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Abstract

This thesis presents three essays themed around the topics of claims modelling,
customer churn analysis, and customer valuation in general insurance. Chapter 2
(essay) studies multivariate claims modelling with combined deductibles, Chapter 3
explores multi-state customer churn analysis, and Chapter 4 focuses on cost-based
customer lifetime value (CLV) models. While each chapter offers a unique and in-
novative contribution to the existing literature on the aforementioned topics, the
research problems tackled in all three chapters are of broad and referential signifi-

cance to general insurance companies.

In Chapter 2, we study the dependence modelling of multivariate insurance claims
with the consideration of a combined deductible. Without combined deductibles,
it is straightforward to value bundled insurance contracts as the sum of contracts
from each supporting coverage. However, with combined deductibles, assumptions
about the relationships among coverages become important. To demonstrate this
importance, we evaluate the cost of combined deductibles under dependence via
copulas, and show the impact of dependence modelling using three applications
(commercial insurance, reinsurance, and personal insurance). This chapter also
examines a range of dependence parameters, marginal distributions, and copulas in
the simulation study, and supplements the findings from the simulation study with

several theoretical propositions.

Chapter 3 explores multi-state customer churn analysis in general insurance. Tradi-
tionally, customer churn analyses have employed models that utilise only a binary
outcome (churn or not churn) in one period. However, real business relationships are
multi-period, and policyholders may reside and transition between a wider range of
states beyond that of the simply churn/not churn throughout this relationship. To
better understand policyholder behaviours in real business relationships, we propose
a multi-state customer churn analysis that aims to model customer behaviour over
a larger number of states (defined by different combinations of insurance policies
taken) and across multiple periods. Using multinomial logistic regression (MLR)
with a second-order Markov assumption, we demonstrate how a policyholder’s tran-
sition history is associated with their decision-making, whether that be to retain the

current set of policies, churn, or to add/drop a policy or coverage.

In Chapter 4, we introduce a CLV modelling framework suitable for the insurance
industry. Traditional CLV models focus on modelling revenues and churn but often
neglect modelling costs to serve customers. In the insurance industry, a major cost

component is insurance claims, which are highly variable and can be extremely large
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in size. Existing CLV models are not suitable for the insurance industry because they
do not capture costs adequately and ignore the association between costs (claims)
and the likelihood to churn. To bridge this gap, we introduce a novel cost-based CLV
modelling framework. Utilising a Tweedie regression approach for claims, combined
with shared random effects between the claims and churn processes, our model
successfully captures unobserved and correlated heterogeneity in claims and churn
risks across customers. Applying our proposed model to commercial insurance data,
we illustrate how this model can capture latent associations between claims and
churn tendencies, enhance predictive CLV performance, and bring novel managerial

insights into CLV analyses.
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Chapter 1

Introduction

Claims modelling (supply-side) and customer churn analysis (demand-side) are two
key aspects of general insurance ratemaking, ensuring the equilibrium of fair pricing
for customers and sustainable profitability for insurance businesses. More impor-
tantly, claims modelling and customer churn analysis are fundamental techniques
that insurers use to value their customers. This thesis presents three essays on sev-
eral important technical questions that insurers may encounter when building claims
models, conducting customer churn analyses, and valuing customers. Specifically,
Chapter 2 or essay studies multivariate claims modelling with combined deductibles,
Chapter 3 explores multi-state customer churn analysis, and Chapter 4 proposes a
joint model of claims and customer churn to estimate customer value. Each chapter
makes a unique contribution to the existing literature and offers broad application
prospects. Collectively, they form a thesis of both methodological and practical

value to general insurance.

In Chapter 2, we study the dependent modelling of multivariate insurance claims
with the consideration of a combined deductible. Bundled insurance contracts, pro-
viding protection based on several loss coverages, are attractive because they allow
insurers to focus on customers’ needs (Frees et al. 2016; Yang et al. 2020; Dong,
Frees, Huang and Hui 2022). A common contract feature is a deductible set such
that the insurer pays the excess over the deductible of the sum of losses from all
coverages; we refer to this as a combined deductible. Without combined deductibles,
it is straightforward to value a customer’s bundled insurance contract as the sum
of contracts from each supporting coverage. However, with combined deductibles,
assumptions about the relationships among coverages become important, and these
dependence relationships may affect the cost to customers through claims modelling
(Béuerle and Miiller 1998; Denuit et al. 2006). To demonstrate this importance, this
chapter evaluates the cost of combined deductibles under dependence via copulas.
In particular, we show the impact of dependence modelling using three applica-

tions in the areas of commercial insurance, reinsurance, and personal insurance.



2 Chapter 1. Introduction

A sensitivity analysis using simulations further provides a sharper perspective on
the importance of dependent relationships. This chapter supplements the findings
from the empirical study with several theoretical propositions demonstrating how

dependence affects the insurance pricing of combined deductibles.

Chapter 3 explores multi-state customer churn analysis in general insurance (Dong,
Frees, Huang and Hui 2022). Customer churn (also known as customer attrition,
dropout, turnover, or defection) refers to the non-renewal of existing customers
for an insurance company. In general insurance, customer churn poses a major
challenge to insurers because contracts are renewed periodically (commonly after
one year), and moreover with substantial competition and diverse contracts, it is
easy for customers to switch insurance providers to satisfy their needs at the time
(Brant Carson 2017). Traditionally, customer churn analyses have employed models
that utilise only a binary outcome (churn or not churn) in one period (Guillen et al.
2003; Giinther et al. 2014; Staudt and Wagner 2018; Frees et al. 2021). However, real
business relationships are multi-period, and policyholders may reside and transition
between a wider range of states beyond that of the simple churn/not churn through-
out this multi-period relationship. To better encapsulate the richness of policyholder
behaviours through time, we propose a multi-state customer churn analysis, which
aims to model behaviour over a larger number of states (defined by different com-
binations of insurance coverage taken) and across multiple periods (thereby making
use of readily available longitudinal data). Using multinomial logistic regression
(MLR) with a second-order Markov assumption in the linear predictor, we demon-
strate how multi-state customer churn analysis offers deeper insights into how a
policyholder’s transition history is associated with their decision-making, whether
that be to retain the current set of policies, churn, or add/drop a coverage. Apply-
ing this model to commercial insurance data from the Wisconsin Local Government
Property Insurance Fund, we illustrate how transition probabilities between states
are affected by differing sets of explanatory variables, and how a multi-state analysis
can potentially offer stronger predictive performance and more accurate calculations
of customer lifetime value compared to the traditional customer churn analysis tech-

niques.

While Chapters 2 and 3 respectively focus on claims modelling and customer churn
analysis, Chapter 4 formally introduces an innovative customer lifetime value (CLV)
modelling framework suitable for the insurance industry. CLV quantifies the present
value of projected profits that a firm expects from a customer over the course of their
relationship. It takes projected revenues, costs, relationship duration (retention),

and discount rate into consideration. While traditional CLV models focus on mod-



elling revenues and churn, they often neglect modelling costs to serve customers (see
Venkatesan and Kumar 2004; Kumar et al. 2008; Ascarza et al. 2018, among others).
In many industries, these costs are low and/or steady. But in the insurance industry
a major cost component is insurance claims, which are unknown at the point of sale,
highly variable, and can be extremely large in size (Donkers et al. 2007). As such,
existing CLV models are not suitable for the insurance industry because they do not
capture costs adequately. Moreover, existing models do not consider the association
between costs (claims) and the likelihood to churn — this is an oversight since a
policyholder who has a high intrinsic claim risk may exhibit lower churn propen-
sity. To bridge this gap, we introduce a new cost-based CLV modelling framework.
Utilising a Tweedie regression approach for claims along with shared random effects
between the claims and churn processes, our model is able to adequately capture
unobserved and correlated heterogeneity in claims and churn risks across customers,
which is ignored in Chapters 2 and 3. Applying our proposed model to commercial
insurance data, we illustrate how this model can capture latent associations between
claims and churn tendencies, enhance predictive CLV performance, and bring novel

managerial insights into CLV analyses.

Chapter 5 concludes the findings from Chapters 2 to 4, and discusses the scope for

future research.
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2.1. Introduction 5

2.1 Introduction

A deductible, a specific amount that a policyholder must spend before the insur-
ance company starts to pay the costs, is a common feature of insurance contracts.
Deductibles reduce premiums for the policyholders by eliminating a large number
of small claims, the costs associated with handling these claims, and the potential
moral hazard arising from having insurance; see, for example, Wang et al. (2008). In
effect, a deductible aligns insurers’ and policyholders’ interests so that both parties

seek to mitigate the risk of losses.

Traditionally, insurers offered a single contract for a single type of risk, starting with
coverages for caravans in ancient China and Mesopotamia. As insurance has evolved,
insurers have become more customer-centric and offer to cover multiple risks under a
single contract. This includes not only the so-called “all perils” policy under a home-
owners insurance policy (covering several causes of loss) but also several risks that
have traditionally been treated separately. One example is the “bundling” of auto
and homeowners, which has become commonplace in the personal insurance market.
For another example, within the U.S. healthcare industry (Barnett and Vornovitsky
2016), of the population with health insurance coverage in 2015, 78.4 per cent had
one coverage while 21.6 per cent had multiple coverages. A traditional insurance
contract only contains one coverage, whereas, in contrast, a bundled contract con-
tains multiple coverages simultaneously. Insurers could reduce administrative costs,
which is reflected in their pricing, by offering bundled coverages. Also, there are
marketing advantages, customer retention benefits, and so forth, associated with
bundling for insurers. Historically, insurers have been attracting customers to buy
multiple coverages through the so-called “bundling” discount. This “bundling” dis-
count is outside of our efforts because we focus on the “technical” costs and prices
in this chapter. When considering bundled insurance, it is natural to think about
commercial, reinsurance, and personal insurance. Table 2.1 illustrates a few exam-
ples from personal insurance. For example, a policyholder can buy a customised
travel insurance contract that includes both loss and damage of luggage as well as
personal injury coverage. Then, for a claim made by a policyholder, the insurer may

simultaneously observe two outcomes, one from each coverage.

Historically, different risk types have been treated separately, leading to two impor-
tant implications. First, it means that insurers are likely to retain data on each type
of claim outcome even when bundled into a single insurance contract. Because the
data are retained, it is natural to model their behaviour. Second, when risks are in-
sured under different contracts, it is natural to model them separately, assuming no

relationships between them, which essentially means treating them as independent.
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Table 2.1: Personal bundled insurance contracts with combined deductibles.

Contract Name Coverages Combined Deductibles
Comprehensive Pet Plan Accident, Illness $200 to $1000

Health Insurance Hospital Medical Treatments, Health Services, $250 to $750

Overnight Accommodation, Nursing

Care, etc
Home Buildings & Contents | Buildings, Contents $0 to $5000
Travel Insurance Medical Expenses, Personal Baggage $500 to $2000

In contrast, when several outcomes are included within a single contract, it is more
natural to be concerned with their dependence. Broadly speaking, it is known that
dependencies among interrelated outcomes can be important for quantifying the fi-
nancial implications of insurance contracts (see, for example, Yang et al. (2020)).
In this chapter, we consider the financial impact of deductible costs of a bundled in-
surance contract. We explicitly investigate the effect of dependencies on deductible
costs through the analysis of applications in commercial insurance, reinsurance, and

personal insurance.

An interesting feature that often appears in bundled contracts is a deductible that
covers multiple coverages. There are two kinds of deductibles in a bundled insur-
ance contract that we call “split” and “combined”. A split deductible is applied
to an individual coverage or risk type, and a combined deductible is applied to the
sum of multiple coverages in a bundled insurance contract. In practice, a combined
deductible is widely used to define the potential costs undertaken by different par-
ties involved in a bundled contract. Take the travel insurance with two coverages
discussed earlier as an example. We define X; as the loss of luggage damage and
X5 as the loss of personal injury. Then, we could use S; = (X; — d;)+ to define the
reimbursement covering the loss of luggage damage from an insurer. Here, d; is a
split deductible as it applies only to luggage damage. In the same way, we define
Sy = (X5 — dy)4+ with dy being the split deductible that applies only to personal
injury coverage. In this case, the pure premium of an insurance contract paid by a

policyholder to an insurer is given by
E(S1+8:) = E(X1 —dy)+ + E(Xy —dy)4. (2.1)

When there is a combined deductible d applying to the two risks X; and X5, the
bundled contract provides reimbursement in the amount of (X; + Xy — d); where d
is the “combined deductible”. The expected value of (X; + X5) is given by

E<X1+X2> :E<X1+X2—d>++EmiIl(X1+X2,d), (22)
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where FE(X; + Xy — d); is the expected loss undertaken by the insurer (pure
premium), and Emin(X; + X5, d) is the expected loss undertaken by the policy-
holder, which we call the deductible cost. When two split deductibles and a com-
bined deductible are applied together, the pure premium is E(S; + Sy — d)., and
(E(X14 X2) — E(S14 S —d).) is the expected loss undertaken by the policyholder
according to equations (2.1) and (2.2).

As noted above, our benchmark model assumes independence among the losses of
different coverages when valuing bundled insurance contracts. The assumption of
independence works well when only split deductibles are applied in bundled insur-
ance contracts. For the travel insurance example, when two split deductibles are
applied to each coverage respectively, the dependent and independent assumptions
of X; and X5 have the same pure premiums F(S; + S2); see equation (2.1). There-
fore, when only split deductibles are used, the dependence does not matter for the
pricing purpose. Hence, we will not consider split deductibles in this chapter. A
standard reference (such as Brown and Lennox 2015; Lee 2017) on general insurance
deductible pricing can be applied to each coverage in bundled contracts with only
split deductibles.

The lack of independence can be important in the presence of combined deductibles.
In this chapter, we identify situations in which the independent assumption does not
work well and introduce improved pricing models using copulas. For the bundled
travel insurance example, when there is a combined deductible d in the contract;
see equation (2.2), the dependence between X; and X, will lead to a different pure
premium E(X; + Xs — d), compared to using the independent assumption of X;
and X5. In a pet insurance example in Section 2.4, the calculated deductible costs
are reduced by approximately 10 to 23 per cent when dependence models are used,

compared to the benchmark models that assume independence.

The remainder of this chapter is organised as follows. Following a short literature
review in Section 2.2 on dependence modelling in insurance pricing, in Section 2.3 we
illustrate how to calculate deductible costs for dependence models analytically and
get an approximation result through Monte Carlo simulation. In Section 2.4, we ex-
amine three practical applications (commercial insurance, reinsurance, and personal
insurance) in which combined deductibles are regularly utilised. We find that an
adjustment for dependence among coverages leads to materially different prices com-
pared to the benchmark models that assume independence. The contracts studied in
Section 2.4 focus on specific situations, so in Section 2.5, we describe sensitivity re-
sults using simulations. We find that the choices of dependence parameters, marginal

distributions, and copulas all affect the deductible cost. Taking advantage of the
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well-known literature on stop-loss premiums, Section 2.6 presents general properties
of joint distributions that can lead to materially different prices and shows how the
dependence structure affects insurance pricing of combined deductibles. Section 2.7

offers some concluding remarks.

2.2 Literature Review

Extensive literature has been devoted to problems related to split deductible
ratemaking. Lee (2017) discussed split deductible ratemaking considering both the
regression approach and the maximum likelihood approach under the general insur-
ance context. Ng et al. (2019) found that using the untransformed deductible as a
covariate in a generalised linear model could improve accuracy in predicting rela-
tivities. However, to the best of our knowledge, there has been limited research in
the literature considering the combined deductible ratemaking of bundled insurance
contracts. Compared to split deductible ratemaking, combined deductible ratemak-
ing requires the dependence of multiple coverages to be taken into account. To show
the importance of dependence for combined deductible ratemaking, we compare the
deductible costs of copula models with those of benchmark models that assume in-
dependence, comonotonicity, and countermonotonicity. This chapter reduces the
gap by investigating the combined deductible ratemaking from the perspectives of

empirical analysis, simulations, and theoretical analysis.

Dependence modelling is important in the presence of combined deductibles, and we
apply copulas in this chapter to model the dependence of multiple risks. The concept
of copulas, a tool for understanding relationships among multivariate outcomes,
was first introduced by Sklar (1959) in the context of probabilistic metric spaces.
Frees and Valdez (1998) introduced actuaries to copulas by exploring some practical
applications and describing basic properties, after which copulas have been widely
used for dependence modelling in various actuarial applications. For example, Frees
and Wang (2005) and Frees and Wang (2006) developed a link between credibility
and loss distributions through the notion of a copula, and showed the importance
of dependence in credibility ratemaking. Shi and Frees (2011) proposed a copula
regression model for dependent lines of business that can be used to predict unpaid

losses.

The stop-loss premium, a concept closely related to deductible costs, has been
studied extensively in the insurance literature and can be used in both stop-loss
reinsurance contracts (between an insurer and a reinsurer) and insurance contracts

with combined deductibles (between a policyholder and an insurer). Dhaene and
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Goovaerts (1996) and Dhaene and Goovaerts (1997) investigated how stop-loss pre-
miums are influenced by changing the dependency assumptions between different
risks. Miiller (1997) showed that supermodular ordering implied the stop-loss order
of the portfolios. Denuit et al. (2001) showed that the sum of risks exhibiting a weak
form of positive dependence was larger in convex order than the corresponding sum
under the theoretical independence assumption. The literature above contributes
to the theoretical foundation of the stop-loss premium, which can be extended to
the deductible cost. Mathematically, the stop-loss premiums for reinsurance con-
tracts and insurance contracts can be formulated and calculated in the same way.
However, in practice, a combined deductible is usually placed at the right tail of
a loss distribution for reinsurance contracts while placed at the left tail of a loss
distribution for insurance contracts. In this chapter, we will take advantage of the
well-known literature on stop-loss premiums and provide several propositions on the

impact of dependence on deductible costs.

2.3 Calculating Deductible Costs

This section aims to formalise the modelling framework for calculating deductible
costs. We consider an insurance (reinsurance) contract with K coverages and a
combined deductible d applying to all the coverages. Let X (k = 1,..., K) denote
the loss of each coverage, and S denote the aggregate loss S = Zszl X We start
with the relationship including the combined deductible d,

E(S)=E(S—d); + Emin(S,d). (2.3)

Theoretically, equation (2.3) can be applied to both insurance and reinsurance con-

tracts. We explain this equation in the following two scenarios.

In an insurance contract, E(S — d); is the pure premium paid by a policyholder to
an insurer, and £ min(S,d) is the expected loss undertaken by the policyholder. In
this case, d is mostly placed at the left tail of the distribution of the aggregate loss
S. When the aggregate loss S is smaller than d, the policyholder is responsible for
paying all the loss; otherwise, the policyholder pays the amount of loss d, and the

insurer pays the excess loss S — d.

In a reinsurance contract, E(S — d), is called the stop-loss premium, which is the
premium paid by an insurer to a reinsurer, and F min(S,d) is the expected loss
undertaken by the insurer. In this case, d is mostly placed at the right tail of
the distribution of the aggregate loss S. For example, an insurer buys stop-loss

reinsurance for its portfolio to protect against large claims. When the aggregate
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loss S of the insurer’s portfolio is smaller than d, the insurer pays all the loss;
otherwise, the insurer pays the amount of loss d, and the reinsurer pays the excess
loss S — d.

In this chapter, we focus on £ min(S,d), which we call the deductible cost,
d
cq = Emin(S,d) = / 1 — Fs(s) ds. (2.4)
0

The deductible cost ¢4 depends on the cumulative distribution function of aggregate
loss Fs(s) as shown in equation (2.4), which further depends on the joint distribution
of X1, Xs,... X}, hence the dependence among the losses of K coverages. In this
chapter, we use copulas to model the dependence of multiple risks. For simplicity and
illustration purposes, we consider a case of K = 2 as an example, and illustrate how
a copula captures the dependence between the bivariate losses (X7, X3). The copula
of (X1, X3) is defined as the joint cumulative distribution function of (Uy, Us),

Cuy,ug) = Pr(Uy < up,Us < ug),

where the random vector (Uy,Us) = (Fi(z1), Fo(22)) has marginals that are uni-
formly distributed on the interval [0,1]. According to Sklar’s theorem (Sklar 1959),
the joint cumulative distribution function of (X7, X3) can be expressed in terms of

its marginals (F}(z1), Fo(z2)) and a copula C,
P’I“(Xl S ZL‘1,X2 S ZL‘Q) = C(Fl(J?l),FQ(ZL‘Q)). (25)

Differentiating both sides of equation (2.5) with respect to x; and x5, we can obtain
the joint density distribution function of (X7, X5):

fra(z1, m2) = c(Fi(z1), Fa(x2)) - fi(z1) - falza),

where c(Fl(xl), Fg(xg)) is the density of the copula. Then the joint density dis-
tribution function can be used to calculate Fs(s) in equation (2.4) following the

convolutional formula:
FS(S) = fooo 05_331 f172<.1‘1,x2)d$2 diL‘l.

However, it quickly becomes difficult to calculate the deductible cost analytically
through the convolutional formula when K > 2. To approximate deductible costs
accurately and consistently, we use Monte Carlo simulation to calculate the de-

ductible costs for dependence and independence models for K > 2 in this chapter.
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Given the copula and the marginal distributions of (X;, X3), we can use the Monte

Carlo approach to calculate deductible costs in the following steps:

1. We simulate R bivariate samples (ui1,us1),...,(u1g, v2g) from the bivariate
copula C(uq,us), where R is the number of the simulation that is determined
using the method described in Appendix A.7. The function that we use to
simulate samples is rCopula (Hofert et al. 2020) in R.

2. Given the two marginal distributions of the losses, we can calculate their in-
verse distribution functions F;'(u;) and F, '(uy). Using these two inverse
distribution functions and R bivariate samples generated in Step 1, we can

generate R samples of the bivariate losses

(XH, Xgl), ey (XlRa XQR) = (Fl_1<U11), F2_1U21)) g ey (Fl_l(ulR), FQ—l(qu)) .

3. For any positive combined deductible d, the deductible cost based on a depen-

dence model (c2%) is calculated by

dep
Cd -

Zle IIlil’l(Xh« + Xgr, d)

I .
For the deductible cost based on an independence model (c?), we use a Gaussian
copula with pg = 0 (Spearman’s rank correlation coefficient) in Step 1 to simulate
samples, then repeat Step 2 to get R samples of the independent bivariate losses,

ind

and repeat Step 3 to get cj“.

To quantify the impact of dependence modelling on deductible costs, we define the

cost relativity (CR) as
dep

C
CR= 4. 1. (2.6)
g

The larger is |CR|, the bigger is the difference in deductible costs between the
two models. In Section 2.4, we will study C'R in three applications (commercial
insurance, reinsurance, and personal insurance) to analyse the impact of dependence

modelling on deductible costs.

The concepts of comonotonicity and countermonotonicity have been widely stud-
ied in economics, financial mathematics, and actuarial science; see Deelstra et al.
(2011). Comonotonicity corresponds to the perfect positive dependence structure,
while countermonotonicity corresponds to the perfect negative dependence struc-
ture. Comonotonicity /countermonotonicity is especially informative and useful to

insurers in making conservative estimates about the risks and calculating premi-
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ums. Hence in equation (2.6), we can also replace ¢ by ¢%° for the deductible cost
based on comonotonic scenario and ¢5*™" for the deductible cost based on coun-
termonotonic scenario as additional benchmarks to understand the cost relativities.
For readers interested in the comonotonic and countermonotonic scenarios, we pro-
vide results of three applications (commercial insurance, reinsurance, and personal

insurance) in Appendix A.5.

2.4 Applications of Deductible Costs

In this section, we investigate the importance of dependence modelling for deductible
costs through three insurance applications: commercial insurance, reinsurance, and

personal insurance.

2.4.1 Application 1: Wisconsin Property Fund (Commer-
cial)

This application is based on the application in Frees et al. (2016) using a data set
from the Wisconsin Local Government Property Insurance Fund (LGPIF). The bun-
dled contracts in the data set contain at most six coverages. In this chapter, we only
consider those contracts with all six coverages, including building and content (BC),
contractor’s equipment (IM), comprehensive new vehicles (PN), comprehensive old
vehicles (PO), collision new vehicles (CN), and collision old vehicles (CO). Table 2.5

shows descriptive statistics for the claims of six coverages.

Table 2.2: Descriptive statistics for the claims of six coverages.

Variables | Min | Median | Mean Max SD
BC 0 0| 17,195 | 12,922,218 | 230,009
IM 0 0 941 485,485 10,842
PN 0 0 1,613 147,534 6,356
PO 0 0 1,337 342,242 11,213
CN 0 0 2,760 129,783 9,890
CcO 0 0 2,676 303,289 14,559

The marginal distribution of the loss for each coverage is modelled by a Tweedie
distribution, and all marginal distributions are joined by a Gaussian copula. The
Tweedie distribution is defined as a Poisson sum of gamma random variables. For
information on the estimated marginal coefficients of the Tweedie model for each
coverage, we refer to Table A11 in Frees et al. (2016). Table 2.3 shows the estimated
dependence parameters of the Gaussian copula for different coverages with Tweedie

marginal distributions.
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Note that there is no combined deductible in the original bundled contracts, but
we can still investigate the impact of dependence modelling on the deductible cost
for risk managers interested in introducing this popular feature. The simplest way
to introduce the combined deductible is by offering a combined deductible d to all
six coverages. We choose to study this combined deductible on all six coverages for
illustration purposes in this chapter. However, for the purpose of the application,
insurers can flexibly offer one or more combined deductibles to different combinations
of coverages in a bundled insurance contract. For example, an insurer can offer a
combined deductible dy,, to the four auto coverages (PN, PO, CN, CO), and a
combined deductible d to the whole contract. In this case, the insurer should cover
the loss of [XBC + X1+ (Xpy+ Xpo+ Xon + Xco — dauto) + — d] L This example

of two combined deductibles is studied in Appendix A.1 for interested readers.

We henceforth assume there is a combined deductible d on the aggregate losses of six
coverages. Considering the nature of these commercial contracts, we set the upper
bound of the combined deductible to be $10000. A higher upper bound makes it
more flexible for commercial policyholders to customise their contracts with insurers
(Frees et al. 2022).

Table 2.3: Dependence parameters for Tweedies.

BC |IM |PN |PO |CN
IM | 0.210
PN | 0.279 | 0.367
PO | 0.358 | 0.412 | 0.559
CN | 0.265 | 0.266 | 0.553 | 0.328
CO | 0.417 | 0.359 | 0.496 | 0.562 | 0.573

In this case, we write the deductible cost as
cg = E min(Xpc + Xy + Xpy + Xpo + Xon + Xco, d),

where X}, is the loss of k-th coverage. It means that the insurer agrees to pay for

the excess claim over the combined deductible d.

Figure 2.1 displays C'R of twenty-four policyholders, randomly chosen from all 244
policyholders who have six coverages in 2011. When the combined deductible d is
no more than $10000, the C'R of each policyholder is negative. We further explain
why limg_g+ CR is negative in Appendix A.2 for interested readers. If we allow
the combined deductible d to approach infinity, then the CR will tend to zero as
E min(Xpe+ X+ Xpn+Xpo+Xenv+Xco,00) = E(Xpe)+E(Xim)+E(Xpn)+
E(Xpo)+ E(Xcn) + E(Xco)- In this application, the deductible costs are reduced
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Figure 2.1: Cost Relativities of twenty-four policyholders from LGPIF (each curve
represents C'R of an individual policyholder).

by approximately 6 to 23 per cent when dependence models are used, compared to

the benchmark models that assume independence.

We select four policyholders from the twenty-four policyholders who are most af-
fected by the dependence modelling as examples. Their policy IDs are 140430,
160934, 160730, and 133640 (the bottom four curves in Figure 2.1). Figure 2.2
shows the premiums (left panel) and deductible costs (right panel) of these four pol-
icyholders. We can see that deductible costs increase with the increase of combined
deductibles. We can also see that the premiums calculated by independence models
are smaller than those calculated by dependence models, while the deductible costs
calculated by independence models are larger than those calculated by dependence
models. This explains the negative C'Rs we observed in Figure 2.1. We will further

explain these observations using propositions in Section 2.6.

A higher combined deductible may be selected in a more expensive insurance con-
tract. We define the d/P ratio to reflect this phenomenon,

d
d/P = ——— x 100%,
/ Premiumgy— ¢
where Premiumg—q is the premium of the policy without a deductible. The main
reason we introduce d/P is to measure the relative size of the combined deductible
to the premium of a policy with no deductible (Premiumgy_¢). For example, Figure

2.3 shows the differences in pricing between dependence and independence models,



2.4. Applications of Deductible Costs 15

Premiums Deductible Costs
o | | — 140430
8 | o —— 160934
Lo o _| — 160730
N 3 133640 e
.%. — —
o
o
o o
o o _|
— o
— N
o - o -
| | | | | | | | | | | |
0 2000 6000 10000 0 2000 6000 10000
Combined Deductible: d ($) Combined Deductible: d ($)

Figure 2.2: Premiums and deductible costs of four policyholders (dependence mod-
elling: solid line, independence modelling: dotted line).

measured by C'R; see equation (2.6), with different levels of combined deductibles d
and d/P.
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Figure 2.3: Cost Relativities of four policyholders by two forms of combined de-
ductible.

Another way to examine the importance of dependence modelling is to calculate the
indicated deductible relativity (I DR) and loss elimination ratio (LER). According
to Lee (2017), the relationship between LER and IDR is given as

LER() = ——*  _1_IDR(d).

Premiumg_q
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Actuaries use IDR to assess how much an insurance loss cost is reduced by a de-
ductible from a per-loss perspective, and use LE R to assess how much the covered
loss is reduced by introducing a deductible. In this case, we examine the difference

in LER(d) calculated by dependence and independence models.
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© n © | — 140430
- — . —| — 160934 -
S ] © | — 160730 o]
- 133640 P
< <
o o
AN (qV]
o | o |
S _] o _|
© T 1 1 1 1 e 1 1 1
0 2000 6000 10000 0 50 100 150
Combined Deductible: d ($) d/P (%)

Figure 2.4: LER of four policyholders by two forms of combined deductible (depen-
dence: solid line, independence: dotted line).

From Figure 2.4, we see that a larger combined deductible or d/P leads to a larger
difference in LE R between dependence models and independence models. We select
four d/P ratios (25%, 50%, 75%, 100%) and show their corresponding LERs for
the four policyholders in Table 2.4. We find that LFE Rs calculated based on inde-
pendence (in bracket) are larger than those based on dependence assumptions (out
of bracket). This finding will be theoretically explained by Proposition 2.6.1 later.
The differences in LFE Rs provide further insights into the importance of dependence

modelling.

Table 2.4: Loss Elimination Ratio (%) of four policyholders by d/P (dependence:
outside the brackets, independence: in the brackets).

d/P = 25% | d/P = 50% | d/P = 75% | d/P = 100%
140430 | 13.21 (16.48) | 23.12 (28.04) | 31.18 (36.74) | 37.98 (43.68)

160934 | 10.59 (13.64) | 19.36 (24.69) | 26.84 (33.81) | 33.36 (41.47)
160730 | 12.45 (15.86) | 22.62 (28.53) | 31.11 (38.71) | 38.32 (47.02)
133640 | 12.00 (14.90) | 21.08 (25.48) | 28.68 (33.79) | 35.17 (40.56)

Adding a combined deductible to bundled contracts can eliminate a large number
of small claims for insurers. For readers who are interested in what proportion of

claims can be eliminated by certain combined deductibles, we refer to Appendix

A3.
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2.4.2 Application 2: Insurance Company Loss and Expense

(Reinsurance)

This application is based on the work of Frees and Valdez (1998) who fit copulas
(Gumbel and Frank) with Pareto marginal distributions to insurance company in-
demnity claims. The data used to calibrate a reinsurance contract comprises 1500
general liability claims randomly chosen from late settlement lags. Each claim con-
sists of an indemnity payment (the loss) and an allocated loss adjustment expense
(ALAE). Table 2.5 shows descriptive statistics for the loss and ALAE included in

this reinsurance contract.

Table 2.5: Descriptive statistics for the loss and ALAE.

Variables | Min | Median | Mean Max SD
Loss 10 12,000 | 41,208 | 2,173,595 | 102,748
ALAE 15 5,471 | 12,588 501,863 28,146

In this chapter, we consider the excess-of-loss reinsurance and write the deductible
cost as
Cq = E min(Xloss + XALAE7 d)a

where X}, is the severity of k-th coverage. It means that the reinsurer agrees to
pay for each claim the excess over the combined deductible d. For the reinsurers,
the combined deductible is naturally small compared to the loss they suffer. From
the perspective of insurers, the combined deductible is the maximum loss they un-
dertake, and is mostly applied to the right tail of the aggregate loss distribution.
Hence, commonly used risk measures (see Embrechts et al. 2011, for example) for
the right tail, such as Value-at-Risk and stop-loss premium, can also be studied in
this application. However, this chapter only focuses on the expected cost limited by
the combined deductible, which is undertaken by insurers. Also, we only focus on
the severity modelling in this case because the frequencies of the loss and ALAE are

always the same.

The distribution functions of Gumbel copula, Frank copula, and Pareto distributions
are listed in Table 2.6, where C'(u,v) is a bivariate copula function and Fx(z) is a
cumulative distribution function. The scale parameter and shape parameter of the

Pareto distribution are denoted by s and a respectively.

The estimated coefficients of the Gumbel copula model and Frank copula model
from Frees and Valdez (1998) are listed in Table 2.7. The parameters of Pareto
distributions for the loss and ALAE are (61, a1) and (02, az) respectively.

Although there is no combined deductible in the original contracts, to investigate
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Table 2.6: Bivariate copula and marginal distribution functions.

Distributions Functions

Gumbel Copula C(u,v) = exp (— ((— Inu)’ + (—In U)e)%)
1 (e —1)(e”? — 1)

Frank Copula C(u,v) = _5(1 + 0 _ 1 )

Pareto Fx(z)=1- (s _|s_ x)a

Table 2.7: Parameter estimates using Gumbel copula and Frank copula with Pareto
marginals.

Parameters Gumbel Model | Frank Model
Loss: (s1,a1) (14036, 1.122) (14558, 1.115)
ALAE: (s2,a2) (14219, 2.118) (16678, 2.309)
Dependence Parameter 6 1.453 3.158

the impact of dependence modelling on the deductible cost, we assume a combined
deductible d on the loss and ALAE. Considering this is a reinsurance contract, we
set the upper bound of combined deductible to be $50000.

Severities Deductible Costs Cost Relativities
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Figure 2.5: Severities, deductible costs, and Cost Relativities of Gumbel model and
Frank model.

Figure 2.5 depicts the severity, deductible costs, and cost relativity calculated by two
types of copula models. In general, the choice of copulas affects the outcome since
different copulas represent different dependence structures. We will investigate the
impact of copulas on the deductible costs in Section 2.5.1 later. If we only consider
the dependence of severity without the frequency between risks, the C'R tends to
zero if the combined deductible d tends to zero. This is the main difference between

Application 2 and Application 1, as Application 2 focuses on severity modelling



2.4. Applications of Deductible Costs 19

only.

2.4.3 Application 3: Quotes of a Pet Insurance Contract

(Personal)

Relatively little literature has been published with respect to data analysis in the
pet insurance market. One of the most valuable examples is Pai et al. (2005),
which studied the claim transaction data for dogs covered by a single Canadian
pet insurer. This data set recorded 15029 individual dogs, 70 different types of
accidents, 411 different types of illnesses, and two causes of death (by accident or by
illness). Although the data set is not publicly available, we understand that claims

are recorded by the types of illnesses and accidents in practice.

Since it is difficult to get claims data of a pet insurance contract, in this section, we
calibrate models based on the online quotes of an accident and illness pet insurance
provider who provides quotes with choices of four combined limits ($5000, $8000,
$10000, $15000), five combined deductibles ($200, $300, $500, $750, $1000) and
three reimbursement rates (70%, 80%, 90%). We collect 60 quotes data online to
calibrate the underlying parameters and distributions. Table 2.8 shows descriptive

statistics for online quotes of the pet insurance contract.

Table 2.8: Descriptive statistics for online quotes of the pet insurance contract.

Variables | Min | Median | Mean | Max | SD
Quote 164 521 533 | 1,271 | 259

Figure 2.6 shows the 60 data points collected from the insurer’s website. We can
see that holding else equal, a higher combined limit, a lower combined deductible,

or a higher combined reimbursement rate will lead to a higher premium.

The deductible cost is defined as
Cq = E min(Xillness + Xaccident7 d),

where X}, is the aggregate loss of k-th coverage group (illness and accident). It
means that the insurer agrees to pay for each claim the excess over the combined
deductible d.

Based on practical pet insurance information (NAIC 2018), we assume the probabil-
ity of having at least one claim (illness and/or accident) per year is around 30% to

50% and that the frequency models for the illness and accident losses are distributed
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Figure 2.6: Online quotes data of a pet insurance contract.

as Poisson(A = 0.4) and Poisson(\ = 0.25), respectively. A bivariate Gaussian cop-
ula is used to model the dependence of the two risks (illness and accident). We
consider the gamma distribution, the Pareto distribution, and the Weibull distribu-
tion as three candidates for the two marginal severity distributions. The probability
density functions and the corresponding shape parameters and expected values are
listed in Table 2.9. In total, five parameters need to be calibrated, including the
dependence parameter of the Gaussian copula pg and four parameters of the two

marginal severity distributions.

Table 2.9: Pet insurance distribution functions.

Distribution | Probability Density Function Shape Parameter | E(X)
z@De—%

gamma flx) = —T(a) a as

. a/x\e—1 T\ a 1

Weibull flz) = 7(7) exp ( - (f) ) a s’ (1 + 7>

s\s s a
B as® S
Pareto f(l') = W a a—1

We consider four models with different combinations of marginal severity distribu-
tions, two Poisson marginal frequency distributions, and a Gaussian copula. The

four models are listed as follows:

1. Model 1 : Xiyness ~ gamma, X,ccigent ~ gamma, Poisson frequency, Gaussian

copula.
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2. Model 2 : Xjjness ~ gamma, X,eeigent ~ Pareto, Poisson frequency, Gaussian

copula.

3. Model 3 : Xjjness ~ gamma, Xyeeigent ~ Weibull, Poisson frequency, Gaussian

copula.

4. Model 4 : Xjjness ~ Weibull, X ccigent ~ Weibull, Poisson frequency, Gaussian

copula.

We apply the mean absolute percentage error (MAPE) to measure the model per-

formance
1 n
MAPE = — Z

n<
=1

A - F,
4

where A; is the actual value (quotes) and F; is the forecast value (estimated pre-
mium), and 7 is the number of samples. We refer to Appendix A.4 for detailed steps

of the calibration. The five calibrated parameters of the four models are listed in
Table 2.10.

Table 2.10: Five calibrated parameters of four pet insurance models.

Parameters Model 1 Model 2 Model 3 Model 4
Shape - illness 20.00 20.00 15.00 15.00
E(Xiiness) 1166.80 1182.00 1177.30 1131.70
Shape - accident 20.00 2.01 10.00 15.00
E(Xaccident) 986.90 1049.00 969.00 1070.30
Dependence (Gaussian) 0.95 0.40 0.95 0.95
| — Model 1
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Figure 2.7: Cost Relativities of four pet insurance models.

Figure 2.7 shows the calculated cost relativity using the fitting outcome of the four

models. When the marginal distributions are gamma, Weibull, or the combination
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of gamma and Weibull distributions, the curves of C'R are similar (blue, black, and
green curves). A special case is that when we use the combination of gamma and
Pareto distributions (Model 2). Here, the red curve in Figure 2.7 is more linear and
above the other three curves due to the difference in marginal distributions and a low
dependence parameter of the Gaussian copula. In this application, we find that the
deductible costs are reduced by approximately 10 to 23 per cent when dependence
models are used compared to the benchmark models that assume independence.
We will investigate the impact of marginal distributions on the deductible costs in
Section 2.5.1 later.

2.4.4 Summary of the Three Applications

In the first application, combined deductibles are applied to commercial insurance
contracts with six coverages. Deductible costs are reduced by approximately 6 to 23
per cent, and loss elimination ratios are reduced by 3 to 9 per cent in dependence

models compared to the benchmark models that assume independence.

Reinsurance is discussed in the second application, where a combined deductible is
applied to an indemnity payment and an allocated loss adjustment expense. We
find the choice of copulas could lead to different deductible costs. Although an
indemnity payment always comes with an allocated loss adjustment expense (the
frequencies are the same for the two coverages), the difference in deductible costs

between dependence and independence modelling could reach 8 per cent.

The third application is about personal insurance (i.e. pet insurance), in which
deductible costs are reduced by approximately 10 to 23 per cent when dependence
models are used compared to the benchmark models that assume independence.
Additionally, we find the choice of the marginal distributions of each coverage could

impact the model outcome.

Note that in the first and third applications, we work with a combined deductible
on the total loss of all coverages, whereas for the second application, we have a com-
bined deductible on the total cost (loss + expense) arising from an individual claim.
Therefore, the dependence captured in the two different scenarios has different im-
plications. The dependence we observe in the first and third applications mainly
comes from the inherent association between certain claim risks. For example, in
private insurance, a pet prone to illness (illness claim) is also likely to die (death
claim). For example, in commercial insurance, when a business owner’s building
is damaged (building damage claim), it is also likely to cause business interruption
(business interruption claim). The observed dependence in the second application

mainly comes from a single claim that simultaneously affects the amount of the
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claim’s loss and expenses. While the copula models used in this chapter could flex-
ibly capture the two forms of dependence discussed above as well as other forms of
dependence in claims modelling (see Shi et al. 2015; Shi and Lee 2022, for example),
we acknowledge that there are other models that can be used to capture different
forms of dependence. For example, in Chapter 4, we propose a shared random effects
model that could capture the dependence coming from unobserved heterogeneity in

claims risk across customers.

A unified conclusion of the three applications is that the ratio C'R is non-positive
in all cases, and the deductible costs can be affected by the choice of copulas and
marginal distributions. The results of these three applications show how dependence

affects the insurance pricing of combined deductibles.

2.5 Simulation Study

As described in Section 2.3, we use copulas to model the dependence among insur-
ance losses of different coverages when calculating deductible costs. Intuitively, the
choice of copulas will directly determine the dependence structure and further af-
fect the calculation result of deductible costs. Motivated by the results of the three
insurance applications in Section 2.4, we further investigate how the dependence
structure (dependence parameters and copulas) and marginal distributions could
affect the deductible costs and C'R using Monte Carlo simulations. The number of

simulations is discussed in Appendix A.7.

All settings in this section were purposefully designed to make the illustration rel-
atively simple yet insightful. We consider a bivariate case with two risks X; and
Xy for severity modelling and ignore the dependence of frequency between risks.
In future simulation studies of deductible costs, one could thoroughly explore the
dependence of severity and frequency across multiple risks as well as the dependence
between the severity and frequency of each individual risk (Shi et al. 2015). Table
2.11 summarises the four combinations of severity marginal distributions for X; and
Xs. Marginal 1 (uniform distribution) is only for illustration and comparison pur-
poses. Marginals 2 (gamma distribution), 3 (Pareto distribution), and 4 (Weibull
distribution) are widely used in the severity analysis of insurance claims; see Resti
et al. (2013), Teodorescu and Vernic (2006), and Ni et al. (2014). The distribution
functions of these four distributions are provided in Appendix A.6. In all four cases,
we set E(X; + X3) = 1000 and the combined deductible ranges from 0 to 1000 for

illustration purposes.
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Table 2.11: Four combinations of the severity marginal distributions.

Marginal Distributions X1 X2
1 uniform (0, 1000) uniform (0, 1000)
2 gamma (1, 500) gamma (2.5, 200)
3 Pareto (2, 400) Pareto (3, 1200)
4 Weibull (0.5, 300) | Weibull (1.5, 443.1)

2.5.1 Simulation Results
Comparing the Impact of Dependence Parameters

We generate data for the simulation study based on the four combinations of the
severity marginal distributions listed in Table 2.11. A bivariate Gaussian copula is
used to join a couple of severity marginal distributions (X7, X3). The Spearman’s
rank correlation coefficient of the Gaussian copula, ps(Xi, X»), takes values of -0.8,
-0.4, 0, 0.4, and 0.8 for comparison purposes. When pg(X7, X2) = 0, the model can

be regarded as the independence model.

Figure 2.8 shows the impact of the dependence parameter pg on the deductible cost
and C'R using the four marginal combinations. When pg is negative, the deductible
cost of a dependence model is higher than that of the independence model (posi-
tive C'R); and when pg is positive, the deductible cost of a dependence model is
lower than that of the independence model (negative C'R); see Proposition 2.6.1
in Section 2.6 for theoretical explanations. Additionally, when pg is positive (0.4
and 0.8), a stronger positive dependence leads to a lower deductible cost and C'R.
However, when pg is negative (-0.4 and -0.8), a stronger negative dependence leads
to a higher deductible cost and C'R; see Proposition 2.6.2 in Section 2.6 for theo-
retical explanations. Lastly, as d increases, the gap between the deductible costs
of a dependence model and that of an independence model increases first and then
decreases. For an extreme case, if we allow d to increase to infinity (all costs will be
paid by the policyholder), then the gap will reduce to zero (C'R = 0), as explained
by Proposition 2.6.3 in Section 2.6.

One of the primary objectives of risk theory is to model the distribution of total
claim costs for portfolios of policies to make business decisions regarding various
aspects of insurance contracts. We also investigate the linear approximations of
deductible costs for readers interested in the analytical result and calculation. We
derive three approximations of £ min(X; + X5, d) using the Trapezoidal rule (Chiou
1978); see Appendix A.8 for more details.
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Figure 2.8: Deductible costs and Cost Relativities of four Gaussian copula models
with five dependence parameters.

Comparing the Impact of Different Copulas

We examine the impact of different copulas on C'R in this section by considering
positive dependence parameters (ps = 0.4 and pg = 0.8) and heavy-tailed Pareto
distributions (Marginals 3) and Weibull (Marginals 4) distributions. Note that the
Weibull distribution is heavy-tailed for its shape parameter 0 < a < 1 and light-
tailed for a > 1. Five widely studied copulas, Gaussian, Student-t, Frank, Gumbel,
and Clayton are applied for comparison purposes. The bivariate function and tail

dependence of these five copulas are summarized in Table 2.12. The tail dependence
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describes the association between the upper or lower tail of marginals (Venter et al.
2002).

Table 2.12: Tail Dependence of Copulas

Copula C(u,v) = Lower Tail Upper Tail
Dependence Dependence
Gaussian Dy (@‘1 (u),® ! (v)) , No No
0 e[-1,1].
Student-t H,p (F;1 (u), Gyt (v)) , Yes Yes

fel-1,1], v>2.
1

(e—eu _ 1)(6—91) _ 1)
Frank —§<1 + p ), No No
0 €R\DO.
Gumbel exp ( — ((—In(uw))? + (—ln(v))e)%), No Yes
0 €[1,00).
Clayton max(u=? +v70 -1, O)%l, Yes No
0 e[-1,00)\0.

Figure 2.9 shows the impact of different copulas on C'R using Marginals 3 and 4.
The two plots on the top are based on the copula models with Pareto marginals,
while the two bottom plots are based on copula models with Weibull marginals.
Compared to the other four copulas, the Clayton copula leads to a sharp decrease
of C'R and then a slow increase when d increases from 0 to 1000. A reason is that
the Clayton copula is an asymmetric Archimedean copula, exhibiting dependence in
the lower tail but not in the upper tail. Thus, the C'R is very sensitive to small d (in
the lower tail) when using the Clayton copula. On the contrary, the Gumbel copula,
another asymmetric Archimedean copula, exhibits dependence in the upper tail but
not in the lower tail. Hence the C'R decreases with d slowly when d is small. For
insurance contracts, d is mostly in the lower tail of the aggregate loss distribution, so
copulas with lower tail dependence tend to have larger values of |C'R| than copulas
without lower tail dependence. Similarly, when a combined deductible is placed at
the right tail of a loss distribution for reinsurance contracts, we expect that copulas
with upper tail dependence tend to have larger values of |C'R| than copulas without

upper tail dependence.

Comparing the left and right panels in Figure 2.9, we also notice that stronger
dependence leads to larger values of |C'R|, which is explained in Proposition 2.6.2 in
Section 2.6. In summary, the level of dependence (pg) is more important than the

choice of the copula in calculating the deductible costs.
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Figure 2.9: Cost Relativities of five copulas.

Comparing the Impact of Marginal Distributions

Data generated in Section 2.5.1 is also used in this analysis. However, we only
consider positive dependence parameters pg = 0.4 and ps = 0.8 to be consistent with
real insurance practice; e.g., see the three applications in Section 2.4. In Figure 2.10,
we show the impact of different marginal distributions on both the deductible costs
(top figures) and C'R (bottom figures). We can see that the deductible costs and
CR vary by marginal distributions, and the difference in C'R becomes larger when
the dependence is stronger. It suggests that practitioners should choose marginal

distributions carefully, especially when the dependence between risks is strong.

2.6 Propositions of Combined Deductible
Costs

In Sections 2.4 and 2.5, we have discussed several findings that shed light on the
importance of dependence modelling of combined deductible costs for bundled in-
surance contracts. For example, in Section 2.4, C'R is non-positive in all cases and

the deductible costs can be affected by the choice of copulas and marginal distribu-
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Figure 2.10: Deductible costs and Cost Relativities of four models with different
marginals.

tions. Also, in Section 2.5, the level of dependence (pg) is more important than the
choice of copulas and marginal distributions to calculate the deductible costs. The
current findings lack theoretical support, so they are difficult to understand intu-
itively. However, actuarial science, essential to the sustainable development of the
insurance industry, cannot thrive without practitioners having a solid mathemat-
ics foundation. Taking advantage of the well-known theories of stop-loss premiums
(Denuit et al. 2006), this section presents general properties of joint distributions
that can lead to materially different prices, and shows how the dependence structure

affects insurance pricing of combined deductibles.

Propositions introduced in this section help explain the research findings mentioned
above, and help practitioners theoretically understand the importance of depen-
dence modelling in the combined deductible ratemaking. Also, for future research
on the combined deductible ratemaking, these propositions provide theoretical sup-
port to different types of dependence models. For example, the propositions could
be applied to study the dependence of different marginals, including severity (see
Section 2.4.2), frequency (not covered in this chapter), and aggregate claims (see
Sections 2.4.1 and 2.4.3). With these general propositions, researchers can identify
problems and solve them in other areas of actuarial science. For example, we could

investigate the impact of applying a combined deductible to medical expenditures



2.6. Propositions of Combined Deductible Costs 29

with strong associations as studied by Frees et al. (2013). In this section, all propo-
sitions are studied in a bivariate case, which constructs a fundamental framework

for multivariate studies.

To describe the propositions, we start with four definitions. The first definition is
about the concept of positive quadrant dependence introduced by Lehmann (1966).
The random couple X = (X7, X5) is positively quadrant dependent (PQD) if

Hx, x, (w1, 22) = P(X1 <21, Xo < 19) — P(Xy <) P(Xy <) 20, (2.7)

for all =1,z € R. Similarly, X is negatively quadrant dependent (NQD) if
Hx, x,(x1,22) < 0. According to equation (2.7), X is NQD if, and only if (X7, —X>)
is PQD. In view of this duality, we shall mainly focus on PQD in the following anal-

ysis.

The second definition is about the PQD condition of a copula. Let C(uq,us) be the
copula of the random couple X = (X3, X3). Then, C(uy,uz) is PQD if

C(ul,UQ) — U1U2 2 O, (28)

for all uy,us € [0,1]. Based on equations (2.7) and (2.8), X is PQD (resp. NQD)
if, and only if its copula C'(uy,us) is PQD (resp. NQD); see Corollary 5.3.4 in
Denuit et al. (2006). We summarise the PQD and NQD conditions (Salvadori et al.
2007; Nelsen 2007) with respect to ps (Spearman’s rank correlation coefficient), 7
(Kendall rank correlation coefficient), and 6 (dependence parameter of a copula)
for some common copulas in Appendix A.10. In many cases, the insurance losses
among different coverages are PQD (e.g. the three applications in Section 2.4). If
a Gaussian copula or Student-t copula is fitted with 0 < pg < 1 (or equivalently,

0<7<1land0 <80 <1), the copula and hence the random couple of losses are
PQD.

The third definition is about the correlation order. Consider two random couples
X = (X1,X3) and Y = (Y3, Y3) in the Fréchet space Ro(Fi, Fy). The Fréchet space
gathers together all the probability distributions with fixed univariate marginals
(Fy, F»). Elements in a given Fréchet space only differ in their dependence structures,
and not in their marginal behaviours. If two joint cumulative distribution functions

Fx(x1,25) and Fy (1, x2) satisfy
Fx(z1,22) < Fy (21, 22),

for all z1,29 € R. Then Y is said to be larger than X in correlation order denoted
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by X =corr Y.

The last definition is about the integrated difference in pricing (I DI P) of the random
couple X = (X7, X5), which is defined as

IDIP = / |Emin(X{ + X5, t) — Emin(X; + Xo,t)| dt.
0

We regard I DI P as the overall difference in pricing of combined deductibles between
the dependence model and the independence model. A larger value of IDIP means
a larger overall difference in deductible costs between dependence and independence

modelling.

Based on the four definitions above and theorems of dependence in Sections 5 and 6
of Denuit et al. (2006), we introduce the following propositions of deductible costs.

Detailed proofs are provided in Appendix A.9.

Proposition 2.6.1. If the random couple X = (X1, X3) is PQD, then cjep < cind
(i.e. CR<0). If X is NQD, then ci? > ¢ (i.e. CR>0).

Proposition 2.6.1 explains why C'R is non-positive in Figures 2.1, 2.3, 2.5, and
2.7. Tt also explains why the LE Rs based on independent assumptions are larger
than those based on dependent assumptions in Table 2.4. This proposition can
help practitioners compare deductible costs based on dependence modelling and
independence modelling before building any models. In most cases, the losses of
different coverages in a bundled insurance contract are positively correlated and
satisfy the PQD condition. For example, the loss and ALAE in Frees and Valdez
(1998) is PQD, so dependence modelling leads to lower deductible costs and higher
premiums compared to independence modelling. If a random couple loss is NQD
(rare in practice), then dependence modelling leads to higher deductible costs and

lower premiums compared to independence modelling.

Proposition 2.6.2. If two random couples X = (X1, X3) and Y = (Y1,Y2) follow
X jCORR Y, then CRX Z CRY

CRx (resp. CRy) is the cost relativity ratio calculated for X (resp. Y'). The
random couple X+ = (X, X3) is an independent version of X, which means Xi-
and X3 are independent. Positive correlation order means X+ =<corr X, which
is equivalent to X is PQD; see equation (2.7). Negative correlation order means
X <corr X7, which is equivalent to X is NQD. To compare the correlation order
between risks easily, we also have the following relationship using three correlation
coefficients, including pp is the Pearson correlation coefficient, pg is the Spearman’s

rank correlation coefficient, and 7 is the Kendall rank correlation coefficient; see
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Property 6.2.14 in Denuit et al. (2006). If X <corr Y, then we have

pP(X17X2) SpP(H;YVQ)a

T(XlaXQ) S 7-(}/17}/2>a

pS(XlaXQ) SPS(YMYQ)

Proposition 2.6.2 indicates that a stronger dependence structure leads to a larger
pricing difference. It explains why bigger positive ps (PQD) or smaller negative pg
(NQD) leads to bigger values of |C'R| in Figures 2.8, 2.9, and 2.10. This proposition
helps practitioners compare deductible costs based on different forms of dependence
by checking the three classic association coefficients. For example, in Section 2.5.1,
without doing any calculation, we know that the deductible cost of pg = 0.8 is
smaller than that of pg = 0.4. Hence, this proposition can further guide practitioners
in judging the necessity of dependence modelling. Intuitively, it is more necessary
to consider dependence modelling when pg(X;, X3) is 0.9 than when pg(Xy, Xs) is
0.1, since building a dependence model can be expensive and time-consuming in

practice.

Proposition 2.6.3. Define A = Xi* + X3 and B = X, + X5. The cumulative
distribution functions (CDFs) Fa(a) and Fg(b) at least cross once. If they only cross
once, the difference in deductible costs |Emin(A,d) — Emin(B,d)| is mazimised at
the intersection of two CDFs.

Proposition 2.6.3 is related to Figure 2.8, in which the difference in deductible costs
between a dependence model and the independence model is maximised when two
CDFs intersect. Also, we can see that the value of |C'R| increases to the maximum
point and then decreases as the combined deductible d increases. If d is set to be
positive infinity, then the difference in deductible costs between a dependence model
and the independence model will be zero (i.e. CR = 0). This proposition helps
practitioners understand that the difference in deductible costs between dependence
and independence modelling is also affected by the size of a combined deductible
(Frees et al. 2022, especially for the insurance contracts with a large combined
deductible). For example, in Figure 2.8, when the combined deductible tends to zero,
the difference in deductible costs between dependence and independence modelling

is negligible. However, when the combined deductible is set to be at the intersection
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of two CDF's, the difference in deductible costs is maximised, and so dependence

modelling becomes necessary.

Proposition 2.6.4. If X is PQD, then IDIP = o(X1,Xs). If X is NQD, then
IDIP = —o(X1, Xs).

Proposition 2.6.4 suggests that IDIP is only based on the covariance (o) of X; and
Xs. In other words, a larger positive covariance (resp. smaller negative covariance)
between variables leads to a larger overall difference in pricing under the PQD (resp.
NQD) assumption. Therefore, Proposition 2.6.2 and Proposition 2.6.4 are mutually
supportive. We also find that I DIP equals the integrated stop-loss distance intro-
duced in Section 9.8 of Denuit et al. (2006). This proposition helps practitioners
understand that the overall difference in deductible costs between dependence and
independence modelling is measured by |o(X1, Xo)|. If |o(X7, X3)| is larger, then
generally speaking, it will be more important to consider dependence modelling for
deductible costs.

2.7 Discussion

In this chapter, we study the cost of combined deductibles under dependence from
three perspectives: three applications on real data sets, a simulation study, and

several theoretical propositions.

The theoretical propositions present general properties of joint distributions that can
lead to materially different prices. The theoretical results explain the observations in
both the empirical applications and simulation studies. They also provide insights
into the understanding of how the dependence structure affects insurance pricing
of combined deductibles. The difference in deductible costs between dependence
and independence modelling is affected by the size of combined deductibles and the
correlation between risks. With these general propositions, researchers can identify

problems and solve them in other areas of actuarial science.

In the simulation study, a variety of dependence parameters, marginal distributions,
and copulas are studied. The results are consistent with theoretical propositions
and suggest that the strength of dependence is more important than the type of
copula dependence function. It is also worth noting that the dependence structure
and marginal distributions should be selected carefully in practice, which could lead
to different deductible costs.

The results of three applications (commercial insurance, reinsurance, and personal

insurance) show the importance of dependence modelling for calculating deductible
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costs. According to the theoretical calculations, when the dependence parameter
is positive, deductible costs calculated by dependence models are lower than those
calculated by benchmark models that assume independence. In the three applica-
tions, all dependence parameters are positive. The deductible costs are reduced by
approximately 6 to 23 per cent for commercial insurance, up to 8 per cent for rein-
surance, and 10 to 23 per cent for pet insurance when dependence models are used

compared to the benchmark models that assume independence.

The three perspectives above convey a similar conclusion that deductible costs calcu-
lated by dependence models are different from those calculated by the independence
models, and the difference can be as large as 23 per cent. The results shed light on
the importance of dependence modelling of combined deductible costs for bundled

insurance contracts.

For future research, we summarise the following four directions. Firstly, more types
of dependence modelling techniques, such as vine copulas, can be applied to study
combined deductible ratemaking. Vine copulas are well known for modelling com-
plex dependency patterns through a rich variety of bivariate copulas in a tree struc-
ture; see Allen et al. (2017). Moreover, in Chapter 4, we introduce a new joint
model for multivariate claims, which could capture the unobserved heterogeneity
in claims risks across policyholders. Secondly, the dependence modelling technique
introduced in this chapter can also be applied to study the deductible cost of an all-
peril insurance policy. For example, a combined deductible (also called an all-peril
deductible) under an all-peril homeowners insurance policy covers the aggregate loss
of all perils, such as fire and smoke, lightning strikes, windstorms, and hail. Thirdly,
Shi and Lee (2022) proposed an endogenous split deductible model and found that
the policyholder’s split deductible is negatively associated with the claim frequency
but positively associated with the claim severity. Thus, future research could ex-
amine the association between an endogenous combined deductible and claims of
multiple coverages. Lastly, since the deductible cost is undertaken by policyhold-
ers, deductible costs based on dependence modelling can be further used to analyse
the effect of combined deductibles on consumer behaviour. For example, it is well
known that adverse selection may take place if health insurance policies are offered
with the option to take a deductible in exchange for a premium reduction; see for
example Van de Ven and Van Praag (1981).
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3.1 Introduction

Customer churn (also known as customer attrition, dropout, turnover, or defection)
refers to the non-renewal of existing customers for an insurance company. In general
insurance, customer churn poses a major challenge to insurers because contracts are
renewed periodically (commonly after one year), and with substantial competition
and diverse contracts, it is easy for customers to switch insurance providers to satisfy
their needs at the time. Customer churn also poses a challenge in life insurance
and other industries such as banking and telecommunications; keeping a current
customer rather than acquiring a new one is often a more profitable strategy for a
company (Simchi-Levi et al. 2008), because long-term consumers typically take up
less of the company’s resources compared to new customers (Min and Zhou 2002).
As such, analyses to determine the drivers and customer behaviours involving churn
are critical to a company’s customer retention program (Okongwu et al. 2016);
identifying those customers with high intention to churn can help insurers secure

continued loyalty.

This chapter is motivated by customer churn analysis for commercial insurance,
which plays an important role in the general insurance industry. According to the
direct premium written reported by Brian Briggs (2021), the commercial market
represents 49% of the total direct premium written in the U.S. property & casualty
insurance industry. Commercial insurance contracts can include several coverages
such as building, equipment, and auto coverage, and it is common for customers
to have multiple contracts with the same company, or (alternatively) have multiple
coverages under a single bundled contract (Dong, Frees and Huang 2022). Addi-
tionally, customers add or drop coverages, or switch providers entirely, on a regular
basis to meet their benefits and budgets. Indeed, as revealed in a survey for Aus-
tralian small commercial insurance consumers (Brant Carson 2017), in the small and
medium enterprise insurance market, around three-quarters of small business owners
are dissatisfied with their commercial insurance providers. Approximately 19 per

cent of small business owners choose to switch insurance providers every year.

Since commercial insurance contracts are typically of short duration (so that cus-
tomer churn is more about the non-renewal of a contract rather than breaking an
existing contract), traditional customer churn analysis has focused on static models
applied to data from a single period. This is despite the fact that commercial insurers
can trace information about their customers over multiple periods, resulting in read-
ily available longitudinal data. Moreover, with single period data, various methods
such as logistic regression, decision trees, and neural networks have been proposed to

predict the probability of customer churn for the next contract period (e.g., Guillen
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et al. 2003; He et al. 2020; Yeo et al. 2001). However, with multi-period or longitudi-
nal data, customers often traverse a larger number of states beyond simply deciding
whether to churn or not. That is, as discussed above, during a multi-period contract
term, commercial policyholders may regularly adjust their coverages combination by
adding and dropping coverages. For example, an organisation policyholder taking
both building and equipment coverages as a bundled contract in one year may de-
cide to drop equipment coverage but add auto coverage in the following year. Put
simply, multi-period data more accurately reflects the dynamic changes in the needs
of policyholders and the broader market, e.g., the coverage first dropped by a pol-
icyholder is usually an important signal to predict subsequent likelihood to churn
(Brockett et al. 2008). Thus, there is a strong motivation for commercial insurers
to break away from traditional customer churn analysis. In this chapter, we pro-
pose and advocate using multi-period data to perform multi-state customer churn
analysis, focusing not only on the customer churn per-se, but also on the coverage

adjustment behaviour of commercial customers over time.

While there are a number of ways by which multi-state customer churn analysis can
be performed, in this chapter, we adopt a method that prioritises interpretability
over predictive performance, namely multinomial logistic regression (MLR) with a
higher-order Markov framework. To our knowledge, this chapter (paper) is the first
to use a higher-order Markov model for customer churn research in actuarial science.
We illustrate the use of this MLR and multi-state customer churn analysis on a
longitudinal commercial insurance dataset from the Wisconsin Local Government
Property Insurance Fund (LGPIF). Exploratory analysis of this data reveals that
transition probabilities tend to depend strongly on the states of the policyholder
in their two previous periods, which motivates considering a second-order MLR
model to study policyholders’ state transitions. We demonstrate how different sets
of predictors tend to drive the various likelihoods of transition, which we visualise
through conditional effect and average marginal effect plots. A comparison of multi-
state customer churn analysis to traditional (single-state) customer churn analysis
reveals that the former can lead to more accurate calculations of customer lifetime
value. Furthermore, the second-order MLR model has consistently strong out-of-
sample predictive performance relative to several parametric models of different
orders, and also compared to more non-parametric techniques such as support vector
machines (SVMs) and gradient boosting machines (GBMs).

The remainder of this chapter is organised as follows. In Section 3.2, we review the
literature on customer churn and multi-state modelling. In Section 3.3, we illustrate

how to perform multi-state customer churn analysis using MLR models under the
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first and second-order Markov assumptions. In Section 3.4, we illustrate an applica-
tion of second-order MLR models to study multi-state customer churn in the LGPIF
data, visualising the estimated effects along with demonstrating differences in calcu-
lating customer lifetime value between multi-state versus traditional customer churn
modelling. In Section 3.5, we compare the out-of-sample prediction performance of
the second-order MLR model with several other methods for forecasting transition.

Section 3.6 offers some concluding remarks.

3.2 Literature Review

In actuarial science, multi-state models are commonly divided into time-continuous
and time-discrete approaches (see Haberman and Pitacco 2018, for an overview),
with the primary difference being whether the transitions between states are assumed
to occur at any time or at equally spaced time points during a certain research
period. In this chapter, motivated by commercial insurance data from the LGPIF
and to be consistent with traditional customer churn analysis (e.g., Guillen et al.
2003; Brockett et al. 2008), we adopt the time-discrete approach and assume that
the results of policyholders’ renewal decisions are realised at the end of each contract
period. However, we acknowledge the vast literature on time-continuous multi-state
models used in long-term care insurance (e.g., Pritchard 2006; Fong et al. 2015), life
insurance (e.g., Norberg 2013; Buchardt 2014; Buchardt et al. 2015), and general
insurance (e.g., Orr 2007; Hiirlimann 2015).

In terms of traditional customer churn analysis, particularly in general insurance,
there exists an array of different techniques for modelling the likelihood of customer
churn (a binary response). By far the most popular of these is logistic regression, or
some variation thereof, to quantify the factors driving customer churn (see Guillen
et al. 2003; Giinther et al. 2014; Staudt and Wagner 2018; Frees et al. 2021, among
many others). More recently, data mining techniques such as tree-based methods
and neural networks have grown in popularity for predicting churn rates (Bolancé
et al. 2016; He et al. 2020). Yet another approach uses survival analysis to study
how long a customer will stay with a company after their first policy cancellation
(see for instance Brockett et al. 2008; Guillen et al. 2009, 2012).

It is important to highlight the general trade-offs among these different techniques
for traditional customer churn analysis. Logistic regression is more parsimonious in
the sense of having coefficients that explicitly quantify the effects of predictors on
the response variable (churn rate), which one can perform statistical inference on. In

contrast, machine learning models often exhibit superior predictive capacity due to
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their relative flexibility, but the parameters of (most) machine learning models are
related more to controlling the learning process, without necessarily having a practi-
cal meaning. Such trade-offs also exist in the context of multi-state customer churn
analysis. In this chapter, we adopt multinomial logistic regression (MLR), which is a
natural extension of logistic regression to the case of categorical responses with more
than two levels, as we prioritise interpretability over predictive capacity (although
we note that in our application to the LGPIF data, MLR worked reasonably well in
predicting transitions compared to some machine learning techniques for multi-state

modelling).

MLR has been used in actuarial science to study various multi-class classification
problems. For example, Christiansen et al. (2016) employed MLR to study policy-
holders’ decisions to switch insurance coverage in long-term health insurance, Zhu
et al. (2015) used MLR to model the claim rate, lapse rate, and in-force rate jointly
in life and annuity insurance, while Alai et al. (2015) and Kwon and Nguyen (2019)
applied MLR to model cause-specific mortality. A more relevant work is that of
Antonio et al. (2016), who used MLR with a first-order Markov assumption to build
a multi-state model for the development of a non-life insurance claim process. How-
ever, to the best of our knowledge, this chapter is the first to propose its use with a

second-order Markov assumption in customer churn analysis.

3.3 Multi-State Customer Churn Modelling

For constructing time-discrete multi-state models of customer churn, there are two
strategies we can adopt in terms of fitting MLR models; see Chapter 11.3 of Frees
(2004). First, we can split the data into separate subsets based on each state of
origin, and build a separate MLR model for each subset. For example, suppose
there is a total of three possible states that a policyholder can be in, namely full-
coverage, partial-coverage, and churn, and we want to model the probabilities of
transitioning into these states based (only) on the current state. Then we could
split the data based on the policyholder’s current state, such that we have a subset
comprising all observations whose current state is full-coverage, and another subset
comprising all observations whose current state is partial-coverage (note we ignore
the subset comprising all observations whose current state is churn; see also Figure
3.1 later on). Then, we fit a separate MLR model to each subset, thereby modelling

the transition probabilities from these two states of origin.

Alternatively, we can fit a single MLR model to the whole data, and use indicator

variables to denote the states of origin when calculating the likelihood contribution.
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That is, we can construct interaction terms between each of the explanatory variables
and an indicator variable indicating the state of origin (in the above example, either
full-coverage or partial-coverage), and then include this expanded set of predictors
in the MLR model when calculating the likelihood contribution.

Both the above strategies have their advantages, with the former being computa-
tionally more efficient (especially using parallel computing), while the latter is more
unified and offers a convenient means of (say) testing the equality of parameters,
i.e., the effect of a particular explanatory variable is the same irrespective of the
state of origin, and thus simplifying the regression structure. Importantly though,
both methods of fitting the MLR model will produce the same estimates, statistical
inference, and predictions. With this in mind, we will adopt the second strategy in

this chapter and use an expanded set of covariates in what follows.

To trace the path of a policyholder’s states over time, let [;; denote the state of
i-th policyholder at current time ¢, and {l;1,...,li+—1} denote the history of i-th
policyholder’s states from time 1 up to the previous time point (¢t — 1). Throughout
the chapter, we assume independence among individuals i for i = (1,2,..., N),
which is standard and widely used in the actuarial studies (see for example Frees
et al. 2016; Okine et al. 2022, among others for the LGPIF data specifically) as well
as more broadly in the longitudinal data analysis literature; see also our discussion
in Section 3.6. To build a MLR model (or any general approach for customer
churn analysis as a matter of fact), a key decision to be made is how much of
the policyholder’s state history is associated with the likelihood of being in their
current state. That is, what order a Markov assumption should be assumed for
transition probabilities. In actuarial science, by far the most common assumption
is that of the first-order Markov property (Kwon and Jones 2006, 2008; Bettonville
et al. 2021), meaning that the probability of being in the current state depends
only on the state at the previous time point, and not on earlier states. That is,
P(ligllix, ... liz—1) = P(lit]liz—1). For multi-state customer churn analysis, this
leads to the following first-order MLR model. Assume there are a total of () states
that the policyholder can transition to, i.e., states of destination. Then for the i-th
policyholder, the transition probability from state r at time (¢ —1) to state s at time

t is given by

_ exXp (w;,rtfl,rﬁrs)
ZS:l exp (mztfl,rﬁrs’) 7

P(li’t = S|li’t_1 = 7’) (31)

where x; ;1 , is a vector of explanatory variables for the i-th policyholder who was

in state r at time (t— 1), with its first element set equal to one to reflect an intercept
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term, and the quantity 3,,; denotes the vector of regression coefficients quantifying
the effect of the explanatory variables on the transition probability from state r
to state s. Note the dependence of explanatory variables on the state of origin
reflects the idea that one may wish to, whether based on a-priori knowledge or
exploratory data analysis, include different sets of explanatory variables for the
transitions with different states of origin. Indeed, we adopt this approach in the
LGPIF application, e.g., see Table 3.3. At the same time, the dependence on r
also reflects the construction of an expanded set of covariates, i.e., interaction terms
between each explanatory variable and an indicator variable indicating the state of
origin. In traditional customer churn analysis, it is assumed that the probability
of churn from (¢t — 1) to ¢t depends only on the explanatory variables x; ; at time
(t — 1); see Guillen et al. (2003); Brockett et al. (2008). In this chapter, we further
allow x;;_1, in equation (3.1) to include (values of) explanatory variables previous
to (t —1), e.g., in the LGPIF application these include time-variant predictors such
as the ratio of total premium of this to previous year minus one (Z;;—1,/®it—2,—1);
see Table 3.2.

When building a MLR model as in equation (3.1), we need to decide on a refer-
ence state or reference category among all states of destination s = 1,...,Q. All
the coefficients corresponding to this reference state will then be set to zero for
reasons of parameter identifiability. For instance, if we choose s = 1 to be the ref-
erence state, then we set 3,1 = 0 for all states of origin r, and as such equation
(3.1) for this particular state of destination simplifies to P(l;; = 1|l;s-1 = r) =
(2322 exp (azztflyrﬁrs/) + 1>_ . Note this constraint is consistent with logistic re-
gression, and it is also consistent with the interpretation of the coefficients in a
MLR model in terms of log-odds. Following on from the above example, we have
log (P(liy = s|lig—1 = 1)/P(liz = 1|liy—1 = 7)) = ], ,Brs, for s =2,...,Q, mean-
ing 3,5 explicitly quantifies changes in the log-odds of transitioning (from state r)

to state s relative to transitioning to state 1.

As discussed above, the first-order Markov assumption is a common one made in the
context of (traditional) customer churn analysis. In this chapter however, motivated
specially by our exploration of the LGPIF data, we consider a second-order MLR
model where the probability of being in the current state now depends upon the
states in the previous two time points. More generally, a MLR model of order k
implies that the probability of being in the current state depends on the k earlier
states i.e., P(lit|lix, .- lis—1) = P(Lielliz—k,lit—g+1,---,lir—1). Mathematically, a
second-order MLR model expands on equation (3.1) as follows. For the i-th policy-
holder, the transition probability from states (q,r) at time points (¢t — 2,¢t — 1) to
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state s at time ¢ is given by

exp( th lqr/BqTS)
E’ 1eXp( zt lqr/BqTS)

P(liy=slliz2=q,lig1=71)= (3.2)
The state of origin is now defined by two prior states (q,r) together, while B,
denotes the vector of regression coefficients quantifying the effect of the explana-
tory variables on the transition from state of origin (¢,r) to state of destination
s. We use the second-order MLR model given by equation (3.2) as an example

to calculate the likelihood. Following the second-order Markov assumption, i.e.,

P(liglix, .- liz—1) = P(lit|lit—2,li1—1), we can write the likelihood function as
N
L= Hp<li,1ali,2) X P(ligllin,lio) X .. X P(Lin|lim—2, limi—1), (3.3)
i=1

where T; is the total number of observed states for i-th policyholder. Note that if a
policyholder churned during the study period, then we treated the churn state as the
last observed state (l;r,) for this policyholder. For the second-order MLR model,
we focus on those policyholders who have entered their contracts for more than
one year and ignore the new policyholders; in practice, these new policyholders are
treated differently compared to existing policyholders. Hence, we treat the first two
states of each policyholder as given, i.e., P(l;1,l;2) = 1. Then we can replace the
second-order conditional probabilities in equation (3.3) with the second-order MLR
formula on the right-hand side of equation (3.2). The likelihood of the second-order

MLR model can be written as

N T Q-1Q-1 T I(l;,t—2=@)1(ls,t—1=7)I(l;,+=5)
eXp wi, -1, T/B TS
L@ie) = [T1111 <ZQ it ) . (34)
3 t=3

s'=1 XD (mi,t—l,qrﬁqm')

where indicator variables I(l;+—2 = q), I(l;+—1 = r), and I(l;; = s) identify the states
of origin and destination separately of the transition from (¢t — 2,¢ — 1) to ¢ for
the i-th policyholder. Note the number of states of origin for ¢ and r is (Q — 1)
because they exclude the churn (absorbing) state. In equation (3.4), three successive
observations ({;;—9,l;+—1,;¢) of a policyholder can contribute to the likelihood once,
which is the reason that fitting a higher-order MLR model requires more data as
the order increases. Note that similar to its first-order counterpart, we again need
to select a reference state and set the coefficients corresponding to this reference

state to zero for reasons of parameter identifiability, e.g., s = 1 and 3,1 = 0 for all
(q,7).

By comparing equations (3.1) and (3.2), we observe that a second-order MLR model
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greatly expands the states of origin, and subsequently accounts for more of policy-
holders’ past history when determining the likelihood of moving to different states or
staying in the same state. If such an assumption is appropriate, then equation (3.2)
will generally improve model fitting and predictive power compared to a first-order
MLR model. On the other hand, fitting a higher-order MLR model requires more
data as the order increases, e.g., policyholders who are observed for less than three
time points will not be useful for fitting a second-order MLR model, and we require
a bigger sample size overall to ensure we have sufficient data within each state of

origin to model the transition probabilities effectively.

To better illustrate the difference between using first and second-order MLLR models
for multi-state customer churn analysis, we consider an insurance company that
offers auto insurance (obliged) and homeowners insurance (optional). A policyholder
of this company can reside in three possible states: full-coverage (state 1) where a
customer is covered by both auto insurance and homeowners insurance, partial-
coverage (state 2) where a customer is covered by auto insurance only, and churn
(state 3) meaning a customer drops all insurance coverage and leaves the company.
If we adopt the first-order MLR model, then we need only consider two states of
origin at time (¢ — 1), namely full and partial-coverages (Figure 3.1 left panel).
Since churn is an absorbing state, we do not model transition probabilities from this
state. Following the notation in equation (3.1), we have r = {1,2}, s = {1,2,3},
and ¢ = 3. On the other hand, if we adopt the second-order MLR model, then
we will need to consider four potential states of origin, depending on whether the
policyholder had full or partial-coverage at time points (¢ — 2) and (¢t — 1) (Figure
3.1 right panel). Following equation (3.2), we have ¢ = {1,2}, r = {1,2}, and
s = {1,2,3}. It is clear from Figure 3.1 that a larger number of parameters need
to be involved in the second-order MLR model: after choosing the reference state,
under a first-order Markov assumption, we have four sets of coefficients 3, to model,
while under a second-order Markov assumption we have eight sets of coefficients 3,5

to model.

3.4 Application to Data from Wisconsin Local

Government Property Insurance Fund

We illustrate an application of multi-state customer churn analysis to commercial
insurance data, using a data set publicly available from the Wisconsin Local Gov-
ernment Property Insurance Fund (LGPIF); see Frees et al. (2016), Shi and Yang
(2018), Dong, Frees and Huang (2022) among others for previous uses of the LGPIF
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Figure 3.1: Multi-state customer churn analysis: first-order MLR model (left) and
second-order MLR model (right).

data in actuarial science. The LGPIF is administered by the Wisconsin Office of
the Commissioner of Insurance, with its overarching purpose being to make property
insurance available for local government units. The LGPIF offers six coverages for
policyholders to choose: building and content (BC), contractor’s equipment (IM),
comprehensive new vehicles (PN), comprehensive old vehicles (PO), collision new
vehicles (CN), and collision old vehicles (CO). Since the last four coverages all rep-
resent the vehicle coverage, and also to ensure that there is sufficient data to model
the transition probabilities reasonably well, we choose to combine the four vehicle
coverages as a single coverage that we refer to simply as “Car” coverage. Only

BC coverage is compulsory, while IM and Car coverages are optional for a policy-
holder.

Based on the above, we set up a three-state transition framework for multi-state
customer churn analysis, as exemplified by Figure 3.2. When a policyholder enters
a contract, they can take either a full-coverage contract (state 1, which includes BC,
IM, and Car coverage) or a partial-coverage contract (state 2, which includes BC
plus optional IM or Car coverage). Afterwards, if a policyholder does not adjust
their combination of coverages, then the contract will be in the same state in the
following period, i.e., they stay in the same state. Alternatively, a policyholder may
drop or add certain coverages without churning, which indicates a transition from
state 1 to state 2 or vice versa. Finally, if a policyholder decides to cancel all the
coverages in a contract, then the state of the contract will move to state 3, i.e., will
churn, which is the absorbing state. Note that we did not consider short-term can-

cellations because such information was unavailable to us. However, we acknowledge
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N7

Figure 3.2: A three-state transition diagram of the application to data from LGPIF.
BC refers to building and content insurance, IM refers to contractor’s equipment
insurance, while Car refers to vehicle coverage.

that short-term cancellations could be an important question in some specific situa-
tions. For example, in Norway, the insurance regulations changed in 2006, allowing
customers to cancel their policies at any time and not only on due date (Giinther
et al. 2014). For insurers who want to consider short-term cancellations, they could
use the multinomial logistic regression introduced in this chapter to model multivari-
ate customer behaviours, including renewal, churn, and short-term cancellations. In
addition, because the time of short-term cancellations is random, they could con-
sider building a separate time-continuous model (e.g., Orr 2007; Hiirlimann 2015)
for short-term cancellations. Doing so helps insurers better understand the reason

for short-term cancellations and brings new insights into customer behaviour.

Note state 2, i.e., partial-coverage, actually includes three types of contracts (Figure
3.2); again, the reason we collect these three forms of contracts into one state is to
address data imbalance (a very small number of observations for some transitions),
and subsequently to ensure that there is sufficient data to model all transition prob-
abilities reasonably well. We refer the reader to Appendix B.1 for a discussion of an

expanded five-state transition framework as well as the issue of data imbalance in
the LGPIF data.

As part of our exploratory data analysis, Table 3.1 lists the second-order transition
data and corresponding empirical transition probabilities from 2006 to 2013. As
discussed in Section 3.3, although we will not model new policyholders’ behaviour,
we list these new policyholders’ transitions (referred to as state “0” at time (¢ — 2))
in Table 3.1 to offer a complete picture of the data. From time (¢—2) to (t—1), there
are more observations in the states of origin (1, 1) and (2,2), i.e., staying in the same
state, compared to changing states. More importantly, we notice that observations

staying in the same states over the past two years have higher empirical transition
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probabilities of staying in the same state next year. For example, one can compare
the empirical transition probabilities based on state of origin (1,1), i.e., having
full-coverage in the past two years, with those based on state of origin (2,1), i.e.,
having partial-coverage and then full-coverage in the past two years. The empirical
transition probability of moving from state of origin (1,1) to state 3, i.e., churn, is
2.93%, while the empirical transition probability of moving from state of origin (2, 1)
to churn is 0%. Furthermore, the empirical transition probability of moving from
state of origin (1, 1) to state 2, i.e., partial-coverage, is 2.44%, while the empirical
transition probability of moving from (2,1) to partial-coverage is 11.63%. That is,
policyholders who stayed with full-coverage over the past two years are more likely
to churn and less likely to move to partial-coverage, relative to policyholders who
moved from partial to full-coverage in the past two years. Overall, these initial
results suggest that a policyholder’s coverage at time (¢ —2) plays an important role
in affecting their behaviour, beyond that seen at time (¢ — 1). With this in mind,
we decided to build a second-order MLR model, as exemplified by equation (3.2),

to analyse multi-state customer churn in the LGPIF data.

Table 3.1: Second-order transition counts and empirical transition probabilities in
per cent (in parentheses) from 2006 to 2013. In each row, the sum of counts repre-
sents the total observations in the corresponding state of origin.

State of destination (t)

State of origin State 1 State 2 State 3
(t—2,t—1) (full-coverage) (partial-coverage) (churn)
(0, 1) 416 (92.24%) 22 (4.88%) 13 (2.88%)

(1, 1) 2008 (94.63%) 54 (2.44%) 65 (2.93%)

(2, 1) 38 (88.37%) 5 (11.63%) 0 (0.00%)

0, 2) 14 (1.72%) 780 (95.50%) 22 (2.70%)

1, 2) 7 (9.33%) 63 (84.00%) 5 (6.67%)

(2, 2) 27 (0.65%) 4015 (96.31%) 127 (3.05%)

Finally, it is important to highlight that we did not consider orders higher than two
in our application, primarily because the LGPIF did not contain sufficient infor-
mation to do so, i.e., the data did not contain enough time points or observations
such that we should feasibly fit a higher-order MLR model effectively. For life in-
surance companies that do have long-term policyholders’ data available (say), then

an exploration of subsequent higher-order analysis is warranted.
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3.4.1 Review of Variables in Customer Churn Analysis

In Table 3.2, we summarise the explanatory variables that we will consider in our
multi-state customer churn analysis of the LGPIF data based on a combination of
our background knowledge and exploratory data analysis (see also the discussion at
the beginning of Section 3.4.2). These explanatory variables are commonly used in
customer churn analysis in general insurance, and we refer the reader to Appendix
B.2 for a discussion on these variables. Note in particular that we included an indi-
cator variable for the 2008 financial crisis, because it was one of the most important
global financial events within the training set and statistically highly significant.
As part of our exploratory data analysis for the LGPIF data, we examined several
other continuous economic growth variables, such as GDP and federal rate, but
found that none of them were statistically significant predictors for the transition
probabilities. Also, note that since the LGPIF is a commercial insurance fund tar-
geting government units as policyholders, then variables commonly seen and used
in personal insurance, such as age and gender, are not present for inclusion in our

analysis.

For the purposes of this chapter, we treat all variables as strictly exogenous, and
we do so to be consistent with the existing literature on traditional customer churn
analysis (see for instance Guillen et al. 2003; Brockett et al. 2008, among others).
We refer the reader to Appendix B.3 for a discussion on exogeneity in the context
of general insurance, and leave the issue of treating certain variables as sequentially
exogenous/endogenous for future research. For example, in Chapter 4, we treat
claims variables as endogenous and build a joint model of claims and customer churn.
It is also important to point out that not all of the variables will be used in our
final model. Moreover, we will allow different sets of explanatory variables to drive
the transition probabilities with different states of origin, i.e., the dependence on
the subscripts (g, r) in the covariates x;;_; 4 in equation (3.2). On the explanatory
variables themselves, we calculate and use rates (premium per coverage) instead of
using premiums directly for each type of coverage, as we found that the premium
of a contract was highly affected by the coverage size of the contract. Since the size
of coverage in commercial insurance is relatively large and varies from year to year,
then we want to separately study the effect of rate variation and coverage variation

on the transition behaviour of policyholders.

3.4.2 Second-Order MLR Model: Estimated Effects

We fitted second-order MLR models to the LGPIF data from years 2006 to 2012,

and left year 2013 as a holdout set that we will use later on to assess out-of-sample
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Table 3.2: Variable description for our application to the LGPIF data.

Variable name Description

RateBC Rate of BC, i.e., premium per million BC coverage ($1000 USD)
RateIM Rate of IM, i.e., premium per million IM coverage ($1000 USD)
RateCar Rate of Car, i.e., premium per million Car coverage (31000 USD)
RatioPremium Ratio of total premium of this to previous year minus one
TotalCoverage Value of policy coverage (hundred millions USD)

FrequencyBC Frequency of BC claim

FrequencyIM Frequency of IM claim

FrequencyCar Frequency of Car claim

I(ClaimBC) Indicator of BC claim occurrence (0 = no claim)

I(ClaimIM) Indicator of IM claim occurrence (0 = no claim)

I(ClaimCar) Indicator of Car claim occurrence (0 = no claim)

I(Entity: types) Indicator of types of entity: Ci = city; Co = county; Sc = school;

Mi = misc; To = town; Vi = village,
e.g., [(Entity: CiSc) = 1 means the entity is either city or school

I(FinaCris) Indicator of 2008 financial crisis (1 means in 2008)

Note: All the variables take the values at time (¢t — 1), when considering the transition probability

from time (¢ — 1) to ¢.

performance in Section 3.5. We performed exploratory data analysis to assess which
explanatory variables to include as part of @;;_1 4. In particular, we started with
all variables listed in Table 3.2, and chose the final set of covariates as the set of
explanatory variables which were statistically significant at the 10% level for at
least one transition probability (either to partial-coverage or to churn, where full-
coverage was set to be the reference state). Note from Table 3.2, there were only a
handful of observations with states of origin equal to (2,1) and (1,2). As such, we
restricted the number of explanatory variables to two for the transitions with these
two states of origin, so as to avoid (excessive) overfitting. We used the multinom
function from R package nnet (Venables and Ripley 2002) to fit the second-order
MLR model. Note the standard errors calculated are non-robust, as the multinom
function does not support calculating robust standard errors currently; we refer the
reader to Appendix B.4 for the same analysis using Stata 17, which also returns

robust standard errors.

Table 3.3 presents the estimated coefficients and corresponding 90% confidence in-
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tervals for the explanatory variables included in the fitted second-order MLR model.
From the estimated MLR model, we observe that both the set of important explana-
tory variables and the resulting effect sizes differed greatly depending on the state
of origin. This in turn reflected a notion that the second-order states of origin play
an important role in distinguishing between different transition probabilities, and

we discuss the results for each of the four states of origin separately below.

For policyholders with full-coverage in the previous two time points, i.e., state of
origin equal to (1, 1), there was statistically clear evidence of an association between
the likelihood of transitioning to partial-coverage and the three coverage rates. In
particular, a higher rate of IM was related to a higher transition probability to
partial-coverage, while higher rates of BC and Car were associated with a lower
transition probability to partial-coverage. Both the occurrence of BC claim and the
occurrence of IM claim significantly reduced the likelihood of churn, while the oc-
currence of BC claim suggested that the customer was likely to drop some coverage
(moved to the partial state). That is, we found that different claim types exhibited
different effects on transition probabilities, which is an interesting new insight relat-
ing to the role of claims in customer churn analysis. The slopes for TotalCoverage
suggested that big buyers (policyholders with large coverages) were less likely to
move to either partial-coverage or churn compared to small buyers. Finally, policy-
holders who experienced larger total premium increases in the previous two years
(i.e., positive values of RatioPremium) were significantly more likely to churn the
next year, although there was no statistically clear evidence of a similar effect on

the likelihood of transitioning to partial-coverage.

For policyholders who went from partial-coverage to full-coverage over the previous
two time points, i.e., state of origin equal to (2, 1), the occurrence of Car claim was
found to significantly increase the probability of staying in full-coverage. Also, the
three coefficients of the transition to churn were all negative, which suggested the
predicted probabilities of this type of transition would always be zero. This result
was not surprising given such transitions were not found in the training set in the

first place; see the transition from (2,1) to churn in Table 3.1.

For policyholders who dropped from full-coverage to partial-coverage over the pre-
vious two time points, i.e., state of origin equal to (1,2), there was statistically
clear evidence of an effect of a higher rate of IM on the transition probability to
partial-coverage, and moreover the magnitude of this effect was similar to that of

policyholders with state of origin (1,1).

Finally, for policyholders with partial-coverage over the previous two time points,

i.e., state of origin equal to (2,2), a large number of BC claims was found to be
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Table 3.3: The second-order MLR model estimates with 90% confidence interval in
parentheses.

State of destination

Partial-coverage (s = 2) Churn (s = 3)
Estimate CI Estimate CI

State of origin: (¢=1,7r=1)

Intercept -23.23  (-25.18, -21.29)* -21.52  (-23.16, -19.87)*
I(Entity: ScToVi) 19.73 (18.74, 20.72)* 17.01 (16.16, 17.87)*
I(Entity: CiMi) 20.66 (19.63, 21.68)* 16.21 (15.25, 17.18)*
I(ClaimBC) 0.20 (-0.34, 0.74) -0.64 (-1.26, -0.02)*
I(ClaimIM) -0.47 (-2.18, 1.24) -27.55  (-27.55, -27.55)*
RateBC 286  (-4.67, -1.05)" 0.30  (-0.76, 1.35)
RateIM 1.37 (0.16, 2.57)* 0.76  (-0.25, 1.77)
RateCar 039 (-0.61, -0.16)* 0.04  (-0.25,0.17)
RatioPremium 0.81  (-0.49, 2.12) 0.93 (0.02, 1.83)*
TotalCoverage -0.88 (-1.48,-0.27)* -0.66 (-1.31, -0.00)*
State of origin: (¢ =2,7r=1)

Intercept 15.98 (-16.38, -15.60)*  -16.74 (-16.74, -16.74)*
I(Entity: ScToVi) 14.29 (13.89, 14.69)* -3.66 (-3.66, -3.66)*
I(ClaimCar) -11.78  (-11.78, -11.78)* -2.82 (-2.82, -2.82)*
State of origin: (¢ =1,7 =2)

Intercept 20.87 (19.45, 22.30)* 20.84 (19.43, 22.26)*
I(Entity: ScToVi) 21.24 (-22.68,-19.81)*  -21.01 (-22.43,-19.59)*
RateIM 1.19 (0.07, 2.31)* 007 (-1.23, 1.09)
State of origin: (¢ =2,r =2)

Intercept 23.72  (23.41, 24.03)* 20.26  (19.74, 20.58)*
I(Entity: CiScToVi) — -18.72 (-19.03, -18.40)*  -18.60 (-18.94, -18.27)*
I(FinaCris) 0.90  (-1.58, -0.20)* 042 (-1.19, 0.35)
FrequencyBC 0.02 (-0.21, 0,25) -0.71 (-1.16, -0.27)*
RatioPremium 3.25 (0.70, 5.80)* 3.56 (1.00, 6.13)*
Note: * confidence intervals excluding zero
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associated with a significantly lower probability of churn (but no effect on the like-
lihood of transitioning to partial-coverage). Also, policyholders who experienced
total premium increases in the previous two years were significantly less likely to
obtain full-coverage in the following year. Finally, we found that the 2008 financial
crisis only presented a statistically clear negative effect for this particular group of
policyholders, as it strongly decreased their likelihood of retaining partial-coverage

in the following year.

For all policyholders, we found that entity type played a statistically significant
role in driving the transition probabilities, although this differed depending on the
precise state of origin. For example, the entity being equal to either school, town, or
village, i.e., I(Entity: ScToVi) = 1 was found to be associated with a significantly
higher probability of churn when the state of origin was (1, 1), but a significantly
lower probability of churn when the state of origin was (2,1), compared to the

corresponding reference entity type.

Finally, it should be noted that several of the statistically significant effects estimated
from the MLR model were distinctly large (Table 3.3). This potentially reflected a
level of overfitting by the second-order MLLR model to the LGPIF data. For instance,
the estimated pair of effects for Entity(ScToVi) when the state of origin was (1, 2)
was approximately —21. This large negative coefficient was attributed to the fact
that in the LGPIF training data, when the entity type was equal to a school, town,

or village, all policyholders with a state of origin (1,2) retained full-coverage.

The large estimated effects in this application arise more as a feature of the data
rather than an actual problem with the MLR model. That is, the sample size of
the LGPIF data was not overly large, and its time horizon (2006 to 2012) was not
long enough to observe more actual transitions. Importantly, we expect this data
problem to be neither common nor serious for most multi-state customer churn
analyses, given the majority of insurance companies commonly have (much) more
accumulated years of longitudinal data. From a modelling perspective, it is pos-
sible to apply regularisation penalties, e.g., the lasso, ridge or bias-correction type
penalties, to shrink these coefficients away from large values and hence potentially
avoid an excessive degree of overfitting (Madigan et al. 2005), while also ensuring
that overall conclusions in terms of statistically significant effects are retained. We
leave such extensions of the MLR model for future research, as the main focus of
this chapter is on illustrating MLR models as a modelling technique for multi-state
customer churn analysis. For readers interested in the goodness-of-fit tests of the
fitted MLR model, we provide the results of these in Appendix B.5.

In summary, for the LGPIF data, we have found that premium information, claim
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experience, and contract information play statistically significant roles in driving
multi-state customer transition probabilities. It is important to highlight that the
marketplace we examined in the chapter has not been previously examined in the
actuarial customer churn literature, i.e., the LGPIF is a special line of commercial
insurance with its overarching purpose being to make property insurance available
for local government units. On the one hand, government units differ from personal
customers, this is a smaller marketplace with fewer insurance providers, and there
may not be readily available alternatives which government customers can choose
from (the original motivation for establishing the fund). This lack of availability
will certainly affect policyholders’ decisions to leave the fund, suggesting that the
results from this chapter may not be consistent with other studies that have focused
on personal insurance. On the other hand, the complexity of the insurance indus-
try, influenced by factors such as business lines (life/general, personal/commercial),
regional laws and regulations, company reputation and service, as well as specific

contract terms inherently limit the generalisability of any single dataset.

At the same time, our analysis offers a more complete picture of the different roles
that factors play in determining customer behaviour beyond simply whether poli-
cyholders churn or not. Indeed, understanding the drivers of customer transition
behaviour can assist insurance companies with marketing campaigns, e.g., pushing
customers to concentrate all their insurance policies in the same company. For ex-
ample, the estimation result of RatioPremium in Table 3.3 suggests that a small
discount (leading to a negative value of RatioPremium) may attract policyholders
to stay with the insurance company or even purchase additional coverages. An open
question for future research is how to use the multi-state customer churn analysis
to identify target customers for marketing campaigns and design optimal market-
ing strategies for insurance companies. Note also that the effects and scope of
exploratory variables considered depend on the second-order state of origin, which

in turn sheds light on the importance of a higher-order analysis.

3.4.3 Second-Order MLR Model: Visualisation

We examine two types of figures that can be used to better understand the effects of
explanatory variables in MLR models, namely conditional effect figures and average
marginal effect figures. Briefly, a conditional effect plot quantifies the estimated
effect for an individual policyholder (micro-perspective), while an average marginal
effect plot quantifies the effect for an entire population of policyholders (macro-

perspective).

A conditional effect is based on varying a single predictor (the focal variable) while
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fixing all the other variables at certain values, such that it quantifies the effect of
the focal variable and ignores how it correlates (and thus might hence) with other
variables in practice. As a result, in the context of multi-state customer churn
analysis, conditional effect plots are useful for interpreting the model results from
the perspective of an individual policyholder. The insurer can draw conditional
effect figures by setting the “condition” to reflect the characteristics of a target
policyholder, and thus understand the role a focal variable plays in triggering this
policyholder’s transition behaviour. This in turn can assist the insurer, say, in
developing a targeted strategy to maintain a policyholder’s loyalty. By default,
when varying the focal variable in a conditional effect plot, we can fix all numerical

variables at their mean values, and fix all factor variables at their reference levels

(say).

To illustrate the use of a conditional effect plot, we consider the second-order MLR
model fitted above to the LGPIF data, and target a city entity (policyholder) with
partial-coverage over the past two years, i.e., state of origin equal to (2,2). In this
case, there are only four exploratory variables affecting transition probabilities for
this policyholder; see Table 3.3. Suppose we want to specifically study how the
ratio of total premiums affects this policyholder’s transition behaviour. From the
resulting conditional effect plot (Figure 3.3 left panel), we observe that, generally
speaking, if that target policyholder experiences a larger total premium increase in
the previous two years (i.e., positive values of RatioPremium), then the likelihood
of transitioning to full-coverage and even maintaining partial-coverage decreases, as
that targeted policyholder is more likely to churn. This full picture is not immedi-
ately obvious when we only examine the corresponding estimated effects in Table
3.3: the estimated coefficients of RatioPremium to partial-coverage and to churn
are 3.25 and 3.56, respectively. However, as discussed in Section 3.3 these coeffi-
cients explicitly quantify the effect of the ratio of premiums on the log-odds relative
to full-coverage, and thus only offer an idea of the relative changes in transition
probabilities. By contrast, from the conditional effect plot we see that, in fact, the
probability of transitioning to partial-coverage is concave in shape as a function of

Ratio Premium, while the probability of churn is monotonically increasing.

As an alternative to conditional effects, the average marginal effect calculates each
policyholder’s effect of transition probabilities from varying a focal variable, and then
averages this across the resulting effect estimates among all policyholders. Conse-
quently, this takes into account how variables are naturally correlated with each
other as based on the data (Leeper 2017). Average marginal effect figures are useful

for interpreting the fitted MLR model at a population level, i.e., macro-perspective
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Figure 3.3: The effect of RatioPremium on transition probabilities: conditional
effect (left panel) for a city entity with state of origin equal to (2,2), compared to
an average marginal effect (right panel).

for all policyholders. That is, the insurance company can construct average marginal
effect plots with different focal variables to understand how the changes affect the
transition probabilities across all policyholders currently holding contracts, and in
turn, develop general as opposed to personalised strategies to maintain customer
loyalty. As an example of this, and to contrast with the conditional effect plot, we
again consider the ratio of premiums as a focal variable, but this time study its av-
erage marginal effect among all policyholders in the LGPIF data. The resulting plot
is shown in the right panel of Figure 3.3, from which we see that the probability of
transitioning to partial-coverage is (also) concave in shape as a function of premium
ratio, while the probability of churn is (also) monotonically increasing. However,
the probability of transitioning to partial-coverage (relative to churn) in the average
marginal effect plot is consistently lower compared to that in the conditional effect
plot. This difference in probability curves indicates the difference of effects from a
focal variable to an individual policyholder versus all policyholders. Notice also that
in Table 3.3, the premium ratio was only included to model the transition proba-
bilities from states of origin (1,1) and (2,2), i.e., policyholders who had the same
level of coverage across the two previous years. Interestingly, this alone suffices to
induce an effect across the broader population of policyholders with the insurance

fund, and the average marginal effect plot of Figure 3.3 reflects this.
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3.4.4 Comparing Multi-State and Traditional Customer
Churn Analysis

As a comparison between multi-state and traditional customer churn analysis for
data from the LGPIF, we use an example based on calculating customer lifetime
value (CLV). At the end of each year before the renewal date, an insurer may
construct models as part of their customer churn analysis, which are then used
to calculate policyholders’ CLV, the discounted future income stream derived from
acquisition, retention, and expansion projections and their associated costs (Gupta
et al. 2004). As a simple illustration of this, we consider an “average” policyholder
for a two-year time horizon, defined as a customer whose numerical explanatory
variables are set equal to the mean values from the data, and whose factor variables
are set equal to their modal categories. All exploratory variables are then fixed
for two years. We further assume that the policyholder has had full-coverage over
the past two years, i.e., state of origin equal to (1,1), and we use customer churn
models to assess their behaviour over the next two years. For readers interested
in the precise values of exploratory variables, we refer to Appendix B.6. We also
point out that all settings in this section were purposefully designed to make the
illustration relatively simple yet insightful. In future applications of the proposed
MLR model for multi-state customer churn modelling, it is perhaps recommended
to adopt richer techniques such as generalised linear models or machine learning
techniques to predict claims and interest rates for the CLV calculation. For example,
in Chapter 4 , we build a joint model of claims and customer churn for a more

accurate CLV calculation.

We calculate the CLV of this average policyholder for the next two years via multi-
state customer churn modelling and traditional customer churn modelling. The
formula for the CLV of a policyholder is given by CLV = Z;‘le P;(Revenue;, —
Cost;)/(1+Discount Rate;)?, where Revenue, and Cost; denotes the revenue and cost
respectively for a customer at time ¢, P, denotes the probability that the customer
still has a valid contract up to time ¢, and Discount Rate; is interest rate used to
discount cash flow at time t. For illustrative purposes, we assume Revenue; is the
premium paid in dollar value by the policyholder at time ¢, and that it is fixed at the
state-specific average value in the data set. Moreover, Cost; is the expected claim
cost in dollar value from the policyholder after paying deductibles, and it is also fixed
at the state-specific average value in the data set. We fix Discount Rate; at 1.78%),
i.e., the annual average federal funds rate from 2006 to 2012 in the LGPIF data.
Table 3.4 lists the values of these quantities according to the state of the policyholder.

For a policyholder in full-coverage, the revenue is higher than the expense. However,
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the revenue is lower than the expense for a policyholder in partial-coverage.

Table 3.4: CLV calculation: state-specific revenue, state-specific expense, and inter-
est rate.

Revenue; Cost; Discount Rate;
Full-coverage $34,556 $28,283 1.78%
Partial-coverage ~ $12,268 $12,904 1.78%

For traditional customer churn analysis, we assume the insurance company will build
a second-order binary logistic regression (BLR) model to predict the probability of
churn for this policyholder in the next two years, while for multi-state customer
churn analysis, we use the second-order MLLR model fitted in Section 3.4.2. Note
that one limitation of one-versus-all BLR models is that the transition probabilities
from the same state of origin are independently modelled, and thus need not and in
general do not sum to one. We refer the reader to Appendix B.7 for the illustration
of the second-order one-versus-all BLR models in the context of multi-state customer
modelling. Importantly, multi-state customer churn analysis focuses on all types of
transition among states (see Figure 3.2), while traditional customer churn analysis
only focuses on the transition to churn. Consequently, there are three scenarios
to consider if the insurer performs traditional customer churn analysis, but seven
scenarios to consider if the insurer performs multi-state customer churn analysis.
We refer to Appendix B.8 for the visualisation of all scenarios for traditional and

multi-state customer churn analysis.

Table 3.5 presents results of CLV calculations comparing traditional and multi-
state customer churn analysis. In the case of the former, the CLV over the three
possible scenarios was $2,917.4. In the latter, we notice that when the (average)
policyholder’s future path is to partial-coverage for both years or to partial-coverage
followed by churn, the expected present value is negative. This is because when the
policyholder takes partial-coverage (in state 2), the revenue is less than the expense;
see Table 3.4. Across the seven possible scenarios, the CLV of the policyholder

calculated by multi-state customer churn analysis was $2,844.5.

Through Table 3.5, we can see the difference in calculating CLV between traditional
versus multi-state customer churn analysis, which in case ends up being $72.9. In
practice, customer lifetime is commonly longer than two years, and so it is likely that
an even larger difference in CLV between the two approaches would be observed.
Furthermore, while we have considered an “average” policyholder, insurers are typ-

ically more interested in those who pay a lot of premiums annually, i.e., big buyers.
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Table 3.5: Scenarios of the future path and CLV calculation: traditional customer
churn analysis versus multi-state customer churn analysis.

Traditional customer churn analysis (second-order BLR)

Scenario Probability (per cent)  FEzpected present value
(full, full) 92.60% $2835.7
(full, churn) 3.63% $81.8
(churn) 3.77% $0.0
Sum 100% $2917.4

Multi-state customer churn analysis (second-order MLR)

Scenario Probability (per cent)  Expected present value
(full, full) 89.15% $2730.3
(full, partial) 1.68% $36.5
(full, churn) 3.58% $80.7
(partial, full) 0.27% $1.5
(partial, partial) 1.32% $-4.1
(partial, churn) 0.20% $-0.5
(churn) 3.80% $0.0
Sum 100% $2844.5

The difference in CLV between the two approaches will again likely be larger for
this select group, relative to what we saw in this example. To summarise, because
multi-state customer churn analysis considers all possible transitions among states
when calculating CLV, and since policyholders in different states naturally have dif-
ferent values for insurers, then we believe such an analysis will generally improve
the accuracy of CLV calculations. Ultimately, this is relevant to the profitability of
insurance companies (Neslin et al. 2006), as it helps them better distinguish valuable

customers and trivial customers.

3.5 Assessing Out-of-Sample Performance

Using the LGPIF data, we assessed the out-of-sample prediction performance of the
proposed second-order MLR model, and compared it with several other models for

predicting customer transition/churn rates. In particular, we also considered a first-
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order MLR model as formulated in equation (3.1), along with a first-order and a
second-order one-versus-all BLR models (see Appendix B.7). We also included two
non-parametric methods that are widely used in traditional customer churn analysis
(He et al. 2020), namely gradient boosting machines (GBMs) and support vector
machines (SVMs). As both can be applied for multi-class classification problems
also, then they can be straightforwardly adapted for use in multi-state customer

churn analysis with the first-order assumption. We refer to Appendix B.9 for details

of applying GBMs and SVMs to the LGPIF data.

All methods were fitted to LGPIF data from years 2006 to 2012, and out-of-sample
validation was performed on data in year 2013. In terms of assessing performance, a
widely-used evaluation metric in traditional customer churn analysis is error rate =
(1—accuracy), which is defined as the percentage of incorrectly classified observations
in the test set (see for example Bolancé et al. 2016; Loisel et al. 2019; Scriney
et al. 2020). However, a major disadvantage of error rate is that it is not well
suited to imbalanced data with rare events (with imbalanced classes, it is easy to
get a low error rate without actually making useful predictions, Morrison 1969),
and this is the case here with the LGPIF data, as exemplified in Table 3.1. As
such, we require alternatives to error rate, and here we consider the area under the
receiver operating characteristic curve (AUC, Cortes and Mohri 2003). The AUC
is better suited for assessing classification accuracy in imbalanced data, since it is
independent of the choice of classification threshold and avoids choosing the largest
estimated probability for the multi-class classification; see Hand and Till (2001) and
He and Ma (2013). In this chapter, we calculate both multi-class AUCs and the
standard binary-class AUCs for model assessment. Additionally, we calculate the
top-decile lift, which is a well-established evaluation metric in traditional customer
churn research of marketing, and is noted for its ability to target critical customers
(Pendharkar 2009; De Bock and Van den Poel 2011). We demonstrate how to make

use of the top-decile lift for multi-state customer churn analysis.

Note we compare different models’ predictive power using widely accepted metrics,
namely AUCs and the top-decile lift. But we also acknowledge they are not al-
ways the best choices depending on the specific setting. For instance, Guelman
et al. (2012) suggests that insurers should develop models and metrics to instead
identify the target customers who are likely to respond positively to a customer
retention campaign. Designing and choosing appropriate metrics in multi-state cus-
tomer churn analysis for insurers, in order to maximise their utility, is an interesting

topic that we leave for future research.
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3.5.1 AUC

While AUC is well established for assessing binary classification, here we consider
two other types of AUC for multi-class classification problems, namely micro-AUC
and macro-AUC (Wu and Zhou 2017). Macro-AUC is derived from the receiver
operating characteristic curve based on macro-average true positive and false positive
rates (TPR and FPR), where the macro-average is defined by calculating TPR and
FPR independently for each class and then taking the average. Because macro-
average quantities treat all classes equally, then they better reflect the statistics
of the smaller classes, and so are more appropriate when performance on all the
classes is equally important. By contrast, micro-AUC is derived from the receiver
operating characteristic curve based on micro-average TPR and FPR. The micro-
average pools the contributions of all classes before constructing TPRs and FPRs.

As such, micro-average quantities are dominated by the more frequent class.

Table 3.6 presents the binary AUCs for each type of transition, along with the
micro- and macro-AUCs for all six methods considered. Additionally, we consider
applying the methods both to the original training set, and to a balanced training set
constructed through oversampling. Since the main aim of this chapter is not about
optimising a model’s predictive performance, then we used the upSample function
from R package caret (Kuhn 2021) to oversample the training set based on the state
of destination in order to deal with data imbalance issue. We ensured the numbers
of transitions with different states of destination (full-coverage, partial-coverage,
and churn) were equal by adding additional samples to the minority transitions
with replacement. In contrast to oversampling, undersampling is also widely used
in customer churn analysis when a data set includes a large number of records;
see Scriney et al. (2020). However, as discussed in Section 3.4, the LGPIF data
does not contain enough time points or observations for this to be relevant. Note
for each of the BLR and MLR models, we used explanatory analysis to determine
the appropriate regression forms based on the original training set (explanatory
variables were chosen if they were statistically significant at the 10% level for at least
one transition probability). We then used these forms in the models fitted to the
balanced training set. For GBMs and SVMs, we tuned the relevant hyperparameters

using the original training set and the balanced training set separately.

For methods fitted to the original training set (Table 3.6 top half), there is no
single-best method across all AUCs. The second-order BLR model had the highest
AUC to churn and macro-AUC, which indicates that it performed well at predicting
the likelihood of customer churn specifically. If we compare the two second-order

models with the two first-order models, then the former was consistently better
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Table 3.6: Out-of-sample validation: AUCs of six models (top: original training set;
bottom: balanced training set).

AUC (to full) AUC (to partial) AUC (to churn) Macro-AUC Micro-AUC

Second-order MLR 0.990 0.974 0.690 0.885 0.987

Original  First-order MLR 0.985 0.971 0.651 0.869 0.984
training  Second-order BLR 0.990 0.979 0.691 0.887 0.987
set First-order BLR 0.985 0.977 0.651 0.871 0.984
SVM 0.993 0.976 0.676 0.882 0.988

GBM 0.994 0.980 0.654 0.876 0.988
Second-order MLR 0.989 0.980 0.700 0.890 0.980

Balanced First-order MLR 0.985 0.976 0.648 0.870 0.984
training  Second-order BLR 0.989 0.979 0.696 0.888 0.978
set First-order BLR 0.985 0.977 0.645 0.869 0.984
SVM 0.972 0.880 0.532 0.795 0.907

GBM 0.991 0.975 0.643 0.870 0.982

Higher AUC indicates better performance.

than the latter in terms of AUC. This further supports the notion that, for MLR
models, a second-order Markov assumption leads to more accurate classifications
of customer transition. The GBM had the highest AUC to full-coverage, AUC to
partial-coverage, and micro-AUC. When we compare methods fitted in the balanced
training set (Table 3.6 bottom half), the second-order MLR model had the highest
AUC to partial-coverage, AUC to churn, and macro-AUC, while GBM had the
highest AUC to full-coverage. Again, if we compare the two second-order models
with the two first-order models, then the former had higher AUCs than the latter

in all cases except micro-AUC.

Lastly, when comparing methods across the original and balanced training sets, we
observe that the second-order models tended to achieve higher AUC to churn in
the balanced training set. However, the overall prediction performance of the other
four models became worse in the balanced training set compared to the original
training set. This suggests that, at least for the LGPIF data, balancing the data
set for second-order models had the potential to improve their prediction perfor-

mance.

3.5.2 Top-Decile Lift

Top-decile lift is commonly used in customer churn analysis to focus on the most
critical group of customers and their churn risk (see for example Neslin et al. 2006;
Holtrop et al. 2017; Devriendt, Berrevoets and Verbeke 2021). Broadly speaking,
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those with the highest 10% predicted churn rates in a test set present the riskiest
customers and subsequently an ideal segment for targeting a customer retention
program. Top-decile lift is then calculated as the proportion of churners in this
riskiest segment, divided by the proportion of churners in the whole test set. It thus
acts as a practical measure to compare different methods for predicting customer
churn by assessing their relative abilities to identify the set of riskiest customers.
Put another way, a predictive method with a high top-decile lift gives confidence to
insurers that they can still reach a majority of all potential churners by targeting
the top 10% riskiest segment only (Neslin et al. 2006).

We extend the idea of top-decile lift to multi-state customer churn analysis. That is,
we calculate top-decile lift and target the corresponding top 10% riskiest segments
for transitions with different states of destination. In detail, for a given state of
destination s, we first identify the 10% riskiest segment, i.e., the policyholders with
the highest 10% of predicted transition probabilities to that state of destination.
The top-decile lift is then given by TDL, = #10% /7, where #1°% is the proportion
of the actual transitions to state s in the corresponding 10% riskiest segment, and 7,
is the proportion of the true transitions to state s across the entire test set. A higher
value of top-decile lift reflects a better capacity to predict the riskiest policyholders

for a particular type of transition.

Table 3.7 presents the results from calculating top-decile lifts to full-coverage,
partial-coverage, and churn in both the original and balanced training sets of the
LGPIF data. GBM and SVM had the highest top-decile lift to churn in the origi-
nal training set, while the second-order MLR model had the highest top-decile lift
to churn in the balanced training set. Both first- and second-order MLR models
performed equivalently in terms of top-decile lifts to churn in the original training
set, but when fitted in the balanced training set, the second-order MLR model per-
formed noticeably better than its first-order counterpart. A similar conclusion can
be drawn if we compare first- and second-order BLR models. This again supported

the use of the second-order Markov assumption for customer churn analysis in the
LGPIF data.

Finally, when we compare Tables 3.6 and 3.7, we can see that balancing the training
set had the potential to improve a model’s out-of-sample predictive performance,
especially for predicting transitions to churn. This reflected the fact that, in the
original training set, the transitions to churn were in the minority, and dominated
by transitions to full- and partial-coverage (Table 3.1). When we balanced the
original training set through oversampling, we oversampled the transitions to churn,

and so their corresponding weight was increased when fitting models, thus generally
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Table 3.7: Out-of-sample validation: top-decile lifts of six models (top: original
training set; bottom: balanced training set).

TDL (to full) TDL (to partial) TDL (to churn)

Second-order MLR 3.09 1.50 0.87

Original  First-order MLR 3.09 1.51 0.87
training  Second-order BLR 3.09 1.51 0.87
set First-order BLR 3.09 1.51 0.87
SVM 3.03 1.51 1.74

GBM 3.09 1.53 1.74
Second-order MLR 3.06 1.51 2.61

Balanced First-order MLR 3.06 1.51 1.74
training  Second-order BLR 3.06 1.51 2.17
set First-order BLR 3.06 1.51 1.30
SVM 2.97 1.50 0.00

GBM 3.06 1.53 1.74

Higher TDL indicates better performance.

improving out-of-sample predictions for this minority class.

3.6 Discussion

In this chapter, we have proposed the concept of multi-state customer churn analysis
for commercial insurance. To study policyholders’ behaviour beyond just churn/not
churn and across multiple periods, we develop multinomial logistic regression (MLR)
models with a second-order Markov assumption. Through the use of such models,
which favour interpretability over predictive power, insurance companies can gain
a complete picture of how a policyholder’s past states affect their decision to move
to the next state, as well as the complex relationships between transition prob-
abilities and various explanatory variables related to premium information, claim
information, and contract type. To the best of our knowledge, this is the first chap-
ter (paper) to employ a second-order MLR model for customer churn research in

actuarial science.

We present an application of multi-state customer churn analysis by fitting second-
order MLR models to investigate policyholders’ behaviour on data from the Wis-

consin LGPIF. Empirical analysis demonstrates that explanatory variables play dif-
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fering roles in triggering different types of transitions, and this in turn leads to a
more nuanced understanding of how a policyholder’s previous history and attributes
are associated with their decision to future behaviour. We present conditional and
average marginal effect plots to interpret the estimated effects on the probability
scale. Insurers can intuitively understand the effect of a focal variable on different
types of transitions for a specific policyholder using the former, while the latter
allows the study of a broader customer group or population of policyholders. We
use the example of an average policyholder to illustrate the difference in calculating
customer lifetime value between multi-state and traditional customer churn mod-
elling, the latter based on one-versus-all binary logistic regression (BLR) models.
Because policyholders in different states naturally have different values for insurers,
we believe that multi-state customer churn analysis will improve the accuracy of

customer lifetime value calculation for insurers as a whole.

Although prediction is not the primary aim of this chapter as a whole, the second-
order MLR model was shown to predict relatively well. Specifically, compared to a
first-order MLR model, BLR models, GBMs and SVMs, the proposed second-order
models performed strongly in terms of out-of-sample AUCs and top-decile lift. We
also find that balancing the data through oversampling the minority groups tended to
improve the predictive performance of most methods, although the improvement for
second-order models was more substantial compared to their first-order counterparts
in the LGPIF data. Overall, our findings open up a new way of perceiving and
understanding customer behaviour in the insurance market, and shed light on the

importance of multi-state customer churn modelling.

The multi-state, multi-period modelling used in this chapter presents a new ap-
proach to churn modelling, and so naturally, there are several variations that war-
rant further investigation. First, we have implicitly treated all variables as strictly
exogenous, which means that we assume all variables are completely unaffected by
the customers’ state transitions in the past, present, and future. For future research,
variables can be treated as sequentially exogenous, which indicates that current or
future customers’ state transitions would cause variables to change in the future. For
example, premium and claim could be treated as sequentially exogenous variables,
an approach that may provide insights into contractual moral hazard and adverse
selection. Second, we assume that the effect of each covariate is fixed across all time
points. Future research could examine the use of time-varying coefficients instead for
multi-state customer churn analysis, perhaps building on the dynamic survival model
approach of Guillen et al. (2012). Allowing for time-varying coefficients would en-

hance the flexibility of the model, and potentially improve prediction performance.
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However, it would generally require more data to estimate than fixed coefficients
models, noting also that the records in our motivating LGPIF data are in discrete

time, in contrast to the time-continuous approach of Guillen et al. (2012).

Third, the assumption that all policyholders are independent is not only question-
able in our application, but also in studies of personal homeowners and automobiles
where things being insured i.e., houses and cars, are close to one another, sharing
common environmental hazards such as hail, windstorm and so forth. Some research
has been being done to accommodate these dependencies, such as the spatial au-
tocorrelation approach (Brechmann and Czado 2014) and the more recent marked
point process approach (Shi et al. 2022). Both of these, among others, may serve
as valuable reference points for relaxing such assumption in future developments
of multi-state customer churn modelling. Fourth, we have shown that multi-state
customer churn analysis could improve the accuracy of customer lifetime value cal-
culation for insurers. Future research could use multi-state customer churn analysis
to improve the accuracy of loss reserving, i.e., predicting the ultimate loss amount
at the aggregate level with the consideration of multiple states. Fifth, we only fo-
cus on those policyholders who have entered their contracts for more than one year
and ignore the new policyholders in this chapter. Consequently, all the selected
customers have at least two years of observations (states), making it easier to em-
ploy the second-order MLR model. If insurers want to integrate new and existing
customers into one model, one could modify the queuing theory approach proposed
by Boucher and Couture-Piché (2015, 2016) to support multi-state transitions. For
example, instead of using queuing theory to model the number of insured cars per
household (Boucher and Couture-Piché 2015), we could use the theory to model the

number of coverages per customer.

Sixth, if prediction is the primary goal of a customer churn analysis, then a better-
performing classifier can be obtained from a balanced sample with appropriate sam-
pling techniques. Future research could examine the use of bias correction methods
such as intercept correction and weighting correction (Lemmens and Croux 2006),
along with regularisation and feature selection techniques (e.g., extending the work
of Devriendt, Antonio, Reynkens and Verbelen 2021, to support higher-order MLR
models). Fifth, for higher-order MLR models, the value of order can be regarded
as a hyperparameter that (also) needs to be tuned for optimising the predictive
performance. In practice though, building higher-order models (whether they be
parametric or more machine-learning based techniques) ideally requires a large data
set with many time points, and demands close collaboration between academia and

industry. Finally, there are a plethora of advanced multi-class classification models
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available in the machine learning literature, such as convolutional neural networks
and XGBoost, which have already been used in traditional customer churn analysis
(He et al. 2020; Loisel et al. 2019). Applying these to build higher-order models for
multi-state customer churn analysis presents an important and challenging avenue

for future research.
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4.1 Introduction

4.1.1 Background: CLV and Costs

Customer lifetime value (CLV) quantifies the present value of projected profits a firm
expects from a customer throughout their relationship. It takes projected revenues,
costs, relationship duration (retention), and discount rate into consideration. Using
CLV in customer relationship management helps firms optimise marketing resources,
enhance retention strategies, and ensure long-term profitability (see Venkatesan and
Kumar 2004; Kumar et al. 2008; Kumar and Reinartz 2016, 2018; Ascarza et al.
2018, among others). A prevailing view in the literature related to customer man-
agement suggests that CLV-based marketing strategies generally outperform those
solely based on retention (see Venkatesan and Kumar 2004; Ascarza 2018; Ascarza
et al. 2018; Lemmens and Gupta 2020, for example). Indeed, trying to retain a
customer with a negative CLV might be a waste of resources, and instead it might

be better to let such a customer go.

CLV has been studied and implemented in various industries, such as high-
technology services, retailing, financial services, and airlines (see Kumar and
Reinartz 2016, for an overview). What is common in these industries is that the
marginal costs to serve customers on an ongoing basis are relatively low and/or
stable (e.g., the marginal cost for serving broadband internet subscribers or the
marketing cost to reach airline customers). However, the nature and magnitude of
costs to serve customers is very different in the insurance industry. The major cost
component for insurance companies are insurance claims, which are highly variable
and can be extremely large in size. While many policyholders may have zero claims
in most years, when they do have to submit a claim (e.g., when their car is wrecked
or their house is damaged), claims can run into hundreds of thousands or millions of
dollars. The challenge for CLV modelling in the insurance industry is thus to model
these (claim) costs adequately, as these costs are heterogeneous across customers

and are unknown at the point of sale.

Arguably as a result of this challenge, the application of CLV in the insurance indus-
try remains sparse (Donkers et al. 2007), despite the fact this industry accounts for
more than 7% of the global economy (Jimenez 2022). As insurance has evolved over
time, insurers have become more customer-centric, and their customers (policyhold-
ers) are able to buy a variety of insurance products in the market to gain protection
against different losses. However, given the stochastic nature of the cost compo-
nent and their potential magnitude, it remains challenging for insurance providers

to value their customers using CLV approaches that can not capture the claims risk
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adequately.

Another challenge is that there may be an association between a customer’s intrinsic
claim risk and churn risk. That is, a policyholder who has a high intrinsic claim risk
may be less likely to churn. Such a customer (with private information about their
claim risk) may believe it is better to stay insured with the current insurance provider
than to switch providers, as other providers may not be willing to insure the customer
at the same conditions and premiums as the current provider. Consequently, the
CLV modelling framework needs to account for a link between a customer’s intrinsic

claims risk and churn risk.

4.1.2 Existing CLV Models

Existing CLV modelling frameworks (Table 4.1 in Section 4.2) are not suitable for
insurance companies. They focus on revenue and churn predictions, but, for the
insurance industry setting, they greatly oversimplify cost assumptions (e.g., assum-
ing a low, steady cost). In doing so, they may potentially produce inaccurate CLV
calculations and hence ineffective managerial decisions based on CLV for insurance
companies using these models. We contend that the cost assumptions in current
CLV studies fall short of capturing individual customer’s claims risks in the insur-
ance industry, especially considering the diverse risks in claim frequency (number of

claims) and severity (claim amount).

4.1.3 Owur CLV Modelling Framework

To bridge this gap, this chapter introduces a new cost-based CLV modelling frame-
work tailored to the insurance industry, and sheds light on the importance of cost
modelling in CLV calculation. Our framework brings together actuarial science
modelling of insurance claims, and CLV modelling in marketing science. For claims
modelling, it uses a multivariate Tweedie regression, and allows for an associa-
tion between the customers’ claims outcomes and churn decisions through shared
random effects. In an empirical application to insurance data, we show that this
model fits and predicts better than existing CLV models in marketing, and offers
insurance managers additional substantive insights on the most and least profitable

customers.

To clarify the role of claims in CLV calculations, we express the CLV of the i-th
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customer in insurance as

T Premiums; ; — Claims; ¢

CLV; =
(1 4 Discount Rate)?

t=1

x Retention Rate; ;, (4.1)

where premiums and claims respectively represent the expected revenues and costs
in the standard time-discrete CLV formula (see Dwyer 1997; Pfeifer and Carraway
2000; Lewis 2004; Gupta and Lehmann 2005; Zhang et al. 2010, among others). Since
CLV is a forward-looking metric, we generally need to predict premiums, claims, and
retention rates and use their expected values to calculate CLV. For an insurance
contract with a deductible, Claim = max(Ground-up Loss — Deductible,0), where
the ground-up loss is a customer’s actual loss, and the deductible is the amount paid
by the customer themself before the insurance company starts to pay. Note there
are other cost components such as administrative expense and tax that insurance
companies could consider in their CLV calculations. However, those components are
unavailable to us, so we decided not to include them in cost computation following
the literature (for example, see Guillen et al. 2003; Brockett et al. 2008). Unlike
traditional industries where costs are relatively low and under managerial control,
claim costs in the insurance industry are stochastic, hard to predict, and not under
managerial control. As a result of their potential magnitude, claims costs decisively
influence the profitability of the insurance companies, thereby making claims the

central concern for insurers.

Claims data, as a valuable asset for insurance companies, are distinct from standard
cost data in other industries, and are generally recorded at the individual customer
level with detailed summary statistics. Traditionally, historical claims data have
been used for “insurance ratemaking” (the process to determine premiums; see
Frees, Gao and Rosenberg 2011; Shi et al. 2015; Garrido et al. 2016; Frees 2018,
for examples), and for estimating CLV at the individual level (Seyerle 2001). More
recently, actuarial studies have investigated the mass at zero and heavy-tailed fea-
tures of claims data, demonstrating the importance of modelling claims for insurance
companies from various perspectives (e.g., Frees et al. 2016; Lee and Shi 2019; Yang
and Shi 2019). As many insurance companies insure different risks (e.g., cars and
homes), claims made by policyholders of multiple policies are not just univariate
but rather multivariate. Leveraging the latest developments in actuarial sciences
(e.g., Shi 2016; Frees et al. 2016; Kurz 2017; Frees et al. 2021), we employ multi-
variate Tweedie regression (defined as a Poisson sum of gamma random variables)

to capture these multivariate claims.

Predicting customer churn lies at the heart of any attempt to estimate CLV in cus-
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tomer relationship management (Berger and Nasr 1998; Gupta et al. 2004; Venkate-
san and Kumar 2004; Fader and Hardie 2016), so it is important to consider whether
the customer churn and claims processes are independent or dependent within our
proposed cost-based CLV modelling framework. Several studies use past claims
as exogenous predictors to predict the customer churn behaviour in insurance (see
Guillen et al. 2003; Brockett et al. 2008; Guillen et al. 2009; Haugen and Moger
2016, for example), while emergent research has started simultaneously modelling
customer churn and claims (Jeong et al. 2018; Frees et al. 2021). However, a short-
coming of these studies in the actuarial literature is that they only address the (ex-
trinsic) observed heterogeneity, and ignore the (intrinsic) unobserved heterogeneity
in claims and churn risk across customers. Our work advances this literature by
developing a joint model for claims and churn, utilising so-called shared random
effects in the form of random intercepts that are shared between the Tweedie model
for claim risk and the logit model for customer churn. This allows for positive or

negative associations between a customer’s intrinsic claim risk and churn risk.

Applying our proposed shared random effects model to a commercial insurance data
set, we illustrate how this model can capture latent tendencies for claims and churn
risks simultaneously. The model offers novel managerial implications for CLV stud-
ies, and enhances CLV estimation and prediction accuracy compared to benchmark
models. The empirical results also present an instructive avenue for other indus-
tries aiming to refine their cost modelling techniques. Notably, it is the first, to our
knowledge, to apply multivariate Tweedie regression with random effects in the joint
modelling of longitudinal and time-to-event outcomes. While the Tweedie regression
has not been used in marketing before, it has been applied successfully in modelling
health care utilisation cost (Kurz 2017) and youth bullying prevention (Boulton and
Williford 2018), among other fields.

To summarise, the two key contributions of this chapter are: 1) it introduces a CLV
modelling framework that is suitable for contexts such as the insurance industry,
where costs are unknown at the point of sale and are a large and stochastic compo-
nent of an individual customer’s CLV; 2) this modelling framework allows managers
to obtain new marketing-relevant insights that are not possible without the frame-
work: what drives claims (and churn), how are the intrinsic claim risk and churn risk
associated, which customers are most profitable after taking their cost into account,

and how to conduct customer management to realise CLV growth.

The remainder of this chapter is organised as follows. Section 4.2 reviews the relevant
literature on CLV and joint modelling frameworks. Section 4.3 formulates a joint

model of multivariate claims and customer churn through shared random effects, and
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explains the estimation process. Section 4.4 illustrates an insurance application of
our proposed model and reports the main empirical findings. Section 4.5 compares
our proposed model’s predictive performance with several alternative models, and
discusses how our proposed model brings new managerial implications into CLV

analyses. Section 4.6 provides concluding remarks.

4.2 Literature Review

In CLV research, various models have been developed to estimate CLV in both con-
tractual (lost-for-good) and noncontractual (always-a-share) settings. In contractual
settings, firms are aware of customer churn, unlike in noncontractual settings. Table
4.1 provides an overview of selected CLV literature in contractual and noncontractual
settings. The CLV studies listed in this table have focused on modelling customer
revenue and churn, which are two essential components of CLV as can be seen in
equation (1). However, only a handful of CLV studies have modelled cost, and they
have only done so in non-contractual settings. Rust et al. (2011), Kumar et al.
(2008), and Venkatesan et al. (2007) modelled the frequency distribution of cost,
for example, the number of marketing messages sent to customers. In these papers,
the cost severity (e.g., cost per marketing message) is assumed constant, which is a

reasonable assumption for costs related to specific marketing activities.

By contrast, in the insurance industry, to model CLV appropriately, it is important
to account for the cost of insurance claims by their customers. These costs differ in
frequency (number of claims per customer per year) and severity (one claim can be a
small amount, and another claim can be a huge amount). Unlike other studies, our
individual-level CLV calculations capture both cost frequency and severity, along

with customer revenue and churn (see the first row in Table 4.1).

As Table 4.1 also shows, most CLV studies account for some form of association be-
tween the CLV components. However, what sets our study apart is that we model
the association between churn risk and cost, which has not been modelled in CLV
studies before. More broadly, a common feature of existing joint models used in
marketing is capturing the unobserved heterogeneity in customer behaviour (see
Borle et al. 2008; Kumar et al. 2008; Fader and Hardie 2010; Ascarza and Hardie
2013; Papies et al. 2017; Ascarza et al. 2018; Ascarza 2018, among others). In actu-
arial studies, while unobserved heterogeneity in claims risk has been studied through
credibility theory (e.g., Frees et al. 1999; Boucher and Denuit 2006; Cohen and Einav
2007), little attention has been paid to the unobserved heterogeneity in customer

churn risk. Our proposed shared random effects model can capture the observed
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Table 4.1: Summary of selected customer lifetime value literature.

Representative Individual-specific CLV components: Association Key contribution /insight
studies Revenue Churn Cost Cost between CLV Y €
rate frequency severity components

Contractual setting

Current chapter (paper) v v v v v Cost modelling is essential for CLV calculation in
insurance.

Lemmens and Gupta (2020) v v v A profit-based loss function to predict the financial
impact of a retention intervention.

Ascarza (2018) v Customers having the highest risk of churning are
not necessarily the best targets for proactive churn
programs.

McCarthy et al. (2017) Aggregate Aggregate v A framework for valuing subscription-based firms
that focuses on the firm’s acquisition and retention
processes.

Boucher and Couture-Piché v v A queuing theory based approach to model the

(2016) number and global value of insured households in
an insurance portfolio.

Datta et al. (2015) v v v Explores how free-trail and regular customers dif-
fer in terms of their decision to retain the service.

Ascarza and Hardie (2013) v v v An integrated model of usage and retention that
fits two-clock contractual settings.

Schweidel et al. (2011) v v v A hidden Markov model to identify latent states
governing customers’ affinity for available services.

Fader and Hardie (2010) Aggregate v Failing to recognise cohort-level retention-rate dy-
namics leads to biased estimates of the residual
value of a customer.

Borle et al. (2008) v v v A hierarchical Bayes approach to estimate CLV
by jointly modelling purchase timing, purchase
amount, and risk of defection.

Donkers et al. (2007) v v v Studies the capabilities of a range of models to
predict CLV in the insurance industry.

Lewis (2005) v v v A programming-based approach to creating opti-
mal relationship pricing policies.

Gupta et al. (2004) Aggregate  Aggregate Demonstrates how to value firms by CLV.

Rust et al. (2004) v v v A framework enabling competing marketing strat-
egy options to be traded off based on projected
financial returns.

Bolton et al. (2000) v v v Investigates conditions in which a loyalty program
will have a positive effect on customer evaluations,
behaviour, and repurchase intentions.

Noncontractual setting

Rust et al. (2011) v NA v v An approach to predict customer profitability in
future periods that perform substantially better
than naive models.

Kumar et al. (2008) v NA v v Shows the implementation of CLV at IBM and its
effects on profitability and resource allocation.

Venkatesan et al. (2007) v NA v v A customer selection framework that can aid man-
agers in enhancing marketing productivity and es-
timating return on marketing actions.

Venkatesan and Kumar v NA v A framework to maintain/improve customer rela-

(2004) tionships through optimal allocation of marketing

resources and maximise CLV.

Aggregate: aggregate level CLV components
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heterogeneity in claims and churn risks by covariates, as well as the unobserved and

correlated heterogeneity between claims and churn by shared random effects.

Shared random effects models have received considerable attention over the past
two decades, particularly for survival analysis in clinical studies (Wulfsohn and T'si-
atis 1997; Ibrahim et al. 2010; Ferrer et al. 2016; Hickey et al. 2016). For example,
researchers in clinical studies collect a patient’s health status (alive/dead/ill) and
health indices (also known as biomarkers) repeatedly, similar to tracking customer
churn and other behaviours in marketing studies. Researchers who use shared ran-
dom effects models then generally believe there may be some latent factor underly-
ing a person’s characteristics that simultaneously influences both longitudinal (e.g.,

biomarkers) and time-to-event (e.g., death, recovery) outcomes of the person.

Similarly, marketing researchers suggest latent factors might simultaneously affect
customer churn and other behaviours, such as purchase timing, amount, and service
usage (Borle et al. 2008; Ascarza and Hardie 2013; Datta et al. 2015). As elaborated
on in this chapter, shared random effects models offer a nuanced approach to jointly
model customer churn behaviour and insurance claims. In addition, it has been
well demonstrated in extensive literature that modelling longitudinal and time-to-
event outcomes by shared random effects models can lead to improvements in the
efficiency of statistical inferences, reduce bias, and improve predictions (Rizopoulos
et al. 2014; Ferrer et al. 2016; Hui and Bondell 2021), and we will see that this is

also the case in our empirical study in Sections 4.4 and 4.5.

4.3 Proposed Joint Modelling Framework

In this section, we introduce our joint modelling framework for multivariate claims
and customer churn risks. The outputs of the proposed joint model are multi-period
predictions of churn probabilities and claim costs, which make up the inputs to
subsequent calculations of CLV. As the calculation of customer revenue (premiums)
as the third CLV input requires some context about the application, we will defer

the discussion of premium revenue prediction to Section 4.5.

The proposed joint model comprises two sub-models: one for the multivariate claims
outcome, and the other for the customer churn outcome. We use an association
structure based on shared random effects to link the two sub-models. Although
the formulation of the shared random effects model can be viewed from a Bayesian
hierarchical modelling perspective, in this chapter we focus on likelihood-based es-

timation and inference.
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4.3.1 Shared Random Effects Model
Claims Sub-Model.

Insurers have become more customer-centric and offer to cover multiple risks under
a bundled contract, leading to the need for multivariate claims modelling (see Frees
et al. 2016, 2021; Jeong et al. 2023). The distribution of claims typically contains a
mass at zero representing no claims, along with a continuous component for positive
values representing the claim amount. Moreover, the rare but high-claim customers
contribute to the heavy-tailed nature of the claim distribution. To model claims
adequately, we employ multivariate Tweedie regression, a widely used claims mod-
elling technique in actuarial science (see for example Jgrgensen and Paes De Souza
1994; Shi 2016; Frees et al. 2016).

The Tweedie distribution can be defined as a Poisson-sum-of-gamma random vari-
ables, so it naturally captures the mass at zero by its Poisson component and the
right-skewed feature of cost data by its gamma component (Bonat and Kokonendji
2017). Because the Tweedie distribution belongs to the linear exponential family,
then it is straightforward to incorporate covariates via a generalized linear modelling
(GLM) framework, e.g., to identify the factors that affect both the cost frequency

and severity.

Note instead of a T'weedie regression to model claims, firms could also work with two
sub-models, one for frequency and one for severity. This is commonly known as the
frequency-severity approach (see Braun et al. 2006; Shi et al. 2015; Alemany et al.
2020; Bolancé and Vernic 2020, among others). However, this approach doubles the
number of parameters compared to the Tweedie regression approach. More broadly,
the literature is split between the simpler Tweedie approach and the more complex
(but arguably more flexible) frequency and severity approach. Since our emphasis
is on incorporating features such as unobserved and correlated heterogeneity, then
we focus on the simpler T'weedie approach in the below; however in the empirical
application section, we also investigate shared random effects models based on the

frequency-severity approach for comparison purposes.

Let y; ¢+, denote the claim outcome of the k-th insurance category for the i-th cus-
tomer at time ¢, for ¢ = 1,..., N individuals, k = 1, ..., K insurance categories (e.g.,
building, car), and ¢t = 1,...,T; time periods (e.g., years). The Tweedie variable

Vit = Claims; ; , has the following density function:

i 1) = ol ) oxp [ (LSRN )
Yit.ks Hit ks Py Pk) = W\ Yitk, Pk) €XP | — - ) )
‘ ! ! o\ 1 —py 2 —pr
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where 1 < pr < 2 is the power parameter, ¢, > 0 is the dispersion parameter, and
ik 1s the expected value of y; ;. We denote the vector of power and dispersion
parameters for all K claims outcomes by p = (p1,...,px) and ¢ = (¢1,..., k),
respectively. The normalising constant a(y;+x, ¢x) requires numerical evaluation,
and we refer to Dunn and Smyth (2008) along with the R package Tweedie package
(Dunn 2022) for details of its evaluation and estimating the Tweedie density more

generally.

In actuarial settings, ;. is referred to as the pure premium (Frees et al. 2016),
which is the expected claim cost for the k-th insurance category made by the i-th

customer at time t. To model this, we employ a generalised linear mixed model

(GLMM) approach,
Hitk = €XP (wiT,t7kBk + bi,k)a (4.3)

such that x;; is a vector of covariates capturing observed heterogeneity, By is the
corresponding vector of regression coefficients for the claim risk of the k-th insurance
category, and b; ; is an individual-level random intercept capturing unobserved het-
erogeneity in the claim risk of the k-th insurance category across customers. Note we
only include random intercepts in this chapter. That is, we allow each customer to
have their own intercept but keep their slopes homogeneous. Capturing unobserved
heterogeneity by random intercepts is widely used in marketing research related to
customer management (e.g., Borle et al. 2008; Kumar et al. 2008; Datta et al. 2015).
However, the inclusion of random slopes further increases the model complexity and
generally requires a sufficient number of observations per customer for estimation.
The insurance application in this chapter only has five observations (years) per cus-
tomer for model fitting (training), so we do not consider random slopes and leave it

as an avenue for future research.

Let the vector of individual-specific random effects for all K claims outcomes be
denoted by b; = (b;1,...,bix). We assume b; follows a K-dimensional multivariate
normal distribution with zero mean vector and a covariance matrix 3. The correla-
tion parameters in ¥ capture the dependence among multivariate claims outcomes.
Note other distribution choices for random effects are possible, but we choose to use
the multivariate normal distribution given it is a standard choice in many longitudi-

nal studies and mainstream statistical software packages (Hickey et al. 2016)

Customer Churn Sub-Model.

For the binary customer churn outcome, we utilise logistic regression given its preva-
lence among many customer churn analyses (e.g., De Caigny et al. 2018; Lu et al.
2012; Frees et al. 2021; Dong, Frees, Huang and Hui 2022), although we also incor-
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porate random effects into our model. Specifically, the proposed model with shared

random effects is

T K
exp (mi,t,churn(s + Zk:l akbi,k>

Plliy = 1llip1 = 0) = - .
1+ exp (','v'i,t,churn(s + Zk:l akbiv’“)

, (4.4)

where [;; represents the customer churn outcome at the end of time ¢ (I;;, = 1 for
churn, and 0 otherwise), P(l;; = 1|l;,—1 = 0) denotes the probability of churn for the
i-th customer at time ¢ conditional on entering/renewing their contract at time t —1,
and d is a vector of coefficients corresponding to the covariates &; ¢ churm. Note that
the covariates @; tchum i the churn sub-model can differ from the covariates @;
in the claims sub-model. This is important since the covariates used in the claims
sub-models are highly regulated by authorities to avoid discrimination in insurance
ratemaking (Avraham 2017; Frees et al. 2021; Xin and Huang 2023), while the
covariates used in customer churn analysis is not regulated and can be freely chosen

by the firm or researcher.

The term Zle ayb; i is referred to as the association structure, and reflects the
latent association between claims (for insurance categories k = 1, ..., K) and churn
tendencies across customers as captured by shared random effects. We denote the
association parameters in the churn sub-model as & = (ay, ..., ak), and the vector
of all coefficients in the claim and churn sub-models as 3 = (8, 31, ..., Bk). For the
former, the quantity aj can be interpreted as the association parameter capturing
the association of the unobserved heterogeneities in the k-th claim and churn risks:
holding all other covariates @;; chun constant, exp(ay) is the multiplicative change
in the odds of churn for every one unit change increase in b;;. The sign of ay
indicates how the intrinsic k-th claim and churn risks are associated: a negative
(positive) sign of «j indicates that a customer with a higher intrinsic k-th claim
risk is associated with a lower (higher) intrinsic churn tendency. We further discuss
the sign of association parameters and their practical significance in the empirical

application.

Note that the multi-state customer churn analysis proposed in Chapter 3 is not
incorporated into Chapter 4. Primarily, this stems from the insufficiency of ob-
servations in the LGPIF data to estimate shared random effects for multi-state

transitions.

Together, Equations (4.3) and (4.4) lead to a shared random effects model. Equation
(4.3) models the evolution of customer claims outcomes over time, while Equation

(4.4) models customer churn behaviour. The random effects are shared between
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multivariate claims and churn sub-models, capturing unobserved heterogeneity in
multivariate claims and churn risks simultaneously. Overall, while this chapter
mainly focuses on insurance claims and customer churn risks, the proposed model
contributes to the broad research area of longitudinal data analysis. In particular,
it provides a flexible joint modelling framework that captures observed heterogene-
ity by covariates and unobserved and correlated heterogeneity by shared random
effects for multivariate longitudinal data. Since our proposed model allows multi-
variate longitudinal data to accommodate different scales of measurement, including
continuous, discrete, and categorical observations, it can be potentially useful for

various actuarial studies.

4.3.2 Model Fitting

We use maximum likelihood estimation to fit the proposed shared random effects
model. Note to our knowledge, there is no existing software that supports fitting the
proposed model. This is not too surprising since this chapter is the first to employ
a multivariate Tweedie model in the joint modelling of time-to-event (churn) and

multivariate longitudinal outcomes (claims).

Conditional on the shared random effects, the K multivariate claims outcomes are
independent of each other. As such, the expression for the likelihood function of the

proposed model is given by

L(8,6) =TT, J [Ty (T F(iralbin 0)) PlUigllias, b3, 0) (1= Pllgllis1.0:,0))' "] 1(0:]6) db,

where 8 = (3, p, ¢, a, X) denotes the full parameter vector in our model, and we
assume independence among policyholders. Intuitively, the claims outcomes do not
affect our ability to observe churn outcomes (conditional on shared random effects).
The converse is not true; churn outcomes do affect our ability to observe claims
(i.e., when a customer has churned, no claims can be observed). To estimate 6, we
maximise L(@,b), and in this chapter we do so via the Laplace approximation given
its relative computing efficiently and scalability in dealing with multiple random
effects (Tuerlinckx et al. 2006; Kristensen et al. 2016). Laplace-approximated max-
imum likelihood estimation remains widely in use across mainstream statistics, as
exemplified by popular R functions such as the glmer function in the 1me4 package
(Bates et al. 2015), the glmmTMB function in the package of the same name, the
glmm.admb function in the glmmADMB package (Fournier et al. 2012), and the gam
function in the mgev package (Wood 2011). Even with the Bayesian data analysis,

the Laplace approximation remains a popular approach for scalable approximate
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estimation of the posterior distribution, as exemplified by the Integrated Nested

Laplace Approximation, which is popular for spatial analysis.

In particular, applying the Laplace approximation to the integral in the likelihood

function, we obtain

Mz

log L(6, b) =

T; K
{/ [H L1/ Wisilbin 0)) P(Uiillisr, bi, 0) (1 = P(li,t|li,thbime))l_lm} f(bi|6) dbi}
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In the above,

Mx
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t=1

10g yltk‘bz 0 + letlog zt|lzt 15 bue)) + (1 - li,t)log(l - P(li,t|li,t—17bi70))7
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b; maximises M (b;) for a given value of 8, and H;(b;) denotes the negative Hessian
matrix of M(b;) evaluated at b;. To estimate O through the above Laplace ap-
proximate likelihood function, we iterate between an inner and outer optimisation
process, a summary of which is in the provided Algorithm 1; see also (Tuerlinckx
et al. 2006; Kristensen et al. 2016).

Algorithm 1 Maximum likelihood estimation via the Laplace approximation.

1: Initialisation: 6

2: repeat

3: Inner optimisation:

4: foriin 1: N do

5: b =, M(b;) given 0
6: end for

7: Outer optimisation:

g 06T = ylog L(6, btHY) given

9: s=s5+1
10: until convergence criterion satisfied e.g., [|@¢*Y — ()| < ¢ for some small e.
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4.4 Empirical Analysis: Wisconsin Local Govern-
ment Property Insurance Fund Commercial

Insurance Data

4.4.1 Data and Variable Descriptions

The Local Government Property Insurance Fund (LGPIF) was managed by the
Wisconsin Office of the Commissioner of Insurance, and offered property insurance to
local government entities such as cities, counties, school districts, or fire departments.
Within a bundled insurance contract, the LGPIF offered two primary categories:
building & content (henceforth abbreviated to ”building”) and equipment & cars

(henceforth ”equipment”).

It is important to clarify in advance that our primary objective is to show the uni-
versality of our proposed model rather than to draw a general conclusion from the
LGPIF dataset. On the one hand, the complexity of the insurance industry, influ-
enced by factors such as business lines (life/general, personal /commercial), regional
laws and regulations, company reputation and service, as well as specific contract
terms, inherently limits the generalisability of any single dataset. On the other
hand, the LGPIF data used in this chapter is very unique in actuarial research
but common for insurance companies, which simultaneously tracks policyholders’
premiums, claims, and contract renewal information over the years (from 2006 to
2012 in this case). We used this dataset as an illustrative example to show how
to deploy our proposed shared random effects model. Considering the complexity
of the insurance industry, there are reasons to believe that different insurers might
get varied modelling outcomes and business insights after deploying our proposed

model on their own data.

From exploratory data analysis, we observe a consistent trend where in each year,
renewers make higher claims than churners on average (see bottom panel of Table
4.2). This trend hints at a negative correlation between claim risk and churn risk,
noting that at this stage, we have not yet taken the influence of covariates and

shared random effects into account.

In Table 4.3, we outline the variables considered in the proposed shared random
effects model. These variables are commonly used for claims and churn modelling
in the actuarial studies related to the LGPIF data (see Frees et al. 2016; Shi and
Yang 2018; Quan and Valdez 2018; Shi and Lee 2022, among others). For the claims
sub-model, the two responses are ClaimBuilding and ClaimEquipment, which are

the ground-up losses reported by customers. Ground-up losses are any losses a cus-
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Table 4.2: Customer churn (top panel) and claims (bottom panel) summary statis-
tics.

2006 2007 2008 2009 2010 2011 2012

Customer churn summary statistics

Number of customers 949 938 922 905 900 883 853
Number of churners 22 26 41 14 23 39 19
Churn rate 2.3% 2.8% 4.4% 1.5% 2.6% 4.4% 2.2%

Building and equipment average claims summary statistics ($)

Renewers’ building claim 21,400 18,082 12,688 11,904 26,012 25,363 21,599
Churners’ building claim 1,158 5630 5296 336 188 2805 282
Renewers’ equipment claim 4,548 4,469 4,607 4,063 3,827 3,513 4,947
Churners’ equipment claim 137 1839 276 354 827 307 174

Number of customers is counted at the beginning of the year.

tomer experiences (e.g., due to storm damage), irrespective of whether they exceed
the deductibles. As this was a government insurer in a relatively small marketplace,
LGPIF administrators enjoyed some freedom not found in other markets. In par-
ticular, customers were required to report all losses, not only losses that exceeded a
deductible. In this way, the administrators had an extra mechanism to verify claim
accuracy and their appropriate adjustments. The expected ground-up losses are
transformed into the expected net claim (after applying any deductibles) for CLV
calculation using Equation (4.1). For the insurers who do not know about small
losses that are below deductibles, they could directly model the (post-deductible)

claims with a specific deductible choice.

The independent variables for the claims sub-model are Tenure, log(Cover),
log(Deduct), Rate, NoClaimCredit, ICoverEquipment, and TypeEntity. TypeEntity
is a covariate indicating the type of a local government entity being insured, and
includes cities and counties (City), towns (Town), villages (Village), school dis-
tricts (School), fire departments, and other miscellaneous entities (Misc). For ex-
ample, a city entity may need coverage for its snow plowing trucks, in addition to
its building and contents. Note that Cover, Deduct, Rate, and [CoverEquipment
are claim-specific independent variables, only used in the corresponding (building

or equipment) claims sub-model.

For the customer churn sub-model, the dependent variable is the indicator for cus-
tomer churn. Note that we did not consider short-term cancellations because such
information was unavailable to us. For the insurers who want to take short-term
cancellations into consideration, one could use the multinomial logistic regression
(MLR) introduced in Chapter 3 to model multivariate customer behaviours, includ-

ing renewal, churn, and short-term cancellations. Note that this proposed MLR
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Table 4.3: Variable descriptions for the Local Government Property Insurance Fund

data.
Variable name Description Min 5th percentile Median 95th percentile Max Mean SD
Dependent Variables
ClaimBuilding Building claims (ground-up losses $1,000) . 0.00 0.00 0.00 55.01 6,615.12 19.03 168.41
ClaimEquipment Equipment claims (ground-up losses $1,000). 0.00 0.00 0.00 2247 570.42 4.18 2214
Churn Indicator for customer churn, and P(Churn=1)=2.9%.
Independent Variables
Tenure Length of time that the policyholder has been insured (years). 0.00 0.00 3.00 6.00 6.00 2.83 2.00
CoverBuilding Building coverage amount (million $). 0.0004 0.39 15.62 162.36  2,468.84  44.78 117.12
CoverEquipment Equipment coverage amount (million $). 0.005 0.04 0.50 14.98 136.21 2.59 7.87
DeductBuilding Building coverage deductible level ($1000). 0.50 0.50 1.00 15.00  100.00 3.77 8.86
DeductEquipment Equipment deductible level ($1,000). 0.50 0.50 2.50 152.50 160.00  69.06  74.78
RateBuilding Rate of building coverage ($ per thousand coverage). 0.06 0.28 0.58 0.94 36.72 0.61 0.77
RateEquipment Rate of equipment coverage ($ per thousand coverage). 0.20 1.75 2.39 4.40 6.40 2.68 0.82
NoClaimCredit Indicator for no building claims in the prior two years, and P(NoClaimCredit=1)=34.5%.

ICoverEquipment
TypeEntity

The type of entity: Misc (6.5%), School (27.4%), Town (16.3%), Village (25.8%), and City (24.0%).

Indicator for having equipment coverage, and P(ICoverEquipment=1)=96.7%. It includes two scenarios: equipment only and equipment + car.

Number of customers in each year

Year

2006 2007 2008 2009 2010 2011 2012

Observations 949 938 922 905 900 883 853

model also includes shared random effects, which makes the model estimation more
challenging. The benefit of building such a MLR model with shared random effects
is to gain additional insights into the (unobserved) association between claim risk

and short-term cancellation risk across customers.

The independent variables are Tenure, log(Deduct), log(Rate), NoClaimCredit, and
TypeEntity. Note that we did not use competitors’ premiums as covariates in the
churn sub-model because such data was not available to us. There are several
examples in the literature where marketplace prices (competition) are available,
but this is in personal insurance (see Bikker and Van Leuvensteijn 2008; Frank
and Lamiraud 2009, for example), where risks are more homogeneous. We know
of no study where this is true in the commercial marketplace (Werner and Modlin
2010). However, if the competitors’ premium data was available, we could follow
Verschuren (2022)’s work and include a covariate representing the competitiveness
of the renewal offer before any rate changes (A) relative to the cheapest competitor

(B), i.e., the competitiveness is measured by (B — A)/A.

4.4.2 Estimation Results

Tables 4.4 and 4.5 summarise the estimation results for the claims and customer
churn sub-models. An immediate and important finding we make is that, even after
accounting for the effects of the covariates, there is a notable association between

claims and churn risks captured by the shared random effects.
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Results for Claims Sub-Model.

For the claims sub-model, we summarise our main findings from Table 4.4 into five
aspects. First, a positive association exists between the log of coverage amount
and claims risk (Bbuﬂding = 0.920, p < 0.01; Bequipment = 1.084, p < 0.01). This is
reasonable given a higher coverage amount indicates a greater risk has been insured
for buildings, contents, equipment, and cars, thus reflecting a potential for higher
claims. Second, the relationship between the deductible level and claims risk is
complex: a higher deductible level means customers have to pay more by themselves
in case they have a claim before the insurance company starts to pay. By offering
customers different deductible levels, insurance companies can sort customers based
on their risk tolerance and willingness to bear a portion of the loss, which in turn
could mitigate the risk of adverse selection (Van de Ven and Van Praag 1981; Puelz
and Snow 1994; Cohen and Einav 2007). Generally speaking, customers with a
higher claims risk tend to choose a lower deductible level, so they do not need to
pay as much for the claims by themselves (note our government database includes
all claims, including those below the deductible, which is uncommon for commercial
insurers). This helps explain the negative coefficient of logDeductBuilding (Bbuilding =
—0.171, p < 0.01) in the sub-model for building claims. However, when customers
choose a lower deductible level, they have to pay a higher premium to the insurance
company in exchange. Hence, the choice of deductible level reflects a game between
customers and the insurance company. If a customer thinks the (future) insurance
benefit brought by a lower deductible cannot cover the additional premium they
have to pay, then choosing a higher deductible is optimal. Therefore, it is also
plausible to find a positive coefficient of logDeductEquipment (Bequipment = (.266,
p < 0.01), indicating that customers with high equipment claim risks tend to choose

high deductibles to avoid paying high premiums.

A third interesting finding is that the coefficient of NoClaimCredit is marginally
statistically significant and positive for building claims (Bbuﬂding = 0.176, p < 0.1),
indicating customers are more likely to make building claims after they receive a no-
claim credit for their building insurance. A possible reason is that customers might
strategically delay reporting building claims until they receive a no-claim credit,
which can maximise their utility through a way of cheating (Shi and Lee 2022). We
note that the company does not offer a no-claim credit for equipment, but never-
theless we include NoClaimCredit (for building) in the equipment claims sub-model
to test if the credit has an impact on equipment claims outcome. Unsurprisingly,
we find that the credit for building category has no significant impact on equipment

claims (Bequipment = —0.147, p > 0.1).
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A unique aspect of the equipment category is that not all customers are required
to insure equipment and cars. For example, 96.7% of customers buy insurance
for equipment without covering cars (see also Table 4.3). The negative coefficient of
ICoverEquipment (Bequipment = —0.968, p < 0.01) in the equipment claims sub-model
suggests that customers with equipment coverage are less risky than customers with

cars coverage only.

Finally, we found a modest positive correlation (correlation between random
intercepts= 0.125) between intrinsic building and equipment claims risks, indicating
that a customer with a larger building claims risk is also likely to have a larger
equipment claims risk. The association between different claims risks under a bun-
dled insurance contract is commonly found to be positive in actuarial studies on
claims. A possible reason for this is that the objects being insured (buildings and
equipment) are close to one another, and share common environmental hazards such
as hail, windstorms, and so forth (Shi and Valdez 2014; Frees et al. 2016; Yang and
Shi 2019; Frees et al. 2021).

Table 4.4: Parameter estimates for the claims sub-model in our proposed shared
random effects model.

Claims sub-model

Building claims Equipment claims

Estimate S.E. Estimate S.E.
Intercept 7.673 0.502**  Intercept 4.050 0.504***
TypeMisc -0.937 0.282*** TypeMisc -1.916 0.524**
TypeSchool -0.880 0.138** TypeSchool -0.272  0.276
TypeTown -0.777 0.271**  TypeTown -1.311  0.300***
TypeVillage -0.337 0.172**  TypeVillage -0.452 0.247*
Tenure -0.020 0.018 Tenure -0.062 0.018**
NoClaimCredit 0.176  0.093*  NoClaimCredit -0.147 0.118
logCoverBuilding 0.920 0.058** logCoverEquipment 1.084 0.073**
logDeductBuilding -0.171  0.054***  logDeductEquipment 0.266 0.037**
RateBuilding -0.544 0.351 RateEquipment 0.264 0.083***

ICoverEquipment -0.968 0.363***

Tweedie-power 1.59 1.44
Tweedie-dispersion 198.05 368.47
SD of random intercept 1.198 1.508
Correlation between random intercepts 0.125

Signif. codes: ***p< 0.01; **p< 0.05; *p< 0.1.

Results for Customer Churn Sub-Model.

In Table 4.5, we compare the estimation results from our proposed churn sub-model

with shared random effects to a logistic regression model without shared random ef-
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fects. Results show that, in the former, the association parameters apyiiding = —0.531
and Qequipment = —0.439 are statistically significant at 1% and 5%, respectively. This
demonstrates the importance of using shared random effects to model claims and
churn jointly. The association parameters also suggest that the unobserved hetero-
geneities in claims and churn risks are negatively associated, indicating a customer
with a strong latent tendency to make building or equipment claims is less likely to
churn/more likely to renew their contract. This finding is also consistent with our
exploratory data analysis (Table 4.2), where we found that the average claims of
churners are smaller than those of renewers. While there may be multiple reasons
that could potentially explain this negative association, one of the most plausible
ones is adverse selection (Pauly 1978) — customers who want to purchase insurance
are likely to be those with relatively high claims risks, reflecting an unobserved
tendency to renew insurance and make claims. This finding is consistent with the
operating feature of the LGPIF, i.e., LGPIF was an insurer of last resort and had
little competition pressure. High-claim-risk policyholders of the LGPIF might be
charged higher premiums by other insurers in the market, so these policyholders
“adversely selected” the LGPIF. Though our empirical conclusion might not be
generalised to the broader market, our proposed model could be used by insurers
to explore the unobserved association between claims and churn risks for their own
data.

~

The coefficient of logRateBuilding (6 = 1.046, p < 0.01) is positive and signifi-
cant, indicating that customers paying higher premiums for building coverage are
associated with a greater likelihood of churn, in line with higher prices being associ-
ated with lower demand. The coefficient for equipment category logRateEquipment
(5 = 0.136, p > 0.1) is not statistically significant. One possible reason is that
building insurance premiums generally account for a large proportion of the total
premium paid by customers, while the equipment insurance premium only accounts
for a small proportion. Therefore, a customer’s decision to churn is mainly driven

by the change in building insurance premiums.

Finally, the positive coefficient of Tenure (5 = 0.111, p < 0.05) indicates that the
longer the customer tenure, the higher the likelihood of churn (in line with the
results of Guillen et al. 2012). This finding implies that extra attention to loyalty
management is required for long-term customers. Moreover, in both claims and
churn sub-models, we find that entity type plays a statistically significant role in
measuring and differentiating churn and claims risks, indicating different types of
local government entities need to be managed differently from the perspective of

claims and churn risks.
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Table 4.5: Parameter estimates for the churn sub-model in our proposed shared
random effects model.

With shared random effects Without shared random effects
Estimate S.E. Estimate S.E.

Intercept -4.317 0.840** -3.825  0.750***
TypeMisc 1.021 0.422* 0.894 0.384**
TypeSchool 1.311  0.317*** 1.218  0.294***
TypeTown 1.075  0.344*** 0.971 0.317*
TypeVillage 0.861 0.318** 0.801 0.299***
Tenure 0.111  0.053** 0.037 0.043
NoClaimCredit -0.107 0.195 0.172 0.175
logDeductBuilding -0.086 0.107 -0.073 0.096
logDeduct Equipment 0.035 0.037 0.026 0.033
logRateBuilding 1.046 0.277 0.886 0.223***
logRateEquipment 0.136 0.327 0.036 0.308
Qtbuilding -0.531 0.199***

Olequipment -0.439 0.219*

Signif. codes: ***p< 0.01; **p< 0.05; *p< 0.1.

4.4.3 Understanding the Role of Shared Random Ef-

fects

The association parameters in Table 4.5 show that the shared random effects play a
vital role in capturing the unobserved heterogeneity in claims and customer churn
risks simultaneously. Below, we illustrate how shared random effects quantitatively
translate the unobserved heterogeneity in claims and customer churn risks and their

negative latent association, into tangible claims and churn risks.

In Table 4.6, we vary the value of the shared random effects (from -2 to +2), while
holding all the covariates at their mean values, to the conditional effect of the shared
random effects on the claims and customer churn risks (Hoffmann and Kassouf 2005;
de Miguel et al. 2012). Results of this show that the size of a shared random effect is
positively associated with the corresponding claims risk, but negatively associated
with the churn risk (consistent with the association parameters being negative in
Table 4.5). Practically, this demonstrates that customers present substantial differ-
ences in claim and churn risks even if they have the same observed characteristics
(due to differences in shared random effects). For example, holding all other charac-
teristics fixed, a customer whose building shared random effect is -2 has an expected
building claims cost of $350.5 and churn percentage of 4.96%, while a customer whose
building shared random effect is +2 has a much larger expected building claims cost
of $19,135.1 but a much smaller churn percentage of 0.62%. We refer to Appendix

C.1 for the histogram of estimated random effects of all customers.
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Table 4.6: The role of shared random effects in influencing claims and churn risks.

Shared random effect -2 -1 0 1 2

Varying the shared random effect of building category from -2 to 2.

At least one building claim probability (%) 12.74 1857  26.63  37.30 50.53
Expected building claims cost ($) 350.5 952.7 2,589.7 7,039.4 19,135.1
Churn probability (%) 496  2.98 1.78 1.05 0.62

Varying the shared random effect of equipment category from -2 to 2.

At least one equipment claim probability (%)  2.30  4.02 6.95  11.90 19.98
Expected equipment claims cost ($) 16.4  44.6 121.2 3294 895.3
Churn probability (%) 417 273 1.78 1.15 0.75

All covariates are fixed at their mean values.

Since we use the Tweedie regression to model claims, we can also calculate the
probability of making at least one claim for each customer. For example, holding
all other characteristics constant, when we vary the building shared random effect
from -2 to +2, the probability of making at least one building claim varies from
12.74% to 50.53% for this synthetic customer. The difference in claims and churn
risks across customers due to the difference in their shared random effects, in turn,
sheds light on the importance of using shared random effects models to capture the

unobserved heterogeneity in claims and customer churn risks.

From a managerial perspective, understanding and capturing the interplay between
claims and churn risks through shared random effects is invaluable for insurers.
Customers with high shared random effects (noting customer-specific estimates of
the random effects are obtained as part of the model fitting in Section 4.3.2) should
be closely monitored, and tailored customer management and pricing strategies can
be developed for them, as they are relatively more likely to incur long-term costs
(high claims risk and low churn risk). This insight aligns with credibility theory in
actuarial science (see Frees et al. 1999; Boucher and Denuit 2006; Cohen and Einav
2007, among others), where a customer with higher past claims is associated with
a higher random effect in claims risk, meaning they would be predicted to incur

higher costs in the future.

4.5 Predictive Performance on Customer Life-

time Value

Customer lifetime value (CLV) is an important metric for insurers to evaluate the

sustainability of the insurance pool. To be more specific, insurers know that if all
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the “good risks” (high-CLV customers) leave, they will be left with “poor risks”
(low-CLV customers), exacerbating the unsustainability issue of the insurance pool.
To maintain or more closely reach target levels of return, the insurer is likely to
respond by increasing premiums. This, in turn, means that more “good risks”
leave, leading to the classic downward spiral of further premium rises (Butler 2002;
Siegelman 2003; Suncorp 2013). Therefore, insurers could use CLV to evaluate the

sustainability of the insurance pool and manage the dreaded downward spiral.

To evaluate the predictive accuracy of our proposed shared random effects model in
estimating CLV, we compared it against a range of other models, as detailed in Ta-
ble 4.7, based on a two-year hold-out dataset formed from the LGPIF. In detail, the
training set spanning 2006 to 2010 was used for model fitting, while the years 2011
and 2012 served as the hold-out or test set for out-of-sample assessment. We des-
ignated the beginning of 2011 as the reference “present time” for CLV calculations,
such that all data after this time was treated as unobserved and required prediction.
That is, we multiply the latest premiums (paid at the beginning of 2011) by the
inflation rate to predict the premiums charged at the beginning of 2012, while the
inflation rate (also used as the discount rate) is the historical average inflation rate
of 2.2% from 2006 to 2010 in the United States. We made this simple assumption
on premiums for three main reasons. Firstly, the LGPIF’s pricing process is confi-
dential, making it almost impossible to find a model that could perfectly restore the
LGPIF’s pricing manual. Secondly, insurers generally “cap” premiums to moderate
the premium changes from one year to the next (Werner and Modlin 2010; Parodi
2023). This is done to smooth out fluctuations and reduce the chance of bill shock
to customers. Adjusting the current premiums by the inflation rate to predict future
premiums can be regarded as a feasible capping method. Thirdly, assuming future
premiums remain constant is a default method in insurance customer profitability
studies (Fang et al. 2016; Abreu 2019; St-Jean 2021; Welikadaarachchi et al. 2023),
while we improve this default method by taking the inflation rate into consideration.
In summary, this chapter mainly focuses on showing the specific benefits insurers
could get by employing our proposed model for their claims and churn risks, given
that their premium calculation process is only affected by the inflation rate. Once
more and more insurers understand and accept our proposed model, they could use
it to improve their technical premiums (expected claims) and demand modelling
(customer churn), which might affect total premiums (charged premiums). Conse-
quently, we expect that insurers would be able to keep positive-CLV customers and

force negative-CLV customers to churn using our proposed model in practice.

We assume other undetermined covariates, such as coverage, deductible, and no-
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claim credit, remain unchanged from their latest values observed at the beginning
of 2011. This assumption is made to simplify the prediction process so that we
do not have to build models for each undetermined covariate. For example, one
needs to use the predicted claims for two consecutive years to predict the expected
value of no-claim credit, which further complicates the CLV calculation. However,
we acknowledge that building suitable models for undetermined covariates has the
potential to improve the overall predictive performance of our proposed model (Shi
and Lee 2022), especially when the length of the prediction period is long. Last,
new customers who entered their contracts at the beginning of 2012 were treated as

completely unobserved, and were excluded from this predictive comparison.

4.5.1 Alternative Models for Customer Lifetime Value

We evaluate the prediction accuracy of our proposed model against several alterna-
tive models, as detailed in models A1 to A7 in Table 4.7.

Model A1 operates on the cost assumption that all customers have the same constant
claims cost, which can be zero (indicating no cost). This approach is prevalent in
the current CLV literature. For example, CLV studies listed in the upper panel of
Table 4.1 and the non-contractual setting studied by Venkatesan and Kumar (2004)
apply the constant cost assumption in their CLV calculation. The constant claim
cost used in Model A1 is estimated by the average claim cost per customer in the

training data.

Models A2 and A3 are similar to the marketing contact cost models proposed by
Kumar et al. (2008) and Rust et al. (2011), which assume the cost per marketing
contact (severity) is constant, while modelling the number of marketing contacts
(frequency) at the individual level. Note however that claim frequency is a count
variable with a large percentage of values equal to zero, and this can not be modelled
appropriately using the linear regression models proposed by Rust et al. (2011) and
Kumar et al. (2008). To account for this mass at zero characteristic of claim fre-
quency in models A2 and A3, we use zero-inflated Poisson regression to model claim
frequency and treat severity as constant. Briefly, zero-inflated Poisson regression
is widely used to model discrete responses with a spike at zero, such as claims fre-
quency in actuarial studies (Yip and Yau 2005; Boucher et al. 2009; Chen et al. 2019)
among other fields (e.g., Lambert 1992; Hall 2000; Lee et al. 2006; Datta et al. 2015).
The only difference between models A2 and A3 is that the latter includes random
intercepts in the Poisson component, to capture potential unobserved heterogeneity

in frequency risk.

Models A4 and A5 are commonly adopted in the insurance industry, using zero-
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inflated Poisson regression to model claims frequency (A4 without random inter-
cepts, A5 with them) along with gamma regression to model claims severity. To-
gether, this is commonly known as the “frequency-severity approach” (see Danzon
1984; Shi et al. 2015; Frees et al. 2016; Lee and Shi 2019, among others), and is
known for its flexibility in applying different distributions for frequency and severity

sub-models, and capturing the dependence between frequency and severity mod-

els.
Table 4.7: Summary of alternative customer lifetime value models.
Models Claims sub-model Customer churn sub-model
it ke P(liy =1|lip-1 =0) =
Alternative models
Al: Constant claims iz = Ch. ilogit (24 pumd)

A2: Zero-inflated Poisson

& Constant severity

A3: Random-intercept
zero-inflated Poisson
& Constant severity

A4: Zero-inflated Poisson

& Gamma severity

A5: Random-intercept
zero-inflated Poisson

& Gamma severity

A6: Tweedie

AT: Type-2 Tobit

Proposed models

P1: Random-intercept Tweedie
(independent)

P2: Random-intercept Tweedie
(dependent)

i = E[Frequency; , ;] x Severity,,, where

Frequency; ;. ~ ZIP(7; 4k, )\M_k), A, = €xp (sz.t,kﬂlf)»

and 7,5, = ilogit(z], ,BF); Severity, = Sy.

ik = E[Frequency, , .| x Severity,, where
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i = E[Frequency; , ;] x E[Severity; , ], where
Frequency; s ~ ZIP(m; 1k, )\M_k), Ax = exp (bi.k + :E,T,k,@f)
and ;4 5, = ilogit(x], ,BF);

Severity; s, ~ Gamma(j; ) and p; 4, = exp (m:tkﬁkc)
iy = E[Claims; x|, where Claims;,) ~ Tweedie(t; )
and g, = exp (w;’k,@k).

itk = BElz2,4x], where

log(22,ik) = 25,44 if 21,1 > 0, otherwise log(zz,x) = 0;

* . . . * JE .
Zink = TigrBrp +evipk, and 23, =@, Bak + €200k

gk = E[Claims;; x], where Claims; ;) ~ Tweedie(p;sx),
and ;45 = exp (bi,k + z;':t7kﬁk).
gk = E[Claims;, x|, where Claims; ;) ~ Tweedie(s; ),

and 146 = exp (bix + m;':t’,cﬁk).
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ZIP(m, \) refers to zero-inflated Poisson regression with two parameters 7 and .

ilogit(z) = exp(z)/(1 + exp(z)) denotes the inverse logit transformation.

Model A6 employs Tweedie regression to model total annual individual-level claims
without separating frequency and severity, an approach known in the insurance lit-
erature as the “aggregate-loss approach” (e.g., Jorgensen and Paes De Souza 1994;
Shi et al. 2015; Frees et al. 2016). Compared to the frequency-severity approach,
the aggregate-loss approach is more parsimonious because only one regression model
needs to be built. Model A6 does not incorporate any random intercepts for captur-

ing the unobserved heterogeneity in claim risk (in contrast to our proposed models

P1 and P2, discussed below).
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Model A7 is a Type-2 Tobit regression and uses a (normally distributed) latent
variable 27, to capture the yes/no decision for making a claim (yes if 27, ,, > 0,
no else), and a (normally distributed) latent variable z3; ., representing the claim
amount conditional on a claim being made (Humphreys 2013). Type-2 Tobit models
are widely used to model zero-inflated continuous variables in economics and mar-
keting (Bolton et al. 2000; Nizar Al-Malkawi 2007; Randall et al. 2007; van Heerde
et al. 2008), though to the best of our knowledge, they have yet to be used for

modelling insurance claims data directly.

For the customer churn component of models A1l to A7, we use a logistic regression
model that excludes a random intercept (see the right column of Table 4.7). This
decision not to include any non-shared (i.e., separate) random intercepts in this
component is driven by additional exploration, where we found that churn models
that included non-shared random intercepts suffered from persistent model conver-
gence problems and poor prediction performance of customer churn (this is likely a
product of the binary response being complete or quasi-separation; see Clark et al.
2023, for instance).

Finally, our proposed shared random effects model is model P2. We also have a sim-
plified version of our approach in the form of model P1, which assumes claims and
churn sub-models are independent and the latter uses a logistic regression analogous
to those of models Al to A7. As such, all alternative models along with model P1
are constructed assuming that claims and churn sub-models function independently;
note this also means the random intercepts b;; in the claims sub-models are inde-
pendent of each other for different insurance categories k. We refer to Appendix
C.2 for the estimation results of all alternative models. We conclude this section by
remarking that although there are other potentially suitable alternatives for claims
and churn sub-models, we focus on the seven alternative models outlined in Table
4.7 to make the illustration relatively comprehensive, yet insightful. We leave the

study of comparing a wider range of alternative models for future research.

4.5.2 Claims and Churn Predictions

Before presenting results on CLV predictive performance, we first evaluate each
model’s performance in predicting individual claims costs (ground-up losses) and

churn rates.

To evaluate the customer churn prediction, we use the area under the receiver oper-
ating characteristic (ROC) curve (or AUC), balanced accuracy, and precision. These
metrics are frequently applied in imbalanced classification tasks such as customer

churn, and are derived based on the number of true positives (TP), false positives
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(FP), true negatives (TN), and false negatives (FN) in a confusion matrix (see Nes-
lin et al. 2006; Burez and Van den Poel 2009; Bekkar et al. 2013; Holtrop et al.
2017, for examples). The ROC curve is a plot of the TP rate against the FP rate

at various threshold settings, while for the other two metrics we have

TP 1< TP TN )

————  bal d = —
TP L FP’ alanced accuracy TP + FN + TN + FP

precision = 5

Turning to evaluate the predictive performance of claims, we use the Gini index,
the mean absolute error (MAE), and the Pearson correlation coefficient, three met-
rics frequently employed in claim modelling (e.g., Frees, Gao and Rosenberg 2011;
Frees et al. 2016; Yang and Shi 2019). Note that the Pearson correlation coefficient
for Model A1 is not available because Model Al assumes the claims prediction is

constant.

The Gini index (Frees, Meyers and Cummings 2011; Frees et al. 2014; Shi and Zhao
2024) in this context evaluates a claims model’s ability to rank customers based
on their profitability (measured by relativity). The computation of the Gini index

involves defining relativity as
Ri,t,k = Mz‘,t,k/Premlumi,t,k,

where f[i; 1, is the predicted k-th claim by a model for the i-th customer at time ¢, and
Premium; ¢ is the premium charged to the customer by the insurer (premiums are
given in the data). The relativity represents the ratio of the predicted claims by the
model, over the premiums charged by the insurer, which measures the profitability
of a customer. Here, the lower the predicted claims relative to the premiums, the
more profitable the customer is expected to be for the insurer. As such, insurance
companies are most interested in customers whose relativity is low (ideally lower
than 1). Therefore, the effectiveness of using relativity to identify profitable and
non-profitable customers mainly depends on the accuracy of the model for claims
prediction. Different claims models would lead to different rankings of customers
according to the relativity order determined by the model, so that we could examine

which model better identifies a profitable portfolio of customers.

After calculating each customer’s relativity, we rank their relativity from low to
high, i.e., from the most to the least profitable. We then plot an ordered Lorenz

curve with the y-coordinates given by

« Claims; ; 1 L(R; 11 < 1
Share of Claims (r) = 2 2 tk (Ri ek )7
i 2 Claims; g
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Figure 4.1: Ordered Lorenz curves obtained by model P2 for building (left panel)
and equipment (right panel) categories.

and the x-coordinates given by

> > Premiumy b I(Ripp < 1)
> >, Premiumy ¢y, '

Here, r denotes the ascending thresholds for the ordered relativity.

Share of Premiums (r) =

Figure 4.1 shows the ordered Lorenz curves obtained by our proposed model P2,
where the ordered empirical relativities calculated by model P2 are used as the
thresholds. Each dot in Figure 4.1 represents a relationship between the share of
claims and the share of premiums for a selected portfolio of customers. In other
words, each dot represents an underwriting strategy that the insurer uses to select
the most profitable customers given a certain relativity upper limit. For example, a
dot close to the coordinates (0,0) represents a portfolio of customers with compar-
atively low relativities among all customers. As we move in the northeast direction
of the plot, customers with comparatively high relativities are added to the corre-
sponding portfolio. From the left panel of Figure 4.1, we see that a 50% share of
building premiums corresponds to approximately 25% of building losses, indicating
substantial opportunities for risk segmentation for insurers. Indeed, the fact that
in both panels the ordered Lorenz curve lies below the 1-1 line of equity indicates
that model P2 could accurately identify the order of customers in terms of their

profitability.

The Gini index is formally defined to be (twice) the area between the ordered Lorenz
curve and the line of equality, and thus can be interpreted as average profit over

all underwriting strategies (dots of the ordered Lorenz curves). Thus, a model that
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is better at predicting claims would have a higher Gini index, which indicates a
higher overall profit. We refer readers to Appendix C.3 for a simple example to help

understand the Gini index.

Table 4.8 shows that our proposed model P2 has consistently strong out-of-sample
predictive performance relative to all alternative models in predicting both claims
and churn. For 7 out of 9 criteria, Model P2 is best, while it is second-best on the
other 2 criteria.

Table 4.8: Evaluating the predictive performance of claims and churn in the test
set.

Models Building claims Equipment claims Customer churn

Gini index MAE ($) Pearson Gini index MAE (8) Pearson AUC Balanced accuracy Precision

) | T ) 4 ) ) ) T
Alternative models
A1l: Constant claims -0.182 33,359.4 -0.112 7,128.1 0.563 0.516 0.037
A2: Zero-inflated Poisson 0239 30,557.9 0.587 0.186 4,459.4 0.540  0.563 0.516 0.037
& Constant severity
A3: Random-intercept
zero-inflated Poisson 0327  29,516.6 0.451 0.331 4,604.3 0.516  0.563 0.516 0.037
& Constant severity
Ads Zero-inflated Poisson 0.085 45,3648 0.605 0211 50028 0.502  0.563 0.516 0.037
& Gamma severity
A5: Random-intercept
zero-inflated Poisson 0.260 53.,297.4 0.463 0.231 5,479.1 0.457 0.563 0.516 0.037
& Gamma severity
A6: Tweedie 0.162  28,046.8 0.520 0.183 4,311.4 0.534  0.563 0.516 0.037
AT7: Type-2 Tobit 0115  28,575.7 0.459 0.142 4,667.5 0.492  0.563 0.516 0.037
Proposed models
PL: Random-intercept Tweedie 0.341  25719.9 0.621 0278  3,869.8 0551 0.563 0.516 0.037
(independent)
P2: Random-intercept Tweedie 0.336  25,302.3  0.625 0283  3,864.9  0.552 0.595 0.569 0.047

(dependent)

J: the lower the better; 1: the higher the better. Best values are presented underlined and in bold.

4.5.3 Customer Lifetime Value Predictions

Although it is important to evaluate individual predictions of claims and churn, this
alone does not offer a complete insight into a model’s effectiveness in estimating
CLV. As previously discussed, the projected premiums are the same for all models.
Consequently, the predictive performance of CLV depends on how well a model
predicts claims and churn rates jointly. To calculate CLV using Equation (4.1), we
set the discount rate at 2.2% (reflecting the historical average inflation rate in the
U.S. from 2006 to 2010), and note T' = 2 given the two years in our test data. For
simplicity, we assume premiums and claims costs are realised concurrently at each

year’s end.

Table 4.9 presents various evaluation metrics used for assessing CLV prediction. Five
metrics are used to assess how well the models predict CLV among all customers in

the test set i.e., overall performance. For illustration purposes, let CLV; and CLV;,
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denote the true CLV and predicted CLV for the i-th (i = 1,..., Nis) customer in
the test set, respectively. Note the true CLV is calculated using the actual pay-
ments of claims (after applying deductibles) as customers’ costs. When calculating
the predicted CLV, we utilise the loss elimination ratio approach, a standard de-
ductible rate-making approach in actuarial practice (Lee 2017), to further adjust
the predicted net profits to account for deductibles. We refer readers to Appendix
C.4 for the illustration of this approach.

The first metric measures the proportion of customers with positive predicted CLV
in the test set,
S Met I(CLV, > 0) x 100%

Ntest ‘
The error is then calculated by [(CLV > 0)% — True rate], where the true rate
(86.9%) is the proportion of customers with positive true CLV in the test data. For

(CLV > 0)% =

instance, our proposed model P2 predicts (CLV > 0)% = 89.3%, and so its error is
89.3% —86.9% = +2.4%. As Table 4.9 shows, model P1 has a predicted (CLV > 0)%
closest to the true rate (just 1.9% off), followed closely by model P2 (2.4% off). All
alternative models have predicted (CLV > 0)% lower than the true ratio, indicating
that they all tend to overestimate the claims risk and underestimate CLV in the test
data.

The second metric we consider is rank-based hit rate proposed by Malthouse
and Blattberg (2005). To calculate this, we divide customers into quartiles
(G1,Ge, G3,Gy) according to their rank of CLV. For example, if a customer’s CLV
is in the top (bottom) 25% among all customers, this customer will be divided into

group Gy (G4). We then calculate

S i I(CLV; € Gy & CLV; € Gy)x

Hit rate =
Ntest

x 100.

From Table 4.9, we observe that our proposed models P1 and P2 outperform all the
alternative models in terms of hit rate. Model A1 also achieves relatively high hit
rates — this is because the majority of customers did not make any claims in the test,
and so premiums mainly determine their CLVs. In this case, model A1 applying the
constant claim assumption can reliably predict the rank for the customers who did

not make any claim, leading to a relatively high hit rate.

The remaining three metrics are dollar-based metrics. These are the mean ab-
solute error (MAE), the two-sample Kolmogorov-Smirnov (K-S) statistic, and the
Pearson correlation coefficient. The two-sample Kolmogorov-Smirnov (K-S) statis-

tic quantifies how close the distributions of predicted and true CLV are (Pettitt



Chapter 4. Valuing Customers in the Insurance Industry: A Joint Model for
Claims and Churn

94

Table 4.9: Evaluating overall predictive performance of customer lifetime value in

the test set.

Models (CLV>0)%: error Hit rate MAE ($) K-S statistic Pearson correlation
True rate=86.9%; | 0 i} i) T
Alternative models
A1l: Constant claims % -52.7% 58.7% 65,924.2 0.531 -0.292
A2: Zero-infl Pois
ero-inflated Poisson 387%  28.1% 554009 0.496 0.559
& Constant severity
A3: Random-intercept
zero-inflated Poisson -23.6% 45.2% 55,719.1 0.313 0.349
& Constant severity
A4: Random-intercept Poisson
-23.39 24.5 87,602.3 0.401
& Gamma severity % % ' 0.587
A5: Random-intercept
zero-inflated Poisson -12.0% 41.6%  103,936.4 0.250 0.434
& Gamma severity
AG6: Tweedie -11.1% 47.2% 50,667.1 0.265 0.262
AT: Type-2 Tobit -19.3% 36.2% 52,799.4 0.379 -0.062
Proposed models
P1: Random-intercept Tweedie +1.9%  62.6%  46,025.2 0.094 0.628
(independent) -
P2: Random-intercept Tweedie 124%  63.0% 45,925.3 0.092 0.629

(dependent)

J: the lower the better; 1: the higher the better. Best values are presented underlined and in bold.

and Stephens 1977). That is, suppose F(v) and W (v) are the empirical cumu-
lative distribution functions of true CLV and predicted CLV, respectively. Then
K-S statistic = max|F(v) — W (v)|, and a lower K-S statistic indicates greater simi-
larity between thé] distributions of true and predicted CLV. The Pearson correlation
coefficient (see Liu and Shih 2005a,b; Shih and Liu 2008, among others for its us-
age) evaluates whether the predicted CLV aligns well with the true CLV in a linear
sense. For all three dollar-based metrics, model P2 is the winner, followed (closely)
by model P1.

Figure 4.2 visualises the true and predicted CLV distributions for our proposed
model P2, where the range of true CLV is roughly from -$4,900,000 to $500,000 at
the individual customer level (remember that customers are oftentimes large gov-
ernment entities). Our proposed model P2 has the ability to predict the overall
shape and some extreme values (such as -$4,500,000) relatively well, although even
more extreme true CLV (such as -$4,900,000) caused by very large claims are nat-
urally hard to predict accurately by any model in practice. We also observe that
the probability mass below zero in true CLV is larger than in the predicted CLV,
which is consistent with the error of CLV > 0 (1.9%) in Table 4.9. We refer the
reader to Appendix C.5 for the distributions of predicted CLV of other alternative
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models.

To summarise, our proposed models P1 and P2 have consistently strong predictive
performance in terms of overall performance for CLV prediction. The alternative
models exhibit varying shortcomings, potentially leading to sub-optimal customer

management in real-world scenarios, which we will explore next.

4.5.4 Profit Analysis based on Customer Lifetime Value

Predictions

While our proposed model performs well in the overall prediction of CLV, this does
not directly translate to the models’ economic significance for insurers. Instead,
we can consider an insurer aiming to implement a proactive marketing strategy by
targeting customers with a negative predicted CLV for churn. If a model is able
to predict CLV accurately at the individual level, then the targeted customers with
negative predicted CLV would be likely to have negative true CLV. In this case,
proactive marketing management could successfully save money (generate profit)
by terminating the contract with customers having a predicted negative CLV, i.e.,
applying a demarketing strategy for these customers (Lepthien et al. 2017). Note
that our demarketing strategy is hypothetical, which ignores the negative word-
of-mouth consequences of “firing” customers. We expect to use this hypothetical
strategy to generate business insights that could be used as a reference by insurers.
In practice, insurers generally have the right to exit from a certain market, which
is related to the total CLV of that market. For example, Farmers Insurance ended
coverage in Florida (McDaniel 2023), a move that would affect about 100,000 existing
policies and represented the latest retreat by insurance companies reluctant to cover
Americans living in disaster-prone areas. This example suggests that providing
farmers insurance in Florida might not be sustainable, i.e., the total CLV of farmers
insurance might be negative in Florida. This type of dilemma for insurers is mainly
because the risk of hazards is estimated to be very high by insurers, leading to

unaffordable prices for their customers.

With this in mind, for each of the models considered, we implement a hypothetical
demarketing strategy that terminates the contract with those customers having a
negative predicted CLV. We then aggregate the actual CLVs of these hypothetically
terminated customers to understand how much additional profit this strategy can
bring. To quantify this, we construct two new metrics called profit increase per

customer ($), and profit increase per million coverage ($), to evaluate the potential
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Figure 4.2: The distributions of true CLV (top panel) and predicted CLV of model
P2 (bottom panel) in the test set (the height of bars is scaled by log;,(count+1)).
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economic benefits brought by models to insurers,

S Mest [(CLV; < 0) x (—CLV;)
S Mest [(CLV, < 0)
S Mest [(CLV; < 0) x (—CLV;)

S Mest [(CLV; < 0) x Coverage Amount;

Profit increase per customer =

bl

Profit increase per million coverage =

where Coverage Amount is a customer’s total coverage in the test set.

Table 4.10 summarises the profitability of CLV models as measured by these two
profit-based metrics. A demarketing strategy using our proposed model P2 could
generate a mean profit of $58,374.70 per demarketed customer and $248.0 per million
coverage ($5,545,599 profit in total). In contrast, using model Al could lead to a
mean loss of $6,294.40 per demarketed customer and $265.3 per million coverage
($3,657,068 loss in total). We also present the results based on Winsorised and
trimmed means, both of which are less sensitive to outliers. Again, our proposed
model P2 exhibits strong profitability in these cases compared to other models. The
superiority of model P2 over model P1 in particular further lends support to the
importance of capturing the association between intrinsic claims and churn risks

through shared random effects, from the perspective of models’ profitability.

Table 4.10: Evaluating the profitability of CLV models through the proposed mar-
keting strategy.

Models Profit increase per customer ($) Profit increase per million coverage ($)
Mean Winsorised (1%) Trimmed (1%) Mean Winsorised (1%) Trimmed (1%)
i) i T i i T

Alternative models

Al: Constant claims -6,294.4 -8,059.7 -8,738.1  -265.3 -290.6 -347.4

A2: Zero-inflated Poisson 100.8 -14,099.7 A7,7745 08 -98.1 -146.9
& Constant severity ’

A3: Random-intercept
zero-inflated Poisson 20,167.2 2,385.2 -4,004.3 277.3 64.2 -27.5
& Constant severity

A4: Random-intercept Poisson

. -5,360.8 -18,198.6 -25,013.7  -26.1 -93.9 -124.6
& Gamma severity
A5: Random-intercept
zero-inflated Poisson 22,534.9 -1,228.4 -7,877.5 1479 -10.4 -66.1
& Gamma severity
A6: Tweedie 10,419.8 -7,712.0 -13,354.7 65.5 -46.2 -114.9
AT: Type-2 Tobit -12,825.7 -12,886.6 -13,898.9 -130.8 -148.7 -176.6
Proposed models
P1: Random-intercept Tweedie  j 45 22,801.2 11,0461 226.6 112.8 59.9
(independent)
P2: Random-intercept Tweedie — og 57 7 24,626.8 11,926.0  248.0 126.2 69.6

(dependent)

J: the lower the better; 1: the higher the better. Best values are presented underlined and in bold.

We conclude this section by noting that the LGPIF was closed at the end of 2017.
The Governor’s proposed State Budget suggested that property insurance might be
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more effectively managed by the private insurance sector (Rick 2015; OCI 2019). The
mission of the LGPIF was to make property insurance available for local government
units, so it was not allowed to deny coverage, although local government units could
secure insurance in the open market. Thus, in reality, the LGPIF did not conduct the
demarketing strategy mentioned in the paragraph above, while the local government
units with huge negative CLV might have contributed to the closure of the LGPIF.
In hindsight, one potential way for the LGPIF to escape the fate of being closed
is to adjust the premiums in a timely but appropriate manner; we expand on this

point in the next section.

4.5.5 Adjusting Premiums to Increase Customer Lifetime
Value

The estimated coefficients of logRateBuilding (0 = 1.046, p < 0.01) and logRa-
teEquipment (5 = 0.136, p < 0.01) from the customer churn sub-model in Table
4.5 suggest that higher rates correlate with an increased likelihood of churn. Conse-
quently, if the LGPIF had increased premiums for customers with negative predicted
CLV, then these customers might have sought insurance in the open market rather
than renewing their contracts with the LGPIF.

In this section, we assume the LGPIF adopts our proposed model P2 to imple-
ment a proactive pricing strategy: increasing the premiums per coverage by 10%,
20%, 30%, and 40% for the customers with negative predicted CLV and keeping
the premiums unchanged for the rest. We restrict the maximum variation in the
premiums per coverage to 40%, which is closely in line with the empirical rate of
change in premium per coverage we observed in the LGPIF data; see Figure 4.3.
The underlying rationale for this strategy is to encourage negative-CLV customers
to churn with elevated rates, while the LGPIF could increase revenues even if those
customers accept the elevated rates and renew their contracts. While these pric-
ing strategies have a simple design for illustrative purposes, it is worth noting that
premium adjustments in personal insurance lines could be strictly regulated to pre-
vent discrimination (Avraham 2017; Lindholm et al. 2022; Frees and Huang 2023).
However, commercial insurance lines, like the LGPIF, often have more flexibility in

premium adjustments.

Table 4.11 illustrates how increasing the premiums for the negative-CLV customers
would influence their predicted premiums paid, claims, churn rates, and CLV. As
we increase the premiums for the negative-CLV customers from 10% to 40%, their
predicted total premiums increase, expected total claims decrease, and the average

churn rate among those customers increases. Consequently, these changes jointly
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Figure 4.3: The distribution of the rate of change in premium per coverage used by
the LGPIF.

lead to an increase in the total predicted CLV of those negative-CLV customers,
which is in line with our expectations of the proposed pricing strategy. For example,
if we increase premiums by 40% for all the customers with negative predicted CLV,
these customers’ total predicted CLV would increase by $3.59 million. The analysis
in this section thus highlights the importance of strategic pricing in effective cost
management. Leveraging our shared random effects model, we show that premium
adjustments could enhance an insurance company’s total CLV and ensure long-term

financial success.

Table 4.11: Evaluating the profitability of model P2 through the pricing strategy
for negative-CLV customers.

Total Total Average Total Change
premiums claims churn rate predicted CLV in CLV

Before premium adjustment $5.21M $22.38M 0.48% -$13.50M
+10% premium adjustment $5.74M $22.26M 0.55% -$12.57TM +%0.93M
+20% premium adjustment $6.26M  $22.16M 0.61% -$11.66M +$1.84M
+30% premium adjustment $6.78M $22.00M 0.68% -$10.77M +$2.73M
+40% premium adjustment $7.30M $22.04M 0.75% -$9.91M +$3.59M

Change in CLV represents the change in predicted CLV compared to “Before premium adjustment”.
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4.6 Discussion

4.6.1 Summary and Takeaways

In this chapter, we have introduced a cost-based customer lifetime value (CLV)
modelling framework tailored to the insurance industry, marking a significant ad-
vancement in CLV research. By leveraging shared random effects, our model ap-
propriately captures the unobserved heterogeneity in claims and churn risks, and in
doing so reveals the latent association between claims and churn tendencies across
customers. To the best of our knowledge, this is the first chapter (paper) to employ

such a shared random effects model in CLV research.

We applied our shared random effects models to study claims and customer churn
behaviours using data from the Wisconsin Local Government Property Insurance
Fund (LGPIF). Specifically, we utilise multivariate Tweedie regression models to
address the unique challenges posed by claims data, notably its mass at zero and
heavy-tailed nature. A logistic regression model serves as the customer churn sub-
model. Our empirical analysis reveals a negative latent association between claims
and churn tendencies across customers of the LGPIF. Furthermore, through a con-
ditional effect analysis, we interpret how shared random effects translate the unob-
served heterogeneity and latent association into tangible claims and churn risks, with
results showing that customers with differing shared random effects exhibit signifi-
cant variations in claims and churn risks, even when their observed characteristics

are identical.

Given the task of valuing customers in the insurance industry, the proposed model
outperforms a diverse array of alternative models in predicting claims, churn, and
CLV. Looking beyond the value of these predictions, we develop two evaluation met-
rics, profit increase per customer and profit increase per million coverage, allowing
us to generate managerial insights into model profitability. The strong performance
of our proposed model in these two metrics emphasises its potential to bring con-
siderable economic benefits to insurers. Moreover, utilising our proposed shared
random effects model, we illustrate that adjusting premiums reasonably could help
insurance companies increase total CLV and ensure long-term profitability. In do-
ing so, this chapter presents an instructive avenue for insurance as well as other

industries aiming to refine their cost modelling techniques.
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4.6.2 Limitations and Future Research

As a new joint modelling framework for CLV research, there are several variations
of the shared random effects model that are worthy of further investigation. For
instance, beyond shared random intercepts, shared random slopes for the covariates
can also be investigated. Doing so, however, not only requires more observations per
customer but will also introduce additional covariance structures between random
intercepts and slopes that further complicate model fitting. Also, we assume the
shared random effects follow a multivariate normal distribution, and future research
could examine the sensitivity of this assumption (Hui et al. 2021) as well as the use
of non-normal multivariate distributions for the shared random effects, such as a log-
gamma distribution (Fabio et al. 2012). Using a suitable multivariate distribution for
shared random effects has the potential to improve prediction performance, although

again at the expense of more complex and burdensome model estimation.

The coefficients in the claims model and churn models have an associative rather
than causal interpretation, in line with the predictive nature of CLV modelling.
When the model goal is predictive, there is often no benefit from endogeneity cor-
rection; in fact, using 2SLS estimation can make predictions worse (Ebbes et al.
2011). With this in mind, future research could examine the use of machine learn-
ing models for both claims and customer churn under the joint modelling framework.
However, machine learning models lack interpretability and do not allow us to un-
derstand to what extent the improvement in fit is due to allowing for dependencies
in the heterogeneities in churn and claim, like in our proposed model. In addition,
though we mentioned a proactive marketing strategy in Section 4.5.4 and a pricing
strategy in Section 4.5.5 for illustration purposes, we have not discussed the effec-
tiveness of marketing campaigns, interventions, and incentives since we do not have
such information in our data. Future research could bridge this gap by linking our
proposed models to uplift modelling research (Ascarza 2018; Ascarza et al. 2018;
Lemmens and Gupta 2020). Such an extension however requires a suitable dataset

tracking customer behaviour before and after a marketing campaign.

One of the limitations of the Tweedie regression approach used in this chapter is
that it incorporates covariates to model the mean of claims only. However, there
exist practical situations where the variance, as well as the mean of the claims, needs
to be modelled. To achieve such flexibility, a standard way is using a double-GLM
approach, which models both mean and variance of claims (see Boucher and Davidov
2011; Delong et al. 2021, for examples). It is worth acknowledging that a double-
GLM approach also doubles the number of parameters (similar to the frequency-

severity approach) compared to the Tweedie regression approach. Consequently,
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building a double-GLM generally requires more data in order to estimate it compared
to modelling the overall mean using Tweedie regression. Future research could
employ a double-GLM approach on Tweedie regression within our joint modelling

framework.

Finally, we only study one data set (LGPIF) in this chapter, so our empirical results
could be data-specific but not general. If an insurer could price contracts perfectly
based on customers’ claims risk, then the insurer should be able to retain positive-
value customers with attractive prices and force negative-value customers to churn
with excessive prices. In this ideal case, the association parameters (alpha in Table
4.5) should be positive instead of negative; i.e., customers with high claims risk are
forced to churn via the perfect pricing process. However, the LGPIF studied in this
chapter was a special commercial insurance that served government units without
profit purposes, so their pricing process was somewhat inefficient. Therefore, future
research could test our proposed model on different data sets and explore different
association structures. We believe that such exploration could help insurers improve

their pricing engine.



Chapter 5

Conclusion

To conclude this thesis, we first offer a summary of the primary findings from Chap-
ters 2 to 4, before providing a discussion of the limitations and possible extensions

to this research.

5.1 Summary of Findings

This thesis explores three primary research areas within general insurance: claims
modelling, customer churn analysis, and customer valuation. The findings presented
in Chapters 2 to 4 provide critical insights for insurers, especially for the actuaries

in the general insurance sector.

Chapter 2 studies the cost of combined deductibles under dependence from three
perspectives: empirical applications on real data sets, a comprehensive simulation
study, and theoretical propositions. The results of the empirical applications, span-
ning commercial insurance, reinsurance, and personal (pet) insurance, shed light on
the importance of dependence modelling for calculating deductible costs. Specifi-
cally, the deductible costs are reduced by 6 to 23 per cent for commercial insurance,
up to 8 per cent for reinsurance, and 10 to 23 per cent for pet insurance when de-
pendence modelling with copulas is used, compared with benchmark models in the
literature that assume independence. We examine a range of dependence parame-
ters, marginal distributions, and copulas in the simulation study, revealing that the
strength of dependence emerges as the most influential factor affecting deductible
costs. Moreover, the dependence structure and marginal distributions should be se-
lected carefully in practice because they could yield different deductible costs. The
theoretical propositions in Chapter 2 present general properties of joint distributions
that can lead to materially different prices, thereby explaining the findings in the em-
pirical applications and simulation study. These propositions show the difference in
deductible costs between dependence and independence modelling is affected by the

size of combined deductibles, and the correlation between risks. With these general
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propositions, researchers can effectively address challenges in dependence modelling
across diverse contexts. An overarching contribution of the above three perspectives
underscores the importance of modelling dependence on combined deductible costs

for bundled insurance contracts.

Chapter 3 explores multi-state customer churn analysis in the insurance indus-
try. The primary contribution of this chapter lies in introducing multi-state cus-
tomer churn analysis, designed to explore customers’ behaviours beyond the simple
churn/not churn and across multiple periods. We develop multinomial logistic re-
gression (MLR) models with a second-order Markov assumption to conduct multi-
state customer churn analysis. Through the use of such models, which prioritise
interpretability over predictive power, insurance companies can gain a complete pic-
ture of how a policyholder’s past states affect their decision to move to the next
state, as well as the complex relationships between transition probabilities and var-
ious explanatory variables related to premium information, claim information, and
contract type. The empirical analysis, based on commercial insurance data from the
Wisconsin Local Government Property Insurance Fund (LGPIF), demonstrates that
explanatory variables play differing roles in triggering different types of transitions.
This nuanced understanding could guide insurers to predict policyholders’ future
transitions based on their previous states and attributes. To aid in interpretation,
we present conditional and average marginal effect plots to interpret the estimated
effects on the probability scale. Furthermore, we use the example of an average
policyholder to illustrate how multi-state customer churn analysis could improve
the accuracy of customer lifetime value calculation for insurers. Although not the
primary aim of this chapter as a whole, the second-order MLR model was shown
to also predict relatively well compared to a variety of alternative models. Overall,
our findings open up a new way of perceiving and understanding customer state
transition behaviour in the insurance market, and shed light on the importance of

multi-state customer churn modelling.

Chapter 4 introduces a cost-based customer lifetime value (CLV) modelling frame-
work tailored to the insurance industry, marking a significant advancement in CLV
research. By leveraging shared random effects, our model appropriately captures
the observed heterogeneity in claims and churn risks by covariates, as well as the
unobserved and correlated heterogeneity between claims and churn risks by shared
random effects. Specifically, we utilise multivariate Tweedie regression models to
address the unique challenges posed by claims data, notably its zero-inflated and
heavy-tailed nature. A logistic regression model serves as the customer churn sub-

model. Our empirical analysis of commercial insurance data reveals a negative latent
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association between claims and churn tendencies across customers. Furthermore,
through a conditional effect analysis, we interpret how shared random effects trans-
late the unobserved heterogeneity and latent association into tangible claims and
churn risks, with results showing that customers with differing shared random effects
exhibit substantial variations in claims and churn risks, even when their observed
characteristics are identical. Given the task of valuing customers in the insurance
industry, the proposed model outperforms a diverse array of alternative models in
predicting claims, churn, and CLV. Looking beyond the value of these predictions,
we use two hypothetical applications to generate managerial insights into model
profitability. The strong performance of our proposed model in these two hypothet-
ical applications emphasises its potential to bring considerable economic benefits to
insurers. In doing so, this chapter presents an instructive avenue for insurance as

well as other industries aiming to refine their cost modelling techniques.

5.2 Limitations and Future Research

This thesis introduces a variety of innovative approaches to claims modelling, cus-
tomer churn analysis, and customer valuation. Naturally then, there are several
generalisations and extensions that warrant further investigation. First, all the
models presented, such as the copula models in Chapter 2, the multinomial logistic
regression models in Chapter 3, and the shared random effects models in Chap-
ter 4 are based on association, not causation. For example, the two applications
in Sections 4.5.4 and 4.5.5 are based on the association structure drawn from the
shared random effects model. Future research could study the claims and customer
churn risks from the perspective of causal inference (see Guelman and Guillén 2014;
Paredes 2018; Verschuren 2022; Parodi 2023, among others). For example, Paredes
(2018) showed that a phone call reminding customers of the benefits of their pol-
icy could reduce the auto insurance churn rate by up to 6% from the perspective
of causal effects. To our knowledge, there remains a notable gap in understanding
the causal effects of insurer interventions on claims and churn risks simultaneously.
Addressing this gap could assist insurers in producing more informed decisions, op-
timising their products and services, improving customer demand modelling, and
maximising profits (Ascarza 2018; Ascarza et al. 2018; Lemmens and Gupta 2020).
Nevertheless, pursuing this avenue is challenging because it likely requires data col-
lected from carefully planned experimental designs (e.g., randomised control trials),

and necessitates close collaboration between academia and industry.

Second, among all the models built in the three chapters, the shared random effects
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model proposed in Chapter 4 is the only one that explicitly captures the unobserved
and correlated heterogeneity in claims and churn risks across customers. Future
research could examine machine-learning-based methods that can enhance the pre-
dictive power of claims and churn models through flexibly “learning” the unobserved
and correlated heterogeneity in claims and churn risks. One promising avenue in-
volves extending the generalised mixed effects neural network proposed by Avanzi
et al. (2023), a hybrid of generalised mixed effects models and neural networks.
What calls for special attention though is that modellers need to balance inter-
pretability and prediction accuracy when employing such machine-learning-based
models. This is especially important when the models are used for pricing purposes
because modellers need to interpret the modelling results to diverse stakeholder

audiences.

Third, the multi-state customer churn analysis proposed in Chapter 3 is not incor-
porated into the joint modelling of claims and churn in Chapter 4. Primarily, this
stems from the insufficiency of observations in the LGPIF data to estimate shared
random effects for multi-state transitions. With a suitable data set, future research
could consider replacing the logistic regression used as the customer churn sub-model
in Chapter 4 with a multi-state model, such as multinomial logistic regression. The
modified model could help insurers understand how intrinsic multivariate claims
risks and multi-state transition tendencies are associated, subsequently leading to
a potentially more accurate CLV calculation (considering all paths instead of cus-
tomer churn only). However, such a model extension also requires a sophisticated
algorithm for estimating shared random effects, because the state of a customer will

no longer be static.

Fourth, we have not considered geographical variables in this thesis. With insurers
and customers having become more concerned about the risk of natural hazards,
insurance is increasingly identified as a disaster management technique of choice. A
large number of studies has been done to incorporate the natural hazard risk into risk
management and insurance pricing (see Hsu et al. 2011; Booth and Harwood 2016;
McAneney et al. 2016; Borensztein et al. 2017; Kousky 2019, for examples). Future
research could expand the models proposed in this thesis to include geographical
variables and explore natural hazard risks. For example, in Chapter 4, we found a
modest positive correlation between intrinsic building and equipment claims risks.
A possible reason for this positive association is that the insured objects (buildings,
equipment, and cars) are close to one another and share common environmental
hazards such as hail, windstorms, etc. Future research could incorporate spatial

information into shared random effects models for multivariate claims, and examine
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whether the correlation between intrinsic claims risks still exists.

Finally, this thesis has consistently treated premiums as exogenous mainly because
insurers’ pricing process (e.g., models, expenses, and profit margin) is confidential
and unavailable to us. For example, we treat future premiums as constant in Sec-
tion 3.4 and adjust future premiums by inflation rate in Section 4.5, which might
introduce bias in CLV calculations. If an insurer is willing to share confidential
information about their pricing process, then it could facilitate new research into
joint models for premiums, claims, and churn, i.e., three main components of CLV

calculation.
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Appendix A

Appendix for Chapter 2

A.1 Applying Two Combined Deductibles: One
for Four Autos, One for the Whole Con-

tract

In Section 2.4.1 of Chapter 2, we mention that an insurer can offer a combined
deductible dg,, to the four auto coverages (PN, PO, CN, CO), and then a combined
deductible d to the entire contract. This is only one of the examples that insurers
may encounter in practice. In this case, the insurer should cover the loss of [X BC +
Xiv + (Xpy + Xpo + Xon + Xoo — dauto)+ — dh
undertaken by the policyholder. If we hold d to be 2500 and let d,,, change from 0
to 5000, then the C'R is shown in Figure A.1. We can see the C'R is around 20% for
these four policyholders, which is consistent with the finding of the contracts with
one combined deductible in Section 2.4.1 of Chapter 2.

while the remaining loss is

129
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Figure A.1: Cost Relativities of four policyholders with two combined deductibles.

A.2 Discussion on the lim,; ,,+ CR for Section
2.4.1

In Figure 2.1 and Figure 2.3 of Chapter 2, we see the ratios C'R have different
starting points when d — 0 and starting points are all negative. This phenomenon

can be explained through the mathematical derivations below.

limg_o+ cqg = limyg_o+ F min(XBc + X+ Xpy + Xpo + Xon + Xeo, d)
= P(0-claim) x 0+ (1 — P(0-claim)) x d
= d — P(0-claim)d.

(A.1)
. cg”
llmdﬁ(]#’ CR = “ind 1
Cd
d — P%P(0-claim)d (A2)

~ d— Pmd(0-claim)d
P(0-claim) — PP (0-claim)
B 1 — P™4(0-claim)

In equations (A.1) and (A.2), “O-claim” means that there is no claim for all six
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coverages. Equation (A.2) suggests that the starting point of C'R is affected by
P?P(0-claim) and P™(0-claim), where P%P(0-claim) (resp. P"?(0-claim)) is the
probability of “0-claim” calculated by the dependence model (resp. independence
model).

Let upc, ury, upn, upo, ucn, anduco denote the probabilities of no claim for the
six coverages BC, IM, PN, PO, CN, and CO, respectively. For example, ugc is
the probability of no claim for the BC coverage. Then P™¢(0-claim) for the in-
dependence model and P?P(0-claim) for the dependence model can be calculated
by

P (0-claim) = upctrptpNUPOUCNUCO, (A.3a)

PdeP(O—Claim) = C(upc, Uiy, UpN, UPO, UCN ; UCO) - (A.3b)

Combining equations (A.2), (A.3a), (A.3b), it is straightforward to have the follow-

ing conclusions about the starting point of C'R.

e Marginal distributions of the losses affect the starting points of C'R, as the

no-claim probabilities for the six coverages are different.
e The choice of the copula for the dependence model also affects C'R.

e The reason that all starting points are negative is due to

C(upc, Urm, UpN, Upo, UON, UcO) > UBCUIMUPNUPOUCNUCO-

In Table 2.3 of Chapter 2, all dependence parameters are positive, which im-
plies the losses of six coverages modelled by the dependence model tend to be
small together compared to the independent case. So, there is a higher chance
for the dependence model to have a “0-claim” compared with the independence

model.

To visualise the above conclusions, we assume no claim probabilities of six coverages
are the same (upc = ury = upy = upo = Ucy = uco = u). Then we can observe
how different values of u affect the starting point of CR in Figure A.2. It further
explains why the starting points of C'R of 24 policyholders are all different in Figure
2.1 of Chapter 2.

In Figure A.3, we consider both a Gaussian copula and Student-t copulas with the
same dependence parameters listed in Table 2.3. For the Student-t copulas, we set
degrees of freedom to be 2, 4, 6, and 20 for comparison purposes. We find that the

Student-t copula with a lower degree of freedom leads to a lower starting point of
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Figure A.2: How u affects starting points of Cost Relativities (dependence and
independence model).

CR, holding other conditions the same. The Student-t copula approximates to the
Gaussian copula when its degree of freedom approximates to positive infinity, which

explains that the green line and black line are close.
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Figure A.3: How u affects the starting points of Cost Relativities (Student-t copula
and Gaussian copula).
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A.3 Two Probabilities related to Section 2.4.1

Define S = Xgo+ X+ Xpn +Xpo + Xon + Xco to be the total claim amount of
six coverages. We introduce two probabilities that practitioners may be considered.
These two probabilities are calculated by Monte Carlo simulations and are defined

as follows.

R(0< S <d)+ R(S=0)

PO<S<dS>0 R(0 < S <d)
0= 8<dS=0= 5 Ris—oy

where R is the total number of the simulation, R(0 < S < d) and R(S = 0) are
the numbers of simulation that satisfies 0 < S < d and S = 0 respectively. The
relationship between these two probabilities and the combined deductible of the four

policyholders discussed in Section 2.4.1 of Chapter 2 is shown in Figure A .4.

We use P(S < d) to denote the unconditional probability that the insurer will not
pay anything to the policyholder. P(S < d) = P(0 < S <d)+ P(S =0). Asd
increases, P(S < d) will also increase. If d = 0, then P(S < d) = P(S = 0), which
can be observed in the left figures in Figure A.4. Also, the dependence model leads
to higher P(S < d) compared with the independence model because of a higher
P(S =0). This is consistent with the “O-claim” probabilities in Figure A.2.

We use P(0 < S < d|S > 0) to denote the conditional probability that the in-
surer will not pay anything to the policyholder, given the policyholder has a loss.
It represents the proportional decrement in the probability of paying a claim by
setting a combined deductible. For example, when there is no combined deductible,
the insurer must pay the policyholder for the loss amount. If there is a combined
deductible of 100 and P(0 < S < 100|S > 0) = 20%, then the probability of paying

a claim by the insurer will decrease by 20%.

A.4 Models and Calibrated Parameters for Sec-
tion 2.4.3

We summarise the calibration process in the following two steps.

Step 1. Write a function with the five parameters being inputs and MAPE being
the output.

Step 2. Use DE optimisation to get five optimised parameters through minimising
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Figure A.4: Two probabilities by two forms of combined deductible (dependence:
solid line, independence: dash line).

the MAPE. The optimisation process will stop if the maximum number of iterations
is reached or the best parameter vector finds a value. The maximum number of

iterations is set to 200 to ensure optimised parameters are stable.

DE optimises a problem by maintaining a population of candidate solutions that
will be used to create new candidate solutions. Then, DE optimisation only keeps
whichever candidate solution has the best score or fitness on the optimisation prob-
lem. In this way, the optimisation problem is treated as a black box that merely
provides a measure of quality given a candidate solution. To see the introduc-
tion of the DE algorithm and more applications, see Price et al. (2006) and Price
(2013).
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A.5 Comonotonic and Countermonotonic Results
of Three Applications

Cdep Cdep

We use ORCO = % — 1 and ORcounteT - .
C

counter
d Cd

of the comonotonic scenario and countermonotonic scenario respectively.

— 1 to denote the cost relativities

A.5.1 Application 1: Wisconsin Property Fund (Commer-

cial)

Since there are six coverages in this bundled contract, we only consider the comono-
tonic scenario, which is considered as the perfect positive dependence structure. In
Figure A.5, the cost relativities based on the comonotonic benchmark are all positive
for four specific policies, which means the deductible costs based on the dependence
model are larger than the corresponding deductible costs based on the comonotonic
model. In general, the deductible costs are increased by approximately 50 to 100
per cent when dependence models are used compared to the benchmark models that
assume comonotonicity for four specific policies. This result can be explained by
Proposition 2.6.2 in Section 2.6 of Chapter 2. Comonotonicity refers to the perfect
positive dependence, so it has the largest correlation order as well as the smallest

deductible costs.
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Figure A.5: Cost Relativities of four policyholders with the comonotonic benchmark.
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A.5.2 Application 2: Insurance Company Loss and Expense

(Reinsurance)

We consider both the comonotonic scenario and countermonotonic scenario for the
loss and ALAE. Countermonotonic scenario is often considered by a progressive risk
manager who thinks that two risks can mutually hedge, which can be regarded as
the least risky scenario. In Figure A.6, the cost relativities are all positive when we
assume a comonotonic benchmark and are negative when we assume a countermono-
tonic benchmark. In general, the deductible costs are increased by approximately 0
to 10 per cent when dependence models are used compared to the benchmark mod-
els that assume comonotonicity, and reduced by 0 to 20 per cent compared to the
benchmark models that assume comonotonicity. This result can also be explained
by Proposition 2.6.2 in Section 2.6 of Chapter 2. Countermonotonicity refers to the
perfect negative dependence, so it has the smallest correlation order as well as the
highest deductible costs.

<
O | — Gumbel Copula (Comonotonic Benchmark)
—— Frank copula (Comonotonic Benchmark)
--- Gumbel Copula (Countermonotonic Benchmark)
N _| --- Frank copula (Countermonotonic Benchmark)
o
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N - < _ ——::::::::::ZZZZ ____
o — e mmmiaze======°F777°77°
I
N
? _
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Combined Deductible: d ($)

Figure A.6: Cost Relativities of Gumbel model and Frank model with comonotonic
and countermonotonic benchmarks.

A.5.3 Application 3: Quotes of a Pet Insurance Contract

(Personal)

We consider both the comonotonic scenario and countermonotonic scenario for the

illness coverage and accident coverage. We pick Model 1 in the main body of Chap-
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ter 2 to illustrate the cost relativity with comonotonic and countermonotonic bench-
marks. In Figure A.7, in general, the deductible costs are increased by approximately
4 to 12 per cent when dependence models are used compared to the benchmark
models that assume comonotonicity, and reduced by 16 to 33 per cent compared
to the benchmark models that assume countermonotonicity. In conclusion, accord-
ing to Proposition 2.6.2 in Section 2.6 of Chapter 2, countermonotonicity results in
the largest deductible costs, and comonotonicity results in the smallest deductible

costs.

< —— Model 1 (Comonotonic Benchmark)
o —— Model 1 (Countermonotonic Benchmark)
N
o
r < _|
®) o
S
S

I I I I I
0 500 1000 1500 2000

Combined Deductible($)

Figure A.7: Cost Relativities of model 1 with comonotonic and countermonotonic
benchmarks.

A.6 Distribution Functions in Section 2.5

Table A.1 lists all four marginal distributions we use in Section 2.5 of Chapter
2. We use [ and u to denote the lower bound and upper bound respectively for
the uniform distribution. We use a and s to denote the shape parameter and scale
parameter respectively for the gamma distribution, Pareto distribution, and Weibull

distribution.
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Table A.1: The distribution functions in Section 2.5.

Distribution | Probability Density Function E(X)
1 I+u
uniform (1, u) f(z) = T 5
zle—De=%
gamma (a, s) f(z) = T as
a Ty a—1 Ty a 1
Weibull (a, s) f(x) = g(g) exp ( - (g) ) sl"(l + 5)
Paret as® s
areto (a, s) flz) = o) ]

A.7 Determination of the Number of Simula-

tions

We use the central limit theorem to determine the number of simulations (R); see
Section 6 in Frees (2018). In Section 2.5 of Chapter 2, we wish to be within 0.4%
of the expected total losses with 95% certainty (0.4% of expected total loss is $4).
For S = X; + Xs, we want Pr(|Sg — E(S)| < 0.004E(S)) > 0.95, where Sp =

R
% Zr:l ST"

According to the central limit theorem, our estimate should be approximately

normally distributed, and so we want to have a large enough R to satisfy
0.004E(S)/+/Var(S)/R > 1.96 (1.96 is the 97.5th percentile from the standard
normal distribution). Replacing E(S) and Var(S) with the estimates, we have

0.004Sg

— >1.96,
SS,R/\/E

where sg i is the square root of the simulation variance,

R

1 _
SSR=A\| ] Z(ST — Sg).

r=1

This criterion is a direct application of the approximate normality. Note that Sy
and sgp (estimates of E(S) and o(S5)) are not known in advance, so we will have
to come up with the estimates, either by doing a small pilot study in advance or by

interrupting our procedure intermittently to see if the criterion is satisfied.
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A.8 Linear Approximation in Section 2.5.1.1

One of the primary objectives of risk theory is to model the distribution of total
claim costs for portfolios of policies to make business decisions regarding various
aspects of insurance contracts. However, the exact probability density distribution
(PDF) of the aggregate loss is a weighted sum of convolutions, and the computation
can be highly complex. To this end, simulations and approximation methods have
been developed. Simulation methods can generate close to accurate results only
if the number of simulations is large enough. In this section, we investigate linear
approximation methods as an alternative. Data used in this section is generated from
Section 2.5.1.1. of Chapter 2, and we focus on Marginals 3 (Pareto) and Marginals
4 (Weibull) with non-negative pg (0, 0.4, 0.8) of the Gaussian copulas.

We derive the following three approximations of E min(X; + Xs, d) using the Trape-
zoidal Rule Chiou (1978) based on equation (2.4) of Chapter 2. The approximation

becomes more accurate as the resolution of the partition increases.

d
Approz, = d — §F5(d),

2 2 4

4 p dF d dF 2d dFd
pprors = —375\3) 735 3 7§ s(d).

To calculate the cumulative distribution function Fs(s) in Approz,, Approxs,

d d d
Approxze =d — =Fs | = | — =Fs(d),

Approxs, we again use Monte Carlo simulations. We define an approximation-to-

truth ratio

Approx
AT =

Cd
to measure the approximation performance. The upper bound of d is set to be
2000 in order to see the approximation performance when d is relatively large. If an
approximation method works well, AT would be close to 1. In the following analysis,
we consider the scenarios of both known and unknown dependence structure of the
two risks to the insurer. For the case of an unknown dependence structure, we

assume the independence of the risks.

Figure A.8 shows the performance of the approximations if the insurer does not
know the underlying ps between X; and X5, hence assuming independence of the

two risks. The three plots on the top are based on Pareto marginals, and the bottom
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plots are based on Weibull marginals. For each marginal, we consider three cases
of the true dependence parameters, that is, ps € (0,0.4,0.8). When the combined
deductible d is relatively small, all three approximations work similarly and are close
to the true values. However, as d increases beyond 1000, Approz, and Approxs show

better and more stable performance than Approx;.

We also notice that the approximations become worse as the true models move from
independent (pg = 0) to dependent (ps = 0.4 and pg = 0.8) cases. Moreover,
all three approximations tend to overestimate the true deductible costs when the
combined deductible d is bigger than 1000.
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Figure A.8: The approximation-to-truth ratio (unknown dependence structure).

Figure A.9 shows the performance of approximations assuming the true dependence
structure of the risks is known to the insurer. The left panel of Figure A.9 is the
same as the left panel of Figure A.8, when ps = 0. Compared to Figure A.8,

the approximations work better when the insurer knows the dependence structure.
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When d is large, Approx, and Approxs performed better and more stable compared

to Approx;.
ps=0
o ]
N — Approx 1
—~ 10 —— Approx 2
g o —— Approx 3
S o
&
[s2]
2
g -
j=2
= o
g 4
% 3
<
° 5 T T T T
0 500 1000 2000
o
)
= n
S o
2
()
= I
3
wn Yo}
© o
£
g o
é i
= 2
Q
° h T T T T
0 500 1000 2000

Combined Deductible: d ($)

00 05 10 15 20 25 3.0

00 05 10 15 20 25 3.0

pS:O 4
! ! ! ! T
0 500 1000 2000
! ! ! ! T
0 500 1000 2000

Combined Deductible: d ($)

00 05 10 15 20 25 3.0

00 05 1.0 15 20 25 3.0

ps=0.8

! ! ! ! !
0 500 1000 2000

! ! ! ! !
0 500 1000 2000

Combined Deductible: d ($)

Figure A.9: The approximation-to-truth ratio (known dependence structure).

A.9 Proofs of Propositions in Section 2.6

The proof of Proposition 2.6.1 in Chapter 2 is as follows.

Proof. The random couple X = (X7, X5) is PQD. We need to prove F min(X; +
Xy, d) < Emin(Xi+ X3, d), where (X, X5-) is an independent version of (X, X5).
When d > 0,

Emin(X1 + XQ, d) == fod[l - FXl,XQ(t7 d— t)] dt,

Emin(X{ + X5, d) = [[1 — Fx,(t)Fx,(d —t)] dt.
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Provided X is PQD, which ends the proof by

Emin(X1+X2,d) —Emln(XlL—i-XzL, fO FX1 FXQ(d )—FXl’XQ(t,d—t)] dtSO,
Emin(X; + X,d cdep
CR = —— (j i)—1= < _1<0.
Emin(X{ + X5, d) cp
m

The proof of Proposition 2.6.2. in Chapter 2 is as follows.

Proof. Two random couples X = (X3, X5) and Y = (Y3, Y5) satisfy X <corr Y.
When d > 0,

Emin(X; + X5, d) fol—FX(td—t | dt = fOFXtd—t)d
Emin(Y; + Y, d) fol—Fy(td—t | dt = fOFytd—t)d

Provided X <corr Y, which ends the proof by

Emin(X, + Xo,d) — Emin(Y; + Ya,d) = [J[Fy(t,d —t) — Fx(t,d —t)] dt >0,

CRy < C(CRx.

The proof of Proposition 2.6.3 in Chapter 2 is as follows.

Proof. 1f two CDF's never cross, then E(A) # E(B) and it leads to a contradiction
[Kaas et al. (2008)]. Assuming two CDF's cross exactly once at d. (F(d.) = Fa(d,)).
Then with Proposition 6.5. in Chapter 2 and (X3, X3) is PQD, it suffices to get
Fu(d) < Fp(d) when 0 < d < d. and Fu(d) > Fg(d) when d. < d. If (X1, X5) is
NQD, then Fa(d) > Fg(d) when 0 < d < d. and F4(d) < Fp(d) when d. < d.

ad(E min(A,d) — Emin(B,d)) = Fp(d) — Fa(d).

Now we summarise the behaviour of the difference in pricing |Emin(A,d) —
Emin(B, d)| with respect to the combined deductible d. When d increases from
0 to d., |[Fmin(A,d) — Emin(B,d)| will increase. When two CDFs cross at d.,
|Emin(A,d) — Emin(B,d)| is maximised. When d increases from d. to infin-
ity, |EFmin(A,d) — Emin(B,d)| will decrease. We find that the maximum value
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|Fmin(A, d.) — Emin(B, d.)| equals to the stop-loss distance introduced in Section
9.8 of Denuit et al. (2006). O

The proof of Proposition 2.6.4 in Chapter 2 is as follows.

Proof. If the random couple X = (Xi,X,) is PQD, Fmin(Xi + X5,d) >
Emin(X; + Xy,d) for all d € [0,00) by Proposition 2.6.3 in Chapter 2. Again
assume A = Xi- + X5, B = X, + X, . First, we prove that for any random variable

X, [; [min(t, E(X)) — Emin(X, t)] dt = ;03{.
Jy7 [min(t, E(X)) — Emin(X, t)] dt
= [P - Emin(X, 0] dt + [503[E(X) — Emin(X, t)] dt

—~ fOEm = X)y dt + [o B(X —t ) dt
:fo fo Fx(x) dx dt—i—fE ft x)] dx dt.

Interchanging the order of the integrations and using partial integration leads to

f fo Fx(x) dx dt = fo ( ) ) dx
1 x2

_ §E(X)?FX (BE(X)) - [FOBX)r - 7] dFy ()
1 2

=3 [P (@ - B(X))? dFx(x),

fg?x)f:o[l Fx(z)] dx dt = fE ( —x)(FX(x)—l) dx
1 x?

= SB(X)*(Fx(B(X)) = 1) = [ [E(X)z — 5 dlFx(x) —1]

== [rix) (@ = B(X))” dFx(a),

1 2
S5 [min(t, E(X)) — Emin(X, t)] dt = §f°° (z — BE(X))” dFx(z)

1
2

- 2UX.
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So we now show the following result:

IDIP = [["[Emin(A,t) — Emin(B,t)] dt
= J; [min(¢, E(B)) — Emin(B,t) — min(¢, E(A)) + Emin(A, t)] dt
t, B(

= /5~ [min( B)) — Emin(B,t)] dt — [;*[min(t, E(A)) — Emin(A,t)] dt
= 5(0% —0%)
1
= 5(E(B*) — E(A%))
— S[B(X?+ X3 +2X,X) — B((XP)2 + (X3 )2 4+ 2X7 X))
= E(X1X2) — E(X1)E(X)
= 0(X1, Xo).

If the random couple X = (X3, X5) is NQD, it is easy to get IDIP = —o (X1, X5).
[
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A.10 Copula Table

Table A.2: Copulas PQD/NQD Conditions

Copula C(u,v) = PQD Conditions | NQD Conditions
Gaussian %(qu(u), qu(v)), 0<6<1, —1<0<0,
0 e[-1,1]. 0<7<1, -1<7<0,
0<ps <L —1< pg <0.
T-student (v) H,,ﬂ(Fgl(u), G;l(u)), 0<0<1, —1<0<0,
0cl-1,1, v>2. 0<7<1, —1<71<0,
0<pg <L —1< pg < 0.
1 (e —1)(e7% — 1)
Frank —-(1+ ). 0<0, 6 <0,
0 e ? -1
6 eR\O. 0<7<1, -1<7<0,
0<ps <1 -1 < ps <O.
Gumbel exp ( — ((—In(u)? + (fln(v))e)%), 1<0, .
6 € [1,00) 0<r<1L
Clayton max(u~? +v70 — 1,0)7717 0<4, -1<6<0,
0 e[-1,00)\0. 0<7<1L -1<7<0.
Ali-Mikhail i 0<6<1 1<6<0
I ] 0213 ;—gln(z) |
aq 0e[-1,1]. <T<1/3. <r<o.
3
Joe 1 (=) +(1—u)? — (1—v)?(1—w)®)?, | 1<, 2.
0 € [1,00). 0<r<l.
Farlie-Gumbel- | wv + Quv(l —u)(1 —v), 0<6<1, -1<6<0,
Morgenstern 0 e[-1,1]. 0<71<2/9, -9/2 <71 <0,
0<ps<1/3. —-1/3 < ps < 0.




Appendix B

Appendix for Chapter 3

B.1 Five-State Transition Framework and Data

Imbalance

Figure B.1 shows the original five-state transition diagram of the application to data
from LGPIF.

fl S
F— p——

[
»

d
<

Figure B.1: A five-state transition diagram of the application to data from LGPIF.
BC refers to building and content insurance, IM refers to contractor’s equipment
insurance, while Car refers to vehicle coverage.

Table B.1 lists the five-state transition counts and empirical transition probabilities
from 2006 to 2013. We can see the numbers of several types of transition are very
small. For example, the number of transitions from state 3 to state 2 is 0, which
means that this type of transition has not occurred from 2006 to 2013 among all
policyholders. The transitions in the minority are statistically rare events. Conse-
quently, when a multi-state model is estimated on a random sample of the customer
population, the majority transitions will dominate the statistical analysis, which
may decrease the predictive accuracy of the minority transitions. This is a typical
issue of data imbalance, and has been addressed through “balanced sampling” in
the literature on traditional customer churn probability prediction; see Lemmens

and Croux (2006). However, in Chapter 3, we focus on using the second-order MLR

146



B.2. Explanatory Variables in Customer Churn Analysis in General Insurance 147

model to study multi-state customer churn analysis rather than achieving a high
degree of predictive accuracy, so we merged states 2, 3, and 4 in Figure B.1 into
one state in Chapter 3 to ensure that there is sufficient data to model all transition

probabilities reasonably well.

Table B.1: Five-state transition counts and empirical transition probabilities in
percent (in parentheses) from 2006 to 2013.

State of destination

State of origin State 1 State 2 State 3 State 4 Churn
State 1 2552 (94.14%) 4 (0.15%) 74 (2.73%) 3 (0.11%) 78 (2.88%)
State 2 11 (4.40%) 217 (87.80%) 1 (0.40%) 9 (3.60%) 12 (4.80%)
State 3 34 (0.94%) 0 (0.00%) 3479 (95.87%) 5(0.14%) 111 (3.06%)
State 4 3 (0.25%) 7 (0.59%) 29 (2.45%) 1112 (94.08%) 31 (2.62%)

B.2 Explanatory Variables in Customer Churn

Analysis in General Insurance

Premium information is found to be the key driver of customer churn, with the
majority of literature finding that policyholders are more likely to churn after they
experience the premium increase (Brockett et al. 2008; Haugen and Moger 2016;
Jeong et al. 2018; De la Llave et al. 2019; Leiria et al. 2021). Premium information
is also a frequently used predictor when applying machine learning techniques to
predict customer churn rates (see for instance Bolancé et al. 2016; Paredes 2018;
Scriney et al. 2020).

The claim experience is a special feature in general insurance. In life insurance,
when a policyholder makes a claim, it often means that the policyholder has died
and the life insurance contract is terminated. However, in general insurance, it is
common to see a policyholder make several claims in a single period, in which case
customers will normally face a higher premium for the next period after they had
made one or more claims in the previous period. Conversely, customers may receive
a bonus that reduces the premium for the next period if they did not make any claim
in the previous period. Jeong et al. (2018) and Frees et al. (2021) provide evidence
of a strong association between claim occurrence and customer churn. Furthermore,
numerous studies have shown that making a claim increases the probability of cus-
tomer churn and reduces the overall lifetime of a contract (see for example Guillen
et al. 2003; Brockett et al. 2008; Guillen et al. 2009; Haugen and Moger 2016).

Finally, contract information refers to a broad range of information that can be
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found in signed contracts between policyholders and insurers, including the geo-
graphic location of the insured object (e.g., Haugen and Moger 2016; Paredes 2018;
Staudt and Wagner 2018; De la Llave et al. 2019; Frees et al. 2021), policyholder
characteristics (e.g., Paredes 2018; Staudt and Wagner 2018; Frees et al. 2021), and

other useful information such as the date of renewal.

B.3 Endogeneity and Exogeneity

In economic models, variables are commonly divided into two main categories: en-
dogenous variables, i.e., variables that a model tries to explain, and exogenous vari-
ables, i.e., variables that a model takes as given (Mankiw 2003). Identifying whether
a variable is exogenous versus endogenous poses a challenge for insurers. There are
two main forms of exogeneity, depending on the level of independence shown by
the variable. A strictly exogenous variable is completely unaffected by the output
of a model in the past, present, and future. A sequentially exogenous (also called
predetermined) variable is not affected by past instances of the model’s output,
but future instances may be affected by current or future instances of the model’s
output. If a variable is neither strictly exogenous nor sequentially exogenous, it is
called endogenous. In the context of multi-state customer churn analysis, the en-
dogenous variable is the transition among different states of a contract held by a
policyholder, i.e., the values of /;; in Chapter 3. In order to decide if a new variable
is strictly exogenous or sequentially exogenous, we have to decide if the current or
future customers’ transition decision would cause the new variable to change in the

future.

As we have seen in the existing literature, premium information is known to be
statistically related to customer churn, e.g., the higher the premium, the higher
the churn rate, and there is a causal relationship among the claim, the premium,
and the probability of customer churn. To determine whether claims occurrence and
frequency and premiums are strictly exogenous or sequentially exogenous in a multi-
state transition model, we need to consider the moral hazard and adverse selection
under the insurance context. Adverse selection is the tendency of policyholders in
high-risk positions to purchase and renew insurance contracts. Moral hazard occurs
if policyholders act in a more risky way after they enter insurance contracts. In the
absence of moral hazard and adverse selection, a premium can be simply regarded
as the insurance company actuary’s summary measure of several risk factors with
realistic considerations, and a claim is only affected by strictly exogenous factors

such as climate and economic change. In this case, a customer’s current or future
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purchasing decision will not affect his or her future premiums and claims, so both
claims and premiums are strictly exogenous. On the other hand, if we take into
account moral hazard and adverse selection, then policyholders who keep purchasing
insurance contracts are more likely to make claims in the future, and high insurance
claims in one year lead to high premiums in subsequent years. From this perspective,
both premiums and claims evolve over time, and so both of them should be regarded
as sequentially exogenous. For the purposes of Chapter 3, we treat all variables as
strictly exogenous, and we do so to be consistent with the existing literature on
traditional customer churn analysis (see for instance Guillen et al. 2003; Brockett
et al. 2008, among others). We also refer the reader to Pinquet (2000) for a discussion
of exogeneity in an insurance rating context, and Chapter 6 of Frees (2004) for an

overview of exogeneity in longitudinal models.

B.4 Robust Standard Errors of the Second-Order
MLR Model

We provide robust standard errors using Stata 17; see Table B.2. Generally, the

formula for the robust estimator of variance is given in Stata (2022) as
M
V=V (Z u;uj> \
j=1

where M is the total number of observations, V = (—92InL/983%)~" (the conventional
estimator of variance), and u; (a row vector) is the contribution from the j-th
observation to dlnL/0p3.

For the second-order MLR model, we need to select a reference state and set the
coefficients corresponding to this reference state to zero for reasons of parameter
identifiability e.g., in Chapter 3, s = 1 and S, = 0 for all (¢, 7). For the transition

with state of origin (¢, r) and state of destination s, we define

exp(w;rrﬂqrs)
. 1+ZQ,_ exp(wTT,B Ts/)’ l<s< Q’
f]’]q,r_s — s'=2 1 q q
S o M

To calculate the score vector and Hessian matrix later, we will use the fact that for



150 Appendix B. Appendix for Chapter 3

all 1 <l,s<Q
0
mnqu = Tgri[1(s = 1) = Ngrs]Tqr-
We write the score = (s¢1.1,2,-..,5C11,0:5C1,22, - - - ,5C1,2.05 - - - ,SCQ-1,0—1,25 - - - » SCQ-1,0—1,Q)-

For example, in the application to data from LGPIF in Section 3.4 of Chapter 3,

score = (8C1,12,5C1,13,---,5C223). Any sc,,s can be calculated as

InL

SC =
q7r7s
0Bgrs

Mg

- Z[l(l] - S) - T]j,qrs]mj,qm
j=1

where M, is the observed number of transitions with states of origin (g, ), {; is the
state of destination for the j-th transition among M, transitions, and ;. is the

vector of corresponding covariates used in the second-order MLR model.

The Hessian matrix is a block diagonal matrix, with (r, s)-th block given by

82
bl,s = =—————InL
8ﬁqrs aﬁqu

Mg,

:_anqrs (L =1) = njgr]@)grx ;l—qr

If we compare the coefficients in Table B.2 below with those in Table 3.3 of Chapter
3, we can see the coefficients are slightly different in several cases, which is due
to the use of different softwares (R in Chapter 3 and Stata in the supplementary

material).

B.5 Goodness-of-Fit Tests

Due to the fact that multinomial models have more than one group of coefficients,
assessing Goodness-of-Fit (GoF) is more challenging, and is still an area of intense
research. The most approachable method to assess model confidence is the Hosmer-
Lemeshow (HL) test (Hosmer and Lemesbow 1980), which is extended in Fagerland
et al. (2008) for MLR models. In a MLR model setting, we have data of the form
(x1,01), (z2,02), ..., (Tn,l,), where [; is a k-vector that indicates which class the i-th

observation belongs to (exactly one entry contains a one and the rest are zero), x;
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Table B.2: Summary of the second-order MLLR model with robust standard errors
(in parentheses.)

State of destination to partial-coverage (s =2) to churn (s = 3)

State of origin: (1,1)

Intercept —19.76** (1.88)  —19.88"* (1.36)
Entity(ScToVi) 16.25" (0.34)  15.36** (0.25)
Entity (CiMi) 17.187* (0.39)  16.25" (0.53)
RateBC —2.86" (1.03) 0.30 (0.60)
RatelM 1.37* (0.79) 0.76 (0.61)
RateCar ~0.39" (0.13) ~0.04 (0.13)
1(ClaimBC) 0.20 (0.34) —0.64* (0.38)
1(ClaimIM) —047 (1.02)  —14.66"*(0.31)
TotalCoverage —0.88** (0.31) —0.66*(0.51)
RatioPremium 0.81 (1.07) 0.93*(0.51)
State of origin: (2,1)
Intercept —18.02"* (0.58)
Entity(ScToVi) 16.34*** (0.76)
I(ClaimCar) —16.63"* (0.67)
State of origin: (1,2)
Intercept 16.68*** (0.90) 16.65** (1.12)
Entity(ScToVi) —17.06%* (1.01)  —16.82" (0.95)
RateIM 1.19* (0.77) —0.07 (0.66)
State of origin: (2,2)
Intercept 19.75%% (0.18)  16.29" (0.33)
Entity(CiScToVi) —14.75°* (0.28)  —14.63 (0.37)
FrequencyBC 0.02 (0.09) —0.72** (0.22)
RatioPremium 3.25™ (1.39) 3.56™ (1.40)
I(FinaCris) —0.90"* (0.41) —0.42 (0.46)
Note: p<0.1; *p<0.05; **p<0.01

is the vector of explanatory variables for the i-th observation, and n is the number
of observations. After we fit a MLR model that estimates a vector of predicted
probabilities for k classes p(z;) = (151(951-),152(%;), .. ,ﬁk(xi))7 the predicted values
(1 — py(x;) assuming class 1 is the reference level) are arrayed from the lowest to
the highest, and then separated into several groups of approximately equal size. Let
Op; and Ej; denote the sum of the observed frequencies and estimated frequencies

for j-th class in h-th group. The HL statistic is calculated as

where ¢ is the number of groups (normally is set to be 10). Under the null hypothesis
that the fitted model is the correct model and the sample is sufficiently large, we
expect C, to have an approximate x? distribution with (g — 2) x (k — 1) degrees of

freedom.

Besides the HL test, the deviance and Pearson chi-square tests for the binary logistic

regression can also be extended to MLR models. The deviance can be written
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as

:—QZlelog (p] ))

=1 j5=1
where [;; is an indicator for j-th class in vector [;, and we treat zero times the log
of anything as zero. Under the null hypothesis that the fitted model is the correct
model, the distribution of D is chi-squared with (n—p) x (k—1) degrees of freedom,

where p is the number of explanatory variables including intercept.

The Pearson chi-square is calculated as

Under the null hypothesis that the fitted model is the correct model, the distribution
of x? is chi-squared with (n — p) x (k — 1) degrees of freedom.

In Table B.3, we show the results of the three tests for the second-order MLR model
in the application to data from LGPIF. In all cases, p-values are high, so there is

no evidence showing that the second-order MLR model is a poor fit.

Table B.3: Goodness-of-fitting tests for the second-order MLR model.

Pearson Chi-Square Deviance HL (10 groups)
Statistic df p-value Statistic df p-value Statistic df p-value
Second-order MLR, 9258.0 10846 1 2191.6 10846 1 155 16 0.49

B.6 Exploratory Variables of an “Average” Poli-
cyholder

The values of exploratory variables of an average policyholder are listed in Table
B.4.

B.7 One-versus-All Binary Logistic Regres-
sion

It is worth comparing MLR models to another, an obvious approach that could be
used for multi-state customer churn analysis, namely fitting multiple sets of binary
logistic regression (BLR) models based on either a one-versus-all (also known as one-

versus-rest) or one-versus-one approach. Recall that in traditional customer churn
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Table B.4: The state-specific values of exploratory variables of an “average” policy-
holder.

Exploratory variable Full-coverage Partial-coverage

Entity(ScToVi) 1 1
Entity(CiMi) 0 0
RateBC 0.537 0.652
RateIM 2.214 1.660
RateCar 3.600 0.169
I(ClaimBC) 0 0
I(ClaimIM) 0 0
I(ClaimCar) 0 0
TotalCoverage 0.666 0.285
RatioPremium 0.034 0.018

analysis, BLR models are fitted to a binary response for identifying the explanatory
variables driving the probability of customer churn. With multi-state data, one can
extend this approach by fitting separate BLR models for each transition, including

the transition to churn.

We illustrate this with a one-versus-all, second-order BLR model approach as follows.
Consider the example discussed in the right panel of Figure 3.2 of Chapter 3, where
there are three possible states a policyholder can transition to at time ¢ (full-coverage
or state 1, partial-coverage or state 2, churn or state 3). Then for each state of origin
(q,r) where ¢ = {1,2}, r = {1,2}, a one-vs-all, second-order BLR model would

construct the following three separate logistic regression models:

P(lig =Ulip—o = q,liz—1 =r) = logit™' (w;,rt—l’quﬂq’l‘l) ;
P(li,t = 2|li,t—2 =q, li,t—l = 7") = IOgit_l (m;,rt—l,qTQﬁq"'Q) s (Bl)
P(liy = 3lliy—2 = q,liz—1 = 1) = logit ™' (m;,rt—lgr?,/@qr?)) ;

where logit™!(z) = exp(x)/(1 + exp(x)) denotes the inverse link function. It is
important to emphasise that in equation (B.1), three sets of BLR models are fitted
for each state of origin. This contrasts with the MLR model in equation (3.2) of
Chapter 3, i.e., for each state of origin, only a single model needs to be fitted for
all transition probabilities. Indeed, this reflects a fundamental difference between a
MLR modelling approach and a one-versus-all BLR modelling approach for multi-
state analysis: in the latter, transition probabilities from the same state of origin
are independently modelled, and thus need not and in general do not sum to one.
That is, in equation (B.1) there is no guarantee that P(l;; = 1|l;;—2 = ¢, lis—1 = 7)+
P(liy =2llit—2 = q,lit—1 =7)+P(lit = 3|lit—2 = ¢, l;;—1 = r) = 1. One consequence
of this is that the transition probabilities from BLR models do not properly reflect
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the conditional or marginal effects of covariates in multi-state customer analysis,
and we discuss this point further in Section 3.4.3 of Chapter 3. Also, it is clear
that, conditional on a state of origin (¢, ), the coefficients in a one-versus-all BLR
model only affect that particular corresponding transition probability. In contrast,
for the MLR modelling approach in equation (3.2) of Chapter 3, the coefficients
Bqrs affect all transition probabilities, as they occur in both the numerator and the
denominator of the regression function. This is again nothing more than a direct

consequence of the sum to one constraint.

In Chapter 3, we choose to use MLR models instead of a set of separate BLR mod-
els for the purposes of multi-state customer churn analysis, as the former naturally
considers the dependence among the transition probabilities. Indeed, MLR models
precisely quantify the effect of covariates on transitions to a multitude of states,
and thus offer a more complete picture of dynamic changes in the needs of poli-
cyholders over time. That being said, it is important to acknowledge that if the
primary question of interest is related to studying specific transitions instead of all
transitions jointly, then the one-versus-all BLR modelling approach is suited for
this. For example, if the primary focus was studying the state of destination as
churn, then building a BLR model based on the third line of equation (B.1) would
be a more direct way of answering this question since it explicitly and only models
the probability of customer churn versus not churn. However, it is also possible to
use the MLR model to answer the same question, albeit with more mathematical

calculations.

B.8 Scenarios by Conducting Traditional Cus-
tomer Churn Analysis and Multi-state Cus-

tomer Churn Analysis

We visualise the scenarios of future paths for traditional and multi-state customer

churn analysis in Figure B.2.
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Figure B.2: Scenarios of the future path for CLV calculation: three scenarios for
traditional customer churn analysis (left panel) versus seven scenarios for multi-state
customer churn analysis (right panel).

Full

B.9 Models in Out-of-Sample Validation

B.9.1 Support Vector Machine

Support vector machine (SVM) is one of the most popular supervised learning algo-
rithms, which is used for classification as well as regression problems (Noble 2006).
However, primarily, it is used for classification problems in machine learning. The
goal of the SVM algorithm is to create the best line or decision boundary that can
segregate n-dimensional space into classes so that people can easily put the new data
points in the correct category in the future. However, one disadvantage of SVM is
that it does not output probabilities natively, but probability calibration methods
can be used to convert the output to class probabilities. Various methods exist,
including Platt scaling (particularly suitable for SVMs) and isotonic regression. In
Chapter 3, we use the default probabilities provided in svm function in 1071 pack-
age (Meyer et al. 2021). The default probability model for SVM classification fits
a logistic distribution using maximum likelihood to the decision values of all bi-
nary classifiers, and computes the a-posteriori class probabilities for the multi-class

problem using quadratic optimisation.

The SVM is an approximate implementation of a theoretical bound on the general-
isation performance that is independent of the dimensionality of the feature space.
To build a non-linear SVM classifier, we can use either the polynomial kernel or the

radial kernel function. In Chapter 3, we use the radial kernel function. There are
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two hyperparameters to be tuned when we use the radial kernel function. C, the
“cost” of the radial kernel, controls the complexity of the boundary between support
vectors. The radial kernel also requires setting a smoothing parameter, sigma. The
caret (Kuhn 2021) package can be used to tune the radial hyperparameters of SVM
radial kernel function models by setting method = ¢ ‘svmRadial’’. We use 10-fold
cross-validation to find the optimal hyperparameters that can maximise accuracy
in the original training set and balanced training set. Accuracy is the ratio of the
number of correctly classified instances to the total number of instances. The result

of optimal hyperparameters is summarised in Table B.5.

Table B.5: Tuning results of SVM classifiers.

Original training set Balanced training set
C 1 4096
sigma 0.0326 0.0337

B.9.2 Gradient Boosting Machine

Gradient boosting machine (GBM) combines the predictions from multiple decision
trees (weak learners) to generate the final predictions (Friedman 2001). Additionally,
each new tree takes into account the errors or mistakes made by the previous trees.
So, every successive decision tree is built on the errors of the previous trees. This is

how the trees in a gradient-boosting machine algorithm are built sequentially.

The hyperparameters of a GBM model to be tuned are interaction.depth,
n.trees, shrinkage, and n.minobsinnode. The definition of these hyperparam-
eters can be found in gbm (Greenwell et al. 2020) package. interaction.depth
specifies the maximum depth of each tree (i.e., the highest level of variable inter-
actions allowed). n.trees specifies the total number of trees to fit. shrinkage
is a shrinkage parameter applied to each tree in the expansion (also known as
the learning rate or step-size reduction). n.minobsinnode specifies the minimum
number of observations in the terminal nodes of the trees. GBM model is tuned
by 5-fold CV to minimise logLoss using caret (Kuhn 2021) package by setting
distribution="multinomial", method="gbm", and metric="loglLoss". logLoss
computes the minus log-likelihood of the multinomial distribution (without the con-

stant term):

n k
-1
—logL :—E E ;51 i)
OogLOss " J Og(p])

i=1 j=1
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where the y values are binary indicators for the classes and p are the predicted class

probabilities, n is number of observations, and k is number of classes.

The result of optimal hyperparameters in the original training set and balanced

training set is summarised in Table B.6.

Table B.6: Tuning results of GBMs.

Original training set Balanced training set

interaction.depth 3 2
n.trees 400 5000
shrinkage 0.01 0.01

n.minobsinnode 10 10




Appendix C

Appendix for Chapter 4

C.1 Estimation Results for Shared Random Ef-

fects

Figure C.1 shows the histogram of estimated random effects of all customers. Note
that we assume the shared random effects follow a multivariate normal distribution,
but the estimated shared random effects do not strictly satisfy the normality as-
sumption. Future research could examine the sensitivity of this assumption as well
as the use of non-normal multivariate distributions for the shared random effects,

such as a log-gamma distribution.
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Figure C.1: Estimated shared random effects of all customers.
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C.2 Estimation Results for Alternative Mod-

els

Since the estimation results of the customer churn sub-model are included in the
main body of the paper, this section only includes the estimation results of the
claims sub-model for all alternative models. Note feature selection is applied to

certain models to avoid the model convergence problem.

Table C.1: Parameter estimates for the claims severity sub-model in models A2, A3,
A4 and A5.

Building claims severity Equipment claims severity

Models A2 and A3 severity: constant severity

$18767.2 $5873.4
Estimate S.E. Estimate S.E.
Models A4 and A5 severity: gamma severity
Intercept 6.843 0.433*** Intercept 8.995 0.227***
TypeMisc -0.359 0.185*  TypeMisc 0.785 0.304***
TypeSchool 0.252  0.075*** TypeSchool -0.239 0.118*
TypeTown 0.179 0.200 TypeTown 0.552 0.167**
TypeVillage -0.269 0.095** TypeVillage 0.074 0.111
Length -0.021 0.017 Length -0.039 0.017*
NoClaimCredit 0.441 0.086** NoClaimCredit -0.176  0.095*
logCoverBuilding 0.117 0.039*** logCoverEquipment 0.084 0.030**
logDeductBuilding 0.369 0.037* logDeductEquipment 0.148 0.045**
RateBuilding -0.087 0.299 RateEquipment -0.022 0.041
[CoverEquipment -1.077 0.344*

Signif. codes: ***p< 0.01; **p< 0.05; *p< 0.1.
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Table C.2: Parameter estimates for the claims frequency sub-model in models A2,
A3, A4 and A5.

Building claims frequency Equipment claims frequency

Estimate S.E.

Models A2 and A4 conditional frequency: Poisson())

Estimate S.E.

Intercept -5.035  0.207* Intercept -0.670 0.200***
TypeMisc -0.883 0.111** TypeMisc -1.267 0.299***
TypeSchool -0.020 0.030 TypeSchool -0.097 0.117
TypeTown 1.295 0.145"* TypeTown -2.032  0.206™**
TypeVillage 0.612 0.065** TypeVillage -1.406  0.104***
Length -0.035 0.007** Length -0.035 0.008**
NoClaimCredit -0.352  0.053*** NoClaimCredit -0.395 0.078**
logCoverBuilding 1.007  0.015*** logCoverEquipment 0.684 0.023***
logDeductBuilding 0.139 0.016™* logDeductEquipment 0.112 0.019**
RateBuilding 1.526  0.164** RateEquipment 0.160 0.021**
ICoverEquipment -0.407 0.201**
Models A2 and A4 zero-inflation frequency: logit
Intercept -8.011 0.715** Intercept -2.115 4.918
TypeMisc 0.354 0.301 TypeMisc 0.543 0.527
TypeSchool 1.531 0.125*** TypeSchool -0.992  0.269***
TypeTown 1.719 0.324** TypeTown -2.953  0.890***
TypeVillage 0.848 0.213** TypeVillage -2.857 0.527**
Length -0.094 0.028** Length -0.040 0.032
NoClaimCredit 0.504 0.133** NoClaimCredit 0.115 0.209
logCoverBuilding -0.069 0.063 logCoverEquipment -1.031  0.068***
logDeductBuilding 0.763 0.059"** logDeductEquipment 0.056 0.087
RateBuilding 1.978 0.461*** RateEquipment -0.696 0.094***
ICoverEquipment 5.087 5.044
Models A3 and A5 conditional frequency: Poisson(\)
Intercept 1.149 0.407** Intercept -1.777  0.355***
TypeMisc -0.583 0.263**  TypeMisc -1.011  0.405**
TypeSchool -1.008 0.099*** TypeSchool 0.693 0.189***
TypeTown -0.072  0.234 TypeTown -0.951 0.223***
TypeVillage -0.061 0.125 TypeVillage -0.160 0.183
Length -0.058 0.008** Length -0.032  0.009***
NoClaimCredit 0.648 0.074** NoClaimCredit -0.005 0.088
logCoverBuilding 0.740  0.044** logCoverEquipment 0.991 0.059***
logDeductBuilding -0.401  0.037** logDeductEquipment -0.037 0.038
RateBuilding -1.350 0.271"*  RateEquipment 0.055 0.058
SD of random intercept 0.798 1.088
Models A3 and A5 zero-inflation frequency: logit
Intercept -2.308 1.890 Intercept 2.939 3.713
TypeMisc 1.226 0.673*  TypeMisc
TypeSchool 0.913 0.321*** TypeSchool
TypeTown 1.321 0.670"  TypeTown
TypeVillage 0.648 0.450 TypeVillage
Length -0.238 0.086*** Length -0.225 0.231
NoClaimCredit 2.483 0.344** NoClaimCredit 1.040 0.616*
logCoverBuilding -0.141 0.143 logCoverEquipment -0.933  0.202***
logDeductBuilding 0.151 0.149 logDeductEquipment -0.271  0.392
RateBuilding -2.132  1.458 RateEquipment -2.669 1.002***
ICoverEquipment 5.594 3.099*

Signif. codes: ***p< 0.01; **p< 0.05; *p< 0.1.
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Building claims (Tweedie)

Equipment claims (Tweedie)

Estimate S.E.
Model A6: Tweedie

Estimate S.E.

Intercept 6.944 0.388*** Intercept 6.827 0.273"
TypeMisc -1.042  0.190** TypeMisc -1.148  0.269***
TypeSchool -0.638 0.084** TypeSchool 0.102 0.136
TypeTown 0.449 0.183* TypeTown -0.311  0.155**
TypeVillage -0.419 0.115** TypeVillage -0.358  0.129***
Length -0.029 0.019 Length -0.035 0.018*
NoClaimCredit 0.009 0.089 NoClaimCredit -0.543 0.107*
logCoverBuilding 0.823 0.038*** logCoverEquipment 1.145 0.031***
logDeductBuilding 0.031 0.036 logDeductEquipment 0.123  0.048**
RateBuilding -0.054 0.253 RateEquipment 0.458  0.045***
ICoverEquipment -1.617  0.373***
Tweedie-power 1.66 1.47
Tweedie-dispersion 164 403
Model P1: Random-intercept Tweedie (independent)
Intercept 7.578 0.613"* Intercept 5.649 0.474**
TypeMisc -0.901 0.282** TypeMisc -1.528 0.519***
TypeSchool -0.857 0.138** TypeSchool 0.516  0.259**
TypeTown -0.699 0.275**  TypeTown -0.911 0.292***
TypeVillage -0.301 0.173*  TypeVillage -0.169 0.242
Length -0.011 0.018 Length -0.073  0.018***
NoClaimCredit 0.185 0.093**  NoClaimCredit -0.124 0.117
logCoverBuilding 0.931 0.061*** logCoverEquipment 1.351  0.064***
logDeductBuilding -0.171  0.058**  logDeductEquipment 0.174 0.085*"
RateBuilding -0.451 0.402 RateEquipment 0.529 0.084**
ICoverEquipment -2.121  0.606***
Tweedie-power 1.59 1.44
Tweedie-dispersion 198 371
SD of random intercept 1.181 1.497

Signif. codes: ***p< 0.01; **p< 0.05; *p< 0.1.

Table C.3: Parameter estimates for the claims sub-model in models A6 and P1.
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Table C.4: Parameter estimates for the claims sub-model in model A7.

Building claims Equipment claims

Estimate S.E. Estimate S.E.
Tobit type 2: outcome 2z}
Intercept 5.814 0.456*** Intercept 7.831 0.375"
TypeMisc -0.033 0.208 TypeMisc 0.072 0.372
TypeSchool -0.355 0.104 TypeSchool -0.012 0.150
TypeTown 0.144 0.195 TypeTown -0.098 0.214
TypeVillage -0.042 0.106 TypeVillage -0.275 0.139**
Length -0.004 0.018 Length -0.038 0.021*
NoClaimCredit 0.072 0.101 NoClaimCredit -0.187 0.117
logCoverBuilding 0.700  0.060™**  logCoverEquipment 0.712 0.073™**
logDeductBuilding 0.047 0.049 logDeductEquipment 0.079  0.055
RateBuilding 0.490 0.319 RateEquipment 0.161 0.055***

ICoverEquipment -1.000 0.410*

Tobit type 2: Probit selection 2}
Intercept 0.743 0.233*** Intercept -1.265 0.149***
TypeMisc -0.426  0.093*** TypeMisc -0.574 0.163***
TypeSchool -0.657 0.048** TypeSchool 0.314 0.076™**
TypeTown -0.144 0.089 TypeTown -0.371  0.090***
TypeVillage -0.119 0.057*  TypeVillage 0.016 0.072
Length 0.023 0.010"  Length -0.006 0.012
NoClaimCredit -0.336  0.044** NoClaimCredit -0.157  0.058***
logCoverBuilding 0.467 0.023** logCoverEquipment 0.626 0.021***
logDeductBuilding -0.287 0.022**  logDeductEquipment -0.062 0.017*
RateBuilding -0.109 0.154 RateEquipment 0.261 0.028***

Signif. codes: ***p< 0.01; **p< 0.05; *p< 0.1.
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C.3 A Simple Example for the Gini Index

This section aims to provide readers with a simple example to help understand the
Gini index. Assume there are four customers, A, B, C, and D, in the test set. The
upper panel of Table C.5 summarises the premiums paid and claims made by these
four customers. For illustration purposes, we compare two models, Model 1 and
Model 2, from the perspective of their Gini index. The middle panel of Table C.5
summarises the predicted claims and other information of Model 1 that assumes
claims are constant, while the bottom panel summarises the information for Model

2 which is good at predicting claims risk.

Note underlying assumptions for this simple example are the premium charged can-
not be perfectly aligned with claims, and that relativity needs to be different for

different customers. In practice, these two assumptions are met in most cases.

Table C.5: A simple example for the Gini index with four customers.

Customer A B C D Sum
Premium 1 2 3 4 10
Claim 0 1 4 5 10

Model 1: constant claims

Predicted claim () 2 2 2 2
o [t 2 2 2 2
ielatl;ty (Rd: P;emi}gm) 1 2 3 4
scending order of customers
based on gmlativity b c B A
Share of Premiums 4 7 9 10
(X-axis) 10 10 10 10
Share of Claims 5 9 10 10
(Y-axis) 1 10 10 10
Model 2: a powerful model
Predicted claim (f) 01 1 4 5
o I 01 1 4 5
ielatlz?ty (Rd: P%jemi}clm 1 2 3 4
based on relativiy A B D C
Share of Premiums 3 7 10
(X-axis) 0 10 10 10
Share of Claims 0 1 6 10
(Y-axis) 1010 10 10

Here, the lower the relativity, the more profitable the customer is expected to be for
the insurer. Thus, according to Model 1, the most profitable customer is D, while
the least profitable customer is A. However, this conclusion based on Model 1 is
clearly wrong because we observe that customer D takes 40% of the premiums but
accounts for 50% of the claims. We can visualise the observation based on Model 1
through the ordered Lorenz curve in Figure C.2. The Gini index of Model 1 is -0.2,
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showing Model 1 can not accurately identify the order of customers in terms of their

profitability.

Similarly, according to Model 2, the most profitable customer is A, while the least
profitable customer is C. This conclusion based on Model 2 is correct because we
observe that customer A takes 10% of the premiums while accounting for 0% of the
claims. We can visualise the observation based on Model 2 through the ordered
Lorenz curve in the right panel of Figure C.2. The Gini index of Model 2 is 40.22,
showing Model 2 can accurately identify the order of customers in terms of their

profitability.

Gini index = -0.2 Gini index = 0.22

1.00- 1.00-

0.75-

0.75-

0.50 - 0.50 -

Share of Claims
Share of Claims

0.25- 0.25-

0.00- 0.00-

0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75
Share of Premiums Share of Premiums

Figure C.2: The ordered Lorenz curve obtained by model 1 (left) and model 2
(right).

In summary, one can intuitively see that a model with a higher Gini index is better
at predicting claims risk, leading to a correct order of customers’ profitability. For
readers who are interested in more applications of the Gini index in the insurance

industry, please see Frees et al. (2014).

C.4 The Approach to Adjust the Predicted Net
Profits based on Deductibles

To illustrate the approach used in the paper, we start with the predicted profit,
which is the value of a customer before applying any deductibles. The predicted
profit before applying the deductible for the i-th customer by k-th claim category

1.00
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at time ¢ 1s

Profit; ; , = Premium; ;  — fli ¢k,

where Prerﬁiummk is the predicted premium and fi;, is the predicted ground-up
loss (claims before applying deductibles). To account for the deductible (the amount
paid by the customer themself before the insurance company starts to pay), we scale
up the Préﬁti,tﬁk by scaling up the Prerﬁiumi’tﬁk. The main reason that we do not
adjust the predicted ground-up loss, fi; ., is that f;, is affected by the choice
of the claims sub-model, while Prerﬁiumi,uk is not. Thus, adjusting Prerﬁiumm,k
is consistent with the logic of this article; assuming that predictions of premiums
remain unaffected by our models. Consequently, the predictive performance of CLV

depends on how well a model predicts ground-up losses and churn rates jointly.

The predicted net profit after applying the deductible for the i-th customer by k-th

claim category at time t is
Net f’roﬁtmk = Prerfliumi,tyk X (1 + LERk(d)) — [t s

where LER(d)y, is the loss elimination ratio used to scale up the net profit given the
deductible level d. In LGPIF, customers have to choose a deductible from a set of
deductible levels (can be 0) offered by LGPIF. The following three steps summarise
how to estimate LE Ry (d) using the training data.

1. Select the observations (customer per year) who choose d as their deductible
for their k-th claim category, and the total number of these observations is
denoted by N(d).

2. Let y; 1 denote the selected customers’ reported loss before applying the de-
ductible d, and c¢; ;) denote their actual reimbursement after applying the
deductible d. Then, let

Adjustment, ;  (d) = Yk — itk

where Adjustment, ,,(d) represents the difference between a customer’s re-
ported loss and actual reimbursement due to the deductible level d. Note

when d = 0, then y;; = ¢i1x, and Adjustment, , ,(0) = 0.

3. Estimate the loss elimination ratio by

Adjustment, ,

LER,(d)=> ( )/Ni(d).

Z'7

Premium, ;

Note it is recommended to use Winsorised or trimmed means to calculate
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LERy(d) in practice, both of which are less sensitive to outliers.

C.5 The Distributions of Predicted CLV of Alter-
native Models (A1l to A7) and Model P1
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Figure C.3: The distributions of predicted CLV of alternative model A1 to A4. The
height of bars is scaled by log;,(Count+1).
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C.5. The Distributions of Predicted CLV of Alternative Models (A1l to A7) and
Model P1
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Figure C.4: The distributions of predicted CLV of alternative models A5, A6, A7
and model P1. The height of bars is scaled by log,,(Count+1).
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