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Consider a proper, isometric action by a unimodular locally compact group G on a
Riemannian manifold M with boundary, such that M/G is compact. For an equivariant,
elliptic operator D on M, and an element g € G, we define a numerical index index (D),
in terms of a parametrix for D and a trace associated to g. We prove an equivariant
Atiyah-Patodi-Singer index theorem for this index. We first state general analytic
conditions under which this theorem holds, and then show that these conditions are
satisfied if g = e is the identity element; if G is a finitely generated, discrete group,
and the conjugacy class of g has polynomial growth; and if G is a connected, linear, real
semisimple Lie group, and g is a semisimple element. In the classical case, where M is
compact and G is trivial, our arguments reduce to a relatively short and simple proof of
the original Atiyah-Patodi-Singer index theorem. In part II of this series, we prove that,
under certain conditions, indexg (D) can be recovered from a K-theoretic index of D via

a trace defined by the orbital integral over the conjugacy class of g.
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1 Introduction
1.1 Background

For a Dirac-type operator D on a compact, even-dimensional manifold M with boundary
N, the Atiyah-Patodi-Singer (APS) index theorem [5] states that

dim ker(Dy,) + n(Dy)

5 (1.1)

indexpg(D) = / AS(D) —
M

Here index,pg(D) is the analytic index of D as an operator between spaces of sections
satisfying the APS boundary conditions; AS(D) is the Atiyah-Singer integrand corre-
sponding to D; Dy, is a Dirac operator on the boundary N, compatible with D, and n(Dy,)
is its np-invariant.

This n-invariant is the key additional ingredient compared to the Atiyah-Singer
index theorem for the case of closed manifolds [8]. It measures the spectral asymmetry

of Dy. If {)‘j}f.; are the nonzero eigenvalues of Dy with multiplicities, then one considers

the series
o0
Z Sgn()\j)
|z
=Tl

for z with large enough real part so that the series converges. The meromorphic
continuation of this expression is regular at z = 0, and (D) is its value at z = 0.

An equivalent expression is
2 e 212
"Dy = = | moge i ar
0

where Tr is the operator trace. The integral converges in many cases, for example for
twisted Spin-Dirac operators [13]. Otherwise, one replaces the lower integration limit
by ¢ > 0 and defines the integral as the constant term in the asymptotic expansion in
powers of ¢, as ¢ | 0.

The equality (1.1) has been generalised in several directions. Space does not
permit us to give a complete overview of the literature here, but we briefly mention
some of the earlier work that is most relevant to the present paper, where we study
equivariant indices on noncompact manifolds.

Donnelly [25] proved an equivariant version of (1.1), where a compact group acts
on M, generalising the Atiyah-Segal-Singer fixed point theorem [6, 7] to manifolds with
boundary. This was generalised to manifolds that do not have a product form near the

boundary by Braverman—Maschler [14].
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3140 P. Hochs et al.

On noncompact manifolds, APS index theory of Callias-type Dirac operators was
developed by Braverman and Shi [15, 16, 48, 49].

After this paper appeared, Piazza, Posthuma, Song, and Tang generalised our
results in the case of semisimple Lie groups [42]. Their definition of the index involves
b-calculus and is different from ours, but likely yields the same number.

Various authors refined (1.1) by considering the action by the fundamental group
G = m;(M) on the universal cover M of M. A first version of the n-invariant that applies
in this setting is Cheeger—Gromov’'s L?-n-invariant [19]. This corresponds to the identity
element of G in the sense of [35]. This type of n-invariant was used by Ramachandran
[45] to generalise (1.1) to a statement about the lift D of D to M.

To include information corresponding to nontrivial conjugacy classes of G, Lott
developed the notions of higher and delocalised n-invariants [35, 37]. (See also the
n-form of [12].) The higher n-invariant lies in a homology space of an algebra of rapidly
decaying functions on G. These invariants are interesting for their own sakes and were
also used to state and prove generalisations of (1.1). Generalisations of Ramachandran'’s
result involving this higher n-invariant were proved in the context of b-calculus by
Leichtnam-Piazza [32-34]. These constructions and results involve assumptions on G
and its elements used, such as polynomial growth of conjugacy classes.

Xie-Yu [53] worked in the context of coarse geometry and showed that Lott's
delocalised n-invariant can be recovered from a K-theoretic p-invariant. They gener-
alised (1.1) to a version for nontrivial elements of G whose conjugacy classes have
polynomial growth, for the action by G on M. Since this action is free, and the first
term on the right hand side of (1.1) becomes an integral over the fixed point set of the
group element in question, that term vanishes in this context. A version for higher cyclic
cocycles was proved by Chen-Wang—Xie-Yu, see Theorem 7.3 in [20].

In this paper, we work in the more general setting of proper actions by locally
compact groups, instead of just fundamental groups acting freely on universal covers.

We obtain an equivariant version of (1.1) in this case.

1.2 The main results

Consider a unimodular, locally compact group G acting properly and isometrically on
a Riemannian manifold M, with boundary N, such that M/G is compact. Let D be a
G-equivariant Dirac-type operator on a G-equivariant, Z,-graded Hermitian vector

bundle E = E, @ E_ — M. Suppose that all structures have a product form near N.
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In particular, suppose that near N, the restriction of D to sections of E, equals

(o)

where o : E_ |y — E_|y is an equivariant vector bundle isomorphism, u is the coordinate
in (0, 1] in a neighbourhood of N equivariantly isometric to N x (0, 1], and Dy, is a Dirac
operator on E |.

Let g € G, and let Z be its centraliser in G. Suppose that G/Z has a G-invariant
measure d(hZ). We will define an index of D in terms of the g-trace of a G-equivariant
operator T on L?(E), defined as follows. Let x be a nonnegative function on M whose

support has compact intersections with all G-orbits, such that for all m € M,
/x(gm)zdg= 1. (1.2)
G

A G-equivariant operator T on LZ(E+) or L?(E_) is said to be g-trace class if it has a

smooth kernel «, and the integral
/ / x (hgh™*m)?tr(hgh™ 'k (hg ' h~'m, m)) dm d(hZ)
G/zJ M

converges absolutely. This integral is then its g-trace, denoted by Try(T). An equivariant,
possibly unbounded operator F from L2(E ) to L%*(E_) is g-Fredholm if it has a
parametrix R such that the operators 1—RF and 1—FR are g-trace class. The g-index of F,
denoted by index(F), is then the difference of the g-traces of these operators. For odd,
self-adjoint operators on L?(E), we define the g-index as the g-index of their restrictions
to even-graded sections.

The g-trace and g-index can be defined analogously for operators on N. The

g-delocalised n-invariantof Dy, is
2 [ 2792
n,(Dy) = —/ Tr,(Dye " Pv) dt, (1.3)
IV

whenever the integrand is defined for all ¢ > 0 and the integral converges. (The term
delocalised is often reserved for the case g # e. We will use it for g = e as well.)

Let M be the double of M, let E — M be the extension of E, and let D be
the extension of D to M. (To be precise, on the second copy of M inside M, both the
orientation on M and the grading on E are reversed.) We write D, for the restrictions of

D to sections of E’i, respectively. We state the results here under the condition that Dy
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3142 P.Hochs et al.

is invertible for simplicity; the results generalise to the case where 0 is isolated in the

spectrum of Dy,.

Theorem 1.1. Suppose that Dy is invertible and has a well-defined g-delocalised
n-invariant. Suppose that the conditions listed in Theorem 2.13 hold. Then the operators

D and D are g-Fredholm, and
. 1, ~ 1
1ndexg(D) = Emdexg(D) - Eng(DN). (1.4)

See Theorem 2.13. The manifold M has no boundary, so that the first term on the
right hand side of (1.4) is the contribution of the interior of M.

We make Theorem 1.1 more concrete if g is the identity element e of an arbitrary
unimodular locally compact group, and for more general elements g of two relevant
classes of groups. We do this by showing that the conditions of Theorem 1.1 hold, and
giving a topological expression for the first term on the right hand side of (1.4). This has

the following consequence.

Corollary 1.2. Suppose that D is a Spin®-Dirac operator twisted by a vector bundle,

and that Dy, is invertible. Suppose furthermore that either

e G is any unimodular locally compact group, and g = e;
e G is discrete and finitely generated, and the conjugacy class of g has
polynomial growth; or

e G is a connected, linear, real semisimple Lie group, and g is semisimple.

Then D is g-Fredholm, Dy, has a well-defined g-delocalised n-invariant, and
ind _ 2 1

where ASg(D) is the integrand in the Atiyah-Segal-Singer fixed point formula, and Xg is
defined analogously to (1.2), for the action by Z on the fixed-point set MY.

See Corollaries 2.16, 2.19, and 2.21. The topological expressions for the contri-
butions from M, that is, the contributions of the interior of M, are the main results in
[29, 51, 52].

Theorem 1.1 and Corollary 1.2 generalise to the case where Dy, is not necessarily
invertible, but O is isolated in its spectrum. See Theorem 6.2 and Corollary 6.3. These

results simultaneously generalise the main results in [5, 25] to the noncompact case, the
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main result in [45] and Theorem 5.3 in [53] to the case of general proper actions, by a
larger class of groups, and the main results in [29, 51, 52] to the case of manifolds with
boundary.

In part II of this series [28], we prove that, under certain conditions, indexg(D)
can be recovered from a K-theoretic index of D via a trace defined by the orbital integral
over the conjugacy class of g. Then Theorem 1.1 and Corollary 1.2 can be used to study

that index as well.

1.3 Features of the proofs and future work

Our approach to proving an equivariant APS index theorem for proper actions is to
work with general locally compact groups as long as possible, and to find general
conditions under which such an index theorem holds. This leads to Theorem 1.1. We
then check these conditions g = e and for discrete and semisimple groups and obtain
the more concrete Corollary 1.2. We then discuss how to weaken the assumption that
Dy, is invertible to the assumption that zero is isolated in its spectrum, if it is in the

spectrum.

As expected, the techniques used to show that the conditions of Theorem 1.1
hold are very different for discrete groups and semisimple Lie groups. Nevertheless,
one of our aims here is to develop a unified approach to this type of index theorem as
far as possible. For other classes of groups, such index theorems can now be obtained by
checking the conditions of Theorem 1.1. And the fact that the explicit index formula in
Corollary 1.2 holds for two quite different classes of groups suggests that this formula

should hold more generally.

Our proofs of Theorem 1.1 and Corollary 1.2 follow a different approach from
proofs of earlier results. In the technical heart of our proof, we apply the g-trace to
a sum of operators that individually are not trace-class for this trace. By adding and
subtracting another operator in a suitable way, we are able to split up that trace into
two computable terms. “Regularising” traces in this way is related to the b-calculus
approach to the APS index theorem, as Richard Melrose pointed out to us. In part II [28],
we link the approach in this paper to an equivariant index defined in terms of coarse
geometry and Roe algebras. We have not found the combination of coarse index theory
and such techniques related to b-calculus elsewhere in the literature, and this is a
potentially novel feature of our approach.

The notion of g-trace class operators that we use is a weak one and does reduce

to the usual notion of trace class operators if G is trivial, for example. We use this weak
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notion, because the operators 1 — RF and 1 — FR, as below (1.2), which are relevant in
our setting, have this property, and not (obviously) a stronger property. This is enough
for the proof of Theorem 1.1. A price we pay for using this generalised notion of g-trace
class operators is that compositions, or even squares, of g-trace class operators are not
obviously g-trace class. This is one of the technical points that is solved in part II [28],
to obtain a link with a K-theoretic index.

In the classical case, where M is compact and G is trivial (or compact), many
technical parts of our proofs are unnecessary. Then only simplified versions of the
arguments in Subsections 5.2-5.5 and parts of Section 6 are needed to prove (1.1).
This leads to a proof of the original APS index theorem that, to the authors, seems
considerably shorter and simpler than the proof in [5]. As pointed out in the previous
paragraph, this proof involves a regularisation procedure for traces of initially non-
trace class operators, analogous to the b-trace in b-calculus [38].

Part of our motivation for proving Corollary 1.2 is potential future applications
to Borel-Serre compactifications of noncompact locally symmetric spaces. These spaces
are finite-volume orbifolds of the form I'\G/K, where G is a semisimple Lie group, K < G
is maximal compact, and I' < G is a cofinite-volume lattice. If I'\G/K is noncompact,
a natural compactification is its Borel-Serre compactification, which in general is an
orbifold with corners. By either generalising Corollary 1.2 to manifolds with corners,
or, initially, considering cases where the Borel-Serre compactification is a manifold
with boundary, for example, G = SL(2,R),K = SO(2), and I' = SL(2,Z), we intend to
investigate applications of the results in this paper to equivariant index theory for the
action by I' on the space whose quotient is the Borel-Serre compactification of I'\G/K,
and associated trace formulas. Such applications would be equivariant refinements of
[3, 4]. This may require an extension of Corollary 1.2 to conjugacy classes that do not
have polynomial growth; see Remark 2.20. More generally, the case of Corollary 1.2 for

discrete groups has potential applications to orbifolds with boundary.

1.4 Outline of this paper

In Section 2, we introduce the g-trace and the g-index and Lott’s delocalised
n-invariants and state our main results: Theorem 2.13 and Corollaries 2.16, 2.19,
and 2.21. In Section 3, we discuss some properties of the g-trace and the g-index. We use
these properties in Section 4 to prove convergence of delocalised n-invariants in several
cases, and then to prove the main results in Section 5. Up to this point, we assume that

the Dirac operator Dy on the boundary is invertible. We discuss how to remove that
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Equivariant Atiyah-Patodi-Singer Index Theorem 3145

assumption in Section 6. In Appendix A, we show how the proof of the index theorem

simplifies in the original compact case.

2 Preliminaries and Results
2.1 The g-trace and the g-index

Let G be a locally compact group, with a left Haar measure dg. Let g € G, and let Z be
its centraliser. Suppose that G/Z has a G-invariant measure d(hZ). Let M be a complete
Riemannian manifold, on which G acts properly and isometrically. Let x € C®°() be

nonnegative, and such that for all m € M,
/ x(gm)*dg = 1.
G
Let E — M be a G-equivariant, Hermitian vector bundle. We will write
End(E) :=EXE* - M x M.
Definition 2.1. A section x € '*®(End(E))¢ is g-trace class if the integral
/ / x (hgh™'m)?|tr(hgh™ 'k (hg *h~'m, m))| dm d(hZ) (2.1)
G/z M
converges. Then
/ / x (hgh~*m)2tr(hgh 'k (hg ' h~'m, m)) dm d(hZ) (2.2)
G/z M

is the g-trace of «, denoted by Try(x).
An operator T € B(L?(E))¢ is g-trace class if it has a smooth Schwartz kernel «

that is g-trace class. Then we write Try(T) := Try(x).

Lemma 2.2. If G is compact, and T is a trace-class operator on L?(E) with a smooth
kernel, then T is e-trace class and Tr (T) = Tr(T).

Proof. If G is compact, we normalise dg so that G has unit volume and take x =

1.
Then the claim follows from the definitions. |

Lemma 2.2 applies for example if T is orthogonal projection onto the finite-

dimensional kernel of an elliptic operator.
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3146 P. Hochs et al.

Remark 2.3. Definition 2.1 is a relatively weak condition. For example, if G is trivial,
then an e-trace class kernel need not be trace class in the usual sense. And, more
relevantly to us in part II [28], it is not necessarily true that a product of g-trace class
operators is again g-trace class. This is why in [28], it will take some work to show
that the squares of certain g-trace class operators are again g-trace class under certain
conditions.

The reason why we use the weak definition of g-trace class as in Definition 2.1
is that the operators Sy and S; in (5.4) are g-trace class in this sense, but not obviously

in stronger senses one could think of.

From now on, fix a G-invariant Z,-grading on E. Let E, be the even part of E for
this grading and E_ the odd part. We will apply Definition 2.1 to operators on L?(E_) as

well.

Definition 2.4. Let D be an odd-graded, G-equivariant, elliptic differential operator on
E.Let D, beits restriction to sections of E, . Then D is g-Fredholm if D has a parametrix

R such that the operators S, := 15, — RD, and S, := 15— DR are g-trace class.

Lemma 2.5. Suppose that D is a g-Fredholm operator, and let S, and S; be as in

Definition 2.4. Then the number
Try(Sp) — Try(Sy)

is independent of the choice of the parametrix R.

Definition 2.6. The g-index of a g-Fredholm operator D is the number
index (D) := Try(Sy) — Try(S)), (2.3)
with S, and S; as in Definition 2.4.
In the rest of this subsection, we mention some special cases of the g-index.

Some of these will be used later in this paper, but most are included to show that this

index is a natural number to study.

Lemma 2.7. Suppose that D is a g-Fredholm operator. Let P, be the orthogonal

projections onto the kernels of D, and D*. If P, and P_ are g-trace class, then

indexg(D) = Trg(PJr) — Trg(Pf). (2.4)
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Lemmas 2.5 and 2.7 are proved in Subsection 3.2.

Lemma 2.7 shows that index, generalises Atiyah's L?-index [2], also used in
[22, 52]. Ramachandran [45] obtained an Atiyah-Patodi-Singer type index theorem, using
the right hand side of (2.4) for g = e to define an index. Lemma 2.7 shows that this index
is a special case of the g-index. This is also noted in the proof of Theorem 7.11 on page
343 of [45].

Lemmas 2.2 and 2.7 have the following immediate consequence. (We will use this

in the discussion of the compact case of the index theorem in Appendix A.)

Lemma 2.8. If Gis compact, and D is an e-Fredholm operator with finite-dimensional

kernel, then

index,(D) = dim(ker(D_)) — dim(ker(D?)).

Lemma 2.9. Suppose that D is a g-Fredholm operator with finite-dimensional kernel,
and that G is compact. Let x, be the characters of the finite-dimensional representa-
tions ker(D, ) and ker(D?}) of G. Then

index,(D) = x,.(9) — x_(9)-

Proof. If Gis compact, then one may take x = 1 in (2.2). It then follows that Try(Py) =

x+(g), so the claim follows from Lemma 2.7. |

In part II of this series [28], we relate the g-index to a K-theoretic index of D.
This was done before in cases where M/G is compact. (We will need the case where M/G
is noncompact as well, since we apply the g-index to the manifold M in (2.7).) If M/G
is compact, then the natural K-theoretic index of D to use the the analytic assembly

map [9]. This yields
index;(D) € K,(CX(G)).

Here C}(G) is the reduced group C*-algebra of G: the closure in B (L?(G)) of the algebra of
left convolution operators by functions in L!(G). The relation with the g-index is based

on the orbital integral trace
W)= [ fhghHdz), 2.5
G/zZ

for functions f on G for which the integral converges. If that is the case for f in a dense
subalgebra of C;(G), closed under holomorphic functional calculus, then Ty defines a
map 7,: Ko(C7(G)) — C.
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3148 P. Hochs et al.

Proposition 2.10. Suppose that M/G is compact, and that either

e g=e¢
e G is discrete and 7, extends to a dense subalgebra of C7(G), closed under
holomorphic functional calculus; or

e G is areal semisimple Lie group and g is a semisimple element.
Then D is g-Fredholm, and

indexg (D) = g(indexG (D)).

Proof. The first case is Propositions 3.6 and 4.4 in [52]. The second case is Propositions
3.20 and 5.9 in [51]. The last case is Lemma 3.5 and Proposition 3.6 in [29]. |

In cases where the g-index can be recovered from the K-theoretic index, as in
Proposition 2.10 and in the main result in [28], homotopy invariance of the latter index

implies homotopy invariance of the former. See Corollary 2.9 in [28].

2.2 Manifolds with boundary

We now specialise to the case we are interested in in this paper. Slightly changing
notation from the previous subsection, we let M be a Riemannian manifold with
boundary N. We still suppose that G acts properly and isometrically on M, preserving N,
such that M/G is compact. We assume that a G-invariant neighbourhood U of N is
G-equivariantly isometric to a product N x (0, 4], for a § > 0. To simplify notation, we
assume that § = 1; the case for general § is entirely analogous.

As before, let E=E, ® E_ — M be a Z,-graded G-equivariant, Hermitian vector
bundle. We assume that E is a Clifford module, in the sense that there is a G-equivariant
vector bundle homomorphism c, the Clifford action, from the Clifford bundle of TM to
the endomorphism bundle of E, mapping odd-graded elements of the Clifford bundle to
odd-graded endomorphisms. We also assume that there is a G-equivariant isomorphism
of Clifford modules E|; = E|y x (0, 1].

Let D be a Dirac-type operator on E, of the form

D=coV (2.6)

for a Hermitian Clifford connection V on E. Let D, be the restriction of D to sections

of E, . Suppose that

0
DIy =0 (-5 +Dy),
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Equivariant Atiyah-Patodi-Singer Index Theorem 3149

where o: E |y — E_|y is a G-equivariant vector bundle isomorphism, u is the
coordinate in the factor (0,11 in U = N x (0,1], and Dy is an (ungraded) Dirac-type
operator on E_ |. We initially assume that Dy is invertible and show how to remove this
assumption in Section 6.

Consider the cylinder C := N x [0, o0), equipped with the product of the metric on
M restricted to N, and the Euclidean metric. Because the metric, group action, Clifford
module, and Dirac operator have a product form on U, all these structures extend
naturally to C. Let D, be the extension of D|;; to C, acting on sections of the extension of

E|y to C. We form the complete manifold
M:=MuUC)/ ~, (2.7)

where m ~ (n,u) if m = (n,u) € U = N x (0, 1]. Let E — M and D be the extensions of
E and D to M, respectively, obtained by gluing the relevant objects on M and C together
along U.

2.3 Delocalised n-invariants

If M, and hence N, is compact, then Dy has discrete spectrum. In [5], Atiyah, Patodi, and

Singer consider the sum

> sgnA

respec(Dy)\{0}
where the sum is over the nonzero eigenvalues of D) taken with multiplicities, and
the real part of s € C is large enough so that the sum converges. This sum has a
meromorphic continuation to C as a function of s, which is regular at s = 0. The
n-invariant of Dy, denoted by n(Dy), is the value of this continuation at s = 0.
tD%

We will denote the smooth kernel of Dye™*"¥ by k,. Bismut and Freed proved that

for twisted Spin-Dirac operators, there is a function b € C*°(N) such that
tr(k,(n,n)) = b(n)t'/? + 0(3/%) (2.8)

as t | 0, uniformly for n in compact subsets of N. See Theorem 2.4 in [13]. If Dy, has the

property (2.8), then we have the equivalent definition
2 —t%D
n(Dy) = ﬁ Tr(Dye Ny dt, (2.9)
0

where Tr is the operator trace. See Section II(d) in [13].

€20 Joquieldag G| uo Jasn Aleiqr Ag ¥S 1L ySH9/8E LE/P/EZ0Z/R101E/UIW/LO0D"dNO"OILISPEOE//:SARY W) PAPEOIUMOQ



3150 P. Hochs et al.

For general Dirac-type operators Dy, the equality (2.9) still holds if we replace
the lower integration limit by ¢ > 0, asymptotically expand the integral as ¢ — 0, and
take the right hand side of (2.9) to be the constant term in this expansion. In the compact
case, we can take x = 1, so that Tr, = Tr. (See also Lemma 2.2.) Hence the following

definition is a generalisation of the definition of the n-invariant in the compact case.

Definition 2.11. The operator Dy has a g-delocalised n-invariant if the operator

DNe_tDlzv is g-trace class for all ¢ > O, and the integral

2 o0 27192
ﬁ/o Tr,(Dye " Pv) dt (2.10)

converges. The value of that integral is then the g-delocalised n-invariant of Dy, and
denoted by ng(Dpy).

For the case of the fundamental group of a compact manifold acting on the
manifold’s universal cover, delocalised n-invariants were defined by Lott [35, 37]. In
that setting, the case for g = e was introduced by Cheeger and Gromov [19], and applied
to index theory by Ramachandran [45].

The integral (2.10) does not always converge, see for example Section 3 of [43].
However, in the case of fundamental groups of compact manifolds acting on their
universal covers, and for g not a central element, a sufficient condition for the
convergence of (2.10) is that D, has a sufficiently large spectral gap at zero, see
Theorem 1.1 in [20]. We discuss this convergence in Section 4 and find concrete classes
of situations for discrete and semisimple groups when (2.10) converges.

Convergence of the integral (2.10) means convergence of the two integrals
' t2p? Oo t2D?
/0 Try(Dye "Pv)dt  and /1 Tr,(Dye " Pv) dt. (2.11)

Definition 2.12. If the first integral in (2.11) converges, then we say that 7y(Dy)
converges for small t. If the second integral in (2.11) converges, then we say that 1ng(Dy)

converges for large t.

2.4 The index theorem

We first state the general form of our index theorem, and then make this more concrete
for discrete groups and semisimple Lie groups in Subsection 2.5. In the general form

of the index theorem, Theorem 2.13, we list technical conditions that imply a general
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index formula. The content of the specific forms for discrete and semisimple groups,
Corollaries 2.19 and 2.21, is that those technical conditions hold in these settings, and
that the general index formula then has a concrete topological expression.

Let X be a proper, isometric G-manifold, and, for ¢ > 0, let x, be the smooth
kernel of a G-equivariant, g-trace class operator on a space of smooth sections of a
Hermitian G-vector bundle over X, such that «, depends smoothly on ¢. Let x, € C*(X)

be nonnegative, and such that for all m € X,
/Xg(zm)z dz=1. (2.12)
z
We say that «, localises at X9 as t | 0, if for all Z-invariant neighbourhoods V of X9,

lim Xg(x)2|tr(g/ct(g_1X,X))| dx = 0. (2.13)
to Jx\v

Consider the setting of Subsection 2.2. Let M be the double of M, and let
E = }:7'+ @® E_ and D be the extensions of E and D to M, respectively. More explicitly,
as on page 55 of [5], M is obtained from M by gluing together a copy of M and a copy of
M with reversed orientation, while E is obtained by gluing together a copy of E and a
copy of E with reversed grading. To glue these copies of E together along N, we use the

isomorphism o. Let D_. be the restrictions of D to the sections of E,.

Theorem 2.13. Suppose that D), is invertible, and furthermore that

e the operators e~ 0 and e~P°D are g-trace class for all t > 0;

e the Schwartz kernels of e~?’D and <pe*tD%DCw localise at M9 as t | O,
for all G-invariant ¢,¥ € C°°(C), supported in the relatively cocompact
neighbourhood U = N x (0, 1] of N; and

e 14(Dy) converges for large t.
Then operators D and D are g-Fredholm, Dy has a g-delocalised n-invariant, and

, L1, |
1ndexg(D) = Elndexg(D) — Eng(DN)' (2.14)

We generalise this result to the case where Dy may not be invertible, but zero is

isolated in its spectrum, in Section 6; see Theorem 6.2.
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Remark 2.14. The condition in Theorem 2.13 that either g has no fixed points or D is
a twisted Spin®~Dirac operator is used to prove convergence of the integral in (2.10) for

small t; see the proof of Proposition 4.1 in Subsection 4.1.

Remark 2.15. Reversing both the orientation on M and the grading on E on the second
copy of M inside M will ensure that the topological expression for the g-trace of the
index of D is twice the contribution of the interior of M to indexg(f)). In particular, this
choice of orientation and grading implies that the first term on the right hand side of
(2.14) is not (always) zero.

In fact, the use of the double of M is not essential to our arguments, and we may
replace M by any manifold without boundary to which E, D and the action by G extend
in suitable ways, such that M/G is compact. Then the first term on the right hand side
of (2.14) should be replaced by a difference of g-traces of heat operators on M composed

with functions supported in M. See Lemma 5.3 and its proof.

For more concrete versions of Theorem 2.13, we will show that its conditions
hold in relevant cases and give a topological expression for the difference of g-traces
on the right hand side of (2.14). Such a topological expression takes the following form.
We specialise to the case of twisted Spin°~Dirac operators. The case of general Dirac-
type operators is similar; see for example Section 6.4 in [10]. Suppose that E = SQ V,
for the spinor bundle S — M of a G-equivariant Spin®-structure, and a G-equivariant,
Hermitian vector bundle V — M. Let Ry be the curvature of a G-invariant, Hermitian
connection on V. Let L — M be the determinant line bundle of S.

If g = e, then we obtain a result for general unimodular locally compact groups.

Corollary 2.16. If Dy is invertible, then

A A ; 1
indexe(D) — / XZA(M)eCI(L)/Ztr(e—RV/ZTH) _ Ene(DN)-

M
This is a generalisation of the main result in [45] to arbitrary proper actions by
locally compact groups, and a generalisation of the main result in [52] to manifolds with
boundary.
For more general elements g € G, let MY be the fixed point set of g, and N’ — MY
its normal bundle in M. Let RV be the curvature of the restriction of the Levi-Civita
connection of M to NV. Let Xg € Cc(M9) be a function with the property (2.12). As before,

we denote all extensions to M by tildes.
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Question 2.17. Under what conditions does the formula

(2.15)

. A 961 Tling) /2t p(ge—Rilig /27l
index, (D) = / 7220 rge )
M9 det(1 — ge Bx/271)1/2

hold?

This question is formulated here for the operator D on the double M of M; it can
be asked more generally of course, for twisted Spin®-Dirac operators on any Riemannian
manifold with a proper, cocompact, isometric action. We will use affirmative answers to
this question (the index theorems proved in [29, 51]) to make Theorem 2.13 more concrete
in the next subsection. The fact that the answer is “yes” for the two very different classes

of groups we will discuss suggests that (2.15) should hold more generally.

2.5 Discrete groups and semisimple groups

The conditions of Theorem 2.13 are satisfied, and the answer to Question 2.17 is “yes,”
in the two settings we will now describe.

First of all, suppose that G is discrete, and finitely generated. Let d; be a word
length metric on G. Let (g) be the conjugacy class of g.

Definition 2.18. The conjugacy class (g) has polynomial growth if there exist C,d > 0
such that for all k € N,

#{h € (9); dg(e, h) = k} < Ck%. (2.16)

Corollary 2.19. If Dy is invertible, G is discrete and finitely generated, and (g) has

polynomial growth, then a twisted Spin®-Dirac operator D is g-Fredholm, and

index (ﬁ) =/ XzA(Mg)ecl(L|Mg)/2tr(ge—vaMg/2ﬂi) ~ ln .
g M9 9 det(l—ge—RN/Zﬂi)l/Z 2l Fn)-

Remark 2.20. The assumption in Corollary 2.19 that (g) has polynomial growth is
used to prove large t convergence of 7,(Dy), see Proposition 4.14. It is possible that
this assumption can be removed if one uses other criteria for the convergence of this

delocalised n-invariant, such as the one in [20]. See Remark 4.15.

Next, we consider semisimple Lie groups.
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Corollary 2.21. Suppose that D, is invertible. Let G be a linear, connected, real
semisimple Lie group. Let K < G be a maximal compact subgroup. If G/K is even-

dimensional, then for all semisimple g € G, the operator D is g-Fredholm, and

index. (F L A(M9) e Eluo) 2 tr(geRvluo /21y |
1n eXg(D) = ,/Mg Xg det(1 — gefRN/Zni)l/Z - Eng(DN)- (2.17)

Theorem 2.13 and Corollaries 2.16, 2.19, and 2.21 are proved in Subsection 5.5.
Just like Theorem 2.13, Corollaries 2.19 and 2.21 generalise to the case where Dy, is not

necessarily invertible. See Corollary 6.3.

3 Properties of the g-Trace and the g-Index
3.1 The trace property

Let x; € C*°(G) be any nonnegative function that has compact support on every orbit of

the action by Z on G by right multiplication, and such that for all x € G,
/)(G(Xz*l)2 dz=1.
z
Define the nonnegative function x, on M by
2 _ 2 2
Xg(m)* = /G)(G(X) x (xgm)© dx. (3.1)

It has the property (2.12).

Lemma 3.1. If T is a g-trace class operator on L?(E) with smooth kernel «, then
Try(T) = / Xg(M)*tr(gr (g~ 'm, m)) dm.
M
Proof. Forallhe Gand m e M,

tr(hgh_llc(hg_lh_lm, m)) = tr(g/c(g_lh_lm, h~1m)),
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by G-invariance of « and the trace property of tr. So, substituting m’ = h~'m, we find
that (2.2) equals

/ /XG(hz_l)z/ X(hgh_lm)ztr(hgh_lic(hg_lh_lm,m)) dm dzd(hZ2)
G/zJ)z M

= / Xg(m)?tr(gic(g™'m/, m’)) dm'.
M

The following trace property is an analogue of Proposition 3.18 in [51] and
Lemma 3.2 in [29].

Lemma 3.2. LetS,T € B(L?(E))€. Suppose that

e S has a distributional kernel;
e T has a smooth kernel;

e ST and TS are g-trace-class.

Then Tr,(ST) = Tr,(TS).

Proof. For notational simplicity, we consider the case where E is the trivial line
bundle, so that x; € C*°(M x M) and kg € D'(M x M).

For m € M, the restriction of «g to {m} x M is a well-defined distribution in
D'(M), because the wave front set of «g is normal to the diagonal. We denote this
restriction by ngr)n For m’ € M, we also write K:E'l,zn' € C*°(M) for the restriction of «; to
M x {m'}. The pairing between Kézr)n and Ké.llzn, is well-defined for all m, m’ € M, because
the compositions ST and TS are.

By Lemma 3.1,

Tr,(ST) = /M XgM)PieGo 1 (ki) dm,

and

2 1
Tr, (TS) :/Mlcélé,lm(xg/c;)n) dm.
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Using (2.12), unimodularity of Z, and Z-equivariance of S and T, one computes

2 (2 1 2 (2 1 2 1
[ g st dm= [ gomie s, ([20 o daet),) am
2 (2 -1 2 (1)

= XoM)k" (27 - (xSkq ) dmdz

~/Z~/M g S.g 1m( g T,zm )
_ 2 _ 1

=// Xg@ M) (2 Oarepy) dm dz

zJm ¢

—1.,.,2,(2) (1)
= X, (27 M)k | (x.k7,,)dmdz
/Z/IVI g S,g~lm g T,m

_ (2) 2 (1)
_/MKS,g—lm(XQKT,m)dm'

3.2 Properties of the g-index

Lemma 3.2 allows us to prove Lemmas 2.5 and 2.7.

Proof of Lemma 2.5. Let R and R’ be parametrices of D, such that such that the
operators

Sg:=1—-RD,;

S;:=1- D, R;

So:=1-RD,;

Sy:=1—-D,R
are g-trace class. Then

So—Sy=® —R)D_;
(3.2)
S;—S; =D,_(R'—R).

The operator D (R’ — R) is smoothing, because S, and S| are assumed to be. So elliptic
regularity implies that R’ — R is smoothing as well. Hence R’ — R has a smooth kernel.
The operators Sy — S; and S; — S} are g-trace class by assumption. The operator D, has

a distributional kernel. So Lemma 3.2 and (3.2) imply that

(Try(Sp) — Try(Sy)) — (Try(Sp) — Try(S})) = Try(R' — R)D,) — Try(D, (R’ — R)) = 0.
|
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Proof of Lemma 2.7. This can be proved as on pages 46-47 of [2], where the trace
property of the operator trace is replaced by Lemma 3.2. |

3.3 A trace-like map on Banach algebras

The results and constructions in this subsection are analogues and generalisations of
pages 18-19 of [37]. The discussion that follows can be simplified if we first consider
the case of the trivial line bundle, and then note that one can reduce the general case
to this one via local frames. We have chosen to be explicit here, at the cost of some
notational inconvenience.

Let M be a cocompact G-manifold, and E — M a Hermitian G-vector bundle.
Fix an open cover {U;} of open sets U; C M on which E admits local orthonormal
frames{ejlk},rczl. Let {¢;} be a partition of unity subordinate to {Uj}. For « € ['(End(E))®
and m;,m, € M, for j,,j, such that m, € U; and m, € U;,, and for ky,k, = 1,...r,

consider the function F; (k;m;, m,) on G, mapping x € G to

1J2.k1,k2
-1
(ej, k, (M), Xk (X~ ' my, My)e;, 1 (mz))Eml. (3.3)

Let A be a Banach algebra (with respect to convolution) of functions on G. Let
Endg(Foo(E))G be the space of bounded operators on L%(E) with continuous kernels
k € I'(End(E))¢ such that all of the functions F;
that the maps

Lk kg (K 1T 1) lie in A, and such

(my, my) — FJ (k;mq, my) (3.4)

1J2.k1.k2
from M x M to A are continuous.
Let x be a cutoff function on M, then supp() is compact. For k € End,(I'*®(E))®,
set
r
Il == vol(suppG)lixla, — max 3 > & ()G, (MIF, ey ey (€510 )l

1,M2€8Upp(x)
J1J2 k1,ka=1

(3.5)
Continuity of the maps (3.4) implies that the norms of these functions take maximum
values on the compact set supp(x). Furthermore, the sums are locally finite, so x| 4
is well-defined. Different choices of a partition of unity and local orthonormal frames

result in equivalent norms, but we will not need this.

Lemma 3.3. The norm || - ||, is submultiplicative.
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Proof. Letk,A € Endg(Foo(E))G. Then for all m;, m, € M and x € G,

X(KA)(X_lml,m2)=/ /x(ym3)2XK(X_1m1,m3)A(m3,mz)dydm3
MJG

=/ x(mg)z/Xy‘lk(yx‘lml,m3)yk(y‘1m3,mz)dydms-
M G

For the first equality, we used the definition of cutoff functions. For the second, we
substituted ym4 for m4 and used G-invariance of «.

So for all relevant j,,j,, k;, and k,, and x € G,

Fj o1 ko (KA My, M) (X) =
/ X(ms)z/ (ejl,k1 (my), xy "k (yx'my, my)yA(y ' mg, mye;, 1, (mz))E dy dmg =
M G my
r
>y / X (M)t (mg) / (&, 1 () X7 e rx g madey, i, ()
; M G Em,
J3 k=1
(ej3’k3(m3)yk(y*1m3,mz)ejzlkz(mz))E dydm, =
mg
-
Z Z / X(m3)2§1'3 (m3)(FJ'1J'3,k1,k3 (k; My, m3) * FJ’stykaykz (;mg, mZ))(X) dms.
J3 k3=l M
By submultiplicativity of the norm | - ||, on A, we find that
IE, o ki ke (KA My, M) 4 <
r
>y / XML, MIE; i s (63 My M)A NE) s e, O g )l A <
J3 k3=l M
r
vol(su 2 max . (Mmy)e: (m
(suppGONIxlls | max Z > G, ma)g;, (my)
JaJa k3 ka=1
E, a1 ks (67 M M) 4 1FG, Gy kg ey (B Mg, M) 4.
This implies the claim by the definition (3.5) of the norm | - || ,. |

Let End, (I (E))® be the completion of Endg(Foo(E))G (that space may already

be complete in some cases). By Lemma 3.3, EndA(FOO(E))G is a Banach algebra.
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Lemma 3.4. Setting

TR(K)(X):/ x (xm)*tr(xk (x"'m, m)) dm, (3.6)
M

for k € End}(I'°(E))® and x € G, defines a continuous map TR: End,(I'*(E))¢ — A

with respect to the norm || - ||4.

Proof. Letk € Endg(FOO(E))G. Then by a substitution xm — m, equivariance of «, and

the trace property, we have for all x € G,

TR(x)(x) = / x (m)?tr(xk (x " 2m,x " 'm)) dm
M

- / x (m)*tr(xk (x"'m, m)) dm
M

= z Z /M X (m)zfj(m)Fj,j,k,k(K} m, m)(x) dm.

j k=1

So

ITRE, < DD /M X (M2 (m)|F; 1 i (ki m, m)|| , dm

j k=1
r
< vol(supp()) I x I3, pmax D G)IF ki m,m) |
j k=1

< llklla-
]

The motivation for Lemmas 3.3 and 3.4 is the following. Suppose that 7 , defined

by (2.5), defines a continuous functional on A. It is immediate from the definitions that

Try =750 TR. (3.7)

So by Lemma 3.4, Tr, is a continuous functional on EndA(F‘X’(E))G.

Remark 3.5. The map TR generalises the map Try in (3.11) in [29] and the map TR on
page 429 of [36].
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4 Convergence of Delocalised n-Invariants

In the proof of Theorem 2.13, we assume large ¢t convergence of n,(Dy) and deduce small
t convergence from the index formula. In this section, we study large ¢ convergence,
which will be used to verify the condition in Theorem 2.13 in the special cases in
Corollaries 2.16, 2.19, and 2.21. We also comment on small ¢ convergence of ng(DN) in
Subsection 4.2, but these results are only used in the case where D), is not invertible in
Section 6.

Building on arguments by Lott [37], we show that the integrand in (2.10) is
rapidly decreasing as t goes to infinity, if an algebra A C C}(G) with certain properties
exists. We then show that such algebras exist for discrete groups and semisimple Lie

groups.

4.1 Projective limits of Banach algebras and large t convergence

Suppose that A is the projective limit of a sequence of Banach algebras A; C C7(G) with

norms | - on which the orbital integral trace (2.5) defines a continuous functional.

||]I
Let EndAj(F""(ElN))G, 7, and TR be as in Subsection 3.3. Let End 4(I'°(E|y))® be the
projective limit of the algebras EndAj(Foo(E|N))G. In this subsection, we prove the

following extension of Proposition 8 in [37].

Proposition 4.1. Suppose that A is closed under holomorphic functional calculus. If
Dy, is invertible and DNe_tDIZV € End 4(I'™°(E|y))° for all ¢ > 0, then ny(Dy) converges for
large t.

In Subsections 4.4 and 4.5, we give examples of cases where the conditions of
this proposition hold. In fact, in those examples, the algebra .4 is a Banach algebra itself,
rather than just a projective limit of Banach algebras. We have included the possibility
that A is only a projective limit of Banach algebras for the sake of generality, for example
to include the algebras used in [37].

We prove Proposition 4.1 by extending the proof of Proposition 8 in [37] to our

setting.

Lemma 4.2. Suppose that A is the projective limit of a sequence of Banach algebras,
and that DNe_tzDIZv € End 4(I'°(E|y))®. Then Trg(DNe_tlezV)) decreases at least as fast as

a Gaussian function in t as t — oo.
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Proof. Continuity of 7, on A means that it is continuous on A; for all j. So, by Lemma
3.4, the composition Try = 750 TR is a continuous functional on EndA(FOO(E))G. By
construction of projective limits, this continuity implies that there exist j and C > 0

such that for all ¢,
. (TR(Dye t'PV)) < C|Dye T2, (4.1)
g N —= N j .
Now Lemma 3.3 implies that
212 2 2 2
IDye " Pr|; < | Dye x|l e ~VPn . (4.2)

Since Dy is invertible, the spectrum of DIZ\, has a positive smallest element A.

tD

By the spectral mapping theorem, the spectral radius of e~ ¥ as an operator on L?(E)

is e7tho
the Banach algebra EndAj(FOO(E))G. This follows from the fact that A is closed under

holomorphic functional calculus; the details of this argument are as in Proposition 19

. . . . 2 2
. This is in fact also the spectral radius ij(e’tDN) of e Py as an element of

on page 38 of [37] and Lemmas 2 and 3 on pages 40-41 of [37].
By Theorem 1.22 in [24] (a general fact about one-parameter semigroups in

Banach algebras), the limit

—tD?

a:=limt !ln|e N
t—00

exists, and ,oAj(e_tDIZV) = e% for all t. So a = —A,. Hence there is a t;, > 0 such that for all

t >ty
t1In e PN < —hg/2.
Hence for all such ¢,
”e—tD,z\,”j < e /2,
(Compare also Corollary 3 on page 41 of [37].) We conclude that if t? — 1 > ¢,
”DNe—tZDIZ\,”j - ”DNe—Dﬁ,”je—(tz—l)Ao/Z’

a Gaussian function in t. [ ]

Proposition 4.1 follows immediately from Lemma 4.2.
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Remark 4.3. Lemma 4.2, and hence Proposition 4.1, generalise to the case where Dy
is not invertible, but zero is isolated in its spectrum. This can be proved by considering

the compression of Dy to the orthogonal complement to its kernel, as on page 20 of [37].

4.2 Small ¢t convergence

Small ¢ convergence of ng(Dy) will be deduced from the index formula in the proof of
Theorem 2.13. But in this subsection, we give independent proofs of small ¢ convergence
in some cases. The material in this subsection is only used in Section 6 to replace a
regularised delocalised n-invariant by a usual delocalised n-invariant, and even there

these direct proofs can probably be avoided (see Remark 6.8).

Proposition 4.4.

(a) If g has no fixed points in N, then ng(Dy) converges for small ¢.

(b) Without the assumption that g has no fixed points in NV, suppose that either

(b1) G is any unimodular locally compact group, and G/Z is compact;

(b2) G is discrete and finitely generated; or

(b3) G is a connected, real semisimple Lie group, and g is a semisimple
element.
Suppose furthermore that Dy is invertible and a twisted Spin°-Dirac
operator, and that DNe_tDlzv € End 4(I'°(E|y))C for all ¢ > 0. Then 14(Dy)

converges for small ¢, and hence Dy has a g-delocalised 5-invariant.

From now on, we denote the Schwartz kernel of DNe_tDzzv by «;. The Bismut-Freed

estimate (2.8) has an equivariant generalisation due to Zhang.

Proposition 4.5. Suppose that Dy is a twisted Spin®-Dirac operator. For all compact
subsets K; C G and K, C N, thereis a C > 0 such that forall x e K; and t € (0, 1],

/ tr(X/Zt(X_ln,n)) dn| < CVt. (4.3)
K3

Proof. By (2.2) in [54], we can select a constant C, > O for every x € G such that (4.3)
holds with C replaced by C,. In [54], compact manifolds are considered, but it is shown
that the computation localises near the fixed point set of g. The same arguments apply
with the fixed point set in a compact manifold replaced by the intersection of the fixed

point set of g with the compact set K.
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By going through the proof of (2.2) in [54], one sees that the constants in the
estimates that are used (in particular, the constant C; in Lemma 2.17 in [54]) can be
chosen continuously in x, so that we can choose a single C such that (4.3) holds for all
x € Kj. n

Lemma 4.6. Suppose that Dy is a twisted Spin®-Dirac operator. Then for any compact
subset A C G/Z, the integral

1
/ / / x(hgh™'n)?tr(hgh™'%,(hg ' h~'n,n)) dn d(hz) dt (4.4)
0o JAJN
converges absolutely.

Proof. By compactness of A and supp(x), we can apply Proposition 4.5 to finda C > 0
such that for all h € A4,

‘/ x(hgh_ln)ztr(hgh_lﬁt(hg_lh_ln, n))dn| < CVt.
N
So the integrand in the outer integrals over [0, 1] and A in (4.4) is bounded. |

Lemma 4.7. Suppose that G is discrete and finitely generated. Then there is a compact

(i.e., finite) subset A C G/Z such that the integrals and sum

1
Z x (hgh™! n)ztr(hghfllzt(hgflh*1 n,n))dndt (4.5)
0 he/zpna’N

converge absolutely.

Proof. Let [ be the word length function for a fixed, finite generating set of G. By
the Svarc-Milnor lemma, there are a finite subset A C G and a ¢ > 0 such that for all

x € G\ Aandn e supp(y),
d(xn,n) > cl(x). (4.6)

Furthermore, by standard Gaussian estimates for heat kernels (see e.g., Proposition
4.2(i) in [18] or (31) in [35]), there are a,, a,, a; > 0 such that forallt € (0,1]1and n,n’ € N,

~ _ _ n2
I1%,(n, 0| < a,t"%2e=®wAMII/L, (4.7)
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By (4.6) and (4.7),

1
/ Z / X(Xn)2|tr(xkt(x_1n,n))| dn dt
0 N

xeG\A

1 o0
<a / 2y > / x (xn)2 dn e~@al®?/t q¢
0 N

k=1 xeG\A
k<l(x)<k—1

1 o0
= al/Nx(n)z dn/0 t %2 Z(#{x €eGk<lx) <k-— 1})e*0“3"2/‘ dt. (4.8)
k=1

Now there is a b > 0 such that for every k > 1,
1
/ a2 e—cagkz/t dt < be_ca3k2.
0

(This is a calculus exercise, see Lemma 4.2 in [28].) Because the number #{x € G;

k <l(x) < k— 1} grows at most exponentially in k, we find that

s 1
(#{X EGk<Ilx) <k- 1})/ t—aze—ca3k2/t dt
k=1 0

converges absolutely. This implies that the left hand side of (4.8) converges absolutely
by Tonelli's theorem. By restricting the sum to the conjugacy class of g, we find that

(4.5) converges absolutely as well. |

Proof of Proposition 4.4. In case (a), Proposition 4.25 in [42] and Lemma 3.1 imply that
the integrand in (2.10) decreases like a function of the form t%e~?/*as t | 0, fora,b > 0.
Hence we have convergence of (2.10) in case (a).

Convergence of (2.10) for small ¢ follows directly from Lemma 4.6 in case (bl)
of Proposition 4.1. In case (b2), this follows from Lemmas 4.6 and 4.7. In case (b3), this

follows from Proposition 4.29 in [42]. |

Remark 4.8. In Proposition 4.29 in [42], used in the proof of case (b3) of Proposition
4.4, it is not assumed that Dy is invertible. So this assumption is not necessary in that

case.
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4.3 Kagan Samurkas’ algebra
In this subsection and the next, we assume that G is a finitely generated discrete group,
and that (g) has polynomial growth (Definition 2.18) from now on. We briefly review
Kagn Samurkas’ construction of an algebra on which the trace 7, defines a continuous
functional.
For S C G and f € I?(G), let |f| s be the norm of f|g in I2(S). For r > 0, write
B.(S):={heG;VseS,dge hs™!) <r}.
For a € B(I*(G)) and r > 0, define
1a(r) :=1inf(C > 0;Vf € *(G), |afll ¢\, supp(ry = CIfllc)-
Fix C > 0 and d € N such that (2.16) holds for all k. For a € B(2(G)), define

lally :=inf{A > 0;¥r > 0, i, (r) < Ar~ (@22}, (4.9)

Let || - lpgz() be the operator norm on B(%(G)). For f € CG, we also denote the
convolution operator by f from the left by f € B(?(G))

Lemma 4.9. The expression (4.9) defines a seminorm on CG, and for all a,b € CG,
lablly < 292*2(lall gy + llal ) (1Bl gy, + 1B1ly)-

Proof. The first claim is Lemma 3.6 in [47]. In the proof of Lemma 3.10 in [47], it is
proved that for all a, b € CG,

labll, < max(2%213||a| 542 ), I1bll, + 2% 2 all, 1Bl g2 gy + 222 2llally 1],
lall sazen 1Pl Bazey)-
This implies the second claim. |

Let CEOI(G) be the completion of CG in the norm

FI = 1y + IFlg-
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By Lemma 4.9, this is a Banach algebra. By Lemma 3.12 in [47], it is closed under
holomorphic functional calculus. Theorems 3.18 and 3.19 in [47] state that 7, defines
a continuous trace on CEOI(G).

We will use the following equality.

Lemma 4.10. Forall f € I1(G),

pp(r) = ||f||G\B,(e)-

Proof. Letf €l'(G). Since G is discrete, we also have f € I*(G). For all ¢ € CG, we have

2
ol euwpen = > | 2 FEr e

xe€G\Br(suppy) YEsSuppy

> > fay HElem))?

xeG\Br(suppg) YESUppy

> @ D lem

z€G\Br(e) yEesuppy

A

IA

Here we used the fact that for all x € G \ B,(suppy) and y € suppy, we have xy~! ¢

G\ B,(€). S0 11(r) < IIfllg\g,(e)-
And if ¢ = §,, then

I * #llo\8,suppon = Iflg\B,ce)-

So Mf(r) > ||f||G\Br(e)' "

4.4 Discrete groups

We continue to assume that G is a finitely generated discrete group, and that (g) has
polynomial growth. From now on, we denote the Schwartz kernel of e~k by «,;, and
recall that we denote the Schwartz kernel of DNe_thr by k;. We first show that the
integrand of (2.10) is well-defined. In the proof of the following lemma, and in other
places, we denote the operator norm of an endomorphism A of a finite-dimensional

normed vector space by |A].

Lemma 4.11. Forallt> 0, DNe_tDlzv is g-trace class.
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Proof. It is noted on page 11 of [37] that for all m € M,

> lixkt,(x'm, m)|| < oo.
xeG

In [37] the action considered is free; the argument extends to the proper case because
stabilisers are finite. See Theorem 3.4 in [51], the proof of which also applies to DNe_tDif,
via the inequality in the third displayed equation on page 307 of [51]. (That theorem is
an analogue of Theorem 4.3 in [25] for non-scalar Laplacians, which also applies to

derivatives of heat kernels as noted at the bottom of page 491 in [25].) Hence also

> xR (x'm,m)| < oo.
xe(g)

In this case, the integral over G/Z is just the sum over (g) and the integral over M with
weight function x? is the integral over a compact fundamental domain. Hence the right

hand side of (2.1) converges. |

Proposition 4.12. Forall ¢t > 0, the Schwartz kernels «, and i, lie in End g (T°(E| N))G.
9

Lemma4.13. Fix¢ > O0andn,n’ € N, and consider the functions y := Fj j, ¢ r, (ks n,n')
and V = iy dakr ko (i 1) defined as in (3.3). The functions ., and u; decrease faster

than any rational function.

Proof. The function v lies in I'(G); see for example Section 3.2, page 308 of [51]. And
so does ¥, as pointed out in the proof of Lemma 4.11. So by Lemma 4.10, the claim is
that the numbers 1Vl 6\B, (e) and ||@Z||G\Br(e) decrease faster than any rational function
of r,as r — oo.

For k € N, write
Gk) :={xeGk—1<dx'mm)<k).
It was shown on page 307 of [51] that there are A;,b; > 0 such that for all k € N,

#G(k) < A, e"k. (4.10)
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Furthermore, for fixed ¢t > 0, standard estimates for heat kernels show that there

are A,,b, > 0 such that for all m,, m, € M,
m —bod 2
||Kt( 1’m2)” < Aze b2 (ml,mz) .

Similar estimates hold for the derivatives of «;. This implies that there are A;,b; > 0

such that for all m;, m, € M,
Iz, (my, my)|| < Agebedimma)®, (4.11)

From now on, we will consider ¢ and k;. The same arguments apply to ¢ and «;.

For fixed r > 0, we have

o
Wlaee <>, Q.  lIxk&'nn)>

k=1xeG(k);dg(e,x)>r

By (4.11) and the triangle inequality, this is at most equal to

o0
AZe2bsdnn)" " wix € G(k); dgle, x) > rie 22k (4.12)
k=1

By the Svarc-Milnor Lemma (see e.g., Lemma 2 in [40], or [17]), there are

constants A,, b, > 0 such that forall x € G,
d(x'n,n) > A,d;(e,x) — b,.

So if x € G(k) and d;(e,x) > r, then k > A,r — b,. Together with (4.10), this implies that

(4.12) is at most equal to
o
AlAgefzbgdm,n’)Z Z eb1k—2b3k?
k=|A4r—b4]

This decreases exponentially as r — oo. |

Proof of Proposition 4.12. Under the conditions in the proposition, the functions

and ¥ decrease faster than any rational function by Lemma 4.13. So in particular, there
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are constants 4, A > 0 such that for all r > 0,

jy (r) < Ar= (@242,

g (r) < Ar=(@/2+2),

Hence ||[¥]l4 and ||&||g are finite. We saw in the proof of Lemma 4.13 that v, ¥ € I1(G) C
C:(G). There we also saw that the constant A in (4.9) can be chosen continuously in n

and n’. This finishes the proof. |
Propositions 4.1, 4.4, and 4.12 have the following consequence.

Proposition 4.14. Suppose that G is a discrete, finitely generated group and (g) has
polynomial growth. If Dy, is invertible, then n,(Dy) converges for large t. If, furthermore,
either g has no fixed points or D is a twisted Spin®-Dirac operator, then ng(Dy) also

converges for small ¢, so Dy has a g-delocalised n-invariant.

Remark 4.15. For finitely generated discrete groups, a general criterion for conver-
gence of delocalised n-invariants was obtained in [20]. For hyperbolic groups, Puschnigg
[44] shows that an algebra A to which 7, extends exists. It may be possible to use this

to obtain a version of Proposition 4.14 for such groups.

4.5 Real semisimple groups

Suppose, in this subsection, that G is a real, linear, connected semisimple Lie group, and

that g € G is semisimple (i.e., Ad(g) is diagonalisable). We continue to write «, for the

2
tD D%

Schwartz kernel of e~®Pi, and ik, for the Schwartz kernel of Dy e~

Lemma 4.16. If G is a real, linear, connected, semisimple Lie group and g is a

tD

semisimple element, then Dy e~ v is g-trace class for all ¢t > 0.

Proof. By Abels’ theorem [1], connectedness of G implies that N decomposes
G-equivariantly as N = G xy Y, for a maximal compact subgroup K < G and a

K-invariant submanifold ¥ C N. Then «; lies in

(C*(G x G) ® T (End(Ely))) X = (¢*(6) ® I (End(Ely))~.
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Lemma 3.5 in [29] states that this heat kernel in fact lies in
(C(G) ® T®(End(El|y))¥,

where C(G) is Harish-Chandra’s Schwartz algebra. The operator D), decomposes into an
operator on G and one on Y, see for example, (4.2) in [29]. The operator on G in this
decomposition is defined in terms of the left (or right) regular representation by g on
C*°(G), which preserves C(G). As pointed out in (3.7) in [41], this implies that also

%, € (C(G) ® T®(End(Ely))~.

The trace Try corresponds to the trace 7y ON C(G) under this identification, combined
with a trace on I'*°(End(E|y)), which converges by compactness of Y, see Lemma 3.1(c)

in [29]. (This is a special case of (3.7).) Hence the claim follows. |

Lafforgue [31] constructed an algebra satisfying the conditions of Proposition 4.1.
In fact, this algebra is a Banach algebra itself, rather than just a projective limit of
Banach algebras. Furthermore, it contains heat kernels of Dirac operators. It is shown
how to generalise the construction to reductive Lie groups in Section 4.2 of [31], but we
will work with linear semisimple groups for simplicity.

Consider the spherical function ¢ := gog, as in (7.41) in [30]. Let g = ¢t @ p be
a Cartan decomposition for a maximal compact subgroup K < G, and let a C p be a

maximal abelian subspace. Fix a positive restricted root system X for (g, a), and write

p = Z dim(g;)A.

reTDt

Define the function d;: G — [0, o0) by
dg(kexp(H)K') = (o, H),

for k, k' € K, and H € a positive with respect to £*. Then d;(x) is the distance from xK
to eK in G/K. For t € R, let S,(G) be the completion of C,(G) in the norm

If1l, = sup F@le@ 1A +dg(g).
ge
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By Proposition 4.1.2 in [31], the algebra S,(G) is a Banach algebra, dense in C;(G) and

closed under holomorphic functional calculus, for large enough ¢.

Lemma 4.17.  For every semisimple element g € G, and for ¢ large enough, the trace 1,

defines a continuous functional on S,(G).

Proof. Letg € G be semisimple. By Theorem 6 in [26], the integral
/ (1+dgxgx™ ) Yp(xgx~d(x2)
G/zZ
converges for t large enough. So, for such ¢, and f € 5,(G),

17,1 < Il /G O+ daxox ) oxgx o),

Lemma 4.18. For all s > 0, the Schwartz kernels «, and &, lie in EndSI(G)(FOO(E|N))G.

Proof. As in the proof of Lemma 4.16, we see that these kernels lie in
(C(6) ® I (End(Ely))*,

where C(G) is Harish-Chandra’s Schwartz algebra, and we write N = G x Y as in Abels’
theorem [1]. The claim follows from the fact that C(G) C S,(G) for t > 0. |

Propositions 4.1 and 4.4 and the lemmas in this subsection have the following

consequence.

Proposition 4.19. Suppose that G is a real, linear, connected semisimple Lie group and
g € Gis semisimple. If Dy, is invertible, then 5, (Dy) converges for large t. If, furthermore,
either g has no fixed points or D is a twisted Spin®-Dirac operator, then ng(Dy) also

converges for small ¢, so Dy has a g-delocalised n-invariant.

5 Proof of the index theorem

After discussing convergence of delocalised n-invariants in Section 4, we are ready
to prove Theorem 2.13 and Corollaries 2.16, 2.19, and 2.21. We do this by defining a

suitable parametrix of D, depending on a positive parameter ¢, and splitting up the
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right hand side of (2.3) as a sum of several terms, and computing the limits of these
terms as t | 0. These terms involve different parametrices of the Dirac operators on M,
M, and C.

5.1 Parametrices

Consider the setting of Subsection 2.2. Let v, : (0,00) — [0, 1] be a smooth function such
that ¢, equals 1 on (0,¢) and 0 on (1 — ¢, 00), for some ¢ € (0,1/2). Set , := 1 — ;. Let
@1,¢9: (0,00) — [0, 1] be smooth functions such that ¢; equals 1 on (0,1 — ¢/2) and 0 on
(1, 00), while ¢, equals 0 on (0,¢/4) and 1 on (¢/2, c0). Then oV =Y forj=1,2, and goj’.
and y; have disjoint supports.

We pull back the functions ¢; and ; to C along the projection onto (0,c0) and
extend these functions smoothly to M by setting ¢, and ¢; equal to 1 on M \ U, and
¥, and ¢, equal to 0 on M \ U. We denote the resulting functions by the same symbols
¥; and ¢;. (No confusion is possible in what follows, because we will always use these
symbols to denote the functions on M.) We denote the derivatives of these functions in
the (0, 00) directions by <p]/. and Ip]f, respectively. These derivatives are only defined on
N x (0,00) C M, so they will only be used there.

As before, let M be the double of M, E, and D the extensions of E and D to M. Fix

t > 0, and consider the parametrix
Q:=—+—D (5.1)
D

of f)+. (The part without the last factor D_ is formed via functional calculus, by an

application of the function x — % to D_D .+ this does not require invertibility of

D_D,.) Set
So =1- éf)+ = e‘tDi)*;
y o o (5.2)
S,:=1-D,Q=e P+,

The extension of D, to the complete manifold N x R is essentially self-adjoint,
and its square is positive. Hence its self-adjoint closure is invertible. Let Q, be the

inverse of that closure, restricted to odd-graded sections. Set

R:=¢,Qy; +¢,Qc¥;.

R = y,Qp, + ¥,Q00,.

(5.3)
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Note that the operator Q is well-defined on the supports of ¢, and ¥, and that Q. is
well-defined on the supports of ¢, and ¥,.

A parametrix like R was also defined at the bottom of page 55 of [5]. In [5], it
was only used to prove that D is Fredholm on spaces of sections with the APS-boundary
conditions. In this paper, it plays a central role in the proof of Theorem 2.13 as well. This
is possible because, contrary to [5], we first consider the case where D, is invertible, so

that we can use its inverse in the definition of R.

Set
Sg:=1—RD,;
So:=1-RD,; (5.4)
S;:=1-D,R.

Lemma 5.1. We have

So = 0150V + 91 QoY + Qo Yry;
So = ¥1Sow; + ¥, Qo) + ¥, Q0 0); (5.5)

S1 = @151¥ — ¢10Qy; — 920 Qcrs.
Proof. These equalities follow from straightforward computations. |
Lemma 5.2. The operators Sy and S; have smooth kernels.

Proof. Because supp(y;) N supp(pr/.) = ¢ for j = 1,2 and the Schwartz kernels of the
pseudo-differential operators Q, Q. are smooth off the respective diagonals in M and C,

the operators S;, S; have smooth Schwartz kernels. Hence so does

So =Sy + (R'S; — SyR)D,..

5.2 The interior contribution

Lemma 5.3. If e’ is g-trace class, then so are the operators S and S; in (5.4). And

the function v, can be chosen such that

1 hF .
Trg(SE)) —Try(S)) = E(Trg(e_tD*D*) _ Trg(e—tDJrD,))'
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Proof. In Lemma 5.1, the terms involving S, and S, are g-trace class because e~ i,

The functions goj’. and y; have disjoint, G-invariant supports. This implies that the terms
in Lemma 5.1 involving those functions are g-trace class, with g-trace equal to zero.
(Here we use the fact that the operators Q and Q, are pseudo-differential operators,
and hence have smooth kernels off the diagonals of M and C, respectively.) We find that

Sy and S, are g-trace class, and
Try(Sp) — Try(Sy) = Try (¥, Sp0;) — Try(@, S, v).
By G-invariance of v, and ¢,, and the fact that ¥, ¢; = ¥/;, we have

Try (V1 S1901) = Try(S,9);

Try (¢, S¥) = Try(Se¥y)-
Choosing ¥, such that 1 — v, equals the mirror image of y; on the double M, we have
Try(S)) = Trg(S;¥y) + Try(S;(15 — ¥1)) = 2Try(Sj¥r).

Hence the claim follows. |

5.3 Another parametrix on C

Next, we show how the boundary contribution —%ng(DN) appears in Theorem 2.13; see
Proposition 5.8. We start by defining another parametrix for D, and showing that, in a
suitable sense, its difference with Q restricted to U has zero g-trace in the limit ¢ | 0.
This is Lemma 5.5.

Let k, be the Schwartz kernel of e~D-D+D , and kc. the Schwartz kernel of

eitDC'iDC'i’DC,_.
Lemma 5.4. Foranyo,y € C®(M)C supported in N x (0, 1),
(e ®Y)(k, — KC,t) ~ 0,

as an asymptotic expansion in t, with respect to the C¥-norm on compact subsets of M,
for all k.
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—tD¢,-Det+ have

Proof. The Schwartz kernels of the heat operators e~ tD-D+ and e
asymptotic expansions in t, with respect to the C¥-norm on compact subsets of M, in
which the coefficient of #*! is the solution of a differential equation in terms of the
local geometry of the manifold and the Dirac operator in question, and the coefficient
of ¥/. See for example Theorem 2.26 in [10], or the proof of Theorem 7.15 in [46]. Because
the operators D and D are equal on V x (O, 1), their heat kernels therefore have the same

asymptotic expansion there. Since these asymptotic expansions may be differentiated

term-wise, and ﬁiﬁ = D, the claim follows. [ |
Let
1 — e~ tDc-Dc+
O’C i=——————D_ (5.6)
D¢, Dc,+

be an alternative parametrix for D , on the cylindrical end C. This operator is defined
in terms functional calculus applied to the self-adjoint closure of the extension of D, to
N x R.

When we wish to emphasise the dependence of operators on t, we write Q(t) for

Q, etc.

Lemma 5.5. Suppose that, for all ¢, € C*(V x R) with supports in N x (0, 1), the

~ =2 2
operators De P 227

kernels localise at M9 as t | 0 in the sense of (2.13). Then the operator ((plé — @,Qp)o Yy

and ¢D.e Y are g-trace class for all ¢t > 0, and that their Schwartz

is of g-trace class for all ¢t > 0, and

Lim Try (9 Q) — 9,Q(1)oy) = 0. (5.7)

Proof. Choose a function ¢ € C*°() such that for j = 1,2, ¢ equals 1 on the support
of 1//]5, and zero outside the support of 1 — @) With ¢ > 0 as at the start of Subsection 5.1,
this is the case if ¢ equals 0 outside N x (¢/2,1—¢/2) and 1 on N x (¢, 1 —¢). Then PP =9,
and ¥ and 1 — ¢ have disjoint supports. As in the proof of Lemma 5.3, this implies that

(01Q — Q)oY = 9(Q — Qo ¥ + (1 — ) (9, Q — ¢, Q)oY

where the second term is g-trace class, with g-trace zero. As on page 369 of [23], we

write

.
] — o—tA*A 6,
————=—[ e,
A*A 0
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for any operator A such that A*A is self-adjoint. Then
~ t e 7 ~
(@ - QoY) = — / pe™P-P+D_ — e *Pe-Dep. oy ds.
0

By assumption, e~P-D+D_ and pe~tPe-DerD. _yi are g-trace class. Let V C M
be a Z-invariant neighbourhood of U9. We use Lemma 3.1, and note that by G-invariance

of ¢,

t
/M /0 Ko M2P(g MY, (ML — ke 5) (g™ m, m)o) ds dm =
t
/V /0 Xg(M* Y1 (MItr(g(Rg — k¢ ) (g~ m, m)o) dsdm

¢
+/ / Xg(m)zlﬂ{ (m)tr(g(k, — KC,S)(g_lm, m)o) ds dm.

n\vJo
(5.8)

Since ﬁg/Z is compact, we can and will choose V such that V/Z is compact as
well. The intersection of the support of x, and V is then compact. So Lemma 5.4 implies
that the first term on the right hand side of (8) is bounded by a constant times any power
of t. The second term goes to zero as t | 0 by the localisation assumption on De~tP* and
wDCe_tD%w. |

5.4 The boundary contribution

Definition 5.6. If n,(Dy) converges for large ¢, then for ¢ > 0 we set

t . 2 * —s2D?
ng(DN) = ﬁ i TI‘g(e vDy)ds.

Lemma 5.7. If n,(Dy) converges for large t, then for all ¢ > 0, the operator

g e Pe-DerQ o) is g-trace class, and

_ 1
Tr, (pe e-Det Qo) = _En;(DN)'

Proof. By definition, Dy, = (-4 + Dy), so D, _ = (& + Dy)o~!. Hence, using an

integral representation of e~tPc.-Dc.+ (DC,_DC'JF)_1 analogous to the expression for Q(D)
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on page 369 of [23], we have

o0
—tDc,-Dc+ — e tDc-Derp-1 _ _ —sD¢,-Dc,+
e Qc,=e D;, = ) e Dy _ds

’

/oo —s(—3—2+D§,)( d +D ) -14
— e du — o s
t u N

s _sD? -1 % g% D2 1
- e e S“NDyo~ ds — e’ n? — P PN ds. (5.9)
t t u

92
We denote the Schwartz kernel of an operator T by «;. The Schwartz kernel of e’ n? is

the heat kernel of the Laplacian —(%2 on the real line:

1 v
;02 (u,u) = ——e %
e u? 4ms

L
The Schwartz kernel of e’u2 ai is the derivative of the above heat kernel in the first

variable:
, -1 u—u _juu?
K .2 (wu)= e &
esauZ% 4rs 28
Thus,
o0 1
(WK (u, Wy, (u) du _/ wdu = ——, (5.10)
/0 v2 e aauz Wz V4 1/12( ) VAars
and
00 , d © _1 u-— d ( )
u)K . u,u u)du = u)du = 0. 5.11
/0 AW es%i( YWa(w) /O Vas 25 Wz( )

ou

We choose the cutoff function x such that on U = N x (0, 1], it is the pullback of

a function xy on N. Let dn be the Riemannian density on N, so that dm = dndu on U.
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Using (5.9), (5.10), and (5.11), we then find that

Try (e~ Po-Pex Qo)) =
o0
— / [ / / xn(hgh'n)?tr(hgh™« _ o (hg 'h™'n,n)) dnd(hZ)}
t G/zJN e ~NDy

X [/0 @y (WK stz(u’ wyg(w) du] ds

e u

— / [ / / xn(hgh 'n)?tr(hgh™ 'k _ 2 (hg 'h'n, n)) dnd(hZ)i|
¢ G/ZJN e v

00
X / (pz(u)/csi‘
0 eauz%

-1 o0 _sD? 1 -1 [ _¢2p2
= E/t Trg(e NDN)% ds = ﬁ/ﬁ Trg(e NDN) ds.

In particular, this computation, with absolute values in the appropriate places, shows

(u, w)yy(u) du:| ds

that g,e*Pc-Pe+Q oy is g-trace class if ng(Dy) converges for large t. |

The following proposition is the key step in the proof of Theorem 2.13.
Proposition 5.8. Suppose that e~t2*
for large t, De~tP”* and QDDCe_tD%I// are g-trace class for all t > 0 and all ¢, ¥ € C®(C)¢
supported in N x (0, 1), and that their Schwartz kernels localise at MY as t | 0. Then S;(t)

is g-trace class for all t > 0, and

is g-trace class for all t > 0, ny(Dy) converges

1
Tr,So(t) — TrySo(t) = —En;(DN) +F(¢),
for a function F satisfying lim, o F(¢) = 0.

Proof. By Lemma 5.1,

So — So = (91So¥1 — ¥1S091) — (W1 Qo @y + VyQeoph) + (9, Qo ) + 9,Qcoyr)).  (5.12)

The first term in brackets on the right hand side is g-trace class because e—tD? is, and
its g-trace is zero by Lemma 3.2. As in the first paragraph of the proof of Lemma 5.3,
the second term in brackets on the right hand side of (5.12) is g-trace class, with g-trace

Z€ero.
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Using the fact that v+, = 0, we rewrite the third term in brackets on the right
hand side of (5.12) as

010091 + 9,000 95 = (91Q — 9,Qp)o Y] + ¢2(Qc — Q)oY (5.13)

Since Q is the exact inverse of D, ,,

/ 1 — e tDe-Doxr —tDe_D
Q¢ — Q¢ =Q¢ - WDC,—(DC,+QC) =e Tt Qc.

So Lemmas 5.5 and 5.7 imply that (5.13) is g-trace class, and that its g-trace equals

1 -
219D + Trg((91Q()) — 92 Qc D)oY,

where the second term on the right goes to zero as t | 0.
Because Sj is g-trace class by Lemma 5.3, we find that S is also g-trace class,

which completes the proof. |

5.5 Proofs of index theorems

Proof of Theorem 2.13. Under the conditions in Theorem 2.13, Lemma 5.3 and
Proposition 5.8 imply that S, = Sy(¢) and S; = Sy(¢) are g-trace class for all ¢ > O,
so D is g-Fredholm. By Lemma 5.3 and Proposition 5.8, we have for all ¢ > 0,

. . 1 b i h. i 1
indexy(D) = Try(So(1) = Trg(S) (1) = 5 (Trg(e™P-P4) — Trg(e™P+P) — Sng(Dy) + F (1),
(5.14)

where lim,; o F(¢) = 0. The first term on the right is independent of ¢ and equals
%indexg(ﬁ). The left hand side of (5.14) is also independent of t. We find that
limtw ﬂ!t;(DN) converges, that is, ng(Dy) converges for small ¢t. And (2.14) holds in the
limit ¢ | 0. |

We prove Corollaries 2.16, 2.19, and 2.21 by verifying that the conditions of
Theorem 2.13 hold in those settings, and applying existing index theorems for manifolds

without boundary.

€20 Joquieldag G| uo Jasn Aleiqr Ag ¥S 1L ySH9/8E LE/P/EZ0Z/R101E/UIW/LO0D"dNO"OILISPEOE//:SARY W) PAPEOIUMOQ



3180 P. Hochs et al.

If g = e, then all conditions in Theorem 2.13 hold. The topological expression
for the interior contribution is Theorem 6.10 or Theorem 6.12 in [52], so Corollary 2.16
follows.

To deduce Corollaries 2.19 and 2.21 from Theorem 2.13, we first note that if «

is a volume form on (each connected component of) MY, and & is its extension to MY,

then
1
/a:—/ a, (5.15)
M9 2 Jir

if either of the integrals converges. This is because near N, the fixed point set M9
equals the Cartesian product of N9 and an interval. So there are no components of
M9 contained in N, so that there is no “double counting” in passing from M9 to two
copies of MY. Because both the orientation on TM and the grading on E are reversed
on the second copy of M in M, the integrand on the right hand side of (2.15) is the
extension of the corresponding integrand on MY in this sense, so (5.15) applies in
that case.

Let us check that the localisation property (2.13) of eD’D and (pe_tD%DCw
assumed in Theorem 2.13 hold in the settings of Corollaries 2.19 and 2.21.

Proposition 5.9. Suppose ¢, ¥ € C*(C) are G-invariant and supported in U. If G is a

finitely generated, discrete group, then the kernels of e~D’D and goe‘tD%Dclp localise at

fixed point sets, as t | 0.

Proof. Let i, be the kernel of e~™0’D and let V be a neighbourhood of 9 in I where 7

is Z-compact. Then, with Xg as in (3.1),

/f Xg(M)?[tr(gi, (g~ m, m))| dm
M\V

- Z/ x (m)?|tr(hi,(h~'m, m))| dm
he(g) M\

SM@Z/ |tr(h&,(h™ m, m))| dm.

hegg)? M\V)Nsupp(x)

The last sum of integrals converges because of the compactness of (M\V) Nsupp(x) and
the uniform convergence of > ;. |tr(hk,(h~'m, m))|. Here we use Corollary 3.5 from [51],

as in Lemma 4.11. This ensures that the limit as ¢ goes to 0 can be evaluated inside the
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sum and the integral. Therefore

lim | x (m)?|tr(gk,(g~'m, m))|dm =0,
tJ0 Jinv

because if m € M\V and h € (g), then tr(h/?t(h_lm, m)) — Oast | 0.
In a similar way, one can prove that the operator <pe‘tD%Dcl/f localises at fixed

point sets, noting that U N supp(y) is relatively compact. |

Proposition 5.10. Suppose ¢, € C*°(C) are G-invariant and supported in U. If G is a
real, linear, connected semisimple Lie group, then the kernels of e 0D and (pe_thDcw

localise at fixed point sets, as t | O.

Proof. The claim follows from cocompactness of M and the supports of ¢ and v,
by Proposition 4.6 in [29]. That result applies to the Schwartz kernels of e~tD* and
gpe*tD%w; this extends to e~?’D and (pe*tD%Dcl/f because the kernels those operators have
Gaussian off-diagonal decay behaviour as well. See Section 4.3 of [29], with the reference
to Theorem 4 in [21] replaced by a reference to Theorem 6 in [21]. The only difference is
an extra factor ¢t~! in the function bounding the kernel, and the arguments can easily
be modified to incorporate this. Furthermore, the condition in [29] that group elements
have “finite Gaussian orbital integrals” is shown to hold for all semisimple elements in

Section 4.2 of [11]. [ |

Proof of Corollary 2.19. In the setting of Corollary 2.19, Proposition 4.14 implies that
Dy, has a g-delocalised n-invariant. Entirely analogously to Lemma 4.11, one finds that

~0* and e~P”D are g-trace class. The localisation property of e~0°D and ge 0Dy

e
(for G-invariant ¢,¥ € C*°(C), supported in U) is Proposition 5.9. The index formula
(2.15) on manifolds without boundary holds by Theorem 5.10 in [51]. By (5.15) and the
comments below it, the right hand side of (2.15) can be rewritten as an integral over MY.

Hence Theorem 2.13 implies Corollary 2.19. |

Proof of Corollary 2.21. In the setting of Corollary 2.21, Proposition 4.19 implies that
Dy, has a g-delocalised n-invariant. Similarly to the discrete case, arguments like those
in the proof of Lemma 4.16 imply that e~tD* e=tD’ P are g-trace class. The localisation
property of e~0’D and <pe‘tD%Dcw (for G-invariant ¢,y € C*(C), supported in U) is
Proposition 5.10. The index formula (2.15) now holds by Theorem 2.5 in [29], and again

we use (5.15) to rewrite the right hand side of (2.15) as an integral over MY. In the
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application of Theorem 2.5 in [29], we use the fact that the condition that group elements
have “finite Gaussian orbital integrals” holds for all semisimple elements, as shown in
Section 4.2 of [11]. We conclude that Corollary 2.21 follows from Theorem 2.13. |

6 Non-Invertible D),

We have so far assumed the operator D, to be invertible. We now weaken this
assumption and only assume that O is isolated in the spectrum of D,. We indicate
how to modify the arguments in the preceding sections to obtain generalisations of
Theorem 2.13 and Corollaries 2.16, 2.19, and 2.21 to that case.

6.1 An index theorem for non-invertible Dy

Let ¢ > 0 be such that ([-2¢, 2¢] N spec(Dy)) \ {0} = 0. Let ¢ € C°°(1\7[)G be a nonnegative

function such that

u ifneNanduce (1/2,00);

w(nru)Z[ 0 1fn€Nandu€(Orl/4)'

Yy(m)y=0 ifmeM\U.

(Recall that U = N x (0, 1] is a neighbourhood of N in M.)

Consider the operator
D, :=e*VDe *V.

The operator f)g is G-equivariant, odd-graded, and elliptic. It is symmetric on I'¢°(E),
because it equals D on M \ (V x (0, 1/4)), and

o(—% + Dy +ev) 6.1)

on C. It is essentially self-adjoint by a finite propagation speed argument; see for

example, Proposition 10.2.11 in [27]. On M\ M, the operator (6.1) equals

a(—% + Dy +¢). 6.2)

The point is that the operator Dy + ¢ is invertible, and many arguments that apply in

the case where Dy, itself is invertible now apply with Dy, replaced by Dy + ¢.
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A difference between D and D,, and between D, and Dy + ¢, is that the
operators D, and D, + ¢ are not Dirac operators of the form (2.6). One implication is
that ng(Dy + €) may not converge for small ¢. To circumvent this, we use a standard
regularisation technique. We note that n,(Dy+¢) does converge for large ¢, as a version of
Proposition 4.1 still applies. Hence for all ¢t > 0, the number né(DN) as in Definition 5.6

is well-defined.

Definition 6.1. For a function f(t) that has an asymptotic expansion in t as t | 0, the
regularised limit LIM, ,f(¢) is the coefficient of t? in such an asymptotic expansion.

The regularised g-delocalised n-invariant of Dy + ¢ is
ng ©(Dy + €) := LIM, ong(Dy + &).

Let P: L2(E|y) — ker(Dy) be the orthogonal projection. Theorem 2.13 generalises

as follows.

Theorem 6.2. Suppose that

e the operators e~0” and e~0°D are g-trace class for all t > 0O;

e the Schwartz kernels of e~ *?’D and we_tthrDcl// localise at MY as t | 0, for all
G-invariant ¢, ¥ € C*(C), supported in U;

° ng(DN + ¢) converges for large t;

e the projection P is g-trace class.

Then f)e is g-Fredholm, and

1
119 2 (Dy + &) (6.3)

i hy = ~tb,, D, —tDy D, -
index,(D,) = ELIMtw(Trg(e tDeDet) — Tr, (e~ PetPe)) — 5

Corollary 6.3. Suppose D is a Spin®-Dirac operator twisted by a vector bundle V, and
that either

e G is any unimodular locally compact group, and g = e;
e G is discrete and finitely generated, and the conjugacy class of g has
polynomial growth; or

e G is a connected, linear, real semisimple Lie group, and g is semisimple.
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Then ﬁs is g-Fredholm, Dy, has a g-delocalised n-invariant, and

(6.4)

1 / , A(M9)e Hing)/ 2ty (ge~Rilina /27ty Try(P) + ng(Dy)

limindex (D,) = = :
(1 naexe(Be) =5 oY det(1 — ge Bx/271)1/2 2

Remark 6.4. The operator ]58 is unitarily equivalent to the operator D acting on
Sobolev spaces weighted by the function e*¥. This point of view is related to the
b-calculus approach to the APS index theorem [38]. In the setting of [5], where M is
compact and G is trivial, the index of D on those weighted Sobolev spaces equals the
dimension of the kernel of D, on L?-sections minus the dimension of the kernel of
D_ on extended L?-sections. See Section 6.5 in [38]. By Proposition 3.11 in [5], that
number equals the APS index of D " in the classical sense. Furthermore, all conditions
in Theorem 6.2 trivially hold in the compact case. On the right hand side of (6.3), the
term %indexe(f)) equals the interior contribution in the APS-index theorem, by Lemma
2.8 and the Atiyah-Singer index theorem. Hence Theorem 6.2 reduces to the original APS
index theorem (Theorem 3.10 in [5]) in this case.

In the compact case, indexg(ﬁg) is independent of ¢ by a homotopy argument,
so the limit lim, |, may be omitted in (6.4). It seems likely that this applies in certain
noncompact situations as well, in particular in cases where index (D,) can be recovered

from a K-theoretic index, as in [28, 42].

Remark 6.5. In the setting of a Galois covering (when G is discrete and acts freely),
the perturbation of the boundary operator Dy is equivalent to the choice of a spectral
section in the sense of Leichtnam-Piazza [33]. The notion of a spectral section was ini-
tially introduced by Melrose-Piazza [39] as an analogue of the APS boundary conditions
for a family of elliptic operators on a manifold with boundary and then generalised
to the higher index associated to a Galois cover of a manifold with boundary [33].
A spectral section exits if and only if the higher index of the boundary Dirac operator
vanishes, that is, index;(Dy) = 0 € K,(Cj(G)). In our setting the bordism invariance
of the index implies vanishing of the higher index of Dy, so a spectral section always
exists. Translating to the case of a manifold with a cylindrical end, the existence of a
spectral section is equivalent to existence of a perturbation of Dy, so that the perturbed
operator (f)s in our notation) is a generalised Fredholm operator. For example, Wahl
considered manifolds with cylindrical ends and proved an APS index theorem for Dirac

operator on Hilbert C*-modules by performing a perturbation on the boundary Dirac
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operator, which is equivalent to the choice of a boundary condition given by a spectral

section [50].

6.2 Proof of Theorem 6.2

Let ¢ be any smooth, G-invariant extension of Y|y to the double M of M. Set
ﬁg = e’“‘"‘/}De_“Z’,

and

Set

Let D¢, be the restriction of f)e to N x (1/2,00). This operator equals (6.2), and
the self-adjoint closure of its extension to N x R is invertible. Let Q. be its inverse,
restricted to sections of E_.

Let the functions ®; and v be as in Subsection 5.1, with the difference that they

change values between 0 and 1 on the interval (1/2, 1) rather than on (0, 1). Set

Rs = (pléswl + (pZOC,SWZ‘
Set

SS,O =1 _ReDS,Jr;

~

S,,:=1-D, ,R,.

From now on, the proof of Theorem 6.2 is analogous to the proof of
Theorem 2.13, apart from the fact that f)g and Dy + ¢ are not Dirac operators of the

form (2.6). As in Lemma 5.1, we have

Seo0= fﬂlgs,o% +¢,Q,09] + $2Qc.0Y;

Seq1 = ‘Plge,ﬂ”l - ‘Pllaée‘/fl - 40/2000,3%-
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In the same way as for Sy and S}, we find that S, ; and S, ; have smooth kernels, and
they are g-trace class. And Proposition 5.8 generalises directly to f)s, and we obtain the

following analogue of (5.14):
) A 1 D T DT 1
index,(D,) = o (Trg(e™Pr=Pet) — Try(e™P+P7)) — Zng(Dy + &) + F(8),  (6.5)

for a function F such that limtw F(t) = 0. Here we used the fact that ng(Dy +¢) converges
for large t as Proposition 4.1 still applies. But because D, and Dy + ¢ are not Dirac
operators of the form (2.6), the first and second terms on the right hand side of (6.5) may
not have well-defined limits as ¢ | 0. But the left hand side is independent of ¢, so we
obtain (6.3).

6.3 Delocalised n-invariants and projection onto ker Dy

Corollary 6.3 follows from Theorem 6.2 in the same way that Corollaries 2.16, 2.19,
and 2.21 follow from Theorem 2.13, with three additional ingredients.

The first is a generalisation of Proposition 4.1 to the case where Dy is not
invertible, but 0 is isolated in its spectrum. That case can be deduced from the case
where Dy, is invertible, see Remark 4.3.

The second additional ingredient is the following fact.
Lemma 6.6. In the setting of Corollary 6.3, the projection P is g-trace class.

Proof. By the first part of the proof of Proposition 5.22 in [42], the operator P has a
smooth kernel in EndA(F"o(E|N))G, for the relevant algebra A as in Subsection 4.1. Here
we use that EndA(FOO(E|N))G is closed under holomorphic functional calculus. By (3.7),

this implies that P is g-trace class. |

The proof of the third additional ingredient is a modification of the proof of
Proposition 5.14 in [42], which, in turn, is a variation on the proof of Proposition 8.38
in [38].

Lemma 6.7. In the setting of Corollary 6.3,

Lim g™ Dy + ) = Trg(P) + g™ (Dyy)-
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Proof. We have

1 1 2 ds
reg — —s(Dy+e)
D, +¢) = LIM Tr, (e Dy +¢
Ng ( N €) twﬁ/t g( ( N ))«/E

T
+ lim — / Trg(e—“DN“)2 (Dy + ©)) (6.6)
1

1
T—o0 ﬁ

ds
=

7

To evaluate the first term on the right hand side in the limit ¢ | 0, we note that the
Schwartz kernel of e~SPv+9° (D, + ¢) and the terms in its asymptotic expansion in ¢ are

continuous in ¢, uniformly in s in compact intervals in (0, c0). Using this, we find that

E (6.7)
S

7

1 ! 2 ds 1 1 2
imLIM,, ,— [ Tr (e SPv+9" (D, + ¢))— = LIM, g —— / Tr (e SPnD
1 twﬁ/t g (Dy + ) —= o = | g )

7

To evaluate the second term on the right hand side of (6.6), we note that

ds
/s

T
= / Tr, (e P +o)* (1 — 25Dy + 8)2))E
1

NG

a (T Dot
= /1 Tr, (e *PV " (Dy + )

T a 2
_ —s(Dy+e)
_/1 = (zﬁﬁg(e )) ds

= 2J/TTr (e TON+") — 2Ty (e~ Pn+)%),

We find that

T ds
Tr —s(Dy+¢)? D - —

T d & / & !
/ Trg(e’SDIZVDN)ji+ 2T / Tr, (e T@Pn+)%) de' — 2 / Tr,(e"Pv+"") de’. (6.8)
1 N 0 0

The last term on the right hand side is independent of T, and the integrand is bounded

in ¢'. So

&
lim lim 2 / Tr, (e~ v *+)%) de’ = 0. (6.9)
& — 00 0

In the second term on the right hand side of (8), we note that

e—T(DN+5’)2 _ e—T(DIZ\,+2s’DN) e—Ta’z' (6.10)
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And for all ¢’ € (0,¢), zero is isolated in the spectrum of the operator Dlzv + 2¢'Dy;, and

this operator has the same kernel as Dy;. Set

Ry := efT(DIZVJrZE’DN) — P (6.11)

This is the action of the heat operator of the Laplace-type operator DZZV + 2¢/Dy; on the
complement of its kernel. The operator on left hand side of (6.10) is g-trace class, hence
so is the first operator on the right hand side of (6.11). The operator P is g-trace class by
Lemma 6.6. Hence Ry is g-trace class. By the arguments in the proof of Lemma 4.2, the
g-trace of R goes to zero as a Gaussian function as T — oo.

Because of this decay behaviour, and the fact that P is g-trace class,

& £
lim 2VT [ Try(e TP+ de’ = lim 2VT [ e 7" de'Tr,(P).
T—00 0 T—o0 0

And for all ¢ > 0O,

& T, 2 e "2
lim 2T [ e T¢" de’ =/ e ® de’ = /7.
0 0

T—o

So the second term on the right hand side of (8) satisfies

181%1 Thnolo 2T / Trg(e*T<DN+€’>2)de/ = V/TTry(P). (6.12)
g 0

Using (8) and the expressions (6.9) and (6.12) for the relevant limits of the second and
third terms on the right, and the fact that that n,(Dy) converges for large ¢ by the
generalisation of Proposition 4.1 mentioned at the start of this subsection, we conclude
that

lim lim TTr (e~s@n+o*(p —i—s))E = / OOTr (ePvD )E + J/7Tr,(P)
£}0 T>o0 J;1 9 N s 1 9 N7 /s g
Together with (6.6) and (6.7), this implies the claim. |

Proof of Corollary 6.3. In the situation of Corollary 6.3, Theorem 6.2 applies. And by

Lemmas 6.6 and 6.7,

reg

Tr,y(P) + 1g ¢ (Dy)
_ .

. . o 1 . _tbg 7bg —tbg ﬁs—
181%1 1ndexg(D8) =3 lslil{)l LIM; o(Try(e™ " 75%) — Try(e™"=+77)) —

(6.13)
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By Proposition 4.4, n,(Dy) converges for small ¢ in the setting of Corollary 6.3, so
ng ©(Dy) = 1y(Dy).
Now T‘rg(e*tDEr¥DSri) and the coefficients in its asymptotic expansion are contin-

uous in €. So the first term on the right hand side of (6.13) equals
1 B -, 1., _h_D 4D, D
S LIM, 10(Try(e” =Pty — Tr (e7P+P-)) = 2 lg%l(ﬁg(e D-Di)y — Try (e *P+P-)).

And the right hand side equals the first term on the right hand side of (6.4) by the results
cited in the proofs of Corollaries 2.16, 2.19, and 2.21 in Subsection 5.5. [ |

Remark 6.8. In the proof of Corollary 6.3, we used Proposition 4.4 to find that
n;eg(DN) = ng(Dy). It seems likely that this can also be deduced from the index formula,
as in the proof of Theorem 2.13. An argument of this type would involve analysing the
expression in Lemma 5.5 for the operator f)g in the limit ¢ | 0. In situations where
convergence of ny(Dy) for small ¢ is not clear, a version of Corollary 6.3 holds with

ng(Dy) replaced by n;eg(DN).

A The Compact Case

Suppose that M is compact and G is trivial. Then many arguments in this paper are
unnecessary, and the others become simpler. We illustrate this by giving a sketch of
a proof of the original APS index theorem here. This may also help to clarify the
overall idea of the proof of Theorem 2.13. The details are simplified versions of the
corresponding arguments in this paper. We discuss the case where Dy, is invertible here.
The general case then follows as in Section 6.

We use the same notation as in the rest of this paper. In particular, consider the
parametrices Q ofﬁ+, Q. ofDC'+, and R ofﬁJr defined in (5.1), (5.3) and (5.6), respectively.
In other approaches to the APS index theorem, one often works with the heat operators
e~tD-Di and e~ tD+D- or e~D-Di and e~tD+D- which are not trace class. (See e.g., Section
4 of the introduction to [38] for comments on this, and a solution in terms of b-calculus.)
We work with the operators 1 — Rf)+ and 1 — ﬁ+R instead, which are e-trace class.

The APS index of D equals the index of D on L2-sections, which by Lemma 2.8

equals

Tr,(1 — RD,) — Tr,(1 — D, R) = Tr,(¢,(1 — QD )¥,) — Tr,(¢,(1 — D, Q)¥)

+ Tro((9;Q— 9,Qp)0 Y +Tr (0 (DG —Qp)ovry). (A1)
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The first two terms on the right hand side together equal 1ndex(D) the contribution
from the interior of M. This is because the operators ¢, (1 — QD, )y, and ¢, (1 — D, Q)y,
are trace class, so their e-traces equal their traces by Lemma 2.2.

The third term on the right hand side of (1) equals

t ~ o~
— Tre (/0 (()l)le_SDiD+ — wze_SDC’iDC'+)DC'+Uwi dS).

This goes to zero as t | 0, because the kernels of e=sD-Dy and e—SPc-De+ have the same
asymptotic expansion on the support of ¥, and ¢, and ¢, equal 1 on the support of /.

The fourth term on the right hand side of (1) equals
o0
Tr(pyePe-Pe DL o) = ( / ppeP0-DC D oy ds)
t

© _s2% 9 2 o s 2
= —Tre(/ poe "ol ae_s Ny ds) - Tre(/ ppe e SUNDy Y, ds).
t t

Using the explicit form of the heat kernel on the real line, one shows that the first term

on the right hand side equals zero, while the second term equals

Tr (DNe’SDN) ds. (A.2)

|

The operator DNe_SDIZV is trace class, so its e-trace equals its trace. Hence (A.2) tends
to —%n(DN) as t | O (a priori we obtain the regularised n-invariant, but it then follows
from the index formula that this is the actual n-invariant). The conclusion is that the
APS-index formula holds:

. 1, ~ 1
index,pg(D) = Elndex(D) — E"(DN)'

If D is a Spin®-Dirac operator twisted by a vector bundle V, then, by the Atiyah-Singer

index theorem, this becomes a special case of Corollary 2.16:

A N |
indeXAPS(D) — ZMA(M)eCI(L)/ze—RV/Zﬂl _ Er](DN)-
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