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Abstract

Chapter 1 of the thesis reviews and synthesises the literature on the role of money and assets in

models with trading frictions. The main focus of the chapter is on how liquidity and resale premia

shape asset prices and monetary transmission. In frictionless Walrasian settings, neither money

nor financial assets are essential for exchange, and asset values reflect only discounted dividends.

Once search and decentralised trade are introduced, however, assets acquire additional value as

media of exchange or as instruments of resale, leading to systematic deviations from standard

asset pricing predictions. By comparing these two strands of theory, the chapter highlights the

mechanisms through which frictions in asset exchange alter equilibrium valuations, monetary

policy transmission, and the structure of risk premia in modern financial economies.

Chapter 2 of the thesis examines asset pricing with collateral and resale premia. Asset prices

respond ambiguously to monetary policy: easing sometimes lowers dividend yields, as in tradi-

tional and collateral/liquidity-based monetary-style asset models, and sometimes raises them,

as in monetary resale premium models. This chapter reconciles these views by developing a

monetary over-the-counter (OTC) model where assets serve both as collateral for goods and

asset purchases and as resaleable securities. The framework generates both collateral and re-

sale premia, explaining why dividend yields can move in opposite directions under monetary

easing/tightening. Further, we show that policy remains effective in the cashless limit, and

that the cashless limit equilibrium differs from the nonmonetary equilibrium, highlighting that

money’s role cannot be abstracted from asset pricing.

Chapter 3 of the thesis considers asset price dispersion, monetary policy, and macroprudential

regulation. Following the 2007–2009 Global Financial Crisis, sustained monetary expansion and

tighter financial regulation have left financial markets thinner, less resilient, and more prone
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to instability. This chapter develops a monetary model of decentralised financial exchange to

account for these outcomes. The framework links search frictions and costly posting to the

joint effects of monetary and regulatory policy on asset prices, quoting behaviour, and market

stability. Increases in inflation or posting costs reduce quoting intensity, widen the distribution

of executable prices, and raise the probability of trading breakdowns. The model replicates key

post-crisis patterns such as wider spreads, higher execution costs, and an increased likelihood

of flash-crash events, showing that the interaction between monetary and regulatory policy can

unintentionally increase financial market fragility.
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Chapter 1

Assets and Money:

A Guided Tour of Liquidity and

Resale Premia

abstract

This chapter reviews and synthesises the literature on the role of money and assets in models with

trading frictions, focusing on how liquidity and resale premia shape asset prices and monetary

transmission. In frictionless Walrasian settings, neither money nor financial assets are essential

for exchange, and asset values reflect only discounted dividends. Once search and decentralised

trade are introduced, however, assets acquire additional value as media of exchange or as instru-

ments of resale, leading to systematic deviations from standard asset pricing predictions. By

comparing these two strands of theory, this chapter highlights the mechanisms through which

frictions in asset exchange alter equilibrium valuations, monetary policy transmission, and the

structure of risk premia in modern financial economies.

1



2 CHAPTER 1. ASSETS AND MONEY: SURVEY

1.1 Introduction

The study of money and asset prices has long stood at the intersection of macroeconomics

and finance. In the canonical Walrasian framework, exchange occurs frictionlessly along budget

constraints, implying that neither money nor financial assets are essential for trade. In such

environments, liquidity plays no intrinsic role: asset prices reflect only discounted dividend

flows, and monetary policy affects real allocations solely through nominal rigidities, if any are

assumed. Once search frictions and decentralised trade are introduced, however, this neutrality

breaks down. In these frictional environments, money and assets acquire value as media of

exchange or through their resaleability. Their pricing therefore reflects not only their dividend

payoffs but also the liquidity services and/or resale opportunities they provide.

Two distinct but complementary strands of the modern literature formalise these liquidity

effects. The first emphasises liquidity premia, arising when assets directly facilitate exchange

in decentralised markets. Models in this tradition, such as Geromichalos et al. (2007); Lagos

and Rocheteau (2009); Lagos (2010); Mattesini and Nosal (2016); Geromichalos et al. (2023),

show that financial assets—particularly government bonds—earn a premium because of their

superior ability to relax trading constraints. Consequently, assets that serve as better media

of exchange exhibit higher valuations and lower expected returns. The second strand focuses

on resale premia, where the value of an asset stems from its potential to be resold in the

future to investors with higher valuations, as in Lagos and Zhang (2019a,b, 2020); Geromichalos

and Jung (2019); Geromichalos et al. (2021). These models, often featuring over-the-counter

(OTC) market intermediation, demonstrate how heterogeneous investor valuations and limited

participation create additional sources of asset value beyond dividends.

Although both frameworks attribute deviations from the standard asset pricing model to fric-

tions in trading, they generate distinct implications for the response of asset prices to monetary

and financial conditions. Assets with a liquidity premium tend to appreciate when monetary

liquidity becomes scarce, since their ability to facilitate exchange becomes more valuable. In

contrast, assets with a resale premium, like equities traded in OTC markets, depreciate when

liquidity tightens, because higher financing costs or inflation reduce the expected gains from

future resale. Hence, the direction of the price response to policy or liquidity shocks depends
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on whether the asset’s value derives from its role as a medium of exchange or from its resale

option.

The objective of this review is to synthesise these two approaches—liquidity and resale

premia—within a common theoretical structure. We first examine models in which assets and

money serve as liquidity instruments and derive the implications for bond and equity pricing. We

then turn to environments in which assets trade in intermediated OTC markets, generating resale

premia through heterogeneous valuations and trading frictions. Together, these literatures reveal

how frictions in asset exchange fundamentally shape valuations, the transmission of monetary

policy, and the nature of equilibrium price differentials across financial instruments.

The remainder of this chapter proceeds as follows. Section 1.2 reviews models in which assets

yield liquidity premia, emphasising how frictions in exchange alter asset prices and monetary

policy transmission. Section 1.3 turns to resale premia, where heterogeneous valuations and

over-the-counter trading generate value from the option to resell assets. Section 1.4 compares

the two mechanisms and highlights their distinct empirical implications. Section 1.5 concludes.

1.2 Liquidity Premia

Having established the motivation for studying money and assets in frictional settings, we now

turn to the first class of models that formalise how liquidity enters asset prices. These liquidity

premium models show that assets can acquire value not only from their dividend payoffs but also

from their ability to facilitate exchange when agents face trading constraints. By embedding a

standard asset pricing structure within a Lagos and Wright (2005)–style monetary framework,

these models demonstrate how liquidity services alter equilibrium pricing, returns, and the

transmission of monetary policy.

We begin by examining a stripped-down version of Lagos (2010). We first consider an

economy with a single equity asset that serves as the medium of exchange. We then extend the

framework to allow two assets, equity and money, both usable as media of exchange. Finally,

we replace money with government bonds to study how the risk-free rate interacts with equity

returns.
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1.2.1 Equities with Liquidity Premia

Consider an economy in which a single equity share represents ownership of an active production

unit.1 Time is discrete, and in each period agents participate sequentially in two markets: a

decentralised market in the first subperiod and a competitive, centralised market in the second.

There is a unit measure of investors, and an equal measure of production units. Each active unit

produces a non-storable dividend good in the first subperiod of period t. The dividend follows

a Markov process, and it is the only source of aggregate uncertainty. Investors derive utility

from consuming special goods traded in the decentralised market, general goods purchased in

the centralised market, and experience disutility from producing the special good. Preferences

are

E0

∞∑
t=0

βt [u(qt)− e(q̃t) + ct − ht] , (1.1)

where β ∈ (0, 1) is the discount factor. Here, qt ∈ R+ and q̃t ∈ R+ denote the quantities of

special goods consumed and produced in decentralised trade, ct ∈ R+ denotes consumption of

general goods, and ht ∈ R+ represents hours worked in the second subperiod. Expectations are

taken with respect to information at time 0. u : R+ → R+ is the investor’s utility function for

the consumption of the special good in the first subperiod, e : R+ → R+ is the investor’s cost

of producing the special good in the first subperiod. We assume u(0) = e(0) = 0, u′ > 0 > u′′,

e′ > 0, and e′′ ≥ 0. Every active unit yields an exogenous dividend good yt ∈ R+. Dividends

evolve over time according to a Markov process, so that the distribution of yt+1 depends only

on the current period dividend yt.

Let Wt(a
s
t ) denote the value of entering the centralised market with ast ∈ R+ shares when

dividends are yt, and Vt(a
s
t ) the corresponding value of entering the decentralised market. At

each date t, the investor chooses consumption of general goods ct ∈ R+, labor supply ht ∈ R+,

1Often referred to in the literature as “Lucas trees”. However, following Lagos and Zhang (2019a,b, 2020) we
refer to them as active production units.
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and an end-of-period equity position ast+1 ∈ R+. The centralised market problem is:

Wt(a
s
t ) = max

(ct,ht,ast+1)∈R3
+

[
ct − ht + βEtVt+1(a

s
t+1)

]
(1.2)

s.t. ct + ϕs
ta

s
t+1 ≤ (ϕs

t + yt)a
s
t + ht,

where Et is the conditional expectations operator over the next-period realisation of the dividend,

and ϕs
t is the (ex-dividend) share price. Using the budget constraint, we can substitute for ht in

the objective function, so that the centralised market problem becomes:

Wt(a
s
t ) = λta

s
t + max

ast+1∈R+

[
− ϕs

ta
s
t+1 + βEtVt+1(a

s
t+1)

]
, (1.3)

where λt ≡ ϕs
t + yt. During the decentralised trading period, with probability α ∈ (0, 1), a

buyer with equity holdings ast meets a seller with holdings ãst . Their terms of trade are given by

[qt(a
s
t , ã

s
t ), pt(a

s
t , ã

s
t )], where qt(·) ∈ R+ is the quantity of special goods exchanged and pt(·) ∈ R+

is the corresponding asset transfer. The value of entering the decentralised market with holdings

ast when dividends are yt is then characterised by,

Vt(a
s
t ) = α

∫
{u [qt(ast , ãst )] +Wt [a

s
t − pt(a

s
t , ã

s
t )]} dG(ãst )

+ α

∫
{−e [qt(ã

s
t , a

s
t )] +Wt [a

s
t + pt(ã

s
t , a

s
t )]} dG(ãst ) + (1− 2α)Wt(a

s
t ), (1.4)

where G denotes the distribution of share holdings. Consider a meeting in the decentralised

market between a buyer holding ast and a seller holding ãst . Following Lagos (2010), the terms of

trade (qt, pt) are determined by Nash bargaining where the buyer has all the bargaining power:

max
qt∈R+,pt≤ast

[u(qt) +Wt(a
s
t − pt)−Wt(a

s
t )] (1.5)

s.t. − e(qt) +Wt(ã
s
t + pt) ≥ Wt(ã

s
t ).

The constraint pt ≤ ast indicates that the buyer cannot spend more assets than he owns. Notice
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that Wt(a
s
t + pt)−Wt(a

s
t ) = λtpt, so the bargaining problem reduces to:

max
qt∈R+,pt≤ast

[u(qt)− λtpt] s.t. − e(qt) + λtpt ≥ 0. (1.6)

In the first subperiod, the buyer’s allocation depends only on the product λta
s
t . If λta

s
t ≥ e(q∗),

the buyer exchanges pt = e(q∗)/λt ≤ ast shares for the first-best quantity q∗. Otherwise, the

buyer transfers all of his shares in exchange for a quantity qt satisfying e(qt) = λta
s
t . Thus, as

shown in Lagos (2010), the solution to the bargaining problem is given by

q(λta
s
t ) =


q∗ if λta

s
t ≥ e(q∗)

e−1(λta
s
t ) if λta

s
t < e(q∗).

Using the bargaining solution and the linearity of Wt(a
s
t ), the value of search can be expressed

as,

Vt(a
s
t ) = S(λta

s
t ) +Wt(a

s
t ), (1.7)

where S(λta
s
t ) ≡ α

{
u[q(λta

s
t )]− e[q(λta

s
t )]
}
. The function S is twice differentiable, with S ′ ≥ 0

and S ′′ ≤ 0, both strict for λta
s
t < e(q∗). As in Lagos (2010), we can now solve the Euler

equation for the asset. The first-order condition for the choice of ast+1 is

ϕs
t = βEt

{[
1 + α

(
u′
[
q(λt+1a

s
t+1)

]
e′
[
q(λt+1ast+1)

] − 1

)]
λt+1

}
. (1.8)

The market-clearing conditions imply ast+1 = 1, and letting L(Λt+1) ≡ [1 + S ′(Λt+1)], where

Λt+1 ≡ λt+1. The liquidity premium can thus be written as

L(Λ) = 1 + α

{
u′ [q (Λ)]

e′ [q (Λ)]
− 1

}

Collecting the preceding results, equilibrium is defined by a price sequence {ϕs
t}∞t=0 that satisfies
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the optimality condition:

ϕs
t = βEt

[
L(Λt+1)(ϕ

s
t+1 + yt+1)

]
. (1.9)

While the equity-only framework clarifies how liquidity affects the pricing of a single asset, it

abstracts from the coexistence of multiple liquid instruments that characterises real economies.2

In particular, government-issued money competes with financial assets in providing transaction

services. To capture this interaction, the next section extends the analysis by introducing fiat

money alongside equity. This extension reveals how monetary policy—through its control of

liquidity supply—jointly determines the value of money and the pricing of financial assets.

1.2.2 Equities and Money with Liquidity Premia

This section investigates how monetary policy affects asset prices. Following Lagos (2010), we

introduce a second asset into the model called money. Money is issued by a government, which

at t = 0 commits to a monetary policy described by a sequence of positive real-valued growth

rates {µt}∞t=0. Given an initial money stock Am
0 > 0, the policy generates a money supply

process {Am
t }∞t=0 according to Am

t+1 = µtA
m
t . The government implements the policy via lump-

sum transfers or taxes in the second subperiod of each period, so that along a sample path,

Am
t+1 = Am

t + Tt, where Tt is the transfer (or tax, if negative).

Both money and equity are perfectly recognisable, cannot be forged, and can be traded in

both centralised and decentralised markets. At t = 0, each investor is endowed with as0 equity

shares and am0 units of fiat money.

Let at ≡ (amt , ast ) denote an investor’s portfolio, consisting of amt ∈ R+ units of money and

ast ∈ R+ equity shares. Let Wt(at) and Vt(at) be the maximum attainable expected discounted

utility of an investor entering the centralised and decentralised markets, respectively, at time t

2In Lagos (2010) the labour market is modelled explicitly. We abstract from these labour market details. Lagos
(2010) present (1.9) in a form that nests equation (6) of Lucas (1978) when there is no liquidity premium (i.e.,
L(Λt) = 1 for all t) or when investors have no liquidity needs (i.e., α = 0). Under our specification, (1.9) can
equivalently be written as U ′(yt)ϕ

s
t = βEt

[
L(Λt+1)U

′(yt+1)
(
ϕs
t+1 + yt+1

)]
in order to correspond to Lagos (2010),

where U(ct) = ct in our case and ct = yt in equilibrium.
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with portfolio at. The centralised market problem is

Wt(at) = max
(ct,ht,at+1)∈R4

+

[
ct − ht + βEtVt+1(at+1)

]
(1.10)

s.t. ct + ϕs
ta

s
t+1 + ϕm

t amt+1 ≤ (ϕs
t + yt)a

s
t + ϕm

t (amt + Tt) + ht.

That is, upon entering the centralised market in period t with portfolio at, the investor chooses

consumption of the general good ct, labor supply ht, and the next-period portfolio at+1 to

maximise expected discounted utility. Again, Et is the conditional expectations operator over

the next-period realisation of the dividend, ϕs
t is the ex-dividend share price, and ϕm

t is the real

price of money in terms of the general consumption good.

Consider a meeting in the decentralised market at period t between a buyer with portfolio

at and a seller with portfolio ãt. Let [qt(a, ã),pt(a, ã)] denote the terms at which the buyer

trades with the seller, where qt(a, ã) ∈ R+ is the quantity of the special good exchanged and

pt(a, ã) ≡ [pmt (a, ã), pst (a, ã)] ∈ R2
+ is the portfolio transfer from buyer to seller. The buyer

makes a take-it-or-leave-it offer, choosing (qt,pt) to solve

max
qt,pt≤at

[
u(qt) +Wt(at − pt)−Wt(at)

]
(1.11)

s.t. − e(qt) +Wt(ãt + pt) ≥ Wt(ãt),

ensuring that the offer is acceptable to the seller and that the buyer cannot spend more assets

than he owns.

Define λt ≡ (λm
t , λs

t ) where λm
t = ϕm

t and λs
t = (ϕs

t + yt). Intuitively, λs
t is the real cum-

dividend value of equity in terms of general goods, and λm
t is the real value of money in terms

of general goods. And thus the solution to the bargaining problem is

q(λtat) =


q∗ if λtat ≥ e(q∗)

e−1(λtat) if λtat < e(q∗).

With this bargaining solution, the value entering the decentralised market for an investor is
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similar to (1.4) with portfolio at, and is simplified to yield,

Vt(at) = S(λtat) +Wt(at), (1.12)

where S again represents the expected gain from trade. Substituting the budget constraint into

Wt(at) yields

Wt(at) = λtat + τt + max
at+1≥0

[
− ϕtat+1 + βEtVt+1(at+1)

]
,

where τt ≡ λm
t Tt and ϕt ≡ (ϕm

t , ϕs
t ). This provides a compact expression for the maximum

expected discounted utility of an investor entering the centralised market with portfolio at.

As shown in Lagos (2010), the market clearing conditions imply that money and equity

holdings satisfy {amt+1, a
s
t+1}∞t=0 = {Am

t+1, 1}∞t=0, and where Λt+1 ≡ λs
t+1 + λm

t+1A
m
t+1 represents

the real value of the portfolio each investor brings into the decentralised market at period t+1.

Given a money supply process {Am
t }∞t=0, and again defining L(Λt+1) ≡ 1 + S ′(Λt+1), a

monetary equilibrium can be summarised by a sequence of prices {ϕm
t , ϕs

t}∞t=0 that satisfy the

following necessary and sufficient conditions for individual optimisation:

ϕm
t = βEt

[
L(Λt+1)ϕ

m
t+1

]
(1.13)

ϕs
t = βEt

[
L(Λt+1)(ϕ

s
t+1 + yt+1)

]
. (1.14)

These are the Euler equations for money and equity, respectively.3 Because both assets can serve

as a medium of exchange in bilateral trades, the usual stochastic discount factor is augmented

by the liquidity factor L(Λt+1), which captures the marginal liquidity value of the asset—i.e.,

the extent to which it facilitates transactions.

It is convenient to introduce a notion of the nominal interest rate. As in Lagos (2010),

suppose the economy included an additional asset: an illiquid nominal bond, i.e., a one-period,

risk-free government bond that pays one unit of money in the centralised market and cannot be

used in decentralised trade. Let ϕn
t denote the price of this bond. In equilibrium, its price must

3The transversality conditions require that limt→∞ E0[β
tϕm

t Am
t+1] = 0 and limt→∞ E0[β

tϕs
t ] = 0.
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satisfy

ϕn
t = βEt

[
ϕm
t+1

]
. (1.15)

Since ϕn
t /ϕ

m
t represents the money price of the bond, the net nominal interest rate in a monetary

equilibrium is defined as

it =
ϕm
t

ϕn
t

− 1, (1.16)

or equivalently,

it =
Et

[
L(Λt+1)λ

m
t+1

]
Et

[
λm
t+1

] − 1. (1.17)

Liquidity considerations therefore generate a negative relationship between the nominal interest

rate (and, by extension, the inflation rate) and equity returns. Intuitively, a higher nominal

interest rate implies that buyers are, on average, short of liquidity, making equity more valuable

as it helps relax trading constraints. This additional liquidity value reduces the expected real

return on equity when interest rates are high.

The joint analysis of money and equity demonstrates how monetary policy influences asset

prices through liquidity conditions. However, in most economies government bonds, rather than

money, are the dominant liquid instrument used to absorb and redistribute liquidity across

investors. Extending the framework to include bonds therefore allows us to distinguish between

assets that provide liquidity services and those that do not, and to explore how differences in

liquidity across assets shape their relative prices and returns.

1.2.3 Equities and Bonds with Liquidity Premia

In this section, we follow Lagos (2010) and extend the framework to include a government-

issued, one-period, risk-free real bond, hereafter referred to simply as a bond. Money is no

longer considered, so the bond serves as the only government liability. Let Ab
t denote the stock

of bonds outstanding in period t, which are redeemed before the centralised trading session of
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that period. At the end of period t, the government issues Ab
t+1 in the centralised market. The

government’s budget constraint is therefore,

Ab
t = ϕb

tA
b
t+1 + τt, (1.18)

where ϕb
t ∈ R+ is the bond price and τt represents net transfers (positive for transfers, negative

for taxes). Now let at ∈ R2
+ denote the portfolio of an investor in period t, consisting of two

assets: at ≡ (ast , a
b
t), where ast ∈ R+ and abt ∈ R+ represent the holdings of shares and bonds,

respectively. Let ϕt ≡ (ϕs
t , ϕ

b
t) denote the corresponding real asset prices, with ϕs

t again as the

ex-dividend real price of a share and ϕb
t the real price of a bond. The value function of an

investor entering the centralised market with portfolio at and dividend income yt is given by

Wt(at) = max
(ct,ht,at+1)∈R4

+

[
ct − ht + βEtVt+1(at+1)

]
(1.19)

s.t. ct + ϕtat+1 ≤ (ϕs
t + yt)a

s
t + abt + ht − τt.

The investor chooses consumption of the general good ct, labor supply ht, and the next-period

portfolio at+1 to maximise expected discounted utility. Again, Et is the conditional expectations

operator over the next-period realisation of the dividend, and ϕtat denotes the dot product of

ϕt and at.

Consider a meeting in the decentralised market at period t between a buyer with portfolio

at and a seller with portfolio ãt. Let [qt(a, ã),pt(a, ã)] denote the terms at which the buyer

trades with the seller, where qt(a, ã) ∈ R+ is the quantity of the special good exchanged and

pt(a, ã) ≡ [pbt(a, ã), p
s
t (a, ã)] ∈ R2

+ is the portfolio transfer from buyer to seller. The buyer makes

a take-it-or-leave-it offer, choosing (qt,pt) to solve

max
qt,pt≤at

[
u(qt) +Wt(at − pt)−Wt(at)

]
(1.20)

s.t. − e(qt) +Wt(ãt + pt) ≥ Wt(ãt).
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The resulting allocation is

q(λta
s
t ) =


q∗, if λta

s
t ≥ e(q∗)

e−1(λta
s
t ), if λta

s
t < e(q∗).

Using this bargaining solution and the linearity of Wt(at), the value function of the first subpe-

riod can be expressed as

Vt(at) = S(λtat) +Wt(at). (1.21)

The market clearing conditions imply that equity and bond holdings satisfy {ast+1, a
b
t+1}∞t=0 =

{1, Ab
t+1}∞t=0, and where Λt+1 ≡ λs

t+1 + λb
t+1A

b
t+1 represents the real value of the portfolio each

investor brings into the decentralised market at period t+1. An equilibrium can be summarised

by a sequence of prices {ϕb
t , ϕ

s
t}∞t=0 that satisfy the following necessary and sufficient conditions

for individual optimisation:

ϕb
t = βEt

[
L(Λt+1)

]
(1.22)

ϕs
t = βEt

[
L(Λt+1)(ϕ

s
t+1 + yt+1)

]
. (1.23)

If we set α = 0 (an economy with no liquidity needs), then conditions (1.22) and (1.23) collapse

to a special case of the standard equations for asset prices derived in Lucas (1978) and Mehra

and Prescott (1985). In this special case, the equilibrium price of a share in an economy with

bonds is identical to that in an economy without bonds. The bond supply is irrelevant when

liquidity plays no role.4

By contrast, when investors are occasionally liquidity constrained, variations in the outstand-

ing stock of bonds affect the equilibrium prices of both shares and bonds. Since both assets can

be freely exchanged in the decentralised market, they yield the same liquidity return in every

state.

As detailed in Lagos (2010), when investors are occasionally liquidity constrained, asset

4Recall the earlier footnote on Lagos (2010) and Lucas (1978), which explains the notation mapping between
our simplified set up here and Lucas (1978); Mehra and Prescott (1985).
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pricing replaces intrinsic payoffs with full returns that bundle payoffs with a state-contingent

liquidity premium. The bond Euler condition then prices the risk-free asset off the marginal rate

of substitution scaled by the expected liquidity term. When liquidity is valuable on average, this

scaling lowers the implied risk-free rate, helping rationalise the risk-free rate puzzle. If bonds

are acceptable in a wider set of meetings than equity, they earn a larger liquidity premium; to

clear markets, equity must compensate for its relative illiquidity with a higher average excess re-

turn, contributing to the equity premium puzzle. Empirically, this perspective suggests working

with liquidity-adjusted returns rather than bare payoffs and testing whether the implied premia

reconcile the observed negative risk-free Euler residual and positive equity premium residual.

1.3 Resale Premia

The liquidity premium framework augments the canonical asset pricing model with a liquidity

term that rises with the asset’s capacity to relax trading constraints. Yet, it attributes all

deviations from fundamental values to liquidity services provided during trade. In many financial

markets, however, assets derive additional value from their resaleability. Investors purchase them

not to use directly in transactions but because they can be resold later to other investors with

higher valuations. To capture this mechanism, we turn to models featuring resale premia, where

trade occurs in decentralised OTC markets and asset value arises not only from dividends but

also from the option to resell under heterogeneous valuations.5

In this section we examine key elements of Lagos and Zhang (2020). We derive pricing

conditions that decompose equity value into dividend and resale premia, and then study how

changes in money growth or the nominal interest rate affect real balances and equity returns.

5A further conceptual refinement of the resale channel concerns the distinction between direct and indirect
asset liquidity. An asset is said to provide direct liquidity when it is itself used as a medium of exchange in
decentralised trade, whereas indirect liquidity arises when the asset’s value stems from the possibility of reselling
it for some other object—money, a different financial instrument, or the numeraire good—that is itself liquid. This
distinction, formalised in Geromichalos and Herrenbrueck (2016) and Herrenbrueck and Geromichalos (2017), has
important implications for how resale value should be interpreted: the magnitude and even the direction of the
resale premium may depend on which object lies on the other side of the secondary-market transaction. In the
models reviewed below, equity is resold for money in OTC markets, so the resale premium operates through
an indirect liquidity channel. Geromichalos et al. (2021) endogenise the boundary between direct and indirect
liquidity by allowing the acceptability of assets in exchange to be determined in equilibrium.
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1.3.1 Equities and Money with Resale Premia

We consider a financial asset, such as equity or a real bond, that delivers a dividend stream in

consumption goods and is demanded by investors with time-varying heterogeneous valuations.

To capture the gains from trade arising from these valuation differences, investors participate in

a bilateral market with random search, intermediated by specialised dealers who have access to

a competitive interdealer market.

Again, time is represented by a sequence of periods indexed by t = 0, 1, . . . Each period is

divided into two subperiods, where different activities take place. Alongside investors, there is

also a continuum of agents called dealers, each identified with a point in the set D = [0, 1].

There is, again, a continuum of active production units, this time with measure As ∈ R++.

As above, every active unit yields an exogenous dividend yt ∈ R+ at the end of the first subperiod

of period t.

Relative to our setup of Lagos (2010) in Section 2, the version of Lagos and Zhang (2020)

developed here adds the following features. At the start of each period, every active unit faces

an independent idiosyncratic shock that renders it permanently unproductive with probability

1 − δ ∈ [0, 1). Conditional on remaining active, the dividend follows yt = γtyt−1, where γt

is nonnegative with cumulative distribution function Γ so that P{γt ≤ γ} = Γ(γ), and mean

γ̄ ∈
(
0, (βδ)−1

)
.6 The period-t dividend yt is publicly revealed at the beginning of period t. At

that time, each failed unit is replaced by a new unit that pays yt in its first period and then

evolves according to the same process, with the initial dividend y0 ∈ R++ given at t = 0. In

the second subperiod of every period, all agents have access to a linear technology that converts

effort into a perishable consumption good.

At the beginning of every period t ≥ 1, each investor receives (1 − δ)As equity shares

corresponding to the new production units. When a production unit fails, its equity share

disappears. Like the previous section, there is a second financial instrument, money, that is

intrinsically useless.

6The bound γ̄ < (βδ)−1 ensures the present value of a surviving unit’s dividend stream is finite and the
dynamic program is well posed. If instead βδ γ̄ ≥ 1, the marginal value of postponing payoffs does not decay,
and agents strictly prefer shifting resources to the future; economically, discounting is overpowered by growth,
ruling out a stationary monetary equilibrium and violating the usual transversality condition. This is a standard
restriction in monetary search/OTC models (see Lagos and Zhang (2019a, 2020) which impose the same type of
bound).
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The stock of money at time t is denoted Am
t . The initial stock of money, Am

0 ∈ R++, is given

and Am
t+1 = µAm

t , with µ ∈ R++. A monetary authority injects or withdraws money via lump-

sum transfers or taxes to investors in the second subperiod of every period. At the beginning of

period t = 0, each investor is endowed with a portfolio of equity shares and money. All financial

instruments are perfectly recognisable, cannot be forged, and can be traded in every subperiod.

In the second subperiod of every period, all agents can trade the consumption good produced

in that subperiod, equity shares, and money in a spot Walrasian market. In the first subperiod

of every period, trading is organised as follows. Investors trade equity and money with dealers

through a random bilateral OTC market, while dealers are also able to rebalance their portfolios

in a competitive Walrasian dealer market. Let α ∈ [0, 1] denote the probability that an investor

meets a dealer in the OTC market (and symmetrically, a dealer meets an investor with probabil-

ity α). When a meeting occurs, the investor and dealer negotiate both the quantity of assets to

be intermediated through the dealer market and the associated intermediation fee. The terms

of trade are determined through Nash bargaining, where the investor holds bargaining weight

θ ∈ [0, 1].

The timing is that the round of OTC trades takes place in the first subperiod and ends

before production units yield dividends. Hence, equity is traded cum-dividend in the OTC

market (and dealer market) of the first subperiod and ex-dividend in the Walrasian market of

the second subperiod. Asset purchases in the OTC market cannot be financed by borrowing in

this case. This assumption and the structure of preferences described below create the need for

a medium of exchange in the OTC market. An individual dealer’s preferences are represented

by

Ed
0

∞∑
t=0

βt(cdt − hdt), (1.24)

where cdt is his consumption of the general good in the second subperiod of period t, and hdt

is the utility costs from exerting hdt units of effort to produce this good. The expectation

operator Ed
0 is with respect to the probability measure induced by the dividend process and the

random trading process in the OTC market. Dealers get no utility from the dividend good. An
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individual investor’s preferences are represented by

E0

∞∑
t=0

βt (εityit + cit − hit) , (1.25)

where yit is the quantity of the dividend good that investor i consumes at the end of the first

subperiod of period t, cit is his consumption of the general good in the second subperiod of

period t, and hit is the utility costs from exerting hit units of effort to produce this good. The

variable εit denotes the realisation of a valuation shock that is distributed independently over

time and across agents, with a differentiable cumulative distribution function G on the support

[εL, εH ] ⊂ [0,∞], and ε̄ ≡
∫
εdG(ε). Investor i learns his realisation εit at the beginning of

period t, before the OTC trading round. The expectation operator E0 is with respect to the

probability measure induced by the dividend process, the investor’s valuation shock, and the

random trading process in the OTC market.7

Consider the determination of the terms of trade in a bilateral meeting in the OTC round

of period t between a dealer with portfolio adt ≡ (amdt, a
s
dt) and an investor with portfolio ait ≡

(amit , a
s
it) and valuation ε. Let āt ≡ (āmt , āst ) denote the investor’s post-trade portfolio consisting

of āmt ∈ R+ units of money and āst ∈ R+ units of equity shares, and let kt ∈ R+ denote the fee

the dealer charges for his intermediation services. The fee is expressed in terms of the second

subperiod consumption good and paid by the investor in the second subperiod.

Let ŴD
t (adt, kt) denote the maximum expected discounted payoff of a dealer with portfolio

adt and earned fee kt when he reallocates his portfolio in the dealer market of period t. Let

W I
t (ait, kt) denote the maximum expected discounted payoff at the beginning of the second

subperiod of period t (after the production units have borne dividends) of an investor who is

holding portfolio ait and has to pay a fee kt.

Following Lagos and Zhang (2020), for each t, define a pair of functions ākt : R2
+× [εL, εH ] →

R+ for k = {m, s} and a function kt : R2
+×[εL, εH ] → R+, and let āt(ait, ε) = (āmt (ait, ε), ā

s
t (ait, ε))

for each (ait, ε) ∈ R2
+× [εL, εH ]. We use [āt(ait, ε), kt(ait, ε)] to represent the bargaining outcome

for a bilateral meeting at time t between an investor with portfolio ait and valuation ε, and a

7The valuation shock stands in for the various idiosyncratic reasons why individual investors may wish to
hold different quantities of a certain asset at different points in time, such as differences in their liquidity needs,
financing or financial-distress costs, or hedging needs.
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dealer with portfolio adt. That is [āt(ait, ε), kt(ait, ε)] solves

max
(āt,kt)∈R3

+

{[
εytā

s
t +W I

t (āt, kt)− εyta
s
it −W I

t (ait, 0)
]θ

×
[
ŴD

t (adt, kt)− ŴD
t (adt, 0)

]1−θ
}

(1.26)

s.t. āmt + ptā
s
t ≤ amit + pta

s
it

ŴD
t (adt, 0) ≤ ŴD

t (adt, kt)

εyta
s
it +W I

t (ait, 0) ≤ εytā
s
t +W I

t (āt, kt),

where pt is the dollar price of an equity share in the dealer market of period t. Let WD
t (at, kt)

denote the maximum expected discounted payoff of a dealer who has earned fee kt in the OTC

round of period t and, at the beginning of the second subperiod of period t, is holding portfolio

at. Then the dealer’s value of trading in the dealer market is

ŴD
t (at, kt) = max

ât∈R2
+

WD
t (ât, kt) (1.27)

s.t. âmt + ptâ
s
t ≤ amt + pta

s
t .

Let V D
t (at) denote the maximum expected discounted payoff of a dealer who enters the OTC

round of period t with portfolio at = (amt , ast ). Again, let ϕt ≡ (ϕm
t , ϕs

t ), where ϕm
t is the real

price of money and ϕs
t is the real ex-dividend price of equity in the second subperiod of period

t. Then,

WD
t (at, kt) = max

(ct,ht,ãt+1)∈R4
+

[
ct − ht + βEtV

D
t+1(ã

m
t+1, δã

s
t+1)

]
(1.28)

s.t. ct + ϕtãt+1 ≤ ht + kt + ϕtat,

where ãt+1 ≡ (ãmt+1, ã
s
t+1), Et is the conditional expectations operator over the next-period

realisation of the dividend, and ϕtat denotes the dot product of ϕt and at. Similarly, let

V I
t (at, ε) denote the maximum expected discounted payoff of an investor with valuation ε and
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portfolio at at the beginning of the OTC round of period t. Then,

W I
t (at, kt) = max

(ct,ht,ãt+1)∈R4
+

{
ct − ht + βEt

∫
V I
t+1[ã

m
t+1, δã

s
t+1 + (1− δ)As, ε′]dG(ε′)

}
(1.29)

s.t. ct + ϕtãt+1 ≤ ht − kt + ϕtat + Tt,

where Tt ∈ R is the real value of the time t lump-sum monetary transfer.

The value function of an investor who enters the OTC round of period t with portfolio at

and valuation ε is

V I
t (at, ε) = α

{
εytā

s
t (at, ε) +W I

t [āt(at, ε), kt(at, ε)]
}

+ (1− α)
[
εyta

s
t +W I

t (at, 0)
]
. (1.30)

The value function of a dealer who enters the OTC round of period t with portfolio at is:

V D
t (at) = α

∫
ŴD

t [at, kt(ait, ε)] dHIt(ait, ε) + (1− α)ŴD
t (at, 0), (1.31)

where HIt is the cumulative distribution function over the portfolios and valuations of the

investors the dealer may contact in the OTC market of period t.

Let j ∈ {D, I} index agent type, where D denotes dealers and I denotes investors. For each

j ∈ {D, I}, let Am
jt and As

jt represent the total holdings of money and equity shares, respectively,

by agents of type j at the beginning of the OTC round in period t (after the replacement of

production units). Formally, Am
jt =

∫
amt dFjt(at) and As

jt =
∫
ast dFjt(at), where Fjt denotes the

distribution of portfolios at = (amt , ast ) across agents of type j at the start of the OTC round.

For j ∈ {D, I}, let Ãm
jt+1 and Ãs

jt+1 denote the total quantities of money and equity shares

held by all agents of type j at the end of period t. Formally, Ãk
Dt+1 =

∫
D ãkdt+1 dl and Ãk

It+1 =∫
I ã

k
it+1 di for k ∈ {m, s}, l ∈ D and i ∈ I. These end-of-period holdings evolve according to

Am
Dt+1 = Ãm

Dt+1, A
s
Dt+1 = δ Ãs

Dt+1, A
m
It+1 = Ãm

It+1, and As
It+1 = δ Ãs

It+1 + (1 − δ)As, where

δ ∈ (0, 1] is the survival probability of production units and As is the measure of newly issued

shares.

Let Ām
Dt and Ās

Dt denote the total quantities of money and shares held by dealers imme-
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diately after the OTC trading round in period t, and let Ām
It and Ās

It denote the correspond-

ing post-OTC holdings of those investors who trade in the first subperiod. For k ∈ {m, s},

Āk
Dt =

∫
âkt (at) dFDt(at) and Āk

It = α
∫
ākt (at, ε) dHIt(at, ε), where âkt (at) denotes the dealer’s

post-OTC portfolio choice, ākt (at, ε) denotes the investor’s post-OTC portfolio conditional on

valuation ε, FDt is the distribution over dealer portfolios at the start of the OTC round, HIt is

the joint distribution of investor portfolios and valuations at the start of the OTC round, and

α ∈ [0, 1] is the probability that an investor is able to trade in the OTC market.

As shown in Lagos and Zhang (2020), the following result characterises the equilibrium

post-trade portfolios of dealers and investors in the OTC market, taking beginning-of-period

portfolios as given. Define ε∗t ≡ (ptϕ
m
t − ϕs

t )/yt and

χ(ε∗t , ε)


= 1 if ε∗t < ε

∈ [0, 1] if ε∗t = ε

= 0 if ε < ε∗t .

Consider a bilateral meeting in the OTC round of period t between a dealer and an investor with

portfolio at and valuation ε. The investor’s post-trade portfolio, [āmt (at, ε), ā
s
t (at, ε)] is given by

āmt (at, ε) = [1− χ(ε∗t , ε)] (a
m
t + pta

s
t ) (1.32)

āst (at, ε) = χ(ε∗t , ε)(1/pt)(a
m
t + pta

s
t ), (1.33)

and the intermediation fee charged by the dealer is

kt = (1− θ)(ε− ε∗t )

[
χ(ε∗t , ε)

1

pt
amt − [1− χ(ε∗t , ε)] a

s
t

]
yt. (1.34)

A dealer who enters the OTC market with portfolio adt exits the OTC market with portfolio

[âmt (adt), â
s
t (adt)] = [āmt (adt, 0), ā

s
t (adt, 0)]. The bargaining outcome hinges on the investor’s

valuation ε relative to a cutoff ε∗t , which identifies the marginal investor who is indifferent

between holding equity and money. If ε > ε∗t , the investor values equity more than the marginal

investor and therefore spends all available cash to acquire additional shares. Conversely, if
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ε < ε∗t , the investor values liquidity more than equity and sells all of his shares in exchange for

money. The dealer receives a share (1 − θ) of the investor’s surplus from this reallocation as

an intermediation fee. The dealer’s post-trade portfolio is the same as that of an investor with

ε = 0.

We restrict attention to recursive equilibria, i.e., equilibria in which aggregate equity holdings

are constant over time, so that As
Dt = As

D and As
It = As

I for all t. Asset prices are assumed

to be linear functions with respect to the dividend, implying ϕs
t = ϕsyt, ptϕ

m
t ≡ ϕ̄s

t = ϕ̄syt,

ϕm
t Am

It = Zyt, and ϕm
t Am

Dt = ZDyt, where Z and ZD are positive constants.

In such an equilibrium, the marginal investor’s valuation cutoff is time-invariant and satisfies

ε∗t = ϕ̄s − ϕs ≡ ε∗. Moreover, price ratios evolve with fundamentals: ϕs
t+1/ϕ

s
t = ϕ̄s

t+1/ϕ̄
s
t = γt+1,

ϕm
t /ϕm

t+1 = µ/γt+1, and pt+1/pt = µ. As discussed in Lagos and Zhang (2020), it is convenient

to define

µ̄ ≡ β̄

[
1 +

αθ(1− β̄δ)(ε̄− εL)

β̄δε̄+ (1− β̄δ)εL

]
(1.35)

µ̂ ≡ β̄

[
1 +

(1− αθ)(1− β̄δ)(ε̂− ε̄)

ε̂

]
(1.36)

where ε̂ ∈ [ε̄, εH ] is the unique solution to

ε̄− ε̂+ αθ

∫ ε̂

εL

(ε̂− ε)dG(ε) = 0. (1.37)

Note that µ̂ < µ̄. A nonmonetary equilibrium, i.e., ϕm
t = 0, exists for any parametrisation,

and there is no recursive monetary equilibrium if µ ≥ µ̄. In the nonmonetary equilibrium,

As
I = As −As

D = As (i.e., only investors hold equity), there is no trade in the OTC market, and

the equity price in the second subperiod is

ϕs =
β̄δ

1− β̄δ
ε̄.

As derived in Lagos and Zhang (2020), if µ ∈ (β̄, µ̂] there is one recursive monetary equilibrium;

asset holdings of dealers and investors at the beginning of the OTC round of period t are

Am
Dt = Am

t − Am
It = 0 and As

D = As − As
I ≤ δAs (which reflects that dealers hold equity across
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periods rather than acting as brokers), and asset price is

ϕs =
β̄δ

1− β̄δ
ε∗.

Otherwise, if µ ∈ (µ̂, µ̄), then there is one recursive monetary equilibrium; asset holdings of

dealers and investors at the beginning of the OTC round of period t are Am
Dt = Am

t − Am
It = 0

and As
D = As −As

I = 0 and asset price is8

ϕs =
β̄δ

1− β̄δ

[
ε̄+ αθ

∫ ε∗

εL

(ε∗ − ε)dG(ε)

]
,

and for any µ ∈ (µ̂, µ̄), ε∗ ∈ (εL, εH) is the unique solution to

(1− β̄δ)
∫ εH
ε∗ (ε− ε∗)dG(ε)

ε∗ + β̄δ
[
ε̄− ε∗ + αθ

∫ ε∗

εL
(ε∗ − ε)dG(ε)

]
I{µ̂<µ}

− µ− β̄

β̄αθ
= 0.

In the nonmonetary equilibrium, dealers are inactive and all equity shares are held solely by

investors. Since money has no value in this case, investors and dealers cannot exploit the gains

from trade that arise from heterogeneity in investor valuations during the first subperiod. The

real asset price is therefore

ϕs =
β̄δ

1− β̄δ
ε̄,

which corresponds to the expected discounted value of the dividend stream, as the equity share

is not traded. Although shares may be traded in the Walrasian market in the second subperiod,

the gains from trade at that stage are zero.

A recursive monetary equilibrium exists only if the inflation rate is not excessively high, i.e.,

if µ < µ̄. Unlike the nonmonetary case, the OTC market is active in the monetary equilibrium.

It is straightforward to show that the marginal valuation ε∗ is strictly decreasing in the inflation

rate,

∂ε∗

∂µ
< 0.

Intuitively, as inflation increases, the real value of money falls, lowering the marginal investor’s

8In Lagos and Zhang (2020) the object Z is derived of the form Z =
αG(ε∗)As

I+As
D

α [1−G(ε∗)] (ε∗ + ϕs).
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valuation. The investor who was previously indifferent between holding cash and equity under

a lower inflation rate now strictly prefers equity.

Let qBt,k denote the nominal price in the second subperiod of period t of an N -period risk-free

pure discount nominal bond maturing in period t+ k, for k = 0, 1, 2, . . . , N , where k represents

the time to maturity. Suppose the bond cannot serve as a means of payment in the first

subperiod. Even though it cannot be traded for equity in the OTC market, it can be redeemed

for money at the end of the period at no cost. In a recursive monetary equilibrium we have

qBt,k = (β̄/µ)k, implying a nominal yield to maturity i = µ/β̄ − 1. Because the gross inflation

rate satisfies ϕm
t /ϕm

t+1 = µ(yt/yt+1) ≡ 1 + πt+1, it follows that 1 + i = µ/β̄ ≡ (1 + r)(1 + π),

where 1 + π ≡
[
Et

(
1

1+πt+1

)]−1
= µ/γ̄.

We now examine how monetary policy influences asset prices within the model. The real price

of equity in a monetary equilibrium is partly shaped by the option available to low valuation

investors to resell their holdings to higher valuation investors. When the growth rate of the

money supply (and thus the inflation rate) rises, equilibrium real money balances decline, and

the marginal investor valuation ε∗ falls. Intuitively, under higher inflation, the investor who was

previously indifferent between holding cash or equity now strictly prefers holding equity. Because

the marginal investor in the OTC market has a lower valuation, the resale premium declines,

which lowers the real price of equity, both the ex-dividend price ϕs and the cum-dividend price

ϕ̄s. At the same time, a higher growth rate of the money supply reduces the real value of money

ϕm
t .

Following Lagos and Zhang (2020), in the recursive monetary equilibrium, this implies that

ex-dividend and cum-dividend equity prices, as well as the real value of money, are all decreasing

functions of inflation:

∂ϕs

∂µ
< 0,

∂ϕ̄s

∂µ
< 0,

∂ϕm
t

∂µ
< 0.

Likewise, all three quantities decline with the real interest rate:

∂ϕs

∂r
< 0,

∂ϕ̄s

∂r
< 0,

∂ϕm
t

∂r
< 0.

Next, we provide the economic intuition behind the results. In this setting, as derived by Lagos
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and Zhang (2020), the Euler equations for money and equity are

ϕm
t =

1

1 + r
Et

[
ϕm
t+1 + αθ

∫ εH

ε∗

(ε− ε∗)yt+1

pt+1
dG(ε)

]
(1.38)

ϕs
t =

1

1 + r
δ Et

[
ε̄yt+1 + ϕs

t+1 + αθ

∫ ε∗

εL

(ε∗ − ε)yt+1 dG(ε)

]
. (1.39)

In the first equation, (1.38), the left-hand side, ϕm
t , represents the cost (in terms of second-

subperiod consumption) of acquiring one additional unit of money in the competitive market

during the second subperiod of period t. The right-hand side gives the discounted expected

value of holding that unit until period t+1. This marginal value has two components: first, the

expected value of holding the dollar through to the end of period t + 1, ϕm
t+1, and second, the

expected value of the option to exchange the dollar for equity in the OTC market at the start

of period t+ 1.

This exchange opportunity is realised only if the investor gains access to the dealer market

(with probability α), receives a share θ of the trade surplus with the dealer, and holds a valuation

above the marginal level ε∗. The resulting expected gain from exercising the option, i.e., the

resale premium, is therefore

αθ

∫ εH

ε∗

(ε− ε∗)yt+1

pt+1
dG(ε).

Next, consider the second equation, (1.39). On the left-hand side, ϕs
t represents the cost of

acquiring one additional equity share in the competitive market during the second subperiod of

period t. The right-hand side gives the discounted, net-of-depreciation expected value of holding

that share until period t+ 1.

As explained in Lagos and Zhang (2020), this marginal value comprises two components.

First, the expected cum-dividend value from holding the equity through the end of period t+1,

given by ε̄yt+1 + ϕs
t+1. Second, the expected value of the option to resell the equity in the OTC

market at the beginning of period t+ 1. This resale opportunity is realised if the investor gains

access to the dealer market (with probability α), receives a fraction θ of the trading surplus,

and encounters a counterparty with valuation below the marginal level ε∗. The expected value
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of this resale premium is therefore

αθ

∫ ε∗

εL

(ε∗ − ε)yt+1 dG(ε).

This additional term, which raises the equilibrium real value of an equity share above the

discounted expected dividend, is analogous to the resale premium value described in Harrison

and Kreps (1978). The key novelty in the Lagos and Zhang (2020) framework is that the value

of this resale option is endogenous to monetary policy. It depends on how policy affects asset

reallocation and determines the marginal investor valuation, ε∗, in the OTC market.

Given ptϕ
m
t ≡ (ε∗ + ϕs)yt, ϕ

m
t /ϕm

t+1 = µ/γt+1, Etyt+1 = Etγt+1yt = γ̄yt, the money Euler

equation (1.38) can be expressed as

1 =
1

1 + i

[
1 + αθ

∫ εH

ε∗

ε− ε∗

ε∗ + ϕs
dG(ε)

]
.

The left-hand side represents the real cost of acquiring one additional unit of real money

balances, while the right-hand side gives the discounted expected value of holding that unit into

the OTC round of the following period.

As Lagos and Zhang (2020) highlight, an increase in the nominal interest rate, i, functions

as a tax on real money balances. It reduces the incentive to hold money, thereby lowering the

valuation of the marginal investor, ε∗. Consequently, the real equity price declines. Importantly,

this result holds whether the increase in i is driven by higher expected inflation, π, or by a higher

real interest rate, r. The underlying intuition is that, although a change in i affects both money

and equity valuations in general equilibrium, it disproportionately alters the incentive to hold

money, which in turn lowers the marginal investor’s valuation of equity.9

The equity Euler equation (1.39) does not respond directly to π, but only indirectly through

its general equilibrium effect on real money balances. The direct effect of expected inflation

on the real value of money dominates the indirect effect on equity prices. As a result, the

marginal investor valuation ε∗ decreases. The investor who was previously marginal under the

9To see this more clearly, consider first the case where the increase in i is associated with higher expected
inflation, π, or equivalently, a higher money growth rate, µ. The money pricing equation above shows that the
primary (partial equilibrium) effect of higher π is to reduce the real value of a dollar, which occurs through a decline
in ε∗. In other words, the equilibrium cum-dividend value of an equity share—purchased using money—falls.



1.3. RESALE PREMIA 25

lower inflation rate shifts his portfolio away from money toward equity in order to mitigate the

inflation tax.

To illustrate this from another perspective, consider a setting where monetary policy follows

the Friedman rule, i.e., i = 0. In this case, the opportunity cost of holding money is zero, so

investors are willing to hold enough real balances to meet any random liquidity demand in the

OTC round. Formally, this implies ε∗ = εH when i = 0. Intuitively, the highest valuation

investors (with ε = εH) can absorb the entire supply of equity in the dealer market, and the

equilibrium equity price reflects only their valuations.

If the inflation rate exceeds the Friedman rule target, i.e., i > 0, holding money becomes

costly, and even the highest valuation investors are budget constrained in the OTC round. That

is, they no longer hold sufficient real balances to remain unconstrained across all possible next-

period valuations, so ε∗ < εH when i > 0. Consequently, investors with lower valuations can

now purchase some equity, and the marginal investor who determines the equilibrium equity

price has a valuation ε∗ < εH . In short, higher inflation reduces aggregate real balances, limits

the ability of high valuation investors to fully express their preferences, and shifts pricing and

holdings toward investors with lower valuations.

Similarly, consider the case where an increase in i stems from a rise in the real interest

rate, r. Here, ε∗ also declines, reflecting that an increase in the real rate diminishes the value

of money more than the value of equity. Since equity provides a real dividend while money

does not, maintaining a positive value of money in equilibrium requires that money serve as

a relatively better store of value than equity (formally, µ < µ̄). Therefore, although higher

r reduces valuations of both equity and money, the effect on the incentive to hold equity is

relatively smaller.

The analysis in Lagos and Zhang (2020) shows that resale premia hinge on liquidity condi-

tions, which are in turn shaped by monetary policy.10

10Nevertheless, the model abstracts from the use of collateral and credit, which are essential for understanding
the interaction between monetary policy and asset markets in practice. In particular, when investors can issue
bonds collateralised by their asset holdings, the distinction between liquidity and resale channels becomes blurred.
The following section incorporates collateralised bonds into the resale premium framework, bridging the analysis
of credit, liquidity, and asset pricing.
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1.4 Contrasting Mechanisms

The preceding sections have examined two distinct mechanisms through which frictions in trade

alter asset valuation: liquidity premia, arising from the use of assets as media of exchange, and

resale premia, generated by the option to transfer assets in future secondary markets. Although

both frameworks depart from the frictionless Walrasian benchmark by introducing search and

decentralised trading, they yield fundamentally different predictions for how asset prices respond

to monetary conditions.

In liquidity premium models, such as the model in Lagos (2010) discussed in Section 2,

assets are valued not only for their dividend flows but also for their capacity to relax trading

constraints in decentralised markets. The equilibrium Euler equation features a liquidity factor,

L(Λt+1), that augments the standard stochastic discount factor, reflecting the marginal utility

value of liquidity services. When monetary policy tightens and real balances fall, the liquidity

premium rises. Assets that function as exchange media therefore appreciate in real terms, as

investors bid up their value to facilitate trade. Their expected returns fall accordingly.

By contrast, resale premium models, such as the model in Lagos and Zhang (2020) described

in Section 3, explain asset valuation through heterogeneity in investor valuations and the inter-

mediation of trade via OTC markets. Here, assets derive additional value from the option to

resell them to higher valuation investors in the future. The resale premium thus depends on

the matching probability, the trade surplus received by the investor in bilateral exchange (both

exogenous in the Lagos and Zhang (2020) setup), and the marginal investor’s valuation of the

asset. When liquidity tightens—because inflation rises/policy contracts—the marginal investor’s

valuation falls, diminishing the expected resale option. Consequently, assets characterised by

resale premia, such as equities and illiquid bonds, tend to depreciate under restrictive monetary

conditions.

Viewed jointly, these frameworks reveal that the asset price response to monetary shocks

depends on the source of its value. Assets that serve primarily as exchange media gain value when

liquidity becomes scarce, while those whose value stems from speculative resale opportunities

lose value. This contrast provides a theoretical basis for the empirical observation that interest

rate increases or liquidity contractions are often accompanied by falling equity prices but rising
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prices of liquid government securities or that asset prices often display ambiguous responses to

monetary policy.

Moreover, both mechanisms underscore the central insight that trading frictions—not pref-

erence heterogeneity or risk aversion alone—govern the cross-sectional structure of returns. This

perspective unifies the liquidity and resale literatures within a broader frictional asset pricing

paradigm, where monetary policy, market structure, and asset heterogeneity jointly determine

valuations.

The synthesis also highlights several open questions that motivate avenues for subsequent

research. First, when both mechanisms operate simultaneously—as in modern financial systems

where assets provide liquidity services yet also trade in secondary markets—their interaction

may generate non-linear and state-dependent asset price responses to monetary policy. Second,

monetary policy may influence not only the level of liquidity premia but also the relative strength

of liquidity versus resale channels, thereby shaping the transmission of policy to asset prices and

risk spreads.

1.5 Conclusion

This review has surveyed search-based asset pricing models with decentralised trade, clarifying

how liquidity premia arise from the ability of assets to relax trading constraints and how re-

sale premia reflect the expected gains from reallocating claims across heterogeneous reservation

values. We have seen that models incorporating search frictions and decentralised trading fun-

damentally reshape asset valuations, assigning them a liquidity function and/or resale premium

that extends beyond their intrinsic dividend payoffs.

The literature demonstrates that liquidity and resale considerations shed new light on long-

standing asset pricing puzzles. By accounting for liquidity needs and resale opportunities, these

models generate return patterns more consistent with empirical observations, highlighting the

centrality of trading frictions for understanding asset prices.

Overall, these insights underscore the limitations of the standard Walrasian benchmark,

which abstracts from trading frictions. Liquidity and resale considerations are key determinants

of equilibrium outcomes and help explain persistent anomalies in financial markets.



Chapter 2

Asset Prices with Collateral and

Resale Premia

abstract

This chapter examines asset pricing with collateral and resale premia. Asset prices respond

ambiguously to monetary policy: easing sometimes lowers dividend yields, as in traditional and

collateral/liquidity-based monetary-style asset models, and sometimes raises them, as in mone-

tary resale premium models. This chapter reconciles these views by developing a monetary over-

the-counter (OTC) model where assets serve both as collateral for goods and asset purchases

and as resaleable securities. The framework generates both collateral and resale premia, ex-

plaining why dividend yields can move in opposite directions under monetary easing/tightening.

Further, we show that policy remains effective in the cashless limit, and that the cashless-limit

equilibrium differs from the nonmonetary equilibrium, highlighting that money’s role cannot be

abstracted from asset pricing.

28
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2.1 Introduction

Asset prices in modern markets display ambiguous responses to monetary policy. In some

episodes, monetary easing coincides with lower dividend yields, while in others easing is asso-

ciated with higher dividend yields. Empirical studies document that equity valuations often

rise when monetary policy and bond yields fall, consistent with the intuition behind the “Fed

model” (see, Bekaert and Engstrom (2010); Asness (2003)). Conversely, other evidence shows

episodes and sectors in which policy changes produce the opposite response in equity valuations

and dividend yields (e.g., Rigobon and Sack (2004); Bernanke and Kuttner (2005); Gürkaynak

et al. (2005)).1 Such mixed patterns stand in contrast to the uniform predictions of conventional

theories and point to the need for a richer framework linking monetary policy to asset prices.

Traditional asset pricing models, and indeed most monetary-style asset pricing models, pre-

dict that loose monetary policy reduces dividend yields, and vice versa under tightening. In pure

asset-pricing frameworks, the mechanism is discounting: lower interest rates raise discount fac-

tors and therefore increase asset prices, driving down dividend yields (see, Gordon and Shapiro

(1956); Gordon (1959)). Likewise, in monetary models where assets facilitate exchange or col-

lateralised trade (e.g., Lagos and Rocheteau (2009); Geromichalos et al. (2007); Lester et al.

(2012); Nosal and Rocheteau (2013)), an increase in the rate of money growth increases the

liquidity premium, raising asset prices and lowering dividend yields, while a decrease does the

reverse.2 By contrast, monetary models with resale premia imply the opposite pattern: an in-

crease in money growth reduces asset prices and therefore raises dividend yields, while a decrease

does the reverse (e.g., Lagos and Zhang (2015, 2019a,b, 2020)). In these settings, assets carry

a resale option value that declines when liquidity conditions improve, lowering its price relative

to dividends.

Yet empirically, both patterns are observed: dividend yields sometimes fall with monetary

easing and sometimes rise, and likewise under monetary tightening. This presents a puzzle

1For example, during the 2022 tightening cycle, Energy rose strongly while Communication Services and
Consumer Discretionary fell (see, S&P Dow Jones Indices (2023)).

2We state this comparative static in terms of the money growth rate to be precise about the policy instrument
in the models cited here. In these frameworks, the nominal interest rate is identified with the yield on an illiquid
bond linked to money growth via a Fisher equation. The comparative statics of an interest rate change may differ
depending on whether the rate corresponds to a liquid or illiquid instrument; see Geromichalos and Herrenbrueck
(2022) and Herrenbrueck and Wang (2023)
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that no single strand of the existing literature can resolve. The contribution of this chapter is

to reconcile these responses by building a unified asset pricing model that incorporates both

collateral and resale premia. By embedding both functions of assets into a monetary over-the-

counter (OTC) framework, we show how the relative strength of collateral and resale motives

determines whether monetary easing lowers or raises dividend yields.

A recurrent critique holds that monetary models have limited usefulness because agents

economise on cash, leaving little scope for monetary frictions to influence asset pricing (see,

Woodford (1998, 2003)). We address this critique by developing a monetary asset-pricing frame-

work that integrates both collateral and margin lending. This design serves four purposes. First,

it clarifies the role of bonds in asset pricing. Bonds act not only as discounting instruments but

also as funding and settlement objects that support collateralised purchases and margin borrow-

ing, so their pricing is integral to monetary policy transmission. Second, it delivers the full set

of premia that matter for policy analysis in asset markets, generating within one environment

resale, collateral, margin, and liquidity premia, and thereby allowing mechanisms usually stud-

ied in separate literatures to be examined jointly. Third, it delivers a cashless limit equilibrium

which is distinct from the nonmonetary equilibrium, showing that monetary considerations re-

main operative even when money holdings are economised. Fourth, the monetary environment

provides the natural home for resale and collateral mechanisms. Resale is liquidation into money,

and goods are acquired using credit or money that ultimately settles in money, so a monetary

model supplies the right primitives for studying how these premia shape asset prices and how

policy shifts them.

In this chapter, therefore, we develop a monetary OTC asset-pricing model in which assets

perform three functions: (i) they provide a stream of dividends, (ii) they serve as collateral for

goods purchases and margin borrowing, and (iii) they trade as resaleable securities in financial

markets. By embedding all three functions in one environment, the framework reconciles the

mixed dividend-yield responses to monetary easing/tightening, organises the complete set of

asset-pricing premia within a single structure, and maintains the results in the cashless limit.

This chapter relates to four research areas: search-theoretic models of money, search-theoretic

models of financial trade in OTC markets, collateral theories of asset pricing and resale theories
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of asset pricing. From a methodological standpoint, this chapter helps bridge the search-theoretic

monetary literature that has largely focused on macroeconomic issues, and the search-theoretic

financial OTC literature that focuses on microeconomic considerations. The basic structure of

the model builds on Lagos and Wright (2005). Specifically, we follow Lagos and Zhang (2019b)

which adopts OTC market structures for the transaction of assets of Duffie et al. (2005). Lagos

and Zhang (2022) use a similar structure where agents and banks participate in Nash bargains

over loans for the purpose of consuming goods. In short, banks are set up in way in Lagos and

Zhang (2022) that mimic the OTC structure for brokers in Lagos and Zhang (2019b). In this

chapter, money serves as a medium of exchange for financial assets and consumption, whereas

in Lagos and Zhang (2022) framework, it is only used as a medium of exchange for consumption

goods and Lagos and Zhang (2019b) it is solely used financial asset purchases. We use this

OTC structure from Duffie et al. (2005) because it is amenable to general equilibrium analysis,

and delivers a natural transmission mechanism through which monetary policy influences asset

prices and consumption and the standard measures of financial liquidity that are the main

focus of the microeconomic strand of the literature. Geromichalos et al. (2007), Jacquet and

Tan (2012), Lagos and Rocheteau (2009), Lester et al. (2012) and Nosal and Rocheteau (2013),

introduce a real asset that can (at least to some extent) be used along with money as a medium of

exchange for consumption goods in variants of Lagos and Wright (2005). These papers identify

the liquidity value of the asset with its usefulness in exchange, and find that when the asset is

valuable as a medium of exchange, this manifests itself as a “liquidity premium” that makes the

real price higher than the expected present discounted value of its financial dividend.

In common with five recent papers, Geromichalos and Herrenbrueck (2016), Lagos and Zhang

(2019b,a, 2020, 2022), this chapter shares the general interest in bringing model of OTC trade

in financial markets into the realm of modern monetary general equilibrium theory. Lagos and

Zhang (2020) offers an in-depth analysis of a model that nests Duffie et al. (2005) and the

prototypical monetary search model. Lagos and Zhang (2019b) develops a model where investors

have access to margin accounts and can trade with money and bargain in an OTC market for

assets and bonds. The frictional nature of OTC trade gives rise to a monetary policy channel

even in a cashless-limit economy. The asset prices in their paper incorporate a resale premium
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and collateral premium since investors can use their assets to obtain margin loans. Lagos and

Zhang (2022) operates similarly, though in their case, consumers bargain with a bank over

loans in order to purchase consumption goods. Consumers in their model purchase goods via

unsecured loans since there are no assets to use as collateral. They also show that monetary

policy influences consumption goods even in the cashless-limit economy. In the formulation

studied here, investors have access to both equity and goods markets and may have additional

access to bond markets facilitated by bond brokers. Asset prices therefore have an additional

collateral premium for the purchase of consumption goods through the use of a security-based

line of credit (SBLOC), representing a departure from both Lagos and Zhang (2019b) and Lagos

and Zhang (2022).

The rest of this chapter is organised as follows. Section 2.2 presents the model and market

structure. Section 2.3 characterises equilibrium. Section 2.4 studies the theoretical results in

the cashless limit, and Section 2.5 concludes. Appendix A contains some further modelling

assumptions. Appendix B contains extensions. Appendix C contains all proofs.

2.2 Model

Time is represented as a sequence of periods indexed by t = 0, 1, . . . . Each period is split into two

subperiods devoted to distinct activities. There is a continuum of infinitely-lived investors, each

corresponding to a point in the set I = [0, NI ], with NI ∈ R+. Similarly, there is a continuum of

infinitely-lived producers, each corresponding to a point in the set P = [0, NP ], with NP ∈ R+,

and a continuum of infinitely-lived brokers, each corresponding to a point in the set B = [0, NB],

with NB ∈ R+. All agents discount across periods with factor, β ∈ (0, 1).

There is a continuum of assets of total measure As ∈ R++ active each period. Each active

asset delivers at the end of the first subperiod a perishable exogenous dividend yt ∈ R+. Since

dividends are identical across active assets, the aggregate dividend is ytA
s. At the start of each

period, every active asset independently faces an idiosyncratic shock that makes it permanently

unproductive with probability 1− η ∈ [0, 1). Conditional on remaining productive, its dividend

at time t evolves according to yt = γtyt−1, where γt is a nonnegative random variable with
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a cumulative distribution function Γ and a mean γ̄ ∈ (0, (βη)−1).3 At the start of period t,

the dividend realisation yt is publicly observed. Any asset that has failed by then is replaced

one-for-one with a new asset that pays yt in the first subperiod and thereafter follows the same

stochastic law as incumbent assets. In the second subperiod, each agent has access to a linear

technology that transforms effort into a perishable, homogeneous consumption good (the general

good).

Each active equity share confers the right to collect dividends to the investor who owns it.

At the beginning of period t ≥ 1, each investor is endowed with (1− η)As equity shares. There

is also a second financial instrument, money, which is intrinsically useless. The money supply at

time t is denoted Am
t . The initial money supply, Am

0 ∈ R++, is given, and evolves according to

Am
t+1 = µAm

t , where µ ∈ R++. A monetary authority injects or withdraws money via lump-sum

transfers or taxes applied to investors and producers in the second subperiod of each period. At

the start of period t = 0, each investor is endowed with a portfolio of equity and money, while

each producer is endowed with money only.

To ensure money remains essential in the model, we follow the standard monetary theory

device that agents are anonymous and cannot commit. With no enforcement at all, borrowing

would be infeasible and first-subperiod purchases could only be financed with money. To permit

credit for equity and goods, we follow Lagos and Zhang (2019b) and introduce limited enforce-

ment. During the first subperiod of period t, a subset of investors and producers issue bonds,

each promising one unit of the general good for delivery in the second subperiod of t. These

bonds are collateralised so that, upon default at the start of the second subperiod, the creditor

seizes a fraction of the debtor’s equity—κ ∈ [0, 1] for equity purchases and λ ∈ [0, 1] for goods

purchases.4

The market structure operates as follows. In the second subperiod, all agents trade the con-

sumption good produced in that period, as well as equity shares and money in a spot Walrasian

3The bound γ̄ < (βη)−1 ensures the present value of a surviving unit’s dividend stream is finite and the
dynamic program is well posed. If instead βη γ̄ ≥ 1, the marginal value of postponing payoffs does not decay,
and agents strictly prefer shifting resources to the future; economically, discounting is overpowered by growth,
ruling out a stationary monetary equilibrium and violating the usual transversality condition. This is a standard
restriction in monetary search/OTC models (see Lagos and Zhang (2019a, 2020) which impose the same type of
bound).

4This credit arrangement is similar to the one described in Lagos and Zhang (2019b) and Lagos and Zhang
(2022). In contrast with Lagos and Zhang (2022) investors in our model cannot obtain unsecured loans, so loans
in this model must be secured with asset holdings. This ties the goods market to the asset price.
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market. In the first subperiod, trade in equity, special goods, money, and collateralised bonds

is organised as follows. Three distinct Walrasian markets function concurrently: a bond market,

an equity market, and a special goods market. All bond brokers participate in the bond market,

where they trade collateralised bonds and money. A proportion δ ∈ [0, 1] of investors have access

to the equity market, where equity shares and money are traded. Additionally, some of these

investors gain indirect access to the bond market through bilateral trades with brokers they

meet randomly. Specifically, with probability 1− α ∈ [0, 1], an investor meets a broker and can

trade equity, money, and bonds. With probability α, the investor does not meet a broker and

can only trade equity and money in the equity market. This meeting process is independent

across investors and time. Similarly, a measure 1 − δ of investors have access to the special

goods market, where they trade special goods and money. A fraction 1 − α of these investors

also gain indirect access to the bond market through random encounters with brokers, just as

in the equity market.

When a broker and an investor meet, they bargain over the quantity of bonds and money the

broker will trade on behalf of the investor in the bond market during the first subperiod, along

with an intermediation fee for the broker’s services. The terms of this trade are determined by

Nash bargaining, with the investor having a bargaining power θ ∈ [0, 1].5 The timing is such

that trading in the first subperiod concludes before production units pay dividends, meaning

equity is traded cum-dividend in the first subperiod and ex-dividend in the second subperiod.6

The preferences of an individual agent of type j ∈ {I, P,B} (where “I” denotes “investor”,

“P” denotes “producer” and “B” denotes “broker”) are represented by

Ej
0

∞∑
t=0

βt
{
[u(qt) + εtyt] I{j=I} − ϱqtI{j=P} + ct − ht

}
where ct is consumption of the homogeneous good that is produced, traded, and consumed in

the second subperiod of period t, and ht is the utility cost from exerting ht units of effort to

5The assumption that investors have direct access to competitive equity and special goods markets is for
analytical simplicity. It amounts to regarding the equity and goods markets as a conventional Walrasian markets
where investors bear zero transaction costs, which is a good approximation to organised exchanges such as the
New York Stock Exchange (in the case of the equity market), and in the case of the goods market is a standard
assumption for consumption markets. There are many examples of works in which frictions play an important
role in equity or goods markets however, in this chapter we seek to investigate frictions in credit markets.

6As in standard search models of financial over-the-counter markets (e.g., Lagos and Zhang (2020) and Lagos
and Zhang (2019b)), an investor must own the equity share to consume the dividend.
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produce this good. u : R+ → R is the investor’s utility function for the consumption good

of the first subperiod, ϱ ∈ R++ is the producer’s marginal (disutility) cost of producing the

consumption good in the first subperiod. qt is the investor’s consumption (if j = I) or production

(if j = P ) of the first subperiod consumption good. We assume u′′ < u(0) = 0 < u′ and that

ϱ < ϱ. The variable yt is the quantity of the dividend good that an investor consumes at the

end of the first subperiod of period t, and εt denotes the realisation of a valuation shock that

is distributed independently over time and across investors, with a differentiable cumulative

distribution function G on the support [εL, εH ] ⊂ [0,∞], and ε̄ ≡
∫
εdG(ε). Each investor learns

the realisation εt at the beginning of period t. I{.} is an indicator function that equals 1 if the

condition in the subscript is satisfied, and 0 otherwise.7 The expectation operator EI
0 is with

respect to the probability measure induced by the dividend process, the investor’s valuation

shock, and the investor’s random trading process in the first subperiod.

2.2.1 Bargaining and Portfolio Problems

Investors may find themselves in one of four trading situation in the OTC round of trade.

With probability αδ, an investor is only able to trade equity and money competitively in the

equity market. With probability (1− α)δ, an investor simultaneously trades money and equity

in the equity market, while also bargaining with a broker over the quantities of bonds and

money the broker will trade on the investor’s behalf in the bond market, along with the broker’s

intermediation fee. With α(1 − δ), an investor is only able to purchase goods for money in

the competitive goods market. And with probability (1− α)(1− δ), an investor simultaneously

trades money and goods with a producer, and bargains with a broker over the quantities of

bonds and money that the broker trades in the bond market on behalf of the investor, as well

as over the broker’s intermediation fee. In these cases, the outcome of the negotiation with the

broker is determined by Nash bargaining with investor bargaining power θ. The broker’s fees

are expressed in terms of the general good and paid by the investor in the second subperiod. To

simplify the exposition, we assume brokers are mere matchmakers and cannot hold assets (equity,

7Notice that this reflects the assumption that brokers get no utility from the dividend good or the first
subperiod consumption good. This implies that brokers have no direct motive for holding equity or purchase
consumption goods. This is easy to relax however, but it is adopted here because it is the standard benchmark
in the search-based literature on over-the-counter markets (see Duffie et al. (2005), Lagos and Zhang (2019b)
and Lagos and Zhang (2022)).
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money, or bonds) for their own account. An individual investor’s portfolio at the beginning of

period t is represented by a vector at ≡ (amt , ast ) ∈ R2
+, i.e., it consists of amt ∈ R+ units of

money and ast ∈ R+ equity shares.8

Let W I
t (at, a

b
t , kt) denote the maximum expected discounted payoff at the beginning of the

second subperiod of period t of an investor who is holding portfolio (at, a
b
t), with abt ∈ R units of

bonds and has to pay a fee kt ∈ R+. Consider an investor who enters period t with (pre-trade)

portfolio at = (amt , ast ) and valuation ε. With probability αδ, the investor is only able to trade

in the equity market and their post-trade portfolio is ât(at, ε) ≡ (âmt (at, ε), â
s
t (at, ε), â

b
t(at, ε)),

with âbt(at, ε) = 0 and

(âmt (at, ε), â
s
t (at, ε)) = argmax

(âmt ,âst )∈R2
+

εytâ
s
t +W I

t (â
m
t , âst ,0) (2.1)

s.t. âmt + pst â
s
t ≤ amt + psta

s
t ,

where 0 represents (0, 0). In this case the investor’s bond holding is fixed at its beginning-of-

period value of 0 since he has no access to the bond market.

With probability (1 − α)δ, the investor can simultaneously trade in the equity market and

bargain over a bond-market trade with a broker. In this case, the bargaining outcome con-

sists of an intermediation fee to the broker, kt(at, ε), and a post-trade portfolio, āt(at, ε) ≡

(āmt (a, ε), āst (at, ε), ā
b
t(at, ε)), that solves

max
(āt,kt)∈R2

+×R×R+

[εytā
s
t +W I

t (āt, kt)− εytâ
s
t (at, ε)−W I

t (â
m
t (at, ε), â

s
t (at, ε),0)]

θk1−θ
t (2.2)

s.t. āmt + pst ā
s
t + psbt ābt ≤ amt + psta

s
t

εytâ
s
t (at, ε) +W I

t (â
m
t (at, ε), â

s
t (at, ε),0) ≤ εytā

s
t +W I

t (āt, kt)

W I
t (ā

m
t , (1− κ)āst , 0, kt) ≤ W I

t (āt, kt),

where āt ≡ (āmt , āst , ā
b
t). If the investor and the broker were unable to reach an agreement, the

8Since bonds issued in the OTC round of period t − 1 are settled in the second subperiod of t − 1, there are
no bonds outstanding at the beginning of period t.
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investor can still trade equity and cash in the equity market at the terms specified by (2.1).

Therefore (2.1) is the investor’s outside option in his bargaining problem with the broker. The

investor’s gain from trade corresponding to an outcome (āt, kt) consists of the payoff εytā
s
t +

W I
t (āt, kt), minus the investor’s outside option, εytâ

s
t (at, ε)+W I

t (â
m
t (at, ε), â

s
t (at, ε),0), i.e., the

payoff achieved in (2.1). The first constraint on (2.2) is the budget constraint the investor faces

in the OTC round when he is able to trade in the equity and the bond market simultaneously.

The second constraint ensures the trade is incentive compatible for the investor, and kt ∈ R+

ensures the trade is incentive compatible for the broker. The third constraint ensures the investor

will repay any debt incurred in the previous OTC round in the following subperiod, rather than

default and forfeit a fraction κ of his post-trade equity holding.

With probability α(1− δ), the investor is only able to purchase goods with their own money

and their post-trade allocation is

(q̂t(a
m
t ), âmt (amt )) = argmax

(q̂t,âmt )∈R2
+

u(q̂t) +W I
t (â

m
t ,0) (2.3)

s.t. âmt + pqt q̂t ≤ amt ,

with âbt(at) = 0 and where 0 = (0, 0, 0). The investor in this case still receives the divided on

their assets, yet it does not impact on the investor’s decision for consumption goods. Again, the

investor’s bond holding is fixed at its beginning-of-period value of 0 since he has no access to

the bond market.

With probability (1 − α)(1 − δ), the investor can simultaneously purchase goods in the

goods market and bargain over a bond-market trade with a broker. In this case, the bargaining

outcome consists of an intermediation fee to the broker, kt(at), and a post-trade allocation

(q̄t(at), ā
m
t (at), ā

b
t(at)), that solves

max
(q̄t,āmt ,ābt ,kt)∈R2

+×R×R+

{u(q̄t) +W I
t (ā

m
t , 0, ābt , kt)− u[q̂(amt )]−W I

t (â
m
t (amt ),0)}θk1−θ

t (2.4)
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s.t. āmt + pqt q̄t + pqbt ābt ≤ amt

u[q̂(amt )] +W I
t (â(a

m
t ),0) ≤ u(q̄t) +W I

t (ā
m
t , 0, ābt , kt)

W I
t (ā

m
t , (1− λ)ast , 0, kt) ≤ W I

t (ā
m
t , ast , 0, kt),

Again, notice that if the investor and the broker were unable to reach an agreement, the investor

can still purchase goods in the goods market at the terms specified by (2.3). Therefore (2.3) is

the investor’s outside option in his bargaining problem with the broker. The investor’s gain from

trade corresponding to an outcome (q̄t, ā
m
t , kt) consists of the payoff u(q̄t) + W I

t (ā
m
t , 0, ābt , kt),

minus the investor’s outside option, u[q̂t(a
m
t )] + W I

t (â
m
t (amt ),0), i.e., the payoff the investor

achieves in (2.3). The first constraint on (2.4) is the budget constraint the investor faces in the

OTC round when he is able to purchase goods and trade in the bond market simultaneously. The

second constraint ensures the trade is incentive compatible for the investor, and kt ∈ R+ ensures

the trade is incentive compatible for the broker. The third constraint ensures the investor will

prefer to repay in the following subperiod any debt incurred in the previous OTC round, rather

than default and forfeit a fraction λ of his post-trade equity holding.

Let V I
t (at, ε) denote the maximum expected discounted payoff of an investor with valuation ε

and portfolio at = (amt , ast ) at the beginning of the OTC round of period t. Define ϕt ≡ (ϕm
t , ϕs

t ),

where ϕm
t denotes the real price of money, and ϕs

t the real ex dividend price of equity in the

second subperiod of period t (both expressed in terms of the general good). In the second

subperiod, the investor chooses consumption of the homogeneous good ct, the utility cost of

production ht, and the end-of-subperiod portfolio ãt+1 ≡ (ãmt+1, ã
s
t+1), recognising that at the

end of the second subperiod a fraction 1 − η of equity is rendered unproductive and replaced,

i.e., at+1 = (ãmt+1, ηã
s
t+1 + (1− η)As). Therefore, we have,

W I
t (at, a

b
t , kt) = max

(ct,ht,ãt+1)∈R4
+

[
ct − ht + βEt

∫
V I
t+1(at+1, ε)dG(ε)

]
(2.5)

s.t. ct + ϕtãt+1 ≤ ht + ϕtat + abt − kt + Tt,

where Et is the conditional expectation over the next-period realisation of the dividend, ϕtat
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denotes the dot product of ϕ and at and Tt ∈ R is the real value of the time-t lump-sum

monetary transfer.

The value function of an investor who enters the OTC round of period t with portfolio at

and valuation ε is

V I
t (at, ε) = αδ[εytâ

s
t (at, ε) +W I

t (ât(at, ε), 0)]

+ (1− α)δ[εytā
s
t (at, ε) +W I

t (āt(at, ε), kt(at, ε))]

+ α(1− δ){u[q̂t(amt )] + εyta
s
t +W I

t (â
m
t (amt ), ast ,0)}

+ (1− α)(1− δ){u[q̄t(at)] + εyta
s
t +W I

t (ā
m
t (at), a

s
t , ā

b
t(at), kt(at))}. (2.6)

With probability 1− δ producers enter the OTC round and produce goods. Once producers

have produced the goods, they find themselves in one of two trading situations in the OTC

round. With probability α, a producer is only able to trade goods and money competitively in

the goods market. With probability 1− α, a producer simultaneously trades money and goods

in the goods market, and bargains with a broker over the quantities of bonds and money that

the broker trades in the bond market on behalf of the investor, as well as over the broker’s

intermediation fee. Again, in this case, the outcome of the negotiation with the broker is

determined by Nash bargaining with producer bargaining power θ. The broker’s fee is expressed

in terms of the general good and paid by the producer in the second subperiod. An individual

producer holds amt ∈ R+ units of money and qt ∈ R+ units of production of the good.

Let WP
t (amt , agt , a

b
t , kt) denote the maximum expected discounted payoff at the beginning of

the second subperiod of period t of a producer who is holding (amt , agt , a
b
t) and has to pay a fee kt.

Consider a producer who enters period t with (pre-trade) money and production (amt , qt). With

probability α, the producer is only able to trade in the goods market and his post-trade allocation

is (q̂t(a
m
t , qt), â

m
t (amt , qt), â

b
t(a

m
t , qt)) with âbt(a

m
t , qt) = 0. Note that âgt (a

m
t , qt) ≡ (qt− q̂t(a

m
t , qt))ϱ

is the remaining unsold inventory of the producer and

(q̂t(a
m
t , qt), â

m
t (amt , qt)) = argmax

(q̂t,âmt )∈R2
+

WP
t (âmt , âgt ,0) (2.7)
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s.t. âmt ≤ amt + pqt q̂t

q̂t ≤ qt.

In this case, the producer’s bond holding is fixed at its beginning-of-period value of 0 since he

has no access to the bond market.

With probability 1 − α, the producer can simultaneously trade in the goods market and

bargain over a bond-market trade with a broker. In this case, the bargaining outcome consists

of an intermediation fee to the broker, kt(a
m
t , qt), and a post-trade allocation, (āmt (amt , qt), q̄t(a

m
t ))

with bond holdings ābt(a
m
t , qt), that solves

max
(āmt ,q̄t,ābt)∈R2

+×R
[WP

t (āmt , āgt , ā
b
t , kt)−WP

t (âmt (amt , qt), â
g
t (a

m
t , qt),0)] (2.8)

s.t. āmt + pqbt ābt ≤ amt + pqt q̄t

q̄t ≤ qt

WP
t (âmt (amt , qt), â

g
t (a

m
t , qt),0) ≤ WP

t (āmt , āgt , ā
b
t , kt).

Notice that if the producer and the broker were unable to reach an agreement, the producer

can still trade goods and money in the goods market at the terms specified by (2.7). Hence,

the outcome (2.7) is the producer’s outside option in his bargaining problem with the broker.

The producer’s gain from trade consists of the continuation payoff WP
t (āmt , āgt , ā

b
t , kt), minus

the producer’s outside option, WP
t (âmt (amt , qt), â

g
t (a

m
t , qt),0), namely the payoff the producer

achieves in (2.7). The first constraint on (2.8) is the budget constraint the producer faces in the

OTC round when he is able to trade in the goods and bond market simultaneously. The second

constraint ensures only goods that are produced can be sold. The third constraint ensures that

trade is incentive compatible for the producer, and the restriction kt ∈ R+ ensures the trade is

incentive compatible for the broker.

Let V P
t (amt ) denote the maximum expected discounted payoff of a producer with money amt
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at the beginning of the OTC round of period t. Then,

WP
t (amt , agt , a

b
t , kt) = max

(ct,ht,ãmt+1)∈R3
+

[ct − ht + βV P
t+1(ã

m
t+1)] (2.9)

s.t. ct + ϕm
t ãmt+1 ≤ ht + ϕm

t amt + abt + agt − kt + Tt,

where Tt ∈ R is again the real value of the time-t lump-sum monetary transfer.

The value function of a producer who enters the OTC round of period t with money holdings

amt is,

V P
t (amt ) = (1− δ) max

qt∈R+

[−ϱqt + αWP
t (âmt (amt , qt), â

g
t (a

m
t , qt),0)

+ (1− α)WP
t (āmt (amt , qt), ā

g
t (a

m
t , qt), ā

b
t(a

m
t , qt), kt(a

m
t , qt))] + δWP

t (0). (2.10)

Similarly, let WB
t (kt) denote the maximum expected discounted payoff at the beginning of

the second subperiod of period t of a broker who has earned fee kt. Then,

WB
t (kt) = kt + βEtV

B
t+1, (2.11)

where V B
t+1 denotes the maximum expected discounted payoff of a broker at the beginning of

the OTC round of period t+ 1.

The value function of a broker who enters the OTC round of period t is,

V B
t = (1− α)δ

∫
WB

t

[
kist (ãt, ε)

]
dHIt(ãt, ε) + (1− α)(1− δ)

∫
WB

t [kiqt (ãt)]dFIt(ãt)

+ (1− α)(1− δ)

∫
WB

t [kpqt (ãmt , qt(ã
m
t ))]dFPt(ã

m
t ) + (1− 2α)WB

t (0), (2.12)

where HIt is the joint cumulative distribution function over the portfolios and valuations of the

investors that contact brokers in the OTC round of trade of period t. FIt is the cumulative

distribution function over portfolios at = (amt , ast ) held by investors at the beginning of the OTC

round of period t and FPt is the cumulative distribution function over money holdings amt held

by producers at the beginning of the OTC round of period t.
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2.3 Equilibrium

Let Am
It and As

It denote the quantities of money and equity shares, respectively, held by investors

at the beginning of the OTC round of period t (after depreciated production units have been

replaced). Also let Am
Pt denote the quantity of money held by producers at the beginning

of the OTC round of period t. That is Am
It = NI

∫
amt dFIt(at), As

It = NI

∫
astdFIt(at) and

Am
Pt = NP

∫
amt dFPt(a

m
t ).

Let Ãm
It+1 and Ãs

It+1 denote the total quantities of money and shares held by all investors

at the end of period t, i.e., Ãk
It+1 =

∫
I ã

k
it+1di for k ∈ {m, s}, where ãkit+1 denotes the quantity

of asset k held at the end of period t by the individual investor identified with the point i ∈ I.

Let ÃPt+1 denote the total quantity of money held by all producers at the end of period t,

i.e., Ãm
Pt+1 =

∫
P ãmpt+1dp, where ãmpt+1 denotes the quantity of money held at the end of period

t by the individual producer identified with the point p ∈ P. Thus Am
It+1 = Ãm

It+1, A
s
It+1 =

ηÃs
It+1 + (1− η)As and Am

Pt+1 = Ãm
Pt+1.

In the equity market of the OTC round of period t, for asset k ∈ {b,m, s}, let Āk
It =

(1− α)δNI

∫
ākt (at, ε)dH

s
It(at, ε), and Âk

It = αδNI

∫
âkt (at, ε)dH

s
It(at, ε), with âbt(at, ε) = 0.

In the goods market of the OTC round of period t, for investors and for asset k ∈ {b,m},

let Āk
It = (1 − α)(1 − δ)NI

∫
ākt (at)dFIt(at), Q̄It = (1 − α)(1 − δ)NI

∫
q̄t(at)dFIt(at), Â

m
It =

α(1 − δ)NI

∫
âmt (amt )dFIt(at) and Q̂It = α(1 − δ)NI

∫
q̂t(a

m
t )dFIt(at). In the goods market

of the OTC round of perioid t, for producers and for asset k ∈ {b,m}, let Āk
Pt = (1 − α)(1 −

δ)NP

∫
ākt (a

m
t , qt(a

m
t ))dFPt(a

m
t ), Q̄Pt = (1−α)(1−δ)NP

∫
q̄t(a

m
t , qt(a

m
t ))dFPt(a

m
t ), Âm

Pt = α(1−

δ)NP

∫
âmt (amt )dFPt(a

m
t ) and Q̂Pt = α(1− δ)NP

∫
q̂t(a

m
t )dFPt(a

m
t ).

We are now ready to define equilibrium.

Definition 1. An equilibrium is a sequence of prices, {pst , p
q
t , p

sb
t , pqbt ϕm

t , ϕs
t}∞t=0, portfolio alloca-

tions and fees for investors in the equity market of period t, {ât(.), āt(.), kt(.)}∞t=0, allocations and

fees for investors in the goods market period t, {âmt (.), q̂t(.)}∞t=0 and {āmt (.), ābt(.), q̄t(.), kt(.)}∞t=0,

end-of-day portfolios for investors, {ãt+1}∞t=0, allocations and fees for producers in the goods

market of the OTC round of period t, {âmt (.), q̂t(.)}∞t=0 and {āmt (.), ābt(.), q̄t(.), kt(.)}∞t=0, end-of-

day money holdings for producers {ãmt+1}∞t=0 such that for all t:
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(i) The portfolios and fees for investors in the equity market of the OTC round of period t

solve (2.1) and (2.2).

(ii) The allocations and fees for investors in the goods market of the OTC round of period t

solve (2.3) and (2.4).

(iii) Taking prices and the bargaining protocol as given, the end-of-period portfolios for investors

solve (2.5).

(iv) The allocations and fees for producers in the goods market of the OTC round of period t

solve (2.7) and (2.8).

(v) Taking prices and the bargaining protocol as given, the end-of-period portfolios for producers

solve (2.9).

(vi) Prices are such that all Walrasian markets clear, i.e., Ãs
It+1 = As, Ãm

It+1 = Am
t+1,

Âs
It + Ās

It = δAs, Q̂It + Q̄It = Q̂Pt + Q̄Pt, and (Âm
It + Ām

It + Âm
Pt + Ām

Pt −Am
t )I{ϕm

t >0} = 0.

An equilibrium is monetary if ϕm
t > 0 for all t. The first step toward characterising equi-

librium is to find the bargaining outcomes. For any (y, z) ∈ R2, it is convenient to define the

“indicator correspondence” χ : R2 → [0, 1] by

χ(y, z)


= 1 if y < z

∈ [0, 1] if y = z

= 0 if z < y

(2.13)

The following lemma characterises post-trade allocations in the OTC market for an economy

with no money.

Lemma 1. Consider the economy with no money and

(I) Consider an investor who enters the OTC round of period t and with probability δ, the

investor enters the equity market with equity holding ast and valuation ε, and let

εnt ≡ ϕ̄s
t − ϕs

t

yt
, (2.14)
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where ϕ̄s
t denotes the price of an equity share in terms of bonds in the equity market. Then:

(i) If the investor does not contact a broker, the post-trade equity holding is âst (a
s
t ) = ast .

(ii) If the investor contacts a broker, the bargaining problem has a solution only if

κ <
ϕ̄s
t

ϕs
t

, (2.15)

the post-trade portfolio is

āst (a
s
t , ε) = χ(εnt , ε)

ϕ̄s
t

ϕ̄s
t − κϕs

t

ast (2.16)

ābt(a
s
t , ε) = ϕ̄s

t

[
1− χ(εnt , ε)

ϕ̄s
t

ϕ̄s
t − κϕs

t

]
ast , (2.17)

and the intermediation fee for the broker is

kt(a
s
t , ε) = (1− θ)(ε− εnt )yt

[
χ(εnt , ε)

ϕ̄s
t

ϕ̄s
t − κϕs

t

]
ast . (2.18)

(II) Consider an investor who enters the OTC round of period t and with probability 1− δ, the

investor enters the goods market with equity holding ast . Then:

(i) If the investor does not contact a broker, the post-trade goods allocation is q̂t(a
s
t ) = 0

(ii) If the investor contacts a broker, the bargaining problem post-trade allocation is

q̄t(a
s
t ) = min

{
D(φq

t ),
λϕs

ta
s
t

φq
t

}
(2.19)

ābt(a
s
t ) = −φq

t q̄t(a
s
t ), (2.20)

where for any φ ∈ R+, D(φ) ≡ u
′−1(φ), and the intermediation fee for the broker is

kt(a
s
t ) = (1− θ){u[q̄t(ast )]− φq

t q̄t(a
s
t )}, (2.21)

where φq
t denotes the price of goods in terms of bonds in the goods market.

(III) Consider a producer who enters the OTC round of period t and with probability 1− δ, the
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producer enters the goods market after producing qt. Then:

(i) If the producer does not contact a broker, the post-trade goods allocation is q̂t = 0.

(ii) If the producer does contact a broker, the bargaining problem post-trade allocation is

q̄t(qt) = χ(ϱ, φq
t )qt (2.22)

ābt(qt) = φq
tχ(ϱ, φ

q
t )qt, (2.23)

and the intermediation fee for the broker is

kt(qt) = (1− θ)(φq
t − ϱ)χ(ϱ, φq

t )qt. (2.24)

Section (I) of Lemma 1 corresponds to Lemma 1 in Lagos and Zhang (2019b) and covers

the allocation of an investor who enters the equity market in the OTC round of period t. Part

(i) of section (I) of Lemma 1 states that in a nonmonetary economy, investors who enter the

equity market but fail to contact a broker are unable to trade in the OTC round.9 Part (ii) of

section (I) states that an investor who enters the equity market and contacts a broker can both

buy and sell equity, as well as take long or short positions in bonds. From (2.16) and (2.17), if

ε < εnt , the investor sells all his equity for bonds. Conversely, if εnt < ε, the investor shorts the

bond in order to take a long position in equity. Condition (2.18) indicates the broker earns a

fee on these transactions as long as ε ̸= εnt .

Section (II) of Lemma 1 produces results reminiscent of Lagos and Zhang (2022) and covers

the allocation of an investor who enters the goods market in the OTC round of period t. Part

(i) of section (II) of Lemma 1 states that in a nonmonetary economy, investors who enter the

goods market who do not contact a broker are unable to purchase goods in the OTC round.10

Part (ii) of section (II) of Lemma 1 states that an investor who enters the goods market who

contacts a broker can purchase goods by taking a short position in the bond.11 From (2.19)

9In a nonmonetary economy, investors entering the equity market without access to credit cannot buy equity,
as they lack a means of payment, nor can they sell equity, since they have no means of receiving payment from
buyers.

10In a nonmonetary economy, investors who enter the goods market with no access to credit have no medium
of exchange to facilitate a purchase.

11Notice that in equilibrium, investors who enter the goods market and who make contact with a broker do not
take long positions in the bond.
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the investor is constrained by the collateral constraint and can only purchase up to a certain

amount of the good. Condition (2.20) states that the size of the short position of the bond is

equal to the value of the purchased good. Condition (2.21) indicates the broker earns a fee on

these transactions.

Section (III) of Lemma 1 again produces results reminiscent of Lagos and Zhang (2022)

covers the allocation of a producer who enters the goods market of the OTC round of period

t. Part (i) of section (III) of Lemma 1 states that in a nonmonetary economy, producers who

do not contact a broker are unable to trade in the OTC round.12 Part (ii) of section (III)

states that a producer who contacts a broker can only sell goods by taking a long position in

the bond.13 From (2.22) if ϱ < φq
t , the producer sells all of their goods inventory in the goods

market. Conversely, if φq
t < ϱ, the producer retains all of their inventory and does not sell any

goods in the goods market. Condition (2.23) states that the size of the long position of the bond

is equal to the value of the sold goods. Lastly, condition (2.24) indicates the broker earns a fee

on these transactions as long as ϱ ≤ φq
t .

Similar to Lagos and Zhang (2019b), notice that in the nonmonetary benchmark, trade can

occur in both the equity and goods markets of the OTC round, but only for investors and

producers with access to credit. Although the equity, goods, and bond markets are segmented

(only equity trades in the equity market, only goods in the goods market, and only bonds in the

bond market), agents who can access either the equity or goods market and the bond market can

trade in both simultaneously by using bonds as the settlement asset. Hence, such investors can

effectively exchange securities at a relative price of ϕ̄s
t bonds per equity share or purchase goods

at φq
t bonds per unit. Likewise, producers with access to both the goods and bond markets can

sell goods at the price φq
t bonds per unit.

As in Lagos and Zhang (2019b), since each bond in the equity market entitles its holder

to 1 unit of the second subperiod consumption good, ϕ̄s
t can be interpreted as the real cum-

dividend OTC price of an equity share, expressed in units of the second subperiod good. In the

nonmonetary economy, bonds traded in the equity market carry an implicit real interest rate

12In a nonmonetary economy, producers with no access to credit cannot sell goods because they have no way
to collect payment from buyers.

13Notice that in equilibrium, producers who enter the goods market and make contact with a broker do not
take short positions in the bond.
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(in units of equity shares), denoted isnt . In the OTC round, a credit-access investor can use 1

unit of equity to acquire ϕ̄s
t bonds. These bonds deliver ϕ̄s

t general goods in the next subperiod,

when the relative price of general goods in terms of equity shares is 1/ϕs
t . Thus, i

sn
t ≡ ϕ̄s

t/ϕ
s
t −1,

or using (2.14),

isnt =
εnt yt
ϕs
t

. (2.25)

Notice that with (2.25), (2.15) becomes κ < 1 + isnt , so (2.15) can only be violated if the net

real interest rate is negative, which will not be the case in equilibrium.14 The following lemma

characterises post-trade allocations in the OTC market for an economy with money.

Lemma 2. Consider the economy with money and

(I) Consider an investor who enters the OTC round of period t and with probability δ the

investor enters the equity market with equity at and valuation ε, and let

ε∗t ≡ (pstϕ
m
t − ϕs

t )
1

yt
(2.26)

ε∗∗t ≡ ε∗t + (1− psbt ϕm
t )

[
I{psbt ϕm

t <1}
pst
psbt

+ I{1<κϕs
t}

]
1

yt
. (2.27)

Then:

(i) If the investor does not contact a broker, the post-trade portfolio is

âmt (at, ε) = [1− χ(ε∗t , ε)](a
m
t + psta

s
t ) (2.28)

âst (at, ε) = χ(ε∗t , ε)
1

pst
(amt + psta

s
t ). (2.29)

14As in Lagos and Zhang (2019b), to justify why (2.15) is necessary for bargaining outcomes to be well defined,
consider the budget and collateral constraints of an investor who contacts a broker, i.e., ϕ̄s

t ā
s
t + āb

t = ϕ̄s
ta

s
t , and

−κϕs
t ā

s
t ≤ āb

t . These two conditions imply the borrowing constraint −κϕs
ta

s
t ≤ (1 − κϕs

t/ϕ̄
s
t )ā

b
t . This constraint

would be slack for all āb
t < 0 if (2.15) is violated, meaning that an investor with ε > εnt would be able (and

willing) to take an infinitely long position in the stock. If (2.15) is violated, then an investor who starts with no
assets can sell b collateralised bonds to purchase b/ϕ̄s

t equity shares and this purchase would leave the investor’s
borrowing constraint nonbinding, since b < κϕs

tb/ϕ̄
s
t .
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(ii) If the investor contacts a broker, the bargaining problem has a solution if

κ <
pst

psbt ϕs
t

, (2.30)

and in that case the post-trade portfolio is

āmt (at, ε) =
{
I{1<psbt ϕm

t }[1− χ(ε∗∗t , ε)] + I{psbt ϕm
t =1}I{ε<ε∗∗t }[1− χ(psbt ϕm

t , 1)]
}
(amt + psta

s
t )

+ I{psbt ϕm
t =1}I{ε=ε∗∗t }ã

m
t (2.31)

āst (at, ε) =
{
I{psbt ϕm

t =1}I{ε∗∗t <ε} + [1− I{psbt ϕm
t =1}]χ(ε

∗∗
t , ε)

} amt + psta
s
t

pst − κpsbt ϕs
t

+ I{psbt ϕm
t =1}I{ε=ε∗∗t }ã

s
t (2.32)

ābt(at, ε) = − 1

psbt
{[āmt (at, ε)− amt ] + pst [ā

s
t (at, ε)− ast ]}, (2.33)

where

(ãmt , ãst ) ∈
{
R2
+ : ãmt + (pst − κpsbt ϕs

t )ã
s
t = amt + pst

}
,

and the intermediation fee is

kist (at, ε) = (1− θ)
{
(εyt + ϕs

t )[ā
s
t (at, ε)− âst (at, ε)] + ϕm

t [āmt (at, ε)− âmt (at, ε)] + ābt(at, ε)
}
.

(2.34)

(II) Consider an investor who enters the OTC round of period t and with probability 1− δ the

investor enters the goods market with portfolio at. Then:

(i) If the investor does not contact a broker, the post-trade allocation is

q̂t(a
m
t ) = min

{
D(φm

t ),
amt
pqt

}
(2.35)

âmt (amt ) = amt − pqt q̂t(a
m
t ). (2.36)



2.3. EQUILIBRIUM 49

(ii) If the investor contacts a broker, the bargaining problem post-trade allocation is

āmt (at) = I{1≤pqbt ϕm
t }ã

m
t (2.37)

q̄t(at) = I{1<pqbt ϕm
t }D(φm

t ) + I{pqbt ϕm
t ≤1}min

{
D(φq

t ),
amt + λpqbt ϕs

ta
s
t

pqt

}
(2.38)

ābt(at) = − 1

pqbt
I{pqbt ϕm

t <1}{[ā
m
t (at)− amt ] + pqt q̄t(at)}+ I{1=pqbt ϕm

t }ã
b
t , (2.39)

where

(ãmt , ãbt) ∈
{
R2
+ : ãmt + pqbt ãbt ≤ amt + λϕs

ta
s
t − pqtD(φq

t )
}
,

and the intermediation fee is

kiqt (at) = (1− θ)
{
u[q̄t(at)]− u[q̂t(a

m
t )] + ϕm

t [āmt (at)− âmt (amt )] + ābt(at)
}
. (2.40)

(III) Consider a producer who enters the OTC round of period t and with probability 1− δ the

producer enters the goods market after producing qt and money holding amt . Then:

(i) If the producer does not contact a broker, the post-trade allocation is

q̂t(a
m
t , qt) = χ(ϱ, φm

t )qt (2.41)

âmt (amt , qt) = amt + pqtχ(ϱ, φ
m
t )qt. (2.42)

(ii) If the producer contacts a broker, the post-trade allocation is

āmt (amt , qt)


→ ∞ if 1 < pqbt ϕm

t

∈ [0,∞) if pqbt ϕm
t = 1

= 0 if pqbt ϕm
t < 1

(2.43)

q̄t(a
m
t , qt) = χ(ϱ, φq

t )qt (2.44)

ābt(a
m
t , qt) =

1

pbt
[amt + pqt q̄t(a

m
t , qt)− āmt (amt , qt)], (2.45)
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and the intermediation fee is

kpqt (amt , qt) = (1− θ)
{
iqmt ϕm

t amt + [(φq
t − ϱ)χ(ϱ, φq

t )− (φm
t − ϱ)χ(ϱ, φm

t )]qt
}
. (2.46)

Section (I) of Lemma 2 corresponds to Lemma 2 in Lagos and Zhang (2019b) and covers the

allocation of an investor who enters the equity market in the OTC round of period t. Part (i)

of section (I) states that an individual investor with valuation ε who does not contact a broker

in the OTC trading round uses all of their money balances to purchase equity when ε∗t < ε, and

sells all of their equity for money when ε < ε∗t . Part (ii) describes the bargaining outcome and

post-trade portfolio of an investor who contacts a broker and can therefore trade both bonds and

equity simultaneously. For ease of interpretation, suppose psbt ϕm
t < 1, which holds in equilibrium.

In this case, if ε∗∗t < ε, the investor short-sells the bond up to the collateral constraint and uses

the proceeds, together with all pre-trade money balances, to purchase equity. Conversely, if

ε < ε∗∗t , the investor sells all pre-trade equity holdings and uses the proceeds, along with all

pre-trade money balances, to purchase bonds. The broker charges a fee whenever the investor

earns a positive gain from trade.

Section (II) of Lemma 2 produces similar results to Lagos and Zhang (2022) adapted to

our setting and covers the allocation of an investor who enters the goods market in the OTC

round of period t. Part (i) of section (II) states that an investor who enters the goods market

who does not contact a broker in the OTC round of trade chooses to consume subject to the

money constraint. Part (ii) of section (II) of Lemma 2 states that an investor who enters the

goods market and contacts a broker can simultaneously trade goods and bonds. To offer an

interpretation of the post-trade allocation suppose again that psbt ϕm
t < 1. In this case, if the

investor is not liquidity constrained then they consume the optimal quantity. If, on the other

hand the investor is liquidity constrained then the consumer will take on a short position of the

bond as allowed by the collateral constraint, and use the proceeds from the short sale along with

all his pre-trade money balance to buy goods. Condition (2.40) states that the broker earns a

fee when the investor has positive gain from trade.

Section (III) of Lemma 2 again produces similar results to Lagos and Zhang (2022) and
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covers the allocation of a producer who enters the goods market in the OTC round of period

t. Part (i) of section (III) states that a producer who enters the goods market who does not

contact a broker in the OTC round of trade can sell goods for money. From (2.41) if ϱ < φm
t ,

the producer sells all of their goods inventory in exchange for money. Conversely, if φm
t < ϱ,

the producer retains all of their inventory and does not sell any goods in the goods market.

Part (ii) of section (III) of Lemma 2 states that a producer who enters the goods market and

contacts a broker can simultaneously trade goods and bonds. To offer an interpretation of the

post-trade allocation suppose again that pqbt ϕm
t < 1. In this case, the producer sells all of his

inventory of goods and uses the proceeds and money holdings to take a long position in bond.

Condition (2.46) states that the broker earns a fee when the producer has positive gain from

trade.

Along the same lines as Lagos and Zhang (2019b), notice that with 1 unit of money an

investor can buy 1
pkbt

bonds, which yields 1
pkbt

general goods in the following subperiod. This is

equivalent to 1
pkbt ϕm

t
dollars, for k ∈ {s, q} where s represents the price of the bond in the equity

market, and q represents the price of the bond in the goods market. The competitive nominal

rates on collateralised loans in the equity and goods market, respectively, are

ismt ≡ 1

psbt ϕm
t

− 1, and iqmt ≡ 1

pqbt ϕm
t

− 1. (2.47)

As in Lagos and Zhang (2019b), since the loan is repaid within the same period, the corre-

sponding interest rate can be interpreted as a real rate, with both the loan and its repayment

measured in units of the general good.15 Another relevant notion of interest is the real interest

rate on bonds measured in terms of equity shares—the same concept that applies in the economy

without money. If an investor spends 1 unit of money to purchase bonds, this corresponds to

trading 1
pst

worth of equity shares for 1
psbt

bonds that deliver 1
psbt

general goods in the second

subperiod. This is equivalent to 1
psbt ϕs

t
equity shares. The real rate on a bond (in terms of equity

15A bond investment of 1
ϕm
t

dollars is equivalent to a bond investment of 1 unit of the general good. The 1
ϕm
t

dollars allow to buy 1

pkb
t ϕm

t
bonds, which in total yield 1

pkb
t ϕm

t
general goods. So the gross real interest in terms of

general goods is also 1

pkb
t ϕm

t
.
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shares) is

isst ≡ pst
psbt ϕs

t

− 1. (2.48)

With (2.47), (2.30) becomes κ < 1 + isst . (2.30) can only be violated if the net real interest is

negative, which will not be the case in equilibrium.16

We focus our analysis on equilibria with an active bond market, which implies pkbt ϕm
t ≤ 1,

i.e., the net nominal interest rate on bonds, ikmt , is nonnegative.17

In what follows, we consider recursive equilibria, i.e., equilibria in which real equity prices

(and real money balances, in a monetary equilibrium) are time-invariant linear functions of the

dividend.

Definition 2. A recursive nonmonetary equilibrium (RNE) is a nonmonetary equilibrium in

which real equity prices (general goods per equity share) are time-invariant linear functions of

the aggregate dividend, i.e., ϕs
t = ϕsyt, and ϕ̄s

t = ϕ̄syt for some ϕs, ϕ̄s ∈ R+.

In a RNE, εnt = (ϕ̄s
t − ϕs

t )
1
yt

= ϕ̄s − ϕs ≡ εn, and the real interest rate on the bond, i.e.,

isnt ≡ ϕ̄s
t/ϕ

s
t − 1 as defined in (2.25) is

isn =
εn

ϕs
, (2.49)

and the price of the first subperiod consumption good in terms of the price of the bond, i.e.,

φq = pqt/p
qb
t is given by

φq ≤ φ̂q ≡ ϱ+
1− (1− α)θ

(1− α)θ
(ϱ− ϱ). (2.50)

16As in Lagos and Zhang (2019b), to see why condition (2.30) is necessary for the bargaining outcome of an
investor with access to credit to be well defined, take the budget and the collateral constraints of an investor who
contacts a broker, ām

t + pst ā
s
t + psbt āb

t = am
t + psta

s
t and −κϕs

t ā
s
t ≤ āb

t . These two conditions imply −κϕs
t [a

s
t +

(am
t − ām

t )/pst ] ≤ (1− κpsbt ϕs
t/p

s
t )ā

b
t . This constraint is nonbinding for all āb

t < 0 if (2.30) were violated, meaning
that an investor with ε > ε∗∗t would be able to take an infinitely long position in the stock. If (2.30) is violated,
then an investor with access to credit with no asset, can sell b collateralised bonds for money and use the
proceeds to purchase bpsbt /pst equity shares. This purchase would leave the investor’s borrowing constraint slack,
as b < κϕs

tbp
sb
t /pst .

17Lemma 14 in Appendix A establishes that pkbt ϕm
t ≤ 1 is necessary for bonds to trade in equilibrium. We focus

on equilibria with an active bond market because if the bond is not traded, money is the only means of payment.
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Notice that the equilibrium price satisfies ϱ < ϱ < φq and that φq = ϱ only if (1 − α)θ = 1.18

Therefore, the price of the consumption good in the first subperiod is higher than the marginal

cost of production. Consequently, whether due to the good’s price or to the collateral constraint,

consumption in the first subperiod is inefficiently low in the nonmonetary economy whenever

either not all producers have access to credit markets, i.e., α < 1 or brokers possess market

power over the producers they trade with, i.e., θ < 1. This inefficiency arises because the

producer must produce the first subperiod consumption good before simultaneously selling it

and bargaining with the broker. Building on the constant-returns production technology in Lagos

and Zhang (2022), a producer must break even in equilibrium when producing the first-subperiod

consumption good. In particular, when the producer chooses how much to produce at the start

of the period, they expect the relative price of the first-subperiod consumption good to be some

φ ≥ ϱ ≥ ϱ, implying an expected profit equal to Πn(φ) ≡ Rn(φ) − ϱ = (1 − α)θ(φ − ϱ) + [1 −

(1−α)θ](ϱ− ϱ) per unit of first subperiod consumption good. To interpret this expected profit,

note that if, after producing, the producer meets a broker and has all the bargaining power, the

per-unit profit is φ−ϱ. By contrast, if the producer either cannot sell in the first subperiod (for

instance, because no broker is contacted, which occurs with probability α) or meets a broker

who holds all the bargaining power (with probability (1−α)(1−θ)), then the per-unit profit falls

to ϱ − ϱ < 0. Hence, as long as (1 − α)θ < 1, the zero-profit equilibrium condition Πn(φ) = 0

requires 0 < φ− ϱ, which means an inefficient level of consumption and production of the first

subperiod consumption good.

Definition 3. A recursive monetary equilibrium (RME) is a monetary equilibrium in which:

(i) real equity prices (general goods per equity share) are time-invariant linear functions of the

aggregate dividend, i.e., ϕs
t = ϕsyt, pstϕ

m
t ≡ ϕ̄s

mt = ϕ̄s
myt, and pst/p

sb
t ≡ ϕ̄s

bt = ϕ̄s
byt for some

ϕs, ϕ̄s
m, ϕ̄s

b ∈ R+; and (ii) real money balances are a constant proportion of output, i.e., ϕm
t Am

t =

ZAsyt for some Z ∈ R++

In a RME, ε∗t = (pstϕ
m
t − ϕs

t )
1
yt

= ϕ̄s
m − ϕs ≡ ε∗, ε∗∗t = (pst/p

sb
t − ϕs

t )
1
yt

= ϕ̄s
b − ϕs ≡ ε∗∗,

18The case ϱ = ϱ—which we exclude in the baseline—implies producers earn zero surplus from trading the first-
subperiod consumption good. Hence a producer–broker meeting yields no gains from trade, effectively nullifying
the broker’s market power.
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pst =
(ε∗+ϕs)Am

t
ZAs , ϕm

t = ZAsyt
Am

t
, and

psbt =
(ε∗ + ϕs)Am

t

(ε∗∗ + ϕs)ZAsyt
. (2.51)

Thus, ϕt+1/ϕ
s
t = ϕ̄s

mt+1/ϕ̄
s
mt = ϕ̄s

bt+1 = ϕ̄s
bt = γt+1, p

s
t+1/p

s
t = µ, and ϕm

t /ϕm
t+1 = µ/γt+1. In a

RME, the ismt defined in (2.47) becomes

ism =
ε∗∗ − ε∗

ε∗ + ϕs
, (2.52)

and the price of goods in terms of the real value of money

φm =
ϱ

1 + (1− α)θiqm
, (2.53)

and the price of goods in terms of the price of bonds

φq =
1 + iqm

1 + (1− α)θiqm
ϱ, (2.54)

where iqm is determined in equilibrium. In a monetary equilibrium, ϱ < φm ≤ ϱ ≤ φq. Therefore,

as long as (1 − α)θ < 1 and 0 < iqm, or if the investor is collateral constrained then the first

subperiod consumption good is inefficiently low in the monetary equilibrium. This inefficiency

arises because the producer must commit to producing the first-subperiod consumption good

before selling it and bargaining with the broker. Again following Lagos and Zhang (2022),

under constant-returns production technology, any equilibrium with positive production of the

first-subperiod consumption good requires producers to expect zero profits. When the producer

chooses output at the start of the period, they anticipate a relative price of φm > ϱ if the good

is sold for cash, and a price φq ≤ ϱ ≤ φm if it is sold in terms of bonds. This implies an expected

profit equal to

Πm(φm, φq) ≡ Rm(φm, φq)− ϱ = [1− (1− α)θ] (φm − ϱ) + (1− α)θ(φq − ϱ),

per unit of the first subperiod consumption good produced, the beginning-of-period expected
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profit is determined by the mode of sale. If, after producing, the producer reaches a broker

and holds all the bargaining power, the per-unit payoff is φq − ϱ. If instead the producer must

sell for cash in the first subperiod (e.g., fails to reach a broker with probability α) or reaches a

broker who holds all the bargaining power (with probability (1−α)(1− θ)), the per-unit payoff

is φm − ϱ. Whenever 0 < iqm, it follows that φm − ϱ < 0. Therefore, the zero-profit condition

Πm(φm, φq) = 0 requires φq − ϱ > 0, which implies an inefficiently low level of consumption and

production of the first-subperiod good.

Let pBt,k denote the nominal price in the second subperiod of period t of an N -period risk-free

nominal bond that matures in period t+ k, for k = 0, 1, 2, . . . , N (so k is the number of periods

until the bond matures). Imagine the bond is illiquid in the sense that it cannot be traded in

the OTC market.19 Then, in a stationary monetary equilibrium, pBt,k = (β̄/µ)k, and

ip =
µ− β̄

β̄
(2.55)

is the time-t nominal yield to maturity of the bond with k periods until maturity. Throughout

the analysis we let β̄ ≡ βγ̄ and maintain the assumption µ > β̄. Since there is a mapping

between µ and the interest rate ip, we can regard ip as the nominal policy rate chosen by the

monetary authority.

In what follows, we consider a formulation of the model where the length of the time period is

arbitrarily short, which allows us to solve an analytical form of the model. This can interpreted

as an approximation to a continuous-time version of our discrete-time economy. To this end,

we first assume the utility for the first subperiod consumption good is ut(qt) = ω̄tq
σ
t ,

20 with

σ ∈ (0, 1) and ω̄t ≡ (ϕs
t )

1−σ,21 is a scaling factor.22 Second, we generalise the discrete-time

19An important caveat concerns the interpretation of this illiquid-bond rate as “the” nominal interest rate.
As Geromichalos and Herrenbrueck (2022) and Herrenbrueck and Wang (2023) emphasise, the yield on a liquid
bond—one whose Euler equation incorporates a liquidity or resale component—may exhibit comparative statics
that differ from, or even oppose, those of the illiquid-bond rate defined here. In particular, the direction of the
asset price response to an “interest rate hike” depends on whether the rate in question corresponds to a liquid
or illiquid instrument. Our identification of the policy rate with the illiquid-bond yield follows the convention
established in Lagos and Zhang (2019a, 2020), which provides the foundational framework for the analysis in this
chapter.

20Given the utility specification, the marginal utility can be written as u′
t(qt) ≡ ũ′(q̃t) where q̃t ≡ qt/ϕ

s
t . Define

D̃(·) ≡ ũ′−1(·), and henceforth use this representation for convenience.
21We specify ut(qt) = ω̄tq

σ
t with σ ∈ (0, 1) and ω̄t ≡ (ϕs

t )
1−σ. The exponent σ ensures diminishing marginal

utility, while the scaling factor ω̄t introduces dependence on the asset price ϕs
t . Since 1 − σ > 0, a higher ϕs

t

increases ω̄t, capturing a wealth effect whereby higher asset prices raise utility for a given qt.
22This assumption is made for analytical convenience. If the asset were instead used directly as a medium of
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model by allowing the period length to be a constant, and then take the limit as this constant

becomes arbitrarily small. Let ∆ denote the length of the model period, and define the discount

rate, r, the expected dividend growth, g, the depreciation rate, d, and the money growth rate,

π, as β ≡ (1 + r∆)−1, γ̄ ≡ 1 + g∆, η ≡ 1 − d∆, µ ≡ 1 + π∆. Over a time period of length ∆,

the dividend is yt∆, and utility from consumption of the dividend good is εyt∆.23.

We focus on recursive equilibria where, as ∆ → 0, real asset prices are time-invariant linear

functions of the dividend rate, yt. Specifically, let Φs(∆) and Φm
t (∆)Am

t denote the real equity

price and the real aggregate money balance, respectively, in the discrete-time economy such that

Φs
t (∆) = Φs(∆)yt∆ and Φm

t (∆)Am
t = Z(∆)Asyt∆, where Φs(∆) and Z(∆) are time-invariant

functions with the property that lim∆→0Φ
s(∆)∆ = ϕs and lim∆→0 Z(∆)∆ = Z, ϕs,Z ∈ R.

Hence (2.51), (2.52), and (2.53) generalise to ip = (r+π−g+rπ∆)∆
1+g∆ , φm = ϱ

1+(1−α)θ∆ρqm and

φq = 1+∆ρqm

1+(1−α)θ∆ρqm ϱ, respectively.24

Define

ρp ≡ lim
∆→0

ip

∆
= r + π − g.

Intuitively, ρp represents the policy nominal interest rate under the direct control of the monetary

authority. Notice that ρp = r + π̄ is a Fisher equation that equates the nominal interest rate

to the real risk-free interest rate, r, plus an expected inflation rate, π̄ ≡ π − g.25 We can show

that φ̄m = lim∆→0
ϱ

1+(1−α)θ∆ρqm = ϱ and φ̄q = lim∆→0
1+∆ρqm

1+(1−α)θ∆ρqm ϱ = ϱ. Notice that in the

continuous-time limit in the monetary equilibrium, that the price of the good converges to the

competitive market price (i.e., the marginal cost of production ϱ). This occurs because all debt

obligations are paid immediately and therefore bonds become equivalent to fiat money. To see

this, consider the fact that broker’s bargaining power becomes essentially inconsequential since

exchange rather than as collateral, the assumption would be unnecessary. In fact, models with assets as collateral
and models with assets as media of exchange deliver similar conclusions (see Lagos et al. (2017)). We adopt the
collateral interpretation as it aligns more closely with common real-world arrangements.

23The goods-pledge option over an arbitrarily small time interval is given by ∆[ũ′(min{D̃(φ), q̄/φ})/φ− 1] for
given φ and q̄. For full derivations, see Rocheteau and Wang (2023)

24The discrete-time formulation we laid out previously, corresponds to a special case of this formulation with
∆ = 1, Φs

t (1) ≡ ϕs
t , Φ

m
t (1) ≡ ϕm

t , Φs(1) ≡ ϕs, and Z(1) ≡ Z.
25The (gross) inflation rate in terms of general goods is given by ϕm

t /ϕm
t+1 = µ yt/yt+1 ≡ 1 + π̃t+1, which is

stochastic. A measure of average expected inflation is [Et(1 + π̃t+1)
−1]−1 = µ/γ̄ = (1 + π∆)/(1 + g∆) ≡ 1 + π̄∆.

Therefore, as ∆ → 0, we have π̄ = π − g as the expected inflation rate in the nominal price of general goods.
Since pst+1/p

s
t − 1 = µ− 1 = π∆, the inflation rate in the nominal price of equity is π.
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investors or producers can achieve the same allocation via their outside option. Therefore in the

continuous-time limit, unless the investor is collateral constrained in the goods market, there is

an efficient level of consumption and production of the first subperiod consumption good.

For what follows, it is useful to let Z ≡ ρZ, ι ≡ ρp/ρ, and φn ≡ ρϕs in a nonmonetary

economy, or φ ≡ ρϕs in a monetary economy, where

ρ ≡ lim
∆→0

1

∆

1− β̄η

β̄η
= r + d− g.

The factor ρ can be interpreted as a capitalisation rate for equity holdings, so φ (or φn) and

Z are the “flow values” of an equity share and a unit of real balances, respectively, and ι is

the policy rate up to a convenient normalisation. In the remainder, we focus on the limiting

economy that obtains as ∆ → 0.

Proposition 1. There exists a unique recursive nonmonetary equilibrium, (εn, φn). Moreover,

φn =
ε̄+ (1− α)δθ

[∫ εn

εL
(εn − ε)dG(ε) + κ

1−κ

∫ εH
εn (ε− εn)dG(ε)

]
1− (1− α)(1− δ)λθ̂

{
ũ′
[
min{D̃(φ̂q), λAs/φ̂q}

]
− φ̂q

} , (2.56)

where θ̂ = θ
ρφ̂q and εn ∈ (εL, εH) is the unique solution to

G(εn) = κ. (2.57)

In the nonmonetary equilibrium, the asset price can be broken down into four components.

The first term in the numerator of (2.56) represents the expected value of the dividend flow. The

second term on the numerator in (2.56) captures the expected gain from exercising the option

to resell the asset in the OTC market, which we refer to as the (value of the) resale option. The

third term on the numerator of (2.56) reflects the expected marginal value of pledging the asset

as collateral to short the bond for the purpose of purchasing additional equity; we refer to this

as the (value of the) equity pledge option. The term on the denominator is the capitalisation

rate minus the liquidity premium (i.e., the net marginal gain) of the asset when it is pledge as

collateral for shorting the bond in order to purchase the first subperiod consumption good. We

label this component the (value of the) goods pledge option.
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Similar to Lagos and Zhang (2019b), from (2.57), it follows that the marginal investor’s

valuation that clears the equity market in the OTC round εn increases with respect to κ. As κ

increases, the collateral constraint is relaxed, enabling higher valuation investors to hold higher

proportion of the asset holdings. In particular, ε → εH as κ → 1. For a given εn, the asset price

increases with κ. However, in general equilibrium, a higher κ raises εn, which makes it less likely

that investors receive a valuation shock large enough to justify using the asset as collateral. This

latter effect tends to lower the price. Nonetheless, the first effect dominates, so that φn remains

increasing in κ even after taking into account the general equilibrium feedback (see Lemma 18

in Appendix A).

From (2.56), it is clear that if φ̂qD̃(φ̂q) ≤ λAs that the goods pledge option becomes zero

and (2.56) returns to the Lagos and Zhang (2019b) formulation. If, however, λAs ≤ φ̂qD̃(φ̂q)

then the goods pledge option is positive and therefore it can be shown that the asset price φn

is increasing in λ, reflecting the fact that as λ increases, the collateral constraint is relaxed

facilitating consumption of the first subperiod consumption good. In what follows, it is useful

to define ξ = (κ, λ, ϱ,As).26

Let

ῑ(ξ) ≡

{
[α+ (1− α)(1− θ)]

∫ εH

ε+L

(ε− ε+L)dG(ε) + (1− α)θ

[
εn − ε+L +

1

1− κ

∫ εH

εn
(ε− εn)dG(ε)

]}
δ

φ̄(ξ)

+ (1− δ)θ̄
{
αũ′

[
min

{
D̃(ϱ), ϵAs/ϱ

}]
+ (1− α)ũ′

[
min

{
D̃(ϱ), (ϵ+ λ)As/ϱ

}]
− ϱ
}

(2.58)

ι̂(ξ) ≡
[
α+ (1− α)

(
1 + θ

κ

1− κ

)]
δ

φ̂(ξ)

∫ εH

εn
(ε− εn)dG(ε)

+ (1− δ)θ̄
{
αũ′

[
min

{
D̃(ϱ), ẑAs/ϱ

}]
+ (1− α)ũ′

[
min

{
D̃(ϱ), (ẑ + λ)As/ϱ

}]
− ϱ
}
. (2.59)

The next proposition provides a full characterisation of the set of RME.

Proposition 2. (i) If ι̂(ξ) < ι < ῑ(ξ) then there exists a unique recursive monetary equilibrium,

26We denote the nominal interest rate bounds in terms of exogenous parameters, which change the equilibrium.
By assumption, we have ũ′(·) is decreasing i.e., ũ′′(·) < 0, therefore as ε∗ → εL which implies that z → 0 and

u′[min{D̃(ϱ), zAs/ϱ}] → ∞. To avoid this, suppose there exists ε+L such that z(ε+L) = ϵ > 0. This has the
implication that the nominal interest cannot be such that ε → εL. Also to simplify the exposition, we denote
φ̄(ξ) = φ|

ε∗=ε+
L
. Similarly, we denote φ̂(ξ) = φ|ε∗=εn and ẑ = z|ε∗=εn , for the appropriate nominal interest rate

ranges. The upper bound for the nominal interest can be specified in such as way without loss of generality. We
also assume that the utility function and ϵ guarentee that φ|z=ϵ ≥ 0.
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(ε∗, ε∗∗, φ,Z). The asset prices are

φ =
ε̄+ (1− α)δθ

[∫ ε∗∗

εL
(ε∗∗ − ε)dG(ε) + κ

1−κ

∫ εH
ε∗∗

(ε− ε∗∗)dG(ε)
]
+ [α+ (1− α)(1− θ)]δ

∫ ε∗

εL
(ε∗ − ε)dG(ε)

1− (1− α)(1− δ)λθ̄
{
ũ′
[
min

{
D̃(ϱ), (z + λ)As/ϱ

}]
− ϱ
}

(2.60)

Z =
αG(ε∗)

[1−G(ε∗)]α+ 1− α
φ, (2.61)

where z = Z/φ and θ̄ = θ/(ρϱ). The marginal valuations are ε∗∗ = ε∗ where ε∗ ∈ (εL, ε
n) is the

unique solution to

ι = [α+ (1− α)(1− θ)]
δ

φ

∫ εH

ε∗
(ε− ε∗)dG(ε) + (1− α)θ

δ

φ

[
εn − ε∗ +

1

1− κ

∫ εH

εn
(ε− εn)dG(ε)

]
+ (1− δ)θ̄

{
αũ′

[
min

{
D̃(ϱ), zAs/ϱ

}]
+ (1− α)ũ′

[
min

{
D̃(ϱ), (z + λ)As/ϱ

}]
− ϱ
}
. (2.62)

(ii) If 0 < ι ≤ ι̂(ξ) then there exists a unique recursive monetary equilibrium, (ε∗, χ, φ,Z). The

asset prices are

φ =
ε̄+ δ

∫ ε∗

εL
(ε∗ − ε)dG(ε) + (1− α)δθ κ

1−κ

∫ εH
ε∗ (ε− ε∗)dG(ε)

1− (1− α)(1− δ)λθ̄
{
ũ′
[
min

{
D̃(ϱ), (z + λ)As/ϱ

}]
− ϱ
} (2.63)

Z =
αG(ε∗) + (1− α) 1

1−κ [G(ε∗)− κ]

[1−G(ε∗)]
[
α+ (1− α) 1

1−κ

] φ. (2.64)

The marginal valuations are ε∗∗ = ε∗, where ε∗ ∈ [εn, εH) (with ε∗ = εn only if ι = ι̂(ξ)) is the

unique solution to

ι =

[
α+ (1− α)

(
1 + θ

κ

1− κ

)]
δ

φ

∫ εH

ε∗
(ε− ε∗)dG(ε)

+ (1− δ)θ̄
{
αũ′

[
min

{
D̃(ϱ), zAs/ϱ

}]
+ (1− α)ũ′

[
min

{
D̃(ϱ), (z + λ)As/ϱ

}]
− ϱ
}
, (2.65)

and

χ =
κ

1− κ

1−G(ε∗)

G(ε∗)
, (2.66)
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is the proportion of financial wealth that investors with access to credit in the equity market with

valuation lower than ε∗ hold in the form of bonds (they hold the remaining 1 − χ fraction in

cash).

If ι̂(ξ) < ι < ῑ(ξ), then credit is scarce, so the nominal loan rate ρsm is positive. In this case,

investors in the equity market without access to credit who have valuations higher than ε∗ spend

all their money to purchase equity. Investors with access to credit who have valuations higher

than ε∗∗ spend all their money and short the bond up to the collateral constraint to purchase

equity. Investors without access to credit who have valuations lower than ε∗ sell all their equity

holdings for money. Correspondingly, investors with access to credit who have valuations lower

than ε∗∗ sell all their equity holdings and spend all the proceeds along with their pre-trade money

holdings to take a long position in bonds. Notice that if εL < ε∗ < ε∗∗ = εn the marginal equity

buyer without access to credit has a lower valuation than the marginal equity buyer with access

to credit. The latter has the same valuation he would have in the nonmonetary equilibrium.

The fact that ε∗ < ε∗∗ reflects that investors with access to credit have the option of investing

money in interest bearing bonds, while the option is not available to investor without access to

credit.

If, on the other hand, 0 < ι ≤ ι̂(ξ), then real balances are plentiful and the demand for credit

is weak, implying that ρsm = 0. Investors without access to credit who have valuations larger

than ε∗ spend all their money to buy equity for money. Investors with access to credit who have

valuations higher than ε∗ use all their money and short the bond up to the collateral constraint

to purchase equity. Investors with access to credit who have valuations lower than ε∗ liquidate all

their equity holdings and are indifferent between holding the resulting proceeds (together with

any pre-trade money balances) as money or as bonds. Notice that if εL < εn ≤ ε∗ = ε∗∗ < εH

the marginal equity buyer without access to credit has the same valuation as the marginal equity

buyer with access to credit. This marginal valuation is higher than the marginal valuation an

investor with access to credit would have in the nonmonetary equilibrium. The fact that ε∗ = ε∗∗

reflects that the nominal interest rate on inside bonds is zero. Consequently, investors with and

without access to credit assign the same valuation to money in the OTC round, even though

only the former can lend it in the bond market.
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For all ι, if zAs < ϱD̃(ϱ) then investors without access to credit use all their money to

purchase consumption goods and if (z + λ)As < ϱD̃(ϱ), investors with access to credit spend

all their money and short the bond up to the collateral constraint to purchase first subperiod

consumption goods.

The following proposition formalises how monetary exchange raises the real asset price above

its nonmonetary benchmark.

Proposition 3. The real asset price in the monetary equilibrium is higher than in the nonmon-

etary equilibrium, i.e., φn ≤ φ for all ι.

If ι̂(ξ) < ι < ῑ(ξ), the equity price in the monetary equilibrium is larger than the equity price

in the nonmonetary equilibrium. Notice that we can write the real equity price as

φ =

[
1− (1− α)(1− δ)λθ̂

{
ũ′
[
min{D̃(φ̂q), λAs/φq}

]
− φ̂q

}]
φn + [α+ (1− α)(1− θ)]δ

∫ ε∗

εL
(ε∗ − ε)dG(ε)

1− (1− α)(1− δ)λθ̄
{
ũ′
[
min

{
D̃(ϱ), (z + λ)As/ϱ

}]
− ϱ
} .

(2.67)

Firstly, the goods pledge option decreases with respect to price and since ϱ < φ̂q and since z > 0

we have

ũ
[
min

{
D̃(φ̂q), λAs/φ̂q

}]
φ̂q

<
ũ
[
min

{
D̃(ϱ), (z + λ)As/ϱ

}]
ϱ

.

This implies that the first term in the numerator is larger than the denomentor in (2.67).

Secondly, the second term in the numerator which is multiplied by α, implies that in a monetary

equilibrium there are equity-for-money trades in the equity market so the investor without

access to credit can resell equity if their valuation is relatively low. This is not possible in the

nonmonetary equilibrium. The third reason (captured by the term multiplied by (1−α)(1− θ))

is the option to sell equity for money in the equity market which the outside option of an investor

with access to credit when he bargains for the terms of the trade with the broker. Notice that

ϱ < φ̂q = ϱ+ 1−(1−α)θ
(1−α)θ (ϱ− ϱ) and therefore the price of goods in the nonmonetary equilibrium

is higher than in monetary equilibrium, whether or not the investor has access to credit or not.

This reflects the fact that investors and producers in the nonmonetary equilibrium do not have

access to a monetary outside option. This implies that if investors and producers do not reach
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a bargain with the broker, they are not able to trade in the goods market. This maintains the

bargaining power of the broker. This is not the case in the monetary equilibrium. Investors and

producers in the monetary equilibrium can transact with cash if they do not reach a bargain.

In fact, in the continuous-time limit, since bonds are repaid instantly, fiat money and bonds

hold the same value. Therefore the outside option for investors and producers is equivalent to

the allocation in the OTC market with the broker. This dissipates the bargaining power of the

broker and makes access to the credit market redundant.

If, on the other hand, 0 < ι < ι̂(ξ), then again the monetary equilibrium real equity price is

larger than the nonmonetary equilibrium equity price. To observe this, first note that again the

denominator of (2.56) is larger than the denominator of (2.63). Again, this is because the price

of the good in the nonmonetary equilibrium is higher than the price of the good in the monetary

equilibrium, effectively reducing the good pledge option. Further, the investor in the monetary

equilibrium is guaranteed to purchase the asset, whereas in the nonmonetary equilibrium, they

can only purchase the asset if they can contact a broker. This is the reason why the numerator

of (2.63) is larger than the numerator in (2.56).

The following proposition characterises how the policy nominal interest rate affects the

marginal investor’s valuation cutoff and the conditions under which it affects the equity price.

Proposition 4. (i) In a monetary equilibrium, if ι̂(ξ) < ι < ῑ(ξ), then ε∗ (the valuation of the

marginal investor with no access to credit) is decreasing in ι and, further φ is decreasing in ι if

and only if

φ <
[(1− α)θ − 1]δρϱ2G(ε∗)[1− αG(ε∗)]2

(1− α)(1− δ)λθAsũ′′
[
min

{
D̃(ϱ), (z + λ)As/ϱ

}]
αG′(ε∗)

. (2.68)

(ii) If 0 < ι ≤ ι̂(ξ), then ε∗ (the valuation of the marginal investor) is decreasing in ι and,

further φ is decreasing in ι if and only if

φ <

{
(1− α)θ κ

1−κ [1−G(ε∗)]−G(ε∗)
}
[1− αG(ε∗)]2δρϱ2

(1− α)(1− δ)λθAsũ′′
[
min

{
D̃(ϱ), (z + λ)As/ϱ

}]
αG′(ε∗)

(2.69)

Proposition 4 reveals the tension that exists when the asset is brought into the equity market
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versus into the goods market. In the equity market, equity and fiat money are substitutes. For

a given valuation investors choose to either sell all their assets for cash or use all their money

to purchase equity. Increasing the opportunity cost of holding money (as represented by the

nominal interest rate ι) therefore leads to a decrease in the price of the asset. Conversely, in

the goods market, equity and fiat money are complements. Equity assets allow the investor

to slacken their budget constraint, therefore increasing the opportunity cost of holding money

increases the relative price of equity since it can be used instead to facilitate the purchase of

the first subperiod consumption good. This conflict leads to our conditions in Proposition 4. If

the marginal benefit of holding the asset in the equity market dominates the marginal benefit of

holding the asset in the goods market, then the equity price will decrease in response to monetary

policy. Otherwise, if the marginal benefit of holding the asset in the goods market dominates the

marginal benefit of holding the asset in the equity market, then the equity price will increase in

response to monetary policy. Crucially, conditions (2.68) and (2.69) are dependent on ε∗ which

is a function of ι, this implies that the response of the equity price to changes in the nominal

interest rate (or inflation) depends upon the current rate of inflation/nominal interest rate.

The relationship between inflation and equity prices is complex and is influenced by sev-

eral factors including inflation expectations, corporate profitability, interest rates, and inflation

uncertainty. Our explanation suggests candidate conditions that conform with findings in the

empirical literature. The framework presented here shows that the effect of inflation or nominal

interest rates on equity prices varies based on model fundamentals and the prevailing nominal

interest rate. This variation arises because assets serve multiple purposes, and these functions

respond differently to inflation, creating opposing forces. The dominant effect dictates the reac-

tion of asset prices to monetary policy, with this dominance shifting based on fundamentals in

the model—such as asset quantities or production costs—or the current nominal interest rate.

2.4 Cashless Limits

In this section we examine monetary equilibrium in environments where agents can economise

on cash holdings, so that the economy approximates a pure credit or cashless system. Follow-

ing Lagos and Zhang (2019b), we characterise the limiting equilibrium as α → 0. In this limit,
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regardless of the equilibrium value of money, no agent requires money in order to trade. Any

investor can take a long position in equity and purchase goods by shorting the bond.

For the following result it is useful to let ς̂(α; δ) and ς̄(α; δ) denote the bounds of the nominal

interest rate, but regarded as functions of α and δ. Now let α → 0. In order to define ς̂(0; δ)

and ς̄(0; δ), we require a definition of the asset prices in these contexts i.e.,

φ̂(0; δ) ≡
ε̄+ δθ

[
I1 +

κ
1−κI2

]
1− (1− δ)λθ̄

[
ũ′[min{D̃(ϱ),λAs/ϱ}]

ϱ − 1

]
φ̄(0; δ) ≡ φ̂(0; δ) +

δ(1− θ)I1

1− (1− δ)λ θ
ρ

[
ũ′[min{D̃(ϱ),λAs/ϱ}]

ϱ − 1

] ,

where I1 ≡
∫ εn

εL
(εn − ε)dG(ε), and I2 ≡

∫ εH
εn (ε− εn)dG(ε). Therefore, we have,

ς̂(0; δ) ≡
(
1 + θ

κ

1− κ

)
δ

φ̂(0; δ)

∫ εH

εn
(ε− εn)dG(ε) + (1− δ)θ̄ũ′

[
min

{
D̃(ϱ), λAs/ϱ

}
− ϱ
]

(2.70)

ς̄(0; δ) ≡
{
ε̄− εL + θ

[
εn − ε̄+

1

1− κ

∫ εH

εn
(ε− εn)dG(ε)

]}
δ

φ̄(0; δ)

+ (1− δ)θ̄ũ′
[
min

{
D̃(ϱ), λAs/ϱ

}
− ϱ
]
. (2.71)

Proposition 5. Consider an economy with α ∈ [0, 1], κ ∈ (0, 1] and λ ∈ (0, 1]. Let

φ̃n ≡ lim
α→0

φn =
ε̄+ δθ

[∫ εn

εL
(εn − ε)dG(ε) + κ

1−κ

∫ εH
εn (ε− εn)dG(ε)

]
1− (1− δ)λθ̃

{
ũ′
[
min

{
D̃(φ̃q), λAs/φ̃q

}]
− φ̃q

} (2.72)

φ̃q ≡ lim
α→0

φ̂q = ϱ+
1− θ

θ
(ϱ− ϱ), (2.73)

where θ̃ = θ
ρφ̃q .

In the limit as α → 0,

(i) If ς̂(0; δ) < ι < ς̄(0; δ), then

Z
φ

→ 0 (2.74)
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φ → φ̃ ≡
ε̄+ δθ

[∫ εn

εL
(εn − ε)dG(ε) + κ

1−κ

∫ εH
εn

(ε− εn)dG(ε)
]
+ (1− θ)δ

∫ ε∗

εL
(ε∗ − ε)dG(ε)

1− (1− δ)λθ̄
[
ũ′
[
min

{
D̃(ϱ), λAs/ϱ

}]
− ϱ
] , (2.75)

where ε∗ ∈ (εL, ε
n) is the unique solution to27

ι = (1− θ)
δ

φ̃

∫ εH

ε∗
(ε− ε∗)dG(ε) + (1− δ)θ̄ũ′

[
min

{
D̃(ϱ), λAs/ϱ

}
− ϱ
]

+ θ
δ

φ̃

[
εn − ε∗ +

1

1− κ

∫ εH

εn
(ε− εn)dG(ε)

]
. (2.76)

(ii) If 0 < ι ≤ ς̂(0; δ), then

Z
φ

→ G(ε∗)− κ

1−G(ε∗)
(2.77)

φ → φ̃ ≡
ε̄+ δ

∫ ε∗

εL
(ε∗ − ε)dG(ε) + δθ κ

1−κ

∫ εH
ε∗ (ε− ε∗)dG(ε)

1− (1− δ)λθ̄
{
ũ′
[
min

{
D̃(ϱ), (ẑ + λ)As/ϱ

}]
− ϱ
} , (2.78)

where ε∗ ∈ [εn, εH) is the unique solution to

ι =

(
1− θ + θ

1

1− κ

)
δ

φ̃

∫ εH

ε∗
(ε− ε∗)dG(ε) + (1− δ)θ̄ũ′

[
min

{
D̃(ϱ), (ẑ + λ)As/ϱ

}
− ϱ
]
, (2.79)

where ẑ ≡ Z/φ.

Proposition 5 studies the limiting economy in which the share of investors without credit

access goes to zero. Investors can buy equity and consumption goods even if they begin the

period with no cash. As set out in Proposition 2, in a monetary equilibrium the investors who

arrive at the equity market without credit and who have relatively low valuations are the ones

who always demand money in the OTC round. By contrast, investors with credit and relatively

low valuations demand money in the OTC round only when 0 < ι ≤ ς̂(0; δ). A similar logic holds

in the goods market. Investors without credit demand money in the OTC round to purchase

consumption goods, while investors with credit demand money only to the extent that it relaxes

the collateral constraint. Therefore, as α → 0, the first order implication is that the extensive

margin of money demand from investors without credit access, meaning the number of such

investors who wish to hold money, tends to zero.

27In Appendix A, we use l’Hopital’s rule to show that limα→0 αũ
′
[
min

{
D̃(ϱ), zAs/ϱ

}]
→ 0
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If the nominal policy rate is relatively low, that is, if 0 < ι ≤ ς̂(0; δ) as in part (ii) of

Proposition 5, then the aggregate money demand from investors without access to credit vanishes

in the limit, while aggregate money demand from investors with credit access and have low

valuations remains positive in the limit. The source of monetary value in this limiting economy

can be seen from two perspectives. First, overnight money demand can be positive because

the collateral constraint is expected to bind for credit access investors in the equity market, so

money allows them to take a larger long position in equity than they could achieve using only

the margin loan. Second, low valuation investors with credit access are willing to hold cash at

the end of the OTC round from the equity market because the nominal bond rate, which is the

opportunity cost of holding cash in the OTC round, is zero when 0 < ι ≤ ς̂(0; δ). They are

therefore indifferent between holding wealth in money or in bonds and hold some of each. As a

result, in economies that satisfy 0 < ι ≤ ς̂(0; δ), meaning relatively low inflation and relatively

limited scope for leverage, real balances converge to a positive limit, i.e., (2.77), as α → 0.

If the nominal rate is relatively high, that is, if ς̂(0; δ) < ι < ς̄(0; δ) as in part (i) of

Proposition 5, then real balances converge to zero, see (2.74), as α → 0. The mechanism is

straightforward: at this policy rate, aggregate money demand in the OTC round vanishes as

α → 0 for two reasons. First, low-valuation investors without access to credit would be willing

to hold money, but their mass goes to zero as α → 0. Second, investors with access to credit

are unwilling to hold money because money is dominated in rate of return by the collateralised

bond. With virtually no agents wishing to hold money in the OTC round, money has no value

in the limiting economy as α → 0 with ι ∈ (ς̂(0; δ), ς̄(0; δ)). Thus, real balances converge to zero

in this case.

lim
α→0

Z
φ

= 0 < lim
α→0

(φ− φn)

=
φn(1− δ)λ

{
θ̄ũ
[
min

{
D̃(ϱ), λAs/ϱ

}]
− θ̃ũ

[
min

{
D̃(φ̃q), λAs/φ̃q

}]}
+ (1− θ)δ

∫ ε∗

εL
(ε∗ − ε)dG(ε)

1− (1− δ)λθ̄
[
ũ
[
min

{
D̃(ϱ), λAs/ϱ

}]
− ϱ
] ,

(2.80)
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where

φn =
ε̄+ δθ

[∫ εn

εL
(εn − ε)dG(ε) + κ

1−κ

∫ εH
εn (ε− εn)dG(ε)

]
1− (1− δ)λθ̃

{
ũ′
[
min

{
D̃(φ̃q), λAs/φ̃q

}]
− φ̃q

} > 0.

Even though real balances converge to their nonmonetary levels as α → 0, the real equity price

in the cashless limit exceeds the corresponding nonmonetary price by the difference between

the goods-pledge option values in the two equilibria plus the resale-option term in (2.80). Be-

cause ε∗ depends on ι from (2.76), the asset price in the cashless limit remains responsive to

monetary policy, and the magnitude of this response is bounded away from zero even as real

balances vanish. This contrasts with the conventional result that monetary equilibrium prices

and allocations converge to their nonmonetary counterparts when real balances go to zero.

Similar to Lagos and Zhang (2019b), the cashless limit in Proposition 5 does not coincide

with the nonmonetary equilibrium because of (2.80) and because two conditions hold: (a) as

α → 0, the marginal valuation of investors with credit access remains strictly above εL, and (b)

θ < 1. Condition (a) arises because demand from high-valuation, credit-access investors supports

an asset price that, in the limit, is high enough to induce some low-valuation investors without

credit access to sell the asset for cash. Condition (b) captures the market power of financial

intermediaries. When θ = 1, brokers have no market power and extract no intermediation fees,

and the equity price in the cashless limit coincides with the nonmonetary equilibrium price.

To understand this result, it is useful to review the components of the limiting equity price

lim
α→0

φ =
ε̄+ δθ

∫ εn

εL
(εn − ε)dG(ε) + δθ κ

1−κ

∫ εH
εn (ε− εn)dG(ε) + (1− θ)δ

∫ ε∗

εL
(ε∗ − ε)dG(ε)

1− (1− δ)λθ̄
{
ũ′
[
min

{
D̃(ϱ), λAs/ϱ

}]
− ϱ
} .

The first term in the numerator is the expected dividend flow. The second term represents the

investor’s share θ of the expected value of the resale option. The third term is the investor’s

share θ of the expected value of the equity-pledge option, that is, the marginal value of using

the asset as collateral to short the bond in order to purchase equity. The fourth term arises in

the cashless equilibrium but is absent in the nonmonetary benchmark. It captures the gain in

the investor’s bargaining position with the bond broker in the equity market, since the outside
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option is now trading in the equity market without access to bonds rather than autarky. The

term on the denominator is the net capitalisation rate i.e., the capitalisation rate minus the

goods pledge option. This represents the investors share of the marginal net gain of purchasing

the first subperiod consumption good. Notice that the price of the first subperiod consumption

good in the cashless limit is lower than in the corresponding nonmonetary equilibrium, i.e.,

ϱ < ϱ + 1−θ
θ (ϱ − ϱ). This is because producers in a monetary equilibrium are able to sell

their excess inventory to investors who do not contact a broker. Also, investors who enter the

goods market are able to purchase these first subperiod consumption goods as an outside option

improving the bargaining position of the investor relative to the broker. The restricted supply

in the nonmonetary equilibrium allows the broker to exploit their bargaining power to increase

the price of the first subperiod consumption good.

Now, observe that the case with θ = 1 (i.e., where bond brokers have no market power to

extract intermediation fees), the real equity price in the cashless limit corresponds to the asset

price in the nonmonetary equilibrium. In this case the nonmonetary equilibrium price is given

by

lim
α→0

φn =
ε̄+ δ

∫ εn

εL
(εn − ε)dG(ε) + δ κ

1−κ

∫ εH
εn (ε− εn)dG(ε)

1− (1− δ) λ
ρϱ

[
ũ′
[
min

{
D̃(ϱ), λAs/ϱ

}]
− ϱ
] .

Thus, (2.80) holds because investors who enter the equity market with valuations ε ∈ (εL, ε
∗]

have the option to sell equity for cash in that market. This outside option strengthens their

bargaining position with bond brokers and allows them to capture a larger share of the surplus

from reallocating their portfolio from equity to bonds. Similarly, investors who enter the goods

market can purchase producers’ excess inventories for cash, which improves their bargaining

position with the bond broker and lowers the first subperiod goods price. The value of these

options to an individual investor remains strictly positive as α → 0, even though aggregate real

money balances converge to zero. Because these components remain positive in the limit, the

asset price stays relatively high and, in particular, exceeds the nonmonetary equilibrium price.

As also found in Lagos and Zhang (2019b), the result (2.80) depends on two fundamental

features of the environment. First, bond brokers must have at least some degree of market
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power, i.e., θ < 1. Second, investors must have at least some ability to take on leverage, i.e.,

κ > 0 and λ > 0.

2.4.1 Moneyless Monetary Economics

Similar to Lagos and Zhang (2019b), our findings on the medium of exchange role of money in the

transmission of monetary policy stand in contrast to a large literature that adopts a moneyless

framework for monetary economics. This moneyless perspective was advanced by Woodford

(1998) and, following the expositions in Woodford (2003) and Gaĺı (2015), is now viewed by

many as the standard approach in monetary theory and practice. The usual rationale for a

moneyless treatment is that frictions linked to the medium of exchange function are irrelevant

for how monetary policy is transmitted.28

The cashless limits we consider, for example in Propositions 5 and 6, follow Wicksell’s idea of

a “pure credit economy” and align with the motivation for Woodford’s cashless limit. In general,

however, our findings differ from Woodford’s. We show that the medium of exchange role of

money is central for monetary transmission and that this channel remains operative even in the

cashless limit. As α → 0, real balances converge to zero, yet monetary policy continues to affect

asset prices, consumption, investment, and output. Moreover, these results persist even as trade

volume goes to zero, provided there is some infrequency in market access, that is, ∆ > 0 (see

Appendix B). There is one special case that reproduces Woodford-like irrelevance of the medium

of exchange in the cashless limit: when financial intermediaries have no bargaining power, θ = 1.

Hence, to claim that monetary frictions are irrelevant in cashless limiting economies, or nearly

irrelevant in economies that are close to cashless, one must also assume that investors always

capture the full gains from trade when dealing with intermediaries in financial markets.29

As highlighted by Lagos and Zhang (2019b), the point is that θ = 1 is atypical in the empirical

28For a comprehensive overview of these arguments, see Lagos and Zhang (2019b) and Lagos and Zhang (2022).
There are also well known critiques of reduced form models of money. Kareken and Wallace (1980) offer two. First,
specifying money directly in the utility function is a form of “implicit theorising”, meaning that while one can tell
stories to motivate the specification, the assumptions embedded in those stories are not primitives, and without
an explicit underlying environment the internal consistency of the theory cannot be evaluated. Second, reduced
form specifications leave too many questions unanswered and explain too little, for example, what precisely is
being called “money”. Although these critiques are compelling, they are largely set aside in much of applied
monetary economics.

29Our formulation also imposes borrowing limits for individual investors in both the equity and goods markets.
This provides a second departure from what may be called frictionless financial markets. However, our cashless
results continue to hold even if κ → 1 in the equity market and λ → 1 in the goods market.
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literature. There does not seem to be any evidence that θ = 1 is typical in practice.30 For θ < 1,

our theory, alongside Lagos and Zhang (2019b, 2022) provide counterexamples to the typical

claims used to endorse the moneyless approach.31 The results presented in Proposition 5 and

Proposition 6, as well as in related work (Lagos and Zhang (2019b) and Lagos and Zhang (2022))

indicate that traditional medium-of-exchange considerations are in fact an essential aspect of the

monetary transmission mechanism-even in the cashless limit or in near-cashless economies. Any

attempt to assess the macroeconomic effects of monetary policy without such considerations is

necessarily incomplete.

2.5 Conclusion

This chapter has developed a model in which money is used as a medium of exchange in finan-

cial and commercial transactions and aided through access to over-the-counter markets of bond

brokers. In any monetary equilibrium where investors have access to both equity and goods

markets, and their corresponding loan facilities the asset prices can respond either positively or

negatively to changes in monetary policy depending on certain conditions. Asset prices in this

monetary equilibrium can be shown to be greater than the corresponding nonmonetary equilib-

rium. This implies that there are consequences to abstracting away from primitive and general

micro foundational structures of monetary economics and assuming reduced-form formulations.

We establish this point by showing that in cashless limit economies asset prices differ from

their nonmonetary counterparts and that asset prices in cashless limit economies still respond

to monetary policy even though real money balances converge to zero so long as bond brokers

have some market power.

30For a given θ < 1, the cashless limiting economy depends on the policy rate ι and on credit conditions, captured
by κ in the baseline model. If the policy rate and leverage are relatively large, as in part (i) of Proposition 5,
then money is dominated in rate of return, real balances converge to zero, and asset prices still respond to ι in
the cashless limit. If the policy rate and leverage are relatively low, as in part (ii) of Proposition 5, then as α → 0
real balances are not dominated in rate of return, do not converge to zero, and monetary policy remains effective
in the limit. In both cases, our conclusions about the effects of ι on prices and allocations in the pure credit
limiting economy differ from the limiting irrelevance result in Woodford (2003).

31In fact, the claims of the theory presented in this chapter hold even if the bargaining power of brokers in the
equity market and goods market are different. Further observe that if θ1 is the bargaining power of the broker in
the equity market, and θ2 is the bargaining power of the broker in the goods market, then if θ2 = 1 and θ1 < 1
then the asset price in the cashless limit asset price is still greater than the nonmonetary equilibrium equity price
and that it still is responsive to monetary policy. Similarly, if θ1 = 1 and θ2 < 1 then the results still hold
except at the continuous time limit (i.e., ∆ → 0), in which case the cashless limits asset price differs from the
nonmonetary equilibrium asset price but is no longer responsive to monetary policy.
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We conclude by mentioning what may be a promising avenue for future work. Given that the

model can generate a speculative premium above the present value of discounted cash flows in

a way that responds nontrivially to changes in monetary policy and expected inflation, it would

be interesting to explore the quantitative implications of the theory which may shed further

light on the transmission of monetary policy.



Chapter 3

Asset Price Dispersion, Monetary

Policy and Macroprudential

Regulation

abstract

This chapter considers asset price dispersion, monetary policy, and macroprudential regulation.

Following the 2007–2009 Global Financial Crisis, sustained monetary expansion and tighter

financial regulation have left financial markets thinner, less resilient, and more prone to insta-

bility. This chapter develops a monetary model of decentralised financial exchange to account

for these outcomes. The framework links search frictions and costly posting to the joint effects

of monetary and regulatory policy on asset prices, quoting behaviour, and market stability. In-

creases in inflation or posting costs reduce quoting intensity, widen the distribution of executable

prices, and raise the probability of trading breakdowns. The model replicates key post-crisis

patterns such as wider spreads, higher execution costs, and an increased likelihood of flash-crash

events, showing that the interaction between monetary and regulatory policy can unintentionally

increase financial market fragility.

72
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3.1 Introduction

One of the striking features of modern financial markets is that the policies introduced to prevent

financial instability may themselves be generating new sources of fragility. In the aftermath of the

2007–2009 financial crisis, central banks—including the Federal Reserve, the European Central

Bank, and the Bank of Japan—implemented historically unprecedented expansions in the money

supply (see Gertler and Karadi 2011, Chadha et al. 2020, and Duc et al. 2022). At the same

time, a wave of regulatory reforms, most notably Basel III and the Dodd–Frank Act, sought to

curb systemic financial risk. Among these, the Volcker Rule has had a direct impact on market

functioning by restricting proprietary trading and limiting the ability of intermediaries to act

as principals.

A growing body of evidence indicates that these post-crisis policy shifts have altered the

structure of trading and the cost of order execution. Market transactions have become more

expensive, and extreme episodes of price dislocation, often described as “flash crashes”, have

become more frequent (see Jovanovic and Menkveld 2022, Jovanovic and Menkveld 2024, Trebbi

and Xiao 2019, Golub et al. 2012, Easley et al. 2012, and Gayduk and Nadtochiy 2018). Several

studies document a persistent decline in market-making activity, particularly in fixed income

markets, following the implementation of these reforms. Adrian et al. (2017) survey the evidence

and find that trading costs have risen across several asset classes since the financial crisis.

Anderson and Stulz (2017) show that transaction costs remain elevated for large institutional

orders, and Bao et al. (2018) and Dick-Nielsen and Rossi (2019) report that the cost of executing

large sales increases sharply in the post-crisis period. The role of dealers as intermediaries has

also diminished: Choi et al. (2024) and Bessembinder et al. (2018) find that dealers increasingly

avoid acting as principal, especially when capital constraints bind.

Beyond higher trading costs, empirical evidence points to greater market fragility. Adrian

et al. (2015) show that bond markets have become more prone to sudden breakdowns in interme-

diation capacity, while Duffie (2012) and Duffie (2018) demonstrate that post-crisis regulation

raised the cost of market making and weakened the resilience of intermediaries under stress.

In equity and dealer markets, changes in price posting and execution behaviour have also been

observed under new regulatory constraints (Hendershott et al. 2011, Jovanovic and Menkveld
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2022, Jovanovic and Menkveld 2024).

In parallel, a growing empirical literature has linked persistently loose monetary policy to

broader patterns of financial instability. Grimm et al. (2023) analyse more than a century of

data across advanced economies and find that extended periods of monetary accommodation

are associated with a higher probability of financial crises. This effect is strongest when accom-

modative policy coincides with rapid credit growth. Similar evidence is provided by Boissay

et al. (2023), Schularick et al. (2021), and Jiménez et al. (2023), which show that prolonged

periods of low rates amplify systemic risk and lead to more volatile asset valuations. These

studies collectively suggest that the joint stance of monetary and regulatory policy has profound

and sometimes unintended effects on market stability.

Existing theoretical models provide only partial explanations for these developments. Stan-

dard inventory-cost models such as Grossman and Miller (1988) explain persistent execution

costs through dealers’ risk aversion and capital constraints but remain static and cannot re-

produce abrupt breakdowns in trading activity. Search-based models of over-the-counter trade,

beginning with Duffie et al. (2005) and extended by Lagos and Rocheteau (2009), incorporate

frictions in matching and bargaining that generate liquidity premia, yet they abstract from the

strategic pricing behaviour of intermediaries. More recent frameworks such as Jovanovic and

Menkveld (2022) introduce costly participation and random entry, capturing the incentive for

market participants to refrain from quoting, but they typically focus on one side of the market

and exclude the role of monetary conditions. As a result, the literature does not fully explain

why trading activity and price dispersion respond jointly to monetary expansion and regula-

tory costs, nor why flash-crash-like events can occur endogenously even in periods of apparent

stability.

This chapter develops a monetary model of decentralised financial exchange that integrates

these missing elements into a single framework. The model shows how the stance of monetary

policy and the cost of broker participation jointly determine the structure of bid and ask price

distributions, the frequency of trading, and the occurrence of price collapses. Investors trade

a real asset using fiat money through brokers who post prices under costly entry and random

search, following the framework of Burdett and Judd (1983). The real quantity of money
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influences the number of active quotes through its role as a medium of exchange, while posting

costs capture regulatory or balance-sheet constraints. Their interaction determines the intensity

of quote competition, the spread between buying and selling prices, and the likelihood of periods

with no active trading.

Specifically, the model links the quantity of money and the structure of market microstructure

to fundamental dimensions of trading behaviour. In particular, it shows that (i) the structure

of bid and ask price distributions is jointly determined by monetary conditions and the cost

of broker participation, (ii) standard measures of market performance, such as execution costs

and liquidity, depend systematically on these factors, (iii) the propensity for market instability,

including flash-crash-like events, emerges endogenously and responds to changes in policy, and

(iv) speculative premia and discounts arise as equilibrium outcomes when investors face these

trading conditions.

This chapter contributes to four main strands of the literature: search-theoretic models of

money, search-based models of financial trade in over-the-counter (OTC) markets, resale-option

theories of asset pricing, and costly bidder participation models. By combining insights from

each of these areas, we provide a unified framework that captures how monetary conditions and

market frictions interact to shape asset prices, price distributions, and market stability.

From a methodological standpoint, the chapter helps bridge the gap between two bodies

of work that have traditionally been developed in parallel: the search-theoretic literature on

monetary economics, which emphasizes macroeconomic questions such as the efficiency of ex-

change and the role of liquidity in general equilibrium, and the microeconomic literature on

search-based financial markets, which focuses on asset trade in decentralized settings. The core

structure of our model builds on the monetary framework of Lagos and Wright (2005), and in

particular follows Lagos and Zhang (2020), which adapts the OTC market framework of Duffie

et al. (2005) to the context of monetary exchange. Similar hybrid structures also appear in

Lagos and Zhang (2019a) and Lagos and Zhang (2019b), which incorporate bilateral asset trade

with monetary exchange and frictions.

Within this class of models, several papers have introduced real assets that can serve (at

least partially) as media of exchange alongside money. For example, Geromichalos et al. (2007),
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Jacquet and Tan (2012), Lagos and Rocheteau (2009), Lester et al. (2012), and Nosal and

Rocheteau (2013) explore how assets that are useful in facilitating consumption trades acquire

a liquidity premium—defined as the wedge between the market price and the fundamental value

implied by future dividends. When the asset is useful in exchange, its market price exceeds the

expected present discounted value of its future payoffs, reflecting its role as a store of liquidity.

A related concept is the resale premium, developed in Lagos and Zhang (2019a), Lagos and

Zhang (2019b), and Lagos and Zhang (2020), which analyse how the value of an asset includes

not only its dividend stream but also its usefulness in resale to future investors. This speculative

component arises when investors anticipate gains from trade with others which value the asset

more highly in the future. Our chapter builds on this resale-option logic but applies it in a

model with richer microstructure.

Specifically, we integrate the structure of Lagos and Zhang (2020) with the noisy search

and costly posting model of Burdett and Judd (1983), as well as its modern applications to

monetary economics as in Head et al. (2012) and Burdett et al. (2015). The framework allows us

to endogenise the distribution of prices in a tractable way while preserving the macro-monetary

implications of the model. We adopt a special case of the Burdett–Judd framework that is

analytically convenient and well-suited to search-theoretic environments, see, Wang et al. (2020)

and Mortensen (2005).

Alternative approaches to generating price dispersion arise in the literature on endogenous

bidder participation in auction theory. Jovanovic and Menkveld (2022) adapt the model of

Levin and Smith (1994) by assuming bidders are uncertain about how many others choose to

participate. This removes the multiplicity of asymmetric pure-strategy equilibria and leaves a

unique symmetric mixed-strategy equilibrium. Their model generates bid price dispersion with

a closed-form distribution that matches the empirical shape of order book bids, though it lacks a

monetary channel and resale considerations. The framework in Jovanovic and Menkveld (2022)

is closely related to earlier common-value auction models such as Hausch and Li (1993), and the

all-pay auction setting in Baye et al. (1996), which also produce strategic dispersion in posted

prices.

On the ask side, a parallel literature studies price distributions arising from uncertain cus-
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tomer arrival or limited trading opportunities. For example, Prescott (1975) analyzes a multi-

unit auction in which the number of trading opportunities is uncertain, yielding an ask price

distribution that is endogenously right-skewed. Similarly, models such as Shilony (1977), Rosen-

thal (1980), and Varian (1980) generate price dispersion by assuming that sellers face a mix of

informed and uninformed (or “captive”) customers—whether due to geography, switching costs,

or informational frictions.

By bringing together these strands of research—monetary frictions, noisy price posting,

speculative resale motives, and endogenous participation—we construct a unified framework

capable of explaining both macro-level phenomena such as the impact of inflation and bidder

participation on asset markets, and micro-level features such as price dispersion, flash crashes,

and bid-ask spreads.

The rest of this chapter is organised as follows. Section 3.2 describes the basic model.

Equilibrium is characterised in Section 3.3. Section 3.4 presents the theoretical implications

of the model for asset prices. Section 3.5 presents the theoretical implications of the model to

financial liquidity. Section 3.6 provides a discussion of the results in the context of the literature.

Section 3.7 concludes. All proofs are contained in Appendix D.

3.2 Model

Time is represented by a sequence of periods indexed by t = 0, 1, . . . Each time period is divided

into two subperiods in which different activities take place. There is a continuum of infinitely

lived agents called investors, each identified with a point in the set I = [0, 1]. There is also

a continuum of infinitely lived agents called asking brokers, each identified with a point in the

set BA = [0, 1], and a continuum of infinitely lived agents called bidding brokers, each identified

with a point in the set BB = [0, 1].1 All agents discount across periods with factor, β ∈ (0, 1).

There is a continuum of production units with measure As ∈ R++ that are active every

period. Every active unit yields an exogenous dividend yt ∈ R+. Each active unit yields the

same dividend, therefore ytA
s is the aggregate dividend. At the beginning of every period,

1It is possible to model asking and bidding brokers as a single representative broker type that performs both
functions. However, such an approach complicates the exposition and obscures the distinction between the two
sides of the market. For clarity, we treat asking and bidding brokers as separate agent types. This separation is
purely expositional and does not affect the equilibrium results.
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each active unit is subject to an independent idiosyncratic shock that renders it permanently

unproductive with probability 1− η ∈ [0, 1). If a production unit remains active, its dividend in

period t is yt = γtyt−1, where γt is a nonnegative random variable with cumulative distribution

function Φ, i.e., P(γt ≤ γ) = Φ(γ), and mean γ̄ ∈ (0, (βη)−1).

The time-t dividend becomes public knowledge at the beginning of period t. At that time

each failed production unit is replaced by a new unit that pays yt in the initial period and follows

the same process as other active units thereafter. The dividend of the initial set of production

units, y0 ∈ R++, is given at t = 0. In the second subperiod of every period, every agent has

access to a linear production technology that transforms effort into a perishable homogeneous

consumption good.

For each active production unit there exists a durable and perfectly divisible equity share

that represents ownership of the production unit and entitles the holder to its dividends. At

the start of every period t ≥ 1, each investor receives an endowment of (1− η)As equity shares

associated with the new production units (when a production unit fails, its equity share is

extinguished). There is a second financial instrument, money, that is intrinsically useless. The

quantity of money at time t is denoted Am
t . The initial quantity of money, Am

0 ∈ R++, is given,

and Am
t+1 = µAm

t , with µ ∈ R++. A monetary authority injects or withdraws money via lump-

sum transfers or taxes to investors in the second subperiod of each period. At the beginning

of period t = 0, each investor is endowed with a portfolio of equity shares and money.2 All

financial instruments are perfectly recognisable, not forgeable, and can be traded among agents

in every subperiod.

In the second subperiod of every period, all investors can trade the consumption good pro-

duced in that subperiod, equity shares, and money in a spot Walrasian market. In the first

subperiod of every period, trading is organised as follows: each broker posts a nominal price p,

taking as given the distribution of prices posted by all other brokers (for asking brokers, this

is described by the cumulative distribution function (CDF) At(p), and for bidding brokers, by

the CDF Bt(p)). Investors know the distributions At(p) and Bt(p) but can only contact, and

2We assume that brokers do not hold financial assets. This assumption allows us to abstract from the broker’s
portfolio problem in the first subperiod, which is not essential for the questions we study in this chapter. See Lagos
and Zhang (2019b) or Lagos and Zhang (2020) for a treatment of the broker’s portfolio problem in this class of
models.
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hence can only trade with, a random sample of brokers. An investor contacts k ∈ {0, 1, 2, . . . }

brokers with probability αk ∈ (0, 1). Once an investor and broker have met, the transaction

takes place at the price posted by the broker. Brokers act as intermediaries, executing trades on

behalf of investors in the decentralised market. After the transaction is completed, the investor

and broker part ways.3 The timing assumption is that the round of trade between investors and

brokers takes place in the first subperiod of a typical period t, and ends before the equity shares

yield dividends.4 Hence, equity is traded cum-dividend in the first subperiod, but ex-dividend

in the Walrasian market of the second subperiod. We assume that agents cannot make binding

commitments, that there is no enforcement, and that histories of actions are private, which pre-

cludes any borrowing or lending, so all trade must be quid pro quo. This assumption, together

with the structure of preferences described below, creates the need for a medium of exchange.5,6

A broker’s preferences are given by

EB
0

∞∑
t=0

βt(ct − ht),

where ct and ht denote a broker’s consumption of the homogeneous good that is produced,

traded, and consumed in the second subperiod of period t, and the utility cost of exerting

ht units of effort to produce this good.7 The expectation operator EB
0 is with respect to the

probability measure induced by the random trading process in the first subperiod.8

3See Zhang (2018) for an OTC model with long-term relationships between investors and dealers.
4As in previous search models of OTC markets, e.g., Duffie et al. (2005) and Lagos and Rocheteau (2009),

an investor must own the equity in order to consume the dividend flow of the consumption good in the first
subperiod.

5Under these conditions, there cannot exist a futures market for the equity share or the dividend, so an agent
who wishes to consume the dividend must hold the equity share at the time the dividend is paid. A similar
assumption is typically made in search models of financial OTC trade, e.g., Duffie et al. (2005), Lagos and
Rocheteau (2009), Lagos and Zhang (2019b), or Lagos and Zhang (2020).

6See Lagos and Zhang (2019b) for a similar model where investors can buy equity with margin loans.
7Brokers receive no utility from the dividends of the equity share, so they have no motive to purchase equity on

their own account in the first subperiod. This assumption can be relaxed, but it is standard in the search-based
OTC literature, e.g., Duffie et al. (2005), Lagos and Rocheteau (2009), or Weill (2007).

8For analytical tractability, we abstract from brokers holding equity on their own account. While in reality
dealer positions contribute to observed trade volume, modelling such behaviour would add unnecessary complexity
and is not essential for addressing the questions pursued in this chapter. Accordingly, we do not model trade
volume explicitly and instead proxy trading activity by quote intensity and execution frequency, see Lagos and
Zhang (2019b).
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An investor’s preferences are given by

EI
0

∞∑
t=0

βt(εiyt + ct − ht),

where ct is consumption of the homogeneous good that is produced, traded, and consumed in

the second subperiod of period t, and ht is the utility cost of exerting ht units of effort to produce

this good. The variable yt is the quantity of the dividend good that an investor consumes at the

end of the first subperiod of period t, and εi denotes the realisation of a preference shock that

is distributed independently over time and across agents, with cumulative distribution function

G, where εi ∈ {εL, εH} with corresponding probabilities πi ∈ (0, 1) and ε̄ =
∑

i∈{L,H} πiεi. An

investor learns his realisation εi at the beginning of period t, before trading has commenced.

The expectation operator EI
0 is with respect to the probability measure induced by the dividend

process, the investor’s preference shock, and the random trading process in the first subperiod

of each period t.

3.3 Equilibrium

Consider the determination of allocations in the first subperiod of period t for an investor who

enters the period with portfolio at ≡ (amt , ast ), consisting of amt ∈ R+ units of money and ast ∈ R+

units of equity, and preference type εi.

Let Wt(at) denote the maximum expected discounted payoff of an investor holding portfolio

at at the beginning of the second subperiod of period t, after dividends have been realised.

Suppose the investor enters period t with (pre-trade) portfolio at ≡ (amt , ast ) and preference type

εi. If the investor meets a broker, then they are able to trade and their post-trade portfolio is

āt(at, εi) ≡ (āmt (at, εi), ā
s
t (at, εi)), and,

(āmt (at, εi), ā
s
t (at, εi)) = argmax

(āmt ,āst )∈R2
+

εiytā
s
t +Wt (āt) (3.1)

s.t. āmt + pāst ≤ amt + past .

where p is the dollar price of equity in the first subperiod of period t.
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We now analyse the investor’s problem in a typical period. Let Vt(at, εi) denote the maxi-

mum expected discounted payoff of an investor with type εi and portfolio at = (amt , ast ) at the

beginning of the first subperiod of period t. Let ϕm
t be the real price of money, and ϕs

t be the

ex-dividend price of equity in the second subperiod of period t (both expressed in terms of the

second subperiod consumption good). In the second subperiod, the investor chooses consump-

tion of the homogeneous good ct, the utility cost of production ht, and the end-of-subperiod

portfolio ãt+1 ≡ (ãmt+1, ã
s
t+1), recognising that at the end of the second subperiod a fraction 1−η

of equity is rendered unproductive and replaced. Therefore, we have,

Wt(at) = max
(ct,ht,ãt+1)∈R4

+

ct − ht + βEt

∑
i∈{L,H}

πiVt+1(at+1, εi)

 (3.2)

s.t. ct + ϕtãt+1 ≤ ht + ϕtat + Tt

at+1 =
[
ãmt+1, ηã

s
t+1 + (1− η)As

]
,

where Et is the conditional expectation over the next-period realisation of the dividend, Tt is

the real value of the time-t lump-sum monetary transfer (a tax if negative), ϕt ≡ (ϕm
t , ϕs

t ), and

ϕtat denotes the dot product of ϕt and at. Since εi is independently and identically distributed

over time, Wt(at) is independent of εi, and the portfolio that each investor chooses to carry into

period t+ 1 is independent of εi.

We can now write the value function of an investor who enters the first subperiod of period

t with portfolio at and preference type εH ,

Vt(at, εH) = α0Wt(at) + α1

∫
{εHytā

s
t (at, εH) +Wt [āt(at, εH)]} dAt(p)

+ α2

∫
{εHytā

s
t (at, εH) +Wt [āt(at, εH)]} d

{
1− [1−At(p)]

2
}

. . . , (3.3)

where At(p) is the cumulative distribution function of ask prices. This expression indicates that

an investor with a high valuation εH , and thus a desire to purchase equity (as shown in Lemma

1 below), faces the following outcomes. With probability α0, the investor does not observe any
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prices and consequently enters the second subperiod of period t with an unchanged portfolio

at without making a purchase. With probability α1, the investor observes one price drawn

from the ask distribution At(p) and purchases equity at that price. With probability α2, the

investor observes two prices and chooses to trade at the lower of the two, which follows the

distribution 1 − [1−At(p)]
2. More generally, with probability αk, the investor observes k ≥ 1

prices and transacts at the minimum of these observed prices, which is distributed according to

1− [1−At(p)]
k. Hence, the value function in equation (3.3) can be simplified and expressed as

follows:

Vt(at, εH) = α0Wt(at) +

∫ ∞∑
k=1

αkk[1−At(p)]
k−1 {εHytā

s
t (at, εH) +Wt [āt(at, εH)]} dAt(p). (3.4)

Similarly, the value function for an investor who enters the first subperiod of period t with

portfolio at and a low valuation type εL,

Vt(at, εL) = α0Wt(at) + α1

∫
{εLytāst (at, εL) +Wt [āt(at, εL)]} dBt(p)

+ α2

∫
{εLytāst (at, εL) +Wt [āt(at, εL)]} d

{
[Bt(p)]

2
}

. . . , (3.5)

where Bt(p) is the cumulative distribution function of bid prices. This expression indicates that

an investor with a low valuation εL, and thus a desire to sell equity (as shown in Lemma 1

below), faces the following outcomes. With probability α0, the investor does not observe any

prices and consequently enters the second subperiod of period t with an unchanged portfolio at

without making a sale. With probability α1, the investor observes one price drawn from the

bid distribution Bt(p) and sells equity at that price. With probability α2, the investor observes

two prices and chooses to trade at the higher of the two, which follows the distribution [Bt(p)]
2.

More generally, with probability αk, the investor observes k ≥ 1 prices and transacts at the

maximum of these observed prices, which is distributed according to [Bt(p)]
k. Hence, the value

function in equation (3.4) can be simplified and expressed as follows:

Vt(at, εL) = α0Wt(at) +

∫ ∞∑
k=1

αkk[Bt(p)]
k−1 {εLytāst (at, εL) +Wt [āt(at, εL)]} dBt(p). (3.6)



3.3. EQUILIBRIUM 83

Summarising, the value functions (3.4) and (3.6) can be written as one expression which corre-

sponds to the value function in (3.2),

Vt(at, εi) = α0Wt(at) +

∫ ∞∑
k=1

αkk {εiytāst (at, εi) +Wt [āt(at, εi)]} dF k
t (p, εi), (3.7)

where dF k
t (p, εi) := I{εi=εH}[1− At(p)]

k−1dAt(p) + I{εi=εL}[Bt(p)]
k−1dBt(p) and I{·} is an indi-

cator function that takes the value 1 if εi satisfies its condition and 0 otherwise.

Next we analyse the broker’s problem in a typical period. Let WB
t (ςt) denote the maximum

expected discounted payoff at the beginning of the second subperiod of period t for a broker

who has earned spread ςt. Then,

WB
t (ςt) = ϕm

t ςt + βEtV
B
j,t+1, (3.8)

where V B
j,t+1 denote the maximum expected discounted payoff of either an asking or bidding

broker, i.e, j ∈ {a, b}, where a denotes an asking broker and b denotes a bidding broker, at the

beginning of the first subperiod of period t + 1. We can now write the value function of an

asking broker who enters the first subperiod of period t,

V B
a,t = max

p∈A

{[ ∞∑
k=1

αkk [1−At(p)]
k−1

]
WB

t

(
p− p̂

κt

)}
+ α0W

B
t (0). (3.9)

Here, κt denotes the cost of posting a quote, and p̂ represents the mid-price quote around which

bids and asks are symmetrically distributed.9,10 The broker’s objective is to choose the price that

maximises expected profits, taking into account the probability that a contacted investor will

accept the quote.11 The term inside the brackets, αkk[1−At(p)]
k−1, represents the probability

that an investor who observes the broker’s quote has received k−1 other quotes, and is summed

over all k. Intuitively, this captures the probability that an investor who meets this broker

has possibly observed k − 1 competing prices higher than p, and will therefore transact at the

9The symbol p̂ denotes the mid-price quote, defined as p̂ = (p̄+ p)/2, where p̄ is the highest ask price and p is
the lowest bid price.

10Because the same underlying probability structure applies to both asking and bidding brokers, as well as to
investors, the equilibrium distributions of posted prices are symmetric around the mid-price p̂. This assumption
can be generalised to allow for asymmetries across agent types, but doing so does not lead to any substantive
change in the results. For ease of exposition, we therefore maintain symmetric probabilities throughout.

11The asking broker’s price support A is determined in equilibrium.
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broker’s quote.

Similarly, the value function of a bidding broker who enters the first subperiod of period t is

V B
b,t = max

p∈B

{[ ∞∑
k=1

αkk [Bt(p)]
k−1

]
WB

t

(
p̂− p

κt

)}
+ α0W

B
t (0). (3.10)

The bidding broker’s objective (3.10) is to choose the price that maximises expected profits,

taking into account the probability that a contacted investor will accept the bid to sell equity.12

The term inside the brackets, αkk[Bt(p)]
k−1, represents the probability that an investor who

observes the broker’s quote has received k−1 other quotes, and is summed over all k. Intuitively,

this captures the probability that an investor who meets this broker has possibly observed k− 1

competing bids lower than p, and will therefore transact at the broker’s quote.

Let Am
It and As

It denote the quantities of money and equity shares, respectively, held by all

investors at the beginning of the period t (after production units have depreciated and been

replaced). That is, Am
It =

∫
amt dHt(at) and As

It =
∫
astdHt(at), where Ht is the cumulative

distribution function over portfolios at = (amt , ast ) held by investors at the beginning at the first

subperiod of period t. Let Ãm
It+1 and Ãs

It+1 denote the total quantities of money and shares held

by all investors at the end of period t, i.e., Ãh
It+1 =

∫
I ã

h
it+1di for h ∈ {s,m} with AIt+1 = Ãm

It+1,

and As
It+1 = ηÃs

It+1+(1−η)As. Let Ām
It and Ās

It denote the quantities of money and shares held

after the first subperiod of period t by all investors who are able to trade in the first subperiod.

For asset h ∈ {s,m}, Āh
It =

∫ ∑∞
k=1 ā

h
t (at, εi)dF

k
t (p, εi). We are now ready to define equilibrium.

Definition 1. An equilibrium is a sequence of prices {ϕm
t , ϕs

t}∞t=0, distributions {At(p), Bt(p)}∞t=0,

portfolio allocations in the first subperiod {āt(·)}∞t=0, and end-of-period portfolio {ãt+1}∞t=0, such

that for all t: (i) the portfolios in the first subperiod solve (3.1); (ii) taking prices and first sub-

period portfolios as given, the end-of-period portfolio solves (3.2); and (iii) prices are such that

all Walrasian markets clear, i.e., Ãs
It+1 = As (the end-of-period t Walrasian market for equity

clears), Ās
It = As (the first subperiod market for equity clears), and (Ām

It −Am
t )I{ϕm

t >0} = 0 (the

first subperiod market for money clears); and, (iv) taking distributions as given prices solve the

brokers’ problems (3.9) and (3.10).

12The bidding broker’s price support B is determined in equilibrium.
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The first step toward characterising equilibrium is to find the post-trade portfolio allocations

of the investor. The maximisation problem in (3.1) represents the portfolio problem of an investor

with price p in the first subperiod of period t. The solution is summarised as follows:

Lemma 1. Define ε∗t ≡
pϕm

t −ϕs
t

yt
and

χ(ε∗t , εi)


= 1 if ε∗t < εi

∈ [0, 1] if ε∗t = εi

= 0 if ε∗t > εi.

(3.11)

Consider an investor who enters the first subperiod of period t with portfolio at and valuation

εi. The investor’s post-trade portfolio, [āmt (at, εi), ā
s
t (at, εi)], is given by

āmt (at, εi) = [1− χ(ε∗t , εi)] (a
m
t + past ) (3.12)

āst (at, εi) = χ(ε∗t , εi)(1/p)(a
m
t + past ). (3.13)

Lemma 1 provides a complete characterisation of the post-trade portfolios of investors in

the first subperiod of period t.13 The outcome depends on whether the investor’s valuation εi

is above or below a cutoff level ε∗t . That is, investors with preference type εi > ε∗t use all their

cash to purchase equity, whereas if εi < ε∗t , they sell all of their equity holdings for cash.14

In what follows, we specialise the analysis to recursive monetary equilibria. That is, equilibria

in which asset holdings are constant over time, i.e., As
It = As

I , and real asset prices are time-

invariant functions of the aggregate dividend, i.e., ϕs
t = ϕsyt, pϕm

t ≡ ϕ̄s
t = ϕ̄syt = pφmyt,

κt = κyt, ϕ
m
t Am

It = ZAsyt, where Z ∈ R+. Hence, in a recursive monetary equilibrium ε∗t =

pφm−ϕs ≡ ε∗, ϕs
t+1/ϕ

s
t = γt+1, and ϕm

t /ϕm
t+1 = µ/γt+1. Throughout the analysis, we let β̄ ≡ βγ̄,

β̄L ≡ πLβ̄, and β̄H ≡ πH β̄ and maintain the following assumption,

Assumption 1. The number of quotes k ∈ {0, 1, 2, . . . } received by an investor is Poisson

13The lemma is stated in a general form that accommodates both discrete and continuous specifications of the
preference shock εi.

14Given ε∗t , we can interpret pϕm
t = ε∗t yt + ϕs

t is the cum-dividend real value of equity to the marginal investor
in period t.



86 CHAPTER 3. ASSET PRICE DISPERSIONS AND POLICY

distributed with mean θ ∈ R+. That is, the probability αk of receiving k quotes is given by

αk =
θke−θ

k!
. (3.14)

Following Wang et al. (2020) and Mortensen (2005), we assume that the number of quotes k

observed by each investor follows a Poisson distribution with mean θ ∈ R+.
15 This specification

captures the independence of quote arrivals across investors and over time while allowing closed-

form solutions for equilibrium price distributions. The parameter θ is the quote intensity. Given

this structure, the following result characterises the equilibrium ask and bid price distributions,

denoted by A(p) and B(p), respectively. Building on the framework of Burdett and Judd

(1983), these distributions describe the optimal pricing behaviour of brokers posting quotes in

a decentralised market with random search and posting costs. Closed-form expressions for the

equilibrium ask and bid distributions consistent with profit maximisation by all brokers are

presented below.

Proposition 1. If αk is Poisson with mean θ ∈ R+, then

(i) There exists a unique ask price distribution consistent with profit maximisation by all

asking brokers given by

A(p) =
1

θ
ln

[
φm (p− p̂)

κ

]
, (3.15)

with support A ≡ [p̂+ κ/φm, p̄] ⊂ R+ and the corresponding density is

a(p) =
1

θ (p− p̂)
. (3.16)

(ii) There exists a unique bid price distribution consistent with profit maximisation by all asking

brokers given by

B(p) = 1− 1

θ
ln

[
φm (p̂− p)

κ

]
, (3.17)

15Since the number of quotes is Poisson with mean θ ∈ R+, its variance also equals θ. The coefficient of variation

CVθ, defined as the standard deviation divided by the mean, is therefore CVθ = 1/
√
θ, which strictly decreases

in θ. This is intuitive since one would expect greater variability when there is less quoting activity in the market.
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with support B ≡
[
p, p̂− κ/φm

]
⊂ R+ and the corresponding density is

b(p) =
1

θ (p̂− p)
, (3.18)

(iii) The equilibrium quote intensity is given by

θ = ln

(
φmΓ

κ

)
, (3.19)

where Γ ≡ p̄− p̂ = p̂− p is the book-width.

An asking broker faces a trade-off between posting a higher price to extract a larger surplus

conditional on execution and posting a lower, more competitive price to increase the probabil-

ity of being selected by an investor. The same logic applies symmetrically to bidding brokers,

who trade off offering a higher bid to attract sellers against a lower bid to retain surplus when

a trade occurs. The equilibrium price distributions, A(p) for asks and B(p) for bids, repre-

sent the mixed-strategy solutions to these optimisation problems under random matching and

Poisson-distributed quote arrivals. Price dispersion arises endogenously from brokers’ strategic

indifference across feasible prices.16

The supports of A(p) and B(p) correspond to the bounds at which brokers are indifferent

between posting the highest and lowest feasible prices consistent with trade. For the ask side,

the lowest possible ask p̂ + κ/φm represents the price at which the broker just breaks even

after paying the posting cost κ.17 Similarly, on the bid side, the highest possible bid p̂− κ/φm

represents the price at which a broker is indifferent between posting and withdrawing from the

market.

Finally, the quote intensity θ links market liquidity to monetary conditions and the cost of

market participation. In particular, the assumption that quote arrival probabilities are identical

on both sides of the market implies a symmetric quote intensity θ > 0. Under this symmetry,

16Jovanovic and Menkveld (2022) generate a similar dispersion of bids, but their model considers only the bid
side of the market and abstracts from both monetary policy considerations and asset price determination.

17As shown in Proposition 1, the equilibrium quote intensity satisfies θ = ln(φmΓ/κ). This condition can be
rearranged to yield κ = e−θ(φmΓ), indicating that κ equals the expected benefit when no investor meets the
broker. Hence, κ can be interpreted as the effective cost of participation or posting in the decentralised market.
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the lower bound of the real value of money satisfies φm
L = κ/Γ.18 This symmetry in quote

arrival ensures that both sides of the market exhibit analogous statistical properties, allowing

the equilibrium price distributions to be characterised by the following corollary.

Corollary 1. If αk is Poisson with mean θ ∈ R+, then

(i) The ask density a(p) strictly decreases in p, is convex and prices are therefore right-skewed.

(ii) The bid density b(p) strictly increases in p, is convex and prices are therefore left-skewed.

The intuition behind these results follows directly from the brokers’ indifference conditions

across the price support. On the ask side, the strictly decreasing and convex shape of a(p) implies

that higher ask prices are posted less frequently, producing a right-skewed distribution. As the

ask price rises, the probability that an investor will accept the quote falls disproportionately,

so asking brokers must engage in progressively stronger price shading to remain indifferent

across feasible prices. Conversely, on the bid side, the strictly increasing and convex shape of

b(p) implies that lower bid prices are posted less frequently, yielding a left-skewed distribution.

As the bid price declines, the probability of a successful trade diminishes sharply, and bidding

brokers must similarly shade prices more aggressively to preserve indifference across the support.

The properties of the ask and bid distributions extend naturally to their order-statistic

counterparts, the best-ask and best-bid distributions, defined as the minimum and maximum of

the k observed quotes, respectively.

Corollary 2. If αk is Poisson with mean θ ∈ R+, then

(i) There exists a unique best-ask distribution given by

Ā(p) =


1− κ

φm(p−p̂) if p ∈
[
p̂+ κ

φm , p̄
)

1 if p = p̄.

(3.20)

The corresponding best-ask density ā(p) strictly decreases in p, is convex and prices are

therefore right-skewed.

18Since φm
L = κ/Γ, it follows that κ must also be bounded from above. If κ were to increase beyond a certain

point, φm
L would approach φm

H , the upper bound of the real value of money given below in Proposition 2, thereby
violating the interiority condition required for a monetary equilibrium.
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(ii) There exists a unique best-bid distribution given by

B̄(p) =


0 if p = p

κ
φm(p̂−p) if p ∈

(
p, p̂− κ

φm

]
.

(3.21)

The corresponding best-bid density b̄(p) strictly increases in p, is convex and prices are

therefore left-skewed.

This result formalises how the process of quote sampling and selection translates into the

distributions of executable prices in equilibrium. The best-ask distribution, Ā(p), represents

the probability that the lowest observed ask price is less than or equal to p, while the best-bid

distribution, B̄(p), represents the probability that the highest observed bid price is less than or

equal to p. Both are derived directly from the underlying quote distributions A(p) and B(p)

under the Poisson sampling structure given by Assumption 1.

The convexity and skewness properties of Ā(p) and B̄(p) mirror those of A(p) and B(p),

whereby the distributions are more concentrated near the most competitive quotes. Specifically,

the best-ask distribution is right-skewed, indicating that most observed best asks cluster near the

lower bound of the support, while the best-bid distribution is left-skewed, with most observed

best bids clustering near the upper bound.

Having characterised the distributions of quotes and executable prices, we now turn to the

determination of equilibrium asset prices implied by these trading frictions. The following result

establishes the existence and uniqueness of a recursive monetary equilibrium in which the real

(ex-dividend) equity price and the real value of money are jointly determined by investors’

portfolio choices, brokers’ optimal pricing strategies, and the underlying monetary environment.

The result below formalises this relationship by linking the real equity price ϕs and the real

value of money φm to the posting cost κ, and the inflation rate µ. For the analysis that follows,

it is convenient to define

µ̄ ≡ β̄L

{
1 +

1

1− β̄Hη
· πH
1− πH

[
εH

Γ

κp̄
+ β̄Hη

p

p̄

]}
. (3.22)

The following proposition characterises the equilibrium set of the recursive monetary equilibrium.
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Proposition 2. If αk is Poisson with mean θ ∈ R+, and β̄ < µ < µ̄, then there exists a unique

recursive monetary equilibrium where real (ex-dividend) equity price is given by

ϕs =
β̄Hη

1− β̄Hη

{
εH +

πL
1− πL

[
φmp̂− κθ

1− e−θ

]}
, (3.23)

and the real value of money φm ∈ (φm
L , φm

H) is the unique solution to

εH + ϕs

1− e−θ

∫ p̄

p̂+ κ
φm

κ

p [φm (p− p̂)]2
dp =

µ− β̄L
β̄L

. (3.24)

This proposition characterises the equilibrium relationship between the real value of money,

the equity price, and the liquidity conditions prevailing in the decentralised exchange market.

Given Poisson distributed quote arrivals with mean θ, and a monetary policy satisfying β̄ < µ <

µ̄, there exists a unique recursive monetary equilibrium in which the real equity price ϕs and

the real value of money φm jointly satisfy the two conditions above.19

The equilibrium expression for ϕs highlights two distinct components. The first term,

β̄Hη
1−β̄Hη

εH , represents the fundamental value of equity, which is the discounted present value

of the future dividend flow as perceived by high-valuation investors. The second term inside the

braces, φmp̂ − κθ
1−e−θ , captures the real expected value of the best-bid distribution and there-

fore the resale premium of the asset. A low-valuation investor values the asset at the expected

present value of dividends evaluated at the mean valuation across investor types. When they

sell, however, the real asset price reflects the net benefit they obtain from trade. This benefit

arises because the selling investor receives more than their own valuation: by transferring the

asset to a high-valuation investor, they realise the additional value that the buyer places on the

dividend stream, along with the resale premium captured by the expected best bid. In this way,

the equilibrium real asset price reflects both the speculative gain from reallocating the asset

toward higher-valuation investors and the liquidity premium generated by active trading in the

market.

19The Appendix derives the expression for Z, given by Z = πL(1 − e−θ)
[
πH

∫ p̄

p̂+κ/φm
κ

p[φm(p−p̂)]2
dp

]−1

. This

expression is omitted from the main text to maintain focus on the core equilibrium relationships. It can be shown
that ∂Z/∂µ < 0 and ∂Z/∂κ < 0, indicating that higher inflation or posting costs reduce the aggregate value of
money balances held by investors.
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The second equilibrium condition implicitly defines the real value of money φm as the unique

level consistent with optimal portfolio choices and monetary policy. The left-hand side captures

the expected liquidity return from holding money, weighted by the probability of successful

trade across the support of the ask distribution, while the right-hand side, µ−β̄L

β̄L
, represents the

inflation-induced opportunity cost of holding money. Equilibrium is attained when these two

margins are equal, yielding an interior solution φm ∈ (φm
L , φm

H).

3.4 Asset Prices

In this section, we examine the properties of the equilibrium asset prices derived in Proposition

2. In particular, we analyse how these prices respond to changes in monetary policy and to the

degree of trading frictions in the first subperiod as captured cost of posting.

Assumption 2. The elasticity of the value of money φm with respect to the posting cost κ is

less than one, i.e. ϵφm,κ < 1, where ϵφm,κ ≡ ∂φm

∂κ

κ

φm
.

This assumption restricts the elasticity of the value of money with respect to posting cost

to be strictly subunitary, i.e. changes in κ affect φm less than proportionally. It ensures that

the effect of κ on φm is such that an increase in κ leads to a decrease in quoting intensity θ,

which is consistent with what we would expect. Although an equilibrium also exists when this

condition is violated, we focus on this case since it corresponds to the most natural setting and

aligns with what is typically observed empirically.20

3.4.1 Inflation

Variations in the inflation rate µ influence investors’ portfolio decisions by changing the relative

attractiveness of holding money between trading rounds. Higher inflation causes a reduction

in the value of money and a decline in real money balances. This reduction in real balances,

together with the lower real value of money, leads to a fall in quote intensity θ. The decline

in quote intensity reflects the fact that, under the higher inflation rate, the investor whose

valuation was marginal under the lower rate is no longer indifferent between carrying cash and

20The comparative statics with respect to κ reverse direction in most of the following propositions when this
condition is violated. These cases are not considered here, as violating the condition produces economically
unnatural outcomes that are not typically observed.
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equity out of the first subperiod market. With fewer investors entering the decentralised market

with sufficient real balances, competition among brokers weakens. As a result, the resale option

available to investors becomes less valuable, and the real equity price ϕs falls. Naturally, the real

value of money φm is also decreasing in the growth rate of the money supply. These arguments

are formalised in Proposition 3.

Proposition 3. If αk is Poisson with mean θ ∈ R+, then in the recursive monetary equilibrium:

(i) The real value of money φm is decreasing with inflation µ i.e., ∂φm/∂µ < 0.

(ii) The real (ex-dividend) price of the equity share ϕs is decreasing with inflation µ i.e.,

∂ϕs/∂µ < 0.

Proposition 3 is particularly useful in environments where monetary policy operates primarily

through adjustments in the expected inflation rate. In such settings, changes in the nominal

interest rate i are associated exclusively with variations in inflation µ, rather than with changes

in the real interest rate, r.21,22

3.4.2 Posting Cost

Through its effect on brokers’ incentives, the posting cost κ governs how actively quotes are

supplied and thus how much trading occurs in the decentralised market. Higher posting costs

discourage brokers from entering, which reduces the effective quote intensity θ. The decline in

quote intensity reflects the fact that, under a higher κ, some brokers who were marginal at the

previous cost level are no longer indifferent between posting a quote and remaining inactive.

With fewer active brokers submitting quotes, investors encounter fewer trading opportunities in

each round. The reduced ability to trade raises the value of holding real money balances between

trading rounds, as investors must maintain higher balances to smooth consumption and meet

potential trading opportunities when they arise. Consequently, the real value of money φm rises

21It is also possible to investigate the effect of policy changes in the real interest rate r, noting that the Fisher
relation implies 1 + i = µ/β̄, which is equivalent to 1 + i = (1 + r)(1 + π) with 1 + π ≡ µ/γ̄, where π is the gross
inflation rate. See Lagos and Zhang (2020) for a detailed discussion of this relationship. This analysis lies outside
the scope of the present chapter but can be inferred directly from the relationship above.

22The results of Proposition 3 are consistent with the resale–premium literature of Lagos and Zhang (2015,
2019a,b, 2020), where asset prices decline with inflation, making equity a poor hedge against inflation. This
empirical relationship corresponds to what is commonly known as the ‘Fed model’. For an extended discussion
of the Fed model and its connection to resale-premium asset-pricing frameworks, see Lagos and Zhang (2019a).
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with κ. This increase in the value of money dominates the decline in quote intensity, leading to

a higher resale premium and therefore a higher real equity price ϕs.23 In equilibrium, both the

real value of money and the real price of equity increase with the posting cost, reflecting the

positive relationship between intermediation frictions and the valuation of liquid assets. These

mechanisms are formalised in Proposition 4.

Proposition 4. If αk is Poisson with mean θ ∈ R+, then in the recursive monetary equilibrium:

(i) The real value of money φm is increasing with the posting cost κ, i.e., ∂φm/∂κ > 0.

(ii) The real (ex-dividend) price of the equity share ϕs is increasing with the posting cost κ i.e.,

∂ϕs/∂κ > 0.

Proposition 4 provides a theoretical basis for interpreting regulatory interventions as effective

increases in the posting cost κ. By raising the cost of intermediation, such policies reduce quote

intensity and make holding real money balances more valuable, which in turn increases the real

equity price ϕs through the resale channel.

3.5 Financial Liquidity

In this section, we examine how monetary policy and trading frictions jointly shape equilibrium

outcomes in the recursive monetary economy. We analyse how variations in monetary condi-

tions and in the degree of market frictions influence key aspects of decentralised trade and asset

pricing. Specifically, we study how these factors affect quote intensity, the stochastic domi-

nance properties of the price distributions, the extent of price dispersion, and the determination

of bid–ask spreads. We also examine how the interaction between monetary and regulatory

conditions contributes to systemic vulnerabilities, including flash-crash risk, and how it shapes

speculative behaviour in decentralised financial markets.

23Assumption 2 ensures that the effect of κ on φm is such that θ is decreasing in κ, as stated in Proposition 5
below. Hence, the effect of κ on φm does not dominate the direct effect that κ has on θ. However, this dominance
holds in the case of the real equity price ϕs, where the increase in φm more than offsets the decline in quote
intensity and direct effect of κ.
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3.5.1 Quote Intensity

Consider first how monetary policy and posting costs affect quoting behaviour in the decen-

tralised market. According to Propositions 2 and 3, an increase in the inflation rate µ reduces

investors’ incentive to maintain real balances. With fewer investors carrying adequate real bal-

ances, the value of the spread earned by brokers is reduced, which in turn lowers their incentive

to post quotes. The resulting decline in quoting activity leads to a reduction in quoting intensity

θ. Similarly, according to Proposition 4 and given Assumption 2, a higher posting cost κ raises

the marginal cost of participation for brokers and further depresses quoting intensity θ.24 This

intuition is formalised in the following proposition.

Proposition 5. If αk is Poisson with mean θ ∈ R+ and ϵφm,κ < 1, then in the recursive

monetary equilibrium, the quote intensity θ: (i) decreases with inflation µ, i.e., ∂θ/∂µ < 0; and

(ii) decreases with the posting cost κ, i.e., ∂θ/∂κ < 0.

The quote intensity θ thus serves as the principal transmission channel through which mone-

tary and regulatory policy affect outcomes in the decentralised market. As we will see, variations

in θ translate policy shocks into observable changes in spreads, depth, and the overall shape of

the bid and ask price distributions.

3.5.2 Stochastic Dominance

The best-ask distribution Ā(p) gives the probability that the lowest observed ask price is less than

or equal to p, and therefore captures the behaviour of marginal sellers. When the inflation rate

µ rises, the real value of money φm declines and investors enter the decentralised market with

smaller real balances. The resulting fall in quote intensity θ reduces the number of competing

ask quotes that investors observe, shifting probability mass in Ā(p) toward lower prices. A rise in

24Following the 2007–2009 crisis, a structural break in liquidity supply has been linked to post-crisis regulation.
On July 21, 2010, the Dodd–Frank Act was signed into law. Section 619, the Volcker Rule, generally prohibits
insured depository institutions and their affiliates from proprietary trading and from certain relationships with
hedge funds and private equity funds, subject to exemptions and definitions. Restricting proprietary trading
removed banks as deep-pocket market makers and reduced immediacy provision. The request for public comments
closed on November 5, 2010, by which time market participants likely understood the substance of the forthcoming
rule, helping to explain the observed break in liquidity supply near the end of 2010. The amended rule became
effective on April 1, 2014, with full compliance required by July 21, 2015. The interval between these dates
coincides with an accelerated decline in 50-basis-point depth and a reduction in the average number of middlemen,
consistent with the view that the Volcker Rule accounted for a large part of the depth decline.
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the posting cost κ produces a similar effect. Higher κ raises the cost of participation for brokers

and lowers θ, reducing the frequency of competitive quoting and shifting the distribution of

executable ask prices downward. In both cases, Ā(p) takes smaller values for every p, indicating

a downward shift of the CDF. Formally, for any p, Ā2(p) < Ā1(p) when µ2 > µ1 or κ2 > κ1,

implying that the distribution associated with lower inflation or lower posting costs first-order

stochastically dominates that under higher values of either parameter. The following proposition

formalises this intuition.25

Proposition 6. If αk is Poisson with mean θ ∈ R+ and ϵφm,κ < 1, then in the recursive mon-

etary equilibrium the best-ask distribution Ā(p) satisfies: (i) if µ2 > µ1 then Āµ1,κ(p) first-order

stochastically dominates Āµ2,κ(p); and, (ii) if κ2 > κ1 then Āµ,κ1(p) first-order stochastically

dominates Āµ,κ2(p).

The best-bid distribution B̄(p) gives the probability that the highest observed bid price is

less than or equal to p, and therefore captures the behaviour of marginal buyers. When the

inflation rate µ rises, the real value of money φm declines and investors enter the decentralised

market with smaller real balances. The associated fall in quote intensity θ reduces the number

of competing bids that investors observe, shifting probability mass in B̄(p) toward higher prices.

A rise in the posting cost κ produces a similar effect. Higher κ raises the cost of participation for

brokers and lowers θ, reducing the frequency of competitive quoting and shifting B̄(p) toward

higher prices. Formally, for any p, B̄2(p) > B̄1(p) when µ2 > µ1 or κ2 > κ1, implying that

the distribution associated with higher inflation or higher posting costs first-order stochastically

dominates that under lower values of either parameter. The following proposition formalises

this intuition.26

Proposition 7. If αk is Poisson with mean θ ∈ R+ and ϵφm,κ < 1, then in the recursive mon-

etary equilibrium the best-bid distribution B̄(p) satisfies: (i) if µ2 > µ1 then B̄µ2,κ(p) first-order

25Proposition 6A in the Appendix shows that the ask distribution is decreasing in both µ and κ. Higher inflation
reduces real balances, and higher posting costs discourage participation, both of which make high asking prices
less likely in equilibrium. Only the results for the best-ask distribution are presented in the main text, as the
analysis focuses on executable prices.

26Proposition 7A in the Appendix shows that the bid distribution is increasing in both µ and κ. Rising inflation
lowers real balances and higher posting costs reduce quoting intensity, both of which shift bids downward and
make lower bid prices more probable. Only the results for the best-bid distribution are presented in the main
text, as the analysis focuses on executable prices.
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stochastically dominates B̄µ1,κ(p); and, (ii) if κ2 > κ1 then B̄µ,κ2(p) first-order stochastically

dominates B̄µ,κ1(p).

3.5.3 Price Dispersion

The mean and variance of the best-ask distribution are given respectively by

Ma = p̂+
κθ

φm(1− e−θ)
and Va =

(
κ

φm

)2
[
eθ −

(
θ

1− e−θ

)2
]

These expressions summarise how the level and dispersion of executable ask prices vary with

monetary and posting conditions. When the inflation rate µ increases, the real value of money

φm declines and investors enter the decentralised market with smaller real balances. The result-

ing fall in quote intensity θ reduces the number of competing ask quotes that investors observe,

leading to a higher average execution price and greater variation across observed asks. Con-

sequently, both the mean Ma and the variance Va rise with inflation. A similar mechanism

operates when the posting cost κ increases. Higher κ discourages brokers from posting, lowers

θ, and widens the distance between the most and least competitive ask quotes. As a result, Ma

rises since the average executed ask price increases, and Va rises as the distribution becomes

more dispersed. Formally, both Ma and Va are increasing in µ and κ, indicating that higher

inflation or posting costs shift the best-ask distribution upward and amplify its cross-sectional

spread. The following proposition formalises this intuition.

Proposition 8. If αk is Poisson with mean θ ∈ R+ and ϵφm,κ < 1, then in the recursive

monetary equilibrium, (i) the mean Ma of the best-ask distribution is increasing in both µ and

κ; and, (ii) the variance Va of the best-ask distribution is increasing in both µ and κ.

The mean and variance of the best-bid distribution are given respectively by

Mb = p̂− κθ

φm(1− e−θ)
and Vb =

(
κ

φm

)2
[
eθ −

(
θ

1− e−θ

)2
]

When the inflation rate µ rises, the real value of money φm declines, and investors enter the

decentralised market with smaller real balances. The resulting fall in quote intensity θ reduces

the number of competing bids that investors observe, leading to a lower average execution price.
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The reduction in competition among brokers also increases the spread between high and low

bids, raising the variance Vb. A rise in the posting cost κ produces the same comparative

statics. Higher κ discourages brokers from quoting, lowers θ, and widens the range of feasible

bid prices. As a result, the mean Mb declines while the variance Vb increases. Formally, Mb is

decreasing and Vb is increasing in both µ and κ, indicating that higher inflation or posting costs

shift the best-bid distribution downward and make it more dispersed. The following proposition

formalises this intuition.

Proposition 9. If αk is Poisson with mean θ ∈ R+ and ϵφm,κ < 1, then in the recursive

monetary equilibrium, (i) the mean Mb of the best-bid distribution is decreasing in both µ and

κ; and, (ii) the variance Vb of the best-bid distribution is increasing in both µ and κ.

Beyond the mean and variance, a more informative way to assess dispersion is through

the coefficient of variation CV . Defined as the ratio of the standard deviation to the mean,

CVj =
√
Vj/Mj for j ∈ {a, b}. This statistic provides a scale-free measure of variability that

captures how dispersed a distribution is relative to its average level. It serves as an important

indicator of uncertainty in decentralised markets, reflecting how volatile or concentrated quotes

are around their mean price. A higher coefficient of variation indicates greater heterogeneity in

observed quotes and lower predictability in execution prices.

In the context of the best-bid distribution B̄(p), a rise in the inflation rate µ reduces the real

value of money φm and lowers investors’ real balances. The resulting decline in quote intensity

θ decreases competition among brokers, leading to a fall in the mean Mb and a rise in the

variance Vb. Because these effects move in opposite directions, the ratio
√
Vb/Mb increases,

indicating that bids become more dispersed relative to their average level. An increase in the

posting cost κ produces the same comparative statics: higher costs discourage quoting, reduce

θ, and widen the spread between high and low bids. Consequently, this intuition is summarised

by the following corollary.

Corollary 3. If αk is Poisson with mean θ ∈ R+ and ϵφm,κ < 1, then in the recursive mone-

tary equilibrium, the coefficient of variation CVb of the best-bid distribution: (i) increases with

inflation, i.e., ∂CVb/∂µ > 0; and (ii) increases with the posting cost, i.e., ∂CVb/∂κ > 0.
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By contrast, the coefficient of variation CVa of the best-ask distribution Ā(p) exhibits no

general direction with respect to these parameters. Changes in µ or κ affect the mean and

variance of the best-ask distribution Ā(p) in offsetting ways, making the overall response of
√
Va/Ma ambiguous in equilibrium.

Propositions 8 and 9, together with Corollary 3, show that monetary and intermediation

conditions jointly determine the degree of price dispersion in decentralised markets. These

results are consistent with the patterns established in Propositions 6 and 7, but provide a more

detailed characterisation of how changes in inflation and posting costs translate into differences

in the distribution of executable prices and the extent of dispersion across trades.

3.5.4 Spreads

Proposition 8 shows that the mean price Ma with respect to the best-ask distribution Ā(p)

captures the average price at which the marginal seller is willing to transact, conditional on

being the most competitive offer at any given time. Proposition 9 shows that the mean price

Mb with respect to the best-bid distribution B̄(p) captures the average price at which the

marginal buyer is willing to transact, conditional on being the most competitive bid. Hence, the

nominal bid–ask spread is Sm = |Ma −Mb| which is given by

Sm =
2κθ

φm(1− e−θ)

When the inflation rate µ increases, the real value of money φm declines, and investors enter

the decentralised market with smaller real balances. The reduction in purchasing power lowers

the quoting intensity θ, leading to fewer competing quotes and transactions over a wider range

of offers. As a result, the nominal bid–ask spread Sm increases with inflation. Similarly, when

the posting cost κ rises, brokers quote less and require greater expected compensation to recover

their costs. The higher cost of participation directly widens the price differential between the

average best-bid and best-ask quotes, while the fall in θ further amplifies this effect by reducing

market competition.

Proposition 10. If αk is Poisson with mean θ ∈ R+ and ϵφm,κ < 1, then in the recursive mone-
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tary equilibrium, the nominal bid-ask spread Sm: (i) increases with inflation, i.e., ∂Sm/∂µ > 0;

and (ii) increases with the posting cost, i.e., ∂Sm/∂κ > 0.

To evaluate how these differences translate into real economic costs, it is useful to consider

the real bid–ask spread, defined as the nominal spread scaled by the real value of money φm, i.e.,

S ≡ φmSm. The real spread measures the effective trading cost in terms of consumption goods

and therefore captures the true resource cost of market participation. In equilibrium, variations

in inflation and posting costs influence the real spread only through their effects on the quoting

intensity θ, linking monetary and intermediation frictions to the efficiency of asset exchange.

The following result is a corollary of Proposition 10.27

Corollary 4. If αk is Poisson with mean θ ∈ R+ and ϵφm,κ < 1, then in the recursive monetary

equilibrium, the real bid-ask spread S: (i) decreases with inflation, i.e., ∂S/∂µ < 0; and (ii)

increases with the posting cost, i.e., ∂S/∂κ > 0.

This result is novel within the monetary resale literature, as the behaviour of the real bid–ask

spread in response to monetary policy and trading frictions is generally ambiguous in earlier

frameworks such as Lagos and Zhang (2015). The present framework yields unambiguous com-

parative statics, showing that the real bid–ask spread decreases with inflation and increases with

the posting cost, consistent with the empirical literature.

3.5.5 Flash Crash Risk

A flash crash is defined as the event in which no quotes are observed by investors, so that no

transactions take place in the decentralised market. Since α0 denotes the proportion of investors

who receive no quote in equilibrium, it corresponds directly to the probability of a flash crash.

Given that the number of quotes k received by each investor is Poisson distributed with mean

θ, the probability that no quotes are observed is F = e−θ. Following Jovanovic and Menkveld

(2022), this formulation captures the idea that flash crashes arise endogenously as a result of

strategic inaction: when the expected gains from trade fall below the cost of posting, brokers

27The functional form of the real bid–ask spread used here is identical to that in Jovanovic and Menkveld
(2022), which yields similar comparative statics with respect to the posting cost κ. In both settings, higher
intermediation costs raise the equilibrium real bid–ask spread through its direct effect and by lowering quoting
intensity. Their model, however, focuses solely on the bid side of pricing and abstracts from monetary conditions
and asset valuation, which are central to the present analysis.
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optimally choose not to quote, leading to episodes of market illiquidity even in the absence of

exogenous shocks or informational frictions.28

Monetary policy affects flash crash risk through its influence on quote intensity. Higher in-

flation increases the opportunity cost of holding money between trading rounds, reducing the

real balances investors bring into the decentralised market. With fewer investors carrying liq-

uidity, brokers face weaker trading opportunities and lower expected gains from posting quotes.

This decline in activity compresses the value of the spread, further reducing the incentive to

quote. As a result, both investor participation and broker activity fall, lowering the equilibrium

quote intensity θ and increasing F . Similarly, higher posting costs κ raise the marginal cost of

quoting for brokers. When these costs become more significant relative to the expected spread,

fewer brokers find it profitable to post quotes, and those that do participate less actively. The

resulting decline in quote intensity again raises the probability that no quotes are observed.

In equilibrium, both tighter monetary conditions and higher trading frictions weaken market

participation and increase flash crash risk, making the decentralised market more fragile. The

risk of a flash crash therefore increases when inflation is high or the cost of posting rises, as

summarised in the following proposition.29

28Define the half-spread H as the difference between the mid-price and the expected best-ask price or the
expected best-bid price: H ≡ Ma − p̂ = p̂ − Mb = κθ

/(
φm(1 − e−θ)

)
= Sm/2. Given this we can write the

variance of the best-ask distribution and the best-bid distribution as V ≡ Va = Vb = κ2
/(
(φm)2e−θ

)
− H2 =

κ2
/(
(φm)2F

)
− H2. It is also important to note that we define the mean-squared error (MSE) in the following

way, MSEa = EĀ[(p − p̂)2] = Va + (Ma − p̂)2 = V + H2 = MSEb ≡ MSE, and therefore MSE = κ2
/(
(φm)2F

)
.

With θ = ln(φmΓ/κ), this specification links the variance V, the half-spread H, the book width Γ, the non-crash
pricing error MSE, and the flash-crash probability F in a single set of identities: MSE = V +H2 = κΓ/φm and
F = κ/(φmΓ). The inverse proportionality then has a precise meaning: MSE and F are reciprocal transforms
of the same book-width object Γ (up to the fixed scale factor κ/φm). Put differently, increases in Γ raise MSE
and lower F , and the product MSE · F = κ2/(φm)2 is conserved. This makes the frequency–magnitude trade-off
exact: doubling F halves MSE, and as F ↓ 0 we must have MSE ↑ ∞. It also yields a testable and calibratable
restriction (near-constancy of MSE · F) and a clear diagnostic: observed (V,H2) must add to MSE = κΓ/φm,
while any violation of MSE · F = κ2/(φm)2 points to misspecification or measurement error. A decline in MSE
can reflect more probability mass in crash states (higher F), not necessarily safer day-to-day conditions: by
MSE · F = κ2/(φm)2, lower MSE must be offset by higher F (or a change in κ/φm). Hence low day-to-day noise
in quotes, i.e., low non-crash pricing error (MSE small), can go hand-in-hand with elevated crash probability
(F high). Thus warning that smaller MSE may reflect a reallocation of risk into rarer crash states rather than
genuinely safer conditions.

29Corollary 2A in the Appendix derives the Value-at-Risk (quantile) functions of the best bid and best ask
distributions. It demonstrates that these functions exhibit a piecewise structure composed of continuous segments
separated by discrete mass points at the price boundaries, p̄ for asks and p for bids. These mass points represent
the non-negligible probability that no quotes are posted at the extremes of the market, corresponding to episodes of
illiquidity or flash crashes. The size and location of the mass points depend on the ratio κ/(φmΓ), which links the
cost of posting quotes, κ, the value of money, φm, and the spread, Γ. When φm increases, the continuous intervals
of the quantile functions widen, indicating a higher density of posted quotes and greater market depth, as brokers
find it more profitable to supply quotes. This reduces the probability mass at the boundaries and lowers flash-
crash risk. In contrast, increases in κ shrink these intervals, pushing more probability mass toward the boundaries
and raising the likelihood that no quotes are posted. The contraction in quoting activity translates into thinner
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Proposition 11. If αk is Poisson with mean θ ∈ R+ and ϵφm,κ < 1, then in the recursive

monetary equilibrium, the flash crash risk F : (i) increases with inflation, i.e., ∂F/∂µ > 0; and

(ii) increases with the posting cost, i.e., ∂F/∂κ > 0.

This is a notable result, as it implies that policies typically designed to mitigate financial

instability, such as looser monetary conditions or higher regulatory posting costs, can in this

framework amplify market fragility by increasing the probability of a flash crash. When higher

money growth or stricter intermediation requirements reduce quoting activity, market depth

erodes and liquidity becomes more fragile, raising the likelihood that trading halts occur en-

dogenously. This mechanism highlights a potential policy trade-off between stability in normal

times and vulnerability to sudden market breakdowns.

3.5.6 Speculation

It is standard to define the fundamental value of an asset as the expected present discounted

value of its future dividend stream, ϕ̂s
t ≡

[
β̄η/(1− β̄η)

]
ε̄yt ≡ ϕ̂syt, and to refer to any trans-

action value in excess of this fundamental value as a bubble. One could argue, however, that

the relevant notion of “fundamental value” should incorporate market aggregation across het-

erogeneous investor valuations and reflect the influence of monetary policy and trading frictions

such as the frequency of trading opportunities and the market power of intermediaries, which

together determine asset prices in equilibrium. To avoid semantic ambiguity, we follow Harrison

and Kreps (1978) and define the speculative premium (or discount) as the difference between the

market price and the fundamental value, Pt ≡ ϕs
t − ϕ̂s

t , which captures the value investors assign

to the right to resell the asset in the future. Investors exhibit speculative behaviour when this

resale option induces them to pay more or less for the asset than they would if obliged to hold

it indefinitely.30 According to Proposition 2, the speculative premium/discount is Pt = Pyt,

markets and greater fragility. The piecewise structure captured by equations of Corollary 2A highlights the
nonlinear response of market stability to changes in policy and participation costs: small variations in µ or κ can
shift the support of the quote distributions and alter the boundary mass points in ways that sharply amplify the
probability of flash crashes.

30Our notion of speculative premium corresponds to the concept of a speculative bubble used in the modern
literature, e.g., Barlevy (2007), Abreu and Brunnermeier (2003), Scheinkman and Xiong (2003), Scheinkman
(2013), and Xiong (2013), following the resale-option theory of bubbles introduced by Harrison and Kreps (1978).
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where

P =
β̄Hη

1− β̄Hη

{
εH +

πL
1− πL

[
φmp̂− κθ

1− e−θ

]}
− β̄η

1− β̄η
ε̄.

Note that, unlike Lagos and Zhang (2015, 2019b), which generate only speculative premia,

the present model can produce both speculative premia and speculative discounts. This repre-

sents a novel feature of the environment and one that is consistent with findings in the empirical

literature. In particular, a speculative discount P < 0 arises when φmMb < εL + ϕ̂s; equality

implies no speculative component P = 0, and otherwise there is a speculative premium P > 0.

Economically, φmMb denotes the real mean best bid, the real value investors expect to obtain

when selling the asset at the average bid price in the decentralised market, or, in other words,

the expected cum-dividend price of the equity share. This value declines as inflation reduces real

balances and lower quote intensity limits trading opportunities. The term εL+ ϕ̂s represents the

fundamental benchmark, combining the valuation of the low-type investor with the expected

discounted value of future dividends.

Since Proposition 3 shows that a higher inflation rate lowers the real asset price, it follows that

the speculative premium decreases with inflation. Higher inflation raises the opportunity cost

of holding money and reduces the real balances investors carry into the decentralised market.

With less money available, quote intensity falls and the resale option embedded in the asset

loses value. Investors are therefore less willing to pay above the fundamental value, and the

speculative premium declines.

In contrast, an increase in the posting cost κ raises the speculative premium. While higher

posting costs reduce brokers’ quoting activity and increase trading frictions, they also raise the

real value of money φm which induces investors to hold larger real balances between trading

rounds. This increase in φm dominates the opposing effects of κ on market participation,

supporting higher asset valuations and amplifying the resale option value embedded in prices,

consistent with Proposition 4.

In summary, monetary loosening reduces speculative behaviour by weakening resale oppor-

tunities, whereas higher posting costs increase it, since the decline in quote intensity is more

than offset by the rise in money holdings generated by the higher real value of money that

accompanies an increase in κ. These relationships are formalised in the following proposition.
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Proposition 12. If αk is Poisson with mean θ ∈ R+, then in the recursive monetary equilibrium,

the speculative premium P: (i) decreases with inflation, i.e., ∂P/∂µ < 0; and (ii) increases with

the posting cost, i.e., ∂P/∂κ > 0.

A novel implication of the model is that speculative premia/discounts increase in response to

higher intermediation costs, even though such costs reduce quote intensity. Evidence consistent

with this mechanism may already be present in the empirical literature (see Duffie 2012, 2018).

3.6 Discussion

This section highlights where the model’s predictions line up with established stylized facts

regarding the data. First, consider the shape of buy and sell quotes. Empirical work shows that

buy and sell quote distributions are asymmetric and convex: bids cluster below the midprice

and asks above it. This pattern is persistent across countries and asset classes, as documented

in Biais et al. (1995); Goldstein and Kavajecz (2004); Hollifield et al. (2006); Næs and Skjeltorp

(2006); Degryse et al. (2015). Proposition 1 generates the same shape on both sides in the model.

Strategic posting with participation costs and random matching yields ask and bid distributions

that are convex and skewed. Corollaries 1 and 2 correspond to the best quote and tail behaviour

reported in Zovko and Farmer (2002), Weber and Rosenow (2005), and Gu et al. (2008), where

best quotes concentrate near the inside and executions display long tails.

Second, broker participation has declined following post-crisis regulatory reforms. Jovanovic

and Menkveld (2022) document that the number of active intermediaries in U.S. equity markets

fell by more than half over an eleven-year period, with a sharp break following the introduction

of the Volcker Rule in 2013–2014. Bessembinder et al. (2018) and Choi et al. (2024) show similar

changes, with dealers stepping back from principal activity and quoting becoming noticeably

sparser as capital and balance-sheet constraints tightened. Proposition 5 generates this reduction

in broker participation in the model. Increased regulatory requirements correspond to a higher

effective posting cost, which lowers broker entry and reduces quote intensity. This results in

sparser quoting, consistent with the empirical evidence.

Third, declines in broker participation have been accompanied by reductions in market depth

and increases in effective trading costs. Empirical studies have shown that although quoted
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spreads narrowed modestly in the decade following the crisis, deeper execution metrics reveal a

substantial deterioration in market depth. Adrian et al. (2017) find that while bid–ask spreads

in the sample of Jovanovic and Menkveld (2022) fell by around 6 percent per year, depth near

the best quote fell by almost 20 percent annually, and depth within 50 basis points of the

midprice declined by more than 25 percent. Quoted spreads appeared narrow, but executing

large trades became more costly. Propositions 6 and 7 account for the decline in depth: when

broker participation falls, quote intensity declines and fewer quotes are executed close to the

midprice. Corollary 4 explains the narrowing of the quoted spread: an increase in the money

growth rate can compress the bid–ask spread even as participation falls and even as regulatory

costs increase. These observations show that commonly used measures of liquidity, such as the

bid–ask spread, are not sufficient to assess market conditions.

Fourth, markets occasionally experience extreme dislocations, such as flash crashes. Jo-

vanovic and Menkveld (2022) show that while the probability of observing no quotes on a given

day is small, over longer horizons it implies roughly a 31 percent chance of at least one such

event in their sample. Menkveld and Yueshen (2019) documents that during the May 6, 2010

Flash Crash, prices in several U.S. equities temporarily collapsed to near zero before recovering

within minutes, consistent with a brief absence of liquidity rather than a change in fundamentals.

Proposition 11 places this observation in the context of variation in quote intensity: when quote

intensity is low, quote arrivals become sparse and the probability of periods with no posted

quotes increases. The model thus explains how seemingly stable markets can become vulnerable

to sudden collapses in trading activity as an endogenous consequence of participation frictions.

Fifth, speculative episodes often feature both high valuations and high trading activity.

Scheinkman and Xiong (2003) and Scheinkman (2013) emphasise that speculative premia are

associated with strong resale motives and elevated trade volume. Together, Proposition 5,

Corollary 3, and Proposition 12 show that this relationship arises in the inflation case. Changes

in quote intensity, which serves as a proxy for trade volume, generate a positive correlation

between trading activity and the size of the speculative premium when inflation varies. This

positive correlation matches the empirical patterns observed in historical bubble episodes.

Taken together, the evidence suggests that the central mechanism of the model, the inter-
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action of monetary policy, participation costs, and decentralised exchange, organises several

observed features of these markets. The key margins are the broker’s decision to post and the

intensity with which investors search. Variations in these margins, driven by monetary and

regulatory conditions, are sufficient to account for the movements in depth, stability, spreads,

and speculative premia documented above.

3.7 Conclusion

This chapter develops a monetary model of financial exchange to examine how monetary and

regulatory policy shape price formation, trading activity, and market stability. The framework

combines search frictions and costly posting in a unified environment that links the microeco-

nomic process of trade to the macroeconomic role of money. The analysis shows that partic-

ipation costs and monetary conditions jointly determine the dispersion of bid and ask prices,

execution costs, and the probability of market disruption. Increases in posting costs or reduc-

tions in real balances make quoting less frequent and prices more dispersed, producing thinner

participation and greater variability in execution outcomes. Even small policy adjustments, such

as moderate increases in inflation or higher regulatory posting costs, can substantially raise the

likelihood of temporary trading breakdowns and flash-crash events. Overall, the results show

that financial stability depends not only on aggregate policy settings but also on how these

policies influence the incentives governing decentralised trade. Future work could explore how

credit conditions and leverage shape the transmission of monetary and regulatory policy to asset

prices, particularly through mechanisms involving margin lending and short selling. Such exten-

sions would provide further insight into how the structure of financial intermediation amplifies

or dampens the effects of policy on market stability.
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Additional Modelling Assumptions

In modern markets, broker and dealers extend credit against securities for two main uses. Margin

credit finances purchases of additional securities, with the investor’s existing or newly acquired

securities posted as collateral. Securities-based lines of credit (SBLOCs) similarly lend against

a portfolio but allow general spending on goods and services. Interest accrues while the loan

is outstanding. Use of margin and SBLOCs is widespread among sophisticated investors and

subject to regulatory and firm-level risk controls.

Margin mechanics. Let an asset cost A and the loan be L. Investor equity is E = A − L.

The margin is M = E/A, leverage is L = A/E, and the loan-to-value ratio is R = L/A. The

asset serves as collateral and the equity E is the haircut (down payment).

SBLOC mechanics. An SBLOC mirrors this structure—E = A − L, M = E/A, L = A/E,

R = L/A—but funds can be used broadly rather than to buy more securities. If portfolio values

fall, lenders may require repayment or additional collateral to restore target LTVs (akin to a

margin call).

Regulatory backdrop. In the U.S., margin accounts are governed by Federal Reserve Regula-

tion T (50% initial margin for stock purchases, unchanged since 1974), with additional mainte-

nance rules from FINRA and exchanges (e.g., FINRA Rule 4210’s 25% minimum; brokers often

set higher thresholds). Falling below maintenance triggers a margin call and potential liquida-

tion. SBLOCs are not subject to Regulation T’s 50% rule; firms manage them via internal LTV

limits and maintenance calls based on collateral value.
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Mapping to the model. Loans obtained via collateralised bonds in the first sub-period rep-

resent margin and SBLOC credit. If an investor borrows a fraction of collateral value—L = κA

for margin or L = λA for SBLOC—then the implied margin, leverage, and LTV are M = 1− κ

or 1 − λ, L = (1 − κ)−1 or (1 − λ)−1, and R = κ or λ, respectively. Loans are repaid within

the period, so M is interpreted as an initial margin only; there are no maintenance calls in the

model. Investors with access to credit can lever to purchase securities or goods; others must

self-finance.



Appendix B

Extensions

B.1 Illiquid Assets in the Cashless Limit

In this section, we study the properties of the cashless equilibrium in situations where agents no

longer trade equity in the first subperiod. To this end, we characterise the limiting equilibrium

as δ → 0. This limit approximates an economy where investors never enter the equity market,

and assets can only be used as a collateral pledge for the purpose of purchasing first subperiod

consumption goods. In what follows, we consider both the discrete-time case (i.e., ∆ > 0) and

the continuous-time limit (i.e., ∆ → 0) for a cashless limit economy with illiquid assets when

ς̂(0; 0) < ι < ς̄(0; 0).

Proposition 1 (Section B.1). Consider an economy with α → 0, κ ∈ (0, 1] and λ ∈ (0, 1]. Let

φ̄n ≡ lim
δ→0

φ̃n = ε̄
[
1− λθ̃

{
ũ′
[
min

{
D̃(φ̃q), λAs/φ̃q

}]
− φ̃q

}]−1
. (B.1)

In the limit as δ → 0:
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(i) If ∆ > 0, then

V → 0 (B.2)

Z(∆)

Φs(∆)
→ 0 (B.3)

φ̄q(∆) =
1 +∆ρqm

1 + θ∆ρqm
ϱ (B.4)

Φs(∆) = ε̄

(r + d− g + dg∆)∆

(1 + g∆)(1− d∆)
+ λθ∆

 ũ′
[
min

{
D̃[φ̄q(∆)], λAs/φ̄q(∆)

}]
φ̄q(∆)

− 1


−1

, (B.5)

where ρm ∈ R+ is the unique solution to

φ̄m(∆) =
ϱ

1 + θ∆ρqm
(B.6)

(r + π − g + rπ∆)

1 + g∆
= θ

 ũ′
[
min

{
D̃ [φ̄m(∆)] , λAs/φ̄q(∆)

}]
φ̄m(∆)

− 1

 . (B.7)

(ii) If ∆ → 0, then

V → 0 (B.8)

Z
φ

→ 0 (B.9)

φ̃ → φ̄ ≡ ε̄
[
1− λθ̄

{
ũ′
[
min

{
D̃(ϱ), λAs/ϱ

}]
− ϱ
}]−1

, (B.10)

where the nominal interest rate in this case is constant given by ι = θ̄ũ′
[
min

{
D̃(ϱ), λAs/ϱ

}
− ϱ
]
.

Proposition 1 (Section B.1) considers the limiting economy as the fraction of investors who

have access to the equity market vanishes. This limiting economy is one where equity is not

traded at all in the first subperiod, and the asset can only be used to pledge against for purchasing

consumption goods by shorting bonds. As explained in the context of Proposition 5, in a cashless

monetary equilibrium, investors who have access to the equity market are the only ones who

are able to trade equities in the first subperiod. Therefore the first-order implication of letting

δ approach zero is that the investors no longer are able to trade equities in the first subperiod

and trade volume in the equities market approaches zero.
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If the length between time periods becomes arbitrarily small, i.e., ∆ → 0 as in part (ii) of

Proposition 1 (Section B.1), then the trade volume in the equities market vanishes in the limit

(i.e., (B.8)), but the equilibrium equity price (i.e, (B.10)) remains positive in the limit. The

reason why equity can have value in this limiting economy is that holding assets still provide

dividends as well as the convenience of the goods pledge option in the goods market which

is the premium associated with slackening the budget constraint of the investor in the goods

market. Notably, even though real balances and trade volume converge to the (corresponding)

nonmonetary equilibrium, the equity price is greater in the cashless economy with illiquid assets

than in the nonmonetary economy with illiquid assets. This is because the price of goods (in

terms of bonds) in the nonmonetary economy remains inefficiently high, whereas in the cashless

economy the price reaches the efficient level (i.e., ϱ). Since the price of goods reaches the efficient

level in the continuous-time limit of the cashless economy with illiquid assets, equity prices cease

to be responsive to monetary policy and only changes in the quantity of assets, marginal costs

of production or the collateral constraint λ can influence the equity price, which have all been

assumed to be constant.

If the time period length is positive, i.e., ∆ > 0 as in part (i) of Proposition 1 (Section

B.1), then again real balances and trade volume converge to zero (i.e., (B.2), (B.3)), but the real

equity price remains positive as δ → 0. Notably, even though real balances and trade volume

converge to zero as both α and δ tend to zero, the real equity price is still responsive to monetary

policy. Since ρm is a function of π, so long as ∆ > 0, the magnitude of the response of the equity

to changes in inflation remain bounded away from zero. The reason for this stems from the fact

that the price of the good in terms of bonds can be considered a gross return on the cost of

production of a single unit of the first subperiod consumption good, i.e.,

φ̄q(∆) =
1 +∆ρm

1 + θ∆ρm
ϱ ≡ (1 + ∆ρ̃m) ϱ.

Intuitively, producers provide loans to facilitate the sale of their goods, these loans are not

settled till the end of the period. Producers require compensation for this delay, and the size

of the compensation is in proportion to the length of delay till settlement. This explains why

in the continuous-time limit (i.e., ∆ → 0) the price of the good converges to the efficient and
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competitive rate, i.e., φ̄m = φ̄q = ϱ since money and bonds are seen as equivalent.1 This brings

us to following result.

Proposition 2 (Section B.1). (i) The real asset price in the cashless monetary economy with

illiquid assets (i.e., δ → 0) is higher than in the nonmonetary economy with illiquid assets if

and only if

∆ρ̃m ≤
(1− θ)(ϱ− ϱ)

θϱ
. (B.11)

(ii) In a cashless monetary equilibrium with illiquid assets (i.e., δ → 0), Φs(∆) is increasing

in π, and the size of the effect depends upon ∆.

We take continuous-time to be the most realistic description of how time passes. Conse-

quently, one should be cautious when interpreting real economies through discrete-time equilib-

ria that differ qualitatively from their continuous-time counterparts. Still, discrete time often

better reflects the timing of many activities, such as market opening frequencies, asset pricing

schedules, and the timing of loan issuance. In practice, some asset, credit, or goods markets op-

erate continuously, while others are accessed less frequently. The former are naturally modelled

in continuous-time, the latter in discrete-time. Propositions 1 (Section B.1) and 2 (Section B.1)

show that whenever the interval between OTC rounds is strictly positive, monetary policy has

effects in a cashless economy with illiquid assets. Only in the limit as ∆ → 0 does monetary

policy’s effects on asset prices vanish; even then, the cashless monetary economy’s real equity

price differs from the nonmonetary benchmark because the broker’s bargaining power remains

strictly positive.

1To see this, recall that φq = (1+iqm)φm, which implies that φq = φm only when iqm = 0, i.e., the opportunity
cost of holding money instead of the inside bond for goods becomes zero.
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Chapter 2 Proofs

C.1 Bargaining and Portfolio Problems

The investor’s second subperiod value function can be written as

W I
t (at, a

b
t , kt) = ϕm

t amt + ϕs
ta

s
t + abt − kt + W̄ I

t , (C.1)

with

W̄ I
t ≡ Tt + max

(ãm
t+1,ã

s
t+1)∈R2

+

[
− ϕm

t ãmt+1 − ϕs
t+1ã

s
t+1 + βEt

∫
V I
t+1

[
ãmt+1, ηã

s
t+1 + (1− η)As, ε

]
dG (ε)

]
.

(C.2)

The producer’s second subperiod value function can be written as

WP
t (amt , agt , a

b
t , kt) = ϕm

t amt + abt + agt − kt + W̄P
t , (C.3)

with

W̄P
t ≡ Tt + max

ãmt+1∈R+

[
−ϕm

t+1ã
m
t+1 + βV P

t+1(ã
m
t+1)

]
, (C.4)

and agt = (qt − q̃t)ϱ.
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Lemma 1. Consider the economy with no money, and let

εnt ≡ ϕ̄s
t − ϕs

t

yt
, (C.5)

where ϕ̄s
t denotes the price of an equity share in terms of bonds. Consider an investor who enters

the OTC equity round of period t with equity holding ast and valuation ε. Then:

(i) If the investor does not contact a broker, the post-trade equity holding is âst (a
s
t ) = ast .

(ii) If the investor contacts a broker, the bargaining problem has a solution only if

κ <
ϕ̄s
t

ϕs
t

, (C.6)

the post-trade portfolio is

āst (a
s
t , ε) = χ(εnt , ε)

ϕ̄s
t

ϕ̄s
t − κϕs

t

ast (C.7)

ābt(a
s
t , ε) = ϕ̄s

t

[
1− χ(εnt , ε)

ϕ̄s
t

ϕ̄s
t − κϕs

t

]
ast , (C.8)

and the intermediation fee for the broker is

kt(a
s
t , ε) = (1− θ)(ε− εnt )yt

[
χ(εnt , ε)

ϕ̄s
t

ϕ̄s
t − κϕs

t

]
ast . (C.9)

Proof. In a nonmonetary economy, the second subperiod value function for the investor reduces

to

W I
t (a

s
t , a

b
t , kt) = ϕs

ta
s
t + abt − kt + W̄ I

t .

(i) In a nonmonetary equilibrium, we have âst (a
s
t , ε) = argmax0≤âst≤ast

(εyt + ϕs
t )â

s
t .

(ii) In a nonmonetary economy,
[
āst (a

s
t , ε), ā

b
t(a

s
t , ε), kt(a

s
t , ε)

]
, is the solution to

max
(āst ,kt)∈R2

+,ābt∈R

[
(εyt + ϕs

t )(ā
s
t − ast ) + ābt − kt

]θ
k1−θ
t
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s.t. ϕ̄s
t ā

s
t + ābt = ϕ̄s

ta
s
t

−κϕs
t ā

s
t ≤ ābt .

Notice that the first-order conditions with respect to kt implies

kt(a
s
t , ε) = (1− θ)

{
(εyt + ϕs

t )[ā
s
t (a

s
t , ε)− ast ] + ābt(a

s
t , ε)

}
,

so the bargaining solution can be found by solving the following auxiliary problem

āst (a
s
t , ε) = argmax

āst∈R+

(ε− εnt )ytā
s
t s.t. (ϕ̄s

t − κϕs
t ) ≤ ϕ̄s

ta
s
t .

The problem has no solution (for ε > εnt ) if ϕ̄
s
t − κϕs

t ≤ 0. Provided ϕ̄s
t − κϕs

t > 0, the solution

exists for all ε and is provided in the lemma. Given āst (a
s
t , ε), ā

b
t(a

s
t , ε) = ϕ̄s

t [a
s
t − āst (a

s
t , ε)] and

kt(a
s
t , ε) is given above. ■

Lemma 2. Consider the economy with no money and an investor who enters the OTC goods

round of period t with equity holding ast . Then:

(i) If the investor does not contact a broker, the post trade goods allocation is q̂t(a
s
t ) = 0.

(ii) If the investor contacts a broker, the bargaining problem post-trade allocation is

q̄t(a
s
t ) = min

{
D(φq

t ),
λϕs

ta
s
t

φq
t

}
(C.10)

ābt(a
s
t ) = −φq

t q̄t(a
s
t ), (C.11)

and the intermediation fee for the broker is

kt(a
s
t ) = (1− θ) {u[q̄t(ast )]− φq

t q̄t(a
s
t )} , (C.12)

where φq
t is the price of the first subperiod consumption good in terms of bonds.

Proof. In a nonmonetary economy, the second subperiod value function for the investor reduces
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to

W I
t (a

s
t , a

b
t , kt) = ϕs

ta
s
t + abt − kt + W̄ I

t .

(i) In a nonmonetary equilibrium the investor is not able to purchase the goods in the OTC

goods market.

(ii) In a nonmonetary economy, [q̄t(a
s
t ), ā

b
t(a

s
t ), kt(a

s
t )], is the solution to

max
(q̄t,kt)∈R2

+,ābt∈R

[
u(q̄t) + ābt − kt

]θ
k1−θ
t

s.t. φq
t q̄t + ābt = 0

−λϕs
t ā

s
t ≤ ābt .

Notice the first-order conditions with respect to kt implies

kt(a
s
t ) = (1− θ)

{
u[q̄t(a

s
t )] + ābt(a

s
t )
}
,

so the bargaining solution can be found by solving the following auxiliary problem

max
q̄t∈R+

[u(q̄t)− φq
t q̄t] s.t. λϕs

ta
s
t ≥ φq

t q̄t.

The Lagrangian corresponding to the auxiliary problem is

L = u(q̄t)− φq
t q̄t + ξb[λϕs

ta
s
t − φq

t q̄t] + ξq q̄t,

where ξb, ξq are the multipliers on the collateral constraint and the nonnegativity constraint
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q̄ ≥ 0, respectively. The first-order conditions and complementary slackness conditions are

u′(q̄t)− φq
t − φq

t ξ
b + ξq = 0

ξb[λϕs
ta

s
t − φq

t q̄t] = 0

ξq q̄t = 0.

Notice that ξq = 0. To see this, suppose that if ξq > 0, it implies that q̄t = 0, however u′(0) is

assumed to undefined, a contradiction. The first-order conditions become

u′(q̄t)− φq
t − φq

t ξ
b = 0

ξb[λϕs
ta

s
t − φq

t q̄t] = 0.

By working out the two possible binding patterns for the multiplier ξb and collecting the optimal

allocations along with the inequality restrictions implied by each case, we obtain the lemma. ■

Lemma 3. Consider the economy with no money and a producer who enters the OTC goods

round of period t. Then:

(i) If the producer does not contact a broker, the post trade goods allocation is q̂t = 0,

(ii) If the producer does contact a broker, the bargaining problem post-trade allocation is

q̄t(qt) = χ(ϱ, φq
t )qt (C.13)

ābt(qt) = φq
tχ(ϱ, φ

q
t )qt, (C.14)

and the intermediation fee for the broker is

kt(qt) = (1− θ)(φq
t − ϱ)χ(ϱ, φq

t )qt. (C.15)

Proof. In a nonmonetary economy, the second subperiod value function for the producer reduces

to

WP
t (agt , a

b
t , kt) = agt + abt − kt + W̄P

t .
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(i) Since the investor has no method of payment to purchase the good in this case, the

producer sells none of the good, which implies q̂ = 0.

(ii) In a nonmonetary equilibrium, [q̄t(qt), ā
b
t(qt), kt(qt)], is the solution to

max
(q̄t,kt)∈R2

+,ābt∈R

[
ābt − kt − ϱq̄t

]θ
k1−θ
t

s.t. ābt ≤ φq
t q̄t

q̄t ≤ qt

kt + ϱq̄t ≤ ābt .

Notice that the first-order condition with respect to kt implies

kt(qt) = (1− θ)[ābt(qt)− ϱq̄t(qt)],

so the bargaining solution can be found by solving the auxiliary problem, where ābt(qt) = φq
t q̄t(qt),

max
q̄t∈R+

[φq
t − ϱ]q̄t s.t. q̄t ≤ qt.

The corresponding Lagrangian to the auxiliary problem is

L = [φq
t − ϱ]q̄t + ξb[qt − q̄t] + ξq q̄t,

where ξb and ξq are the multipliers for the budget constraint and the nonnegativity constraint,

respectively. The first-order condition and the complementary slackness conditions are given by

[φq
t − ϱ]− ξb + ξq = 0

ξb[qt − q̄t] = 0

ξq q̄ = 0.

Working through the three cases yields the lemma. ■
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Lemma 4. Consider the economy with money, and let

ε∗t ≡ (pstϕ
m
t − ϕs

t )
1

yt
(C.16)

ε∗∗t ≡ ε∗t + (1− psbt ϕm
t )

[
I{psbt ϕm

t <1}
pst
psbt

+ I{1<psbt ϕm
t }κϕ

m
t

]
1

yt
, (C.17)

Consider an investor who enters the OTC equity round of period t with portfolio at and valuation

ε. Then:

(i) If the investor does not contact a broker, the post-trade portfolio is

âmt (at, ε) = [1− χ(ε∗t , ε)] (a
m
t + psta

s
t ) (C.18)

âst (at, ε) = χ(ε∗t , ε)
1

pst
(amt + psta

s
t ). (C.19)

(ii) If the investor contacts a broker, the bargaining problem has a solution only if

κ <
pst

psbt ϕs
t

, (C.20)

and in that case the post-trade portfolio is

āmt (at, ε) =
{
I{1<psbt ϕm

t }[1− χ(ε∗∗t , ε)] + I{psbt ϕm
t =1}I{ε<ε∗∗}[1− χ(psbt ϕs

t , 1)]
}
(amt + psta

s
t )

(C.21)

+ I{psbt ϕm
t =1}I{ε=ε∗∗}ã

m
t (C.22)

āst (at, ε) =
{
I{psbt ϕm

t =1}I{ε∗∗<ε} + [1− I{psbt ϕm
t =1}]χ(ε

∗∗
t , ε)

} amt + psta
s
t

pst − κpsbt ϕs
t

(C.23)

+ I{psbt ϕm
t =1}I{ε=ε∗∗}ã

s
t (C.24)

ābt(at, ε) = − 1

psbt
{[āmt (at, ε)− amt ] + pst [ā

s
t (at, ε)− ast ]} , (C.25)

where

(ãmt , ãst ) ∈
{
R2
+ : ãmt + (pst − κpsbt ϕs

t )ã
s
t = amt + psta

s
t

}
, (C.26)
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and the intermediation fee is

kt(at, ε) = (1− θ)

{
(εyt + ϕs

t )[ā
s
t (at, ε)− ât(at, ε)] + ϕm

t [āmt (at, ε)− âmt (at, ε)] + ābt(at, ε)

}
. (C.27)

Proof. (i) With W I
t , it is easy to show the allocation in the non-brokered case. (ii) With W I

t ,

the generalised Nash bargaining problem can be written as

max
(āmt ,āst ,kt)∈R3

+,ābt∈R

{
(εyt + ϕs

t )[ā
s
t − âst (at, ε)] + ϕm

t [āmt − âmt (at, ε)] + ābt − kt

}θ
k1−θ
t

s.t. āmt + pst ā
s
t + psbt ābt = amt + psta

s
t

−κϕs
t ā

s
t ≤ ābt ,

Notice that the first-order condition with respect to kt implies the condition in the lemma, so

the bargaining solution can be found by solving the follow auxiliary problem

max
(āmt ,āst )∈R2

+,ābt∈R

{
(εyt + ϕs

t )[ā
s
t − âst (at, ε)] + ϕm

t [āmt − âmt (at, ε)] + ābt

}

s.t. āmt + pst ā
s
t + psbt ābt = amt + psta

s
t

−κϕs
t ā

s
t ≤ ābt .

Once the solution āmt (at, ε), ā
s
t (at, ε), and āt(at, ε) to this problem has been found, kt(at, ε) can

be derived. Substituting the budget constraint into the auxiliary problem is equivalent to

max
(āmt ,āst )∈R2

+

[(
εyt + ϕs

t −
pst
psbt

)
āst +

(
ϕm
t − 1

psbt

)
āmt

]

s.t. 0 ≤ amt + psta
s
t − āmt − (pst − κpsbt ϕs

t )ā
s
t .

This problem has no solution if pst ≤ κpsbt ϕs
t . To see this, assume pst ≤ κpsbt ϕs

t . Set āmt =
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amt + psta
s
t , notice that the new budget constraint is satisfied by any āst ∈ R+. Thus, the value

of the new objective function is bounded below by

(
ϕm
t − 1

psbt

)
(amt + psta

s
t ) + max

āst∈R+

[εyt + (1− κ)ϕs
t ]ā

s
t ,

which is arbitrarily large. Hence, κ < pst/p
sb
t ϕs

t is necessary for the bargaining problem to have

a solution. The Lagrangian corresponding to the auxiliary problem is

L =

(
εyt + ϕs

t −
pst
psbt

)
āst +

(
ϕm
t − 1

psbt

)
āmt

+ ξb[amt + psta
s
t − āmt − (pst − κpsbt ϕs

t )ā
s
t ] + ξmāmt + ξsāst ,

where ξb, ξm, and ξs are the multipliers on the above constraints.

εyt + ϕs
t −

pst
psbt

+ ξs − (pst − κpsbt ϕs
t )ξ

b = 0

ϕm
t − 1

psbt
+ ξm − ξb = 0.

By working out the eight possible binding patterns for the multiplier (ξb, ξm, ξs) and collecting

the optimal allocations along with the inequality restriction implied by each case. ■

Lemma 5. Consider the economy with money and an investor who enters the OTC goods round

of period t with portfolio at. Then:

(i) If the investor does not contact a broker, the post-trade portfolio is

q̂t(a
m
t ) = min

{
D(φm

t ),
amt
pqt

}
(C.28)

âmt (amt ) = amt − pqt q̂t(a
m
t ). (C.29)
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(ii) If the investor contacts a broker, the bargaining problem post-trade allocation is

q̄t(at) = I{
pqbt ϕm

t >1
}D(φm

t ) + I{
pqbt ϕm

t ≤1
}min

{
D(φq

t ),
amt + λpqbt ϕs

ta
s
t

pqt

}
(C.30)

āmt (at) = I{
pqbt ϕm

t >1
}[amt + λpqbt ϕs

ta
s
t − pqtD(φm

t )] + I{
pqbt ϕm

t =1
}ãmt (C.31)

ābt(at) = − 1

pqbt
{[āmt (at)− amt ] + pqt q̄(at)} , (C.32)

where

(ãmt , ãbt) ∈
{
R2
+ : ãmt + pqbt ãbt ≤ amt + λϕs

ta
s
t − pqtD(φq

t )
}
, (C.33)

and the intermediation fee is

kt(at) = (1− θ){u(q̄t)− u[q̂t(a
m
t )] + ϕm

t [āmt − âmt (amt )] + ābt}. (C.34)

Proof. (i) The solution is simple to derive in the non-brokered case. (ii) With W I
t , the gener-

alised Nash bargaining problem can be written as

max
(q̄t,āmt ,kt)∈R3

+,ābt∈R+

[u(q̄t)− u[q̂t(a
m
t )] + ϕm

t [āmt − âmt (amt )] + ābt − kt]
θk1−θ

t

s.t. āmt + pqbt ābt + pqt q̄t = amt

−λϕs
ta

s
t ≤ ābt .

Notice that the first-order condition with respect to kt implies

kt(at) = (1− θ){u(q̄t)− u[q̂t(a
m
t )] + ϕm

t [āmt − âmt (amt )] + ābt},

so the bargaining solution can be found by solving the following auxiliary problem

max
(q̄t,āmt )∈R2

+

[
u(q̄t)− φq

t q̄t +

(
ϕm
t − 1

pbt

)
āmt

]
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s.t. 0 ≤ amt − āmt − pqt q̄t + λpqbt ϕs
ta

s
t .

Substituting the budget constraint into the objective problem yields the Lagrangian

L = u(q̄t)− φq
t q̄t +

(
ϕm
t − 1

pqbt

)
āmt

+ ξb[amt − āmt − pqt q̄t + λpqbt ϕs
ta

s
t ] + ξq q̄t + ξmāmt ,

where ξb, ξm and ξq are the multipliers on the above constraints. The first-order conditions are

given by

u′(q̄t)− φq
t − ξbpqt = 0

ϕm
t − 1

pqbt
− ξb + ξm = 0.

Notice that ξq = 0 since u′(q̄t) is undefined for q̄t = 0. Therefore, there are four possible binding

patterns for the multiplier (ξb, ξm). Case 1. Assume 0 < ξm, 0 < ξb. Then āmt = 0, ābt = −λϕs
ta

s
t ,

q̄t =
1
pqt
[amt +λpqbt ϕs

ta
s
t ], u

′(q̄t)−φq
t = pqt ξ

b and u′(q̄t)−φm
t = pqt ξ

m. This kind of solution is only

possible u′(q̄t) > max {φq
t , φ

m
t }. Case 2. Assume 0 < ξm, 0 = ξb. Then āmt = 0, q̄t = D(φq

t ) and

ābt = 1

pqbt
[amt − pqtD(φq

t )]. This kind of solution is only possible if pqbt ϕm
t < 1. Case 3. Assume

0 = ξm, 0 < ξb. Then āmt = amt +λpqbt ϕs
ta

s
t − pqtD(φm

t ), q̄t = D(φm
t ) and ābt = −λϕs

ta
s
t . This kind

of solution is only possible is pqbt ϕm
t > 1. Case 4. Assume 0 = ξm, 0 = ξb. Then q̄t = D(φq

t ) and

(āmt , ābt) ∈ [0,∞) × [−λϕs
ta

s
t ,∞] and āmt + pqbt ābt + pqtD(φq

t ) = amt . This kind of solution is only

possible if pqbt ϕm
t = 1. By collecting the solutions along with the inequality restrictions implied

by the four cases obtains the lemma. ■

Lemma 6. Consider the economy with money and a producer who enters the OTC goods round

of period t with money and output (amt , qt). Then:

(i) If the producer does not contact a broker, the post-trade allocation is

q̂t(a
m
t , qt) = χ(ϱ, φm

t )qt (C.35)

âmt (amt , qt) = amt + pqtχ(ϱ, φ
m
t )qt. (C.36)
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(ii) If the producer contacts a broker, the post-trade allocation is

āmt (amt , qt)


→ ∞ if 1 < pqbt ϕm

t

∈ [0,∞) if pqbt ϕm
t = 1

= 0 if pqbt ϕm
t < 1

(C.37)

q̄t(a
m
t , qt) = χ(ϱ, φq

t )qt (C.38)

ābt(a
m
t , qt) =

1

pqbt
[amt + pqt q̄t(a

m
t , qt)− āmt (amt , qt)], (C.39)

and the intermediation fee is

kt(a
m
t , qt) = (1− θ)

{
iqmt ϕm

t amt + [(φq
t − ϱ)χ(ϱ, φq

t )− (φm
t − ρ)χ(ϱ, φm

t )]qt
}
. (C.40)

Proof. (i) In a monetary equilibrium [âmt (amt , qt), q̂t(a
m
t , qt)] is the solution to

max
(âmt ,q̂t)∈R2

+

[ϕs
t â

m
t + (qt − q̂t)ϱ]

s.t. âmt = pqt q̂t + at

q̂t ≤ qt.

Substituting the budget constraint into the objective problem yields the following Lagrangian

L = [φm
t − ϱ]q̂t + ξq[qt − q̂t] + ςq q̂t.

Notice that the first-order condition with respect to q̂t implies

φm
t − ϱ− ξq + ςq = 0.

Working through the binding patterns for the multipliers (ξq, ςq) and collecting the optimal

allocations yields the allocations provided in the lemma.
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(ii) With W̄P
t , the generalised Nash problem can be written as

max
(āmt ,q̄mt ,kt)∈R2

+,ābt∈R

[
ϕm
t (āmt − âmt )− (q̄t − q̂t)ϱ+ ābt − kt

]θ
k1−θ
t

s.t. āmt + pqbt ābt ≤ amt + pqt q̄t

q̄t ≤ qt.

Notice that the first-order condition with respect to kt implies

kt(a
m
t , qt) = (1− θ)

{
ϕm
t [āmt − âmt ]− [q̄t − q̂t]ϱ+ ābt

}
,

so the bargaining solution can be found by solving the follow auxiliary problem

max
(āmt ,q̄t)∈R2

+,ābt∈R

{
ϕm
t [āmt − âmt (amt , qt)]− [q̄t − q̂t(a

m
t , qt)]ϱ+ ābt

}

āmt + pqbt ābt = amt + pqt q̄t

q̄t ≤ qt,

Once the solution āt(a
m
t , qt), q̄t(a

m
t , qt) and ābt(a

m
t , qt) to this problem has been found, kt(a

m
t , qt)

yields the intermediation fee. Substituting the budget constraint into the auxiliary problem is

equivalent to

max
(āmt ,q̄t)∈R2

+

[(
ϕm
t − 1

pqbt

)
āmt −

(
ϱ− φq

t

)
q̄t

]

s.t. q̄t ≤ qt.
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Solving the auxiliary problem yields

āmt (amt , qt)


→ ∞ if 1 < pqbt ϕm

t

∈ [0,∞) if pqbt ϕm
t = 0

= 0 if pqbt ϕm
t < 1,

and q̄(amt , qt) = χ(ϱ, φq
t )qt. Substituting the budget constraint into kt

kt(a
m
t , qt) = (1− θ)

{
1

pqbt
amt +

(
ϕm
t − 1

pqbt

)
āmt − ϕm

t âmt + (φq
t − ϱ)q̄t + ϱq̂t

}
.

Substituting q̂t(a
m
t , qt) = χ(ϱ, φm

t )qt, â
m
t (amt , qt) = amt + pqtχ(ϱ, φ

m
t )qt and q̄t(a

m
t , qt) = χ(ϱ, φq

t )qt

yields the condition in the lemma. ■

C.2 Value Functions

In this section we derive the value functions for brokers, producers and investors, in a monetary

economy (Lemma 7) and in a nonmonetary economy (Lemma 8).

Lemma 7. Consider an economy with money:

(i) The value function of a broker at the beginning of the OTC round of period t is

V B
t = ΞI

t + ΞP
t + W̄B

t , (C.41)

where W̄B
t ≡ βEtV

B
t+1, and

ΞI
t ≡ (1− α)

[
δ

∫
kist (ãt, ε)dH

I
t (ãt, ε) + (1− δ)

∫
kiqt (ãt)dF

I
t (ãt)

]
(C.42)

ΞP
t ≡ (1− α)(1− δ)

∫
kpqt (ãmt , qt)dF

P
t (ãmt ). (C.43)

(ii) The value function of an investor who enters the OTC round of period t with portfolio

at and valuation ε is

V I
t (at, ε) = vqt (at) + vmt (ε)amt + vst (ε)a

s
t + W̄ I

t , (C.44)
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where

vqt (at) ≡ α(1− δ)θ {u[q̂t(amt )]− φm
t q̂t(a

m
t )}

+ (1− α)(1− δ)θ {u[q̄t(at)]− φq
t q̄t(at)}

vmt (ε) ≡ ϕm
t + [α+ (1− α)(1− θ)]δI{ε∗t<ε}(ε− ε∗t )yt

1

pst

+ (1− α)θI{psbt ϕm
t <1}

(
1

psbt
− ϕm

t

)
+ (1− α)δθI{ε∗∗t <ε}(ε− ε∗∗t )yt

1

pst − κpsbt ϕs
t

vst (ε) ≡ εyt + ϕs
t + [α+ (1− α)(1− θ)]δI{ε<ε∗t }(ε

∗
t − ε)yt

+ (1− α)δθ

(
ϕm
t − 1

psbt

)
I{1<psbt ϕm

t }κp
sb
t ϕs

t

+ (1− α)δθ(ε− ε∗∗t )yt
κpsbt ϕs

t − I{ε<ε∗∗t }p
s
t

pst − κpsbt ϕs
t

.

(iii) The value function of a producer who enters the OTC round of period t with money

holdings amt is

V P
t (amt ) = max

qt∈R+

[Rm(φq
t , φ

m
t )− ϱ] qt + [1 + (1− α)θiqmt ]ϕm

t amt + W̄t, (C.45)

where

Rm(φq
t , φ

m
t ) = ϱ+ (1− α)θ(φq

t − ϱ)χ(ϱ, φq
t ) + [1− (1− α)θ](φm

t − ϱ)χ(ϱ, φm
t ).

Proof. (i) The broker’s value function is immediate.

(ii) With W̄ I
t , the value function becomes

V I
t (at, ε) = W̄ I

t + αδ [(εyt + ϕs
t )â

s
t (at, ε) + ϕm

t âmt (at, ε)]

+ (1− α)δ
[
(εyt + ϕs

t )ā
s
t (at, ε) + ϕm

t āmt (at, ε) + ābt(at, ε)− kt(at, ε)
]

+ α(1− δ) {u[q̂t(amt )] + ϕm
t âmt (amt ) + (εyt + ϕs

t )a
s
t}

+ (1− α)(1− δ)
{
u[q̄t(at)] + ϕm

t āmt (at) + ābt(at) + (εyt + ϕs
t )a

s
t − kt(at)

}
.
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Substitute kijt (at, ε) and ājbt (at, ε) for j ∈ {s, q}, to obtain

V I
t (at, ε) = W̄ I

t + (εyt + ϕs
t )a

s
t + ϕm

t amt

+ [α+ (1− α)(1− θ)]δ {(εyt + ϕs
t )[â

s
t (at, ε)− ast ] + ϕm

t [âmt (at, ε)− amt ]}

+ (1− α)δθ

{(
εyt + ϕs

t −
pst
psbt

)
[āst (at, ε)− ast ] +

(
ϕm
t − 1

psbt

)
[āmt (at, ε)− amt ]

}
+ α(1− δ)θ {u[q̂t(amt )]− φm

t q̂t(a
m
t )}

+ (1− α)(1− δ)θ

{
u[q̄t(at)] +

(
ϕm
t − 1

pqbt

)
āmt (at)− φq

t q̄t(at)−

(
ϕm
t − 1

pqbt

)
amt

}
.

Using Lemma 2 to replace the post-trade allocations and rearrange terms to arrive at the value

function in the lemma.

(iii) With W̄P
t , the value function becomes

V P
t (amt ) = W̄P

t + max
qt∈R+

{
− ϱqt + α

[
ϕm
t âmt (amt , qt) + [qt − q̂t(a

m
t , qt)]ϱ

]
+ (1− α)

[
ϕm
t āmt (amt , qt) + [qt − q̄t(a

m
t , qt)]ϱ+ ābt(a

m
t , qt)− kt(a

m
t , qt)

]}
.

Substitute the allocations from Lemma 2 to obtain

V P
t (amt ) = W̄P

t + max
qt∈R+

[
− ϱqt + α

{
ϕm
t [amt + pqtχ(ϱ, φ

m
t )qt] + [1− χ(ϱ, φm

t )]ϱqt
}

+ (1− α)

{
1

pqbt
[amt + pqtχ(ϱ, φ

q
t )] + [1− χ(ϱ, φq

t )]ϱqt

− (1− θ)
(
iqmt ϕm

t amt + [(φq
t − ϱ)χ(ϱ, φq

t )− (φm
t − ϱ)χ(ϱ, φm

t )]qt
)}]

.

Rearranging yields the value function in the lemma. ■

Lemma 8. Consider an economy without money.

(i) The value function of a broker at the beginning of the OTC round of period t is

V B
t = ΞI

t + ΞP
t + W̄B

t , (C.46)
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where W̄B
t ≡ βEtV

B
t+1, and

ΞI
t ≡ α

[
δ

∫
kist (a

s
t , ε)dH

I
t (a

s
t , ε) + (1− δ)

∫
kiqt (a

s
t )dF

I
t (a

s
t )

]
ΞP
t ≡ α(1− δ)

∫
kpqt (ast )dF

P
t (ast ).

(ii) The value function of an investor who enters the OTC round of period t with equity

holding ast and valuation ε is

V I
t (a

s
t , ε) = vqt (a

s
t ) + vst (ε)a

s
t + W̄ I

t , (C.47)

where

vqt (a
s
t ) ≡ (1− α)(1− δ)θ {u[q̄t(ast )]− φq

t q̄t(a
s
t )}

vst (ε) ≡ εyt + ϕs
t + (1− α)δθ(ε− εnt )

[
χ(εnt , ε)

φq
t

φq
t − κϕq

t

− 1

]
.

(iii) The value function of a producer who enters the OTC round of period t is

V P
t = max

qt∈R+

[Rn(φq
t )− ϱ]qt + W̄P

t , (C.48)

where

Rn(φq
t ) = ϱ+ (1− α)θ(φq

t − ϱ)χ(ϱ, φq
t ).

Proof. (i) The broker’s value function is immediate under the assumption that investors carry

no money.

(ii) In a nonmonetary economy, W I
t reduces to

W I
t (a

s
t , a

b
t , kt) = ϕs

ta
s
t + abt − kt + W̄ I

t .

With W̄ I
t and Lemma 1, we get the value function in the lemma.
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(iii) In a nonmonetary economy:

WP
t (agt , a

b
t , kt) = agt + abt − kt + W̄P

t .

With W̄P
t and Lemma 1, we get the value function in the lemma. ■

C.3 Euler Equations

In this section we derive the Euler equations that characterise the optimal portfolio choices in

the second subperiod, in a monetary equilibrium (Lemma 9) and in a nonmonetary economy

(Lemma 10).

Lemma 9. Consider an economy with money. Let (ãmt+1, ã
s
t+1) denote an individual investor’s

portfolio choice in the second subperiod of period t. The portfolio (ãmt+1, ã
s
t+1) is optimal if and

only if it satisfies

ϕm
t ãmt+1 − βEt

[
v̄qt+1(ãt+1) + v̄mt+1ã

m
t+1

]
= 0 ≤ ϕm

t − βEt

[
dv̄qt (ãt+1)

dãmt+1

+ v̄mt+1

]
(C.49)

ϕs
t ã

s
t+1 − βηEt

[
v̄qt+1(ãt+1) + v̄st+1ã

s
t+1

]
= 0 ≤ ϕs

t − βηEt

[
dv̄qt (ãt+1)

dãst+1

+ v̄st+1

]
, (C.50)

where

v̄mt+1 ≡ ϕm
t+1 + (1− α)θ

(
1

psbt+1

− ϕm
t+1

)
I{psbt+1ϕ

m
t+1<1}

+ [α+ (1− α)(1− θ)]δ

∫ εH

ε∗t+1

(ε− ε∗t+1)yt+1
1

pst+1

dG(ε)

+ (1− α)δθ
1

pst+1 − κpsbt+1ϕ
s
t+1

∫ εH

ε∗∗t+1

(ε− ε∗∗t+1)yt+1dG(ε)

v̄st+1 ≡ ε̄yt+1 + ϕs
t+1 + (1− α)δθ

(
ϕm
t+1 −

1

psbt+1

)
I{1<psbt+1ϕ

m
t+1}

+ [α+ (1− α)(1− θ)]δ

∫ ε∗t+1

εL

(ε∗t+1 − ε)yt+1dG(ε)

+ (1− α)δθ

[∫ ε∗∗t+1

εL

(ε∗∗t+1 − ε)yt+1dG(ε) +
κpsbt+1ϕ

s
t+1

pst+1 − κpsbt+1ϕ
s
t+1

∫ εH

ε∗∗t+1

(ε− ε∗∗t+1)yt+1dG(ε)

]
,
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v̄qt+1(ãt+1) ≡ α(1− δ)θ
{
u[q̂t+1(ã

m
t+1)]− φm

t+1q̂t+1(ã
m
t+1)

}
+ (1− α)(1− δ)θ

{
u[q̄t+1(ãt+1)]− φq

t+1q̄t+1(ãt+1)
}
,

and

dv̄qt+1(ãt+1)

dãmt+1

= α(1− δ)θϕm
t+1

[
u′[q̂t+1(ã

m
t+1)]

φm
t+1

− 1

]
+ (1− α)(1− δ)θϕm

t+1

[
u′[q̄t+1(ãt+1)]

φm
t+1

− 1

]
dv̄qt+1(ãt+1)

dãst+1

= (1− α)(1− δ)θλϕs
t+1

[
u′[q̄t+1(ãt+1)]

φq
t+1

− 1

]
.

Proof. The portfolio problem of an investor in the second subperiod can be written as

W̄t ≡ Tt + β
[
W̄t+1 + (1− η)v̄st+1A

s
]

+ max
(ãmt+1,ã

s
t+1)∈R2

+

{
−ϕm

t ãmt+1 − ϕs
t ã

s
t+1 + βEt

[
v̄qt+1(ãt+1) + v̄mt+1ã

m
t+1 + ηv̄st+1ã

s
t+1

]}
,

where v̄kt+1 ≡
∫
vkt+1(ε)dG(ε). ■

Lemma 10. Consider an economy with no money. Let ãst+1 denote equity holding chosen by

an individual investor in the second subperiod of period t. Then ãst+1 is optimal if and only if it

satisfies

− ϕs
t + βηEt

{
ε̄yt+1 + ϕs

t+1 + (1− α)(1− δ)θλϕs
t+1

[
u′[q̄t+1(ã

s
t+1)]

φq
t+1

− 1

]
+ (1− α)δθ

[∫ εnt+1

εL

(εnt+1 − ε)yt+1dG(ε) +
κϕs

t+1

φq
t+1 − κϕs

t+1

∫ εH

εnt+1

(ε− εnt+1)yt+1dG(ε)

]}
≤ 0, with “=” if ãst+1 > 0. (C.51)

Proof. The portfolio problem of an investor in the second subperiod can be written as

max
ãs
t+1∈R+

[
− ϕs

t ã
s
t+1 + βηEt

{
(ε̄yt+1 + ϕs

t+1)ã
s
t+1 + (1− α)(1− δ)θ

[
u[q̄t+1(ã

s
t+1)]− φq

t+1q̄t+1(ã
s
t+1)

]
+ (1− α)δθ

[∫ εnt+1

εL

(εnt+1 − ε)yt+1dG(ε) +
κϕs

t+1

φq
t+1 − κϕs

t+1

∫ εH

εnt+1

(ε− εnt+1)yt+1dG(ε)

]
ãst+1

}]
,
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where q̄t+1(ã
s
t+1) = min

{
D(φq

t+1),
λϕs

t+1ã
s
t+1

φq
t+1

}
. The first-order condition yields the lemma. ■

C.4 Market-clearing Conditions

In this section we derive the market-clearing conditions for equity and bonds in the OTC round,

in a monetary economy (Lemma 11) and in a nonmonetary economy (Lemma 12).

Lemma 11. In a monetary equilibrium, the market-clearing conditions for equity Âs
It + Ās

It =

δAs, goods Q̂It + Q̄It = Q̂Pt + Q̄Pt and bonds Āb
It + Āb

P t = 0

0 = α[1−G(ε∗t )]
Am

t + pstA
s

pst
+ (1− α)[1−G(ε∗∗t )]

Am
t + pstA

s

pst − κpsbt ϕs
t

−As (C.52)

0 = (1− α)

{{
1− I{1<psb

t ϕm
t } − I{psb

t ϕm
t =1}[1− χ(psbt ϕm

t )]
}
G(ε∗∗t )− κpsbt ϕs

t

pst − κpsbt ϕs
t

[1−G(ε∗∗t )]

}
Am

t + pstA
s

psbt

(C.53)

0 = min

{
D(φ̄m

t ),
ϕm
t Am

t

φ̄m
t

}
− Q̂(φ̄m

t ) (C.54)

0 = I{1<psb
t ϕm

t }D(φ̄m
t ) + I{1≥psb

t ϕm
t }min

{
D(φ̄q

t ),
ϕm
t Am

t

φ̄m
t

+
λϕs

tA
s

φ̄q
t

}
− Q̄(φ̄q

t ), (C.55)

where

φ̄m
t ≡ ϱ

1 + (1− α)θiqmt

φ̄q
t ≡

1 + iqmt
1 + (1− α)θiqmt

ϱ.

Proof. By Lemma 2, the investors’ aggregate post-trade holding of equity in the OTC round

of period t are

Ās
It = (1− α)δNI

∫
āst (at, ε)dH

I
t (at, ε) = (1− α)δ[1−G(ε∗∗t )]

Am
t + pstA

s

pst − κpsbt ϕs
t

Âs
It = αδNI

∫
âst (at, ε)dH

I
t (at, ε) = α[1−G(ε∗t )]

Am
t + pstA

s

pst
.

The producer’s objective function is given by

qt(φ
q
t , φ

m
t ) = argmax

qt∈R+

[Rm(φq
t , φ

m
t )− ϱ] qt ≡ Q(φq

t , φ
m
t ),
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which implies that

Q(φq
t , φ

m
t )


→ ∞ if ϱ < Rm(φq

t , φ
m
t )

∈ [0,∞) if ϱ = Rm(φq
t , φ

m
t )

= 0 if ϱ > Rm(φq
t , φ

m
t ).

Notice that

(1 + iqmt )φm
t = (1 + iqmt )ϕm

t pqt =
1

pqbt ϕm
t

ϕm
t pqt = φq

t .

Next ϱ = Rm(φq
t , φ

m
t ) since if ϱ > Rm(φq

t , φ
m
t ) then qt = 0 or if ϱ < Rm(φq

t , φ
m
t ) then qt → ∞.

Therefore since ϱ = Rm(φq
t , φ

m
t ) then

ϱ = ϱ+ (1− α)θ(φq
t − ϱ)χ(ϱ, φq

t ) + [1− (1− α)θ](φm
t − ϱ)χ(ϱ, φm

t ).

From this we can observe that since ϱ ≥ φq
t then ϱ ≥ φq

t ≥ φm
t and therefore Rm(φq

t , φ
m
t ) = ϱ < ϱ

which implies that qt = 0 and the goods are never produced. Now we have,

ϱ = ϱ+ (1− α)θ[(1 + iqmt )φm
t − ϱ] + [1− (1− α)θ](φm

t − ϱ) ≡ Rm(φm
t ),

which yields

φm
t = φ̄m

t ≡ ϱ

1 + (1− α)θiqmt

φq
t = φ̄q

t ≡
1 + iqmt

1 + (1− α)θiqmt
ϱ,

and the investors’ and producers’ aggregate post-trade allocation of goods in the OTC round of
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period t are

Q̄It = (1− α)(1− δ)NI

∫
q̄t(at)dF

I
t (at)

= (1− α)(1− δ)

[
I{1<pqb

t ϕm
t }D(φm

t ) + I{1≥pqb
t ϕm

t }min

{
D(φq

t ),
Am

t + λpqbt ϕs
tA

s

pqt

}]

Q̂It = α(1− δ)NI

∫
q̂t(at)dF

I
t (at) = α(1− δ)min

{
D(φm

t ),
Am

t

pqt

}
Q̄Pt = (1− α)(1− δ)NP

∫
q̄t(a

m
t , qt)dF

P
t (amt , qt) = (1− α)(1− δ)χ(ϱ, φq

t )Q(φq
t , φ

m
t )

Q̂Pt = α(1− δ)NP

∫
q̂t(a

m
t , qt)dF

P
t (amt , qt) = α(1− δ)χ(ϱ, φm

t )Q(φq
t , φ

m
t ).

The market clearing condition in the goods market is given by Q̂It + Q̄It = Q̂Pt + Q̄Pt, which

implies

αmin

{
D(φm

t ),
Am

t

pqt

}
+ (1− α)

[
I{1<pqb

t ϕm
t }D(φm

t ) + I{1≥pqb
t ϕm

t }min

{
D(φq

t ),
Am

t + λpqbt ϕs
tA

s

pqt

}]

=
[
αχ(ϱ, φm

t ) + (1− α)χ(ϱ, φq
t )
]
Q(φq

t , φ
m
t ),

and since (1+iqmt )φ̄m
t = φq

t we can write Q̂(φm
t ) = χ(ϱ, φm

t )Q(φq
t , φ

m
t ) and Q̄(φq

t ) = χ(ϱ, φq
t )Q(φq

t , φ
m
t )

therefore excess demand yields

X(φq
t , φ

m
t ) = α

[
min

{
D(φm

t ),
Am

t

pqt

}
− Q̂(φm

t )

]
+ (1− α)

[
I{1<pqb

t ϕm
t }D(φm

t ) + I{1≥pqb
t ϕm

t }min

{
D(φq

t ),
Am

t + λpqbt ϕs
tA

s

pqt

}
− Q̄(φq

t )

]
,

when φm
t = φ̄m

t and φq
t = φ̄q

t we let,

Xm
t (φ̄m

t ) ≡ min

{
D(φ̄m

t ),
ϕm
t Am

t

φ̄m
t

}
− Q̂(φ̄m

t ) = 0

Xq
t (φ̄

q
t , φ̄

m
t ) ≡ I{1<pqb

t ϕm
t }D(φ̄m

t ) + I{1≥pqb
t ϕm

t }min

{
D(φ̄q

t ),
ϕm
t Am

t

φ̄m
t

+
λϕs

tA
s

φ̄q
t

}
− Q̄(φ̄q

t ) = 0,

which implies that X(φ̄q
t , φ̄

m
t ) = 0.

The investors’ and producers aggregate post-trade holdings of bonds in the OTC round of
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period t are

Āsb
It = (1− α)δNI

∫
ābt(at, ε)dH

I
t (at, ε)

= (1− α)δ

{{
1− I{1<psb

t ϕm
t } − I{psb

t ϕm
t =1}[1− χ(1, psbt ϕm

t )]
}
G(ε∗∗t )

− κpsbt ϕs
t

pst − κpsbt ϕs
t

[1−G(ε∗∗t )]

}
Am

t + pstA
s

psbt

Āqb
It = (1− α)(1− δ)NI

∫
ābt(at)dF

I
t (at)

= −(1− α)(1− δ)
1

pbt

{
Ām

Pt −Am
t

+ pqt

[
I{1<pqb

t ϕm
t }D(φ̄m

t ) + I{1≥pqb
t ϕm

t }min

{
D(φ̄q

t ),
ϕm
t Am

t

φ̄m
t

+
λϕs

tA
s

φ̄q
t

}]}
Āb

Pt = (1− α)(1− δ)NP

∫
ābt(a

m
t , qt(a

m
t ))dFP

t (amt )

= (1− α)(1− δ)
1

pbt

[
Am

t − Ām
It + pqtχ(ϱ, φ̄

q
t )Q(φ̄q

t , φ̄
m
t )
]
.

The market clearing condition in the bonds market is given by Āb
It + Āb

P t = 0,

0 = (1− α)δ

{{
1− I{1<pbtϕ

m
t } − I{pbtϕm

t =1}[1− χ(1, pbtϕ
m
t )]
}
G(ε∗∗t )

− κpbtϕ
s
t

pst − κpbtϕ
s
t

[1−G(ε∗∗t )]

}
Am

t + pstA
s

pbt

+ (1− α)(1− δ)
1

pbt

{
Am

t − Ām
It − Ām

Pt +Am
t

− pqt

[
I{1<pbtϕ

m
t }D(φ̄m

t ) + I{1≥pbtϕ
m
t }min

{
D(φ̄q

t ),
ϕm
t Am

t

φ̄m
t

+
λϕs

tA
s

φ̄q
t

}
− Q̄(φ̄q

t )

]}
.

Since Am
t − Ām

It = Ām
Pt −Am

t and Xq
t (φ̄

q
t , φ̄

m
t ) = 0, we get the condition from the lemma. ■

Lemma 12. In a nonmonetary equilibrium, the market-clearing condition for equity Âs
t + Ās

t =

δAs and bonds Āb
It + Āb

P t = 0 (or goods Q̄It = Q̄Pt) in the OTC round are:

1 = [1−G(εnt )]
ϕ̄s
t

ϕ̄s
t − κϕs

t

(C.56)

Q(φ̂q
t ) = min

{
D(φ̂q

t ),
κϕs

tA
s

φ̂q
t

}
, (C.57)
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where

φ̂q
t = ϱ+

1− (1− α)θ

(1− α)θ
(ϱ− ϱ).

Proof. By Lemma 1, the investors’ aggregate post-trade holdings of equity in the OTC round

of period t are

Ās
It = (1− α)NI

∫
āst (a

s
t , ε)dHt(a

s
t , ε) = (1− α)δ

∫
χ(εnt , ε)

ϕ̄s
t

ϕ̄s
t − κϕs

t

AsdG(ε)

Âs
It = αδNI

∫
âst (a

s
t , ε)dHt(a

s
t , ε) = αδAs.

Lemma 1 implies that individual producer’s choice of production is

qt(φ
q
t ) = argmax

qt∈R+

[Rn(φq
t )− ϱ]qt ≡ Q(φq

t ),

where

Rn(φq
t ) = ϱ+ (1− α)θ(φq

t − ϱ)χ(ϱ, φq
t ),

so Rn(φq
t )− ϱ ≤ 0, or equivalently,

φq
t ≤ φ̂q

t ≡ ϱ+
1− (1− α)θ

(1− α)θ
(ϱ− ϱ),

is a necessary condition for equilibrium and implies that ϱ < φq
t . Hence the solution to the

producer’s production decision is

Q(φq
t )

= 0 if φq
t < φ̂q

t

∈ [0,∞) if φq
t = φ̂q

t .

Using Lemma 1 the aggregate post-trade allocaiton of goods for agent who trade in the special
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goods market in the OTC goods round of period t

Q̄It = (1− α)(1− δ)min

{
D(φq

t ),
κϕs

tA
s

φq
t

}
Q̄Pt = (1− α)(1− δ)χ(ϱ, φq

t )Q(φq
t ),

and we define Q̄(φq
t ) = χ(ϱ, φq

t )Q(φq
t ), therefore the excess demand is given by

X(φq
t ) = min

{
D(φq

t ),
κϕs

tA
s

φq
t

}
− Q̄(φq

t ).

For As > 0, and for all φq
t ∈ [0, φ̂q

t ), 0 < X(φ̂q
t ) so equilibrium requires φ̂q

t ≥ φq
t , which together

with

φq
t ≤ φ̂q ≡ ϱ+

1− (1− α)θ

(1− α)θ
(ϱ− ϱ),

implies φ̂q = ϱ+ 1−(1−α)θ
(1−α)θ (ϱ− ϱ) must hold in equilibrium. Therefore the market-clearing in the

goods market implies Q̄It = Q̄Pt which can be written as

Q̄(φ̂q) = min

{
D(φ̂q),

κϕs
tA

s

φ̂q

}
.

The aggregate post-trade holdings of bonds for agents who trade in the bond market in the

OTC round of period t are

Āsb
It = (1− α)δNI

∫
ābt(a

s
t , ε)dHt(a

s
t , ε) = (1− α)δ

∫
ϕ̄s
t

[
1− χ(εnt , ε)

ϕ̄s
t

ϕ̄s
t − κϕs

t

]
AsdG(ε)

Āqb
It = (1− α)(1− δ)NI

∫
ābt(a

s
t )dF

I
t (a

s
t ) = −(1− α)(1− δ)min {φ̂qD(φ̂q), κϕs

tA
s}

Āb
P t = (1− α)(1− δ)NI ā

b
t(qt) = (1− α)(1− δ)φ̂q

tχ(ϱ, φ̂
q)Q(φ̂q).

Therefore the market-clearing condition for bonds (Āb
It + Āb

P t = 0) can be written as

1 = [1−G(εnt )]
ϕ̄s
t

ϕ̄s
t − κϕs

t

,
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since X(φ̂q) = 0. ■

C.5 Equilibrium Conditions

In this section we state the operation definitions of monetary and nonmonetary equilibria that

are used in the analysis.

C.5.1 Sequential Nonmonetary equilibrium

Definition 1. A (sequential) nonmonetary equilibrium is an allocation
{
ãsIt+1

}∞
t=0

and a se-

quence of prices
{
ϕs
t , ϕ̄

s
t

}∞
t=0

that satisfy the portfolio-optimality condition in Lemma 10 (with

ãsIt+1 = ÃIt+1), and the market-clearing conditions Ãs
It+1 = As.

Definition 1 follows after recognising that all investors choose the same end-of-period portfolio

that is characterised by the Euler equations derived in Lemma 10, and using the explicit version

of the market-clearing condition for equity, goods and bonds, in the OTC round derived in

Lemma 12. Given the equilibrium objects in Definition 1, the bargaining outcomes are immediate

from Lemma 1.

According to Definition 1, a nonmonetary equilibrium can be characterised by a sequence of

prices,
{
ϕs
t , ϕ̄

s
t

}∞
t=0

and an allocation {Ãs
It+1}∞t=0 that satisfy the market-clearing conditions

As = Ãs
It+1

1 = [1−G(εnt )]
ϕ̄s
t

ϕ̄s
t − κϕs

t

Q̄n
t (φ̂

q) = min

{
D(φ̂q),

κϕs
tA

s

φ̂q

}
,

and the portfolio-optimality condition

− ϕs
t + βηEt

{
ε̄yt+1 + ϕs

t+1 + (1− α)(1− δ)θλϕs
t+1

[
u′[Q̄n

t+1(φ̂
q)]

φ̂q
− 1

]
+ (1− α)δθ

[∫ εnt+1

εL

(εnt+1 − ε)yt+1dG(ε) +
κϕs

t+1

ϕ̄s
t+1 − κϕs

t+1

∫ εH

εnt+1

(ε− εnt+1)yt+1dG(ε)

]}
≤ 0, with “=” if Ãs

It+1 > 0,
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where εnt is given in Lemma 1 and φ̂q = ϱ+ 1−(1−α)θ
(1−α)θ (ϱ− ϱ).

C.5.2 Recursive Nonmonetary Equilibrium

The following result states the conditions characterising a recursive nonmonetary equilibrium

(RNE). For simplicity of exposition, we henceforth maintain the following assumption

u (qt) = ω̄tq
σ
t , with σ ∈ (0, 1), and ω̄t ≡ (ϕs

t )
1−σ ,

and define ũ(·) such that ũ′(Qt) = u′(Qt) where Qt = Qt/ϕ
s
t .

Lemma 13. A recursive nonmonetary equilibrium is a vector (εn, ϕs, Ãs
I) that satisfies the

following conditions,

0 = Ãs
I −As (C.58)

0 = [1−G(εn)]
εn + ϕs

εn + (1− κ)ϕs
− 1 (C.59)

0 = min

{
D̃(φ̂q),

λAs

φ̂q

}
− Q̄n(φ̂q), (C.60)

and

1− β̄η

β̄η
ϕs = ε̄+ (1− α)(1− δ)θλϕs

[
ũ′[Q̄n(φ̂q)]

φ̂q
− 1

]
+ (1− α)δθ

[∫ εn

εL

(εn − ε)dG(ε) +
κϕs

ε+ (1− κ)ϕs

∫ εH

εn
(ε− εn)dG(ε)

]
, (C.61)

with

φ̂q = ϱ+
1− (1− α)θ

(1− α)θ
(ϱ− ϱ). (C.62)

Proof. The equilibrium conditions in the statement of the lemma are obtained from Lemma 10

and Lemma 12 by using ϕs
t = ϕsyt, ϕ̄

s
t = ϕ̄syt, Ã

s
It = Ãs

I and εnt = (ϕ̄s
t −ϕs

t )
1
yt

= φ̄s−φs ≡ εn ■

The first equation in the statement of Lemma 13 is the second subperiod market-clearing

condition for equity. The second equation is the first subperiod market-clearing condition for
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equity (or bonds). The third condition is the price of the special good in terms of the bond in

the first subperiod. The third condition is the investor’s Euler equation for equity.

C.5.3 Sequential Monetary Equilibrium

Definition 2. A (sequential) monetary equilibrium is an allocation {(ãkIt+1)k∈{m,s}}∞t=0 and a

sequence of prices, {pst , psbt , pqbt , ϕm
t , ϕs

t}∞t=0 that satisfy the two optimality conditions in Lemma

9 (with ãkIt+1 = Ãk
It+1), and the three market-clearing condition, Ãs

It+1 = As, Ãm
It+1 = Am

It+1,

Ãm
Pt+1 = Am

Pt+1.

Definition 2 follows after recognising that all investors choose the same end-of-portfolio that

is characterised by the Euler equation derived in Lemma 9, and using the explicit version of the

market-clearing conditions derived in Lemma 11. The bargaining outcomes, which are part of

Definition 2 are immediate from Lemma 2.

According to Definition 2, a monetary equilibrium can be characterised by a sequence of

prices, {pst , psbt , pqbt , ϕm
t , ϕs

t}∞t=0 an allocation {(Ãk
It+1)k∈{m,s}}∞t=0 and {Ãm

Pt+1}∞t=0 that satisfy

the following market-clearing conditions

0 = Ãs
It+1 −As

0 = Ãm
It+1 −Am

It+1

0 = Ãm
Pt+1 −Am

Pt+1

0 = α[1−G(ε∗t )]
Am

t + pstA
s

pst
+ (1− α)[1−G(ε∗∗t )]

Am
t + pstA

s

pst − κpsbt ϕs
t

−As

0 = (1− α)

{{
1− I{1<pb

tϕ
m
t } − I{pb

tϕ
m
t =1}[1− χ(pbtϕ

m
t )]
}
G(ε∗∗t )− κpsbt ϕs

t

pst − κpsbt ϕs
t

[1−G(ε∗∗t )]

}
Am

t + pstA
s

psbt

0 = min

{
D(φ̄m

t ),
ϕm
t Am

t

φ̄m
t

}
− Q̂(φ̄m

t )

0 = I{1<pqb
t ϕm

t }D(φ̄m
t ) + I{1≥pqb

t ϕm
t }min

{
D(φ̄q

t ),
ϕm
t Am

t

φ̄m
t

+
λϕs

tA
s

φ̄q
t

}
− Q̄(φ̄q

t , φ̄
m
t ),

and optimality conditions

ϕm
t Ãm

It+1 − βEt

[
v̄qt+1(ÃIt+1) + v̄mt+1Ã

m
It+1

]
= 0 ≤ ϕm

t − βEt

[
dv̄qt (ÃIt+1)

dÃm
It+1

+ v̄mt+1

]

ϕs
t Ã

s
It+1 − βηEt

[
v̄qt+1(ÃIt+1) + v̄st+1Ã

s
It+1

]
= 0 ≤ ϕs

t − βηEt

[
dv̄qt (ÃIt+1)

dÃs
It+1

+ v̄st+1

]
,
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where

v̄mt+1 ≡ ϕm
t+1 + (1− α)θ

(
1

psbt+1 − ϕm
t+1

)
I{psbt+1ϕ

m
t+1<1}

+ [α+ (1− α)(1− θ)]δ

∫ εH

ε∗t+1

(ε− ε∗t+1)yt+1
1

pst+1

dG(ε)

+ (1− α)δθ

(
1

pst+1 − κpsbt+1ϕ
s
t+1

)∫ εH

ε∗∗t+1

(ε− ε∗∗t+1)yt+1dG(ε)

v̄st+1 ≡ ε̄yt+1 + ϕs
t+1 + (1− α)δθ

(
ϕm
t+1 −

1

psbt+1

)
I{1<psbt+1ϕ

m
t+1}

+ [α+ (1− α)(1− θ)]δ

∫ ε∗t+1

εL

(ε∗t+1 − ε)yt+1dG(ε)

+ (1− α)δθ

[∫ ε∗∗t+1

εL

(ε∗∗t+1 − ε)yt+1dG(ε) +
κpsbt+1ϕ

s
t+1

pst+1 − κpsbt+1ϕ
s
t+1

∫ εH

ε∗∗t+1

(ε− ε∗∗t+1)yt+1dG(ε)

]

v̄qt+1(ÃIt+1) ≡ α(1− δ)θ
{
u[Q̂t+1(φ̄

m
t+1), ϕ

s
t+1]− φ̄m

t+1Q̂t+1(φ̄
m
t+1)

}
+ (1− α)(1− δ)θ

{
u[Q̄t+1(φ̄

q
t+1), ϕ

s
t+1]− φ̄q

t+1Q̄t+1(φ̄
q
t+1)

}
,

and

dv̄qt+1(ÃIt+1)

dÃm
t+1

= α(1− δ)θϕm
t+1

[
u′[Q̂t+1(φ̄

m
t+1), ϕ

s
t+1]

φ̄m
t+1

− 1

]

+ (1− α)(1− δ)θϕm
t+1

[
u′[Q̄t+1(φ̄

m
t+1), ϕ

s
t+1]

φ̄m
t+1

− 1

]
dv̄qt+1(ÃIt+1)

dÃs
It+1

= (1− α)(1− δ)θλϕs
t+1

[
u′[Q̄t+1(φ̄

q
t+1), ϕ

s
t+1]

φq
t+1

− 1

]
,

and prices for goods

φ̄m
t =

ϱ

1 + (1− α)θiqmt

φ̄q
t =

1 + iqmt
1 + (1− α)θiqmt

ϱ.
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C.5.4 Sequential Monetary Equilibrium with Credit

The following result states that the credit market would be inactive if the net nominal interest

rate on bonds in the equity market, ismt = 1
psbt ϕm

t
− 1, were negative. Similary, we specialise the

analysis to the situation where iqmt = 1

pqbt ϕm
t

−1 is nonnegative, since iqmt < 0 entails an arbitrary

opportunity inconsistent with equilibrium.

Lemma 14. Consider a monetary equilibrium. If the bond market in the equity market is active

in period t, then psbt ϕm
t ≤ 1. If the bond market in the goods market is active in period t, then

pqbt ϕm
t ≤ 1.

Proof. In an equilibrium with 1 < psbt ϕm
t the market-clearing condition in Lemma 11 becomes

0 = (1− α)
κϕs

t

pst − κpsbt ϕs
t

[1−G(ε∗∗t )](Am
t + pstA

s).

This condition can only hold if [1−G(ε∗∗t )](Am
t + pstA

s) = 0, i.e. if the bond market is inactive.

The condition 1 < pbtϕ
m
t implies bond demand is nil, so the bond market can only clear with no

trade.

From Lemma 6 in Appendix C, we know that if iqmt < 0 that āmt (amt , qt) → ∞ which

implies that producer’s in this case have an arbitrage opportunity, which is inconsistent with

equilibrium. ■

According to Lemma 11 in Appendix C, a monetary equilibrium with an active bond

market can be characterised by a sequence of prices,
{
pst , p

sb
t , pqbt , ϕm

t , ϕs
t

}∞

t=0
, an allocation

{(Ãk
It+1)k∈{m,s}}∞t=0 and an allocation {Ãm

Pt+1}∞t=0 that satisfy the following market-clearing
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conditions

0 = Ãs
It+1 −As

0 = Ãm
It+1 −Am

It+1

0 = Ãm
Pt+1 −Am

Pt+1

0 = α[1−G(ε∗t )]
Am

t + pstA
s

pst
+ (1− α)[1−G(ε∗∗t )]

Am
t + pstA

s

pst − κpsbt ϕs
t

−As

0 = (1− α)

{[
1− I{psb

t ϕm
t =1}(1− χ11)

]
G(ε∗∗t )− κpsbt ϕs

t

pst − κpsbt ϕs
t

[1−G(ε∗∗t )]

}
Am

t + pstA
s

psbt

0 = min

{
D(φ̄m

t ),
ϕm
t Am

t

φ̄m
t

}
− Q̂(φ̄m

t )

0 = min

{
D(φ̄q

t ),
ϕm
t Am

t

φ̄m
t

+
λϕs

tA
s

φ̄q
t

}
− Q̄(φ̄q

t , φ̄
m
t ),

and optimality conditions

ϕm
t Ãm

It+1 − βEt

[
v̄qt+1(ÃIt+1) + v̄mt+1Ã

m
It+1

]
= 0 ≤ ϕm

t − βEt

[
dv̄qt (ÃIt+1)

dÃm
It+1

+ v̄mt+1

]

ϕs
t Ã

s
It+1 − βηEt

[
v̄qt+1(ÃIt+1) + v̄st+1Ã

s
It+1

]
= 0 ≤ ϕs

t − βηEt

[
dv̄qt (ÃIt+1)

dÃs
It+1

+ v̄st+1

]
,

where

v̄mt+1 ≡ ϕm
t+1 + (1− α)θ

(
1

pbt+1

− ϕm
t+1

)
I{pbt+1ϕ

m
t+1<1}

+ [α+ (1− α)(1− θ)]δ

∫ εH

ε∗t+1

(ε− ε∗t+1)yt+1
1

pst+1

dG(ε)

+ (1− α)δθ
1

pst+1 − κpbt+1ϕ
s
t+1

∫ εH

ε∗∗t+1

(ε− ε∗∗t+1)yt+1dG(ε)

v̄st+1 ≡ ε̄yt+1 + ϕs
t+1 + (1− α)δθ

(
ϕm
t+1 −

1

pbt+1

)
I{1<pbt+1ϕ

m
t+1}

+ [α+ (1− α)(1− θ)]δ

∫ ε∗t+1

εL

(ε∗t+1 − ε)yt+1dG(ε)

+ (1− α)δθ

[∫ ε∗∗t+1

εL

(ε∗∗t+1 − ε)yt+1dG(ε) +
κpbt+1ϕ

s
t+1

pst+1 − κpbt+1ϕ
s
t+1

∫ εH

ε∗∗t+1

(ε− ε∗∗t+1)yt+1dG(ε)

]

v̄qt+1(ÃIt+1) ≡ α(1− δ)θ
{
u[Q̂t+1(φ̄

m
t+1), ϕ

s
t+1]− φ̄m

t+1Q̂t+1(φ̄
m
t+1)

}
+ (1− α)(1− δ)θ

{
u[Q̄t+1(φ̄

q
t+1), ϕ

s
t+1]− φ̄q

t+1Q̄t+1(φ̄
q
t+1)

}
,
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and

dv̄qt+1(ÃIt+1)

dÃm
t+1

= α(1− δ)θϕm
t+1

[
u′[Q̂t+1(φ̄

m
t+1), ϕ

s
t+1]

φ̄m
t+1

− 1

]

+ (1− α)(1− δ)θϕm
t+1

[
u′[Q̄t+1(φ̄

m
t+1), ϕ

s
t+1]

φ̄m
t+1

− 1

]
dv̄qt+1(ÃIt+1)

dÃs
It+1

= (1− α)(1− δ)θλϕs
t+1

[
u′[Q̄t+1(φ̄

q
t+1), ϕ

s
t+1]

φq
t+1

− 1

]
,

and prices for goods

φ̄m
t =

ϱ

1 + (1− α)θiqmt

φ̄q
t =

1 + iqmt
1 + (1− α)θiqmt

ϱ.

C.5.5 Recursive Monetary Equilibrium with Credit

The following result summarises the conditions that characterise a recursive monetary equilib-

rium (RME).

Lemma 15. A recursive monetary equilibrium (with credit) is a vector (ε∗, ε∗∗, ϕs, Z,As) that

satisfies

0 =

{
α[1−G(ε∗)] + (1− α)[1−G(ε∗∗)]

ε∗∗ + ϕs

ε∗∗ + (1− κ)ϕs

}(
Z

ε∗ + ϕs
+ 1

)
− 1 (C.63)

0 = (1− α)

{
G(ε∗∗t )

[
1− I{ε∗=ε∗∗}(1− χ11)

]
− [1−G(ε∗∗)]

κϕs

ε∗∗ + (1− κ)ϕs

}
(Z + ε∗ + ϕs)

(C.64)

0 = min

{
D̃(φ̄m),

zAs

φ̄m

}
− Q̂(φ̄m) (C.65)

0 = min

{
D̃(φ̄q),

[
z

φ̄m
+

λ

φ̄q

]
As

}
− Q̄(φ̄q, φ̄m), (C.66)
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where χ11 ∈ [0, 1], z = Z/ϕs and

ip = (1− α)θ

(
ε∗∗ + ϕs

ε∗ + ϕs
− 1

)
+ α(1− δ)θ

{
ũ′[Q̂(φ̄m)]

φ̄m
− 1

}
+ (1− α)(1− δ)θ

{
ũ′[Q̄(φ̄q, φ̄m)]

φ̄m
− 1

}
+ [α+ (1− α)(1− θ)]δ

1

ε∗ + ϕs

∫ εH

ε∗
(ε− ε∗)dG(ε)

+ (1− α)δθ
ε∗∗ + ϕs

ε∗ + ϕs

1

ε∗∗ + (1− κ)ϕs

∫ εH

ε∗∗
(ε− ε∗∗)dG(ε) (C.67)

1− β̄η

β̄η
ϕs = ε̄+ (1− α)(1− δ)θλϕs

{
ũ′[Q̄(φ̄q, φ̄m)]

φ̄q
− 1

}
+ [α+ (1− α)(1− θ)]δ

∫ ε∗

εL

(ε∗ − ε)dG(ε)

+ (1− α)δθ

[∫ ε∗∗

εL

(ε∗∗ − ε)dG(ε) +
κϕs

ε∗∗ + (1− κ)ϕs

∫ εH

ε∗∗
(ε− ε∗∗)dG(ε)

]
, (C.68)

with

φ̄m =
ϱ

1 + (1− α)θiqm
(C.69)

φ̄q =
1 + iqm

1 + (1− α)θiqm
ϱ. (C.70)

Proof. The equilibrium conditions in the statement of the lemma are obtained by using ϕs
t =

ϕsyt, ϕ
m
t Am

t = ZAsyt ε
∗
t = (pstϕ

m
t − ϕs

t )
1
yt

≡ ε∗, ε∗∗t = (pst/p
sb
t − ϕs

t )
1
yt

≡ ε∗∗, ϕs
t+1/ϕ

s
t = γt+1 and

ϕm
t /ϕm

t+1 = µ/γt+1. ■

The first four equations in Lemma 15 are the first subperiod market-clearing condition for

equity, goods and bonds. The remaining two conditions are the investor’s Euler equations for

money and equity, respectively.

C.6 Continuous-time Limiting Economy

In this section we derive the equlibrium conditions for the continuous-time limiting economy.
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C.6.1 Equilibrium Conditions

Lemma 16. Consider the limiting economy (as ∆ → 0). A recursive nonmonetary equilibrium

is a pair (εn, φn) that satisfies

1 =
1−G (εn)

1− κ
(C.71)

φ̂q = ϱ+
1− (1− α)θ

(1− α)θ
(ϱ− ϱ) (C.72)

φn =
ε̄+ (1− α) δθ

[∫ εn

εL
(εn − ε) dG (ε) + κ

1−κ

∫ εH
εn (ε− εn) dG (ε)

]
1− (1− α) (1− δ)λ θ

ρ

{
ũ′[min{D̃(φ̂q),λAs/φ̂q}]

φ̂q − 1
} . (C.73)

Proof. From Lemma 13, if the period length is ∆, an equilibrium is a pair (εn,Φs (∆)) that

satisfies

1 = [1−G (εn)]
εn +Φs (∆)

εn + (1− κ) Φs (∆)

Φs (∆) = β̄η

{
ε̄+Φs (∆) + (1− α) (1− δ) θλΦs (∆)

 ũ′
[
min{D̃(φ̂q), λAs/φ̂q}

]
φ̂q

− 1


+ (1− α) δθ

[∫ εn

εL

(εn − ε) dG (ε) +
κΦs (∆)

εn + (1− λ) Φs (∆)

∫ εH

εn
(ε− εn) dG (ε)

]}
.

This can be written as

1 = [1−G (εn)]
εn∆+Φs (∆)∆

εn∆+ (1− κ) Φs (∆)∆

r + d− g + gd∆

(1 + g∆) (1− d∆)
Φs (∆)∆− (1− α) (1− δ) θλΦs (∆)∆

 ũ′
[
min{D̃(φ̂q), λAs/φ̂q}

]
φ̂q

− 1


= ε̄+ (1− α) δθ

[∫ εn

εL

(εn − ε) dG (ε) +
κΦs (∆)∆

εn∆+ (1− κ) Φs (∆)∆

∫ εH

εn
(ε− εn) dG (ε)

]
.

Take the limit as ∆ → 0 to arrive at the conditions in the statement of the lemma. ■

Lemma 17. Consider the limiting economy (as ∆ → 0). A recursive monetary equilibrium
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(with credit) is a vector (ε∗, ε∗∗, φ,Z) that satisfies

0 = min

{
D̃(φ̄m),

z

φ̄m

}
− Q̂ (C.74)

0 = min

{
D̃(φ̄q),

[
z

φ̄m
+

λ

φ̄q

]
As

}
− Q̄ (C.75)

0 =

{
α [1−G (ε∗)] + (1− α) [1−G (ε∗∗)]

1

1− κ

}(
Z
φ

+ 1

)
− 1 (C.76)

0 = G (ε∗∗)
[
1− I{ε∗=ε∗∗} (1− χ11)

]
− [1−G (ε∗∗)]

κ

1− κ
, (C.77)

where χ11 ∈ [0, 1], and

{
ι− α (1− δ) θ

ρ

[
ũ′[Q̂]

φ̄m
− 1

]
− (1− α) (1− δ) θ

ρ

[
ũ′[Q̄]

φ̄m
− 1

]}
φ =

(1− α) δθ (ε∗∗ − ε∗) + [α+ (1− α) (1− θ)] δ

∫ εH

ε∗
(ε− ε∗) dG (ε)

+ (1− α) δθ
1

1− κ

∫ εH

ε∗∗
(ε− ε∗∗) dG (ε) (C.78)

φ =
ρ

ρ− (1− α) (1− δ) θλ
[
ũ′[Q̄]
φ̄q − 1

]{ε̄+ [α+ (1− α) (1− θ)] δ

∫ ε∗

εL

(ε∗ − ε) dG (ε)

+ (1− α) δθ

[∫ ε∗∗

εL

(ε∗∗ − ε) dG (ε) +
κ

1− κ

∫ εH

ε∗∗
(ε− ε∗∗) dG (ε)

]}
, (C.79)

with φ̄m = φ̄q = ϱ.

Proof. If the period length is ∆, the equilibrium conditions in Lemma 15 generalise to

0 =

{
α [1−G (ε∗)] + (1− α) [1−G (ε∗∗)]

ε∗∗ +Φs (∆)

ε∗∗ + (1− κ) Φs (∆)

}(
Z (∆)

ε∗ +Φs (∆)
+ 1

)
− 1

0 = (1− α)

{
G (ε∗∗)

[
1− I{ε∗=ε∗∗} (1− χ11)

]
− [1−G (ε∗∗)]

κΦs (∆)

ε∗∗ + (1− κ) Φs (∆)

}
[Z (∆) + ε∗ +Φs (∆)] ,
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where χ11 ∈ [0, 1], and

ip = α (1− δ) θ

{
ũ′[Q̂]

φ̄m
− 1

}
+ (1− α) (1− δ) θ

{
ũ′[Q̄]

φ̄m
− 1

}
+ (1− α) δθ

ε∗∗ − ε∗

ε∗ +Φs (∆)

+ [α+ (1− α) (1− θ)] δ
1

ε∗ +Φs (∆)

∫ εH

ε∗
(ε− ε∗) dG (ε)

+ (1− α) δθ
ε∗∗ +Φs (∆)

ε∗ +Φs (∆)

1

ε∗∗ + (1− κ) Φs (∆)

∫ εH

ε∗∗
(ε− ε∗∗) dG (ε)

r + d− g + dg∆

(1 + g∆) (1− d∆)
Φs (∆)∆ = ε̄+ (1− α) (1− δ) θλΦs (∆)

[
ũ′[Q̄]

φ̄q
− 1

]
+ [α+ (1− α) (1− θ)] δ

∫ ε∗

εL

(ε∗ − ε) dG (ε)

+ (1− α) δθ

[ ∫ ε∗∗

εL

(ε∗∗ − ε) dG (ε)

+
κΦs (∆)

ε∗∗ + (1− κ) Φs (∆)

∫ εH

ε∗∗
(ε− ε∗∗) dG (ε)

]
.

These conditions can be rewritten as

0 =

{
α [1−G (ε)] + (1− α) [1−G (ε∗∗)]

ε∗∗∆+Φs (∆)∆

ε∗∗∆+ (1− κ) Φs (∆)∆

}(
Z (∆)∆

ε∗∆+Φs (∆)∆
+ 1

)
− 1

0 = (1− α)

{
G (ε∗∗)

[
1− I{ε∗=ε∗∗} (1− χ11)

]
− [1−G (ε∗∗)]

κΦs (∆)∆

ε∗∗∆+ (1− κ) Φs (∆)∆

}
[Z (∆)∆ + ε∗∆+Φs (∆)∆] ,

where χ11 ∈ [0, 1], and

ip

∆
=

α (1− δ) θ∆

∆

[
ũ′[Q̂]

φ̄m
− 1

]
+

(1− α) (1− δ) θ∆

∆

[
ũ′[Q̄]

φ̄m
− 1

]
+ (1− α) δθ

ε∗∗ − ε∗

ε∗∆+Φs (∆)∆

+ [α+ (1− α) (1− θ)] δ
1

ε∗∆+Φs (∆)∆

∫ εH

ε∗
(ε− ε∗) dG (ε)

+ (1− α) δθ
ε∗∗∆+Φs (∆)∆

ε∗∆+Φs (∆)∆

1

ε∗∗∆+ (1− κ) Φs (∆)∆

∫ εH

ε∗∗
(ε− ε∗∗) dG (ε)
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r + d− g + dg∆

(1 + g∆) (1− d∆)
Φs (∆)∆ = ε̄+ (1− α) (1− δ) θλΦs (∆)∆

[
ũ′[Q̄]

φ̄q
− 1

]
+ [α+ (1− α) (1− θ)] δ

∫ ε∗

εL

(ε∗ − ε) dG (ε)

+ (1− α) δθ

[ ∫ ε∗∗

εL

(ε∗∗ − ε) dG (ε)

+
κΦs (∆)∆

ε∗∗∆+ (1− κ) Φs (∆)∆

∫ εH

ε∗∗
(ε− ε∗∗) dG (ε)

]
.

Take the limit as ∆ → 0 to arrive at the conditions in the statement of the lemma. ■

C.6.2 Existence of Equilibrium

Proof of Proposition 1. The conditions in the statement of the proposition are the equilib-

rium conditions derived in Lemma 16. Clearly for any κ ∈ [0, 1] there is a unique εn that satisfies

G, and given εn there is a unique φn. ■

Lemma 18. In a RNE,

dεn

dκ
=

1

G′(εn)
> 0 (C.80)

dφn

dκ
=

(1− α) δθ 1
(1−κ)2

∫ εH
εn (ε− εn) dG (ε)

1− (1− α) (1− δ)λ θ
ρ

{
ũ′[min{D̃(φ̂q),λAs/φ̂q}]

φ̂q − 1
} > 0. (C.81)

Proof. The first result is obtained by implicitly differentiating G with respect to κ. For the

second result, differentiate φn with respect to κ

dφn

dκ
=

(1− α)δθ
[
G(εn)dε

n

dκ − κ
1−κ [1−G(εn)]dε

n

dκ + 1
(1−κ)2

∫ εH
εn (ε− εn) dG (ε)

]
1− (1− α) (1− δ)λ θ

ρ

{
ũ′[min{D̃(φ̂q),λAs/φ̂q}]

φ̂q − 1
}

=
(1− α) δθ 1

(1−κ)2

∫ εH
εn (ε− εn) dG (ε)

1− (1− α) (1− δ)λ θ
ρ

{
ũ′[min{D̃(φ̂q),λAs/φ̂q}]

φ̂q − 1
} .

■

Proof of Proposition 2. The equilibrium conditions in Lemma 17 imply that there are four

equations with four unknowns. The unknowns are (ε∗, ε∗∗, φ,Z) if ε∗ < ε∗∗, or (ε∗, χ11, φ,Z) if

ε∗ = ε∗∗. We consider each in turn.
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(i) Suppose ε∗ < ε∗∗. In this case, the market clearing conditions in Lemma 17 implies

ε∗∗ = εn, where εn ∈ [εL, εH ] is the unique solution to G(εn) = κ. Now note that in this case

we have

z =
Z
φ

=
αG(ε∗)

[1−G(ε∗)]α+ 1− α
.

The Euler conditions imply a single equation in the unknown ε∗ that can be written as T (ε∗) = 0,

where

T (x) ≡ (1− α)δθ(εn − x) + [α+ (1− α) (1− θ)] δ

∫ εH

x

(ε− x) dG (ε)

+ (1− α) δθ
1

1− κ

∫ εH

εn
(ε− εn) dG (ε)

−
ι− (1− δ) θ

ρϱ

{
αũ′[min{D̃(ϱ), zAs/ϱ}] + (1− α)ũ′[min{D̃(ϱ), (z + λ)As/ϱ}]− ϱ

}
1− (1− α) (1− δ)λ θ

ρϱ

{
ũ′[min{D̃(ϱ), (z + λ)As/ϱ}]− ϱ

} ·

{
ε̄+ [α+ (1− α) (1− θ)] δ

∫ x

εL

(x− ε) dG (ε)

+ (1− α) δθ

[∫ εn

εL

(εn − ε) dG (ε) +
κ

1− κ

∫ εH

εn
(ε− εn) dG (ε)

]}
.

Differentiate T and evaluate the derivative at x = ε∗ to obtain the following, first we write

L(x) = (1− δ) θ
ρϱ{ũ

′[min{D̃(ϱ), xAs/ϱ}]− ϱ}. And notice that L′(x) ≤ 0 for all x.

T ′(ε∗) = −(1− α)δθ − [α+ (1− α)(1− θ)]δ[1−G(ε∗)]

− ι− αL(z)− (1− α)L(z + λ)

1− (1− α) L(z + λ)
G(ε∗)

+
[ι− αL(z)− (1− α)L(z + λ)] (1− α)λL′(z + λ)

1− (1− α)λL(z + λ)
φ(ε∗)

− [αL′(z) + (1− α)L′(z + λ)]φ(ε∗).

Notice in order for φ ≥ 0, we need 1 − (1− α)λL(z + λ) > 0. Therefore in order have an

equilibrium, ι−αL(z)− (1−α)L(z+λ) > 0, since ι is bounded from below (see Proposition 2),

which implies

ι < 1− αL(z)− (1− α)(1− λ)L(z + λ).
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Therefore, in order for T ′(ε∗) ≤ 0, we need,

[ι− αL(z)− (1− α)L(z + λ)] (1− α)λL′(z + λ)

1− (1− α)λL(z + λ)
< αL′(z) + (1− α)L′(z + λ),

which becomes,

1

λ
+

αL′(z)

(1− α) L′(z + λ)
> 1 +

ι− 1− αL(z)− (1− α)(1− λ)L(z + λ)

(1− α) L′(z + λ)
,

which holds since ι < 1−αL(z)− (1−α)(1−λ)L(z+λ). Which implies that T (ε∗) ≤ 0. Hence,

if there is a ε∗ that satisfies T (ε∗) = 0, it is unique. Notice that T (εL) → ∞ since as ε∗ → εL,

z → 0 which implies that ũ′[min{D̃(ϱ), zAs/ϱ}] → ∞. Therefore 0 < T (εL) for all ι. Therefore

suppose there exists ε+L and notice that,

T (ε+L ) = (1− α)δθ(εn − ε+L ) + [α+ (1− α) (1− θ)] δ

∫ εH

ε+L

(
ε− ε+L

)
dG (ε)

+ (1− α) δθ
1

1− κ

∫ εH

εn
(ε− εn) dG (ε)

−
ι− (1− δ) θ

ρϱ

{
αũ′[min{D̃(ϱ), ϵAs/ϱ}] + (1− α)ũ′[min{D̃(ϱ), (ϵ+ λ)As/ϱ}]− ϱ

}
1− (1− α) (1− δ)λ θ

ρϱ

{
ũ′[min{D̃(ϱ), (ϵ+ λ)As/ϱ}]− ϱ

} ·

{
ε̄+ [α+ (1− α) (1− θ)] δ

∫ ε+L

εL

(
ε+L − ε

)
dG (ε)

+ (1− α) δθ

[∫ εn

εL

(εn − ε) dG (ε) +
κ

1− κ

∫ εH

εn
(ε− εn) dG (ε)

]}
,

so 0 < T (ε+L ) if and only if ι < ῑ(ξ) is defined in the statement of the proposition. Also,

T (εn) =

[
α+ (1− α)

(
1 + θ

κ

1− κ

)]
δ

∫ εH

εn
(ε− εn) dG (ε)

−
ι− (1− δ) θ

ρϱ

{
αũ′[min{D̃(ϱ), ẑAs/ϱ}] + (1− α)ũ′[min{D̃(ϱ), (ẑ + λ)As/ϱ}]− ϱ

}
1− (1− α) (1− δ)λ θ

ρϱ

{
ũ′[min{D̃(ϱ), (ẑ + λ)As/ϱ}]− ϱ

} ·

{
ε̄+

∫ εn

εL

(εn − ε)dG(ε) + (1− α)δθ
κ

1− κ

∫ εH

εn
(ε− εn) dG(ε)

}
,

where z̃ = αG(εn)
[1−G(εn)]α+1−α . Since κ > 0, T (εn) < 0 if and only if ι̂(ξ) < ι. Therefore, if

ι̂(ξ) < ι < ῑ(ξ), then by the intermediate value theorem, there is a unique ε∗ ∈ (εL, ε
n) such
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that T (ε∗) = 0, where ι̂(ξ) is defined in the statement of the proposition. From this expression,

it is clear that 0 < Z ⇐⇒ α > 0 and εL < ε∗. (ii) Suppose ε∗ = ε∗∗. In this case, our market

clearing conditions and Euler equations become,

1 = [1−G(ε∗)]

(
α+

1− α

1− κ

)(
Z
φ

+ 1

)
χ11 =

κ

1− κ

1−G(ε∗)

G(ε∗)

ιφ =

[
α+ (1− α)

(
1− θ + θ 1

1−κ

)]
δ
∫ εH
ε∗ (ε− ε∗)dG(ε)

1− (1− α) (1− δ)λ θ
ρϱ

{
ũ′[min{D̃(ϱ), (z + λ)As/ϱ}]− ϱ

}
+ (1− δ)

θ

ρϱ

{
αũ′[min{D̃(ϱ), zAs/ϱ}] + (1− α)ũ′[min{D̃(ϱ), (z + λ)As/ϱ}]− ϱ

}
φ

φ =
ε̄+ δ

∫ ε∗

εL
(ε∗ − ε)dG(ε) + (1− α)δθ κ

1−κ

∫ εH
ε∗ (ε− ε∗)dG(ε)

1− (1− α) (1− δ)λ θ
ρϱ

{
ũ′[min{D̃(ϱ), (ẑ + λ)As/ϱ}]− ϱ

} .
The last two equations imply a single equation in the unknown ε∗ that can be written as

T (ε∗) = 0, where

T (ε∗) ≡
[
α+ (1− α)

(
1− θ + θ

1

1− κ

)]
δ

∫ εH

ε∗
(ε− ε∗)dG(ε)

−
ι− (1− δ) θ

ρϱ

{
αũ′[min{D̃(ϱ), zAs/ϱ}] + (1− α)ũ′[min{D̃(ϱ), (z + λ)As/ϱ}]− ϱ

}
1− (1− α) (1− δ)λ θ

ρϱ

{
ũ′[min{D̃(ϱ), (z + λ)As/ϱ}]− ϱ

} ·

{
ε̄+ δ

∫ ε∗

εL

(ε∗ − ε)dG(ε) + (1− α)δθ
κ

1− κ

∫ εH

ε∗
(ε− ε∗)dG(ε)

}
.

Differentiate T and evaluate the derivative at the ε∗ that solves T (ε∗) = 0 to obtain,

T ′(ε∗) =

[
α+ (1− α)

(
1− θ + θ

1

1− κ

)]
δ [1−G(ε∗)]

− ι− αL(z)− (1− α)L(z + λ)

1− (1− α) L(z + λ)

[
δG(ε∗) + (1− α)δθ

κ

1− κ
[1−G(ε∗)]

]
−

{
ε̄+ δ

∫ ε∗

εL

(ε∗ − ε)dG(ε) + (1− α)δθ
κ

1− κ

∫ εH

ε∗
(ε− ε∗)dG(ε)

}
·{

[ι− αL(z)− (1− α)L(z + λ)] (1− α)L′(z + λ)

[1− (1− α) L(z + λ)]2
− αL′(z) + (1− α)L′(z + λ)

[1− (1− α) L(z + λ)]

}
≤ 0.

Hence, if there is a ε∗ that satisfies T (ε∗) = 0, it is unique. ■
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Lemma 19. The real asset price in the RME is higher than the real asset price in the RNE,

i.e.,

(i) If ι̂(ξ) < ι < ῑ(ξ), then

0 <
1

1− (1− α) (1− δ)λ θ
ρϱ

{
ũ′[min{D̃(ϱ), (z + λ)As/ϱ}]− ϱ

} ·
{
(1− α)(1− δ)λ

θ

ρ

[
ũ′[min{D̃(ϱ), (z + λ)As/ϱ}]

ϱ
− ũ′[min{D̃(φ̂q), λAs/φ̂q}]

φ̂q

]
φn

+ [α+ (1− α)(1− θ)]δ

∫ ε∗

εL

(ε∗ − ε)dG(ε)

}
≤ φ− φn. (C.82)

(ii) If 0 < ι < ι̂(ξ), then

0 <
1

1− (1− α) (1− δ)λ θ
ρϱ

{
ũ′[min{D̃(ϱ), (ẑ + λ)As/ϱ}]− ϱ

} ·
{
(1− α)(1− δ)λ

θ

ρ

[
ũ′[min{D̃(ϱ), (z + λ)As/ϱ}]

ϱ
− ũ′[min{D̃(φ̂q), λAs/φ̂q}]

φ̂q

]
φn

+ [1− (1− α)δθ]

∫ ε∗

εL

(ε∗ − ε)dG(ε)

}
≤ φ− φn. (C.83)

Proof. Subtracting φn from the equilibrium conditions in Proposition 2 and noting that since

ϱ < φ̂q, we know,

ũ′[min{D̃(ϱ), (z + λ)As/ϱ}]
ϱ

≥ ũ′[min{D̃(φ̂q), λAs/φ̂q}]
φ̂q

.

This yields the lemma. ■

Proof of Proposition 3. The proof is immediate from Lemma 19. ■

Proof of Proposition 4. We consider the two cases in turn

If ι̂(ξ) < ι < ῑ(ξ), then

dε∗

dι
= −

∂T (ε∗)
∂ι

T ′(ε∗)
= − −φ

T ′(ε∗)
< 0,
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where T (·) is the equilibrium map defined in the proof of Proposition 2. Then,

dφ

dι
=

{
[α+ (1− α)(1− θ)]δG(ε∗) + (1− α) (1− δ)φλθAs

ρϱ2 ũ′′
[
min{D̃(ϱ), (z + λ)As/ϱ}

]
dz
dε∗

}
1− (1− α) (1− δ)λ θ

ρϱ

{
ũ′[min{D̃(ϱ), (z + λ)As/ϱ}]− ϱ

} dε∗

dι
.

We know that dz
dε∗ > 0 and dε∗

dι < 0. Also note that ũ′′(·) < 0, therefore dφ
dι < 0 if and only if

φ <
−[α+ (1− α)(1− θ)]δρϱ2G(ε∗)

(1− α) (1− δ)λθAsũ′′
[
min{D̃(ϱ), (z + λ)As/ϱ}

]
dz
dε∗

.

If 0 < ι ≤ ι̂(ξ), then

dε∗

dι
= −

∂T (ε∗)
∂ι

T ′(ε∗)
= − −φ

T ′(ε∗)
< 0,

where T (·) is the equilibrium map defined in the proof of Proposition 2. Then,

dφ

dι
=

{[
G(ε∗)− (1− α)θ κ

1−κ [1−G(ε∗)]
]
δ + (1− α)(1− δ)φλθAs

ρϱ2 ũ′′
[
min{D̃(ϱ), (z + λ)As/ϱ}

]
dz
dε∗

}
1− (1− α) (1− δ)λ θ

ρϱ

{
ũ′[min{D̃(ϱ), (z + λ)As/ϱ}]− ϱ

} dε∗

dι
.

Therefore dφ
dι < 0 if and only if,

φ <
−
[
G(ε∗)− (1− α)θ κ

1−κ [1−G(ε∗)]
]
ρϱ2δ

(1− α) (1− δ)λθAsũ′′
[
min{D̃(ϱ), (z + λ)As/ϱ}

]
dz
dε∗

.

Notice that

0 =

[
G(εn)− κ

1− κ
[1−G(εn)]

]
≤
[
G(ε∗)− κ

1− κ
[1−G(ε∗)]

]
< G(ε∗)− (1− α)θ

κ

1− κ
[1−G(ε∗)] ,

where the first inequality follows because G(x) − κ
1−κ [1 −G(x)] is increasing in x, and εn ≤ ε∗

for all 0 < ι ≤ ι̂(ξ). This yields the lemma. ■
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C.7 Cashless Limits

Proof of Proposition 5. First, notice that ς̂(0; δ) ≤ ς̄(0; δ), with “=” only if κ = 0. Assume

that κ > 0, and some fixed ι ∈ (0, ῑ(0; δ)).

(i) For ι ∈ (ς̂(0; δ), ς̄(0; δ)) and α small enough, part (i) of Proposition 2 implies the monetary

equilibrium is a vector (ε∗, ε∗∗, φ,Z), where

φ =
ε̄+ (1− α)δθ

[∫ ε∗

εL
(ε∗ − ε)dG(ε) + κ

1−κ

∫ εH
ε∗

(ε− ε∗)dG(ε)
]
+ [α+ (1− α)(1− θ)]δ

∫ ε∗

εL
(ε∗ − ε)dG(ε)

1− (1− α) (1− δ)λ θ
ρϱ

{
ũ′[min{D̃(ϱ), (ẑ + λ)As/ϱ}]− ϱ

}

Z =
αG(ε∗)

[1−G(ε∗)]α+ 1− α
φ,

where ε∗∗ = εn and ε∗ is the unique ε∗ ∈ (εL, ε
n) that satisfies T̃ (ε∗;α) = 0, where for any

ε∗ ∈ (εL, εH), T̃ (·;α) is a real valued function defined by

T̃ (ε∗;α) ≡ (1− α)δθ(εn − ε∗) + [α+ (1− α) (1− θ)] δ

∫ εH

ε∗
(ε− ε∗) dG (ε)

+ (1− α) δθ
1

1− κ

∫ εH

εn
(ε− εn) dG (ε)

−
ι− (1− δ) θ

ρϱ

{
αũ′[min{D̃(ϱ), zAs/ϱ}] + (1− α)ũ′[min{D̃(ϱ), (z + λ)As/ϱ}]− ϱ

}
1− (1− α) (1− δ)λ θ

ρϱ

{
ũ′[min{D̃(ϱ), (z + λ)As/ϱ}]− ϱ

} ·

{
ε̄+ [α+ (1− α) (1− θ)] δ

∫ ε∗

εL

(ε∗ − ε) dG (ε)

+ (1− α) δθ

[∫ εn

εL

(εn − ε) dG (ε) +
κ

1− κ

∫ εH

εn
(ε− εn) dG (ε)

]}

As α → 0, the function T̃ (·;α) converges uniformly to

T̃ (ε∗; 0) ≡ δθ(εn − ε∗) + (1− θ) δ

∫ εH

ε∗
(ε− ε∗) dG (ε) + δθ

1

1− κ

∫ εH

εn
(ε− εn) dG (ε)

−
ι− (1− δ) θ

ρϱ

[
ũ′[min{D̃(ϱ), λAs/ϱ}]− ϱ

]
1− (1− δ)λ θ

ρϱ

[
ũ′[min{D̃(ϱ), λAs/ϱ}]− ϱ

] ·
{
ε̄+ (1− θ) δ

∫ ε∗

εL

(ε∗ − ε) dG (ε) + δθ

[∫ εn

εL

(εn − ε) dG (ε) +
κ

1− κ

∫ εH

εn
(ε− εn) dG (ε)

]}
.

Notice that if ũ′(q) = σqσ−1 as we have assumed, then by l’Hopital’s rule αũ′[min{D̃(ϱ), zAs/ϱ}] →
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0 as α → 0.

(ii) For ι ∈ (0, ς̂(0; δ)] and a small enough δ, part (ii) of Proposition 2 implies the monetary

equilibrium is a vector (ε∗, χ, φ,Z) that satisfies χ = κ
1−κ

1−G(ε∗)
G(ε∗) ,

φ =
ε̄+ δ

∫ ε∗

εL
(ε∗ − ε)dG(ε) + (1− α)δθ κ

1−κ

∫ εH
ε∗ (ε− ε∗)dG(ε)

1− (1− α) (1− δ)λ θ
ρϱ

{
ũ′[min{D̃(ϱ), (ẑ + λ)As/ϱ}]− ϱ

}
Z =

αG(ε∗) + (1− α)θ κ
1−κ [1−G(ε∗)]

[1−G(ε∗)]α+ 1− α
,

and ε∗ = ε∗∗, is the unique solution to T̃ (ε∗; 0) = 0, where for any ε∗ ∈ (εL, εH), T̃ (·;α) is a real

valued function defined by

T̃ (ε∗;α) =

[
α+ (1− α)

(
1 + θ

κ

1− κ

)]
δ

∫ εH

ε∗
(ε− ε∗) dG (ε)

−
ι− (1− δ) θ

ρϱ

{
αũ′[min{D̃(ϱ), ẑAs/ϱ}] + (1− α)ũ′[min{D̃(ϱ), (ẑ + λ)As/ϱ}]− ϱ

}
1− (1− α) (1− δ)λ θ

ρϱ

{
ũ′[min{D̃(ϱ), (ẑ + λ)As/ϱ}]− ϱ

} ·

{
ε̄+ δ

∫ ε∗

εL

(ε∗ − ε) dG(ε) + (1− α)δθ
κ

1− κ

∫ εH

ε∗
(ε− ε∗) dG(ε)

}
.

As α → 0, the function T̃ (·;α) converges uniformly to

T̃ (ε∗; 0) =

(
1 + θ

κ

1− κ

)
δ

∫ εH

ε∗
(ε− ε∗) dG (ε)

−
ι− (1− δ) θ

ρϱ

[
ũ′[min{D̃(ϱ), (ẑ + λ)As/ϱ}]− ϱ

]
1− (1− δ)λ θ

ρϱ

{
ũ′[min{D̃(ϱ), (ẑ + λ)As/ϱ}]− ϱ

} ·
{
ε̄+ δ

∫ ε∗

εL

(ε∗ − ε) dG(ε) + (1− α)δθ
κ

1− κ

∫ εH

ε∗
(ε− ε∗) dG(ε)

}
,

where

ẑ =
G(ε∗)− κ

1−G(ε∗)
.

■

Proof of Proposition 1 (Section B.1). (i) For ι ∈ (ς̂(0; 0), ς̄(0; 0)) and δ small enough, part
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(i) of Proposition 6 implies the cashless limit of the monetary equilibrium is a vector (ε∗, ε∗∗, φ,Z),

where

φ =
ε̄+ δθ

[∫ εn

εL
(εn − ε)dG(ε) + κ

1−κ

∫ εH
εn (ε− εn)d(ε)

]
+ (1− θ)δ

∫ ε∗

εL
(ε∗ − ε)dG(ε)

1− (1− θ)λ θ
ρϱ

[
ũ′[min{D̃(ϱ), λAs/ϱ}]− ϱ

]
Z
φ

→ 0

V → δG(εn)As,

where ε∗∗ = εn and ε∗ ∈ (εL, ε
n) that satisfies T̂ (ε∗, 0; δ), where for any ε∗ ∈ (εL, εH), T̂ (·, 0; δ)

is a real valued function defined by

T̂ (ε∗, 0; δ) ≡ δθ(εn − ε∗) + (1− θ) δ

∫ εH

ε∗
(ε− ε∗) dG (ε) + δθ

1

1− κ

∫ εH

εn
(ε− εn) dG (ε)

−
ι− (1− δ) θ

ρϱ

[
ũ′[min{D̃(ϱ), λAs/ϱ}]− ϱ

]
1− (1− δ)λ θ

ρϱ

[
ũ′[min{D̃(ϱ), λAs/ϱ}]− ϱ

] ·
{
ε̄+ (1− θ) δ

∫ ε∗

εL

(ε∗ − ε) dG (ε) + δθ

[∫ εn

εL

(εn − ε) dG (ε) +
κ

1− κ

∫ εH

εn
(ε− εn) dG (ε)

]}
.

As δ → 0 and ∆ > 0 the function T̂ becomes

T̂ (ρqm, 0; 0) ≡ −
ι− θ

ρφ̄m(∆)

[
ũ′[min{D̃(φ̄m(∆)), λAs/φ̄m(∆)}]− φ̄m(∆)

]
1− λ θ

ρφ̄q(∆)

[
ũ′[min{D̃(φ̄q(∆)), λAs/φ̄q(∆)}]− φ̄q(∆)

] ε̄,
where

φ̄m(∆) =
ϱ

1 + θ∆ρqm

φ̄q(∆) =
1 +∆ρqm

1 + θ∆ρqm
ϱ.

Let

L̃(x) =
θ

ρx

[
ũ′ (λAs/x)− x

]
.

Notice that when D̃(x) < λAs/x for x = φ̄m(∆), that T̂ (·, 0; 0) = −ε̄ι, since φ̄m(∆) < φ̄q(∆).
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Again, notice that if λAs/φ̄m(∆) < D̃[φ̄m(∆)] < λAs/φ̄q(∆), that the solution is immediate

from T̂ and equivalent to case below. Thus we only consider D̃(x) > λAs/x. Differentiating

T̂ (ρqm, 0; 0) with respect to ρqm yields

T̂ ′(ρqm, 0; 0) = ε̄

[
1− λL̃(φ̄q(∆))

] [
L̃′(φ̄m(∆))

]
−
[
ι− L̃(φ̄m(∆))

] [
λL̃′(φ̄q(∆))

]
[
1− λL̃(φ̄q(∆))

]2 ,

where

L̃′(x) =
xũ′′[λAs/x]λA

s

x x′ − ũ′[λAs/x]x′

x2

φ̄m′
(∆) =

−ϱθ∆

(1 + θ∆ρqm)2
< 0

φ̄q′(∆) =
1− θ∆

(1 + θ∆ρqm)2
ϱ > 0.

which implies that L̃′(φ̄m(∆)) > 0 and L̃′(φ̄q(∆)) < 0. Which implies that T̂ (ρqm, 0; 0) ≥ 0.

Within the boundary
[
ρqmL , ρqmH

]
there exists a unique ρqm such that T̂ (ρqm, 0; 0) = 0 given by

ι = (1− δ)
θ

ρφ̄m(∆)

[
ũ′[min{D̃(φ̄m(∆)), λAs/φ̄m(∆)}]− φ̄m(∆)

]
.

(ii) As δ → 0 in the continuous-time limit the asset price is constant and given in the proposition.

■

Proof of Proposition 2 (Section B.1). The price of goods in the monetary equilibrium in

the discrete-time economy is given by

φ̄q(∆) =
1 +∆ρqm

1 + θ∆ρqm
ϱ ≡ (1 + ∆ρ̃qm)ϱ,

and in the nonmonetary equilibrium is given by

φ̃q = ϱ+
1− θ

θ
(ϱ− ϱ).
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(i) The monetary equilibrium is greater than the nonmonetary equilibrium if and only if

(1 + ∆ρ̃qm)ϱ ≤ ϱ+
1− θ

θ
(ϱ− ϱ).

Rearranging yields part (i) of the proposition.

(ii) Differentiating ρqm with respect to ι

dρqm

dπ
= −

∂T̂ (ρqm)
∂π

T̂ ′(ρqm)
= −

− 1
1−λL(φ̄q(∆))

T̂ ′(ρqm)
> 0,

where T̂ is the equilibrium map defined in part (i) of the proof of Proposition 6. Then differen-

tiating the expression for Φs(∆) in part (ii) of the statement of Proposition 6,

dΦs(∆)

dπ
= − ε̄{

(r+d−g+dg∆)∆
(1+g∆)(1−d∆) + λθ∆

φ̄q(∆)

[
ũ′
[
min

{
D̃(φ̄q(∆)), λAs/φ̄q(∆)

}]
− φ̄q(∆)

]}2 L̃
′(φ̄q(∆))

dρm

dπ
> 0,

which yields the proposition. ■



Appendix D

Chapter 3 Proofs

D.1 Portfolio Problems

The investor’s second subperiod value function can be written as

W I
t (at) = ϕm

t amt + ϕs
ta

s
t + W̄ I

t , (D.1)

with

W̄ I
t ≡ Tt + max

(ãm
t+1,ã

s
t+1)∈R2

+

−ϕm
t ãmt+1 − ϕs

t ã
s
t+1 + βEt

∑
i∈{L,H}

πiV
I
it+1[ã

m
t+1, ηã

s
t+1 + (1− η)As, εi]

 .

(D.2)

Lemma 1. Define ε∗t ≡
pϕm

t −ϕs
t

yt
and

χ(ε∗t , εi) =


1 if ε∗t < εi

∈ [0, 1] if ε∗t = εi

0 if ε∗t > εi.

(D.3)

Consider an investor who enters the first subperiod of period t with portfolio at and valuation

159
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εi. The investor’s post-trade portfolio, [āmt (at, εi), ā
s
t (at, εi)], is given by

āmt (at, εi) = [1− χ(ε∗t , εi)] (a
m
t + past ) (D.4)

āst (at, εi) = χ(ε∗t , εi)(1/p)(a
m
t + past ). (D.5)

Proof. With W I
t , the investor’s portfolio problem can be written as

max
(āmt ,āst )∈R2

+

[(εiyt + ϕs
t )ā

s
t + ϕm

t āmt ]

s.t. āmt + pāst ≤ amt + past .

The Lagrangian corresponding to the problem is

L = (εiyt + ϕs
t ) ā

s
t + ϕm

t āmt

+ ξs [amt + past − āmt − pāst ] + ςmāmt + ςsāst ,

where ξs ∈ R+ is the Lagrange multiplier associated with the budget constraint, and ςm, ςs ∈ R+

are the multipliers for the nonnegativity constraints on āmt , āst , respectively. The first-order

necessary and sufficient conditions, as well as the complementary slackness conditions are

εiyt + ϕs
t − ξsp+ ςs = 0

ϕm
t − ξs + ςm = 0

ξs [amt + past − āmt − pāst ] = 0

ςmāmt = 0

ςsāst = 0.

First, notice that ξs > 0 at an optimum. To see this, assume the contrary, i.e., ξs = 0. Then
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εiyt + ϕs
t = −ςs ≤ 0 which is a contradiction since εiyt + ϕs

t > 0. Since ξs > 0, we have

āmt + pāst = amt + past .

There are three possible cases: (a) ςs = 0 < ςm, (b) ςs = ςm = 0, (c) ςm = 0 < ςs. In every case,

we have

εiyt + ϕs
t + ςs = pϕm

t + pςm

In case (a), εiyt + ϕs
t > pϕm

t which implies εi must satisfy εi > ε∗t , and yields āmt = 0 and

āst =
1
p(a

m
t + past ). In case (b), εiyt + ϕs

t = pϕm
t which implies that εi = ε∗t . Since ςm = ςs = 0,

then āmt ≥ 0 and āst ≥ 0 and satisfy āmt + pāst = ast + past . In case (c), εiyt + ϕs
t < pϕm

t which

implies that εi must satisfy εi < ε∗t , and yields āst = 0 and āmt = amt + past . Collecting these

cases yields the lemma. ■

D.2 Value Functions

In this section we derive the value function for brokers and investors in a monetary economy

(Lemma 2).

Lemma 2. Consider an economy with money.

(i) The value function of a broker at the beginning of the first subperiod of period t

V B
jt = max

p∈Fj

[Πjt(p)] + ΞB
jtW̄

B
t , (D.6)

for j ∈ {a, b} (where ‘a’ denotes ‘asking broker’ and ‘b’ denotes ‘bidding broker’) where

Πat(p) ≡
∞∑
k=1

αkk [1−At(p)]
k−1 1

κt
(ϕm

t p− ϕm
t p̂) ∀p ∈ [p̂+ κt/ϕ

m
t , p̄]

Πbt(p) ≡
∞∑
k=1

αkk [Bt(p)]
k−1 1

κt
(ϕm

t p̂− ϕm
t p) ∀p ∈

[
p, p̂− κt/ϕ

m
t

]
,
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and W̄B
t ≡ βEtV

B
jt+1, where

ΞB
jt ≡ α0 +

∞∑
k=1

αkk
{
I{j=a} [1−At(p)]

k−1 + I{j=b} [Bt(p)]
k−1
}
.

(ii) The value function of an investor who enters the first subperiod of period t with portfolio

at and valuation εi is

Vt(at, εi) =

∫ ∞∑
k=1

[vmt (p, εi)a
m
t + vst (p, εi)a

s
t ] dGkt(p, εi) + ΞI

t (εi)W̄
I
t , (D.7)

where

vmt (p, εi) ≡ ϕm
t + I{ε∗t<εi} (εi − ε∗t ) yt

1

p

vst (p, εi) ≡ εiyt + ϕs
t + I{εi<ε∗t } (ε

∗
t − εi) yt,

and

dGkt(p, εi) ≡ αkk
{
I{εi=εH} [1−At(p)]

k−1 dAt(p) + I{εi=εL} [Bt(p)]
k−1 dBt(p)

}
ΞI
t (εi) ≡ α0 +

∫ ∞∑
k=1

dGkt(p, εi).

Proof. (i) The broker’s value function is immediate. (ii) With W̄ I
t , the value function becomes

Vt(at, εi) = ΞI
t (εi)W̄

I
t +

∫ ∞∑
k=1

[(εiyt + ϕs
t ) ā

s
t (at, εi) + ϕm

t āmt (at, εi)] dGkt(p, εi).

Substitute āst (at, εi) and āmt (at, εi) into the value function to obtain

Vt(at, εi) = ΞI
t (εi)W̄

I
t +

∫ ∞∑
k=1

[(εiyt + ϕs
t )χ (ε∗t , εi) (1/p) (a

m
t + past )] dGkt(p, εi)

+

∫ ∞∑
k=1

{ϕm
t [1− χ (ε∗t , εi)] (a

m
t + past )} dGkt(p, εi).
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Rearranging yields

Vt(at, εi) = ΞI
t (εi)W̄

I
t +

∫ ∞∑
k=1

[vmt (p, εi)a
m
t + vst (p, εi)a

s
t ] dGkt(p, εi),

where

vmt (p, εi) ≡ ϕm
t + I{ε∗t<εi} (εi − ε∗t ) yt

1

p

vst (p, εi) ≡ εiyt + ϕs
t + I{εi<ε∗t } (ε

∗
t − εi) yt,

which yields the lemma. ■

D.3 Euler Equations

In this section we derive the Euler equations that characterise the optimal portfolio choices in

the second subperiod of period t, in a monetary economy (Lemma 3).

Lemma 3. Consider an economy with money. Let (ãmIt+1, ã
s
It+1) denote an individual investor’s

portfolio choice in the second subperiod of period t. The portfolio (ãmIt+1, ã
s
It+1) is optimal if and

only if it satisfies

(ϕm
t − βEtv̄

m
It+1)ã

m
It+1 = 0 ≤ ϕm

t − βEtv̄
m
It+1 (D.8)

(ϕs
t − βηEtv̄

s
It+1)ã

s
It+1 = 0 ≤ ϕs

t − βηEtv̄
s
It+1, (D.9)

where

v̄mIt+1 ≡ ϕm
t+1 + πH

∫ ∞∑
k=1

αkk [1−At+1(p)]
k−1

[(
εH − ε∗t+1

)
yt+1

1

p

]
dAt+1(p)

v̄sIt+1 ≡ ε̄yt+1 + ϕs
t+1 + πL

∫ ∞∑
k=1

αkk [Bt+1(p)]
k−1 (ε∗t+1 − εL

)
yt+1dBt+1(p).
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Proof. The portfolio problem of an investor in the second subperiod can be written as

W̄ I
t ≡ Tt + βEt

[
W̄t+1 + v̄sIt+1(1− η)As

]
+ max

(ãmt+1,ã
s
t+1)∈R2

+

[
(βEtv̄

m
It+1 − ϕm

t )ãmt+1 + (βηEtv̄
s
It+1 − ϕs

t )ã
s
t+1

]
,

where v̄jIt+1 ≡
∑

i∈{L,H} πi
∫ ∑∞

k=1 v
j
It+1(p, εi)dGkt+1(p, εi) for j ∈ {m, s}. ■

D.4 Market-clearing Condition

In this section we derive the market-clearing condition for equity in the first subperiod of period

t in a monetary economy (Lemma 4).

Lemma 4. In a monetary equilibrium, the market-clearing condition for equity, Ās
It = As in

the first subperiod round of period t is

0 = πH

∫ ∞∑
k=1

αkk [1−At(p)]
k−1

(
Am

t + pAs

p

)
dAt(p)−As. (D.10)

Proof. By Lemma 1, the investors’ aggregate post-trade holdings of equity in the first subperiod

round of period t is

Ās
It = πH

∫ ∞∑
k=1

αkk [1−At(p)]
k−1

(
Am

t + pAs

p

)
dAt(p).

■

D.5 Ask and Bid Distributions

In this section we derive the ask and bid distributions in the first subperiod of period t in a

monetary economy (Lemma 5).

Lemma 5. Consider an economy with money, and define the mid-quote p̂ ≡ (p̄+ p)/2.1

1Note that this definition assumes the cutoff between the two distributions is set at the midpoint of the two
extreme prices. While this assumption facilitates sharper analytical results, it can be relaxed without substantively
altering the main conclusions.
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(i) The ask distribution At(p) faced by an investor in the first subperiod round of period t is

the solution to

∞∑
k=1

αkk [1−At(p)]
k−1 =

α1κt
ϕm
t p− ϕm

t p̂
, (D.11)

with support [p̂+ κt/ϕ
m
t , p̄].

(ii) The bid distribution Bt(p) faced by an investor in the first subperiod round of period t is

the solution to

∞∑
k=1

αkk [Bt(p)]
k−1 =

α1κt
ϕm
t p̂− ϕm

t p
, (D.12)

with support
[
p, p̂− κt/ϕ

m
t

]
.

Proof. By Lemma 2, the brokers profit is equal for all prices posted. This implies that profit

generated from any price is the same as the profit generated from the monopoly price.

(i) The asking broker’s profit function therefore satisfies

Πat(p) ≡
∞∑
k=1

αkk [1−At(p)]
k−1 1

κt
(ϕm

t p− ϕm
t p̂) = α1 ≡ Πat(p̂+ κt/ϕ

m
t ).

Rearranging yields (D.11).

(ii) The bidding broker’s profit function therefore satisfies

Πbt(p) ≡
∞∑
k=1

αkk [Bt(p)]
k−1 1

κt
(ϕm

t p̂− ϕm
t p) = α1 ≡ Πbt(p̂− κt/ϕ

m
t ).

Rearranging yields (D.12). ■

D.6 Equilibrium Conditions

In this section we state the operational definitions of monetary equilibrium that are used in the

analysis.
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D.6.1 Sequential Monetary Equilibrium

Definition 1. A (sequential) monetary equilibrium is an allocation {(ãkIt+1)k∈{m,s}}∞t=0 and

a sequence of price {ϕm
t , ϕs

t}∞t=0 that satisfy the optimality conditions, (D.5) and (D.6) (with

ãkIt+1 = Ãk
It+1), a sequence of distributions, {At(p), Bt(p)}∞t=0 that satisfy (D.8) and (D.9), and

the three market-clearing conditions, Ãs
It+1 = As, Ãm

It+1 = Am
t+1 and (D.7).

Definition 1 follows from Definition 1 from the body of Chapter 3 after recognising that all

investors choose the same end-of-period portfolio that is characterised by the Euler equations

derived in Lemma 3, and using the explicit version of the market clearing condition for equity in

the first subperiod of period t derived in Lemma 4. Given the equilibrium objects in Definition

1, the portfolio outcomes, which are part of Definition 1 in Chapter 3 but not Definition 1 above,

are immediate from Lemma 1.

According to Definition 1, a monetary equilibrium can be characterised by sequence of prices,

{ϕm
t , ϕs

t}∞t=0, distributions {At(p), Bt(p)}∞t=0 and an allocation {(Ãk
It+1)k∈{m,s}}∞t=0 that satisfy

the following market-clearing conditions,

0 = Ãs
It+1 −As

0 = Ãm
It+1 −Am

t+1

0 = πH

∫ ∞∑
k=1

αkk [1−At(p)]
k−1

(
Am

t + pAs

p

)
dAt(p)−As,

optimality conditions,

(ϕm
t − βEtv̄

m
It+1)ã

m
It+1 = 0 ≤ ϕm

t − βEtv̄
m
It+1

(ϕs
t − βηEtv̄

s
It+1)ã

s
It+1 = 0 ≤ ϕs

t − βηEtv̄
s
It+1,

where,

v̄mIt+1 ≡ ϕm
t+1 + πH

∫ ∞∑
k=1

αkk [1−At+1(p)]
k−1

[(
εH − ε∗t+1

)
yt+1

1

p

]
dAt+1(p)

v̄sIt+1 ≡ ε̄yt+1 + ϕs
t+1 + πL

∫ ∞∑
k=1

αkk [Bt+1(p)]
k−1 (ε∗t+1 − εL

)
yt+1dBt+1(p),
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and,

∞∑
k=1

αkk [1−At(p)]
k−1 =

α1κt
ϕm
t p− ϕm

t p̂
∀p ∈ [p̂+ κt/ϕ

m
t , p̄]

∞∑
k=1

αkk [Bt(p)]
k−1 =

α1κt
ϕm
t p̂− ϕm

t p
∀p ∈ [p̂+ κ/ϕm

t , p̄] .

D.6.2 Recursive Monetary Equilibrium

The following result summarises the conditions that characterise a recursive monetary equilib-

rium (RME).

Lemma 6. A recursive monetary equilibrium is a vector (ϕs, φm, Z,A,B) that satisfies

0 = πH

∫ ∞∑
k=1

αkk [1−A(p)]k−1

(
Z

φmp
+ 1

)
dA(p)− 1, (D.13)

and

µ− β̄

β̄
= πH

∫ ∞∑
k=1

αkk [1−A(p)]k−1

[
εH + ϕs − φmp

φmp

]
dA(p) (D.14)

1− β̄η

β̄η
ϕs = ε̄+ πL

∫ ∞∑
k=1

αkk [B(p)]k−1 [φmp− ϕs − εL] dB(p), (D.15)

where

∞∑
k=1

αkk [1−A(p)]k−1 =
α1κ

φmp− φmp̂
∀p ∈ [p̂+ κt/ϕ

m
t , p̄] (D.16)

∞∑
k=1

αkk [B(p)]k−1 =
α1κ

φmp̂− φmp
∀p ∈ [p̂+ κ/ϕm

t , p̄] . (D.17)

Proof. The equilibrium conditions in the statement of the lemma are obtained from the ones in

Section A.6.2 by using ϕs
t = ϕsyt, pϕ

m
t ≡ pφmyt, κt = κyt, ϕ

m
t Am

t = ZAsyt ε
∗
t = (pϕm

t −ϕs
t )

1
yt

=

pφm − ϕs, ϕs
t+1/ϕ

s
t = γt+1 and ϕm

t /ϕm
t+1 = µ/γt+1. ■

The first equation in Lemma 6 is the first subperiod market-clearing condition for equity. The

remaining two conditions are the investor’s Euler equations for money and equity, respectively.
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D.7 Poisson Distributed Quotes

In this section, we derive the ask and bid distributions when the probability of observing k

quotes is Poisson distributed, i.e., αk is Poisson, with mean θ ∈ R+ which is the average number

of quotes.

D.7.1 Ask and Bid Distributions

Lemma 7. Consider a monetary economy where αk is Poisson, with mean θ ∈ R+, then:

(i) The equilibrium number of ask quotes faced by the investor is given by

lim
N→∞

N∑
k=1

αkk [1−At(p)]
k−1 → θe−θAt(p). (D.18)

(ii) The equilibrium number of bid quotes faced by the investor is given by

lim
N→∞

N∑
k=1

αkk [Bt(p)]
k−1 → θe−θ[1−Bt(p)]. (D.19)

Proof. (i) With αk = (θk/k!)e−θ, the probability that an investor meets an asking broker is

lim
N→∞

N∑
k=1

αkk [1−At(p)]
k−1 =

∞∑
k=1

e−θθk

k!
k [1−At(p)]

k−1

= θe−θ
∞∑
k=1

{θ [1−At(p)]}k−1

(k − 1)!

= θe−θAt(p).

(ii) Similarly, with αk = (θk/k!)e−θ, the probability that an investor meets a bidding broker

is

lim
N→∞

N∑
k=1

αkk [Bt(p)]
k−1 =

∞∑
k=1

e−θθk

k!
k [Bt(p)]

k−1

= θe−m
∞∑
k=1

[θBt(p)]
k−1

(k − 1)!

= θe−θ[1−Bt(p)].
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Thus arriving at the conditions in the statement of the lemma. ■

Proof of Proposition 1. By Lemma 2, the broker’s profit is equal for all prices posted. This

implies that profit generated from any price is the same as the profit generated from the

monopoly price. Since we suppose that both αk is the same for both high and low valua-

tion investors, this implies that the spread for the ask and bid distributions are symmetric i.e.,

Γ ≡ p̂− p = p̄− p̂.

(i) The asking broker’s profit function therefore satisfies

Πat(p) ≡ lim
N→∞

N∑
k=1

αkk [1−At(p)]
k−1 φ

m (p− p̂)

κ

= θe−θAt(p)φ
m (p− p̂)

κ
= θ ≡ Πat (p̂+ κ/φm) ,

when A(p̄) = 1 which implies that θ = ln (φmΓ/κ). Rearranging yields the ask distribution with

support [p̂+ κ/φm, p̄]. Differentiate A with respect to p to obtain

∂A(p)

∂p
≡ a(p) =

1

θ(p− p̂)
,

which is the probability density function of the ask prices, with support [p̂+ κ/φm, p̄].

(ii) The bidding broker’s profit function therefore satisfies

Πbt(p) ≡ lim
N→∞

N∑
k=1

αkk [Bt(p)]
k−1 φ

m (p̂− p)

κ

= θe−θ[1−Bt(p)]φ
m (p̂− p)

κ
= θ ≡ Πbt (p̂− κ/φm) ,

when B(p) = 0 which implies that θ = ln (φmΓ/κ). Rearranging yields the ask distribution with

support [p, p̂− κ/φm]. Differentiate B with respect to p to obtain

∂B(p)

∂p
≡ b(p) =

1

θ(p̂− p)
,

which is the probability density function of the bid prices, with support [p, p̂− κ/φm]. ■

Corollary 5. Consider a monetary economy where αk is Poisson with mean θ ∈ R+, then the
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following holds:

(i) The density of asks, a(p) strictly decreases in p, is convex, and prices are right-skewed,

(ii) The density of bids, b(p) strictly increases in p, is convex, and prices are left-skewed.

Proof. (i) The ask density is a(p) = [θ(p− p̂)]−1, which is strictly decreasing in p because

ā′(p) = − 1

θ(p− p̂)2
< 0,

and it is convex because

ā′′(p) =
2

θ(p− p̂)3
> 0.

(ii) The bid density is b(p) = [θ(p̂− p)]−1, which is strictly increasing in p because

ā′(p) =
1

θ(p̂− p)2
> 0,

and it is convex because

ā′′(p) =
2

θ(p̂− p)3
> 0.

■

Corollary 6. Consider a monetary economy where αk is Poisson with mean θ ∈ R+, then the

following holds:

(i) There is a unique best-ask distribution, Ā. Moreover,

Ā(p) =


1− κ

φm(p−p̂) if p ∈ [p̂+ κ/φm, p̄)

1 if p = p̄.

(D.20)

The corresponding density of the best ask strictly decreases, is convex, and prices are

therefore right-skewed.
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(ii) There is a unique best-bid distribution, B̄. Moreover,

B̄(p) =


0 if p = p

κ
φm(p̂−p) if p ∈ (p, p̂− κ/φm].

(D.21)

The corresponding density of the best bid strictly increases, is convex, and prices are there-

fore left-skewed.

Proof. (i) The best-ask distribution is derived by computing the conditional best-ask distribu-

tion given k posts, then computing the weighted sum of these where the weights are the marginal

probabilities of k:

Ā(p) = lim
N→∞

N∑
k=0

αk

{
1− [1−A(p)]k

}
=

∞∑
k=0

e−θθk

k!
−

∞∑
k=0

e−θθk

k!

[
1− 1

θ
ln

(
φmp− φmp̂

κ

)]k

= 1− e−θ
∞∑
k=0

[
θ − ln

(
φmp−φmp̂

κ

)]k
k!

= 1− κ

φm (p− p̂)
.

For the corresponding best-ask density, differentiate Ā(p) with respect to p to obtain ∂Ā(p)/∂p ≡

ā(p) = κ
φm (p− p̂)−2, which is strictly decreasing in p because

ā′(p) = − 2κ

φm (p− p̂)3
< 0,

and it is convex because

ā′′(p) =
6κ

φm (p− p̂)4
> 0.

(ii) Similarly, the best-bid distribution is derived by computing the conditional best-bid dis-

tribution given k posts, then computing the weighted sum of these where the weights are the
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marginal probabilities of k:

B̄(p) = lim
N→∞

N∑
k=0

αk [B(p)]k

=

∞∑
k=0

e−θθk

k!

[
1− 1

θ
ln

(
φmp̂− φmp

κ

)]k

= e−θ
∞∑
k=0

[
θ − ln

(
φmp̂−φmp

κ

)]k
k!

=
κ

φm (p̂− p)
.

For the corresponding best-bid density, differentiate B̄(p) with respect to p to obtain ∂B̄(p)/∂p ≡

b̄(p) = κ
φm (p̂− p)−2, which is strictly increasing in p because

b̄′(p) =
2κ

φm (p̂− p)3
> 0,

and it is convex because

b̄′′(p) =
6κ

φm (p̂− p)4
> 0.

■

Corollary 2A. Consider a monetary economy where αk is Poisson with mean θ ∈ R+, then

the following holds:

(i) The Value-at-Risk (quantile function) of the best-ask distribution, VaRa ≡ Qa, and is given

by

Qa(z) =


p̂+ κ

φm(1−z) for z ∈
[
0, 1− κ

φm(p̄−p̂)

)
p̄ for z =

[
1− κ

φm(p̄−p̂) , 1
]
.

(D.22)

(ii) The Value-at-Risk (quantile function) of the best-bid distribution, VaRb ≡ Qb, and is given
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by

Qb(z) =


p for z ∈

[
0, κ

φm(p̂−p)

)
p̂− κ

φmz for z ∈
[

κ
φm(p̂−p) , 1

]
.

(D.23)

■

Proof. (i) From Corollary 2, the best-ask distribution is defined on the interval p ∈ [p̂+κ/φm, p̄],

we have:

Ā(p) = 1− κ

φm(p− p̂)
∀p ∈ [p̂+ κ/φm, p̄),

and Ā(p̄) = 1. We solve for p in terms of z where

z = 1− κ

φm(p− p̂)
=⇒ p = p̂+

κ

φm(1− z)
,

when p = p̂ + κ/φm, z = 0 and when p = p̄, z = 1 − κ
φm(p̄−p̂) . Thus the quantile function

Qa(z) = inf{p : Ā(p) ≥ z} is given in the statement of the Corollary.

(ii) Similarly, from Corollary 2, the best-bid distribution is defined on the interval p ∈

[p, p̂− κ/φm], we have:

B̄(p) =
κ

φm(p̂− p)
∀p ∈ (p, p̂− κ/φm],

and B̄(p) = 0. We solve for p in terms of z where

z =
κ

φm(p̂− p)
=⇒ p = p̂− κ

φmz
,

when p = p, z = κ
φm(p̂−p) and when p = p̂ − κ/φm, z = 1. Thus the quantile function Qb(z) =

inf{p : B̄(p) ≥ z} is given in the statement of the Corollary. ■
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D.7.2 Equilibrium Conditions

In this section, we derive the equilibrium conditions when the probability of observing k quotes

is Poisson distributed, i.e., αk is Poisson with mean θ ∈ R+ which is the average number of

quotes.

Lemma 8. Consider a monetary economy where αk is Poisson with mean θ ∈ R+. A recursive

monetary equilibrium is a vector (ϕs, φm, Z) that satisfies

1 = πH

∫
θe−θA(p)

(
Z

φmp
+ 1

)
dA(p), (D.24)

and

1− β̄η

β̄η
ϕs = ε̄+ πL

∫
θe−θ[1−B(p)] (φmp− ϕs − εL) dB(p) (D.25)

µ− β̄

β̄
= πH

∫
θe−θA(p)

(
εH + ϕs − φmp

φmp

)
dA(p), (D.26)

where

A(p) =
1

θ
ln

[
φm (p− p̂)

κ

]
∀p ∈ [p̂+ κ/φm, p̄] (D.27)

B(p) = 1− 1

θ
ln

[
φm (p̂− p)

κ

]
∀p ∈ [p, p̂− κ/φm]. (D.28)

Proof. The equilibrium conditions in the statement of the lemma are obtained from Lemma 6,

7 and Proposition 1. ■

Lemma 9. Consider a monetary economy where αk is Poisson with mean θ ∈ R+. A recursive

monetary equilibrium is a vector (ϕs, φm, Z) that satisfies

0 = πL

[
1− e−θ

]
− πHZ

{∫ p̄

p̂+ κ
φm

κ

p [φm(p− p̂)]2
dp

}
, (D.29)
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and

ϕs =
β̄Hη

1− β̄Hη

{
εH +

πL
1− πL

[
φmp̂− κθ

1− e−θ

]}
(D.30)

µ− β̄L
β̄L

=
εH + ϕs

1− e−θ

∫ p̄

p̂+ κ
φm

κ

p [φm(p− p̂)]2
dp. (D.31)

Proof. The equilibrium conditions are (D.24)-(D.28), as reported in Lemma 8. These are three

equations in three unknowns. The unknowns are (ϕs, φm, Z). We consider equation (D.25) first:

θe−θ[1−B(p)] =
κθ

φm(p̂− p)

∂B(p)

∂p
=

1

θ(p̂− p)
.

Thus, (D.25) becomes

1− β̄Hη

β̄Hη
ϕs = εH +

πL
πH

∫
κp

(p̂− p)2
dp,

which is equivalent to integrating, p, over the best-bid distribution, B̄, noting that we truncate

the distribution over the support [p, p̂− κ/φm]. Therefore, (D.25) becomes:

1− β̄Hη

β̄Hη
ϕs = εH +

φmπL

πH
[
1− B̄(p)

] ∫ p̂− κ
φm

p
pdB̄(p).

Using the distribution of the best-bid, B̄ in Corollary 2 and applying integration by parts yields:

1− β̄Hη

β̄Hη
ϕs = εH +

φmπL

πH
[
1− B̄

(
p
)] {−p

[
1− B̄(p)

] ∣∣∣∣p̂− κ
φm

p

+

∫ p̂− κ
φm

p

[
1− B̄(p)

]
dp

}

= εH +
φmπL

πH
[
1− B̄(p)

] [−pB̄
(
p
)
+ p̂− κ

φm
−
∫ p̂− κ

φm

p
B̄(p)dp

]

= εH +
φmπL
πH

[
p̂− κ

φm − p

1− B̄
(
p
) + p− 1

1− B̄
(
p
) ∫ p̂− κ

φm

p
B̄(p)dp

]
,
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with 1− B̄
(
p
)
= 1− κ

φmp̂−φmp = 1− e−θ and

∫ p̂− κ
φm

p
B̄(p)dp =

κ

φm

∫ p̂− κ
φm

p

1

p̂− p
dp = − κ

φm
ln

 p̂−
(
p̂− κ

φm

)
p̂− p

 =
κθ

φm
,

notice that since κ
φm(p̂−p)

= e−θ, we have κ
φm = e−θ

(
p̂− p

)
. Therefore we can write

1− β̄Hη

β̄Hη
ϕs = εH +

φmπL
1− πL

{
p̂− p− e−θ

(
p̂− p

)
1− e−θ

+ p− κθ

φm [1− e−θ]

}

= εH +
πL

1− πL

[
φmp̂− κθ

1− e−θ

]
,

rearranging yields equation (D.30). Moving to equations (D.24) and (D.26) notice that:

θe−θA(p) =
κθ

φm(p− p̂)

∂A(p)

∂p
=

1

θ(p− p̂)
,

thus (D.24) and (D.26) become, respectively,

1 =
πHZ

φm

∫
κ

φmp (p− p̂)2
dp+ πH

∫
κ

φm (p− p̂)2
dp

µ− β̄

β̄
=

πH (εH + ϕs)

φm

∫
κ

φmp (p− p̂)2
dp− πH

∫
κ

φm (p− p̂)2
dp,

which is equivalent to integrating, p, over the best-ask distribution, Ā, noting that we truncate

the distribution over the support [p̂+ κ/φm, p̄]. Therefore,

∫
κ

φm(p− p̂)2
dp ≡ 1

Ā(p̄)

∫ p̄

p̂+ κ
φm

dĀ(p) = 1,

with Ā(p̄) = 1− κ
φmp̄−φmp̂ = 1− e−θ. Rearranging yields the lemma. ■

D.7.3 Existence of Equilibrium

Proof of Proposition 2. The equilibrium conditions are (D.29)-(D.31), as reported in Lemma

9. There are three equations in three unknowns. The unknowns are (ϕs, φm, Z). Com-
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bined, (D.29), (D.30) and (D.31) imply a single equation in the unknown φm that can be written

as T (φm) = 0, where

T (x) ≡ 1

1− β̄Hη

[
εH + β̄Hη

(
xp̂− κθ(x)

1− e−θ(x)

)]
− µ− β̄L

β̄L
Z(x),

where π̄ = πL/πH and,

Z(x) = π̄
[
1− e−θ(x)

]
[I(x)]−1 , and I(x) =

∫ p̄

p̂+κ
x

1

xp
dĀ(p, x) =

∫ p̄

p̂+κ
x

κ

p [x (p− p̂)]2
dp.

Notice that xL = κ/Γ is the lower bound of the support of x, since θ(xL) = 0. Using L’Hospital’s

rule, we can compute the limit of T (x) as x approaches xL, Note that J(x) = (x2/κ)I(x) and

θ(x) = 1/x:

lim
x→xL

T (x) = lim
x→xL

1

1− β̄Hη

[
εH + β̄Hη

(
xp̂− κθ(x)

1− e−θ(x)

)]
− lim

x→xL

µ− β̄L

β̄L
π̄
x2
[
1− e−θ(x)

]
κJ(x)

= lim
x→xL

1

1− β̄Hη

[
εH + β̄Hη

(
xp̂− κ

e−θ(x)

)]
− lim

x→xL

µ− β̄L

β̄L
π̄
xe−θ(x) + 2x

[
1− e−θ(x)

]
κJ ′(x)

=
1

1− β̄Hη

[
εH + β̄Hη (xLp̂− κ)

]
− π̄

µ− β̄L

β̄L

xL

κJ ′(xL)
.

Using Leibnitz’ rule, we can write J ′(x) = [κ
(
p̂+ κ

x

)
]−1, thus we have

lim
x→xL

T (x) =
1

1− β̄Hη

[
εH + β̄Hη (xLp̂− κ)

]
− µ− β̄L

β̄L

π̄xL
κJ ′(xL)

=
1

1− β̄Hη

[
εH + β̄Hη

pκ

Γ

]
− µ− β̄L

β̄L

π̄κp̄

Γ
,

so limx→xL T (x) > 0 if and only if µ < µ̄, where µ̄ is defined in the statement of the proposition.

Now, compute the limit of T (x) as x → ∞:

lim
x→∞

T (x) = lim
x→∞

1

1− β̄Hη

[
εH + β̄Hη

(
xp̂− κθ(x)

1− e−θ(x)

)]
− lim

x→∞

µ− β̄L
β̄L

π̄
x2
[
1− e−θ(x)

]
κJ(x)

.

Analyse each term of T (x) separately in the limit x → ∞. Since θ(x) = lnx+ ln[Γ/κ] it implies

that θ(x) = lnx+O(1) as x → ∞. In particular θ(x) → ∞ and e−θ(x) → 0. Hence, 1−e−θ(x) → 1
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as x → ∞, and since θ(x) → ∞, we also have

θ(x)

1− e−θ(x)
∼ θ(x) ∼ lnx as x → ∞.

Now focusing on:

A(x) :=
1

1− β̄Hη

[
εH + β̄Hη

(
xp̂− κθ(x)

1− e−θ(x)

)]
∼ 1

1− β̄Hη

[
εH + β̄Hη (xp̂− κ lnx)

]
as x → ∞.

Therefore, A(x) = Θ(x); that is, it grows linearly in x, with a logarithmic correction. Now

define C and note that since 1− e−θ(x) → 1 and J(x) → c > 0 as x → ∞, where c is a constant,

that we have

C(x) :=
µ− β̄L
β̄L

π̄
x2
[
1− e−θ(x)

]
κJ(x)

∼ µ− β̄L
β̄L

· π̄

κc
x2 as x → ∞.

Hence, C(x) = Θ(x2) and the second term in T (x) dominates the first in magnitude, and appears

with a negative sign. Thus limx→∞ T (x) → −∞. Therefore, there must exist an xH such that

T (xH) < 0, which occurs when β̄ ≤ µ. Now write

T̃ (x) = DG(x)− EZ(x), D =
β̄Hη

1− β̄Hη
> 0, E =

µ− β̄L
β̄L

> 0,

where,

G(x) = xp̂− κθ(x)

1− e−θ(x)
,

and Z is defined above, hence T̃ ′(x) = T ′(x). Compute G′(x) and evaluate θ′(x) = 1/x, set

G′(x) = p̂− κ

x

1− e−θ(x) − θ(x)e−θ(x)[
1− e−θ(x)

]2
= p̂− κ

x
h [θ(x)] ,
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where h(θ) = 1−e−θ−θe−θ

[1−e−θ]
2 . Notice that h(θ) < 1 for all θ > 0, since e−θ

(
θ + e−θ − 1

)
> 0 for all

θ > 0. Hence G′(x) > p̂− κ/x > p > 0 for all x > xL = κ/Γ. Compute Z ′(x), we have

Z(x) = π̄

[
1− e−θ(x)

]
I(x)

= π̄
x2
[
1− e−θ(x)

]
κJ(x)

.

Differentiate Z with respect to x to obtain

Z ′(x) =
π̄x

κ [J(x)]2

{
J(x)

[
2− e−θ(x)

]
−

x
[
1− e−θ(x)

]
κ
(
p̂+ κ

x

) }
,

write Z ′(x) = π̄x
κ[J(x)]2

f(x), where

f(x) = J(x)
[
2− e−θ(x)

]
−

x
[
1− e−θ(x)

]
κ
(
p̂+ κ

x

) .

Differentiating f(x) with respect to x yields

f ′(x) =
J(x)e−θ(x)

x
+

x
[
2− e−θ(x)

]
κ (p̂x+ κ)

−
x
[
2− e−θ(x)

]
κ (p̂x+ κ)

+
κp̂x2

[
1− e−θ(x)

]
[κ (p̂x+ κ)]2

=
J(x)e−θ(x)

x
+

κp̂x2
[
1− e−θ(x)

]
[κ (p̂x+ κ)]2

> 0.

Now take the limit of f(x) as x → xL:

lim
x→xL

f(x) = lim
x→xL

J(x)
[
2− e−θ(x)

]
− lim

x→xL

x
[
1− e−θ(x)

]
κ
(
p̂+ κ

x

)
∼ lim

x→xL

J(x)
[
2− e−θ(x)

]
+ lim

x→xL

x2

κ2
as x → xL

∼
x2L
κ2

> 0 as x → xL.

Therefore f(x) > 0 for all x > xL. Since f ′(x) > 0, we have f(x) > f(xL) > 0 for all x > xL.

Hence, Z ′(x) > 0 for all x > xL and further T ′(x) < 0 for all x > xL. Thus for β̄ < µ < µ̄, there

exists a unique φm that satisfies T (φm) = 0, and φm ∈ (φm
L , φm

H). ■
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Proof of Proposition 3. For part (i), we consider the following

∂φm

∂µ
= −

∂T (φm)
∂µ

T ′(φm)
= −−Z(φm)

T ′(φm)
< 0,

where T (·) is the equilibrium map defined in the proof of Proposition 2, and Z(·) is defined in

Lemma 9. For part (ii) differentiating the expression for ϕs in the statement of Proposition 2,

∂ϕs

∂µ
=

π̄β̄Hη

1− β̄Hη

{
p̂− κ

φm
· 1− e−θ − θe−θ

[1− e−θ]
2

}
∂φm

∂µ
< 0,

since,

p̂− κ

φm
· 1− e−θ − θe−θ

[1− e−θ]
2 = p̂− κ

x
h (θ) ,

where, again, h(θ) = 1−e−θ−θe−θ

(1−e−θ)
2 < 1 for all θ > 0, since e−θ

(
θ + e−θ − 1

)
> 0 for all θ > 0.

Hence p̂− (κ/x)h(θ) > p̂− κ/x > p > 0 for all x > xL = κ/Γ. ■

Proof of Proposition 4. Recalling the definition of Z(·) from the proof of Proposition 2, and

noting that ∂θ/∂κ = −1/κ < 0. Differentiating Z with respect to κ yields

∂Z(x)

∂κ
= − π̄x2

κ2 [J(x)]2

{
J(x)e−θ(x) +

[
1− e−θ(x)

] [∂J(x)
∂κ

+ J(x)

]}
= − π̄x2

κ2 [J(x)]2

{
J(x) +

[
1− e−θ(x)

]
κ
∂J(x)

∂κ

}
.

Using Leibnitz’ rule, we have ∂J(x)
∂κ = − x2

κ2(p̂x+κ)
, we can write

f(x) = J(x) +
[
1− e−θ(x)

]
κ
∂J(x)

∂κ

= J(x)−
x2
[
1− e−θ(x)

]
κ (p̂x+ κ)

.
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Now differentiating with respect to κ

∂f(x)

∂κ
= − x2

κ2(p̂x+ κ)
+

e−θ(x)x2

κ2(p̂x+ κ)
+

x2
[
1− e−θ(x)

]
(p̂x+ 2κ)

[κ(p̂x+ κ)]2

=
κx4

[
1− e−θ(x)

]
[κ2(p̂x+ κ)]2

> 0,

with “=” as x → xL. Notice also that limx→xL f(x) → 0. Therefore f(x) > 0 for all x > xL.

Since f ′(x) > 0, we have f(x) > f(xL) = 0 for all x > xL. Thus, ∂Z/∂κ < 0. For (i) implicit

differentiation of T (φm) = 0 implies

∂φm

∂κ
= −

∂T (φm)
∂κ

T ′(φm)
= −

− κβ̄Hη
1−β̄Hη

[
1−e−θ−θe−θ

(1−e−θ)
2

]
∂θ
∂κ − π̄

(
µ−β̄L

β̄L

)
∂Z
∂κ

T ′(φm)
> 0,

where T (·) is the equilibrium map defined in the proof of Proposition 2, T ′(·) is the derivative

with respect to φm found in the proof of Proposition 2. For part (ii), differentiate the expression

for ϕs with respect to κ in the statement of Proposition 2,

∂ϕs

∂κ
=

π̄β̄Hη

1− β̄Hη

{
p̂
∂φm

∂κ
−
[
κh (θ)

∂θ

∂κ
+

θ

1− e−θ

]}
,

where h(θ) = 1−e−θ−θe−θ

[1−e−θ]
2 < 1 for θ > 0. Now, given θ = ln (φmΓ/κ), differentiating yields

∂θ

∂κ
=

κ

φmΓ

[
κΓ∂φm

∂κ − φmΓ

κ2

]

=
1

φm

∂φm

∂κ
− 1

κ
.

Now write,

D ≡ p̂
∂φm

∂κ
−
[
κh(θ)

∂θ

∂κ
+

θ

1− e−θ

]
= p̂

∂φm

∂κ
− κh (θ)

[
1

φm

∂φm

∂κ
− 1

κ

]
− θ

1− e−θ

=

{
p̂− κ

φm
h (θ)

}
∂φm

∂κ
+ h (θ)− θ

1− e−θ
,
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again notice that h(θ) < θ
1−e−θ since 1− e−θ < θ, thus simplifying further, we have

D =

{
p̂− κ

φm
h (θ)

}
∂φm

∂κ
+ h (θ)− θ

1− e−θ

=
φm

κ

{[
p̂− κ

φm
h (θ)

](
κ

φm

∂φm

∂κ
− 1

)
+ p̂− κθ

φm(1− e−θ)

}
>

φm

κ

{[
p̂− κθ

φm(1− e−θ)

](
κ

φm

∂φm

∂κ
− 1

)
+ p̂− κθ

φm(1− e−θ)

}
=

[
p̂− κθ

φm(1− e−θ)

]
∂φm

∂κ
> 0.

Therefore D > 0, which implies ∂ϕs/∂κ > 0. ■

Proof of Proposition 5. For part (i) recall θ′(φm) = 1/φm > 0.

Therefore ∂θ/∂µ = θ′(φm)∂φm/∂µ < 0. For part (ii), Assumption 2 guarantees the result.

■

Proof of Proposition 6. We compute the derivatives of the best-ask distribution from Corol-

lary 2 with respect to µ and κ. For part (i), differentiate Ā with respect to µ to obtain

∂Ā(p)

∂µ
=

κ(p− p̂)

[φm(p− p̂)]2
· ∂φ

m

∂µ
< 0

Similarly, for part (ii), differentiate Ā with respect to κ to obtain

∂Ā(p)

∂κ
=

1

κφm(p− p̂)

(
1

φm

∂φm

∂κ
− 1

κ

)
.

By Assumption 2, ∂Ā(p)/∂κ < 0, which delivers the proposition. ■

Proof of Proposition 6A. We compute the derivatives of the ask distribution from Proposi-

tion 1 with respect to µ and κ. For part (i), differentiate A with respect to µ to obtain

∂A(p)

∂µ
=

1

θ

{
1

φm
− 1

φmθ
ln

[
φm(p− p̂)

κ

]}
∂φm

∂µ

=
1

θ

[(
1

φm
− 1

φm

)
− 1

φmθ
ln

(
p− p̂

Γ

)]
∂φm

∂µ
< 0,
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since we can write

ln

[
φm(p− p̂)

κ

]
= ln

(
p− p̂

Γ
· φ

mΓ

κ

)
= ln

(
p− p̂

Γ

)
+ θ,

and since p − p̂ < Γ for all p ∈ [p̂ + κ/φm, p̄] then ln [(p− p̂)/Γ] < 0. Similarly, for part (ii),

differentiate A with respect to κ to obtain

∂A(p)

∂κ
=

1

θ

{
κ

φm(p− p̂)

[
κ(p− p̂)∂φ

m

∂κ − φm(p− p̂)

κ2

]}
− 1

θ2
∂θ

∂κ
ln

[
φm(p− p̂)

κ

]
.

Simplifying, and noting

ln

[
φm(p− p̂)

κ

]
= ln

(
p− p̂

Γ
· φ

mΓ

κ

)
= ln

(
p− p̂

Γ

)
+ θ,

we get

∂A(p)

∂κ
=

1

φmθ

∂φm

∂κ
− 1

κθ
− 1

θ2

(
1

φm

∂φm

∂κ
− 1

κ

)
ln

[
φm(p− p̂)

κ

]
= − 1

θ2

(
1

φm

∂φm

∂κ
− 1

κ

)
ln

(
p− p̂

Γ

)
.

Again, since p − p̂ < Γ for all p ∈ [p̂ + κ/φm, p̄] then ln [(p− p̂)/Γ] < 0, and by Assumption 2,

we have ∂A(p)/∂κ < 0, which delivers the proposition. ■

Proof of Proposition 7. We compute the derivatives of the best-bid distribution from Corol-

lary 2 with respect to µ and κ. For part (i), differentiate B̄ with respect to µ to obtain

∂B̄(p)

∂µ
= − κ(p̂− p)

[φm(p̂− p)]2
· ∂φ

m

∂µ
> 0

Similarly, for part (ii), differentiate B̄ with respect to κ to obtain

∂B̄(p)

∂κ
= − κ

φm(p− p̂)

(
1

φm

∂φm

∂κ
− 1

κ

)
.

By Assumption 2, ∂B̄(p)/∂κ > 0, which delivers the proposition. ■
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Proof of Proposition 7A. We compute the derivatives of the bid distribution from Proposi-

tion 1 with respect to µ and κ. For part (i), differentiate B with respect to µ to obtain

∂B(p)

∂µ
= −1

θ

{
1

φm
− 1

φmθ
ln

[
φm(p̂− p)

κ

]}
∂φm

∂µ

= −1

θ

[(
1

φm
− 1

φm

)
− 1

φmθ
ln

(
p̂− p

Γ

)]
∂φm

∂µ
> 0,

since we can write

ln

[
φm(p̂− p)

κ

]
= ln

(
p̂− p

Γ
· φ

mΓ

κ

)
= ln

(
p̂− p

Γ

)
+ θ,

and since p̂ − p < Γ then ln [(p̂− p)/Γ] < 0. Thus, we have ∂B(p)/∂µ > 0. Similarly, for part

(ii), differentiate B with respect to κ to obtain

∂B(p)

∂κ
=

1

θ2
∂θ

∂κ
ln

[
φm(p̂− p)

κ

]
− 1

θ

{
κ

φm(p̂− p)

[
κ(p̂− p)∂φ

m

∂κ − φm(p̂− p)

κ2

]}
,

simplifying, and noting

ln

[
φm(p− p̂)

κ

]
= ln

(
p̂− p

Γ
· φ

mΓ

κ

)
= ln

(
p̂− p

Γ

)
+ θ,

obtains

∂B(p)

∂κ
= − 1

φmθ

∂φm

∂κ
+

1

κθ
+

1

θ2

(
1

φm

∂φm

∂κ
− 1

κ

)
ln

[
φm(p− p̂)

κ

]
=

1

θ2

(
1

φm

∂φm

∂κ
− 1

κ

)
ln

(
p− p̂

Γ

)
.

Again, since p − p̂ < Γ for all p ∈ [p̂ + κ/φm, p̄] then ln [(p− p̂)/Γ] < 0, and by Assumption 2,

we have ∂B(p)/∂κ > 0, which delivers the proposition. ■

Proof of Proposition 8. (i) With Corollary 2, the mean of p, Ma ≡ Eap with respect to the
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best-ask distribution becomes

Ma =
1

Ā(p̄)

∫ p̄

p̂+ κ
φm

pdĀ(p)

=
1

Ā(p̄)

[
p̄Ā(p̄)−

∫ p̄

p̂+ κ
φm

Ā(p)dp

]

=
1

Ā(p̄)

{
p̄
(
1− e−θ

)
−
[
p̄−

(
p̂+

κ

φm

)]
+

κ

φm

∫ p̄

p̂+ κ
φm

1

p− p̂
dp

}

=
1

1− e−θ

{
p̄
(
1− e−θ

)
− (p̄− p̂)

(
1− e−θ

)
+

κ

φm

∫ p̄

p̂+ κ
φm

1

p− p̂
dp

}

= p̂+
κθ

φm (1− e−θ)
,

where we have Ā(p̄) = 1 − κ
φmp̄−φmp̂ = 1 − e−θ. To obtain the variance Va ≡ Vara(p), use the

fact that Vara(p) = Eap
2 − (Eap)

2. Compute Eap
2,

Eap
2 =

1

Ā(p̄)

∫ p̄

p̂+ κ
φm

p2dĀ(p)

=
1

Ā(p̄)

∫ p̄

p̂+ κ
φm

κp2

φm (p− p̂)2
dp.

Again, using the distribution of the best ask Ā(p) in Corollary 2 and applying integration by
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substitution, we let u = p− p̂, which implies dp = du and yields

Eap
2 =

κ

φmĀ(p̄)

∫ p̄−p̂

κ
φm

(u+ p̂)2

u2
du

=
κ

φmĀ(p̄)

∫ p̄−p̂

κ
φm

[
1 +

2p̂

u
+

p̂2

u2

]
du

=
κ

φmĀ(p̄)

[
u+ 2p̂ lnu− p̂2

u

]p̄−p̂

κ
φm

=
κ

φmĀ(p̄)

{
2p̂ ln

[
φm(p̄− p̂)

κ

]
+ (p̄− p̂)− κ

φm
− p̂2

(p̄− p̂)
+

φmp̂2

κ

}
=

κ

φmĀ(p̄)

{
2p̂θ + (p̄− p̂)

[
1− κ

φm (p̄− p̂)

]
+

φmp̂2

κ

[
1− κ

φm (p̄− p̂)

]}
=

κ

φmĀ(p̄)

{
2p̂θ +

(
φmp̂2

κ
+ p̄− p̂

)[
1− κ

φm (p̄− p̂)

]}
=

κ

φm

[
p̂2φm

κ
+ (p̄− p̂)

]
+

2p̂κθ

φm [1− e−θ]
.

Therefore the variance becomes

Va =
κ

φm

[
p̂2φm

κ
+ (p̄− p̂)

]
+

2p̂κθ

φm (1− e−θ)
−
[
p̂+

κθ

φm (1− e−θ)

]2
=

κ

φm

[
p̂2φm

κ
+ (p̄− p̂)

]
− p̂2 −

[
κθ

φm (1− e−θ)

]2
=

κ(p̄− p̂)

φm
−
[

κθ

φm (1− e−θ)

]2
=

κ2

(φm)2

[
eθ −

(
θ

1− e−θ

)2
]
.

Differentiate Ma with respect to µ to obtain

∂Ma

∂µ
=

κ

(φm)2

[
1− e−θ − θ

(1− e−θ)
2

]
∂φm

∂µ
> 0,

since 1 − e−θ < θ for all θ > 0, which is true from all φm > φm
L , and ∂φm/∂µ < 0. Now
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differentiate Ma with respect to κ to obtain

∂Ma

∂κ
=

κ

φm (1− e−θ)

{
∂θ

∂κ
− θ

[
1

φm

∂φm

∂κ
− 1

κ
+

e−θ

(1− e−θ)

∂θ

∂κ

]}
=

κ

φm

[
1− e−θ − θ

(1− e−θ)
2

]
∂θ

∂κ
> 0,

since 1 − e−θ < θ for all θ > 0, which is true from all φm > φm
L , and ∂θ/∂κ < 0. For part (ii)

differentiate Va with respect to µ to obtain

∂Va

∂µ
=

κ2

(φm)
2

{
eθ

φm
− 2

φm

(
θ

1− e−θ

)[
1− e−θ − θe−θ

(1− e−θ)
2

]}
∂φm

∂µ
− 2κ2

(φm)
3

{
eθ −

[
θ

1− e−θ

]2}
∂φm

∂µ

=
κ2

(φm)
3

[
2

(
θ

1− e−θ

)2

− 2

(
θ

1− e−θ

)
h (θ)− eθ

]
∂φm

∂µ
,

where h(θ) = 1−e−θ−θe−θ

(1−e−θ)
2 < 1 for all θ > 0. Define

g(θ) = 2

(
θ

1− e−θ

)2

− 2

(
θ

1− e−θ

)[
1− e−θ − θe−θ

(1− e−θ)
2

]
− eθ

=
2θ2 − 2θ + 2θe−θ

(1− e−θ)3
− eθ

=
1

(1− e−θ)3

[
2θ2 − 2θ + 2θe−θ − eθ(1− e−θ)3

]
<

θ

(1− e−θ)3

[
2(θ − 1 + e−θ)− eθθ2

]
,

since 1− e−θ < θ for all θ > 0. Define g̃(θ) = 2(θ − 1 + e−θ)− eθθ2. Differentiate, g̃ to obtain

g̃′(θ) = 2(1− e−θ)− eθ(2θ + θ2) < 0.

Therefore, since g̃(0) = 0 and g̃ is a decreasing function, it follows that g̃(θ) ≤ 0 for all θ ≥ 0,

which implies that g(θ) < 0 for all θ > 0. Therefore we have ∂Va/∂µ > 0. Now differentiate Va

with respect to κ to obtain

∂Va

∂κ
=

κ2

(φm)
2

{
eθ − 2

(
θ

1− e−θ

)[
1− e−θ − θe−θ

(1− e−θ)
2

]}
∂θ

∂κ
− 2κ2

(φm)
2

[
eθ −

(
θ

1− e−θ

)2
]
∂θ

∂κ

=
κ2

(φm)
2

[
2

(
θ

1− e−θ

)2

− 2

(
θ

1− e−θ

)
h (θ)− eθ

]
∂θ

∂κ
,
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where h(θ) = 1−e−θ−θe−θ

(1−e−θ)
2 < 1 for all θ > 0. Again, recognise

g(θ) = 2

(
θ

1− e−θ

)2

− 2

(
θ

1− e−θ

)[
1− e−θ − θe−θ

(1− e−θ)
2

]
− eθ

=
2θ2 − 2θ + 2θe−θ

(1− e−θ)3
− eθ

=
1

(1− e−θ)3

[
2θ2 − 2θ + 2θe−θ − eθ(1− e−θ)3

]
<

θ

(1− e−θ)3

[
2(θ − 1 + e−θ)− eθθ2

]
,

since 1− e−θ < θ for all θ > 0. Define g̃(θ) = 2(θ − 1 + e−θ)− eθθ2. Differentiate, g̃ to obtain

g̃′(θ) = 2(1− e−θ)− eθ(2θ + θ2) < 0.

Therefore, since g̃(0) = 0 and g̃ is a decreasing function, it follows that g̃(θ) ≤ 0 for all θ ≥ 0,

which implies that g(θ) < 0 for all θ > 0. Therefore by Assumption 2, we have ∂Va/∂κ > 0. ■

Proof of Proposition 9. (i) With Corollary 2, the mean of p, Mb ≡ Ebp with respect to the

best-bid distribution becomes

Mb =
1

1− B̄(p)

∫ p̂− κ
φm

p
pdB̄(p)

=
1

1− B̄(p)

[
p̂− κ

φm
− pB̄

(
p
)
−
∫ p̂− κ

φm

p
B̄(p)dp

]

= p̂− κθ

φm [1− e−θ]
.

The details of the last step can be found in the proof of Lemma 9. To obtain the variance

Vb ≡ Varb(p), use the fact that Varb(p) = Ebp
2 − (Ebp)

2. Compute Ebp
2,

Ebp
2 =

1

1− B̄(p)

∫ p̂− κ
φm

p
p2dB̄(p)

=
1

1− B̄(p)

∫ p̂− κ
φm

p

κp2

φm (p̂− p)2
dp.

Again, using the distribution of the best bid B̄(p) in Corollary 2 and applying integration by
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substitution, we let u = p̂− p, which implies dp = −du and yields

Ebp
2 =

κ

φm
[
1− B̄(p)

] ∫ p̂−p

κ
φm

(p̂− u)2

u2
du

=
κ

φm
[
1− B̄(p)

] ∫ p̂−p

κ
φm

[
p̂2

u2
− 2p̂

u
+ 1

]
du

=
κ

φm
[
1− B̄(p)

] [− p̂2

u
− 2p̂ ln(u) + u

] ∣∣∣∣p̂−p

κ
φm

=
κ

φm
[
1− B̄(p)

] {−2p̂ ln

[
φm(p̂− p)

κ

]
− p̂2(

p̂− p
) + p̂2φm

κ
− κ

φm
+ (p̂− p)

}

=
κ

φm
[
1− B̄(p)

] {−2p̂θ +
p̂2φm

κ

[
1− κ

φm(p̂− p)

]
+ (p̂− p)

[
1− κ

φm(p̂− p)

]}
=

κ

φm
[
1− B̄(p)

] {−2p̂θ +

[
p̂2φm

κ
+ (p̂− p)

](
1− e−θ

)}
=

κ

φm

[
p̂2φm

κ
+ (p̂− p)

]
− 2p̂κθ

φm (1− e−θ)
.

Therefore the variance becomes

Vb =
κ

φm

[
p̂2φm

κ
+ (p̂− p)

]
− 2p̂κθ

φm (1− e−θ)
−
[
p̂− κθ

φm (1− e−θ)

]2
=

κ

φm

[
p̂2φm

κ
+ (p̂− p)

]
− p̂2 −

[
κθ

φm (1− e−θ)

]2
=

κ(p̂− p)

φm
−
[

κθ

φm (1− e−θ)

]2
=

κ2

(φm)2

[
eθ −

(
θ

1− e−θ

)2
]
.

Differentiate Mb with respect to µ to obtain

∂Mb

∂µ
= − κ

(φm)2

[
1− e−θ − θ

(1− e−θ)
2

]
∂φm

∂µ
< 0

since 1−e−m < m for all m > 0, which is true from all φm > φm
L , and ∂φm/∂µ < 0. Differentiate
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Mb with respect to κ to obtain

∂Mb

∂κ
= − κ

φm (1− e−θ)

{
∂θ

∂κ
− θ

[
1

φm

∂φm

∂κ
− 1

κ
+

e−θ

(1− e−θ)

∂θ

∂κ

]}
= − κ

φm

[
1− e−θ − θ

(1− e−θ)
2

]
∂θ

∂κ
< 0,

since θ > 1 − e−θ and ∂θ/∂κ < 0. For part (ii) notice that Vara(p) = Varb(p), therefore

∂Va/∂µ = ∂Vb/∂µ and ∂Va/∂κ = ∂Vb/∂κ. ■

Corollary 7. If αk is Poisson with mean θ ∈ R+ and given Assumption 2, then in the recursive

monetary equilibrium, the coefficient-of-variation of the best-bid distribution CVb is increasing

in both µ and κ.

Proof. Immediate from Proposition 9. ■

Proof of Proposition 10. Given the expected value of p with respect to the best-ask distri-

bution and the best-bid distribution respectively,

Sm = |Ma −Mb| =
2κθ

φm (1− e−θ)
.

For part (i) differentiate Sm with respect to µ to obtain

∂Sm

∂µ
=

2κ

(φm)2

[
1− e−θ − θ

(1− e−θ)
2

]
∂φm

∂µ
> 0,

since θ > 1− e−θ and ∂φm/∂µ < 0. For part (ii) differentiate Sm with respect to κ to obtain

∂Sm

∂κ
=

2κ

(φm)2

[
1− e−θ − θ

(1− e−θ)
2

]
∂θ

∂κ
> 0,

since θ > 1− e−θ and ∂θ/∂κ < 0. ■

Corollary 8. If αk is Poisson with mean θ ∈ R+ and given Assumption 2, then in the recursive

monetary equilibrium, the real bid-ask spread S: (i) decreases with inflation, i.e., ∂S/∂µ < 0;

and (ii) increases with the posting cost, i.e., ∂S/∂κ > 0.
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Proof. (i) Recognise that S ≡ φmSm = 2κθ
1−e−θ Differentiate S with respect to µ to obtain

∂S
∂µ

=
2κ

(1− e−θ)2

(
1− e−θ − θe−θ

) ∂θ

∂µ
< 0.

Since for θ > 0, we set f(θ) = 1− (1 + θ)e−θ; and f(0) = 0 and f ′(θ) = θe−θ > 0, so f(θ) > 0,

i.e. 1− e−θ − θe−θ > 0. For part (ii) differentiate S with respect to κ to obtain

∂S
∂κ

=
2
{(

1− e−θ
) [

κ ∂θ
∂κ + θ

]
− κθ

[
e−θ ∂θ

∂κ

]}
(1− e−θ)

2

=
2κ

1− e−θ

{
∂θ

∂κ
− θ

[
−1

κ
+

e−θ

1− e−θ

∂θ

∂κ

]}
=

2κ

1− e−θ

{
∂θ

∂κ
− θ

[
1

φm

∂φm

∂µ
− 1

κ
− 1

φm

∂φm

∂µ
+

e−θ

1− e−θ

∂θ

∂κ

]}
=

2κ

1− e−θ

{
∂θ

∂κ
+

θ

φm

∂φm

∂κ
− θ

[
∂θ

∂κ
+

e−θ

1− e−θ

∂θ

∂κ

]}
=

2κ

1− e−θ

(
1− θ − θe−θ

1− e−θ

)
∂θ

∂κ
+

2κθ

φm(1− e−θ)

∂φm

∂κ

=
2κ

(1− e−θ)
2

(
1− θ − e−θ

) ∂θ

∂κ
+

2κθ

φm(1− e−θ)

∂φm

∂κ
> 0.

Since θ > 1− e−θ for all θ > 0 and ∂θ/∂κ < 0. ■

Proof of Proposition 11. The proportion of investors that receive no quotes is given by α0,

which corresponds to the flash crash probability, therefore the probability of a flash crash is

given by F ≡ α0 = e−θ. For part (i) and (ii) differentiate with respect to µ and κ, respectively,

to obtain

∂F
∂µ

= −e−θ ∂θ

∂µ
> 0 and

∂F
∂κ

= −e−θ ∂θ

∂κ
> 0,

since ∂θ/∂µ < 0 and ∂θ/∂κ < 0. ■

Proof of Proposition 11. From condition (D.30) in Lemma 9, and where ϕ̂s ≡
[
β̄η/(1− β̄η)

]
ε̄,
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the speculative premium is defined as

P = ϕs − ϕ̂s

=
β̄Hη

1− β̄Hη

{
εH +

πL
1− πL

[
φmp̂− κθ

1− e−θ

]}
− β̄η

1− β̄η
ε̄

For part (i) differentiate P with respect to µ to obtain

∂P
∂µ

=
π̄β̄Hη

1− β̄Hη

{
p̂− κ

φm
· 1− e−θ − θe−θ

[1− e−θ]
2

}
∂φm

∂µ
< 0,

since,

p̂− κ

φm
· 1− e−θ − θe−θ

[1− e−θ]
2 = p̂− κ

x
h (θ) ,

where, again, h(θ) = 1−e−θ−θe−θ

(1−e−θ)
2 < 1 for all θ > 0, since e−θ

(
θ + e−θ − 1

)
> 0 for all θ > 0.

Hence p̂ − (κ/x)h(θ) > p̂ − κ/x > p > 0 for all x > xL = κ/Γ. For (ii) differentiate P with

respect to κ to obtain

∂P
∂κ

=
π̄β̄Hη

1− β̄Hη

{
p̂
∂φm

∂κ
−
[
κh (θ)

∂θ

∂κ
+

θ

1− e−θ

]}
,

where h(θ) = 1−e−θ−θe−θ

[1−e−θ]
2 < 1 for θ > 0. Now, given θ = ln (φmΓ/κ), differentiating yields

∂θ

∂κ
=

κ

φmΓ

[
κΓ∂φm

∂κ − φmΓ

κ2

]

=
1

φm

∂φm

∂κ
− 1

κ
.

Now write,

D ≡ p̂
∂φm

∂κ
−
[
κh(θ)

∂θ

∂κ
+

θ

1− e−θ

]
= p̂

∂φm

∂κ
− κh (θ)

[
1

φm

∂φm

∂κ
− 1

κ

]
− θ

1− e−θ

=

{
p̂− κ

φm
h (θ)

}
∂φm

∂κ
+ h (θ)− θ

1− e−θ
,
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again notice that h(θ) < θ
1−e−θ since 1− e−θ < θ, thus simplifying further, we have

D =

{
p̂− κ

φm
h (θ)

}
∂φm

∂κ
+ h (θ)− θ

1− e−θ

=
φm

κ

{[
p̂− κ

φm
h (θ)

](
κ

φm

∂φm

∂κ
− 1

)
+ p̂− κθ

φm(1− e−θ)

}
>

φm

κ

{[
p̂− κθ

φm(1− e−θ)

](
κ

φm

∂φm

∂κ
− 1

)
+ p̂− κθ

φm(1− e−θ)

}
=

[
p̂− κθ

φm(1− e−θ)

]
∂φm

∂κ
> 0.

Therefore D > 0, which implies ∂P/∂κ > 0. ■
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asset prices. Review of Economic Dynamics, 10(4):761–779, 2007.

Athanasios Geromichalos, Kuk Mo Jung, Seungduck Lee, and Dillon Carlos. A model of en-

dogenous direct and indirect asset liquidity. European Economic Review, 132:103627, 2021.

Athanasios Geromichalos, Lucas Herrenbrueck, and Sukjoon Lee. Asset safety versus asset

liquidity. Journal of Political Economy, 131(5):1172–1212, 2023.

Mark Gertler and Peter Karadi. A model of unconventional monetary policy. Journal of Mon-

etary Economics, 58(1):17–34, 2011.



REFERENCES 197

Michael A Goldstein and Kenneth A Kavajecz. Trading strategies during circuit breakers and

extreme market movements. Journal of Financial Markets, 7(3):301–333, 2004.

Anton Golub, John Keane, and Ser-Huang Poon. High frequency trading and mini flash crashes.

arXiv preprint arXiv:1211.6667, 2012.

Myron J. Gordon. Dividends, earnings, and stock prices. Review of Economics and Statistics,

41(2):99–105, 1959.

Myron J. Gordon and Eli Shapiro. Capital equipment analysis: The required rate of profit.

Management Science, 3(1):102–110, 1956.
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