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Abstract: We demonstrate the existence of stable optical light bullets in
nonlinear dissipative media for both cases of norma and anomalous
chromatic dispersion. The prediction is based on direct numerical
simulations of the (3+1)-dimensional complex cubic-quintic Ginzburg-
Landau equation. We do not impose conditions of spherical or cylindrical
symmetry. Regions of existence of stable bullets are determined in the
parameter space. Beyond the domain of parameters where stable bullets are
found, unstable bullets can be transformed into “rockets’ i.e. bullets
elongated in the temporal domain. A few examples of the interaction
between two optical bullets are considered using spatial and temporal
interaction planes.
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1. Introduction

The search for stable propagation of confined wave packets is one of the mgjor challengesin
nonlinear optics. When nonlinearity provides stable confinement, the resultant wave packet is
usualy called a soliton. The term “optical bullet” was invented [1, 2] to depict a complete
spatio-temporal  soliton, for which confinement in the three spatial dimensions and
localization in the temporal domain are achieved by the balance between a focusing
nonlinearity and the spreading due to both chromatic dispersion and angular diffraction, while
propagation in the medium takes place.

Recent theoretical advances have used the potential of nonlinear dissipation in order to
find domains of existence for stable light bullets [3, 4]. Up to the present, these theoretical
works have exclusively addressed the case of anomalous chromatic dispersion. Indeed, in
paraxial models, anomalous dispersion and normalization generally allow to reduce the
problem to the one with spherical symmetry in the propagation equation. Using spherica
symmetry, the propagation equation can alow a tractable analytical approach [3]. As far as
we know, the case of “bell-shaped” light bullets in normally dispersive media, when the
variationsin all three axes are independent, has not been addressed.

On the experimental side, it isimportant to stress that many interesting nonlinear materials
feature normal chromatic dispersion in the wavelength domain of practical use. During the
last few years, the study of propagation in normally dispersive media has attracted attention in
several specific cases. Conti et al. [5] have shown that nonlinear conical waves, also called “X
waves’, can be formed spontaneously together with nonlinear propagation in quadratic media
that feature normal dispersion. These can lead to “ X-shaped” light bullets in these particular
media [6]. It is aso possible that inhomogeneous media with specific properties be able to
favor the formation of X-wave patterns, such as in the case of harmonic potential and
particular boundary conditions as investigated theoretically in Ref. [7]. We can also mention
the great interest for self-similar evolution of pulses in fibers that feature Kerr nonlinearity,
gain and normal dispersion [8]. The latter situation corresponds to the formation of a self-
similar temporal soliton; hence the terminology “similariton” has been applied. In fact, it was
shown a few years ago that true bright temporal solitonsin a normally dispersive medium can
exist provided that nonlinear dissipation plays a key role [9]. These bright temporal solitons
are examples of “dissipative solitons’, a field that has gained significant importance during
recent years [10]. Exact analytical soliton solutions were found in the frame of the one-
dimensional cubic-quintic complex Ginzburg-Landau equation (CCGLE), athough all of
them proved to be unstable. Numerical simulations allowed the finding of regions in the
parameter space in which stable temporal solitons did exist. These stable solitons exhibited
pulse shapes that could vary, from “bell-shaped” to “flat-top” temporal profiles, depending on
the equation parameters[9].

Could these results be generalized to the three-dimensional CCGLE? The study
undertaken by Rosanov [3] considered the generalized case of (m+1)D solitons with m=1,2
and 3 for the case of saturable nonlinearity with all three (spatiad and time) variables
normalized in a way which allows to deal with an equation which had spherical symmetry.
The spatial and time variables cannot be completely equivalent. In particular, we relate the
spectral filtering only to the retarded time variable and not to all three variables. Recently, we
have numerically demonstrated the existence of stable, “bell-shaped”, light bullets using the
three-dimensional CCGLE model in the case of anomalous dispersion. These can be called
“dissipative light bullets’ [4]. We showed that when a dissipative optical bullet exists for a
given set of parameters, it possesses afinite basin of attraction.

In the present work, which is situated at the crossroad of [4] and [9], we explore, more
systematically, a portion of the parameter space in which stable light bullets are found. We
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find that dissipative light bullets also exist for the case of normal chromatic dispersion. In
particular, we show that, for such media, bell-shaped profiles are found in both tempora and
spatial transversal coordinates, in contrast to the conical shape of X-waves generated in
quadratic normally dispersive media. Furthermore, we also show parameters for which the
light bullet is not stable in the temporal domain, where its shape evolves towards a “rocket”.
Additionally, we present some features of the interaction between stable dissipative optical
bullets.

The rest of the paper is organized as follows. Section 2 presents the model and the
numerical method used for solving the master equation. Section 3 is devoted to proving the
existence of stable bullets for both norma and anomalous dispersions. Some regions of
existence of stable optical bullets in the parameter space are shown. Examples of stable and
unstable dissipative bullets are provided in Section 4. Section 5 deals with a specia class of
non-stationary solutions which we call “rockets’. The interaction between stable bullets is
investigated in Section 6, while Section 7 contains our conclusions.

2. Modd of the dissipative cubic-quintic medium

Our numerical simulations are based on an extended complex cubic-quintic Ginzburg-Landau
equation (CCQGLE) model. This model, which is the same as that used in Ref. 4, includes
cubic and quintic nonlinearities of dispersive and dissipative types, and we have added
transverse operators to take spatia diffraction into account in the paraxial approximation. The
normalized propagation equation reads:

. D 1 1 . . . .
AL A 1//yy+\y)(2 y/+14y)(4 1//:|§1//+|4y)(2 y/+|,81//n+|,t4l/)(4 y. @

The optical envelope wis afunction of four variables w= w (X,y,1,2), wheret is the retarded
time in the frame moving with the pulse, z is the propagation distance, and x and y are the two
transverse coordinates. Equation (1) is written in normalized form. The left- hand-side of Eq.
(1) contains the conservative terms, while all the terms responsible for gain or loss are on the
right-hand-side. The parameter D accounts for dispersion. It is positive (hegative) for the
anomalous (normal) dispersion propagation regime. The parameter v, if negative, is the
saturation coefficient of the Kerr nonlinearity. In the following, the dispersion can take any
value, and the saturation of the Kerr nonlinearity is kept relatively small in comparison with
other parameters. As for the parameters o, € £ and u, we note that & is the coefficient for
linear loss (if negative), is the nonlinear gain (if positive), Sis spectral filtering (if positive)
and u is saturation of the nonlinear gain (if negative). In contrast to the model considered in
Ref. 3, the spectral filtering only affects the term with the t variable, and the dispersion can
have any sign. Furthermore, we do not introduce any symmetry constraints into our
calculations. The variations of the envelope are thus independent along all axes.

This digtributed model could be applied to the modeling of a wide-aperture laser cavity in
the short pulse regime of operation. The model includes the effects of two-dimensional
transverse diffraction of the beam, longitudinal dispersion of the pulse and its evolution along
the cavity. Dissipative terms describe the gain and loss of the pulsein the cavity. Higher-order
dissipative terms are responsible for the nonlinear transmission characteristics of the cavity,
which allow, for example, passive mode-locking. This equation is a natural extension of the
complex cubic-quintic Ginzburg-Landau equation (CCQGLE). We showed in Ref. 4 that, in
the case of anomalous dispersion, this equation admits 3D dissipative solitons, i.e. optical
bullets. In this paper, we show that they also exist for normal dispersion. Additionally, we
study the regions of stable optical bullet existence in the parameter space, as well as the
specia behavior outside these regions where bullets become unstable.

We have solved Eqg. (1) using a split-step Fourier method. Thus, the second-order
derivative terms in x,y and t are solved in Fourier space. Consequently, we apply periodic
boundary conditions in x, y and t. All other linear and nonlinear terms in the equation are
solved in real space using a fourth-order Runge-Kutta method. The simulations presented in
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the paper were performed using various grid sizes, ranging from 128 to 512 points in the three
dimensions x, y and t. We have used various values of step sizes along the spatial and
tempora domains to check that the results do not depend on the mesh intervals, thus avoiding
any numerical artifact. Usually dz is taken to be 0.005. A typical numerical run lasts from
severa hoursto severa days on an up-to-date standard PC.

In the case of the (1+1)D CCQGLE, the equation admits soliton solutions [9]. Moreover,
several solutions can co-exist for the same set of parameters. These solitons are not
necessarily stable. Stability is controlled by the parameters of the equation and by the choice
of the soliton branch. Stable and unstable optical bullets do exist in the case of (3+1)D
simulations with equation (1) as well [4].

3. Regions of existence of optical bullets

Optical bullets exist in some regions in the parameter space. Clearly, it is difficult to find
these regions in the 6-dimensional parameter space in which we operate. To begin with, we
restrict ourselves to varying just two parameters, while fixing the other four. We have chosen
the dispersion D and the cubic gain as the variable parameters. With £ positive, it is possible
to renormalize the time variable in Eq. (1) in such away that the relevant parameter is simply
D/f. This effectively reduces the dimension of the parameter space to 5. We view the
dispersion coefficient D and the nonlinear gain coefficient £ as the main parameters that can
be easily changed in most experiments with passively mode-locked lasers.

We have determined the regions of existence of stable bullets following the same
technique that we used for dissipative solitons in the (1+1)-dimensional case [9]. A two-
dimensional dice of thisregion is shown in Fig. 1(a). The region is relatively wide in both the
eand D/S directions. An important observation here is that the region extends to both positive
and negative values of the dispersion parameter. Thus, we can expect to observe optical
bullets in the normal and anomalous dispersion regimes of the laser cavity. To stress the
difference between the cases with these two signs for the dispersion, we show the same region
of existence in the (4/D,¢) plane in Fig. 1(b). The difference between the two representations
is that they respectively exclude the cases /=0 or D=0. In Fig. 1(b), the regions for positive
and negative D appear clearly separated. The latter plot also shows that we need S to be
different from zero for the bullets to exist in the normal dispersion regime. However, 4 can be
zero in the anomalous regime. The colored thick dotsin Fig. 1(a) correspond to the numerical
examples presented in the next section.
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Fig. 1 (a) A region of existence of optica bullets in (&D/f)-plane. (b) The same region of
existence in the (g 4/D)-plane. The latter representation clearly separates the regions for normal
(red) and anomalous (blue) dispersions.
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4. Stable and unstable optical bullets

One of the mgjor characteristics of the optical bullet is the total amount of energy Q that it
carries:

Q@)= | [1wxy.t.2)F dtdxay, @

—00 —00 —oo

The energy Q is not a conserved quantity for a dissipative system. Thus, it depends on z
We have calculated Q at every step in the simulations. The evolution of the pulse energy Q for
several sets of parameters D and ¢, inside and outside of the shaded area of existencein Fig. 1
is shown in Fig. 2. The color of each curve in Fig. 2 is the same as the color of the
corresponding thick dot in Fig. 1(a). These dots mark the values of the equation parameters
used in each simulation. When the point is inside the region of stability, the energy converges
to afinite value that corresponds to an optical bullet. For points outside the area, the energy
increases continuously, revealing the fact that no stable localized solution has been reached.

300 1 1 1 ;J I 1 T 1 T | T

200 OF =

100

Fig. 2. Evolution of the energy Q for the five sets of parameters indicated in Fig. 1(a) by thick
dots of the same color.

The three curvesin Fig. 2 in the red, blue and fuchsia colors correspond to stable solitons.
Their profiles are shown in Fig. 3, both in (x)y) and t domains. The values of D and efor these
three examples are given inside the shaded area in Fig. 1(a). The same color code is used in
Fig. 3. As we approach the upper boundary of existence of stable dissipative bullets in Fig.
1(a), the temporal profile approaches aflat-top shape.
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Fig. 3. Spatial (upper row) and temporal (lower row) profiles of stable optical bullets. The
parameters used to make these plots correspond to the location of the thick dots of the
corresponding color in Fig. 1(a).

5. Transformations of optical bulletsinto rockets.

In terms of representation, unstable solitons may be just as important as stable ones. Unstable
solitons can change their shape, while at the same time remaining localized. Thus we studied
the evolution of localized initial conditions outside the region of stable optical bullets. While
remaining localized, the pulse can shrink or expand. Two examples of expansion are shown in
Fig. 4. Interegtingly, the transverse profiles do not change with z for the propagation distances
considered in Fig. 4. To demonstrate this feature, the spatial transverse profiles in the case of
the green plots (¢=0.9 and D=-1) are shown for the two values z=10 and z=70. They are
clearly identical. The yellow plots correspond to £=1.5 and D=-0.5. In each example, the
pulse elongates in the time domain, but remains localized and stationary in the spatial domain.
Thus, metaphorically speaking, we can say that bullets can be transformed into long rockets!
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Fig. 4. Pulse evolution for the two sets of equation parameters where optical bullets are
unstable. Theinstability that devel ops in these examplesisin the time domain. The parameters
aregivenin each plot.

However, the elongation process does not last forever. Figure 5(a) shows the evolution of
the energy Q versus z, in the case of ¢=1.5 and D=-0.5, with propagation distance z ranging
from O to 30. From z=0 to z=25, the energy grows linearly with z, due to the linear elongation
of the optical bullet as seen in yellow plot of Fig. 4. However, this evolution is also unstable.
At z=25, another instability develops and it destroys the “rocket”. The movie linked to Fig.
5(b) clearly shows the elongation of the optical bullet and the following instability. The rocket
explodes at both ends. A similar instability develops for the case of the green plotsin Fig. 4,
but occurs at higher values of z.
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8=-0.4, p=0.3 i

O 400 - -
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Fig .5. (@) Growth of the energy Q along with propagation distance z for the elongating optical
bullets. (b) This movie shows the process of elongation and the instability at the end of the
process. The vertical axisin the movieist while the horizontal axisisx (or y).

If we consider the soliton profiles at z=25 and z=30, we can see that, in the (x,y) domain,
the shape of the bullet does not change. The instability develops only in the t domain. We can
see this clearly in Figs. 6(a) and 6(b). A more explicit diagram, which shows that the
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instability develops at the ends of the rocket, is given in Fig. 6(c). For convenience, we
introduce the field intensity integrated along the x and y directions, | (t,2):

1t2)=| [1wxyt.2)F dxdy @

Figure 6(c) shows that I(t, 2) increases at both ends of the rocket.

0,2=30)|

[p(x,y.t

25)|

=0,z

[p(x,y.t

Fig. 6. (a) Soliton profiles at t=0 for (a) z=30 and (b) z=25. The two spatial profiles are
identical. The instability develops along the t axis only. (c) Field intensity integrated along (X,y)
coordinates vs. z. We can see here the instability at the two ends of the rocket.

The optical field amplitude in the middle of the soliton, i.e. a (x,y)=(0,0), for the same
simulation as above, is shown in Fig. 7. As the ends of the rocket split and fly away, the
central part of the rocket becomes shorter, which is also clearly seen in the movie in Fig. 5(b).
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Fig. 7. Evolution of the temporal profile of the “rocket” at (x,y)=(0,0).
6. Interactions of optical bullets

The study of the interaction of optical bullets in a three-dimensional space is a complicated
problem. A number of scenarios of collisions for the anomalous dispersion regime have been
considered in Ref. [3] (see section 6.6.3 of this book and references therein). The outcome of
an interaction depends on initial conditions and many parameters. Even though each of the
optical bullets has a fixed shape and amplitude, there are some parameters that control the
orientation of the line between two bullets in the three-dimensional space. Unlike one-
dimensional problems, where only the separation and the phase difference between the
solitons matter [11], now we have two more angles in the problem. Thus, it seemsimpossible
to perform a complete study of the interaction. Instead, we can give only a few examples
demonstrating a variety of possibilities. For each case, we use only stable optical bullets that,
in the absence of a collision, would propagate without change indefinitely in z. For illustrative
purposes, we show the result of interactions only when the two bullets are initially separated
either in time or in space. Further, we choose two different sets of equation parameters
corresponding to the normal dispersion regime in one case, and to the anomalous dispersion
regime in the other. Examples in Figs. 8, 9, and 10 are for norma dispersion, while the
example in Fig. 11 is calculated for anomalous dispersion. Clearly, in the case of optical
bullets, the interaction plane is not the complete phase space representing the problem. We
need more variables to show the trgjectories uniquely. In this case, using an interaction plane
provides only a sub-space of the full phase space. Nevertheless, it alows us to show the main
features in the problem of the collision. Thuswe will use the interaction plane method to show
the interaction between two bullets. In our case, since the two bullets are separated either in
time or in space, we will refer to temporal or spatial interaction planes, accordingly. We recall
that the interaction plane [11] is a polar set of co-ordinates where the radius-vector
corresponds to the separation between the maxima of the two solitons and the angle represents
the phase difference between them.

Figure 8 shows examples of tragjectories for a variety of initial spatial separations and
phase differences. The black dots represent the initial conditions and the arrows indicate the
evolution of these two variables. The parameters of the CCGLE are written inside Fig. 8(a).
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The direction of the trgjectory indicates the outcome of the collision. The simulations show
that two outcomes of the interaction are possible. The trgjectories that move out of the circle
of initial conditions (mostly on the left-hand-side of the interaction plane) indicate that the
separation of the two bullets increases indefinitely. Trgjectories that move inside the circle of
initial conditions indicate that the optica bullets fuse. This last case of fusion (or
disappearance of one of the colliding bullets) is illustrated in Fig. 8(b). This particular
example corresponds to the red trgjectory in Fig. 8(a).

pr cos(6)

one bm

vanishes

e

pr sin(B)

(b)

=0,z)|

=0,t

lw(x.y

Fig. 8. (a) Trajectories in the spatia interaction plane showing the interaction of two bullets
initially separated in space (along x) and with a certain relative phase difference. The initial

condition is denoted by the black dots. pR is the spatial separation between the maxima of
the two bullets, while 6 is phase difference between them.

Theinitia conditions used for these simulations are taken in the form:

Y(X,y,1,z=0)= ;y{x—%,y,t} %(x+p—;,y,tjé9

(4)

where yy, is the stable stationary localized solution for the given set of equation parameters

and py is the spatial separation between the bullets. For simplicity, we take this distance to

be along the x-axis. Since the stationary bullet has cylindrical symmetry, the interaction
problem has cylindrical symmetry in the (x,y) plane, and it does not matter which axis is

chosen.
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Fig. 9. (a) Trajectories in the temporal interaction plane showing the interaction of two bullets
with a variety of initial separations and phase differences. The parameters of the CCGLE are
giveninthe plot. (b) An example of the interaction of two optical bullets when they merge into
one. This example corresponds to the blue trgjectory in ().

When the two optical bullets are separated in time, theinitial condition is taken to have the
form:

(X, y,t,z=0)= l//O[X, y,t —'%Tj+ %[X, y,t+’0—2Tje”’ . (5)

where o is the time separation between the bullets. For two bullets separated in time, the
corresponding trajectories in the tempora interaction plane are shown in Fig. 9. This plot
shows the existence of an unstable focus at 6=7/2, from which trajectories spiral out. A
saddle point at 8= is aso clearly seen. On the other hand, when the initial separation is
small, the two bullets merge and the trajectories converge towards the origin of the interaction
plane. An example of two bullets merging is shown in Fig. 9(b). It corresponds to the blue
trajectory in Fig. 9(a).

In the first ssimulation above, we used two bullets with zero velocities as the initial
condition. In contrast to (1+1)-D dissipative solitons, optical bullets can have variable velocity
in space. This occurs because spectral filtering in our equation acts only in the time domain.
The velocity can be changed using a“chirp” in the initial conditions. Two optical bullets with
opposite velocities can collide, provided they are launched simultaneously in time. Thus, for
two bullets colliding at an angle, we used the following initial condition:

y(X,y,t,z=0)= %[x—%, y,t]e‘IkX + %[x+%,y,tjékx“9, (6)
where Y, is the function representing the optical bullet, k is the amount of chirp in the initial
conditions, O is the initial separation between the bullets and 6 is the phase difference
between them. Figure 10 shows the two cases of collision. In both cases we used k=1 but the
phase difference @is 190 degrees in case (a) and 70 degreesin case (b). The outcomes of such
collisions are different. In the first case, the bullets repel each other and each one moves away

from the impact region with the same velocity as before the collision. In the second case, they
also repel each other, but one of the bullets disappears after the collision.
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Fig. 10. Two examples of collisions of optical bullets with non-zero velocity in space. Inthe
case (@), the bullets repel each other and survive the collision. In case (b), only one of the
bullets survives after the collision.

The last set of parameters that we consider in this paper relates to the anomalous
dispersion regime. We have carried out simulations for the case of zero velocities when the
two solitons are separated either in space or in time. The two solitons separated in space
evolve the same way as in the case of anomalous dispersion. Thus, the two solitons fuse or
repel each other, depending on the initial phase difference between them. This case is
presented in Fig. 11(a). On the other hand, when the two solitons are separated in time, the
interaction plane can show a center. Indeed, the temporal interaction planein Fig. 11(b) hasa
centre at 8=n/2 (or 37/2). Trajectories around the center are closed loops. Thus, the two
solitons in this case oscillate around the common “center of mass” for this bound state. This
happens only for a certain range of initial separations. For initial separations smaller than a
certain value, out of the above-mentioned interval, the trgjectories converge towards the
origin, indicating that the bullets merge or that one of the bullets disappears. For initial
separations larger than those in the interval, the interaction is too weak and bullets do not
influence each other.
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Fig. 11. Evolution of a pair of optical bullets for the case of anomalous dispersion. The plot in
(a) represents the spatial interaction plane while the plot in (b) is the temporal interaction plane.
All simulations are done for the same set of equation parameters, as written in thefigure.
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Numerical simulations for optical bullets are tedious and time consuming. Therefore, we
stress again that no systematic studies can be done at this stage. Here we have given a few
examples that, in no way, can be viewed as a complete investigation. The aim of presenting
these examples is to demongtrate the wide variety of possibilities that occur in the collisions of
optical bullets.

7. Conclusion

In conclusion, based on numerical simulations, we presented regions of existence of stable
stationary optical bullets in a dissipative medium described by the 3-D complex cubic-quintic
Ginzburg-Landau equation with an asymmetry between space and time variables. Asfar aswe
know, stable bell-shaped optical bullets were obtained for the first time in the normal region
of chromatic dispersion, which is an important result with respect to existing nonlinear
materials. The existence of bell-shaped optical bullets demonstrated here in the normal
dispersion regime arises from the significance of nonlinear dissipation, in terms of magnitude
aswell asin terms of signs of al dissipative terms involved in the Ginzburg-Landau equation,
whose physical meanings were given. In such conditions, localization can take place in the
form of bell-shaped bullets, overcoming limitation from the sign of chromatic dispersion.
Outside the regions of stable bullets, we observed a type of instability of the optical bullets
that transforms them into “rockets’. Finally, examples of the interaction between stable
optical bullets were presented using the temporal and spatial interaction planes, in the cases of
either normal or anomalous chromatic dispersion.
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