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Abstract

In this paper we recall an elementary perturbation method which was used to prove
the C%% estimates and partial %% estimates for linear and nonlinear elliptic and
parabolic equations. This method also gives sharp estimates for the modulus of
continuity of second derivatives when the inhemogeneous term is Dini continuous
or Lipschitz continuous. In this paper we also present some improvements to our
earlier works on the topic.
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1  Introduction

A perturbation method was introduced by Campanato [6, 7] to prove the 0%¢
estimates for linear elliptic and parabolic equations. The method was used by
Safanov {25, 26] and Caffarelli [3] to prove the C%% estimate for fully nonlinear
elliptic equations, and was extended to fully nonlinear parabolic equations by Lihe
Wang [32, 33].

The main ingredient of the perturbation method [6, 7, 26, 3] is to estimate
the distance from the solution to a guadratic polynomial and prove a convergence
rate of the polynomials. The perturbation argument is greatly simplified in [34]. It
is shown that the C*® estimate can be easily obtained from the interior regularity
of soiutions with constant coefficients, by simpiy measuring the difference of the
second derivatives of two consecutive approximating solutions. This perturbation
technigue has a number of nice properties which we would like to point out.
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o It uses only the maximum prineiple and the interior regularity for equations
with constant coefficients. Hence it is not only elementary but also applies
to both linear and fully nonlinear clfiptic and parabolic equations, including
the Monge-Ampere equation [34, 13)].

e It gives a unified proof for the cases when the inhemogeneous term § is Dini
continuous, Hélder continuous, or Lipschitz continuous.

& It gives sharp estimates for the modulus of continuity of second derivatives
in the above mentioned cases.

¢ The method also yields a partial regularity of solutions for certain equations.
That is if the coefficients and inhomogeneous term are Hélder continuous in
& given direction £, then the second derivative uge 18 Holder continuous.

The perturbation method can also be used to establish different kind of esti-
mates. The purpose of this article is to recall the perturbation method, and as well
to introduce the partial regnlarity, to the readers. In this paper we also make some
improvements to our earlier works [34, 13]. Namely, for linear elliptic equations
and the Monge-Ampere equation, we are able to replace the uniform norm wy by
the VMO norm T3, where Ty, (p € [1, 00]) is defined in {1.5).

We say that a solution is partiolly regulor if it is smooth in some directions
but fails in others. For example, the function u(z) = [max(0,z,)]* is smooth
in my,--- 2.1 but fail in z,,. Note that this partial regularity is different from
the one in geometric measure theory. In geometric measure theory, a solution is
partially regular if it is smooth in a subset but not in the whole domain. Partial
regularity in geometric measure theory has been a subject of extensive studies for
decades. Partial regularity in the above sense is also of interest and is useful in
applications such as image processing [1]. Therefore it deserves a more detailed
investigation.

Consider the Possion equation

Au= flz), (1.1)

If f is Holder continuous in & direction ¢, then one can prove that Uze is Holder
continuous in all variables. Hence the Possion equation satisfles our the pariial
regularity. Note that the partial regularity also implies the classical Schauder
estimate when f is Holder coutinuous in all directions, A question is whether
this partial regularity holds for general linear and nonlinear elliptic and parabolic
equations. By our perturbation method, we can give an affirmative answer for
linear elliptic and parabolic equations when the coeffcients are continuous.

There are numerous works on second derivative estimates for elliptic and
parabolic equations. We will mention some related researches as we proceed. Here
we would like to mention different proofs for the (/2@ estimate for the Possion
equation (1.1). Traditionally the 22 estimate is built upen the Newton potential
theory. Different proofs were found by Campanato [6, 7], who introduced a per-
turbation argument; Peetre[23], who used the convolution of functions; Trudinger
[30], who used the mollification of functions; and Simon [27], who used a blow-up
argument. Another different proof by the maximum principle was introduced by
Brandt [2]. For the partial regularity we refer the reader to {11, 28, 9].
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Next we introduce some notations and terminology needed below. Let £ be
a unit vector in R™ and ¢ be a function defined in €1. Denote

woe(r) = sup{|d(z) ~ ¢l + )| : m,z+ € € L jt| <},

; (1.2)
we(r) =sup{wgelr): L€ R, €] =1} '
We say ¢ is Dini continuous in the direction £ if
1
/ Md? < oG (1.3)
o P

We say ¢ is Holder continuous in direction ¢ with Hélder exponent o if
we.¢ € C*, and denote as ¢ € CF(8) (or Cgl{Q) if o = 1}, with the norm
wg e{t) (1.4)

|8l ooy = sup |p(2)] + sup ~Lia2
llcp ey = sup lo(o)] + sup 24

We also denote

b

ngp(ﬂi(};?") = (lBr(xﬂ)iij}; ) )If(ﬂf} —fmo,?‘lpd$> ’ (15)

Tf,p {T} = Sup:z:EQTfsP (:"’”:7‘}7

where 1 < p < 00 is a constant, B.(xz¢) C {I is a ball,

Fror = |Br(zn)l ! f f(z)dz

Brizo)
is the average of f in B,(xg}. By the definition we have
Tiplr) SV ruclr) =we(r), Vp=> 1L (1.6)

The quantity Ty .o{r) represents the L™ -oscillation of f in a ball B, and Ty (r)
represents the L-oscillation of f in B,. By extending f to RE", we may assume
that the function Y ,(zg,r} is defined for all r > 0. When p = 1, we will drop
the subscript p in the notation Y ;.

For pointwise %% estimates of solutions to linear elliptic equations and the
Monge-Ampere equation, we show that the Dini and Holder continuity of [ can
be replaced by

1
/ Ther) g c oo, and  Tilar) < Cr. (1.7)
ad

T
The paper is organized as follows. In Section 2 we adapt the perturbation
argument from [34] to prove an interior second derivative estimate for linear elliptic
equations, including the Possion equation (1.1}, assuming that [ satisfies (1.7). In
Section 3, we apply the perturbation method to obtain the C*7% estimate for
fully nenlinear elliptic eguations, including the Monge-Ampere equation [13]. In
Section 4, we discuss the partial €% estimates for elliptic equations obtained
in [28]. The last Section 5 is devoted to the Hélder continuity of 82u for fully
nonlinear parabolic equations when [ = f{x, ¢} is Holder continuous in o but only
measurable and bounded in t [29]. This paper is dedicated to the memory of
Professor Chern with full respect and admiration.
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2 Estimates for linear equations

We first prove a pointwise estimate for the modulus of cantinuity for the second
derivatives of solutions to the Possion equation (1.1). In Theorem 2.1 below we
will replace the oscillation wy in earlier works by the quantity T ;. In our proof we
may assume the solution is smooth. For weak solutions, we may define D%u(0) =
kliﬁ;ﬁ D?u,(0), as long as the integral on the right hand side of (2.1} is convergent,

where uy is the solution of (2.2).

Theorem 2.1. Letw be a solution to (1.1). Then¥ Y, 2 € {15, we have the estimate
|B2uly) ~ B2u(z)] < Cd( sup ful + 1l flizroy

L1 /d ?f(yaﬁ")+'ff(z=?)dr+/l Mdr) (2.1)
7 d )

d Jg 2

where 8, denotes partial derivative in any direction, d = ly—=zl, & > 0 is any given
constant, ks = {z € Q¢ disi{z,00) > 6}, C > 0 is a constant depending only on
n, 81 and &,

Proof. Let us assume that y = 0 the origin. Denote By = B+ (0) (here we take
p=14) Fork=0,1,2,- -, let u; be the solution of

Auk :fgipk in Bk,

2.2
Ui = 1 on OB, (2.2)

where fy » is the average of f in B.{0). Then

Alug —uw) = fo o ~ f(z) in By,
Up — U = G Qn 63&
Using the fundamental solution and a rescaling argument, we have

1

Bl /s fur — uldz < Cp* Y 40, p*). (2.3)
R
We get the estimate

1

1 f ke — iz < P27 5(0, ).
|Bis1] By

Notice that
Alug ~ ups1) = fom — forer in Brgs.

By the mean value formula for the harmonic function

z|?,

T - _
W= Up ~ Ukl ™ %(fgﬁpk - fg’pkﬂ}
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we have
SUDg, o lus — kil S C (071 Fo o+ ~ Jorra |+ 1Bl e — wirillLigaey o) -

To estimate |f0, ok = ﬁ):pk“ |, by subtracting a constant we assurne that faﬁ s = 0.
Then

o or — Joprei] = | Bl (0)] 7 / [fo,00 — Jo e lde
Bre1(0)
= B (0] / (7@ +17(2) = fopes]) do
Byi:{0)

< 1B O [ (f@ide+ 050,64

B (0}

< CY#(0, 05). (2.4)
Hence we obtain
Mg = | g (Brany < Co™FTF(0,0°), (2.5}
Since the fimction w is harmonic, we have
1w(0)] < Co™ " w|lr=a,)-
It follows that
183 (s — 41 )(0)] < Cp™ g~ | oo (Bys0y + Cp7 P T4(0,0%)
< Cp 07 4(0,7) (2.6)
for any integer j > 0, where C depends on j. In particular,
162 (ur, — urs1)(0)] < CT4(0, 7). (2.7)

Tfu is smooth, so are f and uz. Let @ = u(0)+Du{0)z+3 E?:J:l Ug,z, (05
Then
lug ~ Q| < lug —ul + ju - Q| =o(r?) in B,

Hence

Jim 2wy (0) = 8%u(0). (2.8)

If « is not smooth, we may use (2.8) to define 82u(0).
Let z be a point near (. We have

102u(z) — B2u(0)| < [y + Lo + I3, (2.9)

where
Iy = |03um(0) — 82u(0)],
Iy = |B2um(2) = B2um(0)],
Iy = |BFulz) — Brum(2)].
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We choose m > 1 such that .
P <z p e (2.10)

First we estimate J1. By {2.7) we have
I < ) 105u(0) — Bupea (0)]

krm

< Z Tf{@,pk)

k>m
L0, 7)
gc[ #dr; (2.11)
a

where the constant C may change from line to line.
Next we estimate 5. Denote by = up —up_ . When k < m, z is an interior
point of By, By (2.6)
|Gk (2) — B2hi(0)] < [2]|03hk(2)]
< Clalp * s, — wp1zoo(8,,1)
< Clelp ™ T4(0, %), (2.12)

where # is some point between 0 and z. Since Aug = fi; is a constant, we have
[Foun(z) — Fue(0)] < |2l|Buo(2)]
< Clzl(supap, oy luo| + [ fo,10)
< Claliiull o a1 0y + [ 1 p2 (81 00 ) (2.13)
where £ is some point between 0 and z. Combining (2.12) with {2.13}, we obtain
Iy = |62 (2) ~ O (0)
< Bt 1(2) = Dgtignn (0)] + {05 R (2) — B3R (0]

< |8Zuo(2) — Fue(0 Z — 32h:(0)]
< [07u0(2) — 8ug (0) Zp Y (0, p°)
, T4(0,
< Oz (H“HL“’(BI(O}) + iz, oy + /!z! —f—?(E-i)—) . {2.14)

Finally we estimate I3, Let 4, be the solution of
Ny, = fo g in Bp(z),
Uy = U on 0Bk (z).
We have
Iy < |B8Zum (2) ~ O3t (2)] + |02ulz) — B2iim{2)i-
Similarly to {2.11), we have

I@Mdm@%ﬁHSC/
SO

’ Mdr (2.15)
-
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To estimate [§2uy, (2) — 820y (2)], we denote w = iy, — . Then

ﬂ’uj ES f@:ﬁm — fz,ﬁm i Bp*nﬁ+1 (G)

By (2.3},
[0 (Bmastey S Tt = Ul L2 (Braa 2 T U = Ul (Brss (o)
< ot — wlizr By +llm — wllLi (B2
< Cp Y (0, p™) + Tlz,0™))- (2.16)
Hence similarly to (2.5) we have
o] oo (B antery € COZ (T5(0,0™) + Ty (2,07)) (2.17)
It follows that
|82w(2)} < C(Y1(0,p™) + Tylz,8™)) (2.18)
Therefore we obtain
d
Yz, .
Iy < C’] Mdr + CT (0, 0™). (2.19)
1] T
Combining the estimates (2.11), {2.14) and (2.19), we obtain (2.1}, This
completes the proof. [
Note that

Tf(&‘i{),’?) < Lu'f(?") Vg € {15,
Hence we obtain

Corollary 2.1. ([34]) Let u € C?() be a solution of (1.1). Then Y, zell;, we
have the estimate

. 1 [ wlr !
ié’iu{w}5‘§u(Z)ESCd<sgpiu+§f!z,1(m+3 [ “_Lﬂ (220)

¥

where O > 0 is o constant depending only on n, €t and 4.

Estimate {2.20) vields a continuity estimate for the second derivatives 82 in
terms of the Dini continuity of f. That is if f is Dini continuous,

|#Pu(z) ~ d2u(z)} = o(1) as d - 0. (2.21)
If f e 020 < a < 1), from (2.20) we have
2l < o Mleew
dzullco s < C(s}lzpmg ol w ) (2.22)

If f e C% from (2.20) it follows that
aulz) — 62u(z)| < Cd (sup ul + [ fllcoal iogdz} | (2.23)
9]

The perturbation method also applies to the boundary O estimate. That
is
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Corollary 2.2. ([34]) Let uw € C¥(B; N {z, > 0}) be a solution of (1.1) with
Q= BNz, >0} fu=290o0n{z, =0} and f is Dini continuous. Then
Yo,y € Biyz N {z, > 0}, the estimate (2.20) holds.

Corollary 2.2 is a divect consequence of Corollary 2.1, provided we replace
By by B {z,, > 0} and notice that if w is a harmonic function in B, N{z, > 0}
and w = 0 on {z,, = 0}, then w is harmonic in £ after odd extension in x,, —axis.
From the estimate of /; for m = 0, we also have

Corollary 2.3. Let uw ¢ C*(Q) be o solution of (1.1). ThenV z £ 3, we have
the estimate

1
iaﬁumlsc(sw il + e + [ }lﬂ-—}») (2.24)
i b T

where C > 0 is o constant depending only on n, Q0 and 6.

The above perturbation argument also applies to the first derivatives. In
particular if f € (€1}, it yields a log-Lipschitz estimate for gradient of solutions
to the Possion equation [34].

Theorem 2.2. Let u € C1(Q) be a solution of (1.1). Then ¥,y € s,

[Duly) — Du(z)] < Cﬁi( Sup [ + oo

d

where C and d are the the saume as those in Theorem 9.1.

1 9 3 Y ITf(y:'r)
+—f0 (Tf(yﬁHTf(z,r))dHfd ——dr ], (2.25)

Next we consider the linear elliptic equations with variable coefficients,
T

Yt (@)as, = Flz) in ©. (2.26)

I ES)
By the standard freezing coefficient argument, one can extend Corollary 2.1 to
equation (2.26). Here we apply the perturbation and the freezing coefficients tech-
niques simultaneously to get the estimate (2.1) for equation (2.26). In particular in
the estimate (2.27) below, we can replace the usual oscillation wo by the quantity
o
Theorem 2.3. Let u € C*(Q) be a solution of (2.26). ThenV y,z € (g,

o i
2 — Bulz ‘sun 15% Ya(y,?")-FTa(Z,’P) . Taly.r) T
uty) ~ 02u(s)| < Coup 02 F( / g [ Teln) d)

1
+0d (sgp w4 [y + g[a

1 \
-é-/ MTf(z’T)dr,
d

L)+ Tyl
T

' (2.27)

where Toly,r) = max, ; Yo, (v,7), C > 0 is a constant depending only on n, §)
and &,
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Proof. The proof is similar to that of Theorem 2.1. Let us assume that 3 = B: (0},
= 0 and z near 0. Denote By, = B,x(0) (p = 1), For k=0,1,2, -, let u be
the solution of

ok = .
Z Gijteim, = fopr 0 By,
i1 (2.28)

Up = Y on 8B,

where af; = |By|™* f5, aij- We point out that if af; in (2.28) is replaced by a,;{0),
the following proof can be simplified but that the quantity T, in (2.27) needs to

be replaced by w,.
From (2.26) and (2.28), we have

Ezfj(u - uk}m:mJ = f(x) — fg;pk + (g {z) — &f})ugjlzj in B,

(2.29)
g~ = 4§ on 9B,

Similar to (2.3) we have
,/,;,: ey — ul(z)dr < Cﬁzk/;e (‘f(jJ) - fa,pkf + !(@ij(fﬁ) - afj)uzfzj I) dx
i ke
< CpEF (T 10, 0°) + | D%l oo 5,y Ta (0, £5)) . (2.30)
Hence

L | — g [(z)da < CpPP™ (Y (0, 05) + || DPu] oo () Tal0, p7)) - (231)
)

The function w := uy — up.; satisfies the equation

a?;-lwmmz:; = (fﬁ,p" - fG,pkH) + (a?fl - afj}(uk)xeccj‘ {232)

By (2.4) we have
%f@,p’“ - fD,p’“*ii < CTf(a,pk),
F(@ffl - a%)(“k}mim;,l < CYol0, o) D uk |l Loy 10 Brar
Let wy be a harmonic function satisfying wy = w on 8Bg41, and ws be the function
satisfying equation (2.32} in By, and vanishing on 8Bj.:. By the decomposition
w = 1w -+ ws, we obtain

= sl ey < C0™ (T1(0,65) + 107 o) Tal0 5)) . (238)
Hence similarly to (2.6) we have
10w, = wis ) (O] S Cp 402 (T (0, 7) 4 | D% ey Tal0, %)) (234)

for any integer j > 0. By equation (2.28) and noticing that fy .« is a constant, we
have

| D%kl oo (Byany € CUSopxl + 1D%ull8,) < CJ D% 5,
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Hence we obtain
182 (e — w1 ) (O} < Co™ DT (0, %) + | D?0il| peo ) Ta (0, 24)) . (2.35)
Let z be a point near 0. As (2.8) we have
2u(z) - Bu(0)| < Iy + I + Iy
+ =187 (0) — O2u(0)] + |8 (2) — B2um (0)]
A+ [O2ulz) — Bl (2)]. (2.36)
Choose m > 1 such that o™+ < [z] < p7F3.
Similarly to (2.11), we have

Y (0,7 + D%l e s,y T (0,
I 50/ £0:r) + | ":IL 2y Yel07) (2.37)
1]

Iy and I3 can be estimated similarly and we have

]1 T (0, 7) + |;Dngny(Bl}ra(a,r))

In < Clz (HufiLm(Blgo)} + W fllpeoByoy + " 3

s

TY o, r) + 1 D% foory Talz, 7
ISSC/ f(z,?“) F§ ulip {B1) a(z )dT+C (Tf(ogT}'Q‘HDzug{Lm(Blea(O:T)) )
0
Comibining the abave estimates, we obtain (2.27). This completes the proof. 17

From (2.27) we also infer that if a;;, f are Hélder continuous with exponent
o € (0,1), then

a{l —a)
If ayy, f € C%1, we have the log-Lipschitz continuity of D%,

.
Iouleeinn) < C (suph + ). (2.38)
14

2u(a) ~02u(2) < Cd (suplul + | cns g ). (2.39)

Remark. The reader may have noticed that the term | | Liny In the estimates
(2.1), (2.24), and (2.27) can be dropped, as it can be controlled by other terms
on the right hand side of these estimates. For example, if f is a constant, then
the second and third derivatives of u can be controlled by |[ufz, which in turn
means f can be controlled by |uf|p-.

3 Estimates for fully nonlinear equations

In this section we use the perturbation argument to establish the corresponding
estimates for the Monge-Ampere equation

det D*u = f in B;(0) (3.1)

where f satisfies
<L (3.2)

for some positive constants Cy > ) > G
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Theorem 3.1. Let v € C* be o solution of (3.1). Then ¥ z,y € By 2(0),
([BZuly) — Biu(z) < Cd( sup [ + [ fllo o
a

1 d'-r o . 1T
+3/ f(y,?'*HTf(z,?”)dTJr/ -f_(?_zﬁdr), (3.3)
o d

r r2

where d = |y — 2|, and C > 0 depends only on n,m and Cy, Cs.

Note that estimate (3.3) is in the same form as (2.1), which improves the
corresponding estimate in [13] by replacing wy by ;. For the Monge-Ampere
equation, we will define the quantity Y in a different way, namely

Ysteo.r) = (Sheo) [ 17(e) = Tl (3.4)

S5 (mo)

where h = 7% and f,,, is the average of f in the sub-level set S{zy), defined
in {3.9) below. The quantity Ys(zj,7r) measures the L' difference of f and its
averages in the sub-level sets of the solution w, rather than in bells. Fhis new
definition is more convenient for the perturbation argument below. When T #{r)/r
is integrable, the second derivatives of « is bounded and the definition of T §in
(3.4) is equivalent to that in Section 1. From Theorem 3.1 it follows that

(i) If f is Dini continuous, then we obtain an estimate for the modulus of conti-
nuity of D?u.

() I f € C*(By) and a € {0, 1), then

T ; § = 5
fulloraiz, ) < © (sg}p fuf + %'i%i) - (3.5)

(iii) If f e C%(By), then

GFulw) = Buly)l < C((suplul + [ flicn | log ). (3.6)

The interior C*® estimate for the Monge-Ampere equation was pointed out in {4].
Estimate of the form (3.5} and its detailed proof were given in [13, 34].

In Theorem 3.1 we denote by m the modulus of convexity of u, which is
defined by

m{t) = inf {ulz) ~ L, {(z} : |z — 2] > ¢}, (3.7

where ¢ > 0, £, is the tangent plane of u at 2. Obviously m is a nonnegative
function. When w is strictly convex, it is a positive function. It was proved in [3]
that if u is a convex solution of (3.1), vanishes on 8Q, then u is strictly convex.
Note that in the estimate (3.3), the constant C' depends also on supg, (u — 4),
which is in turn determined by m, €y and Cy. The proof of Theorem 3.1 is similar
to that of Theorem 2.1, except that we need to normalize the level sets of the
strictly convex solution, and use level sets instead of halls.



242 Guji Tian and Xu-Jia Wang

Lemma 3.1. Let §1 be a bounded conver domain in E™. Then there is & unigue
minimum ellipsoid containing §1, which attains the minimum volume among all
ellipsoids containing £1.

Minimum ellipsoid is very useful in studying the Monge-Ampere equation, as
2
the equation is invariant under the change z — Tz and v — (det T')»w, for any
non-degenerate matrix 7. We say a convex set {1 is normalized if its minimum
ellipsoid is a ball. When € is normalized, one has By € §1 C B, for concen-
trated balls B, ,, and B,. Therefore for any bounded convex domain O, there is
& unigue unimodular linear transformation T' {(namely det 7" = 1) such that T(Q)
is normalized. Choose an appropriate coordinate system such that the minimum
2

ellipsoid of & is given by £ = {Z?:l 2& < 1} with a3 > a3 > - > a,. Then we
say I has a good shape if

for some constant ¢* under control. If § has a goed shape, then there exist two
concenirated balls B, and Bp with R < nc*r such that B, C  C Bg.

Let u be a convex function defined in a bounded convex domain 2. For any
y € 1, denote by

Sy ) ={z €0 ulz) <l(z)+hk} (3.9)

the sub-level set of u and denote by Sp ,(y) = &S’g)u(y) its boundary, where [, is
the tangent plane of u at y. When no confuses arises we will drop the subscript
u, and when y is the minimum point of u, we will simply write the level set as S8

In the proof of Theorem 2.1, we have used strongly the interior regularity
of harmonic functions. For the Monge-Ampere equation, correspondingly we have
the following regularity.

Lemma 3.2. Let Q be a bounded conver domain in R®. Let u be o conver solution
of det D%u = 1 in U, vanishing on 8. If B,(0) ¢ Q < Bp{0), then for any Q' C {1,
there is o constant C > 0, depending only on n,r, R, and dist{V, ), such that

el gagay < C. (3.10)
By Lemima 3.2, we then have

Lemma 3.3. Let ;1 = 1,2, be two strictly conver solutions of det D%y = 1 in
B1(0). Suppose |jufles < Co. Then fug —ug < 6 in B1(0}) for some constant
§ >0, we have, for 1 <k < 3,

|D*(uy — up)| < C§ in By 15(0). (3.11)

To see estimate (3.11}, it suffices to notice that uy —uq satisfies the linearized
equation of the Monge-Ampere equation, and by Lemma 3.2, the linearized equa-
tion is uniformly elliptic and has smooth coefficients.

Lemma 3.2 also implies that if u is a cenvex solution of det D%y = 1 in §}
which vanishes on 89, and if D?u(0) is the unit matrix (or uniformly bounded),
then the domain {2 must have a good shape. We refer the reader to [13] for more
details.

To prove Theorem 3.1, we need to replace the oscillation wy in [13] by the
quantity Ty, for which we need the following lemma.
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Lemma 3.4. Let 0 be a bounded conver domain in R™ with good shape. Let u, v
be solutions o

det Pu=1 in
det Dv=f in £, (3.12)
w=v=0 on J,

where [ satisfies (3.2). Then we have the estimale

sup [u — v} < CHf — Hpaay, (3.13)
u _

where C depends on n, O, Oy and (1.

To prove {3.13), noticing that u--v satisfies a linearized equation and f € L™,
hence by Aleksandrov’s maximum principle, we have

SléPJu — v} SO — lzny € CNf = oy

Froof of Theorem 3.1. The proof is based on the same perturbation technique
as in Section 2. Here we point out the differences in the argument.

The first difference is that we must choose an appropriate sub-level set to
start. By subtracting a linear function we suppose

u(0) = 0, Du(0) = 0.

Let b > 0 small such that S¢ is compactly supported in B;(0). By Lemma 3.1
there is a unique unimodular linear transform T3 such that T; h(Sg} is normalized.
Hence by making the change z - I‘/-’Eg—“ and u — ¥, we may suppose i = 1, 59 is
normalized, and

jl-l ’I‘f(ﬂ;o}?"} <e (314}
0

-

for any zg € By/2(0), where € > 0 can be as small as we want, provided £ is
sufficiently small.

The second difference is that we let uy, where k& = 1,2, be sclutions of
the Monge- Ampere equation in the sub-level set Sgﬁ . rather than in balls. Namely

ug is the solution of

{det Dy, = fi i Sffwk,u’ (3.15)

ug = u(=4"%) on BSka:u,

where fj is the average of f in §)_, .

When ¢ is sufficiently small, we can show by induction that the sub-level sets
S’gv » , has a good shape for all k. Hence by Lemma 3.2, uy. are uniformly smooth.
By the uniform regularity of uz and with the help of Lemmas 3.3 and 3.4, we can
proceed in the same way as in Section 2 to obtain the estimate (3.3). We omit the

details here. [
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We point out that the perturbation argument has also been applied to Monge-
Ampere type equation arising in optimal transportation [21].

Similar estimate holds for the fully nonlinear elliptic equation
F(D%w,z) = f(z) in By(0). (3.16)

The perturbation argument requires the interior regularity of solutions to the
eguation
F(D*u,z0) = flwg) in By(0), (3.17)

for any fixed points zo € B;(0). Interior a priori estimates for {3.17) was estab-
lished by Evans and Krylov [10, 15], provided F is concave in the variables D%u.
For convenience we state the interior regularity as an assumption, so that it covers
more general equations for which the interior regularity is available,

Assumption (a). There are constants 0 < @ < 1 and 0 > 0 such that for
ary symmetric matrix M with F'(M,0) = 0 and any wy € C(8B,}, there exists a
solution w € C*(B,) N C(B,) to

F(D*w(z)+ M,0) =0 in B.0),
w=wy on JB.(0)

which satisfies the estimate
lullczais,, < Crm2 " ull o gy, (3.18)

where C is independent of A and r. Denote

F(M,y) — F(M, )|
M| f

Bly; x) = sup
M

1/n
[y, r) = (fBr(y)!‘ifB , }ﬁ(%@a’:r) A

Theorem 3.2. Let w e C? be a solution of (3.16). Then V z,y € By /5(0),

BPuly) - 0%u(z)| < c(da sup uf + & sup 1 (3.19)
L 1
n ¢ Tf,'n(ysr) + Tf,n(zar) dr 4 48 ! Tf:n(%ﬂ dr
Jo F ' o rlta

d 1
+Csup 2] ( [t iy_g) |
B 0 r g TTE

where d = |z — 4], and C depends on n, & C, and the elliplicity constants af F.




A Perturbation Methed for Elliptic and Parabolic Eqguations 245

It follows that of F(.,z) and f{z) are Hdider continuous, with exponent
@ € (0,1], then we have

lllczocy a < C(swplul + [ Flce, ). if 0<a<a,
1
B2u(z) ~ 0Zuly)| < Ca(suplul + [ Flicoizyllogd]).  # o=
el onags, .z < C(S;p | + g\fncawl))ﬁ ¥ lca<a<l,
1

Proof. The proof is similar to that of Theorem 2.3. Denote By, = B, (0) (p = 3).
For k=0,1,2,. -, let u; be the sclution of

F{D%u,0) = f(0) in By,

3.20)
Ty = U on OB, ( )

Then
F{D?u,0) — F(D*u,0) = flz) — £(0) + (F(D*u,0) — F(D?u,z)).
The left hand side can be written as a linearized equation of F for v — 1. Hence
hy Aleksandrov’s maximum principle,
ke — ull ooy € Co™ (T5(0,0°) + [ D% oo (15, T(0, £7))
By Assumption {a}, up —ug4 satisfies a linearized equation of F with coeflicients
in %, Hence by the Schauder estimate for inear elliptic equations,
§|D2(uk = U1} Bryp £ Cﬁ72k§|uk ~ U1 Los(By)
< C(T1(0,0%) + D%l T(0,0)) . (3:21)
Now one can proceed in the same way as the proof of Theorem 2.1. The only
difference is that (2.6) should be replaced by
|03 (2) = O3k (2)] £ Clal®p™ (T 0, 07) + 1Dl oo 50 T(0, £))

where hy = up ~ Up-1.

4 Partial regularity for elliptic equations

An interesting question for elliptic and parabolic equations is whether the solution
is smooth in a direction if the data (the coefficients and inhomogeneous term of
the equation} are smooth in the direction. More precisely, consider the Possion

equation
Au= flz) in £, (4.1)
if f is Hélder continuous in a given divection, is the second derivative g, Hélder

continuous in £7 This preblem can be asked for more general linear and nonlinear
equations.
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In this section we consider this problem. To illustrate our resulis we first
consider the Possion equation (4.1). More general equations will be discussed at
the end of the section.

Theorem 4.1. Lef u be a smooth solution of (4.1). ThenV z,z € §l, we have
the estimate

P 1 ;
1Be8uly) — BeBu() gcd<supfu;+§- [ s [ 1fi>,
e 5 d T QO

-

(4.2)

where the notations 8, d, § > 0, and Qs are the same as in Theorem 2.1, and
C' > 0 is a constant depending only on n, Q) and 6.

Estimate (4.2) yields a continuity estimate of the second derivatives OeOpu
in terms of the Dini continuity of f. When 7 is Holder continuous in a direction
£ with exponent « € (0,1}, then we have

R (b Torress
[Pebarllcain;y < C (Slé? ] + m s (4.3}
If f is Lipschitz contimuous in &, then we have
8c0zu(z) — Oc0u(2)] < Cd (sup ul + /g log d]). (4.4)

Moreover, by approximation, estimate (4.2} holds for weak solutions.

Proof. The proof is similar to that of Thecrem 2.1. As before we assume that
0 = B:{0) and y = 0. Without loss of generality we assume that € = e, =
(0,---,0,1). Denote By = Ba(0) {(p =14} For k =0,1,2,. ., let u; be the

solution of

Aup = f(2',0) in By,

4.5
Up = U on dby, (4.5)
where ' = (2, ,z,_1). As we assume u is smooth, so f and wuy are also
smooth.
Let z be a point near 0. We have
|G, O 2) — Bz, Bpu(0)] < Iy + I + I, (4.6)

where
I = |8y, Opum (0) — 8y, B0},
Iy =0y, Optum (z) — 8, rtinn (0)],
Iz = |0y, 0pu{z) - O, Bpum{2}].

We choose m > 1 such that g™+ < |z] < p™+2,
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First we estimate ;. By equation {4.5},

Alug —u) = f(o',0) — flz'.z.) in By,

g~ 1 o= {} on 685,
where |f{z',0) ~ f(z',2,)| < wye(p*) in By, Hence by the maximum principle,
[k = wllpoe gy < Cpwye(p®)- (4.7)
We get the cstimate
k= wnr1llzoime, ) < O™ wrelo™) (4.8)

Since up — Uk+1 i‘s harmonic in By, we ham the estimate

1 (10— 1 MO S Crgp™ ¥ s ~ st Lo (Buss o (4.9)
for any integer j » 0, where Cy, ; depends only on n and j. Recalling that v € c?,
we have

024 (0) ~ 82u(0)] € 5 |82ur(0) = Frurs1 ()]

kZm
<C Y wrelph)
k>m
d
< ij “pelr) g, (4.10)
0 T
This estimate holds for all second derivatives, including the mixed derivatives

8, Ozu.
Next we cstimate Iz, Denote hy = up — up—1. When k < m, z is an interior

point of By, Hence by (4.8) and (4.9},
2hi(z) — 02k (0)] < [2182h(2)]
< Clelp™*lug — 11 iz By 40
< Clzlp Fwre(6°), (4.11)
where % is some point between 0 and z. Hence
1020 (2) ~ B (0)] < |02 (2) = Bttgn1 (0)] + 02 han(2) — B3P (0)]
< [GFug(2) — Buo(0)] + i |B2hi(z) — 85hi(0)]

Fmsl

< |02ug(z) ~ B2ug(0)] + Cl21 D p Fuwre(p")
k=1

1
-
< (e - SE(0) + Clal [ 5T )
|2
Again the above estimate holds for all second derivatives. But to estimate the
second derivatives of ug, we restrict to the mixed derivative ;. J;up. By equation
(4.5) we have,
fly',0
() zj; “”""(“M“%Edy”*‘g(x)

Loy =
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where g is & bounded harmonic function. As mentioned before, we may assume
that f € CU(§), v € C*{§)). Differentiating the above integral in z, and using
Fubini Theorem, we get

SUPsep, , |0, to(T)| £ Osup,ep, [ulz)] + CllfllLis,- (4.13)
As 8, ug is harmonie, as in (4.9), we have
supmeﬁmi('};”é?% ug(xi| < Cﬂ,smsupgmi(?znugi. {4.14)

Hence

’U,g!

H
i

[ RTEI §$n5x“ﬂ({m < EzHaxn‘aﬁuG(éﬂ
< Clzlsupg, 10,

o ”
< Clzifeup,ep, ful@) + Cl fllray)
for somne point £ on the segment 5%, Hence we obtain

1 .
I < CJ] <pB )] + 1 ) + ] M) | (4.15)

2
fz T

The above proof is essentially parallel to that of Thecrem 2.1, and one can
similarly estimate J3. Namely

d 4,
Iy < Gf “’—Lﬁ@dw&;ﬂg(pk) < ij e g (4.16)
] ] 7

Combining the above estimates we obtain {4.2). |

Note that in estimate {4.3), f is assumed fc be Holder continuous in the
direction ¢ only, but 9,0:u is Holder continuous in all directions. Such kind of
reguiarity is not only of interest itself but has applications in other areas such as
image processing [1]. For related research we refer the reader to [9, 11].

For the linear elliptic equations with variable coefficients,

T
Liuli= Y oy{zhues, =/ in 9, (4.17)

1,7=1
where the matrix (a;;) is symmetric, positive definite, and satisfies
AP < Z&ijCiCj <A[CR, ¥ (eRr™ (4.18)

We have a similar partial regularity resuit [28].

Theorem 4.2. Let u be o smooth solution to (4.17). Suppose a;; € C(Q) and are
Lipschitz continuous in the & direction. Suppose f € LP{Q)) for somep > n. Then
¥z, z e O, we have the estimale

wrer) |y Twrelr)
plte + ngJLT’{Q)) + C‘/O _n.._T.‘_,.,_.."?

(4.19)
where d = |y — z|, C > O depends only en n,6,p, 0 M A and the modulus of
continuity of ag;.

1
d

|0:0zuly) — B¢ B u(z)] < Cd” (sup i %[
o
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The Lipschitz condition of a,; in the {-direction can be relaxed. It suffices
to assume that d:a;; € L7(€) for some g > 1 such that (Betis)ugz, € L¥ for
some p' > n. We can also drop the continuity of a;; in any one direction [18.
In particular in dimension two, we¢ can drop the continuity condition of a;; and
extend the above estimate to fully nonlinear elliptic equations {28]. Recently with

Dongsheng Li we observed that the Lipschitz condition a; € Cg’} can be relaxed
to a;; € Of for o € (0,1), provided f € LP(Q) for some p > nja.

5  Estimates for parabolic equations

The perturbation argument also applies to parabolic equations and vields similar
estimates. In this paper we will not repeat these results for parabolic eguations.
But we would like to present an interesting regularisy result which is special for
parabolic equations.

We consider the regularity of solutions to the fully nonlinear, second order,
parabolic equation

up — ?(Bzu) = flz,t) in Q= B1(0) x {0, 1]. (5.1)

We assume _
(a) The operator F is uniformly elliptic, Le. agy 1= E%F{r} satisfies (4.18).
(b) F is either concave or convex in 7.
(¢) The function f is Holder continuous in z, (with Holder exponent & € (0,1]),
and bounded and measurable in t.

Theorem 5.1, Lefu € ij(@) he a solution to (1.1). Assume conditions (a)—{c}.
Then there exists o € (0, @) depending on A and A, such that

‘DguE )2 < Of el poegeyy + sup || WtioEm ) 52
|20l ooy < C (Il =@ S 17 Dlost ) (52)

where v € (0L 1), Qr = B-(0) x (1 - 72,1], and C is o constani depending on
i, T, 0, A, Ay ML

Theorem 5.1 was proved in [29], where we cousidered more general operator
F = F(D%u, Du,u,z, t). For simplicity we consider a simpler model here. When
F depends on the gradient Du, we need to assume certain growth condition on Du
8], and the linear relation in (5.2) may be viclated. The assumption v € CA2(Q)
in Theorem 5.1 implies that f is continuous in #. By this assumption we can avoid
the introduction of viscosity solutions and also we can conveniently differentiate
equation (5.1) in our proof. But our estimate {5.2) does not depend on the modulus
of continuity of f in . Therefore by approximation, estimate {5.2) also holds for
viscosity solutions as long as the uniqueness of solutions, subject to appropriate
boundary condition, can be proved. We also note that the exponent o in (5.2) is
related to the Holder continuity of linear parabolic equations of general form, so
it depends also on A and A. It may be strictly smaller than @.
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Theorem 5.1 is of interest itself but our work [29] was motivated by applica-
tions in curvature and gradient flows with volume constraints. In these applications
one has a fully nonlinear parabolic equation with the right hand side

f= f(:c;u,/G(Dgu, D, u)dz),

where f, G are smooth functions. Usually one can establish the Ci’f estimate for
u, which implies that f is smooth in z but only messurable in . Hence one cannot
use Krylov’s regularity theory directly.

For the linear uniformly parabolic equation,

Uy — i ai;(z, f)umixg + i:bi(xet)um; +olz thu = flz. 1), (5.3)

ij=1 i=1

estimate (5.2) was obtained by Knerr [14], who improved early result of Brandt
[2]. This estimate was later reproved and discussed in [20, 17, 22]. For linear
parabolic equation, the coefficients a5, b; and ¢ are allowed to be discontinuous in
t. More precisely, assuming

(1) Al <{aylz,8)} SATV (2,8) € Q,

(11) g, 51‘, C, f € Lm(Q),

(jii) &'ij('a t)>bi(‘s t)> cf, t),f{', t) = CH(B1}> Vie (O, H:
they proved the following estimate.

Theorem 5.2, (]14]} Letu € C’;;?(Q) be o solution to (5.3). Assume the conditions
{1)~{iii) ebove. Then we have the estimate

D2l vers S Cllulipeigy + sup SHlleersa b 54
D2 ger2gq < € (Illzea S5 1 Dllcnis) (5.4)

where C' depends on n,r,o, X, A, SUPye(n,1} ilaij(‘,t),bz‘(‘,t),c(‘,t”icm(gl}.

Our proof of Theorems 5.1 and 5.2 uses the same perturbation argument as
above, which enables us to reduce the estimates (5.2) and (5.4) to the case when
Gij,b;, ¢ and f are constants (for any fixed £).

For the fully nonlinear parabolic equation {5.1), if f is independent of z,
one notices that v(z,2) = u{w,t) — [ f(s)ds satisfies the equation v, = F(D?%)
and hence Krylov’s regularity theory implies that higher regularity of v and u in
. For the linear parabolic equation (5.3), one may differentiate the equation in
z directly, and use Krylov and Safonov’s Hélder contimiity for linear parabolic
equations [19] to get higher regularity in z. We will not repeat the details here.

As was discussed before, the perturbation argument applies not only to the
case when f is Holder continuous, but also to the case when f is Dini continuous
in @ That is if u € CP2(Q) is & solution of (5.1), where F satisfies conditions
{a}~(b}, f is Dini continuous in z, and bounded and measurable in t, then for any
r € (0,1), D2u is continuous in ¢, and the modulus of continuity of D2y depends
only on 7, 0,5 A, M, ||l ooy, /1l 2= (), and the Dini continuity of f in z.
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