0) in bf
r

b M
(b) The b-double space M2

second blow-up

coordinates near Q
(X, x') with X=(s-1)/x'

sf/* Q=d(diag,)=(0,0) in sf

rb M
(c) The scattering double space M2,

Figure 4.1: A double blow-up
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det( gé’] )

+=0 7 0. Then we have

Note that x = 0 on sf, and by applying the Taylor series, at 2, we have

a(0,y) = a( +Z ZOU)+O(|y—UI)

d—1
1=

)
@

“O(|Y[*)

A

Qv

1

=a(0,u). (Asz=0onsf.)

This means a(z,y) is constant on €Q,, with the value a(0,u). Let’s now express

the new coordinates on €2, in terms of the old ones,

-~ =7 X X
X = ~~ - = )
i’ a(0,y)  a(0,u)
and for 1 <i<d—1,
z
_ 3i(0,y) — 4i(0, u)
a(0,u)x
S 5 — ) 3(0,u) + O(ly — uf?)
B a(0,u)x
SV 2(0,) + 220(Y )
B a(0,u)x
d—1 -
= 0,u)Y; + ——O(|Y
G(O,U) — ay]( 7U) J + CL(O,U) (‘ ‘ )
d—1 -
1 Oy
= 0,u)Y; Asxz =0
2(0, ) 2. ayj( )Y (Asx on sf.)

As a(0,u) and ggi_ (0,u) are constants with a(0,u) # 0 and det(ggj) e=0 # 0, we
have shown the linear relationship between the two sets of coordinates on the
fibre €2,,. O
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4.4 Scattering-half-densities

The dual basis for 220y, ©0y,, ..., 20y, ,, 120w, 2’0y, ..., 70y s

Ya—1>
/ / /
d_x dy dys—1 dr' dy dyYg_y
x27 T LAY T ) .CC/Q’ x,? ) X :

Therefore we make the following definition.

Definition 4.4.1. Let M be a manifold with a connected boundary M and di-
mension d, and let x,¥y,...,y4—1 be local coordinates near the boundary with x
being a boundary defining function. A smooth scattering-half-density on M2, has

the form

1 1
2 2

dxdydx'dy’
pd+1p0d+1

dz dy, dyq—1 dz’ dy; dyy_
/l) ——— e e ———— e e —

)

2?2 x a? !

where v is a smooth function on M2. A distributional scattering-half-density on

M2, has the same form except that v is allowed to be a distribution.
Let’s focus on the half density

1
2

dxdydx'dy

xd+1 x/d+1

Note that z and 2’ are boundary defining functions for (b and rb respectively, and
we write pp = x and p., = 2’. Their powers are both —%(d +1). Let’s work out
what this half-density looks like in terms of coordinates in the scattering double
space X7, near 0(diag,,). Firstly we change into the coordinates s = £ 2/, y and
y' near J(diag,) in the b-double space,

! ! !

1
2

dxdydx’dy’

xd-ﬁ-lm/d-i-l

x'dsdydx’dy’
pd+1lprd+l

dsdydx’dy’

xd+1 $’d

dsdydx’dy’

Sd+ 1 l‘/2d+ 1

(4.6)

The boundary defining function for bf is 2/, ie p,; = 2’. Note that its power is
—3(2d+1).

We then change into the coordinates X = 55!V = £ 2/ and y' near

xz! ) x

d(diag,,) in the scattering double space M2

sc?

1 1
2 2

dsdydx’dy’

$d+1x/d

24dXdY da'dy'

xd+1 $’d

P ‘dXdex’dy’

eS|

(4.7)
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Near O(diag,.) both x and 2’ are boundary defining functions for sf. Here we
use psy = = and note that its power is —3(d + 1).
In light of the above computation, we make an equivalent definition for the

scattering-half-densities.

Definition 4.4.2. Let M be a manifold with a connected boundary M and di-
mension d. A smooth scattering-half-density on M2 has the form

)—%(d—i—l p—%(2d+1)

(Iolbprbpsf bf v,

where v is a smooth half-density on M?2

sc)

and pgp, pro, Psf, poy are boundary defining
functions for [b, b, sf and bf respectively. A distributional scattering-half-density
on M2 has the same form except that v is allowed to be a distributional half-

density.

We denote the bundle of scattering-half-densities over M2 by the symbol
Q3 (M2,).

Example 4.4.3. Let’s work out the expression of the identity operator Id in terms
of the above concepts. Consider a manifold M with a connected boundary OM and
dimension d. Let (x,y) be local coordinates near OM, with x being a boundary
defining function, and y = (y1, ..., ys—1) being the tangential coordinates. Then as

a half-density, we have
Id(z, ', y,y) = 6(x — 2')6(y — /)| deda’ dydy’ :, (4.8)

As a scattering-half-density, we have

dxdydx'dy’ |1

N d+1
ot = | (49)

Id(z, 2", y,y) =6(x —2')(y —y

and note that here v = 2.

In terms of the coordinates s = % and x' near 0(diag,) in the b-double space

M, (4.8) becomes,

Id(s, 2,y ) = (s — 1)d(y — /)22 |dsdx’dydy”%. (4.10)

In terms of the coordinates X = =+, Y = y;,y,, ' and y' near 0(diag,,.) in
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the scattering double space M2, we have

sc?

[A(X,Y, 2 yf) = 6(X)3(Y )2/~ %o dX dY do'dy |

5
1 . (4.11)
§(X)3(Y)a' "2V |dXdY da'dy'|>.

Here Id has the particularly simple expression of §(X)6(Y) times a smooth non-

zero scattering-half-density.

We will introduce the scattering calculus in the next section. When we use
the scattering calculus to study operators, the convention is to write the kernels

in the form of scattering-half-densities.

4.5 Scattering calculus

As in the case of the b-differential operators, which are generated by the b-vector
fields, the scattering differential operators are generated by the scattering vector
fields.

Definition 4.5.1. Let M be a manifold with a connected boundary. A differential
operator P on M is a scattering differential operator of order m, if it has smooth
coefficients, and, in local coordinates (x,y) around a boundary point x, it has the

form

P= 3" aulr.y)(@*0,)(20,)",

Jtlal<m
with the coefficients a;j, smooth up to the boundary.
Remark 4.5.2. Note that if v is a b-differential operator of order m, then z™v is
a scattering differential operator of order m.

As in the case of b-calculus, we generalise these scattering differential operators
to define the scattering calculus, and it is defined in terms of the behaviours of

the kernel at different parts of the scattering double space.

Definition 4.5.3 (Scattering calculus). Let M be a manifold with a connected
boundary. The scattering calculus ¥™!(M) of order (m,!) is defined as the set
of scattering-half-densities v € *Qz2 (M2) satisfying

(i) ps_flv is conormal of order m with respect to diag,, uniformly up to sf, where

psf is a boundary defining function for sf;

(ii) v vanishes to infinite order at b, b and bf.
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The order m is called the differential order of v.

Remark 4.5.4. Note that the calculus ¥™! becomes bigger when m increases,
ie Ut C W™ for any m’ > m; while it becomes smaller when [ increases, ie
gl C el for any I > 1.

Remark 4.5.5. A scattering differential operator of order m is in the scattering

calculus of order (m, 0).

Scattering calculus is closed under composition.

Proposition 4.5.6. [RM95, Eqn. 6.12] Let M be a manifold with a connected

boundary, and m,l,m', ' € R, then
Wi (M) o W (M) € Wit (M),

Like Proposition 3.4.8 on the parametrix constructions in the small b-calculus,
in the scattering calculus we also have a proposition that’s analogous to [LLH85,
Theorem 18.1.24].

Proposition 4.5.7. Let M be a manifold with a connected boundary. Suppose
that P € WEO(M) is elliptic, then there exist G, G’ € W O(M) such that

PG —Id, G'P —Id € U,2°°(M).

4.6 Normal operators

Similar to the indicial operators in Section 3.4.4, we restrict the kernel of an
element u in the scattering calculus U7 to the hypersurface sf. How do we

interpret this restriction?

Proposition 4.6.1. Let M be a manifold with a connected boundary OM and
dimension d. The restriction of a smooth scattering-half-density on M2, to sf

gives (in a canonical way) a smooth function on OM wvalued in densities on each

fibre.

Proof. From Definition 4.4.1, we know that a smooth scattering-half-density has

the form )
3

dxdydx’dy’
v(z,y, 7', y') grrspTE. (4.12)
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Let’s consider a fibre €2, of the interior of sf, on which 2/ = 0 and ¢y = u. We

1
. /S A S . .
want to write % 2 in terms of only X and Y. From the calculations in

(4.6) and (4.7), we know that

1
2

dxdy

:L-/dJrl

= |dXdY|z.

Since x,y and ', y" are completely symmetrical, we also have
dx'dy 2

rd+l1

= |dXdY|z.

With this, and substitute 2’ = 0, ¢ = w into v(x,y, 2, y’), (4.12) becomes
v(X,Y,0,u)|dXdY], (4.13)

which proves the proposition. O
Similarly we have the following proposition.

Proposition 4.6.2. Let M be a manifold with a connected boundary OM and
dimension d. The restriction of a scattering-half-density on M2 to sf gives (in
a canonical way) a smooth function on OM wvalued in densities on each fibre, and

the densities are conormal with respect to the origin in each fibre.

Let’s introduce some notation so that we can describe this more effectively.
Let €4, denote the bundle of fibre-densities on sf, ie the smooth sections of
Q¢ are the smooth functions on OM valued in densities on each fibre. Let
Im (s f,0(diag,.), 2 fib) denote the space of smooth sections of €2¢; with the con-
dition that on each fibre the density is conormal of order m + }l with respect
to d(diag,.), ie the origin of the fibre, and it decreases rapidly at infinity. The
following proposition says the normal operator maps the scattering calculus onto
this space; see [RM94, Prop. 20].

Proposition 4.6.3. Let M be a manifold with a connected boundary. The normal
operator Ny. : WM (M) — I™(sf,0(diag,,), Qsi) is an epimorphism for each m
and 1, with kernel W™ L(M).

The fact that the restriction gives a density on each fibre, and the vector space

structure of the fibre, allow us to define a convolution operator on the fibre. For
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example, the density (4.13), v(X,Y,0,u)|dXdY |, on the fibre €,, is associated
with the convolution operator that maps the function f(X,Y) to

/U(X CXLY — Y, 0,u) f(X, Y)|dXdY").

Therefore we have the following proposition.

Proposition 4.6.4. For each element p in the scattering calculus W™, the nor-

mal operator Ny.(u), can be interpreted as a family of convolution operators, one

assigned for each fibre of the bundle sf. The assignment varies smoothly across

OM.

This allows us to compose normal operators. Suppose A and B are elements
in the scattering calculus, then for each y € OM, Ny.(A)(y) and N,.(B)(y) are
convolution operators on the fibre (2, hence we can compose them. The compo-
sition of N,.(A) and N, (B) are simply point-wise composition at each y € dM,
ie

(Nse(A) © Ne(B)) (y) = Nee(A)(y) © N B) ()
With this definition of the composition, the normal operator is multiplicative

under composition.

Proposition 4.6.5. [RM94, Eqn. 5.14] Let A and B be elements in the scattering
calculus, then

Nsc(AB> = Nsc<A)Nsc(B>

There is an analogous result of Remark 3.4.12 on the normal operators. It’s

as follows.

Proposition 4.6.6. Let M be a manifold with a connected boundary. Suppose
A € U9 (M). Then A is compact on L*(M), if and only if, Nsy.(A) = 0 and
A € UO(M) for some n < 0.

Remark 4.6.7. The main reason behind Proposition 4.6.6 is that a convolution

operator is compact if and only if it is identically zero.
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Chapter 5
Resolvent construction

For the last two chapters, we only consider d > 3.

5.1 The Riesz transform T

5.1.1 The operator H

Let Y be a compact Riemannian manifold with dimension d — 1. The metric cone
over Y is M =Y x [0,00), and the cone tip P is the point with » = 0. The cone
M is equipped with the metric 72h + dr?, where h is the metric on Y,

Let dist(z, 2’) denote the distance between z and 2’ on M. Write z = (r,y)
and 2/ = (r',y), with y,4' € Y, then we have the formula

r? 1% — 2rr cos (disty (y, '), if disty(y,v) <,

dist(z,2')* = (5.1)

(r+1")2, if disty (y,v') > 7,
where disty denotes the distance on Y.

The Laplacian on the cone M expressed in polar coordinates is

d—1 1
A:—ﬁf—T&,—l—ﬁAy,

where Ay is the Laplacian on Y. This operator A is initially defined away from
the cone tip, then extended to the whole cone. Here we consider the Friedrichs

extension, see Section 2.2.
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For any smooth function Vg : Y — C, we define the operator

v
Hy, = A+ O(Qy).
r
This is a natural class of operators: as both A and V()T(Qy) are homogeneous of

degree —2, the operator Hy, has the same homogeneity. The term V = X—S is

called the potential. For simplicity of notation, we will write Hy, simply as H.

The following proposition tells us for what Vj, the operator H is positive.

Proposition 5.1.1. Suppose that Ay + Vo(y) + (%52)? is a strongly positive op-

erator on L*(Y), ie all its eigenvalues are strictly positive, then the operator H

18 positive.

Proof. We work in polar coordinates. Consider the isometry U : L2(M;r®tdrdy)
— L*(M;r~'drdy) defined by

d
2

Uf=rz2f. (5.2)

For f € L2(M;r~tdrdy), let’s compute

d d—1 1 d
UHU ' f = r3 —&————a+—Ay+%@>rﬁf
r r? r?
Calculate the four terms separately,
d d(d+ 2 d
rt(oryiy = 22y Ay p ey
472 r
d—1 d(d—1 d—1
(=g )t = Dy Aoy p
r 2r2 r
arl _d 1
()i = G,
r%%;/)r_%f _ V0<2y>f-
r r

Adding the above terms, and we obtain

d(d —4)

UHU*f:( 7

1 1 1
+ Vo(y)) ﬁf + ;arf —f+ T—zﬁy,f-
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Therefore,

(%(— (ror)* + Ay + (%)2 + Voly )) 1>f
_@Q@A;ﬂ)+;#nf+(<d ) )%
1

:&cj)—8ﬁ4~%Ayf+(<d ) )

:_—f+ af O2f + = Ayf—f—((d%) +V(y)) f

:(ﬂd;4)

—UHU'f.

+ Vo(?/)) T—Qf + ;&nf —O2f + ﬁAYf

Hence we have established

1 ) d— 232\ 1
UHU = - —&@)+Ay+%@y+Q3—) - (5.3)
Make a substitution s = Inr, then the space L*(M; r~ drdy) becomes L*(M; dsdy),

and we have

d—2\2
UHU ' = 6_8(—83 + Ay + Voly) + <T> )e‘s
From here we can clearly see that the operator H is positive if Ay + Vi(y) +

(%)2 > (0. This completes the proof. ]

Remark 5.1.2. Note that since we have d > 3, the condition Ay +Vy(y)+(42)* >

0 means that the potential V' = % is allowed to be “a bit negative”.

Remark 5.1.3. Note that U maps a smooth scattering-half-density to a smooth

b-half-density. We will discuss more on half-densities in Section 5.2.

5.1.2 The Riesz transform 7T

Let V; be a smooth function on Y which satisfies Ay + Vo(y) + (452)* > 0, the

Riesz transform T with the inverse square potential V = % is defined to be

T=VH 2,
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where H is defined in Subsection 5.1.1.

The goal of this thesis is to find out for what p, the Riesz transform T with
an inverse square potential V' = ‘T/—S is bounded on LP(M). The paper [GH] by C.
Guillarmou and A. Hassell gives a necessary condition on p for the boundedness
in the setting of asymptotically conic manifolds. This necessary condition also
holds for cones. In this thesis we will determine a sufficient condition and hence
a complete characterisation of the boundedness. The paper [HQL] by H.-Q. Li
gives a characterisation for the special case V' = 0. In this thesis we will provide a
different proof of the same result using the b-calculus and the scattering calculus.

Using functional calculus, we can express T as,
2 [ 2\—1
T=— V(H + X)) dA.
T Jo

We see from this expression that in order to understand 7', we need to know the
properties of (H + A?)~!. Because H is homogeneous of degree —2, we only need
to compute (H + 1)7!, and then use scaling for (H + A*)~!. The relationship
between (H + A\?)~! and (H + 1)~! will be discussed and used in the proof of
Proposition 6.1.1.

Denote P = H + 1, and we now proceed to study P and P!,

5.2 The blown-up space

When r — 0, the operator rPr is elliptic as a b-differential operator; see Section
5.3.1 for the details. Therefore we can expect the kernel of its inverse to be in the
b-calculus. Starting with the space (Y x [0, 0c],)?, which is a compactification of
M?, we blow up the point r = r’ = 0 to obtain the zf-face. Here zf means the
“zero face” as it is the front face with r, 7’ = 0. For more details of the b-double
space and the b-calculus, see Chapter 3. Recall that one possible set of the local

coordinates near the zf-face are

SZ%, oy, . (5.4)

When r — oo, the operator P is elliptic as a scattering differential operator.
Hence we use the scattering calculus here; see Section 5.5 for the details. We
blow up the point 7 = 1’ = oo in (Y x [0,00],)? to obtain the bf-face. In the

bf-face at where it meets the b-diagonal, we make a second blow-up to obtain the
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sf-face. More information on the double blow-ups and the scattering calculus
can be found in Chapter 4. Recall from (4.3) that one possible set of the local
coordinates near the sf-face are

-1 —
e Ty (5.5)

where © = %, = % and s = %, and we can replace the x in these coordinates

by z’. In terms of r and r’, we have the local coordinates

1
r—r, o r(y —v), v. (5.6)

Since the z in (5.5) can be replaced by 2/, we can replace the r(y — 3/) in (5.6)
by r'(y —y').

The resulting space after the blow-ups at r = ' = 0 and r = ' = o0 is
called the blown-up space. The diagonal of the blown-up space, simply denoted
by diag, is the lift in the blown-up space of the diagonal {7 = 1,y = ¢’} in the
original double space (Y x [0, 00],)?. In terms of the local coordinates near z f, the
diagonal is defined by % = 1 and y = y’; while in terms of the local coordinates
near sf, the diagonal is defined by ' —r =0, and r(y —3') = 0 or 7' (y — /') = 0.
The following result about the diagonal is useful for a later proof.

Proposition 5.2.1. Let ¢ : [0,00) — [0, 1] be an increasing smooth function such

that o(z) =z for x € [0,1] and p(z) =1 for x € [1,00). Then the function

dist(z, 2')?
N )
adlag('Z; < ) — ¢2<T,) )

where z = (r,y) and 2" = (r',y), is a quadratic defining function for the diagonal

in the blown-up space.

Proof. By formula (5.1), near the diagonal we have
dist(z, 2')? = r* 4 r"* — 2r1" cos (disty (y,9)),

where disty denotes the distance on Y. Therefore near the diagonal we have

dist(z, 2')* = (r — ') + 21/ (1 — COs (dY(?Ja y’)))
(5.7)
=(r—7r)+ TT'(disty(y, y')? + O(disty (y, y’)4)) :
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Near the sf-face, we have
() = dis( ) = (= v sty () + O sty (09 ).

which is good for a quadratic defining function for the diagonal. To see that we
recall from the discussion in this section just before this proposition that near sf
the diagonal is defined by v’ —r =0, and r(y —¢') = 0 or 7' (y — ') = 0, and we
also recall the standard fact that disty (y,y’)? is a quadratic defining function for
the diagonal of Y2 for any closed Riemannian manifold Y.
Near the z f-face, we have
' "2
M = (L, — 1)2 + % (disty(y, y')? + O(disty (y, y’)4)>,

adiag(fzv Z,) = r

r

which is again good for a quadratic defining function for the diagonal, as here the

diagonal is instead defined by 7 =1 and y = y/'. O

The following lemma needed in Chapter 6 can be shown; see Proposition 1 in

Section 4 Chapter VI of [ES].

Lemma 5.2.2. For any k > —d, if an operator is conormal of order k with respect
k

_dtk
to the diagonal in the blown-up space then its kernel is bounded by a g,z

diagonal, where agiag 15 a quadratic defining function and d is the dimension of

near the

the cone.

The blown-up space is illustrated by Figure 5.1. The four boundaries are
labelled as bz, rbz, lbi, rbi, with [bz meaning the left variable r = 0, rbz meaning
the right variable " = 0, [bi meaning the left variable r = oo, and rbi meaning
the right variable " = co. The diagonal is also shown.

A b-half-density on the blown-up space has the form

1
2

dr dr’

= = dhdn’
r.r

Y

u(/r7 Tl? y’ y/)

where u is a distribution.
Let x = % and x’ = % Since x and x’ are boundary defining functions for sf,
a scattering-half-density has the form,

1
2

dxdx'dhdh’

xd-ﬁ-lx/d-i-l

I

,U(‘/I/‘7 xl? y? y’)
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>

Figure 5.1: The blown-up space

where v is a distribution. In terms of r and »’ it becomes,
1 1 1 1
v(r, r',y,y/)|rd+lr/d+1d(—)d(—,)dhdh”2 = o(r, r',y,y/)|rd_lr/d_1d7’dr'dhdh/ 2,
r’otr

Remark 5.2.3. The scattering-half-density |r?~r'**drdr'dhdh/|z has length 1.
That’s why we adopt the convention that any kernel on the blown-up space is

written in the form
1
v(r, 'y, y) |rd_1r'd_1d7‘dr'dhdh/ 2

where v is a distribution. A kernel written in this form is called a Riemannian
halt-density. However, when we study the properties of a kernel near the z f-face,

we write it as a b-half-density.
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5.3 A formula for the resolvent

5.3.1 Determining the formula

We now proceed to find an explicit formula for P~1. However, as we will discuss
later in Subsection 5.3.2, this formula only has good convergence properties in
certain region of the blown-up space.
From equation (5.3) in the proof of Proposition 5.1.1 we know that
d—2

i =t (o ar s () + v )

Therefore

-4 2 2 d—2\2\ a4
Pttt = (04 Ay 4 Vo) + 72+ (A2) )t
Let P’ denote the differential operator consisting of the terms in the middle. That
is,

P =0+ Ay + () 402+ (22)) (5.8)

We take P’ to act on half-densities, using the flat connection that annihilates
the Riemannian half-density |rd*1drdh|% on M. Now let P be the differential
operator given by the same expression (5.8), but endowed with the flat connection
on half-densities annihilating the b-half-density |%dh]%. Recall that U, defined
by (5.2), maps this b-half-density to the Riemannian half-density, hence these two

differential operators are related by

P=U'PU. (5.9)
Therefore,

P=r"tPr L, (5.10)

Since P is self-adjoint, (5.10) shows that P is also self-adjoint. (Note that for
operators on half-densities there is an invariant notion of self-adjointness, since

the inner product on half-densities is invariantly defined.) Denote G = P71,
G = P~ !': the Schwartz kernels of G and G are related by

G=rr'G. (5.11)



5.3. A FORMULA FOR THE RESOLVENT 69

Again, we emphasize that this is an identity involving half-densities: if we write
G = Kr¢=''1dhdl’|7 and G = K|Z 4 dhdh/|> then we have

[N]1SW
(V1IN

/11—
’I“l

K =7l K. (5.12)
So to determine G, we just need to determine G, and then (5.11) gives us G.

Let’s now work out an expression for G. Let (,u?, u;) be the eigenvalues and
the corresponding L2?-normalized eigenfunctions of the positive operator Ay +
Vo(y) + (452)%. We also let II; denote the projection onto the uj-eigenspace.
Then we have

P=> 1T (5.13)

and

where
T; = —(rd,)? +r* + p2 = =102 — 10, + . (5.14)

J

In order to find the inverse of Tj, let’s solve for a;(r) such that

When r # 1/, the solution space is spanned by the modified Bessel functions
I,,(r) and K, (r); see [AS, Sec. 9.6]. That means, we must have

T.‘l(r, ') = (al,, +0K,,)(r)(cl,, + dK,, )(1") ’

J

dr dr’

ror!

/
s r<r,

for some constants a, b, c and d. We don’t get all the terms due to the restriction
which comes from the fact that our choice of the Laplacian is the Friedrichs
extension. The domain of the Friedrichs extension requires the derivatives of
rr'T (r,1') to be in L*(M), see Section 2.2.

Let’s explore what this restriction means when r < r’ and r approaches 0.
For this we need the limiting forms for small arguments from [AS, Sec. 9.6], that

is when r — 0,
i

L, (r) = T 1 1) + O(rHit?), (5.15)
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and S
= M + O(r—72), (5.16)

rHi

Ky, (r)

To be precise, for the expansion of K, (r), when u; = 1, the error term is of order
rlogr.

We first work out the power of r in ||%(TT’IM(T))||L2. The power of r in
rr'l,,(r) is pj + 1. Differentiating with respect to T decrease the power to ;.
Taking L?-norm with respect to the half-density |% ‘ 2 changes the power to 2j; —
1, which is integrable since p; > 0. Similarly, we work out the power of 7 in
|-Z (rr' Ky, (r))||z2, which is —2p; — 1, which is not integrable. Therefore we
conclude that for r <1/, our Tj_l can contain the I, (r) term but not the K, (r)
term.

We now explore what the restriction means when r» < r’ and r’ approaches
infinity. Both I, and its derivative grows exponentially at infinity, and both K,
and its derivative decays exponentially at infinity; see [AS, Sec. 9.7]. From this
we know our ijl can contain the K, (r’) term but not the I, (") term.

At last, I,,(r) and K, (r') cannot exist in Tj_l for » > 7 by symmetry.

Therefore, we know for each j, the kernel for the operator Tj_l is

CLy, (r) K, ()|
CKyu, ()L, ()| 5

where C' > 0 is some constant. The Wroskian of K, (r) and I, (r), given by [AS,

Equation 9.6.15], is %, and from this we can determine that C' = 1. Hence

1
. I,.(NK, (M|<E 2 r <y,
1}_1(7’,7”,)— NJ() ;U«]( )’;’d,|1
Ky, (r) L, (r)| 2|2, e >,

We know that

In terms of the kernels, we have

G(r,v",y,y) Zuj w;i(y') Nj (T,T’)‘dhdh/‘%,
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Hence

/ 1
Zj w;(y)u; () 1, (1) Ky, (T/)‘%d%/dhdh/‘ 2or <,

é(ﬂ T/7 Y, y,) = 1
/ N | dr dr’ 13
>, () (y) Koy (7)1, (1) |4 45 dhdh

, >

This is our first attempt to determine P, so let’s call it Gp, and rewrite it more

compactly as

Grryy Zuj

5 (B (s (Pt

(5.17)

dr d—rdhdh’

)

Ky (), (r mM)

where (<} and x>, are characteristic functions for the regions r < r’ and
r > 1’ respectively.

Now we have obtained an explicit formula, ie Gy, for the resolvent. However,
as mentioned before, we can’t just use it for the whole blown-up space, because
it has poor convergence near r = /. The convergence properties of the formula

Gy is the topic of the next subsection.

5.3.2 Convergence of the formula

Firstly consider r < r’; here we work with the sum,

S s (1)K 1) (5.18)

From [AS, Sec. 9.6], we have the representations

Qi 1 )
L) == [ @i, (5,19
m2l(p;+3) /-1
and .
w22 My 0, 1
K, () = —/ T — 1) Rt (5.20)
! [(p; + %) 1

We now estimate each of these integrals in a way that is uniform as pu — oo.

When r < 1, the integral in the expression for I, is uniformly bounded in p > 0,
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and hence we see that
Q—Mrlt
T(p+3)

where C' is independent of r and p. On the other hand, for r > 1, we estimate
e r2L,(r):

when r <1, (5.21)

O~ tphts 1
6—’”7*1/2Iu(1“) = 1#/ (1— t2)#_%6_r(t+l)dt
m2l(p+ 5) J-1

_ 1 1
<2t / o—r(t+D) gy
- F(M"’%) -1

<ot / Y dt
[(p+ 5) 0 r

O~ Hyh—7
T(p+3)

with C independent of p, for p > % This gives rise to an estimate of the form

2 Hprler

L= T(p+ 3)

when r > 1. (5.22)

We next estimate K, in a similar way. For r <1, we estimate

1
w22 Myl [ _1
K,(r)= =+ -1 at
w(r) T(p+ %)/1 e )

1 _ 00
S M/ €_Ttt2'u_1 dt
[(p+ 5) 0
—hgft 00
< 0—2 4 T / e~ gy
C(p+35) Jo
27T (2p)
T(p+ 3)

On the other hand, for » > 1, we compute

1 1
w22kt

h =D (42 _ 1)ra gt
(&
T(p+3) /1
T2 Hphty

o0 1
= [ e (t2r+ ) It
P(u+3) /0 ( )

2K, (r) =
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where we made a substitution ¢ — r(¢t — 1) in the integral. We now estimate
(2r +t)#72 < 2°7% max ((27«)!1—%7 tﬂ—%>’

which gives rise to an estimate

i_u) max <(27")”_%F(u + 1), F@#))- (5.23)

’K“(r)‘ = OP(M + 3 2

—

Now to absorb the factor 7~% in the first argument of the maximum function,
we sacrifice half of our exponential decay: we estimate e~ Erh3 by bounding it

by the value where it achieves its maximum in r, which is when r = 2u — 1:

2p—1

<e T (2u— 1P < Cer2tptE < 02T (p).

N|—=

P

Then we can use this in (5.23) to estimate

e"zpH 1
K )<c— 20D () + =), T(2)). 5.24
K| < Oy max (VTG0 ). D)) (520
Finally using the identity
2p—1 1
I'2u) = I'ip)r’ - 5.25
(2u) Nz (W +3), (5.25)
we obtain
’KM(T) < Ce 207122 (). (5.26)

Hence, when 1" > 4r, I,(r)K,(r") is bounded above by:
(i) for 0 <r <7 <1,

27T (2u)
-
(C(u+3))

()"

T/

(ii) for r <1 <7/,

(iii) and for 1 < r <7/,
cor(hyret LW
v I(p+3)

We emphasize that the constant C' is independent of y > %, r and " here. Noting
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that the combination of I" factors is uniformly bounded in each case (using (5.25)
again), we find that for ' > 4r, I,,(r)K,(r") is bounded above by

(i) for 0 <r <7 <1,

r
c(5)"
(ii) for r <1 <7/,
e
(iii) and for 1 < r <7/,
2r\p _o
C(F) e 4

d—1
By Hormander’s L*-estimate, see [LH68], we know that ||u;|l < Cp;? .
Therefore each term in the series is bounded above by Cu?_l(%)“ﬂ'e—%. To

continue the discussion on convergence, we need the following lemma.

Lemma 5.3.1. Suppose that (i3 are the eigenvalues of Ay + Vo(y) + (%52)?%, then
forany 0 < B <1, and any M, N > 0, the sum

N ui—M
E o

wj =M

converges for all 0 < o < 3, and it is bounded uniformly in o.

Proof. Note that for any p; > 2M, we have

5

Mj—2M> 4

Mj—M=M+(Mj—2M)ZM+< 5 =

Therefore,

> et < 30 ufa¥ < 3 uipE

wj=2M wj22M wi=2M

We know that there is an integer Ny(3, N) > 2M such that for all j > Ny(5, N),
§N < B71. Tt follows that

Sowst< > st > gt

pj=2M 2M <p;<N1(B,N) pj>N1(B,N)

<JGim < MENUMENY - S 8 gy

p;>N1(B,N)

<CN(B, NN ST

pi>N1(8,N)
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where the constant C' > 0 comes from the Weyl’s estimate, see [CS, Corollary
5.1.2], and it satisfies that

{7+ 1y < u}| < Opt, (5.28)

for any p > 0. Now estimate the part of the summation that’s greater than
Ni(B, N). An implication of (5.28) is, for any j € N, we have

e (G

Therefore,
Y gt Y g Y g
pi>N1(B,N) pi>N1(8,N) j20
There is No(5,C') € N such that for all j > Ny(5,C), we have ; (%) -1 > log, j,

where v = ﬂ’% > 1. Then

. 1
1ciyd—1 £z e}
I DI
i>1 0<j<Na(8,C) J=N2(8,C)
< Ny(8,C) + j? (5.29)
ZNQ(ﬁ,C)
2

< N2(6,0)+%.

.

The remaining part of the summation is from M to 2M,

o pfar M <Gy < 2MY|2M)N < C2M)TH MY = CM)TN

M<p;<2M

Bringing all the parts together, we have

2
S el < CRMYMNT 4 CN (B, NYHY1 4 No(B,C) + T < o,
pj=M

(5.30)

Note the finite constant depends on M, N,C, 3 but not «, therefore we have

uniform boundedness in «. O

Proposition 5.3.2. The expansion (5.18) is polyhomogeneous conormal at lbz.
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Proof. Since the functions I,(r) and K, (r) have expansions in powers at r = 0
(including logarithms in the case of K, when p is an integer), the individual
terms in the series are polyhomogeneous conormal. So consider the tail of the
series. Lemma 5.3.1 implies that the sum of the tail of the series, that is over
p; > M is bounded by Cr™ e~ "'/ for small r. We can apply the same argument
to derivatives of the series. In fact, the derivatives of I, and K, can be treated
as above, showing that for r < 1, p=*(r9,)*I, and p=*(rd,)*K,, and for r > 1,
p kORI, and p~*OF K, satisfy the same estimates as I, and K,. Moreover, we

n=D/2HE g1 derivatives of ug. Thus

have a Hérmander estimate || V®) ]|, < Ck/l;
derivatives only give us extra powers of p, which are harmless as Lemma 5.3.1

applies with arbitrary powers of p. n

Proposition 5.3.2 implies, in particular, that G decays exponentially, with all
its derivatives, as '’ — 00, ie when approaching the boundary rbi. Similarly in the
region = > 4, as r — oo, ie when approaching [bi, the kernel is also exponentially
decreasing. Therefore we cut off Gy to restrict it away from the r =/ to obtain

a well-defined operator G; with the kernel

~ ~ 8 8r’
Gi(r,ry,y') = Golr, v, y,y/) (X(T—T) + X(TT)) (5.31)
Here y : [0,00) — [0,1] is a smooth cutoff function such that x([0,1]) = 1 and
X([Z, oo)) = 0. The support of G4 is shown in Figure 5.2.
At last, similar to (5.11), we define

G, =rr'Gy. (5.32)

5.4 Near diagonal

The formula obtained in the previous section doesn’t converge near r = 1/, so in
this section we construct an operator G4, which is good near the diagonal. The
subscript nd means “near diagonal”.

Near the z f-face we consider the b-elliptic operator P. In order to keep it away
from the s f-face, we multiply it with a cutoff function. Hence we consider f’x(r),
where y : [0,00) — [0, 1] is a smooth cutoff function such that x([0,1]) =1 and
X([Z, oo)) — (. By the ellipticity of P near the z f-face, and by Proposition 3.4.8,
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Figure 5.2: The support of G4
there is éff; in the small b-calculus such that
PGIx(r) = X(r) + E.y, (5.33)

where E,; is smooth across the diagonal and vanishes at zf. Let
GZJ; = rr’éfl{l,

then we have
PGx(r) = x(r) + E.;.

Near the sf-face the operator P is elliptic in the scattering calculus. We
multiply it with 1 — x(r) to keep it away from the zf-face, ie we consider the
operator P(1—x(r)). Since P(1—x(r)) is elliptic near the s f-face, by Proposition

4.5.7, there is GfL{i in the scattering calculus such that
PG (1= x(r)) = 1= x(r) + Eyy,

where again the error term E; is smooth across the diagonal.
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At last, we define our G4 using fo; and GZJ;. We use cutoff functions to keep

the support of GG,,4 near the diagonal.

/

Gra = (G + GZZ)X(%,)X(%)X( dist(z, 2')).

Then we have
PG,g=1d+ E,q,

where the error term £,,4 is smooth across the diagonal. The supports of x(57)x(5;),
x(dist(z, 2')) and Gyq are shown in Figure 5.3.

For the construction of the overall final parametrix GG, we must add various
terms to G,q so that it is consistent with formula (5.31) and has the desirable

decaying properties at each boundary. We start with the s f-face.

5.5 sf-face

Here we investigate what happens when r, 7" — oo and d(z, z’) remains uniformly
bounded, ie the sf-face. We use the scattering calculus. In the previous section
we constructed G,,q such that PG,y = Id + E,4;. Now we want to construct an
operator Gif in the scattering calculus with differential order —oo, supported

near the sf-face, such that
NSC(P)NSC(Gif) = _Nsc(End>a

where N,. is the normal operator defined in Section 4.6, and recall that it is

multiplicative under composition. We then have
Neo(P(Gra + Gyy) — 1d) = 0. (5.34)

The reason we want property (5.34) is that, according to Proposition 4.6.6, it
implies that G,,q+ G ; approximates the inverse of P apart from a compact error

term which vanishes to the first order at sf. That is,

1
P(Gna+ Giy) = Id + B,

for some E;.
Let’s now define this G} ;- As each fibre of the interior of sf has the Euclidean
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Figure 5.3: The supports of X(#)X(%), x(dist(z,2)) and Gpq

structure, see Section 4.3, N,.(P) behaves like Aga+ 1. From the explicit formula
for (Aga +1)7!, we know that N,.(P) is conormal of order —2 with respect to

the origin and decreases rapidly at infinity. Therefore,

_Nsc(P)ilec(End)
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is also conormal with respect to the origin and decreases rapidly at infinity. By
subjectivity of the normal operator, see Proposition 4.6.3, there is a Gif in the

scattering calculus such that
Nsc(G;f) = —NSC(P)ilNSC(End).

Since only the value near the s f-face matters, we can choose our G ; with support
near the sf-face.

We continue to define, inductively, Gi s» for each j € N. Suppose we have
defined Géf, s G’;f and the error terms Fj, ..., £y, which satisfy

1 1 1
1 2 k
P(Gra+ G+ G+ 5= Gyp) = Td+ By
We then construct an G’;}rl, which is supported near the sf-face, and satisfies
Nsc<P)Nsc(G§;1> - _Nsc(Ek)

The construction of G’;;’l is completely parallel to the construction of G}  de-

scribed above. Then we have
N, [ r*P(G Gl L G? L Gk PGt — v 1d) =0
sc| T ( nd+ Sf‘i‘; Sf.“—i_r/k—l sf)_'_ sf -r Y
Again by Proposition 4.6.6, we know this means
/kP G Gl 1 G2 1 Gk PGk+1 _ /kId 1 E
P (Gra+ Gop + SG - + Glp) + PG = " Td + S By,

for some Ej ;. Divide both sides by 7’*, we have

1 1 1 1
1 2 k k+1
P(Gat Gop+ 5G4 5 G+ G = Td ot —s B

This completes the inductive definition of Gif, J € N. We define our G5 to be

an operator in the scattering calculus which has the Borel sum
1 ‘
j
Z rli—1 Gsf )
jeN

Then Gy satisfies
P(Ghg+ Gsp) = Id + Ejy,
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Figure 5.4: The support of G¢

where the error term Ey; is compact on L*(M), and vanishes to infinite order at

the sf-face. The support of Gy is illustrated in Figure 5.4.

Remark 5.5.1. The first approximation Gif only gave us an error term with the
vanishing order 1 at the sf-face. But we want an error term that vanishes to

infinite order at sf. That’s why we continued to inductively define Gi JEN

5.6 zf-face

5.6.1 Defining G

This is the hypersurface when 7,7 — 0. The operator P, defined in Subsection
5.3.1, is b-elliptic near zf. In order to keep away from the sf-face, we consider
Px(r), where y is the same cutoff function as in (5.31). According to Proposition
3.5.9, there is an operator Gy of order —2 in the full b-calculus, supported in
r < 2, such that x(r) — PGyx(r) is smooth on L*(M). From (5.33) we know
that x(r) — p@ndx(r) is smooth. That means P(Gb — énd)x(r) is smooth, and
because P, lifted to the blown up space, is elliptic at the conormal bundle of the

diagonal, we know that G}, — G4 is smooth across the diagonal on the support

of x.
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Define
Gy = (Go— Cond)x(r) (1 _ X(%) _ X(Si)>, (5.35)

and

G.;=1"G.;. (5.36)

The support of sz is shown in Figure 5.5. By Remark 3.4.12, we know that
P(Gnd + sz) = Jd+ Ezf,

where F.¢ is a compact error term that vanishes to the first order at the z f-face.
Note that G is supported near zf and near r = r’. The cutoff functions are
chosen in a way that when we add ézf and él later on, the sum is the same as
ézf near r = 7’ and the same as él away from r = r’. The cutoff functions in
definitions 5.31 and 5.35 are chosen so that they add up to 1 near the zf.
We need to check that near zf in the region where the supports of G; and

Gy intersect, ie the region

| =

(r<2:-<i<-orda<— <8},
T

/

o
>~ =
<

the two definitions are compatible. That means to check for % <5< 411
4 < 5 < 8, the restriction of éo to the zf-face is the same as [,(Gy). This will

be done in Subsection 5.6.3.

or

5.6.2 The expression of [,(G;) away from r =1’

Again we are working with the operator P, b-elliptic near z f. Recall from Chapter

2

3 that r0, is non-vanishing as a b-vector field at zf; while the term r* vanishes

at zf. Therefore the indicial operator of Px(r) is
B .2 2 d—2\?
L(Px(r) = P—r* = =10, + Ay + Vo) + ()

It describes the leading behaviour of P near zf.
Now to determine [,(Gp). Let u?,uj,ﬂj be the same as defined in Section
5.3.1, but here instead of (5.13) and (5.14) we have

Ib (PX(’I“)) = Z H_ija
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Figure 5.5: The support of G.;

where
Sj = —(r0,)* + p;.

In order to find the inverse of S}, we need to solve for a;(r) such that
Sja;(r) = 6(— — 1) = 1'6(r — ).
r

When r # 1/, the solution space is spanned by 7 and r~#i. Then, similar to
Section 5.3.1, the kernel Sj_l is

1
L (r\pjldrd’|3 !
St (r,r') = 2uj(w) Ne el T,
J ’ - 1 (r'\uj|drdr’ % /
L el R

Note that S !'is compact and self-adjoint, and

I(Gy) =) TS5
J
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In terms of the coordinates on zf, ie s = 7, y,y', we have

L(Gy)(s,y,9) Zu] uj (r,r’ ‘f‘dhdh’

where S means the restriction of the b-half-density to zf, as in Defini-

).
tion 3.4.9. Hence

1
%zj Mijuj(y)uj(y/)s“f‘%dhdh’P, s> 1,

]b(Gb)(Say7y,) = 1 1 | ds / 3
320 () (y)s | L dhdl |2,

(5.37)

s < 1.

The convergence of this sum can be discussed similarly as in Section 5.3.2. In

. . . 1
particular it has good convergence properties for s < 7 or s > 4.

5.6.3 Compatibility of G; and G

We only consider the case 1 < - < 7 here, as the case 4 < 77 < 8 is completely

1
8 4
parallel. Recall from expression (5.17), for <5 <1 7 we have,

dr d—rdhdh’

ror

Go(r, 'y, ') Zuj I, (r) K, (r") (5.38)

We use the limiting forms (5.15) and (5.16) for small arguments again. We need

to estimate the error terms uniformly in p. Using (5.19), we see that

/,mu' 2_“7"N

20(n+1)  72D(p+ 3

L(r) - )/11(1—752)“_;(6_”—(1—rt))dt (5.39)

(the rt term makes no contribution in the integral due to the evenness of (1 —
£2)=2). We may estimate |e™™ — (1 — rt)| < er?2/2 for |t| < 1,7 < 1. Then

integrating by parts we have

! ; 1 ! ;
/ (1 —tHr 2 dt = / (1 — 3z qt
_ —1

1 2n+1

leading to a uniform estimate

r<1. (5.40)

I — <
M(T) = QIUJ + 1 2M+11—‘(IU/ + 1)7 =

rH e rht2
20T (p+1) ’
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As for K, we change variable in the integral (5.20) to 7 = rv/t?> — 1 to obtain

K, (r) 2710 () T HpTH [0 o=VTHrE 2 g
r) — = 7.
T ST D e

We estimate

V7242 6

d e~ VT V724sr2 7"2 e~ T e T
C ds| < —(— ) 5.41
‘/ V2t a2 S’_Q T (5.41)

For p1 > 2 the contribution of the second term on the right hand side is not greater

7'2+7“2

than the contribution of the first term. This leads to an estimate for pu > 2

ou—1T 39— Hp—ht2 ou—1T —p+2
’KM(T) _ (u)‘ L T2 _ ()r

T(2u—1) =
rh T+ 3) =) 2u—1 7

where we used (5.25) in the last step. From these estimates and Lemma 5.3.1,
we can replace [,,; and K, in (5.38) by their leading asymptotic at = 0 up to

error terms which are summable in 7, leading to an estimate

dr d—rdhdh’
ror

+ 0. (5.42)

()"

Note that we are working in the region where r < 7/, hence only the O(r'?)

term appears. Since %dr—’}/ — dsdrl the expression (5.42) of Go(r,7,y,y'), when

s r'?

I 1
Go(r,r',y,y') = 5 > —uy(
2JMJ

restricted to the z f-face, is consistent with the expression (5.37) of I,(Gy)(s, v, v/).

5.7 Construction of P!
Let G, = G1 + Gpg + G5 + Gy, then
PG, = Id+ E. (5.43)

We give the operator (G, the subscript a because it approximates the inverse of
P, with the error term E. The operators GG, and E behave desirably at the
boundaries of the blown-up space, and we will solve away E to obtain our final

G = P~!. We then obtain the properties of G at the various boundaries from
those of G,.



86 CHAPTER 5. RESOLVENT CONSTRUCTION

Let’s summarise the properties of G, and F.

Proposition 5.7.1. As a multiple of the Riemannian half-density, ie the scattering-
half-density |rd*1r’d*1d7“dr’dhdh’|%, on the blown-up space, the kernel G, is the
sum of two terms. One is G,q, supported near the diagonal, and is such that
ngZQGnd 18 conormal of order —2 with respect to the diagonal uniformly up to
both zf and sf, where p.s is any boundary defining function for zf. The other

term G, — Gpq satisfies:

(i) it is smooth at the diagonal, and polyhomogeneous conormal at all boundary

hypersurfaces;
(i) 4t vanishes to infinite order at lbi, rbi and bf;
(ili) 4t vanishes to order 1 — % + pg at lbz and rbz;
(iv) it vanishes to order 2 —d at zf.

Proof. Only (iii) and (iv) are not so clear. We obtain the vanishing property at
[bz from equations (5.31) and (5.32). Since r is the boundary defining function
for bz, we need to work out its power. Clearly one power of r comes from (5.32),
while 7,,,(r) in (5.31) gives us the power 7#°. Then the difference between the b-
half-density and the Riemannian half-density gives us a power of rt. Combining
these we conclude that the vanishing order at [bz is 1 — g + pp. The vanishing
order at rbz is similar.

Now (iv). Since both r and 7’ vanish at zf, to obtain the vanishing order of
G, at zf, as a scattering-half-density, we add the powers of r and 7’ in (5.36) with
the factor (rr’ )’% involved in the change from a b-half-density to the Riemannian
half-density. That is, 1+1— % —¢=2—4. O

Remark 5.7.2. In the case of the potential V = 0, we have pg = g — 1. That
means the vanishing order given by item (iii) of Proposition 5.7.1 is 0. We need
more information than this for the proof Theorem 6.5.3 in Chapter 6. Therefore
we have to look at the second term of the expansion of I, (r) and the first term
of the expansion of I, (r). By (5.15), the first option gives us a vanishing order
of 1 — %l + (g + 2) = 2; while the second option gives us a vanishing order of
1—2 4y

Proposition 5.7.3. The error term E has the following properties on the blown-

up space:
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(i) it is compact, and in fact Hilbert-Schmidt, on L*(M);
(ii) 4t is smooth;

(iil) it vanishes to the first order at the z f-face;

(iv) it vanishes to infinite order at other boundaries.

Proof. These properties are obtained through the construction process of G,. [l

We proceed to solve away E. To achieve that, we would like to invert Id+ E.
But it might not be invertible, in which case we perturb G, so that the right
hand side of (5.43) becomes invertible.

Since E' is compact, Id+ E is Fredholm of index 0, and its null space and the
complement of its range both have the same finite dimension, say N. Removing
the null space gives us an invertible operator, and to achieve that we add a rank
N operator to GG,. To construct this rank N operator, we need the following

lemma.

Lemma 5.7.4. There exist smooth functions ¥y, ...,¥n, ¢1,...,0n on M such
that

(i) ¥1,...,¥n span the null space of Id + E, and P¢y, ..., Poy span a space
supplementary to the range of Id + E;

(i) they are O(r*) asr — 0 and O(r=>) as r — o0.

Proof. We choose the 1); to be any basis of the null space of Id + E. To obtain
property (ii) for the 1;, we note that ¢»; = —F(1¢;), hence iterating, we have
Y; = E*Nqp; for each N > 1. Now we consider mapping properties of the operator
EN. First, writing E = E, + E,, as in the proof of Proposition 5.7.3, it is easy
to see that F,. and VE,. map L*(M) to (r)"%L?>(M) for arbitrary K. (Here
V is shorthand for the vector of derivatives (9,,7719,,).) As for Ej, since it has
negative order in the b-calculus and vanishes to first order at z f, we see that Ej,
maps L*(M) to rL*(M). Since the kernel (r/r')*E has the same properties as
F listed in Proposition 5.7.3, it follows that Ej maps r*L*(M) to r**'L*(M) for
any a. Also, applying a derivative V = (9,,7719,,) to E, it is still of negative

order in the b-calculus, though no longer vanishing at zf, so we see that VE,
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maps r*L?(M) to r*L?(M) for any a. Summarizing, we have

E boundedly maps r*L*(M) — r*T{r)y "X L2(M),

(5.44)
VE boundedly maps r*L*(M) — r*{r) "X L*(M).

Applying these properties of E iteratively, we see that E?" maps L?*(M) to
rN(ry2NHN(M) for any N. Hence, using Sobolev embeddings, 1 is smooth
and has rapid decay both as r — 0 and r — oco.

As for the ¢;, to show that we can choose functions ¢1, ..., ¢N as above, it is
sufficient to show that the range of P on the subspace S of smooth half-densities
satisfying (ii) is dense on L?(M). If this were not true, then there would be
a nonzero half-density f € L?*(M) orthogonal to the range of P on such half-

densities: that is, we would have
(Pu, f) =0, forallu e S.

Since S is a dense subspace, this implies that Pf = 0 distributionally. By elliptic
regularity this means that f is smooth and Pf = 0 strongly, but since P is
invertible on L? this implies f = 0, a contradiction. Therefore we can choose the

¢; € S as desired. ]

The rank N operator is
N

Q=" i, ),

i=1
where (1;, ) means the inner product with ;. The functions ¢, ..., YN, ¢1,...0N

are chosen as in Lemma 5.7.4. Then we have,
P(G,+ Q) =1Id+ FE + PQ,
which is invertible. From here we obtain
P = (Ga+Q)Id+ E+ PQ)™".

Note that the functions ¢, ..., ¥, @1, ..., ox are C*°, O(r>) asr — 0 and O(r~>)
as r — oo. From this we know that G, + ) behaves the same as G, at the
boundaries, ie it has those properties listed in Proposition 5.7.1. It also guarantees
that PQ is “nice” enough so that F+ P() has those properties of E that are listed
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in Proposition 5.7.3. Denote E+ PQ by E’, and consider the operator S defined
as
S=(Id+E)" - Id.

Then we can write

Pl =(Ga+Q)Id+S).
In order to continue with our analysis, we need to know the properties of S.

Lemma 5.7.5. The operator S has the properties (i)-(iv) listed in Proposition
5.7.5.

Remark 5.7.6. A similar analysis was done in [GHS, Sec. 5.4].

Proof. We have

S=-E(d+E)"

AN-1
=—E' Y (-1YEY - E'(Id+ E)"'E*"Y
= (5.45)
4N
= (~1YE" + EPNSE™N,
j=1

The term Z?gl(—l)j E" clearly has all the properties listed in Proposition 5.7.3,
so we focus on the term E"?VSE?N. This term is Hilbert-Schmidt because E’
is Hilbert-Schmidt and S is bounded. It then follows that S is Hilbert-Schmidt.
Note that E*NSE?N vanishes to order N at bz, rbz and zf, to infinite order at
the other boundaries, and is CV everywhere. To summarise, we have written S

as a sum of two parts, where the first part satisfies
(i) it vanishes to the first order at the zf-face;
(ii) it vanishes to infinite order at the other boundaries;
(iii) it is C'™ everywhere;
while the second part satisfies
(i) it vanishes to order N at bz, rbz and zf;
(ii) it vanishes to infinite order at the other boundaries;

(iii) it is C™ everywhere.
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Since we can do this for any N, we can conclude that S has the properties listed

in Proposition 5.7.3. [

To summarise, we have
G=P'=(G,+Q)(Id+9),

where G, + Q has those properties listed in Proposition 5.7.1, Id+ S is a compact
operator, and S has those properties listed in Proposition 5.7.3.
We summarise the information about G = P! at the various parts of the

blown-up space, obtained through the construction, in the following theorem.

Theorem 5.7.7. As a multiple of the Riemannian half-density, ie the scattering-
half-density |7’d_1r’d_1drd7”dhdh’|%, on the blown-up space, the kernel G is the sum
of two terms. The first term G, is supported near the diagonal, and is such that
pfch 1s conormal of order —2 with respect to the diagonal uniformly up to both
zf and sf, where p.5 is any boundary defining function for zf. The other term
G satisfies properties (i)-(iv) listed in Proposition 5.7.1.

Remark 5.7.8. The subscripts ¢ and s are chosen to indicate that G, is the part
of G which is conormal at the diagonal, while G is the part of G which is smooth

at the diagonal.

Proof. Note that G = (G, +Q)(Id+S) =G, +Q+ QS+ G,S. Since @ and QS
are smooth and vanish to infinite order at the boundaries, we just need to check
that G,S has the same properties as GG, then by Proposition 5.7.1 we obtain the
results in this theorem.

Let x : [0,00) — R be a smooth cutoff function such that X([O, 1]) =0 and
x([2,00)) = 1. We write G, as a sum of two parts. The first part x(r)G,x(r’)
is in the scattering calculus. Note that x(2r)S is also in the scattering calculus.

Therefore by Proposition 4.5.6,

(X(r)Gax (")) S = (x(r)Gax(r)) (x(2r")S)

is in the scattering calculus. The second part G, — x(r)Gax(r") is in the full
b-calculus. Note that S is in the small b-calculus. Therefore by Proposition 3.5.8,
(Ga — x(r)Gax(r' ))S is the full b-calculus. Therefore the required properties for
G and property (i) for G follow.
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With regard to the vanishing orders at the boundaries, ie properties (ii)-(iv)
listed in Proposition 5.7.1, we use the properties of S from Lemma 5.7.5, ie that
S vanishes to infinite order at all the boundaries apart from to the first order at
zf. That means it doesn’t change the vanishing orders of G, at the boundaries

when composed with it. O

Remark 5.7.9. In the case of the potential V' = 0, we have uy = %l — 1. So the
vanishing order given by item (iii) of Theorem 5.7.7 is 0. It’s consistent with the
case when the cone is R? and the potential V' = 0, in which case the cone tip can

be chosen arbitrarily, and G is smooth everywhere.

Remark 5.7.10. As mentioned in Remark 5.7.2, in the case of V' = 0, in order
to obtain more useful information than item (iii) of Theorem 5.7.7, in the proof
of Theorem 6.5.3 we will have to look at the second term of the expansion of
I,,,(r), which gives us a vanishing order of 2, and the first term of the expansion

of I,,,(r), which gives us a vanishing order of 1 — £ + ;.

The vanishing orders of G = P~! at the various boundaries of the blown-up

space are shown in Figure 5.6.

roi

bz

|bi

rbz

Figure 5.6: The vanishing orders at the various boundaries

Remark 5.7.11. The construction of G = P~! in this chapter is present in the
paper [GH] by C. Guillarmou and A. Hassell but some details are lacking. It’s
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not fully justified in [GH] that the kernel is in the scattering calculus near sf,
and in the b-calculus near z f. It’s for this reason we have given complete details

in this chapter.



Chapter 6

The boundedness of the Riesz

transform

6.1 Estimate on the kernel

Recall that the Riesz transform T with the inverse square potential V = %,

defined in Chapter 5, can be expressed as

2 [ _
T:—/ V(H +22)"dA,
™ Jo
where "
H=A+ O(Qy),
T

and recall that H is homogenous of degree —2. From here we obtain an important

estimate on the kernel T'(z, 2/).

Proposition 6.1.1. We have the following estimate on the kernel of T,
Tz, z’)|5/ A2V (G (Az, M) |dA,
0

where G = (H + 1)~ with properties stated in Theorem 5.7.7.

Proof. This estimate follows from the relationship between (H + A\?)~! and G =
(H +1)~', which is

(H+ X)) (2, 2) = M2 (H 4+ 1)1 (A2, \Y).
The power —2 of \ appears because H is homogenous of degree —2. Note that

93
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these kernels are Riemannian half-densities, hence we get the power d of A as

follows,

(AP ) d(Ar) () dhdl | = At drdr dhd .

6.2 Boundedness on L*(M)

Proposition 6.2.1. The Riesz transform T with the inverse square potential
V =% is bounded on L*(M).

Proof. Our assumption is Ay + Vo(y) + (452)* > 0, ie A + £Vi(y) > 0. Hence
there is € > 0 such that A + m%(y) > 0. That means, A + 5Vy(y) > eA.
From here, for any f € C(Y x (0,00)),

(TFTF) = (AB+5%() L f A+ 5%) L
<A+ r—leo(y)) (A+5Va(y) *f (A + é%(y))%ﬁ
= (A + 5V() (A + 5Vow) 2 f)
=L )
Therefore T is bounded on L2(M). O

6.3 The region R;

As before, we break up the blown-up space into different regions. But now as we
are studying the boundedness properties of the kernel, there’s no reason why we
must break up the blown-up space into the same regions as before when we were
constructing the kernel. In fact, we will break it up differently.

Define

T r! T

=2 [Ce(wee (-3 D)) 6

where x is the same cutoff function as in (5.31).
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Let < o
r r
G = G(l (&Y o )
1 x() =x(=-)
(Note that the G here is different from the G is Chapter 5.) Let R; denote the

support of GGy. This region is illustrated in Figure 6.1.
r

>

A rbi bf

r/r' \zf

rbz

r
Figure 6.1: The region R,

The kernel T)(z, 2’) satisfies the estimate

|T1(z,z')|g/ A2V, (Gr (A2, A2)) [dA.
0

With this estimate we can show that 77 is of weak type (1,1). For that we first

need to estimate the derivatives of (.

Lemma 6.3.1. Let dist(z, ') denote the distance between z and 2z’ on M. In Ry
near bf, we have pyy < dist(z,2')"t, where pyy is a boundary defining function

for bf.
Proof. Let z = (r,y) and 2’ = (r',y'). Observe from formula (5.1) that dist(z, 2)

is bounded above by r + /. Therefore in the region R; we have

dist(z,2')" ' > (r4+7) " =111+ ﬁ/)—l > 1
r

1
9
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Note that '~! is a boundary defining function for bf. O

Lemma 6.3.2. The kernel G satisfies the estimate that for any integer j > 0,

we have

, ) dist(z, 2/)27%77,  dist(z, 2') < 1,
[ViGi(z,2)| S
1

dist(z, 2/)~, dist(z, 2’) >

for any N > 0.

Proof. Note that G, is supported in the region Ry, illustrated in Figure 6.1. By
Theorem 5.7.7, pZ;QGl is conormal of order —2 with respect to the diagonal,
where p. is any boundary defining function for zf. Then by Lemma 5.2.2, near

the diagonal we have

2-d
|G1(2,2)] S Pi;dadiig (6.2)
where
dist(z, 2/)?
Qdiag = — 57N
@2(r")

is the quadratic defining function defined in Proposition 5.2.1. Note that (') is
a boundary defining function for zf, so by substituting p,; = ¢(1’') into (6.2) we

have

L 2-d L dist(z, )\ _
G1(2,2)] S Pifdadfag = 90(7“/)2 d(w) = dist(z, Z/)2 ‘.
Now let’s consider the behaviour of G; near bf. By Theorem 5.7.7, we know
that it vanishes to infinite order at bf. By Lemma 6.3.1, we know that p,; <

dist(z, 2’) 1. Therefore near bf we have
|G1(z,2)| < dist(z,2/)Y,

for any N > 0.

The rest of R; is easy because after we take away the neighbourhoods near
zf, sf, bf and the diagonal, we are left with a compact set, on which both G,
and dist(z, z/)~! are continuous with dist(z, z’)~! being non-zero. Therefore we

can conclude that

) dist(z,2/)274,  dist(z,2') < 1,
G1(2,2)] S )

dist(z,2)~™N,  dist(z,2') >
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for any N > 0. From here, by using the conormality of G at the diagonal and
polyhomogeneous conormality of G at the boundary hypersurfaces, we obtain the
estimates on VZGy(z,2'), j > 0. O

Proposition 6.3.3. The operator Ty maps L*(M) into LY W% (M),

Proof. We just apply the Calderén-Zygmund theory; see [LG, Section 8.1.1]. Tt

is sufficient to verify the following conditions:

(i) T} is bounded on L*(M);

(ii) [Ta(z,2)| < —F—a
(dist(z,z’))

(iti) |V.T3(2, )] < e and [ VT3 2,2 < (o

(dist(z,z’)) (dist(z,z’)

for some constant C' > 0.

We already know from Proposition 6.2.1 that T is bounded on L?*(M). So to
verify condition (i), we just need to show T' — T} is bounded on L?(M), which is
done in Proposition 6.4.8 in Section 6.4.

Now let’s show conditions (ii) and (iii). By Lemma 6.3.2 we know that the

kernel GGy satisfies, for any A > 0 and any N > 0,

V. (G1( Az, A2)) | <A[(V.G1)(Az, M)
N ddist(z, 2/)174, Adist(z,2') <
AN dist(z, 2/)7N, Adist(z, 2') >

and

[V2(G1(Az, M) | <XP[(V2Gh) (A2, \Y))|
N4 dist(z, 2') 74, Adist(z,2') <1,
A VT2 dist(z, 2') 7N, Adist(z,2') > 1.
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We use this to estimate T’ (z, 2),

Ty (2, 2")] 5/ )\d_Q‘VZ(Gl(/\z,)\z'))‘d)\
0

%Z’z/ o)

< /dl o dist(z, 2/) ~4d\ +/ AN dist (2, 2/) "N dA

0 —L

dist(z,z’)

= dist(z, /)% + dist(z, /)N AN
= dist(z, 2/) "% + dist(z, 2/) ¢ (Choose N =d + 1)
B 2
 dist(z, 2)®

Now estimate the derivative with respect to z. The 2z’ case is similar.

, 2
IV-Th(z,2) = —

™

/ AVLVL(Gi(Az, )\z’))d)\’
0
< / A2V2(Gr(Az, M) [dA

0

~

o0

1
dist(z,27)
5/ t dist(z,z’)_dd)\+/ NN dist (2, 2/) N dA
0 dist(lz,z/)

= dist(z, 2/) "t + dist(z, 2/) 7V AN AN
= dist(z, 2/) "% + dist(z, /) 74! (Choose N =d + 2)
2
- dist(z, /)4t
This completes the proof. O

By interpolation, we obtain the following proposition.

Proposition 6.3.4. The operator Ty is bounded on LP(M) for any p > 1.

Proof. By Marcinkiewicz Interpolation Theorem, we know that 77 is bounded on
LP(M) for all 1 < p < 2. Then by considering the adjoint operator, we obtain
the boundedness for all p > 1. O]
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6.4 Regions Ry and Rj

We make the following definitions

T, = %/OOO V((H + >\2)1X<i—7;))d)\,

and
mon(%)
- n(%)

where x is the same cutoff function as in (5.31) and (6.1). Let Ry and Rz denote
the supports of G5 and G35 respectively. The two regions are illustrated in Figure

6.2.

bz

lbi |

Figure 6.2: The regions Ry and Rj

To study the boundedness of T, and T3, the following lemmas will be useful.

They are similar to [HS, Lemma 5.4] but not covered by it.
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Lemma 6.4.1. Consider the kernel K(r,r") defined by

rop =8, r<r,
K(r,r') =
0, r>r.
If a4+ (3 =d, g >0, and p satisfies
d
< — 6.3
P max(ca,0)’ (6:3)

then K is bounded as an operator on LP(R,;r¢ldr).

Proof. To find out for what p the operator with kernel K(r,r’") is bounded on
LP(R,, % tdr), we consider the isometry M : LP(R,,r% tdr) — LP(R,,r Ltdr)
defined by

(Mf)(r) = f(r).

Then the kernel of the operator K = MKM~': L?(R,.,r~tdr) — LP(R,,r tdr)

1S

4 yq_d T\ _gtd
K(r,r') = ror'? rK(r,r') = (—,) a+px{r<rx}.
. <
Perform the substitutions s = Inr and s’ = Ins”, then K(s,s') is an operator on
LP(R, ds), and
K(S, S/) _ e(_a+%)(s_SI)X{s_5/§0}.
This is a convolution operator, so it is bounded provided the kernel is an L!-
function with variable s — s’. Since s — s’ < 0, it means we want —« + % > 0.

That is,
d

< —07.
b max(a, 0)

Since we also want p > 1, we require a < d, ie § > 0. O]

Corollary 6.4.2. Let K(r,7’,y,y’) be a kernel on the cone M satisfying

, , 7,,—047,/—6’ r S 7,/7
K (r, 7"y, 9)] <
0, r>r.

Ifa+ (B =d, 8>0, and p satisfies
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then K is bounded as an operator on LP(M;r4tdrdh).

Proof. 1t follows from Lemma 6.4.1 and the fact that the cross section Y has

finite volume. O

Lemma 6.4.3. Consider the kernel K(r,r") defined by

0 r<r,
K(r,r') =
r—er=h, r>r.
Ifa+p=d, a>0, and p satisfies
d
> - 6.5
b min(a, d)’ (6.5)

then K is bounded as an operator on LP(R;r®tdr).
Proof. By duality and Lemma 6.4.1. m

Similarly as before, Lemma 6.4.3 also has a corollary about the boundedness

of operators on the cone M.

Corollary 6.4.4. Let K(r,r',y,y’) be a kernel on the cone M satisfying

. , 0 r<r,
K (r,r g, <
rer=>h, r>r.
Ifa+ 0 =d, a>0, and p satisfies
d
- _ 6.6
b min(a, d)’ (6.6)

then K is bounded as an operator on LP(M;r¢~tdrdh).

Proposition 6.4.5. The operator Ty is bounded on LP(M) for

d

max (< — 119, 0)

Y

p <

where pg > 0 is the square root of the smallest eigenvalue of the operator Ay +
Voly) + (52)°
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Proof. Consider Gg, which is supported in the region Ry, shown in Figure 6.2.

We will use the following three boundary defining functions

r _
Pzf = 7’/, Plbz = F’ Prbi = (7’/> L

By Theorem 5.7.7, we have

_d
|Ga(r, 7"y, 9)| S ngdpllbzﬁuopﬁii — plmgthop/l=g o )y oo (6.7)

where g > 0 is the square root of the smallest eigenvalue of the operator Ay +

Vo(y) + (52)2. From here we know that

2—d,1—34pg 19—
)\ r 2 /’LOT P) /’LO7

AN
1=

A
Go(Ar, X'y, )| <
‘ 2( Y y)‘ ~ /\1_%+M0—er—g+u0T/—N7 A

(V3
=

for all N > 0. That means, by polyhomogeneous conormality of G, if pg # %l— 1,

we have
A2=dp—5+uo /=5 —po A< L
Vi (GoOAr, My, y')) | < ’ - 6.8
| (,y)( 2< y y))‘ ~ )\17%+MO*NT.7%+M0T/—N’ A > 1 ( )

r'

for all N > 0. For the case pip = % —1, the right hand side of (6.7) doesn’t depend
on r at all, so when we differentiate it with respect to r, it becomes 0. However
in this case (6.8) still holds.
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We can now estimate T,

‘TZ(ra T/> Y, y/)‘ ,S / )\d_2‘v(r,y) (G2()\T> )\Tla Y, y/)) ’d)‘
0

~

1
< /r )\d—2(A2—dr—%+ugr/1—%—u0>d)\
0

=

+ /T N\i—2 ()\1_%+“°_Nr_g+“°7“’_]v)d/\

r!

1
-

1
_d _d_ T _d _ T d _N—
— 24—#070/1 5 #0/ d\+7r 7 THo ! N/ A2 THo N ld/\
0

1

T'/

1

da d
— p—2HHop/—5 —Ho + y (
5+ pmo—N

TN_dT/_N _ r—g+u0r/—%—uo)

d d
—dp0 0~ S—po
5 r-2 r'—2

(Choose N = pp + d so that the coefficient ——— is negative.)

4 po—N
r 'uo_% 1—d
= - r .
T

(6.9)
Since the support of Ts is contained in the region r < 7/, we have

d
r\Ho—3
|T2(T7 T/7y7y/)| f§ (F) r’ dX{TST"}‘

By Corollary 6.4.2, we conclude that T3 is bounded on LP(M) provided that

d

p < .
max (4 — 119, 0)

]

d _
2
Riesz transform 7" has potential V' = 0. Later on in Section 6.5.2 we will improve

Remark 6.4.6. The special case pg = 1 corresponds to the case when the

estimate (6.8) to obtain a better result for this special case.

Proposition 6.4.7. The operator T is bounded on LP(M) for

d
> ;
min(1 + ¢ + po, d)

where pg > 0 is the square root of the smallest eigenvalue of the operator Ay +
Voly) + (52)°.
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Proof. Consider G3, which is supported in the region Rs3, shown in Figure 6.2.
We will use the following three boundary defining functions

/

T _
Pzf =T, Proz = ?, Pl = (7"> g

By Theorem 5.7.7, we have
_d
Gy, )| S P2y e " iy = RO R ()7, (6.10)

where g > 0 is the square root of the smallest eigenvalue of the operator

Ay + Vo(y) + (%52)% It follows that, as in the proof of Proposition 6.4.5, by

the polyhomogeneous conormality of G,

d d
)\Z—dr—g—uoﬂl—g‘i‘#o’ by < %,

V) (Gs(Ar, Xy, ) | S

)\7%+M07N+17,—N—1T/1—§+u0’ A\ > %7
for all N > 0. Then

|T5(r, 7"y, y)| 5/ /\d_Q‘V(r,y)(Gg(/\r,)\T',y,y')){d)\
0

fun

< /T 242 (Az_dr_g_uorq_g+uo) d\

~Y
0
1
" Nd—2(y— S po—N+1, ~N—1 -9
+ A2 (A2 r P12 HO)
1

T
1
T

1
— Tf%*uorllf%ﬂto /T d\ _i_?erlr/lf%Jruo /T )\%ﬂm*Nfld)\
0

— =G0 1= 5o

1 d d
+ _ (T N 17,,/N d+1 r 1-3 ,uofr,ll 2+,u0)
5 + to — N

—1—=%—po, 11— %+p0
S, r 2 r’tT2

(Choose N = pg + d so that the coefficient

d
. (r’>u0—2+1 4
= | — ro.
r

1 . .
——— 18 negative.
S+uo—N & )

Since T3 is supported in the region r > r’, we have

/ d

r'\Ho—z+1
T ) S (5) 7 T ez
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By applying Corollary 6.4.4, we conclude that T3 is bounded on LP(M) provided

that
d

> .
min(1 + ¢ + po, d)

Proposition 6.4.8. The operator Ty is bounded on L*(M).

Proof. Since 2 satisfies the boundedness criteria in both Proposition 6.4.5 and
Proposition 6.4.7, the operator Ty + T3 = T — T} is bounded on L*(M). The
operator T is bounded on L*(M) by Proposition 6.2.1, and from here the bound-
edness of T on L*(M) follows. O

Remark 6.4.9. Proposition 6.4.8 completes the missing part in the proof of Propo-
sition 6.3.3.

6.5 Main results

6.5.1 The characterisation of the boundedness of the Riesz

transform 7T

Theorem 6.5.1. Let M be a metric cone with dimension d and cross section Y .

The Ruiesz transform T with the inverse square potential V = % 18 bounded on

LP(M) for p in the interval

- Ci ) dd , (6.11)
min(1 + § + po, d) max(§5 — fi,0)

where pog > 0 is the square root of the smallest eigenvalue of the operator Ay +
Voly) + (122)%.

Moreover, for any V' # 0, the interval (6.11) characterises the boundedness of
T, ie T is bounded on LP(M) if and only if p is in the interval (6.11).

Proof. Since T' = Ty + Ty + T3, we just combine Proposition 6.3.4, Proposition
6.4.5 and Proposition 6.4.7 to prove the first part of this theorem.

For the second part, with V' # 0, for any p outside the interval (6.11), we
use a counter-example to show the unboundedness of T"on LP(M). The manifold

M in [GH, Theorem 1.5] is asymptotically conic, but the counter-example in its
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proof for the unboundedness can also be used here. The counter-example is the

following function,
(Inr)~'rsx(r),

where x : [0,00) — [0,1] is a smooth cutoff function such that x([0,2]) = 0
and x([3,00)) = 1. For more details, see [GH, Section 5.2], and note that the

variables  and 2’ in [GH] correspond to + and % in this thesis. O

e For constant zero potential, ie V' = 0, we have pg = g — 1, so the first part
of Theorem 6.5.1 gives us the boundedness interval (1, d). However, this is
not the optimal interval. We will obtain a bigger interval in terms of p;, the
square root of the second smallest eigenvalue of the operator Ay + (%)2,
in Section 6.5.2.

e For a positive potential, ie V' > 0 and V # 0, we have puy > g — 1, so
Theorem 6.5.1 tells us the lower threshold for the LP boundedness is 1,

while the upper threshold is strictly greater than d, and it is oo if pg > g.

e Now turn to the case of a negative potential, ie V' < 0 and V # 0. In this
case we have gy < g — 1. So Theorem 6.5.1 tells us the lower threshold for
the LP boundedness is strictly greater than 1, and the upper threshold is
strictly between 2 and d. For the Euclidean space R?, the lower threshold
was obtained by J. Assaad in [JA], but in that paper she didn’t obtain
boundedness for any p > 2 for negative inverse square potentials; see the

end of Section 1.3 for further discussion.

An immediate application of Theorem 6.5.1 is to show that the converse of
the second part of [GH, Theorem 1.5], ie the converse of Theorem 1.1.2, is also
true. As suggested by [GH, Remark 1.7], Theorem 6.5.1, combined with other
results in [GH], gives us the converse. Therefore we have Theorem 6.5.2. Here M,
is the interior of a compact manifold with boundary M, with boundary defining

function z. The metric on M has the form

in a collar neighbourhood of M, where h(x) is a family of metrics on M. Here
r= % behaves like the radial coordinate on the cone over dM: the metric in terms

of r reads g = dr? + 7“2h(%), so is asymptotic to the conic metric dr? + r2h(0) as
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r — oo. In [GH], potentials of the form V € 22C>°(M) were considered; that is,
the potentials decay as r—2 at infinity, and the limiting “potential at infinity” V;
was defined by Vj := 272V |-

Theorem 6.5.2. Let d > 3, and (My,g) be an asymptotically conic manifold
with dimension d. Consider the operator P = A, 4V with V' satisfying

d—2\? 1%
AaM—l—VO—I—(T) > 0 where Vo = —

2

8M‘
Suppose that P has no zero modes or zero resonances, and that Vo # 0, then the

Riesz transform VP2 is bounded on LP(M) if and only if p is in the interval

) (612)
min(§ + 1 + po,d) max(§5 — i, 0)

where pg > 0 is the square root of the smallest eigenvalue of the operator Agyr +
Vot (42

6.5.2 The case V =0

If the potential V' = 0, then the square root of the first eigenvalue pg = %l — 1,
and the first eigenfunction ug is a constant function. In this case we can obtain
a bigger interval for the boundedness of 7" than (6.11). The following result has
been proved in [HQL] by H.-Q. Li. Here we will provide a different proof, using

the methods introduced in this thesis.

Theorem 6.5.3. Let M be a metric cone with dimension d and cross section Y .
The Riesz transform T = VA2 is bounded on LP(M) if and only if p is in the

mterval
1 d (6.13)
"max(% — p1,0) )’ '

where py > 0 is the square root of the second smallest eigenvalue of the operator
Ay + (%)2.

Remark 6.5.4. If M is the Euclidean space, ie M = R? then Y = S? . Since
the second smallest eigenvalue of Aga-1 is d — 1, we know that in this case u? =
d—1+(52)? = %, ie 11 = 4. Then Theorem 6.5.3 tells us that the Riesz
transform on R? with potential V' = 0 is bounded on LP(R?) for all 1 < p < oo.
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Proof. For the unboundedness, just use the same counter-example mentioned in
the proof of Theorem 6.5.1, so we focus on showing that for any p in the interval
(6.13), T" is bounded on Lp (M). The lower threshold 1 is obtained by applying
Theorem 6.5.1 with uy = $ — 1. For the upper threshold, we again consider G,
as in the proof of Proposmon 6.4.5. However, here estimate (6.7) becomes

|Ga(r, 7'y y)] S o2 T

I

as the power of r is 0. Since the right hand side doesn’t depend on r at all, when
we differentiate it with respect to r, instead of getting an estimate involving r
like (6.8), the right hand side simply becomes 0, which is not useful.

Let’s improve estimate (6.7) for this case g = 5 — 1, so that we can obtain a
more useful estimate on V, (Gg()\r, Ay y )) As suggested in Remark 5.7.10,
we should look at the second term of the expansion of I,,(r), and the first term
of the expansion of I, (r). They give us vanishing orders 2 and 1 — ¢ + y

respectively. Therefore the improved estimate on G is,

Jr
|G2(’I", Tlayv y/)| 5 p,gfdp%bzprbz + pzf plbz2 ulprbi

— 2 )70 g (Y oo,

Hence instead of estimate (6.8), we now have

N\2—dppi—d )\27617.7%7#1,,4/1*%*#1’ 2 <
|V(r7y) (GQ()\T, )\TI, Y, y/)) ‘ 5 by

)\Q—N /— N_i_/\l—f—i-m N +LL1,'J N

for all N > 0.

We use estimate (6.14) to perform a calculation similar to (6.9), and we get

T _ rT\H#1T 2
|T2(T7 Tlvyvy/)| 5 ((F)r, ¢ + <P> , d) X{r<r'}-

Then by Corollary 6.4.2, we obtain that 75 is bounded on LP(M) provided that

d
max (4 — 111,0)

p <

This completes the proof. n

Remark 6.5.5. Since uy > ug = g— 1, we have %l— i1 < 1. That means the upper
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threshold for p is strictly greater than d, so T is bounded on L(M). Also note
that if u; > 4, T'is a bounded operator on LP(M) for all 1 < p < oco.

6.5.3 Constant 1}

An especially interesting case is when the function Vj is a constant function, ie
Vo = ¢ for some ¢ € R. We have already discussed the case ¢ = 0 in Section
6.5.2. Here we consider ¢ # 0, and write the boundedness interval in terms of the

constant c.

Proposition 6.5.6. Let M be a metric cone with dimension d and cross section
Y. The Riesz transform T = V(A + T—Cz)’%, where ¢ > —(%2)? and ¢ # 0, is
bounded on LP(M) if and only if p is in the interval

( 2d : 2d ) . (6.15)
min(d + 2 4+ /(d — 2)2 + 4c,2d) max(d — \/(d — 2)2 + 4c, 0)
Proof. Apply Theorem 6.5.1, and note that uf = (d—f)2 +c. ]
Remark 6.5.7. From the expression (6.15) we can easily see that

e when ¢ > d — 1, T is bounded on LP(M) for all p € (1, 00);

e for 0 < ¢ < d— 1, the lower threshold for the LP boundedness is 1, and the
upper threshold is strictly greater than d;

e while for —(42)? < ¢ < 0, the lower threshold is strictly greater than 1,
and the upper threshold is strictly between 2 and d.

Remark 6.5.8. For the case —(%2)? < ¢ < 0, our lower threshold in (6.15) is the
same as the lower threshold in (1.10) obtained by J. Assaad in [JA]. To see that,
take P
€= —m > 0.
c
That means

Ay +(1+¢)c+ (%)2 > 0.

By the calculations in the proof of Proposition 5.1.1 we know that means

C
A+(1+€)7T220.
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Therefore ¢ satisfies the condition of Theorem 1.3.2, with V' = -5, and it’s obvi-
ously the biggest such ¢, so we substitute it into the lower threshold in (1.10),

2d B 2d - 2d
d+2+(d=2VZT  d42+(d—2),/1+c(%)2 d+2+/([d-2+4c

which is the same as our lower threshold in (6.15). In the same paper, J. Assaad
also gave a counter-example showing that 7" is unbounded for p greater than our
upper threshold in (6.15). However, our boundedness result for p > 2 for negative

inverse square potentials is new.
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