. Supplementary Material to Hui et al., Joint Selection in
. Mixed Models using Regularized PQL

s 1 Proof of the estimation consistency in Theorem 1

4 To begin, we note that as discussed in the main text, conditions (C1)-(C4) and the inde-
s pendence of the clusters are sufficient to ensure the existence and n'/?-consistency of the
s maximum likelihood estimators, - v, = Op(n_l/ 2); see see also Lemmas 1 and 2 in

7 Nie (2007).

8 For clarity in the development below, we shall explicitly write the regularized PQL as a
o function of 8, T", and b, such that /,(3, T, b) = lpqL(3,T",b) — A gfj V| Bkl — A i wy||ber]|-
o Let o, = ml_l/z, where we recall that m; = O(m;) for i’k:; 2,... ,n,l:alnd by =
1 (bdy,...,bf,)". Defineavectoru = (uf,uj)” whereuy = (uy, ..., up, ), us = (ug;, ..., u3,)",

12 U is Of length p,, and ||u||~ is bounded above by a large constant. Then consider the dif-

13 ference

1
A(u,T) = o {€,(Bo + amui, T, by + anus) — (B0, T, bg) }

1
< - {lpoL(Bo + amur, T, by + ) — Cpor(Bo, T, bo) }

1 bof Por
- {)\ka (18ok + mtiak] = [Bokl) + A D wr ([[boar + mtarl| — [|boal]])

k=2 =1

é1—71 _T27

1+ where the inequality in the second line follows since in the penalties, we sum only to pos

15 and po, for the fixed and random effects respectively. From equation (1) in the main text,



16

20

21

22

23

24

term 7} may be decomposed as

1 n  m;
T = - {Z Z log f(yij‘ﬂo + apuy, by + apug;) — log f(yij|/807 bm)}

i=1 j=1

1 n
~ o Z {(bo; + amua)" (TTT) ™ (bo; + amn;) — bl (TTT) by }
i=1

2 U, — Us.

We seek to prove that, for any I' and all m; — oo and n — oo, U; is negative and dominates

terms 75 and Us. First, let (1(3,b) = > Z log f(vi;|3, b;). Then by a Taylor expansion,
i=1j=1

we have for U,

2
U1 = CYm'LLT {lv&(ﬁo, bo)} — a—muT {—lv2€1(,8, b)} u
n 2 n

2V + Vs,

where (8%, b7)T lies on the line segment joining (3L, b1)T and (B +a,,ul, bl +a,,ul)T.

Writing (3, b;) = {a'(ni1), ..., d' (nin)}T, we have

V(B bo) = | X {yi — (B0, b0)}, Z1 {yr — 11(Bo, bor)} - - Z {yn — (B0, bon) }

=1

ey

Let E,(-) and Var,(-) denote the expectation and variance operators with respect to y,
respectively. Then for all 7 = 1,...,n, we have by the conditional independence of y;;

given b()i ,

Ey, b, [ X7 {yi — 1:(Bo, boi) | = X Es, [Ey,p, {¥: — 1:(80. boi)}] =0,



Vary, o, [ X {y; — pi(Bo, boi)}| = X Es, [Vary, s, {y: — p1:(Bo, boi) }] X

= X/ By, {W;(Bo, boi) } X,

s where W;(Bo, by;) is a m; x m,; diagonal matrix with entries a”(no;;)/¢o, and no;; =

2 .’133;,60 + ngm. Under Conditions (C1)-(C2) and (C4), applying Markov’s inequality, it

27 is straightforward to show that > X7 {y; — u;(Bo, boi)} = O,(NY/?),s0n 1> X T [y; —
i=1 i=1

s pi(Bo, boi)] = O,(NY2n~1). A similar development can be used to show that ZT {y; —
2o pi(Bo, bo;)} = O,(m)’?), and hence n=* ZX {y; — p:(Bo. boi)} = O,(m.}*n="). Combin-
s ing these results and using the Cauchy-Schwarz inequality, we have |V} | = ‘amuT {n=1V1(Bo, bo)}{ <
st ap||ul| X |[n7IVE(Bo, bo)|| = O,({N/(nmy)}1/?), where we have the used the fact that

2 N =Y m; = O(nm,). Turning to V5, we see that
;=1

7

=1
~ 192,88 = SZIW(B.b) Xy S ZTWL(B,b1) 2 0
n 2 Wi(B.0n) X 0 LZIW,(B.6,)7,
(2)

x By condition (C1), a2 u” {—n"'V?(1(B,b) } u > o2 co¢, 'u” Mu where

LS XTX, ixTz, ... 1x7gz,
=1

v | REX iz z) 0
177X, 0 1777,
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Next, by conditions (C2) and (C4), we have the following order results forall: = 1, ... n:

n'ZI'X, = Op(min™),n'ZI'Z; = Op(mn~"),and n™' 3> X' X; = O,(Nn™h). It
=1

1=

follows that

2
C(mT

1y == atco o N N
—_-m = <m0 < — - _ R I
Vs 5 u { nV él(ﬁ,b)}u_ 5 %u Mu < —-1x0, v 1x 0, o~

Hence for n large enough, term V5 asymptotically dominates V; and hence U; = V; + V5
is negative.
It remains to show that U; and 75 are of a smaller order than U; in probability. For Us,

we have
1 n
U = G 2 {0 (TE) o 20,5 (P s}

Focusing on the second term in Us, let h; = ul,(FTT)~. Then by the Cauchy-Schwarz
inequality, w2, (TTT)~by; < [|h;]| x ||boi|| < C||by;]| for some sufficiently large constant C'.
Since by;; = 0 forl = py,-+1, ..., p,, we need only consider the subvector 1301- consisting of
the first po, elements of by;. Moreover, 501- i1s drawn from a multivariate normal distribution
with zero mean vector and positive definite covariance matrix I'o;T'¢;. Write T'p, T, =
Q01A01le where QQo; is an orthogonal matrix of eigenvectors, and Ay, is a diagonal
matrix consisting of py, positive eigenvalues. Using this result, we obtain ||by; || = ||bo;|| =
|Q%,bo;||. Then by the version of Chebychev’s inequality presented in Ferentinos (1982),

we have

1

TE | > T 172 < .
P <||Q01b0z|| > log(mi) {tr(Ag Aar) § > ~ log(my)? -0

It follows that as m; — 00, a,,ut,(TTT)~ by, is bounded above by
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am K log(my){tr(Al;A¢)} in probability. Thus we conclude that o, ul,(TTT)"b,; =
Op{amlog(my)} = 0,(1). Turning to the first term in Uy, let Tyax{(FTT)~} denote the
maximum eigenvalue of (I'T7)~, and note that it satisfies Tyax{ (TT7) ™} < oo forall D =
LTT. It follows that a2 ul (TTT) ~uy; < o2, ||t ||*Tmax { (TTT) 7} < a2 ||uy||? max, <Z |(PTT),, > =
O,(a2)) = 0,(1) where (I'T7),, denotes element (r, s) of (I'T”)~. Combining the resultss
above, we have U, = 0,(1) and conclude that U, is asymptotically dominated by U;.

Turning to term 75, note that for any real number ¢, (bo; + mc)? > b2, — 2am|c] >0

for all m; sufficiently large. Therefore,

n

1/2
1 1 1
bo m - bo > — b2' -2 m % - bo
([1bost + cvmuz|| — [|bost||) = n{Z( 0ir — 20 |U211)} —[1Bou|

n -
=1

= ~fooul {(1 =82 =1},

n n -1

where 0 = 2, > |ugy] (Z bgil) s 0. We can then apply a Taylor expansion of
i=1 i=1

(1 — 6)/% about § = 0 to obtain (1 — §)V/2 — 1 = —271§ + O,(6?). Following some

simplification, we have that for all m; large enough,

n
A Pof Por w Z |U2il|
2
=15 < — g VOt [t | g0 (w1k Bok ) + v, g Zb—
no= —1 [Boe |

Forallk =2,...,posand | = 1,...,py,, it holds that v;, = O,(1) and w; = O,(1) by the

design of the adaptive lasso weights. Therefore, we obtain

Pof

/\O{m )\O-/m /\am
— ZUHUM\SgD(Ulkﬁok) <0, <—> wi]] <O, ( )
n n n

k=2
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6

and

a, pi wy ’L:ZI ‘u2il’ _ O AO{m
|| boer]| - P\ nl2 )’

By condition (C5a) then, =75 < O, (Aa,,,n~"/?) = 0,(Nm"). Hence for all m; and n
large enough, 75 is also dominated by U; in probability. It follows that for a large enough
constant K5, we have P (SupHuH:nl/2K2 A(u,T') < 0) — 1. Since £,(¥, b) is strictly con-
cave, replacing I' with the estimator based on equation (2) in the main text, it follows that
the regularized PQL estimator exists and falls within a ml_l/ 2—neighborh00d of (B, bo),
and the result follows.

1/2

It is interesting to note that the m,’“-consistency holds irrespective of the value of I'.

This result ties in with previous work of Jiang et al. (2001), who showed that in certain large
sample situations, the consistency of the fixed and random effect coefficients is unaffected
by the variance components at which they are estimated.

Finally, note the consistency result for IA),\i implies that

n 1/2 , 12
(Z HbAi_bOiH2> = ||by — by| :Op{() }7
i=1 mq

a result that we shall make use of in the proof of selection consistency later on. 0

2 Proof of selection consistency in Theorem 1

For a given D, the regularized PQL estimator is given by

Dr
(Bx, b)) = argmax€ (W, b) = argmaxﬁpQL (U, b) — Akalﬁk )\Zleb.lH.



7w Let Wy = (BT, I'7)T where D, = I',I' is estimated using the iterative formula in (2) in
so the main text.
81 We split the proof of selection consistency into separate arguments for the fixed and

s2 random effect coefficients. Given the regularized PQL estimators are m}/ 2

-consistent from
ss Theorem 1, it suffices to show that for all truly zero coefficients, the sign of the score
s« equation depends on the sign of the estimated coefficient with probability tending to one.

85 Fixed effects: We have 8, — 3, = O, (mfl/ 2) from Theorem 1. Suppose now that for

ss some k = 2,...,ps with By, = 0, we have Bk # 0. By a Taylor expansion of the score

g7 equation about (W, by),

aép(‘ll7 b) _ agPQL(‘I}, b) 82€pQL(‘I/, b) (lil)\ B \IJO>
B g & N L
32€pQL(\If, b) . .
053,.0b o (bA - b0> — Avpsgn(fBa)

AT+ T+ T+ Ty,

s where (U7 b7)7 lies on the line segment joining (¥7,b7)T and (¥ b1)T. Let X,

o denote the k™ column of X;. Then from the proof of estimation consistency, we have

oo

OlpoL (P, b)

T p—
' 9Bx

_ZX {y: — (8o, boi)} = O,(N'/?).

Wo,bo =1

o0 Next, by conditions (C1)-(C2), we obtain

10t (W, b)
n 0808

1 — - N
:EZXZ@VVZ-(B,b)Xﬂ:Op(E); l=1,...,ps
=1

b

ot Consider now the iterative update estimator of the random effect covariance matrix in
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o . -1 A A
equation (2) of the main text, D{” = n! Z {(ZiTWMZi + (Dgtil))‘> - befi}.
As every m; — oo, Z! Wy Z; asymptotlcally dominates (ﬁgt_l))*, and so by condi-

-1 R
tions (C1)-(C2) we have (Z Wi Z; + (D(t 1)) ) = O,(m;"). Finally, since by; is

m}/ *_consistent from the proof of Theorem 1 for all 7 = 1,...,n, then I;Aii& asymptoti-

-1

cally dominates (Z Wy Z; + (D)~ > in probability, and we conclude that D" is

1/2
also a ml/

~consistent estimator of the true covariance matrix. It follows that vec(I'y) —
vee(Ty) = O,(m; /*) holds, where Dy = I',I'Z.

Since ¥ = (87, vec(T)™)T, and |8 — Bo| = O,(m; '/?) by Theorem 1, then || ¥, —
|| = Op(ml_l/ ?). Hence by the Cauchy-Schwarz inequality, and noting that

O lpqr (¥, b) /0B 0vec(T), = 0 forall r = 1, ..., dim{vec(I')}, we have

2 2y 1/2
Df dim{vec(I")}
1 0%pqL (P, b) 1 0*lpqL (P, b) -
15l <n o + A AT W — o
12:1: n 8ﬁkaﬁl &5 —1 n@ﬁ;ﬁvec( )r &5
N
my
where vec(T'), is the r'" element of vec(T"). For T3, we have for all i = 1,...,n and
l=1,...,pp,

1 9%lequ(®,b)
m; a@kabu

1 _

¥.b

where Z;; denotes the I™ column of Z;. Using the previously obtained result that ||by —

bol| = ( Y2m my /),Wehave
2 1/2
n  pr
1 0%lp (P, b) A
Ts < x L 7 ra(®,0) -
| 3| N zzl:lzl: e m; 5’5;4%11 o H A OH
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116

where we have used the fact that N = > m; = O,(nm,,). Combining the results obtained
i=1

for terms 77 to T3 then, we obtain

N A N .
= Op (—1/2) — )\vksgn(ﬁAk) = )\Uk {Op (—1/2> — sgn(ﬂAk)} ,
@b m, Avpmy
PRIN

where Av, > 0. Since Sy, = 0, then v, = |B~;€|f’$ = O,(n"/?). Therefore, by condition

9L, (¥, b)
9P

(C5b), it follows that with probability tending to one, the sign of the score equation is
completely determined by the sign of B \k» and we conclude that P(B,\k =0) — 1forall k
with So, = 0.

Random effects: Suppose for some [ = 1,...,p, withI'y;, = Oforallqg = 1,...,p,,

we have by # 0. Note that 'y ;, = 0 implies ||bge;|| = 0. Similar to the proof for the fixed

effects, consider a Taylor expansion of the regularized PQL score equation about (¥, by),

d0,(W, b)
db

Oty (¥,b)
Oby

a261:’QL(‘II7 b)
0b;; 0w

(\IJA . \IIO>
W,by Wo,bo

82€pQL(\II, b)
0b;;0b

¥.b

ST+ Ty + T+ Ty,

where (7, b7)7 lies on the line segment joining (¥7,b7)” and (¥7,b1)T. From the

proof of estimation consistency, we have 71 = Z1{y;, — p:(Bo,bo;)} — (DoT') by =



17 Op(mi / 2). For T, we have by conditions (C1)-(C2),

1 Plpqu(¥,b) l i3

A A Nt s = —Z:W,(3,b)X;, =0,1); k=1,...,
mi ab@laﬁk o mz’ il (/6 ) k p( ) pf

T.b

1 0% v. b 1 O[(TTT) b,

1 Plpu(®,b)] 1 O[(ITT) by, _0,(m),
m; ObyOvec(T) s ovec(T") ok

where [(TT7)~b,); refers to the [ element of (I'T7)~b,;. Hence by the Cauchy-Schwarz

118

119 inequality,

2y 1/2
s dim{vec(I")}
1 92lpor (W, b) 1 0lpoL (W, b)
T,| < m X ———t X o vec(T.
T5| < ; m;  Obu0Bs o ; m; Ob;Ovec(T), $i
x [y — @y

120 Recall that m,, is the cluster size with the largest rate of growth. For T3, we have

1 0%0pq (W, b) | .
b ek S :—Z‘/‘/,L 7bZZ NN _:O 17 :1,..-,7-
m;  0byObig . i il (8,6)Zig +( )lq »(1); g 2
L 0?lpq (P, b)

my; abilﬁqu

=0, j#4q=1,...,p

21 where (TT"),_ denotes element (1, q) of (TT”)~. Along with 1bs —bo|| = O, (nY/2m; /%),

122 the above results imply

28 1/2
n Pr
1 Loy (U, b) )
Ty| < ox — L, 0) by— b
T < 30N (o T | b=t
i=1 g=1 v b

10
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n 1/2 0\ M2
o, (ng) xop{(m_l) }
i=1
N
o)
my

Combining the results for 77 to 75, we obtain

N - by
= Op (W) — )\wlsgn(b)\il)‘/\—l‘
@y by my [[Dxet]

N A |6Ail|
= w0, | ———= | —sgn(byy)— )
{ g (Awlm%) || D]

where A\w; > 0. Note that |by;|/||bae| € (0,1) for every n and A. By the construction

0l,(P,b)
by

of the adaptive lasso weights, T'y;, = 0 implies that w; = D;" = O,(n"/?). There-
fore, by condition (C5b), with probability tending to one, the sign of the score equation
is completely determined by the sign of byi. We conclude that P(ZBM = 0) — 1 for all

i=1,...,nand [ such that ||bys|| = 0, and hence P(||bya|| = 0) — 1. O

3 Proof of Lemma 1

We note that for any submodel o chosen by a tuning parameter A, a similar argument to

Theorem 1 can be used to show that the unregularized PQL estimates satisfy

180 — BLll = Op(my*?)

[Ba; — b7, ]| = Op(my %) forall i=1,....n,

3)

where (3%, b)) are the pseudo-true parameters for submodel «, defined as

U = {37 vech(D):T}T = argming, F{—¢(¥,)}, where {/(¥,) is the marginal-

[0 o )

11
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likelihood for model «, and b}, is a realization from the a multivariate normal distribution
with mean vector zero and covariance D}, (see White, 1982, for more detail on the concept
of pseudo-true parameters).

The proof of (3) is straightforward: consider any submodel « that defines a subset of
the fixed and random covariates. Suppose now that we treat this as the new full model,
and perform regularized PQL estimation using another tuning parameter, say, Ao. Now, the
unregularized PQL estimator of the model « corresponds to the case A\, = 0. Since \y = 0
satisfies condition (C5a), the first part of Theorem 1 can be applied to this submodel to

obtain m}/

2—consistency for Ba and the b,;’s to the pseudo-true parameters.

It is important to recognize that the pseudo-true parameters are not necessarily equal
to the true parameters. If the submodel o underfits, i.e. fails to contain at least one of the
truly non-zero fixed and/or random effects, then the (37, b?,) will not correspond to (the
elements of) the true parameter point. This is represented by condition (C6) in the main
text. On the other hand, if the submodel « overfits, i.e. contains all the truly non-zero fixed
and/or random effects as well as one or more truly zero effect, then 3 will be a subvector
of By and b}, will be a subvector of by,.

Note that for the tuning parameter )\, satisfying conditions (C5), such that &« = «p,
we have 3}, = Bo and b, ; = bgy; for all i = 1,...,n, where by; contains the first py,
elements of by;.

We treat separately the two cases of underfitted and overfitted models.

Underfitted models: Here, we have o 7 ag. Let D = N~ {(1(Ba, ba) — (1(Bag, bag) }»

where /1(3,b) = > Z log f(yij|3, b;). Then from the definition of IC,;.y () in Sec-
i=1j=1
tion 4.1 of the main text,

1
ICproy (€0) — ICpmony (Ct0) > —2D — O%é")

dim(B,,) — ]zv dim(by, ), )

12



157 after dropping the non-negative terms. Since the second and third terms on the right
155 hand side of (4) are of order o,(1), we focus only on the first term. By definition of the

159 unregularized PQL estimates, EPQL(@%, Bao) > lpoL(Wo, by). Therefore, we can write

1 ~

2 - ~ ~
Z - {€1</Ba7 b ) ‘ePQL<\1107 bO Y Zbaoz ag baoi}

N
=1
2 a1 *
=~ {4(Buba) — toor (w5, 8 }
2 ..
-~ {EPQL(\IImba) lrqr(Wo, bo) — 5 Zbagz a0 baoi}
2 2 L * ok
= ——{a(8u.ba) - 68,82 }
2 n
= o Uea (¥4 b5) = leaL(Po. bo) } + O (N)
2T+ Ty +0,(1)
wo where by = (b},...,bl,)" and the order term O, (nN~!') in the second last line of

161 the above comes from noting that ) b’ D baoz = O,(n). From Vonesh (1996), we

apt
i=1

162 have n (W) = n~ A (Py) + O,(m; ') where £(¥) and {4 (P) are the marginal log-
s likelihood and the Laplace approximated log-likelihood respectively. Furthermore from
16« Section 7.3 of Demidenko (2013) for instance, we can show that n= 10 5 (¥q) = n~ " lpq (Py, by)+
165 0,(1)asmy/n — 0. Combining these two results, we obtain 7~ [¢(¥¢) — fpor (¥, by)| 2
s 0. Since n~'0(®y) & E{(,(¥;)} by the weak law of large numbers, then we have

17 1 YUpoL(Wo, by) 2 E{l,(¥,)}. In a similar manner, for any model o we can show that

165 1 UpoL (WX, b)) 2 E{(,(¥*)}. We therefore have

) o

_%wmd@*bﬂ loor(Wo, bo)} L5 2B {0,(Wy) — £,(T5)},

13



1o and by condition (C6), the limit on the right hand side exceeds co > 0 for all underfitted
170 models. It follows immediately that term 75 is asymptotically greater than zero, and it
171 remains to prove that 7} is asymptotically negligible.

172 Letv = (87 — 3T, b7 — b*T)T. Applying a Taylor expansion to /1 (3., b, ), we obtain

a )T

2 . 2
—{6(Buba) = 01(82,BL) } = 0" V(BB
1 o
+UT {__vzfl(/ﬂaaba)}va (5)
N
i7s where (82, b7)7 lies on the line segment joining (8%, b)7 and (327, 7). For the first

172 term on the right hand side equation (5), we have

V{1(Bs, b;) [ZXT{yZ (85, 020} Z1 {yn — m(Be. 03} - Zy {yn — wa(B5, B5,))

175 Similar to equation (1) and the proof of estimation consistency in Theorem 1, we can show

176 iXZT{yZ Nz(ﬁm a7,>} - O {Nl/Q} and ZT{y’L l’l’l(lgou on)} - O ( ) for all
i=1

177 1 = 1,...,n. Furthermore by the ml/

-consistency of the unregularized PQL estimates for
178 the pseudo-true parameters, as discussed at the beginning of this proof, we have ||v|| =

179 Op(nt/ 2m; */%). By the Cauchy-Schwarz inequality, we have

| " e8| < 5 ol VA5 8201 = 0,002 2) = 0, )

1w Next, equation (2) describes the structure of V2¢;(3,, b,). By applying conditions (C1)-

1

o]

1 (C2) and (C4), and the m}/ 2—consis‘tency of Ba and Eai» we obtain the following results:

e N1 XTW;(Ba, bai) X; = Op(1) and foralli = 1,....n

i=1

%ZiTWi(Ba, b)) X; = O, (%) and %wai(ﬁa, boi)Z: = O, (%) .

14
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Using these results and doing straightforward matrix algebra with the orders of the various
quantities, we can show that v” { — N ~'V2(,(3,,b,) } v = O,(m;"') = 0,(1). Combining
the above results, we have T} = —2N ! {El (Ba,ba) — 01(B%, b;)} = 0,(1), and therefore
—2N7'D > ¢34 0,(1). As this holds for all underfitted models, we conclude that the left

hand side of (4) is guaranteed to be positive with probability tending to one.

Overfitted models: Here, o D v, i.e. avis a proper superset of . Let dy = dim(,éa) —

dim(B,,) > 0 and d, = dim(b,;) — dim(b,,;) > 0 denote the number of overfitted fixed
and random effects respectively. By the definition of overfitting, at least one of d; and d,

must be positive. From the definition of ICoxy (v), we have
N {ICmey(Oé) - ICproxy(a0>} =—-2D+ 10g(n)df + 2nd,, (6)

where D = ¢1(84,bs) — 1(Bay, ba,). Adding and subtracting ¢1(Bo1, bo1 ), where we
recall that 3y; contains all the non-zero elements for 3, the vector by;; contains all the

- _ (T T \T
non-zero elements of by; fori = 1,...,n, and by; = (byyy, - .., byy,)" , we have

D] < |61(Basba) = €1(Bor, bon)| + [€4(Bas, Bas) — £1(Bor, bon)

= |Ey| + |Es.

For E1, let vg = Ba — Bo1, where the appropriate augmentation has been performed to
ensure (g, is of the same dimension as the overfitted coefficients ﬁa. Similarly, define
vy, as the difference between b, and by;. Letting H (3,,b,) = —N~'V2(,(3.,b,), then

applying a Taylor expansion to ¢;(83,, b, ) we obtain

N o
El - (’Ugv vg)Tvgl(ﬁ()la bOl) - 5(’057 vl?)TH(ﬁom ba)('U§7 vl?)a

15
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a) o

)T lies on the line segment joining (37, b%)7 and (8L, bT,)”, with the

a) o

where (
appropriate augmentation performed implicitly. Now, note that for the overfitted model «,
we can apply equation (3) to show that ||(37, b2)” — (8T, b1)7||o < € for n and m, large

)

enough. Therefore, by condition (C3), H (Ba, l_)a) 1s invertible and we can utilize the result

—g {(v}ff, ’UbT) - N_IH_I(Bm I_)a)v£1</3017 b01)}TH(Ba, I_)a)

x {(vf,v)) = N"'H ' (Ba, ba) V{1 (Bor, bor) } <0,
to obtain

1 o
B < NV€1(,3017b01)TH71(,3mba)V€1(5017b01)-

By condition (C3), H(B,,b,) has a minimum eigenvalue 7., that is bounded away
from zero. Therefore we obtain £} < (N7im) ! ||V (Bo1, bor) HQ, and from equation (1)
in the proof of estimation of consistency in Theorem 1, we can subsequently show that
|Ey| < Opy(1). A similar development to be above can be constructed to show that |Es| <
O,(1). Tt follows that |[D| < O,(1), and thus by applying this result to (6) we obtain
NA{ICyroxy (@) — IChoxy ()} > —2 x Op(1) + log(n)d; + 2nd,. Since the right hand side
of the inequality tends to infinity as n — oo, it follows that for all overfitted models the
difference {ICoxy () — ICproxy(vo) } is guaranteed to be positive with probability tending
to one.

Finally, combining the derivations for the cases of overfitting and underfitting leads to

the result as announced. O]
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Proof of Theorem 2

We begin by proving the following statement linking the penalized PQL estimator to the

unregularized PQL estimator:

1 . . 1 ~
NKPQL(‘I’AM bAo) - Ngl (/30407 bao) + Op (1) ) (7)

where (\iIE\FO, IA);FO)T are the regularized PQL estimates obtained at the tuning parameter )\

QT T
aQ? bao

that selects the true model, ( )T are the unregularized PQL estimates obtained at the

true model . To prove (7), write
1 L s 1 A 1. 1 ;7 A2
NEPQL(‘I’A()? b/\o) - NEPQL(\IIO«)? bao) = Ngl (/80407 bao) - W Zz:; baoiDaobaoi’

where \ilao consists of only the non-zero elements of ¥ o and similarly for Bao , remember-

ing importantly that «y corresponds to the true model. From the estimation consistency in

ot apt— ag

Theorem 1, we have b7 ;D b, = b, Dg;boy; and therefore (2N)~! 3" 0L D, bayi =
i=1
O,(nN~1) = 0,(1). For ¢, (Bays by )» a Taylor expansion about the unregularized PQL

estimator yields

€1 (Baov I;a()) = 61 (Baoa 6010) + Vfl (Baov BO‘O)T ( AZ;O o ~§0’ i)go o E£0>

Noiar  ar it i\ _iv% (Boo, b)Y (BT — BT BT — 7

2 ag ap? T og ) N 1 @pr Qg o)) ap? Cag (o)
£+ T+ Ty, 8)
where (8L, b7 )7 lies on the line segment joining (8L , b7 )" and (8% ,b% ). Next,

we recognize that by Theorem 1, the regularized PQL estimator satisfies Bao — Bo1 =

Op(ml_l/Q) and b,,; — by, = Op(ml_l/2);i = 1,...,n. Moreover, by equation (3), we
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/ 3T T )T'

ap? Qg

know that m} 2-consistency also holds for the unregularized PQL estimator (

Combining these results, we obtain 3., — B3, = Op(ml_l/Q) and, foralli = 1,...,n,

T I_)T

=.bL )T lies on the line segment joining

Baoi — Baoi = Op(ml_l/ 2). Furthermore, since (
( AZO, EZO)T and ( Ngo, IN)ZZO)T, then (3L ,b% )" must lie within the m}/Q neighborhood of
(BL, L) Therefore, there exists an ¢ > 0 satistying ||(8L,b2) — (B, b1)7 || s < & for

o) o

n and all m; large enough. Applying condition (C3), the Hessian matrix H (Ba,, bs,) =

—N71V%,(Ba,, ba, ) is invertible so we can apply the inequality

N (/- . AT I N L
_E { </6(:§0 - Bgo’ bgo - bgo> - N 1H 1(/6010’ bao)vgl(ﬁaov bao)} H(/Ba(n bao)
AT = it ir \ L Arr-1/a I 5 7
x{( L~ Bl 0L, ~bL,) - N'H (ﬁao,b%)v&(ﬁ%,bao)}go,
to obtain

1
NTmin

1 _ o _ _
T2 + T3 S Nvgl(/gao) bao)TH71</Bao7bao)v£1<ﬁa07 bao) S val(ﬁaoa bao)H27

where Ty, > 0 denotes the minimum eigenvalue of H (B,,, ba,) by condition (C3) and is
bounded away from zero.

By definition of the unregularized PQL estimator, 0¢1(B8a,, ba,)/0Ba, =0

| B(XO 7500

and 001 (Bag, bag)/Obayi = D;()Baoi for all ¢ = 1,....n. Furthermore, by the

1/2 . AT 7 . . S 1/2
ml/ -consistency of ( 50, bgO)T as discussed earlier, we can show that D, is also a ml/ -

consistent estimator of the true random effects covariance matrix. and hence ﬁ;o Baoi =
0,(1). We thus conclude Ty + T5 < (N7min) V1 (Bag, bay) || = Op(nN71) = 0,(1),
and equation (7) follows by applying this order result to (8).

We now utilize (7) to prove the theorem. First, note that by definition of the unreg-

ularized PQL estimator, —ZEPQL(\il,\, lA)A) > —QEPQL(lila, lN)a) > 20, (,[;'a, Ba), where the

18
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257

second inequality follows since Bgif);i)m > 0. Combining this with equation (7), we

obtain

2 A A 2 N R
—NKPQL(‘I’/M by) + NgPQL(‘I’)\Oa by,) >

2 ~ - 2 ~ -
- Ngl(ﬁm boz) + Nﬁl(ﬁam bao) + Op (1) ’
from which we obtain
IC(A) —IC(A0) > ICpuoey () — ICoy () + 0, (1)

From Lemma 1, the right hand side of the above is asymptotically greater than zero for all
a # ap. It follows immediately that for any A\ producing an overfitted or underfitted model,

the difference IC(\) — IC()\) is guaranteed to be asymptotically greater than zero. O

4 Additional Simulation Results

Bernoulli Responses

We considered two additional methods of forward selection using other information crite-
ria, specifically with: 1) a BIC with model complexity penalty depending on cluster size

only

BIC, () = —2((W,) + log(n) dim(®,,),

19
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260
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262
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265

and 2) marginal corrected AIC (Vaida and Blanchard, 2005),

i - N
AICc(a):—26(\1/a)+2dim(‘1’a)N dim(,) _ 1
—dim(W¥,) —

Results show both these criteria performed worse than regularized PQL and the BIC(«) in

Section 5.2 of the the main text.

Table 1: Additional results from simulation Setting 2 for Bernoulli GLMMs. The methods
are: forward selection using BIC;(«) (FS-BIC;), and forward selection using marginal
corrected AIC, AICc(«), (FS-AICc). Performance was assessed in terms of the percentage
of datasets with correctly chosen overall models (%C), fixed effects (%CF), and random
effects (%CR). The mean computation time in seconds (standard deviation in parenthesis)
was also recorded.

(n,m) Method %C %CF % CR Comp. time
FS-BIC, 28 78 35  220(95)

G010 psatce 28 39 51 332(143)
(5020) FSBIC 69 76 92 1917(405)

: FS-AICc 27 28 75  2260(429)
(100,10) FSBICi 51 80 61 1993(440)

FS-AICc 22 28 68  2724(525)

FS-BIC; 82 82 100 6711(1076)

(100,20 FS-AICc 32 35 78  7527(1279)

Poisson Response

We simulated count datasets from a Poisson GLMM. We considered a model with p; =
pr = 9 covariates including an intercept term, with x;; and z;; generated in the same
manner as the Bernoulli GLMM s in Section 5.2 of the main text. The vector of true effects

was also set to the same one used in the Bernoulli GLMMs simulation, while the true
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282
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284

285

286

random effect covariance matrix was a 9 x 9 matrix with the top left 3 x 3 submatrix set to

1 06 0.6
06 1 04
06 04 1

and all remaining elements equal to zero. This setting presents a rather challenging selec-
tion problem for Poisson GLMMs; the counts are heavily right skewed, with an average of
40% of the entries in a simulated response matrix equal to zero.

As in Section 5.2 of the main text, we compared regularized PQL with the following
methods: 1) the M-ALASSO penalty of Bondell et al. (2010), with estimation performed
using the Monte-Carlo EM algorithm and tuning parameter chosen using the BIC, 2) the
adaptive lasso penalty of Ibrahim et al. (2011), with estimation performed using the Monte-
Carlo EM algorithm and tuning parameters chosen using ICq, 3) glmmlasso assuming
the true random effects structure us known, 4) two-stage, forward selection approaches
using BIC(a) = —20(V,) + log(N) dim(®,,) for submodel «, as well as BIC;(«) and
marginal corrected AIC, denoted as AICc(«), shown in the “Bernoulli Responses” section
above.

When implementing the g1lmmLas so method for this setting, we limited the maximum
number of iterations for each fit to 200 (as opposed to the default setting of 1000 iterations
that we used in Bernoulli responses in Section 5.2 of the main text) for computational
reasons. For instance, at (n, m) = (50,20), glmmLasso took in excess of one hour to fit
the full regularization path for A, while regularized PQL fitted a path with the same number
of \ values to perform joint selection in approximately three minutes.

Regularized PQL performed well in selecting the random effects, but was poorer in

selecting the fixed effects particularly at n = 50 (Table 2). This contrasted to Setting 2
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299

300

301

302

303

304

with binary responses, where regularized PQL performed better at selecting the fixed than
the random effects. Forward selection using both versions of BIC performed best overall,
although its computation time scaled poorly with increasing n and m. Regularized PQL
outperformed the all three penalized likelihood methods i.e., M-ALASSO, the penalty of
Ibrahim et al. (2011) and glmmLasso, while also taking substantially less time than all
other methods for joint selection. It is also interesting to note though that the penalty of
Ibrahim et al. (2011) took considerably less time to perform joint selection than it did in
the Bernoulli response setting.

In contrast to the Bernoulli response case, the penalty of Ibrahim et al. (2011) performed
reasonably in this setting, even though further investigation showed that IC¢, continued to
behave rather erratically, with the loss function component of the criterion varying non-
monotonically with model complexity. We hypothesize that one reason why ICy may
have performed reasonably here is because of Poisson responses contain substantially more
information than Bernoulli responses (noting that ICq also performed reasonably well for
the Gaussian responses simulations in Ibrahim et al., 2011). Finally, similar to the Bernoulli
response setting in the main text, we see that the hybrid estimator produces considerably
less biased but more variable estimates than the regularized PQL estimates, although the

ratios here are much less extreme (far away from 1) than in the Bernoulli setting.
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Table 2: Results from simulation Setting 3 for Poisson GLMMs. The methods are: reg-
ularized PQL (rPQL), M-ALASSO (Bondell et al., 2010), I-ALASSO (Ibrahim et al.,
2011), glmmLasso (Groll and Tutz, 2014), and forward selection using BIC(«) (FS-BIC),
BIC; («) (FS-BIC;) and marginal corrected AIC, AICc(«), (FS-AICc). Performance was
assessed in terms of the percentage of datasets with correctly chosen overall models (%C),
fixed effects (%CF), and random effects (%CR), as well as the mean ratio in predicted log-
likelihood (standard deviation in parenthesis), the ratios of mean absolute bias (Bias) and
total variance (Var) of the estimates, mean squared prediction error (PSE), and predicted
log-likelihood (PL). Finally, the mean computation time for each method was also recorded,
with standard deviations in parentheses. glmmLasso was implemented assuming the true
random effects component was known.

(n,m) Method %C % CF % CR Comp.time  Bias/Var/PSE/PL

PQL 55 55 100 184(34)  0.75/1.36/0.86/0.57
M-ALASSO 14 61 16 ~ 20* -
I-ALASSO 24 42 57 2737(401) -
(50,10) glmmLasso - 12 - 1625(71) -

FS-BIC 91 91 100  273(62) -
FS-BIC, 74 74 100  277(63) -
FS-AICc 39 40 85 191(61) -

rPQL 63 65 99 283(59) 0.87/1.09/0.89/0.75
M-ALASSO 47 72 65 ~ 307 -
I-ALASSO 38 ol 81 2751(524 -

)

(50,20) glmmLasso - 47 - 2273(208)
FS-BIC 94 94 100  1164(263) -
FS-BIC, 82 82 100  1190(270)
FS-AICc 38 41 72 1126(227)

rPQL 69 69 100  378(51)  0.73/1.30/0.95/0.60
M-ALASSO 26 71 30 ~ 40* -
I-ALASSO 46 57 75 4577(622 -
(100,10) glmmLasso - 44 5461(313 -

)
- (313)
FS-BIC 95 95 100  1442(331) -
FS-BIC; 88 88 100  1453(329)
FS-AICc 46 46 78  1663(349)

rPQL 8 86 100  554(67)  0.81/1.05/0.96/0.80
M-ALASSO 70 72 94 ~ 50* -
I-ALASSO 56 70 83 4626(677 -
(100,20) glmmLasso - 74 - 8328(544 -

)

(544)
FS-BIC 94 94 100  2962(441) -
FS-BIC, 89 89 100  2999(450)

(626)

FS-AICc 44 45 5 q80 3369(626
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Binomial Responses with m growing with n

We simulated Bernoulli datasets in the same manner as in Section 5.2 of the main text, ex-
cept that m = [6n'/%] where [-] denotes the ceiling function. In other words, the response
matrices were relatively wide. Compared to the case where m was small relative to n (see
Table 2), regularized PQL performed very well in in selecting both the fixed and random
effects (Table 3). Furthermore, the mean ratio of predicted log-likelihoods was very close
to one, indicating that there was little difference between the hybrid and regularized PQL
estimates. This is compatible with the estimation consistency as provided in Theorem 1.
Finally, the difference in computation times between the two methods was significantly
greater than in Section 5.2.
Table 3: Results from simulation with Bernoulli GLMMs with wide response matrices.
Performance was assessed in terms of the percentage of datasets with correctly chosen
overall models (%C), fixed effects (% CF), and random effects (%CR), as well as the mean

ratio in predicted log-likelihood (standard deviation in parenthesis). The mean computation
time in seconds (standard deviation in parenthesis) was also recorded.

n m %C %CF %CR Comp. time Ratio

50 43 93 96 98 593(50) 0.985(0.019)
100 60 99 99 100 1081(85)  0.998(0.009)

We also performed a simulation with Poisson GLMMs using the same setup presented
in the Poisson GLMMs simulation setting but also with m = [6n'/?], i.e., wide response
matrices. The overall results were very similar to those seen above for Bernoulli GLMM,

and may be obtained upon request from the corresponding author.
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