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Abstract— This paper discusses an attitude synchronization
problem for multi-agent systems in 3-D spaces and proposes
a synchronization control law based on the quaternion repre-
sentation of 3D rotations. The proposed control strategy takes
advantage of the geometry of the unit quaternion space and
synchronizes agents to have representative quaternions that
map to the same physical 3D rotation. Each agent’s attitude
state is represented by a unit quaternion, and the attitude
synchronization law ensures the states remain in the unit
quaternion space. We show that this control law is stable for the
desired equilibrium using a Lyapunov approach, and provide
a simulation of nine agents interacting in an undirected graph
to justify our results. We also provide a detailed analysis of the
two-agent system to provide intuition behind the control law’s
operation.

I. INTRODUCTION

In the last decade, multi-agent consensus and coordination
control has been an active topic of research in the control
community; we refer the reader to [1], [2] for an overview of
this area. In this paper, we consider a particular multi-agent
coordination problem relating to agents’ attitude control and
synchronization. Attitude synchronization control has been
related with and motivated by vast engineering applications,
including motion control of rigid bodies, satellites’ orien-
tation alignments, and spacecraft formation. In contrast to
the consensus and coordination dynamics in linear vector
spaces such as R™ as reviewed in [1], [2], system dynamics
for attitude synchronization involve fundamental nonlinear
characteristics in the representation of attitude variables, such
as rotation matrices (the special orthogonal matrix group
SO(d)), Euler angles and quaternions [3].

In this paper we consider the multi-agent attitude syn-
chronization problem in 3-D spaces when agents’ attitudes
are presented by unit quaternions. Unit quaternions are often
used to parametrize SO(3) (the 3-D rotation matrix group),
while they also feature several advantages. For example, unit
quaternion representation of an attitude or rotation has clear
physical interpretation, in the sense that the independent def-
inition of an axis of rotation and an angle is directly related
to a rigid body’s physical attitude quantities. Furthermore,
unit quaternion gives a globally nonsingular representation of
rigid-body attitude [4], which avoids the inherent singularity
of other representations while a continuous state-feedback
control law for global stabilization of attitude dynamics may
not be possible [5].
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The key challenge in dealing with attitude control with
unit-quaternion space or SO(3) as opposed to R™, for which
multi-agent consensus is a largely well solved problem, is
the non-linearity of the attitude space and the constraints
its elements must abide by [6]. In this paper, we represent
agents’ attitudes or rotations using the unit quaternions,
which can be thought of as the elements of the 3-sphere
S3 = {x € R* : ||x|| = 1}. Interestingly, there have been
investigations into multi-agent synchronization where agent
states lie in the 1-sphere such as in [7] and in the 2-sphere
such as in [8], or in general higher-dimensional spheres [9].
However, the issue with extending either of these controllers
to the 3-sphere is non-trivial, while the nonlinear space of
unit-quaternion representations features its own topological
properties as discussed in e.g., [10], [11] which studied the
attitude stabilization control for a single rigid body using
quaternion representation. However, there are relatively few
works in the literature on multi-agent attitude control using
unit quaternion representations.

The focus of this paper is to propose a feasible and novel
control law to reach multi-agent attitude synchronization on
unit quaternions. We begin by providing preliminary results
pertaining to quaternion operations and their relationship
with 3-D rotations, and then formulate the problem. Fol-
lowing this we show the main results and provide proof that
the attitude synchronization dynamics are stable with respect
to the agreement equilibrium using a Lyapunov function
argument. Finally, we show the results of simulations on a 9-
agent system to demonstrate and justify the proposed attitude
synchronization law.

II. PRELIMINARIES
A. Graph theory

Graphs provide useful representations of multi-agent sys-
tems, where each of the n agents in a system is considered
as a vertex of the graph, and each communication link is
considered as an edge of the graph. These communication
links can be directed or undirected. In this paper, we only
consider undirected graph modelings.

Definition 1 (Undirected Graph [12]). An undirected graph
G can be represented by a pair of two sets G = (V, E) where
V = {1,...,n} is called the vertex set, and E C V x V is
called the edge set and for any i,j € {1,...,n} we have
(i,j) € E< (j,i) € E.

Definition 2 (Connected Graph [12]). An undirected graph
G is connected when, for any two vertices i,j € V(G) there
is a sequence of edges in E(G) that link i and j.



Definition 3 (Neighbourhood [12]). The neighborhood N;
of the agent i is defined as

Ni={j e VI(i,j) € E}

B. Quaternions and rotations

In many ways, quaternions are an extension of the complex
numbers. This results in them lending themselves well to
describing 3D physical operations in much the same way
that complex numbers can be used to describe 2D physical
operations.

Definition 4 (Quaternion [13]). The set of quaternions is
denoted H. Each quaternion consists of a scalar (real) part
r € R and a vector (imaginary) part u = (x,y,2) € R3,
Two common representations used for a quaternion q € H
are

q=[r,u]

and
g=r+zi+yj+zk

where 1,j,k are quaternion bases, with i> = j> = k? =
ijk=-1,ij=k, and ji = -k

Proposition 1 (Quaternion Addition and Multiplication,
Quaternion Conjugate [13]). Given two quaternions q =
[r1,w1], g2 = [re,us] € H, addition and multiplication can
be expressed as follows.

12 = [rir2 —u1- Uz, up X ug + rug + 72Uy
@+ q2 = [r1 +r2,u; 4+ uy]

From this it can be seen that addition is commutative, but
multiplication is not. Quaternion multiplication is however
associative, and distributive over addition.

The conjugate of a quaternion q = [r,u] is defined as ¢* =
[r, —u].

Definition 5 (Quaternion Inner Product [14]). Given two
quaternions q; = [r;, w;],q; = [rj,u;] we define their inner
product as if they were vectors in R*:

(giyq5) = rirj + (Wi, uy)

where (u;,u;) is the standard inner product between vectors
in R3.

Definition 6 (Unit Quaternion [13]). A unit quaternion q =
[r,u] has the property that ||q|| = /7% + ||Ju||? = 1.

Immediately, we can observe that the product of two unit
quaternions is still a unit quaternion, whereas the sum is,
in general, not. Thus the set of unit quaternions is clearly a
group under multiplication, much alike the 3D rotation group
SO(3). The identity element of this group is simply q; =
[1, 03]. Inverses in this group are provided by the conjugates:
¢*q=[r*+ |/ ,uxu+ru—rul=[1,0] =q.

Definition 7 (The Special Orthogonal Group SO(3), or
3D Rotation Group [13]). The 3D Rotation Group SO(3)
contains all possible matrices that cause a rotation about

the origin of R3. It can be defined as SO(3) = {R €
R¥>3|RTR = I3} and is a group under matrix multipli-
cation.

Proposition 2 (Unit Quaternions as Representations of Ro-
tation [15]). Each matrix R € SO(3) can be represented
by an axis of rotation and an angle of rotation by Euler’s
Rotation Theorem (see e.g., [13, Chapter 2]). Given the axis
angle representation of a rotation as v and 0 respectively,
we may represent the rotation using the unit quaternion
q = [cos(0/2),vsin(0/2)]. Moreover, every unit quaternion
represents exactly one rotation matrix.

While every unit quaternion has a unique rotation it
corresponds to and we can map 3D rotations into the unit
quaternion group, the inverse map from the group of unit
quaternions to SO(3) is not injective. In particular, consider
a unit quaternion ¢ = [r,u] and its negative —q = [—r, u.
Given that ¢ has axis v and angle 0, we can write r =
cos(6/2) and u = vsin(6/2). Now we analyse what —g
represents. We have —r = —cos(0/2) = cos(m — 0/2) =
cos((2m — 6)/2) and —u = —vsin(0/2) = —vsin((27 —
0)/2). Noting that a rotation by 2w — 6 is the same as a
rotation by —f, we see that —q is a rotation by —6 on the
axis —v, and therefore —q represents the same rotation as

q.

C. Problem formulation

This paper aims to develop a control law that can be used
by a multi-agent system to achieve rotation consensus. In
particular, we wish to use the quaternion representation of
3D rotations and define a control law such that each agent
modeled in an undirected network can be driven to reach
rotation synchronization. The state of agent ¢ is defined by a
unit quaternion ¢;, and the relative quaternion between two
neighboring agents ¢ and j is defined as ¢;; = [rij, us;] :=
¢;q;. Given that the graph G = (V, E) represents the agents
and their connections, we aim to design a control law to
achieve rotation synchronization, in the sense that

V(i,j) € E,qi(t) = £qr,as t — 400

III. MAIN RESULTS
A. Rotation control system represented by unit quaternions

1) Defining agent states: We describe the orientation of
a given agent ¢ by using a quaternion ¢; = ¢;(t) =
[cos(giét)),vi(t)sin(%(t))] as above, where 0;(t) € [0, 27]
and v;(t) € R? refer to the angle and axis of rotation in
3D space respectively. We further simplify our notation by
writing r; = cos(e"T(t)) and u; = vi(t)sin(o"'T(t)) such that
@i = [ri, wil.

2) Defining the control law: A common approach to
consensus control in multi-agent systems is to adopt the
nearest-neighbor algorithm [16], which causes each agent to
move to the average relative position of all its neighboring
agents in Euclidean space. The space of unit quaternions

is, however, non-linear, and this requires that our control




law respects the topological properties of the unit quater-
nion space. To accomplish this, we utilize a function that
transforms each relative quaternion into a purely imaginary
quaternion, so that when left-multiplied by ¢;, we obtain a
motion perpendicular to g;, similarly to how multiplying a
purely imaginary complex number ic by another complex
number a + b results in a complex number perpendicular to
a+1b in the complex plane. Moreover, the function we define
preserves the direction of the imaginary component of the
input quaternion, and this results in ¢; tending towards the
relative average state of its neighboring agent quaternions.
Thus, given an arbitrary quaternion ¢ = [r, u], we define the
function f(gq) = [0, ru], which represents a purely imaginary
quaternion capturing the necessary information from q. Then
we define our control law to be

4% =a Z flaiaj) )]
JEN;
To show that this control law indeed preserves the unit length
of the quaternions to which it is applied, we show that the
vectors ¢; (g} ¢;) are perpendicular to ¢; by calculating their
inner product. To accomplish this, we begin by finding a
simplified expression for g; f (g} q;).
i f(q; q5) = [ri, wi][0, ijuy]
By standard quaternion multiplication this gives us
¢ f (g7 q;) = [=riz (Wi, wiz), riju; X gy + ririjug)
Expanding u;;
0 f (g7 q5) = [=rij(wi, (—wi X wj +riw; —rju;)),
rij; X (—lli X u; +ryu; — ’I“jui)
+ i (—uy X w4+ ruy — )]
Now we place r;; outside the vector as a factor, and resolve

the expressions inside. Note we use the properties of the
vector triple product to resolve u; x (u; x u;).

0 f(q; qz) = rigl—ri(wing) + 74|,
= wi{ug, ) 4wyl |ug|* + rfuy — vy
Using this expression, we may show this vector is perpendic-

ular to ¢; by showing that the inner product (g;, ¢; f (¢} ¢;)) =
0 as follows.

00T G0D) 2, ) 4
ij
— [ [ (ug, ) + (ug, ap)| g2
+ 77w, uy) — | fug) P
-0
(@i,qif (g7 q;)) =0 (2)

Therefore, we have shown that ¢; is perpendicular to
¢if(q}q;) independent of ¢ and j. Thus, since the control
law dictates that ¢; is set equal to the sum of ¢; f(q;qg;) for
all j € N,, it is clear that ¢; is set perpendicular to ¢;, and
that it therefore preserves the unit length constraint placed
on q;.

Remark 1. For a unit quaternion q = [cos(0), vsin(6))], it
holds log(q) = [0,V] (see e.g.,[17]), and the left multiplica-
tion of [0,v] by q renders a tangent vector at q of the unit
quaternion space. The above argument actually shows that
qif(q}q;) is a velocity vector in the tangent space of unit
quaternion space at point q;, and therefore the composite
vector q; e, (a7 q;) still lives in the tangent space at
point q;, which guarantees the solution of (1) is in the unit
quaternion space.

3) Relative quaternions and Lyapunov function: For the
relative quaternion ¢;;, by standard quaternion multiplication,
we obtain r;; = r;r; + (u;,u;) and u;; = —u; X u; +
r;uj — r;u;. There are also two useful identities here: r;; =
rir; + (u,u;) = rr; + (uj,w;) = ry; and u;; = —u; X
u; + riu; —r;u; = 4y X u; — riu; + riu; = —Wj4. The
relative quaternion ¢;; is also representative of the relative
rotation between agents ¢ and j. As such, when agents ¢ and
7 are synchronized (by which we mean that they represent
the same rotation), we have ¢; = +q; and therefore ¢;; =
+q¢fq; = [£1,03]. Hence we wish for any Lyapunov function
for this system to have a zero value when r;; = £1 and so
we define our Lyapunov function candidate as follows.

PP IR ®

i=1jeN;
B. Proof of stability

1) Expressing 7;;: Our aim now is to show that the
derivative of V' with respect to time is less than or equal to
zero for all trajectories of our system. Thus we calculate the
derivative of the Lyapunov function (3) along the trajectories
of the rotation control system (1) as

n
V=- Z Z (Ti57i5) “)
i=1jeN;

From here, in order to find an expression for 7;;, we will
need to evaluate ¢;;. This is done simply using the product
rule: ¢;; = (¢7)g; + ¢;q;. The only unfamiliar term is the
derivative of the conjugate, which we find by deriving it from
the following identity:

¢ =1
By differentiating both sides, one can obtain
(¢7)qi +¢;di =0
Substituting the control law (1) for ¢;, one finds
(@)a =—aq;a Y, flgiq)
JEN;

Finally, by right-multiplying both sides by ¢; and eliminating
giq; =1, we have

@) =—> flagu) |« 5)

JEN;



From here we will find an expression for 7;; in terms of
r and u components. Let k € N; and h € N;. Then

=@ ar)a; a5 = [0, rapig][riy, wij]
= [Tik<uik7uij>7 —TikWig X Wiy — Tiﬂikuik]
(6)
and
4 ¢; f(qjan) = [riz, wiz][0, rjnu;n]

= [=rn(Wn, wig), rinig X win + riringn]

(7

We use this information to find r;;. Note that r;; =

Re (gi;) and thus 7;; = Re (¢;;). Now, we are ready to

find an expression for 7;; by substituting in our expressions
for g7 from (5) and ¢; from (1).

ii; = Re (gij)

=Re [ —(D flam))ais +ai;( Y flamn)
kEN; heN;
e (Z —f(qir)gqij) + Re ( Z a;f(gn))  (®)
kEN; heEN;

Finally, by substituting in our results from (6) and (7), we
obtain

Fig = (Y rin(W,wi)) + (> —rn(ujn,uig)  (9)

keN; hEN;

2) Showing 14 < 0. Next, we substitute the expression
from (9) into our formula for V' from (4) and simplify as
follows.

— _Z Z Tij (( Z rik<uik;uij>)

i=1jEN; keN;
+ (D —rn{ujn, uij>)>
heN;

—Z Z Z TijTik<llik,Uz’j>

1=1 jEN; kEN;

n
- Z Z Z —7ii7in(Wjn, Wij)

i=1 jEN; hEN;

n

N v i, i)
i=1 jEN; kEN;
n

o Z Z Z rjirjh<ujiaujh>

i=1 jEN; heN;

(10)

From this step, we use the fact that j € N; & 7 € N, and
we rename the subscript & in the second triple sum to k.
n
= —Z Z Z TijTik Wik, Wij)
i=1 jEN; kEN;
n
=22 D (e i)
j=1

=14€N; keN;

Y

By further swapping the names of the subscripts ¢ and j in
the second triple sum term, we find

V=23 3" rira(uie, uij)

i=1 jEN; kEN;

12)

Using the associative and distributive properties of the inner
product, we can also write this as

V= —22 Z Z (rijWij, rigWig)

i=1 jEN; kEN;

= —22 Z <T‘7;jllij, Z Tikuik>

i=1 jEN; kEN;
= —22 < Z rl]ulj7 Z rzk:uzk> (13)
JEN; kEN;

By noticing that 5 and %k are mere choices of subscript, we
obtain

V= —QZH Z Tijuij||2

i=1 jEN;

(14)

Thus, since for any 4, ||, riju;;||*> > 0 we obtain

V < 0 with equality if and only if for all 4 = 1,-
we have |[3 ¢y, 7iju5]|> = 0. We can also express thlS

equality condition as follows: V =0 if and only if for all
i =1,---,n we have ZjeN riju;; = 0. For the desired
equlhbrlum at which r =1 and u,; = 0, or equivalently
¢i; = £qr, for (3, 5) 6 E, it is locally stable as the global
minimum of the Lyapunov function (at which V takes value
zero). Therefore, the proposed control law guarantees the
local convergence of the attitude synchronization control for
the multi-agent systems.

Currently we are unable to characterize the general prop-
erties of other undesired equilibrium points (i.e., those which
do not correspond to ¢;; = %=q;), and the region of attraction
of the desired equilibrium points. We have performed several
numerical simulations which indicated a large region of
attraction for attitude synchronization. For connected and
undirected communication graphs (not necessarily complete
graphs), and randomly generated initial attitude for each
agent, attitude synchronization can be observed at least in
simulations. The next section will show such a numerical
example demonstrating the controller performance. A special
case on a 2-agent attitude control system and the equilibrium
analysis will be discussed in Section V for more understand-
ings. The general case of equilibrium analysis will be in our
future research.

IV. SIMULATION RESULTS

To demonstrate the control law proposed, some numerical
simulations were performed using MATLAB. Nine agents
were constructed with a randomly generated unit quaternion
used as the description of their initial orientation. Following
this, a random connection graph (shown in Fig. 2) was made
between the agents, and the control law was simulated using
MATLAB'’s solver ode45. To demonstrate how the control



law works, a number of agents’ attitude states at several
different times are captured in Fig. 1. As shown in Fig. 1(g),
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for the multi-agent system shown evolving in Fig. 1.




V. THE TWO-AGENT CASE
A. Equilibrium Points

To give an intuition for how the control law acts on a
system of agents, we analyze the case of a two-agent system.
Then, following our analysis from Section III.B, we have the
Lyapunov function

v

1 2
522 (1=r)

i=1 j£i
1
5 (- r39) + (1 — 7”%1))

2
1—7{s

15)

and its derivative

2
V=23 1Y rijull?
=1 i
=-2 (Hr12u12||2 + Hr21u21||2)

= —4||ripup2|]* <0 (16)

Thus we know that at every equilibrium of the system
|[riauiz]|*> = 0, and so ria|luiz|| = 0. At the desired
equilibrium, 7%, = 1 and ||uja|| = 0. The only other
equilibrium possible given the derivative of the Lyapunov
function occurs where ||uj2|| = 1 and 12 = 0. We can
understand what this means in terms of the states of agents
1,2 by recalling that 15 = cos(612/2) where 015 is the angle
of the rotation of agent 2 with respect to agent 1. Thus, at
the undesired equilibrium, we have

cos(b12/2) =0
612/2 = 7/2 4+ nx for some n € Z
012 :7T+TL(27T)

912 =+ (17)

As shown in (17), the undesired equilibrium points of the
system occur exclusively where the relative angle of rotation
between the two agents is +7.

B. Favoring q12 = *qr

Using the two-agent case, we can also gain intuition for
how the g; converges to ¢ or —¢go depending on which
state is closer. Considered as vectors, the angle between two
unit quaternions ¢;, g2 can be found by (g1, ¢2). We will
look at how the control law acts on the agents’ quaternion
states in two cases. The first case we consider is where
(q1,92) > {q1,—q2). That is, ¢; is closer to g2 than to
—q2 in terms of the angle between the quaternions. We
observe that 715 = (q1,¢2) and so we are describing here
a situation where ri2 > 0. This equivalently means that
the Lyapunov function V' < 1, and thus V < 0 for all
trajectories until r?j = 1. This tells us that ;5 > 0 remains
true until equilibrium is attained, and so we would have
r;j = 1 & q; = ¢; at the equilibrium state. Likewise, in
the case where ¢; is closer to —gs than to ¢s in terms of
the angle, we would have 712 < 0. Following the same
line of reasoning as before, we find that the equilibrium

achieved by the system under these conditions occurs where
rij = =15 gi = —q;.

VI. CONCLUSION

This paper has proposed a control law for reaching multi-
agent’s attitude synchronization with agents’ states repre-
sented using unit quaternions. It has been shown that the
attitude control system with the proposed control law is
Lyapunov stable with respect to the desired equilibrium point
where each relative agent state reaches agreement. Finally,
simulation results on a nine-agent system have been provided
to demonstrate and justify the proposed control law, and the
two-agent system is analyzed to gain an intuition behind
the control law governing the system. Further extensions of
this work could include investigating the effect of switching
connection graph topology, directed graphs, and how the
control law could be adapted to be used in formation control.
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