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Abstract

This paper presents a method for learning Radial Basis
Functions (RBF) model with variable dimensions for align-
ing/registrating images of deformable surface. Traditional
RBF-based approach, which is mainly based on a fixed di-
mension parametric model, often suffers from severe pa-
rameter over-fitting and complicated model selection (i.e.
select the number and locations of centers determination)
problems which lead to inaccurate estimation and unreli-
able convergence. Our strategy for solving both the param-
eter over-fitting and model selection problems is through the
use of a probabilistic Bayesian inference model to obtain a
posterior estimation of the alignment as well as the model
parameters simultaneously. To learn the parameters of the
Bayesian model, a reversible jump Markov Chain Monte
Carlo (RJMCMC) algorithm is employed, allowing us to
handle large deformation image registration. Our approach
is demonstrated successfully on real image sequences of dif-
ferent deformation types, with results compared favorable
against other existing approaches.

1. Introduction

In computer vision, sets of data acquired by sampling

the same object at different times, or from different per-

spectives, will be in different coordinate systems. Image

alignment is the process of deforming the different sets of

data into one coordinate system. Alignment is necessary in

order to be able to compare or integrate the data obtained

from different measurements. This task is very important

in some application domains, especially for medical image

analysis and vision based robot. In this paper, our goal is to

computer this dense image non-rigid deformation, mapping

pixels from one image to corresponding pixels in the other

images. We present a new learning varying dimension ra-

dial basis functions model to obtain an optimal estimation

of the parameters of deformation model.

1.1. Related Work

Many techniques have been specifically designed to ex-

ploit a deformable image alignment methodology, such

as Lucas-Kanade algorithm, mutual information method,

coarse-to-fine strategy, etc [14]. While in deformable im-

age alignment domain, most simplification approaches to

provide a regularized optic-flow with compare intensity pat-

terns in images via correlation metrics.

Demons Algorithm is a famous and widely applied

intensity-based approach. Some detailed description of the

method and some impressive applications can be found in

papers [12]. This algorithm is to compute a regularized op-

tic flow field, by minimizing an free energy function based

on data term with Maxwell’s demons force, such as a reg-

ularizer, encouraging smoothness of the optic-flow. the

essence of demons algorithm is combination between fea-

ture driven and intensity driven. Driven by the demons

forces, Demons Algorithm represents an excellent perfor-

mance in homogeneous object deformation alignment do-

main, but insensitive to texture-rich situation.

Direct Estimation Radial Basis Mapping Approach is

another impressive texture sensitive algorithm, described in

[1], presented by A. Bartoli and A. Zisserman. RBF frame-

work has been applied to establish a parameterized model

for deformation of objects. For centers selection, they also

provided an impressive dynamic center insertion strategy

by employed model selection method as a stopping crite-

rion, e.g. Akaike Information Criterion (AIC). Finally, this

intensity driven parameterized approach does not only pro-

vide the possibility to incorporate feature-based methods in

deformable image alignment domain, except some draw-

backs need to be overcome, but also is the inspiration of

our approach.

1.2. Limitations

In the non-rigid deformation image alignment domain,

there are two major tasks need to be accomplished, such as

model selection and parameter over-fitting.

Model selection is the task of selecting a statistical model
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from a set of potential models, given data. In the RBF

framework, the model selection task is interpreted as de-

termination of the number and locations of control centers

in the observation. In dynamic centers insertion strategy, lo-

cations of centers is chosen under constrains, sort of resid-

ual and minimum distance between adjacent centers, while

the number of centers is determined by AIC. Although, this

strategy can determine the ’best’ number of centers, it fail

to adaptively insert the centers into effective locations, due

to minimum distance need predefined by hand. That means

the various minimum distance is set, the different alignment

performance will be obtained. The dense distribution of in-

serted centers mean over-fitting problem, while spares cen-

ters distribution causes under-fitting problem.

Whereas, parameters over-fitting problem is actually

caused by ill-pose problem in the inversible model. The

failure of capture the motion parameters, i.e. missing data

points, may be led by featureless found in image regions.

According to this reason, the inaccurate pseudo inverse so-

lution will make parameterized model suffer with unreliable

convergence, getting trapped into local minima, see [2], es-

pecially in high degree of freedom situation. This problem

has been found by several literatures, e.g. [11]. Tikhonov

regularization is the most commonly used method of reg-

ularization of ill-posed problems to overcome over-fitting

problem. And this method has been widely used in im-

age registration domain, e.g. [9]. In statistics, it is also

known as ridge regression. This method is related to the

Levenberg-Marquardt algorithm for non-rigid least squares

problems. However, as mentioned perviously, the regular-

ization method, adding a small, positive regularization term

the least-squares solution, could not solve this problem fun-

damentally in parameterized deformable image alignment

model, if without appropriate model determination.

1.3. Contributions

We present a new feature-based approach to obtain a pos-

terior determination of appropriate dimensions of the model

and more accurate parameters estimation simultaneously

under Bayesian learning inference. Through embedding

features regression of deformable image alignment, our ap-

proach is able to understand the motion of deformation and

automatically align corresponding images. Radial basis pa-

rameterized model is described in §2. Bayesian prior in-

formation is incorporated to make posterior estimation of

parameter and determination of dimension in §3. In §4, the

reversible jump Markov Chain Monte Carlo algorithm has

been proposed to approximate posterior density of this ra-

dial basis model. Training data generation and Features ex-

traction and tracking is discussed in §5. Then, we use our

approach to deal with image sequences and report experi-

ments results in §6. Finally, we give our conclusions and

discuss further work in §7.

2. Radial Basis Mapping Deformation
We now formulate the problem of interpreting non-rigid

deformable image alignment. Our approach concerned the

motion estimation procedure as the regression of a target

variable Y on an input set of covariates X given the data

pairings D = {(y1,x1), (y2,x2), . . . , (yn,xn)}, which is

an important topic in data analysis. The regression curve

or surface is assumed to be the conditional mean function

m(x) = E[Y |X = x] and the recorded observations Y to

be corrupted with gaussian noise ε, so that

yi = m(xi) + εi, i = 1, . . . , n. (1)

where εi are independent and identically distributed (i.i.d.)

∼ N(0, σ2). In this paper, we concerned with the approxi-

mation of m(x) by an estimate m̂(x) of the form

m̂(xi) =
K∑

j=1

wjφj(‖xi − μj‖), (2)

where {φj(x)}j=1,...,n represents a radial basis function

(RBF) and w are the output coefficients (weights). RBF

networks have proved a popular method for approximating

data, and a review could be found in [10]. The models are

feed-forward networks of radial functions where each ba-

sis is parameterized by a knot or position vector μ located

in the d−dimensional covariate space X . Conventionally

there are as many basis functions as data points to be ap-

proximated with the position vector set to the data values,

especially the non-rigid deformable image alignment. The

model output m(x) could be rewritten as a linear combina-

tion of the basis functions response and a low-order polyno-

mial term,

m(x) =
K∑

j=1

wjφj(‖x− μj‖) +
p∑

n=0

cnbn(x), (3)

where ‖ · ‖ denotes a distance metric, usually Euclidean or

Mahalanobis, and cn(x) represents a polynomial of degree

n. The coefficients w and c are calculated by least squares

where the constraint {∑N
i=1 wjcn(xi) = 0}j=0,...,p, is im-

posed to ensure the uniqueness of the solution.

In the domain of non-rigid deformable image alignment,

the low-order polynomial term in equation 3 could be inter-

preted as global affine transformation parameterized model,

which has been used successfully for estimating and repre-

senting the optic flow of smooth textured surfaces and in-

corporated in as much literatures, e.g.[7]. Additionally, this

model has been applied locally within small image regions,

and globally, for applications such as tracking, moscaic-

ing and stabilization. Thus the low order polynomial term∑p
n=0 cnbn(x) could be rewritten as optical flow field u(x)

over the positions x = (x, y) by a weighted sum of basis

flow fields:
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Figure 1. Illustration of affine optic-flow model of order six

u(x) =
6∑

n=1

cnbn(x) (4)

where {bn(x)}n=1,...,6 are six basis sets, while affine

model required, encoding horizontal and vertical transla-

tion, shearing and scaling encoding respectively. And c =
{c1, . . . , c6} is the vector containing the scalar coefficients.

Meanwhile, affine transformation is also modelled by a

2 × 3 matrix A = (Ā,d), where Ā is the leading 2 × 2
submatrix and d = (dx,dy)T the last column. A bet-

ter alternative is to enrich the description of motion, that

is, to define a set of possible optical flow field functions

u(x) = {ux(x), uy(x)}T . Then, a point x is mapped from

the first image I to point x′ in the second image J . Thus,

the affine motion model can be summarized by the follow-

ing displacement equation:

u(x) =
(
ux(x)
uy(x)

)
= Āx+ d. (5)

In the basis form, RBFs define a mapping from R
d to R,

where d is the known data space X dimension. A 2D

non-rigid deformable optical flow fields u(x) with affine

low order polynomial term is defined by R
2 → R by ba-

sis function {φi(‖x−μi‖)}i=1,...,K , and a set of K centers

{μi}i=1,...,K . However, in image alignment, the domain

need be mapped to R
2 → R

2 radial basis functions. The

usual way to construct this mapping m, is to stack 2 RBFs

δx(x) and δy(x) sharing their centers. For 2D image motion

with global affine deformation, the equation can be written

as:

m(x) =
(
δx(x)
δy(x)

)
= Āx+ d+

K∑
j=1

(
wx

j

wy
j

)
φj(‖x− μj‖)

(6)

where {δx(x), δy(x)}T and (wx
j , w

y
j )

T represent encoding

horizontal and vertical optical flow fields and related coef-

ficients respectively.

The theory of RBFs specifies many permissible forms

that the function {φj(‖x−μj‖)}j=1,...,K can take. Here, we

choose to analyze thin-plate-spline φ(z) = z2 log z, which

has an elegant algebra expressing the dependence of physi-

cal bending energy of a thin plate on points [3].

For the case of image alignment circumstance, we need

to reduce the flexibility of the model, which means stabi-

lize the image alignment algorithm to overcome over-fitting

problem. In the neural network community, it is more stan-

dard to control complexity by reducing the number of cen-

ters to less than the data points, this suggestion first advo-

cated by Broomhead and Lowe [4]. The reduction in the

dimension leads to simple models with less variance but

greater bias. In extreme with no radial functions, we recover

the standard linear model. Reduction of flexibility can also

be achieved by adding a small, positive regularization term

η to the diagonal terms in the design matrix of the least-

squares solution of {wj}j=1,...,K in equation 3, suggested

by Wahba [13]. The larger the value of η is, the smoother

the output of the model will be.

These two approaches share a common motivation: to

reduce the complexity of the deformation model given by

equation 6 and to overcome over-fitting problem. However,

these the regularization is too restrictive in many cases or re-

gions in image and too loose for others. For example, when

tracking a face, deformation of the jaw are much more likely

than deformations of the nose. Moreover, the weight for this

regularization term must be specified by hand. Therefore in

next section, we describe a Bayesian learning framework

for the RBF network to fundamentally reduce flexibility by

explicitly incorporating in a prior density that we define

over the model-parameter space Meanwhile, another impor-

tant key to deformable image alignment with this model is

centers selection and centers linear embedding.

3. Bayesian radial basis functions of varying
dimension

After establish the radial basis mapping deformation

function m(x) and according to equation (1), these points

in the image frames are regressed under the data pairing D:

yi = Āxi + d+
K∑

j=1

(
wx

j

wy
j

)
φj(‖xi − μj‖) + εi (7)

where ε is 2D zero-mean gaussian noise with covariance

Λ = σ2I, I is 2 × 2 identity matrix. As mentioned in last

section, to overcome overfitting, the regularization could

hardly solve it fundamentally. Alternative approach is place

a user-specified Gaussian prior on the deformation basis and

a prior on the deformations based on an initial estimate.

In order to motivate our approach, we restate the above

techniques as follows. Bayesian framework is the calcula-

tion of a probability distribution on the unknown parameter

(weight) vector θ. And in this paper, we also wish to take

account of uncertainty between model M of different di-
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mension i.e. number of basis functions. Thus we make this

deformable image optical flow field estimation explicit by

writing the expectation as

E(Y |x,D) =
K∑

k=0

∫
m(x, θk,Mk)p(θk|Mk,D)p(Mk|D)dθk

(8)

where M = {M0, . . . ,MK} is the set of models enter-

tained, while Mk is a defined model including the number

and locations of basis functions Mk = {k, μk}, and θk

to represent the coefficients wk and Ak within this model

structure. The posterior distribution p(Mk, θk|D) is given

as a combination of likelihood and prior

p(Mk, θk|D) = p(D|θk,Mk)p(θk,Mk)
p(D) , (9)

where p(D|θk,Mk) is the likelihood function and

p(θk,Mk) is the prior density.

Assuming a normally distribution noise term as equation

7, we obtain the following log-likelihood of the RBF net-

work, up to an additive constant,

L[p(D|θk,Mk)] = −n log σ− 1
2σ2

n∑
i=1

[yi−m(xi, θk,Mk)]2

(10)

Then fixing the number of basis functions and location vec-

tors is equivalent to setting a point prior on single values of

k and μ, that isM = {Mk}. After model selection step has

been done, the flexibility of this model is controlled through

the use of a prior on θk. Typically this will be form of

shrinkage prior p(θk) ∼ N(θk|0, σ2
mI) that penalizes large

values. The prior is controlled through the precision param-

eter σ2. This has the same effect as the regularization term

η described in previous section.

The analysis here accounts for additional uncertainty

present in the model selection of Mk. We place a proper

prior over the whole of RBF model spaceM of a given ba-

sis function. Typically, a Poisson prior on k and a uniform

prior on μk should be chosen, meanwhile setting the mean

of this Poisson prior to a small value penalizes networks

with a large number of basis functions, e.g. a predefined

full grid control nodes for whole image. However, this fails

to concern the amount of smoothing that is already being

achieved by the setting of σ2
m in the prior on the output co-

efficients θk. Therefore, we place a function Ψ of k, μk and

σ2
m, which is readily computable and measures the amount

of fitting that the model achieves. And the details of func-

tion ψ will be described in next subsection. Then a gamma

prior is placed on Ψ, thus:

p(θk,Mk)=p(θk, μk, k) = p(θk)p(μk, k)
=N(θk|0, σ2

mI)Γ(Ψ|α, β), (11)

where α and β are Gamma prior parameters, the mean of

the Gamma distribution is α/β, and variance is α/β2. And,

in d-dimensions, setting the mean equal to d+1 indicates a

preference for a linear fit.

3.1. Function Ψ

Consider the classic RBF model as linear smoothers, and

let ψ denote the design matrix given by the output of basis

functions at the data points {x1, . . . ,xn} and θ denote the

output coefficients. The linear equations could be written

as: y = ψθ. However, with the over-fitting problems, the

regularization matrix R is incorporated in the linear equa-

tions to smooth the output. Therefore, the linear equations

could represent as ŷ = Ry. Then the least-square approxi-

mation should be:

θ̂ = (ψTψ + σ2
mI)−1ψT y, (12)

where σ2
m is the regularization parameter mentioned in pre-

vious section. Then, according to ŷ = ψθ̂, ŷ could be writ-

ten as:

ŷ = ψ(ψTψ + σ2
mI)−1ψT y, (13)

and hence R = ψ(ψTψ + σ2
mI)−1ψT . (14)

In accordance with generalized additive model (GAM), we

can define function Ψ of RBF as:

Ψ = tr(R). (15)

This is the sum of the eigenvalues of R, which gives a mea-

sure of amount of fitting that R the expected regularization

matrix for our model.

Above all, our ultimate aim is to use the densities defined

in equation 9 for the predictions given in equation 8 by in-

tegrating over the distribution to calculate the deformable

image optical flow field. Unfortunately, due to these poste-

rior densities are typically complex and of varying dimen-

sion, thus the Reversible Jump Markov Chain Monte Carlo

(RJMCMC), presented by Green 1995 [6], is applied to ap-

proximate the output of our image deformable alignment

model.

4. Reversible Jump MCMC
Bayesian inference involves integration, and Markov

Chain Monte Carlo (MCMC) methods form an important

tool for approximating the integrals we are interested in.

First we should have a brief overview of MCMC method.

As described in previous section, the θ denoted a pa-

rameter vector having a parameter space Θ, index family

of possible probability distributions p(D|θ) describing our

observations data pairingD. Assuming p(θ) is a prior prob-

ability density describing θ, then Bayesian formula gives

the posterior π(θ) in terms of likelihood and prior:

π(θ) = p(θ|D) = p(D|θ)p(θ)∫
p(D|θ)p(θ)dθ , (16)
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In Markov Chain Monte Carlo methods (MCMC), a

Markov Chain will be constructed, which has parameter

space Θ as its state space and π(θ) as its limiting station-

ary distribution. That means we have a way of sampling

values from posterior distribution π(θ) and therefore make

Monte Carlo inference about θ in form of sample averages

and density estimates.

A Markov Chain is described by a transition kernel pro-

cedure that gives for each state θt the probability distribu-

tion for the chain to move to state θ̃t+1 by step size dθ.

For ease of exposition, it is assumed that for each distribu-

tion the corresponding density function exists and denote

the transition density as p(θt, θ̃t+1). MCMC methods pro-

duce chains that are aperiodic, irreducible and fulfill a re-

versibility condition, also called detailed balance equation:

π(θt)p(θt, θ̃t+1) = π(θ̃t+1)p(θ̃t+1, θt). (17)

This equation means if π(θt) is the initial distribution of

the starting state, then the intensity of going from state θt to

θ̃t+1 is as same as that of going from θ̃t+1 to θt. Meanwhile,

the reversibility could directly lead:∫
π(θt)p(θt, θ̃t+1)dθ = π(θ̃t+1), (18)

which means that π(θt) is in fact the stationary distribu-

tion of the chain and we can used a sample from the chain

as a random sample from distribution π(θt). Therefore,

in Metropolis-Hastings algorithm, which is presented by

Metropolis, Rosenbluth et.al in 1953 [8], we generate a

Markov Chain with transition density:

p(θt, θ̃t+1) = q(θt, θ̃t+1)α(θt, θ̃t+1) (19)

then for some proposal density q(θt, θ̃t+1), which is com-

monly chosen to be N(0,Σ), and for acceptance probabil-

ity α(θt, θ̃t+1). Therefore, the proposed sample is accepted

with probability:

α(θt, θ̃t+1) = min

{
1,
π(θ̃t+1)q(θ̃t+1, θt)
π(θt)q(θt, θ̃t+1)

}
(20)

If the proposed state is accepted, then the next point in the

chain, θt+1 is set to θ̃t+1; otherwise it is set to the pervi-

ous point θt+1 = θt. The new sample θt+1 now forms the

starting point for next proposed state, and the algorithm is

iterated until a large number of samples have been drawn.

Each updated state is just a function of previous state, and

they are hence referred to as Markov Chains. However, the

MCMC methods were mainly restricted to densities of fixed

dimension. For our approach of deformable image align-

ment, the fixed dimension optimization method could not

be applied to fundamentally solve the over-fitting and accu-

rate alignment problem by only regularization the param-

eters (weights) in deformable image alignment RBF net-

work. Therefore, the Reversible Jump MCMC is chosen

to sample from p(θt), while θt is of unknown dimension,

i.e. unknown model Mk.

4.1. Reversible Jump Radial Basis Functions

The detailed balance equation can also be formulated in

general state space. For the Metropolis-Hastings algorithm

to work it must only accept states from where there is a pos-

itive probability to do a reversible move back to the origi-

nal state. For the reversible jump Metropolis-Hastings al-

gorithm the state space is written as:

E = {Mk, θk|Mk ∈M, θk ∈ Θk} (21)

where M is enumerable model space and θk ∈ Θk is the

parameter space of model Mk = {k, μk}. The dimension

of θk varies with k. Reversible jump algorithm proceeds

by augmenting the usual proposal step of a conventional

Metropolis-Hastings algorithm sampler with a number of

other possible move types surrounding a change in the di-

mension of the density. At each iteration, in addition to

the possibility of moving within a particular parameter sub-

space, the sampler can propose to switch dimension, either

up or down, by adding or removing a basis radial func-

tion from network. To improve the convergence speed in

non-rigid deformable image alignment, we implement the

birth and death proposition kernel, presented by L. Garcin

et.al. [5]. The probability of attempting a birth or death step

when the current state has k basis functions is given by bk
and dk, respectively, which is set as d1 = 0, bn = 0, and

bk = dk = 0.1 for all other values of k.

It is common when jumping between dimensions to gen-

erate some random vector dE that augments the current

state E (defined in equation 21) to form E′, i.e. generally

we can write E′ = E+ dE. For a birth step, this vector dE
is a datum vector drawn at random from those points that

do not already have a basis function located on them. The

jump move is accepted with probability:

α(E,E′) = min
{
1,

p(E′|D)τm(E′)
p(E|D)τm(E)q(dE)

∣∣∣∣ ∂(E′)
∂(E, dE)

∣∣∣∣
}

(22)

where τm(E) is the probability of choosing a jump of type

M when the current state is E and q(dE) is the density

function of dE. The final term, a Jacobian arises from the

change of variables from (E, dE) to E′. For the radial ba-

sis mapping model, the accepting probability could be inter-

preted as (likelihood ratio)×(prior ratio)×(proposal ratio).

To illustrate this model, the birth step, from E =
{k, μk, θk} to E′ = {k + 1, μk+1, θk+1} should be con-

sidered. In actually, the death steps are just an inversion of

the the prior ratio for a birth. Then, the prior prior ratio for

birth is:

Γ(ΨMk+1) [(k + 1)!(n− k + 1)!/n!] p(θk+1)
Γ(ΨMk

) [k!(n− k)!/n!] p(θk)
, (23)

where Γ(Ψ) and p(θ) are taken from equation 11, and the

term k!(n − k)!/n! represents the probability of choosing

the k basis locations from n data pairing points.
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Meanwhile, the birth proposal ration could be given by:

dk+1p(θk|D)/(k + 1)
bkp(θk+1|D)/(n− k) , (24)

where the full conditional of p(θ|D) is used as proposed

distribution for θ, which could be presented by parameters

calculated in function Ψ:

p(θ|D) = N(θ|(ψTψ + σ2
mI)−1ψT y, σ2ψTψ) (25)

where σ2
m is the prior precision for θ, σ2 is the noise vari-

ance for and ψ is the design matrix of outputs from RBFs

and polynomial terms, which is described in section 3.1.

Finally, the likelihood ratio is taken from equation 10.

Thus, the reversible jump MCMC algorithm for deformable

image alignment radial basis mapping model has been es-

tablished as above. The detailed procedure of this iterative

algorithm could be written in pseudocode in Table 1.

5. Generation of Training Data Pairing Set D
Thus far, we have established the whole reversible jump

Markov Chain Monte Carlo algorithm to automatically esti-

mate more accurate parameters θk and Mk of the Bayesian

Radial Basis Function Mapping model for deformable im-

age alignment model. However, the entire learning model,

built in previous sections, is based on the assumption that

data pairing set D has been obtained. In this section, we

will discuss how to generate the data pairing set from inten-

sity of deformable image frames.

Generation of training data pairing set D is image fea-

ture extraction and tracking problem. There are some well-

studied feature extraction and tracking algorithms. In our

approach, the good feature tracking method, presented by

J. Shi and C. Tomasi in [11], has been concerned to gen-

erate the training data pairing set D. Then, parameters θk

and Mk are learned from this training data pairing set D by

reversible Markov Chain Monte Carlo approach. Thus, the

accuracy of alignment is totally depends on the accuracy of

features extraction and tracking. Additional and more accu-

rate features been confirmed, more detailed and more exact

deformable image alignment results we can get.

After parameters θk and Mk are learnt out, the de-

formable image alignment has become an missing data

points filling procedure. Bayesian RBF mapping model

Equation 7 with given parameters will be recalculated on

each pixel of input image to get dense deformation field.

6. Experiments
This section reports experimental results on three real

motion sequences with different types of deformable sur-

face alignment problems, namely namely warping cloth se-

quence (Figure 2a and 2b), Claire speech sequence (Figure

Input: Problem Eq.7, data pairings set D
Output: Stationary distribution of Markov Chain:

p(θk,Mk|D)

Initialization:

1.Define variance σ2 from its prior probability:

Γ(σ−2|10−3, 10−3)

2.Draw the out put coefficients θ by used the full condi-

tionals of θ probability p(θ|D) (i.e. equation 25)

Repeat:
(1). Draw a uniform random variable dE ∼ U(0, 1).
(2). Propose the next state of the chain as follows:

if (dE < bk)
then perform BIRTH step.

else if (dE < bk + dk)
then perform DEATH step.

else
then perform MOVE step.

end
(3). Redraw the coefficients θ′ as intialization step 2.

(4). Draw a uniform random variable dE ∼ U(0, 1).
if {dE < α(E,E′)} (i.e. equation 22)

then accept the proposed state.

else
then set the next state to be the current state.

end
(5). Draw the noise variance σ2 from its prior

probability: Γ(σ−2|10−3 + n/2, 10−3 + ε2/2),
where n is number of data points and ε2 is the

sum of squared residuals for the current model.

(6). Until convergence is assumed

End

Table 1. Pseudo-code of Reversible Jump MCMC procedure for

Bayesian RBF mapping of deformable image alignment algo-

rithm: The MOVE, BIRTH and DEATH steps are simple. MOVE

selects a basis function at random and resets its location vector to

another datum drawn randomly from data set D. BIRTH adds an-

other basis function at a randomly selected point in the data set D
that does not already contain one. DEATH selects just one basis at

random and removes it.

2c and 2d) and heart beating sequence (Figure 2e and 2f).

The goal of these experiments is to validate our approach

and compared with the existing deformable registration al-

gorithms, such as Demons Algorithm with fixed grid (i.e.
Demon I appeared in [12]) and Direct Estimation Radial

Basis Mapping with Dynamic Centers Insertion (D.C.I. as

abbreviation) method, (presented Adrien Bartoli et.al., [1]).

The alignment results and quantitative evaluation in
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a. Unwarped Texture cloth (Frame:144) c. Claire Speech sequence (Frame:55) e. Heart (Frame:12)

b. Warped Texture cloth (Frame:159) d. Claire Speech sequence (Frame:57) f. Heart (Frame:23)

Figure 2. Three different kinds of deformable surface: (a-b) Two frames of warping texture cloth with folding motion; (c-d) Two frames in

Claire Speech Sequence, the motion include lips motion and head pose change; (e-f) Two frames of heart beating sequence. (a-b provided

by Mathieu Salzmann, EPFL; c-f downloaded from OSU/SAMPL Database-URL http://sampl.ece.ohio-state.edu)

Method Demons I D.C.I. method Our approach

Cloth 23.37 15.36 12.17

Claire 8.12 6.48 6.03

Heart 11.18 9.97 9.21

Table 2. Results of alignment error (measured by mean square er-

ror over 256 gray-levels).

mean squared error are presented in Figure 3 and Table 2,

respectively. Compared with the first row in Figure 3, we

find, for the warping cloth sequence, the D.C.I. method and

our approach give more satisfied registration results than

Demons I. It is easy to see that our approach is the best of

three for warping cloth sequence. Meanwhile, We are noted

there is a massive over-fitting phenomenon appearing in

warped cloth image generated by Demons I, due to demons

algorithm focused on contours alignment by Maxwell de-

mon force. Therefore, for complex cloth folding motion, it

can hardly handel this situation.

In the Claire speech sequence, the second row of Fig-

ure 3, under-fitting and over-fitting phenomenons appear in

lips area of Demon I and D.C.I. But for head pose recovery,

excellent effects have been given. The reason for under-

fitting in Demons I is caused by featureless homogeneous

regions in human faces and local complex expression mo-

tion. Therefore, the deformation of local expression, es-

pecially lips moving, is hardly described by fixed grid in

Demons I. Although, D.C.I applied dynamic centers inser-

tion algorithm to solve this problem, without quantitative

determination of centers’ density, it is easy to cause under-

fitting with sparse centers set, and over-fitting under dense

centers situation. Whereas, with incorporating prior infor-

mation and learning framework, our approach could eas-

ily balance global transformation and local complex motion

by reasonable determining the density and location of cen-

ters set in images to overcome under-fitting and over-fitting

problems.

Finally, for the heart beating sequence, all of three de-

formable image alignment approach get satisfied registered

images. In some extent in medical image alignment, which

contains homogeneous regions and without local complex

deformation, D.C.I. and our approach could be interpreted

as equivalent to Demon algorithm with contours nodes, i.e.

Demon II [12], due to almost all of centers located near

the contours of ventricular and atrial in D.C.I. and our ap-

proach. That is why all of these three algorithms get such

similar alignment results.

7. Conclusions

We have proposed an learning variable dimension Radial

Basis Function for the computation of deformable image

alignment problems, through features extraction and track-

ing to generate the training data pairing set, learning vari-

able dimension algorithm is able to make the ’best’ model

selection and optimize model coefficients for registration si-

multaneously, that equivalently be viewed as a way to over-

come over-fitting and enhance convergence stabilization by

model complexity reduction and parameters regularization.

Amongst of the possible avenues for further research, ex-

perimenting with more efficient and elegant variable dimen-

sions approximation algorithm would improve the compu-

tation speed, as well as computing super-resolution.
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A. Ground Truth B. Demons I C. D.C.I. method D. Our approach

Figure 3. The templates and aligned images of all three approaches, three images in A column are templates of warping cloth, claire speech

and heart beating, respectively. Images in B column are registered results of Demons I, as same, images in C and D columns are alignment

results of D.C.I. method and Our approach, respectively.
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