
Supplementary Material to Hui et al., Joint Selection in1

Mixed Models using Regularized PQL2

1 Proof of the estimation consistency in Theorem 13

To begin, we note that as discussed in the main text, conditions (C1)-(C4) and the inde-4

pendence of the clusters are sufficient to ensure the existence and n1/2-consistency of the5

maximum likelihood estimators, Ψ̃ − Ψ0 = Op(n
−1/2); see see also Lemmas 1 and 2 in6

Nie (2007).7

For clarity in the development below, we shall explicitly write the regularized PQL as a8

function of β,Γ, and b, such that `p(β,Γ, b) = `PQL(β,Γ, b)−λ
pf∑
k=1

vk|βk|−λ
pr∑
l=1

wl‖b•l‖.9

Let αm = m
−1/2
1 , where we recall that m1 = O(mi′) for i′ = 2, . . . , n, and b0 =10

(bT01, . . . , b
T
0n)T . Define a vectoru = (uT1 ,u

T
2 )T whereu1 = (u1, . . . , upf ),u2 = (uT21, . . . ,u

T
2n)T ,11

u2i is of length pr, and ‖u‖∞ is bounded above by a large constant. Then consider the dif-12

ference13

∆(u,Γ) =
1

n
{`p(β0 + αmu1,Γ, b0 + αmu2)− `p(β0,Γ, b0)}

≤ 1

n
{`PQL(β0 + αmu1,Γ, b0 + αmu2)− `PQL(β0,Γ, b0)}

− 1

n

{
λ

p0f∑
k=2

vk (|β0k + αmu1k| − |β0k|) + λ

p0r∑
l=1

wl (‖b0•l + αmu2l‖ − ‖b0•l‖)

}

, T1 − T2,

where the inequality in the second line follows since in the penalties, we sum only to p0f14

and p0r for the fixed and random effects respectively. From equation (1) in the main text,15
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term T1 may be decomposed as16

T1 =
1

n

{
n∑
i=1

mi∑
j=1

log f(yij|β0 + αmu1, b0i + αmu2i)− log f(yij|β0, b0i)

}

− 1

2n

n∑
i=1

{
(b0i + αmu2i)

T (ΓΓT )−(b0i + αmu2i)− bT0i(ΓΓT )−b0i

}
, U1 − U2.

We seek to prove that, for any Γ and allmi →∞ and n→∞, U1 is negative and dominates17

terms T2 and U2. First, let `1(β, b) =
n∑
i=1

mi∑
j=1

log f(yij|β, bi). Then by a Taylor expansion,18

we have for U1,19

U1 = αmu
T

{
1

n
∇`1(β0, b0)

}
− α2

m

2
uT
{
− 1

n
∇2`1(β̄, b̄)

}
u

, V1 + V2,

where (β̄T , b̄T )T lies on the line segment joining (βT0 , b
T
0 )T and (βT0 +αmu

T
1 , b

T
0 +αmu

T
2 )T .20

Writing µi(β, bi) = {a′(ηi1), . . . , a′(ηin)}T , we have21

∇`1(β0, b0) =

[
n∑
i=1

XT
i {yi − µi(β0, b0i)},ZT

1 {y1 − µ1(β0, b01)}, . . . ,ZT
n {yn − µn(β0, b0n)}

]
.

(1)

Let Ey(·) and Vary(·) denote the expectation and variance operators with respect to y,22

respectively. Then for all i = 1, . . . , n, we have by the conditional independence of yij23

given b0i,24

Eyi,bi
[
XT

i {yi − µi(β0, b0i)}
]

= XT
i Ebi

[
Eyi|bi {yi − µi(β0, b0i)}

]
= 0,
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Varyi,bi
[
XT

i {yi − µi(β0, b0i)}
]

= XT
i Ebi

[
Varyi|bi{yi − µi(β0, b0i)}

]
Xi

= XT
i Ebi {Wi(β0, b0i)}Xi,

where Wi(β0, b0i) is a mi × mi diagonal matrix with entries a′′(η0ij)/φ0, and η0ij =25

xTijβ0 + zTijb0i. Under Conditions (C1)-(C2) and (C4), applying Markov’s inequality, it26

is straightforward to show that
n∑
i=1

XT
i {yi−µi(β0, b0i)} = Op(N

1/2), so n−1
n∑
i=1

XT
i [yi−27

µi(β0, b0i)] = Op(N
1/2n−1). A similar development can be used to show that ZT

i {yi −28

µi(β0, b0i)} = Op(m
1/2
i ), and hence n−1ZT

i {yi − µi(β0, b0i)} = Op(m
1/2
i n−1). Combin-29

ing these results and using the Cauchy-Schwarz inequality, we have |V1| =
∣∣αmuT {n−1∇`1(β0, b0)}

∣∣ ≤30

αm‖u‖ × ‖n−1∇`1(β0, b0)‖ = Op({N/(nm1)}1/2), where we have the used the fact that31

N =
n∑
i=1

mi = O(nmn). Turning to V2, we see that32

− 1

n
∇2`1(β̄, b̄) =



1
n

n∑
i=1

XT
i Wi(β̄, b̄i)Xi

1
n
XT

1 W1(β̄, b̄1)Z1 · · · 1
n
XT

nWn(β̄, b̄1)Zn

1
n
ZT

1 W1(β̄, b̄1)X1
1
n
ZT

1 W1(β̄, b̄1)Z1 0

...
... . . . ...

1
n
ZT
nWn(β̄, b̄n)Xn 0 1

n
ZT
nWn(β̄, b̄n)Zn


.

(2)

By condition (C1), α2
mu

T
{
−n−1∇2`1(β̄, b̄)

}
u ≥ α2

mc0φ
−1
0 u

TMu where33

M =



1
n

n∑
i=1

XT
i Xi

1
n
XT

1 Z1 · · · 1
n
XT

nZn

1
n
ZT

1 X1
1
n
ZT

1 Z1 0

...
... . . . ...

1
n
ZT
nXn 0 1

n
ZT
nZn


.
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Next, by conditions (C2) and (C4), we have the following order results for all i = 1, . . . , n:34

n−1ZT
i Xi = Op(min

−1), n−1ZT
i Zi = Op(min

−1), and n−1
n∑
i=1

XT
i Xi = Op(Nn

−1). It35

follows that36

V2 = −α
2
m

2
uT
{
− 1

n
∇2`1(β̄, b̄)

}
u ≤ −α

2
m

2

c0

φ0

uTMu ≤ −1×Op

(
N

nm1

)
= −1×Op

(
N

m1

)
.

Hence for n large enough, term V2 asymptotically dominates V1 and hence U1 = V1 + V237

is negative.38

It remains to show that U2 and T2 are of a smaller order than U1 in probability. For U2,39

we have40

U2 =
1

2n

n∑
i=1

{
α2
mu

T
2i(ΓΓT )−u2i + 2αmu

T
2i(ΓΓT )−b0i

}
.

Focusing on the second term in U2, let hi = uT2i(ΓΓT )−. Then by the Cauchy-Schwarz41

inequality, uT2i(ΓΓT )−b0i ≤ ‖hi‖×‖b0i‖ ≤ C‖b0i‖ for some sufficiently large constant C.42

Since b0il = 0 for l = p0r+1, . . . , pr, we need only consider the subvector b̌0i consisting of43

the first p0r elements of b0i. Moreover, b̌0i is drawn from a multivariate normal distribution44

with zero mean vector and positive definite covariance matrix Γ01Γ
T
01. Write Γ01Γ

T
01 =45

Q01Λ01Q
T
01 where Q01 is an orthogonal matrix of eigenvectors, and Λ01 is a diagonal46

matrix consisting of p0r positive eigenvalues. Using this result, we obtain ‖b0i‖ = ‖b̌0i‖ =47

‖QT
01b̌0i‖. Then by the version of Chebychev’s inequality presented in Ferentinos (1982),48

we have49

P
(
‖QT

01b̌0i‖ ≥ log(m1)
{

tr(ΛT
01Λ01)

}1/2
)
≤ 1

log(m1)2
→ 0.

It follows that as m1 →∞, αmuT2i(ΓΓT )−b0i is bounded above by50
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αmK log(m1){tr(ΛT
01Λ01)} in probability. Thus we conclude that αmuT2i(ΓΓT )−b0i =51

Op{αm log(m1)} = op(1). Turning to the first term in U2, let τmax{(ΓΓT )−} denote the52

maximum eigenvalue of (ΓΓT )−, and note that it satisfies τmax{(ΓΓT )−} <∞ for allD =53

ΓΓT . It follows that α2
mu

T
2i(ΓΓT )−u2i ≤ α2

m‖u2i‖2τmax{(ΓΓT )−} ≤ α2
m‖u2i‖2 maxr

(∑
s

∣∣(ΓΓT )−rs
∣∣) =54

Op(α
2
m) = op(1) where (ΓΓT )−rs denotes element (r, s) of (ΓΓT )−. Combining the results55

above, we have U2 = op(1) and conclude that U2 is asymptotically dominated by U1.56

Turning to term T2, note that for any real number c, (b0il + αmc)
2 ≥ b2

0il − 2αm|c| ≥ 057

for all mi sufficiently large. Therefore,58

1

n
(‖b0•l + αmu2l‖ − ‖b0•l‖) ≥

1

n

{
n∑
i=1

(
b2

0il − 2αm|u2il|
)}1/2

− 1

n
‖b0•l‖

=
1

n
‖b0•l‖

{
(1− δ)1/2 − 1

}
,

where δ = 2αm
n∑
i=1

|u2il|
(

n∑
i=1

b2
0il

)−1
p−→ 0. We can then apply a Taylor expansion of59

(1 − δ)1/2 about δ = 0 to obtain (1 − δ)1/2 − 1 = −2−1δ + Op(δ
2). Following some60

simplification, we have that for all mi large enough,61

−T2 ≤
λ

n


p0f∑
k=2

vkαm|u1k|sgn(u1kβ0k) + αm

p0r∑
l=1

wl
n∑
i=1

|u2il|

‖b0•l‖


 .

For all k = 2, . . . , p0f and l = 1, . . . , p0r, it holds that vk = Op(1) and wl = Op(1) by the62

design of the adaptive lasso weights. Therefore, we obtain63

λαm
n

p0f∑
k=2

vk|u1k|sgn(u1kβ0k) ≤ Op

(
λαm
n

)
‖u1‖ ≤ Op

(
λαm
n

)
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and64

λαm
n

p0r∑
l=1

wl
n∑
i=1

|u2il|

‖b0•l‖

 ≤ Op

(
λαm
n1/2

)
.

By condition (C5a) then, −T2 ≤ Op

(
λαmn

−1/2
)

= op(Nm
−1
1 ). Hence for all mi and n65

large enough, T2 is also dominated by U1 in probability. It follows that for a large enough66

constant K2, we have P
(
sup‖u‖=n1/2K2

∆(u,Γ) < 0
)
→ 1. Since `p(Ψ, b) is strictly con-67

cave, replacing Γ with the estimator based on equation (2) in the main text, it follows that68

the regularized PQL estimator exists and falls within a m−1/2
1 -neighborhood of (β0, b0),69

and the result follows.70

It is interesting to note that the m1/2
1 -consistency holds irrespective of the value of Γ.71

This result ties in with previous work of Jiang et al. (2001), who showed that in certain large72

sample situations, the consistency of the fixed and random effect coefficients is unaffected73

by the variance components at which they are estimated.74

Finally, note the consistency result for b̂λi implies that75

(
n∑
i=1

‖b̂λi − b0i‖2

)1/2

= ‖b̂λ − b0‖ = Op

{(
n

m1

)1/2
}
,

a result that we shall make use of in the proof of selection consistency later on.76

2 Proof of selection consistency in Theorem 177

For a givenD, the regularized PQL estimator is given by78

(β̂λ, b̂λ) = arg max
β,b

`p(Ψ, b) = arg max
β,b

`PQL(Ψ, b)− λ
pf∑
k=1

vk|βk| − λ
pr∑
l=1

wl‖b•l‖.
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Let Ψ̂λ = (β̂Tλ , Γ̂
T
λ )T where D̂λ = Γ̂λΓ̂

T
λ is estimated using the iterative formula in (2) in79

the main text.80

We split the proof of selection consistency into separate arguments for the fixed and81

random effect coefficients. Given the regularized PQL estimators are m1/2
1 -consistent from82

Theorem 1, it suffices to show that for all truly zero coefficients, the sign of the score83

equation depends on the sign of the estimated coefficient with probability tending to one.84

Fixed effects: We have β̂λ−β0 = Op

(
m
−1/2
1

)
from Theorem 1. Suppose now that for85

some k = 2, . . . , pf with β0k = 0, we have β̂λk 6= 0. By a Taylor expansion of the score86

equation about (Ψ0, b0),87

∂`p(Ψ, b)

∂βk

∣∣∣∣∣
Ψ̂λ,b̂λ

=
∂`PQL(Ψ, b)

∂βk

∣∣∣∣∣
Ψ0,b0

+
∂2`PQL(Ψ, b)

∂βk∂Ψ

∣∣∣∣∣
Ψ̄,b̄

(
Ψ̂λ −Ψ0

)
+
∂2`PQL(Ψ, b)

∂βk∂b

∣∣∣∣∣
Ψ̄,b̄

(
b̂λ − b0

)
− λvksgn(β̂λk)

, T1 + T2 + T3 + T4,

where (Ψ̄T , b̄T )T lies on the line segment joining (Ψ̂T
λ , b̂

T
λ )T and (ΨT

0 , b
T
0 )T . Let Xik88

denote the kth column ofXi. Then from the proof of estimation consistency, we have89

T1 =
∂`PQL(Ψ, b)

∂βk

∣∣∣∣∣
Ψ0,b0

=
n∑
i=1

XT
ik{yi − µi(β0, b0i)} = Op(N

1/2).

Next, by conditions (C1)-(C2), we obtain90

− 1

n

∂2`PQL(Ψ, b)

∂βk∂βl

∣∣∣∣∣
Ψ̄,b̄

=
1

n

n∑
i=1

XT
ikWi(β̄, b̄)Xil = Op

(
N

n

)
; l = 1, . . . , pf .

Consider now the iterative update estimator of the random effect covariance matrix in91
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equation (2) of the main text, D̂(t)
λ = n−1

n∑
i=1

{(
ZT
i ŴλiZi + (D̂

(t−1)
λ )−

)−1

+ b̂λib̂
T
λi

}
.92

As every mi → ∞, ZT
i ŴλiZi asymptotically dominates (D̂

(t−1)
λ )−, and so by condi-93

tions (C1)-(C2) we have
(
ZT
i ŴλiZi + (D̂

(t−1)
λ )−

)−1

= Op(m
−1
1 ). Finally, since b̂λi is94

m
1/2
1 -consistent from the proof of Theorem 1 for all i = 1, . . . , n, then b̂λib̂Tλi asymptoti-95

cally dominates
(
ZT
i ŴλiZi + (D̂

(t−1)
λ )−

)−1

in probability, and we conclude that D̂(t)
λ is96

also a m1/2
1 -consistent estimator of the true covariance matrix. It follows that vec(Γ̂λ) −97

vec(Γ0) = Op(m
−1/2
1 ) holds, where D̂λ = Γ̂λΓ̂

T
λ .98

Since Ψ = (βT , vec(Γ)T )T , and ‖β̂λ − β0‖ = Op(m
−1/2
1 ) by Theorem 1, then ‖Ψ̂λ −99

Ψ0‖ = Op(m
−1/2
1 ). Hence by the Cauchy-Schwarz inequality, and noting that100

∂2`PQL(Ψ, b)
/
∂βk∂vec(Γ)r = 0 for all r = 1, . . . , dim{vec(Γ)}, we have101

|T2| ≤ n


pf∑
l=1

 1

n

∂2`PQL(Ψ, b)

∂βk∂βl

∣∣∣∣∣
Ψ̄,b̄

2

+

dim{vec(Γ)}∑
r=1

1

n

∂2`PQL(Ψ, b)

∂βk∂vec(Γ)r

∣∣∣∣∣
Ψ̄,b̄

2
1/2

‖Ψ̂λ −Ψ0‖

= Op

(
N

m
1/2
1

)
,

where vec(Γ)r is the rth element of vec(Γ). For T3, we have for all i = 1, . . . , n and102

l = 1, . . . , pr,103

− 1

mi

∂2`PQL(Ψ, b)

∂βk∂bil

∣∣∣∣∣
Ψ̄,b̄

=
1

mi

XT
ikWi(β̄, b̄)Zil = Op(1),

where Zil denotes the lth column of Zi. Using the previously obtained result that ‖b̂λ −104

b0‖ = Op(n
1/2m

−1/2
1 ), we have105

|T3| ≤


n∑
i=1

pr∑
l=1

mi ×
1

mi

∂2`PQL(Ψ, b)

∂βk∂bil

∣∣∣∣∣
Ψ̄,b̄

2
1/2

‖b̂λ − b0‖
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= Op


(

n∑
i=1

m2
i

)1/2
×Op

{(
n

m1

)1/2
}

= Op

(
N

m
1/2
1

)
,

where we have used the fact that N =
n∑
i=1

mi = Op(nmn). Combining the results obtained106

for terms T1 to T3 then, we obtain107

∂`p(Ψ, b)

∂βk

∣∣∣∣∣
Ψ̂λ,b̂λ

= Op

(
N

m
1/2
1

)
− λvksgn(β̂λk) = λvk

{
Op

(
N

λvkm
1/2
1

)
− sgn(β̂λk)

}
,

where λvk > 0. Since β0k = 0, then vk = |β̃k|−κ = Op(n
κ/2). Therefore, by condition108

(C5b), it follows that with probability tending to one, the sign of the score equation is109

completely determined by the sign of β̂λk, and we conclude that P (β̂λk = 0)→ 1 for all k110

with β0k = 0.111

Random effects: Suppose for some l = 1, . . . , pr with Γ0,lq = 0 for all q = 1, . . . , pr,112

we have b̂λil 6= 0. Note that Γ0,lq = 0 implies ‖b0•l‖ = 0. Similar to the proof for the fixed113

effects, consider a Taylor expansion of the regularized PQL score equation about (Ψ0, b0),114

∂`p(Ψ, b)

∂bil

∣∣∣∣∣
Ψ̂λ,b̂λ

=
∂`PQL(Ψ, b)

∂bil

∣∣∣∣∣
Ψ0,b0

+
∂2`PQL(Ψ, b)

∂bil∂Ψ

∣∣∣∣∣
Ψ̄,b̄

(
Ψ̂λ −Ψ0

)
+
∂2`PQL(Ψ, b)

∂bil∂b

∣∣∣∣∣
Ψ̄,b̄

(
b̂λ − b0

)
− λwl

b̂λil

‖b̂λ•l‖

, T1 + T2 + T3 + T4,

where (Ψ̄T , b̄T )T lies on the line segment joining (Ψ̂T
λ , b̂

T
λ )T and (ΨT

0 , b
T
0 )T . From the115

proof of estimation consistency, we have T1 = ZT
il {yi − µi(β0, b0i)} − (Γ0Γ

T
0 )−b0i =116
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Op(m
1/2
i ). For T2, we have by conditions (C1)-(C2),117

− 1

mi

∂2`PQL(Ψ, b)

∂bil∂βk

∣∣∣∣∣
Ψ̄,b̄

=
1

mi

ZT
ilWi(β̄, b̄)Xik = Op(1); k = 1, . . . , pf

− 1

mi

∂2`PQL(Ψ, b)

∂bil∂vec(Γ)

∣∣∣∣∣
Ψ̄,b̄

=
1

mi

∂[(ΓΓT )−bi]l
∂vec(Γ)

∣∣∣∣∣
Ψ̄,b̄

= Op(m
−1
i ),

where [(ΓΓT )−bi]l refers to the lth element of (ΓΓT )−bi. Hence by the Cauchy-Schwarz118

inequality,119

|T2| ≤


pf∑
k=1

mi ×
1

mi

∂2`PQL(Ψ, b)

∂bil∂βk

∣∣∣∣∣
Ψ̄,b̄

2

+

dim{vec(Γ)}∑
r=1

mi ×
1

mi

∂2`PQL(Ψ, b)

∂bil∂vec(Γ)r

∣∣∣∣∣
Ψ̄,b̄

2
1/2

× ‖Ψ̂λ −Ψ0‖

= Op

(
mn

m
1/2
1

)
.

Recall that mn is the cluster size with the largest rate of growth. For T3, we have120

− 1

mi

∂2`PQL(Ψ, b)

∂bil∂biq

∣∣∣∣∣
Ψ̄,b̄

=
1

mi

ZT
ilWi(β̄, b̄)Ziq + (Γ̄Γ̄T )−lq = Op(1); q = 1, . . . , pr

− 1

mi

∂2`PQL(Ψ, b)

∂bil∂bjq
= 0; j 6= i; q = 1, . . . , pr.

where (Γ̄Γ̄T )−lq denotes element (l, q) of (Γ̄Γ̄T )−. Along with ‖b̂λ−b0‖ = Op(n
1/2m

−1/2
1 ),121

the above results imply122

|T3| ≤


n∑
i=1

pr∑
q=1

mi ×
1

mi

∂2`PQL(Ψ, b)

∂bil∂biq

∣∣∣∣∣
Ψ̄,b̄

2
1/2

‖b̂λ − b0‖
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= Op


(

n∑
i=1

m2
i

)1/2
×Op

{(
n

m1

)1/2
}

= Op

(
N

m
1/2
1

)
.

Combining the results for T1 to T3, we obtain123

∂`p(Ψ, b)

∂bil

∣∣∣∣∣
Ψ̂λ,b̂λ

= Op

(
N

m
1/2
1

)
− λwlsgn(b̂λil)

|b̂λil|
‖b̂λ•l‖

= λwl

{
Op

(
N

λwlm
1/2
1

)
− sgn(b̂λil)

|b̂λil|
‖b̂λ•l‖

}
,

where λwl > 0. Note that |b̂λil|/‖b̂λ•l‖ ∈ (0, 1) for every n and λ. By the construction124

of the adaptive lasso weights, Γ0,lq = 0 implies that wl = D̃−κll = Op(n
κ/2). There-125

fore, by condition (C5b), with probability tending to one, the sign of the score equation126

is completely determined by the sign of b̂λil. We conclude that P (b̂λil = 0) → 1 for all127

i = 1, . . . , n and l such that ‖b0•l‖ = 0, and hence P (‖b̂λ•l‖ = 0)→ 1.128

3 Proof of Lemma 1129

We note that for any submodel α chosen by a tuning parameter λ, a similar argument to130

Theorem 1 can be used to show that the unregularized PQL estimates satisfy131

‖β̃α − β∗α‖ = Op(m
−1/2
1 )

‖b̃αi − b∗αi‖ = Op(m
−1/2
1 ) for all i = 1, . . . , n,

(3)

where (β∗α, b
∗
α) are the pseudo-true parameters for submodel α, defined as132

Ψ∗α = {β∗Tα , vech(D)∗Tα }T = arg minΨα E {−`(Ψα)}, where `(Ψα) is the marginal-133

11



likelihood for model α, and b∗α is a realization from the a multivariate normal distribution134

with mean vector zero and covarianceD∗α (see White, 1982, for more detail on the concept135

of pseudo-true parameters).136

The proof of (3) is straightforward: consider any submodel α that defines a subset of137

the fixed and random covariates. Suppose now that we treat this as the new full model,138

and perform regularized PQL estimation using another tuning parameter, say, λ2. Now, the139

unregularized PQL estimator of the model α corresponds to the case λ2 = 0. Since λ2 = 0140

satisfies condition (C5a), the first part of Theorem 1 can be applied to this submodel to141

obtain m1/2
1 -consistency for β̃α and the b̃αi’s to the pseudo-true parameters.142

It is important to recognize that the pseudo-true parameters are not necessarily equal143

to the true parameters. If the submodel α underfits, i.e. fails to contain at least one of the144

truly non-zero fixed and/or random effects, then the (β∗α, b
∗
α) will not correspond to (the145

elements of) the true parameter point. This is represented by condition (C6) in the main146

text. On the other hand, if the submodel α overfits, i.e. contains all the truly non-zero fixed147

and/or random effects as well as one or more truly zero effect, then β∗α will be a subvector148

of β0 and b∗αi will be a subvector of b0i.149

Note that for the tuning parameter λ0 satisfying conditions (C5), such that α = α0,150

we have β∗α0
= β01 and b∗α0i

= b01i for all i = 1, . . . , n, where b01i contains the first p0r151

elements of b0i.152

We treat separately the two cases of underfitted and overfitted models.153

Underfitted models: Here, we have α 6⊃ α0. Let D = N−1{`1(β̃α, b̃α)− `1(β̃α0 , b̃α0)},154

where `1(β, b) =
n∑
i=1

mi∑
j=1

log f(yij|β, bi). Then from the definition of ICproxy(α) in Sec-155

tion 4.1 of the main text,156

ICproxy(α)− ICproxy(α0) ≥ −2D − log(n)

N
dim(β̃α0)−

2

N
dim(b̃α0), (4)
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after dropping the non-negative terms. Since the second and third terms on the right157

hand side of (4) are of order op(1), we focus only on the first term. By definition of the158

unregularized PQL estimates, `PQL(Ψ̃α0 , b̃α0) ≥ `PQL(Ψ0, b0). Therefore, we can write159

−2D = − 2

N

{
`1(β̃α, b̃α)− `PQL(β̃α0 , b̃α0)−

1

2

n∑
i=1

b̃Tα0i
D̃−α0

b̃α0i

}

≥ − 2

N

{
`1(β̃α, b̃α)− `PQL(Ψ0, b0)− 1

2

n∑
i=1

b̃Tα0i
D̃−α0

b̃α0i

}

= − 2

N

{
`1(β̃α, b̃α)− `PQL(Ψ∗α, b

∗
α)
}

− 2

N

{
`PQL(Ψ∗α, b

∗
α)− `PQL(Ψ0, b0)− 1

2

n∑
i=1

b̃Tα0i
D̃−α0

b̃α0i

}

= − 2

N

{
`1(β̃α, b̃α)− `1(β∗α, b

∗
α)
}

− 2

N
{`PQL(Ψ∗α, b

∗
α)− `PQL(Ψ0, b0)}+Op

( n
N

)
, T1 + T2 + op(1)

where b0 = (bT01, . . . , b
T
0n)T and the order term Op (nN−1) in the second last line of160

the above comes from noting that
n∑
i=1

b̃Tα0i
D̃−α0

b̃α0i = Op(n). From Vonesh (1996), we161

have n−1`(Ψ0) = n−1`LA(Ψ0) + Op(m
−1
1 ) where `(Ψ) and `LA(Ψ) are the marginal log-162

likelihood and the Laplace approximated log-likelihood respectively. Furthermore from163

Section 7.3 of Demidenko (2013) for instance, we can show that n−1`LA(Ψ0) = n−1`PQL(Ψ0, b0)+164

op(1) asm1/n→ 0. Combining these two results, we obtain n−1 |`(Ψ0)− `PQL(Ψ0, b0)| p−→165

0. Since n−1`(Ψ0)
p−→ E{`o(Ψ0)} by the weak law of large numbers, then we have166

n−1`PQL(Ψ0, b0)
p−→ E{`o(Ψ0)}. In a similar manner, for any model α we can show that167

n−1`PQL(Ψ∗α, b
∗
α)

p−→ E{`o(Ψ∗α)}. We therefore have168

− 2

n
{`PQL(Ψ∗α, b

∗
α)− `PQL(Ψ0, b0)} p−→ 2E {`o(Ψ0)− `o(Ψ∗α)} ,
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and by condition (C6), the limit on the right hand side exceeds c2 > 0 for all underfitted169

models. It follows immediately that term T2 is asymptotically greater than zero, and it170

remains to prove that T1 is asymptotically negligible.171

Let v = (β̃Tα −β∗Tα , b̃Tα −b∗Tα )T . Applying a Taylor expansion to `1(β̃α, b̃α), we obtain172

− 2

N

{
`1(β̃α, b̃α)− `1(β∗α, b

∗
α)
}

= − 2

N
vT∇`1(β∗α, b

∗
α)

+ vT
{
− 1

N
∇2`1(β̄α, b̄α)

}
v, (5)

where (β̄Tα , b̄
T
α)T lies on the line segment joining (β̃Tα , b̃

T
α)T and (β∗Tα , b∗Tα )T . For the first173

term on the right hand side equation (5), we have174

∇`1(β∗α, b
∗
α) =

[
n∑
i=1

XT
i {yi − µi(β∗α, b∗αi)},ZT

1 {y1 − µ1(β∗α, b
∗
α1)}, . . . ,ZT

n {yn − µn(β∗α, b
∗
αn)}

]
.

Similar to equation (1) and the proof of estimation consistency in Theorem 1, we can show175

n∑
i=1

XT
i {yi − µi(β∗α, b∗αi)} = Op{N1/2} and ZT

i {yi − µi(β∗α, b∗αi)} = Op(m
1/2
i ) for all176

i = 1, . . . , n. Furthermore by the m1/2
1 -consistency of the unregularized PQL estimates for177

the pseudo-true parameters, as discussed at the beginning of this proof, we have ‖v‖ =178

Op(n
1/2m

−1/2
1 ). By the Cauchy-Schwarz inequality, we have179

∥∥∥∥ 1

N
vT∇`1(β∗α, b

∗
α)

∥∥∥∥ ≤ 1

N
‖v‖ ‖∇`1(β∗α, b

∗
α)‖ = Op(n

1/2N−1/2) = op(1).

Next, equation (2) describes the structure of ∇2`1(β̄α, b̄α). By applying conditions (C1)-180

(C2) and (C4), and the m1/2
1 -consistency of β̃α and b̃αi, we obtain the following results:181

N−1
n∑
i=1

XT
i Wi(β̄α, b̄αi)Xi = Op(1) and for all i = 1, . . . , n,182

1

N
ZT
i Wi(β̄α, b̄αi)Xi = Op

(mi

N

)
and

1

N
ZT
i Wi(β̄α, b̄αi)Zi = Op

(mi

N

)
.
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Using these results and doing straightforward matrix algebra with the orders of the various183

quantities, we can show that vT
{
−N−1∇2`1(β̄α, b̄α)

}
v = Op(m

−1
1 ) = op(1). Combining184

the above results, we have T1 = −2N−1
{
`1(β̃α, b̃α)− `1(β∗α, b

∗
α)
}

= op(1), and therefore185

−2N−1D > c2 + op(1). As this holds for all underfitted models, we conclude that the left186

hand side of (4) is guaranteed to be positive with probability tending to one.187

Overfitted models: Here, α ⊃ α0, i.e. α is a proper superset of α0. Let df = dim(β̃α)−188

dim(β̃α0) ≥ 0 and dr = dim(b̃αi) − dim(b̃α0i) ≥ 0 denote the number of overfitted fixed189

and random effects respectively. By the definition of overfitting, at least one of df and dr190

must be positive. From the definition of ICproxy(α), we have191

N {ICproxy(α)− ICproxy(α0)} = −2D + log(n)df + 2ndr, (6)

where D = `1(β̃α, b̃α) − `1(β̃α0 , b̃α0). Adding and subtracting `1(β01, b01), where we192

recall that β01 contains all the non-zero elements for β0, the vector b01i contains all the193

non-zero elements of b0i for i = 1, . . . , n, and b01 = (bT011, . . . , b
T
01n)T , we have194

|D| ≤
∣∣∣`1(β̃α, b̃α)− `1(β01, b01)

∣∣∣+
∣∣∣`1(β̃α0 , b̃α0)− `1(β01, b01)

∣∣∣
= |E1|+ |E2|.

For E1, let vβ = β̃α − β01, where the appropriate augmentation has been performed to195

ensure β01 is of the same dimension as the overfitted coefficients β̃α. Similarly, define196

vb as the difference between b̃α and b01. Letting H(β̄α, b̄α) = −N−1∇2`1(β̄α, b̄α), then197

applying a Taylor expansion to `1(β̃α, b̃α) we obtain198

E1 = (vTβ ,v
T
b )T∇`1(β01, b01)− N

2
(vTβ ,v

T
b )TH(β̄α, b̄α)(vTβ ,v

T
b ),
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where (β̄Tα , b̄
T
α)T lies on the line segment joining (β̃Tα , b̃

T
α)T and (βT01, b

T
01)T , with the199

appropriate augmentation performed implicitly. Now, note that for the overfitted model α,200

we can apply equation (3) to show that ‖(β̃Tα , b̃Tα)T − (βT0 , b
T
0 )T‖∞ ≤ ε for n and m1 large201

enough. Therefore, by condition (C3),H(β̄α, b̄α) is invertible and we can utilize the result202

−N
2

{
(vTβ ,v

T
b )−N−1H−1(β̄α, b̄α)∇`1(β01, b01)

}T
H(β̄α, b̄α)

×
{

(vTβ ,v
T
b )−N−1H−1(β̄α, b̄α)∇`1(β01, b01)

}
≤ 0,

to obtain203

E1 ≤
1

N
∇`1(β01, b01)TH−1(β̄α, b̄α)∇`1(β01, b01).

By condition (C3), H(β̄α, b̄α) has a minimum eigenvalue τmin that is bounded away204

from zero. Therefore we obtain E1 ≤ (Nτmin)−1 ‖∇`1(β01, b01)‖2, and from equation (1)205

in the proof of estimation of consistency in Theorem 1, we can subsequently show that206

|E1| ≤ Op(1). A similar development to be above can be constructed to show that |E2| ≤207

Op(1). It follows that |D| ≤ Op(1), and thus by applying this result to (6) we obtain208

N{ICproxy(α)− ICproxy(α0)} > −2× Op(1) + log(n)df + 2ndr. Since the right hand side209

of the inequality tends to infinity as n → ∞, it follows that for all overfitted models the210

difference {ICproxy(α) − ICproxy(α0)} is guaranteed to be positive with probability tending211

to one.212

Finally, combining the derivations for the cases of overfitting and underfitting leads to213

the result as announced.214
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Proof of Theorem 2215

We begin by proving the following statement linking the penalized PQL estimator to the216

unregularized PQL estimator:217

1

N
`PQL(Ψ̂λ0 , b̂λ0) =

1

N
`1(β̃α0 , b̃α0) + op (1) , (7)

where (Ψ̂T
λ0
, b̂Tλ0)

T are the regularized PQL estimates obtained at the tuning parameter λ0218

that selects the true model, (β̃Tα0
, b̃Tα0

)T are the unregularized PQL estimates obtained at the219

true model α0. To prove (7), write220

1

N
`PQL(Ψ̂λ0 , b̂λ0) =

1

N
`PQL(Ψ̂α0 , b̂α0) =

1

N
`1(β̂α0 , b̂α0)−

1

2N

n∑
i=1

b̂Tα0i
D̂−α0

b̂α0i,

where Ψ̂α0 consists of only the non-zero elements of Ψ̂λ0 and similarly for b̂α0 , remember-221

ing importantly that α0 corresponds to the true model. From the estimation consistency in222

Theorem 1, we have b̂Tα0i
D̂−α0

b̂α0i
p−→ bT01iD

−
01b01i and therefore (2N)−1

n∑
i=1

b̂Tα0i
D̂−α0

b̂α0i =223

Op(nN
−1) = op(1). For `1(β̂α0 , b̂α0), a Taylor expansion about the unregularized PQL224

estimator yields225

`1(β̂α0 , b̂α0) = `1(β̃α0 , b̃α0) +∇`1(β̃α0 , b̃α0)
T
(
β̂Tα0
− β̃Tα0

, b̂Tα0
− b̃Tα0

)
− N

2

(
β̂Tα0
− β̃Tα0

, b̂Tα0
− b̃Tα0

)T {
− 1

N
∇2`1(β̄α0 , b̄α0)

}(
β̂Tα0
− β̃Tα0

, b̂Tα0
− b̃Tα0

)
, T1 + T2 + T3, (8)

where (β̄Tα0
, b̄Tα0

)T lies on the line segment joining (β̂Tα0
, b̂Tα0

)T and (β̃Tα0
, b̃Tα0

)T . Next,226

we recognize that by Theorem 1, the regularized PQL estimator satisfies β̂α0 − β01 =227

Op(m
−1/2
1 ) and b̂α0i − b01i = Op(m

−1/2
1 ); i = 1, . . . , n. Moreover, by equation (3), we228
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know that m1/2
1 -consistency also holds for the unregularized PQL estimator (β̃Tα0

, b̃Tα0
)T .229

Combining these results, we obtain β̂α0 − β̃α0 = Op(m
−1/2
1 ) and, for all i = 1, . . . , n,230

b̂α0i − b̃α0i = Op(m
−1/2
1 ). Furthermore, since (β̄Tα0

, b̄Tα0
)T lies on the line segment joining231

(β̂Tα0
, b̂Tα0

)T and (β̃Tα0
, b̃Tα0

)T , then (β̄Tα0
, b̄Tα0

)T must lie within the m1/2
1 neighborhood of232

(βT01, b
T
01)T . Therefore, there exists an ε > 0 satisfying ‖(β̄Tα , b̄Tα)T − (βT0 , b

T
0 )T‖∞ ≤ ε for233

n and all mi large enough. Applying condition (C3), the Hessian matrix H(β̄α0 , b̄α0) =234

−N−1∇2`1(β̄α0 , b̄α0) is invertible so we can apply the inequality235

−N
2

{(
β̂Tα0
− β̃Tα0

, b̂Tα0
− b̃Tα0

)T
−N−1H−1(β̄α0 , b̄α0)∇`1(β̃α0 , b̃α0)

}T
H(β̄α0 , b̄α0)

×
{(
β̂Tα0
− β̃Tα0

, b̂Tα0
− b̃Tα0

)T
−N−1H−1(β̄α0 , b̄α0)∇`1(β̃α0 , b̃α0)

}
≤ 0,

to obtain236

T2 + T3 ≤
1

N
∇`1(β̃α0 , b̃α0)

TH−1(β̄α0 , b̄α0)∇`1(β̃α0 , b̃α0) ≤
1

Nτmin

‖∇`1(β̃α0 , b̃α0)‖2,

where τmin > 0 denotes the minimum eigenvalue of H(β̄α0 , b̄α0) by condition (C3) and is237

bounded away from zero.238

By definition of the unregularized PQL estimator, ∂`1(βα0 , bα0)/∂βα0

∣∣
β̃α0 ,b̃α0

= 0239

and ∂`1(βα0 , bα0)/∂bα0i

∣∣
β̃α0 ,b̃α0

= D̃−α0
b̃α0i for all i = 1, . . . .n. Furthermore, by the240

m
1/2
1 -consistency of (β̃Tα0

, b̃Tα0
)T as discussed earlier, we can show that D̃α0 is also a m1/2

1 -241

consistent estimator of the true random effects covariance matrix. and hence D̃−α0
b̃α0i =242

Op(1). We thus conclude T2 + T3 ≤ (Nτmin)−1‖∇`1(β̃α0 , b̃α0)‖2 = Op(nN
−1) = op(1),243

and equation (7) follows by applying this order result to (8).244

We now utilize (7) to prove the theorem. First, note that by definition of the unreg-245

ularized PQL estimator, −2`PQL(Ψ̂λ, b̂λ) ≥ −2`PQL(Ψ̃α, b̃α) ≥ −2`1(β̃α, b̃α), where the246

18



second inequality follows since b̃TαiD̃
−
α b̃αi ≥ 0. Combining this with equation (7), we247

obtain248

− 2

N
`PQL(Ψ̂λ, b̂λ) +

2

N
`PQL(Ψ̂λ0 , b̂λ0) ≥

− 2

N
`1(β̃α, b̃α) +

2

N
`1(β̃α0 , b̃α0) + op (1) ,

from which we obtain249

IC(λ)− IC(λ0) ≥ ICproxy(α)− ICproxy(α0) + op (1) .

From Lemma 1, the right hand side of the above is asymptotically greater than zero for all250

α 6= α0. It follows immediately that for any λ producing an overfitted or underfitted model,251

the difference IC(λ)− IC(λ0) is guaranteed to be asymptotically greater than zero.252

4 Additional Simulation Results253

Bernoulli Responses254

We considered two additional methods of forward selection using other information crite-255

ria, specifically with: 1) a BIC with model complexity penalty depending on cluster size256

only257

BIC1(α) = −2`(Ψ̃α) + log(n) dim(Ψ̃α),
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and 2) marginal corrected AIC (Vaida and Blanchard, 2005),258

AICc(α) = −2`(Ψ̃α) + 2 dim(Ψ̃α)
N

N − dim(Ψ̃α)− 1

Results show both these criteria performed worse than regularized PQL and the BIC(α) in259

Section 5.2 of the the main text.260

Table 1: Additional results from simulation Setting 2 for Bernoulli GLMMs. The methods
are: forward selection using BIC1(α) (FS-BIC1), and forward selection using marginal
corrected AIC, AICc(α), (FS-AICc). Performance was assessed in terms of the percentage
of datasets with correctly chosen overall models (%C), fixed effects (%CF), and random
effects (%CR). The mean computation time in seconds (standard deviation in parenthesis)
was also recorded.

(n,m) Method %C % CF % CR Comp. time

(50,10)
FS-BIC1 28 78 35 220(95)
FS-AICc 28 39 51 332(143)

(50,20)
FS-BIC1 69 76 92 1917(405)
FS-AICc 27 28 75 2260(429)

(100,10)
FS-BIC1 51 80 61 1993(440)
FS-AICc 22 28 68 2724(525)

(100,20)
FS-BIC1 82 82 100 6711(1076)
FS-AICc 32 35 78 7527(1279)

Poisson Response261

We simulated count datasets from a Poisson GLMM. We considered a model with pf =262

pr = 9 covariates including an intercept term, with xij and zij generated in the same263

manner as the Bernoulli GLMMs in Section 5.2 of the main text. The vector of true effects264

was also set to the same one used in the Bernoulli GLMMs simulation, while the true265
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random effect covariance matrix was a 9× 9 matrix with the top left 3× 3 submatrix set to266


1 0.6 0.6

0.6 1 0.4

0.6 0.4 1


and all remaining elements equal to zero. This setting presents a rather challenging selec-267

tion problem for Poisson GLMMs; the counts are heavily right skewed, with an average of268

40% of the entries in a simulated response matrix equal to zero.269

As in Section 5.2 of the main text, we compared regularized PQL with the following270

methods: 1) the M-ALASSO penalty of Bondell et al. (2010), with estimation performed271

using the Monte-Carlo EM algorithm and tuning parameter chosen using the BIC, 2) the272

adaptive lasso penalty of Ibrahim et al. (2011), with estimation performed using the Monte-273

Carlo EM algorithm and tuning parameters chosen using ICQ, 3) glmmlasso assuming274

the true random effects structure us known, 4) two-stage, forward selection approaches275

using BIC(α) = −2`(Ψ̃α) + log(N) dim(Ψ̃α) for submodel α, as well as BIC1(α) and276

marginal corrected AIC, denoted as AICc(α), shown in the “Bernoulli Responses” section277

above.278

When implementing the glmmLassomethod for this setting, we limited the maximum279

number of iterations for each fit to 200 (as opposed to the default setting of 1000 iterations280

that we used in Bernoulli responses in Section 5.2 of the main text) for computational281

reasons. For instance, at (n,m) = (50, 20), glmmLasso took in excess of one hour to fit282

the full regularization path for λ, while regularized PQL fitted a path with the same number283

of λ values to perform joint selection in approximately three minutes.284

Regularized PQL performed well in selecting the random effects, but was poorer in285

selecting the fixed effects particularly at n = 50 (Table 2). This contrasted to Setting 2286
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with binary responses, where regularized PQL performed better at selecting the fixed than287

the random effects. Forward selection using both versions of BIC performed best overall,288

although its computation time scaled poorly with increasing n and m. Regularized PQL289

outperformed the all three penalized likelihood methods i.e., M-ALASSO, the penalty of290

Ibrahim et al. (2011) and glmmLasso, while also taking substantially less time than all291

other methods for joint selection. It is also interesting to note though that the penalty of292

Ibrahim et al. (2011) took considerably less time to perform joint selection than it did in293

the Bernoulli response setting.294

In contrast to the Bernoulli response case, the penalty of Ibrahim et al. (2011) performed295

reasonably in this setting, even though further investigation showed that ICQ continued to296

behave rather erratically, with the loss function component of the criterion varying non-297

monotonically with model complexity. We hypothesize that one reason why ICQ may298

have performed reasonably here is because of Poisson responses contain substantially more299

information than Bernoulli responses (noting that ICQ also performed reasonably well for300

the Gaussian responses simulations in Ibrahim et al., 2011). Finally, similar to the Bernoulli301

response setting in the main text, we see that the hybrid estimator produces considerably302

less biased but more variable estimates than the regularized PQL estimates, although the303

ratios here are much less extreme (far away from 1) than in the Bernoulli setting.304
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Table 2: Results from simulation Setting 3 for Poisson GLMMs. The methods are: reg-
ularized PQL (rPQL), M-ALASSO (Bondell et al., 2010), I-ALASSO (Ibrahim et al.,
2011), glmmLasso (Groll and Tutz, 2014), and forward selection using BIC(α) (FS-BIC),
BIC1(α) (FS-BIC1) and marginal corrected AIC, AICc(α), (FS-AICc). Performance was
assessed in terms of the percentage of datasets with correctly chosen overall models (%C),
fixed effects (%CF), and random effects (%CR), as well as the mean ratio in predicted log-
likelihood (standard deviation in parenthesis), the ratios of mean absolute bias (Bias) and
total variance (Var) of the estimates, mean squared prediction error (PSE), and predicted
log-likelihood (PL). Finally, the mean computation time for each method was also recorded,
with standard deviations in parentheses. glmmLasso was implemented assuming the true
random effects component was known.

(n,m) Method %C % CF % CR Comp. time Bias/Var/PSE/PL

(50, 10)

rPQL 55 55 100 184(34) 0.75/1.36/0.86/0.57
M-ALASSO 14 61 16 ≈ 204 -
I-ALASSO 24 42 57 2737(401) -
glmmLasso - 12 - 1625(71) -

FS-BIC 91 91 100 273(62) -
FS-BIC1 74 74 100 277(63) -
FS-AICc 39 40 85 191(61) -

(50, 20)

rPQL 63 65 99 283(59) 0.87/1.09/0.89/0.75
M-ALASSO 47 72 65 ≈ 304 -
I-ALASSO 38 51 81 2751(524) -
glmmLasso - 47 - 2273(208) -

FS-BIC 94 94 100 1164(263) -
FS-BIC1 82 82 100 1190(270) -
FS-AICc 38 41 72 1126(227) -

(100, 10)

rPQL 69 69 100 378(51) 0.73/1.30/0.95/0.60
M-ALASSO 26 71 30 ≈ 404 -
I-ALASSO 46 57 75 4577(622) -
glmmLasso - 44 - 5461(313) -

FS-BIC 95 95 100 1442(331) -
FS-BIC1 88 88 100 1453(329) -
FS-AICc 46 46 78 1663(349) -

(100, 20)

rPQL 86 86 100 554(67) 0.81/1.05/0.96/0.80
M-ALASSO 70 72 94 ≈ 504 -
I-ALASSO 56 70 83 4626(677) -
glmmLasso - 74 - 8328(544) -

FS-BIC 94 94 100 2962(441) -
FS-BIC1 89 89 100 2999(450) -
FS-AICc 44 45 80 3369(626) -
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Binomial Responses with m growing with n305

We simulated Bernoulli datasets in the same manner as in Section 5.2 of the main text, ex-306

cept that m = d6n1/2e where d·e denotes the ceiling function. In other words, the response307

matrices were relatively wide. Compared to the case where m was small relative to n (see308

Table 2), regularized PQL performed very well in in selecting both the fixed and random309

effects (Table 3). Furthermore, the mean ratio of predicted log-likelihoods was very close310

to one, indicating that there was little difference between the hybrid and regularized PQL311

estimates. This is compatible with the estimation consistency as provided in Theorem 1.312

Finally, the difference in computation times between the two methods was significantly313

greater than in Section 5.2.314

Table 3: Results from simulation with Bernoulli GLMMs with wide response matrices.
Performance was assessed in terms of the percentage of datasets with correctly chosen
overall models (%C), fixed effects (%CF), and random effects (%CR), as well as the mean
ratio in predicted log-likelihood (standard deviation in parenthesis). The mean computation
time in seconds (standard deviation in parenthesis) was also recorded.

n m %C % CF % CR Comp. time Ratio

50 43 93 96 98 593(50) 0.985(0.019)
100 60 99 99 100 1081(85) 0.998(0.009)

We also performed a simulation with Poisson GLMMs using the same setup presented315

in the Poisson GLMMs simulation setting but also with m = d6n1/2e, i.e., wide response316

matrices. The overall results were very similar to those seen above for Bernoulli GLMM,317

and may be obtained upon request from the corresponding author.318
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