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Abstract. Let J and J* be subsets of N such that 0,1 € J and 0 € J*. For infinitely many n,
let k = (k1,...,kn) be a vector of nonnegative integers whose sum M is even. We find an asymptotic
expression for the number of multigraphs on the vertex set {1,...,n} with degree sequence given
by k such that every loop has multiplicity in J* and every nonloop edge has multiplicity in J.
Equivalently, these are symmetric integer matrices with values J* allowed on the diagonal and J off
the diagonal. Our expression holds when the maximum degree kmax satisfies kmax = o(M1/3). ‘We
prove this result using the switching method, building on an asymptotic enumeration of simple graphs
with given degrees [B. D. McKay and N. C. Wormald, Combinatorica, 11 (1991), pp. 369-382]. Our
application of the switching method introduces a novel way of combining several different switching
operations into a single computation.
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1. Introduction. Multigraphs arise in many applications including modeling
transportation networks [1], the structure of RNA [6, 10], and nonparametric statis-
tics [7]. We use the terminology “multigraphs” inclusively, with both multiple edges
and (possibly multiple) loops allowed. We seek an asymptotic enumeration formula
for multigraphs with a given degree sequence, satisfying certain conditions.

Let k;, be a nonnegative integer for all pairs (i,n) of integers which satisfy
1 < i < mn. Then for each n > 1, let k = k(n) = (k1n,--.,knn). We usually write
k; instead of k; . Define M = Z?:l k;. We assume that M is even for an infinite
number of values of n and tacitly restrict ourselves to such n.

For subsets J, J* of N, define G(k, J, J*) to be the set of all multigraphs on the
vertex set {1,...,n} with degree sequence given by k such that the multiplicity of ev-
ery loop belongs to J* and the multiplicity of every nonloop edge belongs to J. Loops
contribute 2 to the degree of their vertex. Also define G(k) to be the set of multigraphs
on {1,...,n} with degree sequence k (and no restrictions on the multiplicities).

Equivalently we may think of G(k, J, J*) as the set of all n xn symmetric matrices
A = (a;;) with all diagonal entries in J*, all off-diagonal entries in J and with

(1.1) 2a; + Zaij =k;
J#
fori=1,2,...,n. Note that diagonal entries are weighted by 2 in the row sum.
Let kmax = maxj ; k;. We find an asymptotic expression for

Gk, J, J*) = |G(k, J,J")|
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that holds when k. = o(M'/3). For r =1,2,... let

Mr = Z [ki]ra
i=1
where [a], = a(a—1)(a—2) - (a—r+1) denotes the falling factorial. Then M; = M
and M, < kpax M,_1 for all » > 2.
For 7 > 0, define

{1 itieJ, {1 ifi e J*,

0 otherwise; 0 otherwise.

Our main result is the following.
THEOREM 1.1. Let J and J* be subsets of N such that 0,1 € J and 0 € J*.
Suppose that n — oo, M — oo, and k3. = o(M). Then

M! Y o
(M/2)!2M/2k1!-~-kn!eXp<(y1_§)ﬁ+ (x2=3) 5375 + Taps
M3 M;
2M4

Gk, J,J*) =

_ 1y M3 3
—|—(a:3 x2+3)2M3+O(kmaX/M) )

For convenience, we restate the formula in the regular case.
COROLLARY 1.2. Suppose that k = (k, ..., k) with kn even, such that k = o(n'/?)
as n — co. Then
(kn)!

G(k,J,J*) = (o 2) 272 (1) exp(—Q(k,n) + O(k*/n)),

where

3
Q(k,n) = i (k- 1)((—1)””2(k —1)+ 2(—1)y1) + llz—n(fixg — 6x3 +1).

Setting y1 = x9 = x3 = 0 we recapture the asymptotic expression for sparse
simple graphs with given degrees presented in [17, Theorem 5.2]. Similarly, setting
y1 = 1, zo = x3 = 0 we obtain the asymptotic enumeration by degree sequence of
sparse graphs with loops allowed but no multiple edges: this is the second expression
in [5, Theorem 1.5].

We remark that the conditions 0 € J* and 0,1 € J in Theorem 1.1 can be
replaced by weaker conditions, namely, that J* is nonempty and that J has at least
two elements with the smallest two consecutive. Let s denote the least element of
J* and let t,t + 1 be the smallest two elements of J. This case is reduced to ours
by subtracting s from each diagonal element, ¢ from each off-diagonal element, and
2s + (n — 1)t from each k;, provided the new degree sequence satisfies the conditions
of Theorem 1.1.

Theorem 1.1 is proved using the switching method, building on an asymptotic
enumeration of simple graphs with given degrees [17]. Our application of the switching
method introduces a novel way of combining several different switching operations into
a single computation.

The remainder of the paper is structured as follows. The history of this asymptotic
enumeration problem is briefly reviewed in section 1.1, then the new switching theorem
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is given in section 2. In section 3 we describe 15 types of switchings on multigraphs,
which are used to show that certain multiplicities of edges or loops are rare. These
switchings are analyzed together in subsection 3.14 using the new switching theorem.
In section 4 we complete the enumeration with the help of some calculations performed
in [17].

Finally, in section 5 we show that a naive argument leads to a formula for
G(k, J, J*) which differs asymptotically by a constant factor from the result of Theo-
rem 1.1 in the regular case. The constant factor takes two different values, depending
on whether 2 € J.

1.1. History. The earliest work on this problem was that of Read [19, p.156],
who found exact and asymptotic formulae when k; = --- = k, = 3 for all four
combinations of J* € {{0}, N} and J € {{0,1}, N}. The best result for J* = {0},
J = {0,1} in the sparse range is that of McKay and Wormald [17], who treated
Kmax = 0(M1/3); see that paper for a survey of the many earlier results on the
0-1 case. In addition to J* = {0},J = {0,1}, Bender and Canfield [3] found the
asymptotics for J* = {0},J = N when kpax = O(1). (Although that paper allows
nonzero diagonal entries, they contribute singly to the row sums, not doubly as we
have it.)

In [15], McKay and Wormald considered J* = {0}, J = {0, 1} in the dense domain
defined by min{k,n — k — 1} > cn/logn for ¢ > 2 and |k; — k| = O(n'/?*<) for all i,
where k is the average degree. McKay [12] found a better error term under the
same conditions, while Barvinok and Hartigan allowed a wider range of degrees [2].
Greenhill and McKay [5] added the option of loops in both the sparse and dense ranges
by considering J* = {0,1}, J = {0,1}. Finally, McKay and McLeod [13] analyzed
the case of J* = {0},J =N when ky = --- =k, > cn/logn for ¢ > ¢.

For sparse rectangular matrices which are not necessarily symmetric, see Greenhill
and McKay [4].

2. The switching theorem. In order to bound the number of multigraphs
having some unusual properties, we will apply the method of switchings. It will be
necessary to apply several switching types, which we could analyze one at a time as
in [4]. Instead we now prove a generalized switching theorem that allows us to analyze
all of them at once.

In order to facilitate use of the method in future work, we will present the theorem
in greater generality than is required in this paper.

THEOREM 2.1. Let I' = I'(V, E) be a directed multigraph, and let o : E — R4 be
a positive weighting of the edges of I'. Fix a nonempty finite set C, whose elements we
will call colors, and let ¢ : E— C be an edge coloring of I' (which need not be proper).
For allv €V and c € C denote by I, (v) the set of edges of color ¢ entering v and
by I (v) the set of edges of color ¢ leaving v.

We introduce the set of variables {N(v) : v € V}U{s(e) : e € E} and consider
the following system of linear inequalities on these variables:

(2.1) N(v)>0 (veV),
(2.2) s(e) >0 (e € B),
(2.3) s(e) < N(v) (weV, ce),
e€l: (v)
(2.4) > ale)se) =N(w)  (weV, ceC, IF(v)#0).
e€ld (v)
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Let C(v) ={ce C: 7 (v) # 0} be the set of colors entering v. For each v € V which
is not a source, let Ac(v),c € C(v) be positive numbers such that 3_ ..o, Ae(v) < 1.
For each vw € E, define &(vw) = a(vw)/Acw)(w). Estend this function to any
directed path P by defining &(P) = [[.cp a(e).
Now suppose that Y, Z C 'V satisfy the following conditions:

1. Z#0and Y NZ=1.

2. IfveVisasink of I', or if &(vw) > 1 for some vw € E, then v € Z.
For any W, W' C V, define P(W,W') to be the set of nontrivial directed paths in I’
which start in W, end in W', and have no internal vertices in Y U Z. Then every
solution of (2.1)—~(2.4) satisfies

(2.5) Z N(v max pep(v,z) M Z N(v

- 1 — max
vey PeP(VY) & UEZ

where the mazimum over an empty set is taken to be 0.

Proof. The case of one color appears in [9, Theorem 3|, apart from an incon-
sequential difference in the conditions on Z. We proceed by reducing the general
problem to one in which there is only one color, then modifying I" slightly so that [9,
Theorem 3] applies.

Define I'™(v) and ' (v) to be the set of all edges (regardless of color) entering v
or leaving v, respectively. For each edge vw € E, define s(vw) = s(vw);(puw)(w). If
we weight inequality (2.3) by Ac(v) and sum over ¢ € C(v), we obtain

(2.6) > de)<N@)  (weV).

eel'~(v)

Similarly, if I'"(v) # 0, then we can sum (2.4) over those ¢ € C with I'.F(v) # 0 to
obtain

(2.7) > a(e)i(e) = N(v)  (weV, I'(v) #0).

eel't(v)

Together with the nonnegativity of N(v) and §(e), we have equations of the form of
(2.1)—(2.4) with only one color.

Next remove from I" all edges vw where v € Z. Doing so can only weaken the
conditions, by decreasing the left-hand side of some inequalities in (2.6) or removing
some inequalities in (2.7). Note that none of the quantities in (2.5) are changed by
removal of these edges. After this change to I', Z satisfies the requirements of [9,
Theorem 3] with the variable X defined there set equal to Z. Applying that the-
orem to the system defined by (2.6), (2.7) and the nonnegativity of N(v) and $(e)
gives (2.5). O

We now describe how Theorem 2.1 can be used for counting.

Suppose we have a finite set of “objects” partitioned into disjoint classes S(v),
where v € V for some index set V. Define N(v) = |S(v)| for each v € V. Also
suppose that for each ¢ € C' we have a relation ¥, between objects: to be precise, ¥,
is a multiset of ordered pairs (@, R) of objects. (We call ¥, a switching and usually
define it by some operation that modifies @) to make R.)

Now define an edge-colored directed multigraph I' = (V, E) with vertex set V,
where I has a directed edge vw of color ¢ if and only if (Q), R) € ¥, for some @) € S(v)
and R € S(w). (There is at most one edge of each color between any pair of distinct
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vertices of I'.) For each vw € E let s'(vw) = [{(Q,R) € ¥, : Q € S(v),R € S(w)}|,
counting multiplicities, where ¢ is the color of vw.

Fix v € V and ¢ € C such that I (v) # 0. Suppose that for any @ € S(v) there
are at least a.(v) > 0 objects R with (Q, R) € ¥,, counting multiplicities. Then

Z s'(€) > ac(v)N(v).

eel (v)

Similarly, for fixed w € V and ¢ € C, suppose that for every R € S(w) there are at
most b.(w) > 0 objects @ with (Q, R) € W,, counting multiplicities. Then

> s(e) < be(w)N(w).

eels (w)

Defining s(vw) = 5" (vw)/be(pw)(w) and a(vw) = be(yw) (W)/ac(vuw)(v) We obtain (2.1)-
(2.4). Theorem 2.1 can thus be used to bound the relative values of ) _,|S(v)|
and ) oy |S(v)] if Y, Z satisfy the requirements of the lemma. Since ) _,|S(v)| <
> vev|S(v)], this also bounds Y~y [S(v)| relative to Y\, |S(v)[; i.e., it bounds the
fraction of all objects that lie in [ J, oy S(v).

3. Switchings on multigraphs. Define
Ny = max{[log M7, [480M>/M]},
(3.1) Ny = max{[log M1, [240M3 /M*1},
N3 = max{ [log M, [240M3 /M?*1}.

(We have not attempted to optimize constants.) Given a multigraph @, let £p(Q)
denote the number of loops with multiplicity D and let ep (@) denote the number of
nonloop edges with multiplicity D, for D > 1.

Let

Go=G(k,JU{4,5,6,...},J°U{2,3,4,...})

be the set of all multigraphs with degree sequence k and allowing all multiplicities
except for those in {1} — J* on loops and those in {2,3} — J on nonloops. Note that
G(k,J,J*) C Gp.

We also define the subsets Y, Z of Gy by

(32) Y =Go—{Q€e€Go|lp(Q)=0for D>2, ep(Q)=0for D >4,

01(Q) < N1, e2(Q) < Na, e3(Q) < N3},
(3.3) Z={Q € Gy|p(Q)=0for D>2 ep(Q)=0for D >4,

6(Q) < [N1/2], e2(Q) < [N2/2], es(Q) < [N3/2]}.

We define 15 colored switchings which act to reduce the number of loops or edges
with high multiplicities, moving in steps from Y toward Z. These switchings are
defined below, together with a description of when each should be used. Indeed, any
given switching will only be used on multigraphs in Gy for which none of the switchings
with a lower-labeled color are applicable. An important property of all the switchings
is that they do not create simple loops (with multiplicity 1) and they do not create
nonloop edges of multiplicity 2 or 3, as these may not be allowed for multigraphs
in gg.

For each switching color ¢ and multigraphs ), R we will define the following
parameters:
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e a.(Q) is a lower bound on the number of ways in which a switching of color
¢ can be applied to Q.

e b.(R) is an upper bound on the number of ways in which a switching of color
¢ can produce R.

e If R can be obtained from @ by performing a switching of color ¢, then we
let a(Q, R) be an upper bound on b.(R)/a.(Q). (Note that the color ¢ is
determined by the edge QR.)

Finally in section 3.14 we will analyze all the switchings at once by applying Theo-
rem 2.1.

3.1. Switchings of color 1. A switching of color 1 is used to reduce the number
of loops of multiplicity equal to 2 or multiplicity at least 4. It is applied to multigraphs
Q € Gy with L(Q) > [3M'/?], where

(3.4) L(Q) =6(Q)+ > (n(Q)

D>4

is the number of loops in Q) with multiplicity 2 or multiplicity at least 4. The switching
is described by the sequence (v1,v2) of distinct vertices such that there is a loop of
multiplicity Dy at v; and a loop of multiplicity D2 at ve with Dy, Dy € {2}U{4,5,...}.

Let m be the multiplicity of the edge from vy to v in @ (which may equal zero).
The switching reduces the multiplicity of both loops by 2 and increases the multiplicity
of the edge {v1,v2} by 4. This operation is depicted in Figure 3.1.

Suppose that R can be produced from ) using a switching of color 1. The number
of ways to perform a switching of color 1 in @ is exactly

[L(Q)]2 > 9IM

as there is no restriction on the value of m. The number of ways that R can be
produced using a switching of color 1 is bounded above by M /4, which is a bound on
the number of ways to choose an oriented edge with multiplicity at least 4. Hence we
can set a1(Q) = 9M and by (R) = M/4, giving
R 1
Oé(Q, ) - 36

3.2. Switchings of color 2. A switching of color 2 is used to reduce the number
of loops of multiplicity 3 to at most [3M'/?]. It is performed for multigraphs @ for
which switchings of color 1 do not apply and such that ¢3(Q) > [3M'/?]. The
switching is described by the sequence (v1, v2) of distinct vertices such that there is a
loop of multiplicity 3 at v; and at vs.

Let m be the multiplicity of the edge from vy to v in @ (which may equal zero).
The switching removes the loop at v; and at vs, and increases the multiplicity of the
edge {v1,v2} by 6, as illustrated in Figure 3.2.

Suppose that the multigraph R can be produced from @) using a switching of color
2. The number of ways to perform a switching of color 2 in @ is exactly [¢3(Q)]2 > IM,
and the number of ways that R can be produced using a switching of color 2 is at
most M /6 (since an oriented edge of multiplicity at least 6 determines the reverse

D, Dy Dy -2 Dy —2

m m+4
—_— Q—Q

Fra. 3.1. A switching of color 1.
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3 3

(;2 m g;) m+ 6
— 00

Fia. 3.2. A switching of color 2.

operation, from R to Q). Hence we can take a2(Q) = 9M and by(R) = M /6, leading
to

o(QR) = —

54"

3.3. Switchings of color 3. A switching of color 3 is used to reduce the number
of loops of multiplicity 1 to at most [M'/?]. Tt is applied to multigraphs @ for which
switchings of color 1 and 2 do not apply and such that £;(Q) > [M'/2]. The switching
is defined by the sequence (v1,va,v3) of distinct vertices such that each of vy, va, v3
has a simple loop in @ (of multiplicity 1), and none of the edges {v1,v2}, {v1,vs},
{vq,v3} are present in Q. The switching removes these three loops and joins the three
vertices pairwise by simple edges (of multiplicity 1), as illustrated in Figure 3.3.

Suppose that the multigraph R can be produced from @ using a switching of color
3. The number of ways to perform a switching of color 3 in @ is at least

[£1(Q))s — O(kmaxt1(Q)%) = £1(Q)*(1 — o(1)) > 5 M*/2,

while the number of ways that R can be produced using a switching of color 3 is at
most kmaxM. Therefore we can take a3(Q) = $M*/? and b3(R) = kmax M, leading to

2kmax
@ R) = 5575 = o(l).

3.4. Switchings of color 4. A switching of color 4 is used to reduce the num-
ber of nonloop edges of multiplicity greater than max{4, [kél/fxﬂ It is applied to
multigraphs @ for which switchings of colors 1,2,3 do not apply and such that
E*(Q) > [4kL2 MY/?], where

kmax

(3.5) EY(Q) = > en(Q).

D=max{4, ’—krln/a%c-‘ 1

A switching of color 4 in @ is described by a sequence (v1,wsy,ve,ws) of distinct
vertices such that
e the multiplicity of edge (vi,w1) in @ is Dy and the multiplicity of (ve,ws) in
Q is Dy, where Dy, Dy > max{4, (k,ln/fx]},
e the edges {v1,v2} and {w;, w2} have multiplicity zero in @ (they are non-
edges).
The switching reduces the multiplicity of edges (v1,w;) and (ve,ws) by one and gives
multiplicity 1 to edges {v1,v2} and {w;, w2}, as shown in Figure 3.4.

F1a. 3.3. A switching of color 3.
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D, Dy -1

Ds Dy—1

Fra. 3.4. A switching of color 4 or 5.

Now suppose that the multigraph R can be produced from @ using a switching of
color 4. The number of switchings of color 4 that can be performed in @ is bounded
below by

A[EH(Q)]2—O(k;

max

EY(Q)) =4ET(Q)*(1—0(1)) > 64 kmax M (1—0(1)) > 60kmax M,
and the number of switchings of color 4 that can produce R is at most
2k2 M
1/2 <
max{4, [kuiax | }?
Hence we can take a4(Q) = 60 kyax M and by(R) = 2kmax M, leading to

a(@,R) = %

3.5. Switchings of color 5. A switching of color 5 is used to reduce the number

2kmax M.

of nonloop edges of multiplicity at least 5 and at most [kél/fx] For a multigraph

Q € gOa let

Mo |

max

E7(@Q) = Y enl(Q).

D=5

Switchings of color 5 are applied to multigraphs @ for which switchings of colors
1,...,4 do not apply and such that E~(Q) > [3kmaxM/?].
A switching of color 5 is described by a sequence (v1, w1, va, w2) of distinct vertices
such that
e the multiplicity of {v1,w;} in @ is Dy and the multiplicity of {vo, w2} in @
is Do, where D1, Dy € {5,6,..., (krln/f,(}}, and
e the multiplicity of {v1,v2} and {w;,ws} in Q is zero (these are nonedges).
This switching is also illustrated by Figure 3.4, but with different conditions on Dy, Dy
as above.

Suppose that R can be produced from ) using a switching of color 5. The
number of ways that a switching of color 5 can be performed in @ is bounded
below by

AIB7(Q)]2 — O(kfax B~ (Q)) = 4E7(Q)*(1 — 0(1)) > 30kp,. M

max Y

and the number of ways to produce R using a switching of color 5 is at most

k2 M

max °

Hence we can let a5(Q) = 30k2

max

M and b5(R) = k2

max
1

30

M, leading to

a(Q, R)
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Fia. 3.5. A switching of color 8.

3.6. Switchings of color 6, 7, 8. A switching of color 4 + j is used to reduce
the number of edges of multiplicity j to at most [M>/6] for j = 2,3, 4. Switchings of
color 4 + j are applied to multigraphs @ for which switchings of colors 1,...,3+ j do
not apply and such that

e;(Q) > [M"/°].
Given such a multigraph @, a switching of color 4 + j is defined by a sequence
(v1, w1, V2, Wa, . .., Vj, W;)

of distinct vertices such that

e (v, w,) is an edge of multiplicity j in @ for r =1,...,7,

e every edge {v,,ws} with 1 < r # s < j has multiplicity 0 in @ (it is a

nonedge).
The switching deletes these j edges of multiplicity j and inserts a complete bipar-
tite graph K ; on {v1,...,v;} U{wi,...,w;} with all j* new edges simple (that is,
multiplicity 1). This operation is illustrated in Figure 3.5 for the case j = 4.
Suppose that the multigraph R can be obtained from ) using a switching of color
4+ j for j € {2,3,4}. The number of ways in which a switching of color 4 4 j can be
performed in @ is bounded below by
27 [¢j(Q)]; — Olkfax €5(Q) 1) = 5 M™/°,

max

while the number of switchings of color 4 + j which produce R is at most k22 M.

Hence we can define asyj(Q) = 2M%/% and byyj(R) = k2 2 M for j € {2,3,4}.
Since j > 2, this leads to

2’ M bhax
a(Q.R) = e = O<M2/3) = o(1).

Before describing more colored switchings, we prove a useful fact.
LEMMA 3.1. Suppose that Q € Gy is such that no switching of color 1 to 8 applies

to Q. Then e1(Q) = (3 — o(1)) M.

Proof. Since no switching of color 1, 2, or 3 applies we have
3" DUn(Q) = Olkmax M) = O(M/0),
D>1
and since no switching of colors 4-8 applies we know that
> Den(Q) <MY + kax EV(Q) + [kifa] E~(Q)
D>2
= O(MP/S + k32 M*/?)
o(M).

The result follows. a
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D D -2
o
o———0 —>

o—O

Fia. 3.6. A switching of color 9.

3.7. Switchings of color 9. Switchings of color 9 reduce the number of loops
of multiplicity 2 or multiplicity at least 4, until this number is zero. They are applied
to multigraphs @ for which the switchings of colors 1,...,8 do not apply and such
that L(Q) > 1.

Let @ be such a multigraph. A switching of color 9 in @ is defined by a sequence
(vo, v1, w1, v2, ws) of distinct vertices such that

e there is a loop at vertex vy in @ with multiplicity D, where D =2 or D > 4,
e {v1, w1} and {v9, ws} are simple edges (of multiplicity 1),
e {vg,v1}, {vo,v2}, {vo, w1}, {vo, w2} are all nonedges in @ (with multiplicity
7€ero).
The switching reduces the multiplicity of the loop at vy to D — 2, removes the two
simple edges {v1, w1} and {vs, w2} and inserts the four simple edges {vo, v1}, {vo, v2},
{vo, w1}, {vo, w2}, as shown in Figure 3.6.

Suppose that the multigraph R can be produced from @ by a switching of color 9.

The number of ways to perform a switching of color 9 in @ is at least

L(Q)([21(@))2 — Okraxe1(Q))) = 5 L(Q)M?

using Lemma 3.1, while the number of ways to produce R using a switching of color
9 is at most M. (We ignore the presence of the loop at vy in this upper bound, since
no such loop exists when D = 2.)

Hence we can let ag(Q) = 3 L(Q)M? and by(R) = My, leading to

2My k3 ..
@0 = gy =05

since L(Q) > 1.

3.8. Switchings of color 10. Switchings of color 10 reduce the number of loops
of multiplicity 3, until this number is zero. They are applied to multigraphs @ such
that switchings of colors 1,...,9 do not apply and such that ¢3(Q) > 1.

Let @ be such a multigraph. A switching of color 10 is defined by a sequence of
distinct vertices (vo, v1, w1, va, wa, v3,ws) such that

e there is a loop of multiplicity 3 at vg in @,

e there is a simple edge {v;,w;} in @ for j =1,2,3,

e the edges {vo,v;} and {vo, w;} all have multiplicity 0 in @ for j = 1,2, 3.
The switching removes the loop of multiplicity 3 and the simple edges {v;,w;} for
j =1,2,3 and adds the six simple edges {{vo,v;}, {vo,w;} | j = 1,2,3}, as shown in
Figure 3.7.

Now let R be a multigraph which can be formed from @ by a switching of color
10. The number of ways that a switching of color 10 can be performed in @ is at least

(3(Q) ([261(Q)]s — O(kfaxe1(Q)%)) > 3 5(Q)M?,

SIS

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 01/16/14 to 150.203.210.119. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal /ojsa.php

2074 CATHERINE GREENHILL AND BRENDAN D. MCKAY

o—o

Fic. 3.7. A switching of color 10.

using Lemma 3.1, and the number of ways that R can be produced using a switching
of color 10 is bounded above by Mg. Hence we can take a10(Q) = 5 ¢3(Q) M? and
b1o(R) = Mg. This leads to

_ 2M6 _ kl?ﬂax _ kr?;'lax
w@m=rigm =) (%)

We do not tackle single loops yet. Instead, the next two switchings reduce non-
loop edges of high multiplicity down to zero.

3.9. Switchings of color 11. Switchings of color 11 reduce the number of
nonloop edges with multiplicity 4 or multiplicity at least 7 until this number is zero.
Switchings of color 11 are applied to multigraphs @ for which switchings of colors
1,...,10 do not apply and E(Q) > 1, where

E(Q) =es(Q) + Z ep(Q).

D>7
Let @ be such a multigraph. A switching of color 11 in @ is defined by a sequence
(vo, wo, v1, w1, V2, W2, V3, W3)

of distinct vertices such that

e the edge {vp, wo} has multiplicity D in @, where D =4 or D > 7,

e cdges {v;,w;} are simple edges in @ (with multiplicity 1) for j =1, 2,3,

e the edges {vo,v;} and {wo,w;} are nonedges in @ for j = 1,2,3 (with multi-

plicity zero).
The switching reduces the multiplicity of {vg, wo} to D—3, removes the edges {v;, w; }
for j = 1,2,3, and adds the simple edges {vo,v;} and {wo,w;} for j = 1,2,3. This
operation is illustrated in Figure 3.8.
Suppose that the multigraph R can be obtained from @ by performing a switching

of color 11. The number of ways to perform a switching of color 11 in @ is at least

2B(Q) (12e1(Q)]s — O(kpaxe1(Q)?)) = E(Q) M?

Fia. 3.8. A switching of color 11.
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using Lemma 3.1, and the number of ways to produce R using a switching of color
11 is at most k2, M4 Hence we can let a11(Q) = E(Q) M3 and by1(R) = k3, M.

This leads to ) )
k?ﬂaXMél k?nax k?ﬂax
Q. R) = gionr —O< e ) —(7)

3.10. Switchings of color 12. Switchings of color 12 reduce the number of
nonloop edges with multiplicity 5 or 6, until this number is zero. They are applied
to multigraphs @ such that switchings of colors 1,...,11 do not apply and e5(Q) +
e6(@) > 1.

Let @ be such a multigraph. Then a switching of color 12 is defined by a sequence
of distinct vertices (vg, wo, v1, w1, V2, Wa, V3, W3, V4, W4, Vs, ws) such that

e the edge {vp, wo} has multiplicity D in @, where D € {5,6},
e cach edge {vj, w;} is a simple edge in @ with multiplicity 1, for j = 1,2, 3,4, 5,
e the edges {vo,v;} and {wo, w;} all have multiplicity 0 in @ for j = 1,2,3,4,5
(that is, they are nonedges).
The switching reduces the multiplicity of the edge {vg,wp} to D — 5, removes the
edges {vj,w;}, j = 1,2,3,4,5, and inserts the simple edges {vo,v;}, {vo,w;} for
j=1,2,3,4,5, as shown in Figure 3.9.

Suppose that the multigraph R can be formed from @ by a switching of color 12.

The number of ways that a switching of color 12 can be performed in @ is at least

2(e5(Q) + e6(Q)) ([2e1(Q))s — O(kfaxer(@)1) > (e5(Q) + e6(Q)) M°

using Lemma 3.1, and the number of ways that R can be produced by a switching
of color 12 is at most MZ2. Hence we can set a12(Q) = (e5(Q) + e6(Q))M?> and
bia(R) = M2. This gives

QP = o T - O(’?’&) - (%)

3.11. Switchings of color 13. Switchings of color 13 are used to reduce the
number of simple loops until this number is at most [N;/2]. They are applied to
multigraphs @ for which switchings of colors 1,...,12 do not apply and ¢1(Q) >
[N1/2].

Let @ be such a multigraph. Then a switching of color 13 is defined by a sequence
of distinct vertices (vg,v1,v2) such that there is a simple loop on vy in @, the edge
{v1,v2} is a simple edge in @, and the edges {vo, v1}, {vo,v2} are both absent in @

Fia. 3.9. A switching of color 12.
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‘/.\.
o—©
Fia. 3.10. A switching of color 13.

(that is, they have multiplicity zero). The switching removes the simple loop at vy
and the simple edge {v1,v2} and inserts the two simple edges {vo,v1}, {vo,v2}, as
shown in Figure 3.10.

Suppose that the multigraph R can be obtained from @ by performing a switching
of color 13. The number of ways that a switching of color 13 can be performed in @
is at least

((Q)(21(Q) — O(kay)) = 56(Q)M

using Lemma 3.1, and the number of ways that a switching of color 13 can produce R
is at most Ms. Therefore we can define a13(Q) = %Zl (Q)M and by3(R) = Mo, leading
to

2 My 4 M, 1
= < < —
(@ R) Q)M — NiM — 120

using the definition of Nj.

3.12. Switchings of color 14. Switchings of color 14 reduce the number of
nonloop edges with multiplicity 2 until this number is at most [N2/2]. This switching
is applied to multigraphs @ such that switchings of colors 1,...,13 do not apply and
e2(Q) > [N2/2].

Let @ be such a multigraph. A switching of color 14 in @ is described by a
sequence (vg, wy, v1, w1, V2, we) of distinct vertices such that

e {vp,wp} is an edge of multiplicity 2 in Q,
o {v1, w1} and {vy, we} are simple edges in @ (with multiplicity 1),
e none of the edges {vg,v;} or {wp,w;} are present in @, for j = 1,2 (these are
all nonedges with multiplicity zero).
The switching removes these three edges and replaces them with two copies of K o,
one on {wg,v1,v2} centered at vy and the other on {wg, wy,ws} centered at wy. This
operation is shown in Figure 3.11.

Suppose that the multigraph R can be produced from @ using a switching of color

14. The number of ways to perform a switching of color 14 in @ is at least

2e2(Q)([261(Q)]2 — O(kZare1(Q))) > e2(Q)M?

using Lemma 3.1, and the number of ways that R can be produced using a switching of
color 14 is at most M3. Therefore we can take a14(Q) = e2(Q)M? and by4(R) = M3,
leading to

2
*o—o
o ——0 —>

o —o

Fra. 3.11. A switching of color 14.
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M3 _ 2M3 oL
e2(Q)M?2 = Ny M2 ~ 120

a(Q, R) =

by the definition of N.

3.13. Switchings of color 15. Switchings of color 15 are used to reduce the
number of nonloop edges with multiplicity 3 until this number is at most [N3/2].
They are applied to multigraphs @ such that switchings of colors 1,...,14 do not
apply and e3(Q) > [N3/2].

Let @ be such a multigraph. Then a switching of color 15 is defined by a sequence
of distinct vertices (vg, wo, v1, w1, V2, Wa, v3, ws) such that

e {vg,wp} has multiplicity 3 in @,

e each of {v;,w;} is a simple edge in @ for j =1,2,3,

e the edges {vo,v;} and {wo,w;} are absent in @ for j =1,2,3.
The switching removes the edges {v;,w;} for j = 0,1,2,3 (setting the multiplicity
of each to zero) and inserts the simple edges {vo,v;}, {wo,w;} for j = 1,2,3, as
illustrated in Figure 3.8 for the case that D = 3.

Suppose that the multigraph R can be produced by performing a switching of
color 15 from ). The number of ways to perform a switching of color 15 in @ is at
least

2e3(Q) ([2e1(Q)]s — O(kfaxe1(Q)%)) = es(Q)M?

using Lemma 3.1, while the number of ways that R could be produced using a
switching of color 15 is at most MZ. Therefore we can take a15(Q) = e3(Q)M?3
and b15(R) = M2, leading to

M3 2MF 1
e3(Q)M3 — N3y M3 ~ 120

a(Q, R) =

by the definition of Nj.

3.14. Analysis of the switchings. We now explain how to apply Theorem 2.1
to analyze these switchings on Gy. (See the statement of Theorem 2.1 for the necessary
notation.)

We now define a directed graph I" with vertex set V(I') = {vg : Q € Gy}, where
vg is associated with the set S(vg) = {Q} containing one object. These sets are
certainly disjoint. By a slight abuse of notation we will identify vg and @ from now
on and write @ for both. The edge set of I' is defined as follows: there is an edge
QR in I' with color ¢ € {1,...,15} if and only if R can be obtained from @ using
a switching of color ¢. Since a switching is used only where no switching with a
lower-labeled color applies, there is at most one edge from @ to R in I'. Hence the
endvertices of an edge uniquely determine the color of the edge. We take A.(v) = %5
for all ¢, v, and so for each edge QR in I" we have

. _ a(QR)

Let Y, Z be as defined in (3.2), (3.3).
LEMMA 3.2. With notation as established above, we have

G(k, J, J*) = (1 + O(kanax/M)) |g0 - Y|'
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Proof. 1t follows from the analysis of the previous sections that a(QR) < 5, and
therefore &(QR) < %, for all edges QR in I'. Moreover, we have provided at least one
switching which can be performed from @ for each graph @ in Gy — Z. Hence Y and
7 satisfy the requirements of Theorem 2.1 and we can conclude that

a(Y, Z) a(Y, Z)

Y] < T a(Y,Y) 1Z] < T=a(y,Y) G0l

where

AW, W)= max &(P)
PeP(W,W")
for all W, W' C Gy.
Since P(Y,Y) by definition has only nontrivial paths, and &(QR) < 3 for all
edges in I, we know that &(Y,Y) < 3, and therefore

Y] < 24(Y, 2) [Gol.

Now let P be a path in I' from some ) € Y to some element of Z, such that
all internal vertices of P belong to Gp — (Y U Z). Let QR be the first edge in P.
Then QR cannot have color in {1,...,8}, since these switchings only produce graphs
in Y. If QR is colored with a color in {9,10, 11,12}, then &(QR) = O(k3,./M), so
&(P) = Ok /M),

The remaining possibility is that QR has color 12 + r for some r € {1,2,3},
in which case P must contain at least |N,/2| edges of color 12 + r. Our analysis
showed that a(e) < 35 and hence that &(e) < § for all such edges e. By definition
[N, /2] > L(log M — 1) for r € {1,2,3}. Therefore,

a(P) < 8o M0/2 Z o),
which implies that &(Y, Z) = O(k3,./M). We conclude that
Go = Y] = (14 O(kpax/M))|Gol -
But Go — Y C G(k, J,J*) C Gy, and hence
Gk, J,J*) = (1 + O(kilax/M)Ngg -Y],

completing the proof. d
It remains to obtain an asymptotic expression for Gy — Y, which we do in the next
section.

4. From pairings to multigraphs. In this section we work in the pairing model
(also called the configuration model), which we now describe. This model is standard
for working with random graphs of fixed degrees; see, for example, [11]. Consider a
set of M points partitioned into cells c¢q,...,c,, where cell ¢; contains k; points for
1=1,2,...,n. Take a partition P (called a pairing) of the M points into M /2 pairs
with each pair having the form {y, z}, where y € ¢; and z € ¢; for some ¢, j. The set
of all such pairings, of which there are M!/(M/2)! 2M/2  will be denoted by C(k).

A loop is a pair whose two points lie in the same cell, while a link is a pair
involving two distinct cells. Two pairs are parallel if they involve the same cells. A
parallel class is a maximal set of mutually parallel pairs. The multiplicity of a parallel
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class (and of the pairs in the class) is the cardinality of the class. As important special
cases, a simple pair is a parallel class of multiplicity 1, a double pair is a parallel class
of multiplicity 2, and a triple pair is a parallel class of multiplicity 3.

Each pairing gives rise to a multigraph in G(k) by replacing each cell by a vertex
and letting the multiplicity of the edge {v,w} equal the multiplicity of the parallel
class between the corresponding cells.

Let Cy .+ be the set of all pairings in C(k) with exactly ¢ simple loops, exactly d
double pairs, and exactly ¢ triple pairs, but with no loops of multiplicity greater than
one and no links of multiplicity greater than three. If G € Gy — Y can be formed from
a pairing P € Cy,q,¢, then exactly

2—(E+d) 6—t H kz'

i=1
pairings in C(k) give rise to G. Now defining
w(f, d, t) = gltdgt |Cg7d)t|,

we can write

n -1 Ny, Ny N3
(4.1) 1Go — Y| = (Hkﬂ) SN wit,d,t).

=1 ¢=0 d=0 t=0

Hence it suffices to obtain an asymptotic expression for the above sum.

We will need the following two summation lemmas adapted from [8].

LEMMA 4.1 (see [8, Corollary 4.3]). Let 0 < Ay < Ay and By < By be real
numbers. Suppose that there exist integers N, K with N > 2 and 0 < K < N, and
a real number ¢ > 2e such that Ac < N — K + 1 and |[BN| < 1 for all A € [A;1, AJ]
and B € [By, Bs]. Further suppose that there are real numbers 6;, for 1 <i < N, and
v >0, for 0 <i < K, such that Z;:1|5j| < Z;iofyj[i]j < % for 1<i<N.

Given A(1),...,A(N) € [A1,As] and B(1),...,B(N) € [By,Bs], define
ng,N1,...,nN by ng =1 and

n; = %A(i)(l — (i —=1)B(@)) (1 + ;) ni—1

for 1<i< N. Then

N
D<) i <X,
i=0

where

K
21 = exp <A1 — %A%BQ — 42’)/3(3141)]) — %(26/0)1\/,
7=0

K
Yy = exp <A2 — 1438, + 1A43BT + 42%(3142)3’) +1(2¢/c)V. O
j=0

LEMMA 4.2 (see [8, Corollary 4.5]). Let N > 2 be an integer and, for 1 <i < N,
let real numbers A(i), C(i) be given such that A(i)>0 and A(i)—(i—1)C(i)>0. Define
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Ay =min¥ | A(i), Ay = max | A(i), C; = min)}; C(i), and Cy = maxY_, C(i). Sup-
pose that there exists a real number ¢ with 0 < ¢ < % such that max{A/N, |C|} < ¢
for all A € [Ay, Ay, C € [Cy1,C5]. Define ng,...,ny byng =1 and
1 . ) .
n; = = (A(@i) — (i = 1)C(i)) ni—1

7

for 1 <i< N. Then

N
D<) i <X,
i=0

where

21 = exp(A1 — %Alcz) — (266)]\[,
EQ = exp(A2 — %Azcl + %Asz) + (266)]\[ O

In the proofs of Lemmas 4.3-4.5, we will use several results which were proved
in [17] (specifically, Lemmas 4.1-4.4 of that paper and some details of their proofs).
That paper uses values of Nj, No, N3 that differ from ours, but only by bounded
factors, and examination of the proofs in [17] shows that the results we wish to apply
remain valid when our values of Ny, Ny, N3 are used.

First we perform a summation over the number of edges of multiplicity 3.

LemMMA 4.3. Uniformly for 0 < d < Ny and 0 < ¢ < Ny, we have

S T
;w(f,d, t) =w(l,d,0) exp(mw3 +O(kmax/M)).

Proof. We will apply the proof of [17, Lemma 4.1].

Let ¢’ be the first value of ¢ < N3 for which Cy g, = 0, or t' = N3 + 1 if there is
no such value. In [17, Lemma 4.1], a switching is described that converts any pairing
in Cgq: to at least one in Cpq4—1 for 1 < ¢t < Ns, so we know that w(¢,d,t) = 0
for ¢ <t < Ns. In particular, the present lemma is true when w(¢,d,0) = 0, so we
assume that ¢/ > 1.

Noting that

w(l,d,t) _ 61Cr,a,l
w(l,d,t—1)  |Cra—1]

when the denominators are nonzero, the calculation in [17, Lemma 4.1] shows that
there is some uniformly bounded function «; = (¢, d) such that

w(l,d, w(l,d,t —
(4.2) w((Td,(t))) = % W (A1) = (t=1)C(1))

for 1 <t < N3, where

M3 — atkrgnax(kgnax +4+ d)M3 O[tkrgnax]wé
Al == IV - =T

for 1 <t<t and A(t) =C(t) =0fort > 1.
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Now we can apply Lemma 4.2. Tt is clear that A(t) — (t — 1)C(t) > 0 by (4.2).
If oy > 0, then A(t) > A(t) — (t — 1)C(t) > 0, while if oy < 0, then the definition
of A(t) makes it evidently nonnegative. Now define Ay, Ay, Cy,Co by taking the
minimum and maximum of A(t) and C(t) over 1 < ¢ < Nj3. Let A € [41, A3] and
C € [C1,Cs), and set ¢ = g5. Since A = M3/2M? + o(1) and C = o(1), we have that
max{A/Nj, |C|} < ¢ for M sufficiently large, by the definition of Nj.

Therefore Lemma 4.2 applies and gives an upper bound

N3

w 2
Z % < eXp<2]]\4\433 + O(k?nax(k?nax +L+ d)/M2)> -+ O((e/40)N3)
t=0 »

Since £ +d < Ny + Ny = O(k2

max

+log M) and (e/40)Ns < (e/40)°8M < M~2
N3

w(l,d,0) — eXp<2M3 + O(kma"/ )

t=0

In the case that ¢’ = N3 + 1, the lower bound given by Lemma 4.2 is the same within
the stated error term, so we are done.

This leaves the case 1 <t < N3. By the counts of the second switching in the
proof of [17, Lemma 4.1], |Cf.q.¢| = 0 is possible only if M3 = O(k2,, (k2. +{+d+t)).
If this happens for ¢t < N3 we have

Mz = O(k?nax(kl?ﬂax + N1+ Na + N3)) = O(k?nax(k?nax + IOg M))

However, this implies that M2 /M3 = O(k3,./M) so the upper bound matches the
trivial lower bound 1 within the error term. This completes the proof. O

Next we perform a summation over the number of simple loops.

LEMMA 4.4. Uniformly for 0 < d < Na, we have

N
- M, Emaxd k3 .

£=0

Proof. Let ¢ be the first value of ¢ < Ny for which Cp g0 =0, or ¢/ = Ny + 1 if
there is no such value. In the proof of [17, Lemma 4.2], a switching is described that
converts any pairing in Cy 4,0 to at least one in Cp—q g0 for 1 < £ < Ny, so we know
that w(¢,d,0) = 0 for £ < ¢ < Nj. In particular, the present lemma is true when
w(0,d,0) = 0, so we assume that ¢/ > 1.

Noting that

w(l,d,0) _ 2|Ce,a,0|
wl —1,d,0)  [Co—1,4,0]

when the denominators are nonzero, the calculation in [17, Lemma 4.2] shows that
there is some uniformly bounded function 5, = S¢(d) such that

SO0 =1 U0 o)

for 1 <t < Ny, where

_ M — ﬂé(kﬁlax + kmaxd)
= N ,
for1<l< ¢ and AY)=C{)=0for £ > 1.

A(f)

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 01/16/14 to 150.203.210.119. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal /ojsa.php

2082 CATHERINE GREENHILL AND BRENDAN D. MCKAY

We can now complete the proof using ¢ = % and following the argument used
in the previous lemma. The treatment of the lower bound when ¢/ < Nj needs some
additional care. From the analysis of the second switching used in [17, Lemma 4.2],
¢ < Nj can happen only if My = O(kmaxd + k2,,.'). For £/ = 1, the trivial lower
bound of 1 matches the upper bound within the stated error terms. If 2 < ¢/ < NV,

then the first two terms of the summation give the lower bound

M, Fmaxd k3.
w(0,d,0)(1 4+ A(1)) = w(0,d,0) exp(M +O< i + % )),

which matches the upper bound within the stated error terms. In either case, the
proof is complete. d

Next we perform a summation over the number of edges of multiplicity 2. The
exponential factor in the summand corresponds to the error term from Lemma 4.4
which depends on d.

LEMMA 4.5. For any constant p have

No 2 2
Pkmaxd M; M 3
;)w(o, d,0) exp( i > = w(0,0,0) eXp<2M2 ans T O(kmaX/M)>.

Proof. Let d’ be the first value of d < Ny for which Cy 40 = (), or ' = N3+ 1 if no
such value of d exists. As in the previous two lemmas, the switchings described in [17]
(see also [16, Lemma 4]) show that w(0,d,0) = 0 for d’ < d < Ny. They also show
that d’ < N is possible only if My = O(k2 ., + kmaxd). In particular, the lemma is
true if w(0,0,0) = 0, so we assume that d’ > 1.

We divide the proof into two cases, following the division used in [17, Lemmas
4.3-4.4]. For 0 < d < Ny, define

kmaxd
mq = w(0,d,0) exp(pT >

First suppose that My < M. From [17, Lemma 4.3] we know that for 1 < d < d’,

mq o 2 exp(pkmax/M) |CO,d,O| o M22 + 1) kmax(k?nax + d)M2
Mma—1 [Co,a—1,0] T 2dM? dM? ‘

The current lemma follows from this, arguing as in the proofs of the previous two
lemmas. (Note that the term M3/2M? in the answer is absorbed into the error
term by the assumption that My < M.) In the case that d < Ns, the condition
My = O(k2 . + kmaxd) implies that 1 is a sufficient lower bound.

Now suppose that My > M. In this case My = O(k3 .. + kmaxd) is not possible
for d < Ny, so d = N3 + 1 and the series contains only positive terms. By [17,
Lemma 4.4] we have for 1 < d < Ny,

A(d
mqg = Mqg—1 (d ) (1 — (d — 1)B(d>) (1 + 5(1),
where
 MZ O eM3Ms;  MF M 5
Ald) = oMz T AT 2MB DI + Olkinax/ M),
8  16Ms;
Bd)=B=—— +—2>2
(d) ot M2

O0g = O((d - 1)/M2) uniformly for 1 < d < Ns.
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(Note that A(d) exp(pkmax/M) equals A(d) within the precision afforded by the error
term, since kmaxA(d)/M = O(kmax M3 /M3) = O(k3 .. /M).)

Now we will apply Lemma 4.1 to ) ,mq. Let Ay = ming A(d) and Ay =
maxg A(d) with the minimum and maximum taken over 1 < d < Ny, and let B; =
By = B. Define ¢ = 80 and K = 2. Then the conditions of Lemma 4.1 apply with
Y = 71 = 0 and some value of v which satisfies 75 = O(1/M3). Application of that
lemma now gives the desired result. |

Recall the definition of y1, za, 23 € {0,1} given just before the statement of
Theorem 1.1. By combining the last three summations we obtain the following.

LEMMA 4.6. As M — oo and k2, = o(M), we have

max

x2N2 y1 N1 23N3

ST wtdt)

d=0 ¢=0 t=0
2 2

Moy M. M3
=w(0,0,0) exp( V3 +$22MZ? + (23 —ZC2)2M3 +O(k§1dx/M)>.

Proof. From Lemmas 4.3 and 4.4, we have

y1N1 x3N3 M, M2 3
3 kmaxd kmdx
E E w(l,d,t) —w(O,d,O)exp< r+x32 3+O< + ?"))

uniformly over d.

If zo = 0, we are finished. If x5 = 1, choose two constants pi, p2 such that the
actual value of the error term O(kpaxd/M) in (4.3) lies in [p1kmaxd/M, pakmaxd/M]
for all d € {1,..., No}. Applying Lemma 4.5 with p € {p1, p2} and noting that the
result does not depend on p within the precision given by the error term, we are
done. d

Finally we can prove our main result.

Proof of Theorem 1.1. From Lemmas 3.2 and 4.6 together with (4.1), we obtain

Gk, J,.J*) = (14 Ok /M)) |Go — V|
140 kg z2N2 y1 N2 z3N3

$ZZZ (0,d,t)

d=0 (=0 t=0

M M2 M
exp(ylﬁg + Z2 2]\;2 + (5C3 — 5C2)2M3 + O(kﬁlax/M)).

~ w(0,0,0)
kil k!

Now w(0,0,0) = |Co,0,0], and it follows from [17, Lemma 5.1] that

M! M, MZ M2Ms Mi M2
C _ s - O M)).
Co0ol = 3rayramire eXp( onr iz~ o T aars ars T Omax/M)
Combining these two expressions completes the proof. O

5. Comparison to a naive model. Let p € (0,1) be a probability which we
will define later. Abusing notation slightly, we define the functions

=Y P, T =) P

JjedJ jeJ*
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and the probability generating functions

Consider a random symmetric nonnegative integer matrix A = (a,;) which is created
as follows:
e All entries on and above the diagonal are independent.
e Fori=1,...,n, let a;; be a randomly chosen element of J*, with
Pr(ai; = b) = p®/J*(1) for all b € J*.
e For 1 <1i < j <nleta;; be arandomly chosen element of J, with
Pr(a;; = b) =p®/J(1) for all b € J.
e Finally, let aj; = a5 for 1 <i < j < n.
We write Pr(-) to mean probabilities generated by the above procedure. If Ag is a
fixed matrix which corresponds to an element of G(k, J, J*), then the probability that
Ay is produced by the above procedure is

M/2
. Pr(Ady) = ————.
(5 1) ( 0) J(l)(;)J*(l)”

This follows as the probability of Ay depends only on the sum of the diagonal and
above-diagonal entries (that is, on the number of edges of the corresponding multi-
graph).

Fori=1,...,n,let & denote the event that the sum of row i equals k;, recalling
that diagonal entries are weighted by a factor of 2 as in (1.1). Now

PI‘((Sl /\52 JARERIAN (c,‘n)

Gk, J,J*) = P (do)

since Pr(-) is uniform on (the set of matrices corresponding to) G(k, J, J*). By (incor-
rectly) assuming that the events &,...,&, are independent, we obtain the following
naive estimate of G(k, J, J*), using (5.1):

H?:l Pr(&:)
PI‘(A())

J(1)E) (1)
oM

(5.2) Gp(k,J,J*) =

["] £(2)" " g(=%)

K2

n

=p M2 71" C) T 5] J ()L (22).

i=1

Let k = M /n denote the target average row sum. The value pg of p which makes

the expected row sum equal to k satisfies
k (1 — 25(32)]6‘2 2

(5.3) pOZE‘FT"‘O(lﬁ/” )
We write Guaive(k, J, J*) for Gy, (k,J, J*) from now on. (As we shall see, the exact
value of the O(k/n?) term does not affect Theorem 5.1 below, within the stated
error bound, even though some of the intermediate formulae we give in the proof are
affected.)
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We now compare the expression given in Theorem 1.1 with the naive estimate
Ghraive(k, J, J*). For future applications, it will be convenient to express the result in
terms of the scaled central moments ps, p3 defined by

o= 72 Sk — by
i=1

for r =2, 3.
THEOREM 5.1.

1
(5.4) G(k,J,J*) = \/iGnaive(k, J, J*) exp(z(l — p2) (1 + 2x9 + ua(l — 2$2))

Opapis (23 —22) = 1 | 3p5(u3 — 2p3) + 2u5(3s — 3ap + 1)
2n 12M

2
pa M 3
+ 2 (9(,63 — 929 — ].) + O(kmax/M))'

Proof. Suppose that

+

E o (1—2x0)k* ck
p=_+ 2 T
n n n

where ¢ = ¢(n) = O(1). By direct computation we find that

k M/2 1 k3 k
(5.5) pM/2 = (ﬁ) eXp<§k2(1 —2w2) — — + =4 O(kIBHaX/M)>

dn 2
and
(5.6)
L (e e LR EY))

1 1 ck k‘B(Z + 33)2 - 33’3)

+ O/

To calculate the product in (5.2) we consider two cases, depending on the value
of x9. First assume that o = 0 (that is, the value 2 is not permitted off the diagonal).
Then

J(2)" TN (2%) = (14 p2)" " Ho(2),
where
.oy n—1
YiszTip'zt L
Hoy(z)=[1+==2 — 1+ 022,
0(2) < g, ;y p
Consequently, for any integer r with 0 < r < kyax we have

(7)) = Y (”‘ ?)pr-j 27 Ho (=)

J=0

_(n-1 "y n—1 Pl n—1 3(n —1)p"
N r )P r—2)"P r—3)"° P
-1
+<n )prAﬂv
r
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Ao = 0 1)_1p—f [27)Ho(2).

where

Now define
E i\ 1 3.3 n—1
i>3 D% i 2 p°z -
Hi(z)=|14+&=22"" 1+ piz¥ ) =14 —— 1—pz3)~ L
0 (2) < 1—pz ; (1—pz)? ( )

Notice that the coefficients of H (), when expanded as a Taylor series in z, are non-
negative and dominate those of Hp(z). Also notice that (’TL:;) ("*1)_1 = O0(1)(r/n)?

T
uniformly for 4 < j < r, since r = o(n'/?). Therefore, setting oo = r/pn,

|40l = 0(1) Yo [/]H{ (2)
j=4
=O(H{ (o) =1 —pa® — (n— 1)p°a®).
Since pa = o(1), by Taylor’s theorem we can write
3.3 n—1 3.3
pa pa 26,6
14— =1 - 1)—————+0 .
(1+i5ap) =1+ - nghigs ot
Substituting this into the definition of Hy (), we find that

p’a*(1+o(1)
(1 = pa)?*(1 = pa?)

Hi(a) = 1—pa® — (n—1)pa® =

and so

Ay = O(rk?

max

/M?).
Applying this bound to (5.7), we have
(58) [T
_(n—=1\ , yir(r —1)  agrd 3 o
= ( . )p eXP( o T o T Ok /M)
n’p" exp (_T(T +1) N yir(r —1) N r3(6x3 — 1)

7l 2n kn 612 Ok /M2)> '

Now we assume that o = 1 and perform a similar calculation. We have
J(2)" 1T (2%) = (1= pz) " HA(2),

where

n—1
Hi(2) = <(1 —pz) inpizZ) <1 + Zyz-piz%)-

i>0 i>1
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We find that for any r with 0 < r < kpax,

r n—1 7x n+r—2\ . n+r—4 r
@A = (T ) (M

N (”+T‘5)(x3—1)(n—1)pr+ (””_Q)p%l,

r—3 r

where

a= (I () )

.
j=4 J

The coefficients of Hj(z) are dominated by those of H,"(z), where

o n—1 o 3 3 n—1
e = (10 ) (1 X ) = (16820) -w

i>3 i>1

Arguing as before, this implies that Ay = O(rk3 . /M?), and so we have

(5.9)
n+r— 1r(r — x3—1)r3 9

1 = (oL s BT o, o)

= n;]')r exp (7’(7‘2; 3) +y1r(]:n— 1)+r3(6;:22— 0 +O(Tk,?§1ax/M2)).

Combining the cases (5.8) and (5.9) we have, for i =1,...,n,

ki pki
ki N e i _ 1+ 229 Y\, 1—2x2_£ 9
2] I () = k;! exp( < 2n i kn ki 2n kn i

1+ 63)2 - 6333
6n?

kS + O(kikfnax/MQ))

Multiplying these n equations together gives

- MpM My(2z9 — 1) —2M 31 M.
1 ki n—1 pk(, 2\ _ n-p 2 2 1Vl
(5.10) E[z 1J(2)" 1 J* (2?) T exp o +
6x9 — 6 1) M.
- ( =2 63;?2+ ) 3 + O(kgﬂax/M)> .

We now substitute (5.5), (5.6), and (5.10) into (5.2). Writing the result in terms
of po, pus, M, and n, using the identities

My = Mps + (k — 1)M,
My = Mups+3(k—1)Mps+ (k—1)(k—2)M
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we find that
1 MM (2y1 + 2z2(p2 — 1) —p2)k
naive k7 ) ") = T 1\ - 1-
Ghaive(k, J, J*) Hi—lki!<e> eXp( y1(1—p2) + 5
209 — 1)k2 ry — 1)(2 2
4 ( T - )k‘ _ k‘(6f1’2 6333+ ])-én,ug—FG,Uan—Fk' ) +O(k13;1ax/M))

(At this point we can observe that no remaining terms depend on ¢, which verifies
our earlier claim that the exact value of the O(k/n?) term in (5.3) does not affect
the statement of this theorem.) The proof is completed by applying Theorem 1.1 and
using Stirling’s formula. O

COROLLARY 5.2. Under the conditions of Theorem 5.1, if jz = O(M?'/5), then

G(k,J,.J*)

1
= \/iGnaivo(kv ']7 ']*) eXp(g (1 - ,UJ2)(1 + 22152 + /Lz(l - 23:2)) =+ O(k?nax/MQ/g)) .

If the stronger bound ps = O(krln/fx) holds, then
Gk, J,J")

= \/iGnaivc(k% J, J*) exp(% (1 — ,uz)(l + 2332 + Mz(l — 2332)) + O(kildx/M))

Finally, if k = (k, k, ..., k) is a reqular degree sequence with kn even, then
1
(5.11) Gk, J,J*) =2 exp(z(l + 2x9) + O(kz/n)> Ghaive(k, J, ).

Proof. For the first two statements, we just need to check that all additional
terms inside the exponential factor in Theorem 5.1 are covered by the claimed error
bounds. For this it is useful to note that po < kpax and || < kmaxfte. Finally, when
k is a regular degree sequence we have pus = ug = 0 and (5.11) follows. O

The constant 1(1 4 223) in (5.11) was previously noted for simple sparse regular
graphs in [17] and in [5] for simple sparse regular graphs with loops allowed. Inter-
estingly, with different error terms, the same constant was observed in [17] for dense
simple regular graphs, in [5] for dense simple regular graphs with loops allowed, and
in [13] for dense symmetric integer matrices with zero diagonal. In these three cases,
we conjectured that (5.11) holds (with some vanishing error term) for all degree se-
quences except for the two extreme cases of graphs with no edges and graphs with
all possible edges. The corresponding conjectures may be less likely to be true in full
generality for all J, J*.

From the first expression of Corollary 5.2, we see that G(k, J, J*) is closely ap-
proximated by v/2 Gpaive(k, J, J*) whenever po is close to 1. It appears that in the
random matrix model described at the start of this section, pus will be concentrated
around 1 with high probability whenever p tends to zero slowly enough to ensure that
M — oo with high probability, but quickly enough to ensure that k2, = o(M) with
high probability. If so, this will lead to a model for the degree sequences of sparse
multigraphs analogous to that obtained by McKay and Wormald [18] for graphs and
by McKay and Skerman [14] for bipartite graphs and directed graphs. Details will be
given in a future paper.

The authors are grateful to the referees for their careful reading, which led to
several improvements.
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